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1 Tabauna mpocTeifinnX MHTErpaJioB

Onpenenenne 1. Oyukius [ Ha3bIBACTCA nepsoobpadrot nast PyHK-
nmn f Ha maOXKectBe X, econ juisi Beex © € X F'(x) = f(x). B nanbheii-
meM MHOXKecTBO X yKaszbIBaTh He OyjeM. COBOKYIHOCTH BCEX MEPBOOO-
pasubix st GyHKIuY f(x) HASBIBAECTCST HEONPEJEACHHDIM UHMEDANOM
s1oft dyrkuun n obosuaaercs [ f(x)dr. Ecimm F(r) — neppooGpasnast
nas f(x), ro [ f(z)de = F(x)+ C, rae C' — nponsBosibHast KOHCTAHTA.

OCHOBHBIE CBOMCTBA HEOINPE/EJEHHBIX NHTEI'PAJIOB

i [ s = s ([ f(w)dw>/ ~ /(o)
[ar@) = [ £win =)+ c:
[(as@)+ 9(e)ds = [ f@yds+6 [ gla)d

TABJIMIIA IIPOCTENIINX MHTEI'PAJIOB

a+1 d
/xad:ﬁ:x +C, a#-1 —len\x\nLC
a+1 T

/axdxza +C, a>0, a#1 /exdx:exwLC,

Ina

/sinxdx:—costrC /cos:cd:c:sinx+0

/ d =tgxr+C /df =—ctgx+C

cos? & sin” x

a? + 22

/ dx 11
- — — |n
a?—2x2  2a

/LQZarcsinanC, a+#0 / da = —cthx+C
a

2 _ g a sh? dx

d 1
/i:—arctgngC, a#0 /shxdx:ch:chC
a a

a-+x

+C, a#0 /chxdx:shx—l—C

a—x




=thz+C

dx
———=Injz+ Va2 +a|+C, 0 /
/\/x2+a nle v+l af ch? dx

[TpuBejieM HEKOTODBIE TPUMEPHI BHIUUCJICHNUST HEOTIPEJICJIEHHBIX NHTE-

/(w3+\/\/§5)2da::/x6+2i’%/§+xdx:

2
/:I:H/deJrQ/:chan/\/de—ExG\/_+2:c +3x3/2+0

20"
221: x _ 22 Y _ /2 x _ .
/ 5"da /( 5)*da 0°de = 75 +C

YIIPA?KHEHUE. Ilpumenss Tabaniy TpoCTERNINX HHTETPATIOB pe-

I'paJioB.

muTh 3agannsg Ne 1628 - 1673. (3yech u B JabHERIeM 3a1aHust Tal0TCsT
u3 [1].)

2 3aMeHa IIepeMeHHOId

Ucnonn3ys dopmyny s guddeperimaia GyHKITHT
dp(z) = ¢'(z)dz,

C TIOMOTI[HIO 3aMEHbI Y () = U YaCTO YJACTCsT YITPOCTUTE TOJIBIHTETPATTh-
HOE BLIPAXKCHUE BUIA

[ He@)e @iz = [ fuidu= Fla) + € = Fle(@) + €,

rie F'(u) — meproobpasnas miast Gyuxmmn f(u).
IIpuBesieM HekoTOPBIE (hOPMYJIBI 15T TpeodpaszoBanus nuddepeHIiu-
AJIOB:

1 d
dr = —d(az +b), = =dlnz,
a x
a+1 T
x%dx = du : a*dr = da ,
a+1 Ina
cosxrdr = dsinx, sinrdx = —d cos .

PaccMoTpuM HECKOJIBKO TTPUMEPOB.

/ dx B / darctgr
(1422 arctgr J arctgr

u = arctgx




d
:/_u:1n|u|+0:1n|arctgx|+0.
u

/xdm_l/dﬁ_ _1/du_
4+74 2] 4424 2] 22442

2

1 1
Zarctgg—i—C’: Zarctg%—i—a

MHorma npu unTerpupoBanny (pyHKINN, cojlep:Kallieil B 3HaMeHaTe e

U:.I'2

HEPA3JIOXKMMbIe KBaJIPATHBIE TPEXUJIEHbI (C OTPUIATEIBHBIM JIHCKPUMH-
HAHTOM ), HAJIO BBIIEJINTH B TPEXUJIeHe MoJHbIH KBaapar. Obiiee mpasu-
JIO BBIJICJICHUA TIOJHOTO KBa/JIpaTa B HEPA3J0KUMOM TpPEXUJIeHe:

) , b ¢ b\* dc—b?
ar +br+c=alx*+ —x+ — T+ —] + .
a a 2a 4a

Paccmorpum mipocteiiiiue npuMephl.

/ / diz+1/2)
\/xQ-i—J:—i- \/x+1/2 Y r3/4 V(r+1/2)2+3/4

Injz+1/24++/(x+1/2)2+3/4|+C =In|z+1/2+ Va2 + z + 1|+ C.

/ dx _/ dx _1/ dx B
202+ +1 ) 202+ 3x+1) 2 (g;+1/4)2+7/16_

_ 116 da /
2
2T ( +1 1 Y iy % T

2 . <4x+1)+0
— —— arcC .
VT & VT

WHuoria yjobHee MpoBOIUThL 3aMEHY MEPEMEHHBIX B 00PATHOM MOPSIJI-

SiE
sk

ke. [lycrs z(t) u t(z) B3auMHOOOpATHDIE U HEMPEPBIBHO i depeHIupy-
embie dbyuknun. Ecin ®(t) — mepoobpasuas mist byuxunu f(x(t))'(t),
TO

/f(w)dw = /f(x(t)):c’(t)dt = B(t) + C = B(t(z)) + C.



Oyukiwst x(t) mogbupaeTcst Tak, ITOOBI YIPOCTUTH MOJBIHTErPAJIBEHOE
BhIpaKeHne.

/(x+3)2mdx:x—1:t, dx:dt‘ :/(t+4)2ﬁdt:

9 1 9
:/t5/2dt+8/t3/2dt+16/t1/2dt: ?t7/2+ 6t5/2 J P24 0=

5 3
2 1 2
= ?(a; — 1)z -1+ 3—(.7: — 1)z -1+ 10—(a; —1)Vr—1+C.

Eciin 1pobHBIX cTerneneil oT BbipayKeHu il BUIa axig HECKOJIbKO, TO JieJia-
eM 3aMeHy

ar + b »

= Z s
cr+d

r7ie p — HauOOJIBINIUI ODIUil 3HAMEHATE/Ih BCeX IOoKa3aTeieil cTerneHeii.

/ Vi e e 65z | _ /z3-625dz:
1—|—£E 1_|_22

(1+\/1+_$)_1—|—x_ (1 — 26)2

1
:6/ PARNL SN R dz =
1422

6 6 -
—727 —2° 4223 — 62+ 6arctgz + C =

6 76 6 5/6
7<1ix) _g(lf—x> \/ \/—+6arctgw/—+0

[Ipu sToM MBI pazaenman 2° Ha 1 + 22

Boraucanm €lre HECKOJIbKO MHTETPAJIOB.

/ dr =le’ = z = 1In dx—@—/idy =
= L T A T

/ —1nL+C:1n< ‘ )+C.
Y+ y+1 1+y 1+e”
sin xdx dcosx 1 1 —cosx
sin @ 1 —cos?x 1—cos?z 2 14 cosx
YITPAZKHEHUE. Ucnonn3yst MeToibl, W3JI0YKEHHBIE B JAHHOM Ta-
parpade, BRIYUCIUTh uHTerpajabl N¢ 1674 - 1740, 1836 -1843.




3 UHTerpmpoBaHue mo 4acTdM

Ecu u(x), v(z) — wenpepoiBHo mudepennupyembie (HbyHKIUR, TO
cripaseinBa (popMyJia MHTErPUPOBAHUS IO YaCTAM

/ w(z)dv(z) = ulz)o(z) — / v(x)du(z) nm

/ (@) (2)dz = u(z)o(z) — / o(2) () da.

[Tpurejiem Hanbosiee TUITUYHBIE TTPUMEDHI.

