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Mpeaucnosue

YBaxaeMbid yntartens!

Bbl OTKPbINM OA4HY W3 KHUI, U3faHHbix B cepun «Knaccmyeckun yHu-
BepcuTeTcKuin y4yebHuk», nocsaweHHon 250-netuio MOCKOBCKOrO yHW-
Bepcuteta. Cepus Bkniovaer cabiwe 250 yyeBGHUKOB U y4ebHbIX NOCo-
Ouii, peKoMeHOOBaHHbIX K U3[aHuio YyeHbiMU coBeTamu akynoTeTos,
peAakunoHHbIM COBETOM Cepuu U n3gasaembix K 6uMNe No pelieHuio
YyeHoro coseta MIY.

MockoBckuid yHUBepCUTET BCerga cnasuncs CBOUMMKM npodreccopamu
U npenofgaBarensiMK, BOCMUTABIUMMWU HE OOHO NMOKOMEeHWe CTYAEHTOB,
BMOCNEACTBUM BHECLUMX 3aMETHbIM BKMag B pa3suTue Halled CTPaHbl,
COCTaBUBWKX FOPAOCTb OTEYECTBEHHON M MWUPOBOW HAYKWU, KynbTypbi
u obpasoeaHuAa.

Bbicokuil yposeHb obpasosakunn, koTopoe gaer MOCKOBCKMA YHVBep-
cuTeT, B nepaylo ovepenb obecrieunBaeTCst BbICOKMM YPOBHEM HanucaH-
HbIX BbIZAOWUMUCS yYeHbIMU U nedaroraMu y4eOHUKOB ¥ y4ebHbIX no-
cobuii, B KOTOpbIX COMETAIOTCA Kak rmybuHa, Tak U gOoCTYNHOCTL M3na-
raemoro marepuana. B 3tmx kHurax akkymynupyercs 6ecueHHbIW onbIT
MEeTOoanKN U MEeTOAONOrMM NpenogaBaHns, KOTOpbi CTAHOBUTCA AO0CTOS-
HUEM He ToNbKo MOCKOBCKOrO yHUBepcuteta, HO M ApPYyrux YHMBepcuTe-
ToB Poccun 1 Bcero mmpa.

NsnaHue cepun «Knaccuyeckuin yHuBepcuTeTckuin y4ebHuk» Harnsa-
HO A@MOHCTPUPYET TOT BKNaA, KOTOPbIA BHOCUT MOCKOBCKUM yHUBEpCU-
TeT B Knaccuyeckoe yHusepcurerckoe obpasoBaHue B Hallen CTpaHe U,
HECOMHEHHO, CNYXUT ero passuTuio.

Pewenue aToit BGnaropogHoi 3agaum OGbino 6bl HEeBO3MOXHbIM Ges
AKTUBHOW NOMOILWU CO CTOPOHbI M3QATENbCTB, NPUHABLLIMX y4acTue B W3-
AaHuKn KHUr cepuin «Knaccuyeckuin yHusepcuteTcknin yuebHuk». Mol pac-
LUeHMBaeM 3TO Kak MogAepXKKY MMU MO3uLmvu, KOTopylo 3aHumaetr Moc-
KOBCKWA yHMBEpPCUTET B BONpOCax Hayku U obpa3zoBaHusi. 310 CRAYXMUT
TaKke CBMAETENbLCTBOM TOro, 4To 250-neTHuid wbuneit Mockosckoro
yHuBepcuTera -— Bbifjaowieecs cobbiTue B XU3HM BCEW Halwen CTpaHsbl,
Mupoeoro o6pasosatensHoro coobulecTaa.

A Lugobeurs

Pexmop Mockoeckoeo yHusepcumema ‘

akademuk PAH, npogbeccop B. A. CadosHu4uli



NMPEAUCIOBHE
KO BTOPOMY N3NAHHIO

Bo BTOpO€ HM3aHHE 3TOH JaCTH MaTEMaTHIECKOIo aHaJIH3a BHECEHHI HC-
MpaBleHus ¥ jJononHeHus. Haubonpmiee 9HCIO ROHONHEHHH BHECEHO
B TCOPUIO THCIOBHX H (yHKIMOHANBHEIX PAOB.

KHHra comepXuT TEOpPHIO YHCIOBHX H (PYHKI{HOHANBHEIX PANOB, TEO-
pHIO COOCTBEHHBIX ¥ HECOOCTBEHHBIX KPaTHBRIX MHTErpajoB Pumana, Teo-
PHIO KpHBOIHREHHEIX M IIOBEPXHOCTHHIX MHTEIPAIOB M MHTErpajioB, 3aBH-
CAIMX OT APaMETPOB, TEOPHIO NOJIA (B TOM YHCHE U TEOPHIO AU depeHIu-
aBbHBIX (POPM B €BKIIMIAOBBIX IPOCTPAHCTBAX ), TCOPHIO PAAOB H HHTETPAJIOB
Dypse.

Kak ¥ B niepBo#f 9acTH, H3NOKEHUE BEJETCA Ha TpexX YpOBHAX: obOner-
9EeHHOM, OCHOBHOM H NOBHIMEHHOM. OOnerdyeHHslii ypoBeHb OXBaThIBAET
IporpaMMy TEXHHYECKHX BY30B C YIIYOJIEHHBIM H3yUYE€HHEM MaTeMaTHde-
CKOTO aHaNu3a, OCHOBHOH YPOBCHb COOTBETCTBYET HPOrPaMME CIICIIHANBHO-
CTH «IpPHKJIATHAS MAaTEMaTHKa», 3 MATepHaJ NOBBIOICHHOTO YPORHA JOMOI-
HJET MATEpHal OCHOBHOIO YPOBHS PiAIOM Pa3leiiOB, OORYIHO H3JIaraeMbIX
Ha MEXaHHKO-MATEMaTHYECKUX (PaKyIsTeTax YHHBEPCHTETOB.

Jls noHMMaHus MaTtepHana oONerJeHHOro YpoBHS H3JI0KEHUA HE Tpe-
6yeTcs ureHne MaTepHana OCHOBHOTO H IOBEHIIIEHHOTO YPOBHEH, a A mo-
HMMaHHA MaTepualla OCHOBHOIO YPOBHS H3JIOXCHHA He TpebyeTcd dreHue
MaTepHaJsia MOBBIIICHHOIO YPOBHI.

TekcT, OTHOCAWMIACS K MOBLIMICHHOMY YPOBHIO U3JIO)KEHHS, BBHIIEIEH
B KHHTe JBYMs BEDPTHKAJILHEIMH YEPTaMH; TEKCT, OTHOCANIMIACA K OCHOBHO-
MY YPOBHIO H3JI0KEHHSA, BEIZIENECH OXHON BEPTHKAIIBHOM 4epTOM; OCTAIBHOIM
TEKCT KHHTH COCTaBIIET COAEPKaHUE OONErdeHHOr0 YPOBHSA M3IIOKCHHUA.

Ilpu moAroTOBKE BTOPOTO M3JaHHA TOH KHHI'H GONBIIYIO IIOMOIIB OKa-
3an npodeccop U. C. JloMoB, KOTOpOMY aBTOPhI IPHHOCAT CBOKX IMyOOKY10
6naro1apHOCTS.

Mocksa, uioHs 2004 1.



Fnasa 1

YUCJOBDBIE PAJllbl

Eme B Kypce cpeanefi WIKOJH YHTaTeNI0O NPHXOAHJIOCH CTaJKH-
BaTbCsl C CyMMaMH, cojepkamuMH OeCKOHEYHOe YHCJO cJaraeMuX
(nanpumep, ¢ cyMMOA GECKOHEYHOIO 4YHMCJa 4YJIEHOB FeOMeTpHYECKOH
NpPOTPECCHH) .

HccnenoBaHue Takoro pojfia CyMM, Has3nBaeMHX psfAaMH, MOXer
OHTb CBEIEHO K MCCJEHOBAHHIO YHCJIOBHIX NOCHeNOBaTeNbHOCTEH, TeM
He MeHee 3TH CyMMH TPeOYIOT CaMOCTOSTEJAhHOro yriayG6JeHHOro Hay-
4eHHs, TaK KaK CJyXaT BaXKHHM BCIOMOTAaTeJbHLIM CPeICTBOM AJA
NpeiCTaBJ/ieHHs Pa3/IHYHHX BCTPEYalOMIMXCA B aHajause (PyHKIHH.

§ 1. NTOHATHE YHCJOBOIO PAA

1. Cxonamuecs u pacxopsiiuecss psaanl. PaccMOTpHM ITPOH3BOJb-
HYIO UHCJIOBYIO HOC/JIEAOBATEAbHOCTH 4y, Uz, ..., Uk, ... H (POPMAJIbLHO
obpa3yeM H3 ee 3J1eMeHTOB GeCKOHEUHYIO CyMMY BHIAA

o0
wytugt .yt =Y Uy (1.1)
kum]

QPopmMastbHO coCTaBJeHHYI0 cyMmy (1.1) DpHHATO HAa3HBaTh Y HC-
JOBHM PAAOM HAH NpocTo pAAoM. IIpu sTOM OTAEJbHHIE Caa-
raeMuHe u, OPHHATO Ha3uwBaTh 4JeHaMu paaa (1.1). Cymmy nep-
BHX 1 ujeHoB psfa (1.1) DpuHATO Ha3HBaTL 71-# YACTHIYHON CY M-
MO# psAfia u 0603HaYaTh CHMBOJIOM S,

Hrak, no onpeneseHHio

n
Se=tty Ftg+ ... +ity=Y, Uy (1.2)

kaml
Onpenenenne. Pad (1.1) nasvieaercs cxo0Rugumecs, ecAu cxo-
durca nocaedosareavrocre {Sn} wacruuneix cymm (1.2) arozo psada.
ITpu 3tom npedes S ykasannod nocaedosaressnoctu {S,} -nasviea-

erca cymmou pada (1.1).

Takum obpasom, Aas cxoismerocs psaga (1.1), umeomero cymmy

S, MH MoxkeM (GOpMAJBHO 3aNKCAaTh PABEHCTBO

S= 2 Uy.
k=1



8 Fa. 1. Yucnosnle paau

B cayuae, ecniu ans nanmdoro papa (1.1) npemena nocnexosa-
TEeNBHOCTH YacTHYUHBEIX cymM (1.2) He CylieCcTByeT, 3TOT pAL Ha3Hs
BaeTCst paCXOAAULUMCH.

Mbl BHANM, YTO NMOHSTHE CYMMHl ONpPEeJEJeHO JIMWb AJf CXOAsIue-
rocs psjna, npHYeM (B OTJIHYHE OT NOHATHS CyMMBl KOHEYHOIO HHCJIa
c/araeMblX) NOHSTHE CYMMH psifia BBOAMTCS IOCPEJCTBOM ONepaluyu
NpeJesIbHOr0 mepexosa.

B coBpeMeHHOR MaTeMaTHKe H B ee IPHJOMKEHHSX YACTO [PHXO-
JIHTCSl CTAJKHBATBCS C PACXOASINHMHCH DSAAaMU, IUIS KOTODLIX npeje-
Ja NocJefoBaTeNbHOCTH 4acCTHUHBIX cymM (1.2) He cymectByer. Ilns
TAKHX PsifiOB BBOLHTCS NOHSTHE CYMMBl B HEKOTOPHIX 00OGIIEHHHEIX
cveicaax. B § 7 Hacrosmell rsiaBm 6yayT paccMOTpPeHB Haubosee
ynorpebuTeqbHble MeTOAb O6GOOILIEHHOrO CyMMHPOBAaHHS PacXOAfIIHX-
cA psAOB.

OzHUM ¥3 IVIaBHBIX  BONPOCOB  TEOPHH  YHCJOBHIX  PSNOB
SIBASETCS YCTAaHOBJIEHHWE MPHU3HAKOB, NO3BOJSAIOIIUX PellHTh BONPOC
O CXOJIHMOCTH HJIH PacXOAHMOCTH AaHHOro psaa. B § 2 takme npm-
3gaku OyAyT yCTAHOBJIEHH AJA PSAAOB, BCE UJEHH KOTOPHIX siBJISA-
IOTCSl HEOTPHIATENbHEIMH UYHCJAaMH, 8 B § 4 — AJd pAJIOB C NIPOH3-
BOJIbHBIMY YJIEHAMH.

IIpumepwn. 1° Hsyuum Bompoc o CXOAMMOCTH psifia, COCTaBJeH-
HOTO M3 4JIEHOB FeOMeTPHUYeCKOH NMPOrpeccHH

149+ 4 ... +¢* +...=Y g+ (1.3)

k==l

Tak Kak n-i1 yacTHYHas cymMMa S, 3TOro psjia NpH g¥1 HMeer
BHA

Sp=1+qg+... +‘7"_‘='11__:n" (1.4)
TO OueBHAHO, UTO npu |g|<1 mocnefOBaTeNbHOCTD HYACTHYHHX CYMM
{S§»} umeer npemen, paBHmii 1/(1—gq). Takum o6pasoMm, npH |qi<l
pan (1.3) cxomurcs u uMeeT CyMMy, pasryio 1/(1—g).

Ecau |g|>1, To u3 Buipaxenus (1.4) oweBHAHO, uTO nNpedeJa noc-
JIeJIOBATENBHOCTH yYacTHYHEX cyMM {S.} He cymecrsyer, T. €. TpH
|g|>1 pan (1.3) pacxonurcs.

i moNHOTHI KAPTHHHE OCTaeTcs paccMoTpers caywall |gf =1,
T. €. cayualt, Korra ¢ pasHo aubo +1, au6o —1. B cayuae, xoria
g=+1, Bce ujeHs psafa (1.3) paBHbl eiuHHIE H N-f YacTUYHASA CyM-
Ma atore pspa S, pasua n. Otciofa caeayer, 4To U B ciayuae g=+1
npejena nocienoBaTesbHOCTH {S.} He cymecrByeT, T. €. pax (1.3)
pPacxonHuTCs.

Haxkonen, B cnyyae g=—1 pan (1.3) umeer Bun 1—1+1—1+...,
TaK 4TO IIOCJ]eJoBaTeJbHOCTh {S.} YaCTHYHHIX CyMM COBHajaer ¢ 3a-
BEJIOMO pacxoasuefics mocsaenosatenasHocteio 1, 0, 1, O, .... Crano
6riTh, ¥ npu g=—1 psax (1.3) pacxoaurcs.



§ 1. INonsiTHe uncJOBOTO Psifa 9

2°, (Dm«:npoaas A106YI0 TOYKY X YHC/IOBOM NPAMOH, pPacCMOTPUM
BOIPOC O CXOAMMOCTH TPEX YHCJOBHIX pajoB V:

x x? P —

L+ Bt b Z o (1)
___‘E: i_ (_])k—\x%— _ ~ (—l)k lx?.k—- 16
3 + 51 et (26— 1) 24 (2 — » (1.6)
___X_,— —x‘__ (_l)k—]ka—Q ~ ___l)k —1 2k 2 1
=+ Ty T _L T (1.7

OG6osHayas n-e yacTHuHhe cyMMH pagoB (1.5), (1.6) u (1.7) co-
orBercTBeHHO uepe3 S,V (x), S.@(x) u S, (x), MoxeM 3anHcaTs:

D=l bty 2 A
S () =1++ to T (1.8)
(2) _ —-x—a _ib____ (__l)ﬂ——l x’.’n—l
SP(x)=x o+ TSI (1.9)
3) _ __’i ﬁ__ ( l)n-—l 2n—2
a7 (=1 a T -t (2n—2) (1.10)

Conocrasass Bupaxenus (1.8), (1.9) n (1.10) ¢ pasnoxenuaMu
no ¢opmyne MaxJjopeHa ¢yHKuMH €%, sinx H cosx (cM. m. 2 § 9
ra. 6 4. 19), Mu nosyunm

e# =S8, (x) + R, (x),
sinx =S8, (x) + R, (x), (1.11)
cos x=S5,9(x) + R (x),

rae R.M(x), R.P(x), R,¥(x) 0603HayalOT n-e OCTATOYHLE WJEHH
B passoxeHun no gopMmysne MaknopeHa ¢yHKuuell e*, sinx M cos X
COOTBETCTBEHHO.

B § 9 ra. 6 u. 1 RokazaHO, UTO B KaXIOH TOUKE X YHCJAOBOH Hpfi-
MO} yxa3saHHHle OCTATOYHHE YJIeHH HMeEIOT pPaBHHI HYJIO Npefes NpH
n—oo, CjenoBaTesibHO, B cuay cootHowmenu# (1.11) B kaxkzIoil Touxe
x npaMoit wacTHuHHe cyMMH S (x), S,®(x) u S,®(x) cxomarcs
K 1peAesaM, paBHHIM COOTBETCTBEHHO €%, sinx u cos X, JT0 O3Hauaer,

1) CaMeoa 0! MH OTOXAECTBAREM C YHCAOM 1.

® 3pech H pmajee 4. 1 — 3710 KpaTkoe oGo3HaverMe xuHrH: Hasuu B. A,
Capopunuuft B. A, Cenpgop Ba X. MareMaTHueckHil aHaJus, Haqanbﬂuﬁ
xypc. — M.: Hsa-Bo Ml"y 1985,



10 Ta 1. YachoBue paxH

uro paaw (1.5), (1.6) u (1.7) cxomaTca B kaXnofi TOuke X UHCJIOBO
OPsAMOA H HX CYMMH! DaBHH COOTBETCTBEHHO €*, SinX H COSX.

3ameuanune 1. C ¢opManbHON TOUKH 3pEHHS H3ydeHHE YHCJIO-
BHX DPANOB IpeicTaBasieT co6oh HOBYIO (GopMmMy H3Y4eHHS YHCJIOBHX
nocinenosaresnbHocred, n6o 1) kKaxpomy pagy (1.1) ozHosHauHO
COOTBETCTBYeT NOCJIeA0BaTeNbHOCTL {S,} ero YacTHYHEIX CYMM, 2) mpo-
H3BOJIbHOH YHCJOBOM IIOCJef0BATENBHOCTH {S.} OAHO3HAYHO COOTBET-
cTByeT umcioBoft psap (1.1) ¢ unenamu u;=S;, #,=S8;—Sk-; npH
k>1, nas KOTOPOro 3Ta HOCJHENOBATENBHOCTb CAYKHT TMOCJHEAOBATENb-
HOCTBIO YACTHYHBIX CYMM.

3ameuanune 2. OTMETHM [Ba NPOCTHX CBOHCTBA NPOHM3BOJLHOIO
pfAlla, HEeNOCPEACTBEHHO BHITEKAIOUlHE H3 ONpelleJieHHs ero CXOfH-
MOCTH:

I. Orbpacvisanue Koneunozo uucaa urenos psada (uru dobasrerue
K pAdYy KOHE4HO20 YUCAQ HAEHOB8) He BAURET HA CXOOUMOCT6 WAU paC-
xo0umocts 3T020 pada.

II. Ecau ¢ — OTAUMHAA OT HYAR NOCTOAHHAA, W, = CUp, 0 pad

2 u, cxodurca rozda u TOAbKO TO2da, Koz2da cxodurca pad X Uy .
k=1

H.m‘-x O0GOCHOBaHHSA IIePBOr0 M3 3THX CBOHCTB HOCTATOYHO 3ame-
THTb, YTO B Pe3yJbTaTe YKa3aHHOTO OTOpachBaHHs (HJIH A06aBJEHHS)
KOHEUHOTrO YHCJa YJEHOB BCE YAaCTHUHHE CYMMBl psijla, HauHHas C He-
KOTOPOro HOMepa, H3MEHSATCH Ha OAHY H Ty Xe IOCTOSHHYIO BEeJHYHHY.

Hnas pokasaTesbcTBa BTOPOTO H3 YKas3aHHHX CBOHCTB 0003HAYHM

o oo

n-e yacTHYHHE CYMMHl DSJIOB Z u, u 2 4, COOTBETCTBEHHO d4epes
k=1l ksl
r
S u S, m yareM, uto S, =cS,, rae ¢+#0. s nociennero paBeHCTBa
BHTeKaer, yro 1imS) cymecrByer TOrAa H TOMBKO TOTAR, KOrAa

n—»wo

cymecrsyer 11m S,

2, Kpn‘repnﬁ Komn cxopumoctn psaa. Tak Kak BONpPOC O CXOJH-
MOCTH psila N0 ONpelesIeHHIO 3KBHBAJIeHTeH BOHPOCY O CXOJHMOCTH
HOCJIEZOBATEJNbHOCTH €r0 4aCTHYHBIX CyMM, TO MBl IIOJydYHM Heo6Xo-
JMMOe H JOCTaTOYHOE YCJOBHE CXOXHMOCTH RaHHOro psija, chopmy-
JUPOBaB KpHTepHH cXoiuMmocTH Komu AJs NOC/AeA0BaTENbHOCTH €ro
9acTHYHBIX cymM. JJsi yao6crsa npuseeM (QOPMYJIHDOBKY KPHTEpHS
Komu pas nocienoBatenbHocT (cM. m. 3 § 3ra. 3 u. 1):

Has 1020 urober nocaedosareavtocts {Sn} 6siaa cxodauetics,
reobxodumo u docTarouno, 41066l 0an 106020 NOAOHUTEALHOZ20
yucaa e Haweacs Homep N raxod, wto O0as 8cex HOmepos n, ydosaer-
soparouux ycaosuto n>=N, u das acex wnarypassueix p (p=1, 2,
3,..)

|Sn+p—sn| <e.

B kagecTBe C/I€ACTBHS M3 3TOIO YTBEPXKIEHHs NOJY4YHM CJIELYIOUIYIO
OCHOBHYIO TEOpEMY.
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Teopema 1.1 (xpurepuit Kown ans psma). Has rozo0 urobss
pad 2 uy cxoduacs, neobxo0umo u GocTarouno, 41006 043 2106020
Rxw]

nOAOCIKUTEAbHOZ0 HucCAa g Hauleacs Homep N Takod, 4To daa scex Ho-
mepos n, yooeaersopaowux ycaosuro n=N, u 0as 8cex HATYPAALHOLLX
gucea p (p=1, 2, ...)

ntp

yl<e. (1.12)
k=n-}+1

Has pokasaTesbCcTBa 3TOA TEOPEMH AOCTAaTOYHO 3aMETHTb, YTO BEJH-
4HHa, cTOALlast NOJ 3HAKOM MolyJs B HepaBeHncrtBe (1.12), paBua pas-
HOCTH YaCTHYHBIX CYMM S,+p—S,. .

OrmeruM, uTo KpHTepHH cxomumoctH Komm npeficrasisieT B OcC-
HOBHOM TeOpeTHYeCcKHA HHTrepec. Ero Hcnonb3oBaHHe A1 HCCJaENO-
BaHHS CXOAHMOCTH MJIH DAaCXOAMMOCTH TeX HJH MHHX KOHKDETHHIX
PAIOB, KaK NpPaBHJO, CONMPAXKEHO ¢ TpyAHocTsMH. IlosTomy HanHuue
kpHtepusi KolllH He cHuUMaeT Bonpoca o6 YCTAHOBJEHHH APYTHX Npak-
TH4eCKH 3(P¢GeKTHBHHX NPH3HAKOB CXOAHMOCTH H PaCXORMMOCTH
PAROB.

Hs teopemn 1.1 serko nosyuyuth ABa 3/€MEHTAapHHIX, HO BaXXHHIX
CHEACTBHA.

(-]
Caencreue 1. Ecau pad Z u, cxodurca, 10 nocaedosarens-
k=1
«w
HOCTL Iy = Z u, s6aserca 6ecKone«ro manod.
kx=p 1

[
IIpHHATO Ha3WBaTh BEJHYHHY 7, N-M OCTATKOM psAlla X U
k=1

Uro6u HoKa3aTh CHeACTBHE |, HOCTATOYHO MOKAa3aTb, 4TO JAJS
Joboro ¢>0 Hafinerca HoMep N Takofi, uto |r,|<Ce npu n=N. Tloc-
JeAHee HEPaBeHCTBO HENOCPEACTBEHHO BHTEKaeT M3 HepaBeHCTBA
(1.12), cnpaBeanrBoro ans awoboro p=1, 2, 3, ..., 4 3 Teopemu 3.13
q. |.

Caencteue 2 (Heo6XOZHMOE YCJIOBHE CXOAMMOCTH pspa). Jas

-]

cxodumocTu pada 2 U, Heobxo0umo, 4rOBbr nNOCA008ATEABHOCTE
kaml .

Uy, Uy, ..., Up, ... 4AEHOB 3T020 pAda A8AfAACH OECKOKEYHO Mmanoll.
HocraTouHo RXoka3aTb, YTO AJS AAHHOIO CXOAAIIErocs psjga M JIo-

Boro e>0 nafizercs Homep N, rakofi, yro npu n>=Ny |u.|<e. Ilycts

AaHo jio6oe ¢>0. CornacHo Teopeme 1.1 Hafizerca Homep N Takof,

ato npu n=N H aas a060ro HaTypadbHOrO P BHIOJHAETCS HEpaBeH-

crBo (1.12). B wacrHocTH, mpH p=1 3TO HepaBeHCTBO HMEET BHJ

|un+1]<e (npu n>N). (1.12)
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Ecnn teneps nosoxute Homep Ny paBauiM N+ 1, To npu n=>N, B cuiy
HepaseHcTBa (1.12') monysum |un}<e, uTo H Tpe6oBasoch AOKa3aThb.
Hnave cregcrBue 2 MOXHO CGOPMYJIHPOBATh TakK: AJS CXOAHMOCTH

o0

psna Eu,, HeoOxoauMoO, utoOul lim u,=0. Takum o6pasom, OpH
h=xl k~>oo

HCC/IeI0BAHMH JAHHOIO pAAa Ha CXOAHMOCTb CJIEAYET Npex/]e BCero
HNOCMOTpETh, CTPEMHUTCA JH K HyJI0 k-fi ujleH 3TOro paxa npH k—-oco.
Ecau 310 He Tak, To paj 3aBefoMo pacxoautcsi. Tak, Hanpumep, psal

©
k’

Z 7k® - 8000k

keaml

3aBE€AOMO DaCXOIHTCH, u6o

2
lim u, =lim ——— =L 0,
ks ke Tk% - 80002 7

AHallorHuHO  pacXOZMMOCTb yKe BCTpPeyaBulerocs BHIIE psja

w
A1 . —
2 (—1)*'Burekaer ua Toro, uro lim (—1)*" me cymecrsyer.
Rl ko
OTMeTHM, 4TO CTpPeMJIEHHE K HyJIO k-ro ujleHa psjaa HPH R—»oco

AIBJSleTCA JIHIIb HeOGXORMMHM, HO He JOCTAaTOYHLIM YCJIOBHEM CXOJH-
MOCTH psja. B kauecTBe mpuMepa paccMOTpHM psil

L 4Ll L L
kz—k-_1+2+3+...+k+... (1.13)
=]

Srtor psAx O6HYHO HA3BBAIOT rapMOHHYEecKHM psaaom. OueBHa-
HO, YTO [JIf TapMOHHYECKOro psja BHIMOJHEHO HeOOXOAHMOe YCJOBHe
CXOZHMMOCTH, HO (Kak Aoka3ado B m. 3 § 3 roi. 3 u. 1) nocsieaoBareb-
HOCTb YaCTHYHLIX CYMM 3TOrO psila pacxoAHTcs.

§ 2. PAAbl C HEOTPHUATEJAbHBIMH YJAEHAMH

1. Heo6xoaxmMoe H NOCTATOYHOE YCJOBHE CXOAHMOCTH Pfila C HeOT-
PHUATEALHBIMYM YJeHAMHd. PAAH ¢ HEOTPHUATEJbHHMH 4JEHAMH 4acTo
BCTPEUAIOTCH B NPHJIOXKEHHsX. KpoMe TOro, HX npeiBapHTEeNbHOE H3Y-
yeHHe oGJeruMT H3yuyeHHe PAJOB C uyJeHaMu Jioboro sHaka. B nanb-
HefimeM, 4yTo6H MOAYEPKHYTh, UTO peYyb HAET O PAAE C HEOTPHUATENdb-
HEIMHM YJieHaMH, MH uacTo Oyaem o603HauaTb uYJeHH TaKoro psjaa
CHMBOJIOM pj BMECTO Uk.

MoXHO cpa3sy e OTMETHTb OCHOBHOE XapaKTepHCTHUECKoe CBOM-
CTBO psiila C HEOTPHUATEJbHHMH WIEHAMH: NOCAeJ08ATEALHOCTb 4AC-
TUYHBLIX CYMM Taxozo pada ssanercs neybuisarouied. DTO MO3BOJIALT

HaM JO0KasaTb cje/lylollee yTBEPXKIeHHe.
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Teopema 1.2. [an 1020 uT0661 PO C HEOTPUUATEALHLIMU HAE-
Hamu cxoduacs, Heobxodumo u Oocrarouno, 4rober nocaedosaresv-
HOCTb 4ACTUYNBIX CYMM 3TO20 pAaoa 6biaa Oepanuvena.

Heo6xonumocTs caefyeT H3 TOrO, YTO BCAKAs CXOASINAsICH Moc/e-
JAOBAaTEJbHOCTh SBJISIETCS OrpaHHueHHON (B cuay TeopeMu 3.8 u. 1).

JlocTaTouHOCTH BhITEKZeT H3 TOrO, YTO NOCTIEeJOBATeIbHOCTh dYac-
THUHBIX CyMM He yGHBaeT H, CJel0BATEJbHO, A/ CXOJHMOCTH 3TOH
f10CJIeJ0BATENLHOCTH JOCTATOYHO, uTOGH OHa OBlJIa OrpaHH4YeHa (B
cHay Teopemsl 3.15 u. 1).

2, Mpu3Haku cpasHeHusi. B 3TOM NyHKTe MB YCTAHOBHM DS NPH-
'3HAKOB, MO3BOJSIOLIMX CAeJaTh 3aKJIIOUeHHEe O CXOAMMOCTH (HJH
PacXoAMMOCTH) pPacCMaTpPHBAEMOrO PSfa NOCPEACTBOM CPaBHEHHS ero
€ ApYTHM pHAOOM, CXOLHMOCTb (HJH PacXOAHMOCTb) KOTODOrc H3Bse-
CTHA.

2] @
Teopema 1.3. fycre k}: Pr H ?: p,— 06a pada c neorpuya-
TeAsHbMU daenamu. ITycre, dasee, Oas scex Homepos R cnpasedauso
HepasencT8o

PPy . (1.14)

o
Toeda cxodumocte psada 2 p, 84ewer 3a coboi cxodumocTe pada
k=]

-] x®
Zp,,; pacxodumocts pada 2 Pr 6aeder 3a cob60l pacxo0umocTs
Al fom |

-]
pada kzl Pe.
JoxaszateasbcTBo. O603HAYWM n-e¢ YaCTHYHHE CyMMHl pSJIOB
®x©

z P H Zp,; coorBeTcTBeHHO uepe3 S, u S,. M3 HepaBenctsa

(1.14) sakmouzeM, uto S,<S,. IlocaenHee HepaBeHCTBO O3Hauaer,
UTO OrPaHHYEHHOCTb MOCJHENOBATENBHOCTH YacTHYHbIX cymm {S;}
BJedeT 33 cobOf OrpaHHYEHHOCTb NOCJAELOBATEIbHOCTH HACTHYHHX
cyMM {Sn} H, Ha060pOT, HEOrPAaHUYEHHOCTb MOCJEAOBATENBHOCTH Yac-
THYHBHIX cyMM {S,} Bjieuer 3a co6ofi HeOrpaHHYEHHOCThL IIOCJENOBA-
TEAbHOCTH 4acTHYHEHIX cymM {S,}. B cuny Teopemn 1.2 Teopema 1.3
JoKa3aHa.

3ameuanus k teopeme 13. 1) B ycaosum Teopemm 1.3
MOXHO Tpe6oBaTb, YTOOH HepaBeHCTBO (1.14) GbiO BHINOJHEHO HE
JIS BCEX HOMEpOB k, a Juillb HauMHas#A C HEKOTOPOro Homepa k.
B camom nene, B cuny sameuanus 2 n. 1 § 1 or6pacriBanHe KOHEYHOro
YHCJIA YJIeHOB He BJIHSIET Ha CXORMMOCTh pSijia.

2) Teopema 1.3 ocTaHeTCsl CIPABEAJNHBOMN, €CJH B. YCJAOBHH 3TOR
TeopeMb 3aMeHHTb HepaBeHCTBO (l.14) ciaexayominM HepaBEHCTBOM:
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pe< cpj. (1.15)

rae ¢ — Jiobag NONOXKUTEAbHAS [OCTOAHHAA.
B camom pene, B cuny 3ameuanus 2 u3 n. 1 § 1 Bonpoc o cxolaH-
@

MOCTH pfaaa Zp,; SKBHBAJIGHTEH BONIPOCY O CXOAHMOCTH pAla
Rem ]

2 (cpy). Tlpu sTOM, KOHeYHO, MOXKHO Tpe6oBaTb, YTOGH HepaBeH-
kaml
ctBo (1.15) 6H0 BRIOJHEHO JHIIL HAauMHAS C HEKOTOPOrOo AOCTAaTOY-
Ho Goabmioro HoMepa k.
w
CaencrBsue u3 reopemum L3. Ecau 2 pr— pad c Heor-
k=l

-]

puyareabHolMu YreHaMU, Z P,— pAd €O CTPO20 NOAOHUTEAbHbIMU

k=1
NAeHamu U ecau cyujecTeyer KoHeunbsll npeden
lim-2¢ =L,
k»o Py

TO Ccx00umocTy pada z p, 6aewer 3a cobod cxodumocrs pada
k=1

o -
z Py, pAcxodumocre pada Z{p,, saeuer 3a cobod pacxodumocre
k=1 k=1

pada i p,.
[

HoxkxasareanctBo. Tak kak lim —p—'f—=L, TO no onpexesne-
koo pk
HHIO IIpejiesia IJsi Hekoroporo e>0 Hafinercs Homep N Takofi, uTO
npu k=N

L—e< P <L te
Pe
CnenoBarenapHo, npH k>N cnpaBegnnBo HepaBeHCTBO Pr< (L-+e)pr’.
ITocnennee HepaBeHncrBo cosnagaer ¢ HepaseHcTBoM (1.15) mpu c=
==L+e B cuny sameuanus 2 kK teopeMe 1.3 ciaeicTBHE NOKa3aHO.
oo o

Teopema 1.4. Tycrs Z Py U 2 p,— 0ea pada co cTpozo no-
k=1 | 20D
AodcuTeAbHbIMU Ynenamu. ITycTe Oanee Oan acex Homepos k cnpaged-
AUBO HEpaBeHCTE0

Frer o Pyt (1.16)
Pr Py
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@

Toz0a cxodumocte pada Z p, 6aexer 3a coboii cxodumocte pada
k=1

-] w0
Z Py Pacxodumocre pada Z P.  Baeder 3a co6od pacxodumocTs
ko] ksl

[
pada Zp;.
ksl
HoxasateanncrBo. 3anuumem HepaBeHcTtBOo (1.16) mna k=1,
2, ..., n—1, rae n — mo6oii HOMep:
P
g2,
141 P
P P3
2L —,
Pa Po
pl
P B
pn-—l Pn—1

nepeMHO)Kaﬂ TNOYJCHHO BCE€ HANHCAaHHBIC HEPABEHCTBA, NOAYYHM

et
1 P'l

ITockompky B mocleAHEM HEPABEHCTBE BEJMYMHA C=p,/p; LIPEACTaB-
Jisier co60f MOJIOXKHTENBHYIO NOCTOSHHYIO, He 3aBHCALLYI0 OT HOMeEpa
N, TO B CHJYy 3ameuaHust 2 k reopeme 1.3 Teopema 1.4 nokasaHa.

3ameuaHue K Teopeme 1.4. B ycioBun TeopeMH 1.4 MOXHO
Tpe6oBaTh, yTO6H HepaBeHCTBO (1.16) 6HJIO BHIIOJHEHO He MJsA BCEX
HOMEpOB %, a JIMIDb HayWHasi ¢ HEKOTOpOro Homepa £ (cM. 3ameua-
#ne2m 1§ 1).

O6e nmokasaHHhie B HacTOAleM NYHKTE TEOPEMH HA3HBAIOT T € O-
peMaMu cpaBHEHHS HIMH NPH3HaKaMU CPaBHeHHSH.

IMMpumepn. 1° Hccaenyem BOIpoc 0 CXOXUMOCTH psifa

oy 1
,22312-}-%’ rae b > 0.

P
» WIH P, <= Py -+
1

Ecan b1, 10 k-#i uneH paccmaTpuBaemMoro psia HE CTPEMHTCSH
K HYJI0 NpH k—»oco. Cilefl0BaTeibHO, HapYIIEHO HEOGXOLHMOE YCJIOBHE
CXOAMMOCTH psijia, H PAX pacxoiurcs. Ecam xe b>1, TO, MOCKOJBKY
Ang mo60ro HoMepa k clIpaBeAJHBO HEpaBEHCTBO

1t

2 4 bk b
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[+
1
M pax 2—’;— CXORHUTCA, TeopeMa cpaBHeHus 1.3 nossosser yTBepxK-
k-l
AaTb CXOJHMOCTb pPaccMaTpPHBaeMoOro pana.
2°. HccaenyeM BOmpoc O CXOZMMOCTH Aas Jio6oro &< caenyio-
mero psja:

I PRI ST SR (1.17)

droT pAA 4YacTO Ha3HBalOT OGOGMEeHHHWM TapDMOHHUYECKHM
psanowm. Ilockoarky npu a<l ans mo6oro HoMepa 2 cCnpaBelJIHBO
HepaBeHCTBO
1 1
—_——
® =

- .

H TrapMOHMYECKHH pan E—;— pacxomutcs ¥, TO TeopeMa CpaBHEHHSR
' bl

1.3 nosBoasier yTBepxAaTh pacxoiumocte psanfa (1.17) anas aoboro

a<l.

3. Mpu3anaxku HanamGepa u Komu. K npussakaM cpaBHeHHS Hero-
CPEeJCTBEHHO NDHMHIKAIOT JABa BeCbMa YNOTPEGHTENbHHX INpH3HAKa
CXONHMOCTH PANOB C NOJOXKHTEJIbHHMH WleHaMH — npusHaku [la-
nam6epa u Koln, KoTophie OCHOBaHH Ha CPaBHEHHHM paccMaTpHBae-
MOro psfia C PAJAOM, COCTaBJEHHHIM H3 3JEMEHTOB TIEOMETPHYECKOH
NPOTrpecCHH, a HMEHHO CO CXORSIUMCH PALOM

Y =g+ +.. .+t +..., lgI< 1, (1.18)

Rom |

HJIH C pacxonsiliuMcsA psAOM

Yi=1414.. 41, (1.19)

kam]

Teopema 1.5 (npuswak danamGepa) . 1. Ecau Oan 6cex no-
Mepos k, no kpaiineid mepe HAYUHAA C HEKOTOPO2O HOMeEpPA, cnpased-
AUBO HepaBeHCTBO

% PacxoAHMOCTh rapMOEHYECKOTO psaja o6ocHoBaHa B Komme m 2 § 1.
Y J)Kak Jlepon [HasamGep -— ¢ppasnysckuli mareMaTHk H ¢maocod (1717—
1783).
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Pes Priy %
Dl coctl [Pz, (1.20)
Pr Pr

mo pﬂa,z pp cxolurca (pacxodurcs).

Rx=l
I1. Ecau cywecrayer npedea

p
lim ;:‘ =1, (r.21y

mo psd Ep,, cxofurca npu L<1 u pacxodurca npu L>1.

Rl
Teopemy Il o6eiuso HaswiBaloT npusHakom J[anam6epa B mpe-
gdeabHoll dopme. B aroli dopme on Haubosee wacTo HCHOJB3IY~
ercs.
JdoxasaTteancTBo. Jokaxkem OTAEJIbHO Teopebe I u IL

1) ﬂgm MOKa3aTeNeCTBA TeOpeMbl | monoxEM pg= q (pr=1).

P
Torza iz =g, TRe ¢ < 1 (——"jL = ), H MBE MOXEM Iepenucarh
Py Pr
paBenctBo (1.20) B BuAe
P P, P P
B g ( L TR ) (1.22).
Pr Pr Pr Pr

Tak kak pan X p,, coBnajamomuit ¢ pagom (1.18) ((1.19)), cxo-
k=1

IuTcs (pacxoAimtcsi), To HepaBeHcTBO (1.22) Ha OCHOBaHHM TeODEMHE
o

cpaBHeHHsA 1.4 rapaHTHpyeT CXOAHMOCTh (pPacXOAHMOCTh) psla Z P~
k=1
Teopema 1 nokasana.

2) Hokaxem renepr teopemy II. Ecam L<1, to nafizerca mnoJo-
KUTENbHOE YHCI0 & Takoe, yTo L=1—2¢, 1. e. L4+e=1—e. Ilo onpe-
JeJIeHHIO Tpeiesa [OCJeJ0BaTEJbHOCTH AJA YKa3aHHOTO & Halijercs
Homep N Taxoii, uto npu k=N

IH—l

——b<~——<L+e l—e. (1.23)

Yucao L+e=1—e Wrpaer pojb ¢ B Teopeme 1. Pax cxomures.

Ecan xe L>1, To Haliercss noAoxcuTeAbHOe YHCIO g TaKoe, 4TO
L=1+¢ u L—e=1. B 3tom ciyuae Ha OCHOBAHHH JIEBOIO W3 Hepa-
BeHcTB (1.23) monyumm

®) Ilpn sToM, xOHeuHO, npeamoaaraercd, UTO BCe WIEHH paja (mo xpakiuell e~
pe HauKHag C HEKOTOPOro HOMEPa) CTPOro NOJOKHTE/bHH.

2-4314
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P
A S ] e=1 (upu k> N).
Pr
o0
Pagn z Pr DacxoAuTcs Ha ocHOBaHHH TeopeMnl 1. Teopema 1.5 noa-
knl
HOCTBIO [OKa3aHa.

3ameyanue K teopeMme 1.5 1) OGpaTuM BHHMAHHE Ha TO,

p
910 B Teopeme 1.5 (I) HepaBeHCTBO Bl Lg< 1 (mas Beex k&,
Pe

p
HauyHHasl C HEKOTOPOr0) HeJb3si 3aMEHHTh Ha —1o < 1.
p

&
B caMom peJe, Kak MOKAa3aHO Bhllle, rapMoHHYeckui psax (1.13)

p k
ﬁl—-—-———< 1 (mns Bcex HOMe-

PAaCcXOAUTCH, HO IJA 3TOTO pAAa i
PoB k).

2) Ecam B ycaoBusax teopemst 1.5 (II) L=1, To Hean3s cka3aTb
HHYero OnpefeseHHOro O CXOAHWMOCTH psija (r. €. npu L=1 npusnak
Janambepa «He neficrByer»). B camom gene, Anfi rapMOHHYECKOro

pana (1.13) L=1, npuyem 3TOT psifi, KaK MH 3HaeM, DAaCXOXKHTCS.
Bmecre ¢ Tem nad psna '
L (1.24)
k2 )

Takxe L=1, HO 3TOT psA, Kak 6yAeT NMOKa3aHO B CJIEAYIOEM NyHK-
T€, CXOLUTCH.

Teopema 1.6 (nmpusnak Kowmu). I. Ecau dan scex nomepos R,
710 Kpailineli Mepe HAQYUHAS C HEXOTOPO2O HOMEPQ, cnpagedauso Hepa-
BEHCTBO

k k
. Vee<q<l (Vo= 1), (1.25)
mo psd 2 Pe cxodurcs (pacxodurcs).
k=1 '
I1. Ecau cywecrayer npeden
limy =L, (1.26)
koo .

mo pad Z pr  cxodurca npu L<1 u pacxodurca npu L>1.

k=1
Teopemy II o6nuHO HaswBalOT npusHakoM Kol B npenesb-
HOo# dopmMme.
HoxkasareabcrBo. JokaxkeM oraeabHo Teopemu I u Il
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1) Hdns pokasaTenncrsa TeopeMil 1 momoxmaM pi=g* (pi=1).
Toraa u3 Hepasencrsa (1.25) momyuum

PSPk (Pe=pp)- (1.27)
Taxk kak pan z p,, cosnajaromuit ¢ pagom (1.18) ((1.19)), cxomur-
k=1

ca (pacxoanrcs), To HepaBeHcTBO (1.27) Ha OCHOBaHHH TeOpEMLE
cpaBHeHHs 1.3 rapaHTHpyeT CXOZHMOCTb (pPacXOAHMOCTb) pala
<«

Z Pr- Teopema 1.6 (I) nokasana.
k==1

2) Has pokasateancTBa teopembt Il caenyer AocioBHO mOBTO-
PHTL cXeMy Joka3aTtenbctBa Tteopemn 1.5 (II), 3ameHHB Bo Bcex

p B p—
paccyKIeHHsaX ~2F ya v P.. Teopema 1.6 mosHOCTBIO AOKa3aHa.
Pr

3aMeyaHHAA K TeopeMme 16 1) Kak u B Teopeme 1.5 (1),
B reopeme 1.6 (I) HepaseHcTBO 1/pk<q<l He/lb3sl 3aMEHUThL Ha
1/Pk< 1.

2) Ilpn L=1 npusnax Kownu B npejesbHOH (opMe <«He AeHCTBY-
er». MoXHO cocsaThCsl Ha ABa NpHMepa, YKasaHHble B COOTBETCTBYIO-
meM 3aMeyaHuH K npusHaky JlanamOepa.

IIpumepn. 1° HcenenyeM BOIpoc 0 CXOXUMOCTH paja

b VR
Z—(—‘;—f)—- (1.28)

[lpumenum npusuak JlanamGepa B npegsenbHo#i ¢opme. Hmeem

VE* P (VERD M = {1 + L \l;

= , = — 1.29%
e 1Y 04 G (1.29
Ha ocuoBanuu (1.29) ,
N b
p E
i e (1) -
e iU ) )
Ll
. 1 . Iy 2
=:l ———--1 —_— ={- =
i ey fim (1) =0Ve=0<.
1. e. pan (1.28) cxoaurcs.
2°, Mayunm BOIpOC O CXOAHMOCTH PsAAa
Y ko (1.30)

k]
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Ilpumenum npusHax Kown B npegenbHoit popme. Mmeem

B o [
V= VE. (1.31)

Ha ocroBanmnn® (1.31) lim "V;f: —;- lim ’§/‘7€=—é—< 1. Takum
ko ko>

o0pasom, npu3Hak Kouwru ycranasiuBaer cxoaumocth psiza (1.30).

Bosuukaer Bonpoc o ToM, Kakoil K3 ABYyX npH3Eakos, [lasaMmbe-
pa nau KowH, aBasiercs 6Gosee cuabHbM. IlpoaHanusupyeMm 3TOT
BONpPOC B OTHOIIeHWH npu3HakoB [lanamGepa n Koy, B3siTEIX B npe-
nenpHo#t ¢opme. Huxke Gymer [nokasaHo, YTO H3 CYLIECTBOBAHHA
npegena (1.21) Bmtekaior cymiectBoBanue npegena (1.26) u daxr
paBenctBa 3THX npegnesnoB. O6paTnoe HesepHO. B camom nene, Jer-
KO yGelHTbCcs B TOM, YTO JAJIS psiia

-]

—1)k4 3
E————( 2)“+ (1.32)
k=l

npexea (1.26) cymwectByer u paBeH 1/2, B To BpeMfl Kak npefaen
(1.21) Boo6me He cymecrByer. TakuM o6pasoM, npusHak Kouwn
aBysercd Gonee CHIbHBIM, uem npusHak [anambGepa, r60 BCAKHA
pas, korfa AxelicTByer npuanak HanamGepa, ReficTByeT M NpPH3HAK
Komn 1 BMecTe ¢ TeM cyuiecTByior paas (Hanpumep, pax (1.32)),
Ui KOTOpHIX AedcTByer npusHak Komn u He feficTByeT NpH3HAK
Hanam6epa. HecMoTpst Ha 3T0, mpusHak [anambepa Ha NpaKTHKe
ynorpebnsiercs yame, yeM npusHak Koiun.

Hrak, nokaxem

YrBepxpaenue. Ha cywecrsosanus pasnozo L npedesa
(1.21) soirexaer cywecrsosanue pasnozo TOoMy de L npedeaa
(1.26).

JlokazaTenbCcTBY YTBepIKAEHHS NPEANOLLIEM [BE JEMMH.

Jlemma 1. Ecau nocaedosareasvrocte {a,} cxodurcsa k npede-
ay I, 70 k Tomy e npedeay cxoOurcs u NOCAeOO0BATEALHOCTL Gn=
=(a;*ast...tan)/n cpedrux apupmeruseckux wuces a,, as,...,an.

JokasateascrBo. Tak Kak NOCAEAOBATENbHOCTb {Gn} CXO-
nurces K npepeay [, to pag jw6oro >0 mMoxHO (GUKCHPOBATh HO-
mep N rako#t, yro |a,—I|<e/2 aas Bcex n>=N. Hcnonasays sToT
(aKT ¥ yYyuTHBas, 9YTO NpH Bcex n>N

(e —D+ ...+ (an'—l)z
n

Op—1 =

) Ilns puukcaenda lim x!/* ChieAyeT  npoacrapudMHpOBaTh  BHpaXenne
X+ :
xY* g npamesuts npasuao Jlonutans.
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={ (=1 + ...+ (ay—1) }+{(aN+,—1‘)+...+(an—1)}

n n

MBI NOJYYHM, YTO |on—I|<e mpu Bcex n>N,.

B camoMm jeJse, MOAyab ApobH, 3akiioueHHOH B QurypHsie cKo6-

e n—N
KH, He NPEeBOCXOJAHT YHCJA -—2—-—(————)—, menbmero ef2. HaJee,
n

nockonbky HoMep N (GHKCHpPOBaH, MOAYJb ApPo6H, 3aKIIOYEHHO B
KBajpaTHble CKOOKH, He NPEBOCXORHMT &f2 npu Becex n=N,, rae
N — pocraTouno Goasinoe unchao. Jlemma Aoka3aHa,

Jlemma 2. Ecau nocaedos8areAbHOCTb NOAOKUTERbHUIX HUCEA

{a.} cxodurca x npedeay L, To k Tomy oke npedery cxodurca u
w2 = T

nocaedosaresvocte b,=V a,a,...a, cpedHux zeomeTpudecKux
Yuces ay, Qg ..., Qn.

Hoxa3saTeancrBo. Ilpexne Bcero 3amerum, uro ana L>0
B CHUIy HENPEpPHIBHOCTH Jorapupmmuyeckoil pyHKmmu Eng Ina,=

=InL. Ho Torna nmo nemme 1 o mpepene cpeanero apudmeruuec-
KOT'O CyIIECTBYET npejen

limin v ag@,...a, = lim-A&atngat. ..+tio .,

n—+o n-+ce n

M3 nocnennero paBeHCTBA B CHJY HENPEPHBHOCTH IOKa3aTelbHOM
GOYHKUHH NOJYYHM

np—
“mn r—————ala’ g, = lim eln/a‘a. ol glnlk 1
n-»w n—»>ow
(3TH paccyxkAeHus cnpaBelauBn M npu L=0, ecan cunrath InL=
=-—00.) JlemMa 2 foka3aHa.
HokasarenbcTBO yTBepXJeHHd [IpuMensis nemmy 2
K YHCJAaM ay,=p;, Ga=Po/P1, ..., Gn=Pr/Pn—1, MBI, ONHPASACH HA Cy-
IecTBoBaHue paBHoro L npemena (1.21), ycraHoBuM cyliecTBOBa-
HHe paBHoro Tomy xe L npenena (1.26).
4. Wwurerpannnbii npusHak Komu—Makaopena. [Ipusnaku Jla-
snambepa u KollH OKa3BIBAIOTCS HENPHIOAHLIMHM s BBIACHEHHS BOIl-
poca O CXOAMMOCTH HEKOTOPHIX YacTO BCTPeyalolIuXcs PANOB ¢ MO-
JIOXKHTENbHEMH uieHaMu. Tak, HanpuMep, ¢ TOMOIIBIO 3THX NPH3HA-
KOB HeJb3sl BRISICHHTb BOIPOC O CXOAHMOCTH OOOGINEHHOro rapMOHH-

4eCcKoro psna
Y 1
Y+ o (1.39)

Resl

{a — n060e BeweCTBEHHOE YHCIO).
B xoHuUe n. 2 MH ycTaHOBHAH, 4TO npH a<<l psx (1.33) pacxo-
JAHTCSA, OAHAKO OCTAeTCH OTKPHTHM BONPOC O CXOAHMOCTH 3TOrO psaa
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npu e>1. B aTOoM nmyHKTe MH yCTaHOBHM elle OAHH OGIMHE NpH3HAK.
CXOJIMMOCTH Psifia ¢ HEOTPHUATEAbHHIMH YJIEHAMH, H3 KOTOpPOro, B 4a--
CTHOCTH, OyAeT BHTeKaThb cXoxumocTb psga (1.33) mpm a>1.
Teopema 1.7. (npusnak Kowmu — Maxksopena). [ycro gynxyus:
f(x) neorpuyaresvna u ne so3pacraer 8cwoly Ha noAYNpPAMOL x=m,

ede m — arobol ¢uxcuposanneiti Homep. Tozda wucaosol pad
Y fEB=fm)+fm+1)+Ffm+2)+ ... (1.34p
keam .

CX00UTCA 8 TOM U TOALKO 8 TOM Cayude, Koz0a cywecTeyeT npedea
npu n-—>oo NOCAE008aTEABHOCTU

a,= ff(x) dx. (1.35)

HokasateabcrtBo. [lyctb £ — unwo6oli HOMep, YAOBJETBOPS-
IOIUA ychoBHio kZ2m-+1, a x — nwo6oe 3HaueHHe apryMeHTa M3 cer-
menTa k—1<{x<Ck. Tak kaxk no yciaosuio ¢pyskuus f(x) He Bo3pacTaer
Ha yKa3aHHOM CerMeHTe, TO AJS BCEX X W3 YKAa3aHHOTO CerMeHTa:
CnpaBelJIHBE HEpaBEHCTBA

FR) <P (x) << (R—1). (1.36)

@®yukuusa f(x), 6yAyud OrpaHHYeHHOH H MOHOTOHHOH, HMHTerpupyema
Ha cerMenre [k—1, k] (cM. m. 2 § 3 ra1. 9 u. 1). Bostee Toro, u3 Hepa-
BeHcTBa (1.36) u u3 cBofictBa 6) (cM. n. 2 § 4 ra1. 9 u. 1) BHITEKaer,
uT0

k k k

S fR)dx < S [ de < | [k—1)dx,

r1 [} Bt

HJH
k

fB) < | Flxydx < fle—1). (1.37y

k—1

DTH HepaBeHCTBa yCTaHOBJIEHHW HaMH AJs Jioboro k=m+ 1. 3ann-
meM HX IJs 3HaueHuy B, paBumx m+1, m+2, ..., n, rae n— 060k
HOMep, NPeBOCXOAAIIHR m:

mi-1
fm+1< | fxde<Fim),

mt

fim+2)< y f(x)dx < f(m+ 1),
m+1
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f < | Fede< fa—1).

n—1

CkaajHBas MO4JeHHO 3alHCAHHEE HepaBeHCTBA, NMOJYYHM

n—1

Z f(k)<§f(x)dx Zf(k) (1.38)

k=mt1

Horosopumcs 0603HayaTh CHMBOJIOM S, A-I0 4aCTHUHYIO CyMMY
pana (1.34), paBHyO
n
= Y0
Rasern

TlpunsB 310 0GO3HAueHHe W yuuTHIBas ofo3HaueHue (1.35), MBI MOXeM
<aenyomum o6pasoM nepenucath HepaBeHcTBa (1.38):

Sn"‘"‘f(m) ganngn——l. (1.39)

STH HepaBeHCTBA NO3BOJAIT 6e3 TpyZa AoKa3aTb TeopeMmy. B ca-
MOM jene, u3 dopmyan (1.35) oueBHAHO, UTO NOCAEHNOBATENBHOCTH
{a,} sBnserca HeyGuBalomedl. CieZoBaTeNbHO AJS CXOLHMOCTH 3TOH
f10C/IefOBaTENIBHOCTH HeoOXOAHMa H JOCTaTOYHA ee OFpaHHYeHHOCTb.
Jns cxoaumoctx psiga (1.34) B cuay teopemul 1.2 Heo6XoauMa M A0C-
TaTOYHa Or'pAHHYEHHOCTh IOCJAefOBaTeNbHOCTH {S»}). W3 nepaBeHcTs
(1.39) BuiTekaer, urc nocjefopatenbHocTh {S.} orpaHHdYeHa TOrza H
TOJBKO TOrAa, KOTAa OrpaHHYeHa [OCTeJOBaTeNbHOCTh {an}, T. €.
TOTAa M TOJBKO TOT'KA, KOTAA IOCJAeJ0BaTeJbHOCTh {d,} cxoxutcd. Teo-
peMa JoKa3aHa.

ITpamepm. 1° Tlpexkze Bcero NpHMEHHM HHTErpajJbHHH NPH3HAK
Komun—MaxgsopeHa a5 BHSCHEHHs CXOAMMOCTH 06OGLIEHHOrO rapMo-
#uyeckoro psaa (1.33). ITockonabxky psaa (1.33) MOXHO paccMaTpHBaTh
Kax psaix BuAa (1.34) mpu m=1, f(x) =1/x* © ¢yHuruus f(x) ybmBaer
H TOJIOXHTEJNbHa Ha MOJynpsMoi x¥>=1, BONPOC O CXOJHMOCTH psALa
{(1.;33) 9KBHBAJIEHTEH BONPOCY O CXOAMMOCTH IIOCJeA0BaTeIbHOCTH
a’l ] r}le

xl — lx=n

n
a,,=5—;1;dx= I—a
1

Inxi=t=Inn npu a=1.

nl——m___

x=x] 1—

npH o=~ 1,

W3 Buaa sneMeHTOB @, BHITEKAET, YTO MOC/ELOBATENbHOCTb {@n}
pacxougurcs npH a<l M cxoaurcs npH a>>1, mNOpHYeM B mocaenHeM
caydae lima,= . Takum o6pasom, pan (1.33) pacxoaurcs npu

n—»w o—1

0<;] (3TO MH yXe yCTAaHOBH/IH BbliIe JDYLCHM CHOCOGOM) H CXOAHTCA
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npH a>1. B uactHocty, npu a=2 pax (1.33) nepexonur B paan (1.24),
CXOAHMOCTb KOTOPOrO MHl Telepb MOXeM yTBepIKAaTh.
2°. HiccnenyeM Bonpoc o CXOQHMOCTH pszfa

C 1
—_—, 1.40
Z kinPk ( y
kw2
rie B — ¢uKCHpOBaHHOE MOJIOXKHTENbHOE BelllecTBeHHOe yucao. Pag

(1.40) MO)KHO paccmMaTpHBaTh Kak psa Buaa (1.34) npu m=2 un

f( )—_ IMockonbk HKUHA [(X) HEOTpHLATE/NbHa H HEBO3-
lns y @y p

pacTaeTr Ha noaynpamo# x>>2, BOIPoC O CXOAMMOCTH paaa (1.40) sk~
BHUBaJIEHTEH BOHPOCY O CXOAHMMOCTH NOCJAELOBATENbHOCTH {4}, rae
n Ini—By |¥=n  nt~Bp __nl—

an=-s. ! dx: l"—ﬂ x=2= l—ﬁ

x 1InPx

an p=£1,

X==n

Inlnx[{=3=Inlna—InIn2 npu p=1.

M3 Bupa s1eMEHTOB @, BHITEKAET, YTO MOCHEAOBATEJbHOCTb {Gq}
cxoauTes npu B>1 u pacxoaurcs npu P<C1. Takum o6pasom, pan
(1.40) cxopurcs npu B>1 u pacxoaurcs npu B<l.

5. Ilpusnak Paabe. Ilpusnaku [danambepa u Komu 6maH oc-
HOBaHH Ha CPaBHEHHH DpaccMaTpHBaeMoro psja ¢ pAAOM, npen-
CTaBJAOMHEM cO60H CymMMy UJEHOB IeOMETPHUYECKOR NPOrPECcCHA.
EcrecTBenno, BosHHKaeT HAes O NOJyuYeHHH 6osiee TOHKHX NpH3Ha-
KOB, OCHOBAaHHHIX HAa CPaBHEHHH pPacCMaTpPHBAEeMOrO psifa ¢ APYrH-
MH CTaHAAPTHBIMH pPsJaMH, CXOAALIHMHCS HJH DPacCXOASIHMHCS
«Me[JIeHHee», 4eM psJ, COCTaBJIEHHHH H3 BceX uJeHOB OeCKOHEUHO:
y6riBalollell reOMeTpHYECKOR NPOrpecCHH.

B 3TOM nmysKTE MBI YCTAaHOBMM NpPH3HAaK, OCHOBAaHHHH Ha cpaBHe-
HHH paccMaTpHBAEMOTO DSifa ¢ H3YYEHHRIM B NPEABAYUIEM NYHKTE
CTaHAapPTHEIM PSIOM

>®
%
_127 =14 — +—— + . (1.41)
Rm |
Teopema 1.8 (npusnax Paabe™). I. Ecau drsn scex Homepos
k, no xpaidneil mepe HOYUHGA C HEKOTOPO20 Homepa, cnpagedauso
Hepasencreo

k(l— ”:+’)>q>1 (k(l—i’ﬁ‘—)\<l)s), (1.42)

ox
" Hosed Jloxsur PaaGe — mpefinapckuit Mareua'mx (1801—1859),

%) KoneuHo, mpu 9TOM INpeanoJiaraercs, YrTo pax y Pr, N0 KpadHelt mepe

k==l
HaYHHas C HEKOTOPOro HOMepa, HMEET CTPOro IOJIOKHTEJbHHE YJACHH.
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10 pad ):‘ p, cxodurca (pacxodurcs).

kan ]
I1. Ecau cyuwjecreyer npedea
limk (1 —&1—) =L, (1.43)
k—+w Pr

-]
10 pAd 2 P. cxo0urca npu L>1 u pacxodurca npu L<1. Teope-
k,l
my Il o6nuHO HasmBaloT npusHakom Paabe B npenenbHO#
dbopme.
HokasarteansbcrBo. [okaxem oraeasHo teopemu I u IL
1) Jdns nokasateabcTsa TeopeMu | nepennuiem HepaBeHcTBO (1.42)
B BH]E
fﬂ<1—i(—’i’itl->1——’—). (1.44)
P B\ pr k _

Tak xak ¢>1, To HalileTcst HEKOTOPOE YHMCJIO @, YAOBJAETBOPSAIOLLEE
HepaBeHcTBaM g>a>1. Pasnoxus ¢ynxkuuwo (14x)* no dopmyae
MakJsopeHa ¢ ocrtaToyHeM wieHoM B ¢dopme [leano (cm. m 2 § 9
ra. 6 9. 1), 6yaem HMeThb

(14+x)*=14+ax+o0(x).

ITonaras B nociaeaued cbbpMyne x= ———;——, NOJNYYHM
1\ o I
—— ) =1 —\. .45
(1 - ) 1—= +o( . ) (1.45)

(1/%)

4
HOCKOJIbe NoCAeX0BATEJBbHOCTD ———-1-/—;-— siBaseTcss GeCKOHEYHO Ma-

70H, TO, HaYHHas C HEKOTOpPOr'o HOMepa kg, CnpaBelJIHBO HepaBeH-
CTBO

— 2 < g—a. (1.46)

k
‘Conoctasnas (1.45) m (1.46) B y4ATHBasA, 9TO MOAYJIb PA3HOCTH
6oIbINe MM paBeH Pa3HOCTH MOJAYJICH, IOJYYAM HEPaBEHCTBO

(1-%)“;1—-—2-(@“ k> k). (1.47)

CpaBHeHne HepaBeHcTs (1.44) u (1.47) naer

Prst 1= Phs1 1 ~
Pr \<<l k) (Pk =1 k)(npﬂk/k")'
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Iocaennue HEpaBEHCTBA MOXKHO IIépenHcatTs B BHAe
1 1

Pra1 < ka Pr+1 2 k

Pr 1 Pr

(k—1)® E—1

(npr k = ky).  (1.48)

ITockonbky psia (1.41) cxoautcss mpu a>1 ¥ pacxXofurcs NpR
a=1, T0 HepaBeHcTBa (1.48) u TeopeMa cpaBHeHHs 1.4 NMO3BOJISIOT

yTBepXAaTh, YTO PAX Zpk cxoanrca (pacxonurcs). Teopema [
k=1
JI0OKa3aHa.

2) Touno Tak e, Kaxk K B npusHakax JlanamGepa u Kouu, mur
ceeiem teopemy Il k Teopeme I. Ilycts cragana L>1. Tlonoxuam
e=(L—1)/2, g=1+e=L—e. Ilo onpenenenuio npenena (1.43) mas
3TOr0 € MOXKHO YKa3aTb HOMep Ko, HauHHas C KOTOpOro

lk (1——3’iﬂ->—L < e H, CJeA0oBaTeJbHO, CIpaBelJIMBO JeBOe
Pr
HepaBencTBo (1.42). Ecau xe L<l, To Mm mnonoxuM e=I1—L H,

HCOOJIb3Ysi OnpefeseHHe npepena (1.43), nmoayyumm, 4970, HayHHasH
€ HEKOTOPOTO HOMepa Ry, CIpaBeA/IMBO NpaBoe HepaBeHcTBO (1.42).
Teopema 1.8 nosHOCTBIO AOKaszaHa.

GameuaHune. B reopeme 1.8 (I) B n1eBom HepaBeHctse (1.42)
Hesb3sl B3ATb ¢=1 (OpH 9TOM CXOZHMMOCTb pfjia MOXeET He HMeTh
mecra). [Ipu L=1 teopema 1.8 (II) «He gmeficTByeT» (BO3MOXHH H
CXOIMMOCTb M PacXOJUMOCTb psifia).

B kavecrse mpuMepa HccielyeM BOIPOC O CXOAHMOCTH psla

/ 1 1 1
— 14—t et A—_—
( +2+3 +k—l

Zpk, Tae pp=a , a=const > 0.
R=2

[Tpusnaku JdanamGepa u Kowu B nmpHMeHeHHH K 3TOMY DSAY <HE
neictBylor». IlpuMenum npusnak Paabe. Jlerko npoBepuTh, UTO

1

k(l_pk+1>= a k—1

Pr (___1__

)
Iocnennsin Apo6b npu k—>co CTpeMHTCS K NPOM3BOAHOH (YHKUHHE
a* B touke x=0, 1. e. cTpemurcs k lna. B cuny npuanaka Paabe
paccMartpuBaeMulil psifl cXOAMTCA NpH Ina>1, T. e. npy a e, u pac-
xoautcs npH Ilna<l, 1. e. npu a<e. Ilpy a=e Bonpoc 0 CXOXHMO-

CTH psiia TpeGyeT NOMOJNHHUTENbLHOrO HCCJAELOBaHHS, TaK KaK INpH-
sHak Paabe «ue jefictByers. [lpyrum npumepom psifa, B MpHMeHe~
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HHH K KOTOpOMY «He JelicTByeT» mpu3Hak PaaGe, MoXeT CJAYXHTb
pan (1.40).

6. OTCyTCTBHE YHHBEPCAJNbHOrO pAlA CpaBHeHHS. MH yXe oT-
MedasH, yto npusHaku Janambepa u Koliln ocHOBaHH Ha CpaBHe-
HHH pacCMaTPHBaEeMOro psla C PANOM, COCTaBJEHHHIM H3 BCeX
4JleHOB GeckOHeuHO yOHIBaiolleidl reOMeTPHUECKOH IPOrpeccHH, a
npusnak PaaGe — na cpaBHeHuH ¢ Gosee MENJEHHO CXOASLIHMCH
(vam pacxogamumcs) psaoM (1.41).

EcrecTBenHO, BO3HHKaeT BONPOC O TOM, HE CYLIECTBYET JIH Ta~
Koii yHHBepCaJbHHI (0mpelesbHO MelsieHHO!) cxomsmmuics (HAH
pacxoasimuiicsi) psii, CpPaBHEHHEe ¢ KOTOPHM HO3BOJMJIO OH CLeNaTsh
3ak/I0UeHHe O CXOAHMOCTH (MJHM PacxXOZHMOCTH) Jio6oro Hanepen
B3AITOrO psja C HeOTpHUATENbHBIMHM yieHaMH. IlokaxeM, 4To Tako-
rO YHHBEPCaJbHOrO pPsifia He CYLUeCTBYeT.

ITycte nanwm ABa cxoasmMXcs psiia z Pr ¥ ZPk. 0603HaYHM
k=1 k=1
CHMBOJIaMH 7, H 7y’ COOTBETCTBEHHO HX n-e ocraTkh. ByzeM roso-
© <@

PHTH, UTO psAR Z Pr cxopuicsi MeLJNIeHHee, YeM PAX zp,,, €CJIH
k=nl R |
. n
lim—+=0.
n—>o ’n
YrBepxnerue. [an xamdozo cxodaweeocs pada cywecray-
er pad, cxodawutics Mec?/zefmee aroeo pada.

B camoM gene, mycTh }"pk abofi  CXOAALUACH PAA, Fn
k=1

o
(n>0) — ero n-it ocrarox?, Jokaxem, 9To psan Zpk. TAE Pp==

fe==1
@

=Vre1—V r, CXORMTCS MeaJeHHee, yeM DA Zpk.B caMoM Je-
k==1

Je, ecau r,’ — n-fi OCTaTOK pAAa zpk, TO

ka1
. 'n
lim —3- = lim = 0.
norm [, n—»w an

Tenepb AOKaXeM OTCYTCTBHE YHHBEDPCAJLHOro Cxoasuierocs ps-
Aa, cpaBHEHHE€ C KOTOPHIM IIO3BOJHJIO 6H cHenaTth 3akJIOYeHHe O
CXOAHMOCTH J1060ro Hamnepea B3ATOro CXoAfauieroca psia. B camom

@®

") 3a ro npUHHEMaEM BCIO CyMMY E Pe.
k=l
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Iene, ecnu Gnl Tako# YHHBepCaJbHHH cXopsmuiica pax Zp,, cy~
k=1

[ ]
LIECTBOBAJ, TO B3AB JJi HEero NMOCTPOEHHHIA BHIIE PN Z Pk, MBE

R |
HOAYy4YHJAH OH, YTO

k>> Py k—»o }/’k—l ——)/-f'k ko

-
TaxuMm o6pa3oM, H3 cpaBHEHHS C PAAOM Zp,, HeJb3d CleNaTh
k’l

@
3aKJ/NIOUEeHHsI O CXOAMMOCTH psala Zpk- AHaJsoruyso JAOKa3hBaeT-
k=l
CA OTCYTCTBHE YHHBEPCAJILHOTO pacxoAdllerocs psaia, CpaBHeHHE C
KOTOPHIM II03BOJIHJIO 6bl caesaTh 3aKAlOYeHHE O PacxoAHMOCTH JIO~
6oro Hainepen B3ATOrO pacxoasiuierocda psana.

§ 3. ABCOJIIOTHO H YCJOBHO CXOAALKHECH PAAB

1. Tlouatns aGCOMOTHO M YCJAOBHO cXoxasimuxcs pspos. Tenepb
MH nepeiieM K H3YYeHHIO PANOB, YIEHH KOTOPHX SBJASIOTCA Beule-
CTBEHHBIMH YHCJaMH 400020 3HaKa.

Onpenenenue 1, Bydem nasvsars psad

}E uy (1.49)

R

abcoarworHo cxodauumcsa, ecau cxodurca paod

f: Lt . (1.50)

Ko

3aMmeTHM, 4TO B 3TOM ONpeleNeHHH HHYEro He CKa3aHO O TOM,
npearnosaraercs JH NPH 3TOM CXORHMOCTb camoro paxa (1.49). Oxka-
3bIBaE€TCH, TaKOe INpPEANOJIOXKEHHe O0Kas3ajoch Onl M3JAHLIHHM, HOO
cnpaBelJiHBa cJeAyiollas TeopeMa.

Teopema 1.9, Hs cxooumocru psada (1.50) sesirexaer cxodu-
mocte pada (1.49).

HorkasarteanbcTBo. Bocmoasayemcs kpurepuem Koun pas
paga (1. e. Teopemofi 1.1). TpeGyerca AokasaTh, yTo AJSA J6oro e>
>0 nafizerca HoMep N Taxo#, UTO AAs BCeX HOMEDPOB 7, yIOBJETBO-
PAIOIIKX YCIOBHIO n>N, H AJs J11060TO HAaTypajbHOTO p CIpaBeAJHBO
HepaBeHCTBO
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ntp
| Y uk|<e. (1.51)

k==n+1

QukcupyeM dwboe e>0. Tak kak psag (1.50) cxoamrcs, T0 B cuay
TeopemMnl 1.1 Hafizerca Homep N Tawo#f, uTC AJAA BCeX HOMEpPOB n,
YAOBJETBOPAIOMIHX Yc/I0BHIO n>N, K Aad Ja1060ro HaTypaabHOro g
CHpaBeAJHBO HEPABEHCTBO

n+p
Z lugl <e. (1.52)
k=mn--1
Tak kak MOAy/b CyMMH HECKQJBKHX CJaraeMhX He NPEeBOCXOJAHT
CYMMBE! HX MOJyJefi, TO

n-p n-+p
{ Y uk]< Y luel. (1.53)
h=nt1 h==nt1

Conocraenas HepaBenctBa (1.52) m (1.53), moayyuM HepaBeHCTBO:
(1.51). Teopema nmoka3sasa.

Onpepenenne 2. Pad (1.49) naseisaerca ycaosrno cxo0Aa-
U umca, ecau 3107 pad cxo0uTca, 8 TO 8peMA KAK COOTBETCTSYOUWUL:
pad us modyaed (1.50) pacxodurca.

[TpumepoM a6CcOMIOTHO CXOAAINErOCs psiia MOMKET CAYXKHTb PAA

I L P NN B B
2 e =1 2m+3m 40L+.‘.,r,zxeac>l.

Romm]

3tor psax cxoxutcs abconoTHO, K60 npu a>1 cxoaurcs pax (1.33).
IlpuBenem mpuMep ycaoBHO cxoasuierocs psiza. J{okaxeM ycJaos-
HYI0 CXOAHMOCTb psiaa

o

i Soud D LR R NN SO B
2 =l bt (1.54)

Tak kak cOOTBETCTBYWOIMI PSAX H3 MOAyJell (rapMOHHYecKHi psia),
KaK MBbl yXKe 3HaeM, PacXOHHTCH, TO AJsg AOKa3aTeJNbCTBA YCJIOBHOHR
cxoanmoctu psiga (1.54) nocTaToYHO AOKa3aTh, YTO 3TOT PAA CXORHT-
cs, Iokaxem, yro psg (1.54) cxoaures k ymcay In2, Bo 2 § &
ra. 6 4. 1 Mbl noiydnan pasioxende mo gopmynae MaknopeHa GyHK-
LHH

In(1 +x)=x——"2’—+ —):;-——2—4—-’;-...+(-—1)"“li:—+Rn+l(x)-

Tam xe ans Bcex x u3 cermenra 0<x<1 nonyuena caenyiomas OueH-
Ka OCTaTOYHOrO YJeHa:
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[Rn+1(x) | <1/ (n+1).
Tlonaras B ABYX NOCJAEAHHX COOTHOIIEHHSX x==1, 6yaeM HMeTb

N DR SOV SR =D
In2=1 3 + 3 . + ...+ " + Rupa (1),

TIe
IRn+1(1) | <1/(nt1),
HIH
-l 1t =07y 1
Hl e RN ] In2|< —- (155)
O6o3nauan uepea S, n-10 yacTHuHylo cyMMmy psina (1.54), ME Mo-
KeM nepenHcarts nociejnHee HepaBeHcTBo (1.55) B BHae

|Sa—In2| <1/(n+1). (1.56)

Uiz (1.56) caenyer, uro passocts S,—In2 npexacrasaser coboit Gecs
KOHEYHO MaJiylo NOCJEeA0BaTeJbHOCTb. DTO H JOKa3bBaeT CXOLMMOCTb
psana (1.54) x yneny In2.

2. O nepecraHOBKe 4JIEHOB YCJO0BHO cxoasmerocs psaaa. OLHHEM
M3 BaXXHEHWIMX CBOHCTB CYMMBI KOHEYHOI'O YHCJa BeLUECTBEHHHX CJa-
raeMeixX sBJseTCs IlepeMecTHTesNbHOe cBoficTBo. EcrecrBenHo, BO3HH-
KaeT BOINPOC, OCTAETCA JH CHPAaBENJWBHIM 3TO CBOACTBO AN CyMMK
CXOAsILIErocs PARa, T. €. MOXET JIH H3MEHHThCH CyMMa CXOASILIErocs
Psja OT NIEPeCTaHOBKH 4JIEHOB 3TOr0 psiAa. B 3TOM nyHKTe MH BHISIC-
HHM 3TOT BONPOC B OTHOLIEHHH YCJOBHO cxoasierocs paga. Haunem
PaccMOTpeHHe ¢ H3YuYeHHs HEKOTOPOH KOHKpDeTHOH HepecTaHOBKH uJe-
HoB psana (1.54). Hna yno6crBa 3anumeM psig (1.54) B Buze

1 ! 1 1 1
(=)o) =)
B KoHue npeAnAylIero NyHKTa MBI J0Ka3aJnu, uto panx (1.54) cxo-
AHTCS YCNOBHO U uMeeT cyMMy In2. IlepectaBuM Temephr ujieHH psna
(1.54) Tak, yTO6H NOCJE OZHOrO IOJOKHTEJIBHOI'O Y/JeHa CTOSJH LBa

OTPHLIATEJBHBIX YJIeHa. B pesyJapTare Tako# IepeCcTaHOBKH YJIEHOB
IIONYYHM paAl

(1——‘———’-)+(—’———’-—-3—)+...+

T (1.57)

Hoxkaxewm, yro psag (1.57), noiayyeHHHit B pe3yabraTe yKasaHHOM
NepecTaHoBKH useHoB pana (1.54), cXxoauTcss H MMeeT CYMMYy, BABOE
MeHbtylo, yeM psan (1.54). Bynem o6o3HayarTp m-e YacTHYHLIE CyM-
Mu pajgoB (1.54) u (1.57) cumBonamu Sp, U S»’ coorBeTcTBeHHO. MoO-
JKeM 3alHCaTh!
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Sn=Y) (s w) =Y (s ) -

Kwm] ko=
1 1 1 1
=7§(———2k_1 —2r) =5 S
Hrak,
Sém=—;—8,m- (1.58)
Janee, oueBHAHO, YTO
. 1 1
Sam—1 = - Sgm + o (1.59)
' . 1
Sam—2 == Sam—l + am—2' ( 1 60)

IMockoarky 1imS,,=3S, B npeneae npu m—>oo u3 ¢opMmya (1.58),.
m—ro
(1.59) u (1.60) noayuum

limS;;,,,=%S, lim Sam—q = —;-s, lim Shp—s =Jé_ S.
m—rx

m-»on m-—»x

Takum oOpasom, psp (1.57) CXOAMTCS M HMeeT CyMMy, PaBHYIO
——;—S. Tak kak S=In2++0, To —2—-S¢S. CuoepoBaTeabHO, B pe-

3yJbTaTe yKa3aHHOH BHIIE NEPEeCTaHOBKH UJEHOB CYMMa YCJOBHO CXO«
aaweroca psaga (1.54) umamerunacb. PaccMOTpeHHHi HaMH NpHMepD
NOKa3hlBaeT, UTO YCJOBHO CXOAsILMHACH psl He ob6.iadaer nepemecru-
TeabHbim cgolicTéom. 11o/HYIO SICHOCT B BOIPOC O BJHSHHH Iepecra-
HOBOK WYJIEHOB Ha CYMMY YCJOBHO CXOASILIErocs psAla BHOCHT CJleny-
Iolllee 3aMeyaTeJbHOe yTBepXKAeHHe, NpHHalJexallee Pumany.
Teopema 1.10 (teopema Pumana). Ecau pad cxodurca ycaosHo,
TO, Kakoso 6vt Hu Gbino nHaneped 83sTOe qucao L, mMOHO Taxk nepe-
CTABUTL “AeHbl 3TO20 pada, 4rolul npeobpaszosaxnslli pald cx00UACH

K ducay L.
Hdoxasareascrso. [Iycrs
Zu" (1.61)
few=1

[IPOH3BOJILHEIH YCHOBHO cxoAsuwuiica paf. O6o3HauuM uepes pi, Pz,
P3, ... DOJOXUTEIbHEE YIeHH psga (1.61), BHNHCaHHHE B TakoM IO-
psilKe, B KAKOM OHM CTOAT B 3TOM psife, a uepes ¢, ¢3, §3, ... MOAY-
JIH OTPDHLATENbHHIX ujeHOB psafa (1.61), BunucaHHEEe B TakKOM Xe
nopsnkKe, B KAKOM OHH CTOAT B atoM psje. Pax (1.61) comepxur Gec-
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KOHEYHOE YHCJIO KaK NOJIOXKHTEJbHBIX, TAK H OTPHLATEJNBHBIX 4JEHOB,
#60 ecaH OB 4JEHOB OLHOTO 3HakKa GBIJIO KOHEUHOE YHCJIO, TO, OTGpO-.
‘CHB He BJIHAIOIIEe HAa CXOJMMOCTb KOHEYHOE YHCJO IEepPBHIX YJIEHOB,
Mbl NOJYYHIH OBl PSX, COCTOSMIUMHA H3 WIEHOB ONHOIO 3HAKa, IS
KOTOPOro CXOAHMOCTb O3Hayaja Obl 26COJMIOTHYIO CXOZHMOCTb.
Hrak, ¢ panom (1.61) cBasaHbl nBa GecKOHEYHHIX psAa C IOJO-
- @

JKHUTENLHBIMH YJIeHaMH Zp,, H qu. Bynem o6o3HauaTh NepBHI#A
L2 k=1

#13 3THX DPAJOB CHMBOJOM P, a Bropoii — cumBosoM Q. Jlokaxem,
uto 06a psafa P u Q aBasorca pacxopswuMucs. O603HaYHM CHMBO-
JioM S, n-10 yacTHuHyo cymmy psfa (1.61), cumsosom P, cymmy
BCEX IIOJIOKHTEJIbHHX UYJEHOB, BXOAAWHUX B Sn, CHMBOJIOM Q, CyMMYy
‘MOAYyJeil Bcex OTpPHUATENbHHX 4jieHOB, BxoAsamwux B S,. Toraa, oue-
BuaHo, S,=P,—Q., u TaK Kak mo ycaosuio pax (1.61) cxomutca x
HEKOTOPOMY 4YHCAy S, TO ’

lim (P,—Q,)=S. (1.62)

C npyro#i cropoHnl, Tak kKak psa (1.61) He cxoautcs abCoJIOTHO,
TO

lim (P, +Q,) = + oo. (1.63)
n—>o

Conocrasass (1.62) u (1.63), noaysum lim P,= + oo, limQ,=
n—»w

n—-o

= 400, T.e. AOKa3aHoO, 4To 06a psiga P u Q pacxoaarca. M3 pacxo-
AMMOCTH pafoB P u Q BHTeKaeT, 4TO Jaxe Mocje ypadeHus Jaioboro
KOHEYHOro 4HCJIa NIEePBHIX 4YJIEHOB 3THX DSAOB, MH MOXeM B3fTh H3
OCTaBIINXCA YJeHOB Kak psga P, rak w psna Q croan 6osblioe YHENO
YWIEHOB, 4TO HX CyMMa NpeB3oHjeT Ji060e Hanepel B3siTOe HHCJO.

Onupasch Ha 3TOT (aKT, [JOKaXKeM, YTO MOXKHO TaK MepecTaBUTh
wieHp HcxoAHoro psga (1.61), uro B pesynbrare NOAYYHTCH DAA,
<XoAfuwuiica K Hanepel B3sToMy uucay L. B camom pene, Bobepem
H3 HcxofHoro psaa (1.61) poBHO CTOMNBKO NOMOKHTENbHHX uJje-

HOB Py, Pgy .., Pr, YTOOB HX cyMMa pPy—+ Pg+ ...~ Pr, TIPEB30-
wna L. JJo6aBum K BeGpaHHBIM 4YJeHaM POBHO CTOJBLKO OTpH-
nareJbHBIX UYJIEHOB —Gi, —{§y, ..., —Q&, UTOOH oOlas cyMMma
Pr+ P+ ...+ P —q—Gs— ... —qn, oxasasach Menbiie L. 3a-
TeM CHOBa [06aBHM POBHO CTOJNbKO MOJOXHTEJIbHBIX 4YJEHOB
Prt1y Pre2y <+ oy Phy UTOOH OOIIAS CyMMa Py+ Py+ ... +Po,—q,—
—Gg—«..—Gr, +Prp1 + ...+ Pa, okasajace Goaswie L. Ilpo-

MOJKasl aHaJIOTHYHBIe PacCyXIeHHs AaJjee,MH NONYYHM GeCKOHeuHHIR
PAX, B COCTaB KOTOPOTrO BOMAYT Bce ujeHH HcxoxHoro paxa (1.61),
TaK KaK KaXJHft pa3 HaMm npunercs A06aBiaATh XO0TH O OQHH MOJO-
XKHUTeNbHBI HJIH OTPHUATENbHLIX YIEH MCXOAHOTO psia.

Ocraercsi foKa3aThb, YTO HOJYYeHHHIH Pl cxoauTcs K L. 3amernm,
YTO B MOJYYEHHOM psie INOCJAeX0BaTeNbHO YepeAylOTCH TIpynmns Imo-
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JIOXHTENbHHX H TPYNNK OTPHLATEJNbHHX uJeHOB. Ecau yactuunas
CyMMa NOJYYEHHOTO psla 3aKaHYHBAETCH MNOJHOCTBIO 3aBeplIeHHOH
TPYNIOH, TO OTK/IOHEHHEe 3TOil YacTHYHOHA CyMMBl OT uHcaa L ue mpe-
BOCXOAHT MOAyJs nocienHero ero wiena!®, Ecau ke yacTHyHasi cyM-
Ma 3aKaHYHBAETCH HE INOJHOCTbIO 3aBeplIeHHOH IpyNNoH, TO OTKJOHE-
AHe 3TOH YaCTHYHOA CYMMbl OT uHcJaa L He NpPeBOCXOAMT MOAYJA IO-
cJleflHero yjeHa npeanocieiHell u3 rpynm. Jas ycTaHOB/IeHHS CXOAH-
Moctd pafa K L pocrarouHo yGeAMTeCs B TOM, 4TO MOAYJH TOC/eA-
HHX WIEHOB Ipynn ofpa3yloT OecKOHeYHO MaJyw IO0C/jAel0BaTelh-
HOCTb, @ 3TO HEeNoCpPeJCTBEHHO BbiTeKaeT H3 HECOXOAHMOro YCJAOBHA
CXOAHMOCTH HcxogHoro psina (1.61). Teopema Pumana noxasaha.

3aMeuyaHHne AHaJOrHYHO MOMKHO GBUIO OB AOKa3aTh, YTO €C]H
PARX CXOXHTCA YCJIOBHO, TO €ro UJeHbl MOXKHO MepecTaBUTb TaK, YTO
HOC/IeA0BaTeIbHOCTb YaCTHUHBIX CyMM NpeoGpa3oBaHHOro paza Oynper
6ecKOHeYHO 6GOJBINOH MOCAEA0BATENBLHOCTLIO, BCe 3JIEMEHTH KOTOPOH,
HauHHast ¢ HEKOTOPOro HOMepa, MOJIOXHTEJbHH (COOTBETCTBEHHO OT-
PHIATebHEL) .

3. O nepecraHoBKe 4JeHOB aGCcoJIOTHO cxousuieroca pspa. B mpe-
AHJyIleM NYHKTe MBI JOKa3aJH, YTO YCJOBHO CXOAAUIMHCH psj He 06-
JlaflaeT nepeMecTHTENbHBIM CBOHCTBOM. Jloka)KeM, YTO A/ BCAKOTO
a6CoMIOTHO CXOAAILETocs psiia CpaBelJHBO NepeMecTHTeJbHOe CBOil-
CTBO.

Teopema 1.11 (reopema Kowm). Ecau Oanneii psd cxodurcs
abcoAOTHO, TO 410601 pad, noaydennbili u3 0aHHO20 nocpedcTsom He-
KOTOPOLU nepecTAHOBKU 4AeH08, TaKwe CXO0UTCR QbOCOAtOTHO U UMeeT
TY oKe cYymmy, 4To u OaHHsll pso.

HokasareabctBo. [ycrts pax

Z u, (164)
¢XonuTCA abconoTHO H cyMMa pafa pasHa S. Ilycte, nanee,

Y (1.65)

k=1

psl, noayuyedHwlil- u3 psaga (1.64) nocpeacTeoM HeKOTOpO# mnepecra-
HOBKH uJsenoB., TpebGyerca nokasate, uto: 1) psa (1.65) cxoxurca u
HMeer cymmy, pasuyio S; 2) pan (1.65) cxoautcs aGcosiorHo. doka-
Kem cHayvasa 1). HocrarouHo moxasartek, uTo Aast Jio6oro >0 Haii-
Aercs HoMep N Tako#, uro npu n>N

| iu;—sl< e. (1.66)

k=1

19 Tak kak MH J06aBJisieM B A2HHYK TPYRNY YIEHH POBHO RO TeX NOp, MOKa
oflmas cymMmMa «He mepefiner» uepes uncao L.

34314
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Duxcupyem npoussosbHoe £>0, Tak kak pan (1.64) cxomurcsa a6-
COJIIOTHO M HMeeT CYMMY, paBHYyi0 S, TO A/A BHOpaHHOro £>0 MOXHO
yKasate HoMep N, Takoit, uTo 6YAyT cIpaBelHBbl HEpaBEHCTBA

Nyt-p e
}: |uk|<——2— (p — ar060e HaTypaabHOe uucao) (1.67)
k=Ny+1

Ve 11)
l}:uk_s|<-;_ . (1.68)
k=1

BriGepem temepb HoMep N crTosib 60JbLIIMM, YTOGH JMI0Gast 4acTHY-
Hass cymMa S,’ psaga (1.65) c Homepom n, npeBocxoxsmuM N, co-
AepXKasa Bce nepBuie No uieHoB psifa (1.64) 12,

OueHuM pasHocTh, cTOSIUYK B JeBoit yactH (1.66), m Aokaxewm,
yto npu n>N pJsi 3TOH pasHOCTH CApaBelaHBO HepaBeHcTBO (1.66).
B camom nese, yka3aHHYI0 pa3HOCTb MOXKHO NPEACTaBHTb B BHIE

v u;——S=(i Uy — §‘.uk) +( gjuk——S)_ (1.69)
i k=1 k=1 k=1

Tax xak MOAYJb CYMMBl IBYX BEJHYHH HE MPEBOCXOAHT CYMMBl HX
moayJent, o u3 (1.69) moayuum

Iiul’e—-3|<lnzu;-—§jukl+l%‘:uk_Sl_ (1.70)
k=1 k=1 k=1 Pyt

N3 nepaBencts (1.68) u (1.70) oueBuzano, 4TO ANS AOKA3aTeJbCT-
Ba HepaBeHcTBa (1.66) mocratouHo A0Ka3aTh, uTO NpH n>N

n N,
SO .
| X s Y
k=1 R==1

Hns nokasartenbcrsa nepasenctBa (1.71) 3amerum, uto npu a>N
nepBas H3 CYyMM, CTOSILIMX B €ro JIeBOW 4aCTH, CONEPXHT Bce Np mep-
BHIX wjeHoB psfa (1.64). BcaeacrBue 3Toro passocth

n , N,
Y ou— Y (1.72)
k=1

k=1

k=

e
<7. (1.71)

1) Homep N, B nepasenctBax (1.67) u (1.68) MOXHO B3ATb OFZHMH H TOT Xe.
B camoMm pese, mpeBapHTeNibHO 3anucaB yKas3aHHhie [Ba HEDaBEHCTBA C Da3HHIMH
HoMepaMu Ny, MB 3aTeM MOXeM B3STb HauGOJbHIHA M3 JBYX HOMmepoB No.

12) Takoit Homep N BHGpaTh MOXHO, H60 psj (1.65) noayuyaercs u3 psma (1.64)
NOCPeACTBOM HEKOTOPOil NMEePecTaHOBKH YJEHOB.
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npenctabaser coboit cymmy n—No uneHoB psaaa (1.64) ¢ HoMepaMmH,
Kaxcobui ua Koropetx npesocxodur No.

Ecan BH6paTh HATypaAbHOE p CTOAb GOJbIIMM, uTO6H HOMep Not
+p npeBocxoaun HoMmepa Bcex n—Ny UJIEHOB TOJBKO YTO yKa3aHHOH
CYMMEI, TO Aasi pasHoctH (1.72) BO BCAKOM ciyuae CNpaBefJIHBO He-
PaBeHCTBO

n , No Nyt+p
| y uw— ¥ ukl< 2 1), (1.73)
k=1 k=1 k== Nq+1

U3 nepasencts (1.73) u (1.67) sniTekaer HepaBeHcTBO (1.71). Tem
caMbIM nokasado HepaBeHcrBo (1.66), T. e. mokasaHo, uto psa (1.65)
CXOLMTCH M uMeeT cyMMy, paBHylo S. Ocraercsi A0OKasaTh yTBepxKie-
HHe 2) o toM, uto psany (1.65) cxommrcs aGcoaiorHo. JlokasaTenbCT-
BO 3TOr0 yTBEDPXKIAEHHA CJelyeT H3 yTBepXjeHus 1), eciH ero InpH-
MEeHHTH K pAfaM

a

ilukl Y [l (1.74)
k=1

k=1

Ilpn 3TOM MBI HOKa)eM CXOAMMOCTb BTOpPOro H3 pamoB (1.74), T. e.
JIoKaxeM abCOJIOTHYIO cXOAUMOCTh paAna (1.65). Teopema 1.11 moa-
HOCThIO JOKa3aHa. '

§ 4. NPU3HAKHU CXOQUMOCTH NPOU3BOJIbHLIX
PAIOB

B § 2 Mbl YCTAHOBHJAHW pPAA NPH3HAKOB CXOAHMOCTH AJs pPAAOB €
HeOTpHLATEJIbHBIMH UJI€eHAMH. 3aech Mbl HM3Y4UM BOINPOC O IIpHU3HA-
Kax CXOAHUMOCTH AJs PAAOB ¢ YJeHaMH J160ro 3Haxa. I/ITaK, IIyCTh

w u (1.75)
kZl *

pAd, 4YJeHHl KOTOPOTO HMeWT Kaxkue yroAHo 3Haku. [lpexkpe Bcero
3aMEeTHM, YTO AJ/8 YCTaHOBJeHHA a6COJIIOTHOH CXOAHMOCTH 3TOTO PA-
Aa, T. e. AJA YCTAaHOBJEHHS CXOJHMOCTH pfHja C NOJOXKHTeJbHBIMH
yJeHaMH

(s -]

YV el (1.76)

k= |

MOXHO MNpPHMEHHTH JI060# u3 npusHakoB § 2 (mpusnaxk anamGepa,
Kown, Paa6e uau uHTerpabubii npuanak). ONHAKO HH OAMH H3 yKa-
3aHHBIX NPH3HAKOB He JaeT BO3MOXHOCTH BHSCHHTL OoJsiee TOHKHIT
Bonpoc o6 yCJIOBHOH CXOAHMOCTH paga (1.75) !9,

13) 3ametuM, uTo npHasaku [anamGepa H KoM MOKHO NPHMEHSTb MJIA YCTa-
HOBJIEHHA PACXOAHMOCTH paja c ujieHaMH Jdwo6Goro 3sunaxa (1.75). B ca-

3+
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Huxe Mbl 1 3afiMeMcs oThicKaHHeM GoJiee TOHKHX IPH3HAKOB, IO-
3BOJISIOIHX YCTaHaBJIHBaTh CXOAHMOCTh paaa (1.75) W B Tex cayua-
sX, KOI'Aa 3TOT PAA He ABJsAETCH a6CONIOTHO CXORALIHMCA.

Hauynem paccMorpeHue c BhiBOJa OJHOrO BaXKHOFO TOXKIECTBa,
npeacrasasionlero cofoit OCHOBHOH MHCTPYMEHT JJS YCTaHOBJAEHHS
HOpPMyJIHpyeMEIX HHM2Ke NPHU3HAKOB,

YrBepxnaeunune. Iycre {up} u {v:} — d8e npoussosvuvie nocre-
Oosareavrocru, Sy=u,tus+t.. .ty n u p — ~08a npou3goAbHbLL HO-

mepa. Tozoa cnpaaedjmeo moscdecmeo

n+l+p n+p
Z+luk"k';z Sk(vk—vk+l)+sn+p+l”n+p+l SpUns1s (1.77)
k=n -n+

Hasvieaemoe npeobpasosanuem Abeaan.
Tak Kak aas Jgw6oro k>>2 cnpaBefJHBO PaBEHCTBO Ur=Si—Sk_1,
TO JieBOH yacti (1.77) MOXHO NpHAaTh BHJ

n+l+p n+l+p nt+l+p

Y wwe=Y, Swe—3 Sk (1.78)

k=n+1 kwmn+1 k=n+1

B mocaenneil cymMe npaBoit yacti (1.78) 3aMeHHM HHIEKC CyMMHPO-
BaHus k Ha k+1. B pesyasrate moayunm

n+l+p n+l+p n+p n+p
Z uk”k"z Sy — szvh 1—2 Sk(vk_vk+l)+
k=n+1 kon+1

+S,.+p+1vn+p+l _Snvn-H'

Taxum obpasom, ToxaecrBo Abeass (1.77) mokasaHo.

MOM jeJie, BCSKMA pas, Korha npHanak JlanamGepa Hanm KoIIH KOHCTAaTHPYET pacxo-
w

AHMOCTb Dfila H3 MOAYJeH 2 lap],  k-it unen pagma (1.76) Jux| me cTpemmTCH
k=l
K Hy/ao npH k—oo, 1. e. pap (1.75) pacxozurcs. B KauecTBe nmpHMEpa yCTaHOBHM,
oo

x
4910 PAR E k! (T) pPacxoanTes Ads JO60rc (HKCHPOBAHHOIO 3HAYEHHS X,

_ ke=]

YAOBJIETBOPAIOWIEr0 HepaBeHCTBY |[x|>>e. OTMETHM, YTO HENOCPEACTBEHHAs NpPOBEP-
Ka TOro, uto k- ujleH paccMaTPHBAeMOro psila He CTPEMHTCA K HYMO NpH k—-oco,
ABJAETCA 3aTPyAHHTenbHO#. [IpuMenHM K paccmarpHBaeMoMy psay npHamax Ja-

1%t

Jaambepa. O6ossauaz k-ii ujeH 9TOro psfa uepes ax, GyAeM HMeTs 15|
3

x| el
=-(_———l'—k’ oTKyaa lim =

PacxozuMocTh psiia AOKa3aHa.

—_ ko lap]
1+ P
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Onpeneaneune 1, HHocaedosareavrocre {v:} nHasosem nocae-
0068ATEAbBHOCTBLIO C O2PAHULECHHOIM UIMEHEHUEM, €C-
Au cxodurca pad

| et — 0l (1.79)
kw1

OueBHAHO chaeaylolee

YrBepxaenue 2. Beaxaa nocaedosaressHOCTs € OepaHuuet-
HOLM U3MENEHUEM AB8ARETCA cx00auelics.

B camom zaene, H3 cxoauMoctH psaxa u3 Moayaeit (1.79) BuTekaer
CXOLHMOCTB pffa 6e3 MoayJeil

-

Y [o—ul. (1.80)

k=l

O6o3nayus cymmy psina (1.80) uepes S, a 7-10 YACTHUHYIO CYMMY
9TOro psifa uepe3 S, M YUHTHBAA, YTO S,=Up4;—¥;, NOJyYaeM, YTO

limy,=1limuv,y, cyumecrByer u paBer S+v,. IT0 03Hauaer, 4TO 104
n>m n—-»«

CJ1el0BaTe/IbHOCTD {Usx} CXORUTCA K mpeaeny S+u.
Teopema 1.12 (nepeuil npusuak A6ens). Ecau pad

ﬁ Uy (1.81)

Rum1

obradaer ozpaHuU4eHHOI NOCAeQ08ATEAbHOCTHIO HACTUYHBIX CYMM, @
{ve} npedcrasaser coboii nocaedosaresbHOCTy ¢ 02PAHUYEHHBIM UIME-
HeHuem, cxO0RUYIOCR K HYAr0, TO pad

®©
)" TRA (1.82)
ot
[ 251
cxodurcs. :
HokasareasbctBo. [lo ycaosuio cymecrsyer uucao M>0 ra-
KO, UTO MOCJEAOBATENIbHOCTL YacTHUHHX cyMMm {S.} paga (1.81}
YAOBJETBOPSET YCJAOBHIO [S,| <M.
PHuKcHpyeM npousBoabHoe £>0 H mo HeMy HoMep N Tako#, uTO
opu n>N u aaa 11060ro HaTypaJbHOrO p CnpaBeAJHBE HepaBeHCTBa

(02l < s (1.83)
n+p s
2 foen—ul <o (1.84)
=+

(31ece MB BOCNOJNB3OBAJHCh CXOAHMOCTBIO K HYJIO TNOCJTEXOBaTeNbs
HocTH {vUx} M cxoauMocTeio paga (1.79)).



38 T'n 1. Yncnosole psast

B cuay toxaecrsa Abens (1.77) u B cuay TOro, 4TO MOAYJbL CyM-
Mbl TPeX BeJMYHH He IPEBOCXOAHT CYMMY HX MoJyJeH, nojsyiyaem

n+p+1 n+p
L3 sl <l 3 Sy vuadl 1oy - By 154 ol

n+1

Tak kak 1715 BCcex HOMEpPOB 7 CHOpPaBelJHBO HepaBeHCTBO |S,|<
<M, 10

n+p+1 n+p
| Z wy|<M Z 1 — v+ Mlvny pr i) + Mo, .
k=n+1 k=n+1

ConocraBass nocaeanee nHepasencrBo ¢ (1.83) u (1.84), nmoayuya-
eM, yTo NpHu Bcex n=N u i ni060ro HaTypaabHOro p

n+l4p

ukvkl <e, (1.85)

kmnt1

a 310 W o3Hauaer, uro pax (1.82) cxommrcs (B cuny kpurepus Ko-
un). Teopema 1.12 nokasana.

Teopema 1.13 (Bropo#t mpusuak Abens). Ecau pad (1.81) cxo-
durca, a {vi} npedcrasaser coboil COBePULEHHO NPOU3BOALHYIO NOCAC-
008ATEAbHOCTL ¢ O2pAHUMEHHbIM u3meHenuem, 710 pad (1.82) cxo-
ourcs. ’

HdoxasateascTBo. Tak kak cxoaswuiica pan (1.81) saeeno-
MO ofsafaeT OTpaHHYEHHOH MOC/HENOBATENLHOCTBIO YaCTHYHHIX CyMM
{S.}, 10 cywecrByer nocrosinHas M>0 rtaxas, uto |S,|<M nas
BCeX HOMEDOB A.

O6o3nayuM cymmy psina (1.81) uepes S, a npenen nocaenosa-
TeNbHOCTH {vx} uepe3 v. Torga MOXKHO YTBepXKAaTb, YTO KaxKA0Oe H3
npoussefenuit {S,v,} u {S,Un+1} cXonuTCH MpPH n—>00 K npeneay S-v,
a NOTOMY KaXXZas M3 NOcCJefoBaTeNbHeCcTe!

{S‘nvn—sv} H {Snvn-i-l_sv} (186)

SIBJisieTcss 6eCKOHEYHO MaJofl. .

YuuTHBas 370 M CXoAMMOCTb psina (1.79) u ¢uKCcHpys NPOH3BOJL-
Hoe £€>0, Mul Haiizem HoMep N Tako#t, yro npu Bcex n>N u Ansa Jio-
6oro HaTypajLHOTO P

n+p
18,0, — S0l < ==, St —Sol< = ¥ Nt I < 5
k=n+1
(1.87)

Hepasencrsa (1.87), ouenka |S,| <M u toxnecrso AGeas (1.77),
nepenHcaHHoe B BHIE
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n+1+p ntp

Z ukvk=kz lSk(vk_vk+l)+[sn+p+lvn+p+l_Sv]+[SV—-Snvn+l]’

k=n+1 -n4

MO3BOJIAIOT HaM YTBepXKIaTh CNpaBelJIUBOCTb HepaBeHcTBa  (1.85)
(npu Bcex n>N u anas aio6oro HarypaJjbHoro p). B cuay kpnrepus
Kouru teopema 1.13 pokazana.

CaeactBue 1 u3 reopemu 1.12 (npuswak J[Iupuxie —
AGenst). Ecau pad (1.81) obaadaer ozpanuuennod nocaedosarens-
HOCTbro HacTu4Hbix cymm, a {V.} npedcrasaser cob6od Heso3pacTaro-
wyro nocaedosaresbHoCcTs, cxodaujyrocs k Hyrwo, o pad (1.82) cxo-
ourcs.

JocraToyHo 3aMeTHTb, YTO HeBO3pacTalollasi CXOAAILAfACA K HYJIO
NOC/eA0BaTEIbHOCTL SBJSIETCS 10CJEeJOBATENbHOCTBIO C OrpaHHYeH=
HBIM H3MeHeHHeM, H60 AJs Hee n-s yacTHYHas cymma S, psana (1.79)
paBHa U)—Un+i H HMeeT npejes, paBHHH U

Yrobul chopmynHpoBaTh ele OQHO CJeACTBHe H3 Teopembl 1.12
BBeleM NOHATHe pAfa Jleli6HuL a.

Onpenenenne 2. Hasosem pad sHakowepedyrouumca,
€CAU BCe e20 HAEHbL C HEHETHOIMU HOMEDAMU NOAONCUTEAbHbLL, O B8C€
YAEHbL C HETHOLIMU HOMEPAMI OTPULATEAbHDL.

Onpenenenue 3. 3nakouepedyrowjuiica pad, modyasu 4aienos
KOTOpO20 06pasyroT KEB03PACTAIOUWYIO CXOOAUYIOCA K HYAO nociedo-
8aTEAbHOCTH, Ha3ogem padom Jeld€Enuya.

CanencrBue 2 u3 teopemn 1.12 (npusnaku Jleii6uuua),
Beaxuld pad Jleibruya cxodurca.

B camom nene, Beskuii psag Jleiiunna MoXHO 3amucaTh B BHAE

z (— Iy, =v,— 0+ vg—Ug+ ..., (1.88)
R

rae {ve} — HeBo3pacTalollas CXOAfLIAsCA K HYJI0 MOCIeJ0BaTe]b
HocTh (Bce vx>0). Takoit pas mpeacraBiser coboif yacTHRE cayyad
pana (1.82) mpu ue=(~1)*"1 ¢ pagom (1.81), o6najnaromWuM OrpaHH-
YeHHOH MOC/1efOBaTeJbHOCTBIO YaCTHYHHX cyMM !, B rtakom ciayuae
cIpaBelJIHBOCTb NpH3HaKa JlefiGHHIA BEITeKaeT H3 YyXe JNOKa3aHHO-
ro npusnaka Hupuxse — AGens (cneacrBus 1 u3 teopemn 1.12).

3aMmeuaHnue. Jlerko y6eauTscss B TOM, YTO JJIs NPOH3BOJBHOTO
pana Jleit6unua (1.88) nocnenoBarenbHOCTs {S3n} YACTHUHBIX CYMM
C YeTHBIMH HOMepaMH sBJseTcA HeyOuBaloilel,, a Noc/iej0BaTe/b-
HOCTb {Son—1} YACTHUHBLIX CYMM C HEUETHHMH HOMEPAaMH SIBJASETCA Hes
Boapacrapomell, OTciofa u 3 3aMeuanus 3 K reopeme 3.15 u. 1 BriTe-
KaeT, yTo cymMmma S psaaa Jle#i6unua (1.88) amas sawo6oro HOMepa n
YIAOBJIETBOPSET HepaBeHCTBaM

Son<S<Son1.

14) TlocnenoBaTenbHoCTs S, vacTHYHHX cyMM papa (1.81) ¢ uneHaMH  up=
= (—1)*~t umeer Bug 1,0, 1, O, ....
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Tax kak Syp—1—S2p=0sy,, TO Kaxpaas H3 cyMM Sz, H Syn—1 OTKJO-
HfeTcs oT S ne 6oJjee ueM Ha Uy, OTCIOA2 H H3 TOTrO, YTO Ugp—i>>
>Ugn, BBITEKAET, YTO AJA J1060ro HOMepa n CNpaBelJHBa OLEHKa
|Sn~S|<vn. DTa oueHka urpaer BaXKHYIO POJIb A NPHOIHKEHHOTO
BBIYKC/IEHHS CYMMBI pAna JlelibHHIa C HOMOWIBIO €ro 4YacTHYHOH
CYMMBL.

I[Ipumepw. 1°. Bowe ¢ nomowpio ¢opmyan Maknopesa als
¢yuxuun In(1+x) Mb yKe AOKa3adu CXOAHMOCTh pSAa

1
w1 =

1 1 1
l— — 4=t ...
2 + 3 4 +
3aMeTHM, YTO CXOAHMOCTb 3TOrO PfjAa Cpasy BhITEKaeT H3 NpPH3Ha-
Ka JleiiGHuLA.
2°. Mayuum BONpOC O CXOAUMOCTH pRia
1 1 2

L2z, t, 1 2 +
I+ =5+ +o—F+. + .

+...
3 —2 3k—1 3k

Sror psan aBasercsas psagoM Buaa (1.82) npu v,,=—;—, u=1, uy=

=1, uz=-2, u=1, us=1, us=-2,...

Jlerko BHJeTh, UTO MCCJAELOBATENbHOCTH YACTHYHBIX CYMM psAda
(1.81) ¢ TakuMHu u, umeer Bua 1, 2,0, 1, 2, 0, ..., 1. e. sABAsAETCH
OrpaHnYeHHOH.

Tak kak nociaemoBatenbHocTs {1/k} He BO3pacTaer H CXOAHTCHA K
Xymo, TO HCCAedyeMblii PAj CXOAHTCA no mnpu3Haky [Hupuxne —

Gens.

o
o cos kx
3°. BuificHEM BOIIPOC O CXOZHMOCTH PfZna E — TAe X — He-

k=1
KOTOpO¢E ¢HKCHP038HHO€ BellecCTBEHHOe 4HUCJO. n0ﬂb3yﬁCb obo3naye-

1
HHAMH TeopeMbl 1.13, mosOXHM u,=COS Rx, Up == Ouenum nocae-
-]

JOBaTeJBHOCTL YAacTHUYHEIX cyMM {S,} psna Zu"' [Tockonpky AAS
k==l
a1060ro0 HoMepa &

sin{k+ L) x—sin (k—-— dYx=2 sin— cos kx,
2 2 2
TO, CYMMHPYsl 5TO COOTHOIIeHHe 1o k or 1 xo n, monyyuM

n
. 1 . X . X -
sin{n4 — x——sm—=2sm—2coskx=28 sin —.
( + 2) 2 2 . " 2

=1
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Orciona
- i (n' ! )x in X
— | x — sin —
sin | n -4 2 2
S,=
2 sin—
2

Takum o6pasom, anas a1060ro x, He KPAaTHOTro 2x, nocaeloBas
TEeNBHOCTh HaCTHYHBIX cyMM {S,} orpanuyena:

1S, < —!

.
X
sin —

2

ITo reopeme 1.13 paccmarpusaemeii pad cxodurca 0rs  awboeon
3Hauenus x, He kparwozo 2n. Ecan xe x xpaTHo 2m, TO paccMaTpH-
BaeMbiii psill mpeBpaulaeTC B rapMOHHYECKHH M, KaK JOKa3aHO BH-
e, pacXoAMTCA.

§ 5. APHOPMETHYECKHE ONMEPALHHU HAL
CXOAAIUMHCSA PAHAMH

B sToM maparpade MH paccMOTPHM BONPOC O BO3MOMKHOCTH MO-
YJIEHHOTO CJIOXKEHHS H NepeMHOXeHHs CXOAALIUXCH PSAOB.
€0 w -

Teopema 1.14. Ecau dsa psada Zuk u zvk cxolarca u
k=1 k=
umeror cymmol, coorsercrsenno pasisie U uw V, 10 u pad
]

X (4 £ v,) cxodurca u umeer cymny, pasnyro U4V,

Al
ﬂ oxKasatedbcTBO, O603HaYUM 7n-6 YACTHUHHE CYMMH psI0B

o0 [- w0

}: (uy == 1), y u, u Z g cooTBeTCTBEHHO 4epes S,, U, u V,.
fard

ke=1 k=1 k=1

Toraa, oueBnnno, S,=U,*+V,. Tak xax limU,=U, limV,=V, 10

n—+ow n—>w

cornacro Teopemam 3.9 u 3.10 4. 1 cymectByer mpenpen lim §, =

n—»ow
=U + V. Teopema noxasana.

Takum obpasom, Jmo6hie cxoAsuipecs pAAH MOXHO NOYJIEHHO
CKNaAbiBaTb H BHIYMTaTh. [lepexoassi K BOMPOCY O BO3MOXKHOCTH MO«
4JIEHHOrO NepeMHOXEHHA PAJOB, AOKaXkKeM CJelLyiollee yTBEpPXKAEHHE.

@ o

Teopema 1.15. Ecau dsa pada }" U, u }: U, cxodarca abco-

. k=l k=1
AIOTHO U UMEIOT CYMMbL, cooTeercTeenno pastsie U u V, To pad, co-
CTa8AeHHblL u3 8cex npoussedenud euda uxv; (k=1, 2, ...; I=

=1, 2, ...), 3anymeposannbix 8 Kaxom yzoduo nopadxe, Taxvice cXxo-
durcs abcorrotho u ezo cymma pasra UV.
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HdoxkazareancrTBo. 0603Hath qepes Wi, W, Wi, ... NPOH3-
BelleHHs BHAa u,v; (k=1, 2, ...; I=], ) 3aHyMepOBaHHbIE B

KakoM yroano nopszke. [okaxeM, u4rto psn }: lw;} cxomures.
imi

Ilycrs S, — n-s1 yactuuHas cymma storo psga. CymMma S, COCTOHMT H3

YieHOB BHAA |u.U;}. Cpeln MHAEKCOB £ M | TaKHX 4JIEHOB, BXOAALIHX

B CyMMy S,, HaliileM Hau 6O0JbII KM HHAEKC, KOTOPHA MH 0603Ha-

yuM yepes m. Toraa

Sn<(|u,|+|u2_]+...+|um|)(|v,|+|02|+...+|vm]). (1.89)
B npaso#t yactu HepaBenctBa (1.89) crouT npousBeneHue m-x ua-

CTHYHBIX CYMM DpALOB Z Iu,,l H Z |Uk|- B CHJYy CXOOAHMOCTH YKa-
k=1 k=1
3aHHBIX pANOB C HEOTPHUATECNLHBIMH YJI€eHAMH BCE€ HX HACTHYHBIE CyM-
MBI (a C/eao0BaTeNbHO, H HX Hp0H3Beﬂ,eHHE) OrpaHHYEHHbI. HOSTOMy
OrpaHH4YeHa ¥ NOCAEeNOBATEJLHOCTH UAaCTHUYHRX CyMM {S'n}, a 3To A40-
o

Ka3hlBaeT CXOAHMMOCTb psijia 2 {w;], T. e. aBCONIOTHYI0O CXOAUMOCTH
{=l

L]
psiga y w;.
s
Ocraercs f0KasaTh, 4TO NOCJHEAHHH DAl MMeeT CyMMy S, PaBHYIO
UV. Tak kKak 3TOT psA CXOAMTCS abCONIOTHO, TO B CHJY Teope-
Mer 1.11 ero cyMmma S He 3aBHCHT OT NMOPsAKa, B KOTOPOM MBI €r0 CyM-
MHpyeM. Kakyio G MB HH B3fJIH TOCJI€J0BaTeJNbHOCTh (HJH HOATNO-
CIe0BATENbHOCTD ') HACTHUHBIX CYMM 3TOr0 psila, OHa‘CXOAHTCH K
]

uyhgcay S. Ho B takom caysae cymma S psaa 2 W; 3aBeloOMO paB-
(£33}

Ha UV, TaK KaK HMEHHO K 3TOMY YHCJY CXOAHMTCHA MOAINOC/AEHOBATEb-

HOCTh Wm YaCTHYHBIX CYMM 3TOro pfaaa BHAA

W= (utugt. . .uy) (v1+0ve+. . . Fom).

Teopema jokasasa.

[-- -]
IIpousBenenune psnos Z u, " E U, IJisi MHOTHMX lened yno0-
R=1 k=1

HO 3alHChIBaTh B CliellHaJbLHOM BHIE!:

k=]

(z uk) (2 vk) =u,0, + (uvy+ u,vl) + ... + (4,0, + Uglp— + .

+uku)’f “e s 4

15) Cwm. yreepxsenre 1°n. 1 § 3ra. 3 4. 1,
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Teopema 1.16 (Teopema Meprenca '), Pad, norywennoill ne-
pemHodceruem 08Yx PpAO08 YKAZAHKHGIM CREUYUARLHbLIM CnOCOGOM,
CXO0UTCA K NPOU3BEeCeHUI0 CYMM NepemMHONCaembly PAC08 8 cay4ae,
Koeda o0un us nepemuoxcaemolx padoe cxodurca abCOAIOTHO, @
Opyeoti — cxodurca xora 6ul YCAOBHO.

- <]

Ilyctp, nanpumep, psa Zuk cxoaurca abGcoJIOTHO, a psaf
ke=)

-]

ka cXoJHuTcss x0T Obl ycnoBrO. O603HayuM n-e YacTHYHHE
k=1 '

CYMMbl YKa3aHHbIX PsAJOB COOTBeTCTBeHHO yepes U, u V,, a nx
cymmal cootBercTBeHHO uepe3 U u V. INonoxum

Wo=UWVp+UsVp—1F. .. T ULV,
W.=wtw,+...+w,.
HocratouHo aokasarts, uto lim W,=UV. DuaeMmenrapHo npoBepss

Nn—>c0

ercst, uto W=,V ,+u,V,—+.. . +u, V.

B cuny cxopumoctn psaa Z‘ U, €ro OCTaTok op,=V—V, B«
Rexl
nsercs 6ECKOHEYHO MaJsol, a CJefoBaTeJbHO, H OrpaHHYEHHOH MHO-
Cef0BATENBHOCTBIO, T. €. CYIecTByeT nocrosgHHad M Takas, 4TO
|an| <M nns Bcex HomepoB n. 3aMeTHM, 4TO

Wn=u1 (V—an) +UQ ( V—a,,_l) +.. .+uﬂ ( V—-(I.l) =UnV—ﬁn,

rae Ba=ui0ntustin—1+. . .Fusa;.
Tak kak lim U,=U, To nocTaTouHO AOKa3aTh, YTO HOC/IELOBa«

n-—+o -
-]

TenbHOCTb {Bn} ABAsieTcs GeckoHeuHO Manoit. Tak kKak pan Z Uy
, k=1

CXOAHTCS aBCOMIOTHO, TO, (PHKCUPOBaB NpoOH3BoJbHOE £>0, HalileM
-3

o e
Ui Hero Tako# HoOMep M, 4TO E lup| < TR Kpome Toro,

h=m+l
MOZKHO YTBE€pXZAaTb CyLIeCTBOBaHHE noctosiHHolt M, Tako#, uTO
n

lugl < My  nns mo6oro HoMepa n.

Rawmi
IIpeacrasus Teneps §, B BUAE CYMMHl ABYX CYMM

ﬁn=[u1an+. . .+uman+1_m]+[um+lan_m+. . .+u,,or,;]

H BuIGpaB No Hali/leHHOMY HOMEpY /M HOMEp 7y HAacTONBKO O60/bs

16) Mepreic ®panuy Kapa Hosep — uemeuxni Mmatematuk (1840—1927).
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8
wuM, yto Jo | < e OpH k>ny—m (370 MOXHO CAeNaTh B CH-

1
Jy GeckoneyHofi ManocTH {a,}), C HOMOINBLIO YEeTHIPEX HEPABEHCTB

Z E [u| < M,,

Rmamt-1 Rl
(npu &> n,—m)

y6enuMcs B TOM, YTO NPH n>n; Kaxjas KBaJApaTHas CKOOKa B BH-
paxeHHH Ajs B, MO MOAyJIO MeHblie uxcaa e/2. OTciofa cieayer,
4yt0 |Bn|<e npu n>ny. B cuay npoussosbHOCTH &>0 chopMysH-
poBaHHOe yTBepKJeHHe AOKa3aHo.

@

©

3amMeuanue, B ciaydae, e€CJIH DA 2 U, H Z Up o6a CX0-
kml R

ASITCA TOJBKO YCJIOBHO, IOW/ICHHOE NEepEeMHOXKEeHHEe 3THX PALOB Oa-

K€ YKa3aHHHM CIe€lHadbHBEIM cnocoboMm IPDHBOJHT, Boobuie rosop4,

K pacxozsiueMycs psany.

HocraToyHo B KauecTBe KaXJOro H3 psjioB Euk H Z Uy
B3ATh  YCNOBHO cxopsufica (nmo npusnaky JlefiGHuua) pan

—1)51
2 ( l) H Y6eRHTbCﬂ B TOM, 4YTO AJIA TAKHX PAXOB onNpelue-

k==
. JICHHBIE BhLIlli¢ BeJHYHHH W, HMEIOT BHJ

n— )\ 1 1
= (= et v+ Ty

Tak kak B GHIypHHX CKOGKax CTOHT 1 TOJIOXKHTENbHHX CJarae-
MHX, KaXJ0e U3 KOTOPHX He MeHblle uucia 1/n, 10 |w,|>1, a ato
03Hayaer, YTO HapylIeHO HeoO6XOQHUMOe YCJOBHE CXOAHMOCTH pAxa

@
W, — cTpeMJ/ieHHe K HYJIO ero n-ro 4jieHa.

Mol

§ 6. BECKOHEYHBIE NPOU3BEAEHHSA

1. OcHoBHHe noHaTus. K NOHATHIO yHcsI0BOro psjaa GJH3KO NpH-
MbIKaeT NOHATHE GECKOHEUYHOrO YHCJAOBOrO MPOH3BEREs
Hus. Ilycte paHa OeckoHeyHass WYHCIOBaA MOC/IENOBATENbHOCTb
U, Us, ..., Uk, .... 3amHcaHHOe GOPMaJbHO BHDAXKEHHE BHAA

01030, ...vk...=‘—'n0,‘ (1.90)

k=m]
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TIPHHATO Ha3bBaTh GECKOHEYHHM npoussegenuem Oraens-
Hble 3/JeMEeHTH U, NPHHATO Ha3bBIBaTh YJE€HAa MM JaHHOrO GeckoHed-
Horo npoussejerus. [IponsBeneHHe NEPBHX £ YIEHOB JaHHOrO GecKo-
HEeYHOro NpOoH3BeldeHHs NMPHHATO Ha3mBaTh N-M YACTHYHHM I pO-
H3BexeHHEM H 0603HAYATH CHMBOJOM

n
P,=v,...0,=[]u,.
k=i

Beckoneynoe mpoussenenne (1.90) HasHBaloOT CXOXAUWHMCS,
€CJIH IOC/AeA0BaTeNbHOCTh YaCTHUHHIX Npou3BeneHHl P, HMeeT KoHed-
ublit npegen P, otauuHu ! or Hyas B cayuae cxomumocrn
Geckoneunoro npoussenenus (1.90) ykasauuwii npegen P HaswBalioT
3HaYeHHeM 3T0r0 6ECKOHEYHOTO NMPOH3BEeAEeHHNS H NH-
HIyT:

P=nvk.

k=]

OTMeTHM, YTO MoCJe/Hee paBeHCTBO HMEET CMBICJ JIHIIb JJIf CXO-
nsawerocsi 6eCKOHEUHOro npousseldeHHs. JIcHO, uTO paccMoTpeHHe Gec-
KOHEUYHHX NPOH3BEJEHHH MO CyIlecTBY NpelAcTaBiseT cOB0H HOBYIO
¢opMy H3yuyeHHS YHCJOBBIX NOC/HeROBaTes]bHOCTEH, H6O0 KaXKAOMY HZaH-
HOMY GeCKOHeuHOMY IpOH3BeJeHHI0 OLHO3HAaYHO COOTBETCTBYeT HocJe-
JOBATENbHOCTh €ro YaCTHYHHX NPOH3BEAEHHH H KaKJOH 4HC/I0BOH no-
cienoBaTeabHOCTH {Pr}, Bce 3JeMeHTH KOTOPOH OTJIHYHBI OT HYJS, OA-
HO3HAYHO COOTBETCTBYeT GeCKOHeYHOe MNpoH3BeleHHe, NJf KOTODPOrO
3Ta NOCJeJ0BaTeNbHOCTh SABJIAETCH INOCTEA0BATENBHOCTBIO YAaCTHYHBIX
pOH3BelJeHHH (AOCTAaTOYHO MOJOXKUTEL UJeHB GeCKOHEWHOro NPOH3BE-
IeHHsl PaBHBIMH Up=P,/P,_ npu k>1 u v,=P,).

Teopema 1.17, Heobxo0umbim ycaosuem cxo0umocTu becxorey-
#o2o npousgedenun (1.90) asaserca crpemaenue K edunuye e20
k-20 wnena npu k—oo,

HoxasateancTBo. Ilycte Geckoneunoe npomspenenne (1.90)
CXOOHTCA H mMeeT 3HaueHHe P, otnnyroe ot Hyasa. Toraa lim Py =

-~ 00

=1im P,=P3£0. Ilockonbky vr=P;/Ps_y, TO gim U, CYLIECTBYeT M

k>
paBeHn ejuHHUE.

SaMeTHM, YTO Ha CXOAHMOCTb 6eCKOHEeYHOro IIPOH3BEAECHHA HE BJH-
seT yiaaJjieHue J060ro KOHEUHOro YHCJa YJEeHOB 3TOro '‘MPOU3BEHAEHHA
(eCJIPI CpeJH 3THX 4YJI€EHOB HET paBHbLIX Hy.fllO). HOCKOJIbe 6eckorey-
HOC INpou3BeLeHHe, Yy KOTOPOro XoTs Obl OZHH uJieH paBeH' HYJAI0 CO-
T'J1acHO NPHHATOMY BGHIUIE OIpefesICHHIO CUHTAeTCH p'aCXOIU'IH.U/[MCﬁ, 10

) Tor ¢akr, uto npy P=0 Gecxoneunoe Npo3BENeHHE NDHHATO CYHTATH pac-
XOAAUIHMCS, XOTA M HOCHT YCJOBHHH Xxapaxtep, HO TNO3BOJAET .NMPOBECTH UYETKYIO
AHAJOTHI0 MEXAY CXOLHMOCTBIO PAAOB H GECKOHEYHHX nponaseueﬂnﬁ.
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MH B JajbHeHllleM BOOOLIE HCKJIIOUHM H3 PacCMOTpeHHSl OGecKoHeuHble
NpOH3BENEHHA, Y KOTOPHX XOTA OBl OJAMH YJE€H pPaBeH HYJIO.
IIpuMeps

a0
°, COS e = COS —= COS - . . . COS — . . . 1.91
I l—l 2k ¢ 2 4 08 2k ( )
k=1

(x — no6oe PuKCHPOBAHHOE YHCIO).
HoxkaxeM, uto Geckoneunoe npoussesenue (1.91) mpu mo6om x7=

X .
. HopcuuraeM n-e yacTHYHOE

%:rm CXOAHUTCH M HMeeT 3HayYeHHe

npousBejeHue
X X X
= CO0S— CO$ — ... COS —, 1.92
n 5 2 o (1.92)

. X
YMHOxKasn o6e uwactu (1.92) Ha Sin—"- ¥ NOCIEA0BATENbHO HCIOML-
3ya QopMyny aas CHHyca ABOHHOro yria sin2y==2sinycosy, moay-
UHM

|
X =—3INX.

P, sin
2n on

‘M3 nocnenneit popmyan 18 umeem

X
P=—s—“i_(_21'l_

n x R
sin on
Ilockonbky Bhipaxenne B (HIypHHX CKOGKaX CTPEMHTCH K eAMHHUE
npu n—»co (B CHJy NEPBOro 3aMeyaTeJbHOro mpejena), To lim P,
n—»oe

1nx
. Tem caMBM RoOKa3zaHo, uTo GeCKOHeUHOoe

_CylleCTBYeT H paBeH

npousBefenne (1.91) cxoaurcs ¥ MMeer 3HaueHHe npu Jaibou

xF#nn.

. 2 J_TTle=DG4n _ 1 4 2 5
2.['][1—————]_ -t 1. 2.5

4 k(k+1) k(k-+1)
(k—1) (k+2)
Yk (k+1) (1.93)

18) Mu cyuraeM, yto x%0. Ecan x=0, o Bce unenn (1.91) n ero 3nauenne
PABHH eJHHHIE. :
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HokaxeM, uro Geckoneunoe mnpousBelenne (1.93) cxoautcs
umeer 3navenue 1/3. [NoacyutaeMm uacTHYHOe NpoH3BeleHHEe Pg:

p [t 2 3 (n=DhHJre 5 6 _(iil)_]=
R I e
1 n-2
———
Takum o6paszom lim Pn=limn3—t? cyluiecTByer W pasen 1/3.
n-»ew n—-ow

2. CBa3p MEXKAY CXOAHMOCTbI0O GeCKOHEUHBLIX NPOM3BENECHHA H ps-
zoB. Ecan Geckoreunoe mnpouasenexue (1.90) cxoauresi, TO B CcHAY
TeopeMul 1.17 Bce ero 4JeHH vUp, HayHHas C HEKOTOPOro HOMepa, Mn-
J0XHATeAbHB 19, [TOCKONIbKY KOHEYHOe YHCJO MEPBHIX YJIEHOB BooOLIE
He BJIHMAET HAa CXOAHMOCTb OeCKOHEYHOTO NPOH3BENeHHS, TO NPH H3Y-
YeHHH BONpOca O CXOAMMOCTH OeCKOHeUHHIX IPOH3BeNEHHH MOXHO, He
OrpaHHyuBas OOGLIHOCTH, PpaccMATPHBaTb JHIUb Takie OeCKOHEUHbIe
TNPOM3BEJEHHs, Y KOTOPHIX BCE YJEHH MOJOXKHTENbHb.

Teopema 1.18. [as roeo wrobs. GeckoHeynoe npousgedenue
{1.90) ¢ noaosxuresrsvroimu Yaenamu cxo0uioch, Heobxodumo u docra-
TO4HO, 4TOBbL cx00UACA PAO ’

Z Inv,. (1.94)

k=1

B cayuae cxodumoctu cymma S pada (1.94) u snavenue P npousse-
denusn (1.90) ceasansl Popmyaoi

P=¢s. (1.95)

HoxaszartenbcTBo. O6o3nauus yepes P, n-e yaCTHYHOE IPO-
Hu3BesenHe OeckoHeuroro npousBedenuss (1.90), a uepes S, n-0 ua-
CTHYHYIO cyMMmy psiga (1.94), moxem 3anucathb:

Sn=lnpm Pn=esn-

B cuny HenmpepHIBHOCTH MOKa3aTeslbHOH (YHKUHH AJsl BCeX 3Haue-
HHH apryMeHTa H HeNpephIBHOCTH JorapHPMuueckofi OyHKIMH IJ#
Bcex NOJIOXKHTeJNbHbLIX 3HAUEHHH apryMeHTa MNOC/JeL0BaTeNbHOCT P,
CXOANTCSI TOrAAa W TONBKO TOrAa, KOria CXOAHTC S,, MpHUYeM ecJH
lim §,=S, 10 lim P, = eS. Teopema noxasaHa.

n-sw n—»w . : -
Hpn HCCNIeOBAKUH Ha CXOAMMOCTb OGEeCKOHEUYHOTO NpOH3BEACHHS
OKAa3bhIBAETCH OYEHBb yA06HbIM_ IIpeACTAaEHTL €ro B BHAE '

19) Tax xax lim yp = 1.
k>
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ﬁ(1+u,,)=(1+u,)(1+u,)...(1+u,,)'... (1.96)

k=1

Ilpu atom, KoHeyHO, B COOTBETCTBHH C NPUHATHM BhHILE MPELNOJONKe-
HHeM 6yJeM CYHTaTh, YTO Bce u»>—1.

Teopema 1.18 yTBepxaaer, 4To BOIPOC O CXOAHMOCTH NpOH3BEZLe-
Hua (1.96) skBuBaseHTEH BONPOCY O CXOAMMOCTH psija

i In (1 + ). (1.97)

K|

Tenepn MH MOXeM [0K23aTh ellfe OAHO yTBEPXKAEHHE.

Teopema 1.19. Ecau ece u. (no xpatinei mepe Hauunas c He-
KOTOPO20 HOMepa) cOxpararoT OOUH U TOT Jte 3HAK, TO OAf CXOOUMO-
cTu bGeckoneunozo npoussedenun (1.96) neobxodumo u Qocrarouno,

410686L cx00UACA pRO

u,. (1.98)
kel

JdokasarteancTBo. [lockoabky ycaosue limuy==0 aBaserca
k
.

00
HEOOXOAUMHM H IJs cXogHMoCTH psafa (1.98), u mas cxoxMMOCTH
npounsBenenns (1.96), MOXXHO CUHTaTh 3TO yCJOBHE BHIONHEHHHM Kak
IIpDH JOKa3aTeJbCTBe HeOGXOAMMOCTH, TaK H NpPH JoKa3aTeJbCTBe RO-
cratourocTH. Ho H3 yKkasaHHOro ycJoBHS M H3 acHMIOTOTHYecKof ¢op-
MyJH 20
In(1+y)=y+o(y)

BbITEKAeT, UTO

lim —oUdue) (1.99)
ko> o 1273

74
lim —2% =1, (1.100)

b In(1+up)

ITockoJbKY 1O yCJHOBHIO TeopeMn Bce ujeHsl psnoB (1.97) &
(1.98), naunHas ¢ HEKOTOPOro HOMepa, COXPaHAIOT OAHH H TOT Xe
anaK, ycaosus (1.99) m (1.100) B cHay CJAeACTBHAI H3 TEODEMBI
cpaBHeHus 1.3 mosBossOT yTBepXKAaTh, utc pax (1.98) cxomurca
TOrJa M TOJABKO TOrfAa, Korxa cxoaumrcs pan (1.97). Teopema poka-
3aHa.

Tak xe, Kak ¥ AJna psAROB, AN GeCKOHEUHHIX NPOH3BENEHHH BBO-
HATCA NOHATHR a6COMIOTHON W ycaoBHOI cxoaumocred. Bec-
KoHeyHoe npou3BefeHHe (1.96) nasmBaeTcs al6COJNIOTHO CXOJ -
L{HMCS B TOM H TOJbKO B TOM cJyuae, KOIflla CXORHTCS abCONIOTHO

2 Cv. . 6§10rm 64 1.
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pan (1.97). Teopemm Kowmmu 1.11 u Pumana 1.10 nossoasiior 3akiio-
YATb, 4TO abCOJIOTHO CXOAsilleecsi Npou3BeJenHe obnamaer nepeme-
CTHTEJIbHBIM CBOHCTBOM, B TO BpeMs KaK YCJOBHO CXOJslleecsl NPOH3-

BeJleHHE 3aBeJOMO HM He o6Jjiajaer.
Teopema 1.20. Beckoneunoe npoussedenue (1.96) cxodurcs ab-

COMOTHO TO2da U TOALKO T020@, K020a CXOOUTCA aBGCOAIOTHO pAG
(1.98).
Has npokasaTenbCTBa 3TOH TEOpeMBl JOCTATOYHO JOKa3aTh, YTO
o
paa S’ Ju,] cxOAMTCH TOrAa H TOJABKO TOrZa, KOrAa CXOAHTCA DAL
oo
k=1

o

Z [ In {1+ u)]. 3To nociejHee JIETKO BEITEKaeT H3 CYILECTBOBZ-

k=1
Husa npepeqoB (1.99) u (1.100). Heranu paccyxjieHHHl npefocTaBid-

€M 4YHTaTeNalo.
ITpumepsn. 1° M3 pacxonuMocTH rapMOHHYECKOTO psfa M U3

tTeopeMbl 1.19 BriTeKaeT pacXxOAHMOCTb CASAYIOWHX OECKOHEUHBIX MpO-
H3BeJeHHI:

(1+—;—):(1+1)(1+%)(1+ %) <1+—;—>

(1_ k‘:-l ):(1_%—>(1_%‘)"' (1— kil )

Jlerko NOHATH, YTO IIE€PBO€ H3 YKa3aHHBIX npomseneﬂnﬁ pacxoauTcs

K too, a BTOpOE — K HYJIO.
2°. V3 toit xe teopemsl 1.19 u u3 cxoauMmoctu psaa (1.33) npwm

o>1 BbITEKaeT CXORAMMOCTb NpH a>>1 clefylollHX GeCKOHEUHBIX MPO-
H3BEJEHHH:

s

ax
T

s

k

—

o

["[(1+7'a-)=(1+1)(

k=1

[1[1= e = (1= ) (1= ) - (1) -

k=1

Qla)<1+ ) (1+7‘a—)

3°. PaccMoTpuM GecKOHeyHOe MpOH3BeleHHE

T (1 20) =x (1= 2) (1= 52) o (1= ) -

k=1
(1.101)

44314
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Tak kak psax X-k%— cxonures, To B cuay teopeM 1.19 u 1.20 Gec-

k=1
KoHeyHoe mpousBenenue (1.101) cxopurcs abcoaoTHO Aaa Jwoboro
(pHUKCHPOBAHHOrO 3HaY€HUs X, oTaMuHoro or Im (rme (=0, %=1, ...).

B n. 3 Mb J0KaxeM, 4TO 3TO NPOH3BENEHHE CXOLHUTCH K 3HAYGHHIO
sinx. TeM cambiM Gyzer o6OCHOBaHO pa3sJioXeHHe GYHKIHH sinx B
6eCKOHEUHOe NMPOoU3BEeHHE

w
. x3
smx=xl—[<1—— ) (1.102)
k2
k=1
. M3 pasnoxkennss (1.102) ¢ nOMOUIbIO COOTHOLIEHHS cos x =
sm 2x
= 3JIeMEHTapHO NoJy4Yaercs cJeAylollee pasJioxeHHe:
sinx

o

42 |
cosx=n [l—m~.

k=1

(1.103)

A6comoTnas CXOAHMOCTL NPOM3BEAEHHS, CTOSIIEro B NpaBoH ya-
ctu (1.103), ans nw0boro x, OTAHYHOTO OT %(21—— DI=0,+1,...),
w
BoiTeKaer u3 teopeM 1.19 u 1.20 u u3 cXoAuMocCTH psiia 272121——1);
k==l
5°. Tlonaras B pasnoxenuu (1.102) x= %, NONTYYHM '

2 T/ L\ T 4B Ty (%k—1)(2k+1)
: :[_[<1 4k2)_ﬂ———4k2 =1 . (1.104)

(2k)?
=1 k=1 k=]

k
Mz (1.104) nonyqaeTcx TaK Ha3bBaeMass ¢opMmMyaa Baaau-

_:_z___ (2 2 2 4 4 2k 2k
2 (2k—1)(2k+1)_~ 1 33 5 77 (2k—1)  (2%-+1)
(1.105)
ITyrem necnoxubIx npeoSpasoBauuil Gopmyny Bamauca MoxHO mpH-
BeCTH K BHAY
B lim — [2”(’“)’ ]2 (1.106)
2 ko 2k+1 (2r)! |~

) Naxon Bammuc — anramiickuit matematuk (1616—1703). -
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[lepBonauanbuo ¢opmyny Bannuca ucnoawsoBanu ans npubiau-
JKEHHOrO BLIYHCJAEHHS yHcaa ;. B Hacrosliee BpeMs /1A BBIUHCJIEHHSA
YHcsia ; cyulecTBYIOT Gosee sddextuBHble Metonsl. Popmyna Bamnu-
ca xak B BHAe (1.105), rax u B Bume (1.106) npeacrasisier HHTepec
LJd psjla TeOPEeTHUECKHX HCCAeNLoBaHuH 22,

3. Pasaoxenne ¢yukuuu sinx B GeCKOHeYHOe HPOH3BENEHHeE.
s yno6ctBa paszobbeM BuiBox (opmyanr (1.102) ma oraesnbHHE
2TaMkbl,

1) Ilycte m — aw60e MONOKKUTENbHOE HEUETHOE WHC-
no: m=2n+1. [lpexzae Bcero AoKaKeM, 4TO AJs JI060r0 OTJIHYHO-

ro or kn (k=0, =1, ...) sHauyenus 02¥ cnpaBegnuea ¢opmysa
sinmb | — sin? O 1— sin? 0 1— sin? 0
msin o 2w T .
sin? — sin? — sin? ——
m m m
n:__’";‘ , C(1.107)

Hasa BuiBoga dopmynnt (1.107) OyneM ucxoauts u3 GHOpMyJaH
Myagpa 2%
cos mB+isin mB=(cos 0+isinB)™.

PacnuceiBas npasylo yacth 3Toff GOpPMYJBl ¢ NOMOMIBI GuHOMa
Hrelorona u cpaBHHBasi MHHMEbIe YaCTH, MOJYYHM

m{m—1)(m—2)
3

sinm@ =mcos™! 0sinf— cos™30sin?0 4 ...

YyureiBasi, yTo m=2n+ 1, 6yneM HMeThb

Sinmd _ ostmg — MDD m—2) gon2gsinz0 ... (1.108)
msin 6 3!

B npaBo#t yactu (1.108) Bce nokasaTequ NPH KOCHHycax H CH-
HyCax uYeTHble, TaK Y4TO €CIM 3aMeHuTb c0s?0 Ha 1—sin%6, TO
B npasoi uactu (1.108) noayuutcs muozo4sen cTenenu n OTHOCU-
teasrno sin?B. IlonoxuB z=sin?0, o0603HayuM 3STOT MHOTOYJIEH
cHMBOJIOM F(2), 2 ero KOpHW CHMBOJIAMH @, O2, ..., @n. 1dK KakK

22) B 4acTHOCTH, OHA MOXeT GBbITb HCHO/b30BaHa [Jsi BHBOJA TAaK HasbiBaeMOH
¢opmysanl Crupanrra {cMm. § 6 ra. 7). Dxkemc CTupamnr — aHIVIHACKHHA MaTeMaTHK
(1692—1770).

23) B pasbHeiiileM Hac GYAYT MHTEpECOBaTb 3HaueHHsa O JMIIb H3 HHTEPBAJOB
o< <.

24) Dra dopMysna noJyyaeTcs H3 OINpPEAe/]eHHs NPOH3BEACHHS [IBYX KOMILJIEKC-
HHX uHcenm (X1, ¥1) (%2, yz) = (X1xa—yiy2, Xiya+x241) {em. m 1 § 3 ron 8 u 1),
B camom nene, ¢ NOMOIIBI0 3TOFO ONpeAE/EHHS NO HHAYKUMH JIETKO YCTaHOBHTh, 4TO
(cos B, sin0) 7= (cos n 6, sinn 6).

4°
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npa 0—-0 z=sin206—>0 u sneBas vacts (1.108) crpemutcs K eqHHH-
ue, To MHorouwseH F (2) MOXHO NPelCTaBHTb B BHIE

sin mo6

22— ro=(1-2) (1=2). (1)

Ocraercs onpenenuTh KOpHH ay, Gg, Gn. 3aMeyast, YTO 3TH KODHH
COOTBETCTBYIOT HyJsAM (QYHKLHH sin mO, NoJyduMm

: 11 . 2% . g NI
a, =sin?—, a,=sin®?-— .., a,=sin? —,
m m m

Taxum o6pasom, dopmyna (1.107) ycranosseHa.
2) Iloaoxue B dopmyne (1.107) B—L H cunras, uro 0<
<|x|<nm, npupagum 310l GopmyJe BHI

smz_"_

sinx “l—l _om . - (1.109)
msm-— sm"’—'
m m

Duxcupyem mob6oe (OTJIHYHOE OT HyJs) 3HAUYEHHE M BO3bMEM
IBa NPOH3BOJLHHIX HATYPaJbHEIX 4YHCJA P H N, YAOBJIETBOPSIOMHX

HepaBeHCTBAM 2—%——<p<n= e Torana dopmyny (1.109)

MOZKHO 3aIHCATb B BHIE

. x
sin? —

P
sinx m '
——T—n 1————‘—k;— Rp(x)’ ;(1'110)
msin—- k=1 sin2 —
m m
rne
n sin2 —;fl-
R,(n)=[1] 1——2-) (1.111)
k=p+1 sin? 7

i

ITpexne Bcero ouenum R,(x). ITockoasky 2 —— !xl —pL n=

= m—1

- 9’ TO apryMeHThl BCeX CHHYCOB, CTOALLHX B dopmyae
n t

(1.111), npuHaadexkaT HHTEepBaly (—"2;—, —-) Kpome ToroO, fc-

HO, uT0 AJS BCeX k, yuacTBYKIUMX B 3ToH ¢opmyae, lJC|<—-2
H, CJIeA0BaTEJbHO, T
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. kr
sin® _m— sin? 2 ) 1
m
0L < = <—
kn .. kn kn 2
sin?® — sin? 4cos?
m

2m 2
Has no6oro p u3 unaTepBata 0<B<<I/2 cnpaBeayuBH HepaBeHCTBA
I>1—B>e % %), nostoMy AJs BCeX HOMEPOB K, NPEBOCXOAAWIHX P,

k 1
(Tax kak e B ™ 4 nosromy cost-T >—).
m 2 2m 4

QSin'i
¥ _ m
sin? — sin? 2
1>1—-—7e’~"-—>e ™. (1.112)
sin? 2%
m

Ilounendo nepemHoxas HepaBencrBa (1.112), sanucarHble AJd
k=p+1, p+2, ..., n, NOAy4YuM CAeAYIOILYI0 OUEHKY maa Ry(x):

x 2 1
—2sint —

2 sin'ﬂ
1>R,(x) >e k=t P9 (1.113)

kn o

Tak Kak apryMmMeHT —— JIeXHT B I1ePBOH YeTBEPTH H IJs JIO-
m

sin B 2 28)

2—_ s TO
n

1 < 1 _ 1 _}_J
.. Rn 2\2 [ kn 413 B—1 k]
sin? —— (-—— ——>
m n m

Takum o6pasom,

6oro B u3 nepBoit yeTBepTH 1 >

n n
1 ms x 1 1
— I_ ————— e ¢ B, ———— - —
2sin ™, 2 oo 2 n it . 2 1[/:—1 7] __L;_'_Sm.."_
e =p+4- m > =p+ =g P m
25) l'lpaaoe H3 3THX nepaaeﬂcrs aJeMeHTapHO BHTekaeT H3 (opmyan Maxkao-
pena: e B=1—2p + b) <1 —28 22 <<l —P, Tax kak 2B2<P.
sin B
3% DTH HepaBeHCTBA BHTEKAalOT H3 TOrO, YTO OTHOLIEHHE npH H3MeHe-
sin B

uun B or 0 po n/2 ybusaer or 1 po 2/n. ®akr ybuBauus GyHKIHH B CBOIO

sinﬁ‘) _ cos f
B/ i

B
(b—1gP)<<O Bcoopy na

oyepeab BHITCKaeT H3 TOro, 410 (

uurepane 0<P<n/2,
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Ta. 1. Yucaosuie psaabt

ITocnennee HepaBeHCTBO MO3BOJSET CJEAYIOUIMM 06pa3oM YCHAHTH
ouerky (1.113):
m? X

— =—sint—r

I1>R,(x)>e »® ™, (1.114)

3) Tenepr B dopmyae (1.110) ycrpemum uucao m K GeCcKOHeu-

HOCTH, OCTaBJIsisl Q)chnposaﬂnbmn 3Haqem4e x u HoMmep p. [lo-

ckoabKy lim msin2 =x, hmmzsm2 ——(kn)2 TO CYL1ECTBYeT
m

m—>o m m-»w

» . Sinx
npepen gaesoit wacru (1.110), paBHbli ——=, H npejaeJ KOHEYHO-
X

L ox
[4 sin? —

p
x2
ro NPOHM3BEJEHHs n 1————kﬂ- » PaBHbIH n (1 T em )
Tt Tt

k=1 sin? — E=1
m

Hanee 6yneM cuHTaTh, 4TO NOCJEIHHH INpeldes OTJHUEH OT HYJ,
TaxX Kak, KOra oH paBeH HyJaw0, sin ¥=0 u paanoxenue (1.102)
ycranosneHo. Ho Ttorga cymecrsyer npepea lim R,(x). OGosna-

m—-»o
4MM 3TOT npejes uepe3 R,(x). i3 HepaBencts (1.114), cnpasennu-
BHIX A1 Jio6oro Homepa m, u u3 Teopemnl 3.13 u. 1 BeiTekaer, uto

>R, ze . (1.115)

Dopmyna (1.110) B npenesne npu m—-oo paer

sinx ﬁ( k“)R() (1.116)

k=1

4) Ocraercs, coxpaHfis (HKCHPOBAHHHIM X, YCTpeMHTb B ¢op-
myae (1.116) Homep p x OeckoneynocTu. IlockosbKy JieBasi 4acTb

(1.116) He saBucuT oT p, a npeaea lim 13,, (¥) B cHIy HepaBeHCTB
D0

(1.115) u Teopemnr 3.14 u. 1 cyutecTByeT M paBeH eJHHHIE, TO CY-
LIeCTBYET H Hpejed

Takum obpasoMm, pasJoxenue (1.102) ans sinx ycranosieHo.

3amMeuanHne. B nosHoit ananorud c pasnoxenuamu (1.102)
aasa sinx u (1.103) zas cos x MOXKHO NOJYYHTb pasJyoxeHHs B Gec-
KOHe4Hnle NpOH3BeAeHHs runepbosnueckux dyHKUHA



§ 7. O6o6uieHHbe METORH CYMMHDOBAHUS PacXOLALMXCS PALOB 55

@ oo

X2 42
shx———xn (1 + k2n2)’ chx:n [1 + ————_(Qk—l)znZJ'

k=1 k=1

3aMeTHM, UTO H3 pasJjioxeHuH pas sinx, cosx, shx, chx Hemen-
JIEHHO IOJNy4aloTCAd pPas3vyloXEHHA B OecKoHeuHbie [IPOH3BENECHHUSA
byuxuni tg x, ctg x, thx u cthx.

§ 7. OBOBIUEHHBIE METOXBl CYMMHPOBAHHUA
PACXOAsIIUXCHA PAIOB

Bo Bceilt ra. 1 MbI HaseiBaau cCyMMo# pana

Zuk=u1+u2+...+uk+... (1.117)

k=1

npefea S nocaefoBaTeNbHOCTH {S,} YAaCTHYHBEIX CYMM 3TOro psia
(Ipu YCJIOBHH, 4TO 3TOT NpeAes CyHIeCTBYeT).

B psne 3ajauy MareMaTHYeCKOro aHa/JH3a, MNpeACTaBJSOIIHX
Kak TeOpeTHYeCKHH, TaK H NDaKTHUYECKHH HHTepeC, IPHXOAUTCA
ONEepPHPOBAThb ¢ PSAAAMH, Y KOTODHIX NOCIEN0OBaTEJNbHOCTb YaCTHYHLIX
CyMM HE CXOAMTCS WM CyMMa B YKa3aHHOM Bbillle OGLIYHOM CMEICIIE
He cymecrByer. EcrecTBeHHO, BO3HHKaeT Bonpoc o6 060061ueHBH
NOHATHA CyMMBI Psla H O CYMMHDOBAaHHM pacxoasmierocs B o6bIY-
HoM cmbiciie psaga (1.117) ¢ nmomouwiple Kakux-in6o 0606IIEeHHBIX
MeToRoB. B Hacrosmem naparpade Mbl M OCTAHOBMMCS HA HEKOTO-
peIX 0OOOIIEHHBIX METONaX CYMMHPOBaHHS pacXOfUIHXCH PHAIOB.

ITpexxne Bcero magum OGIUYIO XapaKTEPHCTHKY TEM MeETOAaM
CYMMHPOBaHHs, KOTOpne OyayT paccmMaTpuBaTbcsi. PasymHo Tpe-
6oBaTb, yTo6n O060OLIEHHOE MOHATHE CYMMBI BKJIO4aJao B cebs
obpiuHoe NOHsITHE cyMmbl. TouHee, psil, CXOAAWUHCA B OBGBIYHOM
CMBICJIE H HMEIIIHA o6blunylo cymMMy S, Io/KeH umerh 0006LIeH-
Hyl0O CyMMy, H IPHTOM Takxe paBHyI0 S. Merox CcyMMHDOBaHHH,
obsiafarolii yKa3aHHBIM CBOHCTBOM, HA3BIBAETCS PETYJ A P HEI M.

Janee ecrecTBeHHO NOAYMHHTL HOHsITHE OGOGIMEHHOH CyMME

o0

CJAeAYIOLIEMY YCJAOBHIO: €CJH PSf 2 u, umeer 0GOOLIEHHYIO CyM-
k=1

My U, a psaxn ka umeeT oOoGIieHHylO cymmy V, To pan
k=1

Z(Auk +Buv,), rae A u B — molue nocrosiiHble, umeer 0606-
k=1

wennylo cymmy (AU+BV). Meroa cyMMHDPOBAHHS, YAOBJIETBOPS-
IOIMA YKa3aHHOMY YCJOBMIO, Ha3nBaeTcss T HHeHH Bl M. B ananuse
H B €ro NpHJOXKeHHUsX, KaK MPaBHJ0, UMEKT AeJO0 JIHUIb C. PeryJsp-
HBIMH JIHHEHHEIMH MeTOAAaMd CYMMHpOBaHHsl, OCTaHOBHMCSH Ha ABYX



56 Ta. 1. Uncaosne psaaH

MeTroJax OO6OOIIEHHOI0 CYMMHPOBAHHA, NPEACTABJASIOIHX 0coOniit
HHTEpec AJI NPHJOXKEHHH.

1. Merop Yezapo?) (meron cpemuux apupmernuecknx). I'oso-
par, uro pan (1.117) cymMmupyeMm Metronom UYesapo, ecan
CYHIECTBYET INpejiesl CpeIHHX apU¢MeTHUYECKHX CYMM 3TOrO psAja:

lim it St 4 Sn (1.118)

n—-»w n

ITpu srom npepmen (1.118) HasniBaeTcss 0606 W EeHHOA B CMH C-
ne Ueszapo cymmoi pana (1.117).

JlunefiHocTp Meroja cymMmupoBaHusa Yesapo oueBuana. Ero pe-
FyJIIDHOCTD BEITEKAaeT u3 JeMMH I, noxasanHoii B . 3 § 2. B camom
Jese, U3 YKa3aHHOM JIeMMHB BBbITEK4€T, UTO €CJH IOCJAeH0BaTelb-
HocTb {Sp} yacThHuHbix cymm pspa (1.117) cxomutes x yucay S, To
npejen (1.118) cymectByer H TakxKe paBeH S.

IlpuBenem npuMepH pSiAOB, HE CXOASIIHXCS B OGBIYHOM CMBHICITE,
HO CyMMHpyeMEIX MeToloM Yesapo.

IIpumepsn. 1° PaccMOTpuM 3aBeIOMO pacXOASIIAACH Pl

Y (- =1—1+1—1+...
k=1

[TockoabKy Bce WeTHH € YaCTHUHBE CYMMH Si, 3TOrO pAfa pas-
Hbl HYJIIO, 3 BCé HEUeTHHE YaCTHUYHLE CYMMH Sss-; PaBHH €JAHHHLE,
to npenea (1.118) cymecrByer m paBen 1/2. Takum o6pasom, pac-
CMaTpPHBaeMHH psajJ cyMMHpPyeM MeToioM Ye3apo, u ero cyMMa
B cMbicne Yesapo paBHa 1/2.

2°. Cuuras, yto x — n1060e PUKCHPOBaHHOE BelNeCTBEHHOE YHC-
J0 2;43 uHTepBana 0<x<2m, pacCMOTPHM 3aBENOMO pPacCXOAAIIHHA-
ca %8 pan

coskx=cosx +cos2x +-cos3x+ ... (1.119)
k=1

YacruyHass cyMMma 3TOro psiia S, yxe NOACYHTAHA HAMH B IipuMepe
2° § 4:
; _1_) in -
sin{n+4 2 x —sin 2
S, = : .

2in—x—
STy

2" Dpuecto Uesapo — uraabauckuit Mmatemathk (1859—1906).
38 Pacxomumocth psja (1.119) Ges Tpyaa ycMaTpHBaeTCsl H3 NPHBEAEHHOrO HH-
3Ke BHIpaKeHHs AJf €ro YaCTHYHON CYMMH.
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Tloacuuraem cpenHee apudMerHyecKkoe YaCTHYHHX CYMM:

Si4+Sa+ ... 4S8 1 N LR R S
= {Zsm(nH— Q)x] 2
m=1

n

x
2n sin —
si 2

S 2 (cos mx—-cos(m + l)x)] ———;—=

4n-sin‘2-:— m=1
&
__cosx—cos{n41)x ___l_
x 2
4n sin? —
n sin 2
Ortciona OYeBHAHO, UYTO
lim SiESato 4S8V
n—os n 2

Takum obpasoM, psa (1.119) cymmipyem meromom UYesapo, H
€ro cymma B cMmbicae Uesapo paBHa (—1/2).

2. Meroa cymmsuapoBanns [lyaccona?? — Abeas. [lo nanHOMy
pany (1.117) coctasuMm cremeHHOl psx

[+

z ukxk—‘zul-}—u;x Fugx®+ .U x 4 (1.120)
k=1

Ecau aror pax cxommrcs AN BceX x¥ M3 HHTepBasa 0<x<l

H ecau ero cyMmma S(x) umeer jieBoe npenesbHoe 3HaueHHe lim S(x)
x—]—0

B Touke x==1, To roBopsar, uro panx (1.117) cymmupyem merTo-
aom [Iyaccona—AGens Ilpu 3ToM ykasaHHOe npejeibHOE
3HayeHHe HasuBaerca cyMMmo# psapga (1.117) B cmucae Ily-
accoHa—AGeus.

JlunefiHocTs Metona Ilyaccona—A6ena He BHI3HIBAGT COMHEHHH.
Hoxaxem peryaspHocTs 3T0oro meroda. Ilycts pag (1.117) cxomuT-
cs B OOLIYHOM CMBICJIe W MMeeT CyMMy, paBHyw S. TpebGyercs no-
ka3atb uyto: 1) psig (1.120) cxomures anst nio60OTG x U3 HHTEpBaa
0<x<1, 2) cymma S(x) psaa (1.120) umeer B TOuKe x=1 zeBoe
npene/bHoe 3HaUYEHHe, paBHOe S.

Joxaxem chauasa yrBepxpaeHue 1). Tak kax pap (1.117) cxo-
JAHUTCA, TO NOCJEROBATEJBbHOCTh €0 4J€HOB HABJSETCA 6eCKOHeYHO
MaJIOH H, CNeHOBaTeJbHO, OrpaHHYEeHHOH, T. €. HafieTcs Takoe
upcao M, yTo pJs1 BceX HOMEpOB &

| e | <M. (1.121)

29) Cumon Jlenr Ilyaccon — ¢panuysckuir matematux (1781—1840).
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Hcnone3ys 310 HEpaBEHCTBO, OLEHHM MOJAYJb k-0 wieHa psja
(1.120), cumras, uto ¥ — Ji060e yHCNO W3 HHTepBada 0<x<l.
ITonyunm

| dpxk=t| <M | x| %1,

(-]
Tak kak |x| <1, T0 psan Z [x]*"  cxomuTes. IlostoMy B cuay
k=1
3aMeyaHus 2 K Teopeme cpaBHeHus 1.3 cxonutes u pan (1.120).
Hokaxem Tenepnr yteepxkpenue 2). Ilycts S, — n-a  vacTHu-
Had cymma psajaa (1.117), a S -— ero obniynas cymma, C noMouipio
npeo6pasoBanus AGens 30 jerko y6eauThCs B TOM, YTO AJs Jioboro
x u3 uHrepBana 0<x<1 crnpaBeAsHBO TOXKIECTBO

Zukxk—l-__(l__x) Zskxk—l, (1.122)
k=1 k=1

Briutrem TOoxzectso (1.122) u3z caeayiolnero O4YeBHIAHOTO TOXK-
JiecTBa:

S=(1—x) ¥ St
k==l

ITpu atoM, o6o3Hauast yepes rp k-it ocratok psaaa (1.117), 6ynem
HMeTb

S— Zukxk—‘ =(1—x) Z rpxk—t,
k=1 k=1
HJIH

S—S(x)=(1—x) ¥ rpxt-t, (1.123)
k=1

Hawa uenp — pokasars, uro ags Jjwo6oro e>0 Ha#perca §>0
rakoe, yro Jjesas uyactb (1.123) menbuwle e Ads1 BCeX X, YAOBJETBO-
pAlomHux HepaBeHcTBaM |—0<x<1. Tak Kak ocTaToKk I, paAa
(1.117) cTpemuTcs K HyJIO NpH k—»00, TO JAJS  MOJOXKHTEJbHOTO
yucsaa ef2 Halijercs Homep ko Tako#, uto |rk|<e/2 npu kZk,.

Takum o6Gpasom,
(-]
2lg— k—1
<=0 Y
)

'(l—x) grkx— 2

k==k,

e
<<

30) Tlpeo6pasoBanne AGens (1.77) ycramosieHo HamMu B § 4. B paccmarpuBae-
MOM cayyae cJaeayer mnodoxuts B (1.77) n=0, S,=0 u 3aTeM YCTPEMHTb
P K GeCKOHEYHOCTH,



§ 8. JaemenrapHas TeOpHst ABOHHBIX M IIOBTOPHHIX PSAOB 59

Ocraercs JloKasaTb, YTO JJISA X, AOCTATOYHO OJIM3KHX K eJAHHHIE,
ko—1

[(1 —x) E Foxtt
U

HO 3TO OYEBHAHO, TAaK KaK CyMMa, CTOfLIas B NOCJeAHeM HepaBeH-
crBe, orpaHuueHa. Peryaspuocts metopa Ilyaccona—AGens noka-
3aHa. ' C

B xauecTBe mpHMepa CHOBa pacCMOTPHM pacXoAflUHCA PAA

14
<—2—.

Y= =11 l—1 ... (1.124)
k=1

HJist aTOoro psiza cocTraBuM creneHHod psag Bupa (1.120)

@

Z (— 1) bt =l —x X2 x3 - ...

k=1

OueBunHO, 4TO NOCJAEfHUE PSAL CXOAMTCS AJsi BCeX X H3' HHTepBa-
aa 0<x<1 u nmeer cymmy, pasnyio S(x)=1/(1+x). Tax kak

. . 1

lim S(x)= lim oL

x—1—0 x—=1—0 1 +x 2

'

To pax (1.124) cymmupyem wmetonom Ilyaccona — AGens u ero
cyMMa B cmbicie Ilyaccona—AGens pasHa 1/2.

O6paTuM BHHMaHHe Ha TO, yto cymma psaga (1.124) B cmbicae
Ilyaccona — AGeass coBnajaer c ero cyMmod B cmbicie UYesapo.
STOT (akT He ABJIAETCS CJAYYaHHBIM: MOXHO A0OKa3aTb, YTO €CJ]H
pAA CyMMHpyeM - MeTOZOM Ye3apo, TO OH CYMMHMPYEM H MeTOAOM
[Tyaccona — AGenst, mpuueM cyMMa 3TOro psia B cMbicae UYesapo
coBmajaer ¢ ero cymmoflt B cmeicae Ilyaccona—AGeas. BoJjee Toro,
CYWIECTBYIOT psiAbl, cymMMmupyembie MeTosom Ilyaccona—AGens, HO
He cyMMHpyeMble MeTonoMm Yesapo 3D. JleranbHoe m3yyeHHe BCEBO3-
MOXHBIX METOAOB OGOGIIEHHOr0 CyMMHpPOBAaHUSI PACXOAALIMXCS Psi-
ZoB npoeoautcs B MoHorpadum I'. Xapam «Pacxoaswuecs pagb»
(M.: 1J1, 1951).

§ 8. QJIEMEHTAPHASI TEOPHS JABOHAHDIX
R NTOBTOPHbLIX PANOB

PaccMOTpHM cueTHOE MHOMECTBO GECKOHEUHLIX UHCJIOBLIX HOCJe-
LOBATEJbHOCTEH

iy, Qra, Q130 - vy Ainy - o0

3 Takum 06pasoM, MOXKHO cKaszaTb, uTo meron Ilyaccona—AGens asaserca Go-
Jiee «CHJIbHLIM» METOJOM CyMMMpOBAaHHUS, ueM MeTOA Hezapo.



Ta. 1. Yncnoswe pazu

Qo1, Qo2, 23y ..., Qony o ..
Qs1, Q32, 33, ..., Qan, ...}

(1.125)
Amiy Am2y Cm3y vy Amny oo« 5

. . . . . . . » »

(IlepBHft HHAEKC y 9HCea 4y 0603HAayaeT HOMeDP paccMaTpHBaeMOlk
NOCJEJ0BaTENbHOCTH, 2 BTOPOH — HOMEp ee 3JIeMeHTa.)

Tlo mpyroMy MOKHO cKas3aTh, YTO MBl paccMaTpHBaeM MaTpHUY
(1.125), coaepxauyio GeCKOHEUHOE YHCAO CTPOK H GecKOHeyHoe
uyncno croabuoB. Ilpoussoas ¢opmajbHOe CyMMHDOBaHHE 3JIeMEH-
TOB 3TOH MaTpHIH, MOXHO COCTaBHTb H3 Hee Da3JIHYHHIE PAJHL.

Ecan cHayana npocyMMHPOBaThb KaXAYIO CTPOKY MAaTPHILE
(1.125)oraenpHo, TO moNyuuTcs GECKOHeYHas IOCAEJOBAaTEIbHOCTH

pPALOB BHAA

Yoo, (=12, ...). (1.126)

=1

IlpocyMMHpOBaB 3Ty NOC/HENOBAaTEJIBLHOCTb, INOJYYHM (POpMalbHYIO

CyMMy
Y (¥ a). (1.127)

k=1 =l

DTy cyMMy NPHHATO Ha3WBATh NIOBTOPHHM PAXAOM,.
Jlpyroi noBTODHEIA pAL

fj(i au) (1.128)

I=1 k=1

MOJIydHTCS, €CJAH CHayaja MPOCYMMHpPOBaTh OTAEJBHO KaXIHA
cronben marpuun (1.125), a satem B3ATb CyMMYy 3JIEMEHTOB NOJY-
4YeHHOA NIPH 3TOM IOC/Ee0BATEJIBHOCTH. .

Onpenenenue 1. ITosropusii pad (1.127) Hasuwsaercs
cxodauumca, ecau cxodurca Kaxouid uz padoe (1.126) u ecau
cxodurca pad

w®
Z Akr

k=1

8 Koropom A, obosnadaer cymmy k-zo pada (1.126).
Onpenenenue 2. [losropuuii pad (1.128) naswisaerca ¢ xo-
Gaujumcs, ecau cxofurca Kaxdoul us pados
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Yo, u=1,2..) (1.129)

k=1

u ecau cxodurca paod

—~

X}

Aok

]

8 KoTopom A; o6osnauaer cymmy l-20 pada (1.129).
C marpuneit (1.125) kpome nosTopHEX panoB (1.127) u (1.128)
CBSI3BIBAIOT ellle TAK Ha3blBaeMblii ABOHHOH pan

o

Q. (1.130)

erd
k=1
Onpeneanenne 3. Heodnod pad (1.130) nassisaercas cxo-
CAWuMCA, ecay Npu HE3ABUCUMOM CTPEMACHUU 08YX
undexcos m u n K OeCKOHEHHOCTU CYU,ecT8YeT KOHeurblli npedes

lim S, (1.131)

m—>®
n—>o

TAK HA36I8AEMBIX NPAMOYL0AbHOIX HYACTULHBIX CYMM

Spn= Y. ¥ ay. (1.132)

IIpu 3ToM ykasanumit npefen (1.131) HasmBamOT cyMMO# ABO#-
Horo paaa (1.130).

H3 storo onpesesienHs cpasy cjeiyeT, 4TO eCJaH ABOHHOH paX
(1.130) nosyuen mocpeACTBOM NEPEMHOXEHHsS YJEHOB JABYX CXOJIs-
ILHXCA «OAHHADHEIX» DSIJIOB

-]

k;l byu Y (1.133)

I=1

T. €. ecaH uwieHn ABofiHoro psaza (1.130) paBHuW ax=bkC;, TO 3TOT
ABOHHOH DAJ CXOAHTCH, @ €r0 CyMMa paBHa IIPOH3BEJEHHIO CYMM
panos (1.133).

Hanee 3ameruM, uyro u3 (1.132) ciaenyer, uto Aias JIOOHX
m=2, n=2 :

Amn= Smn"‘sm(n—l)"‘ [S(m—l)n‘_s(m—l)(n—l)] .

ITocnenHee paBeHCTBO O3HauaeT

YrBepxaenue Heobxodumoim ycaroguem cxodumocru 080u-
rozo pada (1.130) sneasercs crpemaenue K HYysawo ezo obuiezo uie-~
Ha, T. €. CYWecTe08aHIEe PABHOZ0 HYAt0 npedeaa
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Tn. 1. Yncoosble psiabl

lima,,
-0
N>

npu HE3QBUCUMOM CTPEMAEHUL M U 11 K BECKOHEYHOCTU.

Hoxkaxcem ciepyoilee yTBEpPKAEHHE O CBS3H MeXAYy CXOAM-
MOCTBIO IBOFHOTO M [IOBTOPHOTO PSNOB.

Teopema 1.21. Ecau cxodurca dsotinod pad (1.130) u ecau
cxo0arca ece pade. no crpokam (1.126), 10 cxo0urcsa u no8roprbLi
pad (1.127), npuxem x 3704 e cymme, Kk KOTOpOU cxolurcs 08oi-
not pad (1.130). .

HoxazareanncTBo. Ilepexogmss mnpu ¢HKCHDOBaHHOM M
K IIpefeJy npu n—oo B paBeHcTBe (1.132) M yuuThiBasi CXOAHMOCTh
pana (1.126) x cymme Ay, noayuum

lim S,, = Y 4, (1.134)
k=1

n-—»oo

M3 coornciuenns (1.134) sicHo, 4To cyMMa TIOBTOPHOrO psja
(1.127), xotopas onpejensieTcss Kak npeldesa NPpH M—oo NpaBO#i
yacty (1.134), ecTb He UTO HHOE, KaK NOBTOPHBIA Npenen

lim (lim S,,,).

m->o N0

Ocraercst foka3aTh CYLIECTBOBAHHE YKa3aHHOIO NOBTOPHOTO
npejiesia B NpEeANOJIOKEHHH cyllecTBytouero npeaena (1.131) u cy-
IeCTBOBaHHsA M Jiuoboro m npergenaa (1.134), a Takxke A0OKa3saTh,
YTO yKa3aHHBIH NMOBTOPHMLIA Npeaes paBeH mpejeny (1.131).

M3 cymectsoBanust paBHoro S mnpepesa (1.131) BeiTexaer, urto
s moboro >0 HalioyTcs HOMepa Mg ¥ g TAKHE, 4TO NPH 1mM=My,
n>no CHpaBefJHBO HEPaBEHCTBO

lSmn_Sl <E.

Hcnonb3ysa ¢akT cymecTBOBaHHs IJs Jjio6oro Homepa m Inpenena
(1.134), w3 nocjeaHero HepPaBEHCTBA MOJyYyaeM, 4TO AJA J060ro
mZ>=my CIpaBeJJUBO HEPABEHCTBO

—> 0

a 3TO W O3Hayaer, uToO NoBTOpHHI mpegen lim (limS,,) cymecr-

m-»ow n-»00
Byer H paBeH S. Teopema aoxasaHa.

Kak u aas o6bluHOro psiia ¢ HeOTpHUATEJbHBIMH Y4ICHAMH CIpa-
BE[JIUBO CJeAyIollee yTBEPKAEHHE.

Teopema 1.22. Ecau sce sremenrsr marpuyes (1.125) neor-
puyaressrol, TO 0Af CXOOUMOCTU COCTABAEHHO20 U3 3TOU maTpu-
ybt 0soiinozo pada (1.130) Heobxodumo w COCTATOUHO, 4TOObLL €20
yacruunole cymmer (1.132) Gotau ozpanuyensi.
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HdokasatensbctBo. Heobxoaumocts oueBmiana. Jas rnoxa-
3aTe/ibCTBA AOCTATOYHOCTH 3aMETHM, YTO H3 OrDaHHYEHHOCTH MHO-
JKecTBa uyacTHYHBIX cyMM {Sn.} BHITEKaeT CYyLIECTBOBaHHE TOYHOH
BepXxHell I'PaHH 3TOr0 MHOXECTB3, KOTOPYIO MH 0603HaunM uepes S:

S= sup S,,.
I<m<<o
1I<n<<w

Ilo onpenenenuo TouHoll BepxHeill rpaHu Aas Jioboro £>0 Haii-
JeTcs yacTHyHas cyMMma Sp,a, TakKas, uTo

S_8<Sm°no<8. (1.135)

s Bcex HOMepPOB m M n, yIOBJETBOPSAIOLUHX YCJIOBHAM M =M,
nZ=fp, B CHJAY HEOTPHUATENbHOCTH 3JeMEHTOB CIPaBelJHBO Hepa-
BEHCTBO S, = Spmon, -

H3 sroro nepaBenctBa u u3 (1.135) BhITekaer, uTo

S"‘"E<Smn<8

AJISl BCEX M K n NPH M=y, A22A,. DTO U O3HAYAET CYLIECTBOBAHHE
pasHoro S npepena (1.131), 7. e. CXOMHMOCTH ABOHHOrO psaa
(1.130).

Onpenenenune 4. Jeodnod pad (1.130) naszeisaerca ab co-
AOTHO CX00AUWuMCAa, eciu cxodurcs 0806HOLE pad

Y laul, (1.130")

R, b=1

cocragaennid us modyael arementos marpuyst (1.125).
Teopema 1.23. Ecau cxofurca O0sodnod pad us molyaed

(1.130%), 10 cxodurca u dsodnoii pad (1.130).
HokxazatenbcTBo. [Toaoxum pk,=_|£k_’_'2i_ai, Gpr =

a —a
— L&ll2—k’ . Torﬂa

Qpt=Prr—Gr! (1.136)

3neChb Prr M Gr HEOTPHUATENBHBl H 06a He NMPEBOCXOJAT |a@ur|. Kpo-
Me TOro, B CHJAy TeopeMbl 1.22 u3 CcXOAMMOCTH [HBOHHOro psaa
(1.130’) BhiTekaeT OrpaHMYEHHOCTb €r0 YACTHYHBIX CYMM, NO3TOMY
H YaCTHYHbIE CYMMBI KaXXJOr0 H3 ABOHHHIX PSIOB

Z Pri H 2 el

k=1 k=1

orpanuyennl. Ho Torma B cuay Teopembr 1.22 3TH psabl CXOAATCH.
O603HauHM HX CYMMBI COOTBETCTBEHHO uepes P u Q. B cmay
(1.136) neofinoit panx (1.130) cxomutcs ¥k P—Q
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Ta. 1. Yueaosne pagu

PaccmoTpum Teneps OGBIUHBIH PAR

Y. a, (1.137)

YJeHaAMH KOTODOrO SBJSIOTCS 33HyMEpPOBAHHbIE B KaKOM  YIOJHO
nopajxe sneMeHTH Matpuun (1.125).

Teopema 1.24. Paccmorpum ueroipe pada: 0Osa nOBTOPHLLY
pada (1.127) u (1.128), dsoinoi pad (1.130) u pad suda (1.137).
Ecau xors 661 00un u3 ykasaunoix uervipex psdos cxolurca npu
3aMeHe e20 YAEHOB ux QOCOMOTHOIMU BEAUYUHAMU, TO 6C€ 4eTbipe
YKA3AHHbIX PAGQ CXOO0ATCA W UMEIOT OOHY U TY e CYMMY.

JdoxasatenscTBo. CHauasa JOKaxkeM, 4TO €CJH OJHH H3
YKa3aHHbIX YeThlpeX PSANOB CXOAMTCS NPH 3aME€HE ero uJeHOB HX
MOJAYJSAMH, -TO U OCTAJIbHBIE TPU PSAJA CXOIAATCS IIPH 3aMe€He 4JICHOB
HX MORYJSIMH.

Tax kak 1715 nosTopHux psgoB (1.127) u (1.128) paccyxnenns
COBEepIIEHHO AaHAJIOTHYHBl (HYXXHO TONbLKO INOMEHSTh DOJISIMH Iiep-
BH H BTOPO#l HHIEKCH Y UJEHOB), TO B JajbHefleM Mbl OyjeM
paccmaTpuBaTh TOJbKO NOBTOPHBIM pax (1.127). IlocratouHo no-
Ka3aTb TPH yTBEPIKAEHHSA:

1) cxopuMocTs noBTOpPHOrO psma (1.127), y xoToporo Bce 4jeHH
3aMeHeHb HX MOZAYJIAMH, BjeyeT abCOJIOTHYIO CXOZHMOCTR psiia
(1.137);

IT) ab6conmtothHas cxopumocth psiaa (1.137) Baeuer abeonoTHy:O
CXOJMMOCTB ABOIiHOro psaa (1.130);

I1I) aGconiorHas cxoaumocTh psiza (1.130) Bieyer cxoauMOCTh
nostopHoro psiga (1.127), y koroporo Bce uJieHb 3aMEHEHHI MX MO-
naynsvam. [Ipe 3TOM CXOABTCS B caM nosTopHki psan (1.127).

Hns poxasarenbcTBa yTBepxkiaeHuss | o6o3nauum uepes S*
cyMMmy nosTopHoro psina (1.127), y KoTOpOro Bce YjieHH 3aMEHEHH
HX MOAYJAMH, T. €. pajda

Y (Ylawl). (1.127")

Torpa npu nwbBIX m 1 n

m n
Y Yiaul<s. (1.138)
h=1 ==

Ecmn  S/*=|a,|+|az|+...+|a-| — mpoussonbHass  wacTHyHas

cyMMa psila

Y lal, (1.137")
r=1
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noJydamoouerocs npu 3amene ujeHoB paga (1.137) ux monpyasmu,
TO 3aBEJOMO MOXKHO HalTH CTOJb GOJIbliME HOMEpa M W 1, 4TO BCe
ysneHsl paga (1.137), BxoAsiuiue B €ro YaCTHYHYIO CyMMY C HOMEPOM
r, O6yAyT cojepKaThCcs B NEPBLIX M CTPOKAX H MEPBHIX 1 CcTOa0LaX
matpuus (1.125).

Ho Ttorga B cuay (1.138) Gymer cnpaBenJuBo HEpaBEHCTBO

S*S*.

DT0 HepaBeHCTBO O3HAYAET, YTO NOC/JEJOBATEJbHOCTb YaCTHYHBIX
CYyMM pfiia c HeoTpuuaTejabHBIMH yjeHaMmu (1.137') orpauuuena.
CaefoBaTeNbHO, 3TOT PAA CXOAHTCH (B CHJY TeopeMbl 1.2).

Ins nokaszateabcTBa yTBepaxAeHHs 11 Opeino/oXKHM, UTO pPAk
(1.137") cxonurcsi. Torza B cuay reopembl 1.2 mocieAoBaTebHOCTh
ero yactruyHuix cymm {S,*} orpannuena. ®ukcupyem IPOH3BOJIBHYIO
YacTHYHYIO cyMMY Smn* IBofiHoro psga us mopayaeit (1.1307). 3a-
BeJOMO HaHJeTcs HOMep r HacCTOJbKO GOJbIIOH, 4TO r-f YacTHYHas
cymma psapa (1.137) Gygmer comepxaTh BCe 4YJIEHHl, BXOASILLHE
B YACTHYHYIO CYMMY Sn, psada (1.130). Ho rorna yacruunast cymma
Sma* psna (1.130’) He NpeBOCXOAHMT YaCTHYHON CyMMbl S.* psina
(1.137”). IlosTroMy MHOXeCTBO BCeX HACTHUHBIX CYyMM JBOMHOro ps-
za (1.130") orpannueno. Takum o6pasom, nmo TeopeMe 1.22 srToT
pSAL CXOAHTCS.

Ocraercsi nokasatb yreepxpaenue III. Ilycte cxoaurcs asoiHoft
psaa w3 moayaei (1.1307). Husa zoxasaTeabCcTBa CXOALHMOCTH IOB-
TopHOro psiga u3 moayJaeit (1.127°) B cuay Tteopemsr 1.21 pocra-
TOYHO FOKa3aThb CXOAMMOCThb KaXKJAOr0 H3 PsiI0B

Yiaul, k=12, ... (1.139)

{=1

Hus atoro B cuny teopembl 1.2 10CTaTOYHO AOKA3aTh, UTO KaXKAbIH
u3 pagos (1.139) nmeer orpaHMyeHHYIK0 INOCJIELOBATEJbHOCTb Hac-
THYHBIX CyMM, HO 3TO HOCJAeAHee O4eBHAHO, HOO NpH JioboMm k& H
a1060M HOMepe n cymMMma

"

Zlakl|

=1

orpaHuyeHa CyMMOH ABOHHOro psiza u3 monyJtael (1.1307).
CxomMOoCTb camoro mosropsoro pana (1.127) suiTekaer U3 TEOPEMEL
1.21, cxomamocT gBoitroro psaaa (1.130) u u3 cxomumocTy panos (1.126).
 Tenepb HaMm oOCTaeTCsl A0Ka3aTb, YTO CyMMbI BCeX TpPeX pHAOB
(1.127), (1.130) wu (1.137) cosnamator 3. OG6o3HaunM uepe3s S
cymMmy aBoftHoro psiga (1.130). OueBuano, 4T0 ¥ Ccymma psja

32) AHaJIOTHYHble PACCYXAEHHS MO3BOJSAIOT 3AK/MIOUMTb, YTO H CYMMa NOBTOPHOro
psana (1.128) coenagjaer ¢ cyMMaMu yKa3aHHHIX Tpex PsjOB.

5-4314
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T 1. YncioBue paas

(1.137) paBHa S, Tak Kak B CHly aOCOJIOTHOH CXOAMMOCTH 3TOro
psla ero cyMMa He MeHseTcsl NDH M3MEHEHHH NOPAAKAa CIEAOBaHHA

ero 4JeHOB H 3TOT NOPHIAOK MOXHO H3MEHMTb TaK, YTO YAaCTHYHHE
CyMMHl IOCJIeé H3MeHEHHs nopsiaka OyAyT colepXaTb B KayecTsBe
NOJMHOMXKECTBA YacTHuHble CyMMBl Sn, ABOfiHOro psaga (1.130).

Uro6n y6eIUTHCS B TOM, YTO M CyMMa noBTopHoro psifa (1.127)
TakXe paBHa S, JOCTAaTOYHO 3aMETHTb, YTO M3 CXOJHMOCTH p#JIOB
(1.139) BrTekaer cxoguMocth psafoB (1.126), m cocaaTbcd Ha Teo-
pemy 1.21. Teopema 1.24 noaHOCTBIO JOKa3aHa.



F'nasa 2

OYHKIUHOHAJIbHBIE
NOCJENOBATEJbHOCTH H PAJLbl

Iis npeicraBjeHus pa3nuyHblX QYHKUMHA B MaTeMaTHYeCKOM aHa-
JiM3e IIHMPOKO HCNOJIb3YIOTCA DPSAB M IOCAeL0BATEJNbHOCTH, YJE€HAMH
KOTOPHIX SBJAIOTCS He uMcja, a (QyHKUHH, ompelleleHHble Ha HEKOTO-
POM (PHKCHPOBAHHOM MHOXECTBe.

Takue psAB H IOCAEAOBaTEIbHOCTH, HasbiBaeMbie ¢y HKI HO-
HaJlbHBMH, BCECTOPOHHE H3y4alOTCSi B HacToslle#l riase.

§ 1. NOHATUSA CXOJHMMOCTH B TOYKE H
PABHOMEPHOH CXOAHMOCTH HA MHO)XECTBE

1. NoHaTHS (YHKUKOHANLHON MNOCHEAOBATENBHOCTH M (PYHKIHO-
HaJbHoro psipa. Ilpeanmonoxum, yto Ha uHcjaoBo#l npsmoit E! uau
B m-MepHOM EBKJMIOBOM IpOCTpaHcTBe E£™M 3ajaHO HEKOTOPOE MHO-
xectBo {x}).

Ecnu kaxpaoMmy 4HCJay # M3 HaTypasJbHOro psga umced 1, 2, ...
.e., M, ... CTABHUTCS B COOTBETCTBHE N0 ONpEJEeJeHHOMY 3aKOHY HEKO-
Topas (yHKUMA [.(X), ONpefiesieHHas Ha MHOXKeCTBe {X}, TO MHOXeCT-
BO 3aHyMepoBaHHHX GyHkuui fi(x), fo(x), ..., fa(x}, ... Mbl u OyleM
Ha3pBaTh G YHKL HOHAJBHOH INOCJAeNOBAaTENbHOCTHIO

OrnenbHele OYHKUHK f,(x) OGyleM Ha3bBaTh YJEHAaMH HIH 3 J e-
MeHTaMH paccMaTpHBaeMOH [OCJHELOBATENbHOCTH, a MHOMKECTBO
{x}, Ha KOTOpPOM omnpegeneHbl Bce (QYHKUHH [n(X), GydeM Ha3bBaTb
ob6macTbi0 ONpefeNeHHUs 3TOH HOCAEAOBATEJHHOCTH.

3ameTuM, 4TO ecaHu ob6sacTbh onpeleseHHs {x} sBJseTcCsi MHOMeCT-
BOM B M-MEDHOM €BKJHIOBOM npocTpaHcrBe £E™, TO KaXhas (QyHKUHSA
fn(x) sBAsieTcst GyHRuHEH m nepeMeHHBIX fn(X) =fa(¥1, X2 ..., Xm),
rRe xi, X3, ..., Xm — KOODIAHHATHl TOYEK X.

Hns o6o3Hayennss QyHKUHOHAJIBHOH MOC/AEAOBATEIbHOCTH MBI, KaK
npasuJo, 6y/eM HCIOJB30BaTh ¢urypusle ckobku: {fr(x)}.

PaccmoTpum (QYHKIHOHA/NBHYIO MOCAEAOBATENbHOCTb {Un(X)}, 006-
JIaCTBIO ONpeje/ieHHs KOTOPOH SBJSETCS HEKOTOPOe MHOXKeECTBO {x}.

<dopMasabHO HANHCAHHYIO CYMMY ‘

Yu.o=0,0) a0+ fu )+ 2.1)

n=1

1) B cnydae m-MepHOro €BKJHAOBA NPOCTPAHCTBA E™ 3MEMEHTaMH MHOXECTBA
{x} sBASIOTCH TOYKH X= (X1, X2, .., Xm) C KOOPIAMHATAMH Xi, Xz, ..., Xm.

5
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OGECKOHEYHOro yHcJa 4/1eHOB YKa3aHHOH (yHKUHOHAJBbHOHA MocjexoBa-
TeJbHOCTH OyleM HasnBaTh GYHKUHOHAJBHHM pPHAOM.

IIpu aTOM orTAennpHBle QYHKUHH U,(X) Mbl 6y/JeM HashHBaTh 4Y.Je-
HaMH paccCMaTPHBAEMOro psjAa, a MHOXKECTBO {x}, Ha KOTOpPOM oIpe-
JesneHsl 3TH QyHxUHH, OyjemM Ha3biBaTh 06JacTh Ompenede-
HH S 3TOrO psiza. .

Kak u B cjayyae YHCJIOBOrO psila, CyMMY II€PBLIX 7 UJIE€HOB (PYHK-
uHoHaJMbHOTO psiza (2.1) 6ymeM HaswiBaTh A-H YACTHUYHOH CyM-
MO # 3TOrO psna.

OrMmernM, yTo n3yueHue (GYHKUHOHAJLHHIX PSAOB COBEPLIEHHO IKBH-
BaJIGHTHO H3yueHUI0 (QYHKIHOHAJbHBIX IOCJeJOBaTeJAbHOCTEH, HOO
KaxXIoOMy (QYHKUHOHAAbHOMY psily (2.1) OJHO3HAYHO COOTBETCTBYET
yHKLHOHaNbHAS 1I0C/EI0BATENBLHOCTD

Si(x), Sa(%), ..., Sa(x), ... (2.2)

€ro 4acTHYHBIX CYMM H, Ha000pOT, KaxA0H (YHKUHOHAJLHOH mocJe-
AosaTenbHOCTH (2.2) OAHO3HAYHO COOTBETCTBYeT (YHKIHOHAJbHEIR
pan (2.1) c unenamu uy(x)=S5,(x), us (%) =Su(x)—Sa_i(x) nupn
n=2. .

IIpumepsn. 1° PaccMOTPUM TNOCAEROBATENbHOCTh (YHKUHA
{f~(x)}, kaxnas u3 KOTOpHIX onpejeneHa Ha cerMeHTe O0<x<l W
HMeeT BHA

icos ) npx O\<x<%,
fa (x) =7 " (2.3)
0 npp — <x<1.
{ n
Ha puc. 2.1 npuBenenn rpaduku QyHrumni fi(x), fo(x) u fa(x). O6-
JacThiO onpeflesieHHsi (QYHKIHOHAJbHOA TNoOcJaefoBaTeNbHOCTH  (2.3)

qxlz) f2{x) fn/z)
1 7 7
i ol -
g T 0 7 7 x 01 1 7 x
2 n
Pue. 2.1

aBaserca cermeHt [0, 1]. 3aMeruM, uro kKaxias OyHKUHA [, (x) we-
npepeiBHa Ha cermenTe [0, 1]. :
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2°. PaccMoTpuM (YHKUHOHAJBHHHA PAX

O Gtb o2ty Gty Gtyr 2.4
1+2 - ARl LR BT 2

k==l

06/1aCThIO OMNpeJeseHHs KOTOPOro siBjsercs mIOCKOCTh E?={—oco<
<x <00, —oo<L Yy oo},
Hcnoansys pasnoxenue no ¢dopmysae Makaopesa QyHKUHH

e“=l+'£"+u_2+ +£+Rn+l(u)
1 21 n!

(cM. 1. 2 § 9 r1. 6 u, 1), Mu npuAeM K BHBOAY, uTO (n+1)-2 uac-
THYHas cyMMa

Sut1(x, )=1+ x;‘;y + (x-;y)z + ... +(x——;y£

psana (2.4) ornnuaercs OT (YHKUHH e*Y Ha BeJHUHHY Rayi(X+Yy),
rae Ra41(4) — ocraTouHnf uieH B ¢opMmyste Mak/iopeHa ans ev.

2. Cxopumocth (PYyHKUHOHANBLHOH MOCAEAOBATENBHOCTH (QyHKUHO-
HaJbHOro psijga) B TOYKe H Ha MHoxectBe. [lpegnosnoxum, uto 06-
JacTbi0 onpejetieHuss (YHKUHOHAJBHOH IIOCJAEAOBATEIbHOCTH ((DyHK-
HHOHAJILHOTO psjla) ABJAETCS MHOXeCTBO {x} npocrpancrea Em. Duk-

CHpPYeM INIPOM3BOJIBHYIO TOUKY Xo==(Xi, X2, ..., Xm) MHOXeCTBa {X} H
paccMOTpPUM Bce uJieHH (DYHKIHOHAJIBHOH MOC/IeOBATENBLHOCTH ((DYHK-
HHOHAJIbHOTO psja) B 3TOH Touke xo. IIpH sTOM monyuum 4YHCIOBYIO
[OCJeJOBaTeJbHOCTh (YHCJIOBOH pAL).

Ecau ykasanHasi ync/0Bas INOCA€AOBATENBHOCTh (YHCJIOBOH psll)
CXOHHTCA, TO TOBOPAT, 4TO (PYHKUHOHAJbHAS IIOCJAEL0BaTeNbBOCTh
(byHKUHOHAJBHBIA pSil) CXOAMTCS B TOUKE Xo

MHoXecTBO BCEX TOYEK Xy, B KOTOPHIX CXOAHTCS HaHHas (QYyHKUHO-
HajbHasg INOC/JAEL0BAaTENbHOCTh ((DYHKUHOHAJBHHIHA psl), Ha3bBaercs
o6n1acThbi0 CXOAHMOCTH 3TOH NOCTEA0BaTeJbHOCTH (psfa).

B KOHKpeTHHX cHTyauusx 06JiacTb CXOAMMOCTH MOXKET COBHajaTh
¢ 06/1acTblO ONpefesieHus, ABJIATHCA MOAMHOKECTBOM o6JacTd ompe-
AeJeHHsa uaH BooOule ObiTh NyCThIM MHOxKecTBOM. COOTBETCTBYIOLLHE
NpHMepHl NPHBEJeHbl HHXKE.

IlpennonoxuM, uto GyHKUMOHANbHAS INOCJAEAOBATEILHOCTL {fn(X)}
HMeeT B KayecTBe 00J1aCTH 'CXOAHMOCTH HEKOTOpPOe MHOXKeCTBO {x}.
CoOBOKYNHOCTb NDEAENOB, B3ATHIX [IJsi BCEX TOYEK X MHOMKecCTBa {X},
[OPOXKAAET MHOMKECTBO BCeX 3HaueHHH BIIOJIHE OIpejeJeHHOH (YyHK-
uuu f(x), onpefeneHHo# Ha MHOXecTBe {x}. DTy (PYHKIUHIO Ha3LIBAIOT
nperenbHold ¢dyHKHHed (GYHKHHOHAJBHOH MOCJENOBATENbLHOCTH
{fr(x)}.

Ananornuno, ecin GyHKUHOHAMBHEIH psix (2.1) uMeer B kayecTBe
006/1aCTH CXOAHMOCTH HEKOTOPOe MHOXKECTBO {X}, TO Ha 3TOM MHOXECT-



70 Fa. 2. OyHKuHOKANbHEE NOCIELOBATENbHOCTH H PAAH

Be onpejeneHa ¢yHkuus S(x), fBaAsoHascs npeleabHod (yHKuHeH
NOCJIeAOBATEJEHOCTH YACTHYHHIX CYyMM 3TOr0 psijia M HasnBaeMmas €ro
cymMMmo#.

TlocnenoBarensHocTp (2.3) M3 pacCMOTPEHHOTO B NpEABAyLIEM
nyHkre npuMepa 1° umeer B kauectBe 06JaCTH CXOZHMOCTH BeCb Cer-
ment 0<Cx<1. B camom pene, f.(0)=1 nns Bcex HOMepOB n, T. e.
B Touke x=0, nocrenoBarensvHocTh (2.3) cxoaurea K enmuuie. Ecan
e ¢QHKcHpoBaTh Jioboe x H3 noaycerMedra 0<x<Cl, to Bce OyHx-
UHH fn(x), HAaUHHAS C HEKOTOPOro HoMepa (3aBHCSIIEr0, KOHEYHO, OT
x), 6yayr B aToii TouKe x paBHu Hywmo. OTciofa caeiyer, 4To B JIO-
6ot Touke x mosnycermeHra 0<x<{l nocnenoBaTenspHOCTL (2.3) CXO-
JHTCA K HYJIO.

Hrak, nocnexosatenbHocTh (2.3) CXOAHTCA Ha BCeM CerMeHTe
0<<x<1 Kk npenennHo# ¢yHKUMH [(x), HMelOWEH BUA

1 npu x=0,
Foa=|
Omu 0<< x < 1.
I'paduxk sTofi GyHKUHH u306paxeH Ha puc. 2.2. Cpasy ke OTMETHM,

4yTO 3Ta (YHKUHA He f6AReTCA Henpepouisrot Ha cezmente [0, 1]

(oHa uMeer paspuiB B Touke x=0 cnpasa).
¥Y6eauMca Tenepb B TOM, YTO pPAL

flz)} (2.4) H3 pacCMOTPEHHOro B NpeAbIAy-
HIeM NyHKTe mpHMepa 2° uMeeT B Ka-
7 yecTBe 06/1aCTH CXOXHUMOCTH BClo Bec-

KOHEUHYI0 MJAOCKOCTh E2={—oco<x<<
<00, —o0<Y<oo}.

B camom gmene, B m. 2 § 9 ru. 6
uy. 1 J0oKa3aHO, YTO OCTATOYHHIH UYJIEH
Ruy1(u) B dopmyne MakiopeHa AJs
OVHKIHH e% CTPEeMHTCH K HYJIO MpH

) { —» Nn—>00 04l 406020 B8eULeCTBEHHOZ0 U,
0 7 z d10 u osnauaer, uro (n+1)-a uac-

Prc. 2.9 THUHAsA cyMMa S,y (X, y) paxa (2.4)
) oTAdYaeTca OT e*tY Ha BeJHUHHY
Rpyy (x4y), crpemsmyiocs K HYJMIO
OpH n—>oo B KaXA0H Touke (X, y) naockoctu E2.

Hrak, psax (2.4) cxomurca Ha Bcelt miockocTH E?, U ero cymma
paBHa e*t¥,

3. PaBHoMepHas CXOIMMOCTh Ha MHoxecTBe. [IpeamosIOKHM, 4TO
GyHKIHOHAIbHAS MOC/IEI0BATENBHOCTD

fi(x), f2(x), ..., fa(x), -.. (2.5)

CXORHMTCA Ha MHOxecrBe {x} mpocTpaHcrBa E™ K npeaenbHo#t (yHK-
uuH f(x).

Onepenenenune 1. Bydem zo80opurs, uro nocaedosaresrbroOCTb
(2.5) cxodurcs k ¢yuxyuu f(x) pasenHomeprHo Ha mHONKECTEE
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{x}, ecau dan 06020 >0 naiidercs nomep N(e) rtaxod, wro 0an
scex Homepos n, ydosaersopsroujux ycaosuto n=N(e), u Orn scex
TOHex x mHoxecrsa {x} cnpasedauso HepaseHcTE0

|fn (2)—F (%) | <e. (2.6)

3ameyanune 1. B atom onpeneneHHH BecbMa CyUIECTBEHHO TO,
4yTO HoMep N 3aBHCHT TOJBKO OT € H He 3aBHCHT OT TOYeK X, T. €.
yTBepKAaeTcs, uTo Ajf J6oro ¢>0 HaljeTcss yHHBepcaJbHBI HOMEp
N (e), HauuHas C KOTOpPOro HepameHCTBO (2.6) crnpaBeasHBO cpaasy
AJisi BCeX TOYeK X MHOXKecTBa {X}.

3ameuanue 2. OT™MeTHM, uUTO paBHOMEpHasi Ha MHOXecTBe {x}
CXOfUMOCTh (GYHKUHOHAJBHOH nociefoBaTelbHOCTH {fn(X)} kK OyHK-
uuH f(x) sKBHBaJeHTHa GeCKOHEUHOH MaJIOCTH YHCJOBOH NOC/AeN0Ba-
TeNLHOCTH {€n}, KaXKAKA 4IeH e, KOTOPOH NpeAcTaBiseT cO60H TOYHYIO
BepPXHIOI IpaHb ¢OYHKUHMH |f.(x)—f(x)| Ha mMHOXecTBe {x}.

3ameuanue 3. M3 onpenesenns 1 HeNOCPEACTBEHHO BHITEKaerT,
4YTO €CJH MOCJAENOBATENBHOCTb {f.(X)} paBHOMepHO cXOmHuTCA K f(X)
Ha Bcem MHoxectBe {x}, To {f(x)} paBHOMepHO cxomuTcsa K f(X) H
Ha J11060M NMOJAMHOXKeCTBe MHOXecTBa {x}.

IlpuBeneM npumep, NOKa3HBAIOUIHI, YTO H3 CXOAHMOCTH (PyHKIHO-
HaJbHOR mocnenoBatenbHocTH {fn(x)} Ha mHOXecTBe {x} He BhITEKaer,
BooGlle roBOps, paBHOMepHas cxoAuMocTb {f.(X¥)} Ha 3TOM MHO-
JKecTBe.

O6partuMcs K nocjefoBartesabHocTH (2.3) u3 npuMepa 1° paccmor-
pennoro B 1. 1. B n. 2 6ni10 fOKa3aHO, YTO 3Ta NOCHEIOBATENBbHOCTD
CXolHuTCs HA BceM cermente [0, 1] kK npefeapHo# GYHKOHH &

Fx)= 1 npu x=0,
Onmpr 0< x< 1.
LokaxeM, 4To 3Ta NOCAEIOBATEJBHOCTb He CXOOUTCR DUBHOMEDHO

ra [0, 1].

PaccMOTpHM mocsiel0BaTeNBHOCTh TOUEK X.=1/(2n) (n=1, 2, ...),
npuHamsiexamux cermenty [0, 1]. B kaxpoit u3 3Tux Touek (T. €. AJs
KaXJloro HoMepa n) CIpaBeiJIHBH COOTHOUIEHHS

f,,(x,,)=cos—:~=l{22, f(xn)=0

Takum o6pasoM, ags Jo6oro HoMepa n

| Fr () —F (xn) | =¥2/2;

CJefoBaTeNbHO, NPH &< }2/2 HepaBeHCTBO (2.6) He MOKET BBINOJ-
HATBCH cpa3y IS Bcex Toyek x cermentra [0, 1] Hm npm oAHOM Ho-
Mepe n. ITO H 03HAYaeT OTCYTCTBHE PaBHOMepHOH Ha cerMenrte [0, 1]
CXOAHMOCTH pacCMaTpHBaeMoli MOC/eOBATENbHOCTH.
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OrmernM, 4TO paccMaTpuBaeMas MocjaeoBaTelbHOCTh (2.3) cXo-
JUMTCA K IpelesnbHOR QYHKUMH f(X) PABHOMEPHO HA KANOIOM CeMeHTe
[8, 1], rme 6 — mo6oe pHKCHpOBaHHOE yHCIO M3 MHTepBansa 0<6<1.
B camom nene, mns ao6oro BoiGpaHHOro 8 Hafiaercs HoMmep No, Ha-
YHHAsl C KOTOPOTO BCe 3JIEMEHTH! f,(X) paBHbI HYJIO Ha BCEM CerMeHTe
[6, 1]. Tak xak u npedenvHast ¢yHKuus f(x) paBHa HyJIO Ha CerMeH-
te [8, 1], To seBas wuyacthy (2.6) paBHa HyJIIO Ha BCEM CerMeHTe
[8, 1], nauunas c HalizeHHoro Homepa N, Takum obpasom, HauuHas
¢ somepa Ny, HepaBeHcTBO (2.6) cnpaBenIMBO JJISt BCeX X H3 CEerMeHTa
[6, 1] mpu soGom &>0.

Onpenenenune 2, PyuxyuonassHoll pad Ha3vi8aeTcA P AEHO-
mepHo cxodawumca na mHomecrae {x} Kk cymme S(x),
ecau nocaedosaressiocts {Sn(x)} eeco wacTuunvix cymm  cxodurcs
pasHomepHO Ha mHodxcecTae {x} k npedesvroi gyuryun S(x).

3aMeruM, uTto ¢yHKHHOHaNbHEIE psa (2.4) wu3 npumepa 2° m. 1
CXOIHTCH K CyMMme e*t¢Y paBHOMepHO B Kpyre x2+4 y2<r? mpoH3BOJIbHO-
ro ¢HKCHpOBaHHOro pajuyca r. B camom jene, BCIOAY B 3TOM Kpyre
[x|<<r, |y|<r, u notomy |x+y|<<|x|+|y|<<2r, oTKyma B cuay
oueHku (6.62*) usz n. 2 § 9 ro1. 6 4. 1 mosysaeM, 4TO BCIOAY B yKasaH-
HOM Kpyre

@ e,
|Ruts (5 4 )| < e,

W3 nocneaHero HepaBeHCTBA BhITEKaeT, YTO Ray (X¥+y) crpemurcs
K HYJIIO IPU n—>oco PaBHOMEPHO B Kpyre x2+y2<r? a 3To u o3Hauaer,
uro psif (2.4) cXoAMTCss PaBHOMEDHO B 3TOM Kpyre K Cymme extv,

4. Kpurepuit Komn pasHOMepHOH CXOAHMOCTH MNOCA€NOBATENbHOC-
TH (psana). CnpaBeAJuBH clenyolHe dhyHIaMeHTaJbHHE TEOPEMHI.

Teopema 2.1. Jasa 1020 urober pynkyuonareHas nocaedosa-
reavnocTs {fn(x)} paswomepro na muoscecrse {x} cxoduirace k Hexo-
TOpoll npedenvHoli ynkyuu, Heobxo0umo u 00CTATO4HO, 4TOObL OAR
npouseorsnozo £>0 nawenca nomep N(e), eapantupyrowut cnpasgeo-
AUBOCTY HEPABEHCTBA

[Frto (%) —fn(¥) | <e (2.7)

Oasn ecex uomepoe n, ydosaersopawouwjux ycrosuw n=N(e), acex
narypasehoix p (p=1, 2, ...) u 6cex Touex x u3 mHoxecrsa {x}.
Teopema 2.2. [laa 1020 uT06bl hynKyuonarsneli pad

i 1y () (2.8)

k=1

PABHOMEDHO HA MHOJCecTae {X} cXOOUACA K HEKOTOpOL cymme, HeObX0-
Oumo u 0ocTaro4no, 4T0bbl 048 nPou3BoAbHN20 £>0 HAweAcs HOmED
N (&), eapantupyroujuti cnpaseGAuB0CTy HEPABEHCTEA
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1Y ww|<e .9

kwn-t1

018 acex nomepos n, ydosaersopsowux ycaosuw n=N(e), ecex na-
rypasvnoix p (p=1, 2, ...) u 8cex Touex x mroxcecrea {x}.

IlocTaTouHO HpPOBECTH HOKA3aTeabCTBO TOJbKO Teopemhbl 2.1, Tak
Kak Teopema 2.2 saBjseTcd CJelcTBHeM Teopembl 2.1 (3amerum, 4To
B JeBOK uacTH (2.9) NOA 3HAKOM MOIYJs CTOHT PasHOCTb Sqyp(X)—
—S8n(X) YacTHYHBIX CYMM C HOMEpPaMH n-+p H n (QYHKIHOHAJBHOrO
psana (2.8)).

HdokasareanctBo TeopeMu 2.1. Heobxodumocre. Tlpen-
MOJI0XKHM, UTO NOCJeN0BAaTeNbHOCTh {f.(X)} cXOAHMTCA paBHOMEPHO Ha
MHOXecTBe {x} k npenenbHol ¢yHkumu f(x). Torpa, ¢ukcuposas
npousBosibHOe £>0, MH Haiifem AJas Hero HoMep N(e) Tako#, 4ro
HepaBeHCTBO

a8 —F ()] < = (2.10)

6yJeT cCnpaBeAJHBO AJIsl BceX HOMEDPOB 7, YAOBJETBOPAIOIUX YCJIOBHIO
n=N(e), 1 4715 BceX TOYeK X MROXecTBa {x}.

Ecan p — mwo6oe HarypasbHoe uyucio, TO npu n=N(e) Homep
n+p tem Gosee Gyjer yAOBJIETBOPATL YCJaOBHIO n+p=N(e), a no-
3TOMYy [JIS BCEX HOMEPOB 71, YIOBJETBOPAIOILHX ycioBHio nz=N (g),
BCeX HAaTypasIbHEIX p H BCeX TOYEK x MHoxecTBa {r} tTem Gozee Gyaer
CHpaBeAJHBO HEpaBEHCTBO

s () —F (1)] < 2. 2.11)

Tak xak MOAYJb CYMMBl ABYX BeJHUYHH He NPEBOCXOAUT CYMMH
HX MopyJiefi, To B cuay (2.10) u (2.11) noayuum, uto

[fate () —Fa ()] = 1fare (D) —F O] + [F () —f. (]] <
S o )—F () + 1F () —fa(¥)] <e

(Ans Bcex HOMEDOB n, YAOBJETBOPAWUIMX yCcaoBuio n=N(e), Bcex
HaTypanbHHIX P H Bcex x H3 MHoxectBa {x}). Heo6xomumocTs noka-
3aHa.

Hocrarounocrs. Ilpeanosoxum, 4to AJst NpoH3BoJbHOrO e>0 cy-
mectsyer HoMep N (e) Takofl, uro HepaBeHcTBO (2.7) cHpaBelsiHBO
A BCeX HOMEPOB 7, yIOBJIETBOPSIOMIHX YyCJlI0BHIO n=N (e), Bcex Ha-
TYPaJbHEX P H BCEX TOYEK X MHOXecTBa {x}.

M3 nepaBenctBa (2.7) u us xputepus KOIIK CXOZHMOCTH 4UCAO-
601l TMOCJeR0OBaTENbHOCTH (cM. 1. 3 § 3 ra. 3 u. 1) BHITekaeT cxolu-
MOCTb MOC/eRoBaTeNbHOCTH {f2(X)} B KaxKIOH TOuke X MHOMKeCTBa
{x} u cymecrBoBaHHe onpesneseHHOM B KaXAOH TOYKE X MHOMKECTBA
{x} npenennHoft byuxuum f(x).
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PuxcHpoBaB NPOH3BOJIBHLEIE HOMEp 7, YAOBJETBOPSIOUHI yCJIOBHIO
n=N (&), ¥ IpPOH3BOJILHYIO TOYKY X MHOXECTBA {X}, nepefijeM B Hepa-
BeHcTBe (2.7) K npepmeay npu p—oo. HMcnonabsys teopemy 3.13 m. 4
§ 1 roi. 3 u. 1, MBIl DONYyYyHM, YTO /s INPOHU3BOJBHOTO HOMeEpa 1,
YAOBJeTBOpsIoNIero ycaoBuio n-=N (e), H NPOH3BOJALHOA TOYKH X MHO-
XecTBa {x} cupaBeJJIHBO HepaBEHCTBO

[f(x)—Ffn(x) [ <e<2e.

310 M JokaskHBaer, 4To mochefoBaTenbHOCTh {fn(X)} cxomuTcs
K npeneapHo# ¢yHkuuH f(x) paBHOMepHo Ha MHoxkecrse {x}. Ilocra-
TOYHOCTb JOKa3aHa.

Hanuune kpurepuss Kowwu He cHuMaer Bompoca 06 YCTaHOBJEHHH
YAOOHBIX JJisl NPHJOXKEHHH JOCTATOYHHX [PH3HAKOB paBHOMEPHOH
CXOAHMOCTH (PYHKUHOHAJIBHHX MOCJeNOBaTeJbHOCTEHl H PAAOB, K KO-
TOPOMY MH CeHYac W MepexoiHM.

§ 2. JOCTATOYHHE NPH3HAKH PABHOMEPHOR
CXOAHMMOCTH ¢YHKILHOHAJIBHBIX
TNOCJIENOBATEJbHOCTEA U PAJOB

B n 1§ 1 Mu ybexuance B TOM, 4TO H3ydeHHe (PyHKIHOHAJbLHLIX
PRIOB 3KBHUBAJEHTHO H3Y4eHHIO (YHKUHOHAJBLHBIX IMOCJEAOBaTEJIBHOC
tefl. C 3TOA TOUKH 3peHHSA Ka*KALIH NPH3HAK PaBHOMEDHOH CXOAHMOC-
TH HMeeT JABe JKBHBAJIeHTHble (OPMYJHDOBKH: OJAHY B TepMHHaX
(QYHKUHOHAJALHEIX PSAOB, a JAPYryl0 — B TepMHHaX (YHKLHOHAJbHHX
nocaegosareJbHocTell. B 3apucuMocTH 0T yno6cTBa Mbl 6yAeM Qopmy-
JIHPOBAaTh YCTaHaBJHBaeMble NPH3HAKH JHO0 B TEPMHHAaX IOCJAENO-
BaTeJbHOCTeH, Ju60 B TepMHHaX psfoB (a uHOoria 6yAeM NPHBOAHTH
o6e 3KBHBaJIeHTHbie (POPMYJHPOBKH).

Teopema 2.3 (unpusuak Befiepmitpacca). Ecau ¢pyunkyuonarv-
Holll pad

Y (%) (2.12)
k=1

onpedeaen Ha mnoocecrse {x} npoctpancrsa E™ u ecau cyujecreyer
cxodaujulica 4ucaogoii pad

Sa;' Ch (2.13)

TaKol, 410 0 8Cex TOuek x muoscectea {x} u 0as e6cex Homepos R
cnpasedauso HepasexcTs8o

[ur (x) | <cr, (2.14)

TO QpynKyuonasvreil pad (2.12) cxo0uTcs pasHOMepPHO Ha MHOXCecTae
{x}.
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HdokaszarenbcTro. Duxcupyem npousposabuoe e>0. Tak kak
yucaoBod pag (2.13) cxomutcs, TO B cuay kpHTepus Kolim cxoaumoc-
TH 49HCJI0BOro psina (cM. Teopemy 1.1 u3 ra1. 1) mafizercs N(e) Takoe,

4TO
n+p

< & (2.15)
k=n+l

JJIS BCEX HOMEPOB 71, YAOBJETBOPSIOUIHX YCAoBHIO n=N (), u Beex
HaTypaJbHHX p.

W3 nepasedcrs (2.14) u (2.15) 4 u3 TOro, 470 MOAYNbL CYMMH p
cjlaraeMHX He NPEBOCXOAUT CYMMY HX MOAYJIeH, nojydaem

ntp n+p ntp
| Y m|< ¥ lul < Y a<e
k==n-+1 k=n-1 =n+1

(ans Bcex HOMEpPOB n, YAOBJETBOPSIOUIHX yc/aoBHiO nz=N(e), Bcex
HaTypaJbHHIX p H BCEX TOYEK X MHOXecCTBa {x}).

B cuay kpurtepusi Kommn paBHOMepHONt cXozuMocTH (cM. Teope-
My 2.2) paa (2.12) cxoaurcsi paBHoMepHO Ha MHOXKecTBe {x}. Teopema
JlOKa3aHa.

3ameuanue 1. [Ipusnak BefiepmiTpacca XKpaTko MOXeT OHTh
chOPMYJHpOBaH TaK: @yrKyuoxaronoii pal CXOOUTCH. PABHOMEPHO
HG OQHHOM MHONCECTS8e, eCAU €20 MONCHO MANOPUPOBATL HA 3TOM
MHONCECTBE CXOCAUUMCA HUCAOBBIM DACOM.

3ameuanue 2. Ilpusnak Befiepmrtpacca sBaserca AOCTATOY-
HBIM, HO He HEOGXO0UMbIM nNPUSHAKOM pPABHOMEPHOL CXOOUMOCTU
¢ynryuonasoroeo pada. B camom pene, GyHKUHOHANBHBIA PsAL

2 (_1’):—1 xk

k=al

cxodurca pasnomepro Ha ceemente 0<x<l K cymme In(l+x), no-
CKOJIbKY (cM. m. 2§ 9 ra. 6 4. 1) pasHocTs Mexny In(l+x) u n-if ua-
CTHYHOH CYMMOH 3TOro psja, paBHas OCTaTOYHOMy WieHy R, (x) B
¢opmyne Maxnopesa aaa ¢yuruuu In(l+4x), AIA Bcex X M3 CerMeH-
Ta 0<Cx<<! yRoBieTBOpsAeT HepaBeHCTBY

[Rnyi (£} |1/ (n+1).

Onnako 0aa Oanno20 PYHKYUOHAALHOZO PAAA HE CYUECTBYET Ha
ceemenre 0<Cx<C1 maxopupyroujeeo ezo cx00aujecoca wUcA08020 pPR-
da, Tak KaK AJs Ka¥JOoro HoMepa k

— )R 1 4%
sup | =D
x€§0,1]

=L
k ke
1

o0
a YHCIOBOH PAR X —~  PACXOMHMTCA.
=
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[TpuMenuM npusuax Beiflepmitpacca 1Jsi ycTaHOBJEHHS paBHOMep-
HO# CXOAMMOCTH (DYHKIHOHAJBHOTO psAla

o0
sin (k3x 4+ ky - 2)

Y

k=1
Moxuo YTBepXKAaTh, YTO 3TOT PAX CXOAHTCA paBHOMEDHO BO BCEM
TPeXMepHOM eBKJHAOBOM npoctpaHcTBe E?, Tak kak ajsa Jio60f Tou-
KM (x, y, 2) 3TOro NPOCTPaHCTBA OH MOXeT OHTb MaXOPHPOBAH CXO-

a

v 1
ASIIHUMCA YHCJOBRIM DSiAOM L 7.

k=l

Teopema 24 (npusuax Huuu?). Ecau nocaedosareabrocte
{fn(x)} ne ybosaer (uau ne sospacraer) 8 Kaxdol TO4YKe X 3AMKHY-
TO20 OzpaHu4ennozo Muoscectsa {x} npocrpaucrea Em™ u cxodurcs
Ha aToM mHOwecTse K npedeavroll Gpynryuu f(x) u ecau sce unreHvl
nocaedosaresvHocTu fn(x) u npedeavHas ¢ynxkyus f(x) sasaawrca
HenpepolBHbIMI HA MHOXCecT8e {x}, TO cx00uUMOCTb nocaedos8aresbro-
cru {fn(x)} ssasnerca pasnomeprod na mnoxcecrse {x}.

HokasateabcTBo. He orpanuynBass OGIIHOCTH, NPERNOJO-
XUM, yTo nocaegosaTesabHOCTh {f,(x)} He yOblBaeT Ha 3aMKHYTOM
OrpaHHYeHHOM MHOXKecTBe {x} (cayyaill HeBO3pacrallleH Mnocjaea0Ba-
TeNbHOCTH CBOZHTCS K 3TOMy CJYy4alo YMHOXEHHEM BCeX 3JIEeMEHTOB
NoCJeN0BaTeIbHOCTH Ha 4HCH0 — 1), Tlosnoxum ry, (x) =f(x) — . (x).
INocnenoBaresnbHOCTb {r,(x)} O6najaeT CAEAYIOUMME CBOACTBAMH!

1) Bce r,(x) HeoTpHLIaTeJbHH H HENDEPHIBHH Ha MHOXecTBe {x};

2) {rn(x)} He Bo3pacTaer Ha MHOXecCTBe {x};

3) B Kax/J0i TOUKe ¥ MHOXecTBa {X} CYIIeCTBYyeT npexueJ

lim r, (x)=0.
n-»w

JocraTouHo a0KasaTb, UTO NOCJAEAOBATENBHOCTb {r,(x)} cxomutcs
K TOXK/JeCTBEHHOMYy HYJIO DaBHOMEDHO Ha MHoxecTBe {x}, T. e. yTO
nas gro6oro £>0 HaliseTcss XO0TH OB OAHH HOMED n TakoH, 4TO
rn(x)<e nns Bcex x H3 MHOxecTBa {x}. (Torza B cmiy HeBo3pacra-
HHS nocJenoBaTenbHOCTH {r,(x)} HepaBeHcTBO r,(x)<e Oyaer cnpa-
BEJJIHBO H JJ151 BceX NMOCJAELYIOIHX HOMEepOh.)

HonyctumM, ut0 Ans Hekoroporo >0 He HafxeTCs HH OJHOrO HO-
Mepa n TakKoro, 4ro rn(x)<e cpasy IJs Bcex x H3 MHOXecTBa {x}.
Torma pns awo6Goro HOMepa n Hafjercs XOTH GH OAHA TOYKA X, MHO-

XKecTBa {x} Tagas, uTO
I (2) =e. (2.16)

B cuay orpannyeHHoCTH MHOXecTBa {x} ¥ TeopeMn Boabuano—
Beitepmitpacca (cm. Teopemy 12.1 4. 1) M3 moc/eRoBaTeNbHOCTH TO-

2 Vnance [uHu — uTanabaHCKHA mMartemaTtux (1845-—-1918).
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ueK {r,} MOXHO BBIJAENHTb INOANOC/IEA0BATENBHOCTD TOYEK {x,.k},

CXOASIIYIOCH K HEKOTOpOH TOYKe X, NpHHaAJexauled B CHJIy 3aMK-
HYTOCTH MHOXecTBa {x} 3ToMy MHOXecTBY. Tak Xak kKaxjas (QyHK-
OHS 7 (x) (c JMOO6BIM HOMepOM m) SBJseICs HeNPEePHIBHOH B TOukKe
X, TO Aas Joboro HoMepa m

lim rp, (xn,) = rp (%,)- (2.17)
k+o

C apyrofi cTopoHul, BHI6paB AJs KaXAOTO HOMepa /m INPeBOCXOMs-
1Kt ero HOMep Ny, MOJY4YHM (B CHJIY HEBO3DACTAaHHSA IOC/EA0BATENb-
HOCTH 7',y (X))

r:h (xnh) > rnk (xnk)'

ConocrapieHHe MOCAERHEr0 HEPABEHCTBA ¢ HepaBeHCTBOM (2.16)
ClpaBellIuBLIM JJs JI060ro HoMepa 4, AaeT OLEHKY

Tm(Xn,) = € (2.18)

(a1 mo6oro HOMepa ny, NpeBOCXOAAulero (UKCHPOBAHHHIA HAaMH
NPOH3BOJbLHLIY HOMED m).

M3 (2.17) n (2.18) BHTekaer, uTo
rm(x0) =¢

(ans noboro HOMepa m), a 3TO NPOTHBOPEYHT CXOAMMOCTH MOCJ]EA0-
BateabnocTH {rm(x)} B Touke x; K uyawo. [loayuennoe mpoTHBOpeuHne
JAOKa3blBaeT TEOpEMY.

3ameuanue 3. B TeopeMme [uuu BecbMa cCyliecTBeHHO Tpebo-
BaHHE MOHOTOHHOCTH IIOC/JeJ0BaTeNbHOCTH {f,(x)} Ha MHOxecTBe {x},
TaK Kak HEeMOHOTOHHAas Ha MHOXecTBe {x} MOCJeAOBATENBLHOCTH He-
NpepHBHEIX HA 3TOM MHOXecTBe (YHKUHH MOMKeT CXOIHTbCA B KaX-
L0 TOYKe X MHOMXKecTBa {x} K HeNpephlBHOH Ha 3TOM MHOMKecTBe
QYHKUMH f(x), HO He CXOMHTbCH PAaBHOMEPHO Ha MHOXKeCTBe {x}.

IIpumepoM MmOXKeT cayxHTb Noc/aeqoBaTelbHOCTb PYHKUHE {f.(x)},
ans  koropo# fn,(x) paBHa sinnx gnpu 0<x<m/n. u pasHa
HyJ 10 INpH ifn<X< 7. DTa NOCJAel0BaTeNbHOCTh CXOAUTC K [(x)==0
B KaX[o# Touke cerMeHTa O<Cy<(m, HO He cXOAUTCH Ha 3TOM cer-
MeHTe PaBHOMEPHO, TaK KakK |fn(xn) —f(xn)|=1 npu xp,=n/2n
st BCeX HOMEpOB 1.

Ilpusenem 3>KBHBaMeHTHY0 (GOPMYJHPOBKY TeopeMel JIMHH B Tep-
MHHax GYHKLHOHAJNBLHBIX PAIOB,

Teopema 24%* Ecau ece 4aenst ynkyuonasbrozo pada He-
npepuiBHbl U HEOTPUYATeAbHb. (UAL HENOAOKUTEAbHbL) HA 3AMKHY-
TOM O2PAHUYEHHOM mHOXMCecTBe {x} u ecau 8 kamOold TOUKE MHONECT-
8a {x} sToT pA0 CXOOUTCA U CYMMQ €20 ABARETCA HEnpepuiéHol Ha

MHoocecTge {x} Pynryuel, 10 eco CxOOUMOCTL RBARETCA DPABHOMEPHOL
Ka mroocecrse {x}.
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B xauecTBe mpumepa NpUMeHeHHs npH3Haka JMHH M3yYHM BOMPOC
0 xapakTepe CXOAHMOCTH IOCJ]A€J0BaTeNbHOCTH

{(x*+4%)"}

B Kpyre x2+y?<{1/4 papuyca 1/2 ¢ uentpom B Touke (0, 0). Cxoxu-
MOCTb fIBJISI€TCS PABHOMEPHOH B ITOM Kpyre, TaK KakK paccMaTpHBae-
Masi 1I0CJeROBaTEeNbHOCTh CXOAWTCH B KaXZOH TOYKe 3TOTO Kpyra K
npeaenbHoit ¢ynkuun f(x, y)==0, He BoO3pacTaeT B KaXJOH TOuKe
Kpyra ¥ COCTOMT M3 $OYHKUMH, HENPEepPLIBHEIX B HEM.

Yro6nl chopMyaHpOBaThH elle ABa NpH3HAKAa PaBHOMEPHOH CXOIH-
MOCTH (YHKLIHOHANBHBIX PALOB, BBeJeM HEKOTOpDHE HOBbIE HOHSTHA.

Onpenenenune 1. Ilocaedosareavnocrs {f.(x)} Hassvisaercs
pasromepro oepanu4ennold wa muosxectse {x}, ecau cy-
ujecTsyer Takoe sewiecrsenuoe ducao M>0, uro Oan scex rHomepos
n u scex rouex x MmHoxecrsa {x} cnpasediu80 HepPaABEHCTBO

[Fn(x) <M.

Onpepneanenne 2, Dynxyuonasohas  nocaedos8areAbHOCTb
{v.(x)} Haseisaerca nocaedosaresvHocrvio, ob6aadaruyeildl Ha
MuoxecTse {X} pPABHOMEPHO O2PDAHUHEHHLIM U3ME-
HeHnueMm, ecat QyHKyuorarbHbLl pad

[ U1 (x)—0e (%) | (2.19)

e

—

CXO00UTCR PABHOMEPHO HQ MHOXCECTse {X}.

OTMmeTuM cpasy Xe, UTO 8CAKAA NOcAed0B8ATEAbHOCTb, o0b6aadaio-
uas Ha mnoxecree {x} pPABHOMEPHO O2DAHUYEHHbIM UBMEHEHUEM, CXO-
odurcs pasnomepno Ha MHOxcecTee {x} Kk HexoTopoll npedesvHold
¢ynxyuu. B camoM Jene, U3 paBHOMepHO#l Ha MHoxKecTBe {x} CXOIH-
MocTH psafa (2.19) m u3 kpurepusi Kolud BhITeKaeT paBHOMEpDHas Ha
MHOXeCTBe CXOJHMOCTb PAla :

i [ve1 () — 0, (X)] (2.19)

k=]

n-s1 yactuuHas cymma S,{x) KOTOporo umeer BHA S, (X) =0pn4i(x) —
— vy (x).

M3 nocnennero paBeHCTBa BHITEKaeT PaBHOMEDHAs CXOAMMOCTb
NocJae0BaTeJbHOCTH {U,(x)} X npelenbHoll ¢yHkuHH v(x), paBHOH
S(x)+vi(x), rae S(x) — cymma psga (2.19°).

Tenmepp Mbl MOxkeM chopMyAHPOBaTH H AOKa3aTh CJAEAYIOLIHE B2
NpH3HaKa.
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Teopema 2.5 (nepsmit npusHak AbGensi). Ecau cpynxyuonass-
noul pad (2.1)
Uy (x)
n=1

obradaer pasHomepro ozpanuvennol Ha muowecrse {x} nocaedosa-
TERLHOCTHIO HACTUHHBLX CYMM, @ (ynkyuonasbnas nocaedosaress-
nocro {vn(x)} ob6radaer pasHOMEPHO 02PAHUHEHHBIM KA MHONCECT8E
{x} usamenenuem u umeer npedesvnyro Pyrnxyuio, TO*AIECTBEHHO pas-
HYO HYyao, TO PyHkyuonasvHbil pad

[+

Y (4. (0o, ()] (2.20)

n=l

€X00uTCR PABHOMEPHO HA MHOJCecTse {x}.

JokaszatenncTBo. ITo ycaoBuio cymecrsyer yucao M>0 Ta-
KOe, 4TO IOCJefOBATeJbHOCTh S,(Xx) 4YacTHYHBIX cyMM pana (2.1)
JJI1 BceX HOMEPOB I H BCEX TOUEK X H3 MHOXeCTBa {x} yIOBJeTBO-
pfieT HepaBeHCTBY |S, (x) | <M.

QPukcHpyeM NpPOH3BOJbHOe £>0 M no Hemy Homep N Takof, uTO
AJs Bcex n, npeBocxoAsummx N, Bcex HaTypaibHEIX p H BCeX TOYEK X
MHOXKeCTBa {x} crpaBeAJHBLH HepaBeHCTBa

102 (9)] < <o (2.21)

n+

S Joen () —u ()] <5 (2.22)
kmnt1

{3aecp MBI BOCHOJIB30BaJHCb PaBHOMEDHOR Ha MHOXKecTBe {x} cxo-
AMMOCTBIO NOCJA€N0BaTeNbHOCTH {v,(X)} K HyJI0 H paBHOMepHOH Ha
MHOXecTBe {x} cxoAHMOCTBIO psifa (2.19).)
B cuay toxaecrsa AGens (1.77) ¥ B CHAy TOro, 4TO MOAYJb CyM-
MBI TPeX BeJHYHMH He MNPEBOCXOAHT CYMMY HX MOoAyJell, HOJYIAM
n+l+p n+p
| ¥ (vl <] ¥ S0 —oen (]| +

-4 1 . k=n+l

+ ISn+p+l ) I”n+p+l x)|+1S, )i [oas1 (X)), -

YunTHBasA, 4TO NS BCEX HOMEPOB £ H BceX x H3 {x} cnpaBeaaHBO
HepaBeHCTBO |S, (x) |<<M, nonyuum

n+l+p n+p—1
|y @ oWl <MV o (D—v @] +
k=n+1 ke=n-}1

+Mivn+p+l (JC)'-I- M ivn+l (X)! .
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Conocrasnenne nocaensero HepasencrBa ¢ (2.21) u (2.22), nos-
BOJISIET 3alHCaTh HePaBEHCTBO

" ) u W[ <e,

k=n+1

CnpaBefAHBOe AJs BCeX HOMEpOB n, npeBocxoisumux N, Bcex Hary-
palbHEIX p H BCeX TOUEK X MHOXKecTBa {x}, a 3TO H O3HauaeT, 4TO
pan (2.20) cxoautca paBHOMepHO Ha MHoxecTBe {x} (B cuay Teope-
Mu 2.2). TeopeMma fokasaHa.

3amequanue 1. Henbas yTeepXuars, 4T0 QYHKINOHAILHAS IOCIENOBA-
TEJIBHOCTH, 00J12/la10Mas PABHOMEPHO OTPAHMYCHHRIM HA MHOXeECTBE {X}
A3MCHCHHEM, SBJISETCS DABHOMEPHO OrpaHM4YEHHON Ha 3TOM MHOXECTBE.

Hanpumep, eca {x}=[0,1], bysaxims f(x) umeeT BHEA

F)= {0 opd x=0,

1/x mpr 0«<x<1,

vk(x)=f(x)+%, TO |v.(x)|=>f(x) mns Bcex HOMEpPOB kK m BCeX X H3

cermenTa [0, 1], ¥ mpu upuOiEKEHHH IOJOXHATEILHOTO X K HYJNIO v (X
IPUHEMAET CKOJIb YTOAHO OOJbIIAE 3HAYCHAS. JDTO O3HAYAET, 4TO {vj(X)
He SABJIAETCA PaBHOMEpPHO orpanmyenHoi Ha [0, 1], Ho 3Ta dyEKmEORaNBHAS
NOCJIENOBATENIbHOCTh 00NajaeT paBHOMEPHO OrpaHMYCHHRIM Ha [0 1{ u3-
MeneRneM, ubo s Hee pag Buaa (2.19) cxomarcs paBHOMEPHO Ha f , 1].
3ameuanue 2. Ha pasnomepnylo na muoxcecmse {X} cxooumocme
Pynrxyuonasbno20 prda He eausem ombpacvlganue mob020 KOHENHO20
YuCAa e20 Nepevlx YUACHOS. :
Je#cTBHTENLHO, IpH OTOpAachIBAHHM KOHEYHOro 4uciaa N IepBRIX
4JICHOB BCE YACTHYHBEIE CYMMHI S, (X) GYHKIHOHAILHOIO psAd, HaYMHAS
c HoMepa n > N, H3MeHsIOTCs Ha OfHY ¥ Ty Xe QyHKumio (paBHyIO CyMMe
oepBeIX N wieHoB). ITostomy ¢rrypupyromas B kparepun Komn (teo-
pemax 2.1 m 2.2) passHOCTb S,,ﬂ,z)'g— +(x)] opu mobom n>N B nis
moboro HaTypalbHOro p OyAeT MMETh TO K€ 3HAYEHHE, 4TO H 1O
oTOpackiBanus nepBLIX N 4ICHOB.
aMe4YaHHE 3‘.)Ecztu PYHKYUOHAABHDBLI PAO CXOOUMCH DABHOMEDHO HA
muoxcecmee {x}, mo daa aobozo wucaa e>0 moxcHo ombpocums maxoe

KOHEYHOEe YUCAO €20 NepeblxX YAeHO8, umo 6ce uacmuuhbvie cymmol S, (x)
PYHKYUOHAABHO20 PAOQ, NOAYHAIOWESOCA NOCAE OMBPACHIBAHUA IMUX HAe-
HO8, 045 8cex X u3 mHoxcecmaa {x}, 6y0ym y0oe 1emsopsamb HepaseHcmsy

1S, ()] <e. (2.23)

HeiicTBUTENBHO, B Cyuly KpHTepHs Kommm paBHOMEPHOH Ha MHOXECT-
Be {X} CXOMMMOCTH HCXOZHOrO (QYHKUMOHAIbLHOrO psaa mus moboro
yucna >0 paiinercs Homep N= N (g) TakoH, 4T0 U1 BCEX X H3 MHOXeE-
crBa {x} H BCex p=1, 2, ... COpaBEAIABO HEPABEHCTBO

ISy4p (X)—Sy(x)] <e. (2.24)

OcraeTcs 3aMETUTD, YTO OOJ 3HAKOM MOJYJIsS B (2.24) CTOMT 4acTHYHAs
cymma S, (x) ¢ HOMEpOM p QYHKIHOHANLHOIO Psiia, HOJIYYEHHOIrO noce
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oTOpackBaHus NepBRIX N WIEHOB Y HCXOJHOIO psja, T. €. HEPABEHCTBO
(2.24) nepexoaut B (2.23).

eopema 2.6 (Bropoi npusnak Abens). Ecau ghynxyuonanvhnsiii pao
(2.1) cxooumca pasmomepno na muoncecmse {x}, a @ymxyuonasvnasn
nocaedogamenvhocms {v, gc)} obaadaem pasHomepHo Ha MHoMCECMBE {X
02DAHUYEHHBIM U3MEHEHUEM U AGAAEMCA DABHOMEDHO 02DAHUYeHHOU Ha
amom MHocecmse, mo PYHKYUCHA ALY PAO (2.20fcxodumc;z pasnomep-
HO Ha mHONCecmse {x}.

HoxazarenscrBo. Tak kxax ¢yHKIHOHATLHAS MOCIEAOBATEND-
HOCTS {v,(x)} ABIIs€TCS PaBHOMEPHO OrpaHAYEHHON HA MHOXeECTBE {X},
TO CyLIECTBYET 4Mc)IO M >0 Takoe, YTO JUIA BCEX HOMEPOB 1 H BCEX X H3
MHOXECTBA {X} COPABEIABO HEPABEHCTBO

lv, (<M. (2.25)

duxcapyeM mpon3BoabHOE YuciIo £>0. B cany 3aMedaEds 3 MOXHO
OTOPOCHTL Yy PaBHOMEDHO CXOMSIUEroCs Ha MHOXecTBe {x} (yHKnu-
oHanbHOrO pajaa (2.1) Takoe KOHEUHOE YMCIO N IEPBRIX WIEHOB, YTO BCE
YacTH4HEIE CYMMBI S, (X) QYHKIHOHAILHOIO PAAa, BO3HHKAIOLIEro MO-
Cj1e 3TOro OTOpachBaHus, DyayT I BCEX X M3 MHOXECTBA {X} H BCex
HOMEDOB 1 YOOBJIETBOPATH HEPABEHCTBY

1S, ()l <55 (2.26)

Ot6pocum y Beex Tpex psinos (2.1), (2.19) u (2.20) uepeie N wieHOB.
TO B CHIIy 3aMEYaHHs 2 He BJIMsET HA HX PABHOMEPHYIO HAa MHOXECTBE
X} CXOXHEMOCTD).

B cuiny kpurepus Kown Banﬂome HOI{ Ha MHOXeCTBe {X} CXOIMMOCTH
¢yrkuporanproro pana (2.19) (c_orGpomennnmu nepsema N wWieHaMH)
g wucaa M >0 mangercs Homep N, Takoi, TO OpPH BCEX X H3 MHOXECTBA
{x}, ans Bcex n> N, u qus ;uoboro p=1, 2, ... cupaBeAIABO HEPABEHCTBO

n+l+p
Y () —v, ()< M. 2.27)

k=n+1

B cuny ToxaectBa Abens (1.77) nis Bcex HOMEPOB 7 H p M BCEX X U3
MHOXECTBA {X} COpaBE[UIHBO HEPABEHCTBO

Y ) n0l< T IS0l ) e )+
gt O ot S, O frr G 2.29)

Hcnonb3ys B npaBoit yacTH (2.2%) HepaBeHCTBa (2.25), (2.26) u (2.27
Mel A1 Bcex n=N,, Beex p=1, 2, ... B BCeXx x M3 MHOXeECTBa {X
OOJyYHM HEPAaBEHCTBO

n+l+p

I Z uk(x)'”k(x)|<3,

k=n+1
KOTOpoe B cuily KpuTepus Komm JoXa3sslBaeT paBHOMEPHYIO HA MHOXe-
cree {x} cxoaumoCTh PyHKIMOHANLHOrO psija (2.20).

Teopema 2.6 goka3aHna.

- 4314
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CnenctBrue u3 Teopemu 25 (npusnak Jupuxne — Abeas).
Ecau pynrxyuonasenoul pad (2.1) o6iadaeT pasroMepHO oOzpaxHuien-
Holl Ha mnOJNCecT8e {x} nOCAE00BATEALHOCTHIO HACTUYHLLX CYMM, a
Pynxyuonarvrans nocaedosareasrnocrs {v,(x)} He goapacraer 8 Kax-
doii Touke MmHOXMCeCT8a {x} U PABHOMEDHO HQ 3TOM MHOXECT8E CXO-
durca k Hyao, 10 Pynkyuonasshoi pad (2.20) cxodurcs pasHo-
MEPHO HQ MHOXCecTse {x).

JocTaToyHo 3aMeTHTh, YTO HeBO3pacTalollas B KaXAOH TOuKe
MHOXecTBa {x} H cXOAsljascid pPaBHOMEPHO Ha 5TOM MHOXKeCTBe K
HYJII0O NOCJAeAOBaTeIbHOCTh {U,(x)} 3aBenoMo o6GJanaer Ha MHOXeCT-
Be {x} paBHOMEDHO OrpaHHYEHHBIM H3MEHEHHeM, TaK Kak .IJd Hee
n-A yacteuHag cyMma S,(x) psaza (2.19) paBHa vi(x) —Upti{x).
ITosTomy cynlectByeT paBHOMepHHI Ha MHOXecTBe {x} npeznen

lim S, (x) =1im [v, (x) —Vn41 (X)] =1, (x).

B kauecTBe mpuMepa H3yYHM BONPOC O PaBHOMEPHOH CXOAHMMOCTH

psaaa
z‘ sin kx . (2_29)
k4 (14 jx|)*

Tak kak mocseaoBaTeIbLHOCTD

O () = ————
n+ (14 [x])

He Bo3pacTaeT B KaXXAOH Touke GeCKOHEUHOH NMpPAMOH —oo<x<oo H
PaBHOMEPHO Ha 3Toll NPAMON CXOAMTCH K HYJIO, TO B CHJY NPH3HaKa
Jupuxne—A6Gens psanx (2.29) cxoautcss paBHOMEPHO Ha JIOOOM MHO-
KecTBe, Ha KOTOPOM pPAL

sin kx (2.30)
k=1

o6JlajlaeT paBHOMEPHO OrFpaHHYEHHOH NOCJAeICBAaTENbHOCTbIO 4YaCTHU-
HEIX CYyMM.

Hnsi BuUHCAEHHs n-# wacTHuHOK cyMMul S, (x) psaaa (2.30) mpo-
CYMMHDYeEM TOXAECTBO

2 sin X sin kx == cos (k——i) X— COS (k +L) X
2 2 2

1o BceM HOMepaM &k oT 1 1o n. IIpu 3TOM mOJNyYHM COOTHOLIEHHE

2 sin-%S,, (x) =cos-§——cos (n + -;—) X,
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H3 KOTODOTrO BLITEKACT PABEHCTBO

cos = — €0s (n-}—*—l—) x
2 2
Sp(x)=

X
2sin—
Si 2

C.nenosaTe.ano, AJas BCE€X HOMEPOB 71 CIOpaBelJIMBO HEPABEHCTBO

1S,(0)] < ——

?
.x
sin—
2

KOTOpPOe 03HAauaeT, YTO MNOC/JAEeJ0BaTeNbHOCTh YAaCTHYHHIX CyMM psla
(2.30) paBHOMepHO orpanHuyeHa Ha JO60M (DHKCHPOBAHHOM CerMeH-
Te, He COJEepKallieM TOYeK Xm==2mm, rae m=0, £1,... (Tak Kak Ha

. X
JI000M TaKOM CerMeHTe ISIH-2—. HMeeT NOJOXHTEJABHYIO TOU-

HYI0 HHXKHIOIO TDaHb).

Hrak, pax (2.29) cxoaurcs paBHOMEpHO Ha J060M (PHKCHPOBaH~-
HOM CerMeHTe, He cOojepxkKalleM TO4YeK Xp,=2nm, m=0, *=1,..

B cnay Broporo npu3Haka AGensi MOXKHO yTBepXAaTh, YTO Psif

i{[ sinkx ]k+l+|x|}
B4 (1+ |x])* kx|

TaKXe CXOAHMTCA PAaBHOMEpPHO Ha J1060M cerMeHTe, He coAepiKalleMm
TOYEK Xm==2mm, m==0, *1,..., nockoabKy psax (2.29) paBHOMEpHO
CXOAHMTCS Ha TAaKOM CerMeHTe, pHYeM K OIpPaHHYeHHON cyMMe, a IIO-
k41 X
CJ1€10BaTeNbHOCTh Uk:j-}-—TIH obnafaer paBHOMEPHO OrpaHH-
X
YEHHBIM Ha JIIO60M CerMeHTe H3MeHeHHeM (TakK KakK psan

®

——— v 1
E|Uk+l ”k|=k2_l (k4 x|} (kL ix} + 1)

k=]

Ha Bcelf NPAMOR MaXKODHPYETCS CXOASIIMMCS YHCJAOBHM DSIOM

-]
1 o . o
2 -k—’) U Ha BCEH NpPAMOH CXOAHUTCA PABHOMEPHO K OrpaHHUYCHHOH

L2
¢byukuug v(x)=1.

§ 3. MOYJIEHHBIA NEPEXOJ K NPEIAEJY

[\
PaccMOTpHM NpOH3BOJIBHYIO TOYKY X mpocrpadHctBa E™ W mpous-
BOJIbHOE MHOMeCTBO {x} mpocrpancTBa E™, Aasf KOTOPOro 3Ta TOUYKa

&
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“ 0
sABJasieTcqd npeaeabHoi. IIpr 5TOM Touka X MOXKeT caMa He NMpPHHal-
JlexaTs MHOXeCTBY {x}.
Teopewma 2.7. Ecau ¢pynxyuonansnei pad

i g (%) (2.31)

k=1
€xodurca pasHomepro na MHoxcectee {x} K cymme S(x) u y s8cex
0
4eH08 3TO20 pAla cyuw,ecTsyer 8 To4ke X npeden

lim u,, (x) = by,

XX

0
T0 u cymma pada S(x) umeer 8 Touke X npedea, npuiem

o

m S(x) =X [limu, (x)]:i by, (2.32)
o)

li
x—=x p—] XX

T. e. cumsoa lim npedesa u cumson T cymMMUposSaHus MONCHO nepe-
CTABAATL MecTamu (UAu, KK 2080pAT, K npedeny MONHO nepexo-
dure no4aenHnO).

HokaszatenbcTBo. CHauana JQOKaKeM CXOJHMOCTb YHCJIOBO-

o
TO pAda zb”' B cuay kputepus Komn, mpHMeHeHHOro K (QyHKIHO-

k=1
HaJbHOMY psagy (2.31), ana nwoboro >0 Hafinerca noMep N(e) Ta-
KOH, YTO

: |t (£) + g2 (8) + ..+ thsp (1) | <o (2.33)

JUlsl Bcex HOMEPOB 7, YAOBJeTBOpSAKUIHX yciaoBuw n=N (e), Bcex Ha-
‘TYPaNbHEIX p M BCceX TOYeK x MHOXecTBa {r}. CuHTas B HepaBeHCTBe
(2.33) duKRCHPOBAHHEIMY HOMEpPAa N H P U NEPEXOAS B 3TOM HepaBeH-

0 ]
CTBe K Inpeieny npH X—X (Taxkofi npelesbHHA Nepexol MOXHO
OCYIIECTBHTb MO JI0GOH NOCTEAOBATEJNBHOCTH TOUEK MHOXecTBa {x},

- 0
CXOASALIEACS K TOYKE X), MOJYYHM
l bn+l+bn+2+ N +bn+1’|<e<28
{ana kaxgoro n>=N(e) M KaXAOro HatypaasbHOro p). B cunay kpu-
oo

Tepus Kowwn psax Y & cxoaures.
k=1
OueHuM Temnepb pasHOCTb
e

S (X) —_ Z -bk
k=1
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AJIsI BCE€X TOYEK X MHOXeCTBa (x} H3 I0CTAaTOYHO MaJof OKPECTHOCTH

0
TOYKH X . Tak Kaxk

a

S®=Y u ()

k==l

A5 BCeX TOYEK X MHOXecTBa {x}, TO And gio6oro HOMepa n CupaBen-
JAHBO TOXIECTBO

S-Y t=[¥ um)—z b+ ¥ wi— Y b

k=l kel k=n-t+1 k=nd-1
H3 KOTOPOro noiyyaeM HepaBEHCTBO

pm—2m||2wm zmhﬁzzmm+|zb4@M)

cnpaBefJHBOE [IJISl BCeX TOYEK X MHOXecTBa {x).

DHKCHDYEM IIPOH3BOJbHOE e>0, Tak kak an bk CXOAHTCH,
kel

o
a paj Z U, (x) CXONHTCS paBHOMePHO Ha MuoxecTBe {x}, TO nmnA

k==l
<dukcuposanHoro ¢>0 Hafifercs HoMep n TaKo#H, 9TO AJAS BCEX TOYEK
X MHOXecTBa {x}

M<~]2wmk— (2.35)
k=n+i ks=n+41

Tak Kak npefes KOHEYHOH CYMMB! PaBeH CYMMe INpeJeJoB cJjarae-
MbIX, TO AJAS (HKCHPOBaHHOro HaM# e&>0 H BEIODAHHOTO HOMepa n
MOXKHO yKa3atb §>0 Takoe, uTo

lZuk x)—z by | <

ka=]

(2.36)

ANs BCeX TOYEK X MHOXecTBa {x}, ynossersopsiomux ycaosuio 0<
L p(x, Joc)<6. Uz (2.34)—(2.36) caenyer, 4TO AJS BCeX TAKHX X
IS(x)——Z b,|< €.
fpaume|

)]
ATo AoKa3BIBaeT Cyl[eCTBOBaHHe mpedena S(x) B Touke X, a
-CJIe0BaTeNbHO, H CIPaBeRaJHMBOCTh paBeHcTBa (2.32). TeopemMa jgoxa-
.3aHa.
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B TepMHHax (yHKUHMOHaJbHEIX NOCJIeZOBaTeabHOCTeR Teopema 2.7
3BYUHT TaK:

Teopema 2.7* Ecau ¢pyuxyuonassnans nocaedoearesbhocCTd
{fn(x)} cxodurca paswomepno wna muomecTee {x} Kk npedeasbroit
Qynkyuu f(x) u ece saemeHnTsr 3TOL nNOCAE00BATEALHOCTU UMEIOT

0
npedea 8 Touke X, TO u npedeavHas (yuxkyus f(x) umeer npedea &

0
TOUKEe X, npuxem

lim f (x) =lim (lim f,, (x)) = lim (lim f, (x)),

0
X=X XX XX

T. e. cumsoa lim npedesa nocaedogaresbHOCTU U Ccum8oa lirm

0
n—-»w x—x

npedeaa hyRKYUU MONCHO NepecTasifTs mecramiu (UAu, KaK 2080pAT,

0
K npedeay npu X—>X  moicHO nepexoOuTs NOo4AeHHO).
Cnenctsue 1 u3 treopemu 2.7. Ecau 8 ycaosusax rteope-

0
Mo 2.7 donoanuresvro norpebosars, urTobul. TOuKa X npuxadiexca-
Aa mHoxcecTsy {x} u uToObL 8ce Haenvl uy(x) PyHKYUOHAAbHOZO pAdE

(2.31) b6biau HenpepoigHol 8 TOUKE J%, 70 u cymma S(x) aroeo pada
6yder nenpepoisna 8 TO4Ke X

.-
B caMom nele, B aToM cayyae b= . (X) u pasencrso (2.32) npu-
HHMaeT BHJ

lim S (x) =i uk(£)=s(§),

x-3 k=1

4 3TO H 03HAYaeT HellpepBIBHOCTb CYMMH S (x) B TOuke x.

CnenctBue 2 ua treopemMu 2.7. Ecau sce uaenst pynx-
yuonasvnoeo pada (PYHKYUOHAALHOL noCcaedoB8aTEAbHOCTU) Henpe-
PbiBHbL HA NAOTHOM 8 cebe muowecrse {x}¥ u ecau 3ror pynkyuo-
Haaorbul psad (3Ta PyrkyuoHarbHAR NOCAe008ATEALHOCTb) CXOOUTCH
PasHomepro Ha MuodscecTée {x}, TO u cymma ykasannozo psada (npe-
JesbHan QYHKYUS YKA3AHHOU NOCAe008ATEABHOCTU) HEnpepvieHa Ha
mroxcecrse {x}.

s poxasaTenbcTBa AOCTaTOYHO HPHMEHHTH NpEABAYyILEe CJel-

. 0
CTBHE K KaXXIOH TOYKe X MHOXKecTBa {x}.

3) HanomunM, uTOo MHOMXKecTBO {x} HasnWBaercd NJOTHHM B cefe, ecaw
Kaxjaas ero TOYKa siBJASETCHA NpefesIbHON TOUYKOH ITOrO MHOXKECTBA.
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§ 4. NOYJEHHOE UHTETPUPOBAHHUE H NMOYJIEHHOE
JAUPOGEPEHIUPOBAHUE oYHKUMOHAJbHLIX
NOCJENOBATEJBHOCTEA U PANOB

1. Nounennoe unrerpupoBanue. Jloxaxkem ciaeLyIOULyI0 OCHOBHYIO
Teopemy. .

Teopema 2.8. Ecau diynxyuonansnas nocaedosamensiocms {f,(x)} cxo-
dumca x npedeasvnoi iynxyuu f(x) pasnomepno na cezmenme [a, b] u ecau
kaxcoas gynryun f,(x) unmezpupyema na ceemenme [a, b}, mo u npedesvhasn
Pynxyun f(x) unmezpupyema na 3mom cezmenme, npusem yKA3IAHKYIO nocAe008a-
MeAbHOCMb MONCHO unmezpuposams Ha cezmenme [a, b] nousenno, m.e. npedea

lim | f(x) dx

b
cywyecmeyem u pagen J' S(x)dx.

I[oxaaarem,cms. CHauasna goxaxeM, YTO npedesvhan gynkyus f(x)
unmezpupyema ra cezmerme [a, b] f(x) orparmdena Ha [a, b], T. K. KaxIas
bynxms f, (x) orpanmdena Ha [a, b] 7 B CHIy paBHOMEPHON CXOMEMOCTH 1A
mo6oro £>0 1 s Beex mocTaTouro Gompmmx 1 f, (x) —e<f(x) <f, (x)+e.

dukcupyeM npoussoabHoe e>0. JlocraTouHo n0Kasarp, 4TO AJA
npesenabHol OyHKuuH f(x) nafizercsas xorTsi 66 0QHO pa3sbHeHHe cer-
MeHTa [a, b], Baa BepxHedl cyMMH S H HHXHeH CYMMBl S KOTOpOro
CHOpaBeJauBO HepaBeHCTBO S—s<<e (cM. m. 1 § 3. 9 u. 1),

Jasi 3Toro AOCTAaTOYHO NOKA3aTh, YTO AJAS (DHKCHPOBAHHOTO HaMH
HpoH3BoJibHOTO ¢>0 Haligercsi Takofi HOMep n, yto aias Jjawoboro
pa3bvennsa cerMenta [a, b] BepxHas cymMMa S M HHXHSA CyMMa S
@yHkuuyu f(x) H BepxHAs cymma S, H HHXHAA cyMMa S, QYHKUHH
frn(x) cBA3aHB HepaBeHCTBOM

S—s.<(S,—sp) +—;—. (2.37)

{B camoM pene, ecan aas Jo6oro pasbuenust 6yneT NOKaszaHa crpa-
BeAJIHBOCTh NSl HEKOTOPOTO HOMepa n HepaBeHctBa (2.37), 10 B
CHIy HHTerpHpyeMocTH Ha [a, b] ¢dyuxkumu f,(x) pasbueHHe MOXKHO
=
Hu3 KoToporo B cHay (2.37) cneayer S —s<e, 4YTO M 3aBeplliaeT HO-
Ka3aTeJbCTBO HHTerpHpyeMocTH Ha [a, b] ¢yukuuum f(x).) Paccmor-
PHM NPOH3BOJIbHOe pa3buenne {x;} (k=1, 2,...,m) cermenra [a, b]
H 0003HaUHM CHMBOJIOM oy (f,) KosebGaHHe*) Ha k-M JacTHYHOM cer-
MeHTe [xx—;, xx] OYHRUHH [n(x), a cuMBosOM i (f) KoseGanue Ha
TOM K€ Y4CTHYHOM CerMeHTe npenennHoii GyHRuuH f(x).

BHOpaTh Tak, uTo OyZeT clHpaBeAJHBO HepaBeHcTBO  S,—s, <

¢ HanomunMm, yTo KoneGaHHeM (GYHKIHH Ha JIOGOM CErMEHTE Ha3H-
BaeTC pasHOCTb MeXAY TOYHOA BepXHeA H TOYHOM HHKHeH rpaHAMH 3TOi (YHKUHK
Ha YKa3aHHOM CerMeHTe.
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HepaBencrso (2.37) Gyner AoKa3aHO, €CJH MBI YCTAaHOBHM, 4TO
AAns [0OCTAaTOYHO OOJIBIIOrO HOMepa 7 CIpaBelJIHBO HEPABEHCTBO

@ (f) < 0, (F) + Tbi—_a; (2.38)

(B camom nene, ymHOxaa (2.38) Ha AAMHY AXp==Xp— Xp— H9aCTHU-
HOrO cerMeHTa [xz-1, Xx] ¥ CYMMHpYsSI mojaydaolieecss NPH 3TOM He-
paBeHCTBO 110 BeeM k=1, 2,...,m, noayuuM HepaBeHcTBo (2.37).)

YcTaHOBHM A5l JIO6OTO YaCTHYHOTO cerMeHTa [xp—j, Xx] H 4as
J1060ro AoCTaToOYHO GOJBLIOrO HOMepa £ CIpPaBelJHBOCTb HepaBeH-
crBa (2.38). Has moboro HoMepa n W JIOGHIX IBYX Touek x’ u x”
CerMeHTa [Xp—1, Xz] CIpaBeXNHBO TOXKAECTBO

F)—F &) =[F (&)= F. 6+ [F, () —F O] + [F, () —F (=),

H3 KOTOPOT0O BbITCKAa€T HEPABEHCTBO

1P ) —=F ) < 1T E)—=F 6D+ o ) —=F ()] + 1. (") —F(x")]-
(2.39)

B cuay paBHomepHOH Ha cerMeHnTe [a, b] cXOAHMOCTH mocJjexoBa-
teabHOCTH {f,(x)} k¥ dyHkuMH f(x) AN PHKCHPOBAHHOrO HaMH NpoO-
H3BOJbHOrO &>0 Halizercas HOMep 17 Takof, YTO AJs1 BCeX TOYEK X
cerMenTa [a, b]

g
o (x)—F(x) < To—a) (2.40)

Hcnoaways B npasoil uactu (2.39) HepaBeHcTBo (2.40), B3atoe
IJA TOYKH x=x' H AN TOYKH x=x", noayyum u3 (2.39)

)= < ) =1 + 5= (24D

(a5 BEIGpAaHHOrO HaMM JOCTATOYHO GOJBIIOrO HOMepa n H AJsA nlo-
6HIX IBYX TOueK X’ M x” cerMeHTa [Xp—i, X1]).

Tak kak nmpu JI060M DacHOJIOXEHHH Touek x’ M x” Ha cerMmenre
[*xr—1, x»] cnpaBeanHBO HepaBeHCTBO

If’ﬂ (x!) - fn (x”) Igmh (f’n),
T0 3 (2.41) noaygum

[F () —F ()] < o (fn)+—2-(78__—a). (2.42)

3ameTdM, uTo HepaBeHCTBO (2.42) cnpaBefJuBO npH Ja060M pac-
MOJIOKEHHH TOYeK x’ M x” Ha YaCTHUHOM CerMeHTe [Xp—i, Xx].

O603Hayas TOYHYI0O BEDXHIOI0 M TOUHYIO HHUIKHIOI TpaHH (GyHKUHH
f(x) Ha ykasaHHOM 4YacTHYHOM CErMEHTE COOTBETCTBEHHO uepes M,
H mp, B CHJYy OIpelieJleHHS TOYHHIX rpanefi HafileM [Be mocJeroBa-
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TeAbHOCTH Touek {x,'} H {xp,"} (p==1, 2,...) cermeHTa [xa_, x»] Ta-
KHe, uTO
lim x) = M,, lim x =m,.

p>oo p—+o

B cuny (2.42) ansa moboro Homepa p

’ " g
[ (x)—F(x)] <o (fn)+ e—a" (2.43)

Ilepexoass B HepaBenctBe (2.43) K mnpefeay InpH p—-oc H 3aMeuas,
4To mpejen JaeBoi yacth (2.43) paBeH M, — mp=wr(f), nonyunm B
npexene H3 (2.43) Tpebyemoe HepaBseHcTBO (2.38).

TakuM o6pa3oM, HOKa3aTeJbCTBO HHTErPHPYEMOCTH IpeAeJbHOM
¢yukunn f(x) Ha cermeHTte [a, b] 3aBepuieHo.

3ameTuM, 4TO ecau OB MH B YC/JIOBHSIX TeopeMH 2.8 HOMOJHHTENb-
HO 1OTpeGOBa/IH HEMPEpPHIBHOCTH Kaxaoh ¢yHKuuu [,(x) Ha cermen-
Te [a@, b] (uTO AenaeTcs B GOJbLIMHCTBe yueOHHKOB IO MaTeMaTHye-
CKOMY aHaJM3y), TO N0Ka3aTeJbCTBO MHTErPHPYeMOCTH IpefesbHOf
¢ynkuun f(x) Ha cerMmenTte [a, b] crajso Obl COBCeM TPHBHAJIbHHIM:
B CHAY CAeACTBHA 2 u3 TeopeMel 2.7 NpPH TaKOM JONONHHTEILHOM
TpeGoBaHuu npeleabHas QYHKUHA f(x) siBasgack Obl HelnpepLIBHON
#a cermeHnTe [a, b], a moTOMy M HHTerpupyeMoil Ha 3TOM CerMeHTe,

Ocraetcst oKasaTh BTOpOe YTBepKAEHHE TeOpeMH 2.8 O TOM, 4TO
HHTerpupoBaHHe nocaefoBateabHocTd {f,(x)} Ha cermerre [a, b]
MOXXHO MPOH3BOJAHTL NouseHHO. JloCTaTOYHO HOKa3aTh, YTO MJf JIO-
6oro ¢>0 Haiinerca HoMep N (e) Tako#, uto aas Bcex n>=N (e)

1l dx—{ Frr x| <

Ho 3T0 BHITekaeT u3.TOro, YTO B CHJIYy PaBHOMEPHOH CXOZHMOCTH
{fa(x)} x f(x) na cermente [a, b] cywectByer Homep N (e) Taxo#,
YTO [J1 BCeX X M3 cerMeHTa [a, b] M Aas BCeX HOMEpOB 1, yAoBJe-
TBOPSAIOUINX YCJIOBHKO n=N (g),

|fa () —F (0)] < EE?T (2.44)

H3 nepaBencTBa (2.44) M M3 U3BECTHBIX OLEHOK H3 TEOPHH olpe-
JeNeHHOTo HHTerpasa s noaydum

%) Hmeiorcs B BHAY CleAyiollHe yCTaHOBJeHHHe B m. 2 § 4 ra. 9 4. 1 ouenks:
1) ecan bl-‘(x) nﬂrerpn%yeua Ha [a, b], T0 ¥ |F(x)| uurerpupyema ma [a, b], npn-

yeM HF(x) dx|<5|F(x)ldx', 2) ecan f(x) H g(x) MHTETpHDYEMH Ha CerMeH-
a a

b b
Te [a, b] ® Bciony Ha sToM cermexte f(x) <g(x), To Xf(x) dx \’ g (x)dx.
a 2
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lff"(") d"_,ff(") dxl =[§ [Fa (x)—F (x)] dx' <

b b
€ €
\<S lfn(x)_f(x)l dx\<mgdx=——2— < €.

JlokazaTenbecTBO TeOpeMH 2.8 MOJHOCTBIO 3aBepPILIEHO.

ITpuBenem ¢opmynupoBky TeopeMnl 2.8 B TepMHHaXx (QyHKUHO-
HaJbHBIX PHJOB:

Teopema 28*% Ecau ¢pynxyuonasensill pad

-

Z Uy (x)

k=1

cxodurca k ceoeli cymme S(x) pasnomepHo nHa ceemenre [a, b] u
ecau KaxOolli 4aen aT020 pada uy(x) npedcrasaser cobod (pynkyuro,
unTezpupyemyto Ha ceemenre [a, b], o u cymma S(x) unrespupyema
Ha ceemenre [a, b], npuuem yxasaunslli pad MONHO UHTE2PUPOBATL
Ha ceemente [a, b] novaenno, 1. e. MONHO yreepxwdarsb, 4T0 HUC-
40801 psad

w b

Y S Uy (x) dx

k=1 a

b

cxodurca u umeer caoet cymmod SS(x) dx.

g .

3ameuanue. B caeaywomeii riaBe GyfeT ykasaH aHajor Teo-
peMu 2.8 (cM. Teopemy 3.9) and caydas, Koraa (QYHKUHOHAJbHA®
NoC/e0BaTeJbHOCTh ONpejeeHa H HHTerpHpyeMa B HeKOTOpol 06-
NacTH m-MepHOro €BKJAMJOBA mpocTpancrTBa Em (npu m>=2).

2. IounsenHoe puddepennuposanne. B nanpHefilieM IOA CJIOBAMH
«pyHKuuSA f(x) HMeeT NPOU3BOJAHYIO Ha cerMeHTe [a, b]» Mb OyneMm
NoApasyMeBaTp, 4TO QyHKuusA f(x) HMeeT OGBIYHYIO (IBYCTOPOHHIOI)
IDOM3BOJHYI0O B JI050# BHyTpeHHeHl Touke cerMeHra [a, b], mpasyio
npousBoanyw f'(a+90) B Touxke a u JeByw npoussoauyio f'(b—0) B
TOyke b.

Teopema 2.9. Ecau kaxmdan ¢pyuxyua f,(x) umeer npoussod-
HYyro Ha ceemente [a, b], npudem nocaedo8aTesbHOCTy NPOU3BOOHLLX
cxodurcs pasHomepHo Ha ceemente [a, b], @ cama nocaedosareis-
nocre {fn(x)} cxodurca xora 6v. 8 00HOU Touke x, ceementa [a, b],
T0 nocaedosareabrocTe {f,(x)} cxolurca xk nexoropoii npedesbHodl:
pynxyuu f(x) paswomepno Ha ceemente [a, b], npusem 3Ty nocae-
dosarenbrocTy MONHO Ouppepenyuposars na ceemente [a, b] no-
4HaeHHO, T. e. 8100y Ha ceemenTe [a, b] npedeavnas Gynkyus
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umeer npoussolfnyo® ['(x), asamowyroca npedesdbnol GyrKkyuel
nocaedosareavrocru {f,’(x)}.

HokasateasbcTBo. [JokaxeM cHauyaja, YT0 hocaedos8arens-
nocre {fn(x)} cxodurca pasnomepno na ceemenre [a, b]. U3 cxonu-
MOCTH YHCJOBOMH mOcaenoBaTeNbHOCTH {f,(xp)} ¥ H3 paBHOMepHO! Ha
cermenre [a, b] cxomumoctu {f,’(x)} caenyer, uto masa mo6oro e>0
Halifercs HoMep N (&) Takoii, uTO

ks (40)—Fn (50| < - Vol —Fa (D] < g (249)

.ZEJISI Bcex n=N(e), Bcex HaTypasbHBIX p H IJISl BCeX X H3 CerMeHTa
a, b].

ITycte x — npou3BONBHAS OTIMYHAS OT X, TOYKA CeIrMeHTa [a, b]. Tax xax
Aas GyHRUHH [fnip(f) — o ()] npr M106HIX (PHKCHPOBAHHHLIX HOMe-
Pax n K p BHIOJHEHH HAa CerMeHTe, OTPaHHYEHHOM TOYKAMH X H X,
BCe yCJOBHSI TeopeMbl JlarpaHiKa, TO MeXIY X H Xp HaljeTcs TOYKa
E Takas, yto

[t o () —Fr (O] —fnip (xe)—Fn (xa)] = [fr'z-’rp (E)—fn(g)] (x— o).

M3 sTOoro paBeHCTBa M M3 TOrO, YTO MOLYJb CYMMbl JBYX BEJHUHH
He MpPEeBOCXOJHT CYMMy HX MOAYyJeHd, NOJYuHM, YyuHThBasg (2.45) u
HepaBeHCTBO |x— xo|<<b — g, uTO

Vfoso () —fa ()] <&

(as mo6oro x u3 [a, b), ans ;moboro n> N (g) ¥ 1060ro HATYpaILHOIO
p). 1Ipy x=x, copaBeJJIMBOCTh IOCIEJHEI0 HEPABEHCTBA BBITEKAET H3
nEpBOro HepaseHCTBa (2.45).

DTO M o3HauaeT B cuiy KpuTepus Kouiu, 4To noc/aesoBaTeNbHOCTh
{f»(x)} cxonuTcsi paBHOMepHO Ha cerMente [a, b] K HeKoTOpOii mpe-
AeabHoH GyHKUHH [(x).

Ocraercst noka3aTh, UTO 3Ta nOpenesbHass QYHKUHA B Ja0 60 #
¢ukcupoBaHHOH TOuKe x cermeHtra [a, b] HMeeT TpPOH3BOAHYIO (B
TPaHUYHBIX TOYKAX OJHOCTOPOHHIOK NPOK3BOAHYIO) H 3Ta HPOHM3BOA-
Has fBJseTcs NpelesbHOH (yHKuHeldl nocnepoBatedbHOCTH {f,"(x)}.

DyKCHPYeM IPOH3BOJbLHYIO TOYKY X CermMeHta [a, b] ® mo Heh
8>0 Takoe, yTOOB O-OKPECTHOCTb TOUKH X LEJAHKOM COAEpXKanach B
[a, b] (B cayuae, ecim x sBAsieTCs TPAHMUHOH TOUKOH cermenta [a,
b] monm 8-okpecTHOCTbIO TOUKM x GyAeM IOApPa3yMeBaTh NPABYIO MO-
JIYOKDeCTHOCTh [a, a+8) TOUKH a u JIeBYIO NOJYOKpPecTHoCTh (b —6,
b] Touxu b).

O6osnayum cuMBonOM {AX} MHOXKECTBO Bcex wumHcel AX, YAOBJe-
TBOpsIOIHX yca0BHI0O 0< |Ax| <8 npu a<x<b, ycaosuio 0<Ax<8
npH x=a # ycioBHO —8<<Ax<0 upu x==b, u n0KaXKeM, UTO HOCNE-
AOBaTteJbHOCTh PyHKUME apryMenta Ax

®) B rpaHMuHnX TouKax [a, b] HMeeTcs B BHAY OXHOCTODOHHSS NPOHIBOLHAH,
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; Ax) —
CP,,(AX)= fa(x+ 1:’\‘) fn(x) (246)
: X
CXOJHTCS DaBHOMEPHO Ha yKa3aHHOM MHoxkecTBe {Ax}.
Has npoussBoabhoro ¢>0 B cuay Kputepuss Ko paBHOMepHOR
CXOAMMOCTH mnocseioBartensHocTH {f,’(x)} maifinerca nomep N(e) ra-
KO, uTO

o () —Fa (%) < & (2.47)

aas Bcex x u3 [a, b], Bcex n>N(e) u BCex HATypaJbHHEIX p.
DuKcHpyeM Tenepb NPOH3BOJbHOEe Ax H3 MHoxecTBa {Ax} W npm
JNIO0BX (PHKCHPOBaHHEIX HOMepax 7 U p NPHMEHHM K (YHKUHH

[Frvn (8) —Fn (8]

[0 CerMeHTy, OrpaHHYEHHOMY TOYKaMH x H x-+ Ax, Teopemy Jlarpau-
)a. CorsacHo 3Tofi TeopeMe HaieTcs 4YHca0 O u3 HHTepBana 0<
<0< 1 Takoe, uro

Unep (2 + Ax) — fn (x + B2)] — [frap (£) — Fn ()] __
Ax

= frotp (% + 8AX) —fn (x + 0AX).
Hcnonp3ys obosnauenne (2.46), mocsiefHee paBeHCTBO MOXKHO mepe-
NHCcaTh B BHIE
Pt (D) — @y (%) = frpp (x + 0AX) — f (¥ + 0A).
H3 storo paseHcTBa u M3 (2.47) 3akmiouaeM, 4TO

| pnip (Ax) — @n (Ax) | <e

Aas goboro Ax u3s {Ax}, mwoboro n=N(e) ¥ mo6Oro HaTypaJbHOrO
p. B cuny xpurepua Kowm (r. e. Teopemu 2.1) noc/iesoBaTeNbHOCTb
{pn (Ax)} cxonuTcs paBHoMepHO Ha MHOXectBe {Ax}. Ho Ttorga k
3TOH NOCAEeN0BAaTEJbHOCTH MOXHO NPHMEHHTb TeopeMy 2.7 O mnouwJes-
HOM mnpefieqbHOM nepexofie B Touke Ax=0 (B TepMuHax OGyHKuHO-
HaJlbHEIX mocJenoBaTeabHocTefi). CorsacHo 3Tofi TeopeMe ¢GyHKUHA

fx+Ax)—F(x)
Ax
ABJsloMasca npedeabsoll ¢yHKuMed mnociaenomatenbHOocTH (2.46),
HMeeT npejen B Touke Ax=0, nprueM 3TOT INpefe] MOXKHO BHIUHC-
JATH MOYJEHHO, T. €,
[(x+8x) ~—f(x)
A

X

lim
Ax—>0

=lim [lim g, (Ax)] = lim [lim ’“"“""“""].—_umf,;(x).
n—+o Ax-( Ax

n—ew | Ax->0 n—w

=lim [lim ¢, (Ax)] =
Ax -0 n-oe
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3T0 ¥ JOKa3biBaeT, 4TO INPOH3BOAHAs NpelenbHOH (yHKuuH f(x)
B TOUKe x CymecTsyet u pasua lim f,(x). Teopema nokasaHa.
n—>wx

B TepMuHax OyHKUHOHAJbHBIX pAfoB TeopeMa 2.9 ¢dopMynn-
pyeTcs Tak:
Teopema 2.9* Ecau rkamdas pynkyus uy(x) umeer npoussod-

Hyo Ha ceementre [a, b] u ecau pad u3 npoussodHolx Z u, (x}
k=1
(-]
CX00UTCA pasHOMEepHO Ha ceemente [a, b], a cam pad y up(x) cxo-
k=1
durca xora Gor 8 00O TOUKe X ceemenTa [a, b], T0 3T0T nocaednud
pa0d cxoBurcsa pasHOMepHO Ha cezmenre [a, b] K Hexoropotd cymme
S(x), npusem sror pad mosxno Oupthepenyuposare nHa cezmenre [a,
b] nouaenno, 7. e. e20 cymma S(x) umeer npouszsodnyro, KEAAOUYIO-
-

€A cymmol pada uz npou3sooubLx T u,(x).
k=1

3ameuanune 1, IloguepkueMm, uto B Teopeme 2.9 mnpexmnona-
TaeTcsl TOJbKO CYILecTBOBaHHe Ha cerMeHte [a, b] npoHsBomHOR Y
KaXAoro 4JeHa IOCJeA0BaTeNbHOCTH f,(x). Hu orpanmuennocts, Hu
TeM O6oJiee HeNnpepHBHOCTb YKa3aHHOH NpPOH3BOAHOH (Kak 3To Je-
Jnaerca B OOAbIIHHCTBE y4yeOHHKOB 1O MarTeMaTHYeCKOMY aHaJH3Y)
He NpeAnoJaraerTcs,

3amevanne 2. Eciun Bce Xe ROMOJHHUTENAbHO NPEANONONKHTH
HEeNpEepPLIBHOCTh NPOM3BOLHOH Y KaXIOTO WjeHa MOCJAeA0BATEJ]bHOCTH
Ha cerMeHTe [a, b], TO B cuay caeacTBHA 2 H3 TeopeMu 2.7 H mnpe-
AenbHas ¢yHKuHA [(x) OyreT MMeTh NPOMSBOJHYIO, HENPEPHIBHYIO Ha
cermenre [a, b].

3ameuvanne 3. Ias byHKuMH m nepeMeHHHX TeopeMa 2.9 Mo-
XKeT GuTh cHOpPMyJaHpOBaHa B CJeAYIOIIEM BHIE:

Teopewma 2.9%*% Ecau xamdas u3 dynuxyui fo(x)=f.(x1, X ...
ooy Xm) UMEET C 3QMKHYTON O2parutennoi obaactu G npocTpancrea
E™ wacruyo npoussoduyio _‘foL no nepemennoll x, U ecau nocae-
ot

cxX00UTCA PABHOMEPHO 8 06.a-

008aTEALROCTL NPOU3BOOHBLX

Ar
cru G, a cama nocaedosareasrocts {f,(x)} cxodurca s kamdoi Toy-
Ke obaacru G, TO nocaedosaresvHocTs {fn(x)} moxmno Oupgepenyu-
posarts no nepemennol x, 8 obaacru G nousexHo.
M3 Teopembr 2.9 nerko BHTeKaeT cJjeiyollee yTBepXKACHHE.

Teopema 2.10. Ecau xaxdasn pynxyus f,(x) umeer nepsoob-
pasnyro na ceemenre [a, b] u ecau nocaedosaresvrocrs {f,(x)} cxo-
Ourca pasnomepro Ha cezmente [a, b] k npedeasvnott pynxyuu f(x),
T0 u npedesvnas pyukyus f(x) umeer nepsoobpasnyto na ceemenTte
[a, b]. Boaee Tozo, ecau xo— Ar0bas ToUKa cezmeHTa (a, b], TO no-
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€2e008aTeabROCTy nepsoobpasnbix M, (x) yuryuid f,(x), ydosae-
Teoparoujux ycaosurw @, (xo) =0, cxo0urca pasHoOmMepHO HA Ce2menTe
[a, b] x nepsoobpasnoii ®(x) npedeavnoii pynkyuu f(x), ydosae-
TeopArueld ycaosuro @ (xy)=0.

JdoxkaszareanbcTBo. Jlasi nOCJef0OBaTeNbLHOCTH TepBooGpas-
HBIx  D,(x) obyukuuii  f.(x), yHOBJIeTBOpAWIKX  TpeOGOBAHUIO
D, (x0) =0, BrInoNHeHH Bce ycJaoBUS TeopeMhl 2.9. 1o ofecrneunBaer
PaBHOMepHYI0O Ha [a, b] cxoamMocTs nocaenoBartenbHOCTH {D,(x)} K
npefensHolt Gynxuuu @(x), y xoropoit B kaxkno#i Touke [a, b] cy-
LEeCTBYeT MPOU3BOAHAS, paBHAH MpeleNbHOH (YHKUHH NOCIel0Ba-
TeabHocTH {f,(x)}. Teopema noxasaHa.

3ameuanue K Teopeme 2.10. B treopeme 2.10 He Tpebyercs
HH OTPaHHYEHHOCTb, HU TeM Gojee HHTErpHpyeMocTb QYHKuUHEA [, (x)
‘Ha cerMmenTe [a, b].

TeopeMmbl, noKa3aHHbIe B JadHHOM H B NpeAbAymieM naparpadax
TIO3BOJIAIOT HAM CAeNaTh CJEeAYIOMHH 3aMeyaTeNbHHIH BBIBOA:

YTBepxaenue Pasnomepras cxo0umocTs He B8b6i800uT U3
Kaacca Qynxyul, umerowux npedes 8 0annoi Toyke (reopema 2.7),
u3 Kaacca HenpepoisHolx ynxyuli (caedcrsue 2 us reopemor 2.7), us
Kaacca unreepupyemoix pyuxyull (reopema 2.8), uz raacca Qynk-
yuil, umerowux nepsoobpasnyro (reopema 2.10) u (8 cayuae pasHo-
MepHROL cxO0UMOCTU npou3soOHslx) U3 kKaacca Oupghepernyupyemolx
Gynxyuil (reopema 2.9).

3. Cxomumocrs B cpenHem. [TorpebGyem, utobm kaxknaas GyHKuust
fa(x) u3 dyHKUHMOHaNbHON nocsiexoBaTenvHOCTH {fo(x)} H OGyHKUHA
f(x) sBAsAMCh HHTErPHDYeMBIMH Ha cerMmeHTe [a, b].

Toraa (B cuay § 4 ro1. 9 4. 1) u dyHRUHA

[Fn (£)—F (O = f2 () — 27, (x) F () + 2 (x)

Takxe OyleT sBASATHCS HHTerpupyeMoil Ha cermenrte [a, b].
BseneM ¢yunnaMeHTa/NbHOE IOHSATHE CXOAMMOCTH B CPEXHEM.
Onpenenenune 1. Bydem 2080purs, 410 (PYHKYUOHAABHAR RO-
caedosareavrocte {f,(x)} cxodurcs 8 cpednem Ha cezmenre
la, b] & @Pynuxyuu f(x), ecau cywecreyer pasnoiii nyao npedea

lim (b [F (x) —f (x)]%dx = 0. (2.48)

a

Onpenenenune 2. Bydem 2080puts, 410 GynKyUOHaIbHbLE PAO

-3

Z U (%)

k=1

cxodurca 8 cpednem na ceemenre [a, b] k cymme S(x), ecau
10c2e008ATEALHOCTL HACTUYHLIX CYMM 3TO20 pAada cxodurcs 8 cped-
Hem Ha ceemente [a, b] k npedeavnoil pynxyuu S(x).
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3ameuyanune M3 onpenenenusi 1 4 2 HenocpeACTBEHHO BHITe-
KaeT, YTO ecJH (PyHKUHOHANbHAs MOCJeA0BaTeNbHOCTD (q)yl{xuuo-
HaJbHBI} PsiJ) CXOLHTCA B cpeiHeM K [(x) Ha cermedrte [a, b],
3Ta NOCJeJ0BaTENbHOCTL (3TOT PAJ) CXOAKTCH B CPeAHEM K f(x) H
Ha qio6oM cermerTe [c, d], cogepxaleMcs B [a, b].

BRISICHHM BONpPOC O CBSI3H MEXHAY CXOAHMOCTHIO B CpelHeM H paB-
HOMEDHO¥ CXOAMMOCTBIO MOC/IEA0BATENLHOCTH.

YrBepxaenune 1. Ecau nocaedosareavtocrs {fn(x)} cxodurcs
K Qynxyuu f(x) pasnomepno wa ceemenre [a, b], TO 3Ta nocaedosa-
TeAbHOCTL cxo0urcs K f(x) u 8 cpednem Ha ceemenre [a, b].

dukcupyem npousBosbHoe ¢>0. B cHiy paBHOMepHOH Ha cerMeH-
Te [a, b] cxomumocTH nocaepoBatenbHocTH {f.(x)} K f(x) mas nomo-

. 1 o o
JKHTEJNBHOIrO YHCJa To—m HaligeTcs HoMmep N (g) Tako#, uro-
—a

- .
a0 —F(0)I < V 6 —a) (2.49)

IJIST BCEX HOMEPOB 7, Y/IOBJETBOPSIOUHX ycaoBHIO n=N(g), m Bcex
TOYEeK x cerMexra [a, b].

Ho Torma B cuny H3BeCTHOH OLEHKH H3 TEODHH OIpeeseHHOro:
HHTerpana (CM. n.2§4ra. 94. 1)

j[fn(x) foldr < 52— { x=t <o

a

IUIS BCeX HOMEPOB A, YAOBJETBOPAWLINX ycaoBdio n=N(e). 310 W
O3HayaeT CXOAHMOCTb nociaegoBarteabHoct# {f,(x)} x f(x) Ha cermen-
Te [a, b] B cpexHem.

YTBepxkaenue 2. Cxo0umocte nociedo8arerbHOCTU HA HEKO-
TOPOM CEe2MEHTE 8 CPeOHeM He BaedeT 3a coBoll He TOAbKO pPABHO-
MEPHOLL HA 3TOM Ce2MeHTe CXOOUMOCTU, HO U Ccxo0umocTu xoTs Obl &
0OHOIL TOYKe YKABAHHO20 Ce2MeuTa.

PaccmoTpum nocaenoBatenbHocTs npuHamaexaumux [0, 1] cer-
MeHTOB [y, Iy, ..., 15, ..., HMEIOMIHX CAEAYIOIHH BHJ:

]1: [Ov 1]:

12=[0, L}, 13_=[—;—, 1},
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OnpenenuM n-fi el [,(x) GyHKUHOHAABHOR NOCNENOBATEJLHOCTH
{fn(x)} crenyoOIUM COOTHOILIEHHEM:

f <x>={

1 Ha cermente [,
0 B ocraqpHeix Toukax [0, I].

Y6eauMcst B TOM, uTO nocaedosareasnocte {fn(x)} cxodurca
npedenvroll pynkyuu f(x)=0 8 cpednem na ceemenre [0, 1].
B camom geue,
1

j [fn(x)—}(x))2dx = S dx = JJiHa cerMeHTa I,
0 - I

n

TakK 4YTO CyIleCTByeT nmpenena
1

lim ([, () —F (<) dx=0.
n—»w 0

Y6enumcsi, HaKOHeL, B TOM, UTO NOCTPOEHHARA NOCAE008ATEALHOCT
He cxodurca nu 8 o0HOU Touke ceementra [0, 1]. B camoM pneie, Ka-
Kylo 6B TOUKYy X, cermenta [0, 1] MBl HM (HKCHPOBaJH, CPeAH KaK
yroaHo 60XbIIHX HOMEDPOB 7 HalifyTcsd Kak Takue, JJs KO-
TOPBIX CerMeHT [, COIepKHUT TOYKy Xy (AJS 3THX HOMepOB [, (xp) =
=1), Tak H Takue, JIJ8 KOTOpPHIX CerMeHT [, He CONEPXKHT TOUKY Xp
{178 Takux HOMepoB f,(x¢)==0). TakuM o6pa3oM, nOCJeRAOBATEJb-
HOCTh {f,(x0)} conepxur OeckOHEUHO MHOrC UYJEHOB, PaBHHIX eIHHH-
e, ¥ OECKOHEYHO MHOrO 4JeHOB, paBHbIX HyJMio. Takas nocaenosa-
"TeNbHOCTb SIBJSIETCA PACXOLSLIEHCS.

OxasbiBaeTcsl, CXOAHMOCTh IOCJNeL0BaTelbHOCTH B cpexHeM obec-
TIeYHBAeT BO3MOXKHOCTb HOYJIEHHON0 HHTErpHPOBAHHS STOH IOCHeLO0-
‘BaTebHOCTH: :

Teopema 2.11. Ecau nocsedosaresvrocrs {fn(x)} cxodurcs 8
cpednem Kk f(x) Ha ceemenre [a, b], TO 3Ty nOCcaed08ATEAbHOCTS
MONCHO NOYNEHHO UHTe2puposars na ceemente [a, b}, 1. e. npedea

b
lim an (x)dx

b
cyulecTsyer u pasen J- f(x) dx.

HokasateabctBo. Purcupyem npoussonbHoe e¢>0. B cuiy
€XOAUMOCTH mnocienoBateabsocTd {f,(x)} kK f(x) B cpeanem Ha cer-
MeHTe [a, b] HalineTca Homep N (e) Taxo#, uto ansa Bcex n=N (e)

b—a

b
(Unt—Fepar< 2= (2.50)
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A2 B3
3anucaB oueBHAHOe HepaBeHcTBo?) |A|-|B|< 5 +—2— Aas  Be-

A=l —Fe) Y =2 8=/

2b—a e
=S~ F@P =35+ 55 @5

M3 (2.51) u usBecTHOH OUEHKH U3 TEOPHH OIpEeAEJEHHOro HHTerpaja
caenyer

JIHYHH

HOJYUHM

b b
jlfn(x)—f(x)ldm P () —F (] e+ -
Orcrona u u3 (2.50) sicuo, uto npu Bcex n=N (e)

b
[ 1a—Fdx < - f-=e. (2.52)

Tak xak

([ de— | Fae| = |1~ PN x| <

b
<{
a

To U3 (2.52) moayuum, 4TO AJAA BCex HOMepoB n=N (&)

o (9—F ) | d,

[ b
| § Fa0)de— { Flx) de| <.
Teopema noxasana.

§ 5. PABHOCTENEHHAS HENPEPBIBHOCTDb
NOCAENOBATEJLHOCTU ¢YHKIHA

IMpeanonoxuM, uto Kaxaas u3 GyHRuu# f,(x) PyHKUHOHaABHON
nocnenoBaTeIbHOCTH {f. (X))} onpeznesieHa Ha HEKOTOPOM ILJIOTHOM B ce-
6e MHoxecTBe {x} mpocTpaHcTBa E™,

Onpenenenne. llocaedosareavrocts {f,(x)} Haseieaercsa p as-
HOCTeNneHHo Henpepolenold Ha MHONecT8e {x}, ecau
025 awboeo £>0 naidderca 6>>0 rakoe, 4T0 HepaserCT8O

") DTo HepaBeHCTBO SKBHBaJeHTHO HepasenctBy (|A|+4|B|)2>0.

7-4314
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[fn (%) —fn (x") | <e (2.53)

cnpasedauso 0as eécex HOMepos n u scex Todex x' u x” mHOMecTea
{x}, cenzannoix ycaosuem p(x’, x”) <8.

Ha atoro ompeneseHHsi OUEBHIHO, YTO €CIH BCA NOCJELOBAaTE/Nb-
HOCTh {f,(x)} paBHOCTENeHHO HempepeBHa Ha MHOXecTBe {x}, TO H
J06as ee MOANOC/AEAOBATENBHOCTh PABHOCTENEHHO HempepniBHA Ha
STOM MHOXKECTBE,

Has mpoctoTsl 6yaeM paccMaTpPHBaTh NOCJELOBAaTeABHOCTH {fy (x)}
GYHKUME OZLHOH nepeMEeHHOH X, PaBHOCTENIEHHO HeENpepHBHYIO Ha
cerMente [a, b]. Ilo onpenenennio ans Jawboro &>0 Haiinercs §>0
Takoe, uTo HepaBeHCTBO (2.53) cnmpaBeMJIHBO IJIsi BCEX HOMEPOB n H
Bcex Touek x’ U x” cerMmenra [a, b], cBszaHuEIX ycaoBHeM |[x'—x"|<
<8.

HoxaxeM yTBepxKJIeHHe, NpeAcTaBiasfiomee co6oi GYHKUHOHAb-
HHE aHaJjior TeopeMu Boabiiano — Beftepmirpacca.

Teopema 2.12 (reopema Apuena). Ecau cpymcuuoua/zbnaﬂ no-
caedosarenvnocrs {fn(x)} paswocTeneHHO HenpepblBHA U PABHOMEPHO
ozpanuiena na ceemenrte {a, bl, ToO u3 aTOU NOCALEOOBATEALHOCTU MOMNC-
HO 8bideauts noOnoOCAedo8aTeAbHOCTL, CXOO0AUYIOCA PABHOMEPHO HQ
ceemenrre [a, b).

HoxaszarteabctBo. Paccmorpum Ha cermente [a, b] caenyio-
HWIyI0 CHELHAaJbHYI0 MOCIEZ0BaTEJIbHOCTh TOYEK {Xn}: B KauecTBe X
BO3bMeM Ty TOYKY; KOTOpas AEJIMT CerMeHT [a, b] Ha ABe paBHbIEe ya«
CTH, B KayecTBe Xz H X3 BO3bMeM Te€ [Beé TOUKH, KOTOpHIEe BMecTe C
X1 AeaaT cerMeHr [a, b] Ha yeThipe paBHBle YacTH, B KauecTBe Xg, Xs,
Xs H X7 BO3bMEM Te YETHIpe TOYKH, KOTODHE BMeCTe C Xi, Xz H X3 Je-
Jasr cerMmeHr {a, b] Ha Bocemb paBHHX uactell (cM. puc. 2.3), # T. A.

[ i I 4 4 L I n {
r T T T T T T t 1

a. x4 &, s T Tg T3 &y b

Puc. 2.3

ITocTpoennas mnocaenoBaTenbHOCTh O6JajaeT cAedYIOIHM CBOHCT-
BOM: Oan amwobozo 6>0 waidercs nHomep ng Takou, 40 Ha A060M
npunadaencawen [a, b] ceemenre Oauner 8 aexwur xora 6ot 0Oun us
ACMEHTO8 X1, X, ..., Xn, B

IlpacTynuM Temepb K BHAGJEHHI0O H3 II0CJAeLOBaTeJbHOCTH
{fn(x)} paBHOMepHO Ha cermente [a, b] cxomsiefics moANOC/AEnOBa-
TeJibHOCTH, CHayajsa pacCMOTPHM IOC/A€A0BaTeNbHOCTh {fn(x)} B TOH-
Ke x;. Ilonyuum OrpaHWYeHHYI0 ~YHCJIOBYIO IOCHENOBATEBHOCTL
{f» (x1)}, u3 xoropoit Ha ocHoBaHuM TeopeMbl bBoabumano — Beiiep-

® [Ipo nocneoBaTeNBHOCTb, O6JAJAIOULYI0 TAKHM CBOHCTBOM, T'OBODST, uTO OHa
ABASETCS BCIOAY NMJAOTHOMA Ha cermenre [a, b].
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wrpacca (cM. § 4 ra. 3 4. 1) MOXHO BBIIEJIHTH CXOAAIIYIOCH NOAIO-
CJ1eJ0BaTe/NbHOCTb, KOTOPYIO MBI 0003HAYMM TaK:

fui(x1), fiz{x1), ..., fin(x1), ...

Hanee paccMoTpuM (YHKUHOHAJNBHYIO NOCJIELAOBATEJNBHOCTH

fll(x)r f12(x)) sy fln(x)’ s
B Touxke Xo. Ilo Teopeme Bonbuano — Beflepumrpacca u3 Hee MOXKHO
BH/IEIATh CXOJSILYIOCS MNOAMOCHEZOBATENBHOCTb, KOTOPYIO MH 0060-

3HaYUM Tak:
f2l(x2), f22(X2), cay fzn()Cz), e

TaxkuM 06pa3oM, GyHKIHOHAILHAS IOCJAELOBATENbHOCTD

far(x), f22(%), ..oy fan (), ... (2.54)

ABJSIETCH CXORALLEHCs ¥ B TOUKE Xj, H B TOYKE X3
Hanee paccMaTpuBaeM (YHKUHOHAJbHYIO IOCJA€J0BATEIbHOCTD
(2.54) B TOYRe x; M BhIAENSEM H3 Hee CXOASUIYIOCA HNOANOCHeNO0Ba-

TEJABHOCTH
fai(x3), faa(xs), ..., faa(xa), ...

Hponon}xa;{ dHaAJIOTHUHBEIE DaCCYXAEHHHA, IOJYUHM 6ecKOHeYHOe
MHOXKECTBO MOANOCA€A0BaTE]bHOCTEH

fll (X), flz (X), f13 (x)’ seny fln (x)s ey
fﬂl (X), fzz (JC), faa (X), e fzn (X), cee s
fa1 (%), fsa (%), Fas(X)y .oy Fon (%) -

L S S T T T

fnl(x)s fnl(x)’ fns(x): LA frm(x)’ )

L T S T s

ApHYeM HNOANOCAeA0BATENbHOCTD, CTOSLIAS B n-f' CTPOKe, ABASAETCA
CXOJSIIIEHCA B KaXAOH M3 TOYEK X1, X2, ..., Xn-
PaccMoTpuM Temepb Tak Ha3hLIBAEMYIO «IHArOHAJbLHYIO®» NOC/IERO«

BaT€JbHOCTDb
Fii(x), fea(x), fas(x), ..., fan(x), ...

HoxaxeM, yTo 3Ta MOCAEAOBATEILHOCTh PABHOMEPHO CXOXHTCA Ha
cermenTe [a, b]. daa coxpaulenus sanucu 6yaeM B ZajbHelilem 060-
3HayaTb 3Ty JAHaroHaJdbHYI0 MOC/JAELOBATENbHOCTh (KaK M HCXOIHYIO
HOCJIe10BaTebHOCTE) CHMBOJIOM

fi(x), f2(x), fa(x), ..., fn(x), ...

{T. e. BMeCTO CIBOEHHOro HHAEKCa GyleM MHcaTh OLHHAPHHIL).
®uxcupyeM npousBosphoe £>0. Tak Kak AHaroHa/bHas MOCJaEL0+
BAaTE/bHOCTL SABJSETCS PAaBHOCTENEHHO HENPepHBHOA Ha CErMeHTe

7
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{a, b], T0o ana ¢ukcuposannoro e>0 Haiigercs §>0 Takoe, YTO KakKo-
Bel 66l HU OBIIM ABE TOYKH X M Xm H3 cermMenrta [a, b], cBAsaHHBle He-
PaBEHCTBOM |X—Xm| <8, AJIs BCeX HOMEPOB n CIpPaBelHBO HEpaBeH-

CTBO
[in (%) —Fn (xm) | <e/3. (2.55)

3ameTHB 3TO, pa3o6beM cerMeHT [a, b] Ha KOHeUYHOe YHCJIO OTpE3-
KOB JJiuHH, Menbiedi §, Us nocsenoBarensnoctu {x,} BoiGepeM KoHEY-

HO€ 4MCJIO My NEePBHIX YJIEHOB Xi, Xa, ..., X, HACTOJNBKO O0JIBLIOE, YTO-
6E B KaxJAOM H3 YIOMAHYTHIX OTPE3KOB coOJlepiKaniach XOTs O OAHa
H3 TOUCK Xy, Xgy -« X,

OueBHIHO, NHaroHajbHas MNOCTEJOBATENLHOCTb CXOAHTCS B KaX-
IOH H3 TOYEK Xy, Xg,..., Xn, 1lO3TOMY A1 (DMKCHPOBAHHOIO BHILIE
e>0 nafinerca nomep N rako#i, 4rTo

| Frtp (¥m) —Fn (Xm) | <e/3 (2.56)

AJa BceXx n>N, Bcex HaTypasbHBIX p ¥ BCex m=1, 2, ..., n.

ITycte Teneps x — mpousBosbHasi TOYKa cermenTta [a, b]l. dTta Tou-
Ka 00s3aTeJIbHO JIEXKHT B OAHOM H3 YIOMSIHYTHIX BHIIIE OTPE3KOB [JIH-
Hul, MeHbHIel §. [TosToMy zZas 3Tofi TOUKH X HafieTcs XOThb OXHA TOU-
Ka Xm (M - OAMH H3 HOMEpPOB, paBHuIX 1, 2, ..., ng), YAOBJIETBOPSAIO-
1as yCJAOBHIO |X—Xxm| <8,

CHJIy TOTO 4YTO MOJYJb CYMMH TpeX BeJHYHH He npesocxonm*

CYMMH HX MOAVJeH, MOXeM 3alHCaTh:

[Frpp (x)—Fn ()| < frtp () —Fatn (xm) | +

+ lffl-Hl (xm)_fn (xm)! + Ifn (xm)_fn (x), . (257)

Bropo#t ujen npasoit uacta (2.57) OUEHHM C IOMOIIBIO HEpaBeH-
crBa (2.56), a 1A OLEHKH MEepBOro ¥ TPEThEro YWIEHOB NPaBOHl YaCTH
(2.57) yurem, uto |x—xm|<6, m Hcnonb3yeMm HepaBeHCTBO (2.55),
clpaBedJsinBoe iJs Jio6oro HoMepa n (2 cilefoBaTedbHO, U pJs Jjio6o-
ro n+p). OKOHYATeJBHO MOJYYUM, UYTO AJg NPOU3BOJbHOrO >0 Hafi-
npercs HoMep N Tako#, uTo

'fn+p(x)_fn (x) | <e

441 Bcex n>N, BceX HaTypaJibHHX pu Jio60f Touku x u3 [a, b]. Pas-
HOMEpHAasl CXOAMMOCThH JHarOHaJbHOH IOC/AeLOBAaTeJbHOCTH [AOKa3aHa.
Teopema 2.12 nokasaua.

3ameuanne l. B reopeMe Apuesa BMecTro paBHOMepHOIt orpas
HHYEHHOCTH nocne]oBaTeabHOCTH {f,(x)} Ha cermenre [a, b] nocraTou-
HO noTpe6OBaTh OrPAaHHUEHHOCTH 3TOH MOCNEAOBATEILHOCTH XOT#
6l B ONHOH TOYKE 3TOr0 CerMeHra. B caMoMm jene, cnpaBelJIH-
BO CJeAyIolee YTBEpXKIEHHE: ecau nocaedosareavrocTs {fn(x)} pas-
HocTenenHo HenpepoisHa Ha ceemente [a, b] u oepanuuena xora 66
8 OOHOL TO4KE Xo 3TO20 CEZMEHTA, TO 3TA NOCAECOBATEAbHOCTL PABHO-
MeEPpHO OepaHuyerna na ceemenTe [a, b]. Jn1a nokasatenbCcTBa 3ITOrO
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yTBEPXKAEHHA 3aMETHM, YTO IO ONpeJesIeHHI0 PaBHOCTENEHHOH Hempe-
pulBHOCTH Axas &= Ha#hmzercas 6>0 Takoe, yto KoaebGaHHe JI0GOR
¢yskuun f,(x) Ha JI060M cerMeHTe AJIMHEL, He NpeBHIIAwINeH §, He
peBOCXOJAHT YHcna e=1. Tak Kak Bech cerMenT [a, b] MOXHO IMOKDHITH
KOHEYHBIM YHCJIOM 1o CETMEHTOB IJHHE, He NpeBHIIaKumed §, TO Ko»
JeGanue J1060i1 QYHKUHH f,(x) Ha BceM cerMenTte [a, b] He mpeBoc-
XOZHT uMcaa no. Ho Ttorza m3 HepaBeHcTBa |fn (x0) | <A, Bhpaxarno-
IIEro OrpaHH4YeHHOCTh HCCIeN0BaTelbHOCTH {f, (x¥)} B Touke xo, BHITE-
KaeT HepaBeHCTBO |fn(x)|<A+no, cnpaBennuBoe aasi JOGOH TOYKH
x H3 cermenTa [a, b] u BeIpaxKaiollee pPaBHOMEDHYIO OrpPaHHYEHHOCTb
paccMaTpHBaeMol IOCJIeJ0BATENBEOCTH Ha 9TOM CerMeHTe.

3amMeyaBue 2, YCTaHoBUM [JOCTAaTOYHB A NPpH3HAaK
paBHOCTeNeHHOH HeNpepHBHOCTH: ecau nocaedosareb-
Hocre {f,(x)} cocrour us Ougpepenyupyemoix na ceemenre [a, bl
Pynryuhg u ecau nocaedosaresvrocTe npouzsodnetx {f»'(x)} pasro-
MEPHO O2PUHUMEHA HA 3TOM ceemenTe, T0 nocaedosareasyocrs {f,(x)}
PABHOCTENEHHO Henpepbldsa Ha ceemenre [a, b),

Haa nokasarenbcrTBa BO3bMEM Ha cermeHTe [a, b] ABe IpOH3BOJibe
Hble TOYKH ¥' 4 x” u 3amumeMm ana GyHrkuuM fn(¥) Ha cermenre
[x’, x”] bopMyay Jlarpanxka (cm. § 3 rat. 6 u. 1),

CornacHo TeopeMe Jlarpanxa Ha cermente [x/, x”] Hafizercs
TOYKa §, Takad, 4uTO

Vo) =f Gl = 114" (&) |- [#'=2"]. (2.58),

[TockonbKy mnoCaEA0BATEABHOCTD NPOH3BOIHBIX {f»"(x)} paBrOMepHO
OrpaHHYEHAa HAa CermeHTe [a, b], Haiimercs mocrosmHas A>0 Taxas,
YTO AJIsS BCEX HOMEPOB 1 COPAaBEAINBO HEPABEHCTBO

|fn’ (En) | <A. (2.59)
[Toxcrasaas (2.59) B (2.58), moayuum
[fn(x)=fn (x") | <A X' —x"]. (2.60)

@ukcupyeM Jqio6oe e>0. Torza, B3sis 6=e/A u ucnospzosaB (2.60),
MOJIyYHM, 4YTO IJIsi BCEX HOMEpOB n M Ijs Bcex x” u x” u3 {a, b], cBa-
3aHHHIX YCJOBHeM |x'—x”|<§, 6yser cnpaBeAJHBO HepaBeHCTBO

| () ~Fn (x7) | <e.

PaBHocTeneHHas HenpepeIBHOCTh nocsienoBaTenbHOCTH {f.(x)} aoka-
3aHa.

B xauecTBe npHMepa pacCMOTPHM MOCJeZOBATEAbHOCTH {sinnx/n}.
Sta nmocJaeN0BaTeIbHOCTh PaBHOCTENEHHO HempepbiBHa Ha JloOoM cers
menTte [a, b], Tak Kak Ha Jio6oMm cermente [a, b] mocaenoBaTeNBHOCTD
K3 IIPOH3BOJHBIX {COS nx} paBHOMEPHO. OrpaHHUYEHA.

3ameuanue 3. [lonaTHe paBHOCTENEHHOH HENPEPLIBHOCTH MOX-
HO BBOJIHTb He [0 OTHOILEHHIO K IIOCJefoBaTeJbHOCTH QYHKUHH, a 10
OTHOLUEHHIO K AI060My GeCKOHEUHOMY MHOXKecTBY (PyHKIHH.
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§ 6. CTENIEHHDBIE PAJIbl

1. CrenenHoii psan u 06aacTb ero cXxouumMocTH. CTEMeHHHM P fi-
AOM HaseBaercs (PyHKUHOHAJbHHI pAX BHAA

a, + Zanx"=ao+ ax+axt+ ..., (2.61)

n=1

rae ag, ai, @z, ..., Qn, ... — [OCTOSIHHBIE BellleCTBEHHbIE YHCJa, Ha3H«
BaeMbie Kospdbuuuentamu psaga (2.61). Ilocrapaemcs BHfAC-
HHTb, KaK YCTpoeHa 06J1acThb CXOAHMMOCTH JIOGOTO CTENEHHOTrO psija.

3aMeTuM, 4TO 8cAKull cTenennoil pad cxodurca e rouke x=0, npH-
YeM CYLIeCTBYIOT CTeNeHHble PsIHl, CXOIfLIHECs TOJbKO B 3TOH TOUKe

(nanpnmep, paag ) nlxn).
ne=]

CocraBuM ¢ nomowpio Ko3GGHUKEHTOB a, psana (2.61) creayios
LIYIO YHCJOBYIO NOCJEeN0BATENBHOCTD:

Vgl (r=1, 2, ...). (2.62)

MoryT npeACTaBHThCA ABa cayyas: 1) mocsaenoBaTenbHOCTh (2.62)
SBJIsleTCT HeOTpaHHYEHHOH; 2) mocnegoBarteabHocTh (2.62) #B-
JAeTC OTPAaHHYEHHO M.

B cnyuae 2) y nocaenoBatenbHoctH (2.62) cyllecTByeT KOHe 4«
HE } BepxHuii mpexesa (cM. m. 1 § 3 ra. 3 u. 1), KoTopel ME 0603Ha«
uHM yepe3 L. DToT BepxHHH npesea L 3aBefoMo HeoTpHLaTes]eH (Tak
KaKk BCe 3JeMeHTh mocjaefoBareibHocTH (2.62) HeoTpHuUATENBbHH, a
C/eN0BaTeNbHO, H J106asi NpefenbHasd TOYKa 3TOH NOC/IEZOBATENbHO«
CTH HEOTpHIaTeJbHA).

[TogBoas uTOr, MBI NPHXOAUM K BLIBOAY, YTO MOrYT NpeACTaBHTHCA
cienylouue TpH cayuas: I) nocaemosatenpHocTs (2.62) siBaserca we-
orpanxdensoi; II) nocnegoBatennHocTh (2.62) siBAsieTcs OrpaHHYeH-
HOH M HMeeT KOoHeunhli Bepxuu#l npegen L>0; I1I) nocrenosarenn-
HOCTh (2.62) siBAsileTcs orpaHHYeHHOH M WMeeT BepxHuH npenen L=0,

Hokaxem Tteneps ciexymooliee 3aMeyaTtesJbHOe yTBepXKIEHHE.

Teopema 2.13 (teopema Kowm — Apmamapa). 1. Ecau nocaedo-
earesvrocTe (2.62) He oepanuuena, To crenennoii psad (2.61) cxo-
ourca auws npu x==0,

Ll. Ecau nocaedosaressrocre (2.62) oepanuvena u umeer sepx-
Huii npedea L>0, to pad (2.61) abcortoTno cxodurca 0aa snawenud
X, ydosaersoparoujux Hepasencrey |x|<l/L, u pacxodurca Gas 3Ha-
wenul x, yooeaersoparouyux nepasencray |x|>1/L.

III. Ecau nocaedosareavrocrs (2.62) oepanuuena u ee sepxuud
npedea L=0, 1o paa (2.61) abcoarwotho cxo0urca 0Oas ecex 3nade-
KHuil x.
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HoxasateanctB o. I. Ilycts nocnenoBarenprocts (2.62) e
orpanndeHa. Torza npu x#0 mociexoBaTeNbHOCTb

11V Ta,] =V Tax"|

TaKxe He OrPaHHYEHAa, T. €. Y 3TOH NOCJENOBATENbHOCTH HMeEIOTCS
YJeHH CO CKOJb YrOAHO GOJIBIIMMH HOMEPaMH A, YAOBJETBOPSIOLIHE

HepaBeHCTBY Vlanx"|>l, umu |ay,x*|>1. Ho 3t0 o3navaer, urto
maa psga (2.61) (npu x+0) nHapyueHo HeoGXOZHMMOE YCJIOBHE CXO-
AuMocTH (cM. m. 2 § 1 ra. 1), 1. e. pax (2.61) pacxomurcs npu x70.

II. Ilyers mocnepoBatenbHOCTs (2.62) orpaHHYeHa H ee BepXHHA
npegen L>0. Hdoxaxem, uro psag (2.61) aGconoTHO CXOLUTCH NPH
|x]<1/L u pacxomurcsa npu |x|>1/L.

a) QPuxcHpyeM cHayaja Jwo6oe ¥, yAOBJIETBOPAIOILEE HEPaBEHCT+
By |x|<1/L. Torna Haiinercs >0, Takoe, uto |x|<1/(L+e). B cuny

n
CBONACTB BepXHEro mpejesa Bce 3JeMeHTH ) |a,|, HaunHas ¢ HEKOTOPO+
ro HoMepa rn, yAOBJIETBODAIOT HEPaBEHCTBY

Vgl <L+

Takum ob6pasom, HauwHag c 3TOro HOMepa 7, CIPaBeMJIHBO HepaBeHs

CTBO
n n L 2
Ve = 121V Tal< S22 < 1,

T. e. paj (2.61) aGcomoTHO cxoxurcs mo mpusHaky Komm {cMm. m. 3
§ 2rn 1).

6) PukcupyeM Tenepp J060e X, yAOBJETBOpsioLlee HepaBEHCTBY
|x]>1/L. Torpa uafigerca ¢>0 Taroe, yro |x|>1/(L—e). [To ompe-
AeNEHHI0 BepxHero npejesa u3 nocjaefoBatenbHOCTH (2.62) MOXKHO

P e
BHIAEJIHT NOANOC/AEL0BATENbHOCTD {1/|a,,k| }(k= 1,2, ...), cxoas-
mywocs K L. Ho 310 o3nauaer, 4to, HayuHas ¢ HEKOTOPOTo Homepa k&,

CnpaBeAJIHBO HEPaBEHCTBO
nk S
L—e < V' la,| < L+e.

Taxum o6pasom, HauMHas ¢ 3TOr0 HOMepa k, CIpaBeAJHBO HEpPaBeH-

CTBO
M " L—e
Vlan %l = 151V lag,| > 2= =1,

|2, 3" > 1,

OTKyAa BHIHO, YTO HapylUeHO Heo6XOJHMOe YCJOBHE CXOAHMOCTH psi<
Aa (2.61) u sTOT PR pacxoiuTcs.

HJIH
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II1. TMycTs nocaenoBaTenabHocTh (2.62) orpadudyeda u ee BepxHHE
npezen L=0. Hokaxewm, uto psg (2.61) abcoaioTHO CXOAHTCH IPH
JawboM x.

®uxcupyem npousBoabHoe x+#0 (mpu x=0 psan (2.61) s3asexmomo
abconiorHo cxoautes). ITockonbky Bepxuuit mpenea L=0 u nocaeno-
BaTeabHOCTh (2.62) He MOXKeT MMeThb OTPHUATENbHHIX NPeAENbHHX TO-
yeK, yucso L=0 gBjsgercs eIMHCTBEHHON mpeXeJbHOH TOUKOH, &
clle0BaTeJbHO, SIBJISIETCA NpelesioM 3TOH NOCAeNOBaTeNbHOCTH, T. €.
nocneoBaTelbHOCTL (2.62) sBiseTcss GeCKOHEUHO MaJiof.

Ho torma mas nojoxwuresnsHoro uuciaa 1/(2|x|) nahnerca nomep,
HayHHas ¢ KOTOPOro
' 1

2x| °

Vil <

Crano 65T, HAUHHAS C YKA3aHHOrO HOMeEpa, _ I
n n,— 1
V a2 = x|V a,] <—2—< 1,

T. e. pan (2.61) a6comorHo cxomuTcs K npusaHaky Kowmm (cM. m. 3
§ 2 ru. 1). TeopeMa noJiHOCTBIO JOKa3aHa.

Hokasannas TeopeMa HENOCPEACTBEHHO NPHBOAHT K CJAEAYIOLIEMY
(yHIaMeHTaILHOMY YTBEDPXAEHHIO.

Teopema 2.14. [asa kamdoeo crenennoeo pada (2.61), ecau on
He asaderca padom, cxodaugumcs auwb 8 Touke x=0, cyujecteyer no-
AocUTeAbHOe 4ucao R (803moicHO, pasHoe 6GecKOHE4HOCTU) Takoe,
4To 3TOT psad abcoawTHo cxodurcs npu |x|<R u pacxodurca npu
|x[>R.

910 uyKuc10 R Ha3mBaeTcst paAHyCOM CXOLZHMOCTH paccMar-
PHBaeMoro CTeneHHOro psifa, a HHTepsald (—R, R) nasnBaercs np o-
MEXYTKOM (HJIH HHTEPBAJOM) CXOAMMOCTH 3TOro psma. Hns
BBIMHCJICHHS pagayca CXOJAMMOCTH CIpaBe/uiuBa GopMynia

1
R= — (2.63)
TmV |ay|

—_—r
(B cyuae, korza limy/ Ja,| =0, R= o0o).
n—w
Samevanne 1. Ha xoHmax npoMexy~ka CXOJUMOCTH, T. €, B
TOUKax x=—R u x=R, crenenHO# pAJ MOXeT OHTb KaK CXOAALUIHMCAH,

TaK ¥ pacxolswuMmcs 9,

9 OtmetHm cleaylomyw Teopemy AGenn: ecau crenennod pad (2.61)
cxodurca npu x=R, T0 cymma ezo S(x) Aasaserca nenpepuisnoii 8 Touxke R caesa.
Bes orpannueHHs OGWHOCTH MOXHO CYHTAaTh, YTO R=1, HO B T4KOM BHAE TeopeMa
AGens (dakTHuECKH YTBepKAAOWlas DEryJAspHOCTh METOAA CYMMHDOBAHHS yac-
cona—AGens) nokazana B n. 2 § 7 ra. 1.
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o0
Tax, mns psxa 1+Z x" pagdyc CXOAMMOCTH R paBeH eIuHHIE,
nm=]
OPOMEXYTOK CXOAMMOCTH HMeeT BuA (— 1, + 1), # aToT psix pacxoaurcs
Ha KOHIIaX 3TOr0 MPOMEXYTKA.

2] n
Hns papa Z E,— IPOMEXYTOK CXOJMMOCTH TOT Xe (—1, + 1), HO OH
ne|
cxoaMTCs Ha OO0OHX KOHUAX 3TOrO IPOMEXYTKA.

3ameuanne 2. Bce pe3yJbTaTHl HACTOSINETO NMYHKTa CHPABEIIHABLI
g psga (2.61), B XoTopoM BeleCTBEHHAas HEpeMEHHAs X 3aMEHEHa
KOMILIEKCHOH NEPEMEHHOK z H B KOTOPOM KO3(D()HMIHEHTH SBIISIOTCS
KOMIUICKCHRIMH vHCIIaMH. {71 Takoro psja yCTAHABIIMBAETCH CYIECT-
BOBaHHE MOJIOXHTEIBLHOrO 4HCIa R Takoro, ¥To psj abCcomMOTHO CXo-
aares npH |zl < R m pacxogures mpu |z} > R. o

Jus Buiuncaenuss R cnpasepnuBa ¢opmyna (2.63). Uncio R Ha-
3LIBaeTCsi paAHyCOM CXOAMMOCTH, a obaacts |2|<R — Kpy-
roM CXONLHMMOCTH CTENEHHOTO pAJa.

2. HenpepbiBHOCTL CyMMBbI creneHHoro psapa. Ilycrs creneHHoft
pan (2.61) mmeer papuyc cxoaumoctd R>0.

JJeMmma. Kakoso 661 Hu 66140 noroxcuTessHoe sucao r, ydosaer-
gopawuiee ycaosuw r<R, pad (2.61) pasnomepuo cxodurcs Ha cee-
menre [—r, +r], . e. npu |x| <r.

HJdokaszateabctBo. B cuay teopemm 2.14 psa (2.61) abco-
JIOTHO CXOJHUTCA NPH X=r, T. €. CXOAUTCH PAl

lag] + ¥ laalr™
n=1

Ho sTor uHCc/0BO# pAn CAYXKHT MaXOpaHTHHM Aaa paga (2.61) mpu
Bcex x u3 cermeHta [—r, +r]. Ha ocHoBammu npuanaka Beitepmrpac-
ca psax (2.61) cxomurcs paBHOMepHO Ha cerMmeHTte [—r, +r]. JleMma
JoKa3saHa.

CaencrBue H3 aAeMMB. B ycrosuax semmer cymma psada
(2.61) sesserca ynkyued, nenpepvignod na ceemenre [—r, +r] (8
cury reopemot 2.7). '

Teopema 2.15. Cymma crenexrozo pada eHyTpu e20 npomexcyr-

£Q cxOOUMOCTY ABARETCA HENPEPOIBHOL hyHKYyuel.
- HokaszareasctTBo. Ilyctb S(x) — cyMma cremeHHoro psiza
(2.61), a R — ero pamuyc cxonumoctH. OuKcHpyeM Ji060e X BHYTPH
NIPOMEKYTKa CXOIHMOCTH, T. €. Takoe, 410 |x|<<R. Bceraa Hafizercs
YHCJNIO r TaKoe, uTo |x|<r<R. B cuay caencTBHsI U3 JeMMBl dYHKUHS
S(x) HenpepmBHa na cermente [—r, +r]. Crnemoparenpno, S(x) He-
npepniBHa U B Touke v. Teopema AoKasaia.

3. NouneHHoe MHTErpHPOBAaHME H NOYJicHHOe auddepeHUMpoBaHue
CTENeHHOro paaa.

Teopema 2.16. Ecau R>0 — paduyc cxodumocru crenerrozo
pada (2.61), a x ydosaersopser ycaosuro |x| <R, t0 pad (2.61)
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MONCHO NOYACHHO UHMEZPUPOBAMb HA Ce2MeHme, 02PAHUHEHHOM MOUKAMU
0 u x. IToayuennsiii 8 pe3yabmame nNOUACHHO20 UHMEZPUPOBAHUA DRO
umeem mom xce paduyc cxodumocmu R, umo u cxoOunsild pao.

HoxkasareabctBo. Jus aw6oro x, yAOBJAETBOPSAIOLIErO YCJI0-
Buto |x| <R, nafinercsi r Takoe, uto |x|<<r<R. CoraacHo JeMMe psl
(2.61) cxomurcsi paBHOMepHO Ha cermente [—r, +r], a ciegoBaTelib-
HO, ¥ Ha yka3aHHOM cermerTe. Ho Toraa B cuiry reopeMel 2.8 310T psn
MOKHO NOYJEHHO HHTErpHpOBaTh Ha cerMmente [0, x].

B pesyabTare mOWJIEHHOTO MHTErPHPOBAHHS IOJYYHTCS CTENEHHOM
pan

agx + -2 x2+...+-a—";‘—x"+...,

2
paidyc CXOAMMOCTH KOoTOporo (corjiacHo TeopeMe 2.14) siBasercs Be-
JIHUHHOM, 06paTHOH BepXxHeMy IpeJeny Hociel0BaTeJbHOCTH

n

Vlan_ll — anatd ' (2.64)
n 1/ n

Tak kak BepxHHuil mpexesn nociaenoBatenpHocTH (2.64) TOT XKe, 4TO K

y (2.62) 19 ro Teopema aokasaHa.

Teopema 2.17 Crenennoii pad (2.61) suyrpu ezo npomexyrka
cxo0umMocTy MmoskHo Oupdpepenyuposars nourenno. Pad, nosywennoii
nouieHNbim Ouppepenyuposanuem, umeer TOT de paduyc cxo0uMo-
CTU, 4TO U UCXOOHBIE pad.

HoxkasareabcTBo. Jocratouno (B cuiy TeopeMu 2.9 m JieM-
MbI) J0Ka3aTbh JHIIb BTOPOE yTBEPXKAEHHE TEOPEeMH.

B pesyabrare nousnensoro nuddepennuposanus (2.61) nosyuum
pan

a2axx+. . . Anaxnri+ (ntl)appxnt. .,
paanyc cxogumoct R kotoporo (coriacHo TeopeMme 2.14) oGpaten
BEPXHEMY Npejesy NOCAeIOBaTENbHOCTH
V+ Diawnl ) (2.65)

Tak kax nocnemoBateabHOocTh (2.65) uMeer TOT e BepXHHIl Npenel,
uro H (2.62) 'V, To Teopema noxkasaHa.

n
. n —n e el —— — (A
10) Tak Rak limyn=1, [im y/Ta,_, [ = lim +/|a,,l = Iim {y Tanl} o
n—»wo n=sc0 . n—»w n—»m
—
= 1im y/|an},
n—»w

n
: - T ] e n—1
u) Tak kak lim y'n+ 1=I, lxmn;/lan+1|=nl_1’11n Y 1anl=iim (Y Tanl}" ™ =

n-»o0 n—oo n-—+8

- n
= lim b 4 'anl.
n—»>w
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Cnepcrsue us teopeMmu 2.17. Crenennold pad snyrpu eeo
NPOMENYTKA CXOOUMOCTYU MONHO OupPepenyuposars nOLAEHHO CKOAb=
Ko y200Ho pa3. Pad, nosyuenHvil n-KpaTHbim noyLeHHoim Oupgepen-
yuposanuem Ucxo0R020 CTenenroeo pada, umeer TOT we paduyc Cxo-
OUMOCTU, 4TO 1 UCXOOHbLE pAo.

§ 7. PA3JIOKEHHUE ®YHKIWA B CTENEHHDBIE PSiAbl

1. Pasaoxenue PyHKUHH B CTENEHHO pax.

Onpeneaenune 1. Bydem eosopurs, 4ro ¢ynkyus f(x) na ux-
repsare (—R, +R) (#a mnoocecree {x}) mooamcer boiTv pasaso-
HeHa s cTenenHnol pad, ecau cyujecrayer crenenHod pad, cxo-
dawuiica k [(x) Ha ykasawnom unTepsase (YKA3AHHOM MHOINCECTSE).

[TpuBeneM Heo6XoZMMble H JOCTAaTOUHBIE YCJOBHS TOro, YTOGH
¢yuknua f(x) mMorsa GbITh pa3joxKeHa B CTEHNeHHOH psl.

Vreepxnanenne 1. Qaa roeo urobo. ¢ynkyus f(x) mozaa 6uire
paszaoncena @ crenennol pad Ha unrepsase (—R, +R), neobxodumo,
4006l 37Q (YHKYUA UMeAa HA YKA3AHHOM UHTEpBaAe HenpepbieHble
npoussodusie 4106020 nopadka ',

IleficTBHTENbHO, CTENEHHOH pPsSX BHYTPH €ro NPOMEXYTKa CXOLH-
MOCTH, KOTOPbI#l BO BCSIKOM Cjyuae COJAepXHT uHTepBaa (—R, +R),
MOXKHO MOWwIeHHO Au(depeHUHpPOBaTh CKOJBKO YIOJHO pa3, HOpHueM
BCce NOJYYeHHElE NPH 5TOM PSAABl CXOASTCA BHYTPH TOrO JXe NpoMe-
XKYTKa cxoAuMocTH (Teopema 2.17).

Ho toraa cyMMBl psiOB, IOJIyYeHHBIX CKOJIb YTOAHO KPaTHBIM IH(p-
pepenuupoBanneM (B cuay rteopemsl 2.15), npexcraBasior co6oi
(QYHKIUHH, HenmpephIBHEIE BHYTPH YKa3aHHOIO HPOMEXKYTKa CXOAHMO-
CTH, a CJefOBaTeJbHO, HeNpepHIBHHE Ha uHTepBate (—R, +R).

YrBepxaenue 2. Ecau ¢pynxyusa f(x) moocer 6oito Ha unrep-
saze (—R, +R) pasroxena e crenennol pad, 1O Auulb €OUHCTBEH-
Hoim obpasom.

B camoM jpene, nycts ¢yHKnus f(x) Moxer OhITh pPa3joXKeHa Ha
HurepBane (—R, +R) B crenenuost pan (2.61). dMuddepennupys s1OT
pAX MOYIeHHO n pa3 (4To 3aBeOMO MOXKHO JAeJaTh BHYTDH HHTEp-
Bana (—R, +R)), nonyyum

[ (x)=apnl+ta,+ (n+1)1x+. ..
Orciona npu x=0 Haliaem
f (0) =apn!,
n
BaH 17O (2.66)

a, =
nl

1 OrMeTHM, UTO CYIECTBYIOT (YHKUHH, HMEIOLIME Ha HHTEpPBAJe HenpepHBHLE
npoH3BO/AHLE MO6Or0 NOPAAKA, HO He PA3NOMHMBE Ha 3TOM HHTEpPBaJe B CTeneH-
Hoft psan. [IpuMepoM TakOA GYHKUMH MOXKET CAYKHTH

—1

/l
Flx) = e npx x %0,
0 opu x = 0.
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Taxum o6GpasoM, KoaduuHeHTH crenexHoro paga (2.61), B koro-
pHi Moxer OHTb pa3inoxeHa (yHkuus f(x), odxosHauro onpedess-
rorca opmyaol (2.66).

[TpennosoxuM Teneps, uro ¢yuxuus f(x) uMeer Ha HHTepBaje
(=R, +R) HenpephBHbIe NPOH3BOAHKE JIOGOr0 MOPALKA.

Onpenenenne 2. Crenennoid psd (2.61), xosgpduyuenror xo-
T0p020 Onpedessorca gopmyrol (2.66), nassieaerca padom Teil-
A0pa ynkyuu f(x).

YTBepXaeHue 2 NPHBOAHT Hac K CJEAYIOLIEMY YTBEpXAEHHIO.

YrBepxAenue 3. Ecau ¢ynxyus f(x) moxer 6viro passovce-
Ha na unrepsasre (—R, +R) e crenennod psd, To 3TOT pAd ABAAeET-
ca padom Tetiropa ¢pynxyuu f(x).

M3 pesyapratoB § 8 ra. 6 u. 1 HemocpeACTBEHHO BHTEKaeT cJe-
Aymollee

YrBepxnenune 4. [Jaa rozo urober hynxyus f(x) moeaa 6oire
pasaoxcena e pad Teidropa na unrepsase (—R, +R) (na muosxcect-
ee {x}), Heobxodumo u docrarouno, 4robsi ocrarounsii 4asexw 6 op-
Mmyse Maxsopena Oas 310l PyHKYUL CTPEMUACR K HYAO HA YKA3AH-
HOM unrepsare (YKA3aAHHOM MHOJCECT8E).

2, PasnoxxeHHe HEKOTOPHIX sJeMeHTApHHIX GyHkuuit B pan Tefao-
pa. B u. 1l (eM. n. 2 § 9 ra. 6) nokasaHo, YTO OCTaTOYHHE YJEHH B
bopmyne Maknopesa nis QyHkuui e*, cosx H sinx crpeMarca K
HyJ10 Ha Bcefl YHCJOBON NpsMofl, a oCTaTOYHHE ujaeH B ¢opmyue
Maknopena aas ¢yskuun In(l+x) cTpeMHTCH K HYJIO Ha MOJyCers
MeHTe —1<x<]l. _

B cuany yrBepxkieHHs 4 W3 npedAYIUEro IYyHKTa 3TO NDHBOJMT
Hac K CJAeIYIOIUHM Pa3JIOXKEeHHIM:

[ -]

wm1+§ 2

= |

n
cos xX==1 +Z -(—'—'1-)-:-"-'1.

(2n)!
Ama] ’
N = (—1)nxan+t .
Sin x E’—-(2n+l)l

(_.l )Il"lxll .
1n(1+x)=2]l—-—-——-—n

TlepBrie Tpu M3 5THX pasyioXKeHHH CXOAATCA IJs BCeX 3HaYeHHH X,
a mocJefHee — JJIsA 3HaYeHMH X M3 noaycerMenra —l1<x<l.
OcTaHOBHMCsl Telepb Ha Das3JIOXEHHH B CTENeHHOH psaj (QYHKUHH

(1+x)®, uam Ha TaK Ha3pBaemMoM 6HHOMHAaJdbHOM psaxe Ecau
f(x)=(1+x)?, 10
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o (x) =a (a—1) (a=2). .. (a—n+ 1) (14+x)*.

ITosToMy dopMmysna Makmopesa ¢ ocratounsiM uwieHoM B (opme Ko«
win umeer BuA (cM. § 8 o, 6 4, 1)

n
(1+x)“=l+2 a(a—l)(a—i') {a—k41) xk+Rn+1(x), (2 67)

rae
Rup1 (x) = _(I_T;'_‘i)i D (Ox) =

= U= nbig (a— 1) (@—2) . .. (@—n) (1 + Bx)e=r—! =
n

—_ n —_— —_—

14 6x n!
{0 — nekoTopoe yHcI0 H3 HHTepBasta (0<0<1).

CrauvaJza y6enuMcs B TOM, uTo mpH a>0 BCIOAY Ha HHTepBaje
—1<x<1 ocraToyHHil uieH Rn+1(x) CTPEeMHTCS K HyJI0 (NpH n—;oo)

1 —

B camoM pnene, Bce wiaeHH MOC/AEAOBATEILHOCTH { 1+ex) }

BCIOJly Ha YKa3aHHOM HHTepBaJie He NPEeBOCXOJAT €AHWHHUH ImOCJel0-
(e—1){a—2) ... (¢t—n) -
BaTeJbHOCTD l orpaHuueHa, a yucjo a(l+
n

+06x)*~! onpesenexo npu ao6oM (purCcHpoBaHHOM >0 K npH A060M
x u3 MHTepBaja —I<<x<l; HakKoren, nocjefoBateabHocth {x"+1} aB-
JIsieTcsi OeCKOHEYHO MaJjoi Aja Jawo6oro x m3 uHTepBana —I<x<l.

TakuM o6pasoM, B cuay (2.68) ocraTouHHA wieH Rp+1(X) crpes
MHTCA K HYJIO 4Js Jjio6oro ¢dHKCHpoBaHHOro a>>0 u J1000ro x H3 HH«
TepBada —1<x<1.

CnenoBarencHo, B cuay (2.67) npu o>0 Bclogy Ha HHTEepBaje
—1<x<] cnpaBelsIHBO pa3iioXKeHHE

(14+x)2=1+ 2 “(““”(““i’! Ae—k+D) v (2.69)

k_l

Hokaxem renepb, uro npu a>0 pad, croswud 6 npasod ua-
ctu (2.69), pasnomepro cxodurcs k dynkyuu (1+x)* na 3amiry-
TOM ceementTe —l<x<1.

Bciony Ha ykasaHHOM cerMeHTe STOT PAA MaMKOPHPYETCs YHC-
JIOBHIM PSIOM

lel-11—a]- ... |k—1—af
Kl

(2.70)

R 1
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.. B cuay npusnaxka Beilepwrpacca ans ycraHOBNeHHS paBHOMEp=
HOH Ha cerMeHTe —l<x<! cXOZMMOCTH psla, CTOSIEro B NpaBOR
yactn (2.69), nocTraToOuHO H0OKA3aTh CXOLHUMOCTb MaXKOPHPYIOLEro
paxa (2.70).

O6o3snauum k-#i unen psga (2.70) cumBosoM pr. Toraa nis
BCEX JOCTATOYHO GOJBHIUX R NOJYYHM

Pea, B0 g ldo 2.71)
P k41 E4+1°
H3 dopmyan (2.71) BeITexkaer, uTo
limk(l——pﬁ’i>=l lim —*— —(1 +a 1,
k-0 Pr ( +a)k—>m k—{~1 ( T )>
T. e. panx (2.70) cxomuTcs B cady npu3Haxka Paabe (cm. m. 5 § 2

ra. 1),

Taxkum obpa3om, JokasaHo, yTo npd a>>0 psal, cTOAMHKA B Opa-
BOH uyactu (2.69), cxonurcsi paBHOMepHO Ha cerMenTe —l<x<l.
OcraeTcsi mokasaTh, 4TO YKa3aHHBIA DS CXOAHTCA Ha CErMeHTe
~l<x<1 k ¢pynkuuu (1+x)=

B cuny noxasaHHOro Bblliie CyMMa yKaszaHHOro psiaa S(x) =
¢ynkuus (1+x)® coBnajalor BcioAy Ha muTepBaje —1<x<1. Kpo-
Me toro, o6e ¢yuxumn S(x) u (l+x)* HenpepHiBHH Ha CerMeHTe
—l<x<1 (dpysxums S(x) Kak cymMMa pPaBHOMEPHO CXOMSLIErocs
Psiia M3 HempepHIBHBHIX (QYHKIMM; HenpephBHOCTb OYHKUHH (1-+x)?
npu o.>0 oueBnzHa).

Ho Torza suavenus S(x) u (1+x)* B Toukax x=—1 n x=1
06si3aHBl COBIANaTh, T. €. psAA, CTOAWHH B mpaBoi wactn (2.69),
paBHOMepHO cxomutcst K (1+x)® Ha 3aMKHYTOM cerMeHTe —l<x<
<l

3. daemeHTapHble NPEACTaBJeHHs 0 QYHKUHAX KOMIIEKCHOH ne-
peMeHHOH. Brilne oTMeyasoch, uTO Ha CAyda# CTeNeHHOro psAnxa
OTHOCHTEJbHO KOMIJIEKCHOH nepeMeHHOH 2

aot+a;ztas2?+. . 4azn+. ..

nepexHocarcs rteopemeol 2.13 u 2.14 (o cyulecTBOBaHHMH H BeJHYHHE
pajuyca cXOAHMOCTH). Psibl Takoro Tuna HCHOJAB3YIOTCHA AJdA Onpe-
nesieHHsi GYHKUHA KOMIIEKCHOH nepeMeHHOH 2.

OYyHKIHH €%, cOS2Z M Sinl 2z KOMIUJIEKCHOH mepeMeHHOH Z ompene-
JISIIOTCS KaK CYMMH CJeAYIOIHX PAAOB:

P LA 2.72
e 1+2 ! ( )

n

=l

cosz=1+ z—gn)—)f’—. (2.73)
ne=]
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. (_I)nz2n+l'
sinz= E T (2.74)

Jlerko nmpoBepHTb, YTO 3TH PAAL abCOJIOTHO CXOAATCA AJA Beex
3HaUeHHH 2 (BX PamuyC CXOAUMOCTH R=00).

YcTaHOBUM Temeph CBf3b MeXIy QYHKUHAMH €, coszZ H sinz.
3amensis B popMmyae (2.72) z ua 2, nOJIyYHUM

iz _ (‘z) ("2)3 (i2) (iz)8
er=ldiz s TTa s T
=(1—;—7+%—...)+i(z———§—+ ). @79)

(Teopema Komu mo3BOJISET NEPECTABIATh ‘WICHKL PAXa).
ComocraBnsisi OpaByro 4acTb paBeBCTBa 2.75) ¢ _Da3JIOXKCHHAMH
(2.73) u (2.74), npuaeM K CleAyIolleH 3aMevaTelbHOM (popmye:

eiz=cos z+isin z. (2.76)

Gopmyna (2.76) urpaer ¢yHAaMeHTaNbHYI pOJb B TEODUH
¢GyHKUME KOMIIEKCHON mepeMeHHOH W HashiBaeTcd GopMyJo#
Diinepa.

[Monaras B cdopmyne Sinepa nepeMeHHylo Z paBHOl cHayala
BEIIECTBEHHOMY YHCJIY X, a 3aTeM BeLleCTBEHHOMY YHCJIYy —X, HO+
JAyunM ciaeAyiomue GopMyIIs

e*=cos x+isinx, e **=cos x—isinx.

CknazbiBasi 4 BHYHTast 3TH (OPMyJH, NoJayuuM ¢GopMyJbl, BHpas
XKalllke cOS x¥ ¥ Sin x uepe3 mokasaTelbHYI0 GYHKIHIO:

X —{x
COS X = ___g__-i;_e_’
' fr i (2.77)
sin X = ————m—,
2

B 3aknioueHHe OCTAHOBHMCS Ha ONpeJeNeHHH Jorapupmuye-
cKoli (yHKuMH w=Inz KoMmmjekcHOH nepeMeHHO# 2. DTy PyHKUHIO
€CTECTBEHHO ONpEeAeNHTh KakK (yHKIHIO, O6paTHYIO [OKasaTelb:
HOH, T. e. U3 cooTHoweHua z=ev¥, [lomarans w=u+tiv, z=x+iy, no-
CTaBMM nepef coOOH Leab — BEIPA3HTb U H U uepe3d 2=x+iy.

W3 coorHoOlIeHusE

2=x+iy=evtiv=e¥{(cos v+isin v)

NOJYYHM, HCIOJAL3YA NOHATHA MOAYJA H apryMeHTa KOMIOJCKCHOTO

qucaa, .
2] =V %%+ y? =¢", arge=uv—2nk,
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rue
k=0, =1, £2, ...

M3 nocnennux paBeHCTB HaXOXHM, UTO
' u=In|z| =In}V 3+ 45,
v=arg z+2nk (k=0, =1, =2, ..},
HJIH OKOHYaTeJbHO
Inz=In|z|+i(arg 2+ 2nk), rne k=0, =1, £2,... (2.78)

Popmyna (2.78) moxasmiBaer, yTo JorapudMmuueckas (QyHKUHS
B KOMILJIEKCHOR O6JIaCTH He R84seTcs OOHO3HA4HOU: ee MHHMas
4acTh JJig OAHOTO H TOro Xe 3Ha4deHHss 2 uMeer OecuncjeHHOe
MHOXECTBO 3HaYeHHH, OTBeYaIOMHX pa3nuuebiM k=0, =1, =2 ..,

Jlerko noHsATH, YTO aHaJOrHuYHas CUTyauus GyLeT HMETb MecTo
H Npd OlpeAeJeHHHM B KOMIJEKCHo#i ob6nacTH o6paTHHIX TPHUTOHO-
MeTpHUYeCKHX QyHKuuH,

4. Teopema Beitepmrtpacca o papHOMepHOM npUGAHKEHHH Henpe-
PLIBHOH ()YHKUMH MHOTOYJECHAMM,

Teopema 2.18 (reopema Befiepmrpacca) '3). Ecau ¢pynxyus f(x)
Henpepoiena na ceemenTe [a, b, To cywecrsyer nocaedosaresbHOCTb
mHozourenos {P,(x)}, pasrHomepro na cezmerre {a, b] cxodawanca K
f(x), 7. e. Gra awboeo >0 nailderca mHozouren P,(x) ¢ Homepom
n, 3a8UCAWUM OT &, TAKOU, 4TO

| Pa(x)—f(x) | <e

cpasy O0an ecex x ua ceemenrta [a, bl

HuniMu cniosamu, nenpepoisryio na cezmente [a, b] gpynxyuo f(x)
MONCHO DABHOMEPHO HQA 3TOM Ce2MeHTe npUbAU3UTL MHO204ACHOM C
Haneped 3000HHOU TOYHOCTHIO €.

HdokaszareanctBo. He orpannuuBas OGIIHOCTH, Mbl MOXEM
BMecTO cerMmenTa [a, b] paccMatpuBath cerment [0, 1]1'9. Kpome Toro,
JIOCTaTOYHO AOKa3aTh TeOpeMy [JIs HenpepuiBHON GyHxuuH f(x), 006-
pamaloiieiics B Hynb Ha KoHuax cermenta [0, 1], T. e. yaosaerBopsio-
mei ycaosuam [(0)=0 u f(1)=0. B camom nexe, eciun 6m f(x) He
YAOBJIETBOPSIA 3THM YCJOBHAM, TO, HOJOXHB '

g (x)=f (x) =F (0) =} (1) = (0)],

MBI moJyuuan On HempephiBHymo ua cermente [0, 1] dynxkumio g(x),
yaosnersopsiomyio yciaosuam g(0)=0 u g(1)=0. Torna u3 BO3MOXK-
HOCTH NpeAcTaBJeHHs g(x) B BujJe Npelesa PaBHOMEPHO CXOAsLIeH-
csl TOCJIe0BAaTeNbHOCTH MHOTOUYJIEHOB BHTeKaso GH, uTO H f(x) npea-

3 Dra ¢yHnnaMeHTanbHAas TeopeMa Onia NokasaHa Befiepmrpaccom B 1895 .
14 TIocKoJBKY ONMH M3 3THX CErMEHTOB Mpeofpasyercs B ADYroR JuHeAHOH 3a«
MeHOR x= (b—a)i+a.
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CTaBHMa B BHJE NpeleNa paBHOMEDPHO CXOAseHCH IOocjeJ0BaTebHO~
CTH MHOI'OYJEHOB (Tak KaK pa3HOCTb f(x)—g(x) sBAseTcs MHOroujes
HOM NEepBOH CTeNeHH).

Hrak, nycts ¢yukuus f(x) uenpepniBHa Ha cermente [0, 1] u ynos-
aersopsier yeaoBuaM f(0)=0, f(1)=0. Takyio o¢yHruuo f(x) MOXKHO
MPOJOJIKHUTL Ha BCIO NPSMYIO, IIOJIOXKHMB ee paBHOH HyJII0 3a mnpeje-
Aamu cermenTta [0,1], 1 yTBep®aaTh, 4TO TaK NpPOJOJKeHHas (PYHKIHS
ABASETCA PABHOMEDHO HenpepuisHol Ha acell npamoi.

PaccMOTpHM clleAyIoOlyl0 KOHKDETHYIO MOC/el0BATENbHOCTh HEOT-
pHIaTeJbHEIX MHOFOWJIEHOB CTeleHH 2n:

Qu(x)=cp(I—x2)"  (n=1, 2, ..)), (2.79)

Y KaXI0ro H3 KOTOPHEIX ITOCTOsIHHAA Cpn BbI6paHa TaxK, yTQOH BHIITOJ-
HSJIOCHL DAaBEHCTBO

Sl'Q,,(x)dx=1 (n=1,2,...). (2.80)
=i

He Buiuncifs TOYHOrO 3HAYEHHs NMOCTOSHHOHN Cp, OLEHHM €e CBep=
Xy. HOnas storo 3aMeruM, uto mJs1 JioGoro HoMepa n=1, 2, ... U 1aa
Bcex x u3 cermenta [0, 1] cnpaBemnuBo HepaBencrso ¥

(1—x2) "> 1—na?. (2.81)

1
IIpumensis HepaBencteo (2.81) u yuuteiBasg, uto —= <1 npm Jio=
v

6oM n>1, 6yaem uMeth
+1 i YVn
S(1——x2)"dx=2"(1——x2)"dx>2 S (1—x?)dx >
-1 b 0
vV s . :
—nx¥dx =—- —- .82}
>2 S (1—nx?)de=— > = (2.82)
0

von

e

M3z (2.79), (2.80) u (2.82) sakniiouaeM, 4To0 AJAS BCEX HOMEPOB
n=I1, 2, ... clnpaBelJHBa CJeAyIOlllad OIEHKa CBepXy AJS NOCTOSHs

HOH Cp:
cn < V'n. (2.83)

%) 970 HepaBeHCTBO BHTEKAET M3 TOrO, YTO NpH Jio6oM n>1 dymknus @(x)=
= (1—x2) »—(1—nx?) neoTpumartenba Bcwjy Ha cermenre O<x<1, Tak Kak 3Ta
¢yHRuus ob6pamaercs B HyJdb npu x=0 H HMeer BCIOJy Ha 3TOM CErMeHTe He-
OTPHIATEIbHYIO NPOH3BORHYI0 @ (x) =2nx[1— (1—x2)7—1].

8-4314
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M3 (2.83) u (2.79) Bmtekaer, uyto npu Jo6oM §>0 ang Bcex x u3
cermenTa 8< |x| <1 cnpaBeanuBO HEpaBEHCTBO

0<Q(x)<Vn(1—6) (2.84)

WUz (2.84) caenyer, uto npu JwboM ¢uxcupoBanHoM §>0 noche-
JOBaTE&NbHOCTh HEOTpUUATeNbHEIX MHorounesHoB {Q,(x)} cxomutcs
HyJII0 paBHOMEPHO Ha cermenTe < |x| <119,

[Tosmoxum Tenmeps pas aro6oro x u3 cermenra O<x<l1

+1
Pa(x)= [F(x+1)Q.(t)dt (2.85)
-1

u yb6emumess B ToM, uTo Bas Jwboro n=1, 2, ... dyukuua P,(x)
€cTh MHOrouJsieH crenend 2n, npuuyeM {Pn(x)} u aABAseTcs HCKOMO#H mo-
CJIel0BaTEJbHOCTBI0 MHOrOYJIEHOB, DAaBHOMEPHO CXOAsiuieHcs Ha cers
menre [0, 1] K dyurumu f(x).

Tak kak usyyaemas QyHKuus f(x) paBHa HyJIO 3a NpejelaMH Cer-
menta [0, 1], To aasa JwoGoro x u3 cermenra [0, 1] unterpan (2.85)
MOXKHO 3alHCaTh B BUAE

1—x

Po(@)= [ r(x+0)Qu(bdt.

—X

3aMeHsis B NMOCJAeAHEM HHTerpaje nepeMenHyio f Ha f{—x, MH IIpH-
JafuM eMy BHA

1
Po(0)=[F(H)Qu(t—n dt. (2.86)
0

M3 (2.86) u (2.79) sacuo, uro ¢yukuus P,(x) npexcrasisier co-
60il MHOrOUJIEH CTENeHH 2n.

Ocraercs pokasaTb, yTO mocaeaoBaTenbHocTs {P,(x)} cxomutes K
f(x) paBHOoMepHO Ha cermeHTe O<x<1. ®HKCHpyeM NDPOH3BOJNbHOE
£>0. Odns GHKCHPOBAHHOTO & B CHJY PaBHOMEPHOH HeNpephHBHOCTH
f(x) #a Bcel uucaoBo# npsmoi Hafinercss 8 >0 Takoe, uTo

If (x)—F(y) | <e/2 mpn |x—y|<8. (2.87)

3aMeTHM elle, uTO TaK Kak f(x) HenpepmBHa Ha cermenre [0, 1],
TO OHa OTpaHWyeHa Ha 3TOM CerMeHTe, a CJeJ0BaTesJbHO, H BCIOAY Ha

1) B caMoM Hese, AOCTATOYHO JAOKa3aTh, YTO MOCAEAOBATENbHOCTD &p=(] —
—8%)" Yn cxXogMICA K HYMO, a 3TO BHTEKaeT, HANDHMEp, M3 TOro, 4TO, HOCKOJBKY
(-]
. n .
lim yap= (1 —82) lim n
N~->00 n—»ow

snaky Kown (cm. Teopemy 1.6.).

2n _ (1—8%) <1, pax Z an CXOAHTCH TIO NpH-

nowl
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YHCJOBOH NpsiMOll. DTO O3HAYaeT, 4TO CYIECTBYeT nmocrosHHas A rta-
Kasi, 4TO AJisl BCeX X _
If(x) ] <A. (2.88)

Hcnonbays (2.80), (2.84), (2.87) u (2.88) u yuHTEHIBasg HeEOTpHLa-
TeNLHOCTh QA(x), ouenuMm pasuocts P,(x)—f(x). Iaa Bcex x u3 cer-
meHTa O<x<1 6yneM nmethb

1
| P (%) —F (%)] = [ S [F (x +8)—F (2)] Qu () dt| <
—1

1 -—8
< 5 |f (x +1)—F (2)]Q, () dt < 24 g Q. (1) dt +
—1

—1
8 1

+= [ Quydr+24 {0 ar<aaym—8yi+ L
—8 5

Has 3aBepUlIeHHs A0Ka3aTeJdbCTBA TE€ODEMDBl AOCTATOUYHO 3aMETHTD,.
YTO AJIs BCEX JAOCTATOYHO OOJBIIHX HOMEPOB n ClipaBeJiHBO HepaBeH-

CTBO
4AV n (1—8) < /2.

CnencrBue u3 Teopemu 218, Ecau He rosvko cama
pynkyus f(x), no u ee npoussoOusie do mexoropoeo nopadka k
BKAIO4UTENbHO HenpepbisHor na ceemente [0, 1117, ro cyuwectayer
nocaedosareabRocTs mrozousenos {P,(x)} raxas, wro xamdas us
nocaedosareavrocred {Pp(x)}, {Pn'(x)}, ..., {P.®(x)} cxodurcs
pasromeprno Ha ceemenre [0, 1] coorsercraenno « [(x), ['(x), ...
ooy [ ().

B caMoM nese, He orpaHuuHBasi OGIIHOCTH, Mbl MOXeM CYHTATh,.
uto Kaxaas u3 oysxkumit f(x), f/(x), ..., f®(x) ob6pawmaerca B
HyJab npu x=0 4 npu x=119, a npu Takux ycaosusax ¢yuxuuio f(x)
MOXKHO NPOROJKHTL Ha BCIO NIPSAMYIO, MOJaras ee paBHOH HYJNIO BHe:
[0, 1], Tak uTO mpoaoKeHHas GYHKUHSA ¥ BCe ee NPOH3BOLHBIE IO
NOpAJAKa £ BKJIOUATENbHO OKAaXYTCSl PAaBHOMEPHO HeNpepLIBHBIMH-
Ha BCef YHCJIOBOH NpsMOA.

Ho Toraa, o6osnauas uepes P,(x) ToT Xe muorouaen (2.85),
YTO H BhILE, U NOBTOPSS PAaCCyXAeHHs, NPOBeJeHHLie NpPH AOKa3a-
TEeNbCTBe Teopembl 2,18, MEI JoKaxKeM, YTO Kax/Jas H3 pasHOCTeR

Po(x)—f(x), P’ (x)—f (%), ..., Pat®(x)—f®)(x)

1" Koneuno, smecro [0, 1] Moxuo paats [a, b].
18) Ecu 68 f(x) He yZOBJAeTBOpANa 3THM YCJAOBHSM, TO MBIl HauuM GH MHO--

roanes px(x) cremenm 2k Takoff, uTo AnA GYHKUHH g(x) =f(x)—pr(X) 3TH ycioBHR:
Oy 6B BHINOJIHEHK,

8
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aBasercs GEeCKOHEUHO MaJioff, PaBHOMEPHO OTHOCHTEJIBHO X Ha
cermenre O<x <1,

Sameuanue 1. HaioxeHHOE HaMH [JOKa3aTeJbCTBO JIETKO
ob6o6uraercs Ha caydall GyHKUMH m nepeMeHHHIX (X1, Xg, ..., Xm),
HenpepuIBHOH B m-MepHOM Kybe O<xi<] (i=1, 2, ..., m).

CoBepuieHHO aHasorHuyHo Teopeme 2.18 nokassiBaercs, uTo AJS
Takofi QyHKuMH f(X1, X2, ..., ¥m) CYLIECTBYET PaBHOMEPHO CXOIs-
madgca K Hel B m-MepHOM Kybe HOC/IeOBATENbHOCTh MHOFQYJIEHOB
OT M NepeMeHHHX X1, Xg, ..., Xm.

3aMmeuyanune 2. 3aMeTuM, uro QHrypHpyiolire B Teopeme 2.18
MHOTOUYJIEHE MOXHO 3aMEHHTb (PYHKUHSIMH 6oJiee OOLIEH HPHPOAH,
COXpaHss NpPH 3TOM YTBePXKAEHHE O BO3MOXHOCTH PaBHOMEDHOTO
OpPHONHIKEHHS! TAKHMH (PYHKUMSAMH JO60H HENpepHBHOH (YyHK-
uuy f.

JloroBopuMcst Ha3blBaTh NPOHM3BOJBHYIO COBOKYNHOCTH A (yHK-
LM, onpeje/eHHEIX Ha HEKOTOpOM MHOXectBe E, anre6poH, ec-
an'9: 1) f+ge=A; 2) fgeA; 3) af=A npu npoussoabHux feA
H Z€A ¥ IpH BElIeCTBEHHOM Q.

WueiMu caoBaMH, anre6pa ecTb COBOKYNMHOCTh (YHKHHH, 3aMK-
HYTasi OTHOCHTEJbHO CJIOXEeHHS M YMHOXKEHHsI QYHKIHA H yMHOXe-
HHsl GYHKUHMA Ha BellleCTBEHHbIE YMCJIa.

Ecau aas kaxpmo#t ToukM x MHOXKectBa E Halifercs HeKkoTOpas
byukuus ge=A rakas, uto g(x)#0, To rosopsar, uto aare6pa A
He BcCYye3aeT HH B OJHOH TOYKe ¥ MHoxecTBa E.

[oBopar, yTo coBoKynHocTh A QyHKIUH, onpefeJeHHbX Ha MHO-
xectBe E, pasdnenser TOukKM MHoOXecTBa E, ecnu ans Jo-
651X [BYX pa3/IHYHBLIX TOUEK X; H Xy 5TOTO MHOXeCTBa Halxercs
¢dyuxuus f us A takas, uro f(x;)#f (x2).

HiMeer MecTO crenyiolllee 3aMeyaTesnbHOe YTBEDXKAEHHE:

Teopema 2.19 (treopema Befiepurrpacca — Croyra?9).
Ilycto A — aaszebpa HenpepuiBHolx HA KOMNAKTHOM ') MHOIXMCECTse
E ¢pynrxyuii, xoropas pasleaser rouxu muoxecrsa E u ue ucue-
3aer Hu 8 0OHOL TOuke aroeo muodxecrsa. Tozda xandas Henpe-
poieran na muowecrse E pynxyus f(x) mooer Goito npedcrasie-
sa 6 eude npedeaa pasHOMEPHO CcX00AWelca nocaedo8aresbHOCTU
dynxyull areebpol A.

19 Hanouuum, uTo cHMBOX fe=A o3HauaeT NpHHAJENKHOCTh [ K A.
20) M. CroyH ~— COBpeMEHHHA aMepHKaHCKHA MaTeMaTHK.

31) HanOMHHM, YTO KOMIAKTHHM Ha3WBAeTCs 3aMKHYTOE OrDaHMYEHHOE MHOXKe-
£TBO. :



Fnmasa 3

JABOAHDBIE " n-KPATHBIE HHTETPAJIbI

Bo BBoxHO# riaBe 4. | GHJAH yKasaHW BaX{HHe 3afayd O BHIYHC-
JIeHHH NVIOIMalH KPHBOJHHEHHOA TpameUdH M O HAXOXKIAEHHH NpOH-
ACHHOrO MaTepHaJbHOH# TOUKOA NyTH, NPHBOASALIHE K MOHATHIO OAHO-
KDaTHOro ONpeAeJeHHOro HHTerpaja, AHajIOTHYHHE <«MHOrOMepHHe»
3ajxauy, Takue, HaIpHMep, Kak 3aJada O BHYHC/JIEHHH o6beMa HJH 3a-
Zaya O BHYHCJIEHHH MaCCH HEORZHOPOAHOrO TeJa, eCTeCTBEHHHIM 06pa-
30M NPHBOASIT K PACCMOTPEHHIO [BOMHLIX H TPOHHHIX HHTErpaJoB.

B nacrosmed riiaBe uanaraercs TeOpHSt n-KPATHBIX HHTErpaJioB
(n=2). TlocTpoenrne TEOPHH n-XKPATHHX HHTErPAJOB NPOBOIHUTCH B
MOJIHOA aHAJOTHH C TMOCTPOEHHEM TEeOPHH OJHOKPATHOTO HHTErpaJa.
Ias Gonee 3b(heKTHBHOrO HCHONL3OBAHHS AHAJIOTHH C OJXHOKPaTHHM
HHTErpajioM CHayajla BBOJAHTCA NOHATHE JBOMHOrO HHTerpaja JJs
MPAMOYrONbHHKA. 3aTeM BBOJXHTCA NMOHSTHe ABOAHOTO HHTErpasia Io
IPOH3BOJILHOA O6JIACTH KaK C NOMOMIBIO NPSIMOJMHEHHOro, TakK H C
NIOMOINBIO IIPOH3BOJLHOIO pa3bueHns 3To# obsactH. [locTpoennas
TEOPHUsl NMEePEHOCHTCS Ha CJydyaH n-KpaTHOrO HHTerpaja. B konue rJaa-
BBl H3yYalOTCsi KpaTHBIE HeCOGCTBEHHbIE HHTErPaJkhl.

§ 1. ONPEAEJEHHUE H YCJIOBHS CYILECTBOBAHUS
ABONHOTO HHTEIPAJIA

1. Onpenenenne nBOHHOrO MHTErpaja nJs NMpsMOyrodnHmka. Pac-
CMOTDHM INIPOH3BOJIbHYIO QYHKUHKIO f(¥, y), Onpeie]eHHYI0 BCIOAY Ha
npsaMoyroisiuke R=[a<x<b] X[c<y<d] (puc. 3.1). Bsenem mo-
HATHE HHTerpaJjibHOH CyMMBl (QVHK-
uHu f(x, y). Y

Pasobbem cerment [a, b] Ha n d=y,
YaCTHYHBIX CEeTrMEHTOB IIPH HOMO-
IH TOUEK a=X <X <Xo<L...<Xp=
=¥b, a cermenT [¢, d] Ba p yacTHu-
HHX CECMEHTOB IIPH NOMOIIM TOuek 7!~
c=Yo<hH <Y<..<Yp=d. 3Dromy
pa3bHeHHIO CErMeHTOB COOTBETCT- =Y
ByeT pa36HeHHe NPAMOYroJbHHKA
R npsaMEIMH, NapajjeabHHIMH OCSM 0\ a =@,  &x; &k
Ox u Oy, Ha n-p HaCTHUHHIX
OpPSMOYIONLHUKOB Pxe. 3.1

O
]
&
8y
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Ry=[aa<x<xIX[y<y<yl]k=12, ...,n;1=1,2, ...,p).

YkasaHHOe pa3bueHue NpAMOyroibHHKa R o060o3HauuM cHUMBOJIOM T.
Pa36uenne npsimoyrosibHHKa R, mojyuyenHoe u3 pasGuenus T poGas-
JIEHHEM HNpPAMBIX, HapasaneisHbx ociM Ox u Oy, Ha3oBeM H3MeJb-
yeHHnewM pasbuenuss T H Oynaem oGo3HayaTh cuMBOJsOM T,

Bceloay B 3TOfi ryiaBe MO TEPMHHOM <«NPSIMOYTOJbHHK» Mbl Byaem
[IOHHMaTb NPAMOYTOJIbHHK CO CTOPOHAMH, mMapaJlieJbHRMH KOOpAHHAT-
HeiM ocAM. Ha KaxkJoM uacTHYHOM MpsAMOYTojbHuKe Ry BhiGepeM
NpOH3BOJLHYIO TOUKY (Ez, M:). TlonoxuM Axe=xXp—xs_1, AYi=Yi—Yi-
H o6GosHauuMm uyepe3 ARy njiomaab npsAMoyroabHuKa Rge. OueBupno,
ARpi=Axr-Ay,. JAuHY J#uaroHajnd NPsSMOYTOJbHHKA Ry, paBHYIO
V¥ (Axe)2+ (Ay:)?, HasoBeM JHaMETPOM 3TOTO INPAMOYTOJbHHKA.
Hanb6oabiuit #3 auameTpoB BceX YaCTHYHBIX NPSMOYTOJLHHKOB Ha30-
BeM JHaMeTpPOM pasbuenusa T npsiMoyroibHHKa R u 0603Ha-
YHM CHUMBOJIOM A.

Onpenenenne 1. Yucao

o=a(f, =Y Y (% 1) ARy (3.1)

k=1 I=1

Hazoeem unTeepasbHOl cymmod ¢yuxyuu f(x, y), coorser-
creyroujell Oannomy pasbuenuro T npamoyzosvruxa R u OanHomy
golbopy npomescyTounolx Touex (Ex, M) HA 4ACTUHHBLY NPAMOY20AbHU-
xax pasbuenus T.

Onpenenenmue 2. Jucao I naswsaerca npedesrom uHTE 2~
pasernetx cymm (3.1) npu A—>0, ecau daa 406020 nosoxuress-
HO20 4UCAQ & MOJNCHO YKQ3ATb TAKOE NOAONUTEAbHOE 4ucA0 8, 4To npu
A<C® He3asucumo oT euvibopa npomescyrounvix Todek (Ex, Mi) HA Ry
861N0AKAETCA HepasencTso |o—I | <e.

OTMeTHM, 4TO HHTErpajibHylo cyMMmy (3.1) MOXHO paccMarpHBaTh
KaK NPSIMOYTOJBHYIO YAaCTHUHYIO cyMMYy S,, ABofHOrO psza, a mpegedn
mHTerpaibubix cymm (3.1) npu A—0 — xak mpenex limS,, npm

e
HE3aBHCHMOM CTpPeMJIeHHH 7 H p K GeCKOHEUHOCTH, T. €. KaK CyMMYy
COOTBETCTBYIOIIEro JABOMHOrO psifa. (DAeMeHTH TEODHH JBOMHHBIX
PALOB H3JI0XKEHH B FJI. 1.)

Onpenenenune 3. Pynkyus f(x, y) Hasvisaerca uUHTe2pU-
pyemod (no Pumarny) na npamoyeosvruxe R, ecau cyuecreyer
KoHe4Hol npedea I unrezpasvuoix cymm 3toil gynkyuu npu A—-0.

Yrkaszannoiii npedea I naszvisaerca JE8O0UHOIM URTE2PAAOM
or ¢ynxyuu f(x, y) no npamoyzorvHuky R u 0603Ha%aeTCA OOHUM.
U3 Credyroujux CUMBOA08:

[= jRj F(x, y)dedy= jRj F(M) do.
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3ameuanue ToyHO Tak Xe, KaK H AJA ONHOKPATHOTO oIpeje-
JenHoro mHTterpa’ta (cm. § 1 ra. 9 u. 1), MeTonoM HOKasaTeJbCTBA
OT [IPOTHBHOTO yCcTaHaBJHBaercs, 4To jbas HHTErpHpyeMas Ha Ipd-
mMoyroJibHHKe R ¢GyHKUHS f(x, y) ABJsfeTcs OrPaHHUYEHHOH Ha 3TOM
npamoyroasHuke. Ilosromy Beszje B 370{l rjaBe, KpoMe IOCJEIHErO
naparpacda, He oropapusas 3TO AONOJHHTENbHO, OyaeM pacCMaTpH-
BaTh JHIIb OrpasyyeHHble QYHKIHH.

2. YcsoBHs CylieCTBOBAHHSA ABOHHOIO HHTErpaja JJs NPAMOYrojb-
Huxa. Teopus Jap6y, passuras B ra. 9 9. 1 pjs OKHOKpAaTHOrO onpe-
JeJIeHHOTO HHTerpaJja, HOJHOCTBIO MepPeHoCHTCS Ha ciydaft ABOHHOrO
HHTErpaja 0o OpsMOYrolkHHKY R. Beugy monHoi aHamorau MmI orpa-
HHYHMCS yKasaHdHeM oOllell CXeMH pacCyXAeHHH.

CocTraBHM Aasi AaHHOTO pa3GueHuss T npsAMOyroJbHHKa R ABe cyM-
MH: BEepPXHIOIO CYMMY

n

P
S= MuARy My =supf(x, y))
kgl I=1 R

H HHXHIOIO CYyMMY
n P
§= MuARy  (my =inff(x, y)).
kgl tgx Ry

CnpaBelAJHBH CJEAYIOILHE YyTBEepPXKAEHHS (AOKa3aTeJbCTBA HX
IOJIHOCTBIO AHAJIOTHYHBL JOKa3aTeJbCTBaM, I[PHBEJEHHHIM B I. 2
§ 2rm 949 1).

Yreepxaenue 1. Jaa awbozo pazbuenus T npamoyeosbruka
R npu awbon evibope npomesicyrounsix touex (Es, i) HQ 4ACTUYHLLX
npamoyeosvuukax Ry unTeeparsnas cymma o yoosaeTsopser Hepa-
sencream S<o<S.

YrBepxpaenue 2. Jaa aobozo ¢uxcuposannoeo paszbuenus T
u awb0o20 wucaa e=>>0 npomencyrounsie Touxt (Ex, M) ERp  MOKHO
8bL6part TAK, 4TO UHTE2PAAbHAA cymma ¢ 6yOeT yO0oBaeTBOPATS Hepa-
sencream 0<S—o<Te.

Touku (&, 1) MOMHO 8bI6pATL U Takum o0OpPA3OM, 4TO UHTEZ-
paseras cymma o b6yoder ydosaersopars Hepasencrsam 0<o—s<e.

Yreepxjaenune 3. Ilycre T — uameasvuenue pasbuenus T
npamoyeoarvruka R u S’, s’ — coorsercreenno 8epxHAs U HUNCHAR
cymmor pasbuenun T'. Toe0a cnpasedausel HepasencTsa

s<s’, S'<S.

Yreepxnaenue 4. [ycre T u T” — arobbie 0sa pasbuenus
npamoyeorvrurka R, S, s" u 8", s” — eepxuue u numnue cymmol 3TUX
pasbuenuli coorsercrsenno. Tozda

<8, "<,
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YrBepxaenue 5. Mnowecreo {S} sepxnux cymm Oannoil ghynx-
yuu f(x, y) Oan 8ceso3modscrolx pasbuenull npamoyzoibruka R ozpa-
Huueno cnusdy. Munoocectso Huscnux cymm {S} ozpanuueno csepxy.

Takum o6pa3oM, CyLIeCcTBYIOT YHCJIA

I=inf{S}, [=sup{s},

Ha3blBaeMble COOTBETCTBEHHO BEDXHHUM H HHUXHHM HHTerpa-
adamu Jap6y (or dyskunu f(x, y) mo mpamoyroabHHky R). Jlerko
yb6enutbcst B ToM, uto /<1,

YrBepxpenue 6. I[Tycre T' — usmeavuenue pasbuenus T npsa-
moyeoapruxa R, noayuennoe usz T Oobasrenuem p HOBbLX NPAMbIX, W
nycrto S’, 8" u S, s — 8epxHuUE U HUICHUE UHTe2paNbHble CYMMb. pas-
6uenuti T' u T coorsercraenno. Toz0a umeroT MeCTO OYeHKU

IS—8" < (Mgr—mg) pAd; s'—s < (Mgr—mp) pAd,

20e MR=sgpf(x, Y, mR=igff(x, y), A — Ouamerp pasbuenus T,

d — Ouamerp npamoyzosvruxa R.

B nonno#t aHaJOTHH C MOHATHEM TMpejesa HHTErpajibHbIX CyMM
(onpenenenue 2 n. 1) BBOAMTCS NOHSATHE Npefesa BEPXHHX M HIKHHX
cymM. Tak, yucsao T HasnlBaeTcss mNpefejoM BepXBHX CcyMMm S npH
A—-0, ecs gas no6oro e>0 MoxHO ykazate 0>0 Takoe, 4TO
|S—T| <<e npu A<CA.

Yreepxpenne 7. Bepxnud u numnuil unreepaao. Japby I ul
or pyuxyuu f(x, y) no npamoyzoarbruxy R asasrorca npedesamu co-
OTBETCTBEHHO 6EPXHUX U HUICHUX cymm npu A—-0.

W3 nmpuBefeHHBIX yTBepXKAeHHH 1-—7 BHTeKaeT cJjefymolias

Teopema 3.1. Jas 1020 41066l 02PAHUYEHHAR HA NPAMOYSOLbHU-
xe R dynryus f(x, y) Oviaa unreepupyema Ha 3TOM NPAMOY2SOLbHUKE,
HeoOxo0umo u 00CTATOUHO, 4Tobbl OAn 406020 >0 HAWAOCH TAKOE
pasbuenue T npamoyzorvuura R, 0as Kotopoeo S—s<e.

Kak u B r. 9 u. 1, Teopema 3.1 B coeuHEHHH C TeOpEMOH O paB-
HOMEDHOH HENPePRIBHOCTH I[03BOJISET BBIXEJHTh Ba*KHEHIIHE KJacch
HHTerpHpyeMblX QyHKLHHA.

Teopewma 3.2. JIwnbas HenpepvisHas 8 npamoyzorsvruke R ¢pynr-
yua f(x, y) uureepupyema Ha ITOM NPAMOYSCAbHUKE.

Onpenenenne 1. Hasoeem saementapron Gueypoit
MHCOHCECT80 ToWek, npedcrasanoujux coboid o6vedutHenue KOHEHHOZO
qucaa npamoyeosvHurxos (co croponamu, napasnessuvimu ocam Ox
u Oy).

3aMeTuM, 4TO B oIpejedeHHn ! MOXHO GpaTb NPAMOYTOJLHHKHE,
KaK uMemlide oblive BHYTPEHHHE TOUKH, TaK H He HMeEIolIHe HX.

Onpenenenue 2. Bydem eosopurs, uro pyuxyus f(x, y) obaa-
Oaer 8 npamoyzonvrurxe R (8 npoussoavnoil samxnyroli obracru D)
I-csoiicreom, ecau: 1) f(x, y) oepanuuena 8 R (8 D); 2) dra atwo-
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6020 >0 naiidercsa aremenrapras Gueypa naowjadu, meHvuield e,
codepacauyan 8ce TOYKU u Aunuu paspeisa gyrxyuu f(x, y).

Teopema 3.3. Ecau pynxyus f(x, y) obradaer 8 npamoyeosbHu-~
xe I-csoiicTsom, TO OHG UHTezpUpYEMO HQA 3TOM NPAMOY20AbHUKE.

JokasaTtenbcTBo TeopeM 3.2 u 3.3 MONHOCTHIO aHAJOCHYHO [0Ka3a-
TeancTBY Teopem 9.1 1 9.2 4. 1.

3. OnpepeJieHHe H YCJAOBHA CYIIECTBOBAHHA [BOHHOro HHTErpana
AJS Npou3BoJibHOH o6mactv. B n. 2 § 2 ro. 10 u. 1 6HJIM BBeleHH
TIOHATHSI KBaJAPHPYEMOCTH H MJOWaAu NJockoi ¢urypel. HamomunM,
YTO IVIOCKOA (HUrypoli ME HasBaJid YacTb IJIOCKOCTH, OFpPaHHYEHHYIO
npocTolt 3aMkHyToH KpuBoH. [lnockas ¢urypa HasbiBaercs KBajApH-
pyeMoHi, €CH BEpXHsAA M HHKHAA IVIOWAAH 3TOH GHIypH ! paBHHI
Mexy co60i. DTO YHMC/AO HA3HBaeTCH MAOMAAbI0 GHryphl. DTH NOHSA-
THs 6e3 KakKUX-1u060 M3MeHeHH mepeHOCcATCs Ha ciaydadl MPOH3BOJb-
HOT'O OI'DaHHYEHHOTO MHOXKecTBa () TOUEK MJIOCKOCTH.

Bo Bcex onpelenieHHsIX H YTBEP:KJEHHAX yKa3aHHOrO IMyHKTa BMecC-
TO TIJIOCKOH (HIYpH MOXKHO 6paTh NPOH3BOJBHOE OFpAHHYEHHOE MHO-
XKecTBO ( Ha NMJOCEOCTH. -

B rtoM e nyHKrte 6BUIIO DaHO onpejeseHde KpHBOA (MJH TpaHu-
Ubl GUTYpH) IJOWAaAH Hysab: I' HaswBaeTcs KpHBOH MJIOIIAAH HYJb,
ecan aas qioboro >0 HalgeTcs MHOTOYTOJIbHUK, COMEpXamui Bce
Touxkd I' ¥ uMelomHA nJolafb, MEeHeIIYID &. B aToM onpeaesneHHH
TePMHH «MHOTOYTOJBHHK» MOXHO 3aMEHHTh TEPMHUHOM <«3JIEMEHTapHad
¢urypar». dro ciaeayer M3 TOro, uro Jwbasd ajeMeHTapHasa ¢urypa
SIBJISETCS. MHOTOYTOJIBHHKOM, a J060H MHOTOYrOABHHK € ILJIOILAABIO,
MeHblilefi uHcJa g, COAEDPKHTCS B 3JEMEHTApDHOH ¢urype, HMelomed
oAb, MeHbly 4Hcaa 32g (cM. teopemy 10.27 u, 1).

Yreepxpenue 1. fycre kpusas T' umeer naowade Hyass u
naockocTy nokpeira keadparrol cerxkod ¢ wazom h. Tozda daa arobo-
20 >0 naiiferca 4ucao h>0 raxoe, yro cymma naowadeli acex
ksadparos, umewujux obuue Touku ¢ T, Mensute .

HelicteutenbHo, aaa Kaxaoro >0 MOXHO (DHKCOHPOBAaTb HEKOTO-
pyo aseMeHTapHyI0 Gurypy Q, comepikamylo -BHyTpH cebs I' u umelo-
f1yio niaowmanes, Medbiuyio /4. Ilpu nocratouno Majom h Bce KBazpa-
TH, HMewumHe obue ¢ I' TOUKH, ComepXaTcad 8 3JeMeHTapHOH ¢HUry-
pe, moJgydamomiesics 3aMeHON XKaxIOro NPSIMOYINOJBHHKA IPAMOYIOJb-
HHKOM CO BABOe GOJIbIDHMH CTODOHAMH H C T€M e LieHTPOM.

OTMeTHM, YTO KJacCc KPHBBIX NJOMIaAH HyJab BecbMa LIHPOK. IDTO-
My KJjaccy NpHHAJLJIeKHT, Hampumep, Jio6as crnpsiMiaseMast KpHBas
(cM. § 1 ra. 10 u. 1).

BBejeM noHsiTHe ABOHHOrO HHTErpaJa AJsl IIPOH3BOJILHOH JByMep-
Ho#t obaactu D. Ilyers D — 3amkHyTas orpaHHYeHHas 06JacTh, Tpa-
Huua I' goropo#t uMeer nuomiagr Hyap, a f(x, y) — NPOHU3BOJLHAA

1) BepxHsg muowazb ONpefesieTcss KAK TO'HAS HHKHAG Ipayb IJomIajeft pcex
MHOTOYTOJIbHHKOB, COJEPKAIIHX GHrYDYy, 2 HUXKHAS NJOLIadb —— KaK TOYHAS BepX-
#ss rpaHb NJomanefl BCeX MHOTOYTOJNBHHKOB, COJAEPIKAIUHXCHA B (Hrype.
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orpaHuyeHHass QyHKIHSA, onpejesdeHHas B ob6aactu D. O6o3Haunm ue-
pe3 R mo6o#i npsMOYroJbHHK (CO CTOPOHAMH, NapaJsJebHBIME KOOp-
AVHATHBIM OCsIM), colepxamui obmaacts D (puc. 3.2). Omnpeaenaum
B NPAMOYTOJbHHKE R cjelyiolyio QyHKIHIO:

_ [ f(x 9), (x y) = D;
P o) { 0, (x, g)e RND. (3.2)

OnpeneneHue. DyHnKyuo
Y f(x, y) nazosem uHTeZpUpYe-
mol 8 obaacru D, ecau ¢pyuxkyusn
R F(x, y) unrezpupyema 8 npamo-
yeoabHuKe R. Qucao I=

= SS F (%, y)dxdy na3osem dsoii-
R

0 ' Z  MbiM  uHTezpasom 0T QyHKyuu
f(x,y) no obaactuD u obosnauum
Puc. 3.2 CUMBONOM
1={{ tx yydxdy= [ F(M)do.
D D

M3 3Toro onpeaesieHHs BEITEKaeT ciejyloliee
Yreepxageuune 2. Hureepaa Ss ldxdy  pasen naowadu
b

obaacru D.

JlecTBUTEILHO, MOABEPrasi COOTBETCTBYIOIHHA NPSMOYTOJBHHK R
Bce Goslee MeNKMM pa30HEHHUSM, MOJYUHM, UTO BEpXHHe MHTErpajbHHe
CYyMMBl 3THX pas6ueHuit GyAyT paBHBI INIOMAASM 3JIEMEHTapHHX ¢H-
ryp, cogepxamux D, a HMXKHHe CyMMH — MJIOWIAAAM 3JieMEHTapHBIX
¢uryp, comepxamuxca B D. Murerpupyemocts ¢yskuuu f(x, y) =138
obyacte D caeayer u3 teopemnl 3.3.

Yreepxaeume 3. [lycro pynxyusn f(x, y) unrezpupyema 8 oe-
panuuentoli keadpupyemoii obaacru D, naockocrs nokpeira xeadpar-
noii cerxoii ¢ wazom h, Cy, Cs,...,Cnny — K8a0paTbl YKA3aHHOU cer-
xu, yeauxom codepxcawjuecs 8 obaacru D, (Er, M) — NPOU3BOALHAR
rouxa ksadpara Cr, me=inf f(x, y), k=1, 2,...,n(h). Tozda ramdaz
u3 cymm Cr

n(h) n(h)
X‘ f(Eky nk) hﬂ’ E mkh2
k=1

k==l

umeeT npedea npu h—0, pasublid “ f(x, y)dxdy.
D

Jlns noxasaTeJbCTBAa AOCTATOYHO 3aMETHTb, YTO YKa3aHHHE CyMMBbl
OTJIMYAIOTCS OT OOLIYHON HHTErpajbHOM CyMMbl  (COOTBETCTBEHHO OT
HHXKHell cyMMbl) ¢yHKuuu f(x, y) B obnactd D TOJBKO OTCYTCTBHEM
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cnaraeMbix IO KBaJpaTaM, HMelOWHM ofmue TOYKH C rpanuued I

obaactu D, mpuyeM cymMMa BCEX OTCYTCTBYIOMIMX CJaraeMbix OO MO-

JAyJI0 MeHblIeHd mpousBelneHHs uuciaa M=sup |f(x, y)| #Ha nromans S
D

3JieMeHTapHOH (HIypHl, cocTosimedl M3 KBaApaToB, HMelNHx obumue
touku ¢ I'. [Tockonbky rpanuna I' umeer miomanb Hyab, TO COLJIACHO
vreepxienuio 1 S—0 npu h—-0.

W3 Teopembr 3.3 ¥ IPHBEJEHHOrO BBl OIpeJeseHHs JIBOHHOTO
HHTErpaJja BHITEKaeT cJeAylollasi OCHOBHAs TeopeMa.

Teopema 3.4. Ecau pynxyus f(x, y) obradaer ¢ obaactu D
I-ceoiicTeom, To ona unrezpupyema e 3rol obaacri.

HJokasareabrcrBo. @ysxkuus F(x, y), onpelenexHas dopmy-
Jioft (3.2), B AaHHOM cJayyae obJuajnaer /-CBOHCTBOM B IPSMOYTOJBHH-
Ke R. B camom pnene, dysxuus F(x, y) orpaHuueHa 8 R H Bce ee
TOYKH H JIMHHH pa3peiBa JHOO COBNAfalOT C COOTBETCTBYIOIIHMH pas-
puBaMu f(x, y), aunbo nexar Ha rpanuue I' o6aactu D. Ho rpanmua
I' umeer naomans Hysab. Takum o006pa3oM, yTBepKAEHHE TeopeMH
caenyer U3 teopemb 3.3. Teopema nokasaHa.

Cunencraue ]l na teopemu 3.4. Ecau ppynxyus f(x, y) oepa=
Huuena 8 obaacTu D u umeer g 3roli 064aCTU  paA3PLIBLL  AUULL KA
KOHEYHOM HuCae cnpamasemolx Aurub, 10 f(x, y) uHTezpupyema 6
obaacru D.

CnencrBue 2 us teopewmn 3.4. Ecau ¢pynxyus f(x, y) obaa-
Oaer 8 obaacru D I-ceolicreom, a g{x, y) oepanudena u cosnadaer ¢
f(x, y) scrody 8 D, 3a uckaroueHuem MHOMCECT8a Todexk naowjadu
HYyab, TO hyrkyun g(x, y) urrezpupyema 8 obaactu D, npuuen

SDJ g(x, y)dxdy = fbff(x, y)drdy.

B orHoweHnH naHHOro HaMu onpexeNeHHA JBOHHOTO HETerpaJga
BO3HHKaeT BOMDOC O €r0 KOPPEKTHOCTH. 3aBHCHT Jiu ($aKT CylIecTBO-
BaHHs OBOMHOrO KHTerpaja H ero BeamuuHa 1) or Be6Opa Ha nJjoc-
KOCTH koopauHaTHhiXx ocefi Ox n Oy, 2) or BHGOpa NpsAMOYroJIbHHKA
R, Ha rotopoMm omnpegnensiercs ¢oyuxuus F(x, y)?

B chenpymomem nyHkrte Gyler RaHO Apyroe onpeaeseHHe HHTEIPH-
pyeMocTa GYHKUUH f(x, y) ® ABOAHOro HHTErpaJa, He 3apHcslllee HH
OT BHIGOpPA KOODAMHATHHIX OcCefl, HH OT BhGOpa NPAMOYroJbBHKa R,
M JOKa3aHa 3KBUBAJEHTHOCTb 3TOTO ONpeleNeHHA TPHBEACHHOMY
BHILIE.

4. OGuwee onpeaenenue aBoiinoro uuterpana. Ilycrs DD — 3aMkHy-
HyTasi orpaHuyeHHas obuacrs ¢ rpanuiesl I' nuomanu Hyab. PaszoGoeM
o6nacte D npd noMouu KOHEYHOro YucJ/a NPOH3BOJbHBIX KPHBHIX IJIO-
12y HyJb Ha KOHEYHOe YHCO0 ¢ (He 06d3aTe/]bHO CBA3HBIX) 3aMKHY-
THIX 4YaCTHYHBIX obGnacredt D,, D,,...,D, Kaxpaaa obnacrs D; umeer
rpaHully IJIOWa4H HYJb M NOTOMY kBaapuHpyema. OO6oszayuM I.I0-
wanap obmactu D; cumsosom AD;. B kaxpoit o6nactu D; BHGepeM
TIPOH3BOJILHYIO TOUKY P;(&:, m:).
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Onpenenenne 1. Qucao

G = )_': t(P,) AD; (3.3)

{=1

HO3bIBAETCA UKTE2PAAbLHOU cYymMmold ynrkyuu f(x, y), coorser-
craywoweli dannomy pasbuenuro obaacruy D na wacruunsie obaacru
D; u dannomy eoibopy npomescyrounvix To4ex P; & uacruunsix 06-
AacTax.

HasoBem nuamerpom ob6aactu D; uncao di= sup p(M,, M)
MiMy€D;

(o (M, M;) — pacctosiune mexnay Toukamu M, M;). IlnameTpom
pa36uenusda obnactu D Hasosem uuciio A=maxd..
1<i<r
Onpeneneunde 2. Yucro I naseieaerca npedesom UHTE2-
parsvnovix cymm (3.3) npu A—0, ecau dan aw06020 noroxurerv-
HO20 4UCAQ & MOXCHO YKa3aTb TAKOE NOAOHCUTEAbLHOE HUCA0 O, 4TO

npu A<<8 uesasucumo or ssibopa Touexk P; 8 wacrusnolx 06.2acTAX

D; soinosnserca nepasencrso |o—I| <e.

Onpenenenue 3 (ofimee oOmnpeleNeHHe HHTETPHPYEMOCTH).
Dynkyus f(x, y) Hasvieaercs unrezpupyemod (no Pumany)
8 obaactu D, ecau cyujecreyer Koneunolli npedea I unrezpanrvrbix

cymm o arod pynxyuu npu A—0. 3ror npedea I naswieaercs 0 6o d-
HoumunTeepaasomor pyukyuu f(x, y) no obaacru D.

JoxkaxeM caeaymwoilyio ¢GyHIaMeHTaAbHYIO TEOPEMY.

Teopema 3.5, Obuee onpedesrenue unTeepuUpyemocTu 3Ksusa-
AEHTHO onpedeseruro, GanHOMYy 8 T. 3.

HoxasareabcTBo. 1) Ilycts dyukuus f(x, y) uHTErpupyeMa
B obnactu D cornacHo ofmeMmy onpefeseHHIO HHTErPHPYEMOCTH U ee
JABORHON HMHTErpaj COTJacHO 3TOMY ONpejeneHHIo paBeH /. 3aK/IIOYHM
D B npamoyronasHuk R, paso6beM ero Ha 4acTHYHHE IPSAMOYTI'OJbHHKE
W BBefieM Ha R ¢yuxkumwo F(x, y) no mpasuay (3.2). Paccmorpum
U1 3TOro pasbuends muTErpambHyo cymmy (3.3) ¢ dyexmam f(x, y)
H HHTErpanbHyro cymmy (3.1) ¢ dysxoan F(x, y). OTH CyMMBI MOIYT
OTJIMYATBLCE OPYr OT APYra JIHME CIaracMbIMH, COOTBETCTBYIOLI
YaCTHYHLIM OPSMOYrOILHHKaM pa3bHeHus, mMeomuM obmae TouYKH
c rpamanet I° obmacrm D. Ilockoneky I' mMeeT Iuiomans HYyIb,
a Qyaxuusa f(x, y) orpanmdeHa, TO 3Ta (PyHKOUN HHTErPHPYEMA H CO-
raacHo onpenenesmio m. 3. Ilo 3ToMy Xe ompeneneHHIO OHAa HMEET
TOT XK€ CaMBIA JBOMHOH MHTerpan I.

2) Mycts ¢ynkums f(x, y) unrerpupyema B obaactu D corsacHo
onpefenenuio n. 3 u [ — gBOAHOH muTerpaa or f(x, y) mo odaactu
D cornacso stoMy onpeneiennio. [doxaxem, uyT0 ansd  GYHKIHH

f(x, y) cymwecTByer paBHHA [ mpeies MHTErpajpHEX CyMM o NIpH
A—-0.
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CocraBum A/ RaHHOTO pa36HeHHs O6JacTH D BepXHIO M HHX-
HIOIO CYMMBI

§= é M‘AD‘ H ;== i ;l;AD;

(sl (25

(3mecn M,zsgpf(x, y), my=inff(x, y)). Tak Kak nas mo6Oro pas-
¢ Dy

Guenus (npH m060M BHIGOpE NPOMEXYTOYHHX TOYEK B HHTErpasbHOR
CyMMe o)
§<0<S,

TO IOCTaTOYHO JOKa3daTb, 4To 06e cyMMH S M § crpemsitca X [ npn
A—0: gas moboro >0 Haligercas 6>>0 Takoe, 4TO KaxJAas H3 CYMM
S u § orxaonsercs or / mMeHbiIe yeM Ha & npu A<<H.

duxcapyem npom3ponsaoe £>0. B cany Teopemn 3.1 1 yrBepxnenus 1
VIS ITOTO & Haiijercs pa3buenme T npamoyrosuuka R(Dc R) Ha YaCTHYHEIE
IPAMOYTOILHEKE R Takoe, 9TO JUIf COOTBETCTByIomel dynkma F(x, y)

S—s< = n Y ar<

Rkn =@

e
6M,

(3.4)

rIe Mo=s%plf(x. 9.

3akKJ/0uHM BCe OTPE3KH NpPSIMBIX, IPOH3BOAAIMX pasbuenue T, B

rparuiy I' obnacrn D crporo BHyTph saeMeHTapHOll durypm Q, mio-
- €

Wanb KOTOOA MeHblle yHCAa . Toraa 3aBefOMO CyLecTBYeT

0
NOJIOKHTEJNbHAA TOYHAsg HHXXHAA IpaHb W) PAcCTOsIHHA MeEXAYy HBYMSA

TOUKaMH, OJHA H3 KOTODHIX NpHHAAJEXHT rpanuue durypn Q, a
Apyras — OTpe3KaM NpPAMBIX, IPOM3BOASIINM pa3buenue T, HaM rpa-
wune T' obamacra D. Ilocrpoenne ¢uryps Q Moxer 6HTb NPOBEIEHO
HO cxeMe, NpeAJOXeHHOA Npu o6OCHOBaHMM yTBep:kjieHus | B m. 3.

Hokaxem, uto nns cymm S u § mwoboro pasbuenns obaacru D,

YIOBNETBOPAIONIETO YCAOBHIO A<C§, CIpaBeiJHBH HEPaBEHCTBA
S<S+ef2, s—ef2<§. (3.5)

HokaxeM nepsoe nepaBeHcTBo (3.5) (BTOpOe HEpaBEHCTBO NOKa3blBa-
eTCSi aHaJIOTHYHO).

Ynanum u3z cymMmu 8§ Bce caaraempe A1;AD; cooTBeTCTBYIOLIHE
obnactaM D;, KaxKaas H3 KOTODHIX HE JIEXKHUT LEJHKOM B OLHOM Yac-
THYHOM NpAMOYroibHHKe pasbuenns T. Bce rakue obaactu Di=@Q

(tak Kak d;<CA<<3), a nosToMy ofuasi cyMMa TIOuajedl TaKHX
oGnacTell MeHblIe uHcaa e/6M,.
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Cile0BaTesibHO, CyMMa BCeX yJAaJieHHHX charaeMux MAD; meHb-
ule yucsaa /6, M cIpaBeAJHBa OLeHKA

S« 2 MAD, + -;— (3.6)
i

Tle WTpHUX 00603HAYAeT, 4YTO CyMMa pacnpoCTpaHeHa JiHIIb Ha 06JIaCTH
D;, kaxpnasi U3 KOTODHX LEJHKOM COJAEpPKHTCH B OXHOM H3 IPSMO-
YroJibHUKOB pasbueHus T.

3amenuM tenepb B npasoit yactu (3.6) Tounne rparn M; B o6aac-
Tax D;, coaepXauluxcsi B YaCTHYHOM MNpPSAMOYTroJibHHKe Ry, TOYHOR
BepxHe#l rpaHbio My B npsMoyronbHuke R, Bsefem o6o3naveRHe

Rk_ U D H uepes AR, o6osnauum miomans obaacru Ry Torma
DicRy
TIOJTy YHM
I =y &
3< Y MibRy+ = (3.7)
&

Ins npamoyronbuunkoB RepccD obaactn R\ R.cQ, mnostoMy njs
HUX

Y ARNR) = Y (8R—AR) < ™
& k 0
st IPAMOYTOJILHHKOB Rk, NnepeceKaruxes ¢ I‘,
ZA(Rk\Rk) e
H, CJCN0BATEJNbHO,
|s— EMkARkI-——[EMk(ARk—ARk) L=t
k k

2MkA§k< S+‘§“'

W3 nocsennero HepaBeHCTBA M M3 HepaBeHcrBa (3.7) moJyuaem,
4TO

SeS+ 2 8 s+ &,
SIS+ -+~ + 3
¥ nepsoe HepaBeHcTBO (3.5) nokasaHo. Bropoe HepaseHcTso (3.5)
JIOKa3bBaeTcs aHAaJOrHYHO.
U3 (3.5) noayuum

s———§—<;\<§<8+—:-- (3.8)
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Tak kak B ouay (3.4) xaxznas H3 «CcyMM S H S OTKJOHseTcss ot [
MeHbllle yeM Ha &/2, To Kaxpnas u3 cyMM § H# S B cuay (3.8) otkJo-
Hsiercst oT | MeHblle yeM Ha g TeopeMa AoKaszaHa.

§ 2. OCHOBHBIE CBOMCTBA JBOAHOIO MHTEIPAJIA

CsoiicTBa IBOHHOrO HHTErpaja BIOJHE aHAJOIHYHE COOTBETCTBY-
IOIHM CBOHCTBAM OJHOKDPATHOIO ONPENENeHHOT0 HHTerpaJa.

1°° AnnuruBrocTh, Ecau ¢ynkyua f(x, y) uHTezpupyema 8
obaacru D u ecau obracts D npu nomowu kpusoti T' naowjadu wyae
pasbusaercsa Ha Jge c8A3Hble U He umeloujue o0OWUX BHYTPEHHUX
rouexk obaacru Dy u D,, o pynxyus f(x, y) unreepupyema 6 xKancoow
u3 obaacrei Dy u D,y, npuyem

ij. f(x, y)dxdy= j;j f(x, y)dedy+ 3;5 f(x, y)dxdy. (3.9)

Iis noKasaTenbcTBa 3TOro CBOfcTBa pa3obbeM objacTH Dy u Dy
Ha KOHEeYHOe YHCJO KBaADHPyeMHX obJjacTelf, TeM CaMBIM IIOJyYHM
pa36uenune obaactu D. Ilycte S u §, 8§ n §, S; u 5§, — BepxHue u
HHXHHe CyMMH QyHKUMH f(Xx, y) CcOOTBeTCTBEeHHO B obxactax D,

1, Da.

Tak kxak Dy<D u DycD, 10 §;—5,<<8—35 u §—35,<5—35, orkyzna
H BHITEKaeT HHTerpupyemoctb GyHKuUMH f(x, y) B KaxJAok u3 objacteh
Dl Hu D2.

CnpaseanuBocts cooTHOWeHus (3.9) caenyer u3 TOro, 4ToO

§=8,+8;, §=5§+3.. (3.10)

3aMmeuyanue CrnpaBeinuBo u o6paTHOe yTBepXIEHHE: U3 UHTE2-
pupyemocru pynrxyuu f(x, y) e xaxcdoi uz obaacrei Dy u Dy caedyer
unTeepupyemocrs Qyuxyuili 8 obaactu D u cnpasedausocte popmy-
a6t (3.9).

HeiictBrTensHo, pas6uBasi o6aacth D Ha KOHEYHOe YHCJO KBaADH-
pyeMux uacre## D; m BBOJOA BEPXHHE H HHXKHHE CYMMH (yHKIHH
f(x, y) B obamacrax D, D,, Dy, Mu nonyuum paseHnctBa (3.10), BepHble
C TOYHOCTBIO JO CJaraeMbx, OTBeyaloMUX TeM obaactaM D;, kKoTOpHE
HMeloT obumiue BHyTpeHHHe TOUkH ¢ KpuBoi I'. Kpupasa I' umeer mio-
manb Hyab, GyHkuusa f(x, y) orpaHuueHa, mo3ToMy obmiag cymMMma 3THX
cllaraeMbix GyAeT CTPEMHTBHCS K HyJIIO IPH CTPEMJIEHHH K HyJIO JHa-
MeTpa pa3buenus A.

BriBox mocaeayiomiux cBoHcTB (Tak e, KaK H BHBOX cBoiicTBa l)
BIIOJIHE aHaJIOTHYEH BHIBOLY COOTBETCTBYIOUIHX CBOHCTB OJHOKPaTHOIC
onpeneseHHoro HHTerpasa. Orpannuumcss (HOpPMyJaHDPOBKOH  3THX
CBOMCTB. '

2°. Jluuefinoe cBoictBoO. [Iycre gpynxyuu f(x, y) u g(x, y)
unrezpupyemss 8 obaacru D, o u B — npoussosvrole seujecrsentbie
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uucaa. Tozda ¢pynxyus of(x, y)+pg(x, y) raxie unrezpupyema 8
obracru D, npuuem

§J 1ot )+ 88, ldrdy=a [ v p)drdy+
+8 et nardy.

3°. Ecau ¢pynxyuu f(x, y) u g(x, y) unreepupyemo 8 obaacru D,
70 u npouseedenue sTux Pynxyul unrezpupyemo 8 D.

4°. Ecau gynxyuu f(x, y) u g(x, y) unrezpupyems. 8 obracru D
u 8cro0y 8 aroli obractu f(x, y) <g (%, y), TO

[§ e paedy < [§g(x, ) dedy.

D D

5°. Ecau pynxyus f(x, y) unreepupyema 8 obracru D, To u pyrK-
yusn |f(x, y)| unreepupyema s obracru D, npuuem

] s, oyaxas| < {17 1y

{O6paTHOe yTBepXKIeHHe HeBeDHO: M3 HHTerpupyemoctd |[f(x, y)| B
D, BooOiie roBopsi, He BHITeKaeT HHTErpHpPyeMoOCTb f(x, y) B D.)

6°. Ecau gpynxyus f(x, y) unrezpupyema 8 obaacru D, a g(x, y)
ozpanuyvena u cosnadaer ¢ f(x, y) acrody 8 D, 3a uckiroueruem MHO=
o;cecDrsa To4ex naouiadu Hyas, T0 u g(x, y) uwrezpupyema & obaac-
Tu D.

7°. TeopemaocpenreM 3Hauenuu. Ecau pynxyuu f(x,y)
u g(x, y) uureepupyeme. 8 obaacru D, ¢pynxyus g(x, y) HeoTpuya-
TeabHa (HenoaoxcuUTEAbHA) 8C00Yy 6 3roil obaacru, M=sll)1pf x, v,

m=inf f(x, y), TO Halidercs uucao p=[m, M] rakoe, ¥to cnpa-
D
sedausa gopmysra

jDS f(x, 9)g(x y)drdy=p fbf g(x, y)dxdy.

Ecau npu srom pynxyus f(x, y) Henpepeiena 8 D, a obracre D
€6a3Ha, TO 8 310l obaacTu Hatidercs Takas Touka (E, m), 4To p=

=f(& n).

8°. 'eomeTpHuyeckxoe cBOHCTBO. H‘ ldxdy  pasen nao-
D

wadu obaacru D (cMm. yreepxaenue 2 w3 mn. 3).
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§ 3. CBEAEHHE JIBOAHOI0O UHTEIPAJIA
K NOBTOPHOMY OJJHOKPATHOMY

D¢ DeKTHBHHIM CnOCOGOM BHIYHCJIEHHS ABOMHHX HHTErpaJjioB sBJs-
€TCs1 CBeJeHHe HX K OJHOKPATHHIM HMHTErpaJam.

1. Cayuait npsmoyroabHHka. HauHem c mpocroro cayuyas, Koraa
06J1aCTb WHTErDHPOBAHMs INpEeACTaBAseT cOGOH NPSIMOYrONbHHK R=
=la<y<b] X [c<y<d].

Teopema 3.6. [Tycre pyuxyus f(x, y) unrezpupyema 8 npamo-
yeonrvruke R, u nycre 0aa Kandoeo x<[a, b] cyuecréyer oOKokpar-
Kbl unTe2pan

d
1(x)=-.j'f(x, y)dy. (3.11)
Tozda cyujecrsyer nOBTOPHBIL UKTe2paAA
b b 4
f1(x)dx={dx [ f(x y)dy
a a c
U cnpasediuso PasencTeo
b d
[[Fx, gdxdy= [dx [ F(x, 9)dy. (3.12)
R a ¢
HdoxasarteabcrTrBo. Pa3o6beM npsAMOYroJbHHK R ¢ IOMOIIbIO
rouek {x:}, {¢#/} Ha np YacTHYHHIX NPSAMOYTOJBLHHKOB
Ru=[xp1<x<xe] X [y1-1<y <yi]
(k=1, 2,..,m I=1, 2,...,p) Tak, uT0 x0=a, Xxs=Db, yo=c, Yo=d u

Axk=xk—xk..1>0, Ay:=y:—y:—1>0-

Ilycts, kak u 8 § 1, unciao A ofo3Hauaer JauaMeTp pasGHEHHS
NpAMOYroJibHHKa R, M,,,=supf(x, Y), my = ;nf f(x,y)), aSus —

kel

BePXHSST H HHXKHAA CYMMBEI q)yHKuHH f(x, y). Torna Bcoay Ha mpsMo-
YrOJbHHKE Rp;

mu<f(x, y) <M. (3.13)

DHKCHPYEM DPOH3BOJDBHOE YHCHO ExE[Xe-1, Xx] H NPOHHTErpHpyeM

HepaBeHcTBO (3.13) mo y B mpenenax OT yi—; 4O Y, TIOJNIOXKHB B HEM
x=Eg. [onyunm

¥y
muAy; < S f(Ee Y)dy < MyuAy;. (3.14)

¥y

9-4314
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Ymuoxum (3.14) ua Axp, NpoCyMMHDYeM INIOAYYEHHEIE HEDABEHCTBa
cHauaJsia no Bcem [ or 1 g0 p, a 3ateMm no Bcem R ot 1 mo n. Mcnons-

3ysa o6o3nauenue (3.11), 6yneMm umers

" p
§= E Y My AxAy; < Zl(gk) Ax, < Z Y MudxAy, =S. (3.15)
k=111

k=1 l— k=1
IMycts A—0. Torna u max Ax,—0. IIpu atoMm s u S crpemarcsa K
R
JBOHHOMY HHTErpany ” f(x, y)dxdy. CnenosarejbHO, CYIIECTBYeT
R

npesesn u cpeasero uiena B (3.15), paBHbIi TOMY e CaMOMy ABOH-
HoMy mHrerpasy. Ho aror mpesen mno onpeliesieHHI0 OJLHOKPATHOro

HHTErpasa paBeH
b

b d
gl(x)dx': S'dxjf(x, y) dy.

v
a a

Takum 06pasoM, JOKa3aHO CyLIeCTBOBAaHHE IOBTOPHOrO mnerpa.na
H paBeHcTBO (3.12). Teopema mokasana.

3ameuanue M3 nokasarenpctBa TeopeMbl 3.6 SCHO, YTO X H
MOXKHO [IOMEHATb DOJIAMH, T. €. MOXHO NDEANOJIOXHTH CYHIECTBOBA-
HHe JBOHHOrO HHTerpaja H CyLleCTBOBaHHe HJs Jioboro ye[c, d]
OJLHOKDaTHOTO HHTErpaJa

b
K(@)= {f(x y)dx.

Torma teopema Oyaer yTBepXKIaTh CYLUIECTBOBAHHE MOBTOPHOrG
HHTerpaJja

[ d b
[ K@)y = [dy [}z )dx

H PaBEHCTBO €ro JBOHHOMY HHTerpaly.

2. Cayuaii npon3BoabHOH o6GaacTH. PaccMoTpuM Teneph INpOH3-
BOJILHYIO OTPaHHYEHHYI0O 3aMKHYTYI0O KBaJpHpyeMylo obJaacte D c
rpanuuen T'.

Teopema 3.7. Ilycre evinoanenst caedytouwyue ycrosus: 1) o6-
aacre D raxosea, uro awbas npamas, naparrersvuas ocu Oy, nepece-
Kxaer epaxuyy T no yeaony orpesky [y;(x), y2(x)] aubo re bOosree
wem 8 deyx rToukax, opduHaTL. KOTOPbIX CYTb Y (x) u y2(x), 20e
y1(x) <y2(x) (puc. 33) 2) pynxyusa f(x, y) unreepupyema 8 o6.racTu
D u 9aa nwbozo x<[x,, X2] OJonyckaer cyujecrsosanue oOHOKPATHO-
20 unrezpaia

Ya(®)
§ Fx g)dy

Y1(%)
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([x1, x2] — npoexyus obaacru D na oco Ox). Tozda cywecrsyer
nosTOPHLLI unTeZpaA

Xy ys(X)

fdx f f(x, y)dy
L2 (%)
U cnpaae@ﬂuao pasencrseo

Xy y%)

(T 1 yaxdy={ax | f(x, gy, (3.16)

D Xy ys(x)

HokasatenbcTBo. O603HauuM uepe3 R NPAMOYrOJILHHK CO
CTOPOHAMH, NapasjeNbHEMH KOODAHHATHHM OCSM, COAepXamuh 06-
nacts D, a uepes F(x, y) ¢oyuxuuio (3.2), coBmagatomyio ¢ f(x, y) B

v T ,
Bk " ¥4 )
- (>
Z —
0 Bz z Z 7 z
Puc. 3.3 Prc, 3.4

D u pasnyio mymo B ocraabHHX Toukax R. IOas F(x, y) BENONHEHH
B R Bce ycsoBua TeopeMHl 3.6 H, c/lefloBaTe/IbHO, clpaBefjnBa (op-
Myaa (3.12), koropas nepexogut B ¢opmyay (3.16) (s cuny smbopa
¢yukunu F(x, y)). Teopema pokasana.

Bameuanne 1. B TeopeMe 3.7 MOXHO NOMEHNTh POJIAMH X H Y,
T. €. MOXHO INPEANOJIOXHTb, YTO BHIIOJHEHH CJEAYIOIIHE [Ba YCJO-
Busi: 1) o6aacts D TakoBa, uto n06as npsAmas, NapajjeabHas OCH
Ox, nepecekaer rpanuny I' nu6o no uenomy orpesky [xi(y), x2(y)],
aubo He GoJee yeM B ABYX TOUKax, aGCHHCCH KOTOPHX CyTh X (y) H
x2(y), rae xi1{y) <x2(y); 2) oynuxuua f(x, y) materpupyema B 06-

aacty D u paa moboro ye [y, y;] KomyckaeT cyuleCTBOBaHHE OAHO-
KDATHOrO HHTerpana

()

f(x, y)ydx

x5(y)

([y1, y2] — npoexuna D na oce Oy).
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IIpn BHIMOJHEHHH 3THX YCJOBHA CyIleCcTBYeT MOBTODHHE MHTErpasr

Us

(9

sdy f f(x, y)dx

Y1

H CIIpaBeLJIMBO DPABEHCTBO

fpff(x, y) dxdy =

N

Ys Xs(y)

fdy f f(x, y)ax.
L5 x1(y)

1y

3ameuanue 2. B ciyuae, ecnn obaacts D He yaoBJeTBOpSeT
TpefoBaHuAM TeopeMH 3.7 uJaM 3amedaHus | K 3Toll Teopeme, yacro
yhaaercs pasGuth 3Ty 06JacTb Ha CyMMYy KOHEYHOro yHcia objacrei

y

PHe. 3.5

TAKOrO THIIA, HE HMEIOMIMX OBLIHX
BHyTpeHHHX Touek. Torza wuHTe-
rpan mo obaactu D B cuiy cBOii-
CTBa aJANUTHBHOCTH paBeH CyMMe
HHTErpajioB IO COOTBETCTBYIOLIHM
obaacrsiMm. Tak, obaacte D, H306-
paxeHHylo Ha pHc. 3.4, MOXHO
pa3butk Ha cyMMy Tpex obnacrei
Dy, Dy, D3, K KaxJI0H H3 KOTOPHX
npHMeHHMa WJan TeopeMma 3.7, HIHK
3aMmeuaHue 1.

IIpumep. Ilycte obmacte D
SBJISIETCS IIEPECEUCHHEM MHOXECTB
x+y<1ux*+y*’<1,af(x, y)=xy
(puc. 3.5). Jiobas npsmMasi, mapai-
nensHas ocu Oy, mepecekaer rpa-
muny D e 6Gosee 4eM B JBYX TO4-
kax. [Jus ymo6crsa 3aIMCH HOBTOP-:

HBIX MHTErpanop paizobrem obnacte D Ha gBe obnacre D, B D, oCbIO
Oy. Ilpumenss no kaxnoi u3 obnacreit popmyiy (3.16), nomydum

_E)jf(x, y)dxdy=‘£§‘xydxdy +“;§xydxdy=

0 Vi—x 1

=Jlxdx S ydy+§

—l—x

1—x 0
xdx 5 ydy=—S(x3+x2)dx+
V1= -1

1
+ S (xB—xdx=— -—:-3—.
0
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§ 4. TPORHBIE H n-KPATHBIE HHTETPAJIbI

HanoxenHass HaMH TeOpHS ABOAHOTO HHTerpasia 6es KakHX-1HGO
OCJIOXKHEHHH H HOBHIX HAeH NepeHOCHTCHA HA ciayyall TpoitHOro ® B0OG-
me n-KpatHoro uHterpasta. OcraHOBUMCS Ha OCHOBHHX MOMEHTax
TEODHH n-KpPaTHOrO HHTErpaja.

Ilpu onpenenennu Kjaacca KBajpHpyeMBX MHoxectB B E? u kJaac-
ca KyOHpyeMblXx MHOXecTB B E® MH 3aHMCTBOBAJIH H3 Kypca cpexHeft
IIKOJIH MOHSITHSA IJIOLIAaAH MHOrOyroJbHO# GHrypH u 06beMa MHOro-
TPaHHOrO TeJa, KOTopble 06/1aJJal0T CBOACTBAMH aJJHTHBHOCTH, HHBA-
pPHaHTHOCTH, MOHOTOHHOCTH (cM. § 2, 3 ra. 10 u. 1). B mpocrpaHcTBe
En, n>3 neno ocloxHsieTcst TeM, YTO HaM He H3BecTeH 00beM MHO-
KectBa (Tena) B E", orpamuyeHHoro runepnJockoctamu. as ssene-
HHA Kiacca Ky6upyeMeix Teq B E™ GyneMm cUHTaTb H3BECTHHIM cnocol
BHYHC/IEeHH o0beMa uyacCTHOro BHjAa Tea B E” — n-MepHOro mpsiMo-
YroJIbHOI'O NapaJijiesienunena.

Hanomuum (cM. § 1 ra. 13 u. 1), yro mMHOX)ecTBO R=[a,, b;] X
X[as, bs] X...X[@n, bn] Bcex Touek x= (%, X,...,%s) B E", nas Ko-
TOPHX a;<x;i<b;, i=1, 2,..,n, HasnBaeTcss n-MepHHM KOOD X H-
HaTHHIM NpPAMOYTFOJbBHHM mnapaaneinenunegom. Ecau
bi—a;=h pas Bcex i, T0 R Ha3HBAalT N-MeDHBM KOOPIHHAT-
HeeM Ky6om c pe6pom h. Touku (ci, €2 ..., Cn), THE C; PAaBHH
au60 a;, au6o b;, Ha3oBeM BepIIHMHaMH R, a CerMeHTH, <coe-
JHHSIOUIHE BEPIIHHK THHA (C1, C2,...,Ci-1, @i, Cisly..,Cn) H (C1, Coy ..
weyCio1y by, Cigt,..,Cn), — pebpaMu R. Bce pe6pa R napaajenbHH
KOOPJHHATHHM OCSIM.

Ilo ananoruu ¢ E!, E?, E3 ecrecTBeHHO OmnpelenHTh o6beM n-mep-
HOrO NPSAMOYT'OJBLHOI'O MapaJiiejendnefa R Kak 9HCJIO, paBHOe IPOH3-
BEJECHHIO JJIHH Bcex ero pebep, BHIXOAAUIMX H3 ONHOR BEpIUHHH, T. €.

n

KaK YHCJO p(R)=n(b¢—-a,).
fam] .

HasoBem 3/eMeHTapHHM TEJOM MHOXeCTBO Touek EP,
npeacrasagiomee cobolt o6beiHHEHHe KOHEYHOFO YHCJA N-MEpPHHX
NpSAMOYTOJIbHEX MapaJljie/eNHe 0B, He HMelomHuX O6IHX BHYTPEHHHX
TOueK, pe6pa KOTOPHIX NapaJiebHH ocsAM KoopAuHaT. O6beM 11060~
FO 3J€MEHTAapHOrO TesJa HaM H3BeCTeH M paBeH cyMMe 06DBbeMOB cOC-
TaBJIAIOLIHX €ro MapaJlJesenHnesoB.

ITycts Temeps D — npoH3aBOJbHAs orpaHHyeHHas ofnacte 8 En.
HasoBem HuxHHM oObemMoM o6GaacTu D TOUYHYIO BEPXHIOKW
rpadb p.=p.(D) obbemos Bcex comepxamuxcs B D 3jeMeHTapHBIX
TeJ, a BepXHUM o6beMoM obGuaactu D — TOUHYI0 HHXKHIOO
rpanb p*=p*(D) 06beMOB BCEX 3JEMEHTapHHIX TeJ, COAepKallHX 06-
Jgacte D. Jlerko y6eIHTBCA B TOM, YTO Pu<p*.

O6nacts D nasuBaercs KyGupyeMos, eciiH p.=p*. [Ipn stom uuc-
JI0 %(D)=u.(D)=u'(D)na3maeTcx n-MepHBIM o6vemMoM obnac-
TH
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B nonnof aHanoruH co cjayyaeM MJOCKOR OGJAacTH JA0Ka3hlBaercs
clefyloliee yTBEPKICHHUE:

048 mozo umobbl ozpanuyennan n-mepHas obaacme D 6viaa Kybupy-
emoil, neobxodumo u docmamourno, umobsl 048 4106020 £>0 Hawucy gea
94emeHmapHblx meaa, 00Ho u3 Komopsix codepxcum D, a dpyzoe codep-
acumcn 6 D, pasnocms 0b6vemos KOMOPsIX N0 MOOYAI0 MeHbUe YUCAd E.

I[TloBepxHOoCThIO (HJIH MHOrooG6pasHeM) n-MEpPHOTO
o6beMa HYJb Ha30BeM 3aMKHyTOe MHOXECTBO, BCe TOYKH KOTODOIro
NpHHANJEXKAT 3JEMEHTaDHOMY TeNy KaK yroAHO MaJioro n-MepHoro
o6bema.

W3 nprsesieHHOrO yTBEpXICHAS HOJIYIa€M, YTO OrPaHHMCHHAN N-Mep-
Han obaacme D kybupyema moz0a u moabko mozoa, Ko20a 2panuya smoii
obaacmu npedcmasanem coboil mHoz006pa3ue n-mepro20 obvema Hyab.

OnpenenuM n-xkpaTHHE uHHTErpan oOT (QYHKUHM N NepeMeHHBX
f(x)=F(x1, Xs,...,Xn) CHauaJa B n-MEPHOM KOODAHHATHOM HpSIMO-
yronbHoM napajiesienunege R. C sToft 1esblo NPOH3BOAMM pa3buenHe
T napannenenunend R KOHeYHHIM YMCJOM THIEPIVIOCKOCTEH, mnapaJ-
JieIbHBIX KOOPAHHATHHIM OCAIM, HA KOHEYHOE YHCJIO YAaCTHYHHIX n-Mep-
HHX NapaJiiesienunesos.

Has yrazannoro pasGuenus T B NOJHOH aHAJOTHH CO CJAyYaeM
n=2 onpejessieM HHTErPaJbHYlO, BEPXHIOI0 H HHXHIOIO CYMMN Ji06oR
orpaHnueHHOH 8 R ¢ynkuuu f(x). Tenepr ompemesuM n-KpaTHHA
MHTerpas or QyHKUHHA f(x) no napaanenenuneny R
Kak npejeJ HHTerpajbHHX CYMM DDH CTPEMJIECHHH K HYJI0 AHaMerpa
pa3buenus T napaasenenunesna R.

Kax u past cayuas n=2, reopus Idap6y ycranapaupaer Heo 6 X o-
AHMOE M JOCTATOYHOE yCJNOBHE HHTETrPHDYEMOCTH
BcJaeaywomeidn bopmMme: '

Han unmezpupyemocmu ozpanuuennoti gynkyuu f éx) 6 napaaseaenu-
nede R neobxodumo u docmamouno, umobsl 0an mobozo £>0 Hawroce
pasbuenue T napansesenuneda R, O0an komopozo pasHocmb 6epxHei
u HuxcHeil cymm Oblna menbuue &.

Ilyctp Ttenmeps D — npOH3BOJIbHAS 3aMKHYTas OrpaHHYeHHas
n-mepHast 06sacTh, TpaHHlla KOTOPOH HMeeT n-MepHbH 06beM HyJb,
n-KkpaTHHH HHTerpaa OT GPYHKUHH f nmo ob6naactu D
onpenensercl Kak HHTerpaj IO A-MepPHOMY KOODAHHATHOMY DpPSIMO-
yroJbHOMY mapaJjyiesienuneny R, copepxamemy obaacts D, oT QyHK-
uuu F, coBnagawome# ¢ f B D u pasuoi Hyo Bue D.

JIns o6osHaueHHs n-KpaTHOTO MHTerpana or QyHKUHH f(x) mo 06-
Jactd D ecrecTseHHO HCNOJb30BaTh OJHH H3 CHeAYIOLIHX CHMBOJIOB:

(Fede={{ . [Fry 5 ..o s drdey... dv, (317
D D

OTtmeruM, uto mpoussefeHue dx=dx;dx;..dx, OOGHYHO HA3HBAIOT
9JeMeHTOM 06beM a B npocTpaHcTBe E”.

TouHo Tak e, KaK u AJA cayuas n=2, NOKashBaeTcd HHTErpH-
pyeMocTb 1o n-MepHoit o6aactn D n1060ifi HenpepuIBHOH (yHKIHH, a
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takxe OyHKUHn f, o6aanatomelt B obaactu D I-cBofictBoM (T. €. or-
paHuuenHo# B D ¢GyHKUHH, MHOXeCTBO TOYEK paspHBa KOTOPOH HMeer
n-mepHeli 06beM HyJab). BooOule, u3MeHeHHe HHTerpHpyeMoll (yHK-
HHH [ Ha MHOXECTBe TOUEK rn-MepHOTO o6heMa HyJb He H3MEHseT Be-
JHYHHY HHTEDNpaJa OT 3ToH QYHKUHH.

Hns ompeneneHusi n-KpaTHOrO HHTerpaja MOMHO HCHOJb30BATH
pa3buenne obaacti D W npM NOMOWIM KOHEYHOrO YHCJAA IIPOH3BOJb=
HpIX MHOroob6pasuii ofbemMa HyJb Ha KOHEYHOE HYHCJIO HAaCTHYHHX 06-
JAactefi mpoH3BOJbHON GopMmu. B mosHo# amasoruu ¢ Teopemoil 3.5
JOKaspiBaeTcs, 4YTo Takoe oblulee OmpejesieHHe n-KPaTHOTO HHTerpaJa
3KBHBaJIEHTHO YKa3aHHOMY Bhile OlipeXeJIeHHIO.

Hnsi n-kpatHoro HHTErpana OCTAalOTCSd CHpPaBeiJHBHMH 8 OCHOB-
HbIX CBOHCTB, cpopMyaupoBaHnue B § 2 mas aBofiHOro mHTErpaJa.

B noanofi asanoruu ¢ teopemamu 3.6 u 3.7 ycrasaBanBaercs ¢op-
MyJia NOBTOPHOTO MHTErpHpOBaHuS s HHTerpana (3.17).

ITycre n-mepuan obracts D, 06.4al8aer Tem ceoiicreom, 410 a0bas
npamas, napassessras ocu Ox,, nepecexaer ee epanuyy He boaee
yem 8 Osyx Toukax (UAU NO YEAOMY OTPE3KY, OSPAHUYEHHOMY OBYMS
Toukamu), npoexyuu Koropetx Ha oce Ox; cyre a(xg, Xs,..,%a) U4
b(xs, X3, ..., Xn), 20e a(Xs, X3, ..., Xn) <b(Xs, X3, ..., Xn).

ITycry pynkyus f(x) unreepupyema e obaacru Dn u donycxaer
cyuwecrsosantie Oan A066IX X3, X3, ...,%n U3 (n—1)-meproli obaacru
D,_,, asaswouetica npoekyueli Dp, Ha KOOPOUHATHYIO 2UnepnaocKoCcTd
Ox3x3...Xn, OOHOKPATHOZ0 URTEZPAAG

biXg %y, .00 %)

T ooos %)= § oy Xa oy %) dty

Xy, Xay . -1 %)

Tozoa cywecrsyer (n—1)-xparneill unrezpaa

[ o§ 0t o x) ey dry =
D, .
- b(x.,...,xn)

=jf...§dx,dxs...dxn 5‘ Flxy, Xg ooy %) dxy
Dpy

a(xs, ... ,xn)

no obaacru Dy u cnpasedrusa opmysa noSTOPHO20 UHTE2PUPOBAG-
Hus

jjb"jf(xl’ Xy o .uy Xp)dxydXy ... dx,=
" bixgy, %g, ..., %p)
=”---fdxsd"s---dxn f f(x1, X3 ..., X,)dx,. (3.18)
D"_1 Xy, Xy oo\ Xy

B cdopmyanpoBaHHOM yTBepXKAEHHH B POJIH ¥; MOXET BHCTYNaTb
mobasi H3 NEePeMEHHHX X3, X3, ..., Xn.
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JoroBopuMcst HasHBaTh ofJactTe D mpocToMl, ecan AAA Kaxpoh
H3 KOODJHHATHHIX Ocefl Jiio6ass npsAMas, napaJuie/ibHasa 3T0% ocH, au6o
nepecekaer rpaHuny sTo# ob6aacth He Gosee ueM B ABYX TOUKaXx, aubo
HMM€eT Ha 3TOH IpaHRle Ueani orpe3ok. IIpuMepom npocrofi obJjacTH
MOXEeT C/Iy>KHTb n-MepHHH NpAMOYroJIbHHA napaJienenunen (pe6pa
KOTOPOro He 00A3aTesIbHO NMapaJjiyleJbHH KOOpDAHHATHHM ocam). Has
npocToi ofJjactd ¢GOpMyJy NOBTOPHOIO HHTErDHPOBAHHUS MOJXKHO IPH-
MEeHATb N0 JI060# H3 NMepeMeHHHNX X1, X2, ..., Xn.

B sak/ioyeHHe OTMETHM, YTO, KaK H IJas ciayyas n=2, copasex-
JIHBO CJeJYIOllee yTBepKAeHHe:

ITycre pynxyua f(x) unreepupyema 8 ozparuxennol xybupyemold
obaacru D. ITycte npocrpancrso E" noxpeiro ceTkold n-meproix Kybos

c pe6pom h; C,, Cs,...,Cmn — Te KybbL YKa3anHol ceTKu, KOTOpbIE
yeaukom codepacarca 8 D; P =P, &Y, . (k))—— npoussoas-
Has Touka kyba Cp; m,=inff(x), k=1, 2, ..., m(h) Tozda xandas
Cp

us cymm

m(h) mih)

Y FEMA u Y m

Al Rl

umeer npedea npu h—0, pasuoul n-xparnomy unrezpasry (3.17) or
pyuxyuu f(x) no o6/lacru D.
Mpumeps. 1° Buluncauts o6beM T,(h) n-MepHOro CHMIJIEKca

{(xl, gy ooy Xn) &€ E™ 5,20, {=1,2, ..., n; Z x,<h},
[
Ipnmensas dopmyay (3.18) mnocrenosaTesbHO N0 NepeMEHHHM X,
X3,...,Xn, MOJIYUHM CJelylOllee BHPaXeHHe IJA ofbeMa:
n--1
h—-zx,
R A—x, {om]

T,,(h)=°j(j (...( g’ ldx,)...)de)dxy.  (3.19)

0

CnenaeM B KaxXAOM OJHOKPATHOM HHTerpajte B npasoit wactH (3.19)
3aMeHy nepeMeHHOR x,=hE;, xo=HhEs, ..., Xn="hEnx. [lonyunm

1 1§, 1—':21&,
T,,(h):-hnoj(a( (... 6{ dE,) ... ) dE)dE.  (3.20)

W3 (3.20) caenyer, uto Th(h)=h"T,(1). Onsa Boiuncaenus T,(l) mo-
JysaeM CJeAyIOIIYI0 PeKyppeHTHYI0 $HopMyay:
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n—1

"'2 0

1 1--q, (] 1 .
Tu(l)-oj(oj (( 5{ da,.)...)dg.) d§1=o§n_l(1-—aoda=

1 1

—5(1——5.)"-‘ To1 (1) d§ =T mj'(l—):-,,)"‘l dty=Tot (1) .

1
PURERRLE

0
C.ne,nosammo Tn(l)z%. .—;—-Tl(l), u 12K Kak T,(1)=1,
ToT (h)-—
2°. Bbltmc.nmb o6veM V.(R) n-mepnoro mapa B(R) panuyca R:
BR)={(x) %p ... x)=E" ¥, <R},
fomm]

Hcnoabsya ¢opmyay (3.18), monyuaem

v, (R)==j£’(mj.ldxxdx, dx, =

g Ve ‘/’*"E‘t \
={( § (A Ldx,)...) dxy) d,

R Ve _l/ R"lgl“

B OJAHOKDaTHOM um'erpa.ne o nepemeﬂﬂou X; cAaejlaeM 3aMeHy Iepe-

meHHO x;=RE; (i=1, 2,...,n). [Tonyunm
Va(R)=R" { ({0 az)...)de)d=RV.(D).

-1 ‘_‘? l nilgz

- 4

f==]

Has Bouucienus V,(1), Kak M B OpeIuaylleM NpHMepe, NOJydaeMm
pekyppeHTHYI0 popMyay

Va(l)= jvn_l (VT—E) dE, = 5(1—-;2) Vo (1) dty =
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n—1

1
=Voi() [Q—8)7" a8,
-1

CnenaeM 3ameHy nepeMeHHOH E;=cos@ B mocjefHeM HHTerpaje, BBe-
n/2

lem o6o3HayeHne [p= S‘ sin6d0 u mpumeM BO BHHMaHHe TOT
0
¢daxkr, uro V(1) =2. Torpa

n/2

Vo(1)=2Va_i (1) § sin"0d8 =2V, (1) I, =... =
. 0

=2y IV, (1) =28l .. ]
Taxum o6pa3om, o6beM n-MepHOro mapa pagHyca R BHpaxaercs
dopmynoh
Vn(R) =2"Rn1n1n_l ven 12,

OTKYyJZa, HCIOJBb3Yysl H3BECTHHIE (OPMYJIH A HHTerpaios [, ?, OKOH-
4aTeJNBHO MOJyYyaeM

n4-1

—_— n-—-1
2% L. T
m R"*n © |, ecsid n HEUETHO;
n
Va(R)={
27
nil

n
R*n*, ecau n ueTHo.

§ 5. BAMEHA TTEPEMEHHbBIX B n-KPATHOM HHTEI'PAJIE

YcranasnuBaeMast B 3ToM naparpade ¢opMysa 3aMeHH IepeMeH-
HEIX SIBJISIETCSI OJHHMM M3 BaXXKHEHIIHX CPEACTB BHYHCJEHHS N-KPaTHOTO
HHTerpalga.

Ipennonoxum, yro ¢ysxkuus f(y)=f(y1,...,Ya) HHTErpHpPyeMa B
HEKOTOPO# 3aMKHYTOH, OrpaHHYeHHOH KyOupyemo# o6aactu D B mpo-
crpancrBe E” IlpenmonoxuM, jasee, 4TO OT HEPEMEHHHX Y1, Y2,...,Yn
MH TIePeXOJHM K NEepPEeMeHHHM Xi, X, ...,Xn, T. €. COBepIIaeM mpeobpa-
30BaHHue

2) Bn. 4 §5ra 9u, 1 ooxkasano, 4ro
[ (k— D)l

Al
’k=i (k—1lIl =

, €CJH R HEYeTHOo;

«—, ecau k werHo.
kIl 2
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Y= (%, ..., X);
Gl oor 2 (3.21)
Yn="%n (X ..., Xn)
KOTOPO€ KPAaTKO MOXKHO 3anHCaTh B BHAE
y=p(x), (3.21)
NOHNMasa MOJ Y TOUKY 7-MEpPHOTo npocTpancTBa (Yi,...,Ys), MNOL X
TOUKY n-MEpHOro npocrtpaHcTBa (Xxi, X2, ..., Xn), @ NOX P COBOKYI-

HOCTb 1 PYHKUHA P, Po,...,Pn.

O6o3unauum yepes D’ Ty obxacts 8 E”, koropas npu npeo6pasopa-
auu (3.21) manm (3.21°) nepeBoaurca B D, T. e. nojoxuMm D =¢ (D).
ITpu sToM Mul Bcerpa GynxeM Tpe6GoBaTh, 4TOGHI MpeoGpasoBanue (3.21)
win (3.217) monmyckano obpartHoe, Tak yto D'=¢~1(D).

HoxaxeM, uto ecan ¢ynxuuu (3.21) mmetor B obnactu D’ Hempe-
DbIBHBIE YAaCTHbIE NPOHM3BOAHBIE NEPBOrO MOPSALKAa W ecJdH B 3TOA 00-
aAactd D’ orauuen ot Hyas skoGuan (cm. § 2 rn. 14 u. 1).

D(y) =D(y1. - yn) (3.22)
D(x) D(xy, ..., %3) "

TO AJsA n-KpaTHOTO MHTerpana or ¢yHkuuu f(y) no obusactu D cnpa-
BelJHBa chaepyiomas GopMyJsia 3aMeHB NepeMeHHB X!

[roray={rrvcn| 22 ax, (3.23)
D D’

D(x)

KoTopasd B MOAPOGHOHA 3sanuCH NMPHHHMAaET CJAeAYIOUHE BHA:

S...Sf(yp cor Yn)dyy oo dYp=
D

=j"'5f[¢‘(x1’ coor Xl ooy P (dg ooy X)) X
.

x ,’liy—’-——y"—)- dx, ... ix,. (3.23)
D(xlv LR} xﬂ)

TouHee, MEl JOKaJKeM CJEAYIOULYI0 OCHOBHYIO TeOpeMy.

Teopema 3.8. Ecau npecbpasosanue (3.21) nepesodur obaacre
D" ¢ D u asanerca 83aumHo OORO3HQUHBIM U ecau (ymxyun (3.21)
umeror 8 obaacru D’ HenpepouigHble 4QCTHble NPOU3EBOOHblE hepsozo
nopadKa no 8cem NEepemeHnbim I OTAUHYHOLE OT Hyas akobuan (3.22),
TO0 Oa8 Kaxdod unteepupyemoi 6 D ¢yukyuu f(y) cnpasediusa
(opmyaa 3amens nepemennoix (3.23’).

OtMeTuMm, uTO NPH YCJIOBHAX TeopeMu 3.8 cymectByer mnpeolpa-
soBaHHe P!, obpaTHOE Npeo6GpaloBaAHUI0 Y.
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HokasatenscTBy Teopems 3.8 mpeanomiem cemb gemm. CHaua-
Ja naauM oGocHoBanue ¢opmynas (3.23) anasa caydas, Korja Ipe-
o6pasoBanne (3.21) sBasercss JuHeAHHM (eMMbl 1—4), a 3aTeM
gse?;am K 3TOMYy ciydalo of6mee npeoGpasoBanue (3.21) (nemMMu

Jlemma 1. Ecau npeobpasosanue z=1(X) asisercs cynepno-
3uyued (uau npoussedenuem) 08yx npeobpasosanuil z=+P;(y) u
Y=1Pa(x) (1. e. z=v[{2(x)]), npuuem sce yuacrsywowue 8 3TUX

npeobpasosanusx (YRKYUU UMEIT HenpepoisHbie 4ACTHble NPOU3-
D ()

800Hble nepsozo nopadka, T0 AKO6UAH D) 83ATHIL B8 TOUKeE
X
x= (%, ..., J;,,), pasen npoussefenuro axobuava -g—:—y%, 63AT020
X
8 Touke %, Ha AKOGuGH -g%, 834Tbll 8 TO4UKe g}=(§/1, ceey _t},,),
o o y
20e y=1(x), 1. e.
D
D (2 D D (y) , (3.24)
D (x) D(y) D(x)
uau 8 nodpobroti sanucu:
D(Zl, cecy Zn) =D(zlv caey Zn).D(ylv R yﬁ)
D(xyy -ovs %3) D1 «vvor Yn) D(x1s oy xn)
JokasarenbcTBO JeMMBHB |. 3ameTuM, 4TO AJs JIOGHIX
, dz; ,° o
i=1,2, ...,nuk=1,2, ..., n s71eMeHT T(x), CTOSIIIHA Ha ne-
X
. D (2) o
pecedyeHHH [-K CTPOKH H k-ro crojabua siko6HaHa —— H B3ATHA
B TOUKE %= (x°1, ceey xo,,), no npaBuay nud¢epeHIUHPOBAHHA CJIOK-
HOH (DyHKIMH paBeH
n
921 ° N0z o Oy 2
— (X)) = — . X 3.25
7 () ;ay, (8) 52 (), (3.25)

rae y=1vz(x).
Ho no npaBuny mepeMHOXKEHHS oONpejesiuTesedl paBeHCTBO

(3.25) u osHauaet, 9TO SIKOGHAH D ; , B3ATHA B TOUKe X, paBeH
X

D ]
NpOH3BEJEHHIO sIKOOMaHa Dzy; , B3AATOrOo B TOYKe X, Ha sAKoOGHaH
X

gtz; . B3ATHI B TOuKe y. JlemMMa | JIokasaHa.
y

HanoMHuM, yTo JHHeAHHNM npeo6pasoBaHHEeM KOOp-
IHHAT HasuBaeTcs npeo6pa3oBaHue BHAA
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Yy =0y X +aXa + ...+ Ciakn;
=a,X,+a S R oY P
BT TIRAT T (3.26)
Yn=Qny %y +angXg + ..o+ BppXy,
rae ai, (i, k=1, 2, ..., n) — npousBoJbHHE NOCTOSHHbIE YHCIA.
" D(y)
dns nuneiinoro npeo6pasoBanusa (3.26) sikoOHaH Y cOoB-

nagaeT C ONpPeAeJIHTENEM MAaTpDHUH 9TOro npeobpasosanus T =
=lla;ll, 1. e.
DW detT. (3.27)
D (x)
Ecau 3T0T onpepenuTtens OTJIHYEH OT HyJjs, TO JHHefiHoe mpeolbpa-
soBaHue (3.260) HasmBaeTcsi HEeBH POXJIZEeHHHM. B stom cay-
yae cyulecTsyer o6paTHoe npeofpa3oBaHHe, TaKXe JHHeHHoe U He-
BHIDOXKJEHHOe, H ypaBHeHUs (3.26) MOKHO pa3pellnTb OTHOCHTENb-
HO X, Xa, ..., Xn. KpaTKO Gynem o6o3HauaTh JHHEeHOe npeoGpa3o-
BaHue (3.26) cumBosom y=7Tx, a ob6paTHoe eMy npeo6pasoBaHHE
CHMBOJIOM x=T"!y,

OCHOBHOH LeJbI0 CAeAYIOLIHX TPEX JeMM fBJSETCH J0Kas3aTelb-
cTBO TOro (hakTa, YyTo AJS HeBHPOKAEHHOrO JIHHeiltHOro mpeoGpaso-
BaHus (3.26) u nJs Kaxaoh HenpepHBHO#K dynkuuu f(y) cnpa-
BeaauBa (opmysa 3aMeHH nepeMeHHHX (3.23), KOTOPYIO C y4yeToM
cooTHoweHust (3.27) MOXKHO NpPEeACTaBHTb B CJSAYIOIIEM BHIE:

(Fwydy=[1(Tr)\det Tidx = (det T| [ F(Tw)dx, (3.28)
D D’ D’

rge D/=T-1D.

CHagana paccMOTpHM JBa JiMHeHHHX npeo6pa3oBaHusl YacCTHOrO
BHJa:

1) nuneiinoe mpeoGpasoBanue T;;, 3akJaioyaiomeecs B TOM, YTO
K [-d KoopamHaTe no6GaBJseTcs j-f1 KOOpJAHHATa, a BCe OCTaJbHHE
KOOPAMHATH IPH 3TOM COXPaHSAIOTCHA:

Yp=Xp npu k=1, 2, ..., i—1, i+1, ..., m
Yi=x;+xj,

WK y=T;x (XpaTKas 3alHCh);

2) auneiinoe npeoGpasoBaHue T*, sak/iogalouleecss B TOM, 49TO
-1 KOOpAHHATAa YMHOXaeTcsl Ha 4HCJI0 A+=0, a Bce oCTasJIbHHE KO-
ODJAHHATH IIPH 3TOM He MEHSIOTCS:

{yk=xk npa k=1, 2, .. ,i—1, i+1, ..., m
yIZAxH

nan y=T % (KpaTkas 3amuch).
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Jlerko BHAETH, 4TO

detTy=| ' : |=I, detTh=| & |=A,

nostomy npeobpasosanust Ty H T;* HEBHPOXKIEHHHIE.

Jlemma 2. Jaa npeobpasosanut T;; u T npu aoboi wenpe-
poisroil 8 obaacru D ¢pynxyuu f(y) cnpasedausa gopmyra 3amenst
nepemennsix (3.28).

JdokaszareabctBo aemmu 2. Ilycte R — n-MepHHB
npsIMOYTroJbHHA napaJjuienenunes, copepxamuii D, ¢yrkuus F(y)
HMEET BHA

f(y) npu ye D,
F(y)=
0 mpu y=R\ D.
JlocraTouHo mOKa3aTh, 4TO
[Fwydy= | F(Tx)detTax, (3.28')
R 1R
rae cumBoaoM T oGosHaueHO OfHO W3 npeoGpasoBanuit Ty wiam T
3aMeruMm, uTO e€CaM R — NPAMOYLOJBbHHE INapaJjJenenunen
{Ye : @<yp<<be, k=1, 2, ..., n}, 10 [T*]'R — cHOBa npamo-

YrOJIbHHE NapaJjesenunen
{xk: a, < %, < by, k£, —‘-;L \<x;\<—l-;i npu A >0 u —%‘—\<xi<

\<—‘;f— npu x<o].

a [Ty]"'R — xyGupyemas obaacthb
{xe : @p<x,bp, k%, al——X]<x"<bi—'X/}.
Ha ocnoBauuu ¢opmysn HOBTOpPHOro HETerpupopanns (3.18)
\Fly)dy=

R
by ”t;x bipy  bp by
=1i... ‘s 5. ...‘S‘ HF(yl, ey y,,)dy;]dyl...dy‘-_ldyg.;_]...dy,,.
ay ai—l at+l an al.

N (3.29)
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[IpuMensii K OJHOKPATHOMY HHTerpajy 1o nepemenHo# i ¢op-
MYJy 3aMeHbl NEepeMeHHON y;=AX; AJA ciayyass npeoGpa3oBaHHA
T W yi;=xi+x; ana caydas npeoGpasosanus T; (eMm § 5 ri. 9
4. 1), IOJAYIHM

a) pas caydasi npeobpasosanusa T

b

(F v ) dui=

4

FYs «oor Yomgo My Yipgs +vvs Yn)hdxo mpa A 2> 05

>‘l By ?l =

= (3.30)

a

M
S F(yl' s Yip 7\:)6,', !/,+1» rey yn)(-—}")d‘xi IpH ?"<0’
b,

i

M

6) mas cayuas mpeoGpasoBanus Ty
b by-x .
SF(yl, ceo Yo)ay = S F(yy ooy Yyqp X+ %5 Yiys oo Yn) dx.
a; a;~x; ‘
(3.30")

IMogcrasum (3.30) mam (3.30°) B (3.29); 3areMm, BOCHOJNb3OBAB-
wKeh GopMyJIoOH NMOBTOPHOro HHTerpupoBaHus (3.18) u TeM, 4TO

1 mma T=Ty

|det 7| _{ |Al  ans T =T},
a Takxe nojaras Yr=Xr npu k=1, 2, ..., i—1, i+1, ..., n, opu-
zeM K paBeHcTBY (3.28%). Jlemma 2 nokasamna.

JleMMma 3. Bcakoe nesviposicdentoe aunelinoe npeobpas3osanue
(3.26) npedcrasumo 8 sule cynepnosuyuu KOHEYHO2O HUCAQ npe-
obpazosanuii euda T u T npu A5=0.

HokasartenbcTBOo aseMMH 3. PasobheM H0Ka3aTeNbCTBO
Ha TpH 3Tamna. ' ’

1. Tlokaxewm, uTo JHHeltHoe npeoGpasoBanne T’, 3akJjI04alOIie-
€csl B NepecTaHOBKe MeCTaMH {-H M j-H KoopAuHAT (IPH COXPaHEHHH
BCeX OCTaJbHBIX KOOPAMHAT), NPENCTABHMO B BHAE CYNepIO3HIIHH
mecTH npeoGpasosannit THna T H T

B caMom pene, coxpaHsis NpH 3amHCH (X, ..., X) TOJBKO i-I0
H j-I0 KOODAHHATH (OCTajbHhIE He MEHSAIOTCS), MOMKEM 3alHCaTh:
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(%2 xi)y—l.j-*(xt-*-xp x/)_T_l-*(—xt—xp x')71_£_>
{
> (—xi—x;, —x;)—=>(—x—x, x5) 5> (=%, xz);'_—,—*(xj i)y
Tj i
T.e. T' =TTy T\ TTT' Ty,

2) OTMernM, 4TO NmyTeM KOHEYHOI'O YHCJAa NepecTaHOBOK MecTa-
MH JBYX CTPOK HJH IBYX CTON6UOB (T. €. MyTeM KOHEYHOTO YHCHa
npeo6pasoBaHufi THna I’) MB MOXeM NpHBECTH J06oe JHHeliHOe
HEBLIpOXJeHHOe Npeobpa3oBaHMe K JHHedHOMY npeo6pa3oBaHUIO

c marpruedt la;ll, y xoTopofi OTAMUHH OT HyJs BCe IJaBHHE MH-
HODHI, T. €. ONpeleJHTeNH

3) Ocraercss goKaszaTh, 4TO JHHefiHoe npeolpa3oBaHHe C OT-
JHYHRIMH OT HYyJS IJIaBHRIMH MHHODPAaMH MOJXHO IIPeACTaBHThb
B BHJEe KOHEYHOro uucina npeo6pasoBanuft Tuna T;; u T/ Hoxka-
KeM 3TO N0 HHAYKIHH,

Has n=1 paccmorpum npeoGpasoBanne T ¢ MaTpuueh

a, O
1
. b A=a,0.
0 1
IIpeo6paszopanue T9n  mepeBORHT X=(X, X3, ..., Xa) B
(anxy, x3, ..., %) =Tx, T. . T=T %1, yTBepKJAeHHE CIPaBENJIHBO.
Paccmotpum Teneps npeo6pasoBanue T ¢ MaTpuuel
fay ... ay
...... 0
Gy - - Op
0 ..
{ 1

Ilpeanonoxum, 4To 310 Npeo6pasoBaHue I MOMKHO IPENCTaBHTb
B BHAe KOHEYHOro 4yHcja npeobpasoBamuit THna Ti; u T, 1. e. ytO
CyIlecTByeT KOHeqHOoe 4HCJ0 npeoGpasosaHmit Buaa Ty u T4, mepe-
BOJSAINHE X = (X1, ..., Xky Xk+1, -+, Xn) B

(anxi+...+a1exe, ..., GuiXi+. ..+ QeeXe, Xet1, +.., Xn) =Tx. (3.31)

Jns 3aBeplneHEMst HHAYKIHH JOCTATOUHO JOKa3aTh, YTO MyTEM
CyNepIo3HIlHH KOHEYHOro uyHcaa npeo6pasoBanmii THma Ty, um T
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MOXKHO IIPHBECTH NOCJENOBaTeNbHOCTh KoopAuHat (3.31) K BHAY
(anxit. . FaernXetts .oy GuaXit. Qe+ Xes,
(3.32)
QX+ .o Cerny e+ DX R, XRt2 - -0y x") ’

T. €. IpeJCcTaBHTh npeobpasopaHue T ¢ MaTpHIeH

lau cee Qg aie+1
Qg oo Qpp Ap(k+1) 0
Ae4n1 - - etk a(k+l)(k+ll) (3.33)

0 .

L 1

B BHJe CYNEpPNOSHUHMH KOHEYHOTO 4YHCIa MNpeo6pas3oBaHHH BHIA
Tij H Ti".

IOns pokasartenbcTBa 3TOro, CHavajka [Aas KaXKAOro HOMepa

i=1, 2, ..., k, LNsa KOTOPOro 3JIeMeHT &;x+)70, NpousBeneM Ipe-

o6palsosaﬂne, npejicTaBHMOe Cylleprno3HiiHed Tpex npeoGpa3oBaHHi:

a; a; .
Telft Ti(k+1)ka{|'” (Ans Tex i, ANSl KOTOPHX Qi(k+1)=0, 3TOrOr
npeo6paszoBaHus He npousBoAuM). CyneprnosHUHs BceX YKa3aHHBEIX
TpoeK npeoGpa3oBaHuil AJs Bcex i=1, 2, ..., k nepeBeleT 3JeMeHT
(3.31) B

(auxy+. . FaeXe+ Gy Xetts ooy AuiXrit ..t BupXe+
+ Qrirt1) Xedly Xrtty, Xet2s ooy Xn). (3.34)

Jlanee 3aMeTHM, YTO NMOCKOJLKY MHHOP A, maTpuun (3.33) o1-
JHYEeH OT HyJs, TO OTJIHYEH OT HyJs H DaBHHH eMy OIpefeNuTe/b
MAaTpHUH

Qyq oo Qgp Qiet

335
Qs Qpp Qr(e+) (3.35)
0...0 1

ITo TeopeMe 0 6a3HCHOM MHHOpE CYILECTBYIOT WHCAA Ay, ..., Akt

JHHeHHass KOMOHMHAlLHA C KOTOPHIMH CTPOK Marpuub (3.35) paBHa
Qe ly -+ -y QetDEs A+ Dk+1)

T. €. paBHa nepBHIM k+1 snementam (k+1)-B CcTpOKH MaTpHUH
(3.33). 210 03Hauaer, yTO €CJAH MH AJs Kaxaoro j=1, 2, ..., k+1,
I Kotoporo A;#0, mpoussefiem HpeoGpasoBaHue, NpeACTaBHMOE:
cynepnosuuueil Tpex npeo6pasosauuit: T/ T py1y;Ti*; (DA Tex j,
Iag KOTOpHX A;=0, COOTBETCTBYIONIYI0 TPOHAKY mnpeoOpasoBaHH

10 - 4314
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He NPOU3BOAMM), TO CYIEpPNO3UIUs T’"ﬁi‘} ({Ae+1]>0) u Bcex
NpOH3BEJEHHBIX TPOeK npeoGpasoBaHuii nepemener dJjeMmeHt (3.34)
B (3.32). Muaykuus 3aBepuwena. Jlemma 3 poxkasana.

Jdemma 4. Jaa 106020 Hesbiponcdenno2o Aunelinozo npech-
pasosarnusn (3.26) u awboi nenpepsisroil e obaactu D ¢gynkyuu f
cnpasedarusa opmyna sameno: nepemernoix (3.28).

B camom gene, dopmyna (3.28) cnpaBeasiuBa AJS KaxKIOro H3
npeo6pasosannii Buna Ti; u T/ (neMMa 2), Ho mo6oe JHHeliHoe
HEeBBIPOXKJEHHOe Npeofpa3oBaHHe NPeACTaABHMO B BHJE CyNEplO3H-
UM KOHEYHOrO YHCJa Takux npeobpasoBaHufi (nemma 3), npuuyem
AkobHaH 9TOH cynepno3uiM# npeo6pasoBaHHH paBeH IpoH3Bee-
Hul0 akoOuaHOB (JemMma 1).

Caencreue u3 demMMmu 4. Ecau G — npoussossnas xj6u-
pyemasn obaacty 8 E?, T — npoussonvHoe uedslposcOentoe autell-
Hoe npeobpa3osanue, To n-mephoili ob6vem V(G) obaactu G u
n-seproui obvem V(TG) ee obpaza TG cea3anb. paseHcTeom

V(TG)=|detT|V(G). (3.36)

st nokasaTenbcTBa 3TOTO YTBEPXKAEHHS AOCTaTOYHO B (opMy-

e (3.28) Baare f(y)=1 B obnactu D, D=TG, D'=T-'D=QG.

Ilycts Tenepn mano aio6oe npeoﬁpasoBaHne (3.21) ((3.211))
¥ BHIIOJHEHH ycjaoBHs TeopeMul 3.8. Ilpu atom o6a uHTerpana
B (3.23) cymectByior, ecnu Toapko D'=+4¢~1(D) — kybupyemas
o6JiacTh, TaK YTO HaM HYXKHO JOKa3aTb KybupyemocTs D’ u paBeH-
CTBO HHTerpaJioB B (3.23).

Iyets d X)=J,;(x) (@G j=1, 2,..., n) — 3neMeHTH
]
MaTtpunn $IkoOH, BasiTHe B TOUKe X= (X, ..., Xa), CAMY MaTpHIY
Sxo6u ||J;;(x)|l o6osHaunMm cumBosoM J,=J,(x). HasoBem HoOp-
MOH TOYKHM X= (X, ..., ¥:) Beauwymsy [jx{l= max |x/|. Haso-
1<i<n
BEM HODMOH MaTPHUUH A=||a,-,-|| (i, j=1, ..., n) Benuuuny

141 = ma [3‘ layl].

\ \n j_
$lcHo, 4TO ecaH y=Ax, TO
lyll = Axi<IAll - flx|l. (3.37)

Kpome Toro, aas epunngHolt matpuun ||Efl=1.

Jdemma 5. Ecau svinoanenst ycaosus rteopemor 3.8 u C —
n-meproul KoopdunarHoll Kyb, npuradaescawuli obaacru D', Tt0
n-meprste 06vemor kyba C u ezo obpasa (C) censanst Hepasen-
CTBOM

V$ () < IEHE%X e ()] V (C). (3.38)
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HokazareabcrtBo aneMMHu 5. Ilycre C — n-MepHuilt Ky
0 0 0

C UEHTPOM B TOUKe X= (X1, ..., X») H ¢ pe6pom 2s. Torna ky6 C
MOKHO OIpelesHTh HepaBeHCTBOM
0

lx—xl<s. (3.39)

B cuny ¢opmyan Tellopa AJs (YHKUHH 7 NepeMEHHBIX 1 (X)
(cm. n. 3 § 5 ra. 12 u. 1) nafgercs yucao 0; u3 unrepsana (0, 1h
Takoe, 4TO

Py () — P, (;) =il Jij [’g‘f‘ 6, (x——;)] (x/‘—’?i)-
s
Orciona u u3 coorHowenus (3.37) 3akiluaeM, YToO
00— () << max 1 (I ir— 1. (.40
Hoxaras y=4(x), y=+(*), norysn us (3.40) u (3.39):
g9l < s max 174 DL

Takum o6pa3om, ecqH TOYKa X HaxoAUTCA B Kybe C ¢ peGpom:
2s ¥ c LEHTPOM B TOUKe ;c), To 06pa3 y=1(X) TOYKH X HAXOLHTCS
B Xy6e C LIleHTPOM B TOUKe yo H ¢ peGpoM 2s max My (x)ll. TlosTo-
my mHOXecTBO ¢ (C) KyGHpyeMoO H Tee

V() < [irgicx 19 (I]* V(C).

Jlemma 5 nokasana.

CanencresHe 1| u3 aeMmmu 5. Ecau svinosnens: ycrosus
Teopemst 3.8 u obaacte G xybupyema, To u ee obpas $(G) «ybu-
pyem. B wacrnoctu, ecau D xybupyema, o u D'=v¢~1(D) xybu-
pyenma.

HefcTBuTenbHO, rpaHHla JI060r0 KyGHpyeMoro MHoxectsa G
ABJISIETCH MHOMECTBOM f1-MeDHOro ofbeMa HYJb, 4 TaKoe MHOKe-
CTBO COIVIACHO JOXKa3aHHOMY YTBEPXKJEHUIO npeobpasyeTcs B MHO-
¥KECTBO, N-MePHHH 00beM KOTOPOTO TaKXKe PaBeH HyJIIO.

Ky6upyemocts obsactu D’=+v~!(D) caeayer H3 TOro, 410 B
ychoBusx TeopeMnl 3.8 s npeo6pa3oBaHHs ! BHIIOJHEHH Te XKe
YCJIOBHSA, YTO M AJs ).

CanencrBue 2 us anemMu 5. Ecau ¢ynxyus f(y) unreepu-
pyema 6 obaactu D, D'=v~1(D) u 8vinoanens. Ycaosus Teopemvl
3.81,), o f($(x)), a notomy u f[P(x)]|detJy(x)| unreepupyemnt.
8 D',
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Jlemma 6. Iycre svinoaxens sce Yycaosus Tteopemst 3.8 u
nycte G — npoussosbHoe Kybupyemoe noOmuowcecrac D', a
P (G) — eeo ob6pas npu npeobpaszosarnuu (3.21). Toz0a dan n-mep-
Ho2o o6Bema obaactu Hp((G) cnpasediuso HepasencTBo

V((G) < 'g |det J,, (x) | dx. (3.41)

G

JdokasateabcTBo JeMMHE 6. Pa3obbeM A0Ka3aTeJbCTBO
Ha ABa 3Taina.

1) JokaxeM, 4TO AJsi JIO60r0 HEBBIPOXK/JIEHHOrO JIHHEHHOro
npeo6pasoBanus T H Ajsa Jo6oro n-mepHoro Kyba C—D’ cnpasen-
JIUBO HepaBEHCTBO

V($(C)) < |det T| [max [Ty "V (C). (3.42)

B cuay caepctsus us geMMu 4 ajas mobGoro Ky6upyeMoro MHoXKe-
ctBa (G u ans JauHefiHoro npeoGpasoBaHua T clipaBefJIHBO paBeH-
ctBo (3.36). ITomoxum G=T-'¢(C), torma TG=T(T-$(C))=
=¢(G) u

V($(C)) =|det T| V(T (C)). (3.43)

Ouenus npasyw uyactb (3.43) c momoubio HepaBencrsa (3.38),
B KOTODOM BMeCTO Npeo6pa3oBaHHs 1 BO3bMEM CYNEepHNO3HIHIO Npe-
o6pasoBanuil T-!, nosyuum

V(¥ (C)) < |det T [max /-, DIV (C). (3.44)

ITo nemme 1 J,oa,=J.~Jy=T"1J,; ubo marpuna $Ikobu nuHefi-
rly=Jr1dy ¥

HOro npeo6pas3oBaHHsI COBMAjdaeT C MaTpuue# sToro npeo6pasoBa-
uus. Ho 310 u o3Hauaer, uro HepaBeHCTBO (3.44) Moxer OHTH
nepenucaHo B Bufe (3.42). HepaBeHcrBo (3.42) mokasaHo.

2) JlokaxkeM Tenmepp HeNOCPEACTBEHHO HepaBeHcTBO (3.41).
ITokpoem npoctpanctBo E” cerkofl n-mepHBXx KyGoB ¢ pebpoM h.
ycte Cy, Cy, ..., Cmny— Te KyGH, KOTOpHE IEJIHKOM COAEp-
xkares B G, u nycts Gy=

1< i)

B kaxnom Kybe C, QHUKCHpYyeM NpPOH3BOJBHYIO TOUKY Xp M 3a-
nuineM s toro ky6a C, HepaBeHcTBO (3.42), mojaras MpH 3TOM
T=J,(xe). [onyuum

V(% (Cp)) < |det Jy (x3) | {néacx Ty eI T (Y V(Ce).  (3.45)
*ECy

ITockonbKy 3neMeHTH maTpuun $Sko6u J,(x) sABAsIOTCHS Hempe-
pPHBHEMH QYHKUHSAMHE nepeMeHHOR x Bo Bcelt obmactu D’, a caeno-
BaTEJbHO, H PaBHOMepHO HenpepuBHEME B D', 1o ||/, (x)|| — pas-
HOMEpHO HenpepmBHas ¢yHkuus B GcD’, Ortcioga 3aknaiouae,
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uro ¢yHkuus || [Jo(xe)] "o (x)}1|* TakKe paBHOMEpHO HenpepHBHA
B G. YuutnBas, uto {|[Je(x:)] Yo (xe)ll=1, mnoayuaem, uto pas
Jawboro ¢>0 Hafigerca 6>0 Taxoe, yTo AJA Bcex x, X.=G, And
KOTOpHX p(X, Xz)<8, BomonHsercs:i HepaBeHCTBO || [Jy(xe)]~7X
XJo(x)|"<l+e. Takum obGpasoM, ecau Bubparb A>0, ToO m%x X
x€ 2
X N[ Jp ()] Ty (X))|* < 1 +e(ans Bcex k) u ounenky (3.45) MOxHO
3anucaTth B BUAE

V($(Cy) < (1+e) |det Jy (x0)| V(Cp)-

CyMMHDYys1 HOC/lelHee HepaBeHCTBO Io BceM k=1, 2, ..., m(h),
HOJYYHM
mh)
V@) < +e) Y |det Jy(x)] V(Cy). (3.46)
k=l

H3 yTBepxeHHs, cHOPMYJTHPOBAHHOrO B KOHUE § 4 31Ok riasH,
caenyert, uto npenes npu k-0 Bceft mpaBoit yactu (3.46) cyutecrt-

ByeT H paBeH (I +e)f |det Jy(x)[dx (e>0 — mnpousBosbHOE UHC-

G
no). Kpome roro, limG,==G, tak uro B mpeaene npu h—0 us
k

~»0
HepaBeHcTBa (3.46) nonyuaercs HepaBenctso (3.41). Jlemma 6 no-
Ka3aHa.

Jlemma 7. Ecau soinoanenst sce ycaosus reopemos 3.8 u 00-
noaxuTeAbHo npednoaazaercs, 4ro (pynxyus f(y) HeoTpuyaressHa
a8 D, ro cnpasedausa opmysra 3amens: nepemennvix (3.23).

HdokxasareanbcTBo ademMHu 7. ITokpoeM mpoctpaHcTBo E*
ceTKOH n-MepHHX Ky6oB ¢ pe6poM h u o6osxauuMm qepe3 Cj, Co, ...

..y Cmny Te H3 3THX KyGOB, KOTODHIe LETHKOM COJEPKaTcs B D.
I'IyCTb Ge=v"1(Cx). Onsa xaxaoh obnacru G, 3anuileM HepaBeH-
ctBO (3.41):

V(C) < g |det Jy (x)| dx. | (3.47)
fiy

YmHoxuM o6e yactu (3.47) Ha my, rae

my = inf f (y) = inf f [$ (x)],
Cp Gy,

H NPOCYMMHDYeM [OJydYeHHEHE HepaBeHCTBA IO BceM K OT 1 go
m(h):

"ff” mV (Cp) < my(h my, 5 [det Jy (x)| dx. (3.48)

Ruenl k==l
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Ilo Te€opeMe O CpeaHeM 3HAaYEeHHH

[ FLvx)] Idet Jy ()] de=p, dy [ det Jy (x)] dx,
Gy ) :
rae w € [my, M), M, =5(‘;1Pf [¥ (x)]. TTostomy
k

m,,j |det Jy (x)] dx < py 5 |det Jy (x)[ dx = S!f[tp(x)] |det Jy, (x)] dx
G G o

H HepaBeHCTBO (3.48) MOXHO yCHIHTD:

m(h} m(h)

Y mV(Cy<Y f f 9 ()] det Jy (x)| dx. (3.49)
k=1

k=1 G,

B cuay ytBepxnaeHus, copMyJHPOBAHHOTO B KOHIe § 4, JeBas
gacth (3.49) npu h—0 umeer npejes, pasHuIH S f(y)dy, u mo-
D

m(h)
cKoJbKy lim Z G,=G, rae G=v'(D), o B npenene npmn
h—>0 jomie
h—-0 noayuaercs
[F@)dy< [FI90] 1det Jy ()] d. (3.50)
b b

MeHnsia B artux paccyxkpaeHusx ponsamu D u D’, paccmarpuBas
B D’ dynknmio g(x)=f[p(x)]|detJy(x)| n mcnoansys jemmy 1
H Teopemy 00 onpefennrtele Npou3BeJeHHs: ABYX MATDHIL, NOJyYHM
POTHBOMNOJIOKHOE HEPABEHCTBO

(L] 1det Ty ()] dx < { F () dy. (3.51)
D’ D .

H3 (3.50) u (3.5]1) BhiTekaer Aoka3nBaemMas (opMmyJa 3aMeHH
nepeMensHXx. JleMma 7 nokasaHa.

JdokasarteanbcTBo teopeMmu 3.8. Ilyers f(y) — npous-
BOJIbHAsI HHTErpUpyemasi mo o6aacth D QyHKUUSA H BHINOJHEHH BCE
ycnosusi teopeMu 3.8.

H3 unterpupyeMoctd QyskuuH f(y) B ob6aacrd D nonydyaem, 410
cyuecTByer nocrosHags M>0 rakag, uro |f(y)|<<M B D.

Hns xaxnodi wu3 HeorpuuarespHeX ¢yHkuuil fi(y)=M =
fe(y) =M—f(y) Teopema 3.8 cnpaeepnuBa (B cuay JemMMun 7). Ho
TOra H3 JIHHEHHOro CBOACTBA MHTErpasa BLITEKAaeT CHpaBenJiH-
BocTh GopMyam (3.23) u pas pasHoctH fi (¥)—f2(y) =f(y). Teope-
Mma 3.8 mokxasaHa.
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3ameyanue 1. B yciaoBusx TeopeMn 3.8 MOXHO AOMycTHTH 06-
pamlenue B Hyab sikoGuaHa (3.22) Ha HeKOTOpOM NpHHauJexameM D’
MHOXECTBe TOoueK S, HMellleM n-MepHHil ofbeM HyJb. B camoM
zene, MHOXecTBO S JeXuT BHYTPH sjaeMeHrapHo# ourypn C  Kak
YyroaHo maJjioro obbeMa, mpHYeM COrJIacHO [OKa3aHHOMY BhIHIe clipa-
sexnuBa ¢opmyaa

f(y) dy = & F¥(x)] [det Jy(x)] dx. (3.52)
OO AN

OcywmectBassi B ¢opmyJse (3.52) npemenuHHI nepexol no nocjaefo-
BaTeJbHOCTH 3JeMeHTapHEIX ¢uryp {Ci}, ScCi, n-MepHuii 00BeM
V(C:) KOTOpHIX CTpeMHTCS K HyJI0, YyOeiHMCA B CHDaBeAJHBOCTH
tdopmynnl (3.23) H AN paccMaTpHBAeMOro CJaydvas.

3ameuanue 2. Mmeer Mecto creaywoulee yTBepXKieHHe, ABJAIO-
meecsi YacTHBIM CJyyYaeM TakK Ha3miBaeMcdt TeopeMm Capaa?d.

VYreepxaenune. [ycre G — 3amxuHyTas ospanusennas xybupy-
emasn obracte 8 En, a ¢ynkyuu (3.21) umeror 8 G Henpepoisubie
4aCTHblE NPou3soldHbie nepsozo nopadKka no ecem nepemennsvim. ITycro
A={x=G : detJ,(x) =0). Toeda n-mepnoui obvem mroxecrsa A pa-
8EH HYAI0.

3710 yTBepkJAeHHE ¥ 3aMeuaHde 1 1103BOJSIOT OCBOGORHUTHCS B TEO-
peme 3.8 or TpeGoBarus HeoGpaueHuss skobuana (3.22) B Hysib B 06-
nactu D, :

3ameuarue 3. Kak nokasbiBaer paccMaTpUBaeMblii HHXKEe NpH-
Mep, TpeGOBaHHe B3aHUMIOH OJHO3HAYHOCTH Npeobpas3oBaHus P cylle-
CTBEHHO JaXe B ciyuae CBA3HOH obOmactu wu ycaosus detJ, (x)5<0
nJs Bcex xeEn.

I[Tpumep. Ilycts D'={(x, xx)=E?: x,[0, 1]; xp=[—2m,2n]},
a y=1(Xx) onpexeseHo paBeHCTBAMH

Yy = €"1COS X,, Yy =e*sin x,.

Torna D=y (D')={{(y1, y2)=E?: 1< (y*+y.?) 2<e}. Jlerko  noacuu-
TaTh, 4TO fAKO6MaH mnpeoGpasoBanusa detJy(x)=e?* He paBeH HyJIO
ana Bcex x&E2 CpaBHum Mexay coboli mHTErpaas B ¢QopMyJe
(3.23') pnsa f(y)=1:

f 3‘ dy,dy, =m (e?—1); 5 j [det Jy (g, X)| dxydxy =
D D’

25 1
= j‘ dx, S e dx, =2m (e2—1).

—2% 0

Takum o6pasoM, dbopMmysna 3aMeHBl NepEMEHHKIX He UMEET MecTa.

% Apryp Capa — aMepHKaHCKHi Marematux (pox. B 1909 r.)
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3ameuanune 4. B yciaoBusx TeopeMn 3.8 MOXHO [AONYCTHTH
HEOJHO3HAUHOCTb Npeo6pa3oBaHHsA Y HAa HEKOTOPOM NpPHHAAJMeXallem
D’ mHOXecTBe S, HMeloOleM n-MepHHi 06beM HYJIb.

Jloka3aTeabcTBO 3TOr0 ()akTa MOJHOCTHIO aHAJIOTHYHO AOKa3aTesb-
CTBY yTBepX/EHHS B 3aMeuaHHM 1.

§ 6. BbIYACJIEHHUE OBBEMOB n-MEPHBIX TEJ
B § 4 sToft riaBhl GBIIO OTMEYEHO, YTO HHTErpaJ

1=”...jldyldy,...dy,, (3.53)
D

paBeH n-mepHomy ob6vemy V(D) o6nacru D. Ilostomy BennuHRY
dy,dys, ... dy, ecrecTBeHHO Has3BaTh 3JeMeHTOM o6beMa B

paccmarpuBaemoii aekapToBofi cucreMe KoopAHHAT OYiYs, ..., Yn
C nomompio npeobpasoBanusa (3.21) nepefineM OT JeKapTOBHX KO-
OpAMHAT Y1, Y2, ..., Yn K HOBHM, BoOOLIE IrOBOpPs, KPHBOJHHEHAHLIM KO-
OpRXHHATaM X|, X3, ..., X,. IIOCKONIbKY NPH TAKOM nepexoje (coraacHo:

¢opmyse 3amenn nepeMeHHnx (3.23)) wumrerpan (3.53) npeobGpasy-
€TC K BHAY

1=“‘ SI D (Y1, Ysr ... Yn)
'D',' D(xy, %z, - + %n)

TO BEJHYHHY

dx,dxg .. ."dx,,

‘ D1 Yas .- 5 Yn) dx,dx, ... dx,

D(xlvxﬂ, e ’xn)

€CTeCTBEHHO HAa3BaTh 3JN€MeHBETOM O6beéMa B XKPHBOJHHEHA-
HOU cHcTeMe KOOPAHHAT Ox;%; ... Xn.

Hrak, mMoaysnb sKoOMaHa XapaKTepH3yeT «pacTsXeHHe» (Uam
«CXkKaTHe») oObeMa NpH nepexofe OT JAeKapTOBHX KOOpLHHAT
Y1, Y2 .- ., Yn K KPHBOJHHEHHHIM KOOPAHHATAM X1, X3, ..., Xn.

IToncunraem sjeMeHTH o6beMa B CepHUECKHX U LHAHHADHYECKHX
KOOpJAHHATAaXx.

1°. last cpepryecKHX KOOPAHHAT B nmpocTpaHcTBe E3

x=rcosgsinb,
y=rsingsin®, (r=0, 6&[0, n], o =0, 2n))
2=rcos9
Ako6HaH HMeeT BHJ
cosgsin® —rsinpsin® rcosgcos 6
singsin 6 rcos@sin® rsingcos 6|=r?sin0.
cos 6 0 —rsin®
Crenosarenbho, snieMeHT 061ema paseH r?sin@drdode.

D(x,y,2) _
D(r, 9, 08) o
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2°. Jlna UMNAHHADHYECKHX KOODAMHAT B pocTpaHcTBe E3

X=rCcosQ,
y=rsinq), (r>01 CPE[Ov 21'5), ZE(_ 00, +m))
2=z

sIKkoOHaH HMeeT BH

cos@p —rsing 0

=|sinp rcosg 0|=171.
0 0 1

D(x,y4,2)
D(r,9,2

CJyefoBaTesIbHO, 3JeMeHT o6beMa paBeH rdrdpdz. B uwacTHOCTH, AJA
TOJNADHHIX KOODAMHAT Ha IJIOCKOCTH 3JeMEeHT IJIOmaiu pased rdrdg.
3°. B npocrpaHcTtBe E" ciepHyeckHe KOOPAHHATH ONpeAessloTCs
PaBEHCTBAMH
x,=rsinf,sin6, ... sin6,—;
ne|
Xpm=rcosbpyy [] sinb, m=2,3,...,n—1;
k=m

Xp=rcosB,—;, (r=0, 0,0, 2n), 6,,=[0, n], m=2,3,...,n—1),

siIko6HaH HMeeT BHA

n—1

D(xy, x4, ... , Xp) k—
== i1 sint—10,.
D(r» 65, - s Bna) [ ¢

k=l
Taxum ofpasoM, sjeMeHT o6beMa B n-MepHHX cepHUECKHX KOOp-
n—1
nuRartax pased rm—idr [] sin*—!0,d6,.
k=l
I[Ipumepr. 1°. Buuncaute o6bvem V Tena, BHPE3AHHOTO LHAMHA-
poM x2+y?=Rx H3 mapa x2+y?+22< R? (puc. 3.6) 4.
Teso CHMMETPHYHO OTHOCHTENbHO KOOPAMHATHHX miockocTed Oxy

# Oxz u pacnosnoxeHo HanpaBo or miaockoctH Oyz. Ilostomy mocra-
TOYHO BHYHCJHTL O6b€M UETBEPTH TeJa, Jexkamell B mepBoM OKTaHTe,

T. €.
V=4 dxdydz,
ff s

D={(x,y,2)eE*:xe[0, R], y=[0, V' Rx—x7],

Y) Bra ¢durypa HasmBaeTcs «TeNOM BHBHAHM» MO HMEHH HTaJbSHCKOIO MaTeMa-
Tika XVII 8.
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2<[0, VR—(@+ )}

[Mepefinem k nmuauBApHueckuM koopAunHatam. O6nacts D’ omnpene-
JAeTCs TaK:

D= {(q), = = {O,—’%—J, re [0, Reosgl, ze [0, Vﬂ}

A
2R
R (R,R)
¢C.R
=
0 R 2R z
Puc. 3.6 Puc. 3.7

®opMysa 3aMeHH NEPEMEHHHX AaeT

n/2  Reoso ¥V Re=—r2

V=4j‘bfjrdrdq)dz=4ojdq> 05 rdr OS ldz=

%/2 Rcosg@ s /2
— By X 3(1—sin®@)dop =
4qu> S rVR*—rdr 3 S‘R (1—sin3 @) do
) 0 0
=2 pa( 2
T3 R ( 2 3 )

Takum oGpa3som,
=t pa(m_ 2
V=R ( )

3anucaB pesysbrar B Buae V={(2/3)nR3—(8/9)R3, orMeTHM, uTO BH-
uhcaseMbli o6beM Ha (8/9)R® Menbiie obbpema noaymapa pagnyca
R, u3 KOTOpPOro 0OHO BHIP€3aHO.

2°. BHYHCJIHTbL HHTErpaJ

_ xyz,
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rae D — Teuo, OrpaHH4YE€HHOE CBEPXY IIOBEPXHOCTLHIO
(42 yo-+ 22) = axy, (3.54)

a CHH3y 1J0cKocThIo 2=0.
B cdepuuecknx KOOpAHHATaX ypaBHeHue MmoBepxXxHOCTH (3.54) mpu-
MeT BHJ
r?=a?sin?§ sin @ cos ¢.
Tax kak 2220 nns Touek mnoBepxHocTH D, TO, yYHTHBAA CHMMET-
PHIO Tesia OTHOCHTENbHO ocH (02, nocjie 3aMeHbl NePEMEHHBIX NOJY4HM
n/2 w/2 asind Vsingpcosg
=2 5d<de6 j‘ r3sin ¢ cos @ sin 6 cos Odr =
0
n/2 /2
at ;3 3 - at
=-— 1 sin®¢cos® pdp | sin®6cos 640 =
2 144
0 1]

3°. BBIYHCIHTD HHTErpad

1=ﬁ'...vaf+xg+...+xgdxldx,...dx,,,
D

rae D — n-MepHBfl map paauyca R c HeHTpOM B HayaJjie KOODAHHAT:
n

D={(x, %, ..., %) EE: Y <R, n>2.

k=1
[TepeitneM k cepuuecKHM KoopiuHaTaM B E7:

D' ={(r,0,...,0)=E"res[0, R],
0,0, 2xn], 0,0, n], £=2,3,...,n—1},
T. e. obaacte D' — mapananenendnes.

QopMysbl 3aMeHH nepeMeHHHX (3.23) M HOBTOPHOTO HHTErDHPO-
sauua (3.18) npuBOAAT K HHTErpaJay

2 ]

Conar [ do, { 20,10
I=\rtdr\ db in0,df, ... | sin"~?6,_1d0,;.
USr réi 1(551“ 20, OSm 1d0r—y

Bocnoab3osaBmuce ¢opmyJofi, BeipajKkalollefl HHTErpajn OT CTe-
meHedi cunyca (cM. m. 4 § 5 1. 9 u. 1 win cHocKy Ha c. 138 3TOf
KHHTH), NOJYYHM

Rn+1
n-1

[=2"

A(n),
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n—1
9 2 n—1
(———2—)Wn 2 | ecJIH n HeyeTHoe;
n—zjl
rae A(n)= :
n—2
g9 2 n
——— 2, ecqM N YETHOE.
L (n— !

4°. Buiuncantb uHterpaa Ilyaccona
0
f e~ dx.
0

PaocﬁprnM HA IJIOCKOCTH [Be 3aMKHyThie 06J1aCTH
Cr={(x, )= E*: " +1*<R%, x>0, y> 0},
Kp={(x,y)) = E*:0<x<R, 0<y< R}

H HeOTpHIaTeNbHYl0 (YHKUHIO J[BYyX mnepemeHHnx e~ @w+#, Ha
puc. 3.7 uzobpaxens obmactu Cr, Cyr— UeTBepTH KPYroB paiuycoB
R u 2R B nepsoM KkBajxpaHnte, H ob6aacts Ky — 3alITPHXOBAHHHM
KBajpar.

ITockonbky Cr=Kr=Car, TO

j § e dydy < S j e~ dydy < f g e~ dxdy.  (3.55)
CR Kgp CoR
HOas cpennero unrerpana (3.55) moayyum

5' 5' et dxdy = fe—x' dx f e dy= (5 e dx)’_
KR 0 0 ’

Urobn moACYHTATh OCTAaBIIHECH [OBa HHTerpaJfa, ciesNaeM 3aMeHy Ie-
peMeHHHIX, Mepexojisi K NOJSPHBIM KoopauHaraM. O6aacTe, KoTopas
npH 3TOM IipeoGpa3oBaHHK HmepexoJuT B Cr, HMeeT BHI

C}z={(r, 9)= E%: re [0, R], (PE[O, —’;—]}

INpumensia ¢opMysy 3aMeHH NepeMeHHbIX, MOJYYHM

/2 R
‘U e~ @+ dxdy = Sj e~ rdrdp = 5‘ dcpj e~ rdr= -’7:— (1—e=R);
CRp Dp 0 0

5' 5 e~ dxdy = 2 (1— =R,
C2R
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IMoacraBuM noJsyuyeHHHe BHpaxeHus B (3.55):

- R -
‘/2" ]/l-—-e—R’<5e—"‘dx< ‘/2" Vi~ (3.56)
0
Iepeiinem x npeaeny B (3.56) npu R-»oo:
Ie—"’ dx = Va ;
2

0

DToT 3/MeraHTHHH NpHeM BHIYHC/AEHHs npuHajsexur [lyaccony.

§ 7. TEOPEMA O NOYJIEHHOM HHTErPHPOBAHHH
SYHKHUHOHAJIbHBIX MOCHEIOBATEJBHOCTER
H PANOB

B § 4 rin. 2 6ns1a fJoKa3aHa TeopeMma 2.8 0 mOYJIEHHOM HHTErPHPO-
BaHHH (YHKIHOHanbHOA nocuaefoBartesbHocTH {fn(X)} Ha cermenre
[a, .b]) uucaoBoil npsimMoii. AHasnoruynas TeopeMa HMEET MECTO M A%
cayuasi, koraa (yHKHHOHaJbHAas INOCJeJOBAaTENbHOCTb ONpeAeldeHa H
HHTErpupyeMa B HekoTopo#l o6sactd mpoctpanctBa E™ (m>2).

Teopema 3.9. Hycre D — HexkoTOpas 02pPAHUHEHHAS 3AMKHYTAA
Kybupyeman obaacte 6 E™. Ecau yuxyuonaisvnas nociedosarens-
rocTe {fn(x)} cxolurcs x npedervnod pynxyuu f(x) pasHomepuo 8 D
u ecau xaxcoan pyukyus f.(x) unreepupyema e obaactu D, 1o u npe-
deavran ynkyus unrTezpupyema 8 3Tol 064ACTU, NPULEM YKABAHHYIO
nocAedo8aTeAbHOCTS MONMHO UHTezpuposars 8 obaactu D nouaenno,

T. é.
Sf(x) dx = lim j fn (x) dx.
D nN-»w b

HJoxkazarenbcTBo. TOYHO Tak Xe, Kak B TeopeMe 2.8, TOKa3RIBACTCH,
uyro ¢ynknma f(x) orpanmiera B obnacta D. PHUKCHPYEM NPOH3BOJILHOE
&>(0. Kak u npn noka3atenscTse TeOpeMEl 2.8, ojig 10Ka3aTeIbCTBA UHTET-
PUPYEMOCTH jP B obinacta D pocraToumo [0Ka3aTh, TO HANANETCH HOMED
n Takoi, 9To g ;moboro pa3bueaus obnactH D BepxHAA cymMMa S B HEAX-
Hid CymMMa s npenenbHoil ¢yHkimA f(x) 1 BepXAAd cCyMMa S, H HIKHSS
CyMMa §, MHTErpapyeMol B D dyHknuu f, (X) CBA3aHEI HEPABEHCTBOM

S—s<{(Sn—sn) +&/2. (3.97)

PaccMmoTpuM mnpounsBosbHOe pasbueHue obsaacty D npu  moMoumu
KOHEYHOro YHCJa NPOU3BOJbHBIX MHOrooGpa3uil m-MepHOro ofnema
HyJb Ha KOHEYHOE WYHCJO YaCTHYHWX obaacred D; (i=1, 2, ..., r)
NPOU3BO/IBHOH (POPMH, He HMEIIIHX o6uX BHYTPeHHHX Touek. O6o-
3HauuM CHMBOJOM ;{f.) koseGanue o¢yHKIHH f.(X) B obaacrn
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D,:(w,-(f,,)=sgpf,,(x)—ill)1ff,,(x)), a cuMBOJIOM w;(f) xosebaHue B Dy

npefenbHON QYHKUHH f(X).
HokaxeM, 4To 1as JIO60Oro ZOCTaTOYHO GOJBHIOrO HOMepa n
CHpaBe/lVIMBH HEPaBEHCTBA

0i(f) <oi (i) +e/(2AD), i=1, 2, ..., r, (3.58)

rae AD — n-MepHu# o6bem obsnactu D. YMmHoxkasa 3arem (3.58) Ha
o6vem AD; wactuunoit obaactu D; u cyMMHpys noJyvaiolmuecs NpH
9TOM HepaBeHCTBa IO BceM {, mojyuHM HepaBeHcTBO (3.57).

Has moboro HoMepa n H Jw06HIX ABYX Touek x' u x” obaacrtu
D; cnpaBeluBO TOXKAECTBO

F)—F(x7)y =[F(*) —Fn (XY Fa(x) —Fn () ]HFn (") —=F (x7)].
(3.59)

B cuny passoMepHo#i Ha D CXOAHMOCTH HOCJENOBAaTEJbHOCTH
{fn(x)} x dyuguun f(x), AnS QHKCHPOBAHHOTO HAMH IPOH3BOJBLHOTO
£>0 HafineTcs HoMep n TakoM, uTO AJs Bcex Touek x obaactu D

[fn(x)—f(x) | <e/(4AD). (3.60)

ITpuMensis k npasoit wactu (3.59) nepaBenctBo (3.60), BssTOE
JUIS ToueR X=x" H Xx=x", Hosyuum

IF (x)—F (&) < 1fa(x")—Ffa(¥") | +¢/(2AD). (3.61)

U3 nepasenctBa (3.61) nosnyuaem

[F(x)—F(x")] <o (f) + e/ (2AD),

OTKyZa, KaK 4 B cjyyae TeopeMbl 2.8, cieiyeT AOKa3hiBaemoe Hepa-
Bencreo (3.58). TakuM o6pa3oM, [JOKa3aTe/bCTBO HHTEIDHPYEMOCTH
npenenbHoil ¢yHKuuH f(x) B obaactu D 3aBepuieHo.

YTBepaxkeHHe 0 BO3MOXKHOCTH NOYJIEHHOTO HHTEIPHPOBAHHA NOCJHE-
AoBaTenbHOCTH {f.(x)} caemyer us ouenxu (3.60), cnmpaBelyuBOA AJISA
Bcex Touek x<D, U u3 oTMeueHHoro B § 4 daxra: 3HauenHe HHTerpa-
Ja S'ldx paBHo n-mMepHomy o6bemy AD o6iactu D. Teopema 3.9

D
JOKa3aHa.

IlpuBeneM opMynupoBKy TeopeMu 3.9 B TepMHHAX (QyHKUHOHAJb-
HHIX DAAOB:

Teopema 3.9* Ecau gpyukyuonasbroii paod

oo

Z Up(x) (X=1(xy Xg, ..., %) E Em)

k=1

cxodurca K caoell cymme S(X) pasHOMEPHO HA HEKOTOPOL O2PAHUYEH-
HoU 3amknyTol Kybupyemoid obaactu DcE™ u ecau xascloui waen
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31020 pAda uy(x) npedcrasaser cobOL PYHKYUWIO, UHTe2puUPYeMYto
6 obaractu D, to u cymma S(x) unreepupyema s obaacru D, nputem
YKA3QHHbLEL PAO MONMCHO UHTe2PpUpOosaTs Ha muoxcecrse D nounerno,

T. e
®

§ S(x)dx=Y, f U, (x)dx. (3.62)
D

k==1 D

§ 8. KPATHBIE HECOBCTBEHHBIE HHTETPAJIbI

dTtoT naparpad mocesimier o6GOGIIEHHIO MOHATHA KPaTHOrO HHTEr-
pajia Ha cJyyYad HeOrpaHW4yeHHOH 06J1acTH MHTErPHPOBAHHS H Heorpa-
HHYEHHOH NOABIHTerpaJbHol ¢QyHKUHH. MB copMynHpyeM [NOHATHE
HeCOOCTBEHHOrO KPATHOTO MHTerpasa Tak, YyTo OyAyT oXBaueHn o0a
yKa3aHHHX CJayvas.

1. TloHaTHe KpaTHbIX HecOGCTBeHHbIX MHTerpaaoB. Ilycte D —
OTKPHITOE CBA3HOE MHOXKecTBO mnpoctpaHctBa E™. CumBosom D obo-
3HauykuM 3aMEIKaHHe D, KOTOpoe NOJy4yaeTcs -MyTeM INpHCOedHHEeHHSA

K D ero rparuun.
Onpepnenenune 1. Bydem zos0purb, uro nOCAed08ATEALHOLTY

{D.} orxpeiToix ceasnbly MHOMECTS MOHOTOHHO UCHEPROLIEAET
muomecrao D, ecau: 1) 0aa arwboeo nomepa n DnDpyy; 2) 06%-
edunenue scex mroxcects D, cosnadaer ¢ D.

ycrs Ha MHOXectBe D 3amaHa ¢yHxuus [(x), x= (%1, Xo ...
.+., Xm), HHTErpHpyeMasi no Pumany Ha Ji060M 3aMKHYyTOM KyOupye-
MoM nogmHoxectBe D. DyneM paccMaTpuBaTh BCEBO3MOXKHEIE [OCJe-
JoBarenbHOCTH {D.} OTKPHITHX MHOXECTB, MOHOTOHHO HCUEPIEIBAIOLIHE
D u rakue, uTo 3ambikanue D, Kaxporo MHOXecTBa D, KyOGupyeMo
(orciopa, B 4acTHOCTH, BHTEKAeT, YTO KaiKAoe MHOXKecTtBo D, orpa-
HHYEHO).

Onpenenenune 2. Ecau dan 21060t TaKoil nocaedosaressHOCTY
{Dr} cywecrsyer npedes 1uca080i nocaedosaTessHOCTY

a,= 5 f(x)dx (3.63)
b,

u 3ror npedea He 3asucur or suwbopa nocaedosaresvroctu {D,}, To
3T0T npedenr HA3618aeTCA HECOOBCTBEHHOIM UHTEZPAAOM OT
@ynryuu f(x) no muomecrsy D u o6o3na4saerca oOnum u3 caeGyroujux
CUMB0A08:

[ Fx)dx wam (o ffe x o m)degdry . dr (3.6
D D

ITpu sTom necoGerBeHHEI MHTErpan (3.64) HasHBAeTCS CX O K 5 UL U M-
c 1.
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OtMmeraM, uro cuMBoa (3.64) ucnoan3yeTcs H B cJaydae, KOrAa
npejeja yKasaHHHIX BHIIE IOCJAeAOBATeNbHOCTEH He CYIIeCTBYeT.
B stoM cayuae uHTerpaa (3.64) HasmiBaeTcs PaCXOASI{HMCH.

2. Jlpa mpH3HaKa CXOAMMOCTH HeCOGCTBEHHBIX MHTErPaJiOB OT He-
OTPHLATENbHBIX (QYHKIMMA.

Teopema 3.10. Jaa cxodumocru Hecob6CTBeHHO20 UHTE2pAAQ
(3.64) or neorpuyareassnoii 8 obaactu D pyunkyuu }(x) Heobxodumo
u docraroyno, 4Tobsl x0T Gbl 041 00HOLU nocaedoeareabHOCTU Kybu-
pyemoix obaacreid {D,}, monoTonno ucuepnsigaroweli D, Goira oepa-
Huuennol wucaosan nocaedosareavnocrs (3.63).

HJokasarteabcTBo. Heobxodumocrs. CXOAMMOCTL HEeCOGCTBEH-
Horo uHTerpasa (3.64) no ompeieneHso 2 o3HagaeT, 4TO NOCJENOBa-
TeNbHOCTDb {an}, onpenensiemasi paBeHcTBoM (3.63), cxomurcs A Beex
nocjefoBareabHocTel obaacreit {D,}, MOHOTOHHO McYepnHBapmux D,
a, cJleloBaTeNbHO, NMOCJAe0BATENbHOCTh {A,} OrpaHuyeHa AJA KaxKAOH
TaKOH nocyefoBaTeJbHOCTH {Dn}.

Hocrarounocrs. ITlocnenosatenpHocth (3.63) orpaHHuyeHa H  He
y6uBaer, Tak KaK DnDnti ¥ f(x) =0, cnenoBaTesbHO, OHA CXOLHMTCH
K HekoTtopomy uucay I. Ocraercs moka3aTh, 4TO ecii MH BhbepeM
J106y10 Ipyrylo INOCJeZ0BaTeNbHOCTh KyGHpyeMHXx obaacreit {D’.},
MOHOTOHHO HCUepHHIBaOmy o6aacth D, TO nocaenoBaTe1bHOCTD

a,',=_5 f(x) dx

Dn

CXOAuTCA K TOMy Xe uncay /. dukcupyeM JioGoit HOMep fp u pac-
cMotpuM obmacts D,. Halinercs nomep n, Takoft, 4TO Dn,cD,,‘
IlelicTBUTeNBHO, AONYCTHM, UTO 3TO He Tak. Torma Ajas Jawo6Goro HoMepa
k MOXHO yKkasaThb Takyio Touky M,eD,, kotopas He npHHajje-
KHT o6aactH D.. F3 nocaenoBaTesbHOCTH {M.} MoxXHO (B cHNYy 3aMK-
HYTOCTH M orpaHuueHHocTH Dp) BHIJIEJHTH CXOASAINYIOCA K HEKOTOPOH
TOuKe M eD’ moanocieoBaTeIbHOCTh. Touka M BMeECTe C HEKOTOPOM
OerCTHOCTbIO NpHHAJJEXHUT OAHOMY u3 MHoxectB Dp. Ho roraa
aToMy ke MHOXectBY D, (u Bcem MHOXKectBaM D, ¢ OGOJAbIIHMH
HOMepaMH) npuHajJiexaT TOYKH M, ¢ Kak yroxHo 60JbHINMH HOMeEpa-
MH. A 3T0 npoTHBOpeuuT BHGOPY TOouek Mp. _,
Hraxk, cymecrsyer Homep n, Takolt, yt0 D, D,. Iloatomy

a, <an, </

Orciona cieiyer, 4To NOCAEROBaTENbHOCTh {Q."} CXOAHTCA K HEKOTO-
pomy uucay I'<Cl. MeHssi MecTaMH B HallHX PacCyXAEHHAX MNOCJERO-
BateabHocTH {a.’} u {a.}, npunsem x HepaBeHcTBYy /< [’. CaepoBarenb-
Ho, I’=1. Teopema noKa3aHa.

B § 6 MOXHO HailiTh NpHMEp BHIYHCJIEHHS HECOGCTBEHHOIO HHTEr-
pana
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n—>o

= ‘U e~* ¥ dxdy=1im “‘ e~ =V dxdy = _’;_.'
D C,

rie D={(x, y)=E? x20, y=0}, C,={x, y) E?, x*4y* < n?
xz=0, y>0} n=1,2,... (cm. npumep 4° §6, B KoropoMm cuaexnyet
3aMeHHTL R Ha n).

Teopema 3.11 (obwuit npusHak cpaBHeHus). [lycre dynxyuu
f(x) u g(x) scrody na otkpeirom muoxmecrse D yoosnrereoparoT ycao-
suro 0<f(x)<g(x). Toeda u3 cxodumocTu HecoGCTBEHHO20 UHTEe-

paia Sg(x) dx soirexaer cxo0uMOCT6 HECOOCTEEHHOZO UHTEZPAAd
D
-
‘ff(x)dx, a u3 pacxodumocru ] f(x)dx eoiTexaer pacxodumocrs
D

D
dx.
jg(x)

HdokasarteanbctBo. [lyets {D,} — mocnesoBarespHOCTh KyOH-
pyeMbix ofJacrell, MOHOTOHHO HcyepnuBalomiux obnactes D. H3 oue-
BHIHBIX HEpaBEHCTB

a,= f f(x)dre < 5 g(x)de=b,
b, D

n

CJIeAyeT, YTO OrpaHHuYeHHOCTh {b,} BJleyeT OrpaHHYEHHOCTb {d,} H He-
OrpaHHYEHHOCTb {d.} BneueT HeorpaHuueHHOCTh {bn} (maa sw0boil noc-
JiefopaTeabHOCTH obaacrtet {Dn}). Orciona u u3 Teopemst 3.10 BbiTe-
KaeT CIpaBeAJHBOCTb CHOPMYJHPOBAHHOH TeopeMbl.

O6BIYHO NMpPH HCC/Ie10BAEHH HeCOOCTBEHHBIX WHTErPaJOB Ha CXOAU-
MOCTb HCHOJB3YIOT CTaHAApTHBIE (3TajOHHBIe) (QYHKIHH CpaBHEHHS,
HanGoJsiee ynoTpeOHTe/bHOH M3 KOTOPBIX sBJsieTcsi (QYHKUHA g(X) =
=|x|77, p>0, |x|=Vxi+xi+...+x2  Jlerko nmposeputb, uTO
ecau obaacte D —mwap paauyca R (R>0) c umeHTpoM B Hauaje KOOp-
IUHAT, TO HecOOCTBEHHHIH HHTErpai OT QYHKHUH |x|~? mo obaactu D
CXORHTCA ApH p<m W pacxoautrcss npu p>m. Ecan xke D — Brew-
HOCTb TOTO K€ Iiapa, TO HecOGCTBEHHBIH HHTErpas or QyHxkuuu |x|-°
10 ob6nactid D cxoauTes npH p>m H PacXOAHTCA NpH p<m.

3. HecoGcTBeHHbIE HHTErpadbl OT 3HAKOMEPEMEHHBIX (yHKIHH;
B 3TOM nyHKTE MBI BEIICHHM CBSI3b MEXJY CXONHMOCTbIO M a0COJIOT-
HOH CXOAHMOCTBIO KpaTHBIX HeCcOOCTBEHHBIX HHTerpajos. IIpH sToM,

KaK 4 B OJHOMEDHOM cJyyae, HecOOCTBEHHHIH HHTErpaJ Sf(x) dx
b

OyAeM Ha3nBaTh aGCOJMIOTHO CXOASULHMCSH, €CJAH CXOAHTCH
HHTEerpasn §|f(x)ldx. Kpartuble Hecob6cTBeHHbIE HHTErpasbl B OTJH-
b

4He OT OAHOMEPHOro caydas o6JafalT TeM CBOHCTBOM, YTO H3 OOBIU-

11-4314
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HOH CXOJMMOCTH HecOOCTBEHHOTO KPAaTHOrO HHTerpajia BHITEKAeT €ro
abCoNIOTHAs CXOAHMOCTbD.

Teopema 3.12. Haa HecobGcrBenHblx m-Kparusix unTezpansos
npu m—=2 NOHATUA CXO0UMOCTU U QAOCOAIOTHOU CXOOUMOCTU 3KBii-
B8ANECHTHbL.

HdokaszartenbcrtBo. 1) Jlokaxem, uTo u3 aBGCONIOTHOH CXO-
AHMOCTH KPaTHOro HecOGCTBEHHOro uHTerpaja B objsactu D cieny-
€T ero obbnlyHasg CXOAHMOCTb B 3TO# obGjacTi. PaccMorpum zBe
HeoTpHIaTeNbHbIE (YHKUHH

f+(x)= If(x)|2+f(x) i f_.(X)= If(x)IQ“‘f{x) ) (365)

[TpeacrasuM Hx B BuIe

f_;_ (X)={ f(x)a €CJiH f(x) > O’
o e 1 (3.66)
f- () ={ — 1), ecnn f(x)<O;
0, ecmu f(x)>0

H OTMETHM CJIeAYIOL[He COOTHOWIEHHS, HENOCPeLCTBEHHO BHITEKalo-
LIHEe M3 ONpeeJeHHs 3THX QYHKLHH:

0</H () <If®] 0 - ()< (I (3.67)
P = fr () —F-(x); [F)] =F4 () + - (%) (3.68)

M3 MHTerpHpyeMocTH B COGCTBeHHOM cMbicie GYHKUHH [(x)
no Jawboil xybupyemoit nogo6aactu obsactu D BHITeKaeT HHTErpH-
pyemocTh no Ji060# Tako# mopobiaactu ¢yHkuuu |f(x)|, a creno-
BaTenbHO, 1 QyHKuuH fi(x) u f_(x) (uro caeayer u3 dopmya
(3.65)). Hcnoapdys cxomuMocTh HHTerpaJja j]i(x)ldx, TOJILKO

D
4TO yKa3aHHOe CBOHCTBO ¢yHKuHi fi(x), f-(x), HepaBencrsa
(3.67) u Teopemy 3.11, y6exxpaeMcss B CXOAMMOCTH .HECOGCTBEHHBIX

HHTErpasoB Ef_vr(x)dxnjf_(x)dx. M3 omnpenenenus HecoGCT-
D D

BEHHOTO HHTerpaja CJefyeT, UTO €CJIH CXOAHTCS HecOOCTBEHHHIH MH-
terpaa no o6nactu D or kaxpmoil u3 dyHkumi fi(x) u f_(x), TO
CXOJAATCS MHTETPaJibl OT CyMMbl M Pa3HOCTH 3THX ¢yHkuui. Ms nep-
Boro cootHomwrenuss (3.68) caeayer  CXOZHMOCTb HHTerpaja
gf(x) dx. IlepBas yacTb TeopeMmbl ZOKa3aHa.
D

2) Ilycts KpaTHHIl HecOGCTBEHHBII HHTErpan 5' f(x)dx cxo-

b

nutcs. JlokaxeMm, 4To OH cXoauTcst abcomoTHO. [onyCTHM, 4TO 3TO
yTBepxKieHne HeBepHo. Torjga u3 Teopemu 3.10 BHTekaer, yTo Inoc-
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Nel0BaTeIbHOCTh HHTerpanoB oT ¢yHkuuu |f(X)| mo so6oi MOHO-
TOHHO HcyYepnmBalomeHd obnacts D NOC/AEL0BATENBLHOCTH KyOupye-
Mbix obnacreii {D,} Oyler MOHOTOHHO BoO3pacralomei
6eckOHeyYHO 60/MbUIOH NOCTEJOBATENbHOCTEIO. B 4acTHOCTH,
nocjaefoBaTeabHOCTh {D,} MOXHO BHOpaTh Tak, uTo AAs Jioboro

n=1, 2, ... BHIIOJHAETCS HEPABEHCTBO A
{ |f(x)1dx>3§ F(x)| dx+2n+4 (3.69)
D, D,

n+1 n

(moctraTouro B3fATh M06YI0 HOCAenOBaTeNbHOCTh {Dn} M «IpOpEIUTHY
ee, oT6pocHB Te 006J1aCTH, AJA KOTOphIX HepaBeHcTBO (3.69). He BHI-
nonusiercst). O6osHauum uepes P, muoxkectBo D\ D, .Toraa us
(3.69) nonyuum, uro maa J6Orc n
j 1f(x)|dx>25 [f(x)] dx+2n+ 4. (3.70)
P, b,

n n

U3 Broporo cootHoweHust (3.68) caepyer, 4To

j |f (%) dx= 5 fo(x)dx+ S f(x) dx. (3.71)
P, P, P,

®uKCHpyeM NpOH3BOJbHHIE HOMep n. Ilycrs ana storo n u3
LBYX HHTerpaJjioB B npapoif yactu (3.71) 6dabwum Oyler nepebiil.
Torza u3 cootHomwenn#i (3.70) u (3.71) mosyuum

[ Frde> [ 1f(0)de+nt2. (3.72)

Pn En

Pasobbem o6Jgactb P, Ha kOHeyHoe uucjo obJacreil P,' Tak, 4TOGH

HUXKHSA cymma Xm;Ac; ¢yHKRUuMH fi(X) ansi storo pas6HeHHs ya0B-
i

JIeTBOPAJIa HEePaBeHCTBY ¥

0< 5 Fr (1) dx—Y mido, < 1.
Fn' i

Toraa, 3amensB B JeBoft wacTH (3.72) uHTerpan HHXKHEH CYyMMOH,
NCJYYHM CJeAylolilee HepaBeHCTBO!

Yy, mido, > g [f(x)| éx+n+1. (3.73)
{ =

Dy

% 3nece my=inff  (x), Ao — m-mepuntit o6vem Pnl.
pi
n
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Tax kak m; >0, TO ocTaBuUM B cymMe S:moni JHWBb Te cJarae-

i
Mhle, Anst kKoTopuix m;>0. O6nenunenne obnacrefi P., coorser-
CTBYIOIIHX OCTaBIIMMCS B CyMMe cjlaraeMbiM, 0603HauuM yepes B,.
B o6aactu P, ¢yHKkuus fi(X) NOJOKHTENbHE, NOITOMY B 3TOH
obnactu fi(x)=f(x) (cMm. (3.66)). CnenoBaTenbHO, COrJacHO
(3.73) nostyyaeM HepaBeHCTBO

( Fx)dx > _{ \f ()] dx+n+ 1. (3.74)
D, ’

fi

_"un.

O6o3nauum yepes D,* o6bvenunenne D, u P, Torza, ckaangmb-
Basi HepaBeHCTBO (3.74) C HepaBeHCTBOM

{ Fwdez— [/ dr,
Bn

Dy

3aBE€IOMO clipaBedJIMBBIM A qucnpoaa}moro HaMH n, MNOJNy4uM

jf(x)dx>n+1. (3.75)
B!

n

Ecnu aas GHKCHDOBAHHOTO HAMH HOMEpa A M3 ABYX HHTErpajioB
B npasoii yactH (3.71) 66apwuM (HJIH paBHHIM nepsoMy) Oyaer
BTOpPOH, TO, NpOjesaB aHaJOTHYHBle npeo6pa3oBaHHsA, YUHTHIBAA,
uto B o6aactd P, [-(x)=-f(x), noJyusuM HepaBEHCTBO

[ fwdr< —n—1. ’ (3.76)
2.

n

H3 coornowenusr (3.75) u (3.76) caeayer, uro anaa Jawoboro
n=1,2, ...

| § 1G)dx|>n+1. (3.77)
2

Iocnenosatenshocts obaacredl {D3.} yROBJIETBOPSIET BCeM yCaO-
BHSAM omnpejeseHus 1, kpome, ObITb MOXKET, YCJOBHA CBS3HOCTH 00-
nacteii  Dj, (cBA3HOCTL o6aacteii D morna GbiTb HapylieHa IpH
orGpaceiBaHuu u3 P, Tex obaactell P,, Ha KOTOpBIX TOYHAs HHX-
HsASl rpaHb m; paBHa HyJo). Masod degopmayueii cOeraem 3TU
o6aacTu c8a3HbIMU ©).

Coenunum Kaxayio obgaacts Prius P, ¢ o6aacteio D, m-mepHoii
Kybupyemoit cBsa3Hoit obaacteio K.f (kotopylww OyleM Ha3HBaTh

8 VImeHHO 3TOT MOMEHT JOKa3aTesibCTBa CYIIECTBEHHO HCIOAb3YyeT TpeGoBaHHe
m=>2 (npu m=1 onuchiBaeMHe paccy>XJEHHs He NPOXOASAT).
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CBA3KOH HJAH KaHaJaoM) Tak, 4Tobnl NHOJyueHHOe MHOXECTBO
crano cBs3HHIM. Ilockoabky uucio oGaacreft P,' B P, KOHeuHo,
TO ¥ YHCJO KaHaJoB koHeuHo. O6o3HauuM obbeAuHeHHe BCeX KaHa-
JoB uepe3d K, Hanoxum orpanuuenne Ha m-Mephuil o6veM V(K,)
KaHaJIoB.

Tak kak ¢yHruus f(x) uHTerpupyema, a cJelOBaTeJbHO, H OF-
paHHyeHa Ha P, TO

i dx| < [ 1F0)] dx < M-V (K,),
K, R,

rpe M=sup |f(x)|. TlorpeGyeM, urofu m-MepHulii o6beM KaHa-
Pn
ao0B V(K,) yroBaerBopsan ycaosrio V(K,)<1/M. Toraa
|§ fnde|< 1. (3.78)
K

n

U3 nepaBencrsa (3.77) n (3.78) noayuaem axas moboro n Hepa-
BEHCTBO

[ _S_ f(x)dx ‘ >n. (3.79)

L
D, UKy

ITocnepoBaTesnbHOCT CBA3HHE X  KyOHpyeMbix  obJacreit

»
{Dsn|J Ksn} MOHOTOHHO HcuepneiBaer o6sacts D 7). i3 HepaseHcT-
Ba (3.79) caeayer, YTO NOCJENOBaTENbHOCTb HHTErpajioB B JeBOH
YacTH 3TOro HepaBeHCTBA PAaCXOAHTCH, T. €. HeCOOCTBEHHHIH HHTer-

pan Yf (x) dx pacxoaurca. Ho no yc/oBHIO TeOpeMH! 3TOT HHTEr-
paa cxoautcs. [TonyuenHoe npoTHBOpeuHe AOKaswlBaeT clipaBeAJH-
BOCTb Hallero yreepxAeHHs. TeopeMa MONHOCTBIO JOKAa3aHA.
4. fnaBHOoe 3HauyeHHe KpaTHHIX HecoOcTBeHHbIXx MHTerpaaos. OGo-
3Hauum uepes B(R, x,) m-MepHu wap paauyca R ¢ UEHTPOM B TOU-
K€ Xo, ¥ NIyCTb HayaJlo KOOPAHHAT HaXOAHUTCA B TOuKe 0= E™.
Onpenenenne. ITycro dynxyua f(x) onpedesnena npu acex
x=Em™ u unrespupyema 8 kamdom wape B(R, 0). bydem zosopurs,
40 QyHkyus f(x) unreepupyema no Kowu 8 E”, ecau cy-
wiecrsyer npedea

lim g f (x) dx.

R>= pro)

3ror npedes mv 6ylem HA3LIEATE 2AABH LM 3HAHEHUEM HECOD-

" Mu 6epem {D*;aK2.} Bmecro {D*,UK,}, uTo6H yZOBJETBOPHUTH YCIOBHIO
D2nlJKzn&D2(n +1)UK2(n41) ¥3 onpenenenus 1.
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cT8enH020 unreepaisa or Gyuxyuu f(x) 8 cmeicae Kowu u o603naware
CUMBOAOM :

V. p. Sf(x)dx—hm g' f(x)d

-—V(D

B(R.0)
- ?pﬂ-mep. Herpyano nposeputs, uto Ans QyHKUHH [(X, y)=X
B E
xdxdy =0,
B(R,0)
TeéM caMuM GyHKuUHA f(x, y) =x unrerpupyema no Komu B E2 u

V. p. ! xdxdy = 0.

OrmeTuM, 4TO HECOGCTBEHHBIH HHTErpa fxdxdy PaCXOLHTCS.
Ei
B cayuzae, koraa ¢yHkuus f(x) mMeeT 0CcOGeHHOCTh B HEKOTOpPOH
TOuKe Xy obnactH D=E™ u f(x) uuTerpupyema B KaxjoH objactH
Dr=DN\B(R, x), rae B(R, x;)=D, uurerpan B cMmucie Koux BBO-
JOHTCS Kak Tpejen:

V. p. jf(x)dx:lim S'f(x)dx.
b R0

Dgr



I'maea 4

KPHBOJIMHEAHBIE HHTETPAJIbI

B sT0#i rnaBe MH nepeHeceM NOHSATHE OAHOMEPHOIO ONpejeseHHO«
TO HHTerpaJsa, B3STOrO MO NPSAMOJHHEHHOMY OTpe3Ky, Ha cayua#,
Korja o6J1acTbIoO MHTErpHpOBaHHA SBJAAETCA OTPE30K HEKOTOpPO# miaoc-
KOfi HJIH HpPOCTPaHCTBeHHOH KpuBOH, Takoro poja HHTerpa/JH Ha3hl-
BalOTCA KPHBOJHHEHHBIMH.

§ 1. NOHATHA KPUBOJIMHEANHbIX HHTEIPAJIOB
MEPBOTO KU BTOPOIO POJIA

PacemorpuM Ha miockoctH Oxy HEKOTOPYIO CIPSIMASEMYIO KPHBYIO
L, HEe HMEIOUIYI0 TO4YEK camonepeceqeﬂuﬂ H y4YacTKOB CaMOHaMNeraHusa.
IlpennonoxuM, 410 3Ta KpHBas ONpPeReNsieTcAs NapaMeTPHUECKHMH
ypaBHEHHSIMH
[ x=9();

y=19(1)

H cHadala OyaeM CUHTaTb €€ HE3aMKHYTOH H OrpaHHYeHHOl TOUKaMH
A u B c xoopaunatamu A(p(a), ¢(a)), B(e(b), (b)).

ITycte Ha kpuBoit L=AB onpegenensl Tpu ¢yHkunu: f(x, y),
P(x, y), Q(x, y), Kaxkxas H3 KOTOPLIX SIBJSETCA HENpepHBROM (a Cle-
JIOBaTeJIbHO, H PaBHOMEPDHO HeNpepHBHOW) BJAOJb 3TOH KPHBOH
(rak, aas Qyskuuu f(x, y) 3TO O3Havaer, uTo AJas Joboro >0 Haii-
nerca §>0 rtakoe, uto |f(M,)—f(M2) | <e ana awbuix Touek My, Mo=
&L, paccTosiHHe MeXIy KOTOPHIMH MeHblie §).

Paszo6nem cerment [a, b] npu momoum Touek a=rli<t<fr<...<

(a<t<b), (4.1)

<!p=b Ha n YaCTHYHHIX CErMeHTOB [f—1, L) (k=1, 2, ..., n). Tlpn
3TOM KpHBas L pacmalaercs Ha 7 4acTHYHBX ayr: MM, M\M,, ...,
ceey MM, rre Toukn Mp(xe, y&), k=0, 1, ..., n, HMEIOT KOOPAH-

HaTel Xp=0 ({r), Ye=9 ({).
BriGepem Ha Kama0d yacTuuHOM ayre Mz M, IpOM3BOJBHYIO TOY-
KY Na(Er, Nz), KOOPAMHATH KOTOPOH OTBEYAIOT HEKOTOPOMY HpHHaAJe-
KaieMy cermenty [f.—;, f.] 3HaueHHIO T, nmapamerpa f, Tak uTO Ez=
=@ (Te), Ne=1p(tx). O603HauuM cumBojOM Al, ANHMHY k-H YacTHYHOH
ayru M. M, (k=1, 2, ..., n). Kak 6n10 nokasaxo B § 10 ra. 10
4. 1, ana Al, B cyyae riaakoit KpEBoO# cnpaseqimmBa fopmyia
Y

A= | VIe'OF+ [V OF d. (4.2)

fpa
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HasoBem fnameTpoM pa3bueHus KpuBoO# L uncio
A= max Al,.
1<Chn
CocTaBHM TPH HHTErpajbHbie CyMMbI:

0= Z f (B M) Al (4.3Y)
k=1

0p=Y" P (&, M) Axi; (4.3%)
k=1

03 =Y Q(&, ") Ayy; (4.3%)

k=

The Axe=Xr—Xp-1, AYr=Yr—Yr—1.

Onpenenenue 1. Hasosem uucro I npedesrom unrtee-
pasvnold cymmo os (s=1, 2, 3) npu crpemaenuu K Hyao dua-
Mmerpa pasbuenus A, ecau 0as arwboeo >0 xHadderca §>0 raxoe, 4ro
(Hezasucumo or sovtbopa touex N, na uactudnex Oyeax M, M)
los—1I| <se, kak ToabK0 A<,

Onpenenenune 2. Ecau cywecrsyer npedes unreeparbhol cym-
MoL 0y npu A—0, To aror npedes Ha3vieaeTca KPUBOAUHEUHbBLM
Uuntezpasom nepsoeo poda or pyukyuu f(x, y) no xpusoi
L u obosnauaercs oGHuUM U3 cums0408:

5 Foogydl wmn  f(xyydl. (4.4%)
AB
Onpenenenue 3. Ecau cyujecteyer npeden uxrespaibHoll
cymmor oy [coorsercTaenno os] npu A—0, To aTOT Npedea Hazvi8aeTCA
KpusoasuHnedHoLM URTEZPAAOM BTOPOEO poda OT GyHK-
yuu P(x, y) [ Q(x, y)] no xpusoti L=AB u o60o3rauaerca cumsorom

5 P(x, y)dx [coomerc'meﬂﬂoj Q(x,v) dy}. (4.4%)
CyMMy - - AB AB
{ Plr,yyde+ | Qrp)dy
4B 4B

NPHHSTO Ha3HBaTh OO ILLHM KpHBOJIHHeﬁHbIM HHTErpajomM
BTOporo pozxa u 00603HayaTh CHMBOJIOM

{ Pl g)de+Qx, y)dy. (4.49
AB

M3 onpeneneHusi KPpUBOJIMHEHHBIX HHTErpajioB CJedyer, YTO:
1) kpuBoMMHeHHBIE HHTerpas IEpPBOro poja e 3aBHCHT OT TOrO,
B KakoMm Hanpasieeud (0T A Kk B win ot B x A) mpoberaercs xpuBas
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L, a nas gpuBOJAWMHeHHOro HHTerpaja BTOPOTO pOJa H3MEHEHHE Ha-
NpaBJeHHs Ha KPUBOH BelleT K H3IMEHEHHIO 3HaKa, T. €.

{ Py dr+Qx p)dy=— | Plx,y)dx+Q(x ) dy;
AB BA

2) ¢u3MYECKH KPHBOJKHENHbI MHTerpas nepsoro pofa (4.4})
npeacrasasier co6oi Maccy KpHBO# L, JuHefiHas MJIOTHOCTL BAOJb KO-
TOpoii paBHa [(x, y); oOWHIl KPHBOJIHHEHAHBIA HHTErpaJ BTOPOro poaa
(4.4%) ¢u3uyecku npencrabaser co6oit paboTy Mo NepeMelleHHI0 Ma-
TepHaJbLHON TOYKH H3 A B B Brosb KpuBO#l L mold HAeHACTBHEM CHIIHI,
uMeloueit coctaBasiomue P(x, y) u Q(x, y).

3ameuanne. [das npocrpaHcTBenHol Kpusoil L=AB anajorny-
HO BBOJASTCS KDHBOJHHEHHLIH MHTerpaJj nepsoro poja gl f(x,y,2)dl

AB
K TPH KPHBOJHHEHHBIX HHTErpaja BTOPOro poaa

[ Pwu2dy, [ Qoy2dy, | Rixyg2)dz.
AB AB AB

CyMMy Tpex moc/aeAHHX HHTErpajioB IPHHATO Ha3hHBaThb OG6ILHM
KPUHBOJHHEeiHBM HHTerpaJoM BTOpOro popxa H o6o-
3HayaTb CHMBOJIOM

[ P(x,y,2)dr+Q(x,4,2)dy+ R (x,9,2) dz.

AB

§ 2. YCJIOBUA CYIUECTBOBAHHUA KPUBOJIMHEAHBIX
HWHTETPAJNOB

Onpeneneunne. Kpusasn L Haseisaercs earadkodl, ecau
Gynkyuu @ (t) u Y(f) us onpedessrowux ee napamerpudecKux ypas-
Henuid (4.1) umeror Ha ceemenre [a, b] HenpepvigHbie npPou3BOOHbBLE
@ (1) n Y () (1. e. npoussodusie nenpepvisrol 8 unrepsase a<t<b
U 064a0ai0T KOHEYHBIMU NPeOeAbHELMU 3HAYEHUAMI 8 TOYKe a4 Cnpasa
u 8 ToUKe b caesa).

HanomunM, uto B ra1. 13 4. 1 Mbl JOrOBOPHJIKCH HAa3BBaTh 0 C O 6 bi-
MHE TOYK2aMM IIagxoi XpEBOH L TOYKH, COOTBEICTBYIOIIME TOMY 3Haue-
HMIO Napamerpa t m3 [a, b], nna xotoporo [@ ()2 +[¥ (H]*=0, T. e. obe’
NPOH3BOAHbIe 06pallalOTC B EyJdb, Te TOYKH KpuBO#l L, A KOTOPHX
[¢/ ()PP’ (£)]*#0, Mbl Ha3BaiH O6LIKHOBEHHBIMM TOUKAMH.

Teopema 4.1. Ecau kpusasn L=AB ssaserca earadxotl u ue co-
Oepxcur ocoboix Tovex u ecau pynxyuu f(x, y), P(x, y) u Q(x, y)
HenpepolBHo, 60046 ITOU KPUBOH, TO KPUBOAUHELHble UHTEZPAALL
(4.4') u (4.4%) cywecTsyroT U Mmoeyr GoiTb BbLYUCACHBL NO CALOYIOWUM
Popmysum, CBOOAUUM 3TU KPUBOAUHEUHbIE UHTEZDAAbL K OObLYHbLM
onpegdeneHHbIM UHTE2DAAAM:
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b
S fx,y) dl=5i[¢ O v OIVIe OF + ¥ (OP dts (45"

AB
. .
[ Plx,pydx=[Plo®), v(O] 9’ (O dt; (45
AB a .
, i o
[ ydy=[Qle@, v®1¥ () dt. (4.5
AB a .

HoxasateanctBo. [Ipexnae Bcero oTMeTHM, 4TO ONpejeseHHbE
HHTErpaJbl, cTosllMe B NpaBhX yactax dopmya (4.5'), (4.5%), (4.5%),
CylUecTBYOT, 60 OpH CHENaHHBIX HaMH NPEANOJNONKEHHSAX HOXBIHTEr-
paibHble QYHKUMH B KaXIOM M3 3THX HHTErpaJjoB HENPEpHBHH Ha
cerMenTe a<i<b.

OtMeTHM TakKe, 4TO BHIBOX cooTHowWenui (4.5?) u (4.5%) nas kpu-
BOJIHHEHHBIX HHTerpaJjioB BTOPOTO pojJa BIOJHE AHAJOTHYEH, NMO3TOMY
Mbl GyneM BBIBOLUTH TOJbKO cooTHomenus (4.5') u (4.5%) H OQoKasbl-
BaTh CyllecTBOBaHHe HHTerpanon (4.4!) u (4.47).

Kak u B § 1, paso6bem cerment [a, b] Ha n 4aCTHYHBIX CErMEHTOB
[te—y, &], k=1, 2, ..., n, n cocraBuM HHTErpaibHble cyMMH (4.3!),
(4.32). YuUTEHB2s COOTHOLIEHHE (4.2) u cooTHOWeEHHE

t,
Axy =0 (1) — @ (thm1) = f ¢’ (1) dt,
Y

npeACTaBHUM HHTerpajbHble cyMMu (4.3') u (4.3?) B caenylomeMm Buie:

=y {flo(w), ¥ (va)] j VI OF + [¥ (0P di};

k=1 -1
n ¢
Z {P9i(w), ¥ (w)] f @' () dt}.
k=1 L

O603HauuM Onpene/eHHbIE HHTErpaJbl, CTOALIHE B NPABHIX YacTiX
¢opmys (4.5') u (4.5%), coorBercTBeHHO uepe3 [; u [; H IpencTaBHM
STH HHTerpaJsl 10 cerMeHty [a, b] B Buje CyMMBH 71 HHTErpaJjoB 1o 4a-
CTHYHBIM cerMeHTaM [te—1, fa], k=1,2,...,n

PaecMOTpHM H OLeHHM pasHOCTH

n 1t

o—L=Y [ {flo () v@)]—Flo®, vO} VIe'OF + ¥ OFd,

k=1 1,

(4.6Y)
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n %
}: f [@ () $(v)]—Plo (1), 9]} @ () dt.  (4.6%)
k=11, 4

. TIlpn caenannbix Hamu npelmosioxkenusx o OyHruusax f[(x, y),
P(x, y) u pynxunsx (4.1) oyukunu flo(f), ${f)] u Ple(?), (1] xax
CNOXKHble (PYHKUMH apryMenta ! HenpepblBHHI Ha cerMente a<i<b,
a cJelloBaTe/bHO, H DaBHOMEPHO HelpepbiBHLI HAa 3TOM CEIMEHTe.

3aMeTHM Tenephb, UTO NPU CTPEMJEHHH K HYJIO AHaMeTpa pasfue-
HHS A KpuBOH L crpeMuTcsi K Hya10 # Haubosbuwiag u3 pas’HocTel
Aly=tp—tp_;. _

HeiicTBuTennHo, Tak Kak ¢ynkuun ¢’ (f) u ¢’({) HempephiBHH Ha
[a, b] n He ob6pawiaiorcst B Hy/Ab OLHOBPEMEHHO, TO

%
m= gm Vie OF+[ (OF>0u Aly,>=m 5 dt =mAt,, 1. e.
T

Al < L Al,  (Mubl yanu dopmyay (4.2) mas pauusl Alg).
m

Takum oGpasoM, aas Jawboro >0 MoxHO yxkasate 6>0 raxoe,
uro npun A<§ ¢urypHas cko6ka B ¢opmyde (4.6') no MoAyaX MeHb-
e g/l, rae | — anuna xpueo# L, a durypHas cxobka B (4.6%) no mo-
AYA0 MeHblle ———8———, rae M= max |¢’(f)].

M(b—a) a<i<h

IMonaras, uro auamerp pa3bueHus A MeHbIle §, MOJYUHM I8

pasHocreli (4.6'}, (4.62) CAeAYIOILHEe OLEeHKH:

|m4|<,2\v%um+waWM=%;Mfw
: =1

k=11, ,

m—m<Mwa)2j|wmm ST LMF&-

k=11, ,

Hrak, MBI 10Ka3a/iu, YTO HHTErpadbHElE CYMMHl O H Op npH A—0
MMEIT [pejenbl, cOOTBeTCTBeHHO paBuBe [; u ls. Takum obpa3som,
JI0OKa3aHO CYUIeCTBOBaHHE KDHUBOJHHEHHBIX HHTerpajior (4.4'), (4.4%)
H ClnpaBeAJHBOCTb AJsi Hux ¢opmya (4.5'), (4.5?) cooTBETCTBEHHO.
OrMernM, uTo npu BeiBoge Qpopmyast (4.52) Mbl He HCHIOJAB3OBaJIH yC-
JIOBHA HeMNpepniBHOCTH ¢yHKUUH ' (f). Teopema noxasana.

Sameuanune |. Byzem HasmBath KpPHBYI0O L KYCO4YHO riaaf-
KO, ecTn OHa HenpeprHBHA H pacnajaercsl Ha KOHEYHOe UYHCJIO He
HMEIoLHX OOUMX BHYTPEHHHX TOYEK KYCKOB, KaXKAbIi H3 KOTOPHX
npeacrasasier cobofi riaakyio KpHBY0. B ciayuae KycouHO TyaiKoR
KpuBoX L KpuBOJIMHelHLle HHTErpaJibl NO 3TOH KPHBOH eCTeCTBEHHO
onpeleNHTh KaK CYMMBbl COOTBETCTBYIOIIHX KPHBOJHHEHHBIX HHTErpa-
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JIOB 1O BceM IJIaAKHM 4acTaM, cocTaBiasiiouium kpubylo L. Ilpu stom
pasencrBa (4.5'), (4.5?), (4.5%) 6ynyr cnpaBelJiMBBL M JIJIS1 KyCOUHO
FJIagko# KpHBOH L. DTH paBeHCTBa cnpaBeJJIUBH M B clyuae, KOrjd
¢yukuun f(x, y), P(x, y) 1 Q(x, y) ABAKOTCA JHULIb KyCOUHO Hempe-
PHIBHBIMH BJOJb KpuBOH L (T. e. koraa kpuBas L pacmapaercs Ha Ko-
HeYyHOe YHCJO He MMEIOUIHX OOHIHX BHYTPEHHHX TOYeK KYCKOB, BAOJb
KaXJ0ro u3 KOTOPHIX YKa3aHHble (PYHKIHH HeIpephIBHEI).

3ameuanune 2. AHaJOrHuHBle pe3yJbTaTel H (OpPMyas crpa-
BEJVIHBH H JJIs1 KPMBOJHHEAHLIX HHTErpaJjioB, B3fiTHIX MO NMPOCTPaHCT-
BEHHOH KpPHBOH

L=AB={(x,4,2): x=¢(t), y="9(t), 2=y (t) mpu a <t < b}.

Tak, GopMyJH i BBHIUHC/AEHHS 3THX HHTETPajioB HMEIOT CJAEAYIOUIHA
BHA:

b
[ fx g 2)dli= 5 Flo @), (1), x OV o O + 1% (OF + [x (O] dt;
B a

A

b
[ Pxy 2)de=[Plo®), (), x (O] @' () dt;

AB

b
f Qx, 9,29 dy= S Qe (), v (), x (O]’ (1) dt;
AB a

b
{ R(x, g 2)dz= [ R[®(0), (1), x (O] (D) dt-
AB a

3ameuanue 3. Boie GBJIO OTMEUEHO, YTO KPHBOJHHEHHBIH HH-
Terpan BTOPOro pojAa 3aBHCHT OT HampaBjeHHs o0XoAa KpuBoi L—
=AB. TlostoMy cnelyer QOrOBOpPUTbCSL O TOM, 4TO Mul OyJdeM MOHH-
MaTb MOA CHMBOJIOM

5P<x, y)dx+Q(x, y) dy (4.7)

B cjlyyae, Korga L — 3aMxHyTas KpHBas (T. e. Koraa Touka B coBna-
Jaet ¢ Touxoi A).

M3 1Byx BO3MOXKHBIX HalpaB/jeHHH 06x04a 3aMKHYTOrO KOHTypa
L nasoBeM MOJMOXHTeNbHHM TO HanpaB/AeHue 00xona, NMPH KO-
TOpPOM 0G6J1aCTh, JieXalllass BHYTPH 3TOr0 KOHTYPa, OCTAE€TCs [0 JIEBYIO
CTOPOHY IO OTHOWIEHHIO K TOYKe, coBepllaiouied o6Xol (T. e. Hampas-
JeHHe JBUKEHHUS «IIPOTHB YaCOBOH CTPEJKHY).

Bynem cuurarb, yto 8 unrezpase (4.7) no 3amKHYTOMY KOHTYPY
L aror xontyp sceeda 06X00UTCA 8 NOAONCUTEALHOM HANPABAECHUL.

B cayuae, xorza Heo6xX0OHMO MOAYEPKHYTb, YTO KOHTYp L 3aMk-
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HyT, OyAeM HCMOJAb30BaThb Caeldyioulylo (opMy 3anHCH HHTErpana
{(4.7):

;ﬁP(x,y)dxwLQ(x,y)dy-

3ameyaHnue 4. KpusonuHefinble HHTerpaasl o6Jafalor TeMH Ke
CBOHCTBaMH, YTO H OOBIYHBIE ONpejeJeHHBle HHTerpatibl (ZOKa3aTelb-
CTBa aHAJOrHYHBI M3JOXKEHHBIM B § 4 ra1. 9 4. 1). OTMeTuM, yTO NpH
f0oJiee XKECTKHX NPEANOJOKEHHAX YKa3aHHble CBOHCTBA cpasy BHITEKa-
10T 13 dopmya (4.5'), (4. 52) (4.5%). Ilepeuncaum sTH cBoficTBa NpH-
Menmenbuo K KPHBOMHHEHHBIM HHTErpasaM NepBoro poaa.
JIunelinoe cBo#cTBO. Ecau 0Oaz dJymcuuu flx, y) u
g(x, y) CYWecTsyrOT Kpusosurelinsie unteepaast no kpugoi AB u ec-
Au o u B — aoboie nocroarteie, To 048 pyuxyuu [of (x, y) +BE(x, y)]
TaKxe CywecrTsyer Kpusosunetnelll unteepas no xpusoii AB, npuvem

[ f ) +Betyldi=af f(x,g)d+8 | glxy)dl.
AB AB

AB

2. AagauruBuocts. Ecau dyea AB cocrasiena us dsyx Oye
AC u CB, ne umerowux o6ujux. BRYTPEHHUX TOYEK, U eCAl OAR QYyHK-
yuu f(x, y) cywecrsyer Kpusosunetinsii unreepar no dyee AB, 1o

0258 310l PynKyuu cywecTeyer KpusoAunetinsul unreepas no Kaxdod
u3 oye AC u CB, npuuen

{ Fegydi={ fx,pydi+ | Fix pal.

AB - AC CcB

3°. Onenxa MOAyJas HHTerpaJa. Ecau cyuecrsyer Kpu-
soaunednoil unteepas no kpusoi AB or pyuxyuu f(x, y), To cyue-
creyer u Kpusoaunelnoll unreepas no xpueod AB or ynkyuit
{f(x, y) |, npusen

|§ Fenpdi|< [ 1FGnw)1de
AB AB

4°. PopMysna cpelAHEro 3HAayYEHHH. Ecau  ynryus

f(x, y) nenpepoisna edosv xpusoti AB, To na 310l Kpusoi naiiferca
Touka M rakas, 4ro

{ rwga=ian,

20e | — dauna xpusotl AB.

3aMeuaHue 5 B NOMHOA aHANOMMH ¢ H3MOMEHHOH 31eCh TeO-
puell KDHBOJIHHEHHOrO HHTerpaia Ha IVIOCKOCTH CTPOHMTCS TEOPHsS KPH-
BOJIHHEHHOro HHTerpana B npocTpancTBe E™ ' (n>2).
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ITpumepsn. 1° Haiity aauey OAyrH OpOCTPaHCTBEHHONH KPHBOI
L, onpejensieMol NapaMeTPHYECKHMH YpPaBHEHHSIMH

x=e'cost, y=e'sint, z=e!' npun O0<i<2n.
3anaya CBOAUTCH K BHIUHCJIEHHIO KPHBOJIHHEHHOrO MHTErpaja mep-
Boro pofa [ ldl. C nomoupio GopMyJinl M BLIYUHCAEHHS KPHBOJH-
. L

HEAHOrO HHTerpajia. NepBOro poja, NPHBEAEHHOH B 3aMeyaHHH 2, No-
AYYHM

5 1di= zf VileTcosty P+ [(esint) P+ [(e) P dt =
L 0

2%
= S Ve te ¥ tettdi=y3 (1—e ).
J :

2°. BeIyMCJUTH KPHBOJIHHEHHbIA HHTErpaJj BTOPOrO pojia

I={ (x+y)de+(x—y)dy,
AB
2 2
B KoTopoM AB — uactb 3JJHICA -52—+—z7=1, y>0, A(a, 0), B(0, b).

yKHSaHHle KpPpHBYIO MOXHO 3aJ4aTb NapaMeTPHYCCKHMH YDaBHCHHAMH

x=gqcosf, y=>bsint npu 0 <¢ \<~g—.

IMostomy ¢ noMompio hopmya (4.5%), (4.53) noayuum
/2
I= g [(acost+bsint)(—asint) + (acost—bsint)bcost] dt =
‘ 0

14
N e ol T ats
_[ 2 sin (20)] + ———— cos (2t)} 0 .

OrmernM, uTo neamHTErpajbHoe BHpaxenue (x+y)dx+(x—y)dy
ABJSIETCs NHONubM AdQdepenHHansoM QyHKIAH

x% — 2
u(x, y):——2 Y +xy.
Kax Gyner nokasano B ri. 6, u3 3T0ro (akra ciaeiyeT, YTO HHTErpas
I He 3aBHCHT OT KYCOYHO TIJIa/IKOTO MYTH HHTErPHPOBAHHSA, COELHHSIO-
uero ToukH A W B (paccMoTpenHas uyacTh 3JJMICA — JHINL OAHA H3
TAaKHX KPHBLIX), H PaBeH PasHOCTH '
a? - b?

u(B)—u(A)=u(0, b)—u(a, 0) = — =



Fnaea 5

NOBEPXHOCTHBIE HHTETPAJIbl

- B 310l raaBe GyneT paccMoTpeH Bompoc 006 HHTerpHpOBaHHH
(PyHKUMH, 3afaHHBX Ha NOBEPXHOCTAX B TPEXMEPHOM eBKJHJIOBOM
npoctpaHcTBe E3, a Takke Hccjtefyercs BONPOC O NOHATHH NOBEPXHO-
CTH H NOHSATHH IJIOWaJH IOBEPXHOCTH.

§ 1. NOHATHA NOBEPXHOCTH U EE NMJIOIAAH

1. TloHATHe MOBEpPXHOCTH.

Onpenenenne 1. Orobpasxenue | obractu G Ha nAoOCKOCTU HA
MHOMcecTeo G* TpexmepHoz2o RPOCTPAHCTSA  HA3bIBAETCA 20 MeO-
MOpOHOM, ecau 3TO OTOGpaxcerue OCYW,ECTBAAET B3AUMHO OOHO-
3Ha4Hoe coorsercreue mendy Toykamu G u G*, npu xkoropom xasoas
pyndamenrarsras nocaedogaresvrocte To4ek G nepexodur 8
pyHdamentarbryro nocaedosaresvrocTe T04ex G* u, HaobOOPOT, KAXC-
odas ¢yndamenrarvnas nocaedosaresvHocts To4ex G* ssasercs 06-
pasom pyndamenrasvroli nocaedoeareavrocru rovek G.

Onpenenenune 2. Orobpasenue f obaacru G na G* waseisaer-
CAAOKAALHO 20MEeOMODPHOM, ecau y kaxdot Toukuy G ecto
DKPECTHOCTb, KOTOPAR 20MeoMOppHO oTObpaxcaerca Ha c60ti obpas.

Onpenenenune 3. Obaacro G na naockoctu. T Hassisaercs
INEeEMERTAPHROU, ecan 3Ta 064acTs A8A8€TCA 06PAZOM OTKPBITO20
kpyea D npu eomeomoprom orobpascenuu 3roeo kKpyea HaA HAOC-
Kocre. T.

Onpenenenue 4. Csasnan obracte G na naockocru T na3el-
8aerca npocrol, ecau awbas Touka G umeeT OKPECTHOCTb, ABARIO-
WYOCR 3AeMERTAPHOL 06.AaCTbI0,

Onpenenenue 5 Mroxecrso rowex ® npocrpancrsea Hasvisa-
€TCR NOBEPXHOCTH IO, eCAU ITO MHONECTB0 fBAAETCA 06pa30M
npocrod naockoi obaacty G npit A0KAALHO 20MEOMOPHHOM OTOGpA-
acenuu f o6aactu G 8 npocrpancreo E3.

B nanbHefinleM MBI JOrOBOPHMCS Ha3bhiBaTh OKPECTHOCTHIO
TOYKH M nosepxHocTH P noaMHOXKecTBO To4eK P, mpuHai-
Jiexaulee okpecrHocTu Touky M B E3,

IIpumep. Ilycte G — npocras obaacte Ha miockoctd Oxy (Ha-
npumep, Kpyr), (¥, y) — KoopAHHaTH Touek MeG, z=z(M) — He-
npepuiBias B G ¢ynkuus, G* — rpadux stoft byuxkuun. OueBnano,
oro6paxenne f obnacty G Ha G*, 3afaBaeMoe COOTHOINEHHSIMH
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x=u, y=v, z=z(u,v),

siBJIsieTcsl ToMeoMOp(PHEIM oToOpaKeHHeM 3Tol 06JacTH Ha MHOXKeCT-
Bo G*, a ®=G* aBjsgeTcs NOBEPXHOCTHIO.

[Tycts Ha maockoctu (4, v) 3amana npoctass o6aacte G u Ajas
BCeXx TodeK 3TOH o6JjacTu onpeneneHsl TPH QYHKLHH:

x=x(u, v), y=y(u, v), z=2z(u,v), (5.1}
HJIH, YTO TO XKe caMoe, OAHA BeKTOpHas (PyHKuuA
r=r(4, v), (5.1)

rle r(u, v). — BeKTOp ¢ KOMNoHeHTaMHu x(u, v), y(u, v), 2(u, v).
ByneM cunTaTh BHINOJNIHEHHBIMH CJAeAylOllHe ABa TpebGoBa-

Husa A:
1) ¢ynkuuu (5.1) umeor B obGaacTu ( HenpephIBHbIE YaCTHHE

HPOU3BOAHBIE NMEPBOTO MOPAAKA O NEPEMEHHHIM U H U;
2) Bciony B o6aacth G Martpuua

Ox dy 0z \

du du ou

A= (5.2)
Ox oy oz
du du du

HMEET paHr, paBHBIH ABYM.

YrBepxkaenue. [lpu eeinoanenuu 3tux Osyx rtpebosanuil A
mHoocecréo @ rouex, onpedensembix ypasHenusamu (5.1), npedcras-
aser coboil nogsepxHocTy, T. €. ABAsAeTcH 06pa3oM NAOCKoA obaacth
G npu n0KajipHO romeoMophrom oTo6paxenun G B E3.

Ilycts Nol{ty, vo) — awbas Touka G. SlcHo, uTO Majsas OKpecT-
HOCTh 3TOH TOYUKH OTOGpaxKaercd B Majldyld OKPECTHOCTh TOYKH
My(xy, yo, z), THE Xo=X(t4g, v), Yo=Yy (o, o), Zo=2z(Up, vy) (mAs
3TOro JOCTAaTOYHO, YTOOB QyHKUMH (5.1) sBAANHCH HENPEPHIBHLIMU B
{, 4TO B HallleM CJyuYae 3aBeJOMO BHINOJHSETCS).

Slcno rakxe, uto ecau N, (4n, U,) — dyHlaMeHTalbHasi NOCJAENO-
8aTEJbHOCTb TOYEK B MaJsiofi OKpecTHOCTH TouykuM Ng, TOo noclenoBa-
TeNBHOCTb- 06pa30B 3THX TOueK My, (Xn, Yn, 2n), TAe Xo=x(Nz), Yn=
=y(Nn), 2zn=2(N,), Takxke sBasgercs ¢yuiaMenraibuoii B ®. dro
cpa3y BhITeKaeT u3 HenpepnBHOCcTH ¢yHnxkuuit (5.1); Hanpumep, pas-
HOCTb |Xntp—Xn|=|X(Npip) —x{(Ns)| MOXKeT ObITE CHEN2HA MEHbLIE
nmpousBoabHOro yueaa >0 upu o (Nnvp, Nn) <8=06(e).

Ocraercs - 10Ka3aTh, 4TO Opu OTOGpaKEHHH, ONpelessseMOM ypaBn-
HeHusMH (5.1), kKaxkIolf Touke MHOxecTBa P H3 10CTAaTOYHO MaJoi
OKPEeCTHOCTH TOYKH My oTBeuaer ompejenentas Touka obsnacth G H3
MaJjloit OKpecTHOCTH TOuku Ny, npuuem .JII060H (yHAaMeHTalbHOH mo-
ciaenoBaTeNbHOCTH Touek {M,} H3. yka3aHHOH OKDEeCTHOCTH TOUKH My
OTBeuaeT (yHIaMeHTalbHas NOCaAel0oBaTelbHOCTh {Nn} Touek G.



§ 1. [onATHA NOBepXHOCTH K ee MJIOWIANH 177

Tax xakK B Kaxaoit Touke No(uo, V)G paur matpuun (5.2) pa-
BEH IBYM, TO B 3TO# Touke Ny OTJIHUEH OT HyJst XOTA Obl OJHH MHHOP
BTOpOro nopsiika Matpuubl (5.2).

Iycts 310 Gyner MuHop

Ox dy
ou ou
=M¢O B. Touke N,.
0x oy D(u, v)
duv dv

O6bepHHsAs 3TO YCJNOBHE C NEpBHIM M3 ABYX TpeGoBanmit A, npu-
JileM K BBIBOJY, YTO AJISi CHCTEME ’

{x(u, v)—x=0; | (5.3)
y(u,v)—y=0

B OKDPECTHOCTH TOYKH M, BHIMOJIHEHB Bce YCJOBHSI Teopembl KOnra —
Kosajsesckoro (cM. § 2 rai. 13 4. 1). Ilostomy cucrema (5.3) umeer
B OKPEeCTHOCTH TOYKH M, eluHCTBEHHOe HempephuiBHOe H AHpdepeHun-

pyeMoe pelieHHe
{u=u(x, % (5.4)

v=uv(x, y).

3T0 O03HayaeT, uTO CYLIECTBYeT roMeoMopdHoe oToGpaxKeHHe Ma-
JIO¥i OKPecTHOCTH TOuKH Noe( Ha MaJylo OKPeCcTHOCTb TOYKH
Py (xo, Yo) maockoctu Oxy. (B oany cropony sto oro6paxenue 3a-
HllaeTcs HempepHBHHMH GyHKuuaMH (5.4), a B APYIYIO CTOPOHY — Iep-
BHIMH [ByMsi cooTHoureHusimMi (5.1), B KoTopmix (yHKumH x=x(u, v)
H y=y(u, v) TakKe HeNpEpPHIBHLI, HENPEPHIBHOCThH M T€X H JAPYTHX
¢byHkunii obecneunBaer nepeBoj GyHAaMeHTaJbHOH MOCAEAOBATEJbHO-
CTH B OKPECTHOCTH OJHOH H3 Touek Ny uiH Py B DyHHaMeHTaIbHYIO
0C/IeA0BaTEbHOCTE B OKPECTHOCTH APYro# H3 3THX TOYEK.)

Ioncrasnsis ¢yrkuuu (5.4) B Tperblo GyHRuuIL (5.1), MoaydnM
HeNpepeBHYI0 B OKPECTHOCTH TOUYKH Pg(xo, Yo) DyHKLHIO

z=2lu(x, y), v(x y)l=g(x, y). (5.5)

Ota (yHKUHS OCyuUlecTBAseT roMeoMopdHoe oTo6paxKeHHe MaJoH
OKPECTHOCTH TOYKH Pg(xo, yo) miockocTd Oxy Ha Majnylo OKPECTHOCTB.
TOukH Mo (X0, Yo, 20) =P. Moxuo ckasatb, uto (5.5) mpoexrtupyer P
B MaJoif OKpecTHOCTH ToukH My Ha miockocrs Oxy.

Tak kak cynepnosuiuusi roMeoMOp(HHIX OTOOpaKeHUH NpeacTas-
Jasier co6Goil cHoBa romeoMopdHoe orobpakeHHe, TO roMeoMOpP(dPHO H
OTO6paXKeHHe MaJ/Iof OKpPecTHOCTH TOYKH Noes(G Ha Majyl OKpecr-
HOCTb TOUKH M.

Takum o6pasoM, MHOKecTBO @ Touek, onmpenesieMBIX YpaBHEHMs-
mu (5.1), NpH BHIOJHEHMH 3THX TpeGoBauuii A npeicraBisieT coboif
[IOBEPXHOCTD.

124314
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3ameuyanune 1. [loBepxHocts @, omnpeaensieMy0 ypaBHEHHAMH
(5.1), npu BLIMOJNHEHHH MEPBOTO W3 ABYX TpeGoBanuit A MpHHATO Ha-
3bIBaTh I'JaJKOWH, a NPH BHIOJHEHHH BTOPOro H3 TpeGoBaHHi A —
He uMewweld ocobHX TOUEK.

Hrak, MOXKHO cKa3aTh, YTO noBepxHocTs @, ompejensiemast ypas-
#eHHaMHu (5.1), npu BuimosiHeHHH 3THX TpeboBaHuil A, siBAsercs raai-
KOH H He MMeeT 0COGBIX TOUeK.

Gameyanune 2. [lonyrHo Mbl YCTaHOBHJIH, UTO Tagkas Ge3
©0COOHIX TOYEK NOBEPXHOCTb B JOCTATOYHO MaJOi OKPEeCTHOCTH KaX-
J0¥ U3 CBOHX TOYEK OAHO3HAYHO NPOeKTHpyeTcH XOTs 6bl Ha OAHY M3
Tpex KOOPJAHHATHBIX IJIOCKOCTEH.

Paccmorpum mosepxuocts O, onpenenﬂemym ypaBueuusamu (5.1),
JUUIsl KOTODHX BHINONHEHH! 1Ba Tpeéoaamm A

3anucaB ypaBHenus (5.1) B BekropHoM Buae (5.1"), BHACHHM
TEOMEeTPHYECKH cMbic/ BeKTopHo#l ¢yHkuuu r(u, v). Ecan dbuxcupo-
BaThb HEKOTOpoe 3HaueHHe U==U,=const u3 o6aactu (G, TO ypaBHeHHE
r=r(u, vy) Oynmer ompeleasTb KPHUBYIO Ha noaepxnocm &, HasmiBae-

My10 Koosz,nHa'rHon JHHKEeH, a BEKTOp -——(u vp) Gymer aB-

JIATBCS KacaTeJbHBHIM K 3TOH JIHHHH. AHanoquo OpH U==iy==const

ypaBHeHHe r=tr(up, v) OyIer ‘onpeleNsTh APYryi0 KOOPAHHATHYIO JH-
r o

HHIO, a BEKTOp T(u‘” v) Oyaer KacaTeJbHHIM K 3To#l JuHup. Ye-
v

pes Touky Mo(xo, Yo, 20), rAE Xo=x(Uo, Vo), Yo=Y (U, Vo), 2=

==2(Uy, Vp), GYAYT NPOXOLKTL 06e YKa3aHHble JUHUH.

Bropoe ycinosue Tpe6GoBanuit A, roBopsiuiee 0 TOM, YTO PaHr Mar-
pHUb (5.2) paBeH IBYM, T. €. YCJOBHE OTCYTCTBHUS OCOGBIX TOYeK,

T
03HAYaeT, YTO BEKTOPH —a——(uo, Up) H
u

or
. (#ay Uy), KOMIIOHEHTH KOTO-
Ll

PHX COCTaBJAIOT CTPOKH MaTtpHusl (5.2), ABJAAIOTCS JHHEHHO He3aBH-
CHMBIMH, T. €. HEKOJIJIHHEapHHIMH. JTO 03HayaeT, YTO 3TH ABa BEKTO-
Pa onpeiensdOT [JOCKOCTb, KOTOpast SHBJAfETCS KacaTeJdbHOH
NJAOCKOCTBIO K noBepxHoctH @ B touke M, HopmanbHbIl BekTOp
3TOH KacaTeJbHOH IJIOCKOCTH Ha3biBaeTcsi BEKTOPOM HODMaJaH
(a1 HOpMaabio) k moBepxuocty @ B Touke My DTOT BeKTOp

or
Moxer ObITh OnpefesNeH Kak BEKTODHOE NpPOH3BeleHHe BEKTOPOB ——
or
a—- Taxum o6pa3oM, BeKTOp
14
" or or
du’ v
or or
ou ' v
TIpeAcTaBAseT coGOf BeKTOp e IHHHYHOH HOPMAJH K IOBEPXHO-

<ctu ®. B cuny tpeboBauuit, HajoxKeHHBIX Ha QyHKuuu (5.1), atoT
BEKTOp HeMNpephiBeH MO 4 H U B HEKOTOPOH OKPECTHOCTH NPOH3BOJb-

n=

(5.6)
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HO# TOYKH NOBEPXHOCTH. B 3TOM ciyuae roBOpSAT, YTO 8 OKPECTHOCTU
2100064 TO4KUL 2AqdKol nosepxHOCTU 6e3 0coOblx TOYEK CyuiecTsyer He-
npepularHoe 8eKTOPHOE noae Ropmanei.

B uenom Ha BCed MOBePXHOCTH TAKOro HENPEPHBHOTO IOJA HOP-
Mazeil MOXeT H He CYUIeCTBOBAaTh.

[Tpumep. Jiluct MéEGuyca. Ecau ckiIeHTp npsMOyroJbHHK
ABB’A’ Tak, uto6n A coBrana ¢ B’, a B conana c¢ A’, noayuurcs
NOBEPXHOCTb, Ha3biBaeMmas suctom MéGuycall Ilpu obxoze mo
Jucry Mé6Gnuyca HopMalb MeHsieT HalpaBJeHHe Ha NPOTHBOIOJOXKHOE
(cm. puc. 5.1).

B nanvheiiieM 6yleM paccMaTpHBATh TOJNBKO Takue NOBEPXHOCTH
@, Ha KOTOPHIX B LI€JOM CYLIECTBYyeT HelpephiBHOE II0Je HOpMaJei.
Takue nmoBepXHOCTM NPUHATO HA3BIBATH ABYCTODOHHHMH.

IToBepxnocth @ Ha3bIBaeTcA MmO.J-

Ho#, ecan awbas ¢ynaameHTalbHas 8 : 8
NOCJeAOBaTeNbHOCTh TOUEK ITOH MOBEPX- Al ]A'
HOCTH CXOJHTCA K TOYKe 3TOH IOBepx- 84

HOCTH.
IMoBepxnocte (O Ha3bIBaeTcsi OTp a- ,\

HHYeHHOH, ecau CyImecTBYeT TpexMep-
HHH wiap, colepxXal(Hid BCe TOYKH 3TOH
MOBEPXHOCTH.

IMnockocts, cdepa, 31MUNCOUA, OLHO-
NOJOCTHHIH TIHIepbOoJIOH] -— NpHMepH
nonueix nosepxHocteli. Ilpu stom cde-
pa ¥ 3JIHACOMJ — OrpaHHYEHHHE IO-
BepxHocTH. Kpyr 6e3 rpanuunl, j11060e OTKPBEITOE CBA3HOE MHOXECTBO
Ha cepe — HENOJHBIE IOBEPXHOCTH.

B paabpHeifiieM Mbl OyneM paccMaTpuBaTh nosepxHocth P, onpene-
JseMy0 ypaBHeHUsIMH (5.1) M yIOBJIeTBOPAIOLIYIO HNATH TPeOOBaHUSAM:
OHa JoJxHa Obithb 1) raaakod, 2) 6e3 ocoObIX TOUEK, 3) ABYCTOPOH-
HeH, 4) moaHOK H 5) orpaHHYEHHOH.

2. BcnomorarteJibHble JI€MMBI.

Jlemma 1. Ecau ® — 2aadkas nosepxnocts u My — He ocobas
ee TO4KA, TO O0OCTATOYHO MQAAAS OKPeCTHOCTe Touku My odnosznasno
NPOEKTUPYLTCa HA KACATEAbHYI0 NAOCKOCTb, NPOXCOAWYIO 4epe3 Ato-
6yr0 TOUKY 3TOL OKPecTHOCTU. N

Hoxkasateabctso. Ilycrs okpectHoets @ Touku M, TakoBa,
uTO: 1) HOpManap B npejesax 3TON OKPECTHOCTH COCTaBJfeT ¢ HOP-
MaJblo B Touke My yros, Menpuiuii /4, 2) okpectHOCTh O OXHO3HAY-
HO TIPOEKTHPYETCs Ha HEKOTOpHIi KPyr B OAHOH M3 KOOPAHHATHHIX
niockocreii (Hanpumep, Oxy). Boamoxnocte Bhifopa Takoil oKpecT-
Hoctn @ BuiTeKaeT W3 TOrO, UTO B NpeABAyLIEM NYHKTe GBJIO ycTa-
HOBJIEHO CYILECTBOBAaHME OKPeCTHOCTH paccMaTpHBaeMoi Touku M,
obnajaromes AByMst CBOACTBaMHU: 1) B 3TOH OKPECTHOCTH CYLIECTBYET

Puc. 5.1

1) A. Mé6uyc — HeMelkhii MaTematuk (1790—1868).
12
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HenpephiBHOE BEKTOPHOe IoJie HOopMaJel; 2) 3Ta OKPecTHOCTb OJHO-
3HauyHO INIPOEKTHPYeTCs Ha OJHYy H3 KOOPAHHATHHIX NJOCKOCTeH (oue-
BHIHO, B 9TOH OKDECTHOCTH €CTh YaCTh, MPOEKTHPYIOILAACA Ha HEKOTO-
PHIH KpYr B KOOPAHHATHOH IJOCKOCTH). .

OrmeruM, uto Jilo6hie JABe HopMmaidu K ToukaM @ cocraBasioT
yron, MedbmH i /2. .

[TpeanonoxuM, 4to paccMmaTpuBaeMasr okpecTHocTh @ He mpoex-
THPYeTCSl OJHO3HAYHO Ha KacaTe/bHYI0 MJIOCKOCTb, MPOXOAALIYIO ue-
pe3 Hekortopylo Touky Me®@, Torma B 3TOH OKPeCTHOCTH HaRAyT-
cs1 aBe Toukn P u Q Takue, 4to xopaa PQ mapaieibHa HOPMasH K
@ B Touke M. PaccMOTPHM JHHMIO Tlepeceuenns D ¢ maockocTsio,
TapannenbHoli ocn Oz u npoxoisulel yepes xopay PQ  (npeanosa-
raeM, uto @ ONHO3HAYHO NPOEKTHPYeTCH Ha MJIocKocTh Oxy).
3TOH JIMHMY B CHAY TeopeMbl JlarpaHxka Halinerca Touka N, kacaTenb-
Hasi B KOTOpO# mapasnnenbHa xopie PQ, a moatomy napaJiiejbHa HOP-
Manu B Touke M. D710 o3Hayaer, yTO Hopmaau B Toukax M u N co-
CTaBJAAIOT yroa nt/2, uto nporuBopeunt BuiGopy @. ITonyuenxoe mpo-
THBOpeune y0exXAaeT Hac B CNpaBeAJHBOCTH JeMMH. JleMMma HoKa-
3aHa,

ByaeM roBoputh, YTO y4yacTOK NOBEPXHOCTH MMEET pa3MepH
MeHbme & (6>0), eciu OH JIEXKHUT BHYTPH HEKOTOPOro 1iapa pa-
auyca 6/2.

JTemma 2. [Jas eaadkoil ozpanuuennold noanoil nosepxroctu @
be3 ocobuix Touex naiiderca uucao 8§>0 Takoe, uro a06ol yuacToK
P, pasmeps. KoTOpo2o Mmerbuie 8, OOKO3HAYHO NPOEKTUPYETCA a) HA
O0HY u3 KOOpOUHATHLIX nAoCKocTel, 6) HA KACATeAbHYIO NAOCKOCTb,
npoxodauyro yepe3 A06Y10 TOUKY 37020 Y4ACTKA.

HokasatensctBo. Buile, B 3aMeuannu 2 U B Jemme 1,
JAOKasamy, u4To LA KaXAOH TOukM noBepxxocth O Hafiferca nocra-
‘TOYHO MaJsas okpectHocts @D, KoTOpas OLHO3HAYHO NPOEKTHpYeTCH
a) Ha OJHY M3 KOODAHHATHBEIX IJOCKocTell, 6) Ha KacaTeJbHYIO NJOC-
_KOCTb, NIPOXOASALLYIO Yepes Jiobyio Touky @.

IlpennonoxuM, uTo yTBepKJAeHHe JeMMbl HEBEPHO, T. €. He Hai-
Jetcst uhena 6>0, ykasanHoro B GopMyanpoBke JeMmbl. Torla Anas
Mo6oro 8,=1/n (n=1, 2, ...) Haiizercs yuyacrok ®,, uMmeiowui pas-
Mephl MeHbllle 8, H He npoemnpyxoumucn OAHO3HA4YHO JUOO Ha OAHY
‘M3 KOODAMHATHLIX NJIOCKOCTeH, JHOO Ha KacaTelbHYO IJIOCKOCTb,

NPOXOJAIYIO Yepe3 HeKOTOpyIo Touky M, & ®,. Bubepem B _Kaxno#

uactu ®, Touky M, u BegeuM us nocieroBaTedbHoctH {M,} To-
_4eK OrPaHHYEHHOH MO HO /i MOBEpXHOCTH P MOANOCAENOBATENLHOCTD

{Mk },» cxonsuyiocs K HEKOTOpoil Touke Moe=®.
B Cully 3aMedaHHsl 2 M JeMMbl | Hafinercss JOCTaTOYHO MaJjas

“OKPeCTHOCTL (D TOUKH Mo, KOTOpasi OLHO3HAYHO MNPOCKTHPYETCA Ha
OIHYy H3 KOOPAMHATHBIX IJIOCKOCTEH H Ha KacaTeJbHYIO IIJIOCKOCTD,
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npoxoAsilylo uepes Jiobyio Touky ®. Bee (i)k"' HauHHas C HEKO-
TOPOTO HOMepa K., momanyT BHYTpb @, a 3TO NPOTHBOPEUHT BHIOOPY

yacteit @O,. JleMMa nokasaHa. .

Jlemma 3. [Tycre ® — 2aadkan 6e3 0coGoix To4eKx OB8YCTOPOHHAR
NOAHAA O02PAHUHEHHAS NOBEPXHOCTb, OnpedeasiemMan YpOBHEHUAMU
(5.1). Toeda dan aiwbozo >0 natderca 6>0 raxoe, 4r0 Orsn KAK-
doeo yuacrka nosepxuocty M@, umeroujezo pasmepo. menouie O, yzor
v Mexcly 08yms A00bIMU HOPMANAMY K TOYKAM 3TO20 y4acTka yoos-
AETBOPAET YCAOBUIO

cos y=1—a, (5.7)
e O<a<e. _

JdoxasareabctBo. IloBepxHoctb @ ABYCTOPOHHAA, MOITOMY
oJie HOpMaJielt HeMpEepHBHO, a C/le0BaTeNbHO, H PaBHOMEDHO Hempe-
PHIBHO Ha Bcedi nosepxuoctd ®. drto o3Hauaer, yTo AAs Jioboro >0
Ha#gerca 6>0 Takoe, uTo s JIO6HX ABYX Touek M; u Mz, SIS KO-
'ropbnx p (M, My) <6, cipaBeasHBO HepaBEHCTBO

In(My)—n(M,)| < V2 (5.8)
(N — BEKTOp eJMHHYHOH HOpMaJH).
Tak kak

cos y=(n(M,), n(M;)),
a BeJHYUHA

=@M —n (M) =

=— In(My)[*+ — [n (M) |*—(n (M), n (My)) = 1 — cos ,

“TO
cosy=1—a

H A4 o B cuay (5.8) cnpaBelsHBL HepaBeHCTBa

O<a<—;—(}/§s—)2=a.

Jlemma nokasana.

3. Maowans nosepxHoctH. Ilycts © — moBepxHOCTh, ONpeAesse-
Mast ypaBHeHusaMH (5.1) M ynomierBopswollas YKa3aHHHM BHUIE Nf-
TH TpeboBannaM (rn1ajkas 6Ge3 ocoGbIX TOUeK OrpaHHYeHHass IIOJ-
Hasi, ABycTopoHHas). C NOMOWIbIO IJaJKHX KPHUBHIX pa3zobhem @ Ha
KOHEYHOE YHCIIO HE HMEIONIHX OBIMX BHYTPEHHHUX TOYEK IIAKHX y4acT-
koB P, uMeromux pasMep MeHbIle 6, rae J AOCTATOYHO MAJIO
(4 ompenensiercs YCIOBHSIMM JIEMMEL 2). '0603maEM gepes A MakcH-
‘MAaJIbHEIH H3 pasMepoB dacTed @; (muamerp pasbuenms). Ha xaxaom
'yaactke @; BrIGepeM mpPOH3BOILEYIO TOYKY M, H cupoexTEpyeM P, Ha
'KacaTelbHYIO IUTOCKOCTb, IpOXOAsIIyro depe3 Touky M, Ilycrs o, —
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wIomage mpoexnmu O, Ha yKa3aHHYIO KacaTelIbHYK IUIOCKOCTh. Co-
CTaBHM CyMMYy ILIOIANe#l NpOeKNHi BCEX YYACTKOB

ZO’;. (59)

Onpenenenune 1. Yucao o nasvisaerca npederom cymmn
(5.9) npu A—0, ecau 0aa awbozo £>0 natiderca >0 Takoe, uro dan
ecex pasbuenuid M eaalKumu KpussviMu HA KOHEYHOE HUCAO HacTell
@, Oaa Koropetx A<8, nezasucumo or gwibopa Toex M; Ha uacrax
P, BbINOAHACTCA HEPABEHCTEO

Izc‘-——o'l<s.

Onpenenenue 2. Ecau 0sa nosepxrnoctu ® cywecreyer npe-
dea ¢ cymm (5.9) npu A—0, 1o nosepxrocro ® nasvieaerca keaod-
pupyemol, a HuCi0 ¢ HA3LIBAETCA €e N A 0 W a0 b 1o

3ameuanne. Heabss nonyunuts mioiaib NOBEPXHOCTH, aNNpOK-
CHMHPYsi NOBEPXHOCTh BIHCAHHBIMH MHOTOIDaHHHKaMH NPH H3MeJbue-
HHH pa3MepoB rpaHefl ¥ Geps B KauecTBe MJOUIaAH TOYHYIO BepXHIOIO:
rpaHp HJOU(ajJell BIIHCAHHHX MHOrOrPAaHHHKOB (KakK MBI 3TO AeJalH
NPH HAaXOXJeHHH MJIHHB KpHBOH). CylunecTByeT KiacCHueCKHH NMpHMep
llpapua?® (rtak Ha3biBaeMmmil «canor IllIBapua»), NMOKa3bIBaIOILHI,
4TO y mJjouiafeil BIHCAHHBIX B LUUJAHHAPHYECKYIO MOBEPXHOCTh MHOTIO-
rPAaHHHKOB He CYLIECTBYeT KOHeUHOH TOuHON BepxHeH rpaHu.

Teopema 5.1, [aadkas ocparusennas noanas OBYCTOPOHHAR
nosepxrocre O 6e3 ocobuix Todex, onpedesseman ypaswenusmu (5.1},
xsadpupyema, u 043 ee naouadu ¢ cnpagedAuso pasencTso

=U,[%,'%Hdudv. (5.10)

HokasatenbctBo. Ilpu ycnoBusix TeopeMsl HOABIHTErpajbHas
¢yukuuss B (5.10) nenpepwmiBia B G u unterpan (5.10) cymecrtsyer.

QPukcupyem giwoboe £>0 u no "Hemy 6>0 Takoe, UTO BHIIOJNHEHBI
B2 YCJOBHS: :

1) no6Gasa uacts ®; noBepxuoctn ©, pasMepH KOTOPOH MeHbIue §,
OJHO3HAYHO HPOEKTHUPYETCH Ha KacaTeJbHYIO INIOCKOCTh, IIPOXONS-
myio uepes Jio6yio Touky @;;
©© 2) KOCHHYC yriia y MeXAy ABYMS HOPMalsMH KaXJOro y4acTKa
®; pasmepa MeHblie §, MpeACTaBUM B BHAe COSy=l—a;, rie w<e/o
H a;<1 (0 — BenmumHa unrterpana (5.10)).

Taroit BuiGop uncia 6>0 Bo3MoXeH B cuay JeMM 2 1 3.

2 T, A, Ulsapy — uemeuxnit matematik (1843—1921). Bosee nogpoGuo o npu-
mepe IlIsapua cm. kowew n. 1 § 2 ro1. 5 kunrn B. A. Habuna u D. T. [losuska «Oc-
HOBH MaTeMaTHyeckoro auanmusa. Y. 2» (M.: Hayka. T':n pena. ¢wus.-mar. JHT-pH,
'1982).
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PazobpeM ¢ DOMOUILIO IJIAAKAX KPHBRIX HOBEpXHOCTH P HaA He
HMeromue obMKMX BHYTPEeHHHX TOYEK YaCTHYHBIE y4acTKH @, pasmepa
MeHbIIE & H, BLIOpaB Ha KaXJ0M y4acTke @, IpOH3BOJIbHYIO TOUKY M,
cupoextupyeMm @, Ha xacaTeIbHYIO ILIOCKOCTh B Touke M, O603HaYAM
Yyepe3 ¢; IUIOMAaAk OPOEKIHA B COCTABHM cyMMy (5.9).

Hast BbIYHC/AEHHs NJOLIAAH O; IJIOCKOH O06JiacTH BOCHOJb3yeMcs
$opmyJ0ii 3aMeHbl MepeMeHHBIX B ABOiHOM HHTerpane. Bribepem ne-
KapTOBy CHCTEMY KOOpAHMHAT Tak, YyTo6e ee Hauaso coBmajo ¢ M;,
ock Oz GHlIa HanpasjieHa IO BEKTOPY HOPMaJid K NMOBEPXHOCTH B M;,
a oct Ox u Oy Obin 6Bl PACIOJOKEHH B KacaTeJbHOH IJIOCKOCTH B
Touke M; B aroil cucreMe KoopauHaT noBepxHocTs O ompenensercs
napaMerpuyeckuMy  ypaBHeHHaMuH  (5.1), a  BexTOp HOpMaJaH

or or
{ —, — ! umeer xoopauuatu {4, B, C
{Ou 60] : 00pa {A, B, C}, rne
dy. 8z 0z Ox ox dy
du Ou du Ou Ju Ou
= y B= ’ C=
oy 0z dz Ox Ox dy

dv  dv duv  dv dv Ov

OrMeTHM, YTO KOCHHYC yIyla yy MeXAy HOopMaabio B Touke M yuacr-
xa @; u ocsi0 Oz paBen

' c
COS Yy = : 5.11
Yu or ar ( )
du ' ou M

Hasa touex yuactka @P;, B cuay BoiGopa 6 u opueHtauuu ocu Oz,
€>0. flcHo, 4TO yros ym SIBASIETCA YIJIOM MEXKAY HOPMAJSIMH B TOY-
Xax M u M yyacTka D;, H NO3TOMYy MAJS Hero CIpaBefJIUBO IIpex-

cTaBaedye (5.7).
Eciu wactu @; orBeuaer uacte G; npocroit miaockoft obaacty G,
TO, HCNOJAb3Ys (GOPMYJy AJA NJAOUlaAH IJIOCKOH O6GJIacTH HPH Iepexo-

Ae oT KoopauHat (X, y) K KOOpAMHAaTaM (4, U) C NMOMOIUBLIO COOTHO+
wennlt x=x(u, v), y=y(u, v), NOAYUHM

—H D69 gy o, (5.12)
D (u, v)

Dix y)
D (u, v) >0

IlpuusaBs Bo BHHMaHHe BhpaxkeHHe (5. 11) IJsi €OS Yy, NepenuieM
(5.12) B BHZE

{Mu yuiu, uto Benuunna C =

=SycosyMH§:;—, —%;—]Idudv. (5.13)
G;



184 I'n. 5. TloBepxHOCTHHE HHTErpaJH

[Ipumenss x unrterpany (5.13) nepsyio dopMyJy cpellHero 3HaueHud,

HOJYUYHM
0i=cosyM;Sﬂ [%:- ———-Hdudv (5.14)
G;

rae M;* — nekoropas Ttouka yactH @; 3amenus cosy,+ B (5.14)
i

npejacrasnenuem (5.7), MONy4YHM paBeHCTBa
ai=(1—a[)j‘fl [—"-’- i] ldudv. (5.15),
du Ov
Gy

I'IpocyMMupyeM 3TH paBeHCTBa o BCEM i, YUYHTHIBAA, 4YTO

(][5 ]| weo [l [ 5] oo
IMoayuum 2(,‘:0—‘2“‘.&.!" [%;_ a"”dudu

Orcioza, Henosib3ysi OLEHKY AJs d;, O6yAeM UMeTb

| Dol < Drea ff][ 5 %]
<_Z SHau az] dudy =

Teopema nokasana.

3ameuanune 1. Popmyaa (5.10) HHBapHaHTHA OTHOCHTEJBHO
Bri6opa oce#l KOOpAMHAT.

3ameuyanune 2. Teopema 5.1 gokazaHa B NpeRnoJIOXKEeHHH, 4YTO
nosepxHocts @ onpeznensercs ypaBHeHusMu (5.1). B obmem cayuae
corjacHo JemMme 2 noBepxHOCTb ¢ MoxeTr OnTh pasfura Ha KOHed-
HOe YucJ0 uacred, KaXkJasi U3 KOTODBIX Olpele/seTcsi CBOHMH ypaB-
HeuusiMu (5.1). Ilocne sToro mJyowajb NMOBEPXHOCTH MOXHO ompeje-
JHTb KaK CyMMy nJjomajneil ykasaHubix uacredl. [Tnomazs kaxgoi ta-
KOH vacTu MoxeT OBITh BeIUHCHeHa mo ¢dopmyae (5.10). Takum obpa-
30M, HMeeT MeCTO cJlelylouias '

Teopema b5.1* [1adkas oepanuuennas noawas OBYCTOPOHHAR
nosepxunocts 6e3 ocoboix Towek Keadpupyema.

3ameuanne 3. Ilycrs noBepxnocts @ KycouHO Iriagkas, T. €.
COCTaBJIEHa H3 KOHEYHOrO 4YHcJa IVIaJKHX OTpaHHYEHHBIX MOJIHBIX ABY-
CTOpOHHHX nosepxHocTed. OueBujaHO, noBepxHocTh @D KBaApHpyeMa, H

f
o
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ee IUIOUIaAb MOXKeT GBITh ONpeAe/jeHa KaK CyMMa MJollaied cocraBs-
JSIOINMX €€ [JIAAKHX IOBEPXHOCTEH.
3ameuanue 4. Ecau BBectd o6o3Hauenus

N e B A
ou ou du du ov

TO, NMOCKOJIbKY [/ JIOOLIX BEeKTOPOB a M b crnpaBelJIHBO paBeHCTBO
I[a, b][*+(a, b)?=[a|?- [b|? monyunm

H_QL _éf_} |=JE—D——P. (5.16)

Ou dv

Ilostromy Bepaxkenue (5.10) asasi nuowajn MOBEPXHOCTH MOXHO 3a-
NMHCaTh TaKXKe B cjeAyiolied popme:

a:“‘VED——Fé du do. (5.17)
G

or
du

3ameuanue 5 [lnomaas noBepxHocTy obsajaer CBOACTBOM
Aa1JUTHBHOCTH: eClH MoBepxHocTs @ pa30uTa KycOYHO raafkoil
KpuBoii na uactu ®, u P, He uMelouHe OOUIMX BHYTPEHHHX TOUEK,
TO maowane nosepxnocty @ pasna cyMme maowaneit yacreii @, u P,

310 CBOHCTBO BLITEKAET H3 MpEACTABJEHHs MJIOIIaAH NOBEPXHOCTH
C TIOMOWIbLIO HHTErpana M aAZUTHBHOrO CBOHCTBa HHTErpaJa.

§ 2. TOBEPXHOCTHBIE HHTETPAJIbI

[lyets ® — raangkasi, OBYCTODOHHSIS TOJMHAS OrpaHHYeHHas NO-
BEpXHOCTL 6e3 0cobBIX TOYEK, oOnpejensieMasd fnapaMeTPHYECKHMH
ypaBuenusmu (5.1) (uau, yto TO XKe camoe, (5.1')) B ob6aactn G.

[Tycts na @ onpenenens yersipe dyuruuu: f(x, y, 2), P(x, y, 2),
Q(x, y, 2), R(x, y, 2), KaxAas U3 KOTOPHIX SBJSETCS HENPEPHIBHOM
(a, caenoBaTeNbHO, H PaBHOMEPHO HelmpepHBHOM) Ha MHOXKeCTBe TO-
Yyex nosepxHoctH @. )

PasobneM mnoBepxHocTs @ npu nmoMomM TIaAKHX HJAH KYCOYHO
IJaJKHX KPHBBIX Ha KOHEUHOe UYHMC/JIO YaCTHYHBIX NMoBepxHocTefl @ H
o603naunM uepes A MakCHMaJbHHIE pa3mep uacrelt @; (nuamerp pas-
OneHus nosepxHoctd). Brifepem Ha KaXAOW YaCTHYHOH NOBEPXHOCTH
®; npouaBoabLHYI0 TOURY M,

Ilycts n(M;) — eamnuyHas HopMaJsb B Touke M;, a cos X;, cos ¥,
C0s Z; — KOMIIOHEHTH 5TOH eAMHMYHON HOopMand (WIH, KaK HX Hassl-
BAIOT, HanpaBasouHe Kocuuycel). OGo3HauuM yepe3 ¢; MJIOILaAb Ua-
cTHYHOH noBepxHoctH ;. Kak nokasano Buime (cM. (5.17)),

0= S S VED—F du do,
G;

rae G; — nogobaacrs G, o6pasom xotopo# siBngerca D
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CocraBuM yeThpe CyMMBL:

Z,=Zi:f(M:) o (5.18%)
. =2P(Mi) 0;cos X;; (5.182)
Y =Y oMyocoss; (5.18%)
Y. =Y R(M)o;cosZ;. (5.18%

Onpeneaenune 1. Yucao Ip (k=1, 2, 3, 4) nasetsaerca npe-
Geaom cymm I, npu A—0, ecau 0ra arwb6oz2o £>0 naiderca d=
=8 (e) >0 rakoe, uto npu A<d (He3asucumo or svibopa Touex M=
=P;) 66Ln0AHRETCA HEPABEHCTBO

| Zp—1p| < e.

Onpexneneunue 2. Ecau npu A—~0 cyuwjecrsyer npedes cymm 2y,
TO 370T npeden HA3bIBAETCA NOBEPXHOCTHOLM UHTE2PAAOM
nepsozo poda or ¢pynkyuu f(x, y, 2) no nosepxnocru ® u 060-
3HA4QETCA CUMBOAOM

L={{1)do. (5.19%)

(4]

Onpenenenne 2% Ecau npu A—0 cyuecrsyror npedenst
cymm Zp, 20e k=2, 3 uau 4, 1o aTu npedesvt HA3bIBAIOTCA NOBED X-
HOCTHUMU uHTezpasramu 8TOpoeo poda u obosnauardT-
CA COOTBETCTBEHHO CUMBOAAMU

I,={§ P(M)ycos X do; '(5. 19%)
(59

I,={{ QM)cosy do, (5.19%)
[« 4]

I,={{ R(M)cosZ do. (5.19%)
<

CyMMa MOCJEJHHX TPeX HHTerpaJoB HasbiBaercd OOGIIHM MO-
BEPXHOCTHHL M HHTErpaJoOM BTOPOTO poja. OITOT HHTEr-
paJt MoxeT OBITb 3allHCaH B BHJE

ff@, ndo, (5.19%)
[e3

rne A=A (x, y, z) — BekTOp ¢ KommoHentamu P(x, y, 2), Q (%, ¥, 2),
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R(x, y,2),a n={cosX, cos?Y, cosZ} — BekTOp €IHHHYHOH HOPMAJH
¥ mosepxHocTH .

H3 onpenesiennii NOBepXHOCTHBIX HHTErpaJjioB CJeAyeT, YTO:

1) noBepxHOCTHBIH HHTErpaJ NmepBOro pojaa He 3aBHCHT OT BhIopa
CTOPOHBl TIOBEDXHOCTH H He MeHSeTCs NPH M3MeHeHHH HallpaBJieHHs
HOPMAaJH Ha NMPOTHBOMOJIOXKHOE, 4 NMOBEPXHOCTHHE UHTErpalinl BTOPOro
Pofa MEHSIOT 3HaK DPY M3MEHEHHH HalpaBJieHHs HOPMaJH Ha IPOTH-
BOINOJIOXKHOE,;

2) moBepXHOCTHBIH WHTerpaJd nepsoro poxa (5.19') u obwuit mo-

BEPXHOCTHHIH HHTErpaJs Broporo poaa (5.195) He 3aBHCAT OT BHIGOpA
CHCTeMB! KOOPJHMHAT ¥ MHBAPHAHTHB! OTHOCHTEJLHO NMepexXofa K HOBBIM
KOODIHHATAM;
. 3) dusnueckn nnterpan (5.19°) npexcrapiser co6oifi MOTOK Bek-
Topa A yepes nosepxHocth @, a uurerpan (5.19') paer maccy Harpy-
KeHHOH moBepxHOocTH @ TpH YCJIOBHH, UTO NIOBEPXHOCTHAS NJOTHOCTB
pacnpejeneHdsl Macchl paBHa f(x, ¥, 2);

4) kaxAblil H3 MOBEPXHOCTHBIX HHTErpajos BTOporo poaa (5.192)—
(5.19%) cBOJHTCH K NMOBEPXHOCTHOMY HHTerpaJsy rnepsoro poxaa (5.19'):
JCCTATOYHO B3ITh B IIOBEPXHOCTHOM HHTErpaJje MepBOTO pPOAa HNOAbIH-
TerpajbHyio ¢yHkuHio f(M) coorBercrBenHo pasHoit P (M) cos X,
Q(M)cosY u R(M) cosZ, npuuem ecau P, Q u R sABisl0TCA Hempe-
pbiBHbIMH Ha @D, TO ¥ [ oKaxercs HenpeprBHO# Baoas @.

OTMeTuM, 4TO B Cjayyae 3aMKHyTOil noBepxHocTH (D BeKTOp HOP-
MaJi BCerja CYHT2IOT HANpPaBJeHHbM BO BIELIHOCTL 06gacTH, orpaHi-
YEHHOH 3TOH NOBEPXHOCTHIO.

Teopema 5.2, Ecau © esradxan 08YcTOPOHRAS NOAHAS O2PaHU-
HeHHaA NOBepXHOCTL 6e3 0cobblx Todek, 3adasaemas YpPasHEHUAMU
(5.1), a pynryus f{x, y, 2) [coorsercrsenno ¢ynxyuu P(X, y, 2),
Q(x, y, 2), R(x, y, 2)] Henpepsisana 80oae @, TO nOBePXHOCTHbIUL UH-
reepaa (5.19') [coorsercrsyrouiut 13 NOBEPXHOCTHLLY  UHTE2pAN08
(5.19%) —(5.19%)] cywecrsyer u csodutrca Kk obbiunomy O8odnomy
UHTe2pAaLY C NOMOWbLIO HOPMYAbL

(Tremydo={{flew, o), g, o), 2(s, )] VED=Fdudo (520"
[e+] G .

[c momowsio coorsercTByomed u3 Gopmyn

MOP(M) costa::”P[x(u, o), y(u, v), z(4, V)] X
G

<

x cos X Y ED— F? du du; (5.20%
[faycosydo = [ Qlxu o), y(u, ), 2(4, 0] x
[e3] ’ G

X cosY V ED— F? du dv; (5.20%
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{[RMycoszdo = [[RIx(, 0), g, v), (4, 0)] x
[¢23 G

X cosZ Y ED—F? du dv]. (5.20%)

HdoxasarenbcTBo. JlocTaTOYHO NPOBECTH AOKA3ATENLCTBO CY-
HIECTBOBAHHSA TOJBKO HHTerpaJsa (5.19') u cnpasegunBocTH HopMyJHl
(5.20'), Tak Kak Bce NMOBEPXHOCTHbIE HHTErpaJil BTOPOIO POAa CBO-
AATCHA K 3TOMY HHTErpasy.

3aMeTHM, YTO HHTerpaJj, crosimui B mpasoit yacty (5.20') (06o3-
HayuM ero [;), cyuiecTByeT (NMOCKOJBbKY IOJAbIHTErpajsHas (yHKIHA
HenmpephiBHA), MO3TOMY [OCT4TOYHO JAOKa3aTh, YTO MNpeiesa CyMM
(5.18!) npm nuamerpe pasbuenus A—0 cymecrByer H pabeH /).
®uxcupyem mo6oe e>>0 U OUEHHM Pa3HOCTb

21_11:‘2 f(M;) o, — Z 'gos‘ F(M) VED—Fdudv—
13 i ¢
=Y i) [ (VED—FPauaw— Y. ({ fmM) VED—Faudo=
¢ G; i Gy
=256§ [f (M) —F(M)] V ED—F? du dv. (5.21)

3hech MBI HCHOJb30Basu npeicraBiende (5.17) pas oi. Tak kax
dysxmus (M) paBEOMEpHO HenpepuibEa Ha P, To Ais uKCEpOBaH-
Horo ¢>0 Halgercs 6=6(e) >0 Takoe, yro npu p(M, M;) <§ BHl-
TMOJIHAETCA HepaBeHCTBO

D —F (M) < =, (5.22)
rae ¢ — mnaowaas mosepxuocty @. Mz (5.21), (5.22) moayuum

12, —1,] < _';-ZHVE D—Fidudy=
i G[
& o S T €
=—-H VED—Fdudy—=-*o=¢
[+ P g

npu A<<8. 2710 o3Hauaer, u4TO CylIECTByeT paBHH{ [y npeaen cymm
2, npu A—0. Teopema nokasana.

CanencrBHe. Ecau nosepxuocre @ sadana ypasreruem 2=
=2z(x, y) (1. e. x=u, y=v, 2=2(u, v)), ede 2(x, y) — Henpepoi.sHO
Jughipepenyupyeman 8 ob6aracru G naockocru Oxy yukyus, To, goibu-
pas wa nosepxrocru O Ty CTOPORY, OAR KOTOPOU BEKTOP HOpMAAU
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nosepxnocru cocragaser ¢ oceto Oz ocTpuill yeor, moxem nepenucars
Gopmyary (5.20%) credyrowum obpason:

HR(x, Yy, 2)cosZdo =”R[x, y, z(x, y)]dxdy.
[ ] G
B CcaMOM JaeJdie, A0CTaTOYHO y4eCTb, 4TO
adz "\ 2 0z

—— 2
— — F2 C — 2:: —_— -
do=YVED—=Fidxdy, ED—F 1+( =) +( ay) ,

I

cosZ =
/1 (6: 2 0z \2
. V + ox ) +( ay )
ST1o onpaBAbBaer cJeiyiollee 0GO3HAaYeHHE MJis NMOBEPXHOCTHOTO HH-

Terpasna BTOPOrc poja:

“R(x, Y, 2)cosZdo= “R(x, y, 2)dxdy. (5.23)
[+ [

OTtMmeTHM, uTO O6G03HaueHHe (5.23) ucnosab3yercs H B cayuyae, KOT-

Xa @ ne siBasercs rpadukoM QYHKUHH 2=2(%, y).
s obumiero moBepXHOCTHOro wMHTEerpasa BToporo poxa (5.19%)

TaKXe IIPHMEHACTCA ClaeaAyioulee obo3HaueHue:

{§(PcosX+QeosY + Reosz)do= (| Pdydz+Qdzdx + Rdxdy.
D s3]

3aMeuaHnue. [TOHATHS NOBEPXHOCTHBIX HHTErpajioB MEpBOTO M
BTOPOFO POJa ECTeCTBEHHO PaCHpPOCTPAHAIOTCS Ha CJyda#, KOria no-
BepxHOcThb O sBJAsercss KycouHo raagkoft. Jlas Takux moBepxHOCTeH,
OYEBHJIHO, TAKXKe CIpaBelJiiBa JOKa3jaHHas B 3TOM naparpade teope-
Ma CylLIeCTBOBaHHS.



IF'nasa 6

TEOPHS NOJA. OCHOBHBIE UHTETPAJIbHBIE
P0PMYJibl AHAJIU3A

B arofi rmaBe 6yayT pacCMOTpeHb! CKaJSIPHBIE M BEKTODHBIE MOJf,
4 TaKXe OCHOBHEIE NOHATHSI X ONEPauMH, CBE3aHHBIE ¢ HUMU. Bax-
He#ed ¢GopMmyJsiofi aHanu3a sABJSETCs yXe M3BecTHasi HaM (opMyJa
Helotona—Jlefi6uuna. 3aecs Gyayr nosyuennr ¢dopmyas I'puna, Ocrt-
porpaackoro—I'aycca u Crokca, KOTOpble, C OJHOH CTOPOHBI, SIBJSIOT-
¢ o6obieHuemM ¢opmyan Hbiorona—Jlefi6Hina Ha MHOrOMEpPHHIH

Cayya#, a ¢ JpPyroil CTOPOHBI, COCTaBJSIOT BaXKHYI0 4aCTb anmapara
HHTErpaJbHOTO HCULCJEHHS.

§ 1. OBO3HAYEHHY. BUOPTOITOHAJDbHbBIE BA3KHCBL
HHBAPHAHTDBI JIMHEAHOrO ONNEPATOPA

1. O6o3nauenust. Huke Ham yacto npuiercss 3amuchBaTh CYMMB
HEKOTOPOro uHcaa chaaraeMbix, IlosicHum o6Go3HaveHus, KoTopuiMu 6y-
JieM 1noab3oBarhbed. Mbl OylemM HMeTb [[eI0 C CHCTEMaMH BEJHYHH,
KOTOpbie IOMEYeHbl HECKOJIbKHMH HHAekcaMH, Hanpumep  a . OGniu-

HO B TaKHX CJyYadx OAUH MHIEKC NHMUIYT BHH3Y, ADYFrO# —- BBEpXy.
Ecau HHIEKCH MEHAIOTCS He3aBHCHMO, TO OHH 0003HAYalOTCS pPa3HBIMH
O6ykBaMu. Ecau uHAEKCOB MHOro, TO OHH 0003HAYaTCAd OJHOH OYKBOH
¢ [OJABIHAEKCOM. _
Hanpumep, @y, Wi £ ... E;P. B HekoTOpHIX cayyadx Ans
0603HAYEHHS] CyMMHpPOBaHHA OyaeT HCHOJb30BaHa 3amdch 3A(o),
[}

I'jie CYMMHPOBaHHe NPOH3BOAHTCH IO HEKOTOPDOMY MHOXECTBY BeJIH-
4yl o. EcAH HHAEKCH CYMMHUPOBAHHUSA i, l2,...,[p MEHAIOTCS TaK, 4TO
npH atoM ) <iz<T...<lip, TO OyAeM IIKHCaTb

< <. <,

Hakonel, 3akJi0uHM cJaelyiollee corjalieHHe O CYMMHPOBaHHH.
HyCTb HUMEETCsA BbIparK¢HHe, COCTABJCHHOE H3 COMHOMXKUTEJIEH, Ecau B
3TOM BBHIPDAXEHMHM HMMECTCA ABA ONMHAKOBHIX OYKBEHHBIX HHJCKCA, M3
KOTOPBIX OOHH BEPXHHH, a Apyroid HUXKHHAH, TO OyaeM CUHTATh, YTO IO
3THM HHCKCAaM OPOMCXOOHT cymmMupoBande. [1pd 3ToM HEAEKCH! mOCITe-

IOBATEIbLHO NPUHMMAIOT 3HadYeuue 1, 2, ..., @ HOJy4eHHBIE CIIAraeMaIe
CKJIaABIBAIOTCA.
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Hanpumep, ecsn i, j=1, 2,...,n, 10
aei=a,et +a,’+ ... +a,e",
o e 1 2 —_
a;elel =a et +aye% + ...+ a, et =
= q e'et + aele? + . .. +a,ete’ + ayelel +
+ Qge®e + ...+ age%e - ... a et + ageet + ..+ apuetet.

Ilpu stux o6o3HaueHUSIX pa3soXKeHHe BEKTOpa a no Gasucy e,

€, ..., ey NpocTpaHcTBa £" MoXeT OblTh 3aMHCAHO TaK:
a=a'e;,
rie a — ko3 (QHUHEHTH DPa3JIOKEHHS 3TOTO BeKTopa. ITa 3alucCh

O3Hayaer, 4To
n

a= Z a‘e,.
(=l

CumsosoM 6/ OyxeM o603HayaTh BeJHYHHY, NPHHHMAIOULYIO
BCEro ABa 3HAYEHHA:

8ifi=1, 6/ =0, npu i+,

8/ — Tak naspiBaemblil cuMBos KpoHekepa V.

CxansipHoe NpPOH3BEJEHHe [ABYX BEeKTOpoB a H b B npocTpaHcTBE
E" o6osnauaercst (a, b).

2. BuoptoroHaabHsie Gasucel B npoctpancree E”. Ilycrb e; i=

=1, 2,...,n — 6asuc ¥ B n-meproM npocrpancrse E”. OyeBHIHO, YTO
€; — JIHHeHHO He3aBHCHMble BEKTOPHI.
Onpeanenenne. basuc e (undexc ssepxy), j=1, 2,...,n, na-

ab18aeTCA 6UOPTOCOHAABHUM K 6A3UCY €, eCAl BbINOAHEHLL
COOTHOWERUA

_ 1, i=];
(e;, e)=06= i, j=12,...,m
0, i#1.
Yreepxaeunue. [Jas scakozo 6asuca e; i=1, 2,...,n, npocr-
panctsa E" cyuiecreyer eduncreennolii GuopTozonansbHbll 6asuc e,

f=1,2,...,n
Iokaszartenabctso. OGo3HauiM auHeHHylo 060J04Ky (T. €.
MHOXECTBO BCEX JHHeHHHX KOMOHHauuii) BeKTODOB €i,€2,...,€i-1,

1) JI. KpoHekep — HeMeUKHH MaTeMatHk (1823—1891).
2) BekTOpH €, €3, ..., € obpasyioT 6asuc B E”, ecau JoGoi BekTop a u3 E*

NpejCTaBHM €AHHCTBEHHHM 06pa3oM B BHIE
a=ale;+aer+..+are, =a’e;.
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€i1,...,€n uepes M; B3sB H3 OpPTOrOHaJLHOIO JONMOJHEHHS K
M;® BekTOp €, HOpDMUPOBAHHBI} YCJIOBHEM
(e;, €) =1,

MBI, OYEBHAHO, HalZeM, 4TO
(e.'. e') =8, i, i=1,2,...,n

Bekrtopnl e/ Takxe o6pasylor Gasuc npocrpaHcrsa E”. leficTsu-
“TEJIbHO, €cqM Obl 3TO OBbIJIO He TakK, TO HauweJcsd Ol BEKTOP H3 3TOTO
NPOCTPAHCTBA, KOTOPHIH HEONHO3HAYHO pasJarajcs OB IO CHCTeMe
€/, T. e. HyJleBOR BekTOp HMea OHl pa3soxeHHe Mo 6asucy ¢ kKospdH-
UHEeHTaMH, He PaBHLIMH OJHOBpeMeHHO HyJio. ClenoBaTesbHO, KakKoH-
HUOYAb BEKTOp € H3 cHCTeMH e/ npuHajgJexaJn 6ol JHHEAHOH 06o-
Jiouke Y M* pekropos el, e?, ..., e*l, e*+! . e Ho atoro 6uiTh He
MOXeT, TaK Kak ef B 3ToM ciiyyae OB/l OLl OPTOI'OHAJEH BEKTOpY €
(nockonbKy (e, e°’)=0 npu k+#p). Onpnako BeKTOp e* He MOKeT
OHTb OPTOTOHAJbHBIM €;, MOTOMY 4YTO [0 INOCTPOEHHIO (er, e*) =1,

TakuM o6pasoM, K NpOH3BOJILHOMY GasHcy e; mocTpoeH GHOpTOroO-
HaJIbHBIA Ga3uc e/, mpHYeM Bce BeKTOpPH 3Toro 6asdca onpenessioTcs
eJHHCTBeHHEIM 06pa3oM. B camom zesne, ecain 66l Hapsizy ¢ e/ 6uli OH
euie OfHH OHOPTOTOHAJAbHBIA 6asuc e/, To mpl HMeau Obl, UTO (€
ej—e/) =0 pasa Bcex i,j=1, 2,...,n. Orciona cjenyer, uto ei=¢/,
TIOCKOJ/IbKY €CJIH HEKOTOPBI BEKTOD OpTOroHaJjleH BceM BeKTopaM Oa-
3HCa, TO OH OpTOrOHaJIeH H caMoMy cebe, OITOMY SIBJSETCA HYJEBhIM
BEKTOPOM. ¥ TBepKAeHHe JOKa3aHO.

3aMerum, uto ecqaH Gasuc e; — OPTOHOPMHpPOBaHHHI, TO 6HOPTOrO-
HaJbHHHA K HeMy COBNAAaeT C HHM CaMHM.

3. MNpeo6Gpa3osannsa Ga3ucos. KoBapHaHTHbLIE H KOHTPBAPHAHTHHIE
KOoOpAHHATH Bekropa. Mu uyacto 6yaeM NOJIb30BaThCA NEPEXOAOM OT
6HOPTOrOHAJIbLHEIX Ga3UCOB €;, €' K HOBBIM OGHOPTOrOHaJbHHM 6asucaMm
€, e"'.

Hcnosb3ys Halum cOrJialleHHsI O CYMMMHPDOBAHHH, 3alMIIeM pasJio-
JKeHUsT 0a3UCHBIX BEKTOPOB!

ei':bz’ei’ ei:b:' €, ’:1 i,zlv 2) ey 1y (6'1)
e’ =b; e, e=bre’ i, i'=12,...,n (6.2)
3necy (bi")— maTpula nepexofa OT cTaporo 6asuca €; K HOBOMY
e;, (bi )— marpuua ob6paTHoro nepexoaa ot Gasuca € K €.
Ananornuno (4 ) u (b))—  maTpuunl npsMoro H oGpaTHOrO me-

pexona ot Gasuca e! K Gasucy e''.

» T. e. u3 moANpOCTpaHCTBA npocTpaHcTBa E£™, BCE BEKTOPH KOTOPOrO OPTOro-
HaJubHel M.
© T. e. BekTop e* Obl1 On JAHMHEHHON KOMGHHAUHeHd BEKTOPOB €” npH pk.
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Gopmyan (6.1) — 310 dopmyan nepexoiza or craporo 6asHca e
K HOBOMY € U (opMyJibl 0OOpaTHOTO mepexona. CDopmme (6.2) —
310 GOpMYyJH mepexofa OT craporo 6asuca e’ x HoBomy e! u dop-
MyJH 00paTHOrO mepexona.

IIpeo6pasosanus (6.1) B3auMHO OGpaTHH, MO3TOMY H MaTPHOH

(o) u (6%)  B3auMHO OGpaTHH. ,IIeHCTBHTeJIbHo YMHOKHB IIepBOe

u3 paseHctB (6.1) ckasisipHo Ha e/’,  a Bropoe u3 paseHctB (6.1)
Ha e/, NoJyYuM, YYHTHBAS 6PIOpTOI‘OHaJIbHOCTb 6a3ucoB:
8l =bi (e;, "), =0} (e, €).
OnHaKo, KaK clelyeT U3 TeX XKe (popMyJI (6.1),
(e &) =08l =b], (er, &) =b}.8]=1t]. (6.3)

Takum obpasoM,
ol = bj-bl, 8 =b;bl,

7. e. maTpuun (b)) u (bf) B3anMHO OGPaTHH.

AHaJOTHYHO yCTaHaBJHBaeTCs, YTO H MATPHUK (~bf) u (b)) B3a-
HMHO OOpaTHHL.

CnpaseanuBo cieayioliee YTBEDKAEHHe O CBA3H MEXAY MarpH-
uamn (8 1 (Bb), (6) n (&). .

YrBepxaenme. Marpuya (65 cosnadaer ¢ marpuyeil (2]
a marpuya (b') coenadaer ¢ marpuyed (b ).

HokasareuabcTBo. OueBHAHO, B cuny B3aHMHOH O6GpaTHOCTH
marpuy, (b)) u (b') H MaTpuL (6i) u (b;) JIOCTAaTOYHO [ OKa3aTh,
ato cosmagaor (bir) u (bi).

B cuay (6.3) mouayunM, uro

bf’ == (ei" ei)- (6'4)
Ananoruuno ¢ nomowslo (6.2) mosyunM, yto
Bi =(er, €). (6.4')

Hpaable yacTH cooTHomenwit (6.4) u (6.4’) paBHe, noaTomy bi =

=bl, uro H TpebOBaIOCE.
Canencrsue. [as nepexoda or 6asucos e;, e k 6asucam e,

€’ 0ocTaro4Ho SHAT6 TOABKO MATpuyy (b5 nepexoda or 6asuca
e; K 6asucy e (mampuya (bi) ssaserca obparnod & (bi), u 8bi-
4UcAseTcs no Hei).
Takum 06pa3soM, MH NPHXOAHM K CJAeAYIOILHM (opMyniam npeobpa-
30BaHHA 6a3uCOB:
{ i’
e =bre, e,=0b; ¢,
(6.5)
e’ =bie, e =bpe’.

13 -4314
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BriBenem Teneps dopMysbl npeofpa3oBaHHSI KOOPAHHAT BEKTO-
pa npH nepexoje K HosoMy Gasucy. CHayaja npoOBeJeM Cleayio-
Hiie pacCcyKAeHus.

Ilyctb €; u e/ — GHOpTOrOHaNLHLIE 6A3HMCH, @ — NPOH3BOJNBHHF
BeKTOp. Torna passoKeHUs BEKTOpPa a UMEIOT BHA

a=a'e;, a=a;e’. (6.6)
Broproronanvibii 6asuc paer ouens YAOGHHIH €n0oCO6 BBIYHC-
JieHHs Ko3hgpuuueHTOB af U a; B passiokeHud (6.6). lefictBuTenn-

HO, YMHOXasl nepBoe H3 coorholueHu#l (6.6) ckanspHo Ha e/, a
BTOpOE — Ha €;, MoJIyyaeM

al=(a, &), aj=(a, €), j=1, %...,n. (6.7):

CnenoBatenbso, dopMyant (6.6) ¢ yuerom coorHouweru#t (6.7) npu-
HUMAIOT BHJ

a=(a, ei)e; a=(a, e;)e. (6.8):
B uacruoct, npejcrasissi B nepsoe paseHcTBo (6.8) BMecTO Bek-
TOpa a BeKTOp €/, a BO BTOpPOe PaBeHCTBO — BEKTOP €;, NOJYYHM

e/ = (e/, ei)e;=g'le,,
(6.9}
e;=(e;, e/)e! =gjie,
rae
gji= (ejr ei), gii= (ef’ ef)'
Ecau yMHOXUTB nepBoe u3 coorHoweHHHA (6.9) cKanaspHO Ha e,
a BTOpoe — Ha e*, To

gligae=04", gugt*=0;%, |, k=1,2,...,n,

T. e. Marpunu (g/%) u (g;;) B3auMHO OOpaTHH H IO CBOEMY IO-
CTPOEHHIO B CHJIY CHMMETDHH CKaJSIPHOIO IIPOH3BEJEHHA CHMMeT-

PHUUHL

BoiBegem ¢opmyan npec6pa3oBaHud KCOPAHHAT BEKTOpa IMpH:
nepexoyre K HoBOMy Oasucy. Ecam e; — cTapnil 6asuc, a €; — HO-
Bbiif, € ¥ e — OGHOPTOrOHaJbHBIE K HHM 0asHCH H €CJH

a=ape’,
TO, K4K MBI 3HaeM, u3 ¢opmya (6.7) caeuayer, 41o
ar =(a, e;).

IMopcTaBasis B NpPaBylO YacTh STOrO COOTHOLIEHHSA BMECTO €
ero BupaxeHude u3 (6.5), noayuum

a; =(a, bie)="0b}(a, ¢)=b}a;.
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~ Hraxg, koopansaret  a;r sexTOpa a, passOXKeHHOro mo 6asucy
e’ (bUOpTOroHa/IbHOMY K HOBOMY 0asucy €;), B HOBOM 0a3H-
ce €' HUMEeKT BUA

a;p = bf'at, (6.10)

i
sgecs (b)—  Martpuia npsmoro mepexoja oT craporo Gasuca e
K HOBOMYy 0a3ucy €, @;— KOOpIHHAThI BEKTOpa a B pasJyoxe-

HHH IO GHOPTOroHaabHOMY Gasucy e':
a=ga;e’.

Takum 06pa3oM, KoOpAuHATH q; TIPH Mepexofe OT cTaporo Ga-
3uca €; K HOBOMY ;- mpeoGpasyiorcs ¢ momompio (bir)— Mart-
pHUEl epexoja OT craporo basuca K HOBoMy mo ¢opmyse (6.10).
ITosTOMy roBopsiT, 4TO KOOpAHHATH @; NpeoGpa3ylTcs «COrjaco-
BaHHO», W 3TH KOOPAMHATH Ha3bIBAIOTCH KOBAPDHAHTHHMH
(yTo O3HayaeT «cOrJacoBaHHO H3MEHHAIOINHACA») KOOpAHHATAMH

BeKTOpa a.
Ecau Teneps cornacuo ¢opMysaam (6.7) 3anmucats

a’’ ={(a, e’)
H NOACTaBHThL ClOfa BMecTo e’ ero Bmpaxenue u3 (6.5), TO
@’ =(a, ble)=b(a, ¢)=0bla’. (6.11)

W3 dopmyaner (6.11) Buako, uto npu nepexone K HOBOMy Gasucy
KOOD/HHATbl @' B DAa3JioXeHud BEKTOpa a Mo crapoMy Gasucy
¢:(a=a’e;) npeobpasyiorcst ¢ nomousio Matpuusl  (b;) nepexozna
©T HOBOTO 0a3snca K CTapomy.

ITosToMy ropopAT, 4TO KCODAMHATH a' npeofpasyioTcs <«Heco-

rJaCCBAHHO», I 9TH KOOPAMHATHL HA3LIBAIOTCH KOHTpaBapHaHT-
HHMH (YTO O3HAYaeT <«IPOTHBONOJOXHO H3MEHSIOWHHCTS) KOOp-
AHHATAMH BEKTOpA a.
4. UnBapuakTh JauHeliHoro onepatopa. JluBepreHUHss 4 POTOP.
Beioay B naasHefiwreM Mbl GyAeM mpeanoJaraTh, 4TO y Hac paccMmar-
puBaercsl TpexMepHoe npocrpaHcTBo £3. PaccMoTpuM  npou3BOJIbHBHIR
JnHelHud onepatcp A B sToM mnpocrpaHcrse. HamoMuum, uto omepa-
Top A ‘HasmlBaeTcs JHHEHHBIM, €CJIM AJs JIOGbIX BEKTOpPOB a H b #
JHOGLIX BEIIeCTBEHHLIX YHCEJA A H [ CHPaBeAJHBO pPaBeHCTBO

A(Aa+pb) =r4a+ udb.

IMycty e; n e! — OGuoproronanvubie 6asuch B E° Huxe Ham no-
Hajxo0sTCi JBa DaBEHCTBA, CNPaBeAJUBBEIE /s JHHEAHOro orepas
Topa A:

1) (e, Aef) = (e, Ae;) ¥,

5’ HanomuuM, YTO eCAH B BBIDAXEHHH y COMHOXHTENeli BCTPEYAIOTCA NOBTOPH-

13
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2)e; X Aei=elX Ae;
(aXb osnavaer BeKTOpHOe IpOH3BEJEHHE BEKTOPOB & H b).

Hoxaxem 3t cooTHowenus. Coriacio dopmynaam (6.9) mnoay-
yuM e=gike,, e;=g;e”. [Toatomy

(ei, Ael) = (gipe?, Agies) =gipg™ (€7, Aes) =
=085 (€7, Aex) = (e*, Aex) = (¢!, Ae;).

Bhime Mbl BOCHONL30BANHCL TEM, 4TO MaTpHUH (gip) H (g%) B3a-
HMHO o6paTtHH H cumMeTpHuHB. CooTHowenue 1) nokaszaHo. Ilepeit-
JeM K A0Ka3aTenbCcTBY COOTHouieHHs 2). Mcrmonb3ysl Te e paBeHCTB&
AJs €' 1 e; M cBoiicTBa MaTpull (gip) H (g*), moayuum

e; X Ael = g,,° X Agite,= g,,g"%e? X Aey=
= 8ke? X Ae,=e* X Ae,=e! X Ae,.

HexoTopoe Bhipa)keHue Ha3hBaeTcsi HHBapHaHTOM (MM HH-
BapHaHTHB M), eCl¥ OHO He MeHseTcAd NpH npeobpasopaHHu Ga-
3uca mnpocrpaHcrBa. Hanpumep, HHBapHAHTOM SBJSETCH CKaJSpPHOE
npou3BeleH¥e ABYX BEKTOPOB, 3HAUeHHe CKaJAPHOA QYHKUHH B JaH-
HOH TOYKe NPOCTPAHCTBA.

PaccMOTpHM HEKOTOphle BEJHMYHHE], CBS3aHHHE ¢ onepatopoM A,

siBasomuecs HHBapuauramu. Ilycts e, — 6asuc mnpocrpancrsa E3,
e/ — GHOPTOroHaJbHHIiH Hasnc.

Vreepxnaenue 1. Beauuuna (e, Ae) (uau ed pasnas (€,
Ae;)) — unsapuanr.

HokaszateabcTBo. Heo6x0QUMO HOKa3aTh, YTO €CJH NepedT:
K Apyromy Gasucy e; (¢/’— OHOpTOroHa/bHHH 6a3HC K  €), TO

Oyler BHIOJHEHO PAaBEHCTBO

(e;, Ae’)={(ey, Aei).
3anuueM, ucnoabsys ¢opmyan (6.5):

e, =bj ey, e =b,e",

i’ {
rae (b )— MaTpuua mepexoaa ot Gasuca € K Gasucy €, (bp)—
obpartHas eft marpuua. Toraa

(e;, Ae?)=bibp (e, AeP’)=
=6 (e, Ae”)=(er, Ae¥).

CpaBHHBasi MEPBLIA U MOCNEAHHH Y/eHB B 3TOH UENOYKe PABEHCTB,
HOJYyYaeM AOKa3aTeJbCTBO yTBEPXKIEHHS.

IOLIHECS] MHJEKCH, OJMH H3 KOTODHX BBEpXy, a JApyroft — BHH3Y, TO CYMMHDOBAaHHE
HPOBOAHTCS NO ITHM HHAEKCAM.
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Onpeneanenwue 1. Husapuanr (e, Ae') (uru (€, Ae)) auned-
#o20 oneparopa A Ha3visaercs Oueepeeryued saToeo onepa-
T O pa u obosnawaerca div A.

TakuM o6pasom,

divA= (e, Ae’) = (¢!, Ade;).

Gameuanue 1. Beakuit JuHefiHHE onmepaTop B ZaHHOM Gasuce
€; OJHO3HAYHO MOXeT OBbTh 33aJlaH C NOMOUIbIO MATPHIUH, Ha3BHIBaEMOH
maTpHleR JHHefiHOro omeparopa. J/is nmocrpoeHus 3TOH MaTpPHUH
JOCTAaTOYHO 3ajJaThb OmepaTop Ha 6a3uCHHX BeKTOpax €;, T. €. 3al14Th
BexTOpH Ae;. Paanaras 3t BekTOoph Ae; no 6asHcy e;, mojaydaeMm

Aei=a,-kek H (e/, Ae,-)=aik(ef, ek)=ai/. (612)

Marpuna (a*) u ecTb MaTpHua JauHeitHoro onepatopa A B 6asu-

ce ey
Tenepb AHBEPreHIUs onepartopa A Moxer GHTb BbIpaXeHa 4epes

9/1eMeHTH MaTpHUH (a;*):
div A= (e;, Ae’) = (¢, Ae;) =a,'+a2+ a3

3ameuanue 2. Beauuuna a,'+a2+as® B aunefiHoft anrebpe
Ha3HBaeTCs MaTPHYHHM cjejoM omepatopa A. Tam ke mokasmBaer-
Cf, YTO 3TOT MATPHYHHBIA cjell paBeH cyMMe COGCTBEHHBIX YHCeJ omne-
patopa A ¢ yueTOM HX KPATHOCTH (CNEKTPaJbHOMY CJely Omeparto-
pa), T. e.
ai'+at+asd =A -+ Aa+is,

TAe A1, A2, A3 — 3aHyYMepOBaHHBlE C yUeTOM HX KPATHOCTH COOCTBeH-
Hble uHcJa omepatopa A.

SIcHO, uro cymMMa A;+Az+As He 3aBHCHT 0T BHGOpa 6a3mca HmpocT-
pancrBa. Caenosatenpso, u divA He 3aBHcuT oT BHGOpa 0asuca,
T. €. ABJAETCH MHBAPHAHTOM. DTO ellle OZHO [J0Ka3aTeJbCTBO yTBEDXK-
AeHHs1 06 MHBADHAHTHOCTH JHBEPTEHUHH,

YrBepxaeHue 2, Beauuuna e; X Ae! (uau el pasnan e X Ae;)—
UHBAPUANT.

Hokasarteavbctso. [Tycto e:— HoBHl Gasuc (ef’—  Gu-
opToroHasbHui 6a3zuc K e€pr). 3anuiuem corJacHo ¢opmynam (6.5):

’ ; { ’
e = b} e, e =bpe’,
TloacTaBuB 3TH BEJHYHMHE B BHpaxeHHe e;XAe!, moayunm
o , I . "
e X Ae! =5} bpey X Ae”’ = bpe; X Ae? =e; X Ael’.

Taxum o6pa3oM, HHBapHaHTHOCTL BelHUHHH €;XAe! 1oKa3aHa.

Onpenenenne 2. Husapuanr e; X Ae! (uau e X Ae;) aunelinoeo
oneparopa A Ha3biBAETCs POTOPOM 3TO20 oneparopa u 0603-
Hauaercsa rot A.
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Takum o6pasom,
rotA=e;XAei=e!X Ae;=e; X de!' + ey, X Ae?+
+e3XAed=e! X Ae;-+e2 X AeyJ-e3 X Aes.

5. BbhipaxeHHs AJis JMBEPreHUHMWH W POTOPa JHHelHOro omeparopa
B opToHOpMHpoBaHHOM Ga3uce. Ilycts B mpocrpancTBe E? BHIGpaH
opToHopmuposarnbil 6asuc i, j, k. B atom cnyuae, xak yxe rosopu-
Joch, GHOPTOrOHaNLHBIE Ga3uc cosnmajaer ¢ caMuM coboi (cm. m. 2),
CoraacHo popmyaam (6.12) nonyuaem

a11= (i: Ai)’ a21= (i’ AJ): 031= (i- Ak)’

(6.13)
ai’=(j, Ai), al?=(j, 4j), as®= (j, 4k), :
a’®= (k, Ai), a*= (k, A4j), as®=(k, AR).
Iosromy
divA=aqa'+ a2+ as®= (i, Ai) + (j, 4j) + (k, Ak). (6.14)

Ha#inem Bripaxenne ais rot A. Umeem
rot A=iXAi+jXAj+kX Ak

- Ocranoch BHIYUMCJIHTL BEKTOpHble NPOHM3BEJEHHS CJaraembx crpa-
Ba uepes 3JeMeHTH MaTpHiu oneparopa A. 3anumem no ¢opmyJe

(6.12):
Ai=ali+a2j+a;?k.
ITosToMmy
iXAi=aliXi+a?iXj+aldixk=
~ = —a’j+a’k
Anasoruyso
j><Aj=a23i—a21k, kX Ak= —a32i+a3‘j.

[lostomy

rot A = (a?—as?)i+ (as'—a®) j+ (aP—a2') k. (6.15)

§ 2. CKAJIAPHBIE U BEKTOPHBIE NOJISA.
JAHOSEPEHILUANIbHBIE ONEPATOPBI BEKTOPHOTO
AHAJIN3A

1. CxaasipHbie W BeKTOpHble MoAs. B TeopHH nojis paccMmarpHBa-
0TCS (YHKUHH, KOTOPHE KaxAaoh Touke M QuKcHpoBaHHOK 00JacTH
D comocTaBAAIOT HEKOTOPHIA cheuHaabHbHA oO0bekT a(M), HasuBae-
MBIl TeH30opoM. B aToM ciyuyae rosopsT, 4To B 0o6aacTd D 3axaHo
TEH30pHOE MoJe. Mbl GyieM H3yuaThb TOJNbKO ABa HPOCTEHILIHX
YaCTHBIX C/yyYas TEH30PHOTO IOJIsA, a HMEHHO CKaJIspHOe H BEKTOpHOe
noJis.
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Bynem rosoputb, 4to B 06jsacTy D 3afaHO CKaJlsAPHOE MO JIe,
ECJIH KaXIo# Touke M 3TOH 06JacTH CONOCTABAEHO O HEKOTOPOMY 3a-
KoHy onpeaeneHHoe uyncao u(M). Takum o6pas3om, NOHATHA CKaJAp-
HOTO MOJIA H CKaJApHOHA (YHKUHH, onpeleneHHON B obnactu D, cos-
f1ajalor.

Ananornyno rosopst, uTo B objactu D 3a5aHO BEKTOpHOeE IIO-
Jg e, ecau Kaxaol touke M 370l 06GJjiacTH CONOCTABJEH 110 HEKOTOPOMY
3akody Bektop a(M). Takum 06pasoM, MOHATHS BEKTOPHOIO NOJA H
BEKTOpHOH (YyHKUHMH, onpefeseHHod 8 obaacry D, coBnagaior.

Ilycts, Hanpumep, E(M) — HanpsXeHHOCTb 3JEKTPHUECKOrO NOJA,
CO34aHHOTO0 €JMHHYHBIM OTPHUATEJNLHBIM 3apAA0M, MOOMEUIEHHHM B
HauaJo KOOpPAMHAT TpexMmepHoro mnpocrpanctBa £3, Torga B Touke
M(x, y, 2) Bextop E(M) umeer, Xak H3BeCTHO, AJHHY l/p, rae p=
= (x2+y?+2%)12, y Hanpasaed oT Toukdu M K mavasy koopauHar. ITo-
JydaeM ciaeAyiomylo GOpMyNy AJA 3aAaHHS KaHHOTO BEKTOPHOIO HOJA
E(M):

£ =, = = ).

JlpyruMHu npuMepaMH CKaJspHOIO M BEKTOPHOrO noJie#t MOryT GHITb
CKaJspHOE MoJie TeMIepaTyp BHYTPH HarpeToro Tefa, BEKTOPHOE HoJie
CKOPOCTeH yCTAHOBHBIIETOCS IOTOKA KUJKOCTH H T. A.

[lpuBeneM ene psAA NPHMEDPOB CKAJSPHBIX M BEKTODHHIX TmoJeid,
HrpalollHX Ba’KHYIO PoJb B aHaause H ¢usuke. Jas sroro moHaxo6HT-
€A H3YYHTb IOHSATHe NHbQEepeHUHPYEeMOCTH CKaJASPHOIO H BEKTODHOro
nonet.

ITockonbKy cradsipHOE MOJe — 3TO YHCJIOBaaA GYHKUHS, 3afaHHas
B ofaactd D, 10 nouaTHe AudQepeHUHPYEMOCTH CKajsgpPHOIO IOJA
(oTOolt uHCNOBOM (GYHKUHK) MH yKe 3HaeM (CM. onpeaesenue nm. 2 §4
ra. 12 g, 1).

HanoMHuM 3T0 onpeneneHue, 3aMeHss clOBO «PyHKUHA» Ha CJI0Ba
«cKaJspHOe noJe». IlycTb 3ajaHo ckajaspHoe mone u=f(x, y, 2) B
o6aactu D mn3 E3,

Onpeneaenne 1. Ckaraproe nore u=f(x, y, 2) =f(M) nasot-
gaerca Juppepenyupyemonm arourke M(x, y, 2) obaacru D,
ecau eeo noanoe npupaujenue Au(M) e 1ol Touxke moxcer 66T nped-
CTaBAEHO 8 sude

Au(M)=A Ax+AAy+AsAz+aAxtaAy + aszAz,
ede A,, Ao, As — mnexoropsie ne 3asucauue or Ax, Ay, Az uwucaa, a
a1, Qo, ag — beckoneuno maavie npu Ax—0, Ay—0, Az—0 dynxyuu,
pasnoie nyato npu Ax=0, Ay=0, Az=0.
YenoBre mubepeHUHPYEeMOCTH CKaJsgpHOro moas u=jf(x, y, 2)
(kax nokasaHo B m. 2 § 4 ra. 12 4. 1) Moxer 6BITh 3aNHCaHO B BUAE

Au(M)=AAx+AAy+ AsAz+0(p),

rae p= (Ax?2+Ay?+Az2%)!/2, npuyeM 31O NpeACTaB/EHHE €XHHCTBEHHO,
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STy popMyy MOXHO mepenucaTh B 60Jee KOMIAKTHOM BHAE:
Au(M) = (A, h)+o(llh]), ~ (6.16)
rae (A,h) — ckanspHOe npousBeleHHe BEKTOPOB
A={A;, A;, A3}, h={Ax, Ay, Az}, |lhil=p.

Taxum 06pa3oM, MOXKHO JaTh Cjelyiolee

Onpenenenune 1* Ckasspuoe nose u(M) Oupppepenyu-
pyemo s rouke M, ecau 6 9101l TO4Ke OASL NOAHO20 RPUPQUEHUR
cnpasedauso coornoutenue (6.16). Craarspuoe nosre u(M) dug ¢ e-
pesnyupyemo s obaactu D, ecau oHo Oughpepenyupyemo 8
Kaxdod Touke 3TOol obaacTU.

HanmomMuum (cm. m. 8 § 4 ro. 12 4. 1), yro ycnosue auddepen-
muapyemoctH (6.16) mMoxer GHTL mepenHcaHo B BHAE

Au(M) = (grad u, h)+o([lhil), (6.17)
du (M) Bu(M)  du(M)

ox ' oy ' 9z J

®Popmyaa (6.17) npuBoaHT Hac emje K OZHOMY HPHMEPY BEKTOp-
HOTO NOJIS, @ HMEHHO K NOJIOo rpaauenTa iuddepeHuupyemoro B obaac-
@ D ckanspraoro mons u(M). Onpenenenne rpajneHETa He 3aBHCHT
oT BSE;IGOpa cHCTeMBl KOODIAHHAT, H NO3ITOMY OH SIBJACTCA HHBapHaH-
TOM 9.

CoraacHo paccMoTpelusm nm. 8 § 4 ra. 12 u. 1 8 cayvae nudde-
peHuHpyeMocTH moasi u(M) MoxHO BBeCTH npoH3BORHyl (M) mo
HalpaBJIeHHIO BEKTOpa €:

rre sektop gradu (M)=

¢ CpOMM TNOSBAEHMEM Ha CBET INOHATHE rpajHeHRTa 0053aHO0  BH/OWEMYCH
WOTNAHACKOMY (H3HKY, CO3JATENI0 MaTeMaTHUeCKON TEOPHH SJEKTPOMATHHTHOrC nNo-
as dxefimcy Kaepky Maxkceenny (1831—1879) m npoucxonuT OT JNATHHCKOTO CJO-
Ba gradior, osuavaoumero «pacti». Kax MH 3HaeM H3 u. |, riiaBHOe CBOHCTBO rpa-
JIMeHTa COCTOHT B TOM, YTO OH ONpPeJesisieT HanpaBjerHe HaHOHICTpefUIero cnycka.
Tlostomy Maxkcsesnnn cobupajica cHadaJa Ha3BaTb 3TOT BekTop ciosom slope —
«CKJIOHs. Vpnanackufi maTemaTHx M MexaHWk Buabsm Poyen Iamuavton (1805
1865) npuayMall IAs 3TOTO BEKTOPAa ChelHasnbHOE OGO3HaueHHe V - mepesepHy-
Tylo rpeueckyio OykBy A («messTas). Takum obpasom, ecau i, J, kK — ¢ukcupo-
BAHHHI OPTOHODMHDOBaHHBI 6a3uc, TO

radu— g2 2B Oy
gradu = ve =5, o 1T e ©

7}

9z’

CHauasa HasBaHHe 3Hauka V ObUIO «aT/iel» — IMPOYHTAHHOE HaobOpOT CJOBO Jefb-
Ta. 3aTeM aHradiickue yuenhle (O. Xemucahg, P. CMHT) uaiue cTajiH HA3HBATH STOT
3HAYOK CJOBOM «HAGMa» (M3-33 CXOACTBA C OCTOBOM [PEBHEACCHPHACKOrO MY3HIKalb-
HOrO MHCTPyMeHTa HaGan). Ha6na — ouenb ynoGHoe B ¢uauxe oG03HaueHHe, MHO-

rae (GOpMYJH C €ro NpHMeHeHHeM CHJbHO ynpoutaiorcd. Cav MakcBeJsl MOCBATHI
Ha6/e CrenHa/bHYy0 OAY B BOCHMH HacTAX.

I
V= Ox jay
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ze—f‘ —(e, grad u). (6.18)

Ilpoussoaras mo HanpaB/eHUIO 3aJaeT, OYEBHAHO, HEKOTOPOEe HOBOE
CKaJiipHOe noJe B ofjactu D.

[Tepefinem K H3yueHH0O Au(depeHUHPYEMOro BEKTODHOIO MOJS.
Ilonsatne nuddepeHHHPYEeMOCTH BEKTODHOTO MOAS AaeTcAd B MOJHOM
aHaJIOTHH C NOHATHeM AHddepeHUHPYEMOCTH CKaJAPHOrO HOJsA, H 3TO
HOHsiTHe OHIJIO HaMH NAHO B JOMOJHeHMH 2 K ra. 12 u. 1.

Ilyctb B obaactn D npoctpanctsa E3 3ajaHo BeKTOpHOe IoJie
a(M) (BextopHas ¢yuxkuua a(M) rtouex M, npunapaexamux D).
Hanomuum, uro a(M) kaxpzo#t Touke M(x, y, 2) CTaBHT B COOTBeT-
cTBHe BekrTop a(M).

Onpenenenne 2. Bextoproe nose a(M) nazvieaercs dudgp ¢ e-
pernyupyemoimn 8 Touke M obaacru D, ecau ezo noaxoe npu-
pauenue Aa{M) npedcrasaserca 8 sude

Aa(M)=Ah+o (|lhl}), (6.19)
20e A — nexoropeil aunednsii oneparop B E3,

h={Ax, Ay, Az}, |hll= (Ax2+Ay2+Az2)1/2,

o (|x])) — eexmop, dauna xomopozo nocae deasenus na |hj| cmpemumca
k uyao npu ||hi —0.

Vreepxaenue. Ecau sexmopnoe nose dugdepenyupyemo, mo npeo-
cmagaenue (6.19) eduncmeenno.

JeiicTBaTenbHO (CM. Takxke gonoiHenme 2 K ri. 12 4. 1), ecma 6m
6nu10 nBa npeacraBiaeHus Buaa (6.19), 1. e.

Aa(M) =Ah-+o; (|lhi]}, Aa(M)=Bh+o.([hl),
(A—B)h=o(|Ihi}),

rae o (lthll) =oq(I[hll)—o(llhl]).
Paszneaus Ha |lh|| o6e yacTH moJyueHHOro paBeHCTBA, NOJYYHM

TO

(A—B) e = 2(hl)
11—
h

rae e=—m—— BeKTOp eAMHHYHOA A/nHH. CrnpaBa cTOHT GecKoHed-

Ho MaJjsfi pextop (ero AJHHA crpemHrcs K Hymio npu [[h|l—0), cae-
ZAoBaTebHO, AJs J1I060r0 eIHHHYHOTO BEKTOPA € BeJHYHHA cJeBa paB-
Ha HYyJIO:

(A—B)e=0.
Ho ecau asa nurefinHx omepatopa A W B coBnmajaiooT Ha eLHHHYHOR
cdepe, TO OHH paBHH, OYEBHAHO, Ha JIO6OM BeXTOpe, T. e. COBNAjaloT
sciony. CnexoBatenbho, A=B.
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Tak xe, XKaK H B cayuyae CKaJspHOrO IOJIsi, BEKTOpHOE noJe Ouegh-
¢epenyupyemo 8 obaactu D, ecnin oHo nudGepeHLHPYEMO B KaXKIOH
ToyKe obaactu D.

Kak u B ciyyae CKaJSIpDHOTO 1OJS, BO3HHKAeT BOIPOC 06 onpene-
JIEHHH TPOH3BOJAHOH [O HalpPaBJeHHIO AJS BEKTOpHOro noJs a(M).

yets M — Touka obaactu D, e — eJHHHYHHEA BEKTODP C KOOp-
JMHAaTaMH cOS &, COS P, oSy, ONpeNeJsiOUHi HEKOTOPOe HalpaBJeHHe.
Ilycte M’ — moGas Touka W3 D, orauynas or M H Takas, 9To BeEk-
Top MM’ xoanauHeapen BekTopy e. OGo3HaunM paccTosinie mMexapy M
H M’ uepes p.

Onpenenenve 3. IpousasodHoli 8eKTOPpHO20 noas
a(M) e Touke M no manpasiexuto e Hasbieaercs npedea OTHOWe-
Hus

lim Aa (M) - da (M) _ 0a
p—0 p Oe Oe

(8 cayuae, ecau aror npedea cywecrsyer). 30ecy Aa(M)=a(M’')—
—a(M).

Yreepxkgenue. ITycre sexroproe nose a(M) dupgpepenyupye-
Mo, A — aunednoii oneparop, onpedeasemslil U3 COOTHOWERUR Oug-
pepenyupyemocru (1. e. us coornouenus Aa(M)=Ah+o(|}hll)). Toe-

oa .
da npou3soOnas — noan 8 3Toli Touke M no arobomy ranpasaenuro
c

e cyujecTsyer u onpedensercs paseHCTBOM

92 M) _ ge. (6.20)
de

UnrepecHo cpaBHUTL 31y Gopmyay ¢ ¢opmynoir (6.18). B dopmy-
ae (6.18) cnpasa TakXe CTOHT pe3yJbTaT AeHCTBHA onepatopa A=
= (A,, A, A3) Ha BexTOp e. Pe3y.abTaT 3TOrO AEHCTBHS H €CTb CKa-

JSPHOE Npon3sejeHle rpajueHTa MoJid H BEKTOpA €.
HoxasateabctBo. [lycth € — ¢uKcHpoBaHHBIH BeKTOp. BH-
6epeM Touky M’ rtak, yuro6el h=pe. Torpa corsacuo (6.19) noayuum

Aa (M) =pAe+o(lhl).

IMockoabky [h]|=p, 10
Aa(M) _ Ae+’1° (p)
P P

[Tepexons B 3TOM COOTHOIUEHHH K mpeAeay npH p—-0, nonyuaem ¢op-
Myay (6.20), T. e. TO, 4TO H TpeGOBAJOCL AOKAa3aTh.
Bepuemcsa cHoBa K paccMoTpeHHio ¢opmyan (6.19):

Aa(M)=Ah+o(llhl).

3necy A — snuHelHMH omepartop, AeficrBylomui Ha Bextop h u3 E3,
Kak mbl 3HaeM, B QHKCHPOBaHHOM Oa3Hce BCAKHH JIHHCAHHHA onepa-
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TOp ompenesasiercsi cBoelt Marpuueii. HafizeM MaTpuuy JuHEHRHOro
onepatropa A B OpTOHOpMHpOBaHHOM Gasuce i, j, k, ¢ KOTOpEIM CBf-
3aHa JeKapToBa NpsMOyroJbHas cHcreMa xoopaunar Oxyz. Ilycts B
sToM Gasnce Bektop a(M) umeer koopausatn P, Q, R. CoruacHo
¢opmynam (6.20)

da da

da da

2= =i, == 4], —=—=4k. (6.21)
oi ox d] Oy ok 0z
0 .
Mo dopmyaam (6.13) BeuncasieM snemenTs! MaTpuusi A onepatopa A:
P 0P 0P
ai a; a o oy o |
0 .
A= al a3 &b }=] 92 9Q 9Q . (6.22)
3 3 3 ox Jy 9dz |
ay a; az R 3R R
' ox oy o0z |

2. JlusepreHuusi, poTOP KW NPOM3BOJAHAA 10 HANPaBJEHHIO BEXTOD-
Horo noas. ITycts a(M) — nuddepenunpyemoe B obsacTd D BekTOp-
Hoe moste. Torma coraacuo (6.19) Aa(M)=Ah+o(llhll), rae A — an-
HeRHBIH omepaTop, 3aBHcAmME OT ToukH M, Bekrop h — npupauieHue
aprymenra a(M), o(llhll) — BexTop, cTpeMmsmHiACA K Hya0 INpH
{thil—0.

Onpenenenue 1. Jusepeenyueil gexToprozo noasn
a(M) 8 Touke M nasvieaerca Queepeenyus aunednozo oneparopa A
u3 ycaosua Oupdepenyupyemocru (6.19):

diva (M) =div A.

Onpepgenenne 2, Poropom sexroprHozo noasn a(M) a
Tou ke M naseisaerca porop aAuseidnozo oneparopa A u3 YCAO8UR
duthpepenyupyemocru (6.19):

rota{M)=rot A.

3amerTiiM, 4TO NMOCKOJLKY BEKTOpDHOe Tiojie AH(p(epeHLHpyeMO BO
Bcell oGazactit D, to diva(M) u rota(M) ompenesnedn B KaixAoH To4-
ke M obaacti D. Sty BeJHUYHHB! [0 CBOEMY ONpEHEJeHHI0 HHBAapUaHT-
HH, T. €. He 3aBHCAT oT BoGopa Gasuca. ITostomy diva(M) mnpexr-
craBaser coboft ckanapHoe moge, a rota(M) — BekropHOe moJe.

BubepeM oproHOpMHpOBaHHBA Gasuc 1, j, K U cBsiXKeM ¢ HUM Je-
KapToBy IDAMOYTOJBHYIO cHcTeMy KoopauHart Oxyz. Ilycts KoopanHa-
o noas a(M) s Gaauce i, j, k ects P, Q, R. Marpuua omeparopa A
B 3TOM Oaznce HaMu yxe Haflnena (cM. dopmynay (6.22)). Ilockosbky
diva(M) =div 4, no dopmyse (6.14) cpasy nosxyuaem:

diva(M)=(i, Ai)+(, A4j)+ (k, Ak)=

doP 0 IR3
S+ = (y, a()),

1
=ait+ata=—-+—

(6.23)
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rage
0 7] 0 .

Hanee, Tak kak rota(M)=rotA, 1o no ¢opmyram (6.15) u (6.22)

MOJIYYHM
=(9R _ R oP __ R
mta(M)_(ay 6z)l+(az Bx)j+
(6.24)
‘ i i k
Q __ P \y_ =8 98 9
(6x Oy)k vXxa ox o8y oz |
P Q@ R
Hanucanumfi onpenesntens — cHMBOJHYECKas 3amHCh pOTOPA,

ynobHas nns 3aMOMHHAHHA.

BuiuHcainM NMpOH3BOAHYIO BeKTOpPHOro mouis a (M) no HanmpasJieHHIO
€, BOCnoJib3opaBwuich ¢opmynonr (6.20). IlockoaeKy enqMHHIHHA Bex-
TOp e HMeeT KOOpAMHATH {cOs &, oS B, cosy}, TO

o0a (M)

7 =Ae=A(icosa+ jcosf + kcosy)=

= cos & (Al) + cos B (Aj) + cos y (Ak).
Hanee, no dopmynam (6.21)

Ai="22 Aj___a_f_, Ak=-22
ox dy 0z
TloaTomy , , , ,
a (M) a a a
————=c05s &t — +c0s p — + cosy —,
Oe dx + B dy + Y 0z

YunrtHsas, yro a=Pi+ Qj+ Rk, 3anumeM eme O0ZHO BHpaXKeHHe
AJNA HpOH3BQ}1HOﬁ O HallpaBJICHHIO!:
da (M)

P =( Zi cosa+-—a§cosﬁ+ —Pcosy)l+

+(6Q COS O - —= 9 costH——Qcosy)H-
ox dy

+ (—a-&cosa-{- ——R—cos5+ —a—R—cosy)k
ox Oy

3. Hexorople mpyrne dopmyam BekTopHOoro amammsa. Jlomycras,
uto B o6nactu D sapgaHm ckajaspHoe mose u(M) M BeKTOpHOe moJe
a(M), npuuem Bce uacTHHE NPOH3BOIAHHE BTOPOro NMopaaka QyHKUHE
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u4(M) u a(M) senpepuBun B obnactu D. Torxa diva(M) — nuod-
<epennupyemoe ckaaspaoe mnoJe, gradu u rota(M) — audoepeHuH-
pyembie BektopHble mousisf. CsefoBaTesNbHO, MOXKHO MOBTOPHO MpHMe-

HaTh Auddepenunansurie onepatopn grad, div, rot, u uMeOT cMBICH
C/eflyIOlIHe ONepallyH:

rot grad u, divgrad u, grad diva, divrota, rotrota

Ilyets i, j, k — pHKCHPOBaHHHI OPTOHOPMHPOBaHHHA 6a3Hc, ¢ KO-
TOPHM CBfi3aHa [leKapTOBa NPSIMOYrOJbHas
Oxyz.

CHCTE€EMa KOOpAHHAT

YreepxkaeHue. HmeroT mecto caedyoujue nats cOOTHOweHuld

rotgradu =y X Vu=0'

O | 0%,
divgradu=(y, v u) =Au= a 3 g oz
B 0%P  3*Q , OR .
graddiva = V(V» a) (Gx’ + 6x6y+ axaz) :
" ( a’P 6’Q

OP L PQ  FRY,.
6x6y+ Ay aya ) I+ (a oz 6y62+ 921 )k’
divrota=(y,y X a)=0;

rotrota=y X (v X a)

=graddiva—Aa,
20e .

Ox 0z

HoxasareasctBo. Bece atu cbopmy.nbl JIOKa3bIBAIOTCR MO OA-
HOH cxeMe: TocCJej0oBaTeJbHO NpHMeHsIoTCA AndepeHUHANbLHEE Ole-
PATOPH K CKaJAPHOMY HJIH BeKTOpHOMY Houaio. Ilokaxewm, HanpuMep,

ou
nepBoe paBeHCTBO. BexkTop grad u==Vu uMmeeT KOOpAHHATH (—a——
X

_g_u_’ %;f-), nostomy gasa rotgradu=VXgradu no ¢opmyaram
Y
{6.24) mosnyyaeM BHpaxeHHe

rotgradu=vy X gradu= ( Ou Ohu ) i

dy 0z _ 0z0y
oy 0% o%u 0%
— _— =0.
+(azax axaz) I+ (axay ayax)k
Jokaxem BTOpOoe paBeHCTBO (cM. ¢popmyay (6.23))

divgradu =(y, vu)=(i7"x- Y PR
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ou , ou ., ou d%u 0%u 0%
L PN L = Au.
0x + dy J+ 0z ) Ox? + dy? + 022

CumBont A («aenbTa») HMEeT CrelHajbHOE Ha3BaHHe —ONEepaTop
Jlannaca?. CHMBOJHYECKH MOXKHO 3anHcaTh; A=V2

Iokaxem ewie TpeTbe COOTHOLIEHHE, INPEJOCTABHB J0Ka3aTeNb-
CTBO ABYX OCTaJbHBIX PABEHCTB YHTATENI0. 3aNHIIEM COOTHOIIEHHE

iva— —yg (OP R RN _
graddiva=y(y, a)=y (S-+-* +5-) =V,
rae
_oP 0 R
b= dx + oy + 9z °
HaJee,

ab . ab . ab
b=—i+ —j+ —k.
v Oox dy ] 2z
IoacraBaas BMecTo b ero BhpaxkeHHe, NOJYYHM TIPaByl YacThk
TPETbErO COOTHOIIEHMs. YTBEPXKAEHHEe NOKa3aHO.,
3aMmeuanue Kak yxe HeofHOKPAaTHO NOAYEPKHUBAJOCh, BEJH-
yuHe grad 4, divu, rot a ueBapuanteel. [103T0My HHBapHaHTHH H Be-
auvunsn rot gradu, divgradu, graddiva, divrota, rotrota. Caeno-
BaTesbHO, B JI0OOA CHCTeMe KOODIMHEAT MMeeM, HampHMep, 4TO
rotgradu=0, divgradu=Au=
% oy a2y
= o o —
0x? oy? 0z2

4. 3akaouMreabHble 3ameyanus., OOGcyZuM (H3HYECKHA CMBICK
pPaccMOTPEeHHBIX NOHATHH AMBEepPreHUHH M poTtopa. JlHBepreHuHIo Bek-
ropHoii  ¢yuxuun diva=(y, a)=—a;—+—ay—+—£ emle  HasHBawT
pacxogumocTbio. OHa onpeiensieT CKOPOCTb H3MEHEHHSA KaXIOoRk
KOMIIOHEHTH BEKTOpa B CBOeM <«cOGCTBeHHOM» HanpasJenud. Ecan
BEKTOPHOe MO0Je OMHCEIBAGT MNOTOK XKHAKOCTH, TO IOJIOXKKHTEABHOCTH
auseprenuun (diva>0) B faHHON TOuKe O3HAYaeT, YTO H3 3TOH TOY-
K BHTeKaer 6ojble XKHAKOCTH, YeM B Hee NpHTekaeT. I'osopsAT, uTo
Takas TOYKa cAyxHT ucroynukoM. Ecau xe diva<0, To nabmo-
Baetcs obpatuniflt 6analnc I TOYKA CJAYXKHT CTOKOM, T. € B Hee NpH-
Tekaer GoJiblie, 4yem BuiTekaer. Ecam diva=0, To cymectByer 6a-
JIAHC — KHJAKOCTH NPHTEKAeT CTOJBKO K€, CKOJbKO H BLITEKAaerT.

Besnuiina poTop BEKTOPHOTrO noJsd

8Q R\ , oR P
{. = = i — — —— el ———]
rota=y X a <az 6y)l+(0x az)H—

divrota=0.

) IIbep Cumor Jlannac — sHAarmuiics (PaHlmy3CKHA acTPOHOM, MATEMATHK
o bu3uk (1749—1827).
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lx j k
(2|2 2 o
\ dy 6x)

«€Ille Ha3blBaeTcd BHX P e M. DTO Ha3BaHHe CBA3AHO ¢ TeM, YTO OH Kak
OB «CMEUIMBAET» NPCH3BOAHLIE H KOMHOHEHTH. OH Kak Obl «CJACRHT»,
K@K MEHSIOTCS KOMIIOHEHTH BEKTODHOro mnojsi a (M) B «uyXHX» Ha-
npasieHusXx. TakuM o6pas3oM, DOTOp — 3TO Mepa <«BpallleHHsA» Bek-
-TtopHoro noafd. Kcratw, ecan V — auHeliHas CKOPOCTb, TO BEKTOD. @
YIVIOBOM CKOPOCTH BpalleHHsi ectb o= (1/2)rot V. 3T1oT Bektop Ha-
fipaBJieH N0 ocH BpameHHa. OTCIORa M BO3HHMKJO Ha3BaHHe pOTOpa.

B sakaoueHne mpuseneM cHcTeMy ypaBHeHHE Makcseasna aad
BJIEKTPOMarHHTHOTO NOJA B BaKyyMe:

1) divE =& 9) divB=0;

0

3) rotE= — 2B, 4) rotB=

I 1
ot +

£yc? e ot

3aecy p(M, {) — NIOTHOCTL SJEKTPHUYECKOTO 3apsia (KOJHUECTBO
:3apsiia, OTHeceHHoe K eauHuue obGwvema), j(M, {) — BeKTOp IJIOTHO-
CTH 3JEKTPHYECKOro TOKa (CKOPOCTb NPOTEKaHHs 3apsila uepes elH-
HUURYw naomanxky), E(M, t) u B(M, {) — BeKTOpH HaNpAXKEHHOCTH
BJIEKTPHUECKOTO W MArHHTHOTO HOJefi COOTBETCTBEHHO, g H € — pas-
MepREle NOCTOSIHHBIE, ¢ — CKOPOCTb CBeTa B BaKyyMe.

§ 3. OCHOBHBIE UHTETPAJIbHBIE ®OPMYJlbl AHAJIH3A

B 3tom naparpade OyayTr [oka3aHbBl OCHOBHble HHTerpalbHHE
dbopmyanl ananusa — popmyaa Ipura®, dopmyna Ocrporpaickoro—
Taycca® u dopmyna Ctokca!®. Dth ¢opMynan, ¢ OLHOH CTOPOHH,
ABJNAIOTCA RaJieKo HAymWHMH o6obuieHHsaMu dopmyant Heorona—
Jlefi6HuIa — OCHOBHOH (OPMYJB HHTErpaJjJbHOTO HCYHCJEHHS, ac Ipy-
TOH CTOPOHM, ABJAIOTCA BaXHeHmHUMH (OpMy/laMH MaTeMaTHYECKOro
-AHaJH3a H MaTeMaTHYecKoH pusuku.

1. ®opmyna I'puna. Ilycte n— nnockocTsb B mpoctpaHcTBe E3,
K — elHHHYHBII BEKTOD HOpMauH K m, D — ofHOCBsi3Hasi 06JacTh Ha
nt (HanoMEHM, uTo O6JsacTb D HaswBaeTcs OAHOCBSIZHOH, ecJH Jaic6as
KYCOUHO IJ1aJKasi 3aMKHyTas 6e3 caMmonepecedeHufi KpHBas, pacroJo-
2KeHHass B D, orpaHHYHBaeT o0JacTh, BCe TOUKH KOTOPOH TaKkKe NpPH-
saanexar D). Ilycts, nanee, o6nacts D yaoBJeTBOpseT CAELYIOUIHM
JBYM YCJOBHAM:

& JMx. I'puH — auramiickufi matematuk (1793—1841).

% M. B. Ocrtporpaickuii — pycckuit matematuk (1801—1861), K. ®. Taycc —
aemenxdt Matematk (1777—1855).

19 Ix. I'. Crokc — anrnufickuit ¢uank H Matemaruk (1819—1903).
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1) rpannna C obaactu D gBasieTcs 3aMKHYTOR KYCOYHO TJ1aiKoR
KpHBO# 6e3 0cOoBHIX TOUEK;

2) Ha NAOCKOCTH ;1 MOXHO BHIGpaTh TakKylo JeKapTOBy IpSMO-
YTrOJIbHYI0 CHCTEMY KOODJAHHAT, YTO BCE NPAMBE, IapaliesbHHE KO-
ODIHHATHEIM OCsIM, nepecekanor C He 6ojee yeM B JBYX TOUKaX.

ITycTp, HakoHel, t— eXHHMUHKEI BEKTOp KacaTeNbHOH K KDHBOMN
C, cornacoBaHHHil ¢ Kk, T. e. nmonOXHTeJbHOe HampaBieHue o6XoAa
KpuBoil C coBmajaer B TOUKe MNpHJOXKEHUH BeKropa t ¢ HampasJje-
HHEM 3TOTO BEKTOpa, M eCJU CMOTpPeTb C KOHUA HOpMakH K, TO KOH-
Typ C ODHEHTHPOBAH NOJOXHTENbHO (ero OGXOR OCYIIeCTBJSAETCS
npoTHB yacoBoil cTpenku). I'oBopaAT, uTo opHeHTanua Kpusoit C co-
IJ1acOBaHa C HOPMaJbl0 «IO NPaBHJy IHTONOpas.

Teopema 6.1 (popmyna I'puna). IHycro a— sexroproe noase,
OQugppepenyupyemoe 8 obaacru D, ydosaersopsroujed ycrosusm 1),
2), u Takoe, 4To ezo npoussoldHas no AOGOMY HANPABAEHUIO HeEnpe-
poiera 8 o6vedunenuu DUC=D, Toeda cnpasediusa popmyia

[{, rotaydo=&(a, tyar. (6.25)
D c

BrpaxeHHe cnpaBa OGHYHO Ha3HBalOT HHPKYJfALHeRX Bek-
TODHOro noJsa ano Kpuso#t C, a BHpaXkeHHe ClIeBa— IO -
TOKOM BeKTOPHOTO nouas rota uepes obnacte D.

Jaunas ¢opMyna gomyckaer Takyilo (PU3HYECKYI0 TPaKTOBKY: NO-
TOK BEKTODHOro mojs rota yepes obaacts D (moTok TemJa, JKHMIKO-
CTH H T. I.) PaBHfCTCH UHMPKYJASUHH BEKTODHOrO NOJS a4 IO 3aMKHY-
ToMy KOHTYpy C (pa6oTe CHJA 1nOJAA a IO INepeMelIeHHI0O TOUKH
BJosb C).

JdokasartenbcTBo. [Tockonbky Bce BXojsmme B GopMmyay
(6.25) ¢yHrRuuH HempepHBHH, TO 06a HHTerpaja CyUIeCTBYIOT.

3aMeTHM TakxkKe, 4TO HHTErpaju CcJaeBa W cnpaBa B ¢opmydae
(6.25) uHBapHaHTHH OTHOCHTEJNbHO BHOOpA MDPSMOYrOJBHOR CHCTEME:
KOOpIHHaT, nockoabky Beauuuun (k, rota) u (a, t) HHBapHaHTHH,
3JIEeMEHTH miowmany do H AJMHHH Ayru dl He 3aBUCAT OT BHGOpa ne-
KapToBOf cHcTeMH KoopiuHat. [lo3ToMy aocTaToOuHO HOKa3aTh (op-
Myay (6.25) B xako#l-To OJHOH cnenHaNbHO BHIOpaHHOMA cHCTeMe.

BriGepeM nexapTOBY NPSIMOYIOJBHYIO CHCTeMy KoopanHart Oxyz
Tak, 4TOO0H BHIOAHANOCH ycaoBue 2), ¥ ock Oz HanpasuMm Bjoab K.
INockonbky BexTOpHOE mode a=P(x, y)i+Q(x, y)j+R(x, y)k naoc-
Koe, 10 R(x, y)==0, t={cosa, cosP, cosy}={cosa, cosB, O}=
=={cos a, sin a, 0}.

CnenoBare/IbHO, MOXKHO 32MHCATh:

(2R _ RN\, (2R
rota_( oy GZ)H_ < oz 6x)j+

_*_(ﬂ__ai) k:(_a_Q___ _‘l’i.) k.
Ox Oy
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Hanee,
(k, rota)=-i§- — —, (a, t)=Pcosa+Qsina.

Tak xak ans [jockoi obnactu do=dx dy, To ¢opmyna (6.25)
NPHHHMaeT BHI
}S(k, rota) do= SS (__QQ_ — —ai)dxdy=
D

Ox dy

D
= @ (Pcosa + Qsina) dl — @de + Qdy. (6.25')
c c

3xech MB BOCHOJb30BanHCh TeM, uto dx==cosad!, dy=sinadl,
rae | — panna ayru C, Bri6paHHasi B KayecTBe napameTpa, BO3pacta--
HHe KOTOPOTO COIVIacOBaHO C HanpaBJjeHHeM o6xoxa C.

Has nokasateanctBa ¢opmyan I'pHHa HOCTAaTOYHO HOKas3aTh ABa

paBeHCTBa:
J=— ”—"’i dxdy—= @ Pdx,
') Oy .

D C
J=”‘j£ dxdy=§)Qdy.
dx
5 c

O6paruMca ansa sarasgHocTH K puc. 6.1, IlTyers npsmas, mapana-
aenbHag ocu Oy, nepecekaer C B Toukax (x, yi1(x)) v (x, y2(x)),
yi(x)<ys(x). Tlycte % 4 xp —

HapMeHbllass ¥ Hauboablias abc- ¥ =70, [

HHCCH ToueK o6aactu D, KpuBas :
C, coepunsier TOUKY (x1, y1(x1))
c TOYKOH (%3, y1(x2)), a KpuBas A(x,y,(x,)
Co — 10uKy (X2, Y2(x2)), ¢ TOUKOH
(x1, y2(x1)) 1 C=CUCy C,, Cq () G
ODPHEHTHPOBaHHK coraacobaHHo ¢ C.
Toraa no dopmyne cBefenns ABOH- z  z z,
HOTO MHTErpaja X IIOBTODHOMY MO-

JYYIHM Puc. 6.1

B(xy y(x;))

Gy

Xy Uh(x)

1=_S [ S igfy;ﬂdy] dx=)§ P(x, 4, (%)) dx—

Xy yi(x) g

_ S P(x, 4, (x))dx = § de—(—, S de) =(§de.

Xy ]

Ananornuno Buyncaserca uarerpaa J. Teopema nokasaHa.

14 -4314
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3ameuanue 1. Teopema 6.1 cnpaBennuBa u aas Gojee ofmux
obaacreli D (c rpannuet C) TaKuxX, YTO C NOMOLIBIO KOHEYHOTO YHC-
Jla KyCOYHO TafKHX KPHBHIX 3Ta 06JacThb MoOxKeT OniTh pasbura Ha
KOHeuHOe uHcso obnacrelt D; ¢ rpamnnavu C;, (=1, 2,...,n, yaoB-
JeTBOPAOIAX ycaosuaMm 1) m 2). lefictBaTensHo, Aas1 KaxAo# o6-
Jacta D; mo RokasaHHoMy ¢opmysa BepHa. Cl0oXHB 3TH paBeHCTBa,

n

8 CHJY aJAHTHBHOCTH J[ABOFHOrO HHTerpaga cJjeBa v Y MOKHO

=1

-

\
5;
n
3aMeHHTb Ha 55, a cripaBa Y qg = f, TOCKOABKY HMHTErpajn Mo
D imé ¢

«BHYTPEHHHM» KpHBBIM ) cokpaTsitcsi (Tak Kak HHTerpHpOBaHHe IO
HHM NPOH3BOAMTCH B IDOTHBONOJOMHHIX Hanpasjenusx). Ocranercs
JIHIUb MHTerpas no rpanuue C obaacrtu D.

3ameuanue 2. B popmynuposke teopeMsl 6.1 oT ycaoBHA 2)
MOXKHO H36aBHTBCH, T. €. CYHTATh, 4TO rpaHHua obsactd D ecTb JIo-
6asi 3aMKHyTasi KycOuyHO ruaagkas kpusass C Ge3 ocobmx Touek. On-
HAaKO /I0Ka3aTeJbCTBO TEOPEMEl HECKOJBKO YCNOXHAETCS.

3amMeyanue 3. YcaoBHe Ha TVIaJKOCTh BEKTOPHOrO MOJAS MOXK-
HO TaKxe HeCKOJbKO ociabuth. [ocratoyHo TpeGoBaTh, YTOOH mHOJE
a 6su10 HenpeprBHO B D\ )C =D, a puddepenmmpyemo B D, 1 BPOU3BOA-
Has mo JoboMy HampaslieHHIO ObLla HempephiBEA Tonbko B D. dop-
Myaa (b.25) mpm 3TOM coxpaHsieTcs, OLHAaKO BXOAAIIMHA B Hee JABOH-
HOH HHTerpaa sBJASeTCS NPH 3TOM, BoOGlle roBOps, HecOOGCTBEHHBIM.

3aMeuanue 4. Teopema 6.1, T. e. popmyna I'puHa, Bepna H
B ofmeM caydae obuaacrefi D ¢ rpanuueft C, sApasiomedcs TOJIbKO
CHPAMJIEHHOH KpHBOR 12,

3ameganune 5 Qopmyna I'pusa (6.25) Mmoxer OuITh 3anuca-
Ha, KaK 3TO CJAelyeT H3 JOKa3aTeJabCTBa, B Buze (6.25'):

Sﬁf (5 — ) dxdy= g{gdeJery.

WnrTerpanu ciepa u cupaBa HMEOT WHBaPHAHTHHIA XapakTtep, T. e.
HX 3HaueHHe u (popMa He MEHSIOTCA NPH Iepexoje K HOBOA AeKapTo-
BOH CHcTeMe KoopAauHaT. JleficTBHTeNbHO, 3HAYeHHS IOABIHTErPalb-
HHIX BHIDaXKeHHI cjeBa u cnpaBa B ¢opmyae (6.25’) paBHH coOTBeT-
crBenno (k, rota) u (a, t) —HHBapUaHTHHIM BeJHuHHaM. Popma
TOJABIHTErPAJNBHLIX BHIpaXeHu#t B (popmynae (6.25’) Toxke, oueBHAHO,
He MEH4eTCA NpH Nepexoje K HOBOM AeKapTOBOH CHCTEME KOOpIHHAT

Ox’y’; ecin B HOBOM 6GasHce BEKTOPHOE NOJe a MMeeT KOOPIHHATH
P'uQ, 10

1) T. e. no BCIOMOraTeJbHHM KYCOYHO TJIaAKHM KPHBHM, Da30HBAOIUHM 06-
aacte D. 3 .

13 Cm. cratsio . I'. Ilosmsxa, EB. Mukeea (JAH CCCP, 1980, 253, Ne 1,
‘c. 42—44). .
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(k, rota)= (_‘39_ — .éf_) = (k, (ﬁg ___‘_35'_) k) —

0x dy ax’ oy’
=90 9% (a Ydi=Pde+Qdy=
ox’ ay’

=(P’'cosa’ + Q' sina’)dx= P dx' + Q" dy’.

Haxoneu, siko6uan npeoGpasoBauus NnpH nepexole K HOBOH cHCTe-
Me KOODAMHAaT IO MOAYJI0 paBeH eAUHHUIE, a NapaMeTpu3anusa ¢ Io-
MOWIBI0 JJHHHE AYTH He cCBfA3aHa ¢ cHcTeMo# KoopaunaT. [lostomy
HHTErpajk ciesa M cnpasa B (6.25") He MEHAIOT CBOETO 3HAUCHHA B
dopm=L.

2, ®opmyna Ocrporpagckoro—TFaycca. Ilycte D -— ojfHOCBsI3HAS
o6nacte B E3 (T. e. ans 21060H KyCOUHO FJIaAKOH 3aMKHYTOH KDHBOR
C, pacmosioxeHHOH B D, MOXKHO YKa3aTh OpHEHTHPYeMYi0 KYyCOUHO
IM1agKylo nosepxHocTb (G, pacnoJioxkeHHyio B D, uMeoulywo rpasnueRr
C), S — ee rpannua, yA0BJETBOPAOLIAA JABYM YCJIOBHAM:

1) moBepxHoCTh S — KycOYHO TI/aAkasi JBYCTODOHHAS [OJHAas
orpaHdyeHHas 3aMKHyTas H Ge3 0COGBIX TOUYEK;

2) NpsIMOYroJbHYIO AeKapTOBY CHCTEMY KoopAuHat B E® MoxHO
BHOpaTh Tak, YTO AJsi KaXAOH M3 ocell KoopAuHaT awbasd npamad,
napajaejbHas 3Todl ocH, OyAeT népecekatb NOBEPXHOCTb S He GoJee
4YeM B ABYX TOYKax.

[lycts n— exnnuunuit BekTOp BHewHeft Hopmann x S. Cnpasen-
JIHBA cJeAylolllas TeopeMa.

Teopema 6.2 (dopmyna Ocrporpanckoro—TIaycea). [Hycre
a — sekToproe nose, Oudpepenyupyemoe 6 obracru D, yooeirerso-
paoujed ycaosuam 1), 2), u rakoe, 4uTo npoussoGHas no arobomy Ha-
npasaenuro nenpepoigna 8 D\JS=D. Tozda cnpasedauea ¢opuyra

”S divadv:%} (a,n)ds. (6.26)
o 15 s

Hurerpan cnpaBa B ¢opmysne (6.26) uasbiBaercsi NOTOKOM
BEKTODHOTO NOJS a Yyepe3 NOBEPXHOCTH S, a HHTerpaa
clieBa B 3TOH ¢opMmyne — 5T0 OOBEMHBIHl HHTErpad OF JAHBEPTeHLHH
BekTOopa no obaactu D. ITostoMy Teopema 6.2 gomyckaer Takywo ¢op-
MYJHDOBKY:

Ob6vennbitl unreepan ot Jueepeernyuu sexropa no obaacru D pa-
8eH NOTOKY BEKTOPHOZO NOAR & Hepes NOgepxHocTs S — epanuyy srod
oGaacru.

HoxkasartenbctBo. Bee Bxogsmue B ¢dopmyay (6.26) dyHk-
UHH HENpepLIBHMLI, [O3TOMY HHTETpajH C/eBa H COpaBa CYIIECTBYIOT.

3ameruM, 4To Qopmyia (6.26) uHBapHAHTHA OTHOCHTEJNBHO BHIGO-
pa npsAMOYTOJbHOH CHCTeMbl KOODAMHAET, MOCKOJBKY BCE BXOAfIIHE B
Hee BeJHYMHH — HHBapHanTel. IlosToMy nocraTouno nokasats ¢op-
Myay (6.26) npH KakOM-TO OJHOM BHIOOpe QeKapTOBOH CHCTEMH, BhI-

14+
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-6epeM JeKapTOBY NPSIMOYTOJbHYIO cucTeMy KoopauHar Oxyz Tax,
4yTOGH BHIOJHAMOCH ycaoBue 2); nycrs a={P, Q, R}, n={cosa,
.c0s B, cos v}. Toraa, yuutniBas, uTo

cos a ds=dydz, cos B ds=dzdx, cosyds=dxdy,

A0y IHM
o L 0Q , OR _ ~
5” ( w T oy T o ) d"dydz—(ﬁ@(l’cosav% cosp + R cosy) ds =
D S
= (_%) (Pdydz + Qdzdx + Rdxdy). (6.26")
S

IIOKa}KEM, YTO ClIpaBEeJJIHBH CJEAYIOUINEe TPH paBeHCTBA:

1=J§5%dxdydz=§§dedz;
J = 5555 %3- dxdydz = gf)sg) Q dadx;
L=S£S%—dxdydz=(§s§512dxdy.

OrpasuuHMcs J0Ka3aTeAbCTBOM paBeHCTBa JUIS MHTerpana L, Tak
kak paBenctBa aasa | u J AokashBaloTcsi aHajoruuHo. OG03HAYMM
uyepes D’ mpoekuuto obnactu D Ha
maockoers Oxy. Uepes rpaHHuHbIE
ToykH o6aactu D’ mposeneM nps-
Mmue, mapannenbune Oz, Kaxnas
U3 5THX NPAMLIX Nepecekaercs ¢ S
JMIIs B OAHOH TOYKe. MHOKecTBO
STHX TOYeK pasgensier S Ha HBe
yactH: S; 1 Sy (eM. puc. 6.2). Ec-
JH MH NPOBEAeM NPAMYIO U3 BHYT-
penHeli Toukd o6Gnactu D', mapaj-
JejbHy10 ocd Oz, TO OHa mepeceyer
0 MOBEPXHOCTh B ABYX TOUKax: (x, y,

‘ zi(x, y))sS 1 (x, ¥, 22(x, Y))E
| e eSy; 21(x, Yy) >22(x, y). 3ameTum,
uto 2;(X, Y) H 22(X, y) KyCOUHO H
i HempepHBHO  AHddepeHuHpyeMblie
z (z,y) pynxkunn B D’. Tlo ¢opmyie cse-

JeHHsl TPOHHOrO HHTerpana K Mo-
Puc, 6.2 BTOPHOMY HHTErpasy NOJyYHM

<y
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24(%, y)

L=5 [ 5 . dz]d"d-‘/=ij(x.y.zl(x.y))dxdy_
DI zi(xry) az -5»

_‘g R(x, y,2,(x, y)) dxdy = SSS R(x, y,2)dxdy +

+ H R(x, 4, 2) dedy = gy@ R(x, y, 2) dxdy.
S, S

3necs MH BOCNOJB30OBAJTHCE TeM, 4To S==8||S;, H COOTHOLIEHHEM
-—-“' R(x,y, 23(x, y)) dxdy = 55 R(x,y, 2)dxdy = SS R cosyds,
=

COpPaBeJAJIHBEIM B CHJY TOTO, YTO BHELIHSisl HOPMajb N K IOBEPXHOCTH
S, o6pasyer Tymo#t yroa ¢ ocsio Oz (mostoMy cosy<0). Teopema
AOKa3aHa, ,

3ameuanue 1. ®opmyna Ocrporpanckoro—Iaycca (6.26) mo-
KeT OHTbh AOKa3aHa M B cayyae obaacreft D Gonee o6uiero BHAA,
YeM yKa3aHO, a UMEeHHO JJifd TaKHX, ¥ KOTOPHX CyILeCTByeT KOHeyHoe
pasbHenne Ha obaactu Dy, i=1, 2,.,.,n, paccMoTpensoro Buia. Mas
3TOrO JocratouHo (popmyay (6.26) manHcath AnA Kaxaof 0O6JacTH
D; ¥ noayyeHHHe pe3yJbTaTH CJAOXHTb, [IpH 3TOM NOJNYdYHTCS HCKO-
Mas ¢opMyna. IeficTBHTENBHO, B CHAY aiMMTHBHOCTH HHTerpaila B
JIeBOfl yaCTH MOJyyHuTcA uHTerpaid mo D. B npapBoii uactH moBepx-
HOCTHEIe HHTErpaJhu IO COOTBETCTBYIOUIMM 4YacTAM rpaHHl objacrefl
D; B cyMMe naayT HOJb, TaK KaK BHeIUIHHe HODMaJH B TOYKax Ipa-
HHy obaactefi D;, mpHHaAJexaludX FpaHHIAM ABYX TaKux obJjacrtef,
HalnpaBieHH B pasHblieé CTOPOHBH. TakuM o6pa3oM, OCTaHYTCH TOJBKO
HHTerpajan no 4acTAM Trpasuy D;, COCTaBJAAIOIIHM B COBOKYNHOCTH
rpauunny S obaactk D.

3aMeuanune 2. B popmynnposke reopeMu 6.2 oT ycaoBus 2)
MOXHO H306aBUTbCH M CYHTATh, YTO S — KYCOYHO IJ1ajKas ABYCTOPOH-
HSS OJNHAS OrPAaHMYCHHAS 3aMKHYTAasi IOBEPXHOCTL 06e3 0CcOOLIX TOueK.
‘OHEAKO B 3TOM Cily4ae JOKa3aTEIbCTBO TEOPEMAI YCIOKHICTCH.

3aMeuaHHe 3. MoXHO CyuTaTh, 4TO BEKTODHOE NOJE a Hempe-
PHBHO AupdepeHUHDPYEMO TONBKO B OTKPHITOA o6jacth D H Hempe-
puBHO B DUS=D. Toraa tpofioii muterpaan B ¢dopmysae (6.26) cie-
AyeT MOHUMAThb KaK HecOGCTBeHHHI.

3ameuwanune 4. Qopmyna Ocrporpasckoro—Iaycca (6.26) mo-
¥xer GHITH 3alHCaHa, KaK ITO cjaefyeT H3 JOKa3aTelbCTBa, B BHAE

9P L Q| R -
Hj( o o+ S ddyds Eﬁsg}(dedz +Qdedx + R dxdy).
D

Baue'mu, 4YTO HHTErpajil CJéBa M CIIpaBa HMeEIOT HHBADHAHTHHIN Xa-
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pakTep, T. e. X 3HaueHHe H (popMa He MEHAIOTCA NpH TNepexoie K
HOBOH J€KapTOBOM CHCTeMe KOOpAMHAT. Ilis 3TOro JNOCTaTOYHO IIpo-
BeCTH DAaCCyX[E€HHs, aHaJOTHUHHE NPOBeJleHHHM B 3aMeYaHHH § 1mo-
cJe noKasaTenabcTBa TeopeMh 6.1,

3. Popmyaa Crokca. Ilycrs S — onHocBsisHasa '® noBepxHOCTh B
E3, ynoBreTBopsiomas AByM YCJOBHSAM:

1) S —kycouro rnagkasi JABYCTOPOHHAS TNOJNHAA OrpaHHYeHHas
noBepxXHOCTb 6e3 OCOGHIX TOueK; ee rpaHHLed fABAAETCH 3aMKHYTHMR
KYyCO4HO riajakuil koutyp C;

2) nexapTOBYy CHCTEMY KOOPAHMHAT MOXKHO BEHIOpaTh Tak, YyTobm S
ONHO3HAYHO INIPOEKTHpPOBaJach Ha Jio6yl0 H3 TpeX KOODAMHATHHX
NJOCKOCTed,

ITycTh n— eaMHHYHEIA BeKTOp HOpMAJH K S, t— eIHHHUHHA Bek-
Top KacateabHOlM K C, corsacoBauumbi ¢ n (cm. m. 1). Ilpu atux yc-
JIOBHAX MMeEeT MECTO CJAeAYIOUlas TeopeMa.

Teopema 6.3 (dbopmyna Crokca). Ilycrs a— 8eKTOpHOe noae,
Henpepoisro Oupdepenyupyemoe 8 HeKOTOPOU OKPECTHOCTU noeepx-
HocTu S (7. e. Ha HEKOTOPOM OTKpbiTOM MHoscecTée 8 E3, codepxca-
wem S). Toeda cnpasedausa gopmyia

5 \ (n, rota)ds = (ﬁ (a, t)dl. (6.27)

S Cc

Sta TeopeMa AOUYCKaeT elle TaKylo GoOpMyaHPOBKY:

Ilorox sexropa rota uepes nosepxnocTe S pasen yupKyassyuu
8eKTOpA & no 3amKHyTOMYy KOHTYpY C.

HokasatearcTBo. B cuay ycnoBufi TeopeMH HHTErpaju B
¢opmyne (6.27) cymecrsyor. Popmyna (6.27), oueBHAHO, HHBApH-
8HTHA OTHOCHTe/IbHO Bhifopa Gasuca, ITosToMy nocTaTouHO HOKa3aTh
3Ty ¢GopMyay IpH KaKOM-TO OJHOM BmOOpe 6asuca. BriGepeM mnps-
MOYTOJIBHYI0 NEKaproBy cHcTeMy KoopAuuat Oxyz Tak, urobu S on-
;IIOSHa‘{HO OPOEKTHPOBaJach HA Bce TPH KOOPAHHATHHE IJIOCKOCTH,

YCTb

a=Pi+Qj+ Rk, n=={cos X, cosY, cosZ},
t={cos u, cos B, cosy}.

CornacyeM BrIGOp CHCTEMH KOOPAHHAT TaK, YTOOH BEKTOP HOP-
Maau n 06pa3oBHBAJ OCTPHIE YIVIB ¢ KOOPAHHATHHMH OCSAIMH,

YuuTHBas Bhipaxenue Ajas rota B JeKapToBOR INpAMOYyroJnHo#
CHCTeMe KOODIHHAT, MOJYyYHM

13) HapoMHiM, 4TO NOBEPXHOCTh S Ha3HBaeTCs OAHOCBA3HOM, ecau mobas Ky-
COYHO TJIajKas 3aMKHyTas KpHBas Ge3 TOUEK caMoOnepecedyeHHs, PacnoJoyKeHHas H&
S, orpaHHYHBaeT MHOXKECTBO, LEJHKOM COCTOslee H3 TOUeK 3TOH MOBEPXHOCTH,
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Sg (n,rota)ds =

[ )2 o

S
-+ (—‘-71—-—@&) cos Z} ds=§§(a,{t) dl=§(Pcdsa+Qcosﬁ+Rcosy)dl=
o4 C
=§f> (Pdx + Qdy + Rdz). (6.27")
[o

HOCTaTO‘IHO, OY€BHAHO, NOKa3aTh, 4TO

= (3 v e

I.[Jlﬂ OCTAaJIBHHX CJHaraeMhix:

J= j'f( %Q cos Z— cosX) (ﬁ Qdy,

L] (S o) -

“‘970

JlOKa3aTeJbCTBO aHAJOTHIHOE,
3aMmeTHM, YTO NOBEPXHOCTh S — KYCOYHO IVIafKas H OZHO3HAUHO

npoektupyercs Ha Oxy. Ilyecrs D — ee npoekumus, I'— npoekuus C

Ha naockocts Oxy (cMm. puc. 6.3). ITostoMmy cymecrtByer auddepen-

nupyeMasi GyHKUua 2=2(x, y), KO-

TOpas 3ajgaeT ypaBHEHHe IOBepX- 2

goctu S. Ilpu aTom

bz,

cosY = 0 &l
1+z +2y
, 0
= zy . y
S D
1 r

AHanoruuHo cos Z = e ——
2 ’2 .
Vite +2 Puc. 6.3
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IlosToMy, yuuTeiBas 3TH hopMyasl, 6yaeM HMeTh

I= —SS (——— —ai+-a£-) cosZ ds= — Sj—;;— [P(x, y,2(x, y))] dxdy,

MOCKOJIBKY Ha moBepxHocTH S ¢yuruus P(x, y, 2) paBHa
0z | 0P 0P(x,y,2(x,4))

oP
P(x,y, z(x, y)), 5 _6y— % o

H NMOBEPXHOCTHHI MHTerpaa mo S paBeH ABOHHOMY HHTerpaay no D.
Hanee, ucnonbays popmyay I'puna, noayyum

~ ([ P2ty = P(x p.20x, y))dngjp(x, y,2) dr.
D T

34ecb MBI BOCIOJIb30BaJHCh Te€M, YTO €CJH TOYKa (X, y) HaXORHTCH
Ha kpuBoii T, To Touka (x, y, 2(x, y)), OUEBHIAHO, NPHHAJJIEXKHT KPH-
Boii C. Teopema nokasana.

dopmyna Crokca BepHa u aias 6oJjee O6IUHX OrPpaHHYEHHHX MOJ-
HBIX KYCOYHO TVIaJKHX JBYCTODOHHHX HOBEPXHOCTeH ¢ KYCOYHO riaf-
KOH rpauuuef,

3ameuanue 1. I[Ipexne Bcero mokaxem, uto dopmyna Crox-
ca BepHa IJ5 NMOBEPXHOCTeH S, yIOBJETBOPSIONHX ycaOBHiO 1), HO
He YIOBJETBOPSIOIIHX, BOOGINE TOBOpS, YCJOBHIO 2) OAHO3HAYHOrO
NPOEKTHPOBaHHA S Ha JI0OYI0 H3 KOODAHHATHHIX MJIOCKOCTeH.

OxkasnpiBaercs, UTO cyujecrayer raxoe 4ucro §>0, uro Ora arobolt
wactu ® nosepxvocTu S pasmepa menvuie 8% moxHo Tax swvibparv
dexaprosy KoopOunarnyto cucremy, 410 @ OOHO3HAYHO NPOEKTU-
pyerca na 6ce KoopOuHaTHbie nAOCKOCTU. JleACTBUTENBHO, NYCTh
M, — duxcupoBannas toyka S. IlpoBeseM KacaTeJbHYI0 INIOCKOCTDH
yepe3 TOUKy My, NyCThb Ny, — BEKTOP eXHHHYHON HOpPMaJiu NOBEPXHO-
¢TH B Touke M,. BuifepeM npsMOyronbHyw cHcTeMy KOODAMHAT TaK,
4YTOOH! BEKTOP Nps, COCTABJSJI OCTPHE YIJH € OciMH KoopauHat. Ilo-
CKOJIbKY TIOJle N HOpMaJjel HeNpepHBHO, TO CYILECTBYeT OKPECTHOCTb
TOukH My Takas, YTO BCce HOPMaJH B TOYKAax 3TOH OKpeCcTHOCTH obpa-
SYIOT OCTpHle YIB! ¢ OCAMH. KoopauHat. Ho Torga coriacHo yrtBsep-
xnenuo 1m. 1 ra. 5 ¥ 3ameuanuio 2 K HeMy MOXHO yTBepXJaTb, 4TC
CYLIECTBYEeT HEKOTOpas OKDPEecTHOCTh panuyca 8/2 Touku M, kKoTopas
ONHO3HAYHO IPOEKTHPYETCHd HAa BCe KOODAHHATHHE IIOCKOCTH.

OTMeTHM, 4TO yKa3aHHOe YHCJO § 3aBHCHT, BooflLle roBOpS, OF
Toukn My 6=08(M,). [TokaxkeM, 4TO MOXKHO BHOpaTh YHHBEpCaib-
HOoe, He 3aBHcsulee OT TOYKH yucao §>0. JomycTHM OpPOTHBHOE, 4TO
Taxkoro yucaa & me cymecrsyer. Torma ansa Kaxaoro 8,=1/n, n==
=1, 2,..., MOXHO yka3aTb yacTb O, NOBEpXHOCTH S, pa3MepH Ko-

8/ 10 Tagkasa uacTh NOBEPXHOCTH MOXeT OHTb pacnojoxeHa B chepe paanyca
2. :
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TOpPOH MeHblle §, M KOTOpas He MPOEKTHpyeTcs OJHO3HAYHO Ha BCe
TPH KOODJAMHATHHE IJIOCKOCTH J1060fi AE€KapTOBOH CHCTEMBl KOOp-
AHHAT.

BriGepem B kaxnoit uacty @, Toyky M,, a ¥3 TNOJY4YEHHOH mOC/e-
JOBaTeJIbHOCTH BHIOEDEM I0C/ef0BaTeNbHOCT, CXOAAIIYIOCS K HEKO-
Topoit Touke M momepxuoctH S1%, CornacHo mNpOBefeHHHIM BhilIe
PacCyXKIeHHSIM y TOYKH M CyliecTByeT OJLHO3HAYHO NPOEKTHpyeMas
Ha KOODAMHATHHE TJIOCKOCTH HEKOTODOH NpsSMOYrOJbHOH CHCTEMH
OKPEeCTHOCTb, DTa OKPECTHOCTb AJS HEKOTOPOTO HOMEPa 1 COREDKUT
qacth ®,, KoTOpas TakKxke O6yJeT OXHO3HAYHO IPOEKTHPOBATbCA Ha
BCe TPH KOOpAMHaTHHEe IMocKocTH. [Tosyunsaoch NMPOTHBOpEYHE C BH-
SopoM D,, 3aBepLIaioliee JOKa3aTeJbCTBO.

Tenepb yxe HeTPyAHO CcAeJaTh 3aKJIOUEHHE O CIPaBeAJHBOCTH
dopmyas CTokca AJsi MOBEPXHOCTEH, yAOBJIETBOPSIOIHX YCNOBHIO 1)
# He YAOBJETBOpRIOWHX, Boobule roBops, ycaosuio 2). Jas sroro
pasobbeM MOBEPXHOCTh S Ha KOHeYHOe YMCJAO raafkux gacrted @y,
pa3Mep KaXJo# H3 KOTOpPHIX MeHblle §, ykazaHnoro Buule. Ilockosb-
Ky uactb @, OJHO3HAYHO NPOEKTHPYETCS Ha BCe KOODJAHHATHBIE MIOC-
KOCTH HEKOTOpPOH JeKapToBOH CHCTEeMH KOOpAWHAT, TO ¢opmynaa
Crokca BepHa ans Kaxao# yactu @,. IlpocyMMHpyeM JieBbie H mpa-
Bhle yacTH 3THX ¢opMya. MHTerpajsl no o6iiHM ydyacTKaM TpadHUH
@, GepyTcs B NPOTHBOMOJIOXKHEIX HANpPaBJIEHHAX M [O3TOMY COKpa-
TATCA.

Takum o6pa3oM, cjieBa MH MOJAYYHM HHTErpajl 1O MOBEPXHOCTH OT
seauyuHnl (n, rota), a cnpaBa— uuTerpan 1o rpaHuue C NOBEpPXHO-
¢t# S or Benuuunw (a, t), 7. e. popmyny Crokca ans obuiero cayuas.

3ameuanune 2. QopMynsa Croxca BepHa H [JIS IOBepXxHOCTef
S, HonycKamoulHxXx pa30HeHHe C NMOMOINBIO KYCOYHO TAaJKHX KPUBHIX
Ha KOHeYHOe 4YHCJO OJHOCBA3HEIX, ofOjajamolux cBoOHcTBOM 1) no-
sepxHocrel. JlokasaresbcTBO 3TOro ¢aKTa OYeBHIAHO: JAOCTATOYHO
NpOCYMMHDOBaTb HHTerpajnl cjleBa H cnpaBa B ¢opmynax Crokca
AN OJHOCBSI3HEIX TOBEPXHOCTEH M yuecTb, YTO HHTerpaje 10 KpH-
BBIM, BXOASAUIMM B pasGHeHHe, 6epyTcs B Pa3HBIX HaNpaBJeHHAX H
[HO3TOMY COKpaTaTCs.

3ameuanue 3. Popmyna Crokca (6.27) moxer OHTb 3amuca-
Ha, KaK 3TO CJeAyeT M3 JOKa3aTenbcTBa, B BuAe (6.27'):

OR R KL
gggj{( P aZ)cosX—l—(az ax\)cos}"-i—

+ (_gf__%gl) cos z} ds=§(de+ Qdy + Rdz).

13) 9T0 MOXHO CAesaTb B CHJIY OFPAHHYEHHOCTH M HOJHOTH, HCNOJB3YS Teope-
uy DBoabuano—Befepmrtpacca.
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Hurerpann cheBa M cnpaBa HMEIOT HHBapHaHTHHIH XapakTep — HX
3HaueHHe H (opMa He MEHSIOTCH NIPH mepexoje K HOBOA AeKapToBOR
cHcTeMe KOOpAHMHAT. UTo6n y6eAHTbCH B 3TOM, AOCTATOYHO IPOBECTH
paccyxeHHns, aHaJOTHYHbIE NMPOBEJEHHHIM B 3aMeyanuy 5 m. l.

§ 4. YCJAOBHUS HE3ABHCHMOCTU KPUBOJHUHERHOIO
HHTETPAJIA HA NAOCKOCTH OT NYTH
WHTETPUPOBAHUS

Ilycte a(M) — BekTopHOE moJe, 3afanHoe B CBA3HOM NJIOCKOH 06-
aactu D.

Onpeneneunne 1. Dynkyus U(M) Haseisaerca noren-
yuaarom noas a(M) e obaracru D, ecau s 3rod obaactu

a(M)=grad U(M).
Ilose a, ob6aadaroujee noTenyuarom, HA3LIBACTCA NOTEHYUAAL-
KblM nosem.

Teopema 6.4. ITycre ¢pynxyuu P(x, y), Q(x, y) HenpepoisHot 8
D. [an at0boix d8yx rowex Ae=D, BeD 3nauenue uwrezpara

f Pdx + Qdy
AB

Dl
He 3asucur 0T xycouno eradxold kpusoldl AB<D, coedunaroujeil Touxu
A u B, to2da u roarvko Tozda, Koeda noae

a(x, y)={P(x, y), Q(x, y)}

ROTeH{UAAbBHO. B srom cayuae

{ Pax+Qay=UB)—U(A),
AB

2de U (x, y) — norexyuas noan a(x, y).
oKasarteabcTBO. Jocrarounocrs. IlycTs

oUu au
a(x,y)={P(x,y), Q(x,y)) =grad U (x, y) = {‘5;‘—, Ty—}
IMpousBosbubie ToukH A 1 B H3 obaacty D coenHHHM HeKOTOpOR
KyCOYHO rJaakoit KpuBoit AB, u nycts x=x({), y=y (), a<t<b—
€e napaMeTpHyeckoe npeacraBieHHe. B cHAY HenmpepHBHOCTH .
X

d
" a—UsaKmoqaeM, uyro ¢ynkuus U(x, y) auddepedunpyema B D,

Torna no ¢opmyne HoioTona—Jleii6unna noayyaem
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b

j' Pdx+Qdy = { (P(x (1), y (1) x" () +Q(x (), y () ¥’ (t)) dt =

=

AB o

4
= X U'dt=U (x(b), y(6))—U (x(a), y (a)) =U (B)—U (4).

Heo6xodumocty. Qukcupyem B D Hexoropyio TOuky Mg (xo, yo) H
nycte M(x, y) — nponsBoabHas Touka obsactd D. [Nonoxum

U(M)= 5 Pdx + Qdy,
MM

rie HuTerpan Gepercs mo J060OH KyCOUHO rAajKOH KDHBOM, coenu-
HAwuel ToukH Mo 1 M (cMm. puc, 6.4).

TlokaxeM, uTo Tak onpeiesex-
#Has ¢yukunsa U(x, y) siBasetcsa He-
KOMBHIM nOTeHUHaJoM mons  a(x, \
y)={P(x, v), Q% y)). ﬂoxameg, y

HANPHMEp, CYLIECTBOBAHHE — —~—
X

M pPaBeHCTBO %q—=P(x, y). Ot tou-
X

KH M(x, y) cMecTHMCH B TOYKY
N(x+Ax, y) Tak, uto6H OTpe3oK

MN coaepxaacs B D. 310 Mox-
HO cenaTh AJSA BCeX HOCTaTOYHO
MaJblX NpHpameduii Ax, Tak Kak 7
D — oTKpHITOE MHOMKECTBO, COCTOS-
fee M3 BHYTpeHHHX ToueK. [Ipu Ta-

"y

Pruc. 6.4
KoM cMmewiedun oyukuus U(x, y)
MOJiy4HT NpHpaLIeHue
Ux+Ax, 5)—U(x,9)= | Pdx+Qdy— j Pdx + Qdy =
MMN MM
= 5‘ Pdx 4+ Qdy.
e

Ha orpeske MN koopauHaTa y uMeeT NOCTOSIHHOe 3HAyeHHE, H, CJe-
JAOBaTeNAbHO,

j‘Qdy:O.
MN

ITostomy
- x+v‘Ax
U(x+ Ax, y)—U(x, y)='j Pdx= { P(t,y)dt.
MN

x
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B cuny HenpepriBHOCTH QyHKUMH P (X, y) H3 TeOpeMbl O CpeJHEM MOo-
JAYYHEM
U(x+Ax, y) — Ulx, y) =P (x+0Ax, y)Ax,

rae 0<6<1, oTkyna

Ux +Ax, y)—U(x, ¥) __ py..
~ = P(x + 6Ax, y).

[Tepexoas x npeneay npu Ax—0 B CHJIy HENPEPHIBHOCTH (QYHKUHR
P(x, y), nonyyaem, 4TO npefes CyuUIeCTBYeT H

ou
“ox =P(x, y)-

Coaepmem{o AHAJOTHYHO JOKA3nBaeTCd PABEHCTBO R

UED o, y).
Oy
Teopema 6.4 gokasana.
Ecau none a(x, y)={P(x, y), Q(x, y)} noTeHnHalbHO H (PYHKHHHK
P(x, y), Q(x, y) BMecTe cO CBOMMH UAaCTHLIMH MDOH3BOAHLIMH Hempe-
pHBHH B o6aactd D, TO JONXKHO BHINOJHATLCA PaBEHCTBO

P 5Q
dy ax '
KOTOpOe O3HavaeT DPABEHCTBO CMelIaHHBEIX NPOH3BOAHMIX:
o aw
dyox 0xdy

B cuay teopemn 6.4 HeOGXORMMHM YCNOBHEM HE3aBHCHMOCTR
KPHBOJIHHEHHOro HHTerpana

S Pdx 4+ Qdy
AB
OT NYTH HHTErPHPOBaHHMA INPH YCJIOBHH HENPepHIBHOCTH (yHKuHA

P(x, y), Q(x, y) ¥ HX YacTHRIX NPOH3BOAHLIX B o6jacta D sBiasgercs
JIEFKO NPOBEpsieMOe PaBEHCTBO

oP _ 3Q
dy  ox
Ecau obnacte D oRHOCBSI3HA, TO 3TO ycJioBHe OyAeT M AOCTATOY-
HEIM 1717 He3aBHCHMOCTH uHterpana {Pdx+ Qdy ot BnGopa KpHBOH,
AB

coepuHsAOme faHHble Toukd A U B. UTo6u npH H3JIOXKEHHH He HC-
[I01630BaTh He QOKasaHHyi B ofuieM cayuae ¢dopmyay ['puna (cm.
sameyaHHe 2 K TeopeMe 6.1), paccMOTpHM cHauyaja cJayuafl, KOrAa
o6snacTs D sBnsieTcs KPyrow.
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Teopema 6.5. ITycre ¢pynsyuu P(x, y), Q(x, y) u ux wacrnvie
npoussoonsie HenpepvieHbl 8 HexkoTopom Kpyze K. B arom cay«ae
nose a(x, y)={P(x, y), Q(x, y)} norenyuasrvro 8 3rom Kpyze roeda
u TOAbKO TO20a, Ko20a 8

0P  0Q

dy ox °

HdokasareabctrBo, QOueBuaHo, Tpebyercss LOKas3aTh TOJBKO:
JOCTATOYHOCTh yCJaOBHSA. Uepes HeHTp Kpyra, Touky M, nposezeMm
npaMue Mox’ B Myy’, napanneapnbie KoopaunaTHeM ocsiM Ox u Oy
cooTBeTcTBeHHO, M3 mpowusBosbHOR ToukH M(x, y)=K omyctum mep-
HeHAuKyAsIps MM, u MM; na Mex’ u Myy’ coorBercTBeHHO. TOUKy
M, coenunum ¢ Toukamu M; u My orpeskamun M M; n MM,.

[Tpumenas dopmyay I'puna (6.25) x npamoyroasaury MM MM,,
noJjyyaem

S Pdx + Qdy = jj(———) dxdy =0,
Mo MM,
OTKyJAa CJIeflyer, 4To ' i

j Pdx + Qdy = 5 Pdx +Qdy,

MDMIM M;M,M
T. €. HHTerpana §de+Qdy He 3aBHCHT OT JABY3BE€HHOH JIOMAaHOH v,

coeRHHAKWEN q;uxcnposaﬂﬂyxo Touky M, ¢ HekoTOpo#i Toukodt M.
ITosromy onpenenum ¢yukiumio

U(M)= 5 Pdx + Qdy,
MM
S’

rie MM — nBy3BeHHas JoMmaHasi, 3BeHbsI KOTODOH HapajjienbHH KO-
OpAMHATEHMM ocaM. IIpoBepka, uro Tak onpegeneHHas (yHKUHSR
U(x, y) aBasercsa noTeHUHaJOM AaHHOro noas a(x, y), NPOBOAUTCH
aHallOTHYHO TO#, KOTOpas nposeleHa NIPH JOKa3aTeslbCTBe TeOpeMH:
6.4. TeopeMma 6.5 nokasana.

3ameuanHne, Teopema 6.5 cnpaBeajuBa B cjayuae TIPOH3-
BOJIbHOH ORHOCBA3HOH o6aactH D. Uto6m ybGejuThCAd B 3TOM, [I0-
KaxeM, 4TO AAS HEe3aBHCHMOCTH KPHBOJHHEHHOTrOo HHTerpaja

j Pdx + Qdy
AB
OT BH6Opa KPHBOH AB coeaunsiomen ToukH A u B, pocraTouHo

dP d
BhINIOJIHEHHe B obOsactu D ycaoBus - = aQ
Y x .
Ilycte L — npousBonbHas 3aMKHyTas KYCOYHO TJIajKas KpH-
Bas, pacnoJsioxkeHHas B D, O6o3HayuMm yepea D* o06aacTb, KOTOPYIO
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orpanuynBaer KpuBas L. B cuay oanocBAsHOCTH ob6iaactH D kaxX-
nasi Touyka obnactH D* npunagnexur D. Ilpumenssi k o6aacTH
D* ¢opmyny I'puna (6.25") (cM. 3ameuanne 2 K Teopeme 6.1), mo-

AYUHEM
(ﬁpdxwdy 5( )dxdj 0.

Or1ciona caenyer, 4To Al JMIOGHX (HKCHPOBAHHHX TOYeK A u B
obaactd D u mo6uX ABYyX KycOouHO Traafkux KpuBnix ACB
AC’B, coeRMHAIOLIHX 5TH TOUKH, BHNOIHFIOTCS paBeHcTBa:
0= 5 de+Qdy=S de+Qdy+S Pdx 4+ Qdy =
AZBUBC’A ACB BC'A
= 5‘ de+Qdy-—S Pdx +-Qdy.

ACB AC'B
ITostomy

f Pdx + Qdy = 5 Pdx + Qdy.
ACB AC B
Cnenoaarenbﬂo, 3Ha4YCHHE HHTEerpaJa

X Pdx + Qdy

—
He 3aBHCHT OT KYCOUHO IMIaikoit KpuBo#l AB, coemuusiouiell TOUKH
Au B,

§ 5. HEKOTOPbBIE NPUMEPDBI TPUJAO)KEHHWHA TEOPHH
noJia

1. BuipaxkeHse naowagu niaockoit o6JacTH uepe3s KPHBOJHHeAHbik
uHTerpan, Ilycts D — opnocssisHas o6aacib ¢ rpanuueft C, yaosne-
TBODsIOLIeH ycaoBUAM TeopeMsl 6. 1.

[Tonaras B dopmyse I'puna (¢popmyna (6.25")) P=—y, Q=x,
NOJMYYHM

2dxdy — § — ydx + xdy.
fbf xdy 23 yds + xdy

Has maomaan o(D) obnactn D Ha NJAOCKOCTH HMeeM clelyioliee
BhIpAXKEeHHe uepe3 KPHBOJHHEHHBIH HHTerpaJ MO ODHEHTHPOBAHHOHA
rpausne stoit 06JaacTh:

a(D) =—;—® —ydx + xdy.
c
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C nomouibio moayuenHolt ¢opmynas nHa#aeM njomags obnacT,
orpaHHuYeHHOH UHKIOHNOH x=a({—sint), y=a(l —cost), O0<I<<
<2r, a>0, u npamoil y=0. Tak kax

s—ydx +xdy =0,
v

Fie y— OTPe3oK. 0<Cx<{2n, y==0, TO B COOTBETCTBHH C IOJOXHTENb~
HOfi OpHeHTalHel KOHTYpa NOJYunM

0
(D) =—;—5 (—a? (1 —cost)? + a? (t—sinf)sin f) df =

27 2n

=—%- (' (2—2 cos t—tsint) dt = 2na® _Tj tsintdt =
-/
[

0

=2na® + —g— (t cost) rn = 3nqg®.
0

2, BupaxeHue ofbema uepe3 noBepxXHOCTHbii uHTerpan. Ilycrs
D — onnocesizHasg obaacts B E3 ¢ rpanmuelt S, ynosnerBopsiolueft
ycaoBuaM Teopemu 6.2 (dopmyna Ocrporpanckoro—Iaycca). Ilomo-
XKHM, 9TO B obaactu D

P(x,y, 2)=x, Q(x, 9y, 2) =y, R(x, y, 2} =

ATH (QYHKUHH YIAOBJETBOPSAIOT YCJIOBHAM, NPH KOTOPHIX CIHpaBel/IHBa
dopmyna Ocrporpanckoro—Iaycca, no3TOMY

“‘ xdydz + ydzdx 4+ zdxdy = f H 3dxdydz = 3V (D),
s “b

rae V(D) — o6peM obaactu D.

3. PaccMoTpuM BeKTOpDHOe NoJie, KOTOpOe CO3AaeT 3JeKTpHuecKHH
sapsaj BeJHuHMHH ¢. [loMecTuM 3TOT 3apsR B Hauaso KOODIHHAT. Cu-
Jna, AefCTBYIOIlas Ha EZHHHYHEIH 3apsj, MOMEHIeHHHH B TOUYKY
M(x Y, 2), 1o sakony KyJsona Bripaxaercs ¢popmyJo

E(M)=

r

4ne <l

rae r— pajHyc-BeKTOp TOukH M, r=7Vx2+y2+ 22, g, — MOCTOSHHASA.

dnekTpoctaThueckoe mnojie E noresumannso B E3N\{0}. Hanom-
HHM, uTO noJje a(M) HaspBaeTcs NOTEHUHAJbHLIM B objacTH D, eciu
B 310171 ob6nactu cymectByer ¢pynkuus U (M) Takas, yto

a(M)=grad U(M).
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Tlorenunanom noas E cayxur ¢pyHKuus

- _ 4 1
@ (M)= dme, r

Ilone F, cosnaBaeMoe TOYeyHOM MAaccofi i, NMOMElIEHHOM B Haya-

JI0 KOOpIHHAT, HA3bLIBA€TCAI TPaBHTAaUHOHHB M, H OHO Takxe
TIOTEHUHANbHO.

ITo 3akony Hbiotona cuna F(M), c kotopoft mose ZeficTByeT Ha
€AHHUYHYIO Maccy, NOMelleHHYI0 B Touky M(x, y, 2), BHIpaxaercs
«opMyJ0it

ITorennuanom noasa F Bo Bcem E® (3a HCKIIOUEHHEM Hayajla Ko-
OPAHHAT) CAYXKHT PYyHKIHSA

U(M)=gmlr.

,H,jm NOTEeHUHaJbHOr0 NOJA
a(M)={P(x,y,2),Q(x, 4y, 2),R(x,9, 2)},

3ajaHHOro B obsacTu DCEa, HE3aBUCHMOCTh HHTErpaJa

S Pdx +Qdy + Rdz
v

OT IYTH HHTErpHPOBAaHUA (HHTErpaj 3aBHCMT TOJBKO OT Hadala H
KOHIIA IIyTH) JOKa3kIBaeTCsl TaK XKe, Kak U B TeopeMe 6.4, B cayuae
o6nactu D, npuHaanexauei E2

ITostomy pabGota, coBepimiaemMast TaKHM MOJeM NpPH NepeMeIleHHH
€IMHUYHOH npOoGHOH yacTHUH H3 TOYKH A B TOUKy B, He 3aBHCHT OT
nyTH nepeMeiuesusi. Ecan paccrosiHus OT Hayaja KOOPAMHAT A0 TO-

ek A ¥ B paBHH r) H r; COOTBETCTBeHHO, TO 3Ta pabora mnona E
paBHa

— - (1 _ 1
(D(B) (D(A) - 4neo (fl r )'
a pa6ora noas F paBna
! 1
U (B)—U (4) = gm(r——-——).

2 n
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JOMNOJHEHHUE K T'JIABE 6 '©
JAUOOEPEHUHAJBHLIE ¢OPMbBI
B EBKJIHJOBOM NMPOCTPAHCTBE

§ 1. 3HAKONEPEMEHHBIE NOJHJIHUHEAHBIE ¢#OPMbI

1. Jlunefinsie dopmpl. Ilycts V — npoussosibHOe n-MepHOe Bek-
TOPHOE NpPOCTPAHCTBO, 3JEMEHTH Kotoporo OyaeM o0003HauaTh
cumBosiiaMu E, 1,.... Ilpeamerom Hawmero usyuyenus Oyayt QyHk-
II¥H, ‘CONOCTAaBAAIOLIHE KaXAOMY 3JeMeHTy EeV HekoTopoe Bele-
CTBEHHOE YHCJO.

Onpenenenue 1. Dyuryusa a(t) Haseigaerca aunedrnod
popmod, ecau 0aa smobox BV, n=V u awbozo sewjecTsenno-
20 4UCAQ ) BOINOAHAIOTCA PABEHCTEA

1) a(8+m)=a(E) +a(n);
2) a(rg)=Ma(§).

Onpenenenne 2. Cymmoid dsyx aunelnoix goopm a u b
Ha3osem aunelnyro opmy ¢, kotTopas xaxcdomy eexropy E=V co-

nOCTABARET 4UCAO
¢(§)=a(g) +b(%).

Ilpoussedenuem auxednot dopmer a na sewecrt-
BeHHOE HUCAO A Ha3osem aunednywo gopmy b, xKoropas Kax-
Gomy sextopy E=V conocrasaser wucao

b(8) =hra().

Takum o6pasoM, MHOXKeCTBO BceX JuHEeHHHX ¢(opM obpasyer
BEKTOPHOE NPOCTPAHCTBO, KOTOpoe Mbl O0G03HAUMM CHMBOJIOM
L(V)!" Haiinem npexcrasjieHde JuHEHHOH (GOPMH @ B KaKOM-IHGO
6asuce {er;. Iycrs

% =Z gieh
=1

rae yucia E! onpemenswress ofuosuaudo. Ecau o06o3HauuTh a;=
==q(€;), TO HCKOMOe NpeAcTaB/]eHne GyIeT HMeTb BHX

a(8) =Y, ta.

{=l

Hokaxewm, uto pa3meprocTs dim L(V) nuHeHHOro mpocTpaH-
crea L(V) paBHa n. [lag 3T0oro 40OCTaTOYHO yKasaTb KakKOH-AHGO

0} TekcT AaHHOro XONOJHEHH: B3AT M3 KuurH B. A. Habuna, D. I, IlosHaka
«OcHOBH MmaTemaTHueckoro asaimsa. Y. 2» (M.. Hayka, I'n. pen. dus.-Mar. sur-
pH, 1982).

17) TIpocrparctBo L (V) 0603HaYaioT Takke CHMBOJIOM V* H Ha3sHBAalOT CO-«
NPAXKEHHHM (MIH AyaabHHM) K V

15— 4314
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6asuc B L(V), conepxamuii TO4HO n 3JEMEHTOB, T. €. 1 JHHERHHIX
dopm. Pukrcupyem npousBoabHbl 6asnc {e,} nmpoctpanctsa V nu
paccMOTpHM JuHeliHble GOPMEL

eh(B) =t (k=1,2,...,n),

rie {&*}— xosdpuuueHTH pasioXKeHHA BekTopa E IO 3/eMeHTaM
6a3uca {e.}. Muaye rosops, auneilHas dopma et pefictByeT Ha
37eMenTH 6asuca {e;} no npaBuay

1 npu i=k;
0 mpu izt

e* (&) =0, ={
B rakom cayuae B manHoM Gasnce {e;} JauHefinag ¢opma
HMeeT BHJ

a®)=Y ae (), a=a(e)

i=1

T. e. JuHefinnle gopmu e!(E), e2(E),...,e"(E) obpasyior Gasnc B
L (V). dtor Gasuc HA3BIBAIOT CONPAXEHHH M (a Takxe B3 a-
HMHB M WIHAYaabHB M) K Gasucy {e;}.

2. Buauneiinbie dopmbl. OGozHayum uepe3 VXV MHOXecTBO
Bcex ymopspouenHnx map (&, &), rme E =V, E.=V, u paccmor-
puM ¢yuxoun a(%;, &), CONOCTABJAAIOUIHE KaxIOMY 3JEMEHTYy H3
VXV (t. e. xaxaeiM AByM snemedtaM Ee=V u E,e=V) Hekoropoe
BellleCTBEHHOE YHCJIO.

Onpenenenne. Pynkyus a(k, ) Hasvisaercas buau-
neldnod hopmod, ecau npu xamdom QUKCUPOBAHHOM 3HA4E-
Huu 00HO20 apeyMeHTa OHa ABASETCA AuHelHol opmol oTHOCU-
TEALHO OpYyeoeo apeyMmenTa.

Wnaye rosops, nag JiOOHX BEeKTOPOB &, & My, M2 H JIOOHX
BELISCTBEHHBIX YHCEJ A1, Ag, (1, W2 BBINOJHAETCA DaBEHCTBO

a(ME, + My Ay +umy) =
=MAga (§;, &) + Ao (B1uMg) + 1200 (M, o) +mylta@ (Mg, My)-

MizoxecrBo Bcex GuiHHEHAHHX GODM JIETKO NpeBpaTHTh B JH-
HelHOe NpOCTPAHCTBO, BBOJAS B HeM eCTeCTBEHHHIM 00pasoM ofrepa-
UHH CJIOXKEHHS M YMHOXEHHS Ha BellecTBeHHoe uHcJo. [lonyuen-
Hoe @npoCTpaHCTBO OuJduHeldHHX GopM o0603HaUNM
cuMBosoM Lg (V).

Hafinem npexcraBaenue OGuauneitnoit dopmer a(g, E) B Ka-

n

KoM-au60 Gasmce {e;}i—; npoctpancrsa V. Ilycts §k=2 Eles
j=1
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15"

k=1, 2 Tlonroxus a(e; e;) =a;, NOJYYHM HCKOMOe IIpeiCTaB-
Nenue

gp gz Y Sj atlgl

L_l j=1

Has Ttoro uTO6H ONpeleNnThb pasMepHOCTb [POCTPAHCTBA
L;(V), o6pasyeM ¢ moMoliubio JuHeidHbIX (hopM ei(§), cocrasisio-
mux B L(V) Gasuc, conpsixkenuslit k Oasucy {e;}, GuIHHeHHbIE

dopMmu
e (&1, §o) =e*(%1) e ().

Torna npousBosibHast GuauHelHass ¢opMa OyAeT ONHO3HAYHO Npend-
CTaBHMOH B BHJE

a(E, B)=Y, Y ae’! (&, &)

(=1 f=1

D10 03Hauaet, uto opMul el (§;, &) obpasyior 6asuc B Lo(V)
H, CJIefoBaTeNbHO, pasmepHocTh Ly (V) pasua n2.

3. Nonununeiinie d¢opmpl. IlycTts p— HaTypajbHOE HHCJO.
O6o3naunm cumBosoM VP=VXVX... XV MHOXecTBO Bcex ymo-
pABOYeHHEIX HaGopoB (&, By, ..., Ep) M3 p BEKTOPOB, KaxABH U3
KOTOPHIX HpHHAMIeXHT V H paccMOTpUM (YHKIHM, CONOCTABJIAIO-
LHe KaxAo0My TakoMy Hafopy HEKOTOpOe BelleCTBEHHOE UYHCNO.

Onpenenenne. Pyuxyus a(k, E,...,§p) Hazeisaerca no-
auasunetinotli gopmot crenenu p (uru p-popmoti), ecau
OHA RABARETCA AUHEUHOL Popmol no Kawoomy apeymenry npu
PUKCUPOBAHHBLX BHAYEHURX OCTAALHOLX.

BBoxst B MHOXecTBe Bcex p-GOpM JHHeHHBIE ONMEpalyH, MONY-
YHM JIHHefiHOe INpPOCTPaHCTBO, KOTOpoe 0003HaYMM CHMBOJIOM
Ly(V).

HafineM npencraBieHHe NPOH3BOJBHON MOJNMAMHERAHOH (OPMEL
a(%:, Ez,...,Ep) B KakoM-1u6o Oashce {e;};— mnpocTpancrsa V.
O6osHauny -

L
ai,i,...z'p=a(eip €Ly oy eip)-
n

Torzna ecsu Ekzz Eie:, TO
i=1

a(gl’ ng teey gp)‘— Z Qii,.. zg‘g E

lx-— i —1

Ecnu e*(E) — 6asuc B L(V), conpsixennn#t x {e;}, To, oueBuA-
HO, p-bopMH

ei,,[....fp (511 gz, e gp) =gl (gl) ehr (ES) e elp (gp)
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o6pasyiot 6asuc B L,(V), caenoBarteasno, Lp(V) umeer pasmep-
HOCTb nP.
4, 3HakonepeMeHHbie NoaAuAHHeRHbIe GOPMBI.
Onpenenenune. oaurunednas gopma a(%, E,...,Ep) na-
3bisaercs 3HakKonepeMeHnHHoOl, ecau npu nepecTaHosKke A0~
boix dsyx apeymenTos ona menser 3nax'®., Huaue 2080p1,

a®n, &ooovn B o BBy =—a By B ooy Epnny B ooy )

OueBHIHO, MHOXKECTBO BCeX MNONHUIHHEHHHX 3HAKONEpeMeHHHX
¢opm crenern p o6pasyeT NMOANPOCTPAHCTBO JHHEHHOrO HPOCTPaH-
ctBa L,(V), xotopoe Mb 06Go3HauuM cuHMBOJOM Ay (V) 19, SDie-
MeHTH npocTpaHctBa A, (V) Gynem o6o3Hauath CHMBOJIOM

o=0 (8, 52...,8n).

3ameTuM, uTo ecau {e;} — npousBoabHEd 6asuc B V u

n n
—_ { i
m_z . .. Z (‘ng...ipgl‘. . gppv
iy=1 l.p=l
TO UYHCJAa (Di‘-_‘[p MEHAIOT 3HAK INpH IlepecTaHOBKe [JBYX HHUEK-
COB. DTO BHITEKAET H3 TOro, 410

m;,.,_,-p:m(e;,, vy e[p).

EctectBenso cunrath, uto A;(V)=L,(V), a Ae(V) cocrour us
BCeX NOCTOSHHEIX, T, €. COBNAAaeT C YHCAOBOH NPAMOiL
5. BHemrHee npox3BeaeHMe 3HakonepeMeHHbIX ¢opm. Paccmor-
pUM JaBe 3HaKomepeMmeHHbie ¢opMb: oP&Ap (V) u wi€A (V).
B sTOM nmyHKTe MHE BBEJEM OCHOBHYIO ONEpalHI0 B TEODHH 3HAKO-
nepeMeHHBIXx (OPM — Oonepanup BHelHero ymMHoxeHus. IlycTb

oP=@? (N, N2 ..., Np), MEV,;
0?=w? (1, §2,...,8¢)» &i=V.
PaccmoTpuM caenymooumylo noaunnuednyio (opMy aeLpyo(V):
a8y, B oo Bt =07 (& ..oy BT (Bptts ..oy Epto) (6.1.1)

Ora ¢opma, Booblle roBOps, He HABJSETCS 3HAKONepeMeHHON: NpH
nepecTaHOBKe apryMeHToB &; H E; rae I1<CiKp u p+1<j<<p+4,
¢opma (6.1.1) MOKeT He H3MEHHTb 3HaKa. DTHM OOCTOATEIbCTBOM
H BHI3BaHa HeOOXOAMMOCTbL BBEJEHHSl BHELIHEr0 IPOH3BeREHHS.

18) 3yakonepemeHHHE TNOJHJAMHEHHBHe (OPMH HA3HBAIOT TaKXKe AHTHCHM-
METDHYECKHMH, KOCOCHMMETDHYECKHMH, KOCHMH, BHEIIHHMH,
%) 310 npoOCTpaHCTBO 0603HAYAIOT TaKKE CHMBOJOM APV* U HaswBaioT p-i&
BHeIWIHeA cTeNneHblo NPoOCTpaHcTBA V*



§ 1. 3uaKonepeMeHHHe NoOAHAHHEAHHe QOPMH 229

Jna Toro uro6H BBeCTH BHelIHee NMPOM3BENEHHe, HaM NOHAIO-
6aTca HeKOTOpHe (GakTH u3 TeOpHH nepecTaHOBOK. Hanomuum,
4o mepecTaHOBKOK uncesa {l, 2,...,m} HasnBawT QyHK-
uHul o=c¢(k), ompelejeHHYI0 Ha 3THX YHCJIaX H OTOGpaxKalollyio
HX B3aHMHO OJHO3HAayHO Ha cels. MHOXeCTBO BCex TaKHX nepe-
CTaHOBOK 0603HayaeTc CHMBOJOM X, OueBHAHO, 4TO X, COZep-
JKHUT Bcero m! pasJuyYHEIX TepecTaHOBOK. [l IBYX nepecTaHOBOK
0=2Z, U TEZD,, €CTeCTBEHHHM 00pasoM onpelenserTcs CynepnosH-
uua ot<Z,. IlepecranoBka o~! HasbiBaercs 06paTHON X o, €C/]H
o-lo=00"!=e¢, rie &— TOXJECTBEHHass mepecTaHOBKa (T. e.
e(k)==Fk k=1,2,...,m). ,

ITepecraHoBKa ¢ HasbiBaeTcs] TPaHCHNO3HIUHeMH, ecad OHA
HepecTaBJjser ABa YHCJA, OCTaBJsis APYrHe Ha cBoeM Mecrte. Hua-
4ye roBOpHA, €CJH CyluecTByeT mapa uucet { u j (I<Ci<m, 1<<j<<m,
i#j) Ttakaa, uro oa(i)=j, o(j)=i, o(k)=k ana k¥*i u k+j.
OueBHAHO, eCH ¢ — TPAHCNO3ULMSA, TO 0~ =0 H ¢-0=¢.

HsBectHo, 4TO BCsiKkasf TnepecTaHOBKA ¢ paajlaraeTcsi B cymnep-
NO3HIHIO TPAHCNO3HUMH, NepecTaBJAIOUIUX YHCIA C COCEAHHMH HO-
MepaMH, NpHYeM YeTHOCTb YHCJAa TPAHCNO3HUUA B TaKOM pasfo-
XKEHHH He 3aBHCHT OT ero BHOOpPa M Ha3HBaeTcs YETHOCTBHIO Iepe-
CTAHOBKH 0.

Bsenem caenymoomee o6o3nauenne:

{ 1, ecnu mepecTaHOBKA 0 YeTHa,
sgno =
g —1, ecau mepecTaHOBKA O HEYETHA.

3aMetuMm, uto ¢opMmMa a=L,(V) npuHagnexutr Ap(V), ecnn
aas 11060ii mepecTaHOBKY 03,

a(%on, o -- o Bo)=(sgno)a(g, &, ..., &)

PaccmorpuM cHoBa nosnuausefinyio dopmy (6.1.1). Has noGo#
NepecTaHOBKH O0EX py, NONOXKHM

0a (%, ... Eota)=a(Bo() -« -s Solp+a)- (6.1.2)

Hetpynuo y6eautscs B TOM, UTO €CIH TEZprq H 06E3Zpiq, TO
(ro)ya=1(oa). ‘

Onpenenenue. Brewnum npoussedenuer ¢op-
Mot 0PEAL (V) u popmer w1eA,(V)  naseisaercs opma ws
EApq(V), onpedesneman pasencreon ‘

0 (Ey .- Epre) =3, (sgn 0) oa, (6.1.3)

2de cymma Geperca no 8cem nepecTanoskam 0&=IXp.q, y008.4€180-
PRIOWUM YCAOBUIO

o(1)<e(2)<...<a(p), olp+1)<...<a(p+9), (6.1.4)
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a geauuuna oa onpedeasercs pasercrsamu (6.1.1) u (6.1.2).
Buemnee npoussenenve fopM @ H 09 0603HaYAETCH CHMBO-

JIOM
w=0" /\ 0.

ITponnalocTpupyeM Ha npHMepe, Kak AeHCTBYeT NepecTaHOBKA

o, yaosaerBopswomas ycaosuio (6.1.4). IlpegnmosoxkuM, yto no He-
KOTOpO#l Jopore napaJjjielbHO ABHXKYTCA HABE KOJOHHH aBTOMOGH-
Jiefl, B nepBOA M3 KOTOPHIX p, a BO BTOpPOH ¢ MamuH, Yepe3 HeKo-
TOpPOe BpeMsl Jlopora cyaercs U o6e KOJIOHHBE Ha XOAY nepecTpau-
BaloTcs B ofHy. Ilpn 3TOM aBTOMOGH/IH MepBOH KOJOHHH 3aHHMAIOT
MecTa rie-to cpeiu aBToMoGHIe# BTOPOH, OJHAKO NOPANOK CJEAO-
BaHHS aBTOMOGHJIe BHYTPH KaXZOl KOJIOHHHl cOXpaHsiercs. B pe-
3yJbTaTe MBI [IOJIyYaeM NEepecTaHOBKY, YAOBJIETBOPSIOUIYIO yCJO-
BHio (6.1.4). Jlerko Buieth, uto M 00paTHO BcAKas Takas nepecra-
HOBKa MOXeT OBITh peajii30BaHa Ha Halllell MOJeJH.
Hnsi Toro utoGul y6eXuThCS, YTO AaHHOE HAMH ONpeleJieHHe AB-
AAETCS KODPEKTHEIM, Heo6X0AuMO AOKa3aTh, 4T0 w=0"/\0e
&Ap14(V). OueBuaHO, B 40Ka3aTeJbCTBE HYXIA€TCH TOJBKO 3Ha-
KOllepeMeHHOCTb (DOPMHBI .
[TokaxeM, uTo npH nepecTaHOBKe ABYX apryMeHToB & H Bin
topMa © Menser 3uak., Otciofa Jerko OyleTr CJIeAOBaTh, YTO WE
EAp44(V). Ilyers 12,4, ABASETCS TaKOH NepecTaHOBKoi. Y6e-
HHMCH B TOM, 4YTO
To=—0=(SgnT)w. (6.1.5)

H3 pasencrsa (6.1.3) nonyuum
O = Z (sgn o) (vo) a.
[+3
Pazobrem 3Ty cyMMy Ha JBe:
TO = Z (sgn o) (vo) a +- Z (sgn 0) (10) a. (6.1.6)
a ¢4

K nepBoii cyMMe oTHeceM Te NePeCcTaHOBKH O, AJIA KOTOPHX JH60
o l(i)<p, o l(i+l)<p, aubo o '(i)>p+l, o l(i+1)>p+l.
Jaa xaxnoi takoll nepectaHoBKH (10) a=—aa.

Jas toro uro6ul crenath 3TO yTBepxKAeHHe 6ojiee OUEBUIHBIM,
0603HauuM k=o-1(i), (=0~ !(i+1), 1. e. i=0(k), itl=0(l). Pop-
Ma ga npeicTtasiasier coGoit npousBeleHHe GopM w” H w9, TpHYEM
apryMeHTaMH «” SBJASIOTCA BeKTOPH Eo1), Ee2)y ---» Gofp)y 4 aPIYy-
MEHTaMH @7 — BEKTOPH Esp+1), ..., Sop+q) ECIH E<p u I<p, TO
Bi=%sx) ¥ Eir1=Eoy) SIBASIOTCH apryMeHTaMH (oOpMH ©°, KOTOpas
0 ycloBHIO 3HaKonepeMexHa, CJiefoBaTeNbHO, NPH IepeCTaHOBKE
& u §1 popMa ©P, a 3HAUHT, H 0Q MEHSIOT 3HaK. AHaJOrHYHO
paccMarpuBaercs cayudail, korfa k=p+1 u [>p+l1.
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I/I'rax, AN HepBOﬁ CYMMBb! BBIHIONHAETCA PABEHCTBO
Z' (sgno)(to)a= —Z'(sgn o) oa. (6.1.7)
42 o

Ko Bropoit cymme oTHeceM Te IepecTaHOBKM ¢, AJS KOTOPbHIX
aubo o l(iy<p, o' (i+1)=p+l, aubo o (i) =p+l, o l(i+])<
<p. IlokaxeM, 4TO MHOXKeCTBO NepecTaHOBOK {0}, yAOBJETBODPSAIO-
KX 3TOMY YyCaOBHIO (a Takxke, pasymeercs, yciosnio (6.1.4)),
COBIIafiaeT ¢ MHOXKECTBOM IlepecTaHOBOK 10, rae o{o}. Ob6paTuM-
€ K Halled MOJeNH ¢ AByMSl KOJIOHHaMH aBTOMoGuJefl. YTBepx-
J€HHE NDHUMET CAeAYIONIHA OYEBHAHBIA BH.

Ecay npu KakoM-a160 mepecTpoeHHH aBTOMOGHJIbL C HOMepOM R
H3 NepBOH KOJOHHH OKaXeTcs HenoCPeACTBEHHO nepej aBTOMOGH-
JeM ¢ HoMepoM [ M3 BTOPOil KOJIOHHB, TO JIEFTKO MOXHO YKa3aTb
ADyroe mnepecTpoeHHe, B pe3yJibTaTe KOTOPOTO 3TH aBTOMOGHJIH
MeHSAIOTCS MeCTaMH, B TO BpeMA KaK NMOPALOK JBHXKEHHS OCTajb-
HBIX COXPaHHTCH.

Takum o6pasoM, Tak Kak sgntvo=—sgno, 10

Z" (sgn 0) (v0) a = —Z" (sgnto) (w0)a= —Y (sgno)oa. (6.1.8)

IloacraBasia (6.1.7) u (6.1.8) B (6.1.6), NOJyYHM (6.1.5).

Ipumepn. 1° Paccmorpum ase Junelinsie dopmu f(E)e
e€A,(V) u g(§)=A:(V). ByewnnM npousse/ieHHeM 3THX $OPM 5B-
Jasercst 6unuHelHas GopMma

FAEg =Y (sen0) of (&) g () = F (1) € (Ba)— & (B) f (82)-

2. yers f(5)€A(V), g8 &, ..., E)EAq(V). Buewnnm
npousselenneM o=fAg 6yner (q+1)-bopma, apryMeHTH KOTOpOH
MHE 0603HauuM uepes &, &, ..., &

o=) (en0)of B) g By & - -» B)=

q

=Z (—1Y7E) e .- Et;l, Eitts .., )
=0

6. CpoficTBa BHelIHero npou3BeleHHs 3HaKoNepeMeHHbIX dopMm.
1°. JIune#tnocTs:

a) ecau wresAy,(V), wi=A4(V), 10 Oan arboeo seuwjecTeen-
Ko2o wucaa )

(Ao”) Awt=w? A\ (A07) =A (0P A\ @%);
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1

6) ecau orrs=Ap(V), oAy (V) uwisiy(V), ro
(0" to?) Aoi=o? AoitoL? Al

Iloka3aTensCTBO OYEBHAHO.

2°, AHTHKOMMYTATHBHOCTL: ecau oPEA,(V) un o'
eA,(V), o @ Awi=(—1)P%0 A\’

HdokaszartennctBo. [Iycts

0’ No'=0=a0 (81, B2, ..., Eo+q).

Jlerko BHAETH, 4TO

0IN0"=0 (Eo+1, Eo+2r -+ ., Eotay B1y -+ s Bp).

Y6enuMca B TOM, YTO nepecTaHOBKY (Ept1, ---, Eptgy &1y ---» Ep)
MOIKHO IIOJIYYHTh U3 BeKTOPOB (&, ..., Eptg) C NOMOLIBIO pg HOCJHe-
AOBaTeJbHBIX TpPaHCNO3UUUi. Bektop ¥,4; MOXKHO NeEpeJBHHYTb Ha
nepBoe MECTO, HCIOJbL3Ysi p TpaHCHo3uluil, 3aTeM C MOMOWIBIO Ta-
KOTO e YuCJ1a TPAHCMO3MLHKH MepeaBMHEM Ha BTOPOE MECTO BEKTOD
Eo42 U T. X. Bcero Mbl mepeaBuHeM ¢ BEKTOPOB, HCIIOJB3YS KaXKIbIA
pa3 p TPAHCIO3HLHE, T. €. YUCAO BCEX TPAHCMO3UUMH paBHO pg.
B TakoM ciyyae aHTHKOMMYTATHBHOCTH OyHeT cjeZoBaTh H3 3Ha-
KONepeMEHHOCTH BHEIIHEro Npou3BeJeHHUs.

3°. AccouunaTuBHOCTh: ecau oPEA(V), oiei(V),
o’'eA(V), ro (0P Ao ANa"™=? N\ (@A 7).

HokaszateabctBo. Ilyctb 0&2Zp4q+r. PaccMoTpuM BesH-
YHHY :

0=Y(gn0)0[0* (s, .., E) 0 (Bptts - Bota) X

X (Epggtts o Bptatr )] (6.1.9)

Cymma (6.1.9) 6yaer paBHa (0w’ A0?) Aw’, ecin BHauajie npo-
H3BECTH CYMMHpPOBaHHMe II0 BCEM IepecTaHOBKAM, OCTaBJSIOLIEM
Ges uaMeHeHus uucaa p+g+1, p+g+2, ..., ptg+r u ynosiaerso-
psaowmuM ycnosuio (6.1.4), a 3atemM MpocyMMupoBaTh MO BCeM Ie-
pecTaHOBKaM, COXPaHSIOIMM MOJYYHBIIHNCS MOPSNOK NmepBHX pt+q
apryMeHTOB M NOPAAOK apryMeHTOB §p+g+1, ..., Botg+r

AHa/OTHYHO MOXKHO NOJYYHTb BelHuHHY of A\ (07A67).

TTokaxeMm, yro B 0BOMX cAy4Yasix MOJyYaercs CyMMa IO BCeM
NepecTaHOBKaM, YAOBJETBOPAIOIIHM YCIOBHAM

o(l)<o(2)< ... < o(p);
o(p+1)<o(p+2)< ... <(p+9) (6.1.10)
o(p+g+ 1)< ...<o(p+q+r).

Has atoro cHoBa ofpaTuMcs K Halledl MOJENH C KOJOHHAMH
apromobuaed. IlpeanonoxuM, 410 NO JOpPOTe IBHXKYTCA TPH KOs
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JOHHE aBTOMOOHJell, B nepBoii M3 KOTOpPHIX p, BO BTOpPO#H ¢, a B
tTperbell r Mawnd., OnuH H3 cnoco60B NepecTPOEHHS ITHX TPeX Ko-
JIOHH B OAHY 3aKJIlOYaeTCA B TOM, YTO BHauyaJje CJHBAIOTCH IepBas
M BTOpPasg KOJIOHHBI, a 3aTeM MNOJyueHHas COEJHHAETCS C TPeTbew.
IIpu gpyrom cnocoGe BHauaJse CAMBAXOTCA BTOPast M TPeThs KOJOH-
HH, a K HHM NpucoefuHseTcsa nepBas. OueBHAHO, NmepecTaHOBKa O,
nosyyaeMasi B pe3yJbTare JIOG0ro H3 3THX NEPecTPOeHHH, yI0B-
JerBopser ycaoeuw (6.1.10), u, HaoGopor, JA06asg mnepecTaHOBKa,
yaosierBopsioliaa yciaosuioo (6.1.10), Moxer- 65IThb NIOJyueHa Kak
C NMOMOLIBIO NMEPBOro, TaK H ¢ MOMOILBIO BTOpOro crnocoba mnepe-
cTpoeHusl. 10 H o3Hayaer coBnagenue (w? Aw?) Ao 1 0P (A
Ao’).

AcCCOUMaTHBHOCTh BHELIHEr0 yMHOXEHHS JaeT BO3MOXHOCTb
paccMaTpuBaTh J1060e KOHEUHOe MPOH3BEICHHE

o1 A2\ . . Nom, rie o:.=A4p (V).

Ilpumep. Ilycte a1(E), a2(%), ..., am(E) — aunefinnie ¢op-
Mmul. Torpa

GAGA .. . Aay=Y,(sgn0)0]a; (%) s ) - - - @y (E)] (6.1.11)

rie CYMMHpOBaHHEe NPOH3BOIHTCH IO BCEM IEPECTAHOBKAM OEIZm.

DT0 paBeHCTBO JIETKO NMPOBEPSETCs C MOMOLIbI0 MHAYKUHH. 3a-
MEeTHM, uTO ecaH BBect Matpuuy {a:(%;)}, o paBencrso (6.1.11)
MOXHO IIepenHcaTh B BHAE

@AGA .. AG) By v - Bn)=det{a (B} (6.1.12)

7. Basuc B mpocTpaHCTBe 3HaKkonmepeMeHHmX ¢opM. BrGepem
KaKoR-iu60 6asuc {€)imi B mpocTpaHcTBe V M 0603HauHM uepes
{e'}imt conpsixKeHHH# K HeMy Gasuc B nmpocrpaHctBe L (V). Ha-
NOMHEHM, uto €'(E) — auHefiHas ¢opMa, KoTopas Ha 3JemeHTax Ga-
3HCa {e;} npHHHMaeT 3HaueHHe & (e;) =0y,

B n. 3 MH nokasaJu, 4TO BCEBO3MOXHbE IPOH3BEAEHHS

e'1(Ei1) eh(E2). . .e'n(Ep)

obpasyior 6asuc B L,(V). ITockonsry A,(V)<=L,(V), 10 kaxnas
3HaKomepeMeHHas p-bopMa MoxKeT OHITh pasjOXXeHa eAMHCTBEHHHIM
00pa3oM B JHHeHHYI0O KOMOGHHALUMIO YKa3aHHEX MNPOH3BEIEHHIL.
Onnako 3TH npou3BefeHHsi He o6pasylor Gasuca B Ap(V), no-
CKOJIbKY OHH He ABJSIOTCA 3HaKONEepeMEeHHHIMH p-bopMaMH, T, €. He
npunannexar A, (V). Tem He Menee ¢ MOMOIIbIO BHEIIHEro0 yMHO-
JKEHHSl H3 HHX MOKHO CKOHCTPYHpOBaTh 6a3uc B A, (V).

Teopema 6.6. Mycre {e)imi— 6asuc s npocrpancrse V,

{e'Yim1— conpancennoui 6asuc s npocrpancreée L(V). Jwbas sna-
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Konepemetinan p-gpopma wesA,(V) moxer 6uiro npedcrasrena, u
npuTom eQuHcT8eHHbIM 06pa3om, 8 sude

©= Z Opyty...0 L NEIN L Aé'p. (6.1.13)

ISh<...<tp<n

Kascdoe caazaemoe cymmor 6 npasoii wacru (6.1.13) npedcrasaser
coboii npoussederue NOCTOAHHOU Wiy,...i, HA  BHAKONEPEMEHHYIO
p-hopmy e NerA...N\ep.

HoxkaszateancTBO. B cuny pesynnbraroB m. 4 MOXKHO 3amnu-
caTh:

n n
o=Y ... Y oy, . enen. . . e, (6.1.14)
=t =t P
p
rae yucia 0)1‘1,___1’,:(0(8“, e, ..., €P) ompemenensl OQHO3HAUHO.
Tax xak ¢opma o (&, E, ..., Ep) 3HaKOnepeMeHHa, TO AJA JIO-
601 mepecTaHOBKH 02,
® (8ot Ba2y -+ +» Bot) =(s8N0) 0 (81, Ba, + ., §o).
CrenoBaTesbHO,
mio(l) !.'0(2). "id(p) == (Sgn G) mi!il-"[p' (6' 1 . 15)

Crpynnupyem caaraemele B cymme (6.1.14), oTanuamomuecs ne-
pecTaHOBKOH HHIEKCOB iy, ig, ..., ip, H BOCHOJB3yeMCH PaBEHCTBOM
(6.1.15). IToayuum

_ , o Gla(n ‘o) —
®= Z Zm‘o(x)---'o(p)e ... -
B<iy<...<ip ©

{ i
= Y mz,t....tp[Z(sgn ayecVr e “‘P)]. (6.1.16)
Ih<Ip<<.. .<ip [
B cuny mpumepa u3 n. 6 cymma, cToslnas B KBaJDaTHBIX CKOOKaX,
ecTh et Aeis A\ ... Aé'p. Teopema pokasaxa.
Canencreue 1. Jaemenror er Aes/N...N\ep(l<ii<ir<... <
<i,<n)obpasyror 6asuc 8 npocrpancree Ap(V). Jror Gasuc nycr
048 p>n u cocTOUT U3 OOHO20 3AEMENTA, ecAu p=N.
Cnencreue 2. Pasmepnocre npocrpancrsa Ap(V) pasua
C.r.
B najbHeiilleM, KaK NpaBujo, Mbl GyZeM CYUHTaTh, YTO BHIGpaH-
HH# 6asuc e, €y, ..., €, HaMH 3aQHKCHPOBAH, H JIHHEHHBIE tdhopmul
e'(E) 6ymeMm o6oaHauaTh cuMmBosoM e'(§)=§. Toraa mobas ¢op-
Ma o=A,(V) npumer BHA

O B .- B)= Y, 0, E AL AER (6.117)

i,<...<£p
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IIpumepun. 1°
EAB=(Ae) (5, &)=Y, (sgno)olel () e (&) =
=el (§,) €® (8)—e! (§2) €* (§,) = EIE]—ELED,

rne{ gi-/ — j-it xo3ddunuent B pas3noxeHHH BekTopa E; no 6asH-
cy {e;}.

2% BIABA. . AEr=det &/},
9.5 §,=2 Ele,.

=1
§ 2. AUOGPEPEHLLHAJILHBIE ®OPMbI

1. OcHoBHble 0603Ha4YeHHs. PaccMOTPHM NpPOH3BOJBHYIO OTKPH-
Tylo ob6aacte G n-MepHOro eBKJHIOBa npocrpaHctBa £m™. Touku
obnactu G 6yaeM o6o3HauaTh CUMBoJaMH x={x!, x%, ..., x"), y=
=(y, % ..., y") H T. L

Onpenenenune. HJuoppepenyuaasrvnod gopnod
crenenu p, onpedesenroli 8 obaactu G, 6ydem Has3vi8aTh PYHK-
yuro o(x, &, &, ..., &), KoTOpPa” npu Kaxdom QUKCUPOBAHHOM
xe=G npedcrasaser coboli sraxonepemennyro p-popmy us Ap(Em).

MtuoxecrBo Bcex aud¢epenunaipibix p-popM B obnactn G
0603HauuM vepe3 Q,(G)=Q, (G, En).

Mu 6yzeMm cumtaTh, uTo nNpH (PHKCHPOBAHHBIX Ei, ..., E,=F7
p-popma © npexcraBageT co0of GeckoHeuHo AHGPepeHIHPYEMYIO
B G ¢yskuuto. Hcnonbsys pesyabratel § 1, MBI MOXeM KaxAyio
p-$popMy © 3anHucaTth B BHAE

o= ¥ oL FA. AL (6.1.18)

i‘<...<tp
Beony B panphefimieM BekTop § OyAeM 0603HayaTb CHMBOJIOM
dx=(dx!, dx? ..., dx*), a BekTOpH & — cuUMBOJaMH dpx=
=(dex!, dpx?, ..., dex”). B xauecrBe 6asuca B E™ BriGepeM Bek-
Topu e,={0, 0, ..., 1, 0, ..., 0}, rle eAHHHLIA CTOHT Ha 2-M MecTe.

DieMeHTaMH conpsixeHHoro Gasuca G6yayr ¢yHkuuu ef (E) =e*(dx),
onpefenseMble paBeHcTBaMu e (dx)=dx* Toraa nuddepenunas-
Has ¢opma (6.1.18) mpumer Buz

oX dx, ..., dx)= Y, m,-,...:p(x)dx‘:/\.../\dx'?’.
ll<...<ip

Mpumepn. 1°. Huodepenuuansuas 0-dopma — asro Jdiobas
¢yHkuus, onpeneyentas B o6aacty G (M, B CHJIY HalIHX OPEANONO-
xKeHuli, 6eckoneuno audepenunpyemas B G).
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2°. Huddepenunanpias l-popMa nMeer BHJ

n
o (x, dx) =2 o, (x) dx*,
k==al
B uactHocTH, Koraa n=I1, o(x, dx)=f(x)dx. Iuddepenunanbuyio
¢opMy crenend 1 HasmBawT Takke JUHHeRHO# AudPDepen-
nranbpHO# dopMoOilL
3°. Huddepenunanvuas 2-hopMa HMeeT BHL

o(x, dx, d,x)zz oy () dxi Adx*.
<k
Ilo onpeaeneunnio

dx! Adx* = (ef \e*) (d,x, dygx) = el (dx)e* (dgx)—e’ (dgx)e* (dy%) =

ot Ayt — ! dy = dyx! dx* ‘
B vactHOCTH, IpH n=2 nOJAyYHM
dyxt dix?
o(x, d,x, dyx)=Ff(x) g dyx?|"

Onpenenurens paBeH SJeMeHTY IJIOWEAH, COOTBETCTBYIOIIEMY BeK-
TopaM dix H dyx.
B cayuae, korza n=3, o6osHauas 0;2=R, wx=P, 013=—Q, no-

JIYYHM :
P Q R

dyxt dx® dyx®

dgxt dgx® dgx®

O=Pdx® Adx®—QdxtAdx®+ RdxiA\dx?=

4°. IutpdepeHunanbuas 3-popMa B TPEXMEPHOM MPOCTPAHCTBE
HMeeT BH[
dyxt dyx® dyxd
daxt dpx® dpx®
dyxt dgx® dgx®

o (x, dix, dgx, dex)=Ff(x)d Adx®Adx® =F(x)

Omnpeaenntens paBeH 3JeMeHTY ofbeMa, OTBEYaOUEMY BEKTOPaM
dlx, dgx, dax.

2. Buewnuit auddpepenunan.

Onpenenenue. Brewrnunm duppepenyuarom
p-aunelnod duggepenyuaronod gopmor 0s=Q,(G) 6ydem nasvi-
8are popmy do=Qp11(G), onpedessemyro cooTrHoweruem

do= Y duy ., AdthA ... Ndx,

ll<...<ip
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i

20e

Taxum obpasoM, ecau

© = 2 ﬁ)i,...tpdx‘*/\.../\dx[".

fy<, . <

i)
d(o=2 2 ak” dxt Ndxi A . .. Adxbs,

k=1 <. <),

IMTpumepn. 1°. Ouddepedunan ¢opMH cremesn Hymab (T. e.
¢ynkuny f(x)) umeer BHI

df (x) = Z I e,

2°. BuuncnuM aupdepenunan ot auHeiiHo# Gopmul

n

o=w(x, dx)=§l o; (x) dx?,

IMoryunm
do =do (x, dx, d,x)—ZZ il (x) dx* A\dx?.

k=={ {==1

Taxk xak dx* Adx’= —dxAdx* u dx* Adx*=0, 10
da)=2 90 dx* A\dxt +E dor dx* A\dx! =

R<i <k
__2 9 dxk Ndxi — 2 0k ek A dyi =
ki ki
| 0wy a(l)k d & ;
= — — = Vdx*Adx.
2 ( Oxk Oxt ) A
k<

B uyacthocTtH, Korma n=2, ans o=~Pdx'+Qdx? noayunMm

_ {9 apP 1 3
dw-(ax ay)x/\dx

3. Ceofictea BHemHero anddepenunana. HemocpeacTBeHHO H3
onpeje/ieHHsl BEITEKAIOT cJelylollue cBoicTBa:
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l) ecau 0)159;;(6), (DzEQp(G) TO d(0)1+0)2) d(\)ﬁ'dﬁ)z,
) u A — seujecraennoe yucao, 1o d (Aw)=Adw;

2) ecau 0e=Q, (G
3) ecau w;=RQ,(G), 02:94(G), T0

d (o N\ wz) =dei Aaz+ (—1)Po1 Ado,.

Jokaxem croiictso 3). Ilycts

:
®= wi....tde"/\.. Adx'e,
l]<...<‘p

BreseMm craenylomee o603HaYeHHe:
Ov,;
do_ —2h gyl L AdX,

dxk oxk
i1<...<tp

Torza dw MoxHO 3anucaTh B BUAE
‘ a
W
do = 2 % N\ —

BcoomuuM, uTo
o=wAoy=(—1)"vAo1.

Haaee,

do  dw,
mk_akA%+

Torpa

0 a (Y
N =2 Aoy (— 1P = Aoy

do = i]dx"/\ —-—=2 ReA 201 "“"

ko] kas]

S (—1) — do Aoy + (— 1) dog A,

kel

ITockoabxy dw, ectp (g-+1)-tdopma, 10
dwz/N\wi=(—1)P@tDe; Adw,.

OTClOlla d(ﬂ=d(01/\(ﬂ2+ (—l)pml/\dmz.
OcHosroe c8olicTB0 aHewnezo Jupdepenyuara
d(de)=0.

HdokasareabctBo. [IpeanonoxsM BHavaxde, 9to ® — ¢op-

Ma crenenu 0, T. e. o (x)=f(x). Torna
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P S N/ ol » I BNy
d(df)_dz o dx _;JE gt RN

=] =1

Tak kak dx*/A\dxi=—dx!/\dx*, 5T0 paBeHCTBO MOXHO NepelHcartb

B BHIE 2@ =Z ( af 02 ) dx? N\dxt,

Oxioxk  Oxk o

i<<k

OoTKyda H caeayer, uro d(df)=0.
Ilycte Tenmepp -

0= Z 0.0, dXBA L .Adx'e,
i|,<...<l'p
Torza

d“,=2: 2} doy,. ; AdXA ... Ndx'p.
p
k=l h<...<t,

3aMeTHM, YTO KaXKAGLIH 4JeH CyMMH NpeACTaBjaseT coB0H BHeII-
Hee NpOM3BeleHHE AHQdepennnanos ¢opm cremedn 0, a HMeHHO
thopM m;l,_,,-p(x), e (dx), ..., e'r(dx). OcraeTcs NPHMEHHTh CBOM-

CTBO 3) M BOCIIOJNIL3OBATHCSA TEM, 4TO JUIA ¢opMbl crenenn O OCHOB-
HOe CBOHCTBO AOKa3aHo.

§ 3. AH®OEPEHILUPYEMBIE OTOBPAKEHUA

1. Onpepenenne pudrpepenuupyemsix oro6paxennii. Paccmor-
PHM HpPOH3BOJBHYIO M-MepHYI 06jacTh D) eBKJIKAOBA MPOCTPaHCT-
Ba E™ u n-mepuywo obinacts G En, Toukm o6nactu D 6yaem o6o-
3HauaTh cuMBoJawmu t=({!, 2, ..., ™), a Touku o6sactTH G CHMBO-
Jamu x=(x!, x2, ..., x").

Bynewm rosoputsk, 4to ¢ otobpaxaer D B G, ecan

o={o', ¢% ..., 9"},
roe @¢({) onpenenennl B obnactu D, a BeKTOpPH X ¢ KOOpAMHATa-
MU x*=0* (1) nexart B o6nactu G.

Ompenenum ortoGpaxkenne ¢*, kotopoe mnepeBofuT Qp(G) B
Q,(D) mna nwboro p, O<p<n. Ilpu atoM MB 6GyaeM CUHTaTh,
YTO Ka)ZAas KOMMoHeHTa ¢@*(f) ortobpakenus ¢ sBasercs OGecko-
Heudo AubdepeHnHpyeMOH.

Onpenenenne, [lycre ¢ — orobpaxesue DcE™ 8 GoEn.
Obosnauum 4epes @* orobpaxenue, xoropoe 0is scex 0<p<n
Oedcrayer us Q,(G) 6 Qp(D) no caedyrowemy npasury: ecau

w= Z mll..-ipdx“/\' . -/\dxtpr
i‘<...<ip
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mo
PO= ¥ 0.0, @) @A, A (dx),

I,<...<ip

9 (dx‘)_z 29 e,

k==]

Mpumepn. I° Ilyetb @ — dopma crenenu 0, T. e. o=[(x).

Torna
o*(N=f(e(?)).

2°. Ilyctp ¢ oro6paxkaer n-mepHyio obinacts DcE™ B n-Mep-
Hy1o obnactb GCE™®, ¥ nycTh @ — caenylomas n-gopma:

o=dx!Ad2 /... N\dx".

20e

Torna

n

¢* (m)—(z s dt’“)/\.../\(z Zj’: dt' )

k=1 n=

=2 2 5 a"’" LAt Nt =

Ry=1 kp=1

d 0
=drA.. Ade Y (sgno) oo 2 =
[+

—dfA. . . Adf" det { "q"}
Takum obpasom,

* 0 dyl 2 _ D@ 9 ..., ) o, 2 n
@* (A Ndx2NA. .. N\ dx™) = DA A diENAEEN ... AdE,

3amevyanne Popmy ¢*(w) nasmsalor pudpdepeHnHANLHOR
dopMoit, noayuatomeicss u3 GOpMH © IPH IOMOIIH 3aMeHH mepes
MEHHBIX .

2. CsoiicTBa otoGpaxkenus ¢*. CrnpaBeJIHBH ClelyIOliHe CBOM-
cTBa OTOOpaXKeHHA Q™.

1° Ecau 01=2:(G), w:=2,(G), 10

¢* (01 A w2) =¢* (01) A9* (w2).

JdokasareasctBo. [lycts

o= Y au.a,()dA. . Ndsb,

<. ..<l‘
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Oy= 3, bu..p ()dXMA . Adis,

Torna
0 A0= Y. Y ,...i, (%) bk, (X)X

W< i k,<'...<kq
Xdsi A .. ANdxeAdxmA L AdxFa
H, CJIeA0BaTeJbHO,

7 (@N0) = BT a@ OO0 @A A @)=
=Y a(9) tp'(dX‘*)}/\ A9 (dx'P) A [Z bk(tp)cp (dxt)A
i

A A\ G (dx ‘f)J=(P'((01)/\CP'(°’z)-

2°. Ecau 0= (0), 10 ¢* (do)=do* ().
JdokasarteabcTBo. JlokaxeM 3TO paBeHCTBO cHaya/la
aasa p=0, 1. e. aag o=f(x). [Toayuum

do = 2 —Ldx, ¢ @)=/,
{exl

m

dy* (@) = E;f(cp(t»dth)j“” 90 gt=

oxt otk
k=1 1 ==l

—Z - 9" (dx) =o' (do).

{=l

Jas npousBoJIbHOrO p NpoBeleM NOKa3aTelNbCTBO IO mmyxunu
Ilycts

o=f 4 (x)dxts A\ L. A dx'e. _Torpa do =df;,.. 4, A dxt AL /\dx‘p.
ITostomy no ceofictBy 1°
¢° (do) =¢" (df) A 9" (dr') A.. . A 9" (dx').
C apyrofi CTOPOHH,
dg* (@) =d* [(fdx's A...A dx'p1) A dx's] =
=d[¢" (fdxis A... A dx'e) A @ (drx'0)].

16 - 4314
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Hauee, B cuity cBolictBa 3) BHelluero auddepenurana
do* (o) = do* (fdxs A ... A\ dx'r-1) A ¢ (dx'p) +
F(— 1yl (fdxs A ... A dx'e-1) A do™ (dx'p).

3amerum, uto @*(dx'?) = d¢* (x P) B CHJY TOJBKO YTO [JOKa3aH-
HOrO, a TOrAa NO OCHOBHOMY CBOHCTBY BHeluHero Auddepenunana

dg* (dx's) = 0.
ITo npeanosoKeHHI0 HHAYKLHH, CUpaBefJHBOMY AJas p—I,
do* (Jdxs A .. A dx'pa) =g (df Adxh A ... A di'es).
B pesysbraré mosyunm ‘
do* (0) = ¢* (df A dxit A ... A\ dx'p-1) A @* (dx'p),
H 1o cBofictpy 1°
do" ()= @" (df A dxs A\... A\ dx'e).

3°. TpauauTUBHOCTSH. PaccMOTpUM OTKpHITHE obaacty Uc
cE!, VcEm, WcE”, TOUKM  KOTOPBIX  COOTBETCTBEHHO U=
=(ul, u? ..., u), vuv=(v}, 0 ..., 0m), w=(w, w? ..., w").
Ilycts @ oro6paxaer U—V, a ¢ oroGpaxkaer V—>W. Uepes ¢ogp
o6o3HaunM OTOGpaxeHye, Ha3HBaeMOe KOMOO3HI HeH, KOTOpoe
JNeHCTBYeT 10 NpaBHIY

(Vo) (1) =¥l (4)].
Apanornydo BBelleM KOMIO3HLHIO @*oy*, KoTOpas Mjs J1060ro p
nepesonut Q,(W) B Q,(U), 1. €.
(¢*o9*) (0) =0*[p* (w)].
Cnpasedauso caedyroujee pagencrTso:
(Yog) *=g*op*.
HdoxkasartenbctrBo. O603HauuM PB=1yPop. ITO O3HAUaAET, UTO

6=(6I’B2’ L 4 ﬁn)’ rﬂe ﬁk=\pk((pl’ (pz’ R wm)' " Yy
IlpoBemeM MAOKa3aTebCTBO cHayasna JJas  JIHHEHHOH (OpMB
dwt*<Q,; (W). Honyuum

B () —dp* () = df* (1) = 3\ -2 d 25 )

ui
i=1 =1 f=1

Hanee

(9" o ¥") (dw?) = ¢ [{* (dwh)] = ¢" [dy" (@¥)] =

m m
I BY o m® a“pk ) — 0Pk e i
— ¢* (dp*) =@ ( - dv) ¢ (do)).

j=1 {=l
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Ho
¢ (dvf)=dcp*(vf)=dcpf=)] 22 i,

i=1

- Ot o9t .
( ow)dwk) 22 dui dui )

f==1 {==1

NO3TOMY

PapenctBo nmokasano. OTclofa clelyeT CIpaBelJHBOCTb CBOHCTBa
3° pna mio6Gofi munelinoli gpopmul. Jlasee NOK23aTENLCTBO NMPOBENEM
10 HHAyKuud. Iycers

o=f(w)dw' A... A do'’r e Q,(W).
Toraa B*(w)=B* (fdws A ... A dw's1) A B* (dw's) =
= (¢ o) (fdwis A . .. A dw'e) A (9o P*) (dw'r) =
=(@" o) (fdw's A ... A dw's) = (9" 9" (0).
§ 4. HHTETPHUPOBAHMWE AUPPEPEHIUUAJIDHBIX $OPM

1. Onpeneaennsi. O603HayuM yepes J™ enuHMuUHHE Ky6 B en-
KJIHJCBOM NpocTpaHcTBe E™:

={t=E", O<t<gl, i=1,2, ..., m}

IMon oro6paxenueM ¢ Kyba I™ B n-MepHyw obiacts G E™ 6y-
JeM noHuMaTh orobpaxeune B G HekoTopoit ob6aactu Dc—E™, co-
Aepxaileit BHytpu ce6a [™ AxajorayHo auddeperHumaspHOR
p-popmoit w, onpelenenHoit B /™, GyieM HasHBaTh p-GopMy, onpe-
NeJleHHYl0 B HekoTopoit o6aactu D E™, conepxamed ™.

Onpenenenne . Hureeparom or p-popmot

o=f()dBEAEN. . NdP?,

onpedenennol 8 kybe IP, no kyby I? 6ydem Ha3b18aTE BEAUUURY
1 1
J‘ co:j' oy deaer
P 0 6

Hamiefi 6nmxafimell neapi sBASETCH OnpefleJeHHe HHTerpasa
oT puddeperuranbHoll ¢popMmbl no Ji06oii moBepxHocTH. EcTecTBeH-
HO, YTO IIPH 3TOM cTeneHb (OPMHE OylJeT cOoBNajaTb C pasMepHO-
croio nosepxHoctd. Ilox moBepxHOCTBIO MHL 6yAeM NDH ITOM MOHH-
MaThb OTOOpaxkeHHe eZUHHYHOro Kyba To#t e pasMmepHOCTH (Ha-
NMOMHMM, 4TO IOHATHE OTOOpa<eHUS BKJIIOUaeT B ce6s Kak objacTh
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3HaYeHHWH, TaK H 3aKOH cooTBercTBus). Bnpouem, utorna Mu Gynem
HasBlBATb NOBEPXHOCTHIO TOJBLKO JHIIL 06pa3 Kyba.

Onpeneanenne 2. Hasogem m-mepHoiM CUHZYASAP-
Hotm kKybom 8 npocrpancree Em (m<n) Oupgepenyupyemoe
orobpaxerue kyba I™ e E™ Takum obpasom, 0603Ha4AS8 CUHEY-
aaprol kY6 wepea C, MOXCHO 3anucars: . '

C=¢: Im"—>Em

bydem 2o0sopure, uto cunzyiaproui ky6 C codepacurca 8 GE™,
ecau @ (I™)G.
Teneps MOXHO OIpefeNUTh HHTErpad OT J060R p-DOPMH OE
€Q,(G) no aw6oMy p-MepHOMY cHHTyJAsipHOMY KyOy CcG.
Onpenenenue 3. Hurteepasrom or popmor o=Q,(0G)
no cuneyaapromy Kyby C=q: [P—~En, codepxcauwemycs e G, naso-

8eM seauduny
5 o={ ¢*(@).
C P

Y6enumcs B TOM, YTO HHTErpajg oT p-HOPMBE @ MO pP-MEPHOMY
cuHryaspuoMy ky6y C 3aBucuT auus ot obGpasa @(/°), a He or

3aKOHAa COOTBETCTBHS ¢.
Ilpexne Bcero paccMOTpHM moipobHee ompejejeHHe HHTErpaJa

OT ® NO CHHryJspHOMY KyOy C.

ycrs 0=Q,(G) umeer Bag © = f(x) dx“A ... Adx's, Torma ¢* X
X(0)=Fflo()] 9" (desr A ... A\ dxp).
B cuay npumepa 2° n. 1 § 3 mnonyuaem

. D((ph,(pi., . ’q)ip) L . )
9" (0)=f[o(1)] DA P N NN

Clie1oBaTesLHO,

[N i
j'w=jf[<p(t)] D9, ... .97  gn A AdtP.
lP

D, ..., tP)
c

_ Onpenenenne 4. Mycre Ci=¢:[P—~E" u Co=qy: [P—>E" —
dea cuneyaapueix xyba. Bydem zos8opure, uro C,=C,, ecau cyuje-
CT8yer 83aumHO 0OHO3HAUHOe oTOGpaxceHue t© Kyba [P Ha cebsa ra-

Koe, 470:
1) @1(f)=odz ()]

D(, %, ..., 7P)
2) D(#, 12, ... ,tP) > 0.

Scuo, uto ecan C,=C,, 10 u C,=C;, Tak Kak obparTHoe 0T0G-
paxenne v~! 6ydeT YAOBJIETBOPATb HEOGXOAHMHM TPEeCGOBAHHAM.
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Bynem ropopurtb, uro Ci=—C,, eciu B ycaosuu 2) ¢yHKupo-
HaJbHBIH ONpeje]HTe]b BCIOAY MeHbIHe HyJAs (OUeBHAHO, NIPH 3TOM
Cy;=—C;). Huoraa B sToM cayyae rosopsiT, yto C; 1 C; OT/IHYE»
I0TCS OpHEeHTanuen.

CnpaseiauBo cieayloluiee

Yrepxaenune. Ecau C,=C,, 10

fo={o.
Cy C,
JokxaszarteabcTBo. HposeneM A0Ka3aTeJbCTBO ANA CAY-

Yasi, Koraa
o=f(x)dx! Adx2 /.. . \dxP.
ITo onpexnenenuio

D(¢L, 92, ... . ¥5)
5m=jf[%(t)] D((:,(f,.,,,tp; di AL A
” )

Cs

ITo ycaoBuio cymectByer orto6paxenue t Ky6a I? Ha ce6s,
yRoBaerBopsiouee ycaoBuaMm 1) u 2). CnenaeM B HHTErpane same-
Hy nepemeHHOH t=t(s), sI°, Ionyaum @z2(f)=pdt(s)]=qi(s) n

_ D(9}, 95 ... > 9))  D(, %, ..., 1°) .,
.Ym—f Fle. ()] D, B, ..., %)  D(s, & ... ) ds' I\
Cy ”
D(@), ..., 95) ,
2 o AL | P — .
Adss A ... N\ ds ——5 flo.(s)] P %) dst A\ ... N\'ds Sco
P Cs
AHaJIOrHYHO MOKHO TOKa3arts, 4to ecan C;=—C,, 1O
0=—\ o.
Jo=—1

2. Dndpdepennupyemble nend. HaM noHano6sTcA IOBEPXHOCTH,
KOTOPHIE pacmafaloTCsl Ha HEeCKOJBbKO KYCKOB, KaXJHM H3 KOTOPHX
ABJAseTcss 06pa3oM HEKOTOpOro m-mepHoro Ky6a. [Ipumepom Takoft
NOBEPXHOCTH MOXKeT CJAYHKHTb COCTOfLIAsl M3 JABYX OKPYXKHOCTeH
rpaHHLa KoJbLa, Jiexallero Ha ABymepHo#i myockoctH. [Ipu sToM
Mel GyaeM pasiinyaTh ODHMEHTAUHWHM 3THX OKpyXHocTefl. B cBsism c
3THM BeChbMa MOJIE3HbIM OKa3blBaerTcs BBeJeHHe JHHEeHHBIX KOMGOH-
HaUHA CHHIYJAPHBIX KyGOB C BeLIECTBEHHBIMH KO3 (HUHEHTaMH,

Onpenenenue 1. Bydem naszeisare p-meprOU Yy ensvto
C npouseoasvnsii nabop

{A:[, 7»2, “oay xk, C], C2, sy Ch},
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20e A; — sewecrsennbie yucaa, a C; — p-mepHole CUHZYAAPHOIE KY-
66t. Ilpu atom 6ydem ucnoav3osars 0603HaAUeHUE

C=0Ci+. . .+r:Ch.

Bynev rosopurts, yto C npunagaexur G, ecniu Bce C; nmpHHaj-
aexar G.

MuoxecTBo p-MepHbIX uenelt o6pasyeT JHHEHHOe NPOCTPAHCT-
BO, €CJIH BBECTH €CTEeCTBEHHEIM 06pa3oM ONepalHH CAOMEHHS H yM«
HOXEHHS Ha BellleCTBEHHbIE YHCJA.

Onpenenenue 2. Hurezpasrom popme. @ no p-mep-
nod yenu C, codepxauweiica 6 G, Hasosem 8eUYUNY

5(0:&?»15 w}-}—k,_( o+ ... +7»k§ w.
o . c ol

Tenepb MOXKHO ONpPEAENHTh FPAHHLY NPOH3BOJBHOTO CHHIYJIAP-
Horo KyGa. Ilns sToro ompelesiMM cHauasna TPaHHIY eAHHHYHOTIO
Kyba.

Onpenenenne 3. TI'panrnuyed xyba I[P Hasosem
(p—1)-mepuyro yeno

P
017 =¥ (— 1Y [I5()— B ()],
=1

ede 1,7 (i) — nepeceuenue rkyba I° ¢ eunepniaockocrero x'=a (o=
=0, 1).

Has Toro urobel 310 onpefesieHre OLIO KOPPEKTHHM, Heo6Xxo-
JHMO pa3bsICHHThb, KaKO# CMBIC/ BKJaJbIBaeTCsl B YTBepXKIeHHE O
TOM, 4TO [o” (i) siBAseTca (p—!1)-MEpHHM CHHIYJISPHHIM KYyOOM.

INocTpouM kaHoHHYecKOe oOTOGpameHHe p=¢;*? Kyba [P~

Ha Ky6 I.7(i). Ilycts s=(s!, s% ..., s»7')I7~1 ITosoxum
y sk,  ecmn 1<k,
o4 ()= { a, ecid k=1i;

skt ecan [ < k< p.

OueBugso, g=(¢’, ¢% ..., 9?) orobpaxaer /»~! na [.?(i) B3a-
HMHO OJHO3Ha4yHO. B uacrHocTH, npa a=0 u i{=p orobpaxenue @
aBasercsi cyxeHueM Ha [o°(p—1) TOXKAecTBeHHOro OTOOpaXKeHus
npocrpaHcTBa EP Ha ce6s.

Onpenenenne 4. I'panuyell p-MepHO20 CUH2YAAPHOZO
kyba C=q: [P—~E™ nazosem (p—1)-mepnyro yens

8C =Y (— 1) [p U5 () — (7} (D).
(=1

Takum o6paszom, rpanuua o6pasa xy6a [P sBaserca o6pa3oM
rpaHHUB [” ¢ eCTeCTBEHHOA OPHEHTalHeH.
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" Mpumepn. 1° PaccmorpuM Ha miockoctH ksafapat I2. Oue-
BHIHO, 3TOT KBaApPaT MOXHO pacCMaTpPHUBaThb KaK CHHTYJADHbLIA
Ky6, B39B B KauecTBe ¢ TOXAecTBeHHOe oroGpaxenne. Ha puc. 6.5
yKa3aHa IrpaHuia 3TOro KBajpara, IPHYeM eCcJiH CTOPOHAa KBaApaTa
BXOAHT B Lenb 0/2 co 3HakoM -+, TO HanpaBJieHHe CTPEJOK COBIa-
Laer ¢ HanpaBJeHHeM BO3pacTaHHs napameTpa f*, no KOTOpOMY
NPOM3BOJAUTCS MHTErpHpOBaHMe; e€C/IH XKe CTOpoHa Oepercs cO 3Ha-
KOM —, TO HalpaBJjieHHe CTPEJIOK fBJsSieTC NPOTHBOIOJIOXKHBIM Ha-

22h
"t 13(0) (

1 L
v g ‘Ifm - ( Q} =107
e 7 \ /

Puc. 6.5 Puc. 6.6

/

8y

NpaB/JeHHIO BO3pacTaHus napamerpa f*. Takum o6pasoM, Halle cCO«
TyallleHne O 3HaKax OPHBOAHT K OGBIYHOMY OGXOAY rpaHHMUbl NpoO-
THB YaCOBOH CTPEJIKH.
2°. PaccMOTpHM CHHTYASPHHIE Ky6 C=g: I>->R? rae ¢ umeer
BHJ,
@'=(a+Rt') cos 2nt?;, @2=(a+Rt')sin nt2.

Jlerko BuAeTs, yTo @(/?) — KoAbUO, FpaHHLA KOTOPOro o6pa-
30BaHa OKDYXHOCTAMH panuycoB a U a+R. BeisicHuM, uto saBiaser-
ca rpanHuell cuHrysaspuoro kxy6a C. Ouesnguo, ¢(lp2(1)) —
OKPYIXHOCTh

pi=acos 2nt?;, @?=asin 2nf2.

Hanee, ¢(/,2(1)) — oxkpyxuocts pammyca a+R. Hakowern,
9(1%(2)) m @(l1?(2)) — a10 orpesok x2=0, a<x!<a+R.

Ha puc. 6.6 cTpeskamu ykasano Hanpas/enne 06Xofla IpaHHIH
0C, ecnn o6xox rpamuns OI? coBepluaercs OPOTHB 4acoBOH
CTPEJIKH.

ITockonbky @(16%(2))—@(/12(2))=0, TO MOXKHO CUHTATb, UTO
0C=p(12(1))—@(l?(1)),

a 3T0 coBHajaer ¢ OOBIYHEIM [OHHMAaHHEM FpPaHHUbl KOJblia.
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l BroisicHuM, KakuM 06pa3oM CBS3aHH HHTErpajs oT GOpMH @ MO
rpanuue xy6a C u ¢popMul ¢*(w) no rpanuue 7,
YrBepxpueunue. [Iycro C=q: IP~E™ — npouseoabHblil cun~
eyaapuolld kyb, codepamcawjuica 8 G, u nycro wsQp—(G). Cnpa-
8€04:4B80 PABEHCTB0
bf ®= f 9" (0).
C

arP

ﬂ 0Ka3aTedbCTBO. O‘leBHlIHO, B CHJYy Onpeae/iCHUs HHTer-
paJjla no uend AOCTAaTOYHO AOKa3aTbh PaBEHCTBO

5' 0= 5 9 (w).
QUL W) A0

PaccMoTpuM KaHOHHYeCKOe OTOGpaxeHHe @=q;*P: [P~1—[.P (i).
o onpeaenennio

[ @={ ¢ @l

P, . p-1
la(l) I

B cuny csoiictBa 3° mudp¢epenunupyeMux orobpaxenufi (cm. m. 2
§ 3) umeem

70" = (¢ )"
Takum o6pasom,
fo@=[@ow= [ o= [ o
20 P (@) P PAD))
nockoasxy (@« @) (1°~") =@ (12 ().
3. ®opmyna Crokca.
OcuHoBHas Teopema. I[Tycre C=g: IP-E™ — npoussoso-

Houl cuneyasprol kyb, codepscawjuiica 8 G, u nycre OERQy - (G).
Cnpasedausa popmyasa Crokca

‘id(o=§cm.

IokaxeM sTy opMmyay cHadana B CJAEAYIOIIEM TacTHOM CJay-

qae:
Mycre © — Ouppepenyuarvras opma crenenu p—1, onpede-

aennas 8 IP. Toeda cnpasedauso pasencTso

Sdm= S o. (6.1.19)

P P
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HoxasateabctBo. [Iycts o=f(¢)d?/A...Adt?. Ilo onpene-
JIEHHIO
p
fo=Y (] o] o)
arP i=l 8 40
Briuncaum caenyomuit nuTerpad:

jco, rae i=12,...,p, a=0,1.

A0}

PaccmotpuM  kaHOHHueckoe — oToGpaenuwe ¢ : [7—'—[G (i).
B cnay pesyabraTos n. 1 umeem

_f o= f Flpe)] 22 @) ja AL A ds

D(st, ..., sP"1)
AU e

Ilo onpeneneHnio KaHOHHUeCKOro oTobpakenus @;'° axoGHaH

HMeeT BHA

D(st, ...,s, a, s, ..., sP"Y)
D(st, 52, ..., sP"1)

D(st, s%, ... ,sP1)
D(st, 52, ... ,s1)

=0, econ i£1
J =

=1, ecmu i=]1.

TakuM 06pa3oM, OTAHYHBIMH OT HYJAs MOTYT GHITb TOJNBKO HHs
Terpaqn no I.” (1), 1 Mel noayuaem

Im:(—l)( 5 0— S' co)= 5 f(1,s4,s% ...,s")dst AL ..
ar

) ) o1

coAds — [FO, 8, L., dst AL LA dsPl

%

Pt

ITo onpenenenuto unterpana no Kyby 17!

1 1
j'm=3' 5[f(l,s1, ey PN (O, S, ... 1) dsidst. . dsPl =
0 0

ar

11 1
= " 10 gsogst -1 oL -1
”3 L dsodst .. ds? 1_5 Ao AL A de
00 0 ”P
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C nmpyro#i cTOpOHHI,
of

do =—
.0h

dtNdi* AN ... N dt’.

ChnenoBaresbHo,
= {9 4n P
de faﬂ N
P ”
PapenctBo (6.1.19) nokasaso.

HokxaszateabcTtBo Teopemun CTokca. [lo onpexene-
HHIO HHTErpaja IO CHHIYJsipHOMY KyOy

Sdm =§ ¢* (do).
c i

B cuay cBoiictBa 2° nuddeperunpyemnx orobpaxenu#i (cM. m. 2
§ 3)
[ ¢ (do)= | do* ().
”» P

Hanee Bocnoab3yeMcsi yxe AokasanHo#t ¢opmysaofi CToxca nnas
Kyba I?:

[ do*(@)= | 9" (@).
I arP

Ocraercs 3aMeTHTb, YTO 110 CBOHCTBY HMHTErpajioB MO TpaHHLE
CHHTYJARPHOrO Ky6a (cM. yTBepXJAeHue II. 2)

fo@={o
1P i

TeopeMa mosiHOCTHiO NOKa3aH4A.

4. MNMpamepsl. 1°. Paccmorpum cayuafi p=1. OzHoMepHH CHH-
ryaapHeii Ky6 C B E™ — 3T0 HeKOTOpas KpHBasf, KOHIB KOTOPOH
o603naunM yepes a u b. Popmyna Crokca npuobperaer BHI

[df=(F=FO)—F ().
aC

C

B usacrnocru, xorma n=1, nonyuaeM ¢opmMyay Hportona —
Jdenbuuua

b
[ F@dr=F®)—F(@).
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2°. Ilyctn teneps p=2. IByMepHnifi cuurynspunit ky6 C — 3to
JByMepHas IOBEPXHOCTb, hopMa mEQ, uMeeT BHA

n
0= Z wdxk.

Ra=l

Hcnonb3ys npumep 2 n. 2 § 2, noayynm

‘YE( Zf: (:i,: )d PAAN dx’—-jzmkdx’e.
C k<i

Ecau n=2, To, o6o3nauas w=de1+de2, NoNy4yHM ¢opMyay
Fpuna

axt dax?

0Q 0P —
}C'( o) detAdst = dexl +Qdx?.

Ecau n=3, To nonyunm o6uiunyro popmMyay Crokca.
3% Ilycrp p=n. Torga wEQn,—1 nMeer BUA

n
m=z Wudxt AL A dxEL A diPHU AL LA dn
Rl
Hanee,

n n
-\ Oy, : -1 n__
dm—zz e dy Ndit AL A dx

k=1 i=l

—2(—-1)"—‘ S0l A NdxE AL A din
ka=1
B yacrroctH, npu n=3
w=Pdx* N\ dxf’—del A dx® 4+ Rdx* A dx?,

oxt dx?

H MH TiojyuyaeM GopMyay OCTporpaucxoro.



IF'naBa 7

. WHTEIPAJIbI, 3ABUCSAILLUE OT NAPAMETPOB

dra riaBa NOCBSsILEHa H3Y4YEHHIO CIEIHAaJbHOIO Kjaacca ¢QyHKUHH,
IpeACTaBHMEIX B BHJe COGCTBEHHOro MM HecOGCTBEHHOrO MHTerpaja
[0 OJHOH HepeMeHHOH X OT (yHKUHH, KOTOpPas KpOMe YyKa3aHHOM
IlepeMeHHO X 3aBHCHT ellle OT ONHON TlepeMEHHOH y, Ha3HBaeMmoit
napamerpom. ODyHKUHH, OpPeJCTaBUMble TAaKHMH HHTErpajami,
NPHHATO Ha3LBaTh MHTErpaJaMy, 3aBHCAIMHMMHU OT Dapa-
MeTpa.

EcTecTBeHHO BO3HHKAIOT BOIPOCH O HENPEepHBHOCTH, HHTErpHpye-
MOCTH, nuddepeHIEpyeMOCTH TakuX (YHKUHE IO mapaMeTpy.

§ 1. PABHOMEPHOE IO OQHOW NEPEMEHHOR
CTPEMJIEHUE ®YHKU MU JBYX NEPEMEHHbLIX
K NPEJAEJY NO APYIrOn NEPEMEHHOR

1. Cesi3ab paBHOMEDHOro NO OAHOH nepeMeHHOH cTpemJjeHHsl PyHK-
I{H JBYX NepeMeHHBX K Npeney Ho ApYyroii mpeMeHHOH ¢ paBHOMep-
HOM CXOQHMOCTb}0 (PYHKUHMORAJBHOK mnocaeaoBaresbHocTH. IlycTh HA
MHOXecTBe Z, NpHHaJJjexalleM npocTpaHctBy £E? m cocrosllem H3
nap (x, y), rie X NPHHALJEXKHT HEKOTOPDOMY MHOXECTBY 4YHCJIOBOR
ocH {x}=X, a y OpHHajJEXKHT HEKOTOPOMY MHOXKECTBY YHCJIOBON
ocu {y}=Y, samana ¢yHKUus ABYX nepeMeHHHX f(X, y). B mpocrei-
meM ciaydae mox Z MOXHO TMOApasyMeBaTb NpPAMOYroJbHHK II=
={a<<x<Ch, c<y<<d}, rre {x}=X=[a, b], {y}=Y=[c, d], a f(x, y)—
¢yBkuus, 3ajanHas Ha npsmoyroabHuke II. Ilycts panee yo, — mpe-
JeJbHasi TOYKA MHOXKecTBa {y}.

Ecan npu xaxpom x, NpHHajJexalieM MHoxecTBY {x}, cyluecr-
BYeT KOHEYHHIH npepen

iir;lf(xv y) =g(x)|

TO 6yaeM roBopuTb, 4To GyHKHHSA [(X, y) DOTOUYEUYHO CTPEMHT-
cA K OQYHKUMH g(X) Ha MHOXKecTBe {X} NpH y, CTpeMALLEMCHA K Yo,
H OyaeM NHCATh:

f(x, y)—>g(x) npr y—yo.

[lousTue nortoueuynoro crpemaesns f(x, y) Kk g(x) obobGmaer mno-
HATHE CXOJHMOCTH B TOYKe (YHKIHOHAJbHOH I0OCJA€L0BATENbHOCTH
(M. § 1 ra. 2).
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IleficTBuTe/IBHO, B 4acTHOM cJyuae, Koria MHoxectBo {y}=Y
SIBASIETCA  TOCJEA0BATENbHOCTLIO {Yn} H Yn—>Yo, OyHRIHIO f(X, ¥)
MOXHO pPacCMaTpPHBAThb KaK (PYHKUHOHAJBHYIO [OCJAEA0BaTEIbHOCTH
fa{x) =f(x, yn), onpenenennyio Ha mHoxecrse {x}=2X.

OnpejlenHM Tenmepb IOHSATHE PABHOMEPHOrO MO NEpPeMEHHOH X
cTpeMJedus GYHKUHR f(X, y) IByX NepeMeHHBIX K IpeJeabHoH (QYHK-
IHH g(x) npH y—Yo.

Onpenenenne. Pyukyusn f(x, y) cTpemurTCcs pasromep-
KO OTHOCUTeAbHO x Ha {X} K pynrxyuu g(x) npu y, crpe-
Mmauemcs K yq, ecau daa aobozo >0 cywjecreyer §=38(g) >0 rakoe,
4TO0 0a8 6cex Y7y, us mnoxecrsa {y}, 042 KoTOpBIX |Y—Yo| <8,
cpasy 048 8cex X U3 MHONECTBA {X} 8bINOAHAETCS HEPAEEHCTBO

|7 (% y)—g(x) | <e.

JlokaxeM yTBepiKIeHHe, YCTAaHaBJMBaollee CBA3b MeXKJAy paBHO-
MepHHM Ha MHoXecTBe {r} crpeMjeHHeM ¢yHKUHH f(x, y) K g(x)
NpU y—Yo H PAaBHOMEDHOH Ha MHOXKeCTBe {X} CXOZMMOCTbIO (YHKLHO-
HaJIbHOH NOCJeJOBAaTeNbHOCTH [n(X)=[(X, Yn) TOPH Yn—>Yo, THE YnFYo
JJIsl BCEX A, Yo — NpellesbHas TOUKa MHOXKecTBa {y}.

Yreepxaenue 1. @Pynxyus [(x, y) crpemurca K Qynxkyuu
g(X) pasHomepHo OTHOCUTEABHO X HA MHONecT8e {X} npu y—Yy, T020Q
U TOABKO T020a, K020a (PYHKYUOHAABHAS NOCAE008ATEALHOCTS [n(X) =
=f(x, yn) cxodurca pasnomepHo nHa mnoxcectse {x} K npedesvHOlt
dynkyuu g(x) oan xamdoli nocaedosaresbrOCT {Ya}, Yn—>Yo, 20€ Yn
npunadaexar {y}, y»#yo.

HoxkaszateanctBo. Heobxodumocrs. Ilycts f(x, y) crpemurcs
K g(x) paBHOMepHO Ha MHOXecTBe {x} mpu y—>yo. BosbMmem mnpous-
BOJIbHYIO IIOCJI€[I0BATENbHOCTh {Yn}, Tle Y, NpHHAANeXKaAT {Y}, YnF=Yo
H Yn—>Yyo. [TokaxkeMm, u4T0 nocaefoBaTeNbHOCTb {fn(X)}, rAe fn(x) =
=f(%, Yy») PaBHOMEPHO Ha MHOXecTBe {X} cxoxuTcs K g(X).

DHKCHpYeM IPOH3BOJILHOE YHCJAO0 g >0 H 1o Hemy 4HCI0 §=05(g) >
>0 Taxoe, uTo Aas JIO6HIX y M3 MHOXKecTBa {y} Takux, uto 0<
<|y—yo| <8, u nans Bcex x u3 {x} BHNOMHAETCS HEPABEHCTBO
[f(x, y)—g(x)|<e. TlockONBKY y,—Yo, TO HalAETCS Takoh HOMeEp

=N (8), uto npu M106HIX n>N BHIIONHAETCS HEPABEHCTBO

l Yn—Yo | < 6)
H3 KOTOpOro CJeAyeT, YTo

If(x, Yn)—E& (%) l <e

NpH BCceX X, NpHHaAJexamux {x}, H upu Jwbom n>=N. D10 03Hauaer,
4T0 fn(X) CTPEMHTCA paBHOMEpHO Ha MHOXecTBe {X} K g (¥).
Hocrarounocre. Tlycts pasi mo6olt  cxoasmieiica K yo nocJaenosa-
TeNLHOCTH {Yn}, Tie y, npunagiexar {y}, Y»5%Yo, COOTBETCTBYIOLIAS
NOC/eI0BATENBHOCTb [n(X) =f(X, y.) paBHOMepHO Ha MHOXKecTBe {x}.
cxofuTcd K ¢ynkuuu g(x). Ilokaxem, uto ¢yHkuus f(x, y) paBHo-
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'MEDPHO Ha MHOXecTBe {x} cTpeMHTCA X g(X) NpH y-»y,. Homyctum
NpPOTHBHOE, T. €, JOUYCTHM, YTO CYLIECTBYET TAKO€ YHCJO g>0, uto
Ans nwb6oro 8>0 HaliayTes Yo7FYo, |Ys—Yo| <6, H Touka X, H3
{x} Takue, utO

[f (x5, ys)—& (£s) | =e0-

Iyctp {64} — mocsefoBaTeNbHOCTH MOJIOXKHTENBHBIX YHCEJN, CXOAS-
aasgcs K Hyawo. Toraa Has COOTBETCTBYIOLIHMX INOCJAe0BaTE/JbHOCTER
{Yyn}, {xs}, TRE Yn=Yys,, Xn=2Xs,, OyAeM HMETb Yn—>Yo, |Yr—Yyo|<b,
TOrAa KakK |f(Xa, Yn)—g(%n)|=>e€0. CileZoBaTeNbHO, NOCJIELOBATENb-
HocTh GyHRUMH (X, y») =fa(x) He cxomurcsa K g(¥) paBHOMEpHO Ha
mHOXecTBe {x}. Takum 06pa3oM, MH DPHUIK K NPOTHBODEYHIO. YT-
BepixJeHHe | MOJHOCTBIO HOKAa3aHO.

2. Kputepnit Kown paBHOMEPHOro CTpeMJeHMst QYHKHHMM K mpe-
AENBHOM.

Teopema 7.1. Jan toeo 4rober ¢pynkyus f(x, y) crpemusacs
pasnomepro na muoxcecrse {x} Kk HexoTOopoid (pyHKkyuu g(X) npu
Y—+Yo, Heobxolumo u Gocrarouro, urobe. Oin aw06020 uucaa >0
cyujecrsosanro 6ot «ucao 6=38(e) >0 rakoe, uro daa awboix y’, y”
u3 muoxcecrea {y}, 0an roropeix 0<|y'—yo| <8, 0< |y " —yol <6, u
018 8cex x u3 mroxcectTea {X} 86LNOAHLAOCH Gbl HEPABEHCTBO

[F(x ) —F(x y") | <e.

HokasarenbcTBo. CornacHo yTBepxIeHHIO | JXOCTAaTOYHO
PaccMOTpeTh MNoCJaedoBaTeNbHOCTh {f (X, Yn)}, COOTBETCTBYIOILYIO IIOC-
JenoBaTeNbHOCTH {Ya}, THAe Yn—>Yo, Yo M3 {Y}, Yn®Yo, ¥ BOCHOJb-
30BaThCA KpurepueM Komu paBHOMEPHOH CXOAHMOCTH (PyHKIHOHa/b-
HOl nocniefoBaTeabHOCTH (cM. § 1 ra. 2).

3. IlpuMeHeHHs: NOHRTHA PABHOMEPHOTO CTPEMJIEHHS K NpeAejbHOH
tbyukumn. Ilycts mHoxkecTBO {x}=X coBmagaer ¢ cerMentoM [a, b,
Yo — npenenbHas Touka MHoxectBa {y}=Y. PaccMoTpuM GyHKIHIO
f(x, y), rtae x us [a, b], a y u3 mHoxkectBa Y. Chopmyaupyem psai
YTBepXKAeHHH, BHITEKAIOMIMX M3 COOTBETCTBYIOIIHX YTBEpPXKAeHHH s
PaBHOMEpHO CXOASIMXCA (DYHKIMOHAJBHEIX  HOCJe[oBaTesbHOCTEH
(cM. 1. 2). DTH yTBepxKAeHHUs AOKA3BIBAIOTCA MyTeM mepexoja K Npo-
H3BOJIBHOH IOCJENOBATeNBHOCTH {Yn}, Yn U3 Y, YnFYo, Yn—>Yo TPH
n—oo,

Yreepxnaeuue 2. ITycre ¢pynxyun f(x, y) unrezpupyema Ha
[a, b] npu kaxdom ¢uxcuposannom y u3 Y u f(x, y) pasromepHO
Ha [a, b] ctpemurca k g(x) npu y—yo. ToeBa g(x) uHnTeepupyema Ha
{a, b] u cnpasedausbt pasencrea

]}

b b b
limff(x, yldx = S g(x)dx = S[}J{g’f(x’ y)ldx.

IIJIH HAOKa3aTeJbCTBa 3TOT0 YTBEPKIAEHHA AOCTATOYHO NPHMEHHTDb T€0-
pemy 2.8.
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Vreepxnenue 3. Ecau ¢ynrkyus f(x, y) Henpepoisna no x
Ha [a, b] npu xamdom uxcuposarnnom y u3 muoxecrsa Y u f(x, y)
pasHomepHno Ha [a, b} crpemurcs k g{x) npu y—>Yo, 10 g(X) — He-
npepoignan na [a, b) ¢dynryus.

Iag noKaszaTenbCTBa CJeAyeT BOCHOJb30BAThCA CJeAcTBHeM 1 u3
TeopeMnu 2.7.

Vreepxkaenue 4. [Tycre ¢ynxyus f(x, y) Henpepvisna no %
Ha [a, b] npu xa¥cOom (uUKCUPOBAHHOM Yy U NPU CTPEMACHUU Y K Yo
8 kaxcOod urcuposannoli Touke x cezmenra [a, bl ara ynryus,
ne eo3pacras (He ybovieas), cxodurca K Henpepwisrol npedenvHoll
pynxyuu  g(x). Tozda f(x, y) crpemurca x g(x) pasHomepHo
ra [a, b
1 DTo yTBepxjeHHe ABJSETCA 4HAJIOrOM TeopeMul 2.4 rn. 2 (NpH3HaK

HHH).

ITpu nmepexome k nociaemoBatesnbHOCTH {y.} HeOOXOAMMO BHIGUpATH
ee BO3pacTaloulieil ¥ Tak, YTOBHl Yn—>Yo.

Yreepxaenue 5. Ecau npu xamdom guxcuposanvom Yy u3
muoncectsa Y chynxyuu or x f(x, y) u [ (x, y) HenpepvigHsol HA
[a, b] u npu y—yo pynxyua f(x, y) crpemurca k g(x), a Qynxyus
[+ (%, y) crpemurca x h(x) pasnomepno na [a, b], 1o @pyukyus g(x)
OQupppepenyupyena na [a, b}, npuven

g'(x) =h{x),
usu

{lim f(x, y)}; = lim fx(x, ).
Vel Y>Yo

Ins nokasaTesnbCcTBa 3TOTO yTBEpIKIAEeHHs HEOGXOLHMO BOCNOJb30BATh-
cs TeopeMoit 2.9.

Yreepxnaenue 6. ITycre pynkyus f(x, y) sadana Ha npamo-
yeoavruxe I ={a<x<b, c<y<d} u nenpepoisra na nem. Tozda npu
21060m yo us ceemenra [c, d] npu y—>yo ¢pynkyus f(x, y) crpemurcs
pasromepro no x na [a, b] x dynxyuu f(x, yo).

HoxaszaTenbcTBo. ITockonbKy HelpephiBHASE Ha HPSMOYIOJb-
Huke II QyHKUHS sABJfeTCS M paBHOMEPHO HeNpepeBHOH Ha HEM, TO
Aas Jqoboro gucaa e>0 cymecrByer Takoe yHca10 8=0(e)>0, uTo
Aas mobbix  Touek (X', y'), (x”, y”), mas xoropeix |x¥'—x"| <8,
|y—y”| <8, cnpaBeannBo HepaBeHCTBO

lf(xl, y/)___f(x//, yll)!<s.

Iycrs x'=x"=2x, =y, y’ =y, Torna ajs moGux y u3 [c, d]
TaKHX, YTO |y—yo| <8, u Hjs mobux x us [a, b] BENOAHsETCH Hepa-

BEHCTBO
[f(x, y)—[(x, yo} | <.

Ho 310 # o3nauaer pasHomepHoe Ha [a, b] crpemyenue f(x, y)
K f(X, Yo) npH y—yo. YTBEpKAEHHE AOKA3aHO.
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§ 2. COBCTBEHHBIE WHTErPAJIb], 3ABUCSILIHE
OT NAPAMETPA

1. CpoficTea WHTerpana, saBucsmero or mapamerpa. [Iycts ¢yHk-
WHs IBYX HepeMeHHEHX [(x, y) ompeieneHa ajas X, NpHHaAJeKaUIHX
cerMenty [a, b], W mas y, npuHajfJeXXamlMX HEKOTOPOMY MHOXKECTBY
{y}=Y. Jonyctum, uto npu kKaxkiaom (HKCHpPOBaHHOM y u3 Y ¢yHK-

uus f(x, y) uxrerpupyema no [a, b]. Toraa Ha MHOXecTBe Y ompe-
JejeHa GyHKOHA

1g)={f(x, y)dx, (7.1)

#Ha3HBaeMast HHTETrpaJoOM, 3aBUCAIIUM OT mapaMerTpa y.

H3syunm cBofictBa HHTerpata, 3aBHCALEro OT NapaMmeTrpa. 3ame-
‘THM CHayaJa, YTO COIVIaCHO yTBepxkjeHHi0o 2 u3 § 1, ecan PyHkuus
f(x, y) crpemurcs pasmomepHo Ha [a, b] x o&yHKmuH g(X) npH
Y—Yo, TO B uHTerpase (7.1) MOXKHO cHeJaTh NPeREJbHHH IEepexon
TojJ, 3HAKOM HHTerpaJia.

Teopema 7.2 (0 HenmpephIBHOCTH HHTerpajia IO NapaMeTpy).
ITycre pynxyusn f(x, y) nenpepoiena na npamoyeossruke I ={a<x<<
3

<b, c<y<d}. Toz0a unrezpar I(y)= S f(x, yydx =ssasercs nenpe-

a
poisroli pynkyuell napamerpa y na [c, d].

HoxasartenbcTBo. B cuny yrBepxgenus 6 § 1 dyHkuus
f(x, y) crpemutcs pasHoMepHOo Ha [a, b] K OyHKumM f(X, yo) npH
Y—yo. CiefoBaTeNbHO, KaK OBJO OTMEYEHO BHIINE, MOXHO CHeNaTh
npeleLHEA Nepexo] HOJ 3HAKOM HHTerpaJa:

Yo

b b b
lim 1 (9)=lim ' (x, g)dx = [ lim F(x, g)dr=[ (2 g)dx=1(00)

4710 U Tpe6oBaJIOCh.

Teopema 7.3 (06 HHTErpHpPOBaHHM MHTErpaja no napamerpy).
Ecru  gpynxyus [(x, y) Henpepoisna 6 , npamoyzoasruke II=

~{a<x<h, o<y<d), 1o gynsyun 1(g)=(F(x, y)dx unrezpupye-

a
Ma Ha ceemente [c, d]. Kpome 1020, cnpasedausa gopmyara
d b

{1do= [[§ 1 wras]du=[[] Fe o] .

[4 a

HNHpiMu croBamyu, 8 YCA0B8UAX Teopemb., UHTEEPAA, aaeucnwuﬁ or

napameTpa, MONCHO UHKTEZPUPOBATL NO NApamerpy nod 3HAKOM UHTE2~
pasa.
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1

HoxkasatenbctBo. CorjacHo npeinjyiueit Teopeme 7.2 pyHk-
UHs HenpepuBHa Ha [c, d]. ITosroMy oHa uHTErpHpyema Ha 3TOM cer-
meHnte. CrnpaBel/iHBOCTS (OPMYJE ClAelyeT W3 paBeHCTBa IIOBTOP-
HbIX HMHTErpaJioB, NMOCKOJbKY 00a OHH paBHE JABOAHOMY HHTerpany

S) f(x, yydxdy (cm. ra. 3). TeopeMma AokasaHsa.
I

Teopema 7.4 (o audpdepeHHPyeMOCTH HHTETpaJja IO napamer-
py). llycre pynxyusn f(x, y) nenpepovisna wHa npamoyzosvruke I u
uMeer wa Hem Henpepelsnyto npouszsoduyro f,/ (x, y). Toeda onpedeasn-
enan pasencrsom (7.1) dynrxyun I(y) ouddepenyupyema na [c, d} u

b

rw={ fi(x ydx. a9

a

HHbIMH CcI0BaMH, 8 yCA08uUAX TEopembl MONMCHO dupdepenyuposars
no0 3HAKOM UHTezpaiq.

HoxasateancTBOo. Paccmorpum mnoayyaemoe 43 (GOPMYJH
JlarpaHnxka COOTHOILEHHe

h) — ’
L g M TG 8, (xy +0),

ree 0<6< 1. 3amerum, uto f,/(x, y+0Oh) cTpeMHTCs paBHOMEPHO Ha
[a, b] % s’ (%, y) npu h—0.

CaenoBatenbso, npu h—0 JONYCTHM npeReJbHHIA NEPexXod IOX
3HAKOM HHTerpaja B COOTHOIIEHHH

b
l(y+h)h—1(y) = S fo(x, y+ 6h) dx.
a

Orciona u noayuaem dopmyay (7.2). Teopema nokasana.

2. Cayuaif, Koraa npejejbl HHTErDHPOBAHHA 3aBHCAT OT MapaMer-
pa. Ilycte ¢yBkuHg f(x, y) onpeaeiseHa Ha npsaMoyrospHuke II=
={o<x<P, c<y<d)}, a sanannsle Ha [c, d] pyuruuu a(y) u b(y)
otobpaxawr [c, d] B cermenr [a, B].

Ecan npu mo6oM ¢HKcHpOBaHHOM y u3 [c¢, d] oynkuus [(x, y)
HHTEerpupyema 1o x Ha cermerre [a(y), b{(y)], TO, OueBHEHO, Ha
le, d] onpenenena ¢pynkuus

b(y)
I@)= | [, y)dx, (7.1')

aly)
npeacrabJasomas co60i MHTErpaJ, 3aBHCALHA OT napamerpa Y, y Ko-
TOpPOro Inpejelibl HHTErPHPOBAHHA TaKXKe 3aBHCAT OT 3TOrO NapamMerpa.

Teopema 7.5 (0 HempepHIBHOCTH MHTerpaja [0 HapaMeTpy).
Ilycre ¢ynxyun [(x, y) nenpepoisna na npamoyeoastuxe I, a ¢ynk-

17 - 4314
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yuu a(yb)( u b(y) nenpepoisroL na cezmente [c, d]. Tozda pynxyus
)

I(y)= j' f(x, y)dx nenpepoisna na [c, d].
a
ﬂOK(ay)saTeJIbCTB 0. 3aduKCHPYEM NpPOH3BOJLHOE Yo H3 Cer-
MeHTa [c, d]. Torna B cuiiy cBOfCTBa aAJWTUBHOCTH HHTErpasja
. biys) bly) ay)
Ig)y= { Fx gyde+ | fx 9)de— [ f(x, y)dx.
a(ye) b(yo) alyo)

IlepBuiii uHTErpan B NpaBOd yacTH npeacrasJsier cobo#t  uHTErpad,
3aBHCALNHA OT IapaMerpa Y, C MOCTOSIHHBIMH IpeleslaMH HHTer-
pupoBanusi. CienoBaTeqbHO, OH HBJISIETCH HENpPEPHBHOH (QYHKUHEH OT
Y H HO3TOMY NpH y—>Yo crpemurcs K I(yo). Hus nByx Apyrux uHTer-
pasioB moJiyyaeM OLEHKH

bly)
| § Fo ) de| < Mib(o)—b(0),
blys
[a(f)f(x, y)dx|<Mla(y)—a(yo)l.
a(yoe)

rae M=sup|f(x, y)|. W3 HenmpepuBHocTH ¢yHKuHE a(y) u b(y)
o

cJIeflyeT, 4TO NMpPH y—>yo 06a 3TH HHTErpaja CTPEMATCA K HYJI0. Takum
obpazoMm, I (y)—I(yo) npH y—>yo. Teopema noxasaHa.

HokaxeM tenepn TeopeMy o AuddepeHIHpyeMOCTH HHTErpaja
I(y), onpepensiemoro paBeHcTBOM (7.17).

Teopema 7.6 (o nubdepeHuHpyeMOCTH HHTErpana no napamer-
py). Hycre ¢pynxyus f(x, y) Henpepvisna emecTe ¢ npoussodHod
Iy (%, y) Ha npamoyzorsnure I, a pynxyuu a(y), b(y) Jupgpepenyu-
pyemo. na [c, d]. Tozda unrezpaar I(y), onpedersiembii paBEHCTEOM
(7.1%), Bugppepenyupyem no y na [c, d] u cnpasediuso pasencrso

bly) :
I'(y)= f fu(x, g)dx+FIb(y), 910" (1) —Fla(y), yla'(v). (7.3)
aly)

HoxasartenbcTBOo. 3adHKCHpYeM NPOH3BOJbHOE Yo H 3alH-
IIeM COOTHOIUEHHE

byeth) bige
1(!/0+h)—-l(yo)=_L[ S F(x, go+ h) dx— § f(x, yo)dx ] (7.4)
h h alyeth) alyo)
(h BHbpaHO Tak, uTo y,+h < [, d]). Tak xak
' Bueth) a(gy

[ go+hyde= [ F(x o+ h)dr+
a(ye+h) a(yet-h) :
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b(ye) blyyt+h)
+ [ Flxgothydet | fx, yo+h)ds,
aiys) b(yo

by
f(yo+h)—1(yo)=5” [ ot m) = (5 00) g4\

h h
alye)

a(yo) 1 by th)
Fet go+R)dxt— (' Flx, g0+ R)dx.

alyet+h) biys)
B nepsom ciaraemom npaBofi wacTH 3TOrO paBEHCTBA COTJIaCHO TEO-
peme 7.4 MOXHO NEpeHTH K npelesny MOA 3HAaKOM HHTerpaja IpH
h—0.

Bocnoabsyemcst mepBofi ¢opMyJsiofi CpefHEro 3HaueHHs AJsI HHTEr-
PajioB M NpeACTaBHM BTOPOE H TPEThe cjaraeMhie B BHIeE

a{ys)

l — h
Yy S F(t go+h)de=F(E, go+h)—2{%) Z(y°+ )
a(ysth)

rae § 3aKJI0YeHO MEeXAY YHCAaMH a(yo) M a(yoth);
et b (g0 1) —b (49)
+ § 1w st mar=f@, gt n ot l),
ble

rae &’ saksoueHo Mexay uncaaMu b(yo) u b(yoth).
W3 stux paBeHCcTB M u3 HempepuBHOCTH QyHKIHH a(y) u b(y)
nosyqaem, ato npu h—0

a(ge)

+

>|=

+ | e st hyde>—Flalo), wla (uo)
ayot-h)
1 byet-h

- § 1 s mydx—>F oG, w0 (o).
by

Taxum o6pasom, B paBeHcTBe (7.4) [ONYCTHM NpENebHBIH HePexXoA
npu h—0 n cnpasesnuBa ¢opmyna (7.3). Teopema n0Ka3aHa.

§ 3. HECOBCTBEHHbBIE UHTEIPAJIbl, 3ABHCALUHE
OT NAPAMETPA .

B atom naparpade Mm Gyaem usydaTh ciyyaii paBHOMEDHOTO OT-
HOCHTeNBHO Y&{y} cTpemJ/ieHHs (YHKUHH ABYX IepeMeHHuX F(x, y)
K npefejabHol QYHKUMH G (y) npu x—»-+ oo,

17"
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Ilycte ¢yuxuusa F(x, y) onpeneseHa Ha MHOXKecTBe Z, COCTOSILIEM
H3 nap (x, y), rae x NpuHamJIeXuT MHOXecTBY {x}=X, a y npunan-
Jgexur MHoxecTBY {y}=Y, X 1 Y — MuoxecrBa uncaoBo# ocu. [Ipen-
MOJIOXHM, YTO + 0o SABJISETCS NPEeHeJbHOH TOuKOM MHOXectBa X (T.e.
AJisi o60ro 4HclIa @ MHOXKeCTBa (@, +0o0) CONepXKHMT 1O KpaiHed
Mepe oxHY TOUKy H3 X).

Onpenenenne 1. Pynkyus F(x, y) cTpemurca pasgHo-
MEPHO OTHOCUTEABHO Y Ha mHooecT8e X K pynKyuu
G(y) npu x, crpemsuyemcs x +oo, ecau Oasn awbozo >0 Hatiderca
TAKOE HUCAO Xy, 4TO 0as At06bix X, npunadasexcaujux X u ydosaer-
BOPAOULUX YCAOBUIO X>>Xg, U O0as At0Gbix Yy u3 Y B86INOAHAETCA Hepa-

B8EHCTB0
IF(x, y)—G(y) | <.

1. HecoGcTBeHHBIE HHTErpaJsl NepBOro Pojxa, 3aBHCSAIME OT mapa-
merpa. IlepeiifeM Tenepp K H3yYeHMIO HeCOGCTBEHHHX HHTErpaJios.
Ilycrs dynkuus f(x, y) onpemeineHa npu Bcex x>>d, OpH BCeX y M3
HEKOTOpOro MHOXectBa {y}=Y H mnpu- KaxxaoM ¢(HKCHPOBAHHOM Y
u3 Y uHrerpupyema Ha [@, +o0), T. e. AJS KaXKIOro y 3 Y cxoaurcs
HHTErpan

1@)= | Fex 7.5)

Onpenenenune 2. Hecobcrsennoul unreepar (7.5) nasvisaercs
CX00AuWuMCA PABHOMEDPHO NO NAPAMETPY Yy HA MHO-
mecree Y, ecau gpyuxyus

F(t, y)= [ F(x, y)dzx (7.6)

pasHomepHo Ha muoxcectee Y cTpemurca Kk npedeavHol pynxyuu
I(y) npu t—+oo.

CrpaBenuB cireldylOmui KpUTepHii paBHOMEPHOH CXOAHMOCTH He-
COOGCTBEHHOrO HMHTErpaJla, 3aBHCSIIEro OT apaMeTpa.

Teopema 7.7 (xpurepuit Kownu). Jasa 1020 4106861 HECOOCTSEH-
Holli untezpar (7.5) cxoduacs pasHomepro na muoxcecrse Y, HeoO-
x00umo u O0ocTarouHo, 4Tobel 0an a06020 >0 CyuyecrTso08ai0 Taxoe
wucao to=>a, uro npu acex t', t”’, npesocxodaujux ty, u npu 8cex y u3s
Y 6vi10 cnpasedauso nepasencrso

| tjn fx, ydx|<e.
)

CnpaBeaJIHBOCTb 3TOrO KPUTEPHs BHITEKaeT H3 TeopeMu 7.1, MpH-
MeHeHHOH K (YHKUHH

¢
F(t, y)=[F(x y)dx.
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W3 xputepus Kouin, B 4aCTHOCTH, BHITEKaeT CJAGAYIOIIHH NDH3HAK
CpaBHEHHSI.

Teopema 7.8 (npusHak Beitepwitpacca). ITycre npu ecex y u3
Y u scex x, npunadaesaujux noayocu [a;, o), ede a;>a, 0aa PyHK-
yuu f(x, y) 8bINOAHEHO HepaBEHCTBO

I (x, 9) |<o(x),

20e ¢ (x) — unteepupyemasn (8 HeCOGCTBEHHOM CmbicAe) HA [a, o)
¢ynryun. Toeda unteepas (7.5) cxodurcs pasHoMepPHO.

[+
JdokaszatenbcTBOo. Ilocko/AbKy HHTErpan j ¢ (x)dx cxopures,

a
To Aas Jwoboro uncana e>0 gHafizerca Takoe uyucao fH>4a,, 4TC UPH
Jiobuix 1, 17 takux, uro (< t'<{!”, BHIOJHSETCS HEPaBEHCTBO

tﬂ
S e(x)dx < e.
)
Torna
34 v 134

|5f(x, x| < [ 1f (5 9)ldx < {00 dx <,
. ;" g
qT0 H TpeGOBaJIOCb JOKa3aThb.

3ameuanue 1. U3 kpurepusa Kourn paBHOMEpPHOH CXOLMMOCTH
HecOGCTBEHHOrO HHTErpaJja BLHITEKaeT, yTo uHTerpaa (7.5) u ero <«oc-
«®

TaTOK» (T. €. HHTerpaJ BHIAA 5f {x, y)dx, rie a’>a) paBHOMEpHO CXO-

a
AATCA OOIHOBPEMEHHO.

3aMeuanne 2. AHajOrHYHO TOMY, Kak OhIJl AOKa3aH IPH3HAK
Jupuxne—AGens AJs HeCOGCTBEHHBIX HHTErpanoB (CM. AONOJHeHHE 1

K 1. 9 u. 1), AokasbiBaeTcs cjeAyloulee YTBepKJeHHe (IPH3HaK
Adupuxae—AGens):

t
Ecau unreepan F(t, y)=5f(x, Yy)dx pasromepHo oOepasHuuen,

T. e. npu 8cex t>a u y uz Y avinoaneno ycaosue |F (I, y)|<M,
a g(x) ozpanudena u MOHOTOHHO CTPDEMUTCA K HYAO nNpu x—+oo, TO
o

unTezpaA S f(x, ) g(x)dx cxodurca pasnomepro.

a
Ilepeiinem Tenepr K H3YUEHHIO CBOMCTB 3aBUCAUIHX OT Iapamerpa
HeCOGCTBEHHEIX MHTErpasios.
Teopema 7.9. llycro Oasn ar0bozo b, npesocxodswezo a, pyHk-
yus f(x, y) passomepno na ceemente a<X< b cTpemurcs K ynkyuu
g (x) npu y—y,, 20e y, — npedeavnasn TO4Ka mroxcecrea Y, u unrez-
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par  1(y)= Sf(x, y)dx cxodurca passomepHo Ha muowecrse Y.
Toeda :

limI(y)=1im | f(x, y)dx=] g (x)dx.

Y-l Yo a a

HokaszartenbcrBo. [okaxkeM MHTErpHPYEMOCTb Ha [a@, o)
tynkuun g(x). Ons npousBonnHoro e>0 Haiimem uuciao fo=1Iy(e) >0
TaKoe, uTo i JobHX ¢/, {”/, npeBOCXOIAIAX fo, H AJA BceX y H3 Y
BLIIIOJIHEHO HEPaBEHCTBO

l:{f(x, y)dxl( E.

3adHKCHPOBaB NpPOH3BOJbHbIE !’ W 17, mpeBocXoAsinHe fo, meperaem
B 3TOM HepPaBEHCTBE K Npeeny IPH y—>Yq, TOAYUIHM

Itj' g(x)dxl\<e.
P

-
STO M JAOKa3HBaeT CXOLHMOCTL HHTErpaJa f g (x) dx.
a

Ilycts {{,} — nponsBoMbHAas NOCJIEIOBAaTeJNLHOCTb TaKas, 4TQ
tn—+oco. Beenem B pacemoTpeHHe QYHKIHOHAJNBHYIO NOCJTEAOBATE/]b~
HOCTb

_ t,
@)= [ f ydx,

KOTOpasi paBHOMEpPHO Ha MHoxecTBe Y cxoautrcs K ¢yuxuwnu 7 (y),
ompepensiemoii paBeHctBoM (7.5). B cuay yrsepxkienusa 2 § 1 nas
Kaxnol H3 GyHrRumi [,(y) cyllecTByeT KOHEUHHH Ipelesa NPH Yy—rYo.
BoJsee Toro,

1, 14

. 'n n
lim I, (y)=lim { f(x, g)de= [ [limf(z, y)]dz= | g(x)dx.
V>l ¥+ 2 a ¥-rbo a

Ho Torpa CYILUEeCTBYET H Ipelet

tn . I .
lim/ (y) = lim [ g(x)dx = [g(x)dx,
¥ tn"’w P a

NIOCKOJIBKY COTJIacHO Teopeme 2.7 . 2 CHMBOJ lim npeaena pas-

{, o0

HOMepHO cxofsameficss nocaexosatensHocTd {/,(y)} 1 cumsoa lim npe-

[t [
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Aena ¢yHkuuH [.(y) MOXKHO nepecras/iATb MecTaMH. lTeopeMa HOKa-
3aHa.

JonycTuM, B 4acTHOCTH, 4TO TOYKA Yo HOPHHAAJIEKHT MHOMKECTBY
Y n ¢yHkuus f(X, y) HenpepHBHA B TOYKE Yo, T. €. f(X, y) npu JoGoM
b>a crpeMHTCS paBHOMEDPHO Ha cerMeHTe a<{x<(b K f(X, yo) 1npH
y—yo. Torna lim/I{y)=1(y,), T e. /(y) HenmpepniBHa B TOUKe Yo.

¥-*Yo

Takum o6pa3oM, Mu NPHXOAUM K CAeAyOLlel Teopeme.

Teopema 7.9* (o HempepriBHOCTH HecOoOCTBEHHOrO HHTErpaja
no napametpy). I1ycro f(x, y) xax Pynkyusa 06yx nepemennslx nenpe-

potgna npu xz=za u y u3 [c, d], a unrezpas !(y)=5'f(x, y)dx

pasromepro Ha [c, d] cxolurca. Toz0a ¢pyruryus I(y) auenpepbtaua
Ha [c, d].

JloxasartenbcTBO. MOXHO YyTBEpXKAAaTh, UTO IJS KaxXJOro
npamoyroabuuka [I={a<x<!, c<y<d} oyskuus f(x, y) paBHomep-
HO Ha CerMeHTe a< X<(f cTpeMuTcs K [(X, yo) =g (x) npu y—yo (cM.
yrBepxaenne 6 § 1). Ilostomy npu ¢t={, nas wuHrerpaios In(Y),
BBeleHHHIX NPH AOKAa3aTeJNbCTBE TeOpeMbl 7.9, BHIIIOJIHEHH! YCJOBHs
NpefesbHOrO Nepexoja moj 3Hakom HHTerpana. Otcioga H H3 paBHO-
mepHO#l Ha [c¢, d] cxomuMoctu [,(y) k I(y) noaydaem, uto lim/(y)=

Y=>ts
=1(Y,), T.e. dynkuus /(y) HenpepuBHa. TeopemMa JokasaHa.

Teopema 7.10. Tycre f(x, y) xax (pynKyus O08yx nepemerHbix
HenpepolBHa U HEOTPULATEALHA NPU X, NPUHAOAEHAUEn NOAYNPAMOL
[a, o), u y, npunadarexcawem ceemenry |[c, d}. Ilycro daree unree-

[+

pas 1(y)=jf(x, y)dx nenpepoisen no y na [c, d]. Toeda aror

a
unteepan cxodurcs pasHomepto no y Ha [c, d}.
HJokasarteibcTBoO. PaccMOTpuM nocieloBaTenbrEocTs [, (g)=
H

n
=Sf(x, y)dx HenpephBHHIX Ha [¢, d] dyHRUME, H 6yCTh fn—>-+ 00
a

He y6musas. [locnegoBartennnocts {/.(y)}, MOHOTOHHO He y6niBas, CXo-
Iures K HenpepuiBHOH ¢yrkuuum /(y). CieaoBate/sHO, MOXKHO IIpHMeE-
HuTb npu3Hak Junu (teopema 2.4 rj. 2). Teopema noxazaHa.
Teopema 7.11. flycre [(x, y) Kax pynxkyus 08yx nepemennbix
HenpepouiBHa U HEOTPUYATEABHA Npu X, Npuxadaexcauem noAynpamol
[@, ), u y, npunadarenaujen ceementy [c, d). Ilycte npu y—>yo,
¢ynryua [(x, y), MOHOTONHO He ybOuidas & Kaxdoii Touke x no Y,
cxodurcs k nenpepoisnoill ynkyuu g(x). Toeda us cxodumoctu ut-
[«

rezparq S g(x)dx caedyer so3moxnHoCT, npedeasrozo nepexoda npu
a

Y—ryo no0 snaxom unrezpara (7.5).
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HdokasartenbcrBo. HefictButensHo, uuterpan (7.5) cxonpurcs
pasHOoMepHO Ha [c¢, d] no npusHaky Befiepmitpacca (reopema 7.8),
nockoasky f(x, y)<<g(x) u g(x) — unrerpupyema Ha [a, o). Ilo-
9TOMY B CHJY TeopeMH 7.9% MOXHO NepexOAMTb K Hpejelny MOJ 3Ha-
KOM HHTerpaJa, 4yTo ¥ TpeboBaJjoch J0OKa3aTb.

ITepeiineM Tenepp K pPacCMOTPEHHIO BONpoca 06 HHTErPHPOBAaHHH
HecoOCTBEHHOrO0 MHTErpaJjia no napamerpy.

Teopema 7.12 (06 uHTErpHpOBaHHH HeCOGCTBEHHOrO HHTErpasa
no napamerpy). Ilycre ¢ynkyus f(x, y) xax pynxkyus O0syx nepe-
MEHHbLX Henpepulena npu x, npuxadaencaujem noaynpamoi [a, o), u
npu Yy, npunadaescauem cezmenty [c, d], u nycTe uxrezpas

o

I{(y)= f f(x, y)dx pasromepro cxodurcs. Toeda ¢ynryusa I(y)

unTeepu;yema Ha [c, d] u umeer mecro popmyra
d d © o d
(1)dy=[dy[f(x pde=[dx[f(x g)dy. ("
c [ a a e

HokxasareabcTBo. CoraacHo Teopeme 7.9* dyuxuus [(y)
HenpepuBHa Ha [c¢, d], a cielnoBaTesibHO, M HHTerpHpyema Ha [c, d].
lonaX(eM ¢opmyny (). PaccMoTpuM mnociienoBaTesNbHOCTh (HYHKUHE

I, (y)_ff(x y)dx, rme tp—-+oo. B cuny teopeMs 7.3 Aais Kaxno#t

(pynxunu I»(y) nonyuaem

d

‘fl
{ Ly =fax te pya (7.7

ITockonbky Ha [c¢, d] mocnemoBatenbHOCTs [.(Yy) paBHOMEPHO CXO-
nurcs K /(y), To mox 3HAKOM HHTerpasa, CTOsllero ciesa B dopmyde
(7.7), MoxHO cpmenaTh npejeibHHE nepexoj npu n—-oo. Cueaosa-
TEJBHO, NPH A—-0O CYULECTBYET NIpejes [OCJeA0BaTeJbHOCTH HHTEr-
paJioB, cTofIKX B npaBol yactu (7.7).

Takum obpasowm,

ln ©
liq:flu(y)dy=§l(y)dy=jirgj dxff(x, y)dy=§dxff(x. y)dy,

910 U Tpe6oBaJIOCh AOKa3aTh.

Tenepr nokaxem TeopeMy o6 HHTETPHPOBaHHH HeCOOCTBEHHOrO
uHTerpasa (7.5) no 6ecKOHEYHOMY TNIPOMEXYTKy HM3MEHEHHs MapamerT-
pa y.

Teopema 7.13. MTycro f(X, y) kax Qpynxkyua 06yYyx nepemexnsvix
Henpepui8Ha u HeoTpuyaresbna 8 obaacTu A x¥x<oo, cLY<oo, UH-
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rezpan I (y)=jf(x, y)dx Henpepuisen Ha noaynpamoid [c, o),
a

a unreepar K(x)= S f(x, y)dy Henpepovisen na noaynpamoi [a, oo).
[4

Tozd0a u3 cxoBumocru 00HO20 u3 08YX UKTE2paAO08 SI (dy u

[
(]

SK (x)dx caedyer cxodumocte Opyeoeo u3 3TUX UHTE2PAAOS U CAPA-
J .

8e04UB0CTb pasencrsa

-4

[ 1@ dy=T Kz,

¢
uau

fay | iex par="{a{rs pay.

Takum o6pa3oM, B yCJHOBHAX 3TOH TeOpeMbi HecOOCTBEHHBIH HHTEr-
paJ, 3aBHCSILIHA OT MapaMeTpa, MOXHO HHTETPDHPOBATh MO NapaMeTrpy
IIOA 3HAKOM HeCOOCTBEHHOrO MHTerpaJja H B cjayyae OGeCKOHeYHOro
NPOMEXYTKA H3MEHEHHs NnapaMerpa.

HdoxasateabcrBo. B chuay ycnoBuii nokasmBaemofi TeopeMH

H B cHay Teopemul 7.10 mHTerpasm /(y) u K(x) cxomarcsi paBHOMep-

HO: nepBuiil Ha cermenrte [c, d] npu mwo6GoMm d>c, a BTOpO# Ha cer-

MeHre [a, b] npu mwobom b>a. Ilyctb, HanpuMep, CXOZHUTCS MOBTOP-
[

HH1A Hmerpan.j'](y)dy. PaccMmorpuM HeyGBIBAIOIUY IO TOCE10BATE1bHOCTD
¢ \

{t), tr=r+oco. Toraa j’K(x)dx=fdef(x, y) dy=3:dy j'nf (%, y)dx.

IlocaenoBatTesbHOCTD
H

1, t)={F(x g)de

npu mo6oM d, npeBocxoAsllleM ¢, PaBHOMEPHO Ha cermeHre [c, d]
cxoautcs K I(y). Ilpu s3Tom nocneposareansocts {I(y, {.)} He yGriBa-
er Ha [¢,d]. Orciona u u3 TeopeMu 7.11 BHITEKAeT, YTO HHTErpaJi
(-

f I(y, t)dy cxoputca paBHoMepHo. Ho Torza noa 3HakoM 3TOro HH-
¢

Terpana CorJiacHo teopeMe 7.9 MOXKHO ClesaThb HpefesbHHH Nepexol,
T. €, HMeeT MecTO dopmyJa
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™ tn o @®
SK(x)dx= lim 5 K (x)dx= lim S'I(y, t,,)dy=j1(y)dy,
p4 in—>+oo o tn-b—{-ms s

4TO H TPe6OBaJIOCh IOKa3aTh.

Paccmorpum Tenepp Bonpoc 0 AuddepeHUHPOBAHHH 10 NapaMeTpy
HecoGCTBEHHOTO MHTErpaJia.

Teopema 7.14 (o puddepenunpyeMoctdy HecoGCTBEHHOTO HHTEr-
pana mno napamerpy). ITycrs ¢ynkyusa f(x, y) u ee npoussodnas
Iv (%, y) HenpepusHer 8 obaacTu a<x<<oo, c<Ly<id. ITycrs, Oaxee,

L]

unrezpas I(y)= S f(x, yydx cxodurcsa 8 raxcOoi Touke Yy cezmenra
P .

@
[c, d], a unrezpan ‘S'f;(x, y)dx cxo0uTCa PABHOMEDHO HQ CezmenTe

a
[¢, d}. Toeda npu awbom y uz [c, d} gyuxyus I(y) umeer npous-
800HYy0 V), npuuem

I'(g)=§ fu(x y)dx.
a fn
HokxasateabcTBo. Ilycts fr—>+o0, a ln(y)=§f(’f, y) dx.

a
IlocnenoBarenbHOCTh HeNpepHBHHX (YHKUMA [,(y) CXORHTCA B KaX-
no# touke [¢, d] K ¢yHkuUHH I{y), a nmoc/iefOBaTeJbHOCTb NPOU3BOA-
HEX I,/ (y) cxomuTcsi paBHOMepHO Ha cerMenre (¢, d]. Toraa coriacHo
yrBepxueHuio 5 § 1 aas qo6oit ToukH y cermeHTa [¢, d] cymecrByer

I (y)= lim I (y).
'n

Ho I, (y)= j f, (%, y)dx. Cnenosarensto,
a

I ()= { fy(x, 9)dx.

2. HecobcrBeHHble MHTErpaJnl BTOPOFO PoOJa, 3aBHCALlHE OT napa-
merpa. [lycte dyHkuus f(x, y) ompeneneHa npu x, DPHHAJIeRaILEM
[a, b], u y, npuHagnexawem Y. [IycTb npH KaKAOM (GHKCHPOBAHHOM
y u3 Y ¢yHkuua f(x, y) sBAsieTcs HeorpaHHYEHHOH NpPH X—-a, HO Ta-
KO#, YTO CXOAHTCS HeCOOCTBEHHBIN HHTErpas

b
1w)={Fx, g)dx. (7.8)

b Tlpn y=c I(y) umeer npapyw npoussopuyw I'(c+0), a npu y=d — nesyio
npousBoanyio I’ (d—0).
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Onpenenenue 3. Hecobcrsenuvii unreepar 610po2o poda
(7.8) nasvisaerca paerHomepHo cxo00Aauumca no napa-
MeTpy y na mHOKecT8e Y, ecau Oan L, ydossersopanuezo
Hepasgercream a<t<b, ynxyus

b
F(t, 9)=[f(x y)dx
t

apu t—a+0 crpemurca k gynkyuu I(y) pasHOMEPHO OTHOCUTEALHO
ysv.

OTMeTnM, YTO C NMOMOWILIO NpeoGpa3oBaHHs NEPEMEHHOH X, YKa-
3aHHOro B JAomoJHeHMH 1 K ra. 9 u. 1, HecoOGCTBEHHHE HWHTErpaJh
BTOPOro poja CBOAATCA K HecOGCTBEHHHIM HHTErpajaM MepBOro
pona. Ilostomy Ha uuterpajm (7.8) moryr OnITh pacmpocTpaHeHH
OCHOBHHIE TEOPDEMH O INpeJeNbHOM [epexoAe MNOX 3HaKoM Hecobcr-
BEHHOr0 HHTerpaja, o0 YCJOBHSIX €r0 HeNpepLIBHOCTH M0 NapaMerpy,
00 MHTEerpHpPOBaHHH H AH(EepPEeHUUPOBAHHH MO NapaMeTpy NOJA 3Ha-
KOM HHTerpaJa.

B 3akniouenue naparpada 3aMeTHM, YTO HHTErpas BHAA

?f(xv y)dx=§f(x9 y)dx+ajf(x’ y)dxy
a a b

TAe IepBOe cjaraemoe — HHTErpaJ OT HeOrpaHHYeHHOH (YHKUHH, a
BTOpOE ~— HHTErpaJl N0 HeOrpaHHueHHOMY NPOMEXYTKY, Ha3bBaeTcs
PaBHOMEDHO CXOXAMHMCH, eCJAH DaBHOMEpPHO cxoisrcs ofa
HHTErpana, CTosiliHe B NpaBoil 4acTH.

§ 4. NIPUMEHEHHE TEOPHUMU MHTEIPAJIOB,
3ABHUCSAIIHAX OT NAPAMETPA, K BHIYHCJEHKIO
HEKOTOPbBIX HECOBCTBEHHbIX HHTETPAJIOB

PassuThie B npeAnAymHX naparpadax MeTOAbl NO3BOJSIOT BHIYHC-
JIATh pa3/jIMuHKEe HecOGCTBEHHBIE HHTErpaJbl.
1°. BrluucaumM HHTErpasn
o0
Q S‘ smx
0

‘CXOZHMOCTb 3TOrO HHTerpaja OhlJia yCTaHOBJEHa paHee (CM. HOMOJ-
Henne I Kk ra1. 9 4, 1).
PaccmMoTpuMm BcnomoraTeabHYIO GYHKILHIO

sinx
e—ll"—x— npa x5 0;

fx, y)=
1 npa x=0,
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OyHKuui f (x, y) H ee npousBoaHas fy’ (x, y) =—e~¥* sin x HenpepHIBHEL
B o6nact x>0, y=>0u f(x, 0)=—=2% TIlycrs
X

-3

1(y)=§e-*s—ij—"—dx=j f(x, y)dx.
0 0

YcTaHOBHM DaBHOMEDHYIO CXOAMMOCTb 3TOr0 MHTerpaja npu y=0.
Has sTOro, OYEBHAHO, HOCTATOYHO YCTAHOBHTH PABHOMEDHYIO CXOJH-
«©

. 1
MOCTb HHTErpana S(e—"" sinx)—dx. K stoMy HHTerpajly npuMeHuM
. X
1

npuBeniehnsi B § 3 npusHak dupuxne—AGens. IlefictBuTesbHO, HH-
TerpaJ
H

. 1
S e—¥*sin xdx = —
1

€ 9% (ysin x + cos x)

1442

1
fIBJs1€TCA OrpaHH4YE€HHbIM, TAK Kak

eV (ysint + cos f)
1+42

¢
l S e—vx sinxdxl <
1

e~y (ysinl 4 cosl)
1442 l<

2(1+)
ST <%

I
QYHKIHA — INPH X —-+ 00 MOHOTOHHO CTPEMHTCS K HYJIO.
=

M3 paBHOMepHO# CXOAMMOCTH HHTErpaJsia M HenpePhHIBHOCTH MOALIH-
TerpaJbHoil GYHKUMH corsiacHo teopeMe 7.9 § 3 BHTeKaeT HenpephiB-
Hocts Gynkuuu I(y) Ha [0, o0), T. e. CIpPaBEANHBOCTL PaBEHCTBA

lim I (y)=1(0)=1.
y—0+1+0

Haiinem 3nauenue I(y). PaccMoTpuM BCIOMOraTe/bHHH HHTErpase

*®

S e—¥*sin xdx. Coraacno npusHaky Jupuxse—AGess, KOTOpHI,
0

OueBHJAHO, MPHMEHHM K 3TOMY HHTerpajy, 3aKJyaeMm, YTO 3TOT HH-
Terpasj pPaBHOMEPHO CXOAMTCSA B OGJACTH Yy=Yo, TAe yo>0. Orciona
corsiacHo Teopeme 7.14 § 3 ciaeayer Bo3MOXKHOCTh AudpdepeHUHpOBa-
Husi uHTerpana /(y) no napamerpy y B Jaw6oit Touke y>0. Takum
obpasoM, aas jawboro y>0

eV (ysinx 4 cosx) [® _ 1

1+ 0 1+ o

I'(y)=— S e ¥*sin xdx =
0
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Haterpupys 3T0 COOTHOIUIEHHE MO [y, <4 00), MOJYYHM

I(00)—1I(y)= — arctgt|] = —%+ arctg y.

ITockonbky Sinx < 1, T0 035 Y=y, UMeeM IIpPH Yo—0o
)< Se—u.xdx Lo Lo,
Yo . Y

Orciona noayuaem, uro [{oo) =0 wu, ciefoBaTeNbHO, AJs J06Or®
y>0

1(g)=— 5 —arcigy.

Ilepexons B atoM paBeHcTBe K npeneny npu y—-0-+0, moxyunm
1(0)=1= S Sinx g r
b2 2
0
2°. PaccMOTpHM HHTErpaJ

)= 2 ar.
0

HafineM ero 3HaseHus npu y>0, y<0 u y=0. Ilpn y>0 B HHTErpaje
I(y) npousBeneM 3aMeHy nepeMeHHo#, nosaras yx=={. Toraa

w0 a0

I(y)= S ii%idx= S -"’itL’dt= .;_'.
0 0

¥pn y<0 npousBefeM 3aMeHy nepeMeHHOMH, mosaras yx=—;f ({>0).
oraa

[(y)_ S‘ sin £ sint gy ___:2:_
0

Ilpn y=0 uvrerpan I(y), oueBuano, pasen Hymo. ClelOBaTe/bHO,

£ o >0,
I(y)= j.smTyxdx= 0 npu y=0,
0

! —-21 npu y < 0.
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DTOoT MHTerpas WHOrJa Ha3HBAIOT Pa3PHIBHHM MHOXHTE:
Jem Jupuxae. B yacTHOCcTH, C NOMOIILIO PA3PHIBHOTO MHOXH-
-Tens Jupuxie nmony4yaeM npejacraBiaeHue ANs GyHKIUH

1 mpu y > C,
sgny = 0 npn y=0,

—1 opnu y< O
B BuJe

sin yx dx
. .

2
Sgny:—;:—

QL8

@

| e dx. Paccmorpam

- 00

3°. BermcnaM uHTEerpan Ilyaccorna?
MHTErpa

® -

1=Se—’"dx=-—;—ge—“dx. ’
0 —®
Ilonoxmm x=yt, rae y>0; Toraa

I= 1(y)= j e ydt,
0

—yd
VMBOXHM 06e JaCTH 3TOro COOTHOIICHASA Ha ¢’ M IPOHHTErpHpPYeM
mo [0,00):

1 {evdy=rt— {evy [ | evvdt) dy.
0je"y §e”y{§ey }dy

PaccmotpuM dyexmo f(y, £)=ye~ **7”", B o6xactu y >0, >0 51a
¢ysKMs orpanuera, HEIpEPLIBHA B HEOTPHUATENbHA. VHTErpaim
S f(y, t)dt=ye" j‘ et dt =e VI,
o 0

¢ ¢ 1 o 1
= —(14-in)y2 e e —(14-%)y* e e
‘§f(y: t)dy “Sye dy 2(l+t’)e 0o 2(1+8)

SBJISIOTCS HEOPEPHLIBHLIMA (YHKIHASIME B 0GJIACTAX H3MEHEHHS Napa-

2) CMm. rakxe § 6 ra. 3.
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Merpa, T. €. COOTBETCTBEHHO B oOmactm y>0 m B obmactu ¢>0.
Kpome Toro,
o0
dt
{ s
[

Taxum 06pa3zoM, BHINOJNHEHHl BCe yciosHs Teopemsr 7.13 m3 § 3.
ITosromy

o]~

==
£ 4

oy 8

ﬂSN%0@=
0

a0

e

at ( fo, nay=—=,

SR
S8

e dx= ’/2“ H S e~*dx=) n.

-0

f
CCwy 8

§ 5. HHTETPAJIB! SHJIEPA

B sromM naparpade Mb H3YUMM HEKOTOpHEe CBOHCTBA BaiKHHIX
HesJeMeHTapPHHX (YHKUHH, HasbnBaeMbX HHTeérpanaMu Dine-

3)
pad,

DHNepoBHIM HHTETPaJOM NEepBOTO poAa uid «6eTa-dyHK-
uuned» (B-pysxuuefi) HasHBAIOT HHTErpas

B(a, B)= f xa=1 (1 — x)B-ldx.
0

B sTOM HHTerpane a M B sBAsIOTCE napamerpaMu. Ecnu ate napa-
MeTpH YyJIOBJETBOpAIOT ycaoBusam a<l, B<I1, To uurerpan B(a, B)
Oyner HecOOCTBEHHBIM, 3aBHCSIIHM OT 3THX NapaMeTpPOB, MPHUYEM OCO-
GeHHOCTH y NOABIHTErpasibHOi GyHKUHH OyAyT B Toukax x=0 u x=1.

DHANepPOBEIM MHTErpajioM BTOPOTO POAa HIH «raMMa-dyHK-
uHe s (I'-pysaxunelt) HA3HBAIOT HHTErpPