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31 Òàáëèöà ïðîñòåéøèõ èíòåãðàëîâÎïðåäåëåíèå 1.Ôóíêöèÿ F íàçûâàåòñÿ ïåðâîîáðàçíîé äëÿ �óíê-öèè f íà ìíîæåñòâå X, åñëè äëÿ âñåõ x ∈ X F ′(x) = f(x). Â äàëüíåé-øåì ìíîæåñòâî X óêàçûâàòü íå áóäåì. Ñîâîêóïíîñòü âñåõ ïåðâîîá-ðàçíûõ äëÿ �óíêöèè f(x) íàçûâàåòñÿ íåîïðåäåëåííûì èíòåãðàëîìýòîé �óíêöèè è îáîçíà÷àåòñÿ ∫ f(x)dx. Åñëè F (x) � ïåðâîîáðàçíàÿäëÿ f(x), òî ∫ f(x)dx = F (x) + C, ãäå C � ïðîèçâîëüíàÿ êîíñòàíòà.ÎÑÍÎÂÍÛÅ ÑÂÎÉÑÒÂÀ ÍÅÎÏ�ÅÄÅËÅÍÍÛÕ ÈÍÒÅ��ÀËÎÂ
d

∫

f(x)dx = f(x)dx;

(∫

f(x)dx

)′
= f(x);

∫

df(x) =

∫

f ′(x)dx = f(x) + C;

∫

(αf(x) + βg(x))dx = α

∫

f(x)dx + β

∫

g(x)dx.ÒÀÁËÈÖÀ Ï�ÎÑÒÅÉØÈÕ ÈÍÒÅ��ÀËÎÂ
∫

xαdx =
xα+1

α + 1
+ C, α 6= −1

∫

dx

x
= ln |x| + C

∫

axdx =
ax

ln a
+ C, a > 0, a 6= 1

∫

exdx = ex + C,

∫

sin xdx = − cosx + C

∫

cos xdx = sin x + C

∫

dx

cos2 x
= tg x + C

∫

dx

sin2 x
= − ctg x + C

∫

dx

a2 + x2
=

1

a
arctg

x

a
+ C, a 6= 0

∫

sh xdx = ch x + C

∫

dx

a2 − x2
=

1

2a
ln

∣

∣

∣

∣

a + x

a − x

∣

∣

∣

∣

+ C, a 6= 0

∫

ch xdx = sh x + C

∫

dx√
a2 − x2

= arcsin
x

a
+ C, a 6= 0

∫

dx

sh2 dx
= − cthx + C



4
∫

dx√
x2 + a

= ln |x +
√

x2 + a| + C, a 6= 0

∫

dx

ch2 dx
= th x + CÏðèâåäåì íåêîòîðûå ïðèìåðû âû÷èñëåíèÿ íåîïðåäåëåííûõ èíòå-ãðàëîâ.

∫

(x3 +
√

x)2dx√
x

=

∫

x6 + 2x3
√

x + x√
x

dx =

∫

x11/2dx + 2

∫

x3dx +

∫ √
xdx =

2

13
x6
√

x +
1

2
x4 +

2

3
x3/2 + C.

∫

22x5xdx =

∫

(22 · 5)xdx =

∫

20xdx =
20x

ln 20
+ C.ÓÏ�ÀÆÍÅÍÈÅ. Ïðèìåíÿÿ òàáëèöó ïðîñòåéøèõ èíòåãðàëîâ ðå-øèòü çàäàíèÿ � 1628 - 1673. (Çäåñü è â äàëüíåéøåì çàäàíèÿ äàþòñÿèç [1℄.)2 Çàìåíà ïåðåìåííîéÈñïîëüçóÿ �îðìóëó äëÿ äè��åðåíöèàëà �óíêöèè

dϕ(x) = ϕ′(x)dx,ñ ïîìîùüþ çàìåíû ϕ(x) = u ÷àñòî óäàåòñÿ óïðîñòèòü ïîäûíòåãðàëü-íîå âûðàæåíèå âèäà
∫

f(ϕ(x))ϕ′(x)dx =

∫

f(u)du = F (u) + C = F (ϕ(x)) + C,ãäå F (u) � ïåðâîîáðàçíàÿ äëÿ �óíêöèè f(u).Ïðèâåäåì íåêîòîðûå �îðìóëû äëÿ ïðåîáðàçîâàíèÿ äè��åðåíöè-àëîâ:
dx =

1

a
d(ax + b),

dx

x
= d lnx,

xαdx =
dxα+1

α + 1
, axdx =

dax

ln a
,

cos xdx = d sinx, sin xdx = −d cosx.�àññìîòðèì íåñêîëüêî ïðèìåðîâ.
∫

dx

(1 + x2) arctgx
=

∫

d arctg x

arctgx
=

∣

∣

∣

∣

u = arctg x

∣

∣

∣

∣

=
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=

∫

du

u
= ln |u| + C = ln | arctg x| + C.

∫

xdx

4 + x4
=

1

2

∫

dx2

4 + x4
=

∣

∣

∣

∣

u = x2

∣

∣

∣

∣

=
1

2

∫

du

22 + u2
=

1

4
arctg

u

2
+ C =

1

4
arctg

x2

2
+ C.Èíîãäà ïðè èíòåãðèðîâàíèè �óíêöèè, ñîäåðæàùåé â çíàìåíàòåëåíåðàçëîæèìûå êâàäðàòíûå òðåõ÷ëåíû (ñ îòðèöàòåëüíûì äèñêðèìè-íàíòîì), íàäî âûäåëèòü â òðåõ÷ëåíå ïîëíûé êâàäðàò. Îáùåå ïðàâè-ëî âûäåëåíèÿ ïîëíîãî êâàäðàòà â íåðàçëîæèìîì òðåõ÷ëåíå:

ax2 + bx + c = a

(

x2 +
b

a
x +

c

a

)

= a

(

x +
b

2a

)2

+
4c − b2

4a
.�àññìîòðèì ïðîñòåéøèå ïðèìåðû.

∫

dx√
x2 + x + 1

=

∫

dx
√

(x + 1/2)2 + 3/4
=

∫

d(x + 1/2)
√

(x + 1/2)2 + 3/4
=

ln |x+1/2+
√

(x + 1/2)2 + 3/4|+C = ln |x+1/2+
√

x2 + x + 1|+C.
∫

dx

2x2 + x + 1
=

∫

dx

2(x2 + 1
2
x + 1

2
)

=
1

2

∫

dx

(x + 1/4)2 + 7/16
=

=
1

2
· 16

7

∫

dx
(

4x√
7

+ 1√
7

)2

+ 1
=

2√
7

∫ d
(

4x√
7

+ 1√
7

)

(

4x√
7

+ 1√
7

)2

+ 1
=

=
2√
7

arctg

(

4x + 1√
7

)

+ C.Èíîãäà óäîáíåå ïðîâîäèòü çàìåíó ïåðåìåííûõ â îáðàòíîì ïîðÿä-êå. Ïóñòü x(t) è t(x) âçàèìíîîáðàòíûå è íåïðåðûâíî äè��åðåíöèðó-åìûå �óíêöèè. Åñëè Φ(t) � ïåðâîîáðàçíàÿ äëÿ �óíêöèè f(x(t))x′(t),òî
∫

f(x)dx =

∫

f(x(t))x′(t)dt = Φ(t) + C = Φ(t(x)) + C.



6Ôóíêöèÿ x(t) ïîäáèðàåòñÿ òàê, ÷òîáû óïðîñòèòü ïîäûíòåãðàëüíîåâûðàæåíèå.
∫

(x + 3)2
√

x − 1dx =

∣

∣

∣

∣

x − 1 = t, dx = dt

∣

∣

∣

∣

=

∫

(t + 4)2
√

tdt =

=

∫

t5/2dt + 8

∫

t3/2dt + 16

∫

t1/2dt =
2

7
t7/2 +

16

5
t5/2 +

32

3
t3/2 + C =

=
2

7
(x − 1)3

√
x − 1 + 3

1

5
(x − 1)2

√
x − 1 + 10

2

3
(x − 1)

√
x − 1 + C.Åñëè äðîáíûõ ñòåïåíåé îò âûðàæåíèé âèäà ax+b

cx+d íåñêîëüêî, òî äåëà-åì çàìåíó
ax + b

cx + d
= zp,ãäå p � íàèáîëüøèé îáùèé çíàìåíàòåëü âñåõ ïîêàçàòåëåé ñòåïåíåé.

∫

√

x
1+x

dx

(1 + x)2
(

1 + 3

√

x
1+x

) =

∣

∣

∣

∣

x

1 + x
= z6, dx =

6z5dz

(1 − z6)2

∣

∣

∣

∣

=

∫

z3 · 6z5dz

1 + z2
=

= 6

∫
(

z6 − z4 + z2 − 1 +
1

1 + z2

)

dz =

=
6

7
z7 − 6

5
z5 + 2z3 − 6z + 6 arctg z + C =

=
6

7

(

x

1 + x

)7/6

−6

5

(

x

1 + x

)5/6

+

√

x

1 + x
−6 6

√

x

1 + x
+6 arctg 6

√

x

1 + x
+C.Ïðè ýòîì ìû ðàçäåëèëè z8 íà 1 + z2.Âû÷èñëèì åùå íåñêîëüêî èíòåãðàëîâ.

∫

dx

1 + ex
=

∣

∣

∣

∣

ex = y, x = ln y, dx =
dy

y

∣

∣

∣

∣

=

∫

dy

y(1 + y)
=

∫

dy

y
−
∫

dy

y + 1
= ln

∣

∣

∣

∣

y

1 + y

∣

∣

∣

∣

+ C = ln

(

ex

1 + ex

)

+ C.

∫

dx

sinx
=

∫

sinxdx

1 − cos2 x
= −

∫

d cosx

1 − cos2 x
=

1

2
ln

(

1 − cos x

1 + cosx

)

+ C.ÓÏ�ÀÆÍÅÍÈÅ. Èñïîëüçóÿ ìåòîäû, èçëîæåííûå â äàííîì ïà-ðàãðà�å, âû÷èñëèòü èíòåãðàëû � 1674 - 1740, 1836 -1843.



73 Èíòåãðèðîâàíèå ïî ÷àñòÿìÅñëè u(x), v(x) � íåïðåðûâíî äè��åðåíöèðóåìûå �óíêöèè, òîñïðàâåäëèâà �îðìóëà èíòåãðèðîâàíèÿ ïî ÷àñòÿì
∫

u(x)dv(x) = u(x)v(x)−
∫

v(x)du(x) èëè
∫

u(x)v′(x)dx = u(x)v(x)−
∫

v(x)u′(x)dx.Ïðèâåäåì íàèáîëåå òèïè÷íûå ïðèìåðû.
∫

lnxdx =

∣

∣

∣

∣

u = ln x, v = x

∣

∣

∣

∣

= x lnx−
∫

xd lnx = x lnx−
∫

x
1

x
dx =

= x lnx −
∫

dx = x lnx − x + C.