/lnxdx: :xlnx—/wdlnx:xlnx—/xldx:
T

:xlnx—/da::xlnx—a:—i—a

1
/xcostdx: i/xdsin&c:

1 . 1 _ | 1
—xsin 2x — 2 sin 2zxdx = 59{: sin 2x + 1 cos2x + C.

u=Ilnzx,v==x

u = x,v=-sin2x

2

/ e3rdr = —/xQde?’x = lx263$ — 1/63:”2xd:7[; =
3 3

1

3

2 1 2 2
z?e’t — 9 /:I:de = §£L“263$ — §xe3x + 5/63:565513 =

= lee?’z — gxe?’x + 36333 + C.
3 9 27
TaKI/Ie I/IHTeraﬂbI AHaAJIOT'MYHBIM O6p&30M BBIUUCJIAIOTCA U B Cﬂyqae,
KOT'JIa B IIEPBOM MHTETPAJIEe BMECTO MHOXKUTEJS T WU BO BTOPOM HHTE-
rpaJjie BMECTO MHOXKHUTEJSI T2 CTOUT HEKOTOPBIi MHOTOUJIEH CTENeHH Nn.
[Ipwn 3TOM HaJ0 MHTErPUPOBATE TOCJEOBATEJILHO M0 JaCTAM 1 Pas.

uTerpaJibl CIeJIyIONMX THIIOB BhIPAXKAIOTCS caMu depe3 ceds.

1 1 1
I = / 2% gin 3xdr = §/Sin 3xde*™ = 562”” sin 3x — 3 / e2*dsin 3x =

1 3 1 3
= 2 e?® sin 31 — 2 / e?* cos 3xdr = 562”” sin 3x — 1 /cos 3xde’ =



1 9
= 1625‘“‘(2 sin3x — 3 cos 3z) — 1 / e sin 3wdx =

1 3 3
—e** sin 3z — Ze% cos 3x + 1 / e?*d cos 31 =

9
e**(2sin 3z — 3 cos3x) — i

Orcrona

13 1 1
—I = 7€ e**(2sin3z — 3cos3x), I = 1—3623”(2 sin 3z — 3 cos 3x).

:/\/@2—xde:x\/a2—x2—/xd\/a2—x2:
—2x r?dx
:x\/aQ—xz—/x—dJJ:az a2—x2+/7:
2va? — x? Va2 — x2

0 —x2—a2

—ZU\/CL —ZU —
CL —33'

=xvVa? —z? — /\/ —:I;da:—l—a/
Va2 _x2
=2V a2 — 22 + a? arcsin——J—l—Cl.
a

[ToaTromy
x a’ LT
J=—=vVa?— 22+ —arcsin—+C, a>0.
2 2 a

YIIPA?KHEHUE. [Ipumensis Meros MHTErPUPOBAHUS IO UACTIM

BbIUKCJUTh nHTErpaJibl N 1791 - 1831,

4 UnaTerpupoBanmne panuoOHAJbHBIX (DYHKITIIA
Pavuonarvrot HazbiBaeTcss GYHKIMS BUIA gl((?), riae Rl(:v), Qn(x)

— MHOPOYJICHBI CTeleHu | U 1 COOTBETCTBEHHO.
Ecnu [ > n, T0 MOXXHO BBIJICJIUTD IEJIYIO YacTh APOOH

Rix) o o Pule)
O TG




rie Si—n(x), Pp(x) — MHOTOWIEHB! cTENeHn | — n U 7 COOTBETCTBEHHO,
m < n. [Tosromy wHTErprpoBanne pannoOHATIbHBIX (DYHKIME CBOIUTCS
K MHTErPUPOBAHMIO MHOTOUJIEHA ¥ TIPABUIBHON PAIMOHAJILHON JIpobu

P,(x)
Qn(x)’

[Tpu 3TOM MOXKHO cunTaTh KOI(PDUIMEHT TPpU " PaBHBIM €JIMHUIIE.

m < n.

HepBbIM ITaroM IIpu BBIYUCJICHUN NHTET'PaJla OT (by'HKHI/II/I TaKOI'O BU-
Jda ABJIAETCA PA3JIO2KEHUE 3HaAaMEHATEJIAd Ha MHOXKUTEJIN

Qn(z) = (z — al)k/’1 (= ai)ki(:zj2 + prx + ql)l1 . (xQ + pjx + qj)lj,

rae ai, s, . ..,a; — KOpau MHOrOWIeHa @, (x) xkparnocrn ki, ko, ..., k;
COOTBETCTBEHHO, a TPEX4JIeHBI 2 + pr+q,l =1,...,7, He UMEIOT

i J
neficreuTenbubIX Kopueit (p? — 4q; < 0). Hpu stom >k, +2 > 1; = n.
r=1 r=1

CremyroIuM IaroM siBJIsIeTCsI IIpejcTaBaeHne Jpodu B BUJIE CYMMbI
MPOCTEAIINX TPOOEii:

Pu(e) AP Al Ay AP A
Qu(z) - a1+(a: — a1)2+. . .+(a: — al)k1+x — a2+. . .+m+

e AD B0 g, o)
.+ L+ L L+ 2 et

T — a (x—a)kh 22+ prx+q  (22+pr+q)
Bl(ll)a: + Cl(ll) BYz 4 W .\ Bl(j )+ Cl(jj )

(% + prz + q)h 2% + p;x + g (2% + pjz + q;)5

311ech Agl),. . .A,({i), Bil),. . Bl(jj), 01(1)’. . Cl(jj) — HEKOTOPbhIE YUCTIA, KOTO-

pble HaXOIATCS MEModom HeonpedeseHnvx koapduyuenmos. 3akmoda-
eTCsI OH B TOM, UTO MpaBasl JacTh [OCJEJIHEr0 PABEHCTBA MPUBOIUTCS K
00IIIeMy 3HAMEHATETI0. B qucanTese moayIuBIIerocss BLIPaskeHus IOJTy-
4aeTCsl HEKOTOPBIA MHOTIOYJIEH CTereHu 1m, Ko3(PQUIMEHTHI KOTOPOro,
BLIPAYKEHHDBIE Yepe3 MCKOMBIE KOHCTAHTBI, HAJ0 MNPUPABHATL K KO-
dburmenram muorowena P, (x). [onxyunres cucrema m + 1 nuneiinoro
ypasHenusi. PaccMorpumM npumep

Az? 43 1 47% + 3
]:/<2x2—8)(:c2+1)2:i/(:c—2>(x+2)(:v2+1>2’
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4% + 3 A B Cx+D FEx+ F
(x —2)(x +2)(2? +1)2 :x—2+x+2+ 2?2 +1 +(:U2+1)2:
14(.91,‘—1—2)(1;24—1)2—|—B(x—2)(352—|—1)2+
(2 —4) (22 +1)?
(Cz+ D)(z* —4)(2* + 1) + (Ex + F)(2* — 4)
(#? = 4)(2* + 1) '
422 +3 = (A+B+C0)a° +(2A— 2B+ D)x* + (2A+2B — 3C + E)x*+
+(4A—4B—3D+ F)2* 4+ (A+ B —4C —4F)x + (2A—2B — 4D — 4F).

Orcrona
A+B+C=0, 2A—-2B+ D =0,

2A+2B—-3C+E=0, 4A—4B—3D+ F =4,
A+B—4C —4E =0, 2A—2B—4D —4F =3.

Pemast sty cucremy, nonyunm 3uadenns A = 0,19, B = —0,19, C' =
E=0,D=-0,76, F =0, 2. [Tostomy

dx dx dx dx
I =0,095 —0.095 —0.38 0.1 [ ———
’ /x—Q ’ /JJ—I—Q ’ /x2—|—1+ ’ /(a:2—|—1)2
(4.1).

Ecth apyrue MeToibl HaxXoxXK AeHus KO3 MUIIMEHTOB Pa3JI0XKEeHN, KO-

TOpPHIE HE CTOJIh YHUBEPCAJIbHBI, KaK M3JI0KEHHBI BBINIE, HO B YaCTHBIX
caydasix ObIBalOT ropasjio yjoouee. Hanpumep, eciiv 3nHameHates b ume-
eT TOJIbKO JIEHCTBUTENIbHBIE TPOCTHIE (KPATHOCTH OJIMH) KOPHU, MOXKHO
MOCTYIIUTH CJIEIYIONIUM 00Pa30oM.

