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Hall NPOM3BOJBHEIM HOJIEM

B raase IV Mm paccMaTpHBaj¥ BEeINECTBEHHEIC JEHEHHLIe OPOCTpaBCTBa. DBe-
IeCTBEHHLIME OHM HA3EIBAJMCH NOTOMY, 9TO odepands yMHOXEHHA Ha YHCJIO Opexy-
CMaTpHBaJa YMHOXEHHE BEKTOPa Ha BEIIECCTBCHHEIE THCIA. B §43 M1 yxe oTMedann,
qTO BCE CBOMCTBA JHHEMHOIO IPOCTPAHCTBA OCTAIOTCA B CHJIE, €CJIN TOJe BEMECTBEH-

HEIX YHCeJI R 3aMEHHTHb IIPOM3IBOJIBHLIM IIOJIEM P. B sr1on raaee BOCIIPOM3BOINATCA
HM3IBECTHOE OllpenejieHne JHHEAHOTO IIpOCTPaHCTBa [JIA Ciy4dad MPOMWM3BOJILHOIO IIOJAH,
HAIIOMHWHAIOTCHA YXKe W3IBECTHRIC (bax'rm H pacCMaTpHBalOTCI HOBBIE.

§60. OnpeneseHue U OCHOBHBIE CBOHCTBA

HycTs nano none P. HemycToe MHOXeCTBO V HasblBaeTCs AunelNbIM
HIIA 6€EXMOPRLIM NPOCMPERCME0oM Kad nosem P, ecim Ha 3TOM MHOXe-
CTBe OlpefleJieHbl BHY TPEHHUHE 3aKoH KoMnosuuun V x V — V| nasmiBae-
MBI CJIOXEHWEM, ¥ BHemuui 3akoH koMnosunuu P x V — V | nasbiBae-
MBI/l YMHOXEHHEM Ha YMCJIO M3 nojis P | ynoBjeTBOpSIOLIME CHENYIONTHM
akcuoMaM: HJs Jiobuix a,b,c€V ua,f € P

a+b=b+a;

2)(a+b)+c=a+(b+c);

3) cymecrByer sneMent § € V Takolt, uroa+ 0 =0+ a=a;

4) pas moboro deMeHTa a € V' cymecTByeT aeMeHT —a € V' Taxoi,
yro a + (—~a) = (—a)+a=10;

5)1-a=ua;

6) a(Ba) = (af)a

7) (e + B)a = aa + fla;

8) a(a+d)=aa+ab.

JInHeiHOE TPOCTPAHCTBO Hal HojieM R HA3LIBAETCH 8EUECTNEERNLIM
aunetdnbiM npocmpancmeom, a Hax nojeM C — xomniexcubim.

Ipumepn. 1. ApudpMeTHYecKkoe IpocTpaHCTBO P™ ~ IHHERHOE NpOC-
TpancTeo Han nonem P. Kak u B ciyqae R", agecs P* = {z = (1, ...,
zn)|zx € P, k = 1,n} c onepaumsamu: ecad z = (Ty,...,2n) B y =
(yl’“')yﬂ)) o€ PvTO

z+y=(z1+y,...,Tn+yn), az = (azy,...,aTy).

2. B yacTHOCTH, apddmeTHyeckoe npocTpancTBo C" ecTh KoMmiekc-
HOE JIMHEeHHOe NMPOCTPAHCTBO. B TakoM MpOCTPaHCTBe apu(pMeTHYECKHE
BEKTOPBI YMHOXAIOTCS Ha KOMILIEKCHBIE YMciaa. OXHAKO MOXHO OBUIO GHl
OrpaHNYMTLCA YMHOXEHHMEM TOJBKO Ha BEIIECTBEHHBIE YHMCJa, IPH 3TOM
pe3yNbTaT YMHOXEHHS, HECOMHEHHO, OCTAHETCH APU(PMETHUYECKHM BEK-
TopoMm u3 C" . OT0 03HaqaeT, YTO BHENIHMM 3AKOH KOMITOZMIMH MOXKHO



 [image: image2.png]BBOIHTB M KaK YMHOX€HHE Ha BelleCTBeHHEIE YHCIa, T.€. Kak oTobpaxe-
are R x C" — C". Cumponom Cfy Gymem o6oznauats muoxecrso C",
B KOTOPOM BHEIIHUH 3aKOH KOMIO3WUuM ompefeieH xkak R x C* — C".
HeTpynHo npoBepHTh, 4TO Cﬁk ~ BellleCTBEHHOE JUHEHHOE POCTPaHCTBO.
B yacTHOCTH, camo noje C MOXHO paccMaTpUBAThL KaK BelIECTBEHHOE
nuHelHoe mpocTpaHcTBO Cpp .

3. AXcMOMBI JIMHEMHOIO MPOCTPAHCTBA BHIABIAIOT aJrebpamdecKue
CBOMCTBa MHOTMX KJIacCOB GYHKIHMA, 4acTO BCTPEYAIOIUXCA B MaTEMaTH-
deckoM anasu3se: Hanpumep, C[0, 1] — MHOXeCTBO HeNpePHIBHLIX hyHKuUAHK
ua orpeske [0, 1]; D[0, 1] — MAOXecTBO Bcex nuddepeHUUPyeMEBIX DYHK-
umit Ha orpeske [0, 1]; C1[0, 1) - MHOXecTBO Bcex GYHKUMI, HellpepbIBHBIX
BMeCTe ¢ HepBo# npou3BogHo# Ha oTpeske [0, 1]. XoTsa y kaxnmoro us nepe-
IHCIEHHBIX MHOXECTB MMEIOTCS W APYTHe 3aMeyaTeJbHbie CBOMCTBA, BCE
OHM OXBaThLIBAIOTCA €IUMHON aJrebpanueckol cxeMoH, aKCHOMaTH3HPYeMOR
ollpefesIeHHEM JHUHEHHOTO IIPOCTPAHCTBa. HeTpyIHO NpoBepUTh, YTO 3TH
MHOXECTBA ABIAIOTCS BEIIECTBEHHBIMA JHHEHHBIMA IPOCTPAHCTRAMYU OT-
HOCHTENLHO OOBIYHLIX OllepallUil CJHOXEHHS QYHKIUHA B YMHOXEHUs DYHK-
1WA Ha yuchao. JIMHe#Hble MpOCTpaHCTBa GYHKUMHE NPHHATO HAa3LIBATh
PYRKYUOHAALHVIMY NPOCMPANCTNE GME.

§61. JImHeWHas 3aBHCHUMOCTh.
Panr u 6a3a cucTeMbl BEeKTOPOB

IToHsiTve NMHEAHOM 3aBHCHMOCTH M CBS3aHHBIE C Hell YTBEDXICHUS pacCMaTpH-
BaJuch B riase IV (§ 14-16) M OTHOCHINCH K BENIECTBEHHEIM JHWHEMHEIM IPOCTpaH-
cTBaM. Bce ompeneneHms, a Take TEOPEME M MX [0Ka3aTEJHLCTBA OCTAOTCA B CHJE
¥ B IPOM3BOJIBHOM JIMHEMHOM NPOCTPAaHCTBE. DBBeneM HoBhie moHATHs. B naanmei-
eM, ynorpebiss TepMuH * IMHERHOE IPOCTPAHCTBO” , 6yIeM MMeTh B BALY JMHEHHOE
[POCTPAHCTBO HAJ NPOU3BOJBLHEIM nojieM P, He oropapuBas 3TO IONOJHHTEHLHO.

Paur n 6a3a cucreMul BekTOpOB. bBylneM paccMaTpuBaTh KOHed-
HBIE CHCTEMBE @1, .. ., Gk BEKTOPOB JMHEAHOrO IPOCTPAHCTRA.

JIuHeliHO He3aBHCHMas IOICHCTEMa CHCTEMBI BEKTOPOB, 4Yepe3 KO-
TOpYIO JIMHEHHO BbipaXaeTcs JII0DO# BEKTOpP CUCTEMBI, Ha3blBaeTcs 6a30t
3TOH cucmembl 6eKMOPOE.

IIpuMmeper. 1. B cucTeMe U3 HyJIeBLIX BEKTOPOB HET HH ONHOM 6a3bl,
TaK KaK Jobas ee MOACACTEMA JIMHEHHO 3aBUCHMA.

2. Ba3ncHble ¢CTPOKM MaTPHUUE! COTJIACHO TeopeMe o 6a3sMCHOM MHHOpE
06pa3yioT 6a3y CHCTEMBI CTPOK, PACCMATPUBAEMbBIX KaK BEKTOPH! apug-
METHYECKOI'O IPOCTPAHCTBA. JTO Xe OTHOCHTCA ¥ K 6a3sHCHBIM CTOJOHAM.

3. B cucTeMe Tpex HEKOJJIMHeapHBEIX BEKTOPOB IOCKOCTH Vo uiobas
rapa BeKTOpoB obpasyeT 6a3y.

O6paTUM BHEMaHME Ha TO, YTO B 3THX IIPUMEPaAX CHCTEMa BEKTODPOB
MoOXeT oblnanaTh He eMHUHCTBEHHOR 06a30i, HO IpH 5ToM Bce HGa3bl ooHON
CHCTEMBl COCTOSAT M3 OQHHAKOBOTO YUCJA BEKTOPOB.

Teopema 61.1. Hodcucmema cucmembl 6eKMOPo8 ABAAEMCH
6a30i cucmembl 6ekmopos mozda ¥ Mmoabko mozda, xozda obpadyem
MOAKCUMTALHYIO AURETNO HEIABUCUMYIO NOJCuCTREMY.



 [image: image3.png]HoxaszatenbcTtBo. HeobxoxumocTs. IlycTh B cucTeme Bek-
TODPOB @1, ..., Gy, . .., G HONCHCTEMA Gy, .. .,a, OOpa3yeT 6a3y (3necw Has
YTpPOIEHHS 3allUCH B Ka4eCTBe NOJCHCTEMBI B3ATH NepBblE I BEKTOPOB,
410, Kak 6yeT BHAHO K3 KOKa3aTedhCTRA, HE HApYIIaeT OCUIHOCTH paccy-
saennit). Torna mobas 66abmas NofcucTeMa GyIeT JMHERHO 3aBHCUMOM
B cualy TeopeMbl 16.2, Tax Kak Jio60i ee BeKTOp JHMHEHHO BLIpaXaeTCs
yepe3 ba3sy aj,...,ar. Takum obpa3oM, 6a3a obpasyeT MakCHMaJbHYIO
JIMHEHHO HE3aBUCHMYIO NONCHCTEMY CHCTEMEI BEKTOpOS.

HocraTtousocTs. IlyeTs ay,...,a, — MAKCUMaJbHasd JHHEHHO He-
3aBHCHMasd [OICHCTEMA CHCTEMEBI BEKTOPOB @1, .., Gy, ..., . TOrxa mis
106010 BeKTOpa @i, i = 1,k, NONCHCTEMA Gi,..:, Gy, a; JHHEHHO 3aBH-
cuMa (ecad ¢ < 7, TO KaK NOACHCTEMaA, CONEPXalllas B3 OXMHAKOBBLIX
BEKTOpPA; €CJH X€ { > r, TO KaK NOACHCTEMA H3 r +. 1 > r BexTOpOB).
B cuany Teopemsi 14.6 BeKTop a; JHHEeHHO Bhpa(aeTcx yepes a@1,...,Gy.
Takum oGpa3soM, ay,...,a, — 6a3a. B

Caedcmeue 1. Bce 6a3vi 00notll cucmembl 6EXMOPO6 COCMOIM 43
00UNGK0B020 YUCAL BEKINOPOE, PAENO20 MAKCUMGALKOMY UUCAY AUKEUNO
HEIABUCUMDIZ 6EKTMNOPOS CUCTEMDI.

Uncito BeKTOPOB 5a3bl HAILIBAETCHS panzom cucmemdt sexmopos. Que-
BHMIHO, DaHI CHCTEMbi BEKTOPOB paBeH MaKCHMaJbHOMY YHCIY JHHEHHO
HE3aBUCHMBIX BeKTOpoB cucTeMbl. OGo3navwenue: rg(ay,...,an).

IIBe cHCTeMBbI BEXTOPOB JIMHEHHOrO MPOCTPAHCTRA HA3LIBAIOTCHA IKEU-
6GAEHMNbIME, ECIH KaXJasd M3 STHX CHCTEM BHIPaXaeTcs Yepe3d ApPYryio.
W3 onpenenenus cienyeT, 4To 643a cucmembl 6EXMOPOs IKEUSALERTING.
CoMOl cucmeme. .

Teopema 61.2. Ecau cucmema 6exmopos ay,..., 6 aukeine

svipaxcaemcs vepe3 by, ... by, mo1g(ay,...,ar) <rg(d1,...,bm). ‘§
DoxaszareabcrBo. lycrb ay,...,6, B by, ..., 0, - 6a3u paccMaT:
PHBAEMLIX CHCTeM. Hs YCJIOBHS TEOPEMHI # TPAH3MTHBHOCTH csonc"rsaé
” 1MHekHOR BLIpaXaeMOCTH” ciienyer, 4To 6ala ay,...,a, NEPBOH CHCTe-!
MBI JIMHEHHO BbipaXaeTcs yepe3 6a3y by,...,b, Bropoit. Torma r < s
TaK KaK B IDOTUBHOM Cjy4dae, €CI¥ T > §, CHCTEMa @i, ..., a, Oblra 6

JUHEHHO 3aBHCHMOMR B CHIy Teopemsbl 16.2. m
Credcmeue 2. Paneu 5X6u6GLERMNBLIT cCuCmeM cosnadawm.
Caedcmeue 3. Oxsusaaenmuvic aunclno KEIREUCUMBIE CUCTLEMEE
6€XMOP06 COCMOAM U3 00UNAK06020 YUCAG 6EXTMOPOE. |

§62. DBa3uc u pasMepHOCThb

[oBopAT, 4TO cucmema 6exmopos €1, . . ., €, JHHEHHOTO IPOCTPAHCTH
V nopoacdaem npocmpancmeo V, ecnu aio6oit BekTop T € V sBiase
JuHelHO# KoMOWHanuel e),..., e, .

YnopsifodeHHas CHCTEMa BEKTOPOB €i,...,€y, JUHEHHOrO NPOCTP
crpa V HasblBaeTcd 6e3ucom V, eciiv OHa JHMHEHHO HE3aBHCHMA H IOP
*paeT V. OueBHIHO, YTO 3TO OIpefesieHHe COBHANAET C ONpENeicHH



 [image: image4.png]Ha3uca, naHHBEIM B §17 144 BellecTBEHHOrO JHHEHHOTO NMPOCTPAHCTBA.

Teopema 62.1. Jhobvie dea 6a3uce suneldnozo npocmpancmea
cOCMogm B3 00UNGKGE020 YUCAG BEKMOPOE.

OTo yTBepXIeHHe BHITEKaeT M3 IKBHBAJEHTHOCTH ABYX Da3ucoB Jam-
HEMHOrO TpocTpaHcTBa U ciaencTers 2 (§61). m

Hrak, uMcao BeKTOpoB 6a3nca He 3aBHCHT OT caMoro 6a3uca M oll-
HO3HAYHO onpeleasdeTcs caMuM npocTpadcTsoM. OTBer Ha BOIpPOC, YTO
npeiacTaBaseT coboi HTO YMCIO, HaeTcs TeopeMon 17.1, cnipasenausodt u
B IIPOCTPAHCTBE HAX MPOU3BOJALHEIM TIOJEM.

HanoMHMM, 4TO YHMCJO BEKTOPOB 6a3Mca JHHEHHOrO MPOCTpPaHCTBa V
HA3BIBAETCS PA3MEPROCTILIO RPOCTPARCMEa V W 0603HAYAETCS CHMBOJIOM
dim V. PasMepHOCTB HyJ1eBOro IPOCTPAHCTBA MO ONpeeeHHIO CHHTAETCS
pasuo#i nymo. H3 Teopemul 17.1 cienyer, 94To pPa3MepHOCTE JUHEKHOrO
IpOCTPaHCTBa COBHAJAeT C MaKCHMAJbHBIM YHCJOM JHHEHHO HE3aBHCH-
MBIX BEKTOPOB 3TOr0 MPOCTPaHCTBa. JIMHedHOe MpOCTPaHCTBO pA3MEPHO-
cTH n, rie n € N, HasbiBaeTca n-mepubim. HyneBoe HNPOCTPaHCTBO H
n-MepHBIE IPOCTPAHCTBA Ha3bIBAIOTCH KONEUHOMEPHLIMY.

JluneitHOE MPOCTPAHCTBO HA3BLIBAETCH 6ECKONEUROMEPNLIM, €CTH IJA
moboro uncaa k € N B npocrpancrse cymecTByeT k JHHEHHO He3aBH-
CHMBIX BeKTOpoB. IlpuMep 6eCKOHeYHOMEPHOTO MPOCTPAaHCTBA daH B §17
(npumep 5). B xypce anHediHOR aiareGphl H3ydaloTCd JMIIL KOHEYHOMED-
dule JIMHedHEle TTPOCTPAHCTBA.

Teopema 62.2 (o menosnom Gasmce). B n-meprom npocm-
pancmee 4106y10 suneino nedgeucumywo cucmemy u3 k, 2de k < n, sex-
mopoe Mmoxcro donoanumb do 6a3uca.

HDoxasateancrBo. Iycthb ej,...,ep — JHHEHHO HE3ABHCHMAd CH-
cTeMa BeKTOPOB mpogTpaHcTsa V. Tax kak k < n, To B cHIy Teope-
Mbl 17.1 cHcTeMa BEKTOPOB €1,...,e; He ABJSETCS 6a3nc0M V' u, caeno-
BaTeJbHO, HE MOPOXKIAET BCETO HpOCTpaHCTBa V. Hycth BexTOp €41 €
V He aBasercs JMHEHHOM KOMOMHalMeH ép,...,€p, TOLKA CHCTEMa BeK-
TOPOB €y, ..., €k, ek4+1 JUHEHHO HesaBUCHMA (B cuay TeopeMsl 14.6). Ecan
k+1 = n, To aTa cucTeMa BEKTOPOB 06pasyer 6asuc V; ecan xe k+1 < n,
TO aHAJOTHYHBLIM 06pPa30M MOCTPOMM JHHEHHO HE3ABHCHMYIO CHCTEMY H3
k + 2 BekTOpoB. ‘32 n — k TakMX LIaroB MH IIOCTPOMM HCKOMEIM Basuc
€1,...3€k, ..., €n. W

Touno Tak Xe, kak ¥ B §17, onpenensiorcd KOOpOIHHATH BEKTOpa B
Sa3nce H© MaTpHLU na oT onHoro Gasuca k Apyromy. Ilpu sTom
Bce aKThl, CBA3ARH (M IOHSTHAMH, OCTAIOTCA B CHJie M B obllieM
ciiydae, Tak Kak uX ,no‘ BABATENLCTBA ONMPAIOTCA Ha Te CBOHCTBA Bellie-
CTBEHHBIX YHMCel, KOTOPHIE: m@exo"r MecTo B JoboMm none. HanomuHuM 3TH
akTHI.

1°, Paaaoo:cemw sexmopa no 6a3ucy eduncmeenno.

2°. Koopéunamba sexmopa obaadawom caolicmeom aunednocmu.

3°. Ilpu nepezode om Gaguca e & fasucy [ = eQ) xoopdunamoi ex-
MOpa T UIMENAIOMCE NO CALIYIOUEMY 3aK0RY: T = QT;.

Hpumepst. 1. B apupmernyecknx npocrpancrsax P, R™, C" enu-





[image: image5.png]HuuHble BekTOpHl (14.6) obpasylor 6asuc (§17, mpumep 2). Otor 6a-
3MC NPHHATO HA3LIBAThL ecmecmeennbin. KoopaumHaTel sgioforo BekTopa
a = (@1,...,8,) B ecrecTBeHHOM 6a3Mce COBNARAIOT C KOMIOHEHTAMH
@y, ...,Gy 3TOTO BEKTOPA.

2. B apudpmMeTuyeckoM npocTpaHCTBe (C?R BeKTOpH! (14.6), oueBnuHo,
He MOryT GOBITE 6a3HCOM, TaK KaK YMHOXEHHEM 5THX BEKTOPOB TOJBLKO Ha
BelleCTBEHHbIE YMCIIA HEJb3A MONYYHTH OGO KOMILIEKCHBIN apudMeTH]-
yeckuit BeKTOp @ = (a1 + if1,...,an + i0,), roe ai, B € R, k = 1, n.
Ilobapum k BexTOpaM (14.6) eme n BeKTOpOB:

fi=0(40,...,0), f2=(0,4,...,0), ..., fn =(0,0,...,4).

MlokaxeM, 4To cHCTeMa BEKTOPOB e€y,...,én, f1,..., fn OBpa3yer Ga-

3MC Cﬁk' HleficTBUTENBHO, NHHEHHAS KOMBHHANHNS THX BEKTODOB C Belle-

CTBEHHBIMH KO3bduuueHTaMHu oy, Oy MMeeT BUI

doarer+Y fefe = (1 +iBy,..,an+ifs)  (62.1)
i=1

=1

M paBHa HyJepoMy BekTopy 8 = (0,...,0) Toraa # ToJbKO TOrja, KOria.
ar +if =0,k =1,n, Te. o = B =0, k = I,n. CaenoparensHo,
BEKTODH €y,...,€y, f1,..., fn AuHedino HesaBucumul. OumM nOpPOXAAOT
Bce npocTpancTBo Cy , Tak kak moboi BekTop (@) + ify, ..., an +if,)
13 Cfp coramacho (62.1) sBasgeTcs iuHefiHOR KOMOGMHAIMElR 5THX BEKTOPOB
€ BEIIECTBEHHLIMHE KO3pDHLUMEHTaMH Qy, ..., &y, B1, ..., B¢.

Hrak, dimC = 2n. ‘

§63. M3omopdu3M JHHEHHEIX NPOCTPAHCTB

HBa muuednbIx npocTpaHcTBa Vi 4 V, Hax obmuM nodeM P Ha3biBa- |
IOTCS 430MOPPHLIMY, ECIH CYIIECTBYeT OGHEKTHBHOE OTOGpaXeHHe ¢ :
Vi — V2, xoTopoe coxpaHseT 3aKOHBI KOMOO3HIIKHE, T.€. eCl¥ IS JIOGHIX
BEKTOPOB Z,y € Vi u moboro uncaa a € P

1) o(z +y) = (z) + ¢(y);

2) p(az) = ap(a).

O6o3navenne: V; = V,. Camo orobpaxenue (¢ Ha3EIBaeTCHA u30-
MOPPUIMOM AUREdNBIT NpocmPancms.

IIpamepm. 1. Teomerpuueckue npoctpancrsa Vi, Va, Vi BekTOpOB
Ha NPSAMOH, Ha IVIOCKOCTH H B IIPOCTPAHCTBE H30MOp(HHI apHdMeTHUE-
ckum npoctpacrBaM R', R? u R?® cooTsercTrenno. HeitcTBHTENLHO,
MOCTaBAM B COOTBETCTBHE KaXIOMY BeKTOpPY X € V), Habop ero koopau-
HaT B KakoM-u6o Ga3Hce e, T.e. apudMeTHYecKHit BekTOp T, € R", rae
n=1,2,3. OTo coOTBeTCTBHE B3aMMHO ONHO3HAYHO M COXPAHSET 3aKOHHI -
KOMIIO3HMIINH, TaK KaK KOOPXKHATH BEKTOpa 06JanaloT CBORCTBOM JIHHEH-
Hocth (§17).

2. Vo CIR'




 [image: image6.png]3. pm%n o pmn oy g gactHocTH R™*" = R™".

OTMeTHM NpOCTENIlINE CBOMCTBA M30MOPPHBIX NPOCTPAHCTB.

1°. Omuowenue u3omopPuama ecmb OMHOULEHUE IKEUBEAAEHMHOCTIY
Ha MHONCECTEE 6CET AUNEUNbIT npocmpancms nad nosem P.

2°. B ugzomopdubiz npocmpancmeas

a) 06pa3 (u npoob6pa3) auneldnol KOMOUNGYUYU BEXKMOPOB €CMb AU
netnad xombunayug 06pa3os (npoobpasos) c memu e xosPpPuyuenma-
MU,

6) 06pa3 (u npoobpas) nysesozo eexmopa ecmp uyaesol seXMop;

6) 06paa (u npoobpas) auneiino ne3asucumol CUCTREMb BEXTOPOS
o6pazyem auneino He3A6UCUMYIO CUCTIEMY,

2) o6pas (u npoobpad) Gaszuca ecmov 6a3uc.

Ioka3aTelbcTBa 3THX CBOMCTB ONMPAIOTCH JHIIbL HA ONpPENeIeHHE U
3JleMeHTapHbIE CBONCTBa paccMaTPHBaeMbIX obbekToB. Mel mpemocrta-
BJISIEM HX YMTaTETIO.

Hecmorps Ha TpocTOTy GOPMYIIMPOBOK, Y XK€ 3TH CBOACTBA FOBOPAT O TOM, YTO M30-
Mop¢HEIE JIMHEAHIE IPOCTPAHCTBA, 1aXKe CAMOR PA3IMIHOR NPKPOLK!, C TOUKH IPEHAS
CBOMCTB JIMHEHHOI'O MPOCTPAHCTBa HEPA3NUYMMEL. OTO IO3BOJAET MHOTHE CBOUCTBA
JIMHEHHEIX MPOCTPAHCTB M3ydaTh Ha JMHEWHBIX IPOCTPAHCTBaX IPOCTOR CTPYKTYPHI.
K >Toit Bo3MOXHOCTHE Mhl 6yAeM HeoIHOKPaTHO Npuberath, NIPOBOAA BCE BEIYHCJECHHUI
B apudMETHIECKMX NPOCTPAHCTBAX, a "pucys” — B reOMeTPHIECKHX.

Teopema 63.1 (kpurepuit uzoMopdpuama). Jea suneinbiz
npocmpancmea nad o6uum nosem u3oMopPubl Mmozda u MoAbKO mozda,
xoz2da uT paamepnocmu cosnadawom.

IDoka3zaTeabcTBo. HeobxXxonmMOCTH BEITEKaeT M3 CBOMCTBA
?2” u30MOpQHBIX TPOCTPAHCTB.

HocTraTouHocTh. Hycts Vi ¥ Vo ~ nuHedHbIe TPOCTPAHCTBA HAI
noseM P u mycts dim Vi = dimVa = n. BribepeM B 5THX IPOCTPaHCTBAX
1o 6askcy: MycTh ey, .. .,en ~ 6a3uc Vi, fi1,..., fo ~ 6a3uc V. IlocTpoum
otobpaxenue ¢ : Vi — Vi, HOCTaBUB B COOTBETCTBHE KaXIOMY BEKTOPY
z = E?:l aje; € V) BekTOp Y = ELI a;f;i € V4 (T.e. BekTOp, KOTOPBIA
MMeeT Te Xe KOODAMHATHI, UYTO M BEKTOp Z). B CHIy eIHHCTBEHHOCTH
pasioxeHHs BekTopa 1o 6a3ucy oTobpaxenHe @ OMEKTHBHO. IIpn s>TOoM
¢ — M30MOpGM3M, T2K KaK KOOPAMHATH BEKTOPa ODJaNaioT CBOMCTBOM
JIHHEAHOCTH, M

Caedcmeue. Jhoboe n-meproe seujecmeennoe NPoCMpancmeo
uzomopPuo apuPmemuveckomy npocmpancmey R", a awboe n-mepnoe
Komnaexcuoe npocmpancmeo ~ apudmemunecxomny npocmpancmey C".

§64. JIuHelHBIE NOXIIPOCTPAHCTBA

HamoME#M olIpefieIeREe JIMHERHOIO IOAOPOCTPAHCTBa, NaHHoe B §18 (omo ocTaeTcs
HeM3MeHHEIM B B CJIyuae JITHEHHOTO APOCTPAHCTA HaX NMPoMaBojkibiM 1oieM). [Tox-
MHOXecTBo L nameiforo npocrpanctsa V man nosem P Hastsaerci aunetuvin nod-
NPOCMPARCMBOM NPOCMPancmea V , eCiH OHO CAMO ABJIAETCS JHHEHHEIM NPOCTPaH-
CTBOM OTHOCHTEJLHO 3aKkoHos koMmosumun B V . [ipyroe onpenesnenne muueRHOro noa-
IPOCTPAHCTBA, SKBUBATEHTHOE 3TOMY, yCTAHARIHBACTCS U3BECTHOR Teopemoit 18.1, ko-
Topas MMeeT MeCTo ¥ B ofIleM ciydae.



 [image: image7.png]Kaxk yxasnisanock B §30, MHOXECTBO BCEX PELIE€HHN OTHOPOIHOM CHCTEMBI ypaBHe-

HUMA
Az =0 (64.1)
C i HEMIBECTHRIMM O6pa3yeT JMHERHOE NIOAIPOCTPAHCTBO APUPMETHYECKOTO TPOCTPaH-
crea R™ (unm P™ B obmem ciyqae, xorna A € P™*7), TIpo 3To nommpocTpascTso L
TOBOPAT, YTO OHO 3aJaHO OAHOPOIHOM cucTeMol (64.1), U 3anmMcLBaloT B BUIE
L: Azx=0. (64.2)

Ipyroi cnocob 3agaHus JUHEHHOrO HOANPOCTPAHCTBA HAETCA IIOHATHEM JIMHERHOK
obosouxn.

JInneitnaa oGonouxka. Ilycre aj,...,ar — CHcTeMa BEKTODOB JiM-
HeliHoro npocTpaHncTBa V Hang nonem P. Jlunednoti o6oaouxotd cucmembi
6€XMOpPo8 a1, ...,G; HA3bIBAETCS MHOXECTBO BCEBO3MOXHEIX JHMHEHHBIX
KoMOMHAlIKM#A 3TUX BeKTOpoB. ['OBopAT TakXe, 4TO NHMHeHHas 060JOU-
Ka NATANYMA KE 6€XMOPYL G1,...,a;. O6o3navenue: L(a1,...,at).
Hrak,

k _
E(al,...,ak)z{a: Y eiailo; €P, i:l,k}.
i=1

W3 onpeneseHus cileIyeT, YTO KaXA0e KOHEYHOMEPHOE NPOCTPAHCTBO
ABJIAETCA JHHEHHOA 060JI0UKON BeKTOpPOB cBOero Gasuca. B uacTHOCTH,
JMHERHOE MOAIPOCTPAHCTBO, 3a/aHHOE OJIHOPOTHO#M cucTeMod (64.2), s-:
JisieTcs JIMHERHOM 060J104Kol dyHNaMeHTaJJbHOR CHCTeMB! pelenui (§30).

Teopema 64.1. Ecauay,...,ar - 6exmopbi auneinozo npocm-
pancmsa V, mo L(ay,...,a;) f6agemca aunetinvin noonpocmpancmeson
npocmpancmea V.

OTo yTBepXIeHHe BbiTeKaeT U3 TeopeMnl 18.1, Tak Kak nJs nuHEHHOM
obosouku L(ay,...,a;) obe HMIIMKAUKA UMEIOT MECTO. M

HUrax, nuneiinas obonouka L(ay,...,ar) — 3TO JHMHEHHOE MOANMPOCT-
PaHCTBO, KOTOPOE NOPOXAAETCA BEKTOPAMH a1, ..., Ak .

Teopema 64.2. [ae cucmemvt 6exmopos aunesinozo npocm-
DPANCTMEA IKBUBAAEHMNL M020a U MOAbKO Mo2da, Koz2da uT aunetnvie
06os0uxy cosnadarom.

HokaszaTteabcrBo. HeobxomumocTs. IlycTh cucTeMbl Bek-
TOPOB G1,...,a; ¥ by,..., by, s>kBuBanenTuel. Torma L(a,...,ax) =
L(by,...,bm), Tak Kak LJs STHX MHOXECTB, KaK JIETKO IPOBEPUTh, HMeeT
MecTo ABYCTOpPOHHee BioXeHMe. locTaTo4HOC ThL oueBHIHA. W

Credcmeuel. Juneinag obosouxa cucmemvi 6exmopos coenada-
em ¢ aunelnotd obosouxot ceoed Gaszwi.

Caedecmeue 2. Pasamepnocmb auneiinosi 060404KL cucmemsi 6ex-
MOpPos Pasna panzy Mol cucmembl:

dimL(ay,...,ar) =rg(ay,...,ax). (64.3)

Teopema 64.3 (0 MOHOTOHHOCTH pa3MepHOCTH). Paamep-
Hocmb  AunetNO20 nodnpocmpancmes He NPE6OCIOOUM PAIMEPROCIE
npocmpancmea. Hodnpocmpancmeo mot ace paameprocmu, ¥mo u 6ce
NPOCMPARCME0, Co6nadaem ¢ NPOCMPANCTNEOM.



 [image: image8.png]NokxaszateabcTso. llycrs L — nwHedHoe mnommpocTpaHcTso V,
dimL = k, dimV = n. Torna k < n, Tak Xxak B OIPOTUBHOM cJly4ae
B m-MepHOM HpocTpaHcTe V cymecTsyeT k, rae k > n, JHHeAHO He-
3aBHCMMBIX BEKTOpOB (Hampumep, BeKTOpel Gasuca L). Ilycte k = n
M e1,...,en — 6asmc L. Tax kak dimV = n, To BEKTOpPH €i1,...,€n
obpasyioT 6asuc V (§17, yreepxnenne 1). Taxum obpasoM, L = V =
,C(el,...,en). ]

§65. CyMmMa M nepecedyeHHe NOAIPOCTPAHCTB

Myctw Li,..., Ly — AAHedHblE NOANPOCTPAHCTBA JMHEHHOTO NPOCT-
pancTBa V. Cymmod nodnpocmpancms Ly, .. ., L} HasbiBaeTCcs MHOXE-
CTBO BCEBO3MOXHBIX BEKTOPOB T, IpeACTABUMEIX B BUIE

rz=z1+...+ Tk, (651)

roe ¢; € L, i=1,k. O6o3nauenue: Ly + ...+ Ly win Zle L;.
Hrak, )

k —
S Li={g=z1+...+zx|zi € Li, i=1,k}.
i=1
[IpencTasnenne (65.1) BekTopa T Ha3bIBAETCH PA3LONCCHUEM SEXTNODA
z no nodnpocmpancmeam L1,..., Lg .
Ilepecenenuen nodnpocmpancms Ly, ..., Ly Ha3eIBaeTCs MHOXECTBO

Lin..NLg={zeV|z €L, i=1k}.

3aMeTHM, YTO NepecedeHne NOANPOCTPAHCTB He MyCTO, TAK KaK BCeria
COLEPXHUT HYJEBOH BeKTOp f MpocTpaHCTBa.

Teopema 65.1. Cymuma u nepecevenue nodnpocMpancms Au-
nedno20 NPoCMPEncmea V A64410MCL  AURETINDIMY nodnpocmpancmsd-
MU npocmparcmea V. '

D10 yTBepXIeHHe BhHITEKaeT W3 Teopemul 18.1, Tak Kax nJs Zf=1 L;
" ﬂle L; cupaBenauBEl 06e HMILUIMKanuy. B

3amMeTHM, YTO KaXJoe M3 NOMNpPOCTPAHCTB Li, 1 = 1,k, a Takxe
X Tlepecederre SBISIOTCS JHReAHBIME NOANIPOCTPAHCTBAMU CYMMBI L+
...+ L, a nepeceuenne Ly N...N Ly — JAAHEAHBIM NOANPOCTPAHCTBOM
xaxmoro 3 Li, i = 1, k.

. Teopema 65.2. Cymma sunednbiz noINPOCMPAUCTE ECTb Al-
netinag 060404Ka COB0KYNHOCTIY 6AIUCOB CABZAEMbIT NOINPOCTRPANCINSG.

HokaszaTedbcTBo. HycTh €1,....6m, fi,oo oy fay - h g1, 9t —
Gasucsl moanpocTpadcts Ly, La, ..., Lx COOTBETCTBEHHO. Honoxum W =
I.',(el,...,e,,.,fl,...,f,,...,gl,...,g,). Torma W = Ly + ...+ L, Tak
KaK AJs 5THX MHOXECTB, KaK HETPYAHO NMPOBEPHUTh, KMEET MECTO ABY-
CTOpOHHee BIOXeHHE. B




[image: image9.png]Caedcmeue. Padmepnocmb cymmbl AUREUNbIZ NOONPOCTIPAHRCTE
PA6HGE PAHIY COBOKYNHOCTRY CABGZAEMBIT NOONPOCTRPARCTG:

k
dimZL,— =rgler,..,em, f1,.- s fayeens G105 91t)-
i=1
OTo yTBepxIeHHe BEITeKaeT u3 TeopeMsl 65.2 (¢ yuerom 64.3).
Teopema 65.3. [lag aw0bviz déyz auneinviz nodnpocmpancme
L1 u Ly auneilnozo npocmpancmea V umeem mecmo coommowenue

dim(Ly + Ly) =dimLy + dimL; — dimLy N L. (65.2)

HoxaszaTeabcTBo. PaccMorpum cHavana cayva#, korma L;N
Ly # {0} . Bemonnum crenyiomee nocrpoenne. Iycts fi,.. ., fi — 6asuc
LinL;. Tak xkak Ly NLy C Ly, Ly N Ly C Ly, To coraacHo Teopeme
O HenoJiHoM 6a3Mce BEKTOPH fi, ..., fy MOXHO NONOJHATE Kak o Ha3uca
Ly, mak u no 6asuca Ly. Iycts ey,...,em, f1,...,fs — Gasmc Ly, a
ftieo far91, ..., 91 — Gasuc Ly . IoxaxeM, 4TO cHCTeMa BEKTODPOB

ely---:em:fla---:fa,gl;---:gt ) (653)

obpasyer 6asuc L; + L, . IeficTBuTensHo, oHa nopoxnaet Ly + Ly B cuary
TeopeMel 65.2 H, KpoMe TOro, OHa JHHEHHO HE3aBMCHMA, TaK KakK eCu

m [ i
Zaiee +Zﬂefi +E7€gi =4, (65.4)
=1 i=1

=1

t m L
9= Z‘)’s’gi == Z aie; — Zﬁifi- (65.5)
i=1 i=1 i=1

Orciona cienyer, 4To BeKTOp § ABASETCS BEKTOPOM Kak Lj, Tak M Lo,
T.e. g € L1 N Ly 1, cienosaTenbio, BEKTOP § ABALETCS JIMHEHHON KOMOH-
Haluedl BeKTOPOB fi, ..., f;. 13 eNHHCTBEHHOCTH Pa3oXeHHs BEKTOpa ¢
IO JMHeHAHO HE3aBHCHMON CHCTEME BEKTOPOB €y, ...,em, f1,..., f, Clleny-
eT, 4to B (65.5) a3 =...= am = 0. Torxna B (65.4) B cuy aHHelHOH
He3aBHCUMOCTH f1,..., f,,91,...,9: nonyunm, uto B = ... = B, = 0,
71 = ... =% = 0. TakuM 06pa3oM, TOJbKO TPHBHAJbHAd JHUHEeHHAd
KoMOrHallus BexTopos (65.3) paBHa HyJeBoMy BekTOpy. MTak, BeKTOpHI
(65.3) obpasyior 6asuc L; + Ly W, cienoBaTenbHo,

dlm(Ll + Lz) =m+s+t. (656)

C npyroit cTOPOHBI, COTIACHO CXeMe NOCTPOEHUsS BeKTOpoB (65.3),
dimL; +dimLy; —dimLiNLy=(m+s)+(s+t)—s=m+s+t.
Cpapnenue atoro coornomenus ¢ (65.6) naer (65.2). B cayuae korma
Ly N Ly = {#}, noka3aTexbcTBO NPOBOMMTCS aHAJOTHYHO, TOJLKO B HeM

He Y4acCTBYIOT BEKTOPH! fi,...,f,.



 [image: image10.png]§66. IIpsmas cyMMa moAnpocTPaHCTB

CyMMa NognpocTPaHcTB JMHEHHOrO NPOCTPAHCTBa Ha3bIBAETCA NpA-
MOl CcymMmOtl, eClIM pa3joXeHHe KaXIOoTro BeKTOpa B HeHd IO cjJaraeMbIM
nofnpocTpaicrsam enuHcTBenno. O6o3Havenue: Ly @ ...0 L.

Teopema 66.1 (kpurepum npaMon cymmer).  [ag nod-
npocmpancms Ly, ..., Ly xoneunomeprozo auneiinozo npocmpancmsa V
caedyrougte ymeepHcIentd PasRoCUAILRbL:

1) cymma nodnpocmpancme Ly, ..., Ly — npamas;

2) cosoxynnocmb 6a3ucos nodnpocmpancms Ly, ..., Ly auneino ne-
3a6ucuma;

3) cosowynnocmy 6a3ucos nodnpocmpancms Ly, ..., Ly obpasyem ba-

auc cymmor Yi_; Li;
4) dim¥F L = ¥F, dimL;;
5) cywecmeyem sexmop a € }:f___l L;, dag xomopoeo pa3aodcenuve no

nodnpocmpancmeam L1, ..., Ly eduncmeenno;
6) npou36oAbHAT CUCMEME NENYAEELIT 6EXMOPOS Gy, ..., Gk, BIAMbT

no odnomy u3 xaxcdozo nodnpocmpancmea Li, i = 1,k, auneino nese-
8uUCUMA;

7) Ll ﬁLg: {9} (64115:2).

IHokxazareanbcTBO. 1 = 2. IIytTh COBOKYNHOCTD €1,...,€m,
fi,.- s fayeee) 81, -, gt GA3ACOB NOANPOCTPARCTB Ly, ..., L JHHEHHO 32~
BHCHMA H

m s t
Eaiei+2ﬁifi+...+27iyi=9, (66.1)
i=1 i=1

i=1

rue
m s 1
Yoo+ B+ 4+ AP #0. (66.2)
i=1 =1 i=1
Honoxum
m [ 1
Ty =y aiei, z2= Bifi, ..., :ck=21~/.'g.-.
i=1 i=1 i=
OtMmeTHM, yTo z; € L;, i = 1,k, npudeM cpend zj,...,Zx B CAIY

(66.2) 1 nUHERHO! He3aBHCHMOCTH BEKTOPOB KaXIOro 6a3uca cymecTByeT
BexTop z; # 0. Torna coorHomenne (66.1) MoxeT 6HTL 3aNHCaHO B BALE

0=zl+...+z;+...+zk,x,~¢0. (66.3)

DTo maeT BTOpoe pallioXeHHe HYJAeBOro BexTopa f (mocne H3BECTHOTO:
#=60+...4+0+...+0) no nonnpocrpancrsaM Ly, ..., Li, ..., L.
2= 1. lycre Ly, ..., Ly — ve npsmas cymma. Torna cymecTByeT Bek-
Top b U3 3TOK cyMMBI, KOTOPBIH HMeET [Ba PA3JIOXEeHHs IO NOANpPOCTPaH-
crBaM Ly, ..., Lg:
b=by+...+b+...+b, (66.4)



 [image: image11.png]=b 4. b+ b, (66.5)

KOTODhIE OTJIMYAIOTCS XOTS OBl OHHUM caaraeMsiM b; # b . Ecau BeryecTs
M3 IIEPBOrO PaBEHCTBA BTOPOEe M Pa3lOXHTDb KaX[oe claraemoe b; — by,
j = 1,n, mo Gasucy L; , nony4uM HETPHBHAJbLHYIO JHHEHHYIO KOMOH-
Haluio 6a3MCHBIX BEKTOPOB MPOCTPAHCTB L, ..., Ly, paBHYIO HYJeBOMy
BEKTOPY. JTO NPOTHBOPEYHT JIMHEHHOH HE3aBUCHMOCTH COBOKYIHOCTH
6asucoB Ly,...,Lg.

2 <= 3. OTo caenyetT n3 TeopeMHl 65.2.

3 <= 4. DT yTBepXIeHUI OTJIMYAIOTCA TOJLKO TEPMHHOJIOr HEH.

1= 5. Ouesnnno.

5= 1. llycrs Ly + ...+ Ly — He npsiMast cyMma. Torma cyumecrByeT
BEKTOP b M3 3TOM CyMMBI, AJS KOTOPOTO MMEIOT MeCTO [IBa pa3iuyHbIX
pasnoxenus (66.4) u (66.5). Briunras (66.5) u3 (66.4), nonyunm nerpu-
BHaJbHOE pa3sioxeHde HyJeBoro BexTopa (66.3). Eciam ero cioxuTs c
Pas3sioNKEHNEM BEKTOPA G, TO MOJYHUMM €Ile OfHO Pa3joXeHWe BEKTOPa a.

1 = 6. IlycTb cucTeMa BEKTOPOB @y, ...,ak, TAe @i € L;, a; # 6, i =
1,k, nuneiino 3aBucuma. Toria cylecTBYIOT UHMCHa Qi,...,af € P,
OIHOBPEMEHHO He paBHble Hyio (ycTh, HampuMep, &; # 0) u Takue, 4TO
®161+. . .Faja;+. . . +tagar = 8. 310 paBeHCTBO AaeT BTOPOE pa3jioXeHune
HYJIEBOTO BEKTOPa, OTJIHYHOE OT TPUBHAJLHOTO (TakK Kak a;a; # ), 4ro
MPOTHBOPEUYUT yTBepXaeHuio 1.

6 = 1. llycrts Ly + ...+ Ly — He npiaMas cyMMa, TOrfAa CylIeCTBYET
BEKTOP b, IJi1 KOTOPOro MMEIOT MecTO ABa pasnoxenus (66.4) u (66.5).

BrerunTas onmo M3 mpyroro, MOJyYMM, 4TO a;, + Gi; + ...+ @i, = 0,
roe 6, = b, —b #0,a;, € Li,, m = 1,q. 3nauuT, BeKTOpH
@i, , @, - . ., G, JUHEWHO 3aBHCHMEI H, CJIeIOBATENIbHO, M0Obas CHCTeMa He-

HYJIEBEIX BEKTOPOB, B3STHIX TIO ONHOMY M3 kKaxnoro L;, i = 1,k, co-
HepXalllas 3TH BEKTODHI, JHHEHHO 3aBHCcHMA (B cuiry TeopeMsl 14.3). Do
NPOTHBOPEUHT YTBEPXKICHHIO 6.

4 <= 7. 970 cnenyer u3 TeopeMsl 65.3. m

Teopema 66.2. Juneinoe npocmpancmeo V gesagemca npg-
Mol cymmot ceouz nodnpocmparcms Ly u Loy moadu % MmoabKo mozda,
xoada:

1) dimV = dim L; + dim Ly;

2) LinLy; = {8}.

HoxaszaTtenbcrBo. Heob6xonumMoc Th crenyeT u3 TeopeMul 66.1
(yrBepxnenus 4,7).

HoctaTtouyHocTs. U3 ycioBug 2 caenyer, uro Ly + Ly — npsmas
cymma. Ilonoxum L = Ly @ Ly . Coraacno Teopeme 66.1 (yrBepxnenue
4) dimL = dim L, + dim L3 . Otciona B caxy ycioBHs 1 BHTEKaeT, 4TO
dimL = dim V.. Oro o3navaer, 4ro L = V (Teopema 64.3), Te. V =
Li®Ly. m

Homonanrensuoe noanpocrpancTso. llycrs L — numeiinoe mon-
npocTpancTBo npocrpancTsa V . llogmpocTpancTeo Lf nasmisaercs do-
noanumesvnvin nodnpocmpancmeosm x L (puc. 1), ecnu L@ L8 = V.
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Teopema 66.3. [Jag awboeo nodnpocmpancmea L aunetnoeo
npocmpancméea V cywecmeyem donoanumensroe nodnpocmparcmeo.

Ioka3zaTenbcTBO. ByleM cudTaTh, dYTo L — HeTpHUBHAJbHOE
nonnpocrpanctso (ectu L = {6}, To L® = V, aecmu L = V, 10
L = {6}). Hycts ey,...,ex — 6asuc L. Homonnum ero 1o Gasuca
€1, .-, €k, €k41,- - -, €n Beero npocrpanctsa V . Torna L(eky1,-..,6n) =
L%, Tax xax mis monnpocTpancTsa L(€k41, - - ., €n) BHINONHEHE! BCE YCIO-

BHS TeopeMbl 66.2. @
3ameuvanue. Bcayyae ecnd L — HeTpHBHAJILHOE NOANPOCTPAHCTRO,
JOTIOJHUTENBHOE MOAMPOCTPAHCTBO ONPENeNIeH0 HEOXHO3HAYHO.

§67. JluuwenHoe MHorooGpazue

Jlaneinoe MEOroo6pasue W CBA3IAHHEIE C HUM MOHSTHR GhLIA ompeneieHar B §18.
Tam xe mpuBemeHH! HEXOTODHIE 3Je€MEHTAapHEIE yTBEpX/ICHAS, OTHOCAIIMECS K BeIe-
CTBEHHOMY JIMHEHHOMY HPOCTPAHCTBY. Bce OHM 0CcTalTCA B CHJIC A B JIAHERHOM OPOCT-

paHCTBe Hajl MDOM3BOJLHKEIM mojeM P (¢ oueBMmnoM 3aMeHOR TOaL R ma moxe P).
JIuneiinbie Muoroobpasus Hy = z1 + L1 v Hy = 2 + L3 B quHeliHOM
npocTpaHCTBe V Ha3blBalOTC napastesbubimy, ecim aubo Ly C Ly, aubo
Ly C L, (puc. 1).
Teopema 67.1. Ecau déa aunecinnic mnozoobpasug c neny-
CTbIM TEPECEUEHUEM NAPAALEALRDI, TO 00KO U3 KUT codepacum dpyzoe.
HokaszaTteabcTBo. IlycTh JuHeliHble apdHHHEIE MHOroobpasus
Hy=z,+4 Ly v Hy = 5 + L, napaniensHbl ¥ NyCTh

LiclL,. (67.1)

Ilo ycnoBmio cymecrByeT BekTOp &9 € H1MNHjy. Tak xak BekTOpoM
CIBHTa MOXeT GbITh 06O BeKTOp JMHeiHoro MHoroobpasus (§18), To
Hy =xo+ L1, Hy = o + Ly. Orciona ¢ yuetom (67.1) caeayer, aro
HiCHy;. m
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Caredcmeue 1. Ecau aunetinvie muozoo6pasug napeasesbibl, mo
4u60 ouu ne nepecexaromcd, aubo 00no u3 HuT codepxcumcs 6 dpyzon.
Teopema 67.2. Henycmoe nepecevenue auneiinmiz mnozo-
obpasut Hy = z1+ L) w Hy = 25+ Lo geagemce auneinoin MH02006pa-
3uesm ¢ wanpasagowum nodnpocmpancmeom Ly N Ly .
HokaszaTeabcrso. o ycaoBuio CYWIECTBYET BeKTop zp € H NH,,
crenoatenbno, Hy ==zo+ Ly, Hy =20+ Ly. Torma HNH,y =
Zo + L1 N Ly, Tak Kak AJ9 3THX MHOXECTB MMEET MeCTO IBYCTOpPOHHEee
BJIOXeEHHE. B
Teopema 67.3. Bcaxoe k-mepnoe auneinoe MHuo02006pasue 6
N-MEPROM RPOCPAUCTNEE MONCHO Jadamb 6 sude nepecenenus n—k eu-

nepnaocxocme.
HoxasareanctBo. lycrs H = zo+ L - k-MepHoe JuHeiiHOE MHO-

roobpasue u ey,...,ex — 6asuc L. Honosuum ero no 6aszuca €1y..., €k,
€k+1y -+ -, €n TPOCTpaHcTBa V. B kavecTBe MCKOMBIX TMnepmuiockocTeit
MOXHO B34Thb JHHEHHbIe MHOTOOOpasus H; = xq + L;, i = 1,n—k, roe

Ll = E(eh cv oy CkyCE42, €543, ... ,C"),

L2 = L:(Ch <y €kyCh41,Ch43y -0, e,,),

Ln-—k = L:(el, ceoy €y €k+1yCk42y-- -y en-—l) )

T.e. L; — auHelinasg oboJjouka Bcex BeKkTOpoB 6a3uca V', kpome €k 4i-

OueBnaHo, yt0o Ly N Ly N...N Ly} = L(er,...,ex) = L. B cuny
TeopeMsl 67.2 oTciona caepyer, uto H = HiNHsN...N H, _;. Tak kak
dimL; =n—-1,i=1,n~k, 1o Bce H; - THIEPIIIOCKOCTH. M

Teopema 67.4. Ilepecevenue auneinozo Muo2006pa3ug H =
Zo + L c 4106bim nodnpocmparncmeom, donoanumevnvim x L, cocmoum
pPosHo u3 odnozo eexmopa.

HoxasateabcrBo. Ilycrs L? - ponoamurensmoe IOANpOCTpaH-
crBo K L. Tak xkak L @ LY = V, To nud BexTopa Ty MMeeT MecTo pas-
JoXeHwe ro = y+ 2z, rney € L, z € LY. Torna z = g —y € H, ubo
—y € L. CrenoBarenbo, z — ob6muit Bextop L u H,re z€eLnH.



 [image: image14.png]Tloka)eM, 9TO 2 — eIMHCTBEHHBI BeKTOp nepecedenus L NH . Ilycts
s € L°NH ,tornarak kak z € H, 2’ € H, 1o (§18) z—2' € L, a Tax xax
se L8, 2 € L8 1oz—2 € L% M3 Toro, uto LN L% = {6}, caenyer,
yroz—2' =8, te. 2=z .m

dakrop-npocTpadcTBo. IlycTh V - JnHe#dHOE HPOCTPAHCTBO HAl
nodem P, L — HEKOTOpOE €ro JUHEHHOE MOANPOCTPaHCTBO. PaccMoTpum
MHOXecTBO V|L Bcex JuHEHHBIX MHOroo6pasuit ¢ HaNpaBJSIOLIHMM IOI-
npoctpactsoMm L: V|L = {H =z + L|z € V}. Bpenem Ha 5TOM MHOXe-
CTBe ONepAlUM CJIOKEHHS U YMHOXEHHs Ha YMCJIO U3 mous P.

Onpenenum cymmy muoroobpasuit Hy = z1 + L, Hy = z2 + L no
caeqyoieMy IpaBUiy:

H +Hy=(z:+z2)+ L. (67.2)

Do onpeeneHHe KOPPEKTHO, TaK KaK Pe3yJdbTaT HE 3aBHCHT OT Bhl-
fopa BEKTOPOB cABUra MHOroobpasmit Hy, Hy. PakTHdyecku 3Ta onepa-
IS COBMAaLAET C M3BECTHOH ONepalueil CIOXEHHS CMEXHBIX KJaccoB IO
HOpPMaJbHOMY NeJHUTENo, T.€. ¢ ajreGpandeckoii onepaied B (pakTOp-
rpynne (§40). Takum obpasoM, npasuio (67.3) onpeneaseT BHYTPeHHHHA
3axon komnosunuu Ha V|L (puc. 2).

Hi+ Hy oH L H

X1 aX

H, L H,
Puc. ‘2 Puc. 3

OnpeneauM yMHOXeHHe MHorooGpasus H = zo + L Ha uucio a € P
o caepyiolleMy IpaBuiy:

aH=azo+ L. (67.3)

IIpoBepuM KOPPEKTHOCTDH 3TOTO ONpelleJIeHHs, T.€. YTO Pe3yabTaT He
3aBHCHT OT BHIOOpa BeKTOpa CABHra Zo. llycth H = zy + L. Hoxaxem,

4TO
arg+ L =azyg+ L. (67.4)

Ins moboro sjJeMeHTa aTg + Y, ¥ € L, U3 AeBOTO MHOXECTBa HMEEM
_— /
azg+y = a(zh+ 7o — Th) + y = azh + w0 — z5) +y = azh + Y , Tae



 [image: image15.png]Y = a(zo—zy)+y € L, Tak Kak To —zh € L, y € L. Cnenopareinsuo,
azg + L C axy+ L. C npyrodl cropoHsl, AJs 3JeMEHTA M3 NPABOLO
MHOXeCTBa aTq +y, y € L, umeem azy +y = {zf) = zo + 1, rze
Y1 € L} = a(zo+y1)+y = azotayi+y = azo+yz, raeya = ay1+y € L.
Cuenosatensro, azg + L C axg + L. Oba Broxenus nokasbisaior (67.4).

Taxum obpasom, npasuio (67.3) onpenenseT BHEIIHHHE 33KOH KOMIIO-
sumun Ha V|L (puc. 3).

Teopema 67.5. Muoscecneo V|L scez aunctinbiz mnoz006pa-
auil ¢ nanpasagowum nodnpocmpancmeom L ecmsb aunetinoe npocmpan-
CM60 omuocumebno 3axonos xomnosuyvy (67.2), (67.3).

HokxasatenbcrBo. CHpaBemIMBOCTE aKCMOM TPYIINBI CJOXKEHUS
BEITEKaeT K3 Toro, 4To V'|L — ¢akTop-rpynma. Bripouem, HenocpencTseH-
Hag IPOBEPKa 3THX aKCMOM TakK Xe IMPOCTa, KaK U IPOBEpPKa OCTAJbHBIX
aKCHOM JIMHEHHOTO IPOCTPAHCTBA, €6 Ml HPeJocTaBIseM YHTATENO. W

Jluneiinoe npocrpancTBo V|L naswiBaeTcs gaxmop-npocmpancmeom
auneinozo npocmpancmee V no nodnpocmpancmey L .

Teopema 67.6. Paxmop-npocmpancmeo V|L usomopgno L? .

NokasateabcTso. Ecau L = {0}, To L =V, V|L = V u, cae-
nosareabio, V|IL 2 L°. Ecmu L = V, 1o L8 = {8}, VIL = {6} n
VIL = {6}. Iycts 0 < dimL < dimV u L - xakoe-Hubyns Homoi-
HHTelbHOe nopmpocTpaHcTBo K L. CornacHo TeopeMe 67.4 B Kaxiom
MHOroobpasu¥ H = z + L cyuiecTByeT, ¥ IPATOM eXMHCTBEHHBIH, BEKTOP
z € L, taxuto H = z+L . Takum obpasom, V|L = {H = 2+L|z € L*}.
OTobpaxenne ¢ : L® — V|L, xoTopoe xaxnomy BekTopy z € Lf crasur
B COOTBETCTBHE JMHeHHOe adduHHOe MHOrOoOOpasue H = 2z + L € V|L,
BHEXTHBHO B CHJIy TeopeMbl 67.4, OHO coXpaHseT 3aKOHBI KOMIIO3HI{HH B
cuay (67.2), (67.3). Takum obpa3zom, @ — H3oMOphU3M. W

Caedcmeuve 2. dmV|L=dimV —dim L.



 [image: image16.png]I'nmapa XIII. EBKJIMOOBEI B yHHTApPHBIE
IPOCTPAHCTBA

Jluneimnle npocTpalcTBa, H3y9aBMMecs HAMM IO CHX IOP, HECMOTPS Ha abcTpakT-
HBEIA XapakTep, I10 CBOMM CBORCTBAM OY€HE OJA3KHA K TeOMETPHICCKAM OTPOCTPAHCTBAM.
OmHaxo B HEX €II¢ He HAlJM OTPaXeHue IOHATHY, CBA3aHHLIE C HAMEPDEHHAMHM, TaKHe,
xax QNJWHa BEKTOpa M yroJ MeXiy BekTopami. B §22 mul Buzesm, uTO 3TH BeaM-
YMHBI TECHO CBA3aHEl C MOHATHEM CKaJIApHOTo Ipou3BeNeHHd BexTopoB. OHM mpocTo
BEIPAXAIOTCHA Yepe3 CKaldpHoe NPOHM3BEJEHME, & CAMO CKaJipHOe NPOM3BEICHAE BEK-
TOPOB OKA3LIBAETCA IIPH >TOM BeChbMa MPOCTOM C TOYKHM IpeHus anrebpu dyHKIMenr:
OHO JIMHEAHO MO KaXJOW M3 ABYX IE€PEMEHHHIX. OTO JaeT OCHOBAHUE NpPH BBEICHHM
METPHYECKMX IOHATHM B TEOPMH AMHEHHEIX IPOCTPAHCTE OTTANKHBATHCA OT IOHATHA
CKAJAPHOTO NPOH3BENEHN .

B sToi rmaBe pacCMATPHBAIOTCA TOJIHKO BellleCTBeHHEBIe W KOMILIEXCHEIE IIDOCTDaH-

crBa. Vitak, V — nmAaeinoe npocTpancTso Haj nojeM P, roe P — mu6o R, m6o C.

§68. CkaJsapHoe npou3BeleHue

IlycTs V — BellleCTBEHHOE MJIM KOMILIEKCHOE JIMHERHOE NPOCTPAHCTBO.
Ortobpaxernue
(,): VxV-=P
Ha3LIBAETCA CKAAIPHbIM NPOUuI6edentieMm, eCllM OHO YIOBJETBOPAET CleNy-
IOHIMM aKCHOMaM: AJid JobhX z,y,z € V ¥ soboro o € P

1) (z,9) = (v,2);
2) (oz,y) =c(z,y); .
3) (z+y,2)=(2,2) + (¥ 2); (68.1)
4) (z,z) > 0 mas moboro z €V,
(z,z) = 0 Torna u ToabKO TOrnAa, Korna z = 6.

Yucio (z,y) Ha3BIBAETCS CXGALPHBIM NPOUIGEENUEM BEXKMOPOS T U
Y, akCHOMBI 1 — 4 Ha3BIBAIOTCA GKCUOMBMU CKAAIPHOZO NPou3sedenud.

Jameuvanue 1. B BelllecTBeHHOM cilyuae 4epTa B NEPBOH aKCHOME
MoXeT ObITh ONyIleHa. }

Jamevanue 2. Axcuoma 4 B KOMIJIEKCHOM cJjaydae Ha mep-
BEIH B3I KaXeTcd apafoKCaJbHOM, Tak KakK Ajf KOMILIEKCHBIX YHCel
3Hax He onpenened. ONHAKO U3 NEPBOH AKCUOMBI CJIEAYET, YTO CKAJIIPHBIA
KBaapat (Z,z) ecTh BelleCTBEHHOE YHCJIO.

BemecTBenHOe JIMHEHHOE IPOCTPAHCTBO CO CKAJASPHLIM IIPOU3BE/IEHH-
€M Ha3hIBAETCA e6KAuJ06bIM NPOCMPAHCME0M, 3 KOMILIEKCHOE — YHUMAP-
noim. O603pavenue: £ u U cooTBEeTCTBEHHO.

TIpumepni. 1. B reomerpuyeckux npocrpancrpax Vo, rnen =1,2,3,
6bLIIO BBENEHO CKajlspHOe TMpousBeldeHHe (22.1) Ha OCHOBaHMHM METDHKH,




[image: image17.png]HMeIoLIeHcs Ha NpsAMOM, Ha IJIOCKOCTH M B npoctpadcTee. OHO yro-
BJETBOPAET BCEM aKCHOMaM CKaJIsPHOTO NIpoM3BeneHus (Teopema 22.2) u
CJIEOBATEJNbHO, ABISETCS CKAJIPHBIM NPOU3BENEHHEM M B NPHHATOM BBI-
e cMbicie. AKCHOMATHYECKOe OIpeielieHMe CKAJISPHOTO NPOH3BeNcHUs
FOBOPHT O TOM, UTO FeoMeTpHYeckoe Npasuio (22.1) He sBiaseTcs enun-
CTBEHHBIM CKaJspHLIM MPOU3BENECHHEM B IpOCTpaHcTBax Vy,, n =1,2,3.

2. B apudmernueckoM mpocrpancTsBe R" cxanspHoe HMpou3sBeleHHe
BEKTOPOB = (Z1,...,%n), ¥ = (¥1,. .-, Yn) MOXET BBITH BBENEHO CJELY-
omHuM obpasoM:

(2,9) = =imi, (68.2)

a B apudmMeTHdeckoM npocTpancTee C" —
n
(z.9)=) =% (68.3)
=1

Hns (68.2), (68.3) axcuombr (68.1) serko mpoBepsIOTCA HEMOCpeX-
CTBEHHO.

3. B pynkunonanbnom npocrpanctse C[0, 1] ckansproe npoussenenne
dynxuuit f(z) u g(z) MoxeT 6bITH 3aKaHO Tak:

(f,9) = / f(2)g(=)dz (68.4)

CnpasensmpocTs akcoM (68.1) BbITeKaeT H3 CBOMCTB ONpeeeHHOTO HH-
TerpaJa [7].

Hrax, onepamnuu (68.2)-(68.4) onpenesiens: KOppexTHO M MPEBPAILAIOT
npoctpancrea V,, R" | CJ[0,1] B eBkaunoBel npocTpaHcTBa, a IpOCTpaH-
crBo C" - B yHuTapHoe.

U3 onpenenenys CKaJdipHOro NpPOM3BENEHHS BEITEKAIOT CJELYIOIIHeE
npocmedwue c6otcmea 3TOH oEPanuy.

1°. (2,y+ 2) = (z,9) + (,2), Vz, 9,2 € E (V).

2°. (z,az) = &(z,y), Vz,y € E (U), Va € R (cooTsercrrenno C).

3. (6,z) =(z,0)=0,V¥z € E (V).

4°. (z,y) = 0 nas mo6oro sekTopa y € E (U) Torna u Toabko Toraa,
Korna z = #.

5°. Jli6oe nonnpocTpancTeo L eBKInmoBa (ynuTapHoro) npocTpan-
CTBa SBJSETCH EBKJINIOBLIM (COOTBETCTBEHHO YHHTAPHEIM) MPOCTPAHCT-
BOM. .

OrMmeTum, YTO CKanApHOE IPOM3BeNeHHe (X, §) BEKTOPOB T , y JHHEHHO
1O IepBOMY apIyMEHTY, a B €BKJMIOBOM NPOCTPAHCTBE — JHMHEMHO IO
oboum aprymenTam (cBojicTea 1°,2°).



 [image: image18.png]Teopema 68.1. Jag ar0bviz sexmopos z,y € E (U) umeem

MECTO HEpaBEHCmBO
(z, y)1* < (=,2)(v,9) (68.5)

uat, 8 dpyeoi opme,

(z,2) (2.4)
02 (o) |2

Hoka3zaTeancTBo. BymeMm cuuTaTh, uto ¢ # 0 (nasa ¢ = 0 Hepa-
pencTBo (68.5), oueBnmHO, obpamaeTcs B paBeHcTBO). [las MOObIX Bek-
topos z,y € E (U) 1 moboro uucna a € R (C), coraacuo (68.1) u cBoii-
ctBaM 1°—4° , umeeM

0< (ez —y,az —y) = (ez,az) ~ (az,y) — (¥, @2) + (¥, y) =
= |a|X(z, z) — a(z,y) — a(y,z) + (v, 9) - (68.6)

Tak kax ¢ # 0, 1o (z,z) # 0. Bosbmem a = (y,z)/(z,z). Torna

2
ws (68.6) wmeem 0 < M(z’z)_ (v.2)(=,9) _ (=9)2) ),
(2,2 CORENCE)
OTKy/ia NOCJe OUeBHIHEIX Npeobpa3soBanuil noayuum (68.5). m
HepapencTso (68.5) Ha3eiBaeTcs nepasencmeom Kowu-bynaxoscrozo.

Bamenvanune 3. B eBKIMAOBOM NpOCTPAHCTBE HepaBeHCTBO Kommi—

ByHSAKOBCKOTO MOXeT 6uITh 3amucato B Buze (z,y)* < (z,2)(y,y)-

Teopema 68.2. Hepasencmso Kowu-Bynaxoscxozo obpauje-
emcd 6 pasencmso mozda u MoabKo Mmozda, K02da 6EXMOPL T U Y KO4-
AUREAPHDBL.

INoka3aTeabCcTBO 3TOH TEOpPeMbl PakKTHUECKH CONEPXHTCH B HO-
xasaTeabcTBe TeopeMu 68.1. IleiicTurensro, eciu z = 0, To z = 0y.
Ecau z # 8, To HepaBencTBo (68.6) obpamaeTcs B paBeHCTBO TOTAa K
TOJIBKO TOrAa, Korpa 0 = (az — y,az —y), T.e. korray = az . W

§69. OcHoBHBIe MeTpHYeCKHE MOHATHA

B eBKIMZOBOM M YHHTAPHOM NPOCTPAaHCTBAX 04unod BEKTOPa T Ha3bl-
BaeTcd apH(pMeTHYECKOe 3HaueHHe KBaIPaTHOTO KODHS U3 €0 CKaJliPHOTO
xBanpaTa. O603nauenue: |z]. Urak, |z} = /(z, ).

M3 akcHOM CKaJISpHOTO NMPOW3BENeHHs BHITEKAOT clenyiouue HakThr.

1°. JTwo6oit BeKTOP £ €BKJIMIOBA (M YHHTAPHOIO) MPOCTPaHCTBA UMeeT
pauHy, npu 3Tom || > 0, V2 € E (U) n |z|=0&z=0.

2°. |az| = |a)jz|, Yz € E (U), Ya € R (coorBercTrenno C).

B HOBO# TepMHHOJOrMH HepaBeHcTBO Komm-ByHskoBckOro MoXeT
6LITH 3allACAHO CJAeNyIOIIMM obpa3oM:

I(z, )| < lz|- |yl (69.1)



 [image: image19.png]BexTop enMHUYHOR HIMHLI HA3LIBAETCS NOPMUPOSAHHbIM. J[1060H He-
HyJIeBOH BEKTOD MOJKHO HOPMHPOBATh, HONEJHMB €ro Ha €ro NJUHY.
Teopema 69.1. B esxaudosom (ynwumapnom) npocmpancmse
0ad 4106bIT 6EKMOPOB T, Y UMEINT MECTLO HEPAEEHCTNEG

llz] = lyll < =+ y| < |z + |y]. (69.2)

IokxasaTeabcTBo. Hmeem |z +y|> = (z +y,z+y) = (z,z) +
(z,y) + (y,2) + (¥, ¥) . [IpuMeHUB K >TOA CyMMe YHCJOBELIE HEPABEHCTBA
TPeyroJbHAKA (KOTOPHIE HMEIOT MECTO KaK JJIs BELECTBEHHBIX, TaK U JIg
KOMILIEKCHBIX YHceld), ¢ ydeToM HepaBeHcTBa (69.1) nomyunm, 4To

lz +yl? < 2 + 2lz] - |yl + |yl* = (J=l + |y])?,
|z + 9 > |2? — 2lz] - |yl + |y]* = (|=] - ly])?.

Orcona caenyer (69.2). m

HepaBerncTBa (69.2) Ha3LIBAIOTCA HEPABEHCMEEMU TMPEY20ILNUKE 6
esxaudosom (ynumapnom) npocmpancmee.

B eBk/IMIOBOM NPOCTPAHCTBE Y240M MEXIY HEHYJEBLIMH BEKTODAME
z # y HaswBaeTcd yroa ¢, 0 < ¢ < 71, AJIg KOTOPOro

_ (=y)
cosp = ERR (69.3)

KoppexTHocTh onpenmenenus cienyer U3 HepaBeHcTBa Komm-Byns-
koBckoro (69.1).

B yHuTapHOM IpOCTpaHCTBE HOHATHE yrila MEX1Y BEKTOpaMH He onpeaeneno. On-
HaxO H B €BKJAIOBOM M B YHHTAPHOM IPOCTPAHCTBE MOXHO BBECTH 060611IeHMe IOH XAl
IPAMOTO yrja.

8§70. OpToroHajibHBIE BEKTOPHI

HIpa BexTopa =,y € E (U) Ha3biBaloTCI 0PmMO20KAAbHOIMU, €CIH
(z,y) = 0. M3 cpoitcTBa 4° ckauspHoro npoussenenus (§68) crenyer,
4TO HyJIeBO! BeKTOp &, B TOJBKO HYJeBOH, OPTOroHaJjeH JIOOOMY BEKTODY |
OpPOCTPAHCTBA.

B esxumnoBom mpocTpancTse BaeacTsre (69.3) opTOroHaJILHOCTH BEKTOPOB T B Y
O3HaYaeT, YTO JUGO ONMH U3 HAX HyneBoH, 60 yros MeXAy HUMM paBeH 7 /2. ;

CucteMa BeKTOpPOB Z1,...,Tx € E (U) HaseiBaeTcd opmozongabrot

cucmemoil, ecau :
(zi,2;)=0 npm i#£j. (70.1)

Cucrema BeXTOPOB Z1, .. .,z € E (U) Ha3biBaeTcs 0pmonopmupos an-
%ol cucmenmot, eciu (z;, z;) = 6, rae &;; — camBon Kponekepa, T.e.

{1, =i, |
5,-,-_{ 0 iz (70.2)



 [image: image20.png]Teopema 70.1. Opmo20nasbhad CUCTEME HERYAEGHIT 6EKMO-
PO6 AUNEUHO HEIAEUCUMA.

OoxazaTenbcTBo. llycTh zy,...,2¢ € E (U) — oprorosaisHas
CHCTEMa HEHYJEBHIX BEKTOPOB. Y MHOXas obe YacTH PaBEHCTBA
oa1Z1+ ...t aizi+ ... topz =6 (70.3)

CKaJIIpHO Ha Z; , noaydaem B cuay (70.1)
a,-(z.-, 27,') =0 y i= 1_,77 (704)

Ilo ycnosuo z; # 8, snaumt, (zi,2;) # 0, u B caay (70.4) Bce ko3~
(uLMeHTHl JUHeHHON koMbuHanuy B (70.3) paBusl Hymo. CiegoBaTelbHO,
BEKTOPHI PaCCMaTPUBAEMON CHCTEMBI JHHERHO HE3aBUCHMEL. W

Curedcmeue 1. Opmonopmuposanned cucmema 8EXMOPO6 Aunelno
HEIAEUCUMA.

Caedcmsune 2. Bn-mepnon esxaudosos (ynumapnom) npocmpan-
cmee 410624 OPMOHOPMUPOSAHRAE CUCTREMG U3 T 6EXMOP0o68 obpasyem
6a3uc.

Basuc, BEKTOpLI KOTOPOro obpa3yioT OpPTOHOPMHPOBAHHYIO CHCTEMY,
HA3BIBAETCE 0PMONOPMUPOBANKbIM Ga3ucom. B coorsercrsum ¢ (70.2)
ei1,..., €, — OpToHOpMHpoBaHHbI# 6asuc E (U), ecan

@e={ & 173 (70.5)

Teopema 70.2. B esxaudoson (ynumapnosm) npocmpancmee
xoopdunamsi Zi,...,Tn 8exmopa T 6 Ga3uce € = (e1,...,en) 6bINUCAL-
10MCA N0 NPasULY L

zi = (z,e), i=1Ln, (70.6)
mozda v moabko moada, xKo2da e — OpMOKOPMUPOSannbIl Haduc.

IloxaszaTeabcTBo. HeobxonuMoc Th. IlycTh mas moboro Bex-
topa ¢ € E (U) koopamnaThl B 6a3uce e BHYMCIAIOTCH cordracho (70.6).
Toraa no >ToMy Xe NPaBHJY BEIYHCASIOTCS KOOPIHHATH U 6a3UCHEIX BEK-
TOpPOB, KOTOPHIE U3BECTHEI, TaK KaK

e =0e + ...+ 0ej—1 + le;+0eiy1 +...+0e,, i=1,n.
CpaBHeHMe KOOPAMHAT BEKTOPa €; ¢ npaBuioM (70.6) npuBonuT K Tpeby-
emuim pabencTBaMm (70.5).

HocTaTo4HOCTH., Ecaum e — OpTOHOPMHMDOBaHHHIH - Gasuc H
z= 2?21 zjej , TO CBOMCTBO JHHEHHOCTH CKaJAPHOTO NPOM3BENEHHUS C
yuerom (70.5) mpusonnt x (70.6). m

Teopema 70.3. B esxaudosom (ynumapuom) npocmpancmase
CKaAAPHOE NPOU3BEdeNUE BEXKMOPOS T = Y iy Ti€i, Y = Y .o Yiei, 30-
JaHnbIT CaoUMY Koopdunamamu 8 6a3uce €, 6bINUCASEMCH TLO NPGEUAY

(z,y) = Z iU (70.7)

i=1




[image: image21.png]moeda u moavko moada, xK02da € — GPMONOPMUPOSANHLIT 6a3UC. .,

HokaszaTenbcrBo. HeobxonumocTh. Ecau ckaasapHoe npouwi
BelleHHe BbIUMCIseTcs cornacho (70.7) nas mo6ol napkl BEKTOPOB, TO 3TO!
e BEPHO JLJIA Napbl 6a3UCHEIX BEKTOPOB €; H € , KOOPAKHATH KOTOPBIX
u3BecTHBl. [Ipumenun npapuio (70.7) 1Js BHIYMCIEHUS CKAJIPHOTO PO-i
M3BElleHAst BEKTOPOB ¢€; U €; , NoJNy4nuM Tpebyemele pasedcTBa (70.5).

HocTtarounoctTs. Ectn e — oproHopmupoBauublit 6a3zuc u ¢ =
E?=1 zie;, Yy = Z?=1 Yi€i, TO B CHJIy CBOHCTBA JIMHEMHOCTH CKAJISAPHOTO:
NPOU3BENEHUS HMeeM

n n n n n

(,y) = (2 ziei, 2o yjes) =3 Y zifjleiej) = ) oigi.

=1 Jj=1 i=1j=1 i=1
Jameuanue. B eBKIMIOBOM NPOCTPAHCTBE 4YepTa B PaBEeHCTBe,
n )
(70.7) moxer 6bIT onymena: (z,y) =) ., Tiyi .
Ho cmx n;)p Bce Gasuchl JIMHEMHOro NpOCTpaHcTBa Onlim pabHonpasHer. C no-f
MOIIBIO J06oro 6a3mca MOXHO CBOAMTE OLHEPALMH CJOXEHHUS BEKTOPOB M YMHOXKCHHS
BEKTOpa Ha YUCJIO K ollepamyaM Hajl 9IMCIaMH. B eBK/IMIOBOM M yHMTaPHOM IIPOCTpaH-
cTBax TeopeMa 70.3 OTBORMT OPTOHOPMMPOBAHHOMY 6a3MCy 0COBYIO POJIb: C IIOMOIIBIY.

Takoro §asuca ¥ TPeThA ONEPAIIHA —~ CKaJAPHOE IPOU3IBEAEHAE BEKTOPOB — CBOLMTCH K.
onepamMsM Hajx dMciamu. BosHMKaeT ecTeCTBeHHRI BOOpPOC, BCErAa JIM CYUIECTBYeT

OPTOHODMUPOBAHHEIR Ga3uc. :
Teopema 70.4. B xoneunomepnon e6xaudosom (ynumapnon):
NPOCMPAKCMEE CYUIECTNBYETR OPMOROPMUPOBANNDIL bajuc. .
HoxazaTeabcTro. llycts dimV = n. HcnonsayeM MHIyKIHMIO 1O |
n. Ilpu n = 1 yTBepXxIeHHe OYEBHIHO: JOCTATOYHO BIATH JIOGOR BEKTOP |
f # 8 u nonoxurs e; = f/|f]. i
HMycts B 1060M (n — 1)-MepHOM eBKAMAOBOM (YHUTAPHOM) IIPOCTPAaH- |
CTBE CYIECTBYET OPTOHOPMHPOBAHHBIH 6a3KC; IOKAXKEM, YTO OPTOHOPMH- |
POBaHHBIR 6a3suC CylleCTBYET U B n-MepHoM npocTpancTse E (U). Mycrs -
fi,-.., fa — 6asuc E (U). Jluneitnas obonouka L(f1,..., fao_1) aBaser-
st (n — 1)-MepHBIM IIPOCTPAHCTBOM, M B HEM N0 MHAYKTHBHOMY NPEL- |
TI0JIOXEHHIO CYLIECTBYeT OPTOHOPMHPOBaHHLIA 6asuc e, ...,en_1. Tak
Kak fn & L(fi,...,fa=1) = L(e1,...,en-1), TO BeKTOp gn = fn —
@j1€; — Q€3 — ...~ Qp_1€n_] OTJIHYEH OT HYJEBOTO BEKTOPA NPH JIO-
6rix a; € R(C). BrbepeM xosbdUUMERTH @, ¢ = 1, n— 1, B3 ycaoBus -
OPTOrOHAJILHOCTH BEKTOPA g, BCEM BEKTOPaM ey, ..., en—1: 0 = (gn, &) =
(for€i) —ai, i=1,n—1, aam a; = (fa,&), i = I,n—1. Toraa,
TIOJIOXHUB €n = gn/|gn|, MONYyYHUM OpTOHOpMHpPOBaHHKIH Ga3MC e1,. .., €y
npoctpauctsa £ (U). = ‘
Hpouecc oproronanmzaumu. dokaszaTenscTso Teopemsl 70.4, o
CYIIECTBY, NpPENCTaBAseT cOGOM aJrOpHTM MOCAENOBATENHHOTO MOCTPOE-
HUSL OPTOHOpPMMpPOBaHHOro 6a3uca mo 3agaHHoMy Gasucy fi,..., [ .
llepsviii wae. Tlonaras g; = fy , Haxonum e; = g1/g1].
k-i waz (k > 2). lonaraem

gr = fk — Q1€) — Q€3 — ...~ Of—-1€k—1, (708) .

rae o = (fi,e), i=1k—1, n naxonum ex = g /|gi|.



 [image: image22.png]Yepes n IIAroB NOJYYMM ODTOHOPDMHDOBaHHBIM 6asdc ep,...,en
npocTpancTBa. ONHUCAHHBIA AJrOPUTM Ha3BIBAETCA NPOYECCOM OPIMOZO-
naavdayuy I'pama—IlImudma ¥ cOCTOUT B ClenyOLIEM.

OproronannHas (yHuTapsas) marpuna. Marpuua U € C**"
Ha3bIBaeTCHd YRUMAPpHOY, eClIu

v =ufU =1, (70.9)
MaTpuua @ € R™*™ Ha3piBaeTCA 0pmMo20HabKoll, €CIH

RRT =QTQ=1. (70.10)

HanomuuM, 4To B §24 yXe paccMaTpPHBAJKACL OPTOrOHaJbHBIE MAaTPH-
LB B CBS3H C OPTOHOPMHPOBaHHBIM 6a3KCOM [EOMETPHYECKHMX = IPOCT-
paHCTB. B Npom3BoJLHOM eBKJIMAOBOM (YHHTAPHOM) MPOCTPAHCTBE HMEET
MeCTO TO Xe€ yTBepXKIeHHE.

Teopema 70.5. Mampuya opmozonaabna (ynumapna) mozda
u moabko mozda, xozda oxa Féagemcd mampuyel nepezode om 0dnozo
0PMONOPMUPOEARN020 6a3UCE K OPY2OMY OPTMOHOPMUPOSARKOMY 6aducy
e6%x41006a (Yynumapnozo) nPOCMPARCMEa.

Noka3zaTeaAbCcTBO MOBTOPSeT [OKa3aTelbCTBO TeopeMbl 24.1 ¢
yueToM coorHomeruit (70.5), (70.7), (70.9), (70.10). m

§71. Marpuna I'pama

Mampuyei I'pama cucmembs 6exmopos ay,...,0k €BKIHIOBA (yHH-
TapHOTO) MPOCTPAHCTBA HAa3bIBACTCA MATPHLA
(a1,81) (az,81) ... (ax,a1)
G(al,...,ak)z . (711)
(alxak) (a2)ak) .o (ak’ak)

OnpenenuTent MaTpunsl ['pama HaseiBaeTcs onpedeaumeren ['pana.
Teopema Tl.1. Cucmema sexmopos ay,...,ar €6K4ud06a
(ynumapnozo0) npocmpancmea aunelno 366ucuma Mmo2da ¥ MOLLKO MO-
2da, xo2da det G(ay,...,ax) =0.
HokasaTeidbcTBo. HeobxomuMocTs. IlycTh a1,...,ax — am-
HeilHO 3aBucUMas cucTeMa BekTopos. IlocienoBaTeabHO yMHOXAd HETPH-
BHAJBLHYIO JHHEAHYIO KOMOHHAIHIO

aray +...+agap =6 (71.2)
CKaJSPHO Ha BEKTOPHI Gy, ..., Gk , HOAYYHM ONHOPONHYIO CHCTEMY YPaB-
HEeHHH OTHOCHTEJbHO HEM3BECTHBIX Q, .. ., Ok:
ai(ay, )+ ... +ag(ak,a1) =0,
(71.3)

a,(al,ak)+ +ak(ak,ak):0



 [image: image23.png]¢ MaTpuned koshdunuentoB G(ai,...,ar). U3 cymecTBoBanMA HeTpu4§
BUAJILHOTO PELIEHHUs NOJYYEHHOH CHCTEMBbI YpaBHEHMI cienyeT (TeopeMa)
28.6), uro det G(ay,...,ax) = 0. ,

HDocratounocts. Ilycts det G(ay,...,ax) = 0. Torma cucremal
(71.3) MMeeT HeTpHBHMAJLHOE DEIleHHE a1, ..., k. Ilepenumem cucremy:
(71.3) B BHIE

N .
(Zi:l Q;a;, al) =0, ‘
(71.4),
E _ ,‘
Doiz1 @iai,ar ) = 0.
k N :
OTO O3HAYaeT, YTO BEKTOP § = y ;_; &id;, C ONHOM CTOPOHBI, IIPHHAL-
nexut L{ay,...,ax), a ¢ OPyroi cTOpOHHI, opToronaten L(a,, .. . aE) -
Cornacro akcuoMme 4 CKaJSPHOTO NPOM3BENEHUS BEKTOP § MOXET GBLITH
TONBKO HYJIEBBIM. 3HauYMT, 1JsS BEKTOPOB @j,..., Gy UMEET MECTO COOT-’
HomeHHde (71.2), oTKyna ¢ y4eToM HeTPHUBHAJIBHOCTH Habopa aj,..., 0%

ciedyeT JIMHEeHHAs 3aBUCAMOCTD Qy, ..., G . B
Marpuna A € C"*" nasuBaeTca apmuumosoti mampuyei, eciaun

i

AH = 4. (71.5)

matpuna A € R"*" nasbiBaetcs cummempuuecxoii (mam sewecmeennod
apmumo6ol) mampuyed, ecau ‘
333, AT = A, (71.6)

U3 (71.5) caenyer, uro |A| € R. Takum o6pa3oM, Ijs 5pMHTOBBIX
MaTpHI (KOMILIEKCHBIX ¥ BEIIECTBEHHBIX) MOXHO FOBOPHTH O 3HAKe Olpe-
IeTUTeNs.

Teopema 71.2. Mampuya I'pama cucmemvl 6exmopos esxau-
dosa (ynumapnuozo) npocmpancmea 3pmumosa.

Nokasareascrso. Ilycts G(ay,...,an) = G = (gi5). U3 (71.1)
cllenyet, 4To g;; = (aj,as), gji = (ai,a;j), T.e. gij = gj;. DTo O3Hauaer,
uyto G¥ = G nam, B BetmecTBenHOM ciyyae, GT =G. m

Teopema T1.3. Onpedeaumesv I'pama suneiino nesaeucumoii
CUCTEMBI 6EKTNOPO6 6 €6KAUIO60M (YHUMAPHOM) MPOCPANCMEE NOAO-
JHCUmesen.

HoxasatearscTBo. Ilycrs ay,...,a; — JHHEHAHO He3aBHCHMas CH-
CTeMa BEKTOPOB eBKJWAOBa npocTpancTBa. Torma dimL(ay,...,ar) =
k. BuiGepeM opTOHOpDMHpOBaHHLIR 6a3nc ey, ..., e JUHEHHON OBOIOIKH
L(ai,...,at). CocTaBuM MaTpHIy

ay; Qa2 ... OQ1k
A=1 ... ... .. ... ECka,
a1 Qg2 ... Ok
CTONOUAMH KOTOPO# SBASIOTCA KOOPAMUHATH BEKTOPOB @1, . ..,a; B 6a3u-

ce e = (ey,...,ex). Torna, coraacuo (70.7), (ai,a;5) = Zle Qsjlg; =



 [image: image24.png]Z}:_—_l ala,; = {AH A}, i= 1,k, j = 1, k. Cnenoparennuo,
G(ay,...,ar) = A¥A (71.7)
u det G(a1, . .., ax) = | det A|?>. Taxum obpa3om,
det G(a1,...,ax) > 0. (71.8)

[lo yCJIOBHIO CHCTEMA G, . . ., G JHHEHHO HE3ABUCAMA, IOITOMY, COTJIACHO
teopeme 71.1, det G(a1,...,ax) # 0. Orciona ¢ yuerom (71.8) cnenyer,
uro det G(ay,...,ax) > 0. ®
3amenanue. Papencrso (71.7) maeT KOMIOAKTHYIO GOpMY 3alUCH
MmaTpulbl ['paMa, B 4aCTHOCTHM B BEIIECTBEHHOM Caydae
G(ay,...,ax) = ATA.

§72. OpToroHajepHOE NONOJIHEHHE

3apgaua o nepneaaukyaspe. llycts L — auHe#HOE NOXIPOCTPaH-
cTBo eBKammoBa (ymuraproro) mpocrpancrsa E (U). BexTop z Hasbl-
BAaeTCA OPMOZONGAbEbIM K Modnpocmpancmey L, eciw oH opTOroHaleH
mobomy BekTopy ¥y € L. O6o3Havenne:z L L.
Ouepunro, urto r L L(a1,...,a§) TOrma ¥ TOJLKO TOrAa, KOTIa
z L a;, i =1, k. CoBokynHocTb Becex BekTopoB z € E (U), opToronais-
HBIX TIONIPOCTPAHCTBY L , Ha3bIBAETCA OPMO2OKAALNbIM JOTOAHENUEM K
L.O6o3nauenne: L.
Teopema 72.1. Opmozonaivnoe Jdonoanenue x nodnpocmpan-
c6Y A6ATEMCA AUNEUNDIM LOINPOCTIPAHCTEOM.
NokxaszaTeabcTBo. Ilycrs yy,y2 € L, Toraa (y1,%) = (y2,2) =
0 mus do6oro BekTopa z € L. CxianeiBag 3TH pasencTBa, HOJIY YHM,
aro (yy +y2,2) = 0, Vo € L, T.e. 3 +y2 € L~. Ananoruyso eciu
(y,2) =0,Yz € L, 1o (ay,z) = 0, T.e. ay € L. OTciona Ha OcHOBaHMK
Teopemsl 18.1 caenyet, 4To L+ - auneiiHoe NOANMPOCTPAHCTBO. W
Teopema 72.2. Ecau L - auneiinoe nodnpocmpancmeo E(U),
mo

LeLt=E ({U). (72.1)

HoKa3aTeabcTBO. YTBepXIeHHe OUEBHIHO, ecliM L — TpUBHAJIb-
Hoe mommpocTpaHcTBo. IlycTh L — HeTpHBHAaJibHOE MOMMPOCTPAaHCTBO.
BosbMeM ey, . .., € — OPTOHOPMHPOBaHHBIA 6a3uc L, €k41,...,€n — OPTO-
HOPMHMpOBaHHBEIA ba3uc L1 . CucTeMa BEKTOPOB €1,...,€k, Ek41,-«-Cn
OpTOHOPMHMPOBaHa M, CJEJOBATENbHO, JIMHEHHO HE3aBHCHMA (Teope-
ma 70.1). THokaxeM, 4To oHa obpasyeT 6a3HC BCEro NpPOCTPaHCTBA E
(U). Mycts sT0 He Tak. Toraa cylecTByeT BEKTOp f mpocTpaHCTBa,




[image: image25.png]KOTODHI# He ABJSAETCs JHHEHHON XOMOMHanued ey, ..., e,. CHcTeMa Bek-
TOPOB €3, ...,6n, [ JUHEHHO He3aBUCHMMa, ¥ IpUMeHEHHe K Heil mpoliec-
€a OPTOrOHANM3aIlM¥ NPHBOIMUT K BEKTODY €541, KOTOPLI OPTOTOHAJEH
€1,..., €n W, 3HAUHT, eny; € LY. C npyroit cToponsl, e,y L LY | Tak
KaK €41 OPTOrOHAJEH €k 41, ..., €y . CJIEOOBATEIbHO, €n41 = §. OTciona
coracHO (70.8) BeITexaeT JMHEHHAS 3aBUCHMOCTE €1, ..., €,, f, 4TO IIpo-
TUBOPEUMT JOMmylIeHHIO. Takum o6pa3oM, cHCTeMa BEKTOPOB €1,...,€en
spasercss 6asucom E (U) u dimL + dim Lt = dim E (dimU). Tak xak
LN Lt = {6}, To cornacko Teopeme 66.2 moayuaem (72.1). m
Caedcmeue. Ecau L - auneiinoe nodnpocmparcmeo E (U), mo
dag aw0bozo eexmopa f € E (U) cywecmeyem, u npumom eduncmeennoe,
passoxncenue ’

edegeL, hLI¥

BexTop g B passioxenun (72.2) HasbIBaeTCa 0pmo2ona4brotl npoeKyu-
el sexmopa f na nodnpocmpancmeo L, a BekTOp h — opmozonaabhoi
cocmasamowet eexmopa f. |

3anauy pasnoxenus (72.2) BekTOpa Ha OPTOrOHAJBLHYIO MPOEKIHUIO M
OPTOTOHAJILHYIO COCTABJAIOUIYI0 HAa3MBAaOT 3adaued 0 nepnexduxy-
agpe. JTOT TEPMHUH 3aHMCTBOBaH M3 reomeTpuu. C pasinoxenuem (72.2)
reOMeTPHUYECKOrO BEKTOPa MBI yXkKe BCTpedauch (puc. 1): wTobwl moay-
YUTh 3TO DPa3JioXeHHe, NOCTATOYHO -OIYCTHTh NEPHEHIMKYJAApP M3 KOH-
una BexTopa f Ha maockocTh L. Hmes B By 3Ty aHalormio, opToro-
HAJBHYIO COCTaBldlomyio h B passoxennu (72.2) HaswBalOT nepnendu-
Kyagpom, onyujennbim 83 eexmopa f ma nodnpocmpancmso L, a cam
BeKTOp f — naxaonnod x nodnpocmpancmey L .

1
L h
0 >
! g
]
L 1
Puc. 1

AHanorua ¢ reoMeTpUYECKHMH BEKTOPaMH COCTOMT HE TOJLKO B Ha-
3BaHuH. OTMETHM HECKOJBKO TeX CBOHCTB COCTaBJIAIOIIAX ¢ # h B pas-
noxenuH (72.2), KOTOphie HMEIOT MECTO ¥ B FeOMETpHHM: Tak Kak |f|2 =
(9+h,g+h)=1(g,9)+ (h,h), To

If1? = lgI* + IAI?, (72.3)
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[locleHee HEPABEHCTBO CBAIETENLCTBYET O TOM, YTO JAuna neprenduxy-
14pa ne npesocTodum dsunbi waxaonnod. PapencTBo (72.3) HasbiBaeTcs
meopemoti Mudiazopa 8 esxaudosom (ynumaprom) npocmpancmee.

Pemenue 3agaum o nepuneHaukyaape. s teopemnl 72.2 caenyer,
4TO 33712494 O NePIeHAMKYJIsSpe UMeeT, ¥ IPHTOM eJMHCTBEHHOE, PEIICHHE.
YxaxeM OOMH U3 COCOOOB MOCTPOEHUS 3TOIO PELIEHHS,

Mycts L = L(a1,...,a;). Pasnoxenue (72.2) paBHOCHIBHO 3anade
[I0CTPOEHHS BEKTOPOB g M h TaKHX, 4TO

f=g+h, g:z_?:lzjaj’ (f_g)ka'l'):oai:ﬂ’
QEL, Aid f_gllﬁ « g:ijlzja’j) -
hil h=f-g h=f-g
. —— k . —
(9,a:) = (fai), i =1,k (3j=17i0i,0) = (f,a:), i=1k,
k
SANEDIHRE I 9 9= =128,
h=f-g h=f-g
Hrak, 3anaua 0 nepleHAHKYJISIpe CBOMUTCS K NOUCKY YHCET Z1, .. ., Tk,

IJIS KOTOPBIX

k
O zjej,e) =(fa), i=1k. (72.4)

j=1 .
Cpangenne 3Tux cooTHoluenui ¢ (71.4) u (71.3) roBopHT 0 TOM, YTO YKCIA
T1,..., Tt SBIAIOTCH PelleHHEM CHCTEMBbI ypaBHEHMiH ¢ MaTpuuei ['pama
G(ai,...,ar) u npasoi yacteio (f,a;), i = 1,k. OTa cucrema Bcerna

HMeeT pelIeHUe, TaK KaK OHa PaBHOCHJIBHA 3ajade O NEPIEHINKYJIIDE.
OTMeTHEM BO3MOXHEIE IIPH 2TOM BAPMAHTH. ’

1°. Ecm ai,...,ax — OproHOpMHpoBaHHH#A Gasuc L, To G(ai,...,ax) = I u

cuctema (72.4) ¥MeeT eIMHCTBEHHOE DELIEHHE T; = (f,ai), 1 = 1,k, mpu aToM g =
k

i, Tieih=f—g.

2°. Ecum ai,...,a; JMHe#EHO Heszapucumul, To detG(ai,...,ax) # 0 u cucTema

- k

(72.4) mMeeT enmncTBEHHOE Perenme; pelms cucteMy (72.4), Haitnem g = zi=1 ria; ,
h=f-g. .

3°, Ecnm ay,...,ax JuHeiHO 3aBucHMul, To det G(ai,...,ax) = 0 u cucrema
(72.4) mMeeT 6€CKOHETHO MHOTIO PEIIEHNI, KOTOPHE COOTBETCTBYIOT GECKOHEUHOMY U~
CIy Pa3JIoXeHMHA BEKTOpa g N0 JMHEHHO 3JaBUCHMOA CHCTEME BEKTOPOB Q1. -., Gk -

§73. JIuneitHoe MHorooGpa3ue
B eBKJMOO0BOM (YHHTApHOM) NPOCTPaHCTBe

Ilycts H = zg + L - nuneiinoe MHOroO6pasue B eBKJIUIOBOM (yumn-
TapHoM) npoctpatcTBe. BekTop n € H , opToroHajbHbii L, HasbiBaeTcd
HODMAALHLIM 6EKMOPOM Aunetinozo Muozoobpasug H (puc. 1).
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Puc. 1

Teopema 73.1. [lag 4106020 aunednozo mnozoobpa3ud 6 c6-
x4ud080M (YHUMAPROM) NPOCTIPARCMEE CYUfECTRBYE, U NPUTMOM €OUN-
cmeennbil, HopMasbHbIL eexmop.

HoxasateabcTBo. PaccMoTpum iuneiiHoe MHOorooGpasuwe H
zo + L (puc. 1). Bce BexTopel 3 H , opToronajibHele L, HaXonaTcd B
H N LY, wo nepecevenwe H N LY cocTouT poBHO M3 OMHOrO BEKTOpa 7,
Tak kKak L' - pmomommuTennnoe mommpocTpanctso K L (Teopemer 72.2 u
67.4). OToT BekTOp N M OymeT eIMHCTBEHHHIM HOPMAJbLHLIM BEKTOPOM
H. =

Teopema 73.2. Hopmasvubid 6exmop auneino2o muozoobpa-
3ug cosnadaem ¢ nepnenduKYLIPOM, ONYWEKRHLIM U3 4106020 Gexmopa
AuUNEUN020 MHO02006Pa3UT HE HANPAGATIOUWEE NOONPOCTPARCMEO.

HokxaszareabctBo. IlycThb n — HOpMalbHBIA BEKTOp JIMHEHHOTO
MHoroobpasus H = zo + L, Torna H = n + L (§18). CuaenoBarensHo,
mo6oit BekTop f € H (puc. 1) MoxeT 6bITh NpelCcTaBIeH B BAAE

f=n+yg, ge€lL. (73.1)

Tax xax n L L, To coorromenue (73.1) coBnafaeT ¢ pa3joXeHHEM BeK-
Topa f Ha OPTOrOHANBHYIO NPOEKIMIO ¢ ¥ NEPHEHANKYJIAp n. B

Caedcmeue. Cpedu 6cez sexmopos. aunetdnozo mno2006pa3ug nop-
MAALHLIY B6EXTNOD UMECETN HAUMENLUWLYID OAUNY.

YpasueHue runepmiaockoctu. Ilycts H = zg + L- THIIEPILIOC-
xoctb B E (U), Te. dimL=n~1,rne n = dimE (dimU). Torga L+ -
OIHOMePHOE NOAIIPOCTPaHCTBO U €ro 6a3MC COCTOUT U3 OXHOTO BEKTOPA 7.

BexTop z € H Torza m TOJBKO TOrNa, KOrla pPasHOCTL & — g € L,
T.e. Korga

(z —zo,n)=0. ' (73.2)

Takum obpasom, ypaBHeHHIO (73.2) yHOBIEeTBOPSIOT BCE BEKTOPHI I
runepniaockocTu H , ¥ Tojbko oHu. YpaBHenue (73.2) moxeT GEITH 3amu-
CaHO B paBHOCHJbHOU dopMme:

(z,n)=p, (73.3)



   [image: image28.png]roe p = (2o, n) — GUKCHPOBAHHOE YHCIO MJIA NAHHOW UMEPIIOCKOCTH.

Y paBHEHHIO ( 73.3) MOXHO IPHMAATHE KOOPDAHMHATHYIO GoOpMYy: ecau (11, vee ,.'cn) b4
(A1,...,An) — KOOPIMHATEl BEKTOPOB £ ¥ N B HEKOTOPOM OPTOHOPMMPOBAHHOM Gasuce
IPOCTPAHCTBa, To ypaBHeHue (73.3) paBHOCHIBLHO ypaBHeHMIO A1Z1 + ...+ AnZn = p,
KOTOPO€ B r€OMETPHYECKHMX IPOCTPAHCTBAX COBHNAMAET C OOIIMM ypaBHEHMEM IIPAMOR
Ha MJOCKOCTH M NJIOCKOCTH B IPOCTPAHCTBE,

§74. PaccTosHue B eBKIHUAOBOM (YHHTApHOM)
IPOCTPaHCTBE

MHoxecTBO M HA3bIBAETCH MEMPURECKLM NPOCTNPANCILEOM , ECIIH 38~

JlaHO oToDpakeHue
p: MxM-R,

KOTOPOE KaXIOo# yNOpSNOYEHHOR Iape 3JIeMEHTOB L,y € M cTaBHT B co-
orBeTCTBHE YHCIO p(2,y) € R Takoe, uTO:

1) p(z,y) 20, Vz,ye M,

pz,y) =0 <= z=y;

2) p(z,y) = p(y,2), Vz,y€M;

3) p(z,2) < p(z,y) + p(y,2), Yz,y,2€ M.

Yucio p(z,y) HasbIBaeTCA PAcCMognuesm meXcdy T u Yy ; oTobpaxeHHe
p — mempuxot, akcuombl 1-3 — axcuomams mempuxu (paccmognus).

Paccmognuem meancdy muoxcecméamy X U Y B METPHYECKOM NPOCT-
paHCTBe Ha3blBaeTCAd YUCHO

pXY) = iof e(zy). (74.1)

Teopema 74.1. B esxaudosom (ynumapnom) npocmpancmee

V npasuao
p(z,y) =z —yl (74.2)

3adaem mempuxy.

HokaszaTteabcTBo. [eiicrBuTensHo, npaBuio (74.2) onpeneiseT
orobpaxenne p : V x V — R, KoTopoe oTBedaeT BceM aKCHOMaM
meTpuku. [IpoBepka aKCHOM TpHUBHAJbHA, OTMETHM JHMIIL ONHY M3 HHX:
plz,2) =z =z = |(z—y)+(y—2)| < |z —yl+y— 2| = p(z, y) + (v, 2),
Ve,y,2€ V. m

Hrak, eBKIMIOBO (yHMTAapHOE) IPOCTPAHCTBO ABJIAETCA METPHUYECKMM
NPOCTPAHCTBOM OTHOCHTENbHO MeTpHKE (74.2). B naabheiureM, roops
06 eBKJIMAOBOM (YHHTApHOM) MPOCTPAHCTBE KaK O MeTpHYecKoM, Oynem
UMETh B BUAY UMEHHO 3TY METPHKY.

Teopema 74.2 (o xparuaiiem paccroguuu). Paccmognue
meoncdy sexmopom f u  aunelinbim nodnpocmpancmeom L 6 esxandosom
(ynwumapnom) npocmpancmee paeKo Jaune nepnenduKyiqpa, onyuseRKo-
20 u3 gexmopa f na L.

HokaszaTeabcTso. lyct f=g+h,rneg€ L, he L+ uy-
npousBobHbli BekTop M3 L. Torna p(f,y) = |f —yl =g+ h) -yl =



[image: image29.png]lh+ (g —y)l = {Bcuay (72.3) } = |h|2+ |g ~ y|? . Otcrona caenyer, uro,
p(f.y) > |hl, Yy € L u p(f,y) = |h|, ecim y = g. Oro osHauaer, uto:
|h| = mf fo(fiy)=o(f,L). ;

3Ta TeopeMa MoxeT ObITh chOpMYyNHpPOBaHa H B APYTHX TePMHHaAX, a
HMEHHO!

1) paccmoanue mexncdy sexmopom f u nodnpocmpancmeom L paeno
paccmognuic medxcdy eexmopom [ u ezo opmozonasbhol npoexyuet ua
L; .

2) cpedu scer sexmopos nodnpocmpancmss L bauxce 6cezo x sex-
mopy [ pacnoaoxcena ezo opmozonasbnad npoexyud na L. ;
Teopema 74.3. fHycmv H = zo + L - auneiinoe a_(ﬁ_(ﬁunnoc
Mnuozoobpasue 6 eexaudosom (ynumapnom) npocmpancmee. Tozda

p(f1H —p(f_x()’ )

OTo yTBepXIeHHe ClelyeT U3 TeopeMul 74.2 ¥ Toro, 4To AJg JI060TO
BexTOpa 2 = Zo+y € H: p(f,2) = |f — 2| = [(f —z0) — yl = p(f — 20, 9),
rrey€ L. m ;

Teopema T4.4. flycmv Hy =z, + L) v Hy = 25+ Ly - aunedi-
noie afPunnvie mnozoobpasus 8 esxaudosom (ynumapnom) npocmpan-;
cmee. Tozda :

p(Hy, H3) = p(z1 — 73, L1 + Ly).

OTo yTBepXaeHHe CIeAyeT M3 TOTO, YTO IJA JIOGHIX BEKTOPOB z;
zy+y1 € Hy wza =9+ y2 € Hay: P(Zl,zz) = |21 — 22| = |(z1 — z2)
(nm-y)l=pzi-2z2,y)rrey=y1 —y2 € (L1 + Ly). m

§75. H3omerpus

EBxannoBrr npoctpancTsa £ u Ey HasblBaloTed udomopPubimu, ecin)
cymecTBYeT GuekTHBHOe oToGpaxenue ¢ : E) — FE5 , xoTopoe coxpanse
3aKOHBI KOMIIO3KIIHA K CKaJApHOE POM3BElcHHE, T.€. €CJIH:

1) p(z +y) = p(z) + o(y), Vz,y€ Ey;

2) p(az) = ap(z), Vz € E,,VaeR;

3) (p(z),9(¥)) = (=,¥), Vz,y€ Ei. ;

Camo oTobpaxeHHe @ NIpH TOM Ha3bIBAETCS U30MOPPUIMOM €6KAU-|
dosbiz npocmpancms KK udomempuei.

To4HO Tax e onpeneaseTcd MIOMODDUIM YHHTAPHBLIX [POCTPAHCT
Uy u Us (c oueBuanbIM oTamymeM B cBoiicTBe 2: o € C). U3 onpegene
HUS CIIENYET, YTO HIOMOPOHEIE EBKIMAOBbI (yuuTapHbie) IPOCTPaHCTBA,
H30OMOP(HEI KaK JHHEHHbIE IPOCTPAHCTBA. 3

Teopema 75.1. fea eexaudosviz (ynumapusiz) npocmpancmea §
u3omopPuvt mozda u moabko mozdae, xo2da PaGKLI UT pasMepHoOCIU. |

HoxaszaTtenscTro. Heobx0mnMOCTh BHTEKaET U3 H30MOPDH3-
M2 eBKJMIOBHIX (YHHTApPHBIX) IPOCTPAHCTB KaK JHHEHHLIX IIPOCTPAHCTB. |



[image: image30.png]HJocrtaTounocTs. llycrs Vi 1 Vo — ofa eBkaunosel (06a yuurap-
yple) npocTpanctsa i nycts dimV; = dimV, = n. Bribepem B V) u Vs
OpTOHOPMMpPOBAHHEIE BA3KUCHL €1, ..., €, H €}, ..., €l ¥ NOCTPOEM OTOGpa-
wenue @ : Vi — Vi, MOJNOXUB AJAA KaX[IOro BEKTOpa & = E?=1 zie; € V1
pekTop @(z) = Y i, zie,. U3 mokasareascTsa Teopemm 63.1 caenyer,
4yTO OTOBpaXKeHWe ¢ — H3OMOP(U3IM JMHEHHHIX mpocTpaHcTB Vi u Va.
OHO COXpaHseT CKaJspHOe MPOU3BENCHHE, TaK KakK €Cld & = Y ., Ti€i,
y =Y iy Yi€,, To coraacso (70.7)

(z,9) =X oG, (p(2),e(¥)) =L, =% =




[image: image31.png]I'maBa XIV. JInHeRHBIE onepaTophI

B >Tolf raaBe paccMaTpHBalOTCS OTOGpaKeHHs (§8), xoTopnie meii-
CTBYIOT B JIMHEHHBIX IpocTpaHcTBax. OTo6paXeHHs B OTJIMYME OT MaT-
pun 6ynem 0603Ha4aTh PYKONMCHBIME JIATHHCKMMH GyKBamu (Hampumep,
A), obpa3s BexTOpa z — cUMBOJIOM Az .

§76. Ompenesenne U npocTeiiline CBOMCTBA

IMlycre V u W - nuuelinbie npocTpaHCTBa Han obmmuM mojem P .
OTobpaxenue

A:Vow (76.1)

Ha3LIBACTCS AUNEUNbIM Omobpadcenuem npocmpancmea V 6 npocmpan-
cmeo W, ecam nasg mobeix z,y €V, a € P

1) A(z + y) = Az + Ay;

2) A(az) = aAz .

JIuneiinoe oTobpaxennue (76.1) Ha3BIBAIOT Takxe Auneinbim npeobpa-
306anuem npocmpancmea V 6 npocmpancmeo W uiu  auneinvim  one-
pamopox, deidcmeyloujum u3 npocmpancmea V 8 npocmpancmeo W .

Eciu V = W, o auueitnoe orobpaxenue A : V — V HasbBalOT 4u-
netinvim omobpaxcenuem (npeobpasosanvem) npocmpancmea V 6 ceba,
a Jallle — sunelinbin onepamopom, dedcmeyrouum s V .

Ecmu W = P, To nureiinoe oTobpaxenne (76.1) Ha3wIBaIOT Aunetinod
Popmoti unu auneinvin Pynxyuonasom 6 npocmpancmee V . Jlunednbi
(YHKIMOHAI 0603HAYAIOT CTPOUHEIMHU JaTHHCKHMY 6ykBamu (HanpuMep,
f), npu >ToM 06pa3s BekTopa T — cumsonoM f(z).

MHoXecTBO Beex JIMHEAHBIX ONEPATOPOB, AEACTBYIOMHMX H3 IPOCTPAH-
crBa V B npoctparcTso W, Gynem o6ossadars cumsosom L(V, wy.

B cooTBeTcTBUH C onpeneseHHeM paBeHCTBa O0TO6paxeHHI (88) ome-
paropet A, B € L(V, W) paBuel, eciu Az = Bz, Vz € V.

IIpumepsrr. 1. HycTs M,, - NPOCTPaHCTBO BellleCTBEHHBIX MHOFOUJIe-
HOB cTeneHM He Bbiwe n. OTobpaxenne D : M, — M, onpeneneHtoe

IIpaBHAJIOM
Dp(t) =p'(t), (76.2)

ABJIAETCA JMHEHHBIM M Ha3biBaeTca onepamopom duddepenyuposanus.
2. llyers V = Ly @ Ly . Otobpaxenne P : V — V, onpenefennoe
IPaBHJIOM

Pz = T (763)



 [image: image32.png]1014 BekTopa T € V ¢ pasjiokenumeM = = 1 + &2, The 1 € L1, 22 €
Ly, ABASETCH JUHEAHBLIM ¥ HAa3bIBAETCA ONEPAMOPOM NPOECKMUPOSGHUA
npocmpancmea V na Ly napaaseavno Ly .

Otobpaxenune R : V — V| onpenesleHHOE NPaBHIOM

\ Rz = ry — T2, (764)

TaKXe ABJAETCA JHHEHHBIM M HA3LIBAETCA ONEPATNOPOM OMPAACER UL NPO-
cmpancmea V omuocumeabno L1 napasseavuo Ly.

3. Orobpaxenne @ : V — W, koTopoe KaxAblii BeKTOp £ € V
nepeBoUT B HyJepoil BekTop § € W, aBNdeTcs JIMHEAHEIM M HA3LIBAETCH
HYLEBbIM ONEPATLOPOM.

4. Orobpaxenne I : V — V , xotopoe KaxXnblik BekTOop £ € V nepe-
BOLUT B &, ABJIAETCS JMHEAHLIM M HA3LIBaeTCA MOXNCOecmeennvin (edu-
HULHDIM) OTLEPGATLOPOM.

5. Usomopdusm ¢ auHenHbIx npoctpadcTs V u W, odueBunso, sasis-
eTCs NTMHENHBIM OnepaTopoM, neiicTByomumM 13 V B W.

IIpocrenmune cpodcTBa. M3 onpelefeHus BbITeKalOT CleNyIOHAe
CBOMCTBA JHHEHHLIX ONEPAaTOPOB.

1°. Junetinbit onepamop nepesodum nyaceot 6eKMop 6 HYAE601 6ex-
mop, Tak xax Af; = A(0z) = 0Az = 03 (3nech 01,02 — HyneBble BEKTOPEI
V 1 W coOTBETCTBEHHO).

2°,  Jlunetinvid onepamop corpandem auncinbdie Komunayuu, T.e.
IepPeBONUT JMHEHHYIO KOMOMHAIMIO BEKTOPOB B JHHEHHYIO KOMOMHAUMIO
06pa3oB ¢ TeMH Xe K03 PHIHeHTaMH: A(Ef=1 oizi) = Zfﬂ ajAz;.

3°. Jlunetinbiti onepamop corpangem AuNEUNYIO 3a6UCUMOCTDL, T.C.
IIEPEBONUT JIMHEMHO 3ABHCHMYIO CHCTEMY BEKTOPOB B JMHEAHO 3aBHCH-
MYIO. '

3ajxanue JuHeAHOTO OontepaTopa. CpoicTBO 2° TOBOPUT O TOM, YTO
115 3alaHus JuHeitHoro onepatopa A € L(V, W) nocTaTo4HO ONpeNenuThb
€ro TOJBKO Ha BEKTOpaxX €i, ..., ey HEKOTOPOro 6a3uca mpocTpaHcTBa V.
3nast BekTopH Aep, ..., Ae,, MOXHO OIHO3HAYHO HaiTu obpa3s aioboro
BEKTOpa T = Z?:l z;e; €V: Az = Z?:l z;Ae; € W. dopmanusyem 3T0
paccyXIeHHe.

Teopema 76.1. IIycmv ey,...,e, - 6a3uc npocmpancmea V,
@ g1,...,9n — NPOU36OALHBIE 6eXMOPb npocmpancmea W. Tozeda cywe-
cmeyem, u npumom eduncmeennvil, auneinbii onepamop A € L(V, W),
xomopbili nepesodum 6exmopbl €1,...,€n 6 6EKWOPLI gy, ..., gn COOM-
8eMCMEENNHO.

HDoxa3zateascTBo. locTpo
KaXJIOro BEKTOPa T = y iy Tie; € V

CKOMBIH OIlepaTop, MOJOXUB IJs

) A=Y me (76.5)

1=1

W3 equHCTBEHHOCTH Pa3ioXeHUs BeKTopa T no 6asucy caepyeT, YTO Ipa-
Buiio (76.5) onHoO3HAuHO ompejenseT ofpa3s BeKTOpa T, MpH 3TOM, Kak



 [image: image33.png]JeTKO NpOoBepUTh, Ae; = gi, i = 1, n. JIMHEAHOCTH NOCTPOEHHOTO ONepa-
TOpa BEHITEKAaET K3 JUHEHHOCTH KOOPAMHAT.
OnepaTop A eIMHCTBEH, TaK Kak eciau B — moboit npyro# JuHeAHbIA
onepaTop, nepeaonxmnn BeKTOpr €1y-+-3€n B g1,...,0n, TO
n

Bz = (Z z,e,) = Zz,Be, =3y rigi=Az, VzeV.
i=1 i=1

Cneuoaa’re.nbﬂo, B =A.n
Caedcmeue. Juueinvie onepamopvi A, B € L(V, W) pasunbi mozda
% moabxo mozda, xKozda onu cosnadawm ne éexmopaz 6a3uca V.

§77. Marpuna JuHelHHOro onepaTropa

Hyctb e = (e1,...,en) 1 f = (f1,.. ,fm) 6a3uckl NpocTpaHcTB V H
W. Kak cirenyer u3 Teopemul 76.1, nuneirnmit onepatop A € L(V, W)
OIHO3HAYHO olpefeiseTcd 3alanueM BekTopoB Aey,...,Ae,. B cBoio

o4epenn, BeKTOPH Ae; ;i = 1,n, ONHO3HAYHO ONPEAEATIOTCH CBOMMH KO-
opnuHaTamu B baszuce f, T.e. KoabdUIIMeHTaMH Pa3oXeHHI

Aey =anfi+anfo+.. +am1fma
Aeg = aiafi +asnfo+ ...+ amafm,

(77.1)
Aen = Glnfl + a2nf2 +.o amnfm :
Matpuna
a1 412 ... Gin
A = a1 G2 ... G2q (77.2)
Gmi Gm2 ... Gmn

Ha3elBaeTcs mampuyel onepamopa A 8 nape 6a3ucos e v f. as obo-
3HAYEHWUsl HTOM MAaTPHUBl HCIOIb3yeTcs Takxke CUMBOJ (A)re.

M3 eIMHCTBEHHOCTH Pa3JIOKEHHS BEKTOPa Mo Ba3uCy CIeAYET, YTO IPH
(ukcHpoBaHHBLIX 6azucax e M f MaTpHIa JHHEHHOIO ONepaTopa Olpele-
JieHa OJHO3HAYHO.

Teopema 77.1. IIyems dimV. = n, dimW = m. Toada
CYWECTROYET 63GUMNO 0ONOIHAUNOE COOMBEMCTIBUE MENHCOY AUNETHDIMY
onepamopamu u3 L(V, W) v mampuyamy uz P™*",

INoxasaTeabcrso. IlocTpouM »To coorBercTBHe. 3aduKcHpyeM
Gasucel e = (e1,...,en) ¥ f = (f1,..., fm) npocTpancTs V u W. Ilocra-
BMM B COOTBETCTBHE KaxIOMy JuHeiHOoMy onepatopy A € L(V,W) ero
maTpHuy Aj,. B nape 6asucos e u f. OueBunHo, uTOo MaTpHua Ay, € PX"
ompeesieHa onHo3HayHo. JlokaxeM GUEKTUBHOCTH NOCTPOEHHOIO TaKUM
obpa3oM oTobpaxeHus. lledcTBHTENLHO, OHO!

1) cioppekTHBHO, Tak Kak Jiobas MaTpuua B = (b;;) € P™*" ypuser-
¢ MaTpHLeh guHeitHOrO oneparopa w3 L(V, W), nepesoasmero BekTophi



 [image: image34.png]€j B BEKTOPHI Z.m=1 bijfi, i=1n (B cuny Teopemsnt 76.1 Takoit omnepaTop
CyuiecTByer);

2) MHBEKTHBHO, K60 PA3TMYHEIE ONEPATOPHI u3 L(V, W) ne coBnanaioT
Ha Ga3UCHBEIX BEKTOPaX M, 3HAUHT, MMEIOT Pa3Hble MaTPHULI. M

Hoxasannag Teopema HrpaeT BaXHYI POJIb B TEOPHH JHHEHHEIX omepaTopos. Ona
[IO3BOJIAET ONHMCHBATE CBOMCTBA JIMHEAHLIX OIIEPATOPOB YEPe3 M3BECTHHIA HaM anoapat
TeopuH MaTpmIl, B mansmeiimiem MEl yBRIMM, 9TO CBE3H MEXILY OIEPATOPAMMA B MaTp¥-
namu Gojiee TecHad, YeM B3aMMHO OXHO3IHAMHOE COOTBETCTBYE.

KoopaunaTal BekTOopa B ero obpasa. IlycTs A € L(V,W),en
f — 6asucer npoctpaucts V u W.
Teopema 77.2. Ecav y= Az, mo

Yr :,Afeze . (773)

Ooxasarenbctro. llycrb =Y 0L mie;, y =Y ie, ifi v Age =
(aij). YTBepx)nenne (77.3) paBHOCHIBHO COOTHOUICHHAM

y,-::Za.-,-xj, i:l,m. (77.4)
j=1

n

Hoxaxem ux. Umeem y = Az = A(Y7_, zje;) = 3 ;- zjAe; = {B cuny

(70} = Xioy 25 i aiifi = T7n (X, aijzj) fie s enwncrseno-
CTH Pa3lioXeHNs BekTopa y no Gasucy f ciaenyer (77.4). m

Marpune oneparopa B pasnuunmx Gasmcax. IycTs e u ¢ =
eC - nBa 6a3uca npocrpaHcTBa V ¢ mMaTpuuei nepexona C, a f u s =
fD - nBa 6a3uca npocrpancrBa W ¢ maTpuueit nepexoma D. OnsoMmy
U TOMYy Xe JuHeiHOMY omepaTopy A € L(V,W) B nape 6a3ucop ¢ u f
COOTBETCTBYeT MaTpHa Af,, a B mape 6a3ucos t ¥ s — MaTpHIa A,;.

Teopema 77.3. Mampuyw Ay, u A,; auneinozo onepamopa

A€ L(V,W) 6 pasauuntiz napaz 643ucos cedg3anvi cOOMHuOULEHUEM

Ay =D 'A4C. (77.5)

HokasaTennbcTBo. s npoussoibHoro BekTopa z € V u ero obpa-
3a y = Az B cuary (77.3) umeem

Yyr = Afeze v Yo = AnZe. (776)

B cBoto ouepens, cormacno (17.8), z, = Cz;, y; = Dy,. loncrasus
aTu cooTHomenus B (77.6), nonyuum, uro Dy, = A;.Cz; wnu DAz, =
AfeCzy. Tax Kak 3TO COOTHOIIEHHE HMEET MECTO MJA JOBHIX Z;, TO
DAs = Ap.C. B cHlly HeBHIDOXIEHHOCTH MAaTPHIEl TlepeXofa OTCIONA
crenyer (77.5). m

Caedcmeue 1. Mampuybt auneiinozo onepamopa 6 pa3Aunnoic na-
paz 6a3ucoe Ixeusasenmusi ( §16).




[image: image35.png]Caedcmeue 2. Pane mampuybi aunetino2o onepamopa He 3a8ucum
om swvibopa 6a3ucos.
HmeeT MecTo Bodee obiiee yTBEPXACHUE.

Teopema T77.4. [se mampuyns A u B nad noaes P oduna-
K06020 PA3MEPE M X N IKGUBAAERMNb Mo2da U Moabko mozda, Koz2da
ONU LBALWMCA MAMPUYaMu 0dno20 u 1ho20 e Aunelno20 onepamopa
A€ L(V,W), 2de V u W - auneiiusic npocmpancmeas nad nosem P
pasmMepRoCmeEl I 4 M COOMBEMCINEERNO.

Hoxa3zaTeabcTBo. HeobxonumocTh. llycrs A, B € P™*" »
B = D1 AC. PaccmoTpuM jobbie NuHeliHEe npocTpancTBa V u W Han
nosem P taxue, yto dimV = n, dimW = m. Bo3bMeM B mpocTpaHcTBe
V npoussoabHbli 6a3uc e, a B npocTpancTse W — 6asuc f. B cuiy B3aum-
HO ONIHO3HAYHOTO COOTBeTCTBHA Mexmy P™X™ u L(V, W) (teopema 77.1)
CyluecTByeT eqdHCTBeHHbIR onepatop A € L(V, W), koTopriit B nape 6a-
3ucoB e u f umeer matpuny A. Torna coraacuo (77.5) maTpuua B 6yner
MaTpHIEel 3Toro Xe onepatopa B nape Gasucos t = eC u s = fD.

HocTaToO4YHOCTH PAacCMOTpPEHa B TeopeMe 77.3. W

§78. JlunelHOe NPOCTPAHCTBO OIIEPAaTOPOB

Ha muoxectse L£(V,W) BBeleM onepanuu CIOXEHMs ONEPaTOPOB M
YMHOXEeHHS OllepaTopa Ha 4ucio a € P.

Cymmoti aunednviz onepamopos A, B € L(V, W) Ha3biBaeTca oTobpa-
wenue C : V — W, punonnsemoe no upasuiy Cz = Az + Bz, Vz € V.
O6o3nauenne: A+ B. Urax,

(A+B)z=Az+Bz, VzeV. (78.1)

ITpoussedenuem auneiinozo onepamopa A € L{V, W) na wucao a € P
HasblBaeTcs oTobpaxenue C : V — W, sumoansemoe no npasuiy Cr =
aAz,Vz€V. O6o3navenne: aAd. Urax,

(aA)z =aAz, VzeV.
Teopema 78.1. Jlag s106uiz onepamopos A, B € L(V,W) u wu-
caeax € P
A+BeL(V,W), aAeL(V,W).

Hoka3zaTeabcTBo. JledcTBUTeNbHO, Aas JOGHIX T,y € V coriac-
Ho (78.1) umeeM (A + B)(z +y) = A(z +y) + B(z + y). B cuny au-
weitnocTh A, B u akcuom smpeitnoro nmpoctpanctBa (A + B)(z + y) =
(Az + Ay) + (Bz + By) = (Az + Bz) + (Ay + By) = (A+B)z + (A+ B)y.

Ananornuno nokassiaetcs, 4To (A + B)(Az) = A((A + B)z) ans mo-
6rix £ € V, A € P. Caenosareasno, A + B e L(V,W

Touno Tak Xe nokasbiBaeTcs, yro ad € L(V,W). B

Caedcmeue 1. Caoxcente onepamopos u ymuodicenue onepamopa
MG YUCAO A6AAIOMCH GHYMPERHUM U GHEWNUM 3GKONAMY KOMTLOIUYUY HA
muoxcecmee L(V,W).



 [image: image36.png]Teopema 78.2. Muoxcecmeo L(V,W) - auneiinoe npocmpan-
cmeo nad nosem P omuocumesvro s6edenntiz sviwe onepayu.
HoxaszaTenbcTBo. HoCTaTOYHO HPOBEPHTH AKCHOMBI JHHEHHOLO
NPOCTPaHCTBa, B3SB B KadecTBe HYJeBOIO 3JeMeHTa HyleBoe oTobpaxe-
nue O € L(V,W), a B kadecTBe IPOTHBONOJOXHOTO K omepatopy .A
orobpaxenne —A € L(V, W), pemoansemoe o npasuay (—A)z = —Az,
Vz € V. Bce akCHOMBEI BBITEKAIOT M3 COOTBETCTBYIOIIHX aKCHOM JIHHEN-
HOTO IPOCTPaHCTBa, MPUMeHEeHHEIX K V u W 1 npoepaioTcs o equHOM
cxeme. [Iposepum, Hanpumep, accounaTuBHOCTE. [las mobeix A, B,C €
L(V,W) u moboro z € V
((A+B) +C)z = (A+ B)z + Cz = (Az + Bz) + Cz = Az + (Bz + Cz),
(A+(B+C))z = Az + (B+C)z = Az + (Bz + Cz).
Taxum obpasom, (A+B)+C=A+(B+C(). =
Teopema 78.3. Ecau dimV = n, dimW = m, mo suneinoe
npocmpancmeo L(V, W) usomopduo npocmpancmey mampuy P™*",
IODoxaszaTeabcrBo. 3apukcupyem Gasuchl € u f npocrpancTe V u
W. Hocrpoum orobpaxenue ¢ : L(V,W) — P™*" nonoxus p(A) =
Ajge. OTO oTOGpaxkeHne GHeKTUBHO B cuily TeopeMmnul 77.1. Tlokaxem, 4To
OHO COXpaHsJeT 3aKOHbLI KOMIIO3UIMH, T.€. UTO

(.A+ B)fe = Afe + Bfe s (a.A)fe = aAfc . (78.2)

Hycrs Aje = (aij), Bye = (bij). Toraa, cormacuo (77.1), Aej =
Yoieq @ijfi, Be; = Y i) bijfi, mostomy (A + Be; = Aej + Bej =
Yot (aij + bij) fi. Tlo onpenenenuio (77.2) MaTpHIbI JUHEHHOTO onepa-
Topa OTCIOla CJlefilyeT NiepBoe U3 cooTHoleHu# (78.2).

AHaJoru4HO MpoBepseTcs BTOPOE COOTHOIICHHE. M

Caedcmeue 2. dimL(V,W) =dimV -dimW .

3amenwanue Coornomenns (78.2) o3HadaoT, ITO OPH CIOKEHMHM ONEPATOPOB
HMX MaTPHIEI CKJIAABBAIOTCA, IPM yMHOXEHMHM OIlEPATOPa Ha YHCJIO €r0 MaTPHIla yMHO-
XKaeTcs Ha 3TO0 XKe YUCIHO.

§79. Y MHoXeHHe JIMHEHHLIX OlepaTOpOB

Tor daxT, 9TO NMUNEHHEEIE ONEPATOPH 06Pa3yIOT JHHERHOE OPOCTPAHCTBO, HCIOIb-
3yerca peako. HCJIO B TOM, 4YTO O JIMHERHEIX onepaTopax MOXHO CKasaTh ropa3fo
6oapIne, HCIONL3yd ellle OAHY OIIEpANmWIo — yMHOXEHHE OepaTopOB, 3HAKOMYIO o §8
KaK CymePIO3MIMA MM KOMIO3MIMs orobpaxenmit. Hanomamm onpenenenne.

Oycre V,W, Z — nunefinbie npocTparcTsa Han nodem P. Ipousse-
denuem auneinviz onepamopos A € L(V,W), B € L(W, Z) nasniBaet-
¢ oTobpaxenne C : V — Z, Bemoansemoe no mpasuily Cx = B(Az),
VzeV.O6osnauenue: BA. Urak, (BA)z = B(Az), Vz € V.

Teopema 79.1. Ecau A€ L(V,W), B € L(W,Z), mo BA €
LV, Z).

HokxaszaTeabcrno. Jludeitnocts onepatopa BA mpoBepsieTcs He-

HOCPeANCTBEHHO: IJg JIobhXx 2,y €V ua € P



 [image: image37.png](BA)(z+y) = B(A(z+y)) = B(Az+Ay) = B(Az)+B(Ay) = BAz+BAy,

(BA)(azx) = B(A(az)) = B(a(Az)) = aB(A%$) = a(BAz) = (aBA)z. =
[Ipou3Be/eHHe JUHEHHBIX ONepaTOPOB onpefeNeHo He [is J00OH Naphl

JHHERHEIX onepaTopos. OIHAKO ecild 3TO NPOHIBECHHE UMEET CMBICH, TO:

1) (AB)C = A(BC) (accounaTHBHOCTS);

2) a(AB) = (cA)B = A(aB); (79.1)

3)(A+B)C=AC+BC, :
A(B+C)=AB+AC (mucTpHEyTHBHOCTD).

TH CBOACTBA JErKO NPOBEPAIOTCA HEMOCPEACTBEHHO.

Y MHOXKEHHE JHHEHHEIX OllepaTOpOB HE oBJiafiaeT CBOMCTBOM KOMMYTa~
TWBHOCTH. B camoM jeje, O KOMMYyTaTHBHOCTH MOXHO FOBODHTB JIHIIB
IS ONEepaTOpOB, AEACTBYIOMIMX B OIHOM [POCTPaHCTBE, T.€. MJId Olepa-
topoe A, B € L(V, V). Ho 1 B 5TOM Cily4ae yMHOXEHHE HE KOMMY TaTHUBHO.
B 5ToM MOXHO y6eHThCA Ha POCTOM NpHMEDE ONepaTOpPOB OPTOIOHAJD-
HOTO NPOEKTHPOBAHHUS IJIOCKOCTH V2 Ha ock O ¥ MOBOPOTA Ha yroJ /2.

Teopema 79.2. Ilpu ymunoxcenss AUREUNBIT ONEPAMopos Ul
MAMPUYDLL YMHONCEIOMCA, T.E. €CAU €, f,g — 6a3ucvi npocmpancms v,

W, Z, mo
(BA)ge = BysAge - (79.2)

NokasaTeabcTBo. IlycTe Age = (aij), Bgs = (bij), (BA)ge =
(cij), dimV =n, dimW =m, dimZ = k. Torna B caay (771

k
BAej = ), ciidi (79.3)

i=1

B o xe spems BAej = B(Aej) = B(X™, 6iifs) = Yomi asj(Bf:) =
S T biags = Ty Tty aeibieti = Tin (00 biasj)9i-

Cpassertue sToro pasioxenis ¢ (79.3) NPUBONKAT K PaBeHCTEY Cij =
Y™ | bis@,j, KOTOpOE O3HATAET (79.2). m

§80. OGpas u Anpo JIMHeMHoro ormeparTopa

O6pa3zom suneinozo onepamops A € L(V, W) Ha3sIBaeTCs MHOXECTB!
imA={yeWl|3zeV : Az = y},
gdpom onepamopa A — MHOXECTBO
ker A= {z € V|Az =0}

Hpumepst. 1. B npocTpaHcTse MHOTO4JIeEHOB My, IJd onepaTop
AuddepeHIHPOBaHHS (76.2): imD = Mn-_1, ker D = Mo.

9. Ilns onepaTopa IPOCKTHPOBAHMS (76.3): imP = Ly, ker P = Ls.

3. Ilna omepaTopa OTPaXeHHS (76.4): imR =V, kerR = {0}



 [image: image38.png]Teopema 80.1. Ecau A€ L(V,W), mo ker A - sunednoe nod-
npocmpancmeo npocmpancmea V, im A — sunetinoe nodnpocmpancmso
npocmpancmea W.

OTH yTBepxX/ieHUs BLITEKAIOT U3 TeopeMbl 18.1, ycioBus KGTOpOi Jier-
' KO mpoBepsioTci. MW

Panzom aunetinozo onepamopa Ha3bIBAETC PA3MEPHOCTE ero obpasa,
a deexmonm — pasmepHocTh sapa. O6o3unavenus: rg.A, def A. Uraxk,
rg A = dimim A, def A = dim ker A.

Teopema 80.2. Fcavey,..., e, - 6a3uc npocmpancmea V, mo

imA = L(Aey, ..., Aes). (80.1)

HoxaszaTeabcTBo. IlocTaTodyno MOKa3aTh, YTO IJA MHOXECTB
(80.1) uMeeT MecTO ABYCTOPOHHEE BJIOXEHHE: C OIHOA CTOPOHBI, €CJIH
y € imA, To y = Az mig HekoToporo BekTopa = € V, Te. y =
A zied) = 30, ziAe; € L(Aey, ..., Aey); ¢ KPYTo# CTOPOHDI, eciin
y € L(Aei,...,Aen), To y = Yo zide; = A(Y [, ziei) = Az, rne
z=3 .  zie;, Te.y €EimA m

Teopema 80.3. Paxz aunednozo onepamope pasen panzy ea2o
MOMPUYLE 6 NPOUIGoAbKOY NApPe §aIUCOE.

IDoka3saTenncTno. U3 Teopemsl 80.2 u (64.3) crenyer, uto rg A =
dimimA = dim£L(Aey,...,Aey) = rg(Aes, ..., Ae,). Panr cucremn
BekTopoB Aey, ..., Ae, coBnalaeT ¢ PaHIOM CHCTeMb! apH{MeTHYECKHX
BEKTOPOB, COCTaBJIEHHBIX U3 KOODAHHAT dTHX BEeKTOPOB B 6asuce f mpocT-
paHcTBa W, T.6. ¢ paHIOM CHCTEMBl CTOJGUOB MAaTpHIbLl Afe. W

Teopema 80.4 (o panre u nedexre). Ecau A € L(V,W),
mo

rgA+def A=dimV . (80.2)

HokasateabcTBo. IlycTs e1,...,e; — Gasuc ker A. Ilonmomsum
ero 1o 6a3mca ey, ..., €k, €k4+1, - - -, €n OpocTpancTBa V. CoraacHo Teope-
me 80.2, im A = L(Aey, ..., Aex, Aept1, ..., Aen) = L(Aeg4a, .- , Aen).
Iokaxem, 4To BeKTOpH A€k41,-- ., Ae, nuneiiHo HesaBucuMBL IlycThb
3To He Tak. Torna ajis HeTPUBHAJILHOR JMHEHHON KOMOMHALMH YTHX BEK-
TOPOB MMEIOT MECTO COOTHOINeHHs apyiAerr1 + ...+ anden = 0 man
A(ag41€k41 + ...+ anen) = 0. CrenopaTeldbHo, @k y1€k41 + ...+ Anén €
ker A. DTo 03Ha4YaeT, YTO BEKTOP Ok +1€k+1t. . .+ Cn€y THHEHHO BEIPAXKA-
eTcs uyepes €1,..., €, YTO HEBO3MOXKHO B CHJIy JHHEAHOH HE3aBUCHMMOCTH
€1,.--,€k, €k4l,-.-,€n. Taxum obpasoM, dimim.A = n —k, dimker A =
k. Orcoona caenyer (80.2). m

Teopema 80.5. Hycmv A € L(V, W), 1gA = r, dimV = n,
dimW = m. Tozda cywecmeyiom Gasucvi e u [ npocmpancms V u W,
29-5508

.




[image: image39.png]6 xomopuz onepamop A umeem mampuyy I, € P™*" suda

1 0

8 KOmopot 6CE IMEMENMbI PA6HbL HYAI0, KPOME NEPELIT T JUGZONALLHIT
34EMENMOB, pasHBIT 1.

IokxasaTeabcTBo. BosbMeM mnpousBosbHbIE Ga3uckl ¢ M § OPOCT-
paacTB V u W. Ilyctes A,¢ — maTpuna oneparopa A B nape 6asmucos t
u s. Torna, cornacuo Teopeme 80.3, rg.A,;; = r. B cuny Teopemur 16.10
oTCIOfa clelyeT, YTO MATpUILl A,y u I, s3xBuBasenTHH. ChaenoBaTelbHO
(Teopema 77.4), oHM SBIAIOTCH MATPUIAMH OIHOTO JHHERHOTO ONEPATOPA.
O7rciona BHITEKAET YTBEPXKIEHHE TeOpeMbl. M

Basucw e u f, B KOTOpEIX onepaTop A uMeeT MaTpHLy I, HA3BLIBAIOT
Kanonuuecxoi napol 6azucos.

Teopemoit 80.5 pemaeTca Bonpoc o Haubosee HPOCTOM PopMe MATPUITLI JTMHENHOIO
oneparopa, REACTBYIOIIEIO B pa3aMYHBIX npoctpadcrsax V u W. Ouepnamo, stor
BOITPOC [aJIeKO He NPAa3MHbIA, TaK KaK OJHOMY M TOMY )€ JIMHEMHOMY OIEPATOPY COOT-
BETCTBYET LEJLIA KJIACC SKBHBAJIEHTHEIX APYT APYTY MaTDHIl U BHGOD CaMO# IPOCTOR
M3 HMX yIpoIxaeT HMCCJeAOBaHME CBOMCTRB OIeparopa.

OcranoBumcs 6oJiee TOXPOGHO Ha ONHOM M3 YACTHBIX CIy4YaeB JHHEH-
HBEIX ONepaTopoB — ciydae, Korja npocTpancTBo W coBnamaer ¢ ocHOB-

HBIM 1oJieMm P.

§81. JIuHeiHble GOpPMEI

Kak yxe oTmevatnocsk B §76, nuneitnoe orobpaxenne f : V — P nu-
HEeAHOTO NPOCTPaHCTBa V Hal nosem P B 3To noJie HasblBaeTCs AuNetinol
Popmod (wnu auneinvim Fynrxyuonasom) 6 npocmpancmee V.

IIpumepst. 1. Ilpocreiimeil auneitnoi ¢opmoi B mpocTpaHcTBe V.
aBiseTcs orobpaxenue f : V — P, onpenenesnoe pasesctsom f(z) = 0,
ree 0 € P.

2. Jluneiino#t ¢opmoit sBasercs orobpaxenre f : R" — R, onpene-
JIEHHOE CJEAYIOUMM NPaBHIOM: eClH (Z1,...,2Z,) € R", To f(z) = z;.

3. B mpocTpascTBe M, BellleCTBEHHBIX MHOTOYJEHOB CTENEHH He BBIIIE
n JUHEHHOA dopmolt gBaseTcs orobpaxenune [ : M, — R, OINpeJIgJeHHOE
npasuiom: ecan p(t) € My, to f(p) = p(1).

U3 obwelt Teopuu JMHEHHBIX ONEPATOPOB CJEAYET, YTO ecClH ey,...,
en — 6a3uc npocrpancTBa V, To nuneiinas popma f € L(V, P) onHosnauno
ONPERENSETCA UUCIAMHE

a; = f(e1), ..., an = f(en).



 [image: image40.png]n .
I;pu 3TOM JJI IPOU3BOJIBHOIO BEKTOPa. & = y ., Ti€; B CUJY JIMHEHHOCTH
HMeeM

f(@g)=a1z1+ ...+ ann. (81.1)

MlpencTapaenue (81.1) HasbiBaeTcs obwum 6udom aunednod fopmvt f
6 Ga3suce e;,...,e,. YHcaa ay,...,q, Ha3bBalOTCL xosdPuyuenmanu
aunetinot Gopmvi f 6 6asuceey,..., en.

ConpsxeHHOe npocTpadcTBo. N3secTHo (Teopema 78.2), uTo MHO-
xectBo L(V, P) Bcex AMHeAHBIX GOpM B JIMHEHHOM npocTpancTse V obpa-
3yeT JHHeilHoe NPOCTPAHCTBO OTHOCHTELHO ONEPallHil CIOXEHHs H YMHO-
XeHHs Ha YHCHO, BBeleHHHIX B §78 mpaBuiaMu

(fi+ f2)(z) = filz) + falz), (af)(z) = af(2).

JIuHeiiHOe NPOCTPAHCTBO BCEX AHHEHHHIX (OPM Ha MpoCTpaHcTBe V
Ha3BIBAETCS CONPANCEHRLIM Mpocmpancmeom ¥ npocmpancmsy V. OmHo
obo3HagaeTcs cuMBoJioM V™.

Teopema 81.1. dimV*=dimV.

OTo paBeHCTBO BHITEKaeT U3 TeopeMbl 78.3 M €€ CHAENCTBHUS, TaK Kak
dimP=1.m

Caedcmsue. Becaxoe xoneunomepnoe aunelinoe npocmpancmaeo
u30M0pPHO C60EMY CONPAACENHOMY. OTO BHITEKAET U3 TeopeMnl 63.1 06
H30MOp$H3Me JTHHEHHBIX HPOCTPAHCTB OMHAKOBOH Pa3MEPHOCTH.

CrnenmansHOe OpeAcTaBJIeHMe JUHEeHHOM POpMBI B €BKJIHAO-
BoM (YHMTApHOM) IPOCTPAHCTBE.

Teopema 81.2. [lug atobot suneiinoi Popmvt f 6 esxaundosom
(ywumapnos) npocmpancmee V cyuecmeyem, u NPUMOM €GUKCIILEEN-
nviti, sexmop h € V maxot, ymo

f(z)=(z,h), VzeV.

INoxasaTteancTBo. HycTh €y,...,e, — OPTOHOPMHpOBaHHEIH Ga-
suc V d ay...,a, — Ko3pdUUHEHTH JHHeAHOH GopMEL f B aTOM Ga3suce.
Torna Bextop h = Y .., Gie; byneT uckomem B cuay (81.1) m (70.7).
EnuHCTBEHHOCTH BeKTOpa h cjieayeT M3 TOro, 4TO eciu BeKTop h; ymo-
BieTBopsieT TpeGoBaHMsM Teopemnl, To (z,h1) = (z,h), Yz € V, Te.
(z,hy —h) =0,Vz € V. Tak xax h; — h € V, To oTciona cienyer, 4To
hi—h=0.m

§82. Aure6pa JIMHEHHBIX OIepaTOpPOB,
IeMCcTBYIOIIMX B OJHOM NpPOCTPaHCTBe

O6paTuMcs Teneps K JMHEAHHM OMEpaTopaM, JEACTBYIONMM B OJHOM OPOCTPaRn-
crBe. OCHOBHOM HeJIbIO HAIMX HMCCAENOBaHMHA 6ymeT MOMCK MATPHIEI TaKoro omepa-
Topa, uMemeR HanGonee npoctyo dopmy. Oxsako 06 3TOM peds noitger moaxe. B
6amxaimmx naparpadax 6ynyT pacCMATPHBATBLCA ofIIMEe BOIPOCH!, OTHOCIIIMECH K
onepaTopaM, XeACTBYIOHNIAM B OXHOM IIPOCTPAHCTBE.



 [image: image41.png]Mycts V - nuHeinoe mpocTpaHcTBo Hax nodem P. PaccMoTpum mMHO-
wectBo L(V, V) Bcex AuHeAHBIX ONepaTOpOB, AEHCTBYIOUWIAX B MPOCTPaH-
ctBe V. B aToM MHOXecTBE LIS JIOGBIX ONEPATOPOB BHIIOJHHME! HE TOJb-
KO CJIOXEHHE H YMHOXEHHE Ha YUCJIO, HO H YMHOXEHHe OIepaTopoB IPYT
Ha apyra. A3 obuie#l TeOpMH JUHEHHEIX ONEPATOPOB BEITEKAIOT CleAylo-
e GakTHI.

1°. L(V,V) - suneinoe npocmparcmeo wad noaem P (reopema 78.2).

2°. L(V,V) — nexommymamusnoe xoabyo c edunuyei (cM. (79.1)).

3°. JIunefinoe NpoCTPaHCTBO Hal nojeM P, KOTOpoe IBIsSeTCA KOJbIOM
U yrosieTBopseT ycioBuio 2 u3 (79.1), HaseiBaeTcs aszebpod (MM au-
netinotd anae6poﬁ) nad nosem P, PasMepHOCTH JMHERHOrO NPOCTPAHCTBA
[IPH 3TOM Ha3LIBAETCH TakXKe pa3mepnocmbio axzebpui. U3 cpoiicTea 1° u
(79.1) caenyer, uro L(V,V) — aazebpa nad nosem P.

OTMeTHM, 9T0 MHOXeCTBO P™*™ KBajapaTHHIX MaTpPHIl 7-TO NOPSIKaA
Han mojieM P Takxe sBasercs anrebpoi. IlpumepoM GeckonedHOMEPHOM
anreSpHl CHYKUT KOABUO MHOrodleHoB Plz].

MoxeT 68ITH HOCTPOEHA APYyras ajrebpa, B KOTOpPO# HapylleHa KaK KOMMY TaTHB-
HOCTPB, TAK M ACCONMATHBHOCTL npousBefenus. [IpmmepoM Takoi asrebpm aBiigeTcs
MHOXECTBO BCEX BEKTOPOB reOMETPHYECKOIC MPOCTPAHCTBA V3 OTHOCHTEIHHO JMHEHR-
HEIX olepanuil HaJl BEKTOPAaM¥ M BeKTOpHoro npomssefenns (§23).

4°. Tlpu mocTpoeHny MaTPUIBL JuHeRHOro oneparopa A € L(V,; V) uc-
NoJIb3yeTcs ONMH 6a3MC e NpocTpaHcTBa V: cToa6maMu >TOH MaTPHUIIbI
ABJAIOTCH KO3 PHIUEHTH pPa3ioXkeHHi BeKTopoB Aey, .. ., Ae, no 6asucy
e1,...,en (§77); MaTpuua obosnadaercs cumpoioM A, uin (A), 1 Hasbl-
BaeTcs mampuyed onepamopa A e 6a3uce e. Ouesunno, A, € P>,

5°. Jluneiinoe npocmpancmeo L(V,V) wusomopfno npocmpancmey
P"*% y dim £(V, V) = n? (Teopema 78.3 u ee caencrsue).

6°. Kak u B m060M koabue, onepatop A € L(V,V) MOXHO BO3BOLATH
B creneb n € N, u ecam p(t) = ag + a1t + ... + anpt™ — NPOM3BOABHBIA
MHOrOWJIeH Haj mojieM P oT mepeMeHHOH ¢, TO OIHO3HAYHO OMpeNeNeH
ofnepaTop

p(A) = aol + ;A + ...+ anA”, (82.1)

Ha3bIBaEMBIN MHoz20usenoM om onepamopa A. U3 coiicTB MaTpHub! Ju-
HelHOTO onepaTopa clenyeT, YTO MaTPULER MHorouwsieHa (82.1) oT onepa-
Topa A sBifeTcs TOT xe MHOorowieH or MaTpuubl A.: (p(A)). = p(4.).

7°. Ilpu mepexone ot 6a3uca e k 6asucy f = e@) MaTpuua onepaTopa
H3MeHseTcs coraacHo (77.5) mo caexyolieMy 3aKoHy:

Ay =Q7'A.Q. (82.2)

W3 (82.2) u (58.6) caenyer, 4To 0dnoMmy U momy Hce aunednomy onepa-
mopy A € L(V,V) coomsemcmeyem yeaviti xaacc mampuy, nodobnviz
dpye dpyey.

8°. OueBugHo, yro deée mampuywi A,B € P"*n noao6nbt moeda u
moabKo mozda, X020a oY LEAMOMCA MAMPUYAMYL 00KO020 U MO20 HCE AU-
Hetinoz0 onepamopa, dedcmEY0OWE20 6 N-MEPHOM AUKETNOM NPOCTPAN-
cmae wad nosemn P (Teopema 77.4).



 [image: image42.png]9°. M3 (82.2) caienyer, 4TO 6ce Mampuybt 604020 u M020 KHee aunetno-
20 onepemopa umewm odunaxosvit onpedeaumeas. DTO O3IHAYAET, YTO
OIpEeRESUTENb MATPHIUB! JJHHEHHOrO ONepaTopa He 3aBHCHUT OT MaTpPHIKLI
4 omnpeneiseTcsd caMuM onepaTopoM. Onpedeaumenenm aunetinozo onepa-
mopa A € L(V, V) na3biBaeTcs ONpefesUTeNb MATPHIILL 3TOIO ONEPATOPA
B Ipou3BOJILHOM Oasuce. O6o3navenue: det A. Hraxk,

det A = det A4, . (82.3)

3ameTum, uyto koabno L(V, V) He sBaserca mosem xoTs 6Bl HOTOMY,
YTO OHO HEKOMMYTaTHBHO. K ToMy e Bonpoc 06 06paTUMOCTH JHHERHBIX
OIIEpaTOPOB MOKa OCTAETCHA OTKPEHITHIM.

§83. OG6paTHLIN onepaTop

HanomuuM onpegeiienre 06paTHOro 0TOOpaXKeHHs H HEKOTOPEIE (PaKThl
(§8) npuMeHHMTENLHO K JMHEAHOMY ONEpaTOpy, NEACTBYIOMIEMY B OXHOM
POCTPaHCTBE.

Oycte A € L(V,V). Orobpaxenne A~! : V — V HasmBaeTcs
obpamubim onepamopos K onepaTopy A, ecan

AAT' =A'A=1T. (83.1)

Teopema 83.1. Junednwid onepamop A € L(V,V) obpamum
mozda u moabxo moada, xo2da on buexmusex.
Teopema 83.2. Ofpamuniii onepamop eduncmeen.
Hcenenyem Tenmephb cBo#cTBa OBPATHMOCTH, OTHOCSIIKECS HENOCPEl-
CTBEHHO K JIAHEHHBLIM ONEpaTOpaM.
Teopema 83.3. Obpamusiii onepamop suvneen.
HoxasaTenbctBo. lycts A € L(V, V). IlokaxeM, 4To 06paTHbIi
onepaTop A~!, ecau oH cymecTByeT, ABifeTcd JMHEHHLIM OIEPATOPOM,
medcTrytomuM B npocTpanctie V. [eltcTBuTensno, eciu A obpaTem, TO
OH OMEKTHBEH W, 3HAYUT, CIOPBHEKTHBEH. OTO O3HAYaeT, YTO IJs JIOBBIX
BEKTOPOB ¥1,Ys € V cymecrsywor z,,z9 € V Takue, uto y; = Az,
y2 = Azy. lipm atom z; = A~ 'y, z9 = A~ 'y;. Orciona moayunm,
uro A~y + y2) = A7 (Az1 + Az3) = A7 A(z +22) = 21+ 22 =
A~ 'y, + A~ y,. Anasoruuno, A~ !(ay) = A~ Y(eAzr) = A" Aaz;) =
az; =aA Yy, Vo€ P. n
Teopema 83.4. Mampuyas obpammnozo onepamopa A~} 6 npo-
udsoabnom Gasuce geagemca obpamuod x mampuye onepamopa A 6
amom dce Gasuce.
Hoxasarenbctso. [IycThb e ~ NpOM3BOJNLHEIA 6a3uc IPOCTPAHCTBA
V u ans onepatopa A € L(V, V) cymectsyeT o6paThbIk onepaTop A1,
Hepefinem B paBencTBax (83.1) x MaTpHuUam ollepaTopoB B Gasuce e.
Coraacno (79.2) noayunm, uto A.(A71), = (A1), A. = I. DOTu pasen-
CTBa COBMNAJAIOT C ONpPENEeHHeM 0OPaTHOM MaTpHILI IJsA MaTpulsl A,




[image: image43.png](85). Taxum o6pa:sonjl,
(A)*=(A"".. = (83.2)

Onepatop A € L(V, V) Ha3bIBaeTCA #e6bipo*cIennbiM, ECIIH €r0 AAPO
COCTOMT TOJBLKO M3 HYJEBOTO BEKTOPa, T.€.

ker A = {6}, (83.3)

H 6bipoxNcoennbis B IPOTHBHOM ClIyvae.
Teopema 83.5. B xoxeunomepnosm npocmpancmee V caedyro-
wue ymeepacdenus pasnocusvuvi. dag A € L(V,V)

) AA L =T; 4) imA=V; 6)A ofpamum;
2) AT1A=T; 5) det A#£0; 7) A 6uexmusen. (83.4)
3) A ue evipoxcden;

JNoxazaTeabcTBO. 1 <> 2 <= § < 6 <= 7. llyctbe =
€1,...,€n) — TPOM3BOJBHLIA Ga3uc mpocTpancTsa V. B cany csoicTsa
279.2) yTBepxenue 1 paBHOCHAJIBLHO MATPHYHOMY PaBEHCTBY A (A7), =
I was, ¢ yueToM TeopeMsl 5.3, coorHomerusM A (A,) 7! = (Ae) "1 Ae = 1,
skpuBajeHTHEIM (B cuiay (79.2)) pasencrsam (83.1) u (B cuay Teopemsl

5.2) ycaoBuio
det A, # 0. (83.5)

STo noKa3bBaeT UMILIMKanuK 1 <= 5,1 <= 2, 1 <= 6 u, coriacHo
Teopeme 83.1, 1 <= T. _
1 & 3 <= 4. Yrsepxnenue 1 B cuiy (83.5) paBHOCHILHO paBeH-

CTBY

rgA=n, (83.6)
koTopoe coryacHo (80.2) 3KBHBaJEHTHO TOMY, YTO

def A=0. (83.7)

PasenctBo (83.6) osnauaer, yTo dimimA = dimV uau, B cuay Teope-
MbI 64.3 0 MOHOTOHHOCTH pa3MepHOCTH, YTo imA = V. OTo mokasbiBaeT
pMimKammio 1 <> 4. Pasencrso (83.7) osnavaer, yro dimker A = 0.
D10 NOKa3hHBaeT KMIIMKanuio 1 <= 3. &

Teopema 83.6. [Ipoudsedenue 06pamumuiz onepamopos obpa-
mumo, NP IMOM

(AB)~! = B~1A-1.

DTo yTBepX/IeHHe yXe 6bLIO 0Ka3aHO B §8 MpUMEHATENHHO K 0TO6Pa-
XeHHsAM obIero puna. B

Cacdcmeue l. Yunoocenue auneinbliz onepamopos f644emce aa-
2ebpaunecxot onepayueil Na MHONCECTIGE 6CET 00PEMUMbIT ONEPATMOPOS,
delicmeyrowur 6 npocmpancmee V.

Caedcmeue 2. Muooxcecmeo 6cer o6paAMUMBIT AUNECUNBIT onepa-
mopos ua L(V, V) obpazyem neabesesy MYsbMuniuramusnyo spynny.



 [image: image44.png]I'maBa XV. CTpyKkTypa JIMHEHHOrO onepaTopa
B KOMIJIEKCHOM NPOCTPaHCTBE

IlpucTymim x Bompocy 0 HOHCKe B KJacce mOJOGHEIX MaTPHMI, COOTBETCTBYIOIIMX
JmueiHOMy onepatopy A € L(V,V), marpama maubonee mpocroro puna. OTser Ha
3TOT BOIPOC COBCEM IIPOCT, KOTAa JAHEHHELIA ONEpaTop AEHCTBYEeT B MPOCTPAHCTBAX
V u W, maxax ne ceasammmix Mexny coboit (Teopema 80.5). I'opasmo maTepecnee (u

cioxHee), korna V = W. B neppom ciyuae Gasuce npocrpancts V u W moxHO 68110
BHOUpaTh HE3aBACHMO APYT OT APYra, BO BTOPOM — HEOGXOAMMO CTPOUTE 6a3Mc oXHOTO
npoctpanctBa V = W. Mu ypuamm, k xakoMy pa3noobpasuio OTBETOB IPHBOIMT 3Ta
MeHbIIag cBobona BHGOpa.

HantGounee monsiie pe3yabTaTh 3TOM I'JIaBhI OTHOCATCH K CJIy4aio, Koraa V — xom-
ILJIEKCHOE MPOCTPAHCTBO.

§84. HMuBapuaHTHHIE NOANpPOCTPAHCTBA

Hycrs V - ammeitroe mpocTpaHcTBO Hal noaeM P u A € L(V,V).
Jlunesinoe nognpocTpancTBo L npocTpancTBa V HasbIBaeTCA uH6apuaHm-
HbIM NOONPOCMPANCINEOM OMNOCUMEALNO onepamopa A, ecliy [ J060-
ro BekTopa = u3 L ero obpas Az Takxe Jexur B L.

Npumepr. 1. TpusraabHele noanpocrpauctsa {8} w V muBapu-
aHTHEI OTHOCHTEJBHO Jioboro onepaTopa A € L(V, V).

2. Ias moboro suselHOTO onepaTopa A MHBAPMAHTHBLIME IOATPOCT-
pancTBamu 6ynyT ker A n im A, Tak xak ecin Az = 0, To A(Az) = Af =
0, u ecan y = Az, 1o Ay = A(Az) = Az;, roe ¢, = Az.

3. Ilas onepaTopa muddepenunposanns (76.2) B npoctpancTse My,
BeleCTBEHHBIX MHOTOYJICHOB HHBAPHAHTHHIMHE NOLIPOCTPAHCTBAMH ABJIs-
J0TcA Bce noanpocTpaHcTBa Mo, My, ..., M, _1.

IIng n1uHeliHOrO ONepaTopa HaJWYHME HHBAPHAHTHBLIX NOANPOCTPAHCTB
O3HaYaeT BO3MOXHOCTh MOCTPOUTEH 6a3uc, B KOTOPOM €ro MaTpHUlla UMeeT
HECKOJBKO boJiee npocTyio GopMy, 4eM MaTpHlUa obllero BHIa.

Teopema 84.1. Iyemv A € L(V,V) u L - unsapuanm-
noe nodnpocmpancmeo omuocumeavno A. Tozada cywecmsyem 6Gasuc
npocmpancmea V, 8 xomopom mampuya onepamope A umeem xsa3u-
mpeyzoabuyo fopmy.

HokxaszaTeascTtBo. Ilycth ey,...,e; ~— Gasuc L. Ionoanum ero
1o 6asuca ey, ...,€,€k+1,-..,6n NpocrpancTBa V. IlocTpoum maTpw-
1y onepartopa A B aTom Gasuce. U3 unBapuanTHOCTH L BHITEKaeT, 4TO
Aey,...,Ae; € L w, ciemcBaTenbHo, BekTophl Aey, ..., Aep JMHEAHO



 [image: image45.png]BBIPaXaIOTCS TOJBbKO Yepes ey, ..., €k. LaKuM obpasom,

Aey = ape; +...+ a6k,

Aeg = ajxe; + ...+ Ggkek, (84.1)
.Aek.H = Gi1k41€1+ ...+ Gk k416K + ...+ @p kyi6n,

Aen, = aipe1+ ...+ agnék + ...+ @Gnnén -

OT1o O3Ha4aeT, 4TO MaTpHla Ae uMeeT BHO

ay; ... Gk a1 k+1 s Qin

A = ar1 ... OGkk Gk k+1 e Qkn
e 0 e 0 Ck4+1,k4+1 - Gk+1,n

0 ven 0 CGn k+1 - Gnn

H, CJIEOBATENbHO, HMeeT KBa3UTPEYTOJbHYIO QOopMYy:

A, = [%%] N (84.2)

3amevanue 1. Bepra u Teopema, o6paTHas NOKa3aHHOM: IEPEXOX
or (84.2)  (84.1) ouepunen ¥ NpHBOAMT K Tomy, uto L = L{ey, ..., ex)
WHBApHAHTHO OTHOCHTENBHO A.

Teopema 84.2. Ecau npocmpancmso V geademcd npamoi
cymmot nodnpocmpancme Ly, ..., Ly, UN6GPUGHTMHULIT OMHOCUMEALRO
onepamopa A € L(V,V), mo 6 npocmpancmee V cywecmeyem ba3uc, 8
Komopom Mampuya onepamops A umeem xea3uduazonavnyo Hopuy.

Ioxa3zaTedbCcTBO aHAJIOCHYHO AOKA3aTeJbCTBY Teopemnl 84.1. B
KauecTBe HCKOMOTO basmca 6epercs 6a3uc e, cocTaBleHHBIH M3 0asucoB
caaraeMblx mofmpocTpaHcTB (TeopeMa 66.1). Torna B cuily MHBapHAHT-

HOCTH mognpocTpaHcTs Ly, ..., Ly MaTpuna A, HMeeT BH]
Ay
o
Ag
A, = : .| (84.3)
0 A
L ‘ k]

3amevanue 2. Bepna u Teopema, obpaTHas NOKa3aHHOH.

HMunyuspoBaHHLI onepaTop. PaccMaTpuBad JMHERHBIN OllepaTop
TOJBKO Ha er0 HEBAPUAHTHOM MOAIIPOCTPAHCTBE, MOXHO MOJYYHTh HOBLIH
oneparop. Iycts L — momnmpocTpaHcTBO, HHBapHaHTHOE OTHOCHTEJNBHO
onepatopa A € L(V,V). Otobpaxenue A[L : L — L, onpenenensoe
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(AlL)z = Az, Vzel,
Ha3bIBAETCA UNJYYUPOBANKDIM ONEPLMOPOM, TLOPONCIENBIM ONEPANOPOM
A. B cuiy nnneRHOCTH onepaTopa A MHAYUHPOBaHHLIR ONEpaTOp TaKke
Bynet auueiinbiM. OH coBnamaeT ¢ oNepaTopoM A Ha MOAIPOCTPAHCTBE
L u pe onpenenen BHe ero. Urak, A|L € L(L,L).
Jamevanuve 3. U3 pasgoxennit (84.1) caenyer, 4To MaTpuub A,
..., Ar B (84.3) sBJIAIOTCS MaTpHUaMM HHIYIEPOBAHHEIX  ONEPATOPOB
A|Lq,..., A|L; B 6a31cax MHBApHAHTHEIX OAOPOCTPAHCTB Ly, ..., L.

§85. Cob6cTBeHHLIE 3HAYEHH A
1 co6cTBeHHBIE BEKTOPHI

IlycTs V - nuneitHoe npocTpaHcTBo Hajx nojeM P. Henynesoi BexTop
Tz € X HaswiBaeTcs cofcmeennvim sexmopom onepamopa A € L(V,V),
€clli CyllecTByeT Takoe 4ucio A € P, uto

Az = Az. (85.1)

Yuciao A Ha3bIBaeTCA colcmeennubim 3nauenuem onepameopa A, coomsem-
cmeyouwum cobecmeeniomy eexmopy r. MHOXecTBO Bcex COGCTBEHHEBIX
3HaYeHMH onepaTopa A Ha3LIBAETCH CREXMPOM HTOrO ONEPATOPa.

IIpumepsi. 1. B npocTpaHCTBe BelleCTBEHHBIX MHOTOYJIEHOB M,
J060# MHOTOUYJIeH HyJIeBOH cTeneHU OyneT coOGCTBeHHBIM BEKTOPOM OTiE€pa-
Topa nudpepennupoBanus (76.2), eMy coOTBeTCTBYeT cOBCTBEHHOE 3Ha-
yeHuwe A = 0.

2. Ilns onepaTtopa mpoekTupoBanus (76.3) x0boit HEHYJIEBON BeKTOp
u3 Ly 6yneT co6CTBEHHBIM BEKTOPOM, OTBEYAIOIHM COOCTBEHHOMY 3HaUe-
Huo A = 1, Tak kak Pz = z, Vo € L;, a moboil HeHYJEeBOH BEKTOD U3
L, 6ynet cobcTBEHHBIM BEKTOPOM, OTBEYAIOIIMM COGCTBEHHOMY 3HAYEHHUIO
A =0, tak kak Pz = 0z, Vr € L.

W3 onpenesenus cienyer, 4TO eCid £ — cOOCTBEHHBIH BEKTOp oNepa-
Topa A, oTBeYaloIuiA cOGCTBEHHOMY 3HAYEHHIO A, To JIOGOH BEXTOp az,
rae a # 0, Takxe GyneT cOBCTBEHHBIM BEKTOPOM onepaTopa A, oTBedaio-
HIMM TOMY Xe COOCTBEHHOMY 3Ha4eHHIO A. DTO O3HaYaeT, YTo Joboi cob-
CTBEHHBIA BEKTOp MOPOXIAET IeJIoe ONHOMEPHOE MOANPOCTPAHCTBO COG-
CTBEHHBIX BEKTOPOB, M3 KoTOoporo uckiaiodeH BekTop . Takum obpasom,
B OTHOIIIEHHH COBCTBEHHBIX BEKTOPOB MOHATHE ” pa3jinyHble” HEe HMEET COo-
IEPXATEJBLHOIO CMBICHA, CyllecTBeHHee CTaBUTh BOMPOC 00 UX JHHERHOM
He3aBHCUMOCTH.

Teopema 85.1. Cobcmeennbie 8exmopvs T1,..., Ty OREPAMO-
PG, OMEENBOUWUE PEILUUNDIM COOCTNEEHNbIM FHAUEHULM A1, ..., A, AU-
nelno He3a8UCUMDL.

HokxasaTtenscTBo. [Ipumenum unnyknuio o k. IIns k = 1 yreep-
JKIEHHE 3aBeIOMO BEPHO, TaK KakK cOGCTBEHHLIH BEKTOD ABJSeTCS HEHyJe-
BBIM 10 onpefenedno. llycTb oHO BepHO mJis Joboi cucTembl u3 kb — 1




[image: image47.png]BekTopoB. [loKaxeM ero ;s k BEKTOPOB Z1,...,Tk. llpapaBHseM HyJe-
BOMY BeKTOPY JIMHEHHYIO KOMOMHAIMIO 3TUX BEKTOPOB!

o1+ ... opzy=0. (85.2)
Hoxa neiicraueM oneparopa A 3T0 paBeHCTBO NepeilieT B paBeHCTsé
Mz 4.t apdezy =0 (853)

Ymuoxas obe gacTu (85.2) Ha Ax ¥ BHIYMTas MOJyYEHHOE PABEHCTBO
u3 (85.3), nonyuaem, ato ai(A; — Ae)Z1 4.+ ak—_1(Ae-1— A )zE-1 = 0.
B cnny HHIYKTHBHOTO IPENNIOJNOXEHHS OTCIONA CAeIYeT, YTO o) = ... =
ag_; = 0. Torma (85.2) nepeitner B paBeHcTBO Ty = 0. Tak kak
Ty # 0, To ar = 0. Hrak, B (85.2) Bce KO3pDUUMEHTE PaBHBI HYIIO.
CnienoBaTeabHO, L1, ..., T JUHEHHO He3aBUCUMbL. M

Caedcmeuve. Juneinvli onepamop, deticmeyowui 6 n-mepuom
NPOCMPANCTIGE, HE MONCET UMETNDL GOAEE YEM T PASAUUNKBIT COBCTNEENNDIT

anavenut.

He Bcaxmit Jmﬂemmm onepaTop obranaer co6CTBEHHBIMM BEKTODAMM. Hanpmwep,
B TEOMETPHYECKOM HJIOCKOCTH V2 omepaTop HOBOPOTa Ha Yrod (¢, He Kparmu T, HE
MMEET HM OLHOTO COBCTBEHHOrO BEKTOPA, TaK KaK HH OIMH HEHYJICBOM BEKTOp HoCIie
TaKOT'o OBOPOTa HE OCTAHETCA KOJIMHEADHBIM caMoMy cebe. Buschum sompoc o cy-
IMEeCTBOBAHMU COGCTBEHHBIX BEKTOPOB.

§86. XapakTepUCTHYECKHI MHOrOYJIeH

OTo moHATHE yXe BCcTpedasoch B §58 B CBA3M ¢ MaTpUIlaMH BTOPOTrO
4 TpeThero nopsiaka. OcTaHoBMMCH Tenepb Ha HeM 6oJjee moapobHO.
Xapaxmepucmuueckum muozousenom mampuyst A € P"*" HasniBa-

eTcad QYyHKUMA :
f(A) =det(A - AI), AeP. (86.1)

Teopema 86.1. Xaepaxmepucmuneckuti muozousen (86.1)
mampuybr A € P"X" geagemcd MHO20UAEHOM Ti-i CTRENENU OT nepe-
menwnot A nad noaem P.

HokasartenbcTso. llycts A = (aij) € P"*". Torna

an-—)\ ai2 Qin

= an (122-—/\ G1in

= T T S
Gn1 Gn2 Gym—/\

Kaxnnuii snemenT marpuisi A — Al npencraBiiseT cobodl MHOrOYJIEH OT
A cTenenu He Bbume 1, 3Ha4AT, Kax bl YieH det(A — A) apngeTca MHO-
rodjieHoM ot A crenenu He Boime n. OTciona cienyer, yro f(A) — MHO-
ro4ileH oT A, CTelleHb KOTOPOro He HMpeBocXomHT n. OcTalock MOKas3aTh,
YTO CTENeHb 3TOrO MHOPOUYJEHa B TOYHOCTH paBHa n. llellcTBHTENLHO,
Bce wiens det(A — AI), orsamunsle oT (a1; — A)(az2 — A)...(ann — A),
HUMEIOT cTeneHb, He IPEBOCXONALIYIO 1 — 2, CIeloBaTeIbHO, B MHOTOYJIEHE
F()) cnaraemsie, conepxamme A"~} u A", ONpeAeNSIOTCS TONBKO 4JEHOM



 [image: image48.png](a11—A)(a22—A)...(Gnn — A), xOTOPBII cornacuo popmynam Buera ume-
eT BUA ’

(=A)" + (@11 + @22 + ...+ ana)(=A)" " + gn_2(A),
rue gn-2(A) ~ MHOTOWZEH OT A cTenmenH He Bhime n — 2. Takum obpa3som,

() = a0 + a1(=A) + 62(=A) + ...+ aa 1 (<A (<A (86.2)

ABJAETCA MHOTOYJIEHOM 1-# CTeleHd OT A Haja nojeMm P. &

Jamevanuve 1. IlonyTHo HailmeH KOIPQPULHMEHT G, XapaKTepH-
cTHYecKoro MHorodjena (86.2): an—1 = @13 + ...+ ann. Kpome TOTO,
ao = f(0) = det A. Hrak, B (86.2)

ag=det A, a,_1=trA. (86.3)

Teopema 86.2. Xapexmepucmuneckue Muozousenbt nodobubiz
Mampuy cosnadaom.

Hoxa3saTenbcTBO TeopeMEl H caMa TeopeMa mpuBoxsTca B §58
(Teopema 58.1). ®

Caedcmeue. Bce mampuybt odnozo u mozo e auneiinozo one-
PAMOPA UMEIOT 0JURGKOBBIC TAPGKMEPUCTIUNECKUE MRO20UAEHDL.

Takum 06pa3oM, XxapaK TePHCTHYECKMA MHOIOYJIEH MATPHIUKI INHEHHO-
IO OMlepaTopa He 3aBHCHT OT 6a3Kca, a ONpedesIseTCss CaMiM OlepaTOPOM.

Xapaxmepucmuueckum MHOZORAEROM OTLEPAMOPa Ha3LiBaeTcs GyHK-
s

f(A)=det(A-AT), AeP
U3 (82.3) cnenyer, 9TO XapaKTepHCTHYECKHA MHOTOWIEH OIEPATOpa CO-
BIajaeT C XapaKTepHCTHYECKMM MHOIOYJIEHOM MaTpPHLbI 3TOro omepa-
TOpa B MPOU3BOJHLHOM Gasmce.

M3 caencTBus u Broporo paBeHcTBa (86.3) BbITekaeT, 4To ciaely MaT-
punsl A, JuHelHOrO onepaTtopa A He 3aBHCAT OT BHOOpa Gasuca e. Ilo-
sToMy (kak ¥ B §82, n.9) MOXHO BBeCTH NOHATHE cieda ONEPAMOPa pa-
BeHcTBOM tr A = tr A,.

Teopema 86.3. Xapaxmepucmuueckut muozousen undyyupo-
6ANKO20 ONEPAMOPE ABALEMCA JEAUTNELEM TAPAKMEPUCTIUNECKOZO MHO-
20%4ERa NOPONCIANWESO ONEPATNODPA.

Oro yrBepxnenue caenyer us (84.2) u zamevanus 3 us §84. m

Teopema 86.4. Ecau'V = L, ® ... 0 Ly — npamag cymma
nodnpocmpancms Ly, ..., Ly, UNGGPUGHNMHLIT OmMHOCUMELbHO ONEPL-
mopa A € L(V,V), mo zapaxmepucmusecxud muozovaen f(\) onepa-
mopa A pasen npou3sedenuro TAPAKMEPUCTIUYECKUT MHO20ULEH 06
fi(A), ..., fi(X) undyyuposannviz onepamopos A|L,, ..., A|L:

fQ) = f1(A) .. fi(A). (86.4)

Y TBepXaeHne sABISETCI CAEACTBHEM TeopeMH 84.2. m



[image: image49.png]YcaoBue cyliecTBOBaHHMS COGCTBEHHBIX BEKTOPOB JHHEHHOroO omepa-

TOpa ONpeleaseTcs ero XapakTepUcTHYECKMM MHOTOYJIEHOM.
Teopema B86.5. ITycmv V - auneinoe npocmpancmeo nad no-

aem P. Yucao A € P geagemca cobcmeennvim 3nanenuem onepamopa
A€ L(V,V) moeda u moabxo mozda, xozda A - xopensv €20 Tapaxmepu-
CTURECKO20 MHOZ0UAENT.

HoxasaTenbcTBo. CorjacHo ONpPENesIeHHIO YHCIO A ABJASETCS COB-
CTBEHHBLIM 3HaYeHHMEM onepaTopa A Toria ¥ TOJbKO Torja, Korja cyiie-
CTBYeT BEKTOP Z, YAOBJIETBOPAIOIINH yCIOBHAM

Az = Az, (A= XT)z =0,
z#£0, <= { T #0,
AEP, A€EP.

DTO paBHOCHJILHO BHIPOXIEHHOCTH omepaTopa A — AZ IpH HEKOTOPOM
A € P uym, B cuay (83.4), yclosuo

det(A — AT) =0 (86.5)

npu HekoTopoM A € P. Takum obpasoMm, 4ucio A sBiasercs cobcTBeH-
HBEIM 3HaYeHHeM oneparopa A TOria U TOJBKO TOr'Ha, KOrAa OHO SBISETCS
KOPHEM XapaKTepHCTHYECKOrO0 MHOrodjleHa ornepaTopa A, NpHHAIJexa-
muM noqio P. &

Ypasrenue (86.5) Ha3bIBaeTCAd ZAPAKMEPUCTIUYECKUM YPAEHEHUEH
s oneparopa A.

Co6cTBeHHEle BEKTOPEH! JJMHEHHOIO OepaTropa B KOMILJEKC-
HOM npocTpaHcTBe. HTak, BOOpOC O CYIIeCTBOBAaHHM COGCTBEHHBIX
BEKTOPOB CBOXMTCH K BOMNPOCY O CYyLeCTBOBaHHH KODHEH XapaKTEpPHCTH-
YeCKOro MHOTOWJIEHa, IPUHANJIEXAIINX OCHOBHOMY Hoaio. M3BecTHo, 4TO
He BO BCAKOM TOJie MHOTOUWJIeHEl MMelOT KopHHM. OnHako, KaK HOKa3aHo
B §49, B anre6panvecku 3amMkaHyToM nojde C xoMmrekcHsIX 4uced Jiobor
MHOrO4JIeH CTemeHd n > 1 mMeeT n KOpHeH, ecid KaXIbIi KODEHb CYH-
TaTh CTOJBKO pa3, KakoBa ero KpaTHocThb. QTCIOHa B COOTBETCTBHH C
TeopeMoil 86.5 BLITEKAIOT CIefyOUlHe yTBEPXICHHUS.

Teopema 86.6. ITpoussoabuvili suneinvii onepamop, deiicm-
BYOUWUT 8 N-MEPHOM KOMNAEKCHOM NPOCTIPARCTEE, UMEETN!

1) n cobcmeennniz 3nauenut, ecau xaxcdoe cobcmeennoe Inauenue
CUUMAMb CTNOAbKO PG3, KAKO06G €20 KPAMHOCTMD KGK KOPHA TGPAKMEPU-
CMUNECKO20 MHOZOU%AENE;

2) zomsg 6vi odun cobcmeennvii 6exmop;

3) na 41060om c6oem unsapuaNMHOM NOIRPOCTPANCTLEE TOMA 6bi 0dUn
cobcmeennbit 6exmop.

Ilocnennee yTBepXaeHHUe ClenyeT U3 TOrO, YTO HHIYIMPOBAHHLIN one-
paTop, KaK M JI06o# onepaTop, NeHCTBYIOIIHE B KOMILJIEKCHOM ITPOCTPaH-
CTBe, UMeeT COOCTBEHHBIH BEKTOp, KOTOPBIM, OYEBHIHO, SBiseTCA COD-
CTBEHHEIM BEKTOPOM OCHOBHOTO ONepaTopa.



 [image: image50.png]Jameuvanue 2. Teopema 86.6 ocraercd cnpaBemJuBoil B Belle-
CTBEHHOM IPOCTPAHCTBE AJIA TeX OIEPATOPOB, YbH XAPAKTEPUCTUUECKHE
MHOTOWJIEHBI UMEIOT TOJBKO BEIIECTBEHHEIE KODHH.

Crnocob HaxoXjeHus cOGCTBEHHBIX BEKTOPOB ONpele]eH Teope-
Mo#t 86.5 u cOCTOMT B clledyIOLIEM.

1. CrpouTcs XapaKTePUCTHYECKH MHOTOUJIEH ONEpAaTOpa ¥ HAXOAAT-
cs ero KopHM. Te KOpHH, KOTOpble MpUHAJJIEXAT MoJai0 P, 6ynyT cob-
CTBEHHBEIMH 3HAYeHHSIMH OIlEpaTOpa.

2. Jlag xaX[aoro Ha#leHHOro co6CTBEHHOrO 3HAUEHU Ag HaXOOATCA He-
HYyJEeBblE BEKTODH sipa onepaTropa A—AgZ. Ouu ¥ 6YyAyT cOBCTBEHHBIMH
BEeKTOpaMH, OTBevalolUMu Ag. Ecanm ey,...,e, — 6a3sdc npocTpaHcTBa
V, To mouck cOBCTBEHHBIX BEKTOPOB CBOAMTCH K PEIEHHMIO OTHOPOIHOM
cacTeMb! ypaBHeHu#t (A, — Agl)z, = 0, pyHIaMeHTaJbHAS CHCTEMa pe-
HIeHUH KOTOPOH HaeT NOJHBIA Habop JIMHEHHO HE3aBHCUMBIX COBCTBEHHBLIX
BEKTOPOB, OTBEYAIOMHKX Ap, B KOOPAMHATAX OTHOCHTENBHO Ha3mca e.

Jamenvwanve 3. llpueM, onmucaHHBIA 37ech, MpPEACTaBIAET cObOM
JIMIIL TEOPETHYECKYIO OCHOBY pellleHMs npobJieMbl cOOCTBEHHBIX 3Hade-
HUAA B cOOCTBEHHBIX BeKTOpPOB. JlJIs pealibHBIX BHLIYMCIEHHH OH HYXIa-
eTCs B CIEHMHAJBLHBIX IpHEMaX, TaK KakK MOMCK KOpHe#d MHOroyjeHa B 05-
weM cayyae (MCKIIOYasi pa3sBe YTO MHOIOWJIEHB! BTOPOM CTENEHH) CONpS-
XeH C JTONOJHATENbHEIMH TPYAHOCTAMH. Y XKe IJA MHOTOYJEHOB CTENEHH
n > b 3ala4a HaXOXNeHHs KOpHeil Hepa3pelllMMa B palukaJjax (1okazaHo
O.l'aaya B 30-X IT. MpOILLIOro CTOJNETHA). JTOT pe3ylbTaT OKa3aJd pella-
Iolllee BJIHSHUE Ha Pa3BHTHE BLIYUCIMTENBHEIX METOMIOB PelIeHus pobJle-
MbI cOBCTBEHHBIX 3HaueHWH. M X M3noxeHwe He BXOTMT B Hauly 3anady,
OIHaKO OTMETHM, YTO BEIYHCIUTEIbHEIE AJTOPHTMEI IIOHCKa COOBCTBEHHBIX
3HaUeHU#, KaK ONPaBHJIO, He CBA3aHBLI ¢ MHOIOYJIEHAMH.

B pyd4HEBIX BBIYMCIEHHSX MHOTIA yHaeTcs HaiTH COOCTBEHHBbIE 3Hade-
HUs, MUHYS MPSIMOe MOCTPOEHHE XapaKTePHCTHYECKOTO MHOTOUJIEHA, €CJIH
BBIYUCJISATH OlIpeesuTedb MaTpUlbl A — A memodom evidesenud aunei-
HHIT MHOdCUMeset. DTOT METOl OCHOBAH Ha BBHINOJHEHMH 3JEMEHTAPHBIX
npeobpasosanuil, OPMHEPYIOILKMX B KaKoi-ub0 cTpoke (cTonbue) MaTpu-
bl A — AJ obmuit MHOXHTENb BHAA A — @, KOTOPHIHA 3aTE€M BEIHOCHTCS 3a
3HaK ONpeNeJuTeNds. JTO HaeT KOPeHb XapaKTePHCTHUECKOrO MHOTOUJIEHA
A=a.

§87. CobGcTBeHHOE HOANPOCTPAaHCTBO
IIycte Ag - cobcTBenHOEe 3HaueHHe onepaTopa A. MHoXecTBO

Wi, = {z € V| Az = Aoz} (87.1)

Ha3BIBAETCS COGCMEennbim nodnpocmpancmeom oneparopa A, oTBedalo-
LM CODCTBEHHOMY 3HaUEHHIO Ag.

Ouesuguo, uro Wi, = ker(A — AoZ), nosroMy cobGcTBeHHOE MOX-
IPOCTPAHCTBO ABJAETCS AMHEHHBIM NOANMPOCTPAHCTBOM NPOCTpaHcTBa V.
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HyJIeBOro BeKTopa § U BceX cOBCTBEHHBIX BEKTOPOB, OTBeYAIOIMX Ag. Jler-
KO NTPOBEPHTH, YTO COBCTBEHHOE MOAIPOCTPAHCTBO MHBAPHAHTHO OTHOCH-
TesbHO onepaTopa A. PasMepHocTb cobGecTBeHHOro nognpoctpancTsa W),
Ha3LIBAETCH 2E0MEMPULECKOll KPATMHOCTILIO COOCTRBERRO20 INAUENUA Ao,
a KPaTHOCTB Ag KaK KOPHS XapaKTepHCTHYECKOTO MHOTOYJIEHA Ha3blBaeT-
cs1 ero aszebpaunecxol Kpamuocmbio.

Teopema 87.1. eomempuueckad KPAMKOCMb cO6CMBEENRNO20
3xouenug Ke npesoczodum ezo sazebpauuecKot Xpamuocmu.

H
HokaszateabcTBo. llycrs m u s — anrebpanyeckas U €OMETPH-
YecKas KPaTHOCTH cOBCTBEHHOTO 3HaueHHs Ag oneparopa A € L(V, V).

CobcTBeRHOe MOANpPOCTPaHCcTBO W), HHBAPHAHTHO OTHOCHTENBHO Olie-
paTopa A, CIefoBaTebHO, MOXHO PacCMaTPUBATh HHIYIMPOBAHHbIM Olle-
parop A|W,,. HaiigeM ero xapakTepuCTHYeCKH# MHOrounes fr(X)”
MycTh ey, ...,e, — 6asuc Wy,. Toraa coraacHo (87.1) maTpuneii onepa-
Topa A|W), B 3TOM Ga3suce OyneT AMaroHaJbHasd MaTpHUa $-TO HOPAN-
Ka C 3JeMEeHTaMH )¢ Ha T'JaBHO# nmaronann. CremoBarensHo, fi(A) =
{Ao —A)*. Coraacto Teopeme 86.3, (Ao — A)* ABAdeTC NeaHTeIeM Xapak-
TepucTHYeckoro MHorowsena f(A) oneparopa A, HO (Ag — ) BXOAMT B
XapakTepucTHUeckuit MHorowieH f(A) poBHO m pa3. 3Hauut, s <m. W

Teopema 87.2. Cymma cobcmeenubis nodnpocmpancms one-
PATROPE, OMEEUAVUUT PEIAUUHDIM COOCTOEHNDIM FHAUEHULM, HEATCTCH
npamot cymmot.

Hokxasateanctso. Hycts Ay,..., Ap — NOMapHO pa3iuyHbIEe COBCT-
sennble 3HayeHus onmepatopa A. Torma nns cobcTBeHHBIX NOANPOCT-
pacTB Wi, ..., W), BBIIOJHEHO yCJIOBHe MPAMO#H CyMMEI (Teopema 66.1):
Jgi06as cMcTeMa HEHYJEBBIX BEKTOPOB, B3ATHIX IO OJHOMY M3 KaXJIOro
W, , JMHEAHO HE3aBHCHMA KaK CHCTeMa COBCTBEHHEIX BEKTOPOB, OTBe-
YaIOIIHX Pa3JHYHEIM COGCTBEHHBIM 3Ha4eHHAM (Teopema 85.1). m

§88. OmnepaTopsl NPOCTOH CTPYKTYPHI

Kpurepuu npoctoit crpykTyphl. JluneiiHblii omepaTop A €
L(V,V) Ha3blBaeTcs onepamopom npocmot CIMpYxmypyl, ecid B POCT-
pascTBe V cymecTByeT 6a3uc M3 COBCTBEHHBIX BEKTOPOB onepaTopa A.

Teopema 88.1. Junetnwii onepamop A€ L(V,V) umeem npo-
cmyo cmpyxmypy mozda u moabko mozda, Koeda 6 npocmpancmee V
cywecmeyem 6a3uc, 6 KOMOPOM OX UMeem OUAZONAALHYI0 MATMPUYY.

IODoxazateabcTrBo. Iycre dimV = n. CoraacHo OIIpelesieHHIO
onepaTop A EMeeT MpocTyO CTPYKTYPY TOT'a H TOJbKO TOTMa, KOraa oH
HMeET N JHHEHHO He3aBUCHMMHIX COGCTBEHHBIX BEKTOPOB €], ..., €n. JTO
PaBHOCHJIBLHO CyIIECTBOBAaHHMIO Ha3mca €),. .., €n, B KOTOPOM MaTpHla A,
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rae Ag, ..., An — COBCTBeHHbIE 3HaUEHH s, COOTBETCTBYIOMINE COBCTBEHHBIM |
BEKTOpaM €1,...,6,. B :

Caedcmeue. B n-mepwom npocmpancmee auneiinvii onepamop,
umeWul N PAIAUNKBIT COOCMEEUNBIT INAvER UL, T6ALEMCE ONEPATNOPOM

npocmot CmpyKmMypol.

O6patHoe me BeprO. ToXRecTpeHHEIA OMEPATOP MMEET MPOCTYIO CTPYKTYDY, Od-
Hako BCe ero coGCTBeHHBIE 3HaYeHMd PABHH 1.

B coorBercrBuu ¢ (88.1) onepaTop mpocToif CTPYKTYPHl Ha3biBaIOT
TaKXe JuazonasudyeMbim ONEPAMOPOM.
Teopema 88.2. Juneinvii onepamop A € L(V,V) umeem npo-
cmyio cmpyxmypy mozada u moabxo mozada, xoeda 6ce €20 cobcmaennbie
nodnpocmpancmea 6 npamot cymme darom eéce npocmpancmeo V:

W,\IEB...G)W,\,:V. (88.2)

HoxaszaTenncTBo. HeobxonumoctTs. Ilycth A umeeT npo-
cTyio cTpykTypy. Toraa B npocrpancTee V cyimecTByer 6a3uc ey, . . ., ey,
COCTOAIMA K3 cOGCTBeHHBIX BekTopoB omepatopa A. Kaxawii BexTop
sTOro 6asMca NPUHAIIIEXHT HEKOTOPOMY COGCTBEHHOMY IPOCTPAHCTBY
Wi, . Cnenosateavuo, Wi, + ...+ Wy, = V. Ho sTa cymma sBasercs
DpAMO# B cily TeopeMul 87.2.

HocTaTo4HOCTDH BbITEeKaeT W3 KPHTEpHs NPAMOH CyMMBI (Teope-
Ma 66.1): coBOKYNHOCTB 6a31CcOB cOGCTBEHHBIX NOANPOCTPAHCTB W)y, , k =
1,p, obpasyer 6asuc V, TeM caMmbiM npocTpaHcTBo V uMmeeT 6a3zuc 43
cOBCTBEHHBIX BEKTOPOB onepaTopa A. &

3amenvanue 1. Ha ocHoBanum Teopemnl 66.1 ycaobue (88.2) moxer
6bITH 3aMEHEHO PAaBHOCHJIBHBIM yCJOBHEM

dimWy, +...+dimW,, =dimV. (88.3)

Teopema 88.3. Juneinnii onepamop, dedcmeyrowut 6 xomn-
AELKCHOM NPOCTPANCMEE, UMEETR NPOCMYI0 CMPYKMYPY M0204 U MOALKO
moada, Ko2da 0af Kancdo20 cOBCTOERNK020 INGUERUL IMO20 OTLEPAMOPE
zeomempuneckad KPamMHuocme cosnadaem ¢ aazebpauxecxot.

HoxasaTteabctBo. Ilyers A1,..., A, Toe A; # Aj npu i £ j, -
BCe pa3iMyHble cobcTBeHHEbIE 3HaveHHs onepatopa A € L(V,V) u nycrs
mg 4 sg, k = 1, p, — anrebpauueckne U reoMeTpHYECKHE KPATHOCTH .
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dimV = m; + ...+ m,. C npyroii cToponsl, 0 < dimW,, = sy < my,
k = 1,p, nosTomy paseHcTBO (88.3) BO3MOXHO TOrAa M TOJNBKO TOTAA,

Korga -
sg=mi, k=1p | (88.4)

Gamenvanue 2. Teopema 88.3 B BelllecTBeHHOM IPOCTPaHCTBE BEp-
Ha JUIS TeX OlepaTopoB, YbH XapaKTepUCTHYECKHE MHOTOYIEHBl MMEIOT
TOJIBKO BEIIECTBEHHBIE KOPHHU.

Marpuunas $popMyIHpOBKa ONEpPaTOPHBIX cBoMcTB. B TouHO-
CTH TaK Xe, KaK ¥ 1id auHelineix onepatopos A € L(V, V), onpereasior-
¢ coBCTBEHHBIE 3HaYeHUA U cOOCTBEHHBIE BEKTOPE! KBaPaTHOK MaTPHLLI
A € P**". Henyxesoit BekTOp-cTONOEN £ € P™ Ha3kIBaeTcs cobcmeen-
nbIM 6exmopom mampuybi A € P"*" ecam cymecTByeT uncao A € P

TaKoe, YTO
Az = Az

Ilpu >TOM YMCIO A Ha3bIBAaeTCA COOCMEEHHLIM 3HAUENUEM MAMPUYbl A,
COOTBETCTBYIOLUIHM COOCTBEHHOMY BEKTODY Z.

Ecan e = (ey, . .., e5) — IPOM3BOILHEI 6a3uc pocTpaHCcTBa V, TO AJIs
onepatopa A € L(V,V) nMeeT MecTO UMILIHKALHUA

Az = Az <= Az, = Az,. (88.5)

OTo 03HaYaeT, YTO cOGCTBEHHEIE 3HAUEHHS onepaTopa A M ero MaTpH-
ubl B Jiobom 6a3suce € = (ey, ..., €n) COBIANAIOT, & COOGCTBEHHbIE BEKTOPHI
MaTpHibl A, ABISIOTCS KOOPAHHATHBHIMHM CTONOIAMH COOCTBEHHBIX BEK-
TopoB onepaTopa A B aToM 6a3zuce.

XapakTepHcTHYECKHE MHOTOYJIEHH! OEpaTOpa H €r0 MaTpHMIIEL COBIA-
JaloT MO OIpeleleHHIO, NO3TOMY A KBajpaTHHIX MaTpuy A € P"X"
HMeOT MecTo TeopeMnl 86.5, 86.6.

OTa MIEHTHYHOCTHL CBOMCTB ONEPATOpa M ero MaTPHIBI, 3aMeueHHas
yXe B CB3H C IEPBHIMH CBoOicTBamu onepatopa (§77), mpomoaxaer Ha-
baonaTbes.

Ksanparnas marpuna A € P"*" HasuBaeTcsd mampuyet npocmot
CpYKMypbl, €CIIA OHa MMEET N JJHHEHHO HE3aBUCHMBIX COOCTBEHHEBIX BEK-
TOpOB.

H3 (88.5) caenyer, 4To JMHEAHBIH ONepaTOp SBIAETCS ONEPATOPOM
IPOCTOR CTPYKTYPHI TOrIa K TOJBKO TOr[a, KOrAa ero MaTPHLa B JIOOOM
6a3uce UMEET MPOCTYIO CTPYKTYPY.

Teopema 88.4 ( MarpuuHas GOPMYJIHMPOBKA TEOPEMEI
88.1). Ksadpamuasg mampuya déigemcd mampuyet npocmot cmpyx-
mypbt mozda 4 moabxo mozda, xo2da ona nodobna duszonasbnoil.

Hokazateabcrso. Illycts A € P**" — 3ajannas Matpuna. Pac-
CMOTPHMM IIPOM3BOJIbHOE JMHEAHOE MpocTpaHcTBO V' Hal mojeM P pas-
MepHOCTH 1. 3adMKCHpyeM B IPOCTPaHCTBE V Hpow3BoJibHBIM Gasuc f.
Mycts A € L(V,V) ~ nuneliublit onepaTop, MaTpHLa KOTOporo B 6a3uce



 [image: image54.png]f coBnanaer ¢ marpuneir A, tak uto A = Ay (coraacso Teopeme 77.1
TaKo# onepaTop cymecTByeT). MaTpuua A = Ay uMeeT npocTyio cTpyK-
TYpy TOTa W TOJBKO TOIla, Korga /A — onepaTop npocToi CTPYKTYDHI.
B cuay Teopemsbl 88.1 3TO paBHOCHMILHO CyUIeCTBOBaHMIO basuca e, B Ko-
- TopoM oneparop A HMeeT AHaroHajbHyIo MaTpuiy (88.1). Takum o6pa-
 30M, MaTpHIa A MMeeT IPOCTYIO CTPYKTYPY TOTAa M TOJLKO TOTMA, KO-
I'Aa OHa ¥ NMaroHaJbHad MaTpuua (88.1) ABILIOTCI MaTPHUAMH OIHOTO
ollepaTopa. DTO PaBHOCHJIBHO uX nomobuio (§82). m

Jamenvanue 3. JloKa3aTeAnLCTBO TEOpEMBI MOXHO CXeMaTHUECKH
H300pa3uTh B BHIE JAKOHHYHOH NMAarpaMMbl, KOTOPOH MBI HEORHOKpaT-
HO OyZIeM TOJB30BaTHCS:

AeL(V,V)

f/ \ (88.6)
=4 = a=[]

Jamevanue 4. Teopema MoxeT 6HITH HOKa3aHa H Ha MaTPHYHOM
a3pike. JleficTBHTENbHO, MaTpHIa A ABJSETCS MAaTPHULER IPOCTON CTPYK-
TypBl TOTZA U TOJBLKO TOrZa, KOTAa OHa UMeeT 7 JUHEHHO HE3aBMCHMBIX

COOGCTBEHHBIX BEKTOPOB S1,...,8, € P". DTo paBHOCHMILHO cienylomei
LeNoYKe paBeHcTB: ecin S = [s1...s,] — MaTpuua, cToA6HAMH KOTOPOI
SBISIIOTCS COGCTBEHHBIE BEKTODHI S1,. .., Sn, A — AMarcHaJbHasd MaTpHIA
¢ cOBCTBEHHBIMM 3HAYEHHAMH Ay, ..., A, HA IABHOM HHarOHAJM, TO

A51 = )\1 S$1

<=>A[Sl...sn]:[sl....‘:‘"]A<:>AS:SA<:>
Asy = A 8n
< A=S5AS"!

Koppanosa xyerka. Htak, camoil mpocToit ¢popMoit MaTpHIL 06-
JaaloT TOJBLKO ONEPATOPHI IPOCTOR CTPYKTYPEHI, T.€. ONEePaTOPHl, HMEIo-
1Me MOJHBIM Habop JMHEHHO He3aBHCHMEIX COOCTBeHHBIX BeKTOpoB. Kak
MBI yX€ OTMeJaJd, B BelleCTBEHHOM NPOCTPaHCTBe CYIIEeCTBYIOT olepa-
TOpPBI, KOTOpPHIE HE MMEIOT HH OXHOIO cobCTBEHHOro BekTOpa. M B KOM-
NJIEKCHOM NPOCTPaHCTBe He KaXXIbl# JHHEAHLIA omepaTop objamaeT He-
obxonMMBIM 11 6a3¥ca YHCJIOM JMHEHHO HE3aBHCHMBIX CODCTBEHHEIX BEK-
TopoB. PaccMoTpHM BaXHBI# IpUMep.

MaTpuna
X 10 0 0
0 X 1 ... 0 0
Je(Qo) =1 (88.7)
0 0 o0 Ao 1
0 0 O 0 X

Ha3bIBAaETCA ocopdanosot xaemxot k-20 nopadxa. OTa MaTPHIA HMEET:
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2) cobcTBeHHOe 3HauEHHE A = Ap aire6paMyueckoi KpaTHOCTH k;

3) cobcTBEHHbIE BEKTODH!, KOTOPHIE SBJSIOTCA HETPHBUAILHLIMH pe-
HIEHUIMY OIHOPONHOM CHCTEMBI ypaBHEHUH ¢ MaTpHuIiel

010 ... 0080
001 ... 00
B=Je(do)=doI=1| ..., )
000 ... 01
000 ... 00

paHT KOTOpO#, oueBHIHO, paseH k — 1. Taxum o6pasoM, marpuua Ji(Ao)
(mam onepaTop, 3allaBaeMbiil 3TOi MaTpuuel) umeer (Teopema 30.2) onun
JMHEAHO HE3aBHCHMBIA COGCTBEHHBI BEKTOP (lc (k—1) = 1) u ne MoxeT
GLITH MaTpPHULER IPOCTOM CTPYKTYDHI.

889. TpeyrouabHas ¢opMa MaTpPHIb
JIMHEWHOoro orrepaTopa

Teopema 89.1. B n-mepuom xomnaexcuom npocmpancmse V
dag awbozo aunetnozo onepamopa A € L(V,V) cywecmeyem cucmema
n 6a0%CeRNHbIT dpyz 6 Opyaa unéapuanmuuiz nodnpocmpancme Ly,..., L,
scer paamepnocmed om 1 do n, m.e. maxuz, ¥mo

LiCL;C...CL,=V, (89.1)

ededimLy =k, k=1 n

HDoxa3zaTeabcTBo. Hcnoaszyem uHaykimuo mo n. Hag n = 1
yTBepXIeHue TeopeMbl odeBulHo. IlycTh Teopema BepHa 1 BCEX JH-
HeAHBIX NPOCTPAHCTB pasMepHocTH n — 1. JlokaxeM ee mus n-MepHoro
TIPOCTPAHCTBa V, BOCIONb30BABIIACH CleNYIOIIeH JEMMOH.

JIemma. J'Iuneuubm onepamop, deticneyowut 6 N-MEPHOM KOMN-
AEKCHOM TPOCTPAKCTEE, 00400aETM UHGAPUAHTMHDIM NOOHPOCTIPAHCIT-
som paameprnocmu n — 1.

JlokazaTenbcTBO JeMMEL. JIMHeknbIi onepaTop A, neicTByOUHE
B KOMILIEKCHOM NIPOCTPaHCTBe V, MeeT cobcTBEHHOE 3HaveHHue A (Teope-
ma 86.6). 3naunT, det(A—AZ) = 0 u rg(A—AT) < n— 1. CaenoraTenHo,
dimim{A — AZ) < n— 1 ¥ B npocTpancTBe V CylecTBYeT HOANPOCTPaH-
cTBo L pasmepHocTH 11— 1, koTopoe cofepxut im(.A — AZ). Ouepunso, L
MHBAPHAHTHO OTHOCHTEJHHO onepaTopa A — AZ. Ilokaxem, 4To oHO HH-
BapuaHTHO M oTHocuTedbHo A. Ilycrb 2 € L, Torna (A~ M)z =y € L.
OTcioona cienyet, uro Az = Az + y € L. JlemMma noka3saHa.

BepueMcs k oxkasaTenbcTBy TeopeMel. COracHo JieMMe onepaTop
A, ZeACTBYIOUI B NI-MEPHOM KOMILJIEKCHOM NpOcTpaHcTBe V, uMeeT MH-
BapUaHTHOE HNONNPOCTPaHCTBO L,_; pasmepnoctu n — 1. Torma uHay-
uupoBaHHsi# onepaTop A|L,_, geficTByeT B (n - 1)-MepHOM KOMILIEKC-
HOM IIPOCTPAHCTBE Ly} W COTACHO HHAYKTUBHOMY NIPEATIONOXEHHUIO NS
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L, C ... C Lp-; Takux, uto dimLy = k, k = I,n—1. Tak xax
neicTBus omepatopoB A u A|L,_; coBnanaioT, TO HOINPOCTPaHCTBA
Ly,...,Lp_2 C Lp_; MHBapHaHTHEI OTHOCHTeNLHO onepaTopa A. Ocra-

eTcd 106aBuTh, 4T0 Ln 1 C Lo =V. m
Teopema 89.2. Jag awbozo aunetdnozo onepamope A, dei-

CMEYIOULL20 6 KOMNAEKCHOM NPOCMPANCTIEE, CYywecmeyem 6a3uc, 6 Ko-
MOPOM MATMPUYAE AUKREUNOZO ONEPATOPA UMEETN MPeEY204abKY0 PopMmy.

HokaszaTeabcTBo. Coraacao Teopeme 89.1 s onepaTopa A Haii-
IeTcs CHCTeMa MHBApPHAHTHBLIX MOANPOCTpaHCTB Ly, ..., L, Takux, uTo
dimLy =kul; C...C Lp-; C L, = V. HckoMmeuih 6asuc ey,...,e,
CTPOMM TakK: B KauecTBe e; Oepem JioGoit Ga3uc L;, B KauecTBe ey, I'lie
k > 1, - BexTOp, HomoaHAoMMUE 6asuc Lg_y o Gasuca Lp. B cuay uu-
BapHaHTHOCTH MOANPOCTPaHCcTB L, k = 1,n, MarTpuua A, uMeeT Bepx-
HIOIO TPeyToJbHYIO hopMy. M

Jasmevarue l. [lepenyMepanueit nocTpoenHoro 6a3muca B o6paTHOM
MOPAKE MOXHO MOJYYHTh HUXKHIOIO TPEYTOJbHYIO POPMY MaTpHIULL JK-
HeHHOro onepaTopa.

3amevanue 2. Ha raapHoil 1uaronany MaTpHUbl A, PAaCHOJOXEHE
cobcTBeHHBIE 3HAYeHUs onepaTopa A.

Teopema 89.3. Jwlag xeadpamnag KoMnieKCHAA MAMPUYG

nodobua mampuye, vmewwetd mpeyzoabnyo Popmy.

IIokxa3aTedbCTBO TeOpPeMbI NOBTOPSET JOKA3aTeJbCTBO TEOPEMBI
88.4 1 BemeTcs no cxeMme (88.6). m

§90. HuabnoTeHTHHIM omnepaTop

Jluneiustit onepaTop A € L(V, V') Ha3bIBa€TCS HUALNOMENTIRDIM, ECITH
cymecrsyeT uncio ¢ € N Takoe, uto A? = 0. HammeHnbinee yucio
g, 06Ja1alolee STHM CBOKCTBOM, HA3HBAETCH URIEKCOM HULLROMERTNO-
cmu (evicomoi) onepatopa A. OueBHIHO, 9TO MHIEKC HUJILIOTEHTHOCTH
HEHYJEBOI'o OepaTopa ¢ > 2. AHAJIOTHYHO ONpefenseTcs HUJAbNOTEHTHAA
MaTpena A € P"X™ u ee uHIeKC.

Hpumepst. 1. B npocrpaHcTBe BelliecTBEHHBIX MHOrodjieHoB My,
onepaTop nuddepenuupoBanus (76.3) aBaseTcs HAIBHOTEHTHHIM OIEpa-
TOpOM MHIeKca n + 1.

2. 2KopraHoBa KJIeTKa

01 0 0 0
00 1 0 0
Je(0) = 00 ....... o
000 ...00

ABJIseTcs HAJLIOTEHTHOM MaTpUled WHOeKca k.
Teopema 90.1. Ecav A € L(V,V) - nusbnomenmuvii onepa-
mop undexca ¢ u xg € V - sexmop, dag xomopozo A% zy #£ 6, mo
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zg, Azg, . ..,Aq_IZO (901)

AunetdNO He3A6UCUMDL.

HokxazaTeancTBo. PaccMOTPHM paBeHCTBO apTg + al.A:co +...4
aq-1A7"1z¢ = 6. Ilpumenas mocienoBaTeabHO onepaTops A1 .A" 2

, A K 06eHM 9acTAM 3TOr0 paBeHCTBa, MOJYYHM, UYTO (g = G = ... =
a1 = 0. DTO IOKA3LIBAET MMHERHYIO HE3ABUCHMOCTE CHCTEME! BEXTOPOB
(90.1). m

Caedcmeue 1. Hudexc nusbnomenmuocmu wne npesocrodum pas-
MEPROCTAL RPOCTPAKCTIEA.

Teopema 90.2. B xomnsexchom npocmpancmee auneinvit
ONEPAMOP KUABNOMEKMER MO020a 4 MOoabKo mozda, xoada éce ezo cob-
CTRBEHNDIC FHGUCHUL PABHLE HYA0.

Hoka3aTeabpcTBo. HeobxomumocTs. Ecam A ~ cobeTBennoe
3HavyeHHe HHJIbNOTeHTHOro onepaTopa A € L(V, V) unnekca g u z — coot-
BeTCTBYIOIMA cOGCTBEHHBIN BEKTOP, TO, KaX HETPYAHO IPOBEPUTD, HMEET
MECTO LENOYKa MMIJIUKAIIHK

Az =2z = A%z2=2% = ... = Alz=\z.
OTciona caenyer, uro Az = 0. Tak kak z # 8, To X = 0.

HOocTaTouynocTh. PaccMoTpum 6a3sdc e KOMILIEKCHOTO MPOCTPAH-
crBa V, B KoTopoM onepaTop A MMeeT BEPXHIOK TPEYTOJbHYIO MATPHILY
(§89), rnaBHas nMaroHas b KOTOPOM COCTOMT LeJHKOM M3 Hyled (§89, 3a-
mevanue 2). Hrak,

0 a12 @13 ... Gin
0 0 azs ... A2n
A, = e e e
0 0 0 ... @y in
0 0 0 ... 0
Kak HETPYAHO NPOBEPHUTH, NPH HOCJICAOBATEILHOM BO3BEICHHUY 3TOMW MaT-
PHIEL B CTENIEHH ¢ = 2, 3, e, n HeTpHBHaJIbHI:II‘;I TPEYTOJBbHUK, PACIIONO-

XEHHBIH Hal I'VIABHOW NTHaroHaJbio, NepeMelaeTcs KaXIbiil pa3 Ha OXHY
RuaroHans Beime, Tak 4o (A.)" = O. 3uaunt, A = 0. =
Jamevanue. HeobXomumMocTh 3TOro yTBEpXKIEHHS, KaK BHAHO M3
€aMOro HOKa3aTelbCTBa, HMEET MECTO H B BELIECTBEHHOM [IPOCTPAHCTBE.
Ilpamas cymma omepatopos. Ecomm V = Li@ L, @ ... ® L, -
npsMas CyMMa NOANPOCTPAaHCTB Ly, Ly, ..., Ly, HHBADHaHTHBIX OTHOCH-
TeJIbHO JiuHeiHoro onepatopa A € L(V,V), To onepatop A Ha3biBaet-
cs npamod cymmoi undyyuposannniz onepamopos A|Ly, ..., A|L,. Oror
TePMHH MOTHBHPOBaH TeM OOCTOSTENbLCTBOM, YTO AJIS .moGoro ro BEKTOpa
z € V ¢ pasnoxenueM r = z; + ...+ zp, re zx € Ly, k = 1, p, umeer
MecTo paBeHcTBO Az = Az + . + Az, = (A|L)zy + . (.AIL,,):::,,
Teopema 90.3. Hpouaeonbubm Aunetinbit onepamop Aeg
L(V,V) geagemcs npamoi cymmoil nuabnomenmmunozo u o6pamumozo
ONEPAMOPOB, NPUNEM IMO PEIMONCENUE LOUNCTNEENNO.
HokaszarenbcrBo. Jlas nokazaTeabcTBa TeOpeMbl HEOGXOIMMO MO
Ka3aTh, YTO CYIIECTBYET eAMHCTBEHHAH 1apa NoANpocTpaHcTs Ly, Ly, uu-



 [image: image58.png]BapHaHTHBLIX OTHOCHTEJNLHO JHMHEHHOro ornepaTopa A ¥ Takmx, uro V =
L; & Ly, A|L; munvnorenrten, A|L; obpaTum. Bynem cuuTarh, 4TO
onepaTop A Buipoxnen (mus mepupoxnerroro A: Ly = {0}, Ly = V) u
He HuaploTeHTeH (mis HuabnorenTHoro A: Ly =V, Ly = {6}).

CymectBoBanme. Obo3Hauum aas k € N

Nk = ker.A" , Tk = 1mA"

1. IokaxeM, 4To nodnpocmpancméa Np cmpozo 6aoxcenvi dpyz 6
dpyza do nexomopozo momenma g, navunad c xomopozo éce Ny cosna-
darom, T.e.

NiCNyC...CN =Nq+1=... (902)

a) Buoxenne Np C Niy1 OYEBHAHO, TaK Kak eciH Atz = 6, To
AFtlz = A(AF) = A6 =4.

6) Mycte N = Ngy41, Torna Niyy = Npy2, Tak kak Ney1 © Nigo,
Niy2 C Niy1. BTopoe M3 3THX BJIOXeHHA ClelyeT W3 TOrO, YTO eCJu
z € Nipya, 10 AFt2z = 9, Te. AFH1(AZ) = 0. Bnaunr, Ax € Npy1 = Ny,
ciegoBarensho, A¥(Az) = 0, T.e. Attlz =4.

H3 ”a” u ”6” caenyer, 4To HOANpocTpaHcTBo Ny 60 cTporo Bioxe-
HO B Np41, 1160 coBMafaeT Co BCeMH NOCJENYIOIMMMHE aipaMu. Tak Xak B
KOHEYHOMEPHOM NMPOCTPAHCTBE Pa3MEPHOCTH HORNPOCTPaHCTB Ny He Mo-
ryT 6ecKOHeUHO BO3pacTaTh, TO HACTYIIHT MOMEHT ¢, HaYHHAad ¢ KOTOPOro
Bece anpa Ny 6ynyT coBnagatek ¢ N,

2. 3aduKcUpYeM 3TOT MOMEHT ¢ U TOKaXeM, 4TO

V=N,8T,.

Heiicrputenbro, dimV = dim N, + dim7}; B cuany Teopemer 80.4 o
panre u nedekTe, npu sToM Ny NT, = {8}, Tax xak eciu y € Ny, y € Ty,
to Aly =0, y = Alz, Te. A%z = 0. 3uaunur, z € Noyg = Ny u A%z =9,
OTKyHa cleflyeT, 4To y = f.

3. Nonnpocrpancrea Ny, T, unsapuanmuvi omnocumeavro A, n6o:

a) eciw ¢ € Ny, To £ € Ngyy = N, nosromy Aty = 4, te.
Al(Az) = 8, cienoBarenbso, Az € Ny;

6) ecin y € T, To y = Alz u Ay = Az =A(Az) = A%z, rae
z, = Az, crenoparensHo, Ay € Tg.

4. Onepatop A|N; — nusbnomenmubii onepamop undexca g, Tax Kak:

a) A%z = 0 nas moboro BekTOpa T € Ny;

6) cyllecTByeT BEKTOp To € N, Takoi, 4To A% tpy £ 0, u60 Nyo1 #
N,.

5. Oneparop A|T, o6pamum, Tak Kak ero spo COCTOUT TOJBKO H3
HyJleBoro BexTopa. lleiicTBuTennno, ecn y € ker A|T,, oy € Ty, Ay =
0, Te. y=Alzu A7z = 6. Orciona caenyer, uTo T € Ngyy = Ny, Tee.
Alz=0ny=29.

YTBepXneHus MyHKTOB 2 — 5 HOKa3bIBAIOT CyMECTBOBAHHE MCKOMOTO
pasnoxenus: Ly = Ny, Ly =T,.

EfuHCTBeHHOCTH. llycTh CyllecTBYeT Apyroe pasjoxenue V =
N & T, obnagaoinee BceMH CBOHCTBaMHU MEPBOLO.




[image: image59.png]1. HuapnorenTHocTh onepatopa A|N osmavaer, uto Afz = 6, Vz €
N, npu nekotopom k € N. CaenoBarensio, N C N C Ny u

dim N < dim N, . (90.3)

2. O6parumocTs onepatopa A|T osnauaer, yro imA|T = T. Cue-
[OBaTeNbHO, AJd Jioboro BekTopa y € T MMeeT MeCTO NpeNCTaBJeHUe
y = Ay, roe y; € T. Hcnoas3ys Takoe Xe OpeACTaBleHUE Ui BEKTOPA
y1 ¥ Beex NOCJeNyIOmux, nonydaeM, uto y = Ay = A?yp = ... = Aly,.
Taxum obpasom, T C Ty u '

dimT < dimT, . (90.4)

Tak xak dim N + dimT = dimV = dim N, + dimT, , To u3 (90.3),
(90.4) cnenyer,uro N =N,, T=T;. m

Caedcmeue 2. Onepamop A na nodnpocmpancmse N; umeem
MoabKo nysesbie cobcmeennbic 3navenud, a wa nodnpocmpancmee Ty ne
UMEET NYAEGDIT COBCMEENNBIT FHANENUT. OJTO BEITEKAET M3 [IOKa3aHHOK
TeopeMkl ¢ ydeToMm TeopeMsl 90.2 B Toro, ¥To 06paTUMLI OmepaTop He
BLIPOXIEH.

Caedcmeue 3. Iag onepemopa A, deilcmeyowezo 6 xomnaerc-
nom mpocmpancmee V, ¢ Tapaxmepucmuueckum muozovaenom f(A) =
det(A ~ AZ) = (=A)™ (A = A)™2 ... (A, = A)™r:

a) zapaxmepucmuuecxue muozouwsenst fi(A) u f2(A) onepamopos
A|N; u AT, umerom sud

AO) = (0™, HO)= (e =™ Qe =™ (905)
6) npu amom

dimN, =m;, dimT,=m2+...+my. (90.6)

Coorromenne (90.5) BerrexaeT u3 (86.4), ecan yuects, 9o f2(0) # 0.
Cootnomenue (90.6) crenyer u3 (90.5), Tak Kak pa3sMepHOCTb POCTPaH-
CTBa COBMANAET CO CTENEeHbIO XapaKTePHCTHIECKOIrO MHOTOUJIEHA.

§91. KopHeBHle noaAnpocTpaHCTBa

Teopemoit 80.3 ocymiecTBAseTCA ONHOBPEMEHHOE PACIlENJIEHNe IPOCTPAHCTBA V=
N, & Tq, xapakrepucTryeckoro morowiena f(A) = fi1(A)f2(}) n camoro omeparopa
A Ha wrayumposamunie onepatophi A{Ng u A|T;. Takoe pacmerneHue HaIrpaBJIeHO
Ha BELIEJNEHHE BO BCEM IPOCTPAHCTBE V MaKCHMAaJBHOTO HONpocTpancTBa Ng, Ha
KOTOPOM OIIepaTop A MMeeT TONBKO HyJIEBEE COGCTBEHHbIE 3HaYCHNA, DTOT XKe IPHEM
MoXeT GBITh MCIOJNL30BAH M AJS APYTHX COGCTBEHHEIX 3HAYCHWMA.
Teopema 91.1 (0 paciuenyieHUH JMHEHHOIO OHEparopa).
Jag awbozo suneinozo onepamope A, deticmeyouezo 6 KOMNACKCHOM
npocmpancmec V, C ZAPAXMEPUCTIUNECKUM MHO20UAEHOM

FOY =an(M =A™ ... (A = A)™?, ade XN #£Ajnpui#j, (91.1)



 [image: image60.png]CYWECTNEYIOM UNBAPUANTNbIE TOINPOCMPANCMEa Ky,,... Ky, maxue,
‘ e V=K, ®..0K),; (91.2)
3 dimKy, =m;, j=T.p; (91.3)
| i) = det(A|Kx, = XT) = (=)™, j=Tp. . (914)

HoxasaTenbcTBo. 3aMeTUM IpeIBapHTENBHO, YTO:
' a) ecid A4 M Ag — coBCTBeHHEIE 3HaYeHns onepaTopoB A u B = A —
AoZ, TO, KaK HETPYMHO NPOBEPHTH,

| AB=Ad—Ao; (91.5)

: 6) eciiM MOXNPOCTPAaHCTBO L MHBApHAHTHO OTHOCHTENBHO ONEPaTOPa
 B=A- )T, To L HHBapHaHTHO OTHOCHTeNbHO A, TakK KaK eciu z € L,
T0o Bz =y € L, re. (A—XI)z =y € L, u, crenoBarensuo, Az =
‘,' Xz+yel.
Iloxa3aTeqbCTBO TEOPEMBI COCTOMT M3 P — 1 OXHOTHIHBIX MIATOB.
flepsbit waz. PaccmoTpum onepatop By = A — A\;Z. IIpumenus k
Hemy Teopemy 90.3, nomyuum nommpocrpancTa Ny, u Tj,, KoTophie ¢
y4eToMm (91.5) 06nanaloT CAenyOmMMHE CBORCTBAMH:
V= N‘h ® Th;
N,,, T;, AHBapHaHTHEI OTHOCHTEILHO B
dim Ny, =my, dimTy, =my + ...+ my;
det(By|N,, — AT) = (CA)™; |
det(Bi|Tg, — AT) = (Aa = Ay = A)™2 ... (Ap = Ay — A)™s,
llonoxus Ky, = N,,, Vi = T;,, noayunum nommpoctpancrea Ky, u Vi,
¥HBapHaHTHEIE OTHOCHTENBbHO onepaTopa A (corsacsHo m.”6”) u Takwe,
- qTO: :
V=K, &VW;
dimK),, =m;, dimVy=my+...4+ my; 91.6
det(A[K, — AT) = (A; — A)™; (91.6)
det(A|Vi — AT) = (A2 — A)™2 ... (A, — A)™>.

Bmopoi wae cocronT B npuMeHeHHH NepBOro MIara K onepatopy A; =
A[Vi. B pesymbraTe BTOpOro mara moJy4MM HommpocTpaHcTBa K,
V,, obnanaomue coitctamu (91.6) ¢ oyeBunHEIME H3Menenusmu. Yepes
p — 1 waros nony4nm Bce noanpocrpancrsa Kj,, ..., Ky, = Vp_1, ymo-

. BIETBOPAIOLINE TPeGOBAHUAM TeOpeMbl. W

Caedcmeue. Ilag awboeo suneinozo onepamopa, deiicmeywouse-

20 8 KOMRACKCHOM NPOCTAPARCTEE, cywecmeyem ba3uc, 8 KGMOPpoM €20
- MAMPUYe umeem K6asuduazonaasuyo Popmy (coraacHo Teopeme 84.2),
Y Komopot wucA0 JuGZONAALKBIT KAECMOK COSNAJGEM C YUCAOM PAIAUY-
HUIZ COOCTNEENNBIT 3naueRUll, & UT PA3MePbl — C a12e6PRUBECKUMY KPAM-
HOCAMY COOCTNBENNLIT 3nauenud, MJIM, B MATPHYHOH POPMYJIHPOBKE,



 [image: image61.png]410664 K6a0PAMHAL KOMNAEKCHAE MATPUYA N0JOOKA K6a3UIUAZONRAALHOT
mampuye, 06aadarowel YXa3anubiM 6bitite CE0UCMEOM.

Jamevanue. Pasnoxenme (91.2), obnanaionee BceMH CBOHCTBaMH
u3 Teopembl 91.1, I KaXAOro onepaTopa eQMHCTBEHHO B CHJY TeOpe-
Mot 90.3. .

KopueBrle BexTopnl. llycTh \j — cOOCTBeHHOE 3HaUEHHUE ollepa-
Topa A. BekTop T € V Ha3bIBaeTCH KOPHEGBIM 6CKMOPOM OLEPaTOpa
A, omsevarowum cobcmeennomy navenuwo Aj, ecan (A — ATz = 0
npu HexoTopoM k € Z, k > 0. Bvicomoil XOpHEBOIO BEKTOPa HA3LIBAETCA
HauMeHblllee k, obiamapolee yka3aHHbLIM cBoHcTBOM. O4eBUIHO, BLICOTA
HyJIEBOT'O KOPHEBOTO BEKTOpa (M TOJLKO HYJEBOIrO) paBHa HY.JIIO.

OTMeTHM IpocTeiilline CBOACTBa KOPHEBHIX BEKTOPOB, BEITEKalOUIMe
U3 olIpeleeHus. -

1°. Kopnesvie sexmopdt bicombi | g6agiomed cobCcmeennbimu 6ex-
MOoPamMu, TaK KaK ynoBieTBopsioT ycioBusaM (A — AT)z =0, z # 0.

2°. Ecau z - xopuesot sexmop svicomvi k > 0, mo sexmop (A-\;T)x
A6AT€MCA KOPHEBbIM BEKMOPOM Bbicombl k — 1.

3°. Ecau x - xopuesot sexmop evicomsi k > 0, mo sexmopwi

z,(A- XDz, ..., (A= NIz
sunetino nedasucumbi. JJoKa3aTelbCTBO 3TOTO YTBEPXKACHUS aHAJOTHIHO
nokasaTenancTBY Teopems! 90.1.

4°. Kopuesbie 6eKMOpbl PA3AUUNDIT 6bICOTN AUNEUHO HEIAEUCUMDL.

KopHeBble BeKTOpHI BHICOTEI k > 1 Ha3BIBAIOTCS Npucoedunennbimy
sexmopamu (k — 1)-20 nopadxa. Mrax, ecim T — IPUCOENUHEHHBIA BEK-
top (k — 1)-ro nopanka, to (A — X;T)fz = 6, (A = A I)f 1z # 6 wam,
npyrumu ciopamn, (A — A\;T)¥ 1z — cobcTBennbI BexTOp OnmepaTopa A,
oTBeqaloumit cobcTBeHHOMY 3HaudeHuio A;. Takum obpasoM, kopHeBo#
BEKTOp — 3TO JubO HyleBo# BeKTOp, JuOO cOGCTBEHHBIH BeKTOp, Jaubo
NPUCOETUHEHHBIR BEKTOP.

Kopuenrie nognpocTpaHcTBa. MHOXeCTBO BceX KODHEBBIX BeEK-
Topos onepaTopa A, oTBedalomuX cOGCTBEHHOMY 3HaUEHHIO )j, Ha3hIBa-
eTCA KOPHESbIM modnpocmparcméos oneparopa A, omeexaowum cob-
cmeennomy nauenuro Aj. O6osnauenue: K),. Hrak, K); = {z €
V|3k € N : (A - )I)fz = 6}. Onumem cTpykTypy KOPHEBOTO NOA-
NPOCTPAHCTBA. ‘

Hycts N = ker(A — A;I)*. Toraa eoraacro (90.2)

N, CNy,C...CN, ZNq.H:... (91.7)
1. OueBuano, uTo N1 COCTOMT U3 KOPHEBLIX BEKTOPOB BBICOTHI, HE Ipe-
BOCXomsed 1, T.e. U3 HyJieBoro BekTopa § ¥ Bcex cOGCTBEHHBIX BEKTOPOB,

OTBeYaloMMX cOGCTBEHHOMY 3HAU€HHIO Aj, T.€. COBNAlNaeT C COBCTBEHHBIM
nonnpoctpancTtBoM W), Takum obpasom,

Ny =Wy, (91.8)



 [image: image62.png]H, CJiefOBaTEJBbHO,

dlIﬂNl = 85, (919)

riie s; — reOMETPUYECKasi KPATHOCTH COGCTBEHHOIO 3HAYEHHs A;.

2. MoxnpocTpancTBo Nz B (91.7) COCTOMT U3 KOPHEBHIX BEKTOPOB BHI-
COTBHI, He IPEBOCXONANIEH 2, a NOANPOCTPAHCTBO Ny COCTOXT U3 KOPHEBBIX
BEKTOPOB BCEX BLICOT, T.€. COBIaJaeT C KOPHEBHIM IOAIIPOCTPAHCTBOM
K,,. Taxmm obpa3oMm, ¢ — MaKCHMaJbHas BHICOTa KOPHEBOTO BEKTOpa,
OTBeYaloLWero cobcTBeHHOMY 3Hauenuio Aj, K, = ker(A — A\;7)? »

W,\J-ZNlCNzC...CN =K,\j. (91.10)

OTo o3HavaeT, 4TO moxmpocTpaHcTBa K),,..., K Ap) MOCTPOEHHBIE TIPH
IoKa3aTeJbcTBe TeopeMnl 91.1, coBnajaloT ¢ KOpHEBHIMH MOANPOCTpPaH-
CTBaMH, OTBEYAIOIMMH COGCTBEHHBIM 3HAYEHHAM Ay, ..., Ap COOTBETCT-
BerHo. (CllenoBaTelbHO, KOPHEBLIE NOLNPOCTPAHCTBA 06J1ana10'r CBOU-
cramu (91.2)-(91.4).

3. U3 (91.10) caenyer, 4To MakCHMaJbHas BHICOTA § KODHEBHIX BEK-
TOPOB, OTBEYAIOLUIYX COGCTBEHHOMY 3HAYEHMIO Aj, COBIARAET ¢ MHAEKCOM
HHJIBNOTEHTHOCTH onepaTopa A — A;Z M coraacHo cBORCTBY 3° He mpeBoc-
XOOMT pasMepHOcTH K, T.e. ainrebpandeckoit KpaTHOCTH COGCTBEHHOTO
3HAYCHAS ;.

4. B3 (91.10) crenyer Takxe, 4To COBCTBEHHOE IONPOCTPAHCTBO W)
ABJSETCS NOANPOCTPAHCTBOM KOPHEBOrO moAnpocTpancTBa K, Tak 4To
s; < mj. Ilpu sTom

W,\J-ZK)U- > s;j=m;. (91.11)

Taxum o6pa3oM, tenodka (91.10) naeT elle onHO HOKA3aTENBLCTBO TEOPEM
87.1 u 88.3.

§92. 2Kopuaanosa ¢popma

IlepeitneM x nocTpoenuio 6asuca, B KOTOPOM MaTpHLa JUHEHHOIO ome-
paTopa MMeeT Hambojee mpoctyio dopMmy. OTHM GasucoM 6yneT COBO-
KYOHOCTBH IIOCTPOEHHBIX CHEIHaJbHBIM 00pa3oM 6a3ucOB KOPHEBBIX IOA-
NPOCTPAHCTB. .

Kanouuuecku#t Gasmc xopHeBoro noanpocrparcrea. IlycTh
K, - xopHeBOe NOHNIIPOCTPaHCTBO onepaTopa A, oTBevaloiee coOGCTBEH-
HoMy 3HaueHHIO ;. Ilosoxum

B=A-)\ZI, Ny =kerB¥, ny = dim Ny, r; =rg BE.

[locTponm cHauasa caMo KopHeBoe noanpocTpancTso K ;. Ing atoro
coraacao (91.7) HeobxonuMoO HailTH MOMEHT ¢, HauMHAd C KOTOPOrO BCE
anpa N 6ynyT coBnanate ¢ Ny = K, ,; npu sTom B cuay (91.9), (91.3)
ny = 8§ < ny <...< ng = mj Tle s; A M; — reOMeTPHIECKad X
ajirebpandecKast KpaTHOCTH Aj.




[image: image63.png]Tenepr 6yneM cTpouTsh 6asuc K);, MOcaenoBaTelbHO IPOCMATPHUBAs
noanpocTpaHcTsa Ny, Ny_y,..., Ny,

Ng) llyets fi, ..., fi, — BEKTODEI, MONOJHSAIONIHE TIPOM3BONbHEIN Ga3uc
N,_1 no 6a3zuca N,. fcHo, uTo:

1) onu 6yRyT KOpPHEBHIMHM BEKTOPaMH BHICOTHI ¢;

2) MX KOJMYECTBO PaBHO Ny — Ng_1;

8) tg =mng—ng_1 = (ng —ng_1) = (g1 = g) = —ngy1 +2ny — gy,
TaK KakK Ng41 = Ny;

4) HuKaKas HeTpHBHAJIbHAA JUHEAHAsd KOMOMHAINA STHX BEKTOPOB He
npuHanaexuT N,_; (Takue BeKTOpH OyleM Ha3bIBaTh AuKElNo-HEIA6U-
cumbimu Had Ny_1).

N,_1) Hocrpoum BexTopwl Bfi,...,Bf;,. OTH BekTOpH SBJIAIOTCH
KOPDHEBLIMM BEKTOpPAaMM BBICOTHL ¢ — 1, ¥ OHHM JMHEAHO HE3ABUCHMBI HaI
N,_2, Tak Kak B IDOTHBHOM cJydae JUI1 HeTPHBHAJLHOIO Habopa 4mces

2t -1t
@y,..., 0, Gynem umers BI"2Y 00 apBfy =0, Te. BT o fi =
9 ty . .
» B ) L apfy € Ny, YTO HPOTHBOPEYMT JHHEAHOM HE3ABHCHMOCTH
f1, . ft., Hang Nq_l.

HononHAM 3TH BEXTOPHl BEKTOPAaMH §i,...,4t,_, € Ng_1 Tak, yTo-
6ot BekTopst Bfy,...,Bfi,,91,...,9t,., HONONHANH IPOM3BOJILHEIR Ga3uc
Ny_2 no b6asuca N,_;. Scro, uTo:

1) onu 6ynyT KOPHEBLIMK BEKTOPAMH BEICOTHI ¢ — 1;

2) BX KOJIMYECTBO PABHO Ng_1 — Tig_2;

3) tg—1 = (ng—1 — ng-2) = (ng — Mg—1) = —ng + 2ng_1 — ng_3;

4) OHM JIHHEHHO He3aBHCHMEI Hal Ng_j.

Ny_2) AHanOoru4HO CTPOSTCS BEKTOPHI

2 2
B fl: . -'aB ftqugla--"Bgtq_uhli .. '1htq_2;
OOTIOJHSIONIME TPOM3BOJIbHEIR Gasuc N,_3 mo Gasuca N,_p. Has sToi
CHCTeMBl BEKTOPOB CIIPaBeNJIMUBEI Te e (akThl 1-4, YTO U 1J9 BEKTOPOB,
NOCTPOEHHBIX HA NMPeNbIAYINMX Warax .

Brimonnsas nanee Takue Xe IOCTPOEHHS B NOANPOCTpaHCTBax Ny_3,
Ng_4, ..., OPHREM K IOANPOCTPAHCTBY Ni.

N1) 3necw cTposiTcs BEKTOpPHI

-1 -1 - -2
B? fl,...,Bq fgq, 7 gl,...,Bq ggq_“...,Bvl,...,Bv,,, _
KOTOPBI€e TOMOJHAIOTCA BEKTOPAMH Uy, .. ., iy, 10 basuca Ny. Takum obpa-
30M, BEKTOPHI

-1 -1 -2 -2
B! fl,...,Bq ftq,Bq gl,...,Bq _qtq_l,...,Bvl,...,Bv,,,ul,...,uh

1) aBARIOTCA COGCTBEHHBIME BEKTOPaMHy;

2) uX KOJMYeCTBO PaBHO Ny = nj — ng (04eBURHO, ng = def B® = 0);

3) 1 = (n1 - no) — (’n2 - nl) = —ng + 2ny — ng;

4) OHHM JIMHEAHO HE3aBHCHMEL.

Ionyuennyio 3a ¢ IIaroB cCACTeMY BEKTOPOB YAOOHO OOGBENMHHTH B
NPUBOAMMYIO HHXe TaGJHLYy, KOTOpYIO OyleM Ha3biBaTb a#copdanosot
aecmuuyet.



 [image: image64.png]Teopema 92.1. Jocmpoennad cucmems 8exmopos obpasyem
6asuc xopnesozo nodnpocmpancmea K.
HoxasateabcTBo. KouMuecTBO BEKTOPOB B IOCTPOEHHOM CHCTeE-
Me PaBHO pasMepHOcTH npocTpancrea Ky, Tak xak ny +{nz—ny )+ (nz—
ng)+ ...+ (ng — ng_1) = ny = dim K);. OTH BeKTOPHI JIMHEHHO HE3ABH-
CMMEI, TaK KaK ecJlM IPHPABHATH UX JHHEHHYIO KOMOHHALMIO HYJIEBOMY
BEKTOpY M MOCIeNOBaTENLHO IPHMEHHTD onepaTopel BY~1, BI=2 .. B x
o6eruM Y4acTsaM NOJY4eHHOrO PaBeHCTBa, TO Bce KO3 PHLUHEHTH JUHERHOM
KOMOMHALUMM OKaXyTCs PaBHBIMH HYJIO. B

tg=—ng_1+2ng—ng41

N, fiyeo o hiy,
tg—1=—ng-_242ng-1-ny4

Ng~Ng.1

Nq_l Bfl;---,Bftq gl,...,gtq_l
nq_l-—nq_2
11=—n0+2n1—n2
N, |Bi1f Bi~1f, B2 B2
1 1y--+y tq _ql,..., -qtq—l ul,...,uh

ny=nj;-—ne

Hywmepauns Gasmca. Dbynem HymepoBaTb BeKTOPHI HOCTPOEHHOTO
fasuca N0 cTOJ6maM XOPAAHOBOW JIECTHHUBI: BHYTPH KaXJoro croabma
CHM3y BBEpX, a CaMM CTOJOLEBI B IPOH3BOJbHOM mopsanke. llomydeHHbr#
TakHM 06pa3oM 6a3nc Ha3LIBAETCH KanonuuecKkusm (MM Hopdanoebim) 6a-
aucom xopue6ozo nodnpocmpancmea K.

Marpuna oneparopa A|K), B xanonmueckom Gasuce. 1. IlycTs

e1,...,€q — BEKTOPHI MEPBOro cToabla XopaaHoBo# JecTHHUE!. Toraa
ey =Bl fy, Be; =6,
es = BI72f, - Be; = ey, -
eg=h Bey = eg-1
(.A—/\jI)el :0, .A81 :/\jeh
. (.A - /\jI)ez = e, - Aeg = Ajez + ey, (921)
(A= AjT)eg = eq-1 Aeg = Ajeg +eq_1 .

OToili rpynne BeKTOPOB KaHOHHYECKOro 6a3uca COOTBETCTBYIOT NEpPBbIE
g cronbuoB marpuiusl A|K); B xanorwYeckoM Hasuce, KOTOPbIe COTIIACHO
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Jg(25) (92.2)
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rae Jq(A;) — xnerka XKopnana (88.7) g-ro nopsaka c Aj Ha rJaBHOR nua-
TOHAJIH.

TouHo Tak Xe ycTpoeHnl cToabubl MaTpunsl A|K), onpenensemeie
BEKTOPaMH BTOPOro CTOJOLA XOPXAHOBOA JECTHHIB: [HArOHAJbHAS
KJEeTKa MeeT TOT xXe BHI J,(A;j), a Bce ocTaJbHblE 3JleMEHTH! PaBHbL Hy-
amo. Taxum obpazom, nepsast rpynna u3 £, cToxbHOB XOPAAHOBOH JeCT-
HHLB! nopoxnaeT KiaeTkn 2KopnaHa ¢-ro nopsanka ¢ A; Ha rJIaBHOH IHa-
ronaju. Yucio 3THX KJIeTOK PaBHO 4. ‘

2. Cuenyomas rpynna u3 tg_; CTOJGLOB XOpIaHOBOH JIECTHULE ONpe-
menseT KaeTk# Jy_1(A;j) Ha raproi nuaronaqn MaTpuue A|K) ;. Yucao
kaeToK (g — 1)-ro mopsnka paBHO 14_1.

3. PaccMoTpeB Bce cTOJGIEB KOPAAHOBOR JECTHUIIEI, [IOJAYYAM MaTpPH-
uy A; omeparopa A|K); B kKaHoHMueckoM Gaszuce. M3 (92.2) u nocaeny-
IOIIMX paccyX/JCHUH BHITEKAeT, 4T0 A;j — KBa3UAMAaroHaJbHas MaTpHIA
¢ kierkamu 2Kopaana Jx(A;) Ha ruaaBHoM puaroHauau. Bcero sTux xie-
TOK CTOJIBKO, CKOJBKO CTOJOLOB B XOPNAHOBOH JecTHUuE, T.€. 7 WJH,
coraacHo (91.9), s; (reomerpuyeckas KpaTHOCTE Aj). Takum obpasom,

Jql (A]) O

0 Jq.,- (’\J)

rae g1 + ...+ ¢,; = dim K); = m;, a YHciI0 KJIeTOK k-ro nopsaka paBHO
qucay ty = —ng_1 + 2np — k41, k= 1,¢.

4. HecmoTpst Ha HekOTOpPHIH NpPOHM3BOJ B BLIOOpe Hasuca, MaTpHIa
A; ompeneieHa OIHO3HAaYHO C TOYHOCTBIO JO MOPSAKa KJIETOK, TaK KakK
KOJIMYECTBO BCeX KJIETOK PaBHO reOMeTPHYECKOH KPAaTHOCTH §; COGCTBEH-
HOrO 3Ha4YeHHA Aj, 8 KOJMIECTBO KJEeTOK k-ro MopsiKa paBHO YHCHTY i =
—ng_1 + 2ng — nk41, k = 1, g, uam, coraacuo (80.2), t = rr_; — 2ry +
Tk+1, k= l) q- .

Taxum obpasoM, cTpykTypa kaerok XKopnana B MaTpuue A; omnpe-
zejiseTcs Toabko onepaTopoM A. Ilopsanok KJIeTOK onpeneseH MOPSIKOM
HyMepalldd CTOJOLOB XOpIaHOBOH JIECTHHUIBI.

2KopnaHoBa ¢opMa MaTpHIEI JIMHEMHOIO OIlepaTopa B KOMII-
JIEKCHOM IpOCTpaHcTBe. DByneM npumepXuBaThCA NpexHAX 06O3Ha-
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Ty = rg(A - /\jI)k.

Teopema 92.2. Iyemb A € L(V,V) - auneiinvit onepamop,
deticmeyowuii 6 KxoMnAEKCHOM NPOCTPANCMEE V | U €20 TAPAKMEPUCTU-
veckul Muozousen umeem 6ud

FA)Y=an(M =)™ .. (Ap —A)™?, 2de A #Xjnpuifj.
Tozda 6 npocmpancmee V cywecmeyem 6a3uc e, 6 KOMOPOM MAMPUYA
onepamope A umeem xea3uduszonasvnyro Gopmy

[EE 0

A, = .. , (924)
O

6 xomopot mampuyvi Aj, j = 1,p, umerom sud (92.3).

IHoxaszaTenabcTBO. B cooTBeTcTBHM ¢ Teopemoit 91.1, V = K, @
...® K,,. B xauecTBe HcKkoMOro Ga3uca e BO3bMEM COBOKYNHOCTH KaHO-
HU4YecKMX 6a3ucoB KOpHeBBIX mommpocTpaHcTs Ky, ..., Ky,. CoriacHo
Teopeme 84.2 maTpuna A, umeer Bun (92.4), rne A; - MaTpuua onepa-
Topa A|K,, B kanonuueckom Gasuce K. CrnenosarensHo, maTpuna A;
umeer Bul (92.3). m

Caedcmeue. Hag cobcmeennnz 3navenut onepamopa A umeom
Mmecmo coomuowenud Ay + ...+ A, =tr A, Ap-...- Ay = det A.

INonyyennas ¢opma MaTpuilbl JUHEHHOrO ONEpaTOpa HA3hIBAETCS
acopdanoeoti Popmot, a NOCTPOEHHBIRA GasNC — KARONUNECKUM (ATH HCOP-
danosbim) 6a3ucon.

amevanuve 1. Xopdanosa Popma mampuyvi auneidnozo onepa-
mopa onpedeaena 0dK0INGUNRO ¢ MOKOCTLIO Jo nopadxa xaemox M op-
dana. [OPANOK KIETOK onpefelieH MOPANAKOM HYMEPalMU KOPHEBRIX MOJ-
[IPOCTPAHCTB M TeM IOPSIKOM, B KOTOPOM HyMepyIoTcs CTOJOLE! XOpHa-
HOBOM JIECTHHIIBI B KaHOHWYEeCKOM Gasuce K ;.

Jamevanue 2. [Jag onepamopos npocmod cmpyKmypbl, u MoibKo
dag nuz, scopdanosa gopma coénadaem ¢ duezonaabrol, Tak KaK Kpu-
Tepuit (88.4) c yueTom (91.11) paBHOCHIEH yCAOBHIO

Wa, = Ky, §=T. (92.5)

3amenanue 3. B marpuusoit dopmyanposke reopema 92.2 osnava-
eT, 4TO 410644 Keadpamnad xomniekcnad mampuya nodobua mampuye,
umerowed scopdanosy Popmy. DTO MOXeT OBITH JOKA3aHO IO U3BECTHOH
cxeme (88.6).

Marpuua A., uMeomas xopAaHoBy ¢GopMy H mogobHas MaTpHie A,
Ha3blBaeTcad acopdanosot Gopmod mampuybt A.

Teopema 92.3. Zse mampuywni A, B € C"*" nodobnvi mozda

u moabke moada, xozda uz copdanosvi Hopmbi cosnadawm.




[image: image67.png]OTO yTBEpXKAEHHE CAeAyeT U3 TOTO, YTO KBaJpPaTHbie MaTPHIbI OfUHA-
KOBOIO NOPAAKa Haa OBIIMM oJieM NOoXOOHE TOra M TOJBKO TOra, KOraa
OHH SIBJSIOTCS MATPHIIAMHA ONHOTO ¥ TOIO XKe JHHeAHOro onepaTopa (§82,
o 8°). m

Teopema 92.4 (reopema PamuanTona—Koaan). Juneinvid
onepamop, dedcmeyowuii 6 KOMBAEKCHOM (Ul 6 BeUWECTNEEHHOM) npoC-
mpencmee, 4649eMCA KOPHEM C80€20 TAPAKMEPUCTIUUECKOZO MHOZOYLE-
#a.

HoxasaTeabcTro. 1. IlokaxeMm cHayajJa 3TO yTBepXIeHHe 1Jd
komIutekcHoro npocrpancrsa V. Ilycrs A € L(V,V) u ero xapakrtepu-
cTudeckuit Muorowses umeeT B (91.1). Coraaco Teopeme 91.1, V =
K, @ ...® K), u, crenopaTesibHO, 14 Joboro BekTopa & € V umeer

MECTO PasJOXKeHHe T = & + ...+ Zp, The z; € Ki;, j = 1,p. Torna
fAz = f(A)z1 + ...+ f(A)zj + ...+ f(A)zp . (92.6)

Kaxnoe ciaaraeMoe B 3ToM pa3joXEHHH PpaBHO HYJEBOMY BEKTOPY,
Tak Kak f(A)z; = (MT-A)™ ... (NI-A)" .. (ApT—-A)"rz; =0, ubo
ONepaTOPHl B 3TOM IIPOM3BeNeHHH NepecTaHoBouHbl, a (A — AXI)™iz; = 0
B cuay (91.10). CaemoBarensro, f(A)z =6, Vz € V, te. f(A)=0.

2. HOycrs V - BewecTBenHoe AMHEAHOE NPOCTPAHCTBO. BosbMem
Kako#-1u60 6a3uc e nmpocrpaHcTsa V, ¥ nycts A, — MaTpHLUa omepaTopa
A B 3TOM 6a3uce. JIns noka3’aTeabCTBa TEOPEMEI -IOCTATOYHO MOKA3aTh,
uyto f(A,) = O. PaccMoTpum m1060e KOMIUIEKCHOE MPOCTPAHCTBO Vi Toi
ke pasmepHocTH, yTo ¥ V. Ilycre f — npousBoabHmit Gasuc Vi, Torga
MaTpuua A, sBasercs maTpuueir omepatopa B € L(Vi,V;) B basuce f,
T.€. A, = By. 3HauuT, XapaKTepHCTHYECKHE MHOTOYJIEHB! OnepaTopoB A
u B coBmanaioT H, cordacHo I. 1 mokasaTenncTsa, f(A.) = 0. m

§93. HMHBapMaHTHBIe NOANPOCTPAHCTBA
MHHHUMAaJIbHOM pa3MepHOCTH

Teopema 93.1. V acaxozo aunednozo onepamope 6 Xomn-
AEXCHOM NPOCMPANCTRGBE CYUECNEYEM 00ROMEPHOE UHBAPUANMNUOE NOO-
nPOCMParcmao.

HokasaTenbcTBO. ¥YTBepXKIEHAE CIeLYeT U3 CYILIECTBOBAHUSA COB-
CTBEHHOI'0 BEKTODa I J06Oro onepaTopa, IEUCTBYIOIIETO B KOMILIEKC-
HoM npocTpaHcTBe (§86): ecam e — cobeTBenHbld BekTOp onepaTopa A, To
L(e) — onHOMepHOEe NOANPOCTPAHCTBO, HHBAPHAHTHOE OTHOCHTENLHO A. B

Teopema 93.2. Y scaxozo aunetinozo onepamopa 6 sewe-
CIMBERNOM NPOCPAUCTEE CYUECTNEYETM 0OHOMEPHOE UAY O8YMEPHOE UH-
6GpUANTIHOE NOINPOCPANCINED.

HNoxaszareawscTBo. ycrs V — BettecTBeHHOE NpoCTpaHCTBO, A €
L(V,V),e= (e1,...,€n) — 6a3uc V u A - maTpuna oneparopa A B 6azuce
e. XapakTepucTHuecKui mHorouied f(A) onepatopa A sBiseTcs MHOro-
4JIEHOM C BelleCTBEHHLIMH Koa(dduuueHTaMu, Tak Kak f(A) = det(A—A1),



 [image: image68.png]roe A € R**". Iycts AO — KOpeHb XapaKTEPHCTHYECKOI'O MHOTOYJIEHA
1.

1. Ecim Xy € R, To Ay — cobcTBeHHOe 3na4Yenre onepaTopa A. Toraa
nuHennas obosouka L{e), HATAHYTas Ha COOTBETCTBYIOINHE cOBCTBEHHbBIR
BeKTOp e, obpa3yeT ONHOMEPHOE HOAIPOCTPAHCTBO, HHBAPHaHTHOE OTHO-
cHTesbHO onepaTtopa A.

2. Ecnir Ay =a+1i8, 8#0, To |A - AI| =0 u cucTema ypaBHeHHR

Az = Aoz (93.1)
Hal no/neM C wmeeT HeTpHWBMaJbHOE pemienue zg = (T1 +iY,...,Tn +
iyn)T. B obo3navenusx z = (21,...,2n)T ER™, y = (y1,...,¥)’ € R"
cucrema (93.1) moxeT 6b1Th 3anucana B Bufe A(z +iy) = (a+18)(z +1y)
niu
Az = az — By,
{ Ay =Bz +ay. (93.2)

n
Torna, ecim u = Yy, zi€i, v = _;_; Yi€i, To cucreme (93.2) cooTseT-
CTBYeT CHCTeMa BEKTOPHBIX ypPaBHEHHH

Au = au - fu,
{ Av=pu+av, (93.3)

LZi€ %, ¥ — BEKTOPHI MPOCTPAHCTBa V, ONHOBpEMEHHO He paBHLe HyJio. U3
(93.3) caenyer, uro L£(u,v) -~ HHBapHaHTHOe NoanpocTpancTso. Herpyn-
HO TIPOBEPHTH, 4To dim L(u, v) = 2.

HTak, KaXALli BelIeCTBEHHbIH KOPEHb XapaKTePHCTHYECKOTO MHOTO-
‘{JIeHa NOPOXKNaeT ONHOMEPHOE MHBAaPHAHTHOE NPOCTPAHCTBO, & KaXIbil
KOMILIEKCHBIH (He BEUIeCTBEHHBIH) KOpeHb — ABYMepHOe MHBapHaHTHOE
HOANPOCTPAHCTBO. W
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§94. ConpsaxeHHBIN onepaTop ”
'6
B >Tom nmaparpade V u W — nBa npocTpasncTBa, 06a yHETaAPHAEIX HJm;
oba eBKIHIOBHIX.
Teopema 94.1. Ecau A, B - auneinvie onepamopsi us L(V, WE
u (Az,y) = (Bz,y), V2 €V, ye W, mo A= B.
Hoxa3zaTeabcTBOo. YTBep)IEHHE BEITEKAET U3 ClaeAyioOLlel uenoy-
KM IPOCTEHIIMX HMIJIHKAIAMA:
(Az,y) = (Bz,y),Vz €V, ye W, = (Az — Bz,y) =0, Vy e W, >
= Az—Br=0 2> Az =Bz, VzeV,=> A=B.m
3amevanue OuesnnHo, uto u3 pasencTsa (z, Ay) = (z, By), Vz €
W,y € V, Takxe cienyer, uto A= B ,,
Iycre A € L(V,W). Otobpaxenne A* : W — V nasniBaeTca conpa-
Hcennvim onepamoposm x onepamopy A, ecin :

(Az,y) = (2, A'y), Vz€V,yeW. (94.1)

Teopema 94.2. Conpaxcennviti onepamop auneen. :
NoxasareascTro. llycTb y1,y2 € W, Torna coraacuo (94.1)

(Az, 11 + y2) = (2, A" (1 + 2))- (94.2)

C npyroii cropontl, (Az,y1 + ¥2) = (Az,y1) + (Az, ) = (2, 4°1) +
z, A'ys) = (2, A*y + A*yp). Otciona ¢ yuerom (94.2) noayuum, qTo
z, A*(y1 + v2) — (A*y1 + A*y2)) = 0, Yz € V, caenosareisHo,

An+wp)=A"n+A"yn, VYy,pew. (94.3)“:
AHaJIOTHYHO NOKa3bIBaeTCd, YTO |
A*(ay) = ad'y, Vy€e W, Va € C(R). (94.4)

CooiicTpa (94.3), (94.4) n0Ka3bIBaIOT JMHEHHOCTD onepaTopa A*.
Teopema 94.3. [lag awboz0 onepamopa A € L(V, W) cyue-
cmeyem, u npumos eduncmeennvii, conpaxcexrnbii onepamop.
IHoxaszareascTso. CymeCTBoBaHne Oycts €y,...,e, — Op-
TOHOPMHpOBaHHEIH 6a3uc V. Torna aas moboro BekTopa z € V COrJIacHO



 [image: image70.png](70.6) uMeeT MecTO pasoXeHHE T = = 3 i=.(z,ex)ex. CaenoBarensto,

At =3 h_,(z, ex)Aeg u B cuay (70.7)

n

(Az,y) = > (z,ex)(Aex,y), VyeW. (94.5)

k=1

jlokaxem, uTo onepatop B € L(W, V), onpenelieHHBIA paBeHCTBOM
By=3;_,(y,Aex)ex, VYyeWw,

HBJISIeTCH conpskenubiM k A. [leiicTBUTENBHO, H3 TOrO, 4TO (z,By) —

2,5 p=1(y, Aer)er) = Y p—;(Aek,y)(z, er), u paBencTsa (94.5) caenyer,
‘iTO(.A.’I) y)=(z,By), Vs eV, ye W, Te. B=A*

EnvecTBEeHHOCTH BEITeKaeT U3 TeopeMul 94.1, Tak xak njad Jdio-
Hbix OBYX onepaTopos B u C, conpsikesHbIX K A, HMeeT MeCTO COOTHOLIIe-
une (2, By) = (Az,y) = (z,Cy), Yz €V, ye W. m

Teopema 94.4. Onepayus conpadicenud aunelinozo onepamopa

obaadaem caedyroupumu ceotcmeamu:

1) (A+ B)* = A* + B*,

2) (aA)* = aA*,

3) (AB)* = BA,
4) (A7) = (A7),
5) (A°) = A,

SHINOARERNLIMY 04 A106BIT ONEPAMOPOS, 04d KOMOPHIT onpedesenbt Yxa-
Januble ONEPAYUU.

OokasaTenbcTBO. Bee cBORCTBa MOKa3bIBaioTcs oqHOTHNHO. [o-
kaxeM cBoiicTBa 3 u 4. CsolicTBo 3 BriTeKkaeT u3 (94.1) u Teopemn 94.1,
tak Kax (z,(AB)*y) = (ABz,y) = (Bz, A*y) = (¢, B*A™y), Vz,y. Csoit-
cTBO 4 (o4eBniHO, s HEBbIpOXAcHHBIX A € L(V,V)) BriTekaeT u3 cBOM-
crBa 3, Tak Kak ecid A4 = ATIA =T, To (A1) A" = A*(.A‘l) =7.

Oro o3mauaer, yTo onepatop (A~!)* aBiasgercs obpaTHbIM K A*.

§95. DBuopToronajpHbsle 6a3uchl

3necs u najee 6yneM paccMaTPHBaTh JHHEHHEE ONEPATODPH, AEHCTBY-
IOllMEe B O[HOM IIPOCTPaHCTBe V, YHUTAPHOM WJIH eBKJHIOBOM.

IlBe cHCTeMB BEKTODOB T1,...,Tk M Yi,...,Yr B YHHTapHOM (eB-
KJUIOBOM) IPOCTPAHCTBE HA3LIBAIOTCA GUGPMOZONAIDRLIMY CUCTREMAMY,
eca (4, y;) = &ij, roe §; — campoa Kponekepa (§70).

Kaxnas u3 1ByX 6GHOPTOrOHAJBHBIX CHCTEM BEKTOPOB JIMHENHO HE3a-
BUcHMa. B 3ToM MoXHO y6enmThes, €CJId TPUPaBHATh JHHEHHYIO KOMOH-
HaIHIO OXHOM CHCTEMBl HYJEBOMY BEKTOPY M IIOCJIEJOBATEIbHO YMHOXATE
06e 94aCTH MOJIyYEHHOTO PABEHCTBA CKAJIPHO Ha BEKTOPHI APYTOH CHCTe-
MBL.

BuopTroroHajbHBEe CACTEMH €1,...,en U fi,..., fn, oOpa3yomue 6a-
3¥cH MpocTpaHcTBa V, HasmBaloOT 6uopmozonaabhot napod 6Gaducos.
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1, =75,
(ei,fj):{ 0, z;é; (95.1)

IIpumepoM GUOPTOroHaNBLHOW NTaphl 6a3MCOB MOTYT CIYXUTh TPOMKH
HeKOMILJIaHapHBIX BeKTopos a, b, ¢ u {b, ], [c, a], [a, b] reomeTpuye-
CKOTO NpocTpaHcTBa Vs, Mg KoTopuix (a, b, ¢) =1

OueBUAHO; YTO OPTOHOPMHUPOBAHHLIN Gaskc GHOPTOrOHAJEH CaMOMy
cebe.

Teopema 935.1. /lag awbozo ba3uca e,...,€e, YHUMAPHOZ20
(eexaudosa) npocmpancmea cywecmeyem, u npumpm eduncmeenubii,
buopmozonasbunii 6asuc fi,..., fn,

HokxaszaTennbcTnBo. Cor.nacuo (95.1) Bextop fj, j = 1,n, opto-
rOHaJieH BCEM BEKTOpaM €y, .. en,{.xpome ej. CaemoBaTelNsHO, f] € Lj,
rae Lj = ct (e1,-..1€j-1,€j41,...,€n). Ouenunso, dimL; = 1. Ecau
g — 6asuc Lj, To fJ = ag. U3 (95. 1) CIeNyeT, 4TO (fJ,e]) = 1, oTkyna
noxyqaeM, 4To o = 1/(g,e;). Tem t GambIM JIOKa3aHbl CYIIECTBOBAHHE H
eNMHCTBEHHOCTH BEKTOPOB fj, j = 1, n, GuopToroHalibHoro 6asuca. W

Teopema 95.2. B nape 6uopmozonaabubiz 6a3ucos e v f ynu-
mapnozo (esxaudosa) npocmpancmea V mampuyn onepamopos A u .A*
C8A3AKbE COOMHOWEHUEM

*
(4% = (A" 95.2)
HokasaTeascTBo. Iycrs A, = (aij), (A*)y = (bij). Torna
Aej = Y i_, arjex, A*fi = 3 p_; brifx. Ymuoxus nepsoe u¥ sTux pa-
BEHCTB CKaJsApHO Ha f;, noayuuM, uto (Aej, fi) = S p_, akjler, fi) =
aij. C npyroit croponsl, (Aej, f;) = (ej, A*fi) = (ej, X pe1 brifr) =
Zk 1bk,(e],fk) = b,, CaenoBaTensHo, a;j = bJ,, i=1,n, i= I, n. D10

paBHOCHIbHO (95.2). m
Caedcmeue 1. B opmonopmuposannom 6a3uce e

(A%)e = (A)T.

Caedcmeue 2. [ag awboeo onepamopa A € L(V,V)

det A" =det A, rg A" =rgA. . (95.3)

Teopema 95.3. [ag awbozo onepamopa A € L(V,V)

ker A =imt A*, kerA” =im' A. (95.4)



 [image: image72.png]ITokasaTteabcTso. [uas mobuix sextopoB z € ker A, y € im A*
umeeM Az = 0, y = A*y;. 3Buaunr, (z,y) = (z,A*yn) = (4z,31) = 0.
Caenosatensno, ker A C im* .A*. C npyroii croponst (cm. (80.2)
(95.3)), dimker A= dimV —dimim A= dim V —dimim A* = dimim® A*.
Teopema 64.3 6 MOHOTOHHOCTHM Pa3MEPHOCTHM HOKa3HIBaeT INlepBOe W3 pa-
peHcTB (95.4). BTopoe nokaspiBaeTcsl aHAJOIHYHO. W

Teopewma 95.4. Ecaw nodnpocmpancmeo L unsapuanmuo om-
nocumeasno onepamopa A, mo ezo opmozonsavnoe donoanenue Lt un-
BAPUAHMNKO OMNUOCUMEILRO CONPANCENNO20 onepamopa A*.

HoxasateabcTBo. Ecmu z € L, y € LY, 1o (Az,y) = 0, Tax kak
no ycuosmio Teopemsl Az € L. C npyroit cropousl, (Az,y) = (z, A*y).
CatenoBarensto, (z, A*y) = 0, Vz € L u, snauut, A’y € L1. =

§96. HopmanbHHEH omepaTop * |

Iycts V — yHMTapHOE Wi EBKJMIOBO TPOCTPAHCTBO. JIMHEHHBIH
onepaTtop A € L(V, V) Ha3nBaeTCs KOPMAALHLIM ONEPATLOPOM, ECITH
AA* = A A,
KBanpaTHas MaTpuima A (KOMILTEKCHas MJIM BellleCTBEHHAaA) Ha3biBa-
eTCs Hopmaabrod mampuyeld, ecan /f/\
AAH = AH 4,

3amenanue 1. M3 onpenenenns u TeopeMn 95.2 caemyer, uTo
onepaTop HOpMaJieH TOTAa ¥ TOJIbKO TOT A4, KOTa B JI060M OpTOHOPMHUPO-~
BaHHOM 0a3nce ero MaTpHLa HOpMaJIbHA.

Teopema 96.1. Cobcmsennbiti 66KMOP HOPMAALROZO OTEPA~
mopa, omeeyawyul cobcmeennomy 3HaueNu0 A, gFeagemca cobcmeex-
KoM GEKTMOPOM COMPANCERNOZO ONEPAMOPS, OMEEUBWOUUM COGCMEENNO-
MY IRGUEHUIO A.

Hoxa3zaTeabcTBo. JIerko NpoBEPATH, 4TO eciit A — HOpMaJbHBI
onepatop, To A — AT Taxxe HopMajeH. IlycTe Tenepb T — coGCTBEHHBIH
BekTOp onepaTopa A, oTBedaiomMi cOGCTBEHHOMY 3HAUEHMIO A, TOrAa
(A— M)z =6 u (A~ A)z,(A — AI)z) = 0. Coruacuo (94.1) orciona
crenyer, uto (z, (A — AI)*(A ~ AT)z) = 0 nin, ¢ y4eTOM HOPMaJIBLHOCTH
onepatopa A— AT, uto (z, (A-AT)(A-AI)*z) = 0, T.e. (A-AT) z, (A~
X)*z) = 0u (A~ AI)*z = 0. Orcona B cuny Teopembl 94.4 caenyer,
arq (A* ~AI)z =0, Te. A'z=Az. &

Caedcmsue 1. Ecau A - nopmaavnbil onepamop, mo

ker A = ker A™, (96.1)

TaK KaK HeTPHBHAJbHbIE BEKTOPH AAPa ABISIOTCH COGCTBEHHBIMH BEK-
TOpaMH, OTBEYAIOIXMH HYJIeBOMY COGCTBEHHOMY 3HAYEHHIO.
Caedcmsue 2. Ecau A - nopmsavnbiti onepamop, mo
ker A =imt A, kerA* =im! A*.
Do caenyer u3 (95.4) u (96.1).




[image: image73.png]Teopema 96.2. Cobcmeennbie EXMOPbL HOPMAILHO20 OTEPA-
MOPG, OMEECUBIOUUE PAIAUNHDIM COOCTEEHNBIM FHAVERULM, LONAPHO OD-
MO20NAALHDE.

Hokaszartenncrso. Ilycts Az = Az, Ay = py, A # u. Torina
(Az,y) = (Az,y) = AMz,y). C npyro# croponn, (Az,y) = (z,A'y) =
{ B cuay Teopemer 96.1 } = (z,my) = p(z,y). CrenoBateasno, A(z,y) =
u(z,y) n Tax xax A # p, 10 (2,9) = 0. =

Teopema 96.3 (Teopema Illypa). Jag aw6ozo onepamope,
delicmeyouse20 6 YRUMAPHOM NPOCTRPANCINEE, CYULECTBYEM OPMONOD-
MUposaKnbiti 6a3UC, 8 KOMOPOM O UMEET MPEYLOLLRYIO MATPULY.

Ioka3aTelbCTBO 3TOH TEOPEMBI OTJIUYAETCA OT HOKA3aTEJIbCTBA, }
TeopeMbl 89.2 TONBLKO TeM, YTO Ha KaXJIOM Lilare CTPOMTCA OPTOHOPMUPO-
BaHHBIA 6a3MC HHBAPHAHTHOIO MOANPOCTPAHCTBA. M

OpTOHOPMHPOBAaHHBIN 6a3WC YHUTAPHOIO (€BKIMAOBA) IPOCTPAHCTBA, |
B KOTOpPOM MaTpHLA JHHEHHOrO OlepaTopa HMeeT TPEYTOdbHYIO (GopMY,;
HazpiBaeTcs Ga3ucom Llypa mnas sroro onepartopa. .

Teopema 96.4 (xpurepmii HOpmanbHOCTH). Onepamop,}
deticmeyowul 8 YRUMAPHOM RPOCTAPARCMEE, HOPMALEH MO0204a U MOALKS ]
mozde, Ko2da CYWeECMEYem OPMOROPMUPOBARHbIE 6a3UC U3 COOCTREENNBIT]

;

6EXKMOPOS 3MO20 ONEPAMOPA. N~
Hoxa3zaTteabctBo. HeobxoaumdgcTs. llycrs A — HOpMaJjibHEL
onepaTop u € — €ro 6a3uc Iﬂypa TOFJIa o /
@11 G12 ... Gin H/ /1 ayy 0 0
0 a2 ... Q2 Q12 QG922 [N 0
Ae = ’ (Ae) =
0 0 ann Q1n  G2n Inn

u, coraacuo (95.2) u 3ameuanmio 1, A.(A.)¥ = (A.)7 A.. Cpasuus nua-
TOHAJIbHEIE 3JIEeMEHTHl MaTPHI, CTOSNIAX B JEBOM M NPaBOM 9acTAX HO
CE€AHErO COOTHOIIEHUS, MOJYYHM PaBeHCTBA
la11]? + layg|? + ... + |a1a]® = |a11]?, lag2® + ...+ |aga)? =
0,22| 3 ey Ian—l,n—1| + |an—-l,u' = Ian—l,n——ll )
H3 KOTODBIX CJIEIYET, YTO , ;
312 =413 = ...=01n 20, 93 =G94 = ... = Q2n ‘—‘-0, ...,an_l,nZO.
CaenoBarenbHo, MaTpHua A, uMeeT AHaroHadbuylo opMy. Taxkum obpa
30M, 6a3uc lllypa aBaseTcs OPpTOHOPMHPOBAaHHLIM Ga3zHcOM H3 cOBCTBEH
HBIX BEKTOPOB onepaTopa A.
HocTraTtounocTs. IllycTh € — OpTOHOPMHUPOBaHHEIA Ha3uc U3 c06-
CTBEHHBIX BEKTOPOB OllepaTopa A, Torna .
A1 0 A ¢)
A, = . ’ (AC )H = .
0] An O An
M3 nepecTaHOBOYHOCTH AMArOHAaJbHBIX MaTpHIl clefyeT, 4yTo A,

HOpMallbHasi MaTpuua. DTo o3HavaeT (3aMevanue 1), yTo A — HOpMaJs-
HBLIA onepaTop. M oy




 [image: image74.png]Caedcmeue 3. B ynumapnom npocmpancmee nopmasbubili onepa-
mop A u ezo conpaacennviti A* umerom obwuil opmonopmuposannsii ba-
3uc u3 COGCMBEHNBIT 6EKMOPOS.

Teopema 96.5. FEcau awoboi cobcmeennvii sexmop onepa-
mopa A, delicmsywuezo 8 ynumapuom npocmpancmee V, seagemcd
cO6CBENRNDIM BEKMOPOM CONpANCENHO20 onepamopa A*, mo A — nop-
MALHBIY onepamop.

IoxazaTenbcTBo. Jl060H onepaTop, AEACTBYIOMMA B KOMILJIEKC-
HOM IIPOCTpaHcTBe, objamnaeT XoTs Obl OTHUM COBCTBEHHBIM BEKTOPOM
(Teopema 86.6). IlycTh dim V' = n u ;) — cOGCTBEHHBIA BEKTOp OllepaToOpa
A, Torma e; — cobCTBeHHBIH BEKTOp oneparopa A* M COIJIaCHO Teope-
me 95.4 noanpocTpaHcTBo Ln_; = L1(e)) MHBAPHAHTHO OTHOCHTEJLHO
oneparopa A. B aToM noampocTpancTse (B cuiy Teopembl 86.6) cyue-
¢TByeT COBCTBEHHBIN BEKTOD €z € L,_; oneparopa A, npu aToMm ez L €;.
BexTop ey Takxke SBJISeTCA COBCTBEHHBIM BeKTOPOM A*, H MO-IpexHeMY
L(e3) vHBapHaHTHO OTHOCUTENBHO A* U, CI€NOBATENBHO, L2 = L1 (ez)
(uMeeTcs B BULY opToroHasbHoe Jonoanenue L(ez) 10 Ln_1) MHBapH-
aHTHO OoTHOocuTeabno onepaTopa A. IlocTynas aHamoruyHO, MOCTPOMM
OPTOTrCHAJLHYIO CHCTEMY cOBCTBEHHBIX BEKTOPOB €1, . . ., €n onepaTopa A.
B Takom ciiyuae BekTophl €1/le1], ..., €n/|en| 0BpasyoT opTOHOPMEPO-
BaHHBIH 6a3HC HpOCTPaHcTBa V| cocToAmMH M3 COBCTBEHHBIX BEKTODOB
cnepatopa A, u B cuiy Teopemsl 96.4 A - HOpMaabHEIA onepaTop. M

Jaemeuwanue 2. OrmMerum, 4TO NOKa3aHHas TeopeMa fABjseTcs 0b-
paTHOM X Teopeme 96.1 nig ciydas yHMTapHOro NPOCTPAHCTBA.

YuurapHo momoGunie mMaTpuubl. IlonoGHble KOMIJEKCHBIE (Be-
wecTBeHnble) MaTpuusl A u B = Q~'AQ ma3snBaOTCH yHumapno {co-
OTBETCTBEHHO 0PMOZoNaAbH0) 10J06HbIMY, eClIM MaTpHla NpeobpasoBa~
Hus mogobus  yHHTapHa (COOTBETCTBEHHO OPTOrOHAJBHA), T.€. €CilH
QYQ = QQ¥ = I (coorsercTBenHO QTQ = QQT = I). Ouepuaso, uTo
COOTHOIIEHMe NOofoBUs i yHMUTApHO TMonobHux Matpunl A m B umeer
sug B = Q¥ AQ, a nas opToronanbHo mofgobHLIX — B = QT AQ.

3amencnue 3. H3 Teopemnt 70.5 u cpoiicTna 8° §82 crenyer, 4o
NBe KOMILIEKCHbIE (BelieCTBEHHbIE) KBAIPAaTHbIE MAaTPHILI OXUHAKOBOTO
NOpAAKa YHHTApHO (COOTBETCTBEHHO OPTOIOHAJbLHO) NMONOOHBI TOTAA H
TOJIBKO TOT /1, KOT 3 OHH SBJSIOTCS MaTPHLUAMHU OJLHOTO M TOTO XK€ ONepa~
TOpa B YHHTapHOM (COOTBETCTBEHHO eBKJIMIOBOM) IPOCTPAHCTBE B OPTO-
HOPMHPOBaHHLIX Ha3MCax.

Teopema 96.6. Keadpamnag xoMnieXCHad MATRPUYL T8ALCT-
ca nopmaabnoi mozda u moabko mozda, xoada ona ynumapko nodobra
Juazonaabnoti mampuye.

IHoka3aTelbCTBO MOXeT OHITh HPOBEICHO HO K3BECTHOH CXEMe
(88.6), ecnu Mcnonb3oBaTh OPTOHOPMHUpOBaHHBEIE Ga3uchi e, f M yuecTh
3amedaHKe 3. B

JIlokasaHHas TeopeMa NpelcTaBiseT coboif MATPUUHYIO POPMYIHPOB-
Ky Teopemb! 96.4.



 [image: image75.png]§97. YuuTapHuIA (OPTOroHaJbHEIA) onepaTop

Jluneiinbiit onepaTop U, NEHCTBYIOIIMA B YHHTApPHOM (eBKIMIOBOM)
IIPOCTPAHCTBe, Ha3biBaeTcsd YHUMAPHbIM (COOTBETCTBEHHO OPMO20HALb-
noim) onepaTopoM, ecin U'U = UU™ =T .

H3 onpenesieHHs BHITEKAIOT cilefyomue GakTh.

1°. Oneparop U ynuTapeH (OpTOTOHaJEH) TOJNBKO TOT1a, KOT A B JIIO-
60M OPTOHOPMUPOBAaHHOM 6a3uce OH MMeET YHUTapHYIO (COOTBETCTBEHHO
OpPTOTCHAJILHYIO) MATPHILY.

2°. Jlas yHuTapHoro (OpTOroHaJbHOrO) onepaTopa U

ldetU|=1. (97.1)

3°. YuuTapHbIl (OpTOrOHAJBHbII) OlepaTop HOPMAJIEH.

Teopema 97.1 (xpurepun yHuTapHOCTH). B ynumapror
(esxaudosom) npocmpancmee V caedyroujue ymeepaucdenud PasHoCcub-
nbi: ,

1) onepamop U ynumapen (opmozonaaen); |

2QUU=T;

JUU* =1;

4) onepamop U cozpangem cxasdpnoe npoudeedenne, m.e.

Uz, Uy) = (2,y), Vz,yeV;

5) onepamop U cozpangem dauny, m.e.

Uz|=|z|, VzeV;

6) onepamop U nepesodum 41060 opmonopMupos anubii Gasuc V &
OPMONOPMUPOBANNBITE 6a3UC;

7) onepamop U nepesodum Toms 6vi 0dun opmonopMuposanubii 6a-
auc V 6 opmonopmuposannvii fasuc.

HokasaTenabcTBo. 1 & 2 & 3. Jlioboe us pasencts U'U =1
unu UU* = T o3HayaeT HEBLIPOXKAEHHOCTb U H CyleCTBOBaHHE Ut
YmuOXeHHe OBeMX 4acTeil 3THX paBeHcTB Ha U ™! (cnpasa uim ciesa)
OPHBOOMT K ToMy, yTo U* = U ~1, CaenoBaTelIbHO, HMEIOT MECTO UMILIH-
kamun 2 = 1,3 = 1. Ilepexon 1 = 2,1 = 3 ouepuleH.

1 = 4. Tak kax U*U =7, TO

Uz, Uy) = (=, U*Uy) = (z,y), Vz,y€V.

4 = 1. Tax xak (z,U*Uy) = Uz, Uy) = (z,y), YT,y €V, ToHa
ocHopanuu Teopemu 94.1 U'U =1T.

4 = 5. Ouesnmno, tak kak |[Uz| = /(Uz,Uz) = /(z,z) = |z],
VzeV.

5 = 4. D10 clenyeT M3 JErko NpoBepAeMbIX COOTHOHIEHHH:

(z,) = (2 + 4P — [af? — [y/)/2
B eBKJIHAOBOM IIPOCTPAHCTBE K
(z,9) = (lz + y? = |z — yI* + ilz + iyl® —ilz — iy)?) /4
B YHATapHOM IIPOCTPAHCTBE.

4 = 6. Ouepunno, Tax xak (Ue;,Ue;) = (ei, e5) = bi;.

6 = 4. Ecuau e;,...,€n — OPTOHODMMpPOBaHHHH bazuc V.u £ =
Z?:l Li€i, Yy = E?:l yiei, TO Uz = Z?:] ziueia uy = E?:} yiuei) H



 [image: image76.png]Tak Kak Uey, ..., Uen — OpTOHOPMHpPOBaHHEI 6a3uc, To, coraacho (70.7),
Uz, Uy) =Y "z = (z,y), Vz,ye V.

6 = 7. Ouyesuano.

7 = 6. OTor nepexox GpaKTHYECKH JOKa3aH BI. 6 = 4. W

Caedcmeue. Yuumapuvii (opmozonaavnvil) onepamop na a060om
URBAPUARMNOM NOJNPOCMPANCMEE UNIYyupyem ynumapuvil (coomsem-
CIMEENNO 0PMO20HAAbHLITL) ONEPaAMOP, Tak KaK COXPAHAET CKaJAPHOE
IpOU3BeleHHe JIO60H Maphl BEKTOPOB 3TOTO NOANPOCTPaHCTRA. '

Teopema 97.2 (cnekTpanbHas XapakTepHCTHKA yHHTap-
Horo omeparopa). Hopmaavuvii onepamop 6 ynumaprom npocmpax-
cmee yrumapen mozde 4 Mmoabko mozda, xozda ece e20 cobcmeennvie
JHaYENUT N0 MOJY410 pasHbl edunuye,

HoxasaTtenrcrro. Heo6xonumoc Th cnpaBeniuBa B yHuTap-
HOM M €BKJIMJOBOM IPOCTPAHCTBE H O3Ha4YaeT, YTO BCe COBCTReHHbIE 3Ha-
4eHUs YHHTAPHOTrO (M OPTOTOHAJBHOrO) onepaTopa U MO MOLYJIO PaBHHL
enuuuue. llokaxem aro. IlycTh z - cobcTBeHHBI BeKTOp onepaTopa
U w X - oTeevaiomee eMy cobcTBenHoe 3Havenwe. Torma (Uz,Uz) =
(Az,Az) = [A]*(z, z) . C npyroi croponsl, (Uz,Uz) = (z,U*Uz) = (z, z).
U3 sTux pasBeHcTs caenyer, uro |A| = 1.

HocraToyHocTs. Ecau U — HOpManbHRIE onepaTop, TO COTJIAcHO
Teopeme 96.4 B mpocTpascTBe V CyIecTBYeT OpTOHOPMHPOBAHHBIH Ga3uc
€l,...,€n U3 COBCTBEHHBIX BeKTOpoB onepatopa . Torma nas moboro
BeKTOpa = = Y .. Tie; € V nmeem Uz = Yo midiei, roe [N = 1,
i = 1,n. B cuy OpTOHOPMHpOBaHHOCTH Ga3uca e coraacso (70.7) mo-
JyqaeM OTcIOla, YTO (Z,%) = ) iy |&i|? u (Uz,Uz) = Y| | NiPlzi]? =
>i= |zil?. Caenoparensro, |Uz| = |z|, Yz € V, u U ~ ynuTapubn onepa-
TOp ZTeopema 97.1). m :

Teopema 97.3. Ecau nodnpocmpancmso L uneapuanmuo om-
HOCUMEAbRO YHuMaproeo (opmozonasbnozo) onepamopa U, mo ezo op-
mozonasbnoe donoanense L+ maxxce unsapuanmuo omuocumeavno U.

Noxasareancrso. IMycts y € LY. Iokaxem, uto Uy € L,
T.e. (z,Uy) =0, Vz € L. Oneparop U uHAyUHMpYeT Ha MOXNPOCTPAH-
crBe L ynurapHbii (opToroHadbHbii) onepatop U|L. 3HaumT, onepa-
Top U|L obpaTum K ero o6pa3s coBIanaeT cO BCeM MOANPOCTPAHCTBOM L,
T.e. imU|L = L (Teopema 83.5). Do o3mauvaer, yTo AJs MOBOTO BeK-
Topa r € L cymecTByeT BRektOop z; € L Taxoit, uro £ = Uz,. Torma
(z,Uy) = Uz, UyY) = (21,y) =0, Tak kak 2, € L,y € L*. m

Kanonuueckas ¢popma MaTpunsl yHUTapHOrO omeparopa. U3
TOTO YTO YHMTapHHIH ONepaTop HOpPMaJieH M Bce ero cobcTBeHHBIE 3Ha-
YEHHS 10 MONYJIO PaBHB! €IHHHIE, CJIENyeT, YTO 6 npocmpancmee V
CYWECTEYEM 0PMOROPMUPOSARRLIY 6aIUC €, 6 KOMOPOM MAMPUYE YNU-
mapnozo onepamopa U umeem duazonaavnyw Gopmy

M O
U. = . , rme|X|=1,i=T1n,
O An




[image: image77.png]MK, B MATPH4HOH HOPMYJTHPOBKE: X6a0PAMNGE KOMNAEKCHAL MATPUYD
yHUMapHE M6203 U TOALKO mozda, K02da ONG YNUMAPRO nodobna duazo-
naabnol Mampuye, y Komopot 6ce JUAZOHAALNLIE IAEMENTLI 1O M00Ya10

pasubt edunvye.

Kamorugeckas ¢opMa MaTPHLEI OP TOFOHANILHOTO ONEpaTopa.
[ycTh Q — OPTOroHAJIBHLIA ONEPATOP, NEeRCTBYIOIIHH B eBKJIUIOBOM MPOC-
rpanctse E. CoraacHo TeopeMe 97.2 (. ” Heo6XOIMMOCTE” ) ¥ PaBEHCTBY
(97.1) nas ero cOOCTBEHHbBIX 3HaueHHMi A ¥ onpenenuTens (Tak kak A € R,

det @ € R) nmeem
A==+1, det@==%l1. (97.2)

B moBoM opTOROPMMpOBaHHOM Da3uce € onepaTop Q wmMeeT OpTOrO-
HaJbHYIO MaTpHLy (e, CIENIOBATENbHO,

Q:'=Qr. (97.3)

Ipumepsr. 1. B omHOMepHOM NpPOCTPaHCTBE MaTpHUUa Q. opToro-
HaJLHOTO OlepaTopa § MMeeT BHI

Qe = [£1]. (97.4)

HnbiMi cioBaMH, Jubo Q. = I, mmbo Q. = -1
2. B aByMepHOM IPOCTPaHCTBE MaTPHALA (). OPTOTOHAJLHOIO ONEpa-

-1
TopagnmeeTBan,:[: g],npnqem[: g] __.[g }}B

cuny (97.3), u, ¢ yueToM (97.2), (5.3),
5§ -Bl_|a
<[5 7)1

a) Ecam det @ = 1, To (97.5) o3mavaer, 4TO [
B

«a

=2

] : (97.5)
5
-

—aﬂ]:[a }],

OTKyJa cllelyeT, 4To Q¢ = [ _f!ﬁ ], a?+ 4% = 1. HNonoxws o = cos @,

B = —sin p, NOAYIUM

Q.= [ cosp —sing ] . (97.6)

sing cosg

6) Ecan det @ = —1, To (97.5) o3nadaeT, 4TO [ _75 _ﬁa ] = [ g Z ],
OTKyla ClefyeT, 4To Qe = [ ; _ﬁa ], o? + 2 = 1; upu arom f(A) =

det(Q. — M) = A2 — 1. CuegoBaTenbHo, onepaTop @ B ABYMEpDHOM
NPOCTPAHCTBE UMEET [(BA Pa3jA4HBIX COBCTBEHHBIX 3HAUCHMA: A = 1,



 [image: image78.png]A2 = —1, M Q4 Hero CyulecTBYeT OPTOHOPDMHPOBaHHBIA Oa3uc f, B Ko-
TOPOM €ro MaTpHUa (J; MMeeT BHI

Qs = [ - ] . (97.7)

Teopema 97.4. [ag awbozo opmozonasbrozo onepamopa Q 6
€6KAUTO60M IPOCTPARCTEE CYWECTEBYEM OPTOROPMUPOE aHNBIL 6a3uc e,
6 KOMOPOM €20 MATIPUYAE UMEETN KEa3UIUG20HALbHYI0 PopMy ¢ KaemKamu
suda (97.4) u (97.6) na cassnoii duazonaru.

HoxkasaTeanbcTBo. BocnoablyeMcs HHIYKIMER IO pa3MEPHOCTH N
npoctpancTsa V. Ilng n = 1,2 yreepxnenue BoiTekaer u3 (97.4), (97.6),
(97.7). Hyctb n > 3 ¥ TeopeMa BepHaA I OPTOTOHAJILHEIX ONEPAaTOPOB
B mpocTpancTBax pasmepHoctd k < (n — 1). Jlokaxem Teopemy ajs
pasmepuocTu n. CorJgacHo Teopeme - 93.2 nas onepatopa Q cyuecTByeT
OfHOMepHOe AMGO IByMEepHOe MHBapHaHTHoe noampocrpaHcTso L. Ecau
dimL = 1, To Q|L - opToronaubHI# onepaTop (COracHO CIENCTBHIO) B
OIHOMEPHOM NPOCTPAHCTBE ¥ B OPTOHOPMHPOBaHHOM ba3uce €; IpoCcTpaH-
crBa L ero maTpuna umeeT Bua (97.4). Ecan xe dimL = 2, o Q|L -
OpPTOTCHAJLHEIH ONEPATOP B IBYMEPHOM NPOCTPAHCTBE H B OPTOHOPMHPO-
BaHHOM 6as3uce e, €3 mpocTpancTBa L ero marpuua umeeT BeX (97.6) uau
(97.7). Corxacso Teopeme 97.3 opToronaibHoe fonojHenne L1 mupapu-
aHTHO OTHOCHTeJ‘IbHO oneparopa Q. Ilo WHIYKTHBHOMY MPEITIOIOKEHHIO
B mpocTpascTse Lt cymecTByeT OpTOHOpMHpOBaHHbIH 6a3uc eg,...,en
(unm e3,...,en), B KOTOPOM MaTpHUlla ONEPATOPa Q|Lt wumeer Tpebye-
MBbIH BHI. Toma B 6a3uce €1, ..., e, MaTpHUlla onepaTopa O Takxe GyxeT
EMeThb TpebyeMblil BUI. B

Iociie oueBMAHOM NEpecTAHOBKM BEKTOPOB NOCTPOeHHOro 6asnca MaT-
pHIla OPTOrOHAJBLHOrO onepaTopa Q OyneT HMeTH BUA

0

-1 . (97.8)
Cosp; —sSin(
sin ¢ COS P}

Qe

cos @y —sin g
sin g cos Pk |

0

Matpuua (97.8) HaswiBaeTcs xanonuveckod Gopmod mampuybi op-
MO020KAALbHOZ0 OTLEPAMOPE.

Hpocmouism spaujenses Ha3pIBaeTCS ONEPATOP B €BKJIMIOBOM IPOCTPaH-
€TBe, KOTOPEIA B HEKOTOPOM OPTOHOPMHUPOBAHHOM fa3ice HMEET MaTPHIY



 [image: image79.png]BUOa

cos@ —sing
sing COSQ ’ (97.9)

0] .
] : 1]
ITpocmbis OMPaICENBER HABIBACTCA ONEPATOP B EBKIMIOBOM HPOC-
TPaHCTBE, KOTOPHIl B HEKOTOPOM Op TOHOPMHPOBAHHOM Ga3nce MMeET MaT-
pHIy BHI3
: ) _\

0

-1 . (97.10)

o :
L 1] :
M3 onpelieienus CJeNyeT, YTO NPOCTOe BpallleHHe U IPOCTOE oTpaxe-
HHe — OPTOrOHAJBHbIE ONEPATOPHI, TaK KakK MX MaTpHIbL (97.9) = (97.10)
B OPTOHOPMHMPOBaHHOM 6a3uce OpPTOTOHAJIBHbL. TlpocToe BpalLieHKe Mpel-
cTapJjseT coboil MOBOPOT B HEKOTOPOH IBYMEPHO#M IIJJOCKOCTH M OCTaBiIs-
eT HeW3MeHHBIM (n — 2)-MepHOe MOANPOCTPAHCTBO, OPTOrOHAIBHOC 3TON
miockocTH. IIpocToe oTpaXeHHe MEHSET HAllpaBJEeHHE BCEX BEKTOPOB He-
KOTOPOTO OXHOMEPHOTO NMOANPOCTPAHCTBA H OCTABIACT HEeN3MEHHBIM €rO
(n — 1)-MepHOE OPTOIOHAJIBHOE NOMIOIHEHHE.

Teopema 97.5. Beaxui 0pMOZONGALNDIY ONEPATROP MOJCET
fuimb npedcmasaen KGx npouasedenue HEXOMOPO2O YUCAL TLPOCTLIT 6Pa-
wenutl u npocmbiz ompedcenvi.

DTo yTBepXKJeHHe CEAyeT ¥3 TOro, YTO MaTpHUa BHAA (97.8) moxer
6bITh IpeAcTaBeHa B BH/le NPOK3BENeHH HEKOTOPOTO YHCIa MaTPHIL BUIA
(97.9), (97.10). m

§98. CaMocolpsiXKeHHBIH ONepaTop

Jluneiineiit onepaTop A, IeHCTBYIOUMA B YHHTapHOM (eBxJIMIOBOM)
NPOCTPAHCTBE, Ha3HIBAETC COMOCONPANCENNDIM, ECIH A = A*. Camo-
CONpSKEHHDBIA ONEpaTop B YHHTApPHOM NMPOCTPAHCTBE HA3bIBAIOT IpMu-
MO06bIM, 3 B EBKJINIOBOM IIPOCTPAHCTBE —~ CUMMEMPUNECKUM.

KpanparHas MaTpHLa A (KOMIUIEKCHAS HITH BellleCTBeHHasl ) Ha3bIBAET-
¢ camoconpacentot, eciu A = AH | KoMnaekcHYI0 caMOCONPSDKEHHY O



 [image: image80.png]MaTpHIy Ha3LIBAIOT 3PMUMO60i, a BEIMIECTBEHHYIO — CUMMEMPUNECKOT
UJIH 6EUECTNEEHNO-FPMUM 060U (O4EBHIHO, NI CAMMETPHUYECKOH MaTpH-
usi: A = AT).

U3 onpenenenus BriTekaloT cienyiomme GpakTh.

1°. CamoconpsKeHHHIH onepaTop HOpMaJleH.

2°. OmnepaTop camoconpskeH TOraa W TOJIBKO TOTAA, KOTAA B JOGOM
OPTOHOPMHMPOBAHHOM 6a3Kce OH HMEET CaMOCONPSXKEHHYIO MaTpPHLYy.

3°. OnpenesuTens CaMOCONPSKEHHOTO ONEPATOPA BELLECTBEH.

4°. Ecam noanpocTpaHcTBo L MHBapHaHTHO OTHOCHTEJHHO CaMOCO-
npskeHHOTO onepaTopa A, To L1 Takxke mHBapManTHO oTHOCHTeNBbHO A
(Teopema 95.4).

5°. CaMocoNpsiXeHHbIH ONlepaTop Ha JI060M HHBApPHaHTHOM HOANpPOC-
TPaHCTBE MHAYIMPYET CAMOCONPSIXKEHHKIH ONepaTop.

Teopema 98.1 (cnekTpasbHas XapakTepUCTHKa caMoO-
CONMpSKEHHOro omeparopa). Hopmasvubiii onepamop 6 ynumapuom
(esxaudosom) npocmpancmee camoconpaacen mozda u MoabKo mozda,
K020a 6CE XOPNU €20 TGPAKMEPUCTIUUECKOZO MKOZONAENT 6EUECTLEEN-
Hbi.

llokasaTenscTBo. HeobxonumocTs. B yuuraproM pocT-
PaHCTBe 3TO yTBepXIEHUE O3HAYAET, YTO BCe COGCTBEHHBIE 3HAYCHUS HP-
MHTOBa ONEPaTOPa BEHIECTBEHHBI, M BLITEKAeT M3 paBeHcTB Az = Mz
4, ¢ ydyeToM Teopemul 96.1, Az = Az. Ioxaxem yTBepxXieHWe [is eB-
KiupoBa mpocTpaHcTBa E. IlycTs e — opToHopmupoBannmil 6asuc E,
Toria A, — caMoconpsxeHHas (BellecTBeHHas) MaTpHna. PaccmoTpuM
TIPOM3BOJIbHOE YHHTApHOE MpocTpaHcTBO U TO# Xe pasMepHOCTH, 4TO H
IPOCTPaHCTBO E, ¥ B HeM IPOM3BOJBHBIA OPTOHOPMHPOBAHHKEI Gasuc f.
Torna maTpune A, oTBedaeT caMOCONpSXeHHLIH onepaTop B € Lu,u),
A7is KOTOPOro maTpHia A, ABisdeTcs Marpuueid B Gasuce f: A, = By.
CaenoBaTesibHo, XapakTepHCTHYIECKHE MHOTOUJIEHI onepaTopos-A u B co-
BIAJAIOT M [0 IOKA3aHHOMY BBIIIE (mpuMennTenbHO K onepaTopy B) Bce
KODHH XapaKTePUCTHIECKOTO MHOIOYJiEHa ollepaTopa A BelllecTBEHHEL,

HoctaTtounocTs. IlycTs A - HopManbHbI# onepaTop ¥ Bce KOpHH
€ro XapaKTepUCTHYECKOTO MHOTOYJEHa BemIeCTBEHHBI. TOrna Kak B eB-
KJHJIOBOM, TaK # B yHHTapHOM NPOCTPAHCTBE CYIECTBYET OPTOHOPMHPO-
BaHHBIH 6a3uc ey, ..., e, U3 COBCTBEHHBIX BeKTOPOB onepaTopa A. Ecan
T = Z?zl z;e; — m06OH BeKTOp MpocTpascTBa, To Az = Z:?:l Tidie; ¥
Az = 30 zihe = S Tidei, Tak kak A; € R. CuenosareanHo,
Az = A%z, Vz € V, orkyna caenyer, uto A = A*. =
-~ HTak, 048 caMOCONpSXeHHbIX ONEPaTOPOB OCHOBHOE TOJIE (R uau C)
He UI'DAET TaKo# " POKOBOH” POJIH, KaK 3TO GBIIO C IPYTHMH OEpPaTOPAMH;
Bce (GakThl, Kacalomuecs KOMIIEKCHBIX NPOCTPAHCTB, CIpPaBe[JUBLl ¥ B
BellleCTBEHHOM NPOCTPAaHCTBE.

B uactrocTH, Kak ciuenyer u3 Teopemur 98.1, onepamop, deticmey-
WUl 6 ynumapnoM (uau e6xaudo60M) NPOCTIPANCTBE, CAMOCONPANCEN
mozda ¥ Moabko mo2da, K020a CYWECTNEYEM OPMONOPMUPO6ANKDIL 6a-
3UC, 6 KOMOPOM €20 MAMPUYUL UMEEM BEWECTNEERNYI0 JUAZOHAALHYIO




[image: image81.png]Popmy, Wan, B MATPUYHON GOPMYJIUPOBKE: K64IPAMHUGT MATRPUYGE (KOM-
nAEKCHAL UMY GewjecmBennad) Asagemcd camoconpaicennol mozda/u
moabxo moada, xozda ona yxumapno nodobua sewecmeennoti duazo-
naabKoli Mampuye.

§99. 3HakoonpeneyieHHBLIE OIEPaTOPKI

Teopema 99.1. Ecau 6 ynumapnom npocmpancmsée V dag aswo-

6020 sexmopa z umeem mecmo pasencmeo (z,Bz) =0, mo B=0.
Hoka3saTeascrBo. Jlas mobeix BeKTOpoB ¥,z € V umeem (B(y +

2),y+2)=0mu (B(iy + 2),iy+ 2) = 0, T.e. (By,y)+ (Bz,y) + (By,2) +
(Bz,2) = 0, (By,y) — i(Bz,y) + i(By, z) + (Bz,2) = 0 uau, c ydeTom
ycaoBus aemmsl, (Bz,y)+(By, z) = 0, —i(Bz,y)+i(By, z) = 0. llpubasus
K [IEPBOMY PaBEHCTBY BTOPOE, YMHOXEHHOE Ha %, Iosy4uM, 4To (By, 2) =
0, Yy, z € V. CrenoBatensso, B = O (reopema 94.1). m

Teopema 99.2. Juneinviti onepamop A 6 ynumapnom npocm-
pancmee V spmumos mozda u moavxo moeda, xozda

(Az,z) e R, VzeV. (99.1)

HoxasaTeabcTBo. Heobxonumocts. Ecim A - apmuTos one-
patop, 1o (Az,z) = (2, A*z) = (z, Az), Vz € V; cienoBaTtennbHo,
(Az,z) = (Az,z) u (Az,2) ER, Vz € V.
HoctaTtounocrs. lycrs (Az,z) € R. Torna (Az,z) = (z,Az) u
(Az,z) = (z, A*z). Orciona caenyer, 4T0

(z,(A-A")z)=0, VzeV (99.2)

Orciona Ha ocHoBaHu# TeopeMbl 99.1 crnenyer, uto 4 = A*. n

Jamewanue. Ycaome (99.1) popMalibHO BEPHO H B €BKJIMIOBOM
NPOCTPAHCTBE, ONHAKO JHUIIEHO CMBICIA, TaK KaK CIPaBelJUBO I JIOBLIX
JIMHEHHKIX onepaTopos A.

Teopema 99.2 mozpoasgeT s CaMOCONPSXEHHEIX onepaTopoB A ro-
BOpPHTH O 3Hake yuciaa (Az,z). CamoconpsikeHHLI omepaTop B YHM-
TapHOM (eBKJIMIOBOM) NPOCTPAHCTBE HA3HIBAETCH NOLONCUTLEALHO OTpe-
deaennbim, ecin

(Az,z) >0, Vz#0,
HEOMPUYAMEALHO Onpedesennbis (OMPUYAMEILNO ONPEJEAEHHBIM  UIH
nenoaodcumeavuo onpedesennsvin), ecan (Az,z) > 0, Vo # 0 (coor-
BercTBeHHO (Az,2) < 0 mum (Az,z) < 0). Ob6osznavenue: A > O,
A>0, A< 0, A< O cooTBeTCTBEHHO.

Teopema 99.3. Camoconpgacennnd onepamop A 6 ynumap-
nom (v e6xAudosoM) Npocmpancmee nosocumeavro onpedesen (coom-
sememeeno A> 0, A< O, A< O) moeda u moavxo moada, xozda sce
e20 cobcmeennvie 3navenug A >0 (A >0, 1 <0, A <0).



 [image: image82.png]lokasaTenbcrBo. Jokaxem Bapuant TeopeMbl, OTHOCAIMHCI K
A>0. Heo6xonumocts. Ecim 4> O, 1o (Az,z) > 0 pns moboro
BEKTOpa T # §. B 4acTHOCTH, 3TO BepHO M I8 COBCTBEHHOTO BEKTOpa T,
nosromy (Az,z) = (Az,z) = A(z,z) > 0, rae (z,2) > 0. 3naunr, A > 0.

HocraroynocTs. Ecin A - CaMOCONIPAXKEHHbIH ONepaTop, TO cy-
LLECTBYET OPTOHOPMHPOBAHHEIA 6a3HC M3 COGCTBEHHBIX BEKTOPOB €, . . , ,
en onepatopa A. IIpH 3TOM cOOTBETCTByIOIIME COBCTBEHHbE 3HAYEHMS
Ai >0, i=1I,n. Torna nas moboro BEKTOpa T = ) i, Tie; # 0 uMeem

(.A.’D,.’l:) = (Z?:l :c,'/\,'e.',E?:l :v,-e,-) = Z?:l /\,-lz:.-lz >0. m

Caedcmeue. Ecav A> O (uan A< 0), mo A obpamun, Tax xak

det.A:/\l )\n

Teopema 99.4. Onepamop, obpamnuitt x noaoKcumesbho (om-
puyameavno) onpedesennomny onepamopy, nosorcuMesbRo (coomeemem-
6EHHO OMPUYAMeEAbRO) onpedeaen.

Hoka3zaTeabcTBo. Ecam A - CaMOCONPAXEHHEIH ONepaTop, TO
A~! - Toxe caMoconpsikenurit OrepaTop, Tak KaK COrJacHO Teopeme 94.4
(A1) =A) =4 Ecm A> 0 (A < 0), To Bce cOBCTBEHHEIE
3HaueHHs onepatopa A~! nojoxuTenbHb (cooTBeTcTBeRHO OTPHUATENE-
HBI), TaK KaK OHM OGPATHH! COGCTBEHHBLIM 3HAYEHUSM oneparopa .A. Ha
TeopeMbt 99.3 cenyer, aTo A7 > 0 (A7 < 0). m

Teopema 99.5. g arbozc NEOTRPUYAMEADHO (NOKOAHCUMNEAD-
n0) onpedesennozo onepamopa A CYWECMBYem, U nPpumom eduncmeen-
Hoil, neompuyameavro (coomeemcemeenno n040%cuMetbro) onpedesen-
nbitl onepamop B maxod, wmo B2 = A .

HokxasaTeabctBo.. CymecTBoBanue. HocTponm oneparop B.
Ilycts ey,...,e, — OpPTOHOPMHpPOBaHHBLIH Gasuc NPOCTPAHCTBa U3 CObG-
CTBEHHLIX BEKTOpOB onepatopa A u Ae; = Aje;, 1 = I, n. Ilo YCJOBHIO
TeopeMbl A; > 0 (A; > 0), i = 1, n. Ioaoxum

Bei =\/Xie;, i=T1,n. (99.3)
U3 (99.3) caenyer, uto oneparop B > O (B> 0), Tak kax B ~ HopmaJb-
HBIA onepaTop (H60 CyllecTBYeT OpTOHOPMHpPOBAHHBIN 6a3Kc €ly...,6n

3 COBCTBEHHBIX BEKTOPOB B), IpH 3TOM OH caMoconpsKeH (u6o ero cob-
CTBeHHBbIE 3Hauenus v/A; € R) u, kpome Toro, /X; > 0 (v > 0). Onepa-
TOp B ~ McKOMBIH, Tak Kak B CHIy (99.3) B?e; = Aie; = Ae;, i = I n
EnuncrBennocts. Iycrs CyllecTBYeT Apyro# omepatop C > O
(€ > 0) Taxoit, uto €2 = A. Torna CYLIECTBYET OPTOHOPMHPOBAHHLI

basuc f1,..., fo mpocTpaHcTBa U3 COBCTBERHBIX BEKTOPOB omepaTopa C.
Ecau (,’j;; = ,u,-,g.-, i=1Lin 1o Afi = C*fi = p2f;, i = T,n. 3naunr,
GHCIA U, . .., py ABASIOTCS COGCTBEHHBIMM 3HAYEHMAMM olepaTopa A u,
CE/IOBATENBHO, COBIANAIOT C YHCHAMH A1, ..., An. IlokaxeMm, 4To

Cei = hei, i=Tn, (99.4)



 [image: image83.png]TeM caMbiM B criy (99.3) 6ymer nokasawno, yro C = B.
PasnioxuM BekTOp ¢; 1o Hasucy f:

ei=» arfi. (99.5)
k=1

OTMeTHM, 4TO B 3TOM PaBEHCTBE yYacTBYIOT COOCTBEHHbIE BEKTODHI
ei, fi,..., fn omepaTopa A, oTBedaolke COOCTBEHHBIM 3HA4EHHAM A,
pi o, p%. U3 auHeHHOM HE3aBHCHMOCTH COOCTBEHHBIX BEKTOPOB, OT-
BEYAIOMAX Pa3JHYHBIM COOCTBEHHBIM 3HAYEHUAM, CJIERYET, YTO B pasfio-
xenuu (99.5) OTJAMYHBIME OT HyJs GyAYT KOSPOULUUEHTH Qp JHLIbL [IPH
Tex fi, KOTOPBIE OTBEYAIOT COOBCTBEHHOMY 3HAYEHHIO pi = ;. Noaromy
Cei = Sor_, arCfi = Yopoi arvhife = VA Yy arfi = Ve, Tee.
(99.4). m

Onepatop B HasbiBaeTcs x6adpamubim xopuem u3 onepamopa A.

§100. Pas3JioxxeHus JIMHEHHOIrO olepaTopa

Jluneiinsiit onepatop A € L(V,V) B yHRTapHOM (€BKJIHIOBOM) TPOC-
TpaHCTBe V Ha3LIBaeTCS KOCOIPMUMOBbIM (COOTBETCTBEHHO KOCOCUM-
mempuuecxun), ecin A* = —A.

KsanpaTHas KOMILIEKCHAs MaTpHIa Ha3hIBaeTCId KOCOIPMUMMOSOL,
eciu Al = —A. KpanparHad BemlecTBeHHas MaTpHIla Ha3bIBAETCA
xococummempuvecxod, ecmn AT = —A.

W3 onpelnejeHns clenyer, YTo onepaTop A KOCOIPMHTOB (KOCOCHM-
MeTpHUeH) TOrfa ¥ TOJbKO TOrAa, KOrja ero Marpuua B jiobom opTo-
HOPMHpOBaHHOM 6a3Mce TPOCTPAHCTBAa KOCOIPMHUTOBA (COOTBETCTBEHHO
KOCOCMMMETDHYHA).

Teopema 100.1. Juneinvit onepamop A 6 ynumaprosm npoc-
mpancmee 3pmumos mozda u moavko mozda, xoada onepamop iA xoco-
2PMUMOE.

IokasaTeabcTBo. 3amernym, 4o (iA4)* = —iA* (Teopema 94.4).
Caenosatensso, (iA)* = —iA Toria u ToIbKO TOrAa, Korza A = A". m

H3 TeopeMHl caenyeT, 4TO BCE CBOMCTBa CaMOCONpPSKEHHBIX OlEpa-
TOPOB NEPEHOCATCA Ha KOCO3PMUTOBHI (KOCOCAMMETPHYECKHE) ONEPaTOPHL
¢ TOM JHIIL PAasHHIEH, 9TO B STOM Cllydyae BCe KODHH XapaKTepUCTHYe-
CKOr0 MHOT'OYJIEHA YHCTO MHHMEIE.

Teopema 100.2. Juuednvii onepamop A 6 ynumapnos (es-
KAud060M) NPOCPANCTIEE MOKHCEM BbIMb NPeICTNABAEH, U NPUMOM COUN-
cmeennbim 06pasom, 6 6ude CyMmbi

A=B+C (100.1)

apmumosa (cummempuuecxozo) onepamopa B u xocospmumosa (xoco-
cummempuuecxozo) onepamopa C.



 [image: image84.png]HOKaAa.TeJII:CTBO. Hoaoxum
B=3(A+A), C=ia-a). (100.2)

Torna, xak serxo npoeeputs, B* = B, C* = —C u A = B+C. Exuncreen-
HOCTDb TaKOH Iaphl ONEPaTOPOB CJAEAYeT W3 TOTO, YTO AJA MoBol Ipyro#i
naper oneparopos B; u C; Takux, yto B} = B, C=-CiuA=B,+(,
umeeM A* = B) —C; win %(A+A*) =B, %(.A—.A*) =Cy, T.e. B caay
(100.2) B1 = B, Cl =C. m

Pasnoxenue (100.1) HasbipaeTca spmumossim Pa3aodcentem onepa-
Topa A.

Teopema 100.3. Juneinoii onepamop A € L(V,V) 6 yuu-
mapnos (esxaudosom) npocmpancmee nopmasen mozda u MobKo Mmo-
2da, xo2da onepamopwi B u C 6 spmumosom passoxcenuu (100.1) amozo
OMEPAOPE NEPECTNAHOEOUHDI.

HoxasarenscrBo. Eciu A = B+C, 10 A* = B-C u AA* =
B*-BC+CB-C?, A*A = B2—CB+BC—C?, 1.e. AA"~A*A = %(CB—BC).
3nauut, AA* = A*A Torma u Tonsko Toraa, xorna CB = BC. m

Teopewma 100.4. Jwéboi onepamop A 6 yrumapnonx (esxaudo-
6om) npocmpancmee moxcem 6bimb npedcmasaen 6 sude npoussedenug

A=BU (100.3)

neompuyameabnozo onepamopa B u ynumapnozo onepamopa U. Ipu
smom onepamop B onpedesen odnosuauno, a ecau A obpamum, mo u
onepamop U onpedesen odnosnauno.

HokasaTeancTBo. 1. PaccMorpum onepatop A*A.

a) A* A — caMoconpsKeHHBIH onepaTop, Tak Kak (A*A) = A A

6) A*A > O, Tak kax (A* Az, z) = (Az, Az) > 0, Vz #6.

B) CyluecTByeT OpPTOHODMHpPOBaHHBIH 6a3HC IPOCTPaHCTBa H3 Cob-
CTBEHHBIX BEKTOPOB €y, ..., e, onepaTopa A*A. IIpum 3ToM Moxmno cum-
TaThk, YTO BEKTOPHI €1, ..., €, OTBEYAIOT HEHYJIEBHIM COBCTBEHHBIM 3HAUYC-
HUAM p?, ..., p?, a OCTaNBHBIE — HyJeBLIM, Tak YTO

Pe>0nmpr k<rup,=0npuk>r. (100.4)

OrmeruMm, 9TO
r=rgA*A. (100.5)
2. Cornaco (80.1),imA = L(Aey, ..., Ae,). llas BekTOpOB Aey, . ..,
Ae,, uMeem
(Aci, Ae;) = (A" Aei,¢;) = (p2e; e~):{ Pl i=7,
g ] i1 €5 i €1y €5 0, i ;/__].

CuaenoBarensno, Ae, 1y = ... = Ae, = 0 (B cuay (100.5)), a Ae,...,
Ae, — HeHyJeBbIe IONAPHO OPTOTOHAJIBHbIE BEKTOPHI, IPHYEM |Aer| = p,
k = 1,r. CrenoBaTenbHo, BeKTOPBI

gk = D—-Aek, E=1,r, (100.6)




[image: image85.png]06pa3yioT OpTOHOPMHPOBAHHEBLIH Ga3uc im A. OTMeTnM 9TO TeM CaMBIM
nosy4deHo (B cuay (64.3)) paBencTBo

r=1gA. (100.7)
HonoaHuM BEKTORHL g1, - - . , §r JO OPTOHOPMHpPOBaHHOTO H6a3uca g1, . . ., gr,
gr41,---,gn Beero mpoctpancrBa. Torma us (100.6) ¢ ydyerom (100.4)
OJy4UM, YTO .
.Aek = Prgk, k= l,n,. (100.8)
3. MocTpoum onepatopet B u U u3 (100.3). Momoxum
Uer = gk, ng = Pkk, k= 1—,_1’-; (1009)

Toraa U — yHRTApHEIA ONEpaTOpP, TAK KaK NEPEBONHT OPTOHOPMHPOBAH-
Hblft 6a3ic e B OpToHOpMHpoBaHHBIA Gasuc ¢g; B > O xak HOpMaJNbHEIHA
onepaTop (M60 OPTOHOPMHPOBAHHBIA Ga3MC g COCTOMT M3 €ro cobCTBeH-
HEIX BEKTOPOB), COBCTBEHHbIE 3HaueHHs kKoToporo pg > 0, k = 1, n. Ilpu
arom A = BU, Tax kak, coraacto (100.8) u (100.9), (BZ/I)e;c = B(Z,(ek) =
Bgr = prgx = Aex, k=1,n.

4. Iokaxem enwucTBeHHOCcTh., Iycts A = BU - pasmoxenue (100.3)
nas onepatopa A. Torma A* = U*B u AA* = B?. Taxum obpasom, B -
KBaJpaTHEIH KOpeHb U3 onepaTopa AA", KOTOpBIH Ha OCHOBaHHM TEOPEMBI
99.4 cymecTByeT H onpeaejes ofuosHayHo. Ecam omepaTtop A obpaTum,
To 3 (100.5) 1 (100.7) carenyer, yTo obpaTum i onepaTop A" A, Ips 3TOM
pr # 0, k = 1, n, noaTomy coraacuo (100.9) o6paTum onepatop B. B cuay
(100. 3) oTciona cienyeT, uTod = B~1A. m

OTMeTHM, 4TO MONYTHO JOKA3aHH ClEAYIOIHe HaKThL:

a)rgA= r§.A*.A =rg AA* (910 crenyer u3 (100.5), (100.7) u paBen-
cra AA* = B?);

6) onepaTop U DepeBONMT OPTOHOPMHMPOBAHHEIA Gasuc M3 cOGCTBEH-
HEIX BEKTOPOB ollepaTopa A* A B OpTOHOPMHpOBaHHbLH Ga3UC U3 COBCTBEH-
HBIX BekTOpoB onepatopa AA* (310 cnenyer u3 (100.9));

B) onepaTopsl A* A u AA* uMeIoT onuHAKOBBIE COGCTBEHHEIE 3HAYCHHS
(310 caenyer u3 Toro, yto AA* = B?).

ApudmeTHyecKHe 3HaYeHH KBAAPATHBIX KOPHEH U3 COOCTBEHHBIX 3Ha-
qenuit onepaTopa A" A Ha3LIBAIOTCS CUHSYAAPHbIMU YUCALLMYU ONIEPATOPA

Pasnoxenne (100.3) Ha3bIBaeTCA NOLIPHBIM PAILONCENLEM ONEPATROPA

3amevanuve. Ing moboro oneparopa A MMeeT MeCTO pasliokeHUe
suna A = VC, rne V — yuurapuui oneparop, € > . OHo MoxeT GbITH
[OJIyYEeHO M3 MOJISIPHOTO Pa3JIoKeHUs CONpsiKeHHoro oneparopa A* = BUY
nepexonioM K onepatopy A: A = U*B, roe U*, oueBUAHO, YHUTapHBIA
onepaTtop.
Teopema 100.5. Onepamop A nopmasen mozda u moavxo mo-
eda, xozda 6 a106om €20 nosgpuom padaodcenuu onepamoptr B ull nepe-
CTANO06OUNDL.



 [image: image86.png]. Hoxasarteancrso. Oycrs A = BU - HOJISIPHOE Pal3JIokKEeHHE onepa-
Topa A. Torna AA* = B?, A*A=U"B%U. JocTaToO4YHOCTb OYeBHI-
Ha, TaK Kak ecan BU = UB, To A*A = U*B*U = U*B(BU) = U*BUB) =
U*(BU)B =U*(UB)B = U*UB? = B2 = AA".

Heo6xomumocrth. Ecau ey,..., e, — OPTOHOPMHPOBaHHBIH 6a3uc
43 coBCTBeHHEIX BEKTOpoB A*A, To
A*Aey, = pler, k=T,n. (100.10)

C npyroi cropons, A*A = U*B?U u, snaaut, U*BUey = pley, T.c.

BUey = pilUer, k=T,n. (100.11)

Tak kak U ynwmrapen, To BekTOpH Uey, ..., Ue, obpasyoT OPTOHOPMH-
PoBaHHEIA 6a3uc, osTOMy B coorsercTuy ¢ (99.3) u3 (100.11) nonywnm

BUey = pyldey, k=T,m. (100.12)
C npyroii croponn, A*A = AA* = B? u coraacko (100.10) B2e; =

p;‘:ek HiH, B cooTBeTcTBHH C (99.3), Beg = prex, OTKyna yMHOXeHHEM Ha
U cieBa moJyuyum, 9TO

UBek = pkuek y k= I,_n (100.13)

‘Cpasrenue pasescts (100.12) u (100.13) nokasmBaer, uto BU = UB. m
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B §58 paccMaTpHBajiack OOHA M3 OCHOBHEIX 3aflad aHAJATHWUECKOM TeOMETPMH Ha
MJIOCKOCTH — IPUBeAeHEe OBIIEro ypaBHeHAS JTMHHM BTOPOIO NOPANKa K KAHOHNIECKOMY
Bray. Teopus kBagpaTHursiX GopM, H3JaraeMas 31eCh, OCHOBHOM CBOEM IT€JIHIO CTaBHT
pelileHue 3TOd 3a1aj9d U 3a7a9, CBA3aHHKIX C HEIO, B IPOCTPAHCTBE JTOGOA pa3MEPHOCTH.

§101. Ksanparuunsie GOpMbI B JUHEHHOM
NpOoCTPaHCTBeE

Bununennnie popmel. Ilycts V — auHellHOE NPOCTPAHCTBO HA IO~
geM P, Orobpaxenne A :V x V — P nasuiBaeTca Suauneiinott Gopmoii
B nmpocTpaHcTBe V, ecad mas mobvix z,y,2 € V, o € P:

1) A(z +y,2) = A(z, 2) + A(y, 2);
2) A(az,y) = aA(z,y);
3) A(z,y + 2z) = Az, y) + A(z, 2);
4) A(z, ay) = cA(z, y).

(101.1)

Bunmueiinas gopma HaspiBaeTcad cummempuunod, ecnu Ay, z) =
A(z,y), Vz,ye V.

Ipumepsr. 1. Ckaaspuoe npoussenenue (Z,y) B eBKJIUIOBOM IPOCT-
paHCTBe ABJSeTCS CUMMETPHYHOI 6uanHeAHON GoOpMON.

2. B moboM amueiisom mpocrpancTse V, ecan f(z), g(z) — anneir-
uoie opmsl, To pynkuus A(z,y) = f(z)g9(y) BageTcs cuMMeTPHUYHON
busuHeAHOR GopMOH.

3. B n-mepnoMm npoctpancTBe V ¢ Gasmcom ey, ..., e, oTOODpaxeHue
A:V xV — P, onpengejienHoe NpaBHIOM

n

Alz,y) = Z i TiYj (101.2)

£,j=1

Ve = Y o ziei, Yy = Y i, ¥i€i, The a; (i,j = 1,n) - duKcHpOBaHHbIe
4HhCIa, ABJAAETCS OUINHERHON GOPMOH (B CHIly JIMHEHHOCTH KOOPIMHAT).
Teopema 101.1. Ilycmbv V - aunetinoe npocmpancméo nad
noasem P ueq, .. S en - basuc V. lag amwobur vucea a;; € P, 1,j = 1,7,
cywecmeyem, u npumom eduncmeennad, busuneinas Gopma A(x,y) 8
npocmpancmee V, dag xomopoi A(ei, e;) = aij, 4,7 = 1, n.
Hoxa3zaTtenncTBo. IlycTh e;,...,e, — 6a3uc npocTpaHcTBa V H
aij, i,] = 1,n, - 3anannble yncaa. OTobpaxenue (101.2) sBnseTcs Guan-
HeliHOM (opmoit B mpocTpancTe V (npumep 3), npudem A(ei, ej) = aij,

i B aToM raase IIpeAnoJjaracTca, 4YT0O XapakTepACTHKa OCHOBHOI'C NOJNA paBHa 0.



 [image: image88.png]i,j = 1,n (Tak Kak BEKTOpH €; U €; MMEIOT OYeBHAHBIE HAabOOPH KO-

OpIOMHAT B Ga3suce ey, ...,e,). [okaxem, uTo JNiobad 6unuHelnas dopMa

B(z,y) B npocTpancree V, nis xoropoi Blei,e;) = aij, i,j = 1,n, co-

snanaer ¢ A(z,y). B camoM nese, 1o MIOGBIX BEKTOPOB T = Y o | Ti€;,
— n n

Y= i1 yiei B cuay (101.1) mmeem B(z,y) = B(Y 1, ziei, Z;‘=1 yjej)=
n n n

izt 2j=1 ZiYiBleir ej) = 30 aijmiys, Te. B(z,y) = A(z,y), Yo,y €

V.nm

Taxum obpasomM, B npuMepe 3 npuseneH camblit OBIUAN BUI GHAHHEH-
HOM ()OpMBI B 7i-MEPHOM MPOCTPAHCTBE.

IIpencrasnenue Gunuueiinoi gopmel B Bume (101.2) HasbiBaeTcH 06-
wum 6udom Gusuneinod dopmvi 6 6asuce e. Marpuuna A, = (ai;) €
P, 51eMeHTH KOTODOM ONpenesieHbl paBeHCTRBOM ai; = A(e;, e5), 1,5 =
1, n, HasbiBaeTcs mampuyed Guauneinod Gopmuvi A(x,y) 6 6asuce e.

Kax cneayer w3 Teopemr 101.1, Gmymneitnas $opMa OZHOIHATHO OHpPEACILETCL
CBOMM 3alaHMeM Ha 6a3MCHEIX BEKTOPaX, IPU 3TOM MAaTpENa GumaneHOE HopME Ipen-
crasider co6oif TabiMIy ee 3HAYCHHA Ha mapax 6a3MCHEIX BEKTOPOB M B cuiy (101.2)
OJHO3HAYHO OUPENEAeT 3HaueHAd 3TOH GOPMH A JHOGOR maphl BEKTOPOB.

O6uui Bun (101.2) 6unnneiinoi popmet A(z, y) MoxeT OHITH 3aHCaH
B KOMIIaKTHO# (POPME: €CJIM T, U Y, — KOOPAHHATHELIE CTOJGLEI BEKTOPOB
T 4 y B ba3uce e, TO

A(z,y) = =T A.ye, A(z,y) = yTAT,. (101.3)

HepBoe u3 pasencTs (101.3) npoBepseTcs HemocpeaCTBEHHO, BTOPOE Pa-
BEHCTBO MOXHO MOJY4YHMThH TPAHCIOHMPOBAHHEM ODEHX YacTel MepBOTo.

Bripaxenue, cTosmiliee B mpasoit yacta (101.2), HaskmBaerca fusunednod Popamoi

O MEPEMENNDIT T1,...,Zn M Y1,.--,Yn. llpabuie wacTu pasencrs (101.3) mpencra-
BJASIOT cobon KOMnaK'rnue dopmMut :umncn 2ToM GMymHEAROM GHOPMEL.

Teopema 101.2. [Tpoussosvnas mampuys A = (a;;) € P™*"
geadgemcd mampuyet eduncmeennot buaunetnod fopmoi 6 3aéanno.u 6a-
auce npocmpancmea.

HokasaTteabcTBo. llycTh €4, ..., €, — 3anaHHbI# H6a3uc MpocTpaH-
crea V. Matpuna A = (a;j) € P"*" gpaseTcs MaTpuue# OHIHHeAHOMH
¢dopmut (101.2). EnnHcTBEHHOCTD 3TOH GHIHHEAHOM GOPMEI BHITEKAET U3
Teopembt 101.1. m

Takum 06pa3oM, COOTBETCTBHE MeXAy OMJIMHEHHLIMH QOpMaMH H HX
MaTpHUaMH IBASETCH OHEKTHBHBIM 0TOOpaXkeHHeM MHOXECTBA BceX OHIIH-
HEeMHEIX (OPM B N-MepPHOM NpOCTpaHCTBe V Hal mojseM P Ha MHOXeCTBe
BCEX MaTpul PmX".

Teopema 101.3. Mampuybi buauneinod Gopmvi A(z,y) 6 ba-
sucaz e u f = eQ) ceg3anbl coomuowenuem Ay = QT A.Q.

HokasaTeabctBo. Coraacro (101.3), c onuoit cToponst, A(z,y) =
2T Ay = {z. = Qzs,9. = Qus} = 27QTA.Qy;. C apyroit cropo-
uol, A(z,y) = :z:}'A 1ys. OTciona ¢ yueTOM IPOM3BOJBHOCTH T,y CIENyeT
yTBEpXIeHHE TEOpEMBL. M

Caedcmeue rgA, =1gAyg.




[image: image89.png]Teopema 101.4. Busuneinad Popma cummempuuna mozda u
moabxe mozda, K020a ee MAMPUYG 6 41000M 643UCE CUMMEMPUUNG.

HokasaTeabcTBo. Heob6XOXHMMOCTDH NpOBEpseTCs HEMOCPEn-
crBenHo. llocTraTounocTs. Ecam AT = A,, To, coraacHo (101.3),
A(za y) = yZ‘AZ‘ze = yZAe-'De = -A(y1 :l:). »

Bce mMaTpuunb! omHoi OuiHHEHHOH GHOPMEI MMEIOT ONMHAKOBBIA PaHr
(cm. caencTsue w3 Teopembl 101.3). Paneom busuneiinod @opmvi Haswi-
BaeTCs PaHT ee MaTPHUBI B IPOM3BOJbLHOM basuce. Bmiamneitnas ¢opma
A(z, y) nasbisaercs swipoxcdennot, ecan rg A(z,y) < dimV, u nesvipo-
acdennot, ecan rg A(z,y) = dimV.

Teopema 101.5. Busuneinag fopma A(z,y) eviporcdena mo-
20a u moabxo mozda, xo2da. cywecmeyem eexmop T # 6 maxod, vmo

Alz,y) =0, VyeV. (101.4)

Noxa3zaTeascTno. HycThbey,..., e, — 6azuc V u A, = (a;5) — Ma-
Tpuna 6uHHEeiHOR dopMul A(z,y) B 9ToM 6asuce. Coornomenne (101.4)
paBHOCHIBHO cucTeMe paBeHcTB A(z,e;) = 0, j = 1,7, mum, ecau ydecTs
PA3NONKEHRE T = I ;| Ti€;, CACTEME PaBeHCTB y ., i A(ei,e5) =0, j =
T,n, Te.

61121+ anza+ ...+ Gu1z, =0,
(101.5)
GinT1 + GopZ2 + ...+ Gpnzy = 0.
3naunT, 6ununeiinas popMa A(z,y) BHIpOXEHa TOrJa H TOJBKO TOTIa,
KOTla OJHOPOIHAA CHCTeMa JuHeiHbix ypasHenui (101.5) umeer weTpn-
BHAJbHOE pelnenke, T.e. (TeopeMa 28.5) korna rg A, < n. ®

Ksanparuunme dopmu. [ycts A(z,y) - caMmeTpuynas Guin-
Heltnas ¢opMa B npocTpancTBe V Haj noneM P. Keadpamuunoi gopmot
Ha3blBaeTca oTobpaxenne A : V — P, koTopoe KaXnoMy BekTopy z € V
cTaBHT B cooTBeTcTBHe uucio A(z,z). Ob6osnadenue: A(r,z) uam
A(z). Buanneitnas ¢opma A(z,y) npu 3TOM Ha3biBaeTcs noigpuod 6u-
auneinotl Popaot x xBanpaTuysoi popve A(z, z).

Teopema 101.6. I[Tosspuas 6usuneinas Popma dad aw0boi
xeadpamuunoi Gopmvi onpedesena odnoanauno.

DTo yTBepXKIeHHE BLITEKaeT M3 TOro, 4To eciau A(z,y) — moaspnas
GuanueiiHas GopMa Ias KBaapaTHuHOH dopMmul A(z,z), To mis noBbIX
z,yevV

Alz,y) = Az +y,z +y) — Az, 2) - Aly,y)). =

TaxuMm obpaszoM, noaspHas GuiuneitHas ¢dopma A(z,y) OIHO3IHAYHO
BOCCTAHABJIHBaeTCA TO KBalIpaTHyHOi ¢popme A(z,z). EnuncrenHocTb
noJspHol 6unuueiHo# dhopMbl A(Z,y) N03BOJNLET NEPEHOCHTH ee Xapak-
TepUCTHKH Ha KBajpaTH4HYIO dopmy A(z,z). ' '

Mampuyeid xeadpamuunoi dopmm A(z,z) 6 6a3uce, e HasbiBaeTCs
MaTpHIa NOJAPHO#R K Hell GuauneiHoi popmul A(z,y) B 3ToM Gasuce.



 [image: image90.png]M3 cBoiicTB 6uauHeRHON GOPMBI BLITEKAIOT CJAEAYIOIIHE CBOACTBA KBa-
IpaTHYHBIX GopM.

1°. Marpuiua KBaXxpaTHYHOH GOPMBI CHMMETPHYHA.

2°. Jhobast cnMMeTpHYecKkas MaTPULA SBJISIETCE MAaTPHIEH eTMHCTBeH-
HOH KBaJpaTHYHOH QOPMEHI B 3alaHHOM Oa3uce.

3°. MaTpuus! kBaXpaTH4HOK GopMbL B 6a3ncax e # f = e} cBA3aHH
COOTHONIEHUEM

Ar =QTA.Q. (101.6)

4°. B 6a3uce e xpanparuynas ¢popma A(z, ) ¢ maTpuner A, = (a;;)
MOXeT ObITh 3allMcana B cieylomeM Buie: Yz = Y . Tie

Az, z) = Z aijTix;, G = aji, (101.7)

"lj=1
HJIH, B KOMIIaKTHOHR ¢opMe,
A(z,z) =2TA.z., AT = A.. (101.8)

Ilpencrapnenne kBagpaTHuHOM dopmsl B Buae (101.7) mam (101.8)
HaspBaeTcs obuum 6udom xeadpamuunod dopmwui A(z,z) s baduce e.
Bruipaxenue f(z1,...,%n) = Z?,j:l @ijT;T;, TIe a;; = Gji, Ha3blBaeTCA
xeadpamuunol Gopmoti 0T NEPEMERHBIT T, . .., Ty,.

5°. Panezom xeadpamuunot Gopmbi Ha3LIBaETCA PaHT ee MaTPRILI B
npouspoJibHOM Ga3suce. Ouesunro, rg A(z,z) = rg A(z,y). Ksagparuu-
Has ¢opma A(z,r) HasbiBaeTcs 8vipoacdennod, ecnn 1g Az, z) < dimV,
H neabipoxcdennod, ecam rg A(z,z) = dim V.

Kanonuyeckus BHA kBaapaTudHoM GoOpMEl. Bribupas nogxo-

namuM o6pa3oM Hasuc V, MOXHO MEHSTDH BHI MaTpPHIBI KBAXPATHYHOMN
¢opMEI H, cienoBaTe bHO, ee obwui Bun (101.7).
~ DBa3suc e = (ey,...,€,) HasbIBaeTCH KanoOKUNECKUM 6a3ucoM xéadpa-
muunot dopmsr A(z,z), ecid MaTpulla KBaIpaTHYHOR GHOPMBI B 3TOM
‘6asuce nuaronampHa: A, = diag(Aq,..., An).
B xanounyeckom Hasuce KBaJpaTHHas dopma A(z,z) coraacuo
(101.7) umeer Bun A(z,z) = Mz? + ... + Aaz2, xoTOpHIH Ha3bIBaeT-
€4 xanonuvecKkum 6udom KBAIPaTHYHOM GOPMBI, a YHCaa Ay, ..., A, — ee
Kanonuuecxumt xodPduyuenmanmu. KaHoHMYeCKH# BHI HA3BLIBAIOT Tak-
OKe cymmol xeadpamos. QueBHOHO, YTO YHCJIO HEHYJEBHIX KBAIPaTOB
coBnanaeTr ¢ pairoM A(z,z). Hrak, ecniu e — xaHoHMYeckwil 6asuc u
=rg A(z, z), O

Az, z) = Mz? + ...+ Az, V:c:z:c.-e.-. (101.9)
i=1

Teopema 101.7. [ag aw60i xeadpamuunot Gopmvi cyuje-
meyem xanonuvecxut 6azuc.




 [image: image91.png]NokaszaTeabcTso. lycts e = (e1, ...,en) — Gazuc V. Ksanpa-
ruunas dopma A(z,z) ¢ MmaTpuuei A, = (ai;) HMeeT B aTOM basuce BUA
(101.7). O6osnaumm g(z1,...,%n) = i =1 GijTiT;

Tepexon K apyromy 6asucy f = eQ papHOCHJIEH NPeOOPa3OBAHHIO KO-
OpIMHAT 1O M3BECTHOMY 3aKOHY Te = QZ7, |@Q| # 0. B TepmuHax koopau-
HAT yTBepXJeHHe TeopeMbl O3HAYAET, UTO 410644 xeadpamuunad Popmua
9{T1,...,Tn) OM NEPEMERRBIT T1, ..., Tn nesbipoacdennvim npeobpalosa-
nuem xoopounam npusodumcs ¥ cyMme xeadpamos. ITO Mbl ¥ Oynem
IoKa3pBaTh. ByneM cunTaTh, uTo A, # O (ecim A, = O, T0€ - HCKOMBIA
Gasuc). O603HaUMM Yepe3 A Y2406bie MUKOPLI k-ro nopsgxa MaTpPHIIbI

A, T.e. Ap = M}’,:::’,i, k =T, n, n nonoxum Ag = 1.

1. PaccmoTpuM cHauana ciydait, korna Ay #0, k=1,n— 1. B sTom
Cllydae NPOLECC NPHBENCHHA K KAHOHHYECKOMY BHIY COCTOMT H3 7 — 1
OIHOTHIHBIX HIaroB.

ITepsviii wiae OCHOBAH Ha TOM, YTO Ay #£ 0, T.e. a3; # 0. Cobepem Bee

4jleHbl KBaApaTH4HOM GOPMEL §(Z1, .. ., Tn), CONEPKALINE T1, H BHLICTHM
M3 HUX MOJHBIA KBalpaT:
_ _ 2 n n _
A(z,z) = g(1,...,%n) = 01127 + 23 ko2 G1ET1TE + D pog GikTiTk =

2 2
a1k G1k
41} n n
= an (‘”1 + 2 k=2 zk) — a1y (Ek=2 -'"'k) + 2 i k=2 GikTiTk-

a; ai1
IlepeiiieM K HOBEIM KOODIMHATAM:
LY .
=1+ Y —zx W z;=z;npr j £ 1,
k=2 %11
OYEBMIHO BEITIOJHHB IIPH 3TOM HEBHIPOXIEHHOE Npeobpa3oBaHHe KOOPLH-
HaT C MaTpHIEHR

1 —(112/011 s —al,./au
1.0 1 0
Q1= |~
0 0 e 1
Torna xBagpaTayHas ¢opMa A(Z, ) B HOBbIX KOOPJIHHATAX PHMET BHI
A(z,z) = anz2 +h(zh, ..., z},), roe h(z5, ..., 2;) — xBanpaTHiHad Gop-
Ma OT MepeMEHHBIX Zb,...,Zh. Ilpu aTom MaTpuua A; = QT A.Q, xBa-
npaTuuHOk dopMbl A(z,z) B HOBoM Ga3smce 6yneT MMeTb BHI
@11 (,) e 0
'
A = 0 aby ... ay,
e e e
0 a3 .-- Gpn

Kaxnas crpoka (cTonben) MaTpHlibl Aj, HauHHad CO BTOpPO#, MOJLY-
YeHa K3 COOTBETCTBYIOIIEH CTPOKH {COOTBETCTBEHHO cTosbua) MaTPHLEL
A. BHIUHTAHHEM H3 Hee NEpBOH CTPOKH (cooTBeTCTBEHHO cronbua) Ae,
YMHOXEHHO! Ha HEKOTOPOEe UHCJO, TIO3TOMY YIJIOBbIE MHHODBI MAaTPHIIbI
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Bmopoi waz ocHoBaH Ha ToM, uTo Ay # 0, Te. ay, # 0, u co-
CTOMT B IPHMEHEHHM NEHCTBMA NMEpBOro mIara K KBaIpPaTHYHOM dopMe
h(zy, ..., z!): BoimenseTcs nOaHBIH KBaxpaT CpellM BCexX YJEHOB, CONEepXa-
IIUX T9, BHIIOJHSIETCS HEBRIPOXIEHHOE npeobpasoBaHHe KOOPAMHAT

n gl
" 2k ./ "o :
Ty = x5 + Z,—zknxj—zjnpuj;62
k=3 029
¥ xpalpaTH4Has ¢opma A(z,z) npuBonutcs K Bany A(z,z) = ay 1z} +
ab, x5 +v(zf, ..., zl), rae v(zY, . .., /) - kBanpaTHuHAL hOpMa OT nepe-
MEHHBIX Z3,...,Z,, 2 €6 MaTPHIA — K BHIY
ai] 0 0 e 0
0 aj 9’ .. 9
A2 = 0 0 033 e asn
.I./- "
0 0 a4 a,,
Ilo-npexuemy yrioBsie MuHOpH Ay coBmagmaioT ¢ Aj, A, .. ., A, no-
TOMY
af,’s = Aa/Az # 0. (101.11)

lloTopss aToT mponecc, yepes (n — 1) maros Mul npuneM x Gasucy, B
KOTOPOM MaTpHUa KBaApaTH4HOH ¢popmbl A(Z,z) UMeeT IHArOHAJBHYIO
dopmy: An_y = diag(A1,..., An), rae ¢ ygerom (101.10), (101.11) u o6o-
3HavyeHusd Ag =1

Xi=Ai/Ain,, i=Tm (101.12)

OTmeTnM, 4TO KaxMIbI# War (A7 ONPENeNeHHOCTH i-i miar) mpomecca
HaYHHAETCS C NPOBEPKH ycloBHA A; # 0, Tak KaK TONLKO IIPH BLINOJHE-
HHM 5TOrO yCJOBHS MOXHO IIPOBECTH i-# HIar.

MeTon npuBenenus K KaHOHHYECKOMY BHIY, OMHCAHHBIN 3[I€CH, HA3bI-
BaeTca memodom Jlazpanaca.

II. MycTe Teneps cpems yrioBbIX MEHOPOB A, . .., A, MOTYT BCTpe-
THThCA Hynesble. Moguduunpyem meron Jlarpanxa.

Onwumem i-it mwar. Iycts nocae (i — 1)-ro mara MaTpuIa KBaZpaTH4-
HO# dopmbl A(z, ) HMeeT BUI

a

0

Ai—l = ) y rae C=
Bi—1,i-1 Gni

o C

(3mech LWITPUXM ONMyMEHbI KIS YIPOLIEHHAs 3anmucu). Bynem cumraTh, 4TO




[image: image93.png]C # O (pasencrBo C = O o3Ha4aeT, YTO KAaHOHHYECKHH Galuc yxe
HOCTPOEH).

1. Ecan ai; # 0, To BHINOJHUM 1-# ITar MeTOAa Jlarpanxa.

2. lyctb ai; = 0.

a) Ecaiu cpen¥ AuaroHaibHEIX 3eMeHTOB MaTpHibl C cylecTByeT
saeMeHT aj; # 0, j > i, TO NepeHyMepyeM NepeMeHHbIe (t.e. BexTOpHI
6asuca): T; = Zj, T; = Ti H z, = z upu k # i,j. Torna B MaTpume
A;_1 TOMEHAIOTCH MECTaMH CTPOKH (CTOJGIbI) C HOMEPaMH & | j, IOITO-
My B 10o3uiuH (,1) OKaxxeTcs HeHYJEBOH BJEMEHT Gj; = Gjj, C MOMOIIBIO
KOTOpPOTO BEHINOJHHKM i-# war Merolia Jlarpanxa.

6) MycTh Bce AMArOHAJBHBIE 3JIEMEHThl MaTPuubl (' PaBHbI HYJIO,
TOT[a B Hell CyIIeCTByeT BHEIMArOHAJLHBLIA d1eMeHT arj # 0, k,j >
i, £ # i. OTo o3HavaeT, YTO B KBaApaTHYHOA (opMe OT NePeMEHHBIX
Zi, ..., Tn OTCYTCTBYIOT KBAIPATH Z7, ..., T2, HO CONEPXKUTCA WLiIEH BHIA
2a;jzizj. IlepedineM K HOBHIM KOODIWHaTaM, NOJIOXHB T = z; + z;.,
zj =z}, — z; U T, = z, upk s ¥ k,j. Torna xpanparuynas popma byner
HMETb KBaJpaTHl T}, 3;2 H MBI OKaxeMmcd B cHTyanud “a”. Ormeruwm,
4yTO Bece npeobpa3oBaHus KOOPAHHAT GbIJIH HEBHIPOXIEHHEIMU. W

Teopema 101.8. Ecau s xampuye xéadpamuunoti fopmvi A(z,
T) panza T nepebie T Y2406bIT MUNOPOS OMauunsi om nyax: Ap # 0,
k=T1,r, mo cywecmeyem 6a3uc e, 6 KomoPoOM MAMPUYA K6AIPAMUUNOY
Popmbt umeem duazonasvnvii 6ud A, = diag(A1,...,Ar,0,...,0), 2de

. A = Ap/Apoy, k=T,T. (101.13)

" NokasateabcTso. Jus keaxpaTuuHoi popmul A(z,z) B ycioBu-
X TeopeMBbl BHITIOJHUMBI TIepBHie r miaroB Meroda Jlarpanxa. Iocne r-ro
mWara MaTpuua A, KBajpaTH4HON HOPMbI HMEET BHI

A
! 0

Ar = Ar ’

0 | c
rae, coraacto (101.12), Ag = Ag/Ag_y, k~=_1__,7, a C — HeKOTOpas MaTpH-
na. Tak kak rgAr = rm A £ 0, k = 1,r, TorgC =0u C = O.

CaenoBaTesbHO, MATpHIA A, MMeeT HCKOMBIH BHI. M
Coorrowrenns (101.13) naspiBaioTcs gopmuysans Ixobu.

§102. KBanpaTuuHble ¢OpMEI
B BellleCTBEHHOM IPOCTPaHCTBE

Hr xaBoEMYeckui 6a30C, H KAHOHHYECKHHA BAI KBAXpaTHIHOM GOPMBI He olpene-
JieHsl onHoaHauHo. Hanpumep, mobas nepecTaHoBka BEKTOpOs KaHOHMYIECKoro 6asmuca
DPMBOIMT BHOBL K KAHOHHMIecKoMy Gasmcy.



 [image: image94.png]Yro obliero y pasiHYHbIX KaHOHWYECKHX BHIOB OLHOH M TOM XK€ KBa-
apaTtu4no# dopmet? B (101.9) MeI oTMeuann, YTO YHCIO HEHyJEBHIX Ka-
HOHHYECKMX KO3((PHUHMEHTOB paBHO PaHry KBaIPAaTU4YHOW POPMEI H He
3aBHCHT OT BEIGOpa KaHOHMYeckoro Gasuca. B BelecTseHHOM mpocTpaH-
CTBE MOXXHO TOBOPMTE M O 3HAKaX KaHOHMYECKHX KoadduuuenTos.

llycrs xBanpaTuynas popma A(z, z) panra r B BElIECTBEHHOM IPOCT-
pancTBe V npusenena K xanonmyeckoMmy By (101.9). Yncio 7 nosoxun-
TeJbHBIX KBanpaTos B (101.9) u wHci0 ¥ = r — T HA3LIBAIOTCA NOAONCU-
TMEALHLIM K OMPUYATNEILHLIM UNIEXCEMU UNEPYUU KBAAPATHYHOH (op-
mbt A(z,z), MX pasHOCTb ¢ = T — v Ha3biBaeTcd cuewamypoi A(z, ).
KoppekTHocTh OnpelielenHs BBITEKAET U3 CIENYIONEH TEOPeMBI.

Teopema 102.1 (3axon meepnun). [osoxcumesvubii v om-
puyameabnbil undexchl unepyuu éewecmeennot xéadpamuxnoi Goprs
ne 3a6UCATN OM 6bI6OPE Kanonuuecxozo 6asuca.

HoxaszareancTro. Ilycts ¢ u f — xaHOHMYeckue 6a3uChl KBaapa-
TH4HOH popmbl A(Z,z) panra ru s £ = ) 1, Tie; = Yy o, %ifi

A(z,2) = a12} + ... + ap8] — apy122,, ~ ... — 6,22
' ' 1021
Az, z) = biyf + ...+ bgy? — bopav?,, — ... — bey?, ( )

rae a; > 0, b; > 0, i = 1,r. Ilokaxewm, uro p < ¢. Ilycrs p > ¢. Pac-
cMoTpum nonnpoctpancTBa Ly = L(ey,...,ep), La = L{fo41,.--, fa)-
Coraacro (65.2), dimL; N Ly = p+ (n — q) — dim(L; + L3). Tax xax
dim(L; + L) < n, p > ¢, To dimL; N Ly > 0. CaenoaTensHo, cylie-
CTBYET HEHYJIEBOK BeKTOp Lo € Ly N Ly. Ilycrh 29 = aje1 + ...+ apep =
By+1fg4+1 + ...+ Bn fn. Torna cornacuo (102.1)

A(zo, o) = a103 + ... + apa;j’ = —bq+1,342+1 —.=b B (102.2)

Tax kak 2o # 0, Toaraf+.. +apal > 0, —by1 82, —...~b, 42 < 0. Dro
npotuBopedut (102.2), n, 3HauuT, p < ¢. AHANOTHYHO MOKa3BLIBAETCH,
uyTo ¢ < p. CnenoBaTesbHo, p=q. M
O6osnauum cumBonamu P(Ag, Ay, ..., Ar) 1 V(Ag, Ay, ..., Ax) un-
CJIO COBIIRJIEHHUI ¥ IEPEMEH 3HAKOB B NIOCJIENOBATENLHOCTH Ag, Aq, .. ., Ag.
Teopema 102.2 (currarypuoe npasuio SIxo6u). Hycms
A - yeaosol munop k-20 nopadxa mampuyvi xsadpamuunoi Gopmbi
A(z,z) panear u Ay £ 0, k=1r. Tozda

T = P(AQ,AI,...,A,-), V= V(Ao,Al,...,Ar).

Y TBepxkeHHe TeOpeMBI BHITeKaeT U3 popmya SIkobu (101.13), Tak kax
Ai >0, ecnmsgn A; =sgnA;_y, n A <0, ecim sgnA; #sgnA;_;. ®

3nakoonpeneseHHble KBaaparudene ¢opMul. KpanpaTuunas
dopma A(z, z) HassiBaeTCH nosoAcumeasro (ompuyamesvno) onpedeen-
not, ecu A(z,z) > 0 (coorercrBenno A(z,z) < 0), Vz # §. Ta-
KHe GOPMBI HasHIBAIOT 3naxoonpedesennbimy (MM INAKOTOCTMOIHNBIMG).



 [image: image95.png]KBagpaTuunas ¢popMa, IJs KOTOPOH CYHIECTBYIOT BEKTOPHL & U Y TaKue,
ato A(z,z) > 0, A(y,y) < 0, Ha3bIBAIOTCA 3HAKONEPEMEHNIMY.

Ipumep. IIpuMepoM MOJOXHUTENBHO ONpelesieHHOM KBagpaTHYHON
(OpPMEL B BEIIECTBEHHOM [POCTPAHCTBE MOXET CIYXHTh CKaJIAPHEIA KBa-
ApaT B eBKJMIOBOM MPOCTPAHCTBE, T.e. oToGpaxenue A : E — R, ompe-
nenenHoe paseHcTBoM A(z) = (z,z), Ve € E. OT1o cienyer u3 Toro,
4YTO cKaispHOe NpouspefeHue (Z,y) ABALSTCH CHMMETPUUHON GHiaMHER-
Holt popmoit (B cuay akcuom 1-3 u3 (68.1)), a ckanspueli KBampaT -
HOOXWTENLHO ONpe/le/leHHOM KBaApaTHUHOU dopMoR (B CHILy aKCHOMEL
4).

Teopema 102.3. Ksadpamuunag fopma A(z,z) nosoacumean-
1o (ompuyameabno) onpedesena mozda ¥ moabxo moada, Ko2da ee no0-
acumeabnviti (COOMEEMCMBERKO OMPUYBMEsbRLIY) URIERC UNEPYUL CO-
snadaem ¢ pasmMeprRoCcbI0 NPOCMPEHCMEE.

Hoka3saTeabcTBo. JlokaxeM cHayajla BADHAHT TEOPEMBI, OTHOCS-
ImMiicad K NOJOXMTEJIbHO onpenetennoi popme. IlycTs e — kaHOHHYeCKHi
6a3uc kBagpaTH4HOH popMbl A(Z,z) # Ay, ..., An — ee KaHOHHYECKHE KO-
adduunentel. HeobxomumocTs. Ecmn A(z,z) > 0, Yz # 0, To, B
qactHocTH, Ale;, ;) > 0, i = 1, n. Ho A(ei, e;) = A, cienoBaTensHo, Bee
KaHOHMYECKHE KOIPPHLUMEHTH NOJOXKHATENLHE B T = n.

HocraTouHocTb. Ecau A; > 0, i = 1, n, To coraacHo (101.9)

Alz,z)= 3  Az? > 0, Vo = 3° zie; 6.
i=1 i=1

Ilng moxa3saTeabcTBa BTOPOTO Y TBEPXKAEHHUS HOCTaTOYHO PACCMOTPETh
kBanpaTuunyo popmy —A(z,z):
Alz,z) <0 <= —-A(z,z)>0 <= v=dimV. =
Caedcmeue. Onpedeaumess MAMPuybt nNosoNCUMeEIbHO onpede-
aennoti xeadpamuunot Gopmbi nosodNcumesen, TAK KaK €CIH € — KaHO-
HUYecKui 6a3uc, TO B NPOM3BOJIBHOM Gasuce f, coraacuo (101.6), |Af| =
Al - QP> 0.

Teopema 102.4 (kpurepuit Cannpectpa). Ksadpamuunas
Popma A(z,z) nosorcumeavno (ompuyameabno) onpedesena mozda u
moabxo mozda, xoz2da yeaosvie munopbi A, k = 1,n, ee mampuybl 6 npo-
43604bHOM 6a3UCE NOAONICUMEAbHbL (COOMEEMCTNBERNO YePEIYIOM IHAKY,
HEGUUNGHE C OMPUYAMEALHO20):

A >0, k:fﬁ (AkAk_1 <0, k:_(r—ﬁ).

Hoxa3zareancrnpo. JlokaxeM neppoe yTBepXAeHHeE.
Heo6xonumocth. Ilycts A(z, ) — NOJOXATENLHO ONpeneleHHas
KBalpaTH4Hasd ¢opma, A, — ee MaTpHulla B IPOM3BOJLHOM basHce ¢ =

(e1,...,en). PaccMorpum nonnpocrpancrsa Ly = L(e1,...,ex), k = 1,n,
¥ kBanpaTuuHbie Gopmul A(z, z) Ha L. OueBunno, A(z,z) > 0,Vz € Ly,
r # 0, 4, 3Ha4uT, ee MaTpuua A, B 6Ga3uce ey, ..., e NpocTpaHcTBa Ly

MMeeT NOJOXHUTENbHEIR onpeneiuTens |Ag| (cnenctaue 1). Ho |Ar| = Ay,



 [image: image96.png]k =1, n, crenoBaTensno, Ay > 0, k = 1, n.

HocTaTouyHOoCTh BBITEKaeT U3 Teopem 102.2, 102.3.

Iast mokasaTeldbcTBa BTOPOLO Y TBEPXIEHHA PAcCCMOTPHAM KBaapaTHu-
Hy1o dopmy —A(z,z) ¢ yraossimu munopamu 6. OTpHuaTedLHAS Olpe-
" meneHHOCTh A(Z, Z) paBHOCHJIBHA NOJOXHTEJIbHOCTH dopMbl  —A(z, z),
T.e. yciaoBuo & > 0, k = I,n, uau (~1)¥ A > 0, k = T,n. Taxk kax
Ap = 1> 0, To 3T0 ycaosue o3HauaeT, 4To AzAr_1 <0, k=T,n. m

Kak cienyeT u3 mp¥Mepa HOJOXHTENBLHO ONpPENEJEHHON KBaApaTHd-
HOH (HOPMBEI, CKaJISIPHOE MPOM3BeieHHe B €BKJIHIOBOM IIPOCTPAHCTBE SBJId-
eTcq OuauHeHHOA (POPMOH, MOJAPHOMR K MOJOXUTENBHO ONpelleIeHHOH KBa-
Jparuynod ¢opme. OKa3biBaeTCsd, YTO TaKHMH GHIMHEHHBIME dopMamH
KCUEPILIBAIOTCH BCE CKaJIpHble IPOM3BEIEHHS B BELIECTBEHHOM IPOCTPa-
HCTBE.

Teopema 102.5. llycmb V ~ sewjecmeennoe suneiinoe npocm-
parcmeo. Omobpascenve A:V XV — R ecmb cxasgpnoe npouseedenue
8 npocmpancmse V moada 4 moavko moada, xozda oxo geagemca 6uau-
netinol Gopmoil, noagpnod x nosoxcumesvno onpedesennol xsadpamuy-
ot dopme.

HokaszaTtenbcTBo. Heo6Xx0QuMocTh PaccMOTpeHa B IpAMEpe.
HocraTounocTs. Ilycrs A(z,y) — 6uanneitHas dopma, noaspHas K
TIOJIOXUTENBLHO OIpefeNeHHON KBaapaTHuHoi dopme. Torma orobpaxe-
Hue A : V x V — R, onpenenienHoe npaBHiIoM

(z,9) = Alz,y), Vz,y€eV, (102.3)

ABJISETCHA CKAJSPHLIM IIPOM3BENEHHEM, TaK KaK OHO YJAOBJIETBOPAET BCEM
akcuoMaMm (68.1) ckaaspHOro npousBeleHUs. B

Jamenwanue Marpuna Gunuseksoit GopMH, 3afajomed CKaJspHOE
IpOM3Be[ieHHE, COBNafaeT ¢ MaTpuuei ['paMa 6a3ucHBIX BeKTOpPOB: A, =

G(el,...,ek).

§103. KsBanpaTuuHbie ¢OpMHEI
B KOMIIJIEKCHOM NPOCTPaHCTBE

B KOMILJIEKCHOM POCTPaHCTBE NOJHBIM aHaJIOTOM BellleC TBeHHBIX KBa-
IPaTHYHEIX HOPM SBJIAIOTCA TaK Ha3blBaeMble 5PMUTOBLI KBaJpaTHIHBIE
¢GOpMEL.

Hoayropanureinnie dpopmul. IlycTte V - komiutekcHoe nuHeiHOE
npoctparcTBo. OTobpaxenne A : V x V — C HasbiBaeTcs noaymopasu-
netnod Popmot, ecam nas mobeix z,y,z €V, a € C:

1) A(z +y,2) = A(z, 2) + A(y, 2);

2) Alaz,y) = aA(z, y);

3) A(z,y + 2) = A(z,y) + A(z, 2);

4) A(z, ay) = @A(z, y).

IoayTopannueinyio ¢opMy Ha3HIBAIOT IPMUMOE0H, €CIH

Ay, z) = A(z,y), Vz,y e V.




[image: image97.png]Ilpumepsr. 1. CxanspHoe npousBesienne (r,y) B yHATAPHOM IpOCT-
PAHCTBE ABASETCS SPMUTOBOH NONYTOPAJHHEAHOR HOPMOiA.

2. IlpuMmepoM nOJyTOpaIHHEHHOH POPMEI B 1-MEPHOM KOMMJIEKCHOM
npocTpancTee V' ¢ 6a3ucoM ey, . .., €y MOXET CIYXHTH (HyHKIUs, ONpene-
NeHHas paBeHCTBOM: VI = 3 i Zi€i, ¥ = 3 ey Yi€i

n

A(z,y) = Z HERTE (103.1)

6,j=1

rze ai; (i,j = 1,n) — GUKCHPOBaHHEIE KOMILIEKCHEIE YHCIIA.

B neiicrBuTenbrocTH Bhipaxenue (103.1) maeT obwuid sud noaymo-
paaunetdnot dopmbi 8 6a3uce e. JTO NOKA3LIBAETCH TAaK XKe, KaK U aHa-
sormunoe cooTHomenre (101.2) nas Gununeitnoi gopmer. CienyeT oTme-
THTB, 4TO IJ4 NOJyTOPaJHHEHHHX HOPM OCTAIOTCA B CHJIe M BCe APYyTHe
yTBepxnenus (a TakXe MX JOKa3aTeJbCTBA), Kacalomuecs OHIMHEAHBIX
¢opm. HesnaumTenbHble H3MEHEHHS B HHX HOCAT OYEBHIHBLIA XapaKTep.
B wacTHOCTH:

- xommakTHas dopma (103.1) umeer Bux A(z,y) = =1 A.J. uan
Alz,y) =y A7 z.; .

—ecau e 1 f = eQ) — nBa 6a3uca OpocTPaHCTBa, To Ay = QTA.Q;

- noJryTopaJidHeiiHas ¢OpMa 3pMHTOBa TOTHa H TOJLKO TOrIda, KOraa
ee MaTpHla B JioGoM Gasnce 3PMHTOBA.

Teopema 103.1. [Toaymopasuneinag fopma spmumosa mozda
u moabxo mozda, xoeda A(z,z) ER, Vz e V.
IokasaTeabcTBo. Heo6X0XMMOCTH OYEBHIHA, TAK KaK

A(z,z) = A(z,z),Vz € V.
IHocTaToO4YHOCTE BHITEKaeT U3 paBeHcTBa: Vr,y € V

Alz,y) = %(.A(:c+y,z+ y)—Alz —y,z - y)+
+iA(z + iy, + iy) — iA(z — iy, ¢ — iy)), (103.2)

KOTOpOe CpaBeluBO [JIs JIoBOH 1oy TopainHeHol dpopmbl A(z,y). W

Opmurosn popmut. llycts A(z,y) — 3pMHTOBa N0y TOpaJHHERHAS
dopMa B KOMILIEKCHOM mpocTpaHcTBe V. Opmumosoi xeadpamuunod
@Popmot (mum, kopode, apmumosol Popmol) HasplBaeTCs OTOOpaxkeHHE
AV — C, koTopoe kaxioMy BeKTOpPY £ € V CTaBUT B COOTBETCTBHE
gucio A(z, z). llosyTopanuneitnas dopma A(z, y) NpH ITOM Ha3LIBAETCS
noagpuoi noaymopaauneinoi Gopmoi x spmuToBOl Popme A(z, z).

DpMUTOBa KBaJpaTHuHas popma obaadaeT BceMH cBoiicTBaMu (¢ ode-
BHIHBIMHM H3MEHEHHAMH) ODbIYHBIX KBaapaTHuHbIX ¢opm (§101). OrTme-
THM HEKOTOPbIE U3 HHX.

1. CymecTByeT B3aMMHO OXHO3HAYHOE COOTBETCTBHE MEXAY IPMUTO-
BLIMH NOJYTODAJHHENHBIMH M 3DMHUTOBLIMM KBaJAPaTHYHBIMH (HOpMaMu
ApocTpancTBa. Do caenyer us (103.2).



 [image: image98.png]2. Matpuna 5pMHTOBOK KBaApaTHuHOM# (GOpMbI B J06oM Gasmce ap-
MUTOBA.
3. O6mwuit BUI 5PMHUTOBOM KBaLpaTHUHOM GopMbl: Yz = S Ties

n
Alz,z)= 3 ij%i%;, aij = a5 (i,j = L,n),
iJ=1
WJIH, B KOMIIaKTHO#N ¢dopme,
Az, z) = 2T A%, = e ATz, AH = 4,.

4. Kanonuueckuil BUI 3pPMHUTOBOH KBaAPaTHUHOH POPMBIL:

r n
Az, z) = 3 Mlzrl?, Vo =3 zie;,
k=1 i=1
rae r =g A(z,z), \t ER (k=1,7).

5. Meton llarpanxa mpuBeIeHMS K KAHOHMUECKOMY BHAY NPUMEHHM
B 073 3pMHTOBOM ¢opMmel. H3MeHeHue ajiropuTMa, OMHCAHHOTO B IOKa-
3aTeabcTBe TeopeMbl 101.7, COCTOMT AMUIL B TOM, YTO Ha KaXXAOM IHare
BbijlesifeTcs MOJHBIA KBaApaT MONYJis (HalpuMmep, Ha NepBOM ILare:
flz1, o 2a) = apjo + 5, %zklz +9(z2,...,25)).

6. OcraloTes cnpaBenuBLIME ¥ PopMyisl Txobu (101.13).

7. Kak caenyer u3 Teopemsi 103.1, spmuToBa KBampaTHdHas (popma
NPHHMMAET TOJbLKO BeUIeCTBEHHbIE 3HAYCHUA. D TO CBOHCTBO cOIMKAET ee
C BEIECTBEHHOH KBaJpaTH4HOH ¢opmoii (§102). B wacTHocTH, 075 3pMuE-
TOBBLIX KBAJPATUYHHX GOPM CIPaBe[JHBLI 33KOH MHEPIMH, CUTHATYPHOE
npasuio $1kobu, kpurepuit Cuiansectpa. IlpakTuveckn Ge3 MaMeHeHus
OCTAIOTCA M JOKA3aTeNbCTBA 3TUX GaKToB.

8. M, naxonen, orobpaxenue 4 :V x V — C ecThb ckaaspHOe Ipous-
BENEHHE B KOMILIEKCHOM MPOCTPAHCTBE ¥ TOrfa M TONLKO TOTAa, KOraa
OHO ABJAETCS NOJYTOPaJHHEHHON (hOPMOH, NOJAPHOH K NOJOXHUTEILHO
ONpPENeIEHHON PMHTOBOH opme.

§104. KpanpaTruunnie GpopMbI
B €BKJIMI0BOM (YHHTApPHOM) IPOCTPaHCTBE

Mer ormevamu (§102), 4To HM KaHOHMUecKHMH Ga3Wc, HM KaHOHMYe-
CKMHA BHI KBaJIPaTHYHOH HOPMEI He OIpeneseHs OQHO3HAYHO — OMHO3HAY-
HO JIMIIb YHCJIO BCEX HEHYJEBBIX KBaApaTOB (B IIPOM3BOJLHOM JHHEAHOM
NPOCTPAHCTBE) M YMCJIO IOJOKKUTENLHBIX ¥ OTPHIATEIBHBIX KBaAPaTOB (e
BEILECTBEHHOM M KOMILJIEKCHOM IIPOCTPAHCTBE). B eBKIIMIOBOM MpOCTpaH-
cTBe (B yHHTAPHOM NPOCTPAHCTBE I 3PMUTOBBIX KBAAPATHYHBIX dopm)
NOJIOXEHNE WHOE, €CJM PaccMaTpPHBaTh OPTOHOPMHPOBAaHHEE GA3HUCHL.

Teopema 104.1. Jas 060t xeadpamuunoii Fopmes A(z,z) 6
esxaudosom npocmpancmee E cywecmeyem, u npumom eduncmeennbid,
cummempurecxul onepamop H € L(E, E) maxoi, wmo

A(z,z) = (Mz,z), VzeE. (104.1)



 [image: image99.png]NoxasaTeabcTBo. CymecTBoBaHnue. llyctbe = {e1,...,en)—
OpTOHOPMMPOBaHHEI 6a3nc npocTpancTBa E U A, — MATpHIA KBalpaTH-
Ho#t popMsl A(z,z) B aToM Gazuce. B cHlly CHMMETPUIHOCTH MaTpHUEL!
A, ¥ OPTOHOPMHPOBAHHOCTH 6a3uca e CymecTBYeT CHMMETPHUECKHH orle-
parop ‘H € L(E, E), xoTopriil B 6a3uce e UMEET MAaTPUIly A, Tak 4TO
H, = A,. Toraa nasa moboro BeKTOpa r = Z?zl T;e; KOOPIAUHATHI BEK-
topa Hz maxomstcs cordacho (77.3): (Hz)e = Hexe = Aee. Orcona
B cuay (70.7) crenyeT paBEHCTBO (Hz,z) = zl A z., xoTOpOe ¢ yueTom
(101.8) nokasuiBaet (104.1).

EnurcrBeHHOCTbh. Ecoun H;, Hy — CMMMETPHUYECKHE ONEPATOPHL,
ynosaersopsiomue (104.1), To (M1 z, z) = (Haz,z) ,Vz € E, nin

(H: —H2)z,z)=0,Vz € E. - (104.2)

Orciona caenyet 2, yto Hy = Ha. &

Teopema 104.2. [Jag awboid xeadpamuunoi Popmbi 6 esxaU-
dosom npocmpancmee E cywecmsyem opmonopMuposanubid 6a3uc, 6
KOMOPOM OHG UMEEM KEHOWUVECKUY 6u0.

HNoxaszaTeabcTBO. IlycTh H — CUMMETPUYECKHH ONEpaToOp, ML
-xoroporo (Hz,z) = A(z,z), Vo € E. Ecam e;,...,en — OPTOHOPMH-
poBaHHLI# Ga3uc M3 COOCTBEHHBIX BEKTOPOB H, To nus JMoboro BeKTOpa
¢ = Y1, ziei, cormaco (104.1) u (70.7), umeem

A((L‘,.’B) = (Zn: ZiAie;,Xn:m,'e,') = i/\,‘.’c?, (104.3)
=1 =1 =1

rie A, ..., An — COBCTBEHHBIE 3HaueHHs onmepaTopa H, oTBevaioune cob-
CTBEHHBLIM BEKTODPaM €1,...,6n. B

Onepanus MOCTPOEHHSI OPTOHOPMHPOBaHHOrO ba3uca, B KOTOPOM KBa-
ApaTHYHAs GOpMa MMeeT KaHOHMYECKMA BUI, Ha3bIBAETCS npusedenuem
xeadpamuunoti Gopmbi K 2aaénbiM ocam. U3 TeopeMbl 104.2 cnenyeT, 4TO

aw06aq xeadpamuunag Gopma NPUEOJUMCE K 24GEHBIM OCAM.

Bamenanue . Jloxkasmmas Teopemy 104.2, MBI IIOODYyTHO ITOKa3adH, YTO KAHO-
HugecKwit Gasuc xpanpaTausoi hopmu A(z, z) copnagaeT ¢ OpTOHOPMHMPOBAHHEIM 6a-
3MCOM M3 COBCTBEHHBX BEKTOPOB COOTBETCTBYIOIIETO CHMMETPHYECKOI0 oepaTopa H,
a KaHOHMYecKMe K03(h@MIMEHTH — € OTBEYATIMME AM COOGCTBEHHHLIMA 3HAYCHMAMM,
Cob6cTpeHAREe 3Ha4YeHns oneparopa H SBIMOTCA KOPHAMM ypaBHEHMS {Ae — Al = 0,
KOTOPEIE, BOOGINE I'OBOPA, YX€ HE 3aBHCAT OT omepaTopa ‘H » MHBApHMAHTHO CBA3aHLI
TOJLKO ¢ CamMoil KBaapaTHIHOM HOPMOM.

TakumM 06pa3oM, IPH MPABEICHAM KBAIPATHIHOR GOPMEI K I'JIABHHIM OCAM XaN0-
nuvecxue xoadPuyuenmo onpedesenst 0dn03nanno. ITO NO3BOIAET HAXOMATH KaHO-
HWYECKHE BHI KBAIPATHUHOR POPMEI, MAHY 5 BEIYMCIICHHE KaHOHMIECKOro Gasuca.

Uro ke KacaeTcs KaHOHMIECKOTO 6a3mca, TO OH OUPeleJIeH C TOH Xe CTEleHBIo
IpoH3BOJIa, C KAKOH olpejesieHa MoIHad OpTOHOPMUPOBAHHAA CACTEMA U3 CcOGCTBEHHBIX
BEKTOPOB ollepaTopa.

20neparop H1 — Hz cEMMeTpHueH, M HEro CymIECTBYET OpPTOHOPMHPOBAHHBIA
Hasmc M3 cOGCTBEHHRIX BEKTOPOB, a BCe COGCTBEHHBIE 3HAYECHAA B CHIY (104.2) PaBHBI
HYJTIO.



 [image: image100.png]Teopema 104.3 (o mape xpanparuuannix ¢popm). g awo-
6ot naper xeadpamuunviz dopm A(z,z) u B(z,T) 6 seupecmeennom npo-
cmpancmee V, odua u3 xomopsiz nosowcumesdno onpedesena, cyuje-
cmeyem obwud 6a3uc, 6 Komopom obe xeadpamuunvie Gopmbi umerom
xanonuueckut sud.

Moxasareascrso. llycrs B(z,z) > 0 u B(z,y) ~ 6uauneitnas
¢opma, nonspHas k KBanpaTuuHOi Qopme B(z,z). B coorBeTcTBHH C
TeopeMoi 102.5 BBemem ckansiproe mpomspenenme (102.3). Torma mpo-
CTPAaHCTBO V' CTaHOBHTCA €BKJHMIOBHIM M B HEM COLJIAcHO Teopeme 104.2
CYLIECTBYET OPTOHOPMHMPOBaHHbLIA 6a3uc ey, ...,e,, B KOTOPOM KBaapa-
TuyHasi popma A(z,r) uMeer kanoHwueckuit sunx (104.3). Ilpu sToMm B
cuaty (70.7) nas mo6oro BekTopa T = 3 1, Tie;

B(z,z) = (z,z) = izf ] (104.4)
i=1

3amevanve 2. Opum U3 crroco6oB momcka obrmero Gasmca e ye++y€n, B KOTO-
poM dopmur A(z,z) u B(z,r) wmeoT xamonmyecxwit sun (104.3) u (104.4), cocTout B
CIENLYIOUIEM.

lycte A u B - marpui: kpaapaTeansix dopm A(z, r) u B(z,z) B HEKXOTOpOM Ga-
suce f A nycts e = fQ. Toraa QTAQ = A, rae A = diag(A1,...,2n), ¥ QTBQ =1.
Cuenoparemsmo, A = (QT)"1AQ-1, B = @T)-1Q-t, B~! = QQT, B4 =
AQ™! u B~1AQ = QA. Hocxensee PABEHCTBO O3HAYAET, YTO CTOJGIKI MaTPHIIEI
(T-e. KOOpAMHATH BEXTOPOB HCKOMOIO KAHOHMIECKOrO GAINCa € B MCXOXHOM 6a3mce
f) sBamoTcs coScTBeHHEIME BexTopaMm maTpamel B! A, orBevammmamm cobcTBen-
HEIM 3HAYEHHAM A1, . . ., An. Takum o6pasom, KanoHEIECKME KO3 HITMERTEL AlyeeerAn
ABJIAOTCK KopHAME ypabHenus |B~1A — AI| = 0 wim, B panrocumsHoi 3amich, ypas-

HECHHA
|A = AB| =0, (104.5)
a BEKTOPBI KAHOHMIECKOI'O Ga3uca — HEYTPpHBHAJIbLHBIMHA pemeRAsIMHA OIIHOPOJIHOﬁ CHCTe-

MKl ypaBHEHMU
Az = ABz. (104.6)

Teopema 104.3 obecneumpaeT CymmIecTBOBAHEE OJIHOTO Habopa BEmIECTBEHHEIX KOp-
Hel ypaBHEHHS (104.5) H IS KaXI0ro KpaTHOIO KOPHA ~ HaJIMIAe COOTBETCTBYIONIENo
YMCJIa JIMHEHHO HE3aBUCHMEIX pemreHmi cucremul (104.6). Boobme rosops, omacan-
HEIA a1TopuTM (KakK M JOKA3aTeNhCTBO TEOPEMEL 104.3) pemaeT HOCTaBJeHHYIO 3ada-
1y B YyCHJIEHHOH (popMe: NOJOXHTEILHO ompelenennai dpopma B(z,r) npmsoamrcs x
KaHOHW9IECKOMY BHAY C Koabh¢dumaenTamu, pasHeiMa 1. B peficTeuTemBocT 5T0 He
Tpebyerca: 6e3 CyINECTBEHHEIX HIMEHEHWH NPHUBEICHHEIA 31€Ch AJTOPHTM IPHMEHAM
m s chydas, xorna QTBQ = diag(u1,...,4n). Taxum obpasom, xordxpummenTEl
npeobpasyeMblX $HOPM He OmpeReisioTCH OfHOIHa4YHO. OOHAKO, KaK JIErKo II0Ka3aThb,
omunowenus Aifp; xanonuvecxuzr xosPPuyunenmos ne saeucam om cnocoba odnoepe-
mennozo npusedenus Gopmu A(x,z) u B(z,z) x xanonuvecxomy sudy.

B BriuncimTensHOM anrebpe samauy (104.6) HasmmaoT 060buennoid npobremot
cobcmeennbiz snavenud.

Jamenvanue 3. Teopemur 104.1-104.3 ¢ oueBHAHLIME H3MEHEHH MU
(cm. §103) mepeHoCSTCS M Ha 3PMHTOBHEI KBaJpaTHYHbIE ¢OpMEI B KOM-

IIJIEKCHOM IIPOCTPaHCTBeE.




[image: image101.png]I'maBa XVIII. IloBepXHOCTH BTOPOro mopsagka

§105. TI'mnepnoBepXHOCTH BTOPOro NMopAnka
B €BKJIMAOBOM IIpOCTpaHCTBe

O6mee ypabrenue. [Iycth A(z, 2) — HeHyJeBag KBanpaTHIHAd Gop-
Ma, g(z) - JMHeliHas ¢popMa, 3aJaHHLIE B €BKJIHIOBOM IpocTpaHcTBe K,
H ¢ — BellleCTBeHHas KOHCTaHTa. MHOXecTBO BceX BeKTOpoB € E, yno-
BJIETBOPAIOLUUX yCJIOBHIO

A(z,z)+ 2g9(z) + c =0, (105.1)

Ha3BIBAETCH 2UNEPRO6EPTHOCTILIO 6MOPO20 NOPAIKA 6 e6KAUJO60M NPOC-
mpaxcméee E1. Ypasnenne (105.1) HasniBaeTcs o6ujum ypasnenuem 2u-
REPnosEPIHOCINY 6MOPO20 NOPAIKa.

Oycts e = (ey, ... en) 6a3uc npocrpancTpa F, A= (a,J) € R™X" -
MaTpHIa KBaapaTHyHo# dopMul A(z,z) B 3TOM Gasuce, b; = g(e;), i =
1, n, — koaddUIHEHTH! JIUHEHHOA QOPMLL H £ = Z:'___, z;e;. Torma B cooT-
percrauu ¢ (101.7), (81.1) obmee ypapnenue (105.1) MoxeT 6HITH 3amu-
CaHO B BHIE

n n
Y wjmizi+2) bizi+e=0, a;=aj, (105.2)
ij=1 im1

HJIM, B KOMIIAKTHOH ¢dopme,

XTAX +2TX +c=0, A=AT, (105.3)

rie X = (21,...,22)7, b= (b1,...,0,)T.

Hpunenennue YPaBHERHA. I/Iccnenosanne rnnepnoaepxnoc'm BTO-
poro NopAfKa B n-MepHOM IPOCTPaHCTBE NPOBOIHTCA IO TOH Xe cxeme, 1o
KOTOpO# HCCJENYIOTCA JHHHE BTOPOIO mopsaka Ha miaockoctH (§58, 59).
OTMeTHM OCHOBHBIE MOMEHTHI 3TOTO MCCJIENOBaHUS C OBIMX HO3MIHE.

HycTs e — opToHOpMHUpOBaHHEIH Gasuc E u nycTh B 3ToM 6a3uce ypas-
HeHWe THnepnoBepxHocTH uMeeT Bua (105.2).

1. NpuBenem kpanpatuunyo popmy A(z,z) K riIaBHBIM OCAM, T.€.
HaileM OpTOHOpPMHpPOBaHHLIA Hasuc f, B KOTOPOM KBaXpaTHU4Has GHopMa
A(z,z) umeeT xanoundeckuit Bua. OTMeTHM, YTO KaHOHWYECKHE KO-
$UUMEHTHI A1, ..., A, GyIyT HpH 3ToM ompeleseHEl onHo3HadHo (§104,

1B cayuae, xorna dim E = 2, reoMeTpuueckuit 06pa3, ONpeAeSEMEIA ypaBHEHNEM
(105.1), HasmBaeTcs JmuMel BTOporo mopsaka. OoHako BCOAY B dajfbHEMIIEM MBI
yrnorpebiaseM o6t TepMHMH " IOBEPXHOCTH” , He OrOBap@Bas oco60 3TOT CJIydaH.



 [image: image102.png]3ameuanue 1). He Hapynias obIMHOCTH paccyXIEHHH, MOXHO CYHTATH,
uro Ap # 0 mpu k < r (rae r =18 A(z,z)) u Ay =0 mpu k > r.

ITpu mepexone ot 6asuca e k 6asucy f = eQ ypasrenre (105.2) opro-
FOHAJBHEIM IIpecbpasoBanueM koopauHAT (Teopema 70.5) mpec6pasyeTcs
B ypaBHEHHE

D s’ +2) bz +e=0. (105.4)
k=1 k=1

2. Oycts a € E. Orobpaxenue ¢ : E — E, onpeneseHHoe paBeH-
cTBOM 9(T) = z + a, Vz € E, HasLBaeTCd Napasieibubim nepenocom
npocmpancmea E na sexmop a. OueBnnno, imyp = E.

Ecau B ypasrennu (105.4) Mg # 0 mua mexotoporo k, To Mgz +
2byz), = Ak(zh + b /Ae)? — b2/ k. Honoxus z} = z} + b}/ Ak, MOXHO
HOOGHTECS HCUE3HOBEHUS TIEPEMEHHOH T) B NEPBOH cTeneHd. Brimosnenue
TaKuX npeobpazoBaHui Iis BceX k = 1,7 paBHOCMJILHO napaJijieIbHOMY
nepeHocy Ha BekTop ¢ koopauHaTamu (b)/Ay,...,bl/).,0,...,0). B pe-
3yJbTaTe 3TOro nepenoca ypabHenHe (105.4) npeobpasyercs B ypaBHeHHe

n
M4+ A2 +2 Y Kl =0, (105.5)
k=r+41

roec =c— Y ;_, b2/ . _
3. Hccaenyem ypabrenne (105.5). BoamoxHul aBa ciayyas:
a)bl ,=...=b, =0;

B cayuae "a” ypaBrenne (105.5) umeeT Bun
M4+ 40224 =0.

B caydae "6” BEIIOJHHM ellle ONHO OPTOrOHAJbHOE IpeobpasoBaHhe KO-
opauHaT. MaTpuna S 3Toro npeobpa3oBaHus CTPOUTCS CJAENYIOMHAM OG-

pasom. Paccmorpum apudmernueckuit BekTop (by,,...,b;) € R"7".
Ilo ycnoBHMIO OH HEHYJNEBOH M €r0 MOXHO HOPMHPOBATh: €CIH & =

n 12 1/2 — (3 ’ -
(X k=rs182) "7, T BexTOp 81 = (6;,11/a, ..., b, /o) npencTasaser coboi
OPTOHOPMHMPOBAHHYIK) CHCTEMY M3 ONHOTO BeKTOpa. JIONOJHMM 3TOT Bek-
TOP 10 OPTOHOPMHPOBAaHHOTO 6a3uca 81, 83, . . ., Sp—, NpocTpaHcTBa R™ 7,
B obosnavenusx s; = (Sir41,...,8in), ¢ = 1,n — r, HCKOMag MaTpHua S
MMeeT BHI

1
0
S= 1
S1,r41 Sin
o



 [image: image103.png]Marpuna S opToroHajsHa (TaK Kak €€ CTPOKH OPTOHODMHPOBaHH), NO-
3TOMYy npeobpa3oBaHuMe 6a3uca ¢ NOMOIWILI0 MATDPUUEI Mepexofa S mpu-
BOINHT K HOBOMY OpTOHOpMHpOBaHHOMYy 6a3ucy. Ilpum sToM npeobpaso-

BaHHEe KOOPIMHAT OCYIIECTBJAETCA MO 3aKOHy zj = z} mpu k = 1,r,

o = a VY h, . byl 7 = S,y skizl mpw k=74 2,n, n npuno-
nuT ypasren®e (105.5) k Bumy Az + ...+ Azl? + 20z, + ¢ = 0.
B nocnenseM ypaBHEHHH MOXHO OCBOGOIMTBCA OT cBOGOLHOrO dieHa ¢!,
€CJIH BBLITIONHHTE MapaJuieJbHbLA epeHoC Ha BEKTOp, ¥ KOTOPOro Bce KO-
opauHaThi, KpoMe (r + 1)-it (paBuoit ¢’ /(2a)), paBHBI HyJ1IO.

HTak, ¢ noMOmbBIO NapajjelbHOrO MEPEHOCA M Nepexola K HOBOMY
OpTOHOPMHpOBaHHOMY ba3ucy obiuee ypasHenue (105.2) npusonures K on-
HOMY M3 ABYX THIOB ypaBHEHHH:

/\1z3+...+/\r-’03+00 ‘_':0; Afl---AT # 01 (1056)
A12¥+...+/\7I3+b027,-+1 =0, D SRR WY, ) #07 (1057)

KOTOpbI€ [IPHHATO HA3bIBATDL NPUGCIenubiMl YPAEHEHUIMYU SUNLEPTOE EDPT-
nocmu,

HuaBapuaHTH CHIEPIOBEPXHOCTH. Beawuusbl n GyHKUMH, ompe-
nensieMble KoaddunuenTamu obiero ypapHenus (105.2), koTopsle He u3-
MEHAIOTCH IpH Npeobpa3’oBaHUSIX KOODIAHHAT, Ha3bIBAIOTCS UHN6APUGHITNG-
MU 2UNLEPTLOBEPTHOCTY OMHUOCUTEALHO IMUT NPpeobpalosanuil.

Annapat unBapHaHTOB (KakK H B ClIydae JHHHH BTOPOTO NMOPANKa Ha
IUIOCKOCTH) MO3BOJAET 1o oOIIeMY YPaBHEHHIO OZHOIHAYHO HaMTH THI
NPUBENEHHOTO YPABHEHHUS U Bce €ro KO3GbPHIHEHTHI.

PaccMoTpumM MaTpHuIy
Alb
B = [bT’T] , (105.8)

MOJyYEHHYIO OKaUMJIEHHEM MaTpPHIE A KBaIApaTH4HOW (HOPMBL CTOA6HOM
H CTPOKOH M3 KO3 PHUIUEeHTOB JUHEHHOR GOPMEBI U CBOGOIHEIM YJIEHOM C.

Teopema 105.1. Xapaxmepucmusecxue MHO204AHbI MAMPUY
A u B g8ag0mcq uH6APUAHMAMU 2UNEPNOBEPTHOCTIY OMHOCUMELLHO
opmozonaadbnozo npeobpazosanud xoopdunam.

HNoxa3zaTeabcTBO. YTBEpXKACHHE TEOPEME CJEyeT H3 TOro, YTO
coornomenus Ay = QTA.Q u By = QTB.Q (cM. NOKa3aTenbcTBO Te-
opemel 58.2) B cilydae OpTOrOHaJBHOCTH (J O3HayYaioT IoNOOHMe MaTpHI
A.n A;, B, u By, a cenoBaTellbHO, H COBNANEHHE XaPAKTEPHCTUYECKHX
MHOTOo4IeHOB (Teopema 86.2). m

Caedcmeue. Hueapuanmamy 2unepnodepruociny OmMuOCUMEAbHO
0PpMO020NAGABRO20 NPeobPa306aAHUL KOOPOURAM L6ATIOMCH:

a) xanonuvecxue woaPPuyuenmet Ay, ..., A, (KaK KOPHH XapaKTepH-
CTHYECKOTO MHOTOWJIEHA A);

6) eeaununsi tr A, det A (kak ko3(PULIMEHTH XapaKTePHCTHIECKOTO
MHOTOYJIEHA.);



 [image: image104.png]8) uucaa rg A, rg B.

Teopewma 105.2. Beauvunnitr A, det A, det B, rg A, rg B g644-
10MCd UHBAPUCNMAMY 2UNEPROEEPIHOCTRY OTMHOCUMEALRO NAPEALEALHO-
20 nepenoca.

HokasaTeancTBo. HupapmanTHOCTL Benmumu tr A, det A, rg A
cllefyeT M3 TOro, 4TO IPH HapaJlilebHOM MepeHoce MaTpulia A He H3Me-
HsieTcs, a MHBapHaHTHocTb det B, rg B — w3 Toro, ¥To maTpuuna B npu
[apaJliieJIbHOM NepeHoce MONBEPTaeTCA dieMeH TapHEIM Ipeobpa3oBaHusM
(cMm. mokasaTeabcTBO TeopeMH 58.2). m

Kaaccudpukanus ranepnoBepxHocreit. Kiaccpukanus ocyiue-
CTBJIAETCS HAa OCHOBE IIPHBe[eHHHIX ypasHenwi (105.6) u (105.7).

1. Mlycte r = n. Torma ypaBHenme (105.2) npuBoamTcs TONBKO K
ypasHeHHIO THIa (105.6), koTOpoe B 3TOM ciry4Yae UMeeT BHI

Mzi4 . 4 Azl tap=0, (105.9)

npu sToM det A = Ay ...\, det B = Ay ...Aqaq, ap = det B/ det A. Bce
koappunuents B (105.9) onpeneneHb oAHO3Ha4HO BCaeNCTBHE HMHBADH-

aHTHOCTH YHCEN Ap,...,An, det A, det B. B cuay 3akona unepuum (Te-
opeMa 102.1) YHCIO NOJOXHTENLHEIX H YACIO OTPHUATENLHBIX KO3(dH-
UMEHTOB A1, ..., An ONpeNeNieHHl ONHO3HAaYHO, TaK 4TO ypaBHeHHe (105.9)
OIHO3HAYHO MpeobpasyeTcs B ypaBHEHHE
2 2 2 2
z T T z
e . T 2 =L S (105.10)
a3 8 Gy ay
ecau det B # 0; a B cayuae, koraa det B = 0, - B ypaBHeHne
2 2 2 2
z z z z
StotE-H L _na (105.11)
a1 Gy Opyy an

['unepnoBepxHOCTB, onpenenseMas ypasHenuneM (105.10), npu k& = n
Ha3bIBAETCH I44UNCOUJoM, TIPK k = 0 — muusbisn sssuncovdom, pu 0 <
k < n - 2unepbosoudom. I'nuepnoBepxHOCTD, ONpeenseMas ypaBHEHAEM
(105.11), Ha3BIBAETCA KOMYCOM.

2. Mycts r = n — 1. Torna ypaprenue (105.2) npuBoauTCcs K ypas-
Henuio THNa (105.6), eciu det B = 0, u k ypasuennmio (105.7), ecan
det B # 0. OTu ypaBHeHH ONHO3HAYHO MPeobpa3yoTCs B IIEPBOM CiIydae
B YpaBHEHHE

2 2 2 2
T T z s
T B T (105.12)
a a a a

1 k k+1 n—1

rarec=1,ecin rg B =n,uc=0, ecin rg B = n— 1, a Bo BropoM ciiyyae
B ypaBHEHHE

2 2 22 22
Sy 42 Ch Tl gpn p> 0. (105.13)
a1 G Gk a1




[image: image105.png]T'unepnopepxHoCcTh, onpenensemas ypasaenueM (105.13), nastiBaercs
napaboaoudom.

3. Oycte 0 < r < n— 1. Torma ypasrenre (105.2) npusonuTcs
K ypasuenuio Tuna (105.6), ecim rg B < r + 1, ¥ Kk ypaBHeHHIO THIa
(105.7), ecait rg B = r + 2. DTH ypaBHEeHHS OXHO3HAYHO NpeobpasyloTcs
B IepPBOM CJy4ae B ypaBHeHHE

2 2 g2 2
ry x i1 T
R TR i el TR ) (105.14)
ay G Gk ay

roec=1,ecnu rgB =r+ 1, u ¢ = 0, ecain rg B = r; Bo BTOPOM Cllydae
B YpaBHEHHE

2 2 2 2
zi Tk Tk zr
+...4 - - .= =2pzr4+1, p>0. 105.15
a? ai ai,, a2 " ( )

TunepnosepxHOCTH, onpeleisdeMbie ypasHenusamu (105.12), (105.14),
(105.15), HaspiBatoTCs Yusundpamu. Tak Kak ycIOBHMA, ONpeeNsiOmHUe
5TH YPaBHEHHUs, B3aMMHO MCKJIOYAIOT APYr ApYyra, TO obujee ypasnenue
(105.2) onpedessem odny 4 MoabKo 00KY U3 NEPEUUCAEHHDIT NOEEPTHO-
cmetl.

§106. Aure6GpanyeckHne NOBEPXHOCTH
BTOPOro MopAIKa

O6Guiee ypasuenue. llon obmuMm ypaBHeHHeM alireOpaudeckod Io-
BEPXHOCTH BTOPOrO MOPsAAKa B cucTeMe koopAuHaT Ory2z MpPOCTPAHCTBA
HOHMMaIOT ypaBHEHHe BHAA

a112? + agy® + azsz? + 2a127y + 2a1372 +
+2a93yz + 2b1x + 2boy + 2b3z 4+ ¢ = 0, (106.1)

roe He Bce KodbdunuenTs a;; (i,j = 1,3) paBHH Hya0, aij = aj; (i,j =
1,3). 'pynna wieHoB BTOporo nopsiika ofpa3syeT 3hech KBaJpaTHUYHYIO
(hopMy OT TIepeMEHHBIX T, ¥, # (HJIH, B BEKTOPHOM TEPMMHOJIOTHY, OT PalH-
yc-BeKTOpa TOYKH (Z,y, 7)), a Ipylna JHHEAHBIX YICHOB — JIHHEHHYIO
¢dbopmy, Tak uTo ypasaenne (106.1) sBiseTcs ypaBHEHMEM CHIEPIOBEPX-
HOCTH BTOPOTO HOPAAKa B €BKJIKAOBOM npocTpaHcTBe Vi. O6o3HaveHUs,
COOTBETCTBYIOIKE 06l TeOpHH FHIEPHOBEPXHOCTER, B HAHHOM CIydae
umeiot Bum: X = (z,y,2)T, b = (b, by, b3)7,

41 a1y aia a11 @12 a3 by

_ G12 G2 a3 bs
A=| a2 an axs |, B= a1a as3 azz b3
@13 a23 as3s b1 b2 b3 ¢



 [image: image106.png]B aTux o6o3nadenusx o6mee ypapnenue (106.1) MoxeT 6u1T 3amucano
B KOMIIaKTHOH (opmMe:

XTAX + 267X +c=0, A=AT. (106.2)

HpnBeneHHme ypaBuenus. IlycThb obuiee ypaBHeHuUe (106‘1) 3a-
OaHO B NPAMOYTOJIBHOM HeKapToBOH cHcTeMe KoopmmHat. Corgacuo o6-
luedl Teopun runepnopepxnocteir (§105) ypasrenue (106.1) ¢ momompbio
OPTOTOHAILHOIO NpPeo6pa3oBaHHs KOOPHHHAT (T.€. MPOCTHIM BpAIICHH-
€M ¥ [POCTHIM OTpaXeHHeM) M MapalliesIbHOrO NepeHoca (T.e. mepeHoca
HayaJla) IPHBOIATCA K ONHOMY M TOJBKO ONHOMY W3 IBYX THIOB mpHBE-
ReHHBIX ypaBHeHu# (105.6) u (105.7). B cooTBeTcTBHHM c obmei cxemoit
KJIaCCHPMKAUMK THIEPIOBEPXHOCTEH 3TH YPaBHEHHS MOXHO pa3buTh Ha
CleNyIOlMe NATh MPOCTEHALINX ypPABHEHHH B 3aBHCHMOCTH OT 3HaYeHHH

r=rgA.
1. Hpu r = 3:
Mz?+ Ay® + As2? +ag =0, Aihads £ 0. (106.3)
2. llpu r =2:
/\11}2 + /\2y2 + 2bpz = 0, Aildg # 0 (1064)
I
M+ Ayi +eco=0, Ady #0. (106.5)
3. Ipur=1: ‘
Mz?+2py =0, Ajpp £ 0 (106.6)
I
Mzl 4+g0=0, A #£0. (106.7)

OTmeTrM, 4TO BCe K03 duunenTH ypasrenuit (106.3)-(106.7) onpe-
JeJieHBl OOHO3HAYHO OOLIMMH MHBapMaHTaM# CHIeploBepxHocTed: I} =
tr A, Is = det A, K4 = det B u cnenuadbHLIME HEBapuaHTaM¥ aireGpan-
4ecKOd MOBEPXHOCTH BTOPOro nopsnxa: I — cymMMa rJiaBHEIX MHHOPOB
BTOpOoro nopsinka MaTpuubl A u K3, K3 — cyMMsl IJaBHBIX MHHODOB
BTOpPOTO U TPETHEro NOPSIIKOB MaTPHILL 5.

Beanaunnl Iy, K2, K3 — MHBapHaHTH OpTOroHasLHOIO Ipeobpa3oBa~
HUS KOOPJAHMHAT, TaK KaK ABNAIOTCA KodbdUUHeHTaMH XxapaKTepHCTHYe-
CKHX MHOT'OYJEHOB MaTpull A, B (.ﬂoxaxm're!). OnHako npw IapaJuiesb-
HOM IlepeHoOCe BeJlMdHHa K3 ocTaeTcs HEM3MEeHHOM, TOJELKO eclH Iy = I3 =
Ky =0, auancno Ko ~ecitt Iy = I3 = K3 = K, = ). B 5TOM HeCJOXHO
ybenuThbcs HENMOCPEICTBEHHO AHAJOTMYHO TOMY, KaK HTO OBIIO CHAEJaHO
IUIA JIMHEK BTOPOTO NOPANKa (Teopema 58.2).

Ilns ypasnennit (106.3)—(106.7) serko serumeauts pce MHBAPHAHTEL, &

HUMEHHO!
(106.3): Iz # 0;



 [image: image107.png](106.4): Is = 0, Ky 71: 0;

(106.5): Iz = 0, Ky = 0, I # 0;

(106.6): I3 =0, Ki=0,I,=0 Ks#0;

(106.7): I3 =0, Kis=01,=0,K3=0, 11 #0.

DT yCJoBHs HEOOXONMMBI # JOCTATOUHEL Jisl KaXJAOTO 3 MepeIncIeH-
HbIX ypaBHEHHH, TaK KaK B3aHMHO pckoualoT apyr apyra. Ilpu aTom
Bce KoapdUIHEHTHL ypaBHeHHI OnpefieeHbl OXHO3HAYHO, 60 A1, A2, A3 —
KODHH XapaKTepUCTHIECKOTO ypaBHEHUA: B4 LN LA+ I3 = 0;

_ K, _(_Kas ks (_Ks\"'  _Ka
ao——Is—, 0= (—72—> ,Co——I-;,Po— (—I_1> ,lIo———I-l--

KaHouuueckue ypapHEHUA.

Teopema 106.1. g soboi aszebpauuecxol NOGEPIHOCMU
6mopo2o NopAIKa Cyuecmeyem NPAMOY20AbHAL JEKAPTMOBE CUCTIEMA x0-
opdunam Ozyz, 8 xomopoil ypaeuenue amod no8eprROCIL umeem 00UN
u3 caedyouuz 6udos:

z z
1) = + %2_ == 1, aaauncoud;
2 2 2
z z
2) = + !-;7 + o= —1, mnumvil 344uncoud;
22 3 2
3) = + = + == 0, sripodcdennbit 344uRCOUD;
2 P 2
4) = + Folaiv) =1, odnonosocmubii 2unepbosoud;
c
2 P 2
5) = tE— @ = —1, deynoaocmubil eunepbosoud;
2 2 2
T y z
6) = + 7 -2 =0, KONHYC;
22
N =+ =l = 2z, sasunmuuecKul napaboaoud;
a
22 9
8) - 7= 2z, 2unepboannecrul napaboaoud;
a
z2 y2
9) = + o 1, sasunmuveckud yuaunop;
I R
10) 5+ = -1, Mmuumbil daaunmunecrkul yuaundp;



 [image: image108.png]11) S -%= 2unepfoavueckut yuaundp;

12) y? =2pz (p>0), napaboaunecxui yusundp;

2 y?
13) — - ol 0, nape nepecexaOUWUIcad naocxocmed;
a
22 2
14) — + 2 =0, NAPE MHUMDIT NEPECERGIOUWUTCH
a
naocxocmet;
15) y?=a?(a>0), naps napasseavrviz naocxocmed,;
16) 3?2 = —a? (a>0), napa MNUMBIZ NEPEALEALNDIT
naocxocmet;
17) y* =0, napa cosnadawjuz naocxocmeil.
Hoka3zaTeabcTBO. Bynem ucxomuTh u3 ypasHenmin (106.3)-

(106.7). Paccmorpum ypasrenue (106.3). B 3aBucumocTH OT codeTaHuil
3HAKOB A1, Az, A3, Gg OHO MOXeT GbIThH 3aNHCaHO IIO-PA3HOMY.
1. IlycTe 3Haku yuced A, Az, Az copnanaioT. [lpu sTom:

a) ecim agA; < 0, To ypapuenue (106.3) mMoxeT GHITH 3alMCaHO Kak
ypaHenze 1, rae a® = —ag/A1, b2 = —ao/ Az, c? = —ag/Xs3;

6) ecau apA; > 0 — KaKk ypaBHeHHE 2;

B) eci® ag = 0 — XaK ypaBHEHHE 3.

2. HycTh 3Hax# 4Hcea Aj, Az, Az He coBnajaior. He orpanuyuBas
OBILHOCTH paccyXJeHH#, MOXHO CYMTaTh, 4To A1 >0, A2 > 0, A3 < 0.
Ilpu >Tom ypasHenue (106.3) MoxeT GHITH 3aHCaHO KaK ypaBHeHHe 4
(ecm agAs > 0), xak ypaBHenue 5 (ecau agAz < 0) u kak ypaBHenue 6
(ecam ag = 0).

Anajoruuso ypasrenne (106.4) B 3aBHCHMOCTH OT 3HaKOB A1, Ay Mo-
KeT GhITh 3amucano (Iocie BO3MOXHBIX NepeHyMepaunii HEM3BECTHBIX M
M3MeHeHHMs HANpaBJEeHHS ONHONW M3 Ocedl KOODIAMHAT) KaK ypaBHeHHE T
(ecam A1Ag > 0) u kak ypaBHenue 8 (ecam Az < 0).

Ypasuenne (106.5) moxeT 6HITH 3amMcaHo Kak ypapHenwe 9 (ecin
Az > 0, cod1 < 0), kak ypaBHenne 10 (ecam Ajdz > 0, coA; > 0),
xak ypasHenme 14 (ecimm Ay > 0, ¢o = 0), xak ypaBHenne 11 (ecan
AiAg <0, co # 0) u kax ypasrenue 13 (ecam A;dz <0, co = 0).

Ypasuenue (106.6) nocse craHIapTHEIX Npeobpa3oBaHUi MOXET ObITD
3allMcaHO KaK ypaBHeHHe 12.

Ypasuenre (106.7) MoxeT 6bITb 3anmMcaHo Kak ypaBHeHue 15 (ecau
go1 < 0), xak ypabHenue 16 (ecan goA; > 0) ¥ kax ypabuenue 17 (ecan
g0 = 0).

Takum obpa3oM, ypaBHeHHSIMHE 1-17 ncuepneiBaloTCs Bce MOBEPXHOCTH
BTOpOrc NMopsAnKa. M




[image: image109.png]Ypabhenus 1-17 Ha3HIBAIOTCA KGHOHUNECKUMU YPAEHERUAMU aszebpa-
unecKuz nosepruocmei smopozo nopidxa.

T'eomeTpHrueckue cBoicTBA. Kanonuveckue ypaBHeHHA NO3BOAKIOT
MCCJIEIOBaTh [€OMeTpHYECKHMe CBOMCTBA moBepXHocTed. YToGwl mpencTa-
BHTb (OPMY NMOBEPXHOCTH, NPOLIE BCETO M3YYHTD ee CeYeHHs IIOCKOCTS-

. MH, TapaljieIbHEIMH KOOPJIMHATHHM IIOCKOCTAM. '

Danuncoun (puc. 1). opepxHoCTh, ONpenensemMas ypaBHeHueM 1,
Ha3LIBaeTcd dasuncoudosm. Yncna a,b, c B KAHOHHYECKOM YpaBHEHHH Ha-
3LIBAIOTCA noAyocasy duannconna. Kak cienyer u3 ypaBHEHHS, KOOpPIH-
HaTHBlE [JOCKOCTH HABJKIOTCS NJIOCKOCTAMH CHMMETDHH, a HadaJo KO-
OpPAMHAT ~ IEHTPOM CHMMETPHH JUTHICOMAA. OJUIATICOMA — OrpaHHYeH-
Hasi TOBEPXHOCTD, 3aKMOYeHHas B Napaiienenunene |z| < o, |y < b,
|z| < c. Jlunun nepecedeHHs THICOUAR C JIOOOH MIIOCKOCTRIO ABJILIOTCS
[IO3TOMY OIPaHHYEHHLIMH JHHASIMH BTOPOrO NOPSAKA, T.e. JIIHICAMH.

Muumuiit 2anxuncoun. Her HH OIHOR TOYKH NPOCTPAHCTBA, KO-
OpIHMHATH KOTOPO# yIOBIETBOPSIOT ypaBHenuio 2. IIpunsaTo roBoputs 06
3TOM ypaBHEHHH KaK 00 YPAaBHEHHH MNUM020 I4suncouda.

BolpoXMeHHBI# 3J0KNCOKA. YPaBHEHHIO 3 YIOBJETBOPSET TO-
JILKO Ha4aJio KOOPIHHAT. OTO ypaBHEHHE PHHATO Ha3hBaTh ypaBHEHAEM
sbipodclennozo dasuncouda (HIM MHUMOZO KONYCa).

OnnononocrHui runep6oaoun (puc. 2). lopepxnocTs, onpe-
HengeMast ypaBHEHHeM 4, Ha3HIBAETCS 00HONOAOCTINLIM 2UNEPEOAOUTOM.

Puc. 1 Puc. 2

Kak caienyeT u3 KaHOHHYECKOTO Y PaBHEHU S, KOODAUHATHBIE IIOCKOCTH
ABJAIOTCH IJIOCKOCTAMM CHMMETPHH, & Ha4aJio KOOPAMHAT — UEHTPOM CHM-
METPHH OfHONOJOCTHOro runepbotounna. CeueHus runepboaoOUIa NIOCKO-
cTaMH 2 = h npencTaBAIOT cobOR 3naMmchl ¢ nonyocsmu a(l+h?/c?)/2,

27.2
b(1 + h?*/c )1/2, KOTOpEIE HeOrpaHMYEHHO BO3pacTaloT npu h — oco. Du-



 [image: image110.png]JIKIC, NoJydalomnica npu h = 0, Ha3HIBRETCA 20PA06BIM IAAUNCOM TH-
nep6oJyona. ’

IMaockocTs y = h nepecekaeT runmepboon:

a) mpu |h| < b no rumep6ose ¢ moxyocamu a(l — A2/b2)1/2) (1 +
h?/b?)1/2 | xoTophie y6uIBAIOT OT @ u ¢ 1o Hyas npu-|h| — b;

6) npu |h| = b mo nape nepecexaOMUXCH TPIMBIX;

B) npu |h| > b no runep6oue ¢ noxyocsamu c(—1+ h2/62)1/2 a(-1 +
h?/b%)!/2 xoTOpBIE HEOTPaHMYEHHO BO3PACTAIOT MPH [h] — oo.

Cevenus runepboJiona MIOCKOCTSIMHE & = h o61afaloT aHAJOrHIHbI-
MH CBOHCTBaMH.

BaxHo#t 0cOBEHHOCTBIO OXHOIOJOCTHOIO IMNep6oJOHa IBISeTCS Ha-
JIMYHe TPAMBIX, HEJHKOM JEeXAIUUX Ha TOH MOBEpXHOCTH.

Teopema 106.2. Yepes xancdyio mouxy odnonosocmuozo 2u-

nepboaouda npozodam dee pazauunbie npaMbie, YEAUKOM PACTLOLONCEH-

Hble Xa IMOY NOBEPTHOCTIY.
IokasaTteabcTBo. PaccMorpum npamele I u L*, 3amaHHBIE Kak

nepece4yeHue IJIOCKOCTEH

a(2-2)=p8(1-1), y(&-2)=5(1+1),
L:g B(E+%)=a(l+¥), u L:{ 6(2+2)=9(1-1),
a?+ B2 #0 72+ 62 #£0.

HIpsameie L 1 L* uenuxom jexaT Ha runepbolionae (4Tobbl ybenuTbes B
9TOM, AOCTATOYHO [IOWICHHO NIEPEMHOXUTD ypaBHeHH IlockocTel). Tpu
aToM uYepe3 Kaxayio Todky Mo(zo, yo, 20) Tunepboaouna NPOXOIHT eIHH-
CTBeHHas IpsAMas U3 ceMelcTBa L U eIMHCTBeHHas MpsaMas M3 ceMeHcTBa
L*: >Tu npsamsle (T.e. naphi uncea o, § 1 7, §) HAXONATCA U3 OIHOPOTHBIX
CHCTEeM ypaBHEHHUH

a(-2)=p(-), [ (-2 =s0+1),
plE+2) =alir) " |62+ m)=00-8),

MaTpHIbI KOTOPHIX BHIPOXIEHH! (T.€. CACTEMbl MMEOT HETPHBHAJILHBIE
PellleHHs) ¥ MMelOT PaHr, paBHBIA 1 (T.e. Bce peleHHs KaXX IO U3 CHCTeM
[IPONOPHHUOHANLHE M ONpENelsioT €IMHCTBEeHHYIO npsaMyio). OcTaercd
IoGaBHTL, 9TO npsAMble L u L* He coBnamaroT (XOCTaTOYMHO NPOBEPHTH
HEKOJIAMHEAPHOCTh HX HalpaBJISAIOUINX BEKTOPOB). M

Hpsamele, Bce TOUKH KOTOPHIX JIEXAT Ha IOBEPXHOCTH, Ha3bIBAIOTCA
npaMostHetinbIMY 06PA3YI0UUMY HTOM NTOBePXHOCTH. M TaK, OMHOMOJOCT-
HBIH TUNepOOoJOMI TOKPHIT OBYMS Da3jMYHBIMHA CEMEHCTBAMM NPIMOJH-
HeHHBIX o6pasylomux (puc. 3).

HOBynonocTHu# runepbonounn (puc. 4). loBepxHocTs, onpe-
IeisieMas ypaBHEHHEM O, Ha3blBaeTCs J6Yno4ocmubim 2unepbosoudom.
Kak crenyeT M3 KaHOHHYECKOTO YpaBHeHHs, KOOPIMUHATHBIE ILIOCKOCTH



 [image: image111.png]ABAAIOTCA IJIOCKOCTAMH CHMMETPHH, 8 Ha4aJio KOODIMHAT — UEHTPOM CHM-
MEeTPHH NBYNOJOCTHOIO FHIEpGOJIOHAa.

IlnockocTH z = h nepecexaioT 3TOT runepbononn:

a) npu |h| > c no saauncam, pasmepel KOTOPHIX HEOT PaHHYEHHO BO3pa-
craior np# (h| — o0;

6) npu |h| = c B eAMHCTBeHHOM TOUKe.

Puc. 3 Puc. 4

B ciice MexAy NIOCKOCTAMHK z = € M 2 = —C HeT HHM ONHOR TOYKH
runepbonouna. Takum o6pa3om, ABYHONOCTHHIA FHIEpOOJIOKL COCTOMT M3
IBYX CMMMETDHYHBEIX HOJOCTEH, PacnojioXeHHKX B NOJYNpPOCTPaHCTBaX
z2>2cHuz< —c. ,

Ilnockoctu £ = h n y = h nepecekaioT runepGosiona o runepbosam.

Konyc (puc. 5). llopepxsocTs, onpenenseMas ypaBHeHHeM 6, Hashi-
BaeTcs konycom. Kak caefyeT M3 KaHOHHYECKOrO ypaBHeHHS, KOOpAMHAT-
Hble MJIOCKOCTH HBJASIOTCA NJIOCKOCTAMH CHMMETPHM, a Hayajo KOODIH-
HAT — LUEHTPOM CHMMETPHH KOHYCa.

Mnockoctn z = h, h # 0, nepecekaloT KOHYC IO JIHMICAM, pa3Mephi
KOTOPHIX HEOrpaHHYeHHO Bo3pacTaloT npH |[h| — oo. Ipsmas, npoxo-
nsimas depes mobyio Touky Mo(Zo, Yo, 20) KOHYca ¥ Hayajlo KOOPAMHAT,
SBJIseTCcsd NPAMOJHHEHHOH obpalylouledl KOHyca, Tak Kak Jobas Touka
3TO# NpsSMOH MMeeT KoopauHaTH (Zot, yol, Zot).

lnockocTu ¥y = h u z = h, roe h # 0, nepecexaioT KoHyc o runep6o-
nam (puc. 6) ¢ noayocsmu c|hk|/b, alh|/b u c|h|/a, blh|/a cooTBeTCTREHHO;
naockocTd £ = O ¥ y = § - o mapam nepecekalOmUXCT NPIMEIX.

IlnockMMH cedyeHHAMH KOHyca SBJASIOTCE W mapabount (puc. 7). Taxk,
napabonol OyneT ceyeHMe KOHYCa ILUIOCKOCTBIO z = h + cz/a, rne h # 0,
ub0o YMcaa T,y ABAAIOTCA HA ITOM IJIOCKOCTH adpduHHBIMK (He NpsAMO-
YIOJbHBIMH) KOODAMHATaMM, a yPaBHEHHe JMHHM, BhICEKACMONR Ha Heil



 [image: image112.png]KOHYCOM, HMeeT B 3THX KOOPDAMHATAX BHI

22y (h+cz/a)?
atpEp a0

Puc. 5 Puc. 6 Puc. 7
TpanuudoHERMYE IPeobPa3oBaHMAMM 3TO YPaBHEHHE NPHBOAMTCY K
YPaBHeHHIO napaboabi

hd? ha
y= 2_(1—(:_ z+ —2‘2)

Taxum obpasom, # 3aaHu0C, ¥ THnepbona, ¥ napaboNa FBALIOTCI MIOC-
KHMH CeYeHHMIME KoHyca. Ha 3TOM OCHOBaHMH 3TH NHHEM OOHYHO Ha3bl-

BAlOT KONUUCCKUMY CCUCHULMY.

BT-Ld




[image: image113.png]JnaAunTHYeCKHi mapabononn (puc. 8). [loBepxHOCTD, ONpee-
ngeMas ypapHeHHeM 7, Ha3bIBaeTCH IAAUNTMUNECKUM napabosoudos. Kak
cllefyeT M3 KaHOHHJECKOro ypaBHERH, mnockocTH z = 0 ¥ y = 0 ABAKIOT-
st mockocTAMM caMMeTpuHE. [leHTpa CHMMETPHH uer. Ilnockoctu z = h,
h > 0, nepecexaioT MapaboOJOHA MO JLIAICAM, paaMephl KOTOPbIX HEOTpa-

HUYeHHO BO3PACTAIOT IpH h — 00. Ilnockoctu y = h u z = h mepecexaoT
napabonoun no napabonam, BETBHA KOTOPHIX HalpaBJieHkl BBEPX.

Funepbonrueckni napaboaoun (puc. 9). TloBepxmOCTE, ON-
penenseMas ypaBHEHHEM 8, Ha3HBaeTCA 2unEpHOAUNECKUM napaboaou-
Jox. Inocxoctm z = 0 m y = 0 gBAKIOTCH IJIOCKOCTAME CHMMETDHH.
[lenTpa CHMMETPHH HET. [lzockocTu y = h ® z = h mepecexaioT napa-
GoJiouA No napabosiaM, BETBH nepBoil apaboJbl HANPaBJICHBI BBEpX, &
BTOpOM — BHH3.

o\

Puc. 9 Puc. 10

[LnockocTh z = h nepecexaiotT napaboJoui:

2 2
a) npr h < 0 mo rumepGoaam — —3—2 + %‘I = 1, roe a> = —2a%h,
a3y 1
b? = —2b%h;
2 L2

6) npx h > 0 mo runepGonam % - %2- =1, roe a2 = 2a%h, b} = 2b2h;
3 02

8) npu h = 0 no nape HepeceKAOMMUXC NpAMBIX.

Kax ¥ ONHONOJOCTHBIA rMOepboNouni, runepbonnIECKUH napabosoun
MOKPBIT ABYMs PasiIKIHBIMH ceMeficTBAMHE IIPIMOJMHEAHBIX 06pa3y oKX
(puc. 10). Te xe paccyXAEHHS, 4TO K B cJyyae OJIHOMOJOCTHOrO runep6o-
JIOWIa, MOKa3bBAIOT, YTO %eped a6y mouxy Mo (=0, Yo, 20) 2unepboau-
wecx020 napaboaouda npozodsm doe pazsuunbie NPAMbIE, YEAUKOM ACHCE-



 [image: image114.png]wue xa amoil no6éeprnocmu. ITH NpIMbIe ONPENENTIOTCH MIOCKOCTIMH

az=B(Z+1), vz =6(2- 1Y),
L:{ 28=a(z-¥), » L*:§ 26=9(2+%),
o+ B2 #0 7 462#0,

rie x03$dUIHeHTH &, f, 7, § HaXONATCK U3 YCJIOBHS, YTO ITH NPIMHIE
npoxonsT uepes Touky Mo(Zo, Yo, Zg).

[unuuEapHYecKHe NOBEepXHOCTH. Bce ocTaiabHBIE NOBEPXHO-
CTH Ha3BIBAIOTCA muaMHApami. IloBepXHOCTH, onpelendeMbie ypaBHeHAS-
Mz 9, 11 u 12, Ha3sHIBAIOTCA COOTBETCTBEHHO JALUNTMUNCCKUM YUAUKRIPOM
(puc. 11), 2unepboavnecxun yuaundpos (puc. 12) u napabosuvecxum yu-
aundpos (puc. 13). Ypasuenus 3THX [OBepXHOCTEH He 3aBUCAT OT Z,
NO3TOMY Bce CeYEeHHS MJIOCKOCTAMH Z = h coBnrapaoT. Ias nuauHApHYe-
CKHX NOBEPXHOCTEH NOCTATOYHO HAHTH CedeHHe IIIOCKOCTDIO Z = 0, uTobnt
BLISCHHTB QopMy nosepxsocTH. OTMeTHM, HakKoHel, YTO NpAMad, Ipo-
xomAmas depes Touky Mo(Zo, Yo, 20) NOBEPXHOCTH M MapalliellbHas OcH
Oz, sBaseTcs NPAMONKHEAHOR obpasyiomeii, Tak Kak Jiobas To4Ka 3TOH
pAMOil KMeeT KOOPAMHATH (ZTo, Yo, 20 + t).

7Y

e

Puc. 11 Puc. 12 Puc. 13

HeT Hu ONHOH TOYKHM NPOCTPAHCTBA, KOOPAMHATHI KOTOPOH yHOBIE-
TBOpsoT ypaBHeHHIO 10. IIpHHSTO Ha3LIBATH €rO YPABHEHHEM MKUMOZO
sasunmuneckozo yusundpa. YpaBHeHHe 13 onpefenseT napy nepecexaio-
wuzca naocxocmei (puc. 14).

TO4KHM MOBEPXHOCTH, ONpeNenseMoil ypaBHeHHeM 14, COCTaBASIOT Nps-
My10. OTO ypaBHEHHe Ha3bIBAIOT YPABHEHHEM NAPbl MNUMbIZ TLCPECERAI0-
wuzcs naocxocmet (puc. 15).
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Puc. 14 Puc. 15

MopepxsocTH, onpenesiseMble YPaBHEHHIMH 15~17, Ha3LIBAIOT COOT-
BETCTBEHHO NP0l NAPEAACALNLIT Raocxocmed (puc. 16), napoil Muumblz
nApassesbRbIT NAoCKocmeid u napod coanadawusuz neocxocmei (puc. 17).

Puc. 16 Puc. 17



 [image: image116.png]I'nmaBa XIX. JImHEAHBIE HOPMHPOBAHHEIE
IPOCTPaHCTBA

§107. Hopma BekTopa

Iycts V — auHeiiHOE NPOCTPAHCTBO, BEIIECTBEHHOE HIIM KOMILIEKCHOE.
Hopmod B nuuedinoM npocrpancrBe V  HasbiBaeTcs oTobpaxeHue
|1l : V> R, craBsiee B cooTBETCTBHE KaXIAOMy BeKTOpy z € V'  umcio
||z|]| € R u ynoaeTBopsiommee akcuoMam: Vz,y € V, a € R(C)

1) |2 > 0,

z|| = 0 Torma ¥ TosbKO TOrKa, Koraa z = #;

2) lle=]| = laf - ||=]| ;

3) e+ 9l < ll=l) + Hy” (HepaBeHCTBO TPeyroabHUKa).

JIuneitHOe MpocTpaHCTBO V ¢ 3alaHHOR Ha HEM HOpMOH || - || HasbiBaeT-
CH AUNEUNBIM HOPMUPOBAKHbIM NpocTpancmeom. Hucio ||z|| HasbiBaeTcs
Hopmotl sexmopa . .

Hpumepwr. 1. B eBkaumoBoM (yHHTapHOM) IIPOCTPaHCTBE HOpPMa
MOXeT OHITh BBeleHa Kak ANuHa, T.e. ||z|| = |z|. Ora HOpMa HasbiBaeTCH
esxaudosoi nopmoti ¥ obo3HaYaeTcs CHMBOJIOM ||z||g. HTak,

lzlle = V(=, 2). (107.1)

CrpaBeRaMBOCTL 3KCHOM HOPMBI BHITEKAeT M3 cBOACTB AumHu (§ 69).
2. B apudmeTnyueckux npocrpaicrax R”, C" obrlunO paccMaTpuBa-
IOT CJeNyOIHe HOPMH BeKTOpa T = (Z1,...,2Zp):

" n 1/2
lefls = 3 lail; ||zu2=(>:|z.-|2) i lizlloo = max |z,
i=1 i=1 <ign

KOTOpbIE MOXHO 3allACaTh eIAHOO6Pa3HO B BHIE
1/p
ll=llp = E lzilP ,rae p=1,2 00

(3mecs Jjz|loo = hm “z“,) OTMeTPIM uTo || - ||z coBnanaer ¢ || - ||g nas

€CTeCTBEeHHOTO cxa,.nxpﬂoro npou3ssenenus (70.7).

3. AHaJlornYHbie HOPMHl PACCMATPHUBAIOTCA B IPOM3BOJBLHOM KOHEYHO-
MepHOM JIHHEAHOM mpocTpaHcTBe V (BelllecTBEHHOM MJIM KOMILIEKCHOM):
eciiu ey,...,6n —6a3uc Vuz =3y | zi€;, TO

n 1/p
lzll, = (Z lzi!p> , raep=1,200. (107.2)
i=1




[image: image117.png]4. B npocrpancrpax MaTpun R™*" u C™*" paccmarpuBaioT ciely-
omue HopMul MaTpuusl A = (ai; )

m n
|Al]: = max iZ:I lajl; Nl Alleo = \nax. JZ::I laijl;

Alls = (i > |a£j|2)1/2.

i=]j=1

CxoaMMOCTB 110 HOpME.

YTteepxaenue 1. B wopmuposannom npocmpancmee V omobpa-
acenue p: V x V — R, onpedeaennoe pasencmeon

plz,y) =llz—yl, Vz,yeV,

ABALECMCT MEMPUKOL.

AKCHOMBI METPHKH HEINOCPEICTBEHHO BHITEKAIOT M3 aKCHOM HOPMEL. W

Taxum 06pa3oM, B HOpDMEPOBAHHOM IPOCTPAaHCTBE MOXHO BBECTH pac-
CTOSHHE MEXAY BEKTOPaMH M, 3HAYUT, NOJNb30OBATLCA NPENEJbHLIM Iepe-
xomom. IocaenoBaTensrocTs BekTopos {z(*)} B HOpMEpOBaHHOM MpPOCT-
pancTBe V HasbiBaeTcst crodqwetica mo wopme K BeKTopy a € V), ecim
klim |z(¥) — a|| = 0, npu 3ToM BekTOP @ HasbBaeTcs npedeson nacaedo-

-+ 00

sameavnocmu {z(¥)} no nopme || - ||.

O6o03HavyeHue: klim z*) = ¢ wn z(¥) > a.
— 00

Yreepxnenue 2. Croddwedca no wopme nociedosamesbrocms
umeem eduncmeennvii npedea.

Iloka3saTelbcTBO NOBTOpSeT HOKA3ATEIbCTBO AHAJIOTHYHOH Te-
opeMBbl IJ8 YHCJOBOR MOCJENOBATENBHOCTH [7] M OCHOBAHO Ha aKCHOMe
Tpeyroabunka: ([a — bl = |la — ) 4 z(*) — b|| < ||lz*) ~ a|| + ||z*) - b,
rie a u b — 1Ba npenena nocaenosareawnoctu (). m

HycTh 2o € V ur > 0. Muoxectso S(zo,7) = {z € V |||z — zof| = r}
HasbiBaeTca cepold paduyca T ¢ yewmpom To no wopme || - ||, a MuOXe-
cteo B(zo,r) = {z €V I ||z = zo|| < r} ~ 3aMKHYTHIM wapom paduyca r
c yenmpom xqo no nopme || - ||.

Ha puc. 1 Toukamu naockocTH 306paxeHHl chepsl pannyca efHHALA
¢ uenTpoM zo = (0,0) no vopmam ||-||1, |}-|l2, |||l B apudmeTHIECKOM
npoctpancTpe R?.

B nanbHeiimeM cdephl B HIapHl 0 €BKJIHIOBOR HOpMe OyneM obosHa-
4aTh camBosiaMu Bg(zo,r) ¥ Se(zo,1).

Yreepxnenue 3. H3 awboi nocaedosamesbnocmuy 6exmopos
z(®) € Bg(zo,r) (uau Sg(zo,T)) modkcno spidesumb nodnocaedosamens-

nocmo, czodgwyrocd no nopue ||-||g x sexmopy a € Be(zo,r) (Se(zo,7)
CO0MEEMCMEENNO).

HokasaTeabcTBo. Bes orpanuuenns oBLUIHOCTH MOXHO CUMTATh,
uro zo = 6. IlokasaTeancTBo mpoBenem mis chepsl Sg(r) = {z €



 [image: image118.png]llzll =1 lzll2 =1 lzllo = 1
Puc.1

V|lizlle = r}. Oycthe, ..., en ~ opTOROpMUpOBAHHEL Gasmc NpocTpaH-
crea V u 28 = 30 2(Fe; € Sp(r). Torna

n 1/2
Hz"“)IIE=( lz.“’l”) =7
=1

OTo o3HAYAET OrpaHHYEHHOCTH KOOPAMHAT BekTopos z(*) paccmaTpubae-

Moit nocesoBaTenbHocTH. CornracHo Teopeme Bosbnano—BeliepmTpacca

(7] u3 aToit noCNENOBATENBLHOCTH MOXHO BLLIETHTH CXOMAIIYIOCH (IIOKOOD-

nuHATHO) MoxnocaenoBaTensHocts {z(¥m)}. Mycrs z(k») umeer koopmu-
k k

HATHI zg "‘), e, :z:g, "‘), CXofsIIuecs COOTBETCTBEHHO K @1, ..., G,. lloJo-

XuMm @ =y . aie;. Torma
1/2

n 2
l|lz(km) — a||g = (Z ’rgkm) B a.-! ) -0,
i=1

CJIEN0BATENbHO, HOATIOCIENOBATEIbHOCTE {:c(k"')} CXOOUTCA K BEKTOpY 4
IO €BKJIHUIOBOH HOpMe.

Ilokaxem, 4to a € Sg(r). IleficTBUTENHHO, B OUEBHIHOM HepaBeHCTBE
|llzll = llgll| < llz = yll nosoxum z = 20n), y = a. Torma | flaltm)]5 -

lla]|z | < ||z =) — a||g, orkyna caenyer, aTo
Io®lls ~ 12 ~ allp < lale < l2®=]j5 + oG~  al
WIIH, ¢ yueToM Toro, uTo ||z(*=) — a||g — 0,

le®le — ¢ < [lafle < [le®)|lg +¢, Ve >0,

eCIM M IOCTaTOYHO Beauko. CnenosarensHo, |lallg =r ua € Sg(r). m

BosnukaeT ecTecTBEeHHBIA BONPOC: MOXET JM ONHA M Ta Xe NOCJ]e-
IOBATEJNBHOCTH OBITh CXONsIIEACS O ONHOW HOpMe M He CXORAUIEHCcS 1o
npyroi? OTBeTHM Ha 3TOT BONPOC [JIs KOHEYHOMEPHBIX MPOCTPAHCTH.

OKBHBAJICHTHOCTh HOPM B KOHEYHOMEPDHOM IPOCTPAHCTBE.
Ise Hopmei || - ||1 # || -||2 B AuHeiinom npocTpancTBe V HaswiBaloTCA 9%6u-
6aAEHMKbIMY, ECIH CYWIECTBYIOT TakHe 4ucia ¢; > 0, ¢; > 0, yTo aas
J10boro BekTopa = € V BHIIOJIHAIOTCS HEPABEHCTBA

=l < erlizllz w lz]l2 < caf|2lls-
Teopema 107.1. B xoneunomepnom npocmpancmee a0bvie dse



 [image: image119.png]HOPMbE IKEUBLLEHITHDBI.

Ooka3zaTeabcTso. Brifepem B npocTpaHcTBe ¥V OPOU3BONBHBIA
Hasuc e = (e1, ..., ;) ¥ BBEIEM CKaJIIPHOE Ipou3BeleHue coraacto (70.7).
Torma V — eBkamioBo (yHHTapHOE) NPOCTPAHCTBO ¥ B HEM MOXHO pac-
cMaTpHBaTh eBKanaoBy HopMy (107.1). Tak xak B 3TOM CKaJSpPHOM HpO-

W3BEEHHM € — OPTOHOPDMHMpOBaHHEIA OGasuc, To |[|zflg = || =
VIz1]2 + ...+ |za]?. Hokaxem, uTo a06as HopMa ||-|| B mHefiHOM MpOCT-
patcTBe V 5KBHBaJeHTHa eBKaunoBoi HopMe ||-|{z. Tem cameim Teopema

6ynmeT mokasaHa.
1. IlokaxeMm cHayana cyuecTBOBaHMe 4Mcaa ¢; > 0 Takoro, uTo mis

Joboro BekTopa € V
llzll < eillzl|e- (107.3)

Oycre z €V uz =) ., zie;. Torna ||zl <31, |=il |le]] n B cany

HepaBencTBa Komu-byHnskoBckoro
1/2

n n 1/2 7
lall < (z il 5 ||e.-||2) — cylloll, tae ¢ = (z nefu?) > 0.
1= 1= t=

2. HoxaxeMm Tenepb cyliecTBOBaHMe 4uciaa ¢z > 0 Takoro, 4to mias

aoboro BekTopa z € V
llzlle < e2ll=]]. (107.4)

a) PaccmoTpum enuanunyo cdepy 1o Hopme ||| : S = {z € V | ||z|| =
1} u mokaxeM, YTO MHOXECTBO KOOPIHHAT BCeX BEKTOPOB cdepk S orpa-
puueHo. Ilycth »To He Tak. Torga mas aoboro m € N cymecTByeT

sektop (™) Takoit, uro ||z(™)| = 1 u ‘zﬁm)‘ > m  [Jad HeKOTOPOTo
ke {1,...,n}. CremoBaTensHo,

/2

1
n 2
ll=™||e = (ZIZE"‘)I ) > |x§,’")| >m.  (107.5)
i=1
PaCCMOTpPIM nocJienoBaTEJbHOCTh BEKTOPOB
g™ = z(m) / llz™)||& . (107.6)

Oueunno, uto [[y(™)||g = 1 u, snaunr, y(™ € Sg(1). B cury yrsep-
xnenns 3 U3 nociaenoarenbHocTH {y(™)} MoXHO BHIIETUTH MOANOCIENO-

BaTeasHocTh {y(™)}, cxonsmyiocs no || - ||g k BekTopy a € Sg(1), T.e.
||¥™) — a||g — 0, (107.7)
||a||e = 1. (107.8)

M3 (107.7) ¢ y4eTom (107.3) caenyer, uTo
lly™) ~ af| — 0. (107.9)



 [image: image120.png]Taxum o6pasom, nocienopaTenbhocts {y{™3)} cxonmres k BekTOpPY @ MO
opue || - ||
C mpyroit cropons:, B cuity (107.6), (107.5) ¢ y4eTom |£(m3)|| = 1
g™ = [l=I| /||| < 1/m.
Caenosarenbho, ||y™s)|| — 0. Orciona u u3 (107.9) B cuay enMHCTBeH-
HOCTH IIpefieJia BEITEKaeT, YTo a = f, yro nporuBopeudt (107.8).
Takum obpasoM, cymecTByeT 4yucao M Takoe, 4TO HJS BCEX T =
S i1 Tiei € S BLIIONHAETCS HEPABEHCTBO

lzi|< M, i=T1,n. (107.10)

6) Hycth ¢ = E?zl T;e; — 0bOoH BeKTOP MIPOCTPAHCTBRA V|, TOrna Bek-
Top z/||z|| € S v nus ero koopauHAT UMeeT MecTo HepasercTBo (107.10).
Snasnr, foil/llall < M, Te. |m) < Mlzll, i = L, w |ells =
ViIgil2+ ...+ [za]? < M/n|lz|| = col|z]], rre co = My/n > 0. m

Caedcmeue. B xonewnomepnom npocmpancmee u3 crodumocmu

no odnot nopme caedyem crodumocmd no a0bot dpyzotl nopae, TaK Kak
128 = ally < call2® ~ afl.

§108. JluHeiHLIe oNlepaTOPLI
B HOPMHUPOBaHHBIX IPOCTPaHCTBaX

Oycts V u W — nuHeiinbie HOpMUpOBaHHLie IPocTpaHcTBa (06a Be-
HlecTBeHHEIE MM 06a koMmILlekcHble). JluHeiiHoe mpocTpancTso L{V, W),
KaK M Jioboe JuHe#HOE MPOCTPAHCTBO, MOXHO CIeJaTh HOPMHPOBAHHEIM,
BBefs Ha HEM HOpMY omepaTopa. OnHakKo HJsS HOPMEI OllepaTopa HET TOH
cBobonbl BHIOOpa, KOTOpas UMeeT MeCTO HJS BeKTOPHEIX HOPM, TakK Kak
onepaTop TECHO CBA3aH ¢ BEKTOPaMH H, CJeIOBaTeIbHO, €0 HOpMa TOXe
JOJDKHA OBIThH CBS3aHa ¢ BEKTOPHBIMH HOPMaMu npocTpaHcTB V m W.

Coraacosannsie Hopmul. Hopma onepatopa A € L(V, W) na3suiBa-
eTcs cozaacosannoli ¢ BeKTOPHbIMH HopMaMH || - ||v, || - ||w mpocTpancTs
V u W, ecin nas moboro BekTopa z € V

Azllw < |lAll - ll=llv

Jamenvanuve 1. B nanvueitmiem B cumBose || - ||v unmekc V Gymer
OMycKaThes, €CAM U3 KOHTEKCTa SICHO, O KaKOM IPOCTPAaHCTBE HIET Peyb.
Teopema 108.1. Cobcmeennoe 3nauenue aunednozo onepa-
mopa A € L(V,V) ne npesoczodum no abcoswomuod sesvnune 406y10
€20 C024GCOBAHRYI HOPMY.
HokxaszaTteascTBo. Ecain Az = Az, To nas moboi coriacoBaHHOH
wopust onepatopa umeem ||Aal| = (A - 2]l x 14z]| < |14 - lz]l, oTxyna
caenyet, uro [A] < ||A]|. =




[image: image121.png]Orpaungennniii oneparop. JluHeinbd onepaTop A € L(V,W)
Ha3bIBACTCA 02PAHUYENNbIM, €CJIH CIMHHUYHBLIA Wap B V OH NepeBONHMT B
orpaHMYeHHOE II0 HOpMe NMpocTpaHcTBa W MHOXECTBO, T.e. eciid cylne-
cTByeT uncio ¢ > 0 Takoe, YTO AJIS BCEX BEKTOPOB T € V, IJI4 KOTOPHIX
[lz]l = 1, punonnsercs HepaBeHcTBO ||Az|| < ¢, WaH, B paBHOCHJILHON
(bopMyJIHpOBKE, €CIIH CcyIlecTByeT wuciao ¢ > 0 Takoe, uro || Az|| < cf|z||
JLJIA BCEX BEKTOPOB x € V.

Teopema 108.2. B xoneunoMepHbIT HOPMUPOLCAKNLIT NPOCT-
pancmeazr V u W aroboi auneinvit onepamop A € L(V, W) oepanuven.

HokaszaTeancTBo. IlycTh €y,...,e, — Hba3uc mpocrpancrBa V u
z =) i, zie;. Toraa coraacHo akchOMaM HOPMBI ¥ HepaBeHcTBY Komu—
BynsaxoBckoro

n n 1/2 n 1/2 .
Mall < £l el < (5 Mei?) (S 1ail?) = Milale

ree M = (3, ||.Ae.~||2)1/2. Otciona ¢ ywerom (107.4) moayumm, uto

|Az|| < ¢||z||, rme ¢ = Mcy > 0. m
NNopunnennas nopma. Ilycte V, W - koHednoMmepHBIEe IpOCTpaH-
crBau A € L(V,W). U3 Teopemut 108.2 cienyeT orpaHr4eHHOCTE onepa-
Topa A, T.e. cyllecTBoBaHHe uuciaa ¢ > ( Takoro, uro ||Az|| < c|z||,
Vz € V uam, B paBHOCHIBHOR dopMyupoBke, || Az|| /||1:H <¢, Vz 7& 6.
OTo 03HaYaeT, YTO YHUCJIOBOE MHOXKECTBO

{ H“frlclll - # 9}

OrpaHH4Y€HO CBEPXY H, CJE€JOBAaTEJbHO, OJIA HETO CYLIECTBYET TOUYHAasd BEPX-
HAsd I'pPaHb. Ionoxum

IIZII

Teopema 108.3. Omo6pa9:ceuue p(A) geagemes nopmoi s
npocmpancmee L(V,W).

HokasaTeascTBo. OueBnnuo, yro u(A) > 0 nas moboro onepa-
topa A € L(V, W), npu sTom paBeHcTBO p(A) = 0 o3navaer, uto ||Az|| =
0,VzeV,1te. Az =0,Yz €V uau A= 0. AxkcuoMnl 2 u 3 BEITEKAIOT
M3 CBORCTB TOYHOM BepXHed rpaHH. W

Hopma p(A) nasbiBaeTcs nopmot onepatopa A, nodvunennot (nopo-
acdennotl) BEKTOPHBIM HOpMaM npocTpascts V u W.

O6o3nauenne: ||A]]. Hraxk,

n(A) = sup

(108.1)

A
||-A]} = sup llAz]| = sup ||Az||.
=26 (1=l yzy=1

CporicTBa nmoguumHeHHONM HOpPMH. 1. IlomuwmenHas HOpMa obia-
naeT cBoiicTBoM coracoBantocTh: ||Az|| < [JA]l - ||z||, Vz € V, Tak kak,

coraacto (108.1), ||Az||/||z|| < u(A) = ||A]l-



 [image: image122.png]2. HOI[‘{HHGHHB.SI HOpMa — HaHMEHbIIIasd U3 BceX COIIaCOBAHHBIX HOpM,
TaK KaK SBJSLeTCS TOUYHOHU BerHeI:I I'PaHbIO MHOXECTBA, TOraa Kak Jobas
CorJjacoBaHHas HOpMa — BerHefI TPaHbIO 3TOI'O MHOXECTBa.

3. IlomumuenHas HOpMa obaalaeT c6oicmeon MYABMURAUKATNUE KO-

cmau, T.e. ||AB|| < [|A]|-]|B]|, Tax xak ||AB|| = sup [ ABz|| < sup ||A[|-
z||=1 Nzl|=1
[|Bz]| = ||.A] Sup, IBz|| = 114l - [1B]|.

3 amevanune 2, Honmennax HODMa onpeneyseTCcd He TOJHBKO CaAMHM onepa-
TOPOM, HO M BEKTOPHBIMH HOpMamu npocTpancTs V 1 W. Menss pexTopHsie HOPMEI,
MOXHO M3MEHHTh W HOpMY oliepaTopa. PaccMorpaM mamGonee gacTo yaorpebiiseMsre
HOPMEL.

Cuoexrpanenas Hopma. Ilycts V, W — eBkamnossr (yaurapnse)
npocrpancrsa. Hopma smneitnoro omeparopa A € L£(V, W), nopoxnen-
Hasd €BKJMIOBHIMH HOPMaMH BEKTODA, HA3bIBAETCA CNEXMPaAbKOl HOp-

mot. O6osnauenue: ||Al];. Hrak,

[l A[l2 :I Silllp [Az|lg = sup /(Az,Az).
1

z||g= (z,z)=1

Teopema 108.4. Cnexmpasvnag HOPpMG OTEPAMOPA pPAGHG
MAKCUMALLHOMY CUHZYALPUOMY YUCAY IMO20 ONEPAMOPa.

lokasaTeabcrso. Ilycts ey,...,e, — OPTOHOPMHPOBAHHEL Ga-

3UC M3 COOCTBEHHEIX BEKTOPOB onepatopa A*A, a p1, ..., pn — CHHTYasD-

Hble uncaa onepatopa A (§100), z = Y0 zie;, pr = max p;. To-
~ tSn

ria |Azllp = (Az,Az) = (A"Az,3) = (L7, pzies, 5o, 7j¢;) =
Y1 Pzl < pE YT |2i]?. Ortconma caenyer, uto Az||e < p&, ecn
lzlle = 1, u ||Az||E = p, ecau = = e (ouesnnno, ||ex||g = 1). 3naunrt,

pr= max [Azllg = sup |lAz|le =[|A|>.
ll=lfe=1 Izl e=1
Ciedcmeue 1. Cnexmpaasbuag HOPpMG HOPMAALHOZ20 oOnepamopa
pasna aﬁcomomuom,y FHAUEHUIO MAKCUMABALHO20 NO Modymo cofcmeen-
HO20 3HAYUEHUA 3MO20 onepamopa.

Teopema 108.5. Cuneysgpuvie wucaa auneinozo onepamopa
6 €6x4ud060M (YHUMAPHOM) NPOCMPERCTGE He UIMENLIOMCS npu YMHuo-
HCEHUL OTEPAMOPE KA OPMOZONALbHBIY (ynumapubii) onepamop.
Hokasateabcrro. Iycrs B = UAV, rae U'U = I, vy =1
Torna B*B = V*A* AV, crenopaTensHo, MaTpHIEI onepatopos B*B u
A" A nono6us! ¥ UX cOBCTBEHHbIE 3HAYEHHS COBNALAIOT. M
Caedcmeue 2. Cnexmpasvnag wopma auneinozo onepamopa ue
USMENAETLCA NPU YMHONCENUL ONEPAMOPA HA OpMO2oKasbNblil (Ynumap-
nbiti) onepamop. .
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CriekTpaJjbHas HOpMa JHHEAHOro onepaTopa ABJfeTcs, MO CYLIEeCTBY,
eMHCTBEHHOM OIYMHEHHOR HOPMOH, He CBA3aHHOM ABHO C 6a3ucaMu mpoc-
TpancTs V u W. Ecau xe B IpOCTpaHCTBAX V u W sapukcupopanbl ba-
3MCHI, TO BO3MOXHOCTbH BBEIIEHHs ONEPATOPHBIX HOPM CYIIECTBEHHO pac-

IIUpSETCH.
Hyctb e = (e1,-..,eq) ® f = (fi,..., fm) — 6a3HCHl IPOCTPAHCTB Vu
W. Beezem B V 1 W BekTOpHYIO HOpMY || - ||p coraacuo (107.2). Bynem

CYMTATB, 94TO B mpocTpancTBax V # W BBeleHB HOPMBI OTHHAKOBOIrO TH-
na. O6o3nauuM depes ||Al|, HopMy onmepaTopa, NOAYHHEHHYIO BEKTOPHBEIM

sopmaM || - ||p, 4epe3s A = (ai;) — MaTpHiy onepaTopa A B6Gasucax eu f.
Teopema 109.1. Jag aw6oz0 onepamopa A € L(V, W)

m
Al = 12‘,?‘5’2,.:21 |aij]-

n
MokasaTeabcTBo. Hycts z =3 ;_, ¢je;, TOra

m n

Zlafjfi =3 ( la,-,'a:,-)f.--

i=1 j=

n n

Az = Y z;Aej = ) z;j
. j=1

i=1

Cornacno (107.2)

Izl = Y| aijzi| <Y laijllz;l = > Izjlz lai;|.  (109.1)

i=1 j=1 i=1j=1 j=1

Mycts k-i cTonGen MaTpulibl A uMeeT MAaKCHMAJIbHYIO cToNb1IOBY IO

cyMMYy, Te. Y .ieylGir| = max S, laijl. Torma m3 (109.1) caenyer,
<j<n

uato ||Az|); < Z_;l:l |z Yoy laiel = ll=lls SOt laie}. OTo osmauaer,

aro ||Az||i € Yiz, laix] mas moboro BekTOpPa Z, y KOTOPOIO Izl =

1, u ||Azlli = i, laie| Aas BekTOpa T = e (0ueBMAHO, flexlls = 1).

CuenoBaTeabHo, ¥ v, aik] = sup ||Az|l:. =
flzlli=1

Teopema 109.2. [lag aw0bozo onepamopa A€ L(V, W)

n
[lAlleo = lrsnéxmjzzjl |ass]-

Jloka3aTedbcTBO aHAJOTMYHO NOKa3aTeJbcTBY Teopembl 109.1.
OHO mpefocTaBISETCS YHTaTEN0. W

Zamevanue. BekTopHbie HOpMHI || - ||2 mpocrpancTs V u W nopo-
XIaI0T CIeKTpadbHylo HopMy omeparopa [[All2, Tak kak Hopma IRRIP
COBIANAeT ¢ eBKJAMIOBOM HOpMOI || - ||g, eciu B mpocTpancTsax V u W
BBECTH CKaJspHOE [IPOM3BEleHHe TaK, YTOOb Ga3ucel e U f cTaju OpTO-
HOPMHPOBaHHBLIMH.



 [image: image124.png]Epxsmnoba HopMa onepaTropa. MoXHO CTPORTH HOPMY JIMHEHHOTO
onepaTOpa M KaK HOPMy BeKTOpa B JMHeiHOM npocTpascree L(V, W).
Onna ¥3 TaKUX HOPM IPeNCTaBJISeT HHTepec,

Fexaudosoi nopmoi oneparopa A HasmiBaeTcs YHCIAO

1/2

Ml = [ 303 a2 . (109.2)

i=1j=1

KoppekTHOCTE 3TOro olpelelieHUs CJIEAyeT M3 JEerko MpoBepSeMbIX IJIs
| Al axcrom HOpMBL

Kax Buaso u3 (109.2), eBkaunoBa HOpMa onepaTopa Jerko BHIYHCIse-
Ma (110 cpaBHeHHIO, Hanpumep, ¢ ||A||2). lpu 3ToM ora obianaer MHOrEMH
CBOMCTBaMM MONYMHEHHEIX HOpM. IlepeducinM HX.

1. Csoiicmeo coeaacosannocmu: ||A||g < ||Allel|z]|E, Tak xak B cn-

a1y mepasencTsa Komm-Bynskosckoro ||Az||} = 301, |37, a;ja:jlz <

S (S laig? ey [o517) = ey le 2 - AU = Ml 2l

2. Csoticmeo mysvmunauxamuenocmu: ||AB|lg < ||A|e||Blle, u6o
2 2
“AB”%: = Z.-,,-IEk “ikbkjl < Zi,j(zk |aik”bk1‘|) Zi,j(z:k |aix|?-
ok 1bes1?) = 3ok laikl® 35 10k 1 = | A4I[%|IBII%

3. |4l%Z = trA*A = tr AA*. OTu paBeHCTBa Jierko NpOBEPAIOTCS
HENOCPENC TBEHHO.

4. |AIL =p?+...+p2, roe p1,. .., pn — CHHTYJApHBIE YHCI ONEPa-
Topa A. Oto cienyer u3 cBoiicTBa 3 u TeopeMmbl 92.2 (crencTsue).

5. ||Alle > |]Al|2 B cuay Teopemnr 108.4.

6. ||Alle He m3MenseTcs npm ymuONenun omepaTopa A Ha opToro-
HaJbHEIE (YHATapHBIE) ONEPATOPHl. JTO clefyeT U3 CBOACTBA 4 M Teope-
mer 108.5.

<
<

§110. OxcTpeMajbHbBIe CBOMCTBa CO6CTBEHHBIX
3HAaYEHHUH CaMOCONPAXKEeHHEIX OllepaTOpPOB

[lycTs A — camoconpsikeHHHIH OnepaTop B €BKJIMIOBOM (YHHTapHOM)
npoctpancTBe V. IlocTpoum B mpoctpancTse V opTOHOpMHEpOBaHHELR

6a3uc
€1,...,€n (110.1)

U3 cOBCTBEHHBIX BEKTOPOB onepaTopa A, oTBedalonInXx co6cTBeHHBIM 3Ha-

YeHHAM
M>A> .2 A (110.2)

Taxolt Hymepallu# cOOCTBEHHBIX BEKTOPOB H COGCTBEHHBLIX 3HadeHMi Oy-
neM MPHAEPXKMBAThCS BCIONY B 3ToM naparpade. Ilon Hopmoii || - || 6ynem
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NOEMMaTh eBKJMIOBY HopMy || - ||g, Tak 4To ecim z = ) ;| zie;, TO

1/2
lzll = V(z,2) = (i, 2F)
Teopema 110.1. Jag camoconpancennozo onepamopa A
A1 = max (.Az z), An = min (Az,T).
lzl=1 lizll=1
NokasaTeabcTpo. Jlug moboro sekTopa £ = » ., Tie; € V
umeeM Az = Y . z;\ie; € V H, ¢ y4eToM OPTOHOPMHPOBAHHOCTH 6a-

suca, (Az,z) = Y i, Mlzi[2. B cmay (110.2) orcioma ciexyer, uTO
Al > (Az,z) > An, ecan ||1:|| = 1; npudem (Ae;,e1) = A1, (Aen,en) = An
ujer] =1, leall = 1. CJIelIOBaTEJILHO A1 ¥ A, — Hauboubluee U Hau-
Menblliee 3HaveHus (Az,T) Ha eIMHHYHON eBKJUIOBOH cdepe. W
Jameuanue. DTa TeopeMa NaeT SKCTpeMalbHEIE CBOHCTBA M KBa-
IpaTHYHON HOPMBI B €BKJHAOBOM (YHATapHOM) NPOCTPAHCTBE: KA edu-
nuunol cepe xeadpamuunas gopma A(z,z) npunumaem sxcmpemaasb-
Hble FHANEHUT NG TMET 6eXMOPAT, KOMOpbie F6ALOMCH COOCMEEHNLINY
sexmopamu camoconpaxcennozo onepamopa H (Teopema 104.1).
Kcrarh, B TepMARaX KBaXPATHTHONA GOPMEL f(Z1,...,Zn) OT NEPEMEHHEIX L1, ...,
Tp 3alada OOHCKAa 3KCTPEMAJbHBIX 3HAYCHWH KBaipaTHIHOH (OPMEI IpEACTaBJIAET
coboil KJIACCHYECKYIO 3aiady Ha yCIOBHEIA akcTpeMyM. OXHHM M3 METOIOB ee pelleHus
. asagercd Metox Jlarpamxa [7].
Teopema 110.2. Ecau L — sunetinad 060404Ka COGCMEEUNIT
8eXMOpPos €iy,... &, (11 < ... < i) u3 (110.1) camoconpaacennozo
onepamopa A, mo

Ai, = max (Az,z), Ai, = z,z 110.3
flzll=1,z€L ( ) Iirll—l zel Az, z). ( )

IHoka3aTelbCcTBO aHAJOTHYHO AOKA3aTEJLCTBY TeopeMul 110.1. m

Teopema 110.3 (teopema Kypanra—®umepa). i1 cob-

CMEERRBIT 3naxenul camoconpaicennoeo onepamopa A cnpasedauso
npedcmasgaenue

Ar = max i Az, z), 1104
k Hllzk ||2||£,I:I:IELk( ’ 17) ( )

ade Maxcumym 6ePEMCa No 8CE603MONCHBIM k-MePHbIM TOORPOCTP GHCM-
eéam L npocmpancmsea V.

IOHoxasaTeabcTBo. llycTs Ly — npousBosbHOe k-MepHOE HOAIPOCT-
paHcTBO ¥ Wy _gy1 — auHeliHas 060J0YKa cOOCTBEHHBIX BEKTOPOB €k, . . .,
ey, 43 (110.1) onepaTopa A. Tak kak dim Ly +dim Wy _41 = n+1, To LN
Wi_k4+1 # {6} Hycts 29 € Ly N Wi k+1 # ||zo]| = 1. Torxa, cormacHo

(110.3), (.A:co,ro) < Ak, MO3TOMY (Azo, zo) < Ak, Tak 4TO M
Iz II—1 el

max (Azo, 7o) < Ap. Pasenctso B (110.4) mocTuraercs s
Ly "z"_l IEL,.

Ly = C(el,...,ek). n



 [image: image126.png]§111. JluneiiHble onepaToOpHLIE yYpaBHEHUs

PaccmorpnmM mpobiieMy pellleHWs] CHCTEM JMHEAHBIX ajxrebpamdecKux
YPaBHEHMIA C TOUYKH 3peHHS CBOHCTB JUHEHHOro olepaTopa.
Oycts V, W ~ epkamnnossl (yHuTapHbIe) npocTparcTsa, A € L(V, W),
u € W. YpasHeHHe
Az =u (111.1)

Ha3bIBAETCH AuUHEUNDIM ONEPAMOPHLIM YPACHERUEM, BEKTOD U — NPaG6OH
%@aCMb10, BeKTOp 2z — pewentuen. OUueBHIHO, B MATPHYHOR 3aIIUCH Ollepa-
TOPHOE YpaBHEHME NpeBpalllaeTcs B CUCTEMY JHHEHHLIX ajarebpandecKux
YPaBHEHHMM M, CJIEOBATeJHHO, BCe CBOMCTBA CHCTEM YPaBHEHUH MOXHO
NIEPEHOCHThL Ha ONEpaTOpHHIE ypaBHEHHS M Haobopor. OTMeTMM Heko-
TOpHLIE U3 5THX CBOMCTB B TEPMHMHAX ONEPATOPHBLIX YPaBHEHHH.
OnxoponHoe ypaBHeHHe
A*w=190 (111.2)

Ha3bIBAETCA COnpAYcennbim K ypaBHenmio (111.1).

Teopema 111.1 (anpreprnarusa ®penronnma). Jubo oc-
nosnoe ypasnenue (111.1) umeem pewenue npu aroboii npasod wacmu
u € W, aubo conpdicennoe K wemy ypasuenue UMEEM HEMPUSUAAbHOE
pewsenue.

HokaszatenscTro. IlIycTth r = 1g A, n = dimW. Bosmoxsn aBa
caydas: Jubo r = n, aubo r < n. YcioBHE T = n PABHOCHJIBLHO YCIOBHIO
imA = W, xoropoe o3nayaer, uyto ypaBreHue (111.1) umeer peruenue
npu qobom u € W. Ilpu aTom Tak kak rg A = rg.A*, To ker A* = {6}
u ypabHenHe (111.2) He ¥MMeeT HeHyJeBOro pelleHMsA. YCJOBHE I < 7
paBHocuJIbHO yciaoBuio def 4* > 0, koTopoe 0O3HaYaeT CyIecTBOBAHHE
HeHyJleBoro BekTopa w € ker A*, T.e. HeHyJeBoro pemenus (111.2). lpn
aroM imA # W u ypasrenre (111.1) umeer peirenue He nJs mo6oro
ueW. m ‘

Jamevanue 1. AnprepnaTusa dpearonsma nis onepatopa A, meit-
CTBYIOIIErO B OfHOM IIPOCTPaHCTBe V', 03HaYaeT, YTO JUGO OCHOBHOE YpaB-
HeHMe HMeeT eIWHCTBEeHHOe pelnenue npw JiuoboMm u € V, aubo conpsixeH-
HOe K HEMY ypaBHEHHe MMeeT HETPHBHAJLHOE pellleHHe.

Teopema 111.2 (Teopema ®Ppearonsma). Onepamopuoe
ypaenenue (111.1) umeem pewenue mozda u moavxo mozda, xozda ezo
NPa6ag UACMb OPMOLONAALHA 6CEM DPEUWEHULM CONPANCERKOZO YPaAsNRE-
HUL.

IoxasareabcrBo. YpaBuende (111.1) uMeer pemenme Torna u
TOJIBKO TOT'Za, KOTAa u € im A uim, ¢ yuetom (95.4), korna u € kert A*.
OTO paBHOCHJIBLHO OPTOrOHAJBLHOCTH BEKTOPa u BceM BeKTopaM ker A*,
T.e. pemreHHsM ypaBHenHs (111.2). m

HopmansHoe pemenne. [lycts ypasrenne (111.1) paspemnnmo, T.e.
uMeeT XoT4 Op1 onHO pemtense. O6o3HauuM yepe3 H MHOXeCTBO BCeX €ro
pemenuil. Hopmasbnvim peusenuen ypapnenus (111.1) nasniBaeTcs Takoe
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IpyruMu cloBaMy, HOPMaJIbHOE DElIeHHE — 3TO PelleHMe HauMeHbIIeH
nunel. KOppekTHOCTE ONpee/eHAs BHITEKAET U3 CJELYIOIER TEOPEMBI.

Teopema 111.3. [Jag 406020 paspewumozo ypasnenug (111.1)
HOPMAAbNOE Peuiente Cyujecmeyem u eduncmeenno.

HokasaTeabcrBo. CymectrsoBaHue. Ilycte z — peluedue
ypasuenusg (111.1). CosokynHocTs H BceX pelleHHH 3TOro ypaBHEHHA
ABJfeTca JMHEAHEIM MHoroobpasnemM H = z + ker A, Tax xak 1Js MHo-
xectB H # z + ker A, Kak Jerko noxasaThb, HMeeT MeCTO IBYCTODOHHEe
Bioxenne. Y3 CBOACTB JHHeAHOro MHOroobpasust B €BKJIHMIOBOM (yHH-
TapHOM) mpocTpaHcTBe (Teopema 73.1) clenyer cyllecTBOBaHHE M eIMH-
CTBEHHOCTh HOPMAaJbHOTO BEKTOPa CABHI'A Zo, OPTOTOHAJLHOIO HAIIPABIIS-
jolemy nonnpocrpancTBy ker A. [IpuyeM BexTOp zp MMeeT HAMMEHBLUIYIO
NAMHy cpenu Beex pemeHui ypasrenus (111.1). Takum obpasoM, zg —
HOopMaJibHOe pelnende ypabrenus (111.1).

EnuucreennoctTs. [lycrs 2; — HopMadabHoe pewenue (111.1). To-
raa 2y € H, Te. 21 = 20 +w, Thie w € ker A, (w,2) = 0, u ||z1]|% =
lz0ll% + llw]l%. Tak xax ||zo]lz = ||21]lg, Tow =01 2, = 20. m

3amevanye 2. JoxasaTenbeTBo TEOPeME! AaeT NPABKIO IAL OTHIC-
KaHHA HOPMAJIbHOTO pelieHus (Teopema 73.2): 2o — NEPIEHNMKYJIAp, OIY-
IEHHbIA 3 J060ro pemenus z ypasHenns (111.1) Ha ker A. i

Icenmopemenne. PaccmaTpusaercs ypasuenue (111.1), He obs3a-
TeJILHO paspeinnMoe. BekTop 7 = Az —u Ha3biBaeTcs ne843%0U BEKTOPA
z, dynkuus F(z) = ||Au — z||3 - dynxyuonason nesasxu.

OueBHAaHO, BEKTOP 2 ABaseTcs pemrenueM (111.1) Toraa u TOJBKO TO-
rIa, Korha ero Hepsdka r = §, T.e. xoraa ||rl|lg = 0. Ilockoabky Hyme-
BO€ 3Ha4YeHHE HODMEl %BJSETCs] HaUMEHBIINM, TO pellleHHe z MOXHO pac-
CMaTPHBaTh KaK BEKTOP, HEBA3Ka KOTOPOrO MMEET HaMMEHBLLIYIO HOPMY,
HJIM, KaK IPHHATO TOBODHTH, Muntmudupyrowut Gynxyuonas needixu.

3anaya OTHICKAHAS BEKTOPOB, MUHUMH3NDYIOIMX (DYHKIIMOHAJ HEBS3-
KH, AMeeT CMBICI ¥ TOTa, Koraa ypasuenne (111.1) sepaspemnmo (na-
NpuMep, BCIEACTBHE TIOrpelHocTed u3mepenus A ¥ u). B sToM cayuae,
ecId z MHHMMH3ApYeT GyHKLHMOHAI HEBA3KH, To paccrosuue p(Az,u) =
|lAz — u||g MHHEMaJdBHO H, CleOBaTeNbHO, NPH TaKOM z JieBas 4YacTb
ypaBHenns Az “Oauxke” Bcero K NpaBoit YacTH u. Jlas MHOTHX 3ajgay
BLIYHCIHTEJILHOA MaTeMAaTHKH 3TO CBOMCTBO CIYXHT OLEHKOH KadecTBa
NPpHUOIUKEHHOTO PEIIEHAS 2.

Bextop 2zt € V Ha3smiBaeTcs ncesdopewenuem ypasmenus (111.1),
eciin

Azt —ul|% = 12‘1; Az — u||%. (111.3)

Ilpyramu cioBamu, nceBIOpeIIEHHE — HTO BEKTOP IPOCTpaHCcTBa V, MH-
HAMH3UPYIOIIMHA QYHKIIMOHAJ HEBA3KH.
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COBNANAET C PelleHHeM B OOLIYHOM CMBICJE.
Teopema 111.4. I[lcesdopewenue cywyecmeyem dag awbozo
onepamopnozo ypasnenug (111.1).
Hoxa3saTteascTso. CoraacHo onpenesenno (111.3), [ Azt —u||lg =

inf || Az — ullg = inf |Az — u| = inf p(Az,u) = inf p(y,u).
Jnf |4z —ullg = inf |Az —u| = inf p(Az,u) = inf p(y,u)

Oro osHauaer, 4To BekTop A2t - 5T0 BexTOp M3 im.A, XOTOpHI 61H-
JKe BCero PacHoJIOkeH K BEKTOPY u. B cuiy TeopeMHl 74.2 o KpaTyaiieM
PacCcTOSHUM OTCIONA clieayeT, 9To Azt — opToroHainbHas NpoEKIMs BEK-
Topa u Ha imA. Ilycte v = g+ h, rme ¢ € imA, h L imA. Torna 2zt
SABJAETCS pellieHHeM B OOBIYHOM CMEICJE YypaBHEHHS

Az=g (111.4)

(oueBmAHO, OHO HWMeeT pelleHMe, Tak Kak g € im.A). &

Y paBHeHuE

A" Az = A'u (111.5)
Ha3bIBAETCH NOPMAAbNLIM Ypaerenuem Aus ypasHenus (111.1).

Teopema 111.5. Bexmop z* npocmpaxcmea V ageagemcs
ncesdopewenuem ypasnenud (111.1) moada v moavxo moada, xozda z+ -
pewenue nopmaabnozo ypasnenug (111.5).

Hoka3zaTenbcTBo. Boime 6wuio mokasaso, uto zt — mceBmope-
wenre (111.1) Torga u Tombko Toraa, korxa zt — pemenue B 06LIYHOM
cMeicie ypaBuenus (111.4). Iokaxewm, uto ypaBuenus (111.4) u (111.5)
paBHocuubHEL. [leiicTBHTENBLHO, A*u = A*g, Tak Kak u = ¢ + h, rue
h € im* A = ker A*. IIpu 5TOM ecitm z — peuieHue (111.4), To Az = g,
nostomy A*Az = A*u u z sBasercs peierdem (111.5). Ecam xe z —
pemrenue (111.5), To A*Az = A*¢g wimm A*(Az — g) = 0. 3uaunr,
Az — g € ker A* = im* A. Ho Az € imA, g € im A, caenoBatennHo,
Az — g € imA. Orciona ¢ y4eroM cooTHomenus Az — g € im* A, mo-
Jy4eHHOro BHile, clenyeT, 4To Az — g = 0, T.e. z ABAAETCH peHICHHEM
(111.4). m

ceBnoperuenve HAMMEHbIIEH TJIAHBI HA3LIBACTCS HOPMAAbRbIM TLCES-
dopewenuem. W3 Teopem 111.3, 111.4 crenyeT, 4TO HOpMAJLHOE IICEB-
IOpelIeHHe CYIIeCTBYET H eXMHCTBEHHO IJIA Jioboro ypasrenus (111.1).