∫

x cos 2xdx =
1

2

∫

xd sin 2x =

∣

∣

∣

∣

u = x, v = sin 2x

∣

∣

∣

∣

=

1

2
x sin 2x − 1

2

∫

sin 2xdx =
1

2
x sin 2x +

1

4
cos 2x + C.

∫

x2e3xdx =
1

3

∫

x2de3x =
1

3
x2e3x − 1

3

∫

e3x2xdx =

=
1

3
x2e3x − 2

9

∫

xde3x =
1

3
x2e3x − 2

9
xe3x +

2

9

∫

e3xdx =

=
1

3
x2e3x − 2

9
xe3x +

2

27
e3x + C.Òàêèå èíòåãðàëû àíàëîãè÷íûì îáðàçîì âû÷èñëÿþòñÿ è â ñëó÷àå,êîãäà â ïåðâîì èíòåãðàëå âìåñòî ìíîæèòåëÿ x èëè âî âòîðîì èíòå-ãðàëå âìåñòî ìíîæèòåëÿ x2 ñòîèò íåêîòîðûé ìíîãî÷ëåí ñòåïåíè n.Ïðè ýòîì íàäî èíòåãðèðîâàòü ïîñëåäîâàòåëüíî ïî ÷àñòÿì n ðàç.Èíòåãðàëû ñëåäóþùèõ òèïîâ âûðàæàþòñÿ ñàìè ÷åðåç ñåáÿ.

I =

∫

e2x sin 3xdx =
1

2

∫

sin 3xde2x =
1

2
e2x sin 3x− 1

2

∫

e2xd sin 3x =

=
1

2
e2x sin 3x − 3

2

∫

e2x cos 3xdx =
1

2
e2x sin 3x − 3

4

∫

cos 3xde2x =
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=

1

2
e2x sin 3x − 3

4
e2x cos 3x +

3

4

∫

e2xd cos 3x =

=
1

4
e2x(2 sin 3x − 3 cos 3x) − 9

4

∫

e2x sin 3xdx =

=
1

4
e2x(2 sin 3x − 3 cos 3x) − 9

4
IÎòñþäà

13

4
I =

1

4
e2x(2 sin 3x − 3 cos 3x), I =

1

13
e2x(2 sin 3x − 3 cos 3x).

J =

∫

√

a2 − x2dx = x
√

a2 − x2 −
∫

xd
√

a2 − x2 =

= x
√

a2 − x2 −
∫

x
−2x

2
√

a2 − x2
dx = x

√

a2 − x2 +

∫

x2dx√
a2 − x2

=

= x
√

a2 − x2 −
∫

a2 − x2 − a2

√
a2 − x2

dx =

= x
√

a2 − x2 −
∫

√

a2 − x2dx + a2

∫

dx√
a2 − x2

=

= x
√

a2 − x2 + a2 arcsin
x

a
− J + C1.Ïîýòîìó

J =
x

2

√

a2 − x2 +
a2

2
arcsin

x

a
+ C, a > 0.ÓÏ�ÀÆÍÅÍÈÅ. Ïðèìåíÿÿ ìåòîä èíòåãðèðîâàíèÿ ïî ÷àñòÿì,âû÷èñëèòü èíòåãðàëû � 1791 - 1831.4 Èíòåãðèðîâàíèå ðàöèîíàëüíûõ �óíêöèé�àöèîíàëüíîé íàçûâàåòñÿ �óíêöèÿ âèäà Rl(x)

Qn(x) , ãäå Rl(x), Qn(x)� ìíîãî÷ëåíû ñòåïåíè l è n ñîîòâåòñòâåííî.Åñëè l ≥ n, òî ìîæíî âûäåëèòü öåëóþ ÷àñòü äðîáè
Rl(x)

Qn(x)
= Sl−n(x) +

Pm(x)

Qn(x)
,



9ãäå Sl−n(x), Pm(x) � ìíîãî÷ëåíû ñòåïåíè l − n è m ñîîòâåòñòâåííî,
m < n. Ïîýòîìó èíòåãðèðîâàíèå ðàöèîíàëüíûõ �óíêöèé ñâîäèòñÿê èíòåãðèðîâàíèþ ìíîãî÷ëåíà è ïðàâèëüíîé ðàöèîíàëüíîé äðîáè

Pm(x)

Qn(x)
, m < n.Ïðè ýòîì ìîæíî ñ÷èòàòü êîý��èöèåíò ïðè xn ðàâíûì åäèíèöå.Ïåðâûì øàãîì ïðè âû÷èñëåíèè èíòåãðàëà îò �óíêöèè òàêîãî âè-äà ÿâëÿåòñÿ ðàçëîæåíèå çíàìåíàòåëÿ íà ìíîæèòåëè

Qn(x) = (x − a1)
k1 . . . (x − ai)

ki(x2 + p1x + q1)
l1 . . . (x2 + pjx + qj)

lj ,ãäå a1, a2, . . . , ai � êîðíè ìíîãî÷ëåíà Qn(x) êðàòíîñòè k1, k2, . . . , kiñîîòâåòñòâåííî, à òðåõ÷ëåíû x2 + plx + ql, l = 1, . . . , j, íå èìåþòäåéñòâèòåëüíûõ êîðíåé (p2
l − 4ql < 0). Ïðè ýòîì i

∑

r=1
kr + 2

j
∑

r=1
lj = n.Ñëåäóþùèì øàãîì ÿâëÿåòñÿ ïðåäñòàâëåíèå äðîáè â âèäå ñóììûïðîñòåéøèõ äðîáåé:

Pm(x)

Qn(x)
=

A
(1)
1

x − a1
+

A
(1)
2

(x − a1)2
+· · ·+

A
(1)
k1

(x − a1)k1

+
A

(2)
1

x − a2
+· · ·+

A
(2)
k2

(x − a2)k2

+

+
A

(i)
1

x − ai
+ · · · +

A
(i)
ki

(x − ai)ki
+

B
(1)
1 x + C

(1)
1

x2 + p1x + q1
+

B
(1)
2 x + C

(1)
2

(x2 + p1x + q1)2
+ · · ·+

+
B

(1)
l1

x + C
(1)
l1

(x2 + p1x + q1)l1
+ · · · + B

(j)
1 x + C

(j)
1

x2 + pjx + qj
+ · · · +

B
(j)
lj

x + C
(j)
lj

(x2 + pjx + qj)lj
.Çäåñü A

(1)
1 ,. . .A(i)

ki
, B

(1)
1 ,. . .B(j)

lj
, C

(1)
1 ,. . .C(j)

lj
� íåêîòîðûå ÷èñëà, êîòî-ðûå íàõîäÿòñÿ ìåòîäîì íåîïðåäåëåííûõ êîý��èöèåíòîâ. Çàêëþ÷à-åòñÿ îí â òîì, ÷òî ïðàâàÿ ÷àñòü ïîñëåäíåãî ðàâåíñòâà ïðèâîäèòñÿ êîáùåìó çíàìåíàòåëþ. Â ÷èñëèòåëå ïîëó÷èâøåãîñÿ âûðàæåíèÿ ïîëó-÷àåòñÿ íåêîòîðûé ìíîãî÷ëåí ñòåïåíè m, êîý��èöèåíòû êîòîðîãî,âûðàæåííûå ÷åðåç èñêîìûå êîíñòàíòû, íàäî ïðèðàâíÿòü ê êîý�-�èöèåíòàì ìíîãî÷ëåíà Pm(x). Ïîëó÷èòñÿ ñèñòåìà m + 1 ëèíåéíîãîóðàâíåíèÿ. �àññìîòðèì ïðèìåð

I =

∫

4x2 + 3

(2x2 − 8)(x2 + 1)2
=

1

2

∫

4x2 + 3

(x − 2)(x + 2)(x2 + 1)2
.
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4x2 + 3

(x − 2)(x + 2)(x2 + 1)2
=

A

x − 2
+

B

x + 2
+

Cx + D

x2 + 1
+

Ex + F

(x2 + 1)2
=

A(x + 2)(x2 + 1)2 + B(x − 2)(x2 + 1)2

(x2 − 4)(x2 + 1)2
+

(Cx + D)(x2 − 4)(x2 + 1) + (Ex + F )(x2 − 4)

(x2 − 4)(x2 + 1)2
.

4x2 +3 = (A+B +C)x5 +(2A−2B +D)x4 +(2A+2B−3C +E)x3+

+(4A−4B−3D+F )x2 +(A+B−4C−4E)x+(2A−2B−4D−4F ).Îòñþäà
A + B + C = 0, 2A − 2B + D = 0,

2A + 2B − 3C + E = 0, 4A − 4B − 3D + F = 4,

A + B − 4C − 4E = 0, 2A − 2B − 4D − 4F = 3.�åøàÿ ýòó ñèñòåìó, ïîëó÷èì çíà÷åíèÿ A = 0, 19, B = −0, 19, C =

E = 0, D = −0, 76, F = 0, 2. Ïîýòîìó
I = 0, 095

∫

dx

x − 2
−0, 095

∫

dx

x + 2
−0, 38

∫

dx

x2 + 1
+0, 1

∫

dx

(x2 + 1)2

(4.1).Åñòü äðóãèå ìåòîäû íàõîæäåíèÿ êîý��èöèåíòîâ ðàçëîæåíèÿ, êî-òîðûå íå ñòîëü óíèâåðñàëüíû, êàê èçëîæåííûé âûøå, íî â ÷àñòíûõñëó÷àÿõ áûâàþò ãîðàçäî óäîáíåå. Íàïðèìåð, åñëè çíàìåíàòåëü èìå-åò òîëüêî äåéñòâèòåëüíûå ïðîñòûå (êðàòíîñòè îäèí) êîðíè, ìîæíîïîñòóïèòü ñëåäóþùèì îáðàçîì.
2x2 + 4x − 5

(x2 − 1)(x + 2)
=

A

x − 1
+

B

x + 1
+

C

x + 2
.

2x2 + 4x − 5 = A(x + 1)(x + 2) + B(x− 1)(x + 2) + C(x− 1)(x + 1).Ïîëîæèì ïîî÷åðåäíî x = 1, x = −1, x = −2. Ïîëó÷èì ðàâåíñòâà
1 = 6A, −7 = −2B, −5 = 3C.Îòñþäà A = 1/6, B = 7/2, C = −5/3.

∫

2x2 + 4x − 5

(x2 − 1)(x + 2)
=

1

6
ln |x − 1| + 3

1

2
ln |x + 1| − 1

2

3
ln |x + 2| + C.



11Åñëè çíàìåíàòåëü èìååò äåéñòâèòåëüíûå êîðíè, ñðåäè êîòîðûõåñòü êîðíè êðàòíîñòè áîëüøå åäèíèöû, òî ïîñòóïèì òàê:
−x2 + 3x + 7

(x + 3)(x + 1)2
=

A

x + 1
+

B

(x + 1)2
+

C

x + 3
.

−x2 + 3x + 7 = A(x + 1)(x + 3) + B(x + 3) + C(x + 1)2. (4.2)Ïîëîæèì x = −1, òîãäà 3 = 2B, B = 3/2. Òåïåðü ïîëîæèì x = −3,ïîëó÷èì −11 = 4, C = −11/4. Îñòàëîñü íàéòè A. Ïðîäè��åðåíöè-ðóåì òîæäåñòâî (4.2):
−2x + 3 = A(2x + 4) + B + 2C(x + 1).Ïîëîæèì x ðàâíûì çíà÷åíèþ êðàòíîãî êîðíÿ, òî åñòü x = −1, òîãäà

5 = 2A + B = 2A + 3/2, A = 7/4.
∫ −x2 + 3x + 7

(x + 3)(x + 1)2
=

7

4

∫

dx

x + 1
+

3

2

∫

d(x + 1)

(x + 1)2
− 11

4

∫

dx

x + 3
=

= 1, 75 ln |x + 1| − 1, 5

x + 1
− 2, 75 ln |x + 3| + C.Èòàê, ðàçáèâàÿ ïðàâèëüíóþ äðîáü íà ïðîñòåéøèå, ìû åå èíòåãðè-ðîâàíèå ñâîäèì ê èíòåãðèðîâàíèþ äðîáåé ñëåäóþùèõ âèäîâ:

1)
A

x − a
; 2)

B

(x− a)k
; 3)

Cx + D

x2 + px + q
; 4)

Cx + D

(x2 + px + d)l
.Ïîñ÷èòàåì èíòåãðàëû îò ýòèõ äðîáåé:

1)

∫

A

x − a
dx = A ln |x − a| + C.

2)

∫

B

(x − a)k
=

B

(1 − k)(x − a)k−1
+ C.

3)

∫

Cx + D

x2 + px + q
dx =

∫

Cx + D

(x + p/2)2 + 4q−p2

4

dx =

=

∣

∣

∣

∣

x + p/2 = u,
4q − p2

4
= b, D − C

p

2
= E

∣

∣

∣

∣

=

∫

Cu + E

u2 + b
du =

= C

∫

udu

u2 + b
+ E

∫

du

u2 + b
=

C

2

∫

d(u2 + b)

u2 + b
+ E

∫

du

u2 + b
=
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=

C

2
ln(u2 + b) +

E√
b

arctg
u√
b

+ C1 =Çäåñü íàäî çàìåòèòü, ÷òî b = −D/4 > 0, òàê êàê D � äèñêðèìèíàíòêâàäðàòíîãî òðåõ÷ëåíà x2 + px + q, íå èìåþùåãî äåéñòâèòåëüíûõêîðíåé, à çíà÷èò, îòðèöàòåëüíûé.
=

C

2
ln(x2 + px + q) +

2D − Cp
√

4q − p2
arctg

2x + p
√

4q − p2
+ C1.

4)

∫

Cx + D

(x2 + px + q)l
dx =

∫
C
2 (2x + p) +

(

D − Cp
2

)

(x2 + px + q)l
dx =

=
C

2

∫

2x + p

(x2 + px + q)l
dx +

(

D − Cp

2

)
∫

d(x + p/2)
(

(x + p/2)2 + 4q−p2

4

)l
=

=

∣

∣

∣

∣

x + p/2 = u,
4q − p2

4
= b

∣

∣

∣

∣

=

=
C

2(1 − l)
(x2 + px + q)1−l +

(

D − Cp

2

)
∫

du

(u2 + b)l
.Â ïîñëåäíåì èíòåãðàëå äåëàåòñÿ ïîäñòàíîâêà u =

√
b tg z:

∫

du

(u2 + b)l
= b

1

2
−l

∫

cos2(l−1) dz.Âû÷èñëåíèå èíòåãðàëîâ òàêîãî âèäà ìû åùå ðàññìîòðèì â ï. 6.Åùå îäèí ñïîñîá âû÷èñëåíèÿ èíòåãðàëà Il =
∫

du
(u2+b)l � èñïîëüçî-âàòü ðåêóððåíòíîå ñîîòíîøåíèå, êîòîðîå ìû ñåé÷àñ óñòàíîâèì.

Il =

∫

du

(u2 + b)l
=

1

b

∫

u2 + b − u2

(u2 + b)l
du =

=
1

b

∫

du

(u2 + b)l−1
− 1

2

∫

u

(u2 + b)l
d(u2 + b) =

1

b
Il−1 −

1

2

∫

ud

(

(u2 + b)1−l

1 − l

)

=

1

b
Il−1 +

1

2(l − 1)
u(u2 + b)1−l − 1

2(l − 1)

∫

du

(u2 + b)l−1
=
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=

2l − b − 2

2b(l − 1)
Il−1 −

u

2(l − 1)(u2 + b)l−1
= Il.Íàïðèìåð, ïîñ÷èòàåì èíòåãðàë

∫

dx

(x2 + 1)2
=

1

2
I1 −

x

2(x2 + 1)
=

1

2
arctg x − x

2(x2 + 1)
+ C.Äîñ÷èòàåì èíòåãðàë (4.1)

I = 0, 095 ln

∣

∣

∣

∣

x − 2

x + 2

∣

∣

∣

∣

− 0, 33 arctgx − 0, 05
x

x2 + 1
+ C.ÓÏ�ÀÆÍÅÍÈÅ. �åøèòü çàäàíèÿ � 1866 -1889.5 Ìåòîä ÎñòðîãðàäñêîãîÏóñòü çíàìåíàòåëü íåñîêðàòèìîé ïðàâèëüíîé äðîáè Pm(x)/Qn(x)èìååò âèä

Qn(x) = (x − a1)
k1 . . . (x − ai)

ki(x2 + p1x + q1)
l1 . . . (x2 + pjx + qj)

lj .Ìåòîä Îñòðîãðàäñêîãî çàêëþ÷àåòñÿ â èñïîëüçîâàíèè �îðìóëû
∫

Pm(x)

Qn(x)
dx =

R(x)

S(x)
+

∫

T (x)

U(x)
dx.Â íåé ìíîãî÷ëåíû S(x) è U(x) èìåþò âèä

S(x) = (x−a1)
k1−1 . . . (x−ai)

ki−1(x2+p1x+q1)
l1−1 . . . (x2+pjx+qj)

lj−1,

U(x) = (x − a1) . . . (x − ai)(x
2 + p1x + q1) . . . (x2 + pjx + qj)ñîîòâåòñòâåííî è ìîãóò áûòü âû÷èñëåíû áåç ðàçëîæåíèÿ ìíîãî÷ëåíà

Qn(x) íà ïðîèçâåäåíèå íåïðèâîäèìûõ ìíîæèòåëåé.Äåéñòâèòåëüíî, S(x) ÿâëÿåòñÿ íàèáîëüøèì îáùèì äåëèòåëåì äâóõìíîãî÷ëåíîâ Qn(x) è Q′
n(x) è ìîæåò áûòü âû÷èñëåí ïðè ïîìîùè àë-ãîðèòìà Åâêëèäà, êîòîðûé èçëàãàåòñÿ â êóðñå àëãåáðû.Ìíîãî÷ëåí U(x) ïðåäñòàâëÿåò ñîáîé ÷àñòíîå Qn(x)/S(x) è ìîæåòáûòü âû÷èñëåí ïîñðåäñòâîì äåëåíèÿ Qn(x) íà S(x) ñòîëáèêîì.Îñòàåòñÿ âû÷èñëèòü ìíîãî÷ëåíû R(x) è T (x) êàê ìíîãî÷ëåíû ñíåîïðåäåëåííûìè êîý��èöèåíòàìè ñòåïåíè íà åäèíèöó íèæå, ÷åì
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S(x) è U(x) ñîîòâåòñòâåííî. Äëÿ âû÷èñëåíèÿ óêàçàííûõ íåîïðå-äåëåííûõ êîý��èöèåíòîâ ñëåäóåò ïðîäè��åðåíöèðîâàòü �îðìóëóÎñòðîãðàäñêîãî, ïðèâåñòè ðåçóëüòàò äè��åðåíöèðîâàíèÿ ê îáùåìóçíàìåíàòåëþ è ñîïîñòàâèòü êîý��èöèåíòû ïðè îäèíàêîâûõ ñòåïå-íÿõ x â ÷èñëèòåëÿõ.Ìåòîä Îñòðîãðàäñêîãî îñîáåííî ý��åêòèâåí, êîãäà êîðíè Qn(x)â îñíîâíîì ÿâëÿþòñÿ êðàòíûìè èëè êîãäà âûçûâàåò çàòðóäíåíèåíàõîæäåíèå êîðíåé Qn(x).Âû÷èñëèì

∫

6 − 7x − x2

x4 − 2x3 + 3x2 − 2x + 1
dx.Èìååì

Qn(x) = x4 − 2x3 + 3x2 − 2x + 1,

Q′
n(x) = 4x3 − 6x2 + 6x − 2.Íàèáîëüøèé îáùèé äåëèòåëü ýòèõ ìíîãî÷ëåíîâ ðàâåí

S(x) = x2 − x + 1.Ïîäåëèâ Qn(x) íà S(x) "ñòîëáèêîì", íàéäåì
U(x) = x2 − x + 1.

R(x) è T (x) çàäàåì êàê ìíîãî÷ëåíû ïåðâîé ñòåïåíè ñ íåîïðåäåëåí-íûìè êîý��èöèåíòàìè, è �îðìóëà Îñòðîãðàäñêîãî ïðèíèìàåò âèä
∫

6 − 7x − x2

x4 − 2x3 + 3x2 − 2x + 1
dx =

Ax + B

x2 − x + 1
+

∫

Cx + D

x2 − x + 1
dx.Ïðîäè��åðåíöèðóåì ýòó �îðìóëó:

6 − 7x − x2

x4 − 2x3 + 3x2 − 2x + 1
=

=
A(x2 − x + 1) − (Ax + B)(2x − 1)

(x2 − x + 1)2
+

Cx + D

x2 − x + 1
.�åçóëüòàò äè��åðåíöèðîâàíèÿ ïðèâîäèì ê îáùåìó çíàìåíàòåëþ,ïîñëå ÷åãî ñîïîñòàâëÿåì ÷èñëèòåëè. Ïîëó÷èì

6−7x−x2 = A(x2−x+1)− (Ax+B)(2x−1)+(Cx+D)(x2−x+1).



15Ñðàâíèâàÿ êîý��èöèåíòû ïðè x0, x1, x2 è x3, ïîëó÷èì ñèñòåìó óðàâ-íåíèé
C = 0,

−A + D − C = −1,
−2B − D + C = −7,
A + B + D = 6.













�åøàÿ ýòó ñèñòåìó, íàéäåì A = 2, B = 3, C = 0, D = 1. Òàêèìîáðàçîì �îðìóëà Îñòðîãðàäñêîãî ïðèíèìàåò âèä
∫

6 − 7x − x2

x4 − 2x3 + 3x2 − 2x + 1
dx =

2x + 3

x2 − x + 1
+

∫

dx

x2 − x + 1
.Âû÷èñëèì èíòåãðàë â ïðàâîé ÷àñòè:

∫

dx

x2 − x + 1
=

∫

dx

(x − 1/2)2 + 3/4
=

2√
3
artg2x − 1√

3
+ C.Îêîí÷àòåëüíî èìååì

∫

6 − 7x − x2

x4 − 2x3 + 3x2 − 2x + 1
dx =

2x + 3

x2 − x + 1
+

2√
3
artg2x − 1√

3
+ C.�àññìîòðèì åùå îäèí ïðèìåð.

I =

∫

x2 + 1

x4 + 1
dx.�àçëîæèì çíàìåíàòåëü íà ìíîæèòåëè:

x4+1 = (x2+ax+1)(x2+cx+1) = x4+(a+c)x3+(2+ac)x2+(a+c)x+1.Îòñþäà a + c = 0, 2 + ac = 0, a =
√

2, c = −
√

2.
x2 + 1

(x2 +
√

2x + 1)(x2 −
√

2x + 1)
=

Ax + B

x2 +
√

2x + 1
+

Cx + D

x2 −
√

2x + 1
.Ïðèðàâíèâàåì êîý��èöèåíòû:

A + C = 0,
√

2(C − A) + B + D = 1, A + C +
√

2(D − B) = 0,

B + D = 1; A = C = 0, B = D =
1

2
.

I =
1

2

∫

dx

x2 +
√

2x + 1
+

1

2

∫

dx

x2 −
√

2x + 1
=



16
∫

dx

(
√

2x + 1)2 + 1
+

∫

dx

(
√

2x − 1)2 + 1
=

=
1√
2
(arctg(

√
2x + 1) + arctg(

√
2x − 1)) + C.ÓÏ�ÀÆÍÅÍÈÅ. Ïðèìåíÿÿ ìåòîä Îñòðîãðàäñêîãî, íàéòè èíòå-ãðàëû � 1891 - 1897.6 Òðèãîíîìåòðè÷åñêèå �óíêöèèÏðè èíòåãðèðîâàíèè òðèãîíîìåòðè÷åñêèõ �óíêöèé ÷àñòî îêàçû-âàþòñÿ ïîëåçíûìè ñëåäóþùèå �îðìóëû:

sin 2x = 2 sinx cosx

cos 2x = cos2 x − sin2 x = 2 cos2 x − 1 = 1 − 2 sin2 x

sin α sin β = 1/2(cos(α − β) − cos(α + β))

sinα cos β = 1/2(sin(α − β) + sin(α + β))

cos α cos β = 1/2(cos(α − β) + cos(α + β))Íàïðèìåð,
∫

sin(αx) cos(βx)dx =
1

2

∫

sin((α + β)x)dx+
1

2

∫

sin((α− β)x)dx =

1

2(α + β)

∫

sin((α + β)x)d((α + β)x)+

+
1

2(α − β)

∫

sin((α − β)x)d((α− β)x) =

= − 1

2(α + β)
cos((α + β)x) − 1

2(α − β)
cos((α − β)x) + C.Èíîãäà óäîáíî èñïîëüçîâàòü �îðìóëó 1 = sin2 x + cos2 x ñëåäóþ-ùèì îáðàçîì:

∫

dx

sin2 x cosx
=

∫

sin2 x + cos2 x

sin2 x cosx
dx =

∫

dx

cos x
+

∫

cos xdx

sin2 x
=

=

∣

∣

∣

∣

t = sin x

∣

∣

∣

∣

=

∫

dt

1 − t2
+

∫

dt

t2
=

1

2
ln

∣

∣

∣

∣

1 + t

1 − t

∣

∣

∣

∣

− 1

t
+ C =
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=

1

2
ln

(

1 + sinx

1 − sinx

)

− 1

sin x
+ C.�àññìîòðèì èíòåãðàë âèäà

∫

R(sin x, cosx)dx (6.1)ñ ðàöèîíàëüíîé �óíêöèåé R.Ïðè ëþáîé �óíêöèè R òàêîé èíòåãðàë ñâîäèòñÿ ê èíòåãðàëó îòðàöèîíàëüíîé �óíêöèè (ñì. ïï. 4,5) ñ ïîìîùüþ óíèâåðñàëüíîé òðè-ãîíîìåòðè÷åñêîé ïîäñòàíîâêè:
t = tg

x

2
, x = 2 arctg t, dx =

2dt

1 + t2
,

sinx =
2t

1 + t2
, cos x =

1 − t2

1 + t2
.

∫

dx

3 + 2 sinx
=

∫ 2dt
1+t2

3 + 4t
1+t2

= 2

∫

dt

3t2 + 4t + 3
=

2

3

∫

dt

(t + 2/3)2 + 5/9
=

6

5

∫

dt
(

3t+2√
5

)2

+ 1
=

2√
5

arctg
3t + 2√

5
+ C =

2√
5

arctg
3 tg x

2 + 2√
5

+ C.Â íåêîòîðûõ ñëó÷àÿõ ïðîöåäóðó ñâåäåíèÿ èíòåãðàëà (6.1) ê èíòå-ãðàëó îò ðàöèîíàëüíîé �óíêöèè ìîæíî óïðîñòèòü. �àññìîòðèì ýòèñëó÷àè.1). Åñëè R(− sinx, cosx) = −R(sinx, cosx), òî óäîáíåå âîñïîëü-çîâàòüñÿ ïîäñòàíîâêîé
t = cos x, dx =

−dt√
1 − t2

.2). Ïðè óñëîâèè R(sinx,− cosx) = −R(sin x, cosx), ïðîùå âñåãîèñïîëüçîâàòü çàìåíó
t = sinx, dx =

dt√
1 − t2

.



183). Â ñëó÷àå R(− sinx,− cosx) = R(sinx, cosx), ïîìîæåò ïîäñòà-íîâêà
t = tg x, dx =

dt

1 + t2
.

∫

sin 2x

sin2 x · cos4 x
dx =

∣

∣

∣

∣

tg x = t, sin 2x = 2 sinx cosx =
2t

1 + t2
,

sinx =

√

1

1 + tg2 x
tg x =

t√
1 + t2

, cos x =
1√

1 + t2

∣

∣

∣

∣

=

∫ 2t
1+t2

dt
1+t2

t2

1+t2
1

(1+t2)2

= 2

∫

1 + t2

t
dt.

2

∫

dt

t
+ 2

∫

tdt = 2 ln |t| + t2 + C = 2 ln | tg x| + tg2 x + C.Èíòåãðàë âèäà
∫

R(shx, hx)dxìîæíî ðàöèîíàëèçèðîâàòü ïîñðåäñòâîì ïîäñòàíîâêè t = thx
2 , ïðèýòîì shx =

2t

1 − t2
, hx =

1 + t2

1 − t2
, dx =

2dt

1 − t2
.ÓÏ�ÀÆÍÅÍÈÅ. Ïîñ÷èòàòü èíòåãðàëû � 1741 - 1765.7 Èíòåãðèðîâàíèå èððàöèîíàëüíûõ �óíêöèéÅñëè ïîäûíòåãðàëüíàÿ �óíêöèÿ ñîäåðæèò ðàäèêàëû âèäà√x2 + a2,√

x2 − a2, √a2 − x2, òî ÷àñòî áûâàåò ïîëåçíî ñäåëàòü îäíó èç ñëåäó-þùèõ çàìåí:
√

a2 − x2 =

∣

∣

∣

∣

x = a sin t, dx = a cos tdt

∣

∣

∣

∣

= a cos t,

√

a2 − x2 =

∣

∣

∣

∣

x = a cos t, dx = −a sin tdt

∣

∣

∣

∣

= a sin t;

√

x2 − a2 =

∣

∣

∣

∣

x =
a

cos t
, dx = a

sin t

cos2 t
dt

∣

∣

∣

∣

= a tg t



19èëè
√

x2 − a2 =

∣

∣

∣

∣

x = a ch t, dx = a sh tdt

∣

∣

∣

∣

= a sh t;

√

x2 + a2 =

∣

∣

∣

∣

x = a tg t, dx =
a

cos2 t
dt

∣

∣

∣

∣

=
a

cos t
,

√

x2 + a2 =

∣

∣

∣

∣

x = a sh t, dx = ach tdt

∣

∣

∣

∣

= a ch t.Â ñëåäóþùåì èíòåãðàëå âîñïîëüçóåìñÿ ïîñëåäíåé èç çàìåí.
∫

2

x2
√

1 + x2
dx =

∫

2

sh2 t ch t
ch tdt = 2

∫

dt

sh2 t
= −2 cth t + C =

= −2

√
1 + x2

x
+ C.Èíîãäà ìîãóò ïîìî÷ü òðèãîíîìåòðè÷åñêèå èëè ãèïåðáîëè÷åñêèå ïîä-ñòàíîâêè äðóãîãî âèäà:

∫

√

(x − a)(b − x)dx =

∣

∣

∣

∣

x−a = (b−a) sin2 t, dx = 2(b−a) sin t cos tdt

∣

∣

∣

∣

=

∫
√

(b − a)2 sin2 t cos2 t2(b−a) sin t cos tdt =
1

2

∫

(b−a)2 sin2 2tdt =

=
(b − a)2

4

∫

(1 − cos 4t)dt =
(b − a)2

16
(4t− sin 4t)dt =

=
(b − a)2

16

(

4 arcsin

√

x − a

b − a
− 4

√

(x − a)(b − x)(b + a − 2x)

(b − a)2

)

+C =

=
(b − a)2

4
arcsin

√

x − a

b − a
− 1

4
(b + a − 2x)

√

(x − a)(b − x) + C.ÓÏ�ÀÆÍÅÍÈÅ 1. Íàéòè èíòåãðàëû � 1778 - 1781, 1786 - 1789,1991 - 2040.�àññìîòðèì èíòåãðàë âèäà
∫

Rl(x)

Qn(x)
√

ax2 + bx + c
dx (7.1).Âûäåëèì èç ðàöèîíàëüíîé �óíêöèè öåëóþ ÷àñòü

Rl(x)

Qn(x)
= Sl−n(x) +

Pm(x)

Qn(x)



20è ðàçëîæèì ïðàâèëüíóþ äðîáü Pm(x)
Qn(x) íà ñóììó ïðîñòåéøèõ äðîáåé.Ïîñëå ýòîãî çàäà÷à î íàõîæäåíèè èíòåãðàëà (7.1) ñâåäåòñÿ ê íàõî-æäåíèþ èíòåãðàëîâ

1)

∫

Pn(x)dx√
ax2 + bx + c

, (7.2)

2)

∫

dx

(x − α)k
√

ax2 + bx + c
, (7.3)

3)

∫

(Ax + B)dx

(x2 + px + q)l
√

ax2 + bx + c
. (7.4)Èíòåãðàë (7.2) ñ÷èòàåòñÿ ñ ïîìîùüþ �îðìóëû

∫

Pn(x)√
ax2 + bx + c

dx = Qn−1(x)
√

ax2 + bx + c + λ

∫

dx√
ax2 + bx + c

.×òîáû íàéòè êîý��èöèåíòû ìíîãî÷ëåíà Qn−1 ñòåïåíè n−1 è ÷èñëî
λ, íàäî ïðîäè��åðåíöèðîâàòü ýòó �îðìóëó.

I =

∫

x3 − 6x2 + 11x − 6√
x2 + 4x + 3

dx = (Ax2 + Bx + C)
√

x2 + 4x + 3+

+λ

∫

dx√
x2 + 4x + 3

.Ïîñëå äè��åðåíöèðîâàíèÿ ïîëó÷èì
x3 − 6x2 + 11x − 6√

x2 + 4x + 3
=

=
(2Ax + B)(x2 + 4x + 3) + (Ax2 + Bx + C)(x + 2) + λ√

x2 + 4x + 3
.Ïðèðàâíèâàåì êîý��èöèåíòû

3A = 1, , 10A+2B = −6, 6A+6B+C = 11, 3B+2C+λ = −6.Îòñþäà
A =

1

3
, B = −14

3
, C = 37, λ = −66.

I =

(

1

3
x2 − 4

2

3
x + 37

)

√

x2 + 4x + 3 − 66

∫

dx
√

(x + 2)2 − 1
=
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=

(

1

3
x2 − 4

2

3
x + 37

)

√

x2 + 4x + 3−66 ln |x+2+
√

x2 + 4x + 3|+C.Ïîñ÷èòàåì òåïåðü èíòåãðàë (7.3) ñ ïîìîùüþ çàìåíû x − α = t−1.Ïîëó÷èì
∫

dx

(x − α)l
√

ax2 + bx + c
=

=

∫

dx

(x − α)l
√

a(x − α)2 + (b + 2aα)(x − α) + c + aα2 + bα
=

=

∫

dx

(x − α)l
√

a(x − α)2 + b1(x − α) + c1

=

=

∫

dx

(x − α)l+1
√

a + b1

x−α + c1

(x−α)2

=

=

∣

∣

∣

∣

x − α = t−1, dx = −dt

t2

∣

∣

∣

∣

= −
∫

tl−1dt√
a + b1t + c1t2

.Òàêèì îáðàçîì, èíòåãðàë ñâåäåí ê ïðåäûäóùåìó (7.2).Îñòàëîñü ðàññìîòðåòü èíòåãðàë (7.4). Â ñëó÷àå p = b/a äåëàåìçàìåíó x = t − p/2. Êîãäà p 6= b/a, íóæíà çàìåíà x = αt+β
t+1 , ïðèýòîì α è β ïîäáèðàþòñÿ òàêèìè, ÷òîáû â òðåõ÷ëåíàõ íå îñòàëîñü÷ëåíîâ ñ ïåðâîé ñòåïåíüþ. Äëÿ ýòîãî íàäî ðåøèòü îòíîñèòåëüíî αè β óðàâíåíèÿ

2αβ + p(α + β) + 2q = 0, 2aαβ + b(α + β) + 2c = 0. (7.5)Ïîñëå çàìåíû ïîëó÷èì èíòåãðàëû
A

∫

tdt

(t2 + γ)l
√

δt2 + ε
+ B

∫

dt

(t2 + γ)l
√

δt2 + ε
.Â ïåðâîì èç íèõ ïðèìåíÿåì ïîäñòàíîâêó u =

√
δt2 + ε, âî âòîðîì �ïîäñòàíîâêó v = (

√
δt2 + ε)′.�àññìîòðèì ñîîòâåòñòâóþùèå ïðèìåðû. Ïåðâûé ñëó÷àé (p = b/a):

I =

∫

(x + 1)dx

(4 − 2x + x2)
√

2 + 2x − x2
=

∣

∣

∣

∣

x = t+1

∣

∣

∣

∣

=

∫

(t + 2)dt

(t2 + 3)
√

3 − t2
=

=

∣

∣

∣

∣

√

3 − t2 = u, tdt = −udu, (
√

3 − t2)′ = v, t =

√
3v√

1 + v2

∣

∣

∣

∣

=
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= −

∫

udu

u(6 − u2)
+2

∫

√
3

(1+v2)3/2dv

3+6v2

1+v2 ·
√

3√
1+v2

= − 1

2
√

6
ln

∣

∣

∣

∣

∣

√
6 + u√
6 − u

∣

∣

∣

∣

∣

+
2

3

∫

dv

1 + 2v2

=
1

2
√

6
ln

∣

∣

∣

∣

∣

√
6 −

√
2 + 2x − x2

√
6 +

√
2 + 2x − x2

∣

∣

∣

∣

∣

+

√
2

3
arctg(

√
2v) + C =

=
1

2
√

6
ln

∣

∣

∣

∣

∣

√
6 −

√
2 + 2x − x2

√
6 +

√
2 + 2x − x2

∣

∣

∣

∣

∣

+

√
2

3
arctg

( √
2 −

√
2x√

2 + 2x − x2

)

+ C.Ñëó÷àé âòîðîé (p 6= b/a):
I =

∫

dx

(x2 − x + 1)
√

x2 + x + 1
.�åøàåì ñèñòåìó (7.5)

2αβ − α − β + 2 = 0, 2αβ + α + β + 2 = 0.

α = 1, β = −1.Äåëàåì çàìåíó
x =

t − 1

t + 1
, dx =

2dt

(t + 1)2
.

I =

∫

2(t + 1)dt

(t2 + 3)
√

3t2 + 1
.Äàëüøå èíòåãðàë ñ÷èòàåòñÿ ñîâåðøåííî àíàëîãè÷íî ïðåäûäóùåìó.Èíòåãðàëû âèäà

∫

R(x,
√

ax2 + bx + c)dx, a 6= 0, b2 − 4ac 6= 0,ãäå R(·, ·) � ðàöèîíàëüíàÿ �óíêöèÿ, ìîæíî ñâåñòè ê èíòåãðàëàì îòðàöèîíàëüíûõ �óíêöèé ïîñðåäñòâîì îäíîé èç ïîäñòàíîâîê Ýéëåðà:
√

ax2 + bx + c = ±t ±
√

ax, a > 0,
√

ax2 + bx + c = ±tx ±
√

c, c > 0,
√

ax2 + bx + c = ±t(x − x1), b2 − 4ac > 0,



23ãäå x1 � îäèí èç êîðíåé êâàäðàòíîãî òðåõ÷ëåíà ax2 + bx + c.
I =

∫

dx

x +
√

x2 + x + 1
=

∣

∣

∣

∣

√

x2 + x + 1 = tx + 1, x =
2t − 1

1 − t2
,

dx =
2 − 2t + 2t2

(1 − t2)2
dt

∣

∣

∣

∣

=

∫ 2−2t+2t2

(1−t2)2 dt

2t−1
1−t2 + 2t2−t

1−t2 + 1
=

=

∫

2 − 2t + 2t2

(1 − t2)(t2 + t)
dt.

2 − 2t + 2t2

(1 − t2)(t2 + t)
=

A

t
+

B

1 − t
+

C

1 + t
+

D

(1 + t)2
.

2 − 2t + 2t2 = A(1 − t2)(1 + t) + Bt(1 + t)2 + Ct(1 − t2) + Dt(1 − t).

−A+B−C = 0, −A+2B−D = 2, A+B+C+D = −2, A = 2.

B = 1/2, C = −3/2, D = −3.

I = 2

∫

dt

t
+

1

2

∫

dt

1 − t
− 3

2

∫

dt

1 + t
− 3

∫

dt

(1 + t)2
=

= 2 ln |t| − 1

2
ln |1 − t| − 3

2
ln |1 + t| + 3

1 + t
+ C =

= 2 ln

∣

∣

∣

∣

∣

√
x2 + x + 1 − 1

x

∣

∣

∣

∣

∣

− 1

2
ln

∣

∣

∣

∣

∣

x + 1 −
√

x2 + x + 1

x

∣

∣

∣

∣

∣

−

−3

2
ln

∣

∣

∣

∣

∣

x − 1 +
√

x2 + x + 1

x

∣

∣

∣

∣

∣

+
3x

x − 1 +
√

x2 + x + 1
+ C.ÓÏ�ÀÆÍÅÍÈÅ 2. Ñ ïîìîùüþ ïîäñòàíîâîê Ýéëåðà ïîñ÷èòàòüèíòåãðàëû � 1967 - 1970.Èíòåãðàë âèäà

∫

xm(axn + b)pdx, (7.6)ãäå a, b ∈ R, m, n, p ∈ Q, ïðè÷åì a, b, n, p 6= 0, íàçûâàþò èíòåãðàëîìîò äè��åðåíöèàëüíîãî áèíîìà. Èíòåãðàë (7.6) ñâîäèòñÿ ê èíòåãðàëóîò ðàöèîíàëüíîé �óíêöèè â ñëåäóþùèõ òðåõ ñëó÷àÿõ:
p ∈ Z � ïîäñòàíîâêîé x = tq, ãäå q � îáùèé çíàìåíàòåëü m, n;
m+1

n ∈ Z � ïîäñòàíîâêîé axn + b = tq, ãäå q � çíàìåíàòåëü p;
p + m+1

n ∈ Z � ïîäñòàíîâêîé a + bx−n = tq, ãäå q � çíàìåíàòåëü p.



24�àññìîòðèì ïðèìåð.
I =

∫

3
√

3x − x3dx.Çäåñü
m = p = 1/3, n = 2, a = −1, b = 3, p +

m + 1

n
= 1.Äåëàåì çàìåíó

3 − 1

x2
= t3, dx =

3t2dt

2(3 − t3)3/2
,

3
√

3x − x3 =
3
√

8 − 3t3√
3 − t3

.Òîãäà
I =

∫

3
√

8 − 3t3√
3 − t3

· 3t2dt

2(3 − t3)3/2
=

∣

∣

∣

∣

t3 = u

∣

∣

∣

∣

=

∫

3
√

8 − 3u

2(3 − u)2
du =

=

∣

∣

∣

∣

8 − 3u = v3, du = −v2dv

∣

∣

∣

∣

=

= −9

2

∫

v3dv

(v3 + 1)2
= −9

2

∫

v3dv

(v + 1)2(v2 − v + 1)2
.Äàëüøå èíòåãðàë ñ÷èòàåòñÿ òàê, êàê ýòî äåëàåòñÿ â ïï. 4,5.ÓÏ�ÀÆÍÅÍÈÅ 3. Ïîñ÷èòàòü èíòåãðàëû � 1981 - 1988.ÓÏ�ÀÆÍÅÍÈÅ 4. Ïðèìåíÿÿ ðàçëè÷íûå ìåòîäû, èçëîæåííûåâûøå, íàéòè èíòåãðàëû � 1851 - 1865, 1926 - 1950, 1952 - 1965, 1971- 1979, 2126 - 2171.8 Îïðåäåëåííûé èíòåãðàëÏóñòü �óíêöèÿ f(x) îïðåäåëåíà íà [a, b], a = x0 < x1 < · · · <

xn = b, xi ≤ ξi ≤ xi+1, ∆xi = xi+1 − xi, i = 0, n − 1. Èíòåãðàëîì�èìàíà îò �óíêöèè f(x) íà îòðåçêå [a, b] íàçûâàåòñÿ ÷èñëî
b
∫

a

f(x)dx = lim
max

0≤i≤n−1
|∆xi|→0

n−1
∑

i=0

f(ξi)∆xi.



25Ïðè ýòîì, åñëè èíòåãðàë ñóùåñòâóåò, òî �óíêöèÿ íàçûâàåòñÿ èíòå-ãðèðóåìîé íà [a, b].Åñëè �óíêöèÿ îïðåäåëåíà è íåïðåðûâíà íà îòðåçêå [a, b] è F (x)� åå ïåðâîîáðàçíàÿ, òî ñïðàâåäëèâà �îðìóëà Íüþòîíà-Ëåéáíèöà:
b
∫

a

f(x)dx = F (b) − F (a) = F (x)

∣

∣

∣

∣

b

a

.

1/2
∫

−1/2

dx√
1 − x2

= arcsinx

∣

∣

∣

∣

1/2

−1/2

=
π

6
−
(

−π

6

)

=
π

3
.Ïóñòü �óíêöèè f(x) è g(x) íåïðåðûâíî äè��åðåíöèðóåìû íà

[a, b]. Òîãäà �îðìóëà èíòåãðèðîâàíèÿ ïî ÷àñòÿì äëÿ îïðåäåëåííûõèíòåãðàëîâ ïðèîáðåòàåò âèä
b
∫

a

f(x)g′(x)dx = f(x)g(x)

∣

∣

∣

∣

b

a

−
b
∫

a

f ′(x)g(x)dx.

√
3

∫

0

x arctgxdx =
1

2

√
3

∫

0

arctgxdx2 =
1

2
x2 arctgx

∣

∣

∣

∣

√
3

0

− 1

2

√
3

∫

0

x2dx

x2 + 1
=

3 arctg
√

3

2
− 1

2

√
3

∫

0

dx +
1

2

√
3

∫

0

dx

1 + x2
=

π

2
+

1

2
(arctgx − x)

∣

∣

∣

∣

√
3

0

=

π

2
+

π

6
−

√
3

2
=

2π

3
−

√
3

2
.Ïóñòü �óíêöèÿ f(x) íåïðåðûâíà íà [a, b], �óíêöèÿ ϕ(t) íåïðå-ðûâíî äè�åðåíöèðóåìà íà îòðåçêå [α, β], ãäå a = ϕ(α), b = ϕ(β),�óíêöèÿ f(ϕ(t)) îïðåäåëåíà è íåïðåðûâíà íà [α, β]. Òîãäà èìååòìåñòî �îðìóëà çàìåíû ïåðåìåííîé:

b
∫

a

f(x)dx =

β
∫

α

f(ϕ(t))ϕ′(t)dt.
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0,75
∫

0

dx

(x + 1)
√

x2 + 1
=

∣

∣

∣

∣

x + 1 = t−1

∣

∣

∣

∣

= −
4/7
∫

1

dt√
1 − 2t + 2t2

=

=
1√
2

1
∫

4/7

dt
√

(t − 1/2)2 + 1/4
=

1√
2

ln

∣

∣

∣

∣

∣

t − 1

2
+

√

t2 − t +
1

2

∣

∣

∣

∣

∣

∣

∣

∣

∣

1

4/7

=

=
1√
2

(

ln
1 +

√
2

2
− ln

1 + 5
√

2

14

)

=
1√
2

ln
7(1 +

√
2)

1 + 5
√

2
=

1√
2

ln
9 + 4

√
2

7
.

ln 2
∫

0

√
ex − 1dx =

∣

∣

∣

∣

√
ex − 1 = y, x = ln(1 + y2), dx =

2ydy

1 + y2

∣

∣

∣

∣

=

= 2

1
∫

0

y2dy

1 + y2
= 2(y − arctg y)

∣

∣

∣

∣

1

0

= 2 − π

2
.

1
∫

0

arcsin
√

x
√

x(1 − x)
dx =

∣

∣

∣

∣

arcsin
√

x = y, x = sin2 y

∣

∣

∣

∣

=

=

π/2
∫

0

2y sin y cos ydy

sin y cos y
= y2

∣

∣

∣

∣

π/2

0

=
π2

4
.ÓÏ�ÀÆÍÅÍÈÅ. Ïîñ÷èòàòü èíòåãðàëû � 2206 - 2213, 2239 - 2250,2268 - 2280.9 Ïðèçíàêè ñðàâíåíèÿÏóñòü f(x) èíòåãðèðóåìà íà îòðåçêå [a, b] ïðè ëþáîì b > a. Ñëå-äóþùèé ïðåäåë

lim
b→+∞

b
∫

a

f(x)dx =

+∞
∫

a

f(x)dx (9.1)íàçûâàåòñÿ íåñîáñòâåííûì èíòåãðàëîì ïåðâîãî ðîäà îò �óíêöèè
f(x) íà ìíîæåñòâå [a, +∞).



27Åñëè �óíêöèÿ íå îãðàíè÷åíà â îêðåñòíîñòè òî÷êè b è èíòåãðèðó-åìà íà ëþáîì îòðåçêå [a, b− ε], ãäå 0 < ε < b− a, òî íåñîáñòâåííûìèíòåãðàëîì âòîðîãî ðîäà ñ îñîáåííîñòüþ â òî÷êå b îò �óíêöèè f(x)íà ìíîæåñòâå [a, b) íàçûâàåòñÿ ïðåäåë
lim

ε→0+

b−ε
∫

a

f(x)dx =

b
∫

a

f(x)dx. (9.2)Â îòëè÷èå îò îïðåäåëåííûõ âûøå, èíòåãðàë �èìàíà â ñìûñëåïðåäûäóùåãî ïàðàãðà�à íàçûâàåòñÿ ñîáñòâåííûì.Åñëè êîíå÷íûå ïðåäåëû (9.1) èëè (9.2) ñóùåñòâóþò, òî ñîîòâåò-ñòâóþùèé èíòåãðàë íàçûâàåòñÿ ñõîäÿùèìñÿ, â ïðîòèâíîì ñëó÷àå �ðàñõîäÿùèìñÿ.
I =

+∞
∫

0

x lnx

(1 + x2)2
dxÏîñ÷èòàåì ñíà÷àëà ïåðâîîáðàçíóþ.

∫

x lnx

(1 + x2)2
dx =

1

2

∫

ln xd(1 + x2)

(1 + x2)2
= −1

2

∫

ln xd

(

1

1 + x2

)

=

= − lnx

2(1 + x2)
+

1

2

∫

xdx

x2(1 + x2)
= − lnx

2(1 + x2)
+

1

4

∫

dx2

x2(1 + x2)
=

= − lnx

2(1 + x2)
+

1

4
ln

x2

1 + x2
.Òàêèì îáðàçîì,

I =

(

− ln x

2(1 + x2)
+

1

4
ln

x2

1 + x2

)∣

∣

∣

∣

+∞

0

=

= lim
b→+∞

(

− ln b

2(1 + b2)
+

1

4
ln

b2

1 + b2

)

−

− lim
a→0+

(

− ln a

2(1 + a2)
+

1

4
ln a2 − 1

4
ln(1 + a2)

)

=

= 0 − lim
a→0+

1

2
ln a

(

1 − 1

1 + a2

)

= − lim
a→0+

a2 ln a

2(1 + a2)
= 0.
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1
∫

0

dx

(2 − x)
√

1 − x
=

∣

∣

∣

∣

√
1 − x = y, x = 1 − y2

∣

∣

∣

∣

=

0
∫

1

−2ydy

(1 + y2)y
=

= 2

1
∫

0

dy

1 + y2
= 2 arctg y

∣

∣

∣

∣

1

0

=
π

2
.Ïîñëåäíèé èç ïîñ÷èòàííûõ èíòåãðàëîâ èçíà÷àëüíî áûë íåñîáñòâåí-íûì âòîðîãî ðîäà, íî ïîñëå çàìåíû ïîëó÷èëñÿ ñîáñòâåííûé èíòå-ãðàë.

1
∫

0

ln xdx = (x lnx − x)

∣

∣

∣

∣

1

0

= −1 − lim
a→0+

(a ln a − a) = −1.Èíòåãðàë (9.1) èëè (9.2) íàçûâàåòñÿ àáñîëþòíî ñõîäÿùèìñÿ, åñëèñõîäèòñÿ ñîîòâåòñòâóþùèé èíòåãðàë îò |f(x)|. Èç àáñîëþòíîé ñõî-äèìîñòè ñëåäóåò ñõîäèìîñòü íåñîáñòâåííîãî èíòåãðàëà.Ïóñòü �óíêöèè f(x) è g(x) èìåþò åäèíñòâåííóþ îñîáåííîñòü âòî÷êå b, b ≤ +∞, è âûïîëíÿþòñÿ íåðàâåíñòâà 0 ≤ f(x) ≤ g(x), x ∈
(a, b). Òîãäà èç ñõîäèìîñòè íåñîáñòâåííîãî èíòåãðàëà I2 =

∫ b

a g(x)dxñëåäóåò ñõîäèìîñòü I1 =
∫ b

a f(x)dx, à èç ðàñõîäèìîñòè I1 � ðàñõîäè-ìîñòü I2. (Ýòî óòâåðæäåíèå íàçûâàåòñÿ ïåðâûì ïðèçíàêîì ñõîäèìî-ñòè íåñîáñòâåííûõ èíòåãðàëîâ.) Åñëè æå äëÿ ýòèõ �óíêöèé ê òîìóæå ñóùåñòâóåò êîíå÷íûé ïðåäåë
lim

x→b−

f(x)

g(x)
> 0(äðóãèìè ñëîâàìè, �óíêöèè f(x) è Ag(x) ýêâèâàëåíòíû f ∼ Ag), òîèíòåãðàëû I1 è I2 ñõîäÿòñÿ èëè ðàñõîäÿòñÿ îäíîâðåìåííî. (Âòîðîéïðèçíàê ñõîäèìîñòè íåñîáñòâåííûõ èíòåãðàëîâ.)Èíòåãðàë

+∞
∫

1

dx

xα
(9.3)ñõîäèòñÿ ïðè α > 1 è ðàñõîäèòñÿ ïðè α ≤ 1. Èíòåãðàë

1
∫

0

dx

xα
(9.4)



29ñõîäèòñÿ ïðè α < 1 è ðàñõîäèòñÿ ïðè α ≥ 1.
I =

+∞
∫

0

x2dx

x4 − x2 + 1
=

1
∫

0

x2dx

x4 − x2 + 1
+

+∞
∫

1

x2dx

x4 − x2 + 1
.Çíàìåíàòåëü ïîäûíòåãðàëüíîé �óíêöèè âåùåñòâåííûõ êîðíåé íåèìååò, ïîýòîìó åå îñîáåííîñòü � òîëüêî +∞, à ïåðâîå èç ñëàãàåìûõ âïðàâîé ÷àñòè ðàâåíñòâà � ñîáñòâåííûé èíòåãðàë. Íà áåñêîíå÷íîñòè

x4 − x2 + 1 ∼ x4, ïîýòîìó ðàññìîòðèì
+∞
∫

1

dx

x2
.Îí ñõîäèòñÿ, òàê êàê 2 > 1 (ñì. (9.3)). Ñëåäîâàòåëüíî, è íàø èíòå-ãðàë ñõîäèòñÿ.

I =

2
∫

0

dx

ln x
= −

1
∫

0

dx

− ln x
+

2
∫

1

dx

lnx
.Ïðèçíàêè ñðàâíåíèÿ ñ�îðìóëèðîâàíû äëÿ íåîòðèöàòåëüíûõ �óíê-öèé, ïîýòîìó ìû ðàçáèëè ïðîìåæóòîê èíòåãðèðîâàíèÿ íà äâà ïðîìå-æóòêà, íà êîòîðûõ ïîäûíòåãðàëüíàÿ �óíêöèÿ ñîõðàíÿåò çíàê. Èñ-ñëåäóåì ïîëó÷èâøèåñÿ äâà èíòåãðàëà îòäåëüíî.

1
∫

0

dx

− ln x
=

∣

∣

∣

∣

1

x
= y

∣

∣

∣

∣

=

+∞
∫

1

dy

y2 ln y
≤

+∞
∫

1

dy

y2
.Ïîñëåäíèé èíòåãðàë ñõîäèòñÿ, çíà÷èò, íàø èíòåãðàë íà èíòåðâàëå

(0, 1) òîæå ñõîäèòñÿ.
2
∫

1

dx

lnx
=

∣

∣

∣

∣

x = 1 + y

∣

∣

∣

∣

=

1
∫

0

dy

ln(1 + y)
∼

1
∫

0

dy

y
.Èíòåãðàë ðàñõîäèòñÿ (ì. (9.4)). Çäåñü ìû ó÷ëè, ÷òî åäèíñòâåííàÿîñîáåííîñòü ó èíòåãðàëà ïîñëå çàìåíû � â íóëå, è èñïîëüçîâàëè ýêâè-âàëåíòíîñòü y ∼ ln(1+ y) ïðè y → 0. Òàêèì îáðàçîì, íàø èñõîäíûé



30èíòåãðàë ðàñõîäèòñÿ.
I =

+∞
∫

0

xp−1e−xdx =

1
∫

0

xp−1e−xdx +

+∞
∫

1

xp−1e−xdx.Íà÷íåì ñî âòîðîãî èç èíòåãðàëîâ. Òàê êàê äëÿ äîñòàòî÷íî áîëüøîãî
A ïðè x > A e−x ≤ x−p−1, òî

+∞
∫

1

xp−1e−xdx ≤
A
∫

1

xp−1e−xdx +

+∞
∫

1

dx

x2
.Ïåðâîå ñëàãàåìîå � ñîáñòâåííûé èíåãðàë, âòîðîå � ñõîäÿùèéñÿ íåñîá-ñòâåííûé. Èõ ñóììà � ñõîäÿùèéñÿ èíòåãðàë.Ïðè x ∈ (0, 1) e−1 ≤ e−x ≤ 1, ïîýòîìó ñõîäèìîñòü èíòåãðàëà

1
∫

0

xp−1e−xdx ðàâíîñèëüíà ñõîäèìîñòè èíòåãðàëà 1
∫

0

xp−1dx. Ñîãëàñíî(9.4) îí ñõîäèòñÿ òîëüêî ïðè 1− p < 1. Çíà÷èò, íàø èñõîäíûé èíòå-ãðàë îò íóëÿ äî áåñêîíå÷íîñòè ñõîäèòñÿ ïðè p > 0.
+∞
∫

0

xm

1 + xn
dx =

1
∫

0

xm

1 + xn
dx +

+∞
∫

1

xm

1 + xn
dx.Íà áåñêîíå÷íîñòè xm

1+xn ∼ 1
xn−m , ïîýòîìó èíòåãðàë +∞

∫

1

xm

1+xndx ñõîäèòñÿïðè n > m + 1. Ïðè x → 0 xm

1+xn ∼ xm è èíòåãðàë ñõîäèòñÿ ïðè
m > −1. Âåñü èíòåãðàë ïîýòîìó ñõîäèòñÿ ïðè âûïîëíåíèè óñëîâèé
m > −1, n > m + 1.

I =

+∞
∫

0

ln(1 + x)

xn
dx =

1
∫

0

ln(1 + x)

xn
dx +

+∞
∫

1

ln(1 + x)

xn
dx.Â îêðåñòíîñòè íóëÿ ln(1+x)

xn ∼ x1−n, ïîýòîìó ïåðâûé èç èíòåãðàëîâñõîäèòñÿ ïðè n < 2. Äëÿ ëþáîãî α ïðè äîñòàòî÷íî áîëüøèõ x ln(1+

x) ≤ xα. Çíà÷èò, ïðè n > 1 ln(1+x) ≤ x
n−1

2 è ln(1+x)
xn ≤ 1

x
n+1

2

. Èíòåãðàëîò 1 äî +∞ ñõîäèòñÿ, òàê êàê n+1
2 > 1. Ïðè n ≤ 1 ln(1+x)

xn ≥ 1
xn è



31ïîýòîìó èíòåãðàë ðàñõîäèòñÿ ñîãëàñíî (9.4). Èñõîäíûé èíòåãðàë Iîò íóëÿ äî áåñêîíå÷íîñòè ñõîäèòñÿ ïðè n ∈ (1, 2).
+∞
∫

0

arctgx

1 + xn
dx ≤ π

2

+∞
∫

0

1

1 + xn
dx.Ïîýòîìó èíòåãðàë ñõîäèòñÿ ïðè n > 1. Åäèíñòâåííàÿ îñîáåííîñòü �íà áåñêîíå÷íîñòè. Ïðè n ≤ 1

+∞
∫

1

arctg x

1 + xn
dx ≥ π

4

+∞
∫

1

dx

1 + xn
.Ïîñëåäíèé èç èíòåãðàëîâ ðàñõîäèòñÿ, ïîýòîìó ïðè ñîîòâåòñòâóþùèõ

n ðàñõîäèòñÿ èñõîäíûé èíòåãðàë.
π/2
∫

0

dx

sinp x cosq x
=

π/4
∫

0

dx

sinp x cosq x
+

π/2
∫

π/4

dx

sinp x cosq x
.Ó ïåðâîãî èç ñëàãàåìûõ îñîáåííîñòü â íóëå. Ïðè x → 0 sinp x cosq x ∼

xp. Ïîýòîìó ñîîòâåòñòâóþùèé èíòåãðàë ñõîäèòñÿ ïðè p < 1. �àñ-ñìîòðèì âòîðîé èíòåãðàë. Ó íåãî îñîáåííîñòü â òî÷êå π/2. Ñäåëàåìçàìåíó.
I =

π/2
∫

π/4

dx

sinp x cosq x
=

∣

∣

∣

∣

x =
π

2
− y

∣

∣

∣

∣

=

π/4
∫

0

dx

cosp x sinq x
.Çíà÷èò, èíòåãðàë ñõîäèòñÿ ïðè q < 1. Âåñü èíòåãðàë I ñõîäèòñÿ ïðè

p, q < 1.
+∞
∫

0

dx√
x3 + x

=

1
∫

0

dx
√

x
√

x2 + 1
+

+∞
∫

1

dx

x3/2
√

1 + x−2
∼

1
∫

0

dx√
x

+

+∞
∫

1

dx

x3/2
.Îáà ñëàãàåìûõ ñõîäÿòñÿ.

1
∫

0

lnx

1 − x2
dx =

∣

∣

∣

∣

1/x = y

∣

∣

∣

∣

=

1
∫

+∞

− ln y−dy
y2

1 − 1
y2

= −
+∞
∫

1

ln ydy

y2 − 1
=
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=

∣

∣

∣

∣

y − 1 = z

∣

∣

∣

∣

=

+∞
∫

0

ln(1 + z)dz

z2 + 2z
=

1
∫

0

ln(1 + z)dz

z2 + 2z
+

+∞
∫

1

ln(1 + z)dz

z2 + 2z
∼

∼
1
∫

0

zdz

2z
+

+∞
∫

1

ln(1 + z)dz

z2 + 2z
.Ïåðâûé èç èíòåãðàëîâ ñõîäèòñÿ. Âòîðîé îöåíèì ñâåðõó:

+∞
∫

1

ln(1 + z)dz

z2 + 2z
≤

+∞
∫

1

√
zdz

z2
.Ñîãëàñíî (9.3) èíòåãðàë ñõîäèòñÿ. Èñõîäíûé èíòåãðàë òàêæå ñõîäèò-ñÿ.ÓÏ�ÀÆÍÅÍÈÅ 1. Âû÷èñëèòü èíòåãðàëû � 2334 - 2347.ÓÏ�ÀÆÍÅÍÈÅ 2. Èññëåäîâàòü íà ñõîäèìîñòü èíòåãðàëû � 2358- 2375.10 Ïðèçíàê Àáåëÿ - ÄèðèõëåÂñå ñ�îðìóëèðîâàííûå äî ñèõ ïîð ïðèçíàêè êàñàþòñÿ àáñîëþò-íîé ñõîäèìîñòè, òàê êàê îíè ñïðàâåäëèâû äëÿ íåîòðèöàòåëüíûõ �óíê-öèé, â ÷àñòíîñòè äëÿ |f(x)|. Åñëè èíòåãðàë îò a äî b ≤ +∞ ñõîäèòñÿ,íî íå àáñîëþòíî, òî ìû áóäåì íàçûâàòü åãî óñëîâíî ñõîäÿùèìñÿ.Ñ�îðìóëèðóåì ïðèçíàê Àáåëÿ - Äèðèõëå óñëîâíîé ñõîäèìîñòè:Ïóñòü �óíêöèÿ f(x) èìååò îãðàíè÷åííóþ ïðè x > a ïåðâîîáðàçíóþ,à �óíêöèÿ g(x) ìîíîòîííî ñòðåìèòñÿ ê íóëþ ïðè x → +∞. Òîãäàèíòåãðàë +∞

∫

a

f(x)g(x)dx ñõîäèòñÿ.Èññëåäóåì èíòåãðàë
+∞
∫

0

sinx

x
dxíà àáñîëþòíóþ è óñëîâíóþ ñõîäèìîñòü. Òàê êàê ïðè x → 0 sinx

x ∼ 1,



33òî åäèíñòâåííàÿ îñîáåííîñòü èíòåãðàëà íà áåñêîíå÷íîñòè. Èíòåãðàë
+∞
∫

0

sinx

x
dxñõîäèòñÿ ïî ïðèçíàêó Àáåëÿ - Äèðèõëå, òàê êàê 1/x ìîíîòîííî ñòðå-ìèòñÿ ê íóëþ ïðè x → +∞, à ïåðâîîáðàçíàÿ �óíêöèè sin x � ýòî

− cos x, îãðàíè÷åííàÿ �óíêöèÿ. Ïðîâåðèì íàëè÷èå àáñîëþòíîé ñõî-äèìîñòè.
+∞
∫

0

| sinx|
x

dx ≥
+∞
∫

0

sin2 x

x
dx =

1

2

+∞
∫

0

dx

x
− 1

2

+∞
∫

0

cos 2x

x
dx.Ïåðâûé èç èíòåãðàëîâ â ïðàâîé ÷àñòè ðàâåíñòâà, î÷åâèäíî, ðàñõî-äèòñÿ, âòîðîé � ñõîäèòñÿ ïî ïðèçíàêó Àáåëÿ - Äèðèõëå, òàê êàêïåðâîîáðàçíàÿ �óíêöèè cos 2x, �óíêöèÿ 1

2 sin 2x, îãðàíè÷åíà íà âñåé÷èñëîâîé ïðÿìîé. Ïîýòîìó ðàçíîñòü èíòåãðàëîâ ðàñõîäèòñÿ. Çíà÷èò,ïî ïåðâîìó ïðèçíàêó ñðàâíåíèÿ èñõîäíûé èíòåãðàë íå ÿâëÿåòñÿ àá-ñîëþòíî ñõîäÿùèìñÿ.
π/2
∫

0

sin

(

1

sinx

)

dx =

∣

∣

∣

∣

1

sin x
= y, x = arcsin

1

y
, dx =

−dy

y
√

y2 − 1

∣

∣

∣

∣

=

+∞
∫

1

sin ydy

y
√

y2 − 1
.Èññëåäóåì ïîñëåäíèé èç èíòåãðàëîâ íà àáñîëþòíóþ ñõîäèìîñòü.

+∞
∫

1

| sin y|dy

y
√

y2 − 1
≤

2
∫

1

dy

y
√

y2 − 1
+

+∞
∫

2

dy

y
√

y2 − 1
.Âî âòîðîì èíòåãðàëå ïðè y → +∞ 1

y
√

y2−1
∼ y−2, ïîýòîìó îí ñõî-äèòñÿ. Â ïåðâîì èíòåãðàëå ñäåëàåì çàìåíó

2
∫

1

dy

y
√

y2 − 1
=

∣

∣

∣

∣

y − 1 = z

∣

∣

∣

∣

=

1
∫

0

dz

(z + 1)
√

z(z + 2)
.
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(z+1)
√

z(z+2)
∼ 1√

2z
è ñîãëàñíî (9.4) ïîñëåäíèé èíòåãðàëñõîäèòñÿ. Çíà÷èò, èñõîäíûé èíòåãðàë ñõîäèòñÿ àáñîëþòíî.

+∞
∫

0

x2 cos(ex)dx =

2
∫

0

x2 cos(ex)dx +

+∞
∫

2

x2

ex
ex cos(ex)dx.Ïåðâûé èíòåãðàë àáñîëþòíî ñõîäèòñÿ, òàê êàê

2
∫

0

x2| cos(ex)|dx ≤
2
∫

0

x2dx =
4

3
.Âî âòîðîì èíòåãðàëå �óíêöèÿ x2e−x ìîíîòîííî ñòðåìèòñÿ ê íóëþïðè x → +∞. À ïåðâîîáðàçíàÿ �óíêöèè ex cos(ex) åñòü �óíêöèÿ

sin(ex). Îíà îãðàíè÷åíà ïî ìîäóëþ åäèíèöåé. Ïî ïðèçíàêó Àáåëÿ- Äèðèõëå âòîðîé èíòåãðàë ñõîäèòñÿ. Ïðîâåðèì åãî íà àáñîëþòíóþñõîäèìîñòü:
+∞
∫

2

x2| cos(ex)|dx ≥
+∞
∫

2

x2 cos2(ex)dx ==
1

2

+∞
∫

2

x2dx−1

2

+∞
∫

2

x2 cos(2ex)dx.Ïåðâûé èç èíòåãðàëîâ ðàñõîäèòñÿ, à âòîðîé ñõîäèòñÿ îïÿòü æå ïîïðèçíàêó Àáåëÿ - Äèðèõëå. Çíà÷èò èõ ðàçíîñòü ðàñõîäèòñÿ, ïîýòî-ìó èñõîäíûé èíòåãðàë +∞
∫

0

x2 cos(ex)dx íå ÿâëÿåòñÿ àáñîëþòíî ñõîäÿ-ùèìñÿ.ÓÏ�ÀÆÍÅÍÈÅ. Èññëåäîâàòü íà àáñîëþòíóþ è óñëîâíóþ ñõîäè-ìîñòü èíòåãðàëû � 2379 - 2383.11 �ëàâíîå çíà÷åíèå â ñìûñëå ÊîøèÏóñòü ïðè ëþáîì ε > 0 ñóùåñòâóþò ñîáñòâåííûå èíòåãðàëû
c−ε
∫

a

f(x)dx,

b
∫

c+ε

f(x)dx, c ∈ (a, b).



35Òîãäà èíòåãðàëîì â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè íàçûâàåòñÿ÷èñëî
v.p.

b
∫

a

f(x)dx = lim
ε→0+





c−ε
∫

a

f(x)dx +

b
∫

c+ε

f(x)dx



 .Àíàëîãè÷íî ïðè óñëîâèè, ÷òî �óíêöèÿ f(x) èíòåãðèðóåìà íà ëþáîìîòðåçêå [−a, a], a > 0, îïðåäåëèì
v.p.

+∞
∫

−∞

f(x)dx = lim
a→+∞

a
∫

−a

f(x)dx.

v.p.

+∞
∫

0

dx

x2 − 3x + 2
= v.p.

+∞
∫

0

dx

(x − 1)(x − 2)
=

= lim
ε→0+







1−ε
∫

0

dx

(x − 1)(x − 2)
+

3/2
∫

1+ε

dx

(x − 1)(x − 2)






+

+ lim
δ→0+







2−δ
∫

3/2

dx

(x − 1)(x− 2)
+

+∞
∫

2+δ

dx

(x − 1)(x− 2)






=

= lim
ε→0+

(

ln

∣

∣

∣

∣

x − 2

x − 1

∣

∣

∣

∣

∣

∣

∣

∣

1−ε

0

+ ln

∣

∣

∣

∣

x − 2

x − 1

∣

∣

∣

∣

∣

∣

∣

∣

3/2

1+ε

)

+

+ lim
δ→0+

(

ln

∣

∣

∣

∣

x − 2

x − 1

∣

∣

∣

∣

∣

∣

∣

∣

2−δ

3/2

+ ln

∣

∣

∣

∣

x − 2

x − 1

∣

∣

∣

∣

∣

∣

∣

∣

+∞

2+δ

)

=

= lim
ε→0+

(

ln
1 + ε

ε
− ln 2 − ln

1 − ε

ε

)

+

+ lim
δ→0+

(

ln
δ

1 − δ
− ln

δ

1 + δ
+ lim

a→+∞
ln

a − 2

a − 1

)

=

= lim
ε→0+

ln
1 + ε

2(1 − ε)
+ lim

δ→0+
ln

1 + δ

1 − δ
= − ln 2.
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v.p.

2
∫

1/2

dx

x lnx
= v.p.

2
∫

1/2

d lnx

ln x
= lim

ε→0+

(

ln | ln x|
∣

∣

∣

∣

1−ε

1/2

+ ln | ln x|
∣

∣

∣

∣

2

1+ε

)

=

= lim
ε→0+

(ln | ln(1 − ε)| − ln ln 2 + ln ln 2 − ln ln(1 + ε)) =

lim
ε→0+

ln
(− ln(1 − ε))

ln(1 + ε)
= 0.

v.p.

+∞
∫

−∞

1 + x

1 + x2
dx = lim

a→+∞

(

arctgx +
1

2
ln(1 + x2)

)∣

∣

∣

∣

a

−a

=

= 2 lim
a→+∞

arctg a = π.ÓÏ�ÀÆÍÅÍÈÅ. �åøèòü çàäàíèÿ � 2390, 2393, 2394.
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