2¢2 +4x — 5 A B C

@ -D@+2) -1 241 z42

20 +4r —5=Alx+1)(z+2) + Bz - 1)(z+2)+C(z — 1)(z +1).

[Tomoxkum nmoodepeano x = 1, x = —1, x = —2. [lonyunm paBeHCTBA
1=6A4, -7=-2B, —-5=3C.
Orcroma A =1/6, B=17/2,C = —5/3.

202 + 41 — 5 1 1 2
= =1 —1l+3=1 1| —1=1 2|+ C.
/(:U2—1)(:I:+2) 611\:1: | + 2n\:1:+ | 3n\:c+ |+
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Ecim 3HaMeHaTeN b UMeEeT IeHCTBUTEIbHBIE KOPHHU, CPEJIH KOTOPBIX
ecTh KOPHU KPATHOCTH OOJIbITIE eMHUIIBI, TO MOCTYIIUM TaK:

—2?+ 3+ 7 A B C

(x+3)(z+ 1) _x+1+(a:+1)2+a:+3'
—2?+324+T7=Alx+1)(z+3)+ Bx+3)+C(x+1)*. (4.2

[Tonokum = —1, rorna 3 = 2B, B = 3/2. Teneps nonoxknum = —3,

nonyanm —11 =4, C' = —11/4. Ocranocs naiitn A. Tpoguddepeniu-
pyem ToxecTBo (4.2):

—2x+3=A2x+4)+B+2C(x+1).

[TomoxXuM o paBHBIM 3HAYEHUIO KPATHOTO KOPHH, TO €CTh £ = —1, Tor1a

5=2A+B=2A+3/2, A=7/4.

/—:U2+3:U+7 _Z/ dx +§/d(:€+1)_£/ dr
(z+3)(z+1)2 4) 24+1 2) (x+1)2 4 ) 2+3
1,5

Mrak, pa3buBasi NpaBUIbLHYIO ﬂp06b Ha MPOCTEHIINe, Mbl €€ UHTEeTPU-

poBaHMEe CBOJMM K MHTErPUPOBAHUIO JIPOOEHt CJIeIyIONINX BUJIOB:
A B Cx+ D Cx+ D
N—  2)— )5 Y z
r—a (x —a) r? + pxr +q (22 + px +d)

[Tocuuraem wHTErpaJsbl OT 3TUX JIPOOEi:

A
1) / de = Aln|x —a| + C.

B B
2) /(:U—a)k R I =

Cx+ D Cx+ D
3) —————dr = —adr =
r°+pr+gq (z +p/2)> + -

4q — p? Cu+ FE
=|z +p/2 = u, 14— P =D, D—C’E:E‘:/ ut du =

4 u?+b

C/udu / __/u+b /du_
- u2+0b u2+b w+b
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C E
= Eln(u2—|—b)+—ar0tgi—|—01 =

Vb Vb

31ech HAO 3aMeTuTh, 910 b = —D/4 > 0, Tak Kak D — TUCKpUMUHAHT
KBaJIPATHOTO TpeXvJIieHa r? + PT + ¢, HE UMEIOIEro JICMCTBUTEIHLHBIX
KOpHEe#, a 3HaAYUT, OTPUIATEJIHHBIN.

2D —Cp 20 +p

—————— arctg ——

\V4q — p? V4q —p?
C C
52x+p)+ (D -

1) / Cx+ D dx:/ 2 ( 2)

(22 + px + q)! (22 + px + q)!

- %/ (22 ixp;iq)ldx—’_ (D_ C;p) /( d<x+p/24)qp2)l =

C
= —In(2® +pz +q) + +C

2

dr =

(w—l—p/2)2+ 1

T+ p/2=u,

_ 2(10_ l)(IQ +pr+q)t T+ (D — C;p) / (ugdj_[l Dl

B nocjieirem uHTerpaJse aeaaeTcs moJicTaHOBKa, U = \/Etg z:

du 1 2(1-1
/m:bQ /COS( )dZ

Brorauciaenne NHTETrpaJioB TaKOT'O B Ja MBI €Ile PpaCCMOTPHUM B II. 6.

Eme onnn criocod BurumcyieHnst narerpasa I} = f % ~ MCIOJIL30-

BaTh PEKYPPEHTHOE COOTHOIICHNE, KOTOPOE MBI Ceiivac YCTaHOBUM.
1 2 2,2
[l:/d_u:_/mdu:
W2+b). b)) (i2+0b)
1 du 1 u
S R [ ——— | Y, S -

b/(u2+b)l—1 2/(u2+b)l S

1 1 (u” +0)'

S ) =

bt 2/¢d( 1—1

1 1 1 du
g o 2 blfl_ / —
it o T 5T | ey
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_20—0b— 2] U g
(-1 " 20—+t
Hanpumep, mocuntaem mHTErpas
dx 1 x 1 x
- ————— = —arctgr — —— + C.
/ @17 2 2@rn 2T Ty T
Hocuuraem mnterpar (4.1)
—2
I1=0,095In|2—2| —0,33arctgz — 0,05——— + C.
x + 2+ 1

YITPAYKHEHUE. Pemuts 3aganus Ne 1866 -1889.

5 Mertoa OcTporpaJickoro

[Tycrs 3HAMEHATETH HECOKPATUMOIT TpaBUILHO# 1podu P, () /@, ()
MMeeT BU/

Qn(z) = (z — al)k1 (= ai)ki(:zj2 + prx + ql)l1 . (x2 + pjx + qj)lj.
Metos OcTporpa/icKoro 3ak/ai04aeTcs B UCIOJAL30BAHUN (POPMYIIbI
P, T
/ (x)dx = fi(a) +/ () dz.
Qn(z) S(x) U(x)

B neit muorownens S(x) n U(x) umeror B

S(z) = (z—a)" .. (w—a)" (@ rprwta)" T (@ piatg) T

Ur)=(z—a1)...(x —a)(@® +piz+q)...(2° +pjx+q)

COOTBETCTBEHHO U MOTYT OBITH BBITHUCJICHBI O€3 PAJIOKEHNST MHOTOTICHA,
Qn(7) Ha TpoM3BEICHIE HEMPUBOANMBIX MHOKHUTEIEI.

Heiictrurenbro, S(x) sBisiercss HanbOJILITUM ODIINM JIEJTUTEIeM JIBYX
MHOTOWIEHOB Q) () u Q) (x) n MOXKeT ObITh BHIYUCIIEH TPU TIOMOIIH aJi-
ropuT™a EBKina, KOTOpbIi U31araeTcsa B Kypce ajareophl.

Mmuorounen U (x) npencrasmsier coboit wactaoe @, (x)/S(x) n moxer
OBITH BBIUMCICH MTOCPEeCTBOM Jsiesiernst @, () wa S(x) crosbukoMm.

Ocraercst Berancanth Muorowienbl R(x) w T'(x) KaK MHOTOWIEHB! €
HEOTIPEJICTCHHBIMUA KOI(hDMUIHEHTAMY CTEMCHT Ha €IUHUIYY HUXKE, TeM
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S(z) m U(x) coorBercrBenno. s BBIMMCIEHUsT YKAa3aHHBIX HEOMpe-
JIEJIEHHBIX KO3 DUIMEHTOR ciiejyeT npojauddepeHimpoBaTsh hopMmyty
Ocrporpajickoro, npusectn pesyabrar JnddepennnpoBanns K 00IIemMy
3HAMEHATEN0 U COMOCTABUTEL KOI(D@MUIMEHTHI MPU OJUHAKOBLIX CTEIe-
HSAX T B YUCIUTENISAX.

Meroj Ocrporpajickoro ocoberto adhdexTupen, Korja Kopan Q, ()
B OCHOBHOM S$IBJISIIOTCSI KPATHBLIME WJIM KOIJIa BBI3LIBAET 3aTPYIHEHUE
HaXOXKJIeHne KopHeil @y, (z).

Beraucinm

/ 6 —Tr — 22

dx.
x4t — 213 + 322 — 22+ 1
Qu(z) = 2* — 22° + 32 — 22 + 1,

Q' (r) = 42 — 62° 4 62 — 2.

n

Nnmeem

Haunbosbimuii obmmuii iesiuresib STUX MHOTOUJIEHOB paBeH
S(z) =2 -z +1.

[Momenus Q,(x) wa S(z) "cronbukom", naiigem
Ulx) =2 —x + 1.

R(x) n T(x) 3ajjaeM Kak MHOTOWJIEHBI IEPBOil CTENEHN ¢ HEOTPEJIesIeH-
HeIMU KO3 dunmenTamu, u dopmyaa OcTporpajckoro IpuHIMaeT BU/I

/ 6 —Tr — x? Ax + B +/ Cx+ D

- 22 —x+1

r=—— dzx.
xt =223+ 322 -2+ 1 2 —x+1

[Tpomudpdpepentupyem 3ty dbopmyiy:
6 — 7o — 22 B
ot — 223+ 302 — 20 +1
Az —2+1)— (Az + B)(2x — 1) Cx+ D
- 2 2 T3 :
(2 —z+1) 2 —x+1
Pesynbrar jguddepennnpoBanusi MpuUBOJUM K ODIEMY 3HAMEHATEJIIO,
TIOCJIE Yero COTOCTaBsgeM dncantenu. [lomydaum

6—Tr—a>= A’ —2+1)—(Az+B)2x—1)+(Cz+D)(z*—x+1).
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Cpasruas kosddurmentst npu 2°, 2!, 2% u 23, moayunm cucremy ypas-

HEHUM

C =0,

—-A+D-C=-1,

—2B-D+(C = -1,

A+ B+ D =6.
Pemas sty cucremy, naiinem A = 2, B = 3, C = 0, D = 1. Takum
obpasom dopmysa OcTporpaJICKoro NpuHUMAET BT

/ 6 —Tr — 2 2r + 3 / dx
de = —m—— + [ ——.
xt =213 + 322 -2+ 1 2 —x+1 2 —x+1

Beraucinm mHTErpaJ B IpaBoOil YacTH:

/ dx / dx 2 ; 2x — 1 L
S — = arc .
22—+ 1 (x—1/22+3/4 3 % A
OKoHuaTeJIbHO UMeeM

/ 6 — 7z — x° p 2043 N 2 t2x—1+0
T = arc :
xt — 223 4+ 322 — 20+ 1 2—x+1 /3 & V3

Paccmorpum errie ojinH npumep.

2
1
[::L/mx al dx.
t 41

Pazyioxxum 3namenaresih Ha MHOXKUTEIIN:

' 41 = (2*+ar+1) (2> +er+1) = 2* 4+ (at+c) 2 +(24+ac) v+ (a+c)v+1.
Orcionaa+c=0, 24ac=0, a= \@,c: —V2.
22+ 1 Ax+ B Cx+ D
(22 4+ V22 + 1) (22 — 22 + 1) N 22+ /21 + 1 +x2—\@:€+1'
IIpupaBnnBaeM K03(hDUITNEHTHI:
A+C=0, V2(C-A)+B+D=1, A+C+V2(D-B)=0,

1
B+D=1; A=C=0, B=D=.

1_1/ dx _’_1 dx B
2) 224V2x+1 2) 22—V2zr+1
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/ dx N / dx B
(V2r +1)2+1 (V2z—1)24+1

= %(arctg(\/ix +1) + arctg(v2r — 1)) + C.

YIIPA?KHEHUE. Ilpumenss meron Ocrporpaickoro, HaiTH HHTE-
rpaJibl N¢ 1891 - 1897.

6 Tpuromomerpmyeckue (pyHKITAN

[Ipyr uHTErpUPOBAHUK TPUTOHOMETPUUIECKUX (DYHKITUI YACTO OKA3DI-
BalOTCs TOJIE3HBIMU CJIEIYIOIIe (DOPMYJIbI:

sin2x = 2sinx cosx
cos2x = cos’x —sin’x = 2cos’r —1=1—2sin’x
sinasin = 1/2(cos(a — ) — cos(a + 3))

B) +sin(a + 6))

sinacos = 1/2(sin(a —
cosacos f = 1/2(cos(a — ) + cos(a + 3))

Hanpuwmep,
/sin(oza:) cos(fx)dxr = %/sin((a + B)x)dx + % / sin((a — fB)x)dx =
1 :
ot D) / sin((a + B)z)d((a+ B)x)+
1 | -
3 [ sinlla = Bl = B)e) =
1 1
= et ) cos((a+ B)x) — =0 cos((aw — B)x) + C.

Muorna yno6Ho ncnosnp3oBath dhopmyty 1 = sin z + cos? & caeyio-

UM 00pa3oM:

dx sin?x + cos®x dx cos xdx
sin” x cos x sin” x cos & CcoOS T sin®

/ dt Jr/alt 11 141 1+C’
pr— —:_n—__ —
1—t2 2 2 1—-1 t

:{t =sinx
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1. (1+si 1
:—1n<—+81”)— e

2 1 —sinx sin

Paccmorpum uHTErpas Bujia,
/R(sinaj,cosx)dx (6.1)

¢ palmoHaJibHOW byHKIMEH K.

[Tpu moboit pyHknum R Takoit HHTErpaJ CBOJUTCI K WHTEIPAJY OT
paIOHATBHON (byHKIUE (M. T 4,5) ¢ TOMOTIBIO YHUBEPCAALHOT MPU-
20HOMEMPUYECKOT NOICMAHOBKU:

= to s Qarctet. d 2dt
= — Tr = arc Xr = ———
g27 g7 1+t27
, o2t 1—t2
Slnl’:i, COSTr = .
14 ¢2 14+ ¢2

[
3+ 2sina 3+ s 3t2 4+ 4t + 3

2/ dt 6/ dt 2 et 32
J— —_— — pr— I‘ —_— =
3) (t+2/3)2+5/9 5 (MYH V5T
NG
2 3tgs +2

—— arct
BT

B HekoTOphIX cilydasix mporeypy cejienus uarerpasa (6.1) K nare-

+C.

rpajly OT paroHAILHON PYHKIIMA MOXKHO YIPOCTUTL. PacecMOTpUM 5TH
caydan.

1). Ecim R(—sinz,cosx) = —R(sinx, cosx), To ynobHee BOCTIOb-
30BaThCA TOJICTAHOBKOI

t=cosz, dr= i
e
2). Ipu ycnosun R(sinx, —cosz) = —R(sinx, cosz), npoiie Beero
HCTIOJIB30BATH 3aMEHY
dt

t=sinx, dr=

V1—12
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3). B ciayuae R(—sinz, — cosx) = R(sinz, cos x), TOMOXKET MOJCTA-
HOBKa,

t=t d dt
& 1+
sin 2x 2t
der =|tgx =1, sin2z = 2sinzcosx = ;
/sian-cos4x | & 1+

1
COST = —F(——| =

T t
- tgr=——
T 1tge ©0 It e VIt

2t di 9
1+1¢
12 142
/—1f2 — = 2/ " dt.

1412 (1+¢2)2

sinx =

dt
2/?+2/tdt:2ln|t\—i—t2+C’:2ln\tgﬂc|—|—tg2x+C.

uTerpan Buaa
/ R(shz, chz)dx

MOYKHO PallMOHAIM3UPOBATh MOCPEJCTBOM HOACTaHOBKM ¢ = thg, mpm

9TOM

2 1+ ¢ 2dt
T2 ch:c:—l_tQ, dr = -

YITPAZKHEHUE. TTocanrars naterpaanr Ne 1741 - 1765.

shx =

7 HWurerpmpoBaHme HPPaAIMOHAJIbHBIX (PYHKINI

Ecin nogpinrerpanbias GyHKIMA COIEPKAT paJnKabl Buga v/ 12 + a2,
Va2 — a2, Va2 — 22, 1o 4acTo ObIBaeT M0JIE3HO CJIeJaTh OJHY U3 CIIEjLy-
OINX 3aMeH:

Va2 — 22 —

r=asint, dr= acostdt‘ = acost,

Va2 — 2?2 =|x = acost, dx:—asintdt| = asint;
a sint

1?—a’ =z = ——, dr=a—dt| =atgt
cost cos“t
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VTN
2?2 —a? =|x = acht, dx:ashtdt‘:asht;
2+ a?=|r=atgt, dr= —L,
cos? t cost
xr=asht, dxr=achtdt| =acht.

vVat+a®=

B crenyromeM nHTErpaJje BOCIOIb3YeMCcs MOCIeTHeH 13 3aMeH.

2 2 dt
—dr = | ————chtdt =2 | —— = —2ctht+C =
/x2x/1+x2 ’ /sthcht /sth
«/1 2

i
MHOFI[& MOI'yT IOMOYb TPUTOHOMETPUIECCKHUE NJIN FHHep6OHquCKHe oza-

CTaHOBKHN APYroro Buiaa:

/\/(x —a)(b—z)dxr =
= / \/(b — a)?sin’ t cos? t2(b—a) sint cos tdt = %/(b—a)Qsim2 2tdt =

- (b a)2 /(1 — cosdt)dt = (b a)2(4t — sin4t)dt =

r—a = (b—a)sin’t, dx = 2(b—a)sintcos tdt|

16
—a)(b—1x)(b —2
= 4arcsm a 4\/(x a)(b—2)(b+a—22) +C =
—a (b—a)?
) r—a 1
arcsin ; —Z(b+a—2x)\/(:v—a)(b—x)+0.
—a
yHPA}KHEHI/IE 1. Haiitu narerpanst Nt 1778 - 1781, 1786 - 1789,

1991 - 2040.
PaccmoTpum mHTErpas Buma

dx (7.1).

/Qn \/aa:2+bx—|—c
BelesuM U3 paloHaabHoil GyHKINYE [eJyio YacTb

Rix) o o Pul@)
Que) ~ T @)
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1 Pa3JIOKUM IIPABUJIBHYIO JPOOb gmg; Ha CYMMY IPOCTEHIINX JIpooeii.

[Tocse aroro 3ajmaua o HaxoxkaeHun unTerpaia (7.1) cBemercs K HAXO-
JKICHHAIO NHTEIPAJIOB

P,(x)dx
b Var? +br + ¢’ (7:2)
dx
2) / (r — a)FVax? + bx + ¢ (7.3)

3) / ( (Ax + B)dx (7.4)

22+ pr + ¢)Wax? + br + ¢

Nurerpas (7.2) cauraercst ¢ TOMOIIBIO (HOPMYJIBI

P,(x) dx
dr = Q,_1(x ax2+ba:+c—|—)\/ .
/\/aa:2+bx—|—c Qn-a( >\/ Var? + bx + ¢

Yrobbr HaliTH KO DUIMEHTH MHOTOWIEH] (), 1 CTeNeHn n— 1 1 IUCTI0
A, HaJ0 npoauddepeHIupoBaTh 3Ty (POPMYIIY.

5 — 62+ 11z —6
7= |2 v dx = (Az* 4+ Bx + C)V/2? + 4o + 3+
Va2 +4r+3

dx
+>\/ |
Va2 +4x +3

[Tocne nuddepeHITupoBaHus TOJYIAM
23— 622+ 11z — 6 B
Va2 +4r+ 3
(2Az + B)(2? + 4z + 3) + (Az* + Bz + C)(z + 2) + A

Vazi+4r +3

[IpupasnnBaeM K03hUIIMEHTDI

34=1, ,10A+2B=—6, 6A+6B+C =11, 3B+2C+\=—6.

Orcrona

A==, B=—-— (C=37, \=—66.

1

3’ 3’
1 2 d

I:(—x2—4—a}+37> x2+4x+3—66/ * —
3 3 \/(:1;+2)2—1
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1 2
= (—x2 — 4§I + 37) Va2 +4xr+3—-66In|r+24+ 2%+ 4x + 3|+ C.

3

Tocunraem Teneps unrerpai (7.3) ¢ HOMOIIbIO 3aMeHbl T — a = ¢ 1.
[Tonyaum

dx B
/(x—oz)l\/ax2+bx+c_
dx B
/(x—oz)l\/a(x—oz)QJr(b+2aoz)(x—oz)+c+aa2+ba_

dz
B / (z — a)y/alz —a)? +bi(x — @) + a

_ / dz _
(= a)tty fa+ e 4 2o
—lr—a=t" dx:—@ = — 1t
’ 12 \/CL + b1t + ¢ t?

Takum 06pazoM, nHTErpaJl cBejieH K npejbyiyiemy (7.2).
Ocrasock pacemorperh unterpani (7.4). B cayuae p = b/a nenaem
sameny x = t — p/2. Korna p # b/a, nyxHna 3amena x = Oﬁlﬁ, pu

3TOM « U [ TOJAOMPAIOTCS TaKUME, 9TOOBI B TpexdujaeHaX He OCTaJoCh

YJIEHOB C TePBOi cTernenbio. JIJst 9TOro HamI0 PermmuTh OTHOCUTETHLHO
u [} ypaBHEHU

200+ pla+B)+2¢=0, 2aafB+bla+3)+2c=0. (7.5)

[Tocsie 3aMeHBI TIOJIyUUM WHTErPAJIBI

A/ tdt N B/ dt
(t2 4+ v)V/6t2 + ¢ (12 +)V6t2 + ¢

B nepeoM n3 HUX TIpUMEHSIEM MOJCTAHOBKY U = /0t2 4 €, BO BTOPOM —
nojicTaHOBKY v = (V012 + €)',

Paccmorpum coorsercrryioriye npumepsl. [lepsbiit cayqaii (p = b/a):

B (x + 1)dx |, = B (t+2)dt
I_/(4—2x+x2)\/2+2:c—x2_ _t+1|_/(t2+3)\/3—t2_

\/gv
=V3—-t2=u, tdt=—udu, (V3—-1)=v, t=-—ro
{ ( ) V1+ 02
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+ / dv
3 ) 14202

\[ arctg(\/iv) +C =

\/_-i—u

B / udu 9 / —(H‘v/g)wdv
] w6 —u2) 31602 V3
u(6 — u?) 0 2\/_

— V2 4+ 22 — 22

“5h fwm

! In V6 v2 42— \/_act V2 V2 +C

— I .
26 |V6 + V2 + 2z — 22 & V2 4+ 2x — 22

Caywait Bropoii (p # b/a):

dx
I = :
/(:I;Q—a:—i—l)\/xQ—l—x—i—l

Pemaem cucremy (7.5)

200 —a—F+2=0, 228+a+3+2=0.

Henaem 3ameny
t—1 2dt

Ty YT

B 2(t+1)dt
B / 2 +3)V32+1
JaJjibiiie nHTerpaj CIuTaeTCsi COBEPIIEHHO aHAJOTMTHO MTPEbIIYIIEMY.
WuaTerpans! Buja

/R(x,\/ax2+bx+c)dx, a0, b —dac+#0,

rie R(-,+) — panunonaibHasi GyHKINS, MOXKHO CBECTH K WHTETPAJIAM OT
paIMoOHAIbLHBIX (DYHKIINI MOCPEICTBOM OJIHON U3 nodcmanosor Iiiepa:

Vaz? +br +c =+t ++Jar, a>0,

Vaz? +br +c=+tr +£+/c, c¢>0,
Vaz? +br + ¢ = tt(z — z1), b* — dac > 0,
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rje r1 — OJIUH U3 KOPHEH KBaJPpaTHOTO TpexdJjeHa ax® + bz + c.

2t — 1
=Vi+tor+l=tz+1, x=-—>"F

1—t%

| =
/a:+\/a:2+x—|—
2264212 1y

dx:2—2t+2t2dt:/ =5k B
(1) B e

2 — 2 + 22
:/ﬁ R
(1 —t)(t2+ 1)
2 — 2t + 2t2 A B C D

-0 @+ 1 1= 1+t aro2

2 —2t+ 2t = A(1 —tH)(1+t) + Bt(1 +1)* + Ct(1 — t*) + Dt(1 — t).
—~A+B-C=0, —A+2B-D=2, A+B+C+D=-2, A=2.
B=1/2, C=-3/2, D=-3.

o 2/dt+1 dt 3 [ dt _3/ dt
B t 2) 1—t 2) 1+t (141¢)?

1 3 3
:21n|t\—§ln\1—t\—§ln|l+t|+—+0:

1+t
o1 Vi+x+1-1 11 r+1—vVa2+ax+1
=2In ——1In —
T 2 T

3

3 3T
2

+C
r—14+Va2+x+1

YIIPAZKHEHHUE 2. C nomorpio moJcTaHOBOK Jiijiepa MOCYUTATD
unrerpaJsbl Ne 1967 - 1970.
WurerpaJ Buja

r—1+vVai+z+1 N
X

/xm(aa:" + b)Pdx, (7.6)

rne a,b € R, m,n,p € Q, npuaem a, b, n, p # 0, HA3BIBAIOT UHME2PANOM
om dugpdepenyuarvrozo burnoma. Uurerpan (7.6) cBouTCst K HHTErpay
OT paIMOHAJIBHONW (DYHKINK B CJACAYIOMNUX TPEX CJAyUAAX:

p € Z — nojcranoBkoit x = t4, rie g — obiwmii 3HaMeHaTesb m, n;

mT“ € 7 — nojcranoBkoit ax”™ + b = t9, rie ¢ — 3HaMeHaTesb p;

P+ mTH € Z — nosicTtanoBkoit a + bx~" = t4, e ¢ — 3HAMEHATED P.
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Paccmorpum npumep.
1= [V
31ech
m=p=1/3, n=2, a=-1, b=3, p+—=1.

Henaem 3ameny

1 3t3dt /8 — 3t3
3——:t3, dx:—w, \3/356—56327.

22 2(3 —t3) V3 -3
Torna
\/8 3t3 3t2dt 5 V8 — 3u
I = : =t"=ul= | s —du=
V3—13 2(3—13)3/2 2(3 —u)?
:|8—3u:v3, du = —v’dv| =

__g/ v3dv __g/ v3dv
2) W+ 2) (vH+1D2(—v+1)2

JaJibiiie MHTErpaJl CuuTaeTCs Tak, Kak 9To jesjaercs B 1. 4,95.

YIIPA?KHEHUE 3. ITocunTtars narerpaant Ne 1981 - 1988.

YITPAZKHEHUE 4. Tlpumensisi pa3andHbie METObI, W3JI0KEHHBIE
BhIIIe, HaiTH uHTerpahl N¢ 1851 - 1865, 1926 - 1950, 1952 - 1965, 1971

- 1979, 2126 - 2171.

8 OmnpegeneHHbBIT MHTErpaJ

[Tycrs dyukmus f(x) onpenenena Ha [a,b], a = xg < 21 < - --
T, =0, x; <& < xipq, Ax; = xi01 — x5, 1 = 0,n — 1. Hnumeepanrom

Pumana ot byuxnuu f(x) Ha orpeske [a, b] HazpIBAETCS TNCITO

/ f(x)dr = lim Z f(&)Az;.

max |Azz |H0
a 0<i<n—

<
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[Ipu aTOM, ecim mHTErpaJ CymecTBYeT, TO (DYHKITUS HA3BIBACTCS UHIMLE-
epupyemoti va [a, b|.

Ecin dyuknus onpejiesiena u HenpepbiBHA Ha oTpeske [a, b] u F(x)
— ee epBooOpas3Hasi, TO crupaBeauBa gopmyra Hvromona-Jledonuya:

1/2
/ dx _ 1/2 T ( 7T) T
—————— = arcsinx =——(—=) =—.
~1/2 Lo a0 ° ’

[Tycrs dyukmun f(z) w g(x) wenpepbiBHO juddeperimpyemMbl Ha
[a, b]. Torna gopmysa unmezpuposanui no wacmam JJist OMpPeIeTeHHBIX

- /bf'(x)g(l‘)dl‘

MHTErpaJjoB IpuodpeTaeT BU/I

/b f(x)g'(z)dw =

V3 V3 V3
/ tg xd 1/act dx? 12act 1/96
arc rar = — I rar =— —I I X — =
T arss 2 5 2 & 2 | 22
0 0 0
V3 V3
3arctg 1/d+1/ dx 7r+1( ; )ﬁ
— [ dx + - = —+ —(arctgr — x =
2 2) 1422 27 2098 .
0 0

2 + 6 2 3 2
[Tycrs dynknus f(x) wenpepbisaa Ha |a,b], dynknus o(t) nernpe-
pbiBHO JudepeHnupyemMa Ha orpeske [a, [], tne a = ¢(a), b = ¢([),
dbynknus f(p(t)) onpenenena n nempepbiBHa Ha [, §]. Torma mmeer
MECTO (POPMYAG 3AMEHDL NEPEMEHHOT:

b B
/ f () = / F((8)) ! (1)t
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0,75 4/7

/ :I;2+1
0

1

—lr+1=t""=—

/\/1—2t—1—2t2
1

t 1+\/t2 t+1
n _ — p— p—
2 2

1++2 1+5ﬁ) L, 70+v2) 1 9+4v2

1 1

\/_/\/t—1/2 )2 +1/4 \/51

4/7

4)7

E(ln 5 —In T —\/_n1+5\/_ 7 -

In2

2yd
/\/e“’—ldx:|\/e$—1:y, r=1In(l+y?), dr= v
0

1+ 2
1 J2d
/ y = 2(y — arctgy)
0

1

—9- =
2

0

1
arcs
/ esin vz dr =| arcsin /z = ), x:siHQy‘:
Var(l—x)
0
/2
_/2ysinycosydy_ 9
B sin y cos y Bk

0

YIIPAZKHEHUE. ITocunTars nnrerpas: Ne 2206 - 2213, 2239 - 2250,
2268 - 2280.

9 IlpusHaku cpaBHeHUS

[Tycrs f(x) warerpupyema wa orpeske [a, b] npu mobom b > a. Cie-

NVIONINAN TTpeJiest
b +o0
i /f(:c)dac: /f(ac)dx (9.1)
——+00

HA3BIBAETCS HECOOCTNEEHNbLM UNMELPAAOM NEPE020 Poda OT BDYHKIUK
f(z) na muOXKeCTBE [a, +00).
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Ecan ¢yuknus ne orpannuena B OKPECTHOCTHA TOUKK b 1 HHTETPUPY-
eMa Ha JIIoOoM oTpeske [a,b—¢], rie 0 < € < b— a, To necobemeenvLm
UHMEZPANOM 6M0P020 POda ¢ OCOBEHHOCTHIO B TouKe b or dyHknu ()
Ha MHOYKECTBE [a, b) HA3BIBACTCS MPEJIEdT

b

lim 7€f(x)dx: / f(a)dz. (9.2)

e—0+
a
B orauume or onpejeeHHBbIX BbINIe, MHTErpajJ Pumana B CMBICTE
IpeABLAYINero naparpada Ha3LIBACTCS COOCMEEHHbIM.
Ecin koneunbie npejesbt (9.1) win (9.2) cyuiecTByor, To cOOTBET-
CTBYIOIIMI MHTErPaJI HA3BIBACTCS CLOOAUUMCA, B TPOTUBHOM CJIydae —

PacCXo A MCHA.
—+00

zlnx
I = ———dx
/ (1+2%)?
0
[TocunTaem cradaJia epBOOOPA3HYIO.

zlnz 1 [Inzd(1l+ 2?) 1 1
————dr == =—— [ Inzd =
1+222" " 2] T+ > 11 22

B Inx _'_1/ xdx B Inx n 1/ dx? B
o201 +2?) 2 ) 221422 21 +22)  4) 22(1+2?)
2

Inx 1 T

T iy it ia

Taxum obpazoMm,

7 Inx N 11 22
pr— B e — J— ni
2(1+22) 4 1422

_ 1 Inb +11 b2
T\ 2(1 402 4110

Ina 1 1
— 1 4 llnd®—-In(1+d?) ) =
Ml<2u+ww+4na 4n(+a0

1 1 a’lna
0 1m2na( 1—i—a2) ag51+2(1+a2> 0

+00

0
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0
_/ —2ydy B
J (14+92)y

1
dx
—V1—z= =1 —q7?
/(2—9[;)\?—9[; | A Y
0

1

dy
= 2/Ty2 = Qarctgy
0

HOCHGI[HHIL;I "3 IMOCYNTaHHBIX MHTEI'PaJIOB N3HaAYaAJbHO OBLT HECOOCTBEH-

0

HBIM BTOPOTO POJa, HO TMOCJE 3aMeHbl MOJYUMUJICT COOCTBEHHBIH WHTE-
rpadi.
1

/lnxdx = (zlnz — x)

0

1

= —1— lim (alna —a) = —1.
a—0+

0

Nnrerpar (9.1) nn (9.2) HA3BIBACTCSA aOCOMOMNO CTOOAUUMCA, €CITH
CXOJIUTCST COOTBETCTRYyIOMuit nurerpas or |f(x)|. VI3 abcomoTHoit cxo-
JMMOCTH CJIEJIYeT CXOANMOCTH HeCOOCTBEHHOTO MHTErpaJa.

[Iycre dyukiuu f(z) u g(xr) UMeOT eIUHCTBEHHYIO 0COOEHHOCTH B
Touke b, b < 400, u BomodHsIoTes HepasencTBa 0 < f(z) < g(x), z €

b
(a,b). Torma u3 cxomumocTn HecoGeTBenHOro HaTerpaia I = [ g(x)ds

CJIeJlyeT CXOJUMOCTh [1 = fab f(x)dx, a uz pacxogumoctu Iy — pacxoyu-
MOCTH 5. (DTO yTBEpIKIeHNE HA3BIBACTCS NEPEHLM NPUHAKOM CTOOUMO-
cmu HeCOOCTBEHHBIX HHTErpaJioB.) Ecin xe s 91ux byHKIM K TOMY
YK€ CYIIIECTBYET KOHCUHBIN TIpeies]

(npyrumu caoBavu, byuxmun f(z) n Ag(x) sxeusanentusr f ~ Ag), To
WHTErpaJibl [ U [y CXOSITCS WIIN PACKOJSITCST OJHOBpeMeHHO. (Bmopoti
npUsHAK croduMoCmU HECOOCTBEHHBIX HHTEIPAJIOB. )

urerpan
+ood
x

poes (9.3)

1

cXOMuTC Ipu o > 1 m pacxoauted npu « < 1. UnTerpan
1

dx
a (9.4)

I-a
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cxonuTed ipu « < 1 m pacxonures npu o > 1.

+00 1 +00
I / x2dx B / x2dx n / x2dx
a d—p24+1 ) at—a24+1 d—x241
0 0 1

3HaMeHaTeN b TOABIHTErPAJBHON (DYHKITUU BEIIECTBEHHBIX KOpPHEH He
UMEET, TIOITOMY ee 0COOEHHOCTH — TOJILKO +00, & MEPBOE U3 CJIAraeMbIX B
NpaBoil YacTu paBeHCTBa — cOOCTBeHHBIH wHTerpaJs. Ha 6eckoneuHnocTu
zt — 22 4+ 1 ~ 2*, nosromy pacemorpum

“+00

dx

x2’
1

On cxomurest, Tak kak 2 > 1 (em. (9.3)). CueoBaresbHo, U HAIl HHTE-

2 1
/ dx / dx / dx
I= | —=— [ —+ | —.
Inz —Inx Inzx
0 0

[Tpusnaku cpaBHeHusi cHOPMYIUPOBAHBI JIJIsT HEOTPUIATEIbHBIX (DYHK-

IrpaJi CXOJUTCH.

Ui, TTO3TOMY MBI Pa30UIN TPOMEXKYTOK NHTEI'PUPOBAHKS Ha JIBA IPOMe-
JKYTKa, Ha KOTOPBIX MOJbIHTErpabHast (PYHKIMS coxpaHseT 3HakK. Vc-
cJieJlyeM TIOJIyYUBIINAECs JIBa UHTErpaJja OTJIeJbHO.

1 ~+o00 +00
dx 1 dy dy
—Inz |z y?Iny Y2
0 1 1

[Tocaennuilt HHTErpaJl CXOMUTCS, 3HAYUT, HAIl MHTErpaJ Ha WHTEPBaJIe
(0,1) Toske cxoaurest.

2d h d 1d
X Yy )
/lx =AY /1n<1+y> /y
1 0 0

Nurerpan pacxopurces (em. (9.4)). Bmech Mbl yuju, 9To eMHCTBEHHAS]
0COOEHHOCTH Y MHTErPaJIa TOCIE 3aMEHbI — B HyJIe, M UCTTOJIb30BAIN SKBH-
BasieHTHOCTD Yy ~ In(1+y) npu y — 0. Takum 06pazom, HAIIT HCXOTHBII
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UHTErpaJl PacXOIUTCH.

“+00 —+00

1
[ = /a:plexda::/xplezdx—i— /xplezdx.
0

0 1

Haunewm co Broporo us unrerpajos. Tak Kak Jjist JOCTATOUYHO HOJIBIIOTO
Ampnx > A e *<zP ! 10

“+00 —+00

A
d
/:Up_le_xd:cS/ e “dr + f
x
1

1 1

IIepBoe ciiaraemoe — coOOCTBEHHBIH MHETPaAJI, BTOPOE — CXOIIIIICsS Hecob-
cTBeHHbIH. VX cymma — cxojsiuiicss naTerpaidl.

IIpu x € (0,1) e! < e < 1, N03TOMY CXOAMMOCTH MHTErpaJa
1 1
f:cp_le_xd:c PaBHOCUJIbHA CXOAUMOCTH MHTErpasa fxp_ld:c. CornachHo
0 0
(9.4) on cxomuTcs ToabKo pu 1 — p < 1. 3HAUNT, HAIT UCXOHBIH HHTE-

rpaJi OT HyJisi JJO OECKOHEYHOCTH cXOjuTcs ripu p > 0.

/x—dx:/ u dx—l—/x—dx
1+ 2n 1+ 27 1+ 2n
0 0 1

“+00

m
nosromy uarerpan [ L-dr cxoaures
1

Ha 6eckoneunoctu Trzm

1
1+ n ~ zn7m7

m

npu n > m + 1. Hpﬂx—>01+zn ~ T
m > —1. Becb mHTErpas Mo3ITOMY CXOJUTCS TTPH BBIMOJHEHUN YCJIOBU

m>-—-1,n>m+ 1.

N UHTErpaJl CXOAUTCA TIpn

I:/1n(1+x /1n1+xdx+/ln(1+x)da:.
" x"
0 0 1
In(1+x) 1—n

B okpecTHOCTH HYJIsI ~ " TO3TOMY NEPBbIA U3 MHTETrPAJIOB

xn
cxourest ipu n < 2. Jlist moboro ae pu jroctatodno 6osbimmx z In(1 4
x) <z Buauur, npun > 1In(14+z) < . 1n(1+ac) <

. Mnrerpau

ZL'
or 1 10 400 cxoautes, Tak kak > 1. Tlpu n < 1 ln(yz) > L
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MOTOMY HHTErpaJi pacxoiurcsi cornacuo (9.4). Ucxonubiit uaterpaa [
OT HyJIs1 J10 beckonedHocTr cxoputes mpu n € (1, 2).

“+00 +00 1
t
AL 1< L do.
14 zn 2 1+ zn
0 0

[ToaTomy mHTErpas cxoaurcd npu n > 1. ExuncrBenHas ocobeHHOCTH —
Ha Oeckoneunoctu. [Ipu n <1

—+00 “+00

/arctgxdeE/ dx .
14+ an 4 14+ 2n

1 1

[Tocnenanit 3 HHTETPAJIOB PACXOUTCS, IIOITOMY IIPU COOTBETCTBYIOIINX
N PACXOIUTCA MCXOMHBIN MHTETPa.

/2 w/4 /2
dx dx dx
_77;_______ — _7_5_______ +‘ _777______1
st x cos? x st x cos? x sin® x cos? x
0 0 w/4

Y nepBoro u3 ciaraeMbix 0coberHocTh B HyJie. [Ipn x — 0 sin? x cos? - ~
xP. IlosToMy COOTBETCTBYIOINUIT MHTErpaJ cxoaurcs mnpu p < 1. Pac-
CMOTPUM BTOpPOii HHTErpaj. ¥ Hero ocobeHHOCTh B Touke /2. Crenaem

3aMeHy.
/2 /4
/ dx T / dx
sin? x cos? & 2 cosP x sin? &
/4 0

SuaunT, naTerpas cxogutces npu g < 1. Bech narerpan I cxogurcest npn
p,q < 1.

+00 +00

400 1 1
/d_f_/d_ﬂf+/ dx /£+/d_ﬂf
R NN RS N NV A IO e

1

(Oba ciaraeMbIX CXOIATCS.
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+00
/lnl—l—zdz / 1—|—zdz+/ln(1—|—z)dz
B 22+ 22 22+ 22 22+ 22
0

1
1 +
/i / n(l+ z)dz
2 22422
0 1
B

[TepBwbiit 13 MHTEIPAJIOB CXOJUTCS.

+00 400
/ In(1+ 2)dz < / Vzdz
22422z 22

1 1

:|y—1:z

TOPO# OIIEHUM CBEPXY:

Cornacro (9.3) uarerpas cxomuresi. Lexoublii mHTErpas Tak»Ke CXOUT-
csl.

YIIPA?KHEHUE 1. Borauncants uaterpaant Ne 2334 - 2347.
YIIPAZKHEHUE 2. UccnemosaTh Ha cXOIUMOCTHL BHTErpajbl Ne 2358
- 2375.

10 IIpusnak Abensa - JImpuxie

Bce chopmynupoBanubie JIO CUX MO MPU3HAKU KACAOTCs abCOJIoT-
HOI CXOIIMMOCTH, TaK KaK OHU CITPABEIJINBbI JIJIsT HEOTPHUIATEILHBIX (DY HK-
nuii, B wactaoctn 171 | f(x)|. Ecaw warerpan ot a 10 b < 400 cxonutes,
HO He abCOJIIOTHO, TO MBI OYIEM Ha3bIBAThH €0 YCAOBHO CTOOAUUMCA.

Cdhopmynupyem npusnarx Abeas - Hupurse yeaoBHOH CXOIUMOCTH:
[Tycrs dynknumst f(x) umeer orpaHudeHHyo IPU T > @ TePBOOOPA3HYIO,
a dyHKIUsA g(r) MOHOTOHHO CTPEMHUTCS K HYJIO Tpu o — +00. Torya

unrerpan [ f(z)g(x)dx cxonures.

a
Uccneyem waTErpa
+00

sin x
dx
x

0

Ha aDCOJIIOTHYIO ¥ YCJIOBHYIO CXOAUMOCTh. Tak Kak npu © — 0 22 ~ 1,
X
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TO eJINHCTBEHHAsI 0COOEHHOCTH MHTerpaJia Ha OecKoHedHoCTH. VIHTerpaJ

400

sin x
dx
T

0

cxoTest 1o npusaaky Abesst - Jlupuxiie, Tak Kak 1/2 MOHOTOHHO CTpe-
MUTCsl K HYJIIO NP T — —+00, a 1epBoodbpasHas (PyHKIMN Sin X — 3TO
— cos x, orpannveHHas GpyHKnud. [Ipopepum Hammamre abCcoOTIOTHON! CXO-

JIMMOCTH.
“+00 “+00 9 —|—ood “+00
sinx sin“ x 1 rz 1 Ccos 2x
/‘ L >/—da::— ———/—da:.
T T 2 T 2 €T
0 0 0 0

[IepBblit M3 WHTErPAJIOB B NMPaBOil 9acTW PaBEHCTBA, OUYEBUJIHO, PACXO-
JINTCsI, BTOPOil — cxomuTes mo mpusHaky AbGens - dwpuxie, Tak Kak
nepBooOpasHast (pyHKINUK coS 22, PYHKITUS % sin 2x, orpaHuveHa Ha Beeil
YUCI0BO#H Tpsimoii. IToaTomMy pasHocTh MHTErPAIOB PACXOLUTCS. SHAUNT,
110 11ePBOMY NPU3HAKY CPaBHEHMsI MCXOJHbI MHTErpaJsl He SBJISeTCs ad-
COJIFOTHO CXOJISIITTMCS].

/2

: 1 1 .1 —dy
sin | — de =|— =y, x=arcsin—, dr=-———|=
Sin Uy Y y2 —1

—+00
/ sin ydy
- )
yVy*—1
1
Vccnepyem mociennii u3 HHTErpaoB Ha abCOTIOTHYIO CXOIUMOCTD.

+00 2

/ \Smyldy dy +/ dy

AVATS SV =1 ) gyt -1

Bo BTOPOM MHTErpasie npu 1 — +00 —— ~ 42, HO3TOMY OH CXO-
p p pny y\/ij y -, y

nuTcst. B nmepBoM mHTErpaJe cieaaemM 3aMeHy
2

dy
S P
1/y\/y2—1

0/ z+1) (z+2)
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[Ipn z — 0 (ZH)\}M ~ \/12—Z n corsacuo (9.4) mocseHMI WHTErpaI

CXOUTCsI. SHAUNUT, UCXOIHBIH MHTErpaJl CXOIUTCST abCOJIIOTHO.

+o00 2 +00

2

x

/a:2 cos(e”)dx :/ 2 cos(e”)dx + / —e" cos(e”)dz.

€
0 0 2

[TepBobiit naTErpas abCOTIOTHO CXOJUTCS, TaK KaK

2 2

4
/ZEQ‘COS(Bx”dZB < /xQd:c =3

0 0
2

Bo Bropom unTerpase gpyHkius e’

npu x — +00. A neproobpasnasi GyHkun e’ cos(e’) ecth dyHKIWS

MOHOTOHHO CTPEMUTCA K HYJIIO

sin(e”). Ouna orpanuvena no moxaymo eaunuieil. [lo npusnaky Abesns
- JlupuxJjie BTOpOi MHTErpaJ cxoaurcs. [IpoBepuM ero Ha abCOTIOTHYIO

CXOJIMMOCTb:
+00 +00 +0oo 00

1 1
/x2|cos(e$)\dx2 /ZU2COS2(6z)d ==§/$2dI—§/ZE2COS(26z)dCE.
2 2 2 2

[TepBrbiit 13 UHTErpaoOB PACXOAUTCS, a BTOPOM CXOAUTCS OISITh YKe 10

npusraky Abens - Jupuxie. 3HaUAT WX PA3ZHOCTH PACXOIUTCS, TTOITO-
400
M i 2 “)d 6
y ucxoJiabli naTerpas [ x® cos(e”)dx He sBisieTcst abCOTIOTHO CXO/Is1-

0
IITAMCSI.

YITPAKHEHUE. NccrenoBarh Ha abCOMOTHYIO U YCIOBHYIO CXO/TH-
MOCTb mHTerpaJinl Ne 2379 - 2383.

11 I'nmaBHOe 3HaYeHHne B cMmbicjie Komnm

ITycts ipu sit0b0M € > 0 cyIecTBYIOT COOCTBEHHBIE HHTETPAJIBI

b

c/gf(x)dx, /f(:c)d:c, ce(ab).

+e
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Toma UHMEZPANOM 6 CMHICAE 2AA6H020 SHAYEHUA TO Kowu nassiBaercs

YUCJIO

e—04+

v.p./bf(x)dx lim C/Ef(a:)da:—l—/bf(x)dx

+

Ananornano npu yesioun, uro ¢yuknus f(x) uHTErprpyeMa Ha J060M
oTpeske [—a, al, a > 0, onpejeaum

a——+00

v.p. +/Oof(a;)da; lim / f(2)d.

+00 +00
/ dx B / dx B
Y e T2 T Y oD@ —2)
0 0
1—¢ 3/2
— i / dx N / dx \ n
S50+ (x —1)(x —2) (x —1)(x —2)
0 1+e )

(2—5 " +oo o \
- him \/ (a:—l)(a:—2)+/(a:—1)(ac—2)) -
3/2 246

1—¢

, T —2 —9||*?
= lim | In + In +
et = 1lo =11
+ lim [ In + In =
§—0+ T — 3/2 r—1 945

1 1—
= lim (ln +8—1n2—1n 8)+
e—0+ £ £

i (= 0 g 22
11m n — 1n 1m n —
5—0+ 1—6 1+ a—+0 a—1

. 1+¢ . 146
= lim In —
e—=0+ 2(l—¢g) o=0+ 1—-90
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2 2
dx dnz e ’
v.p. = V.p. = lim |In|lnz|| +In|lnz| =
rlnx Inz -0+ 1/2 1+
1/2 1/2
= lir(l)rl+ (In|ln(l —¢)| —Inln2+Inln2 —Inln(l +¢)) =
lim In (=1 —¢))
e—0+ ln(l -|—€)
T 1 “
+x T L 92 o
V.p. / T xde = akinoo (arctgx +3 In(l+x )) =

=2 lim arctga = 7.
a—+00

YIIPAZKHEHUE. Pemuts 3amanna Ne 2390, 2393, 2394.
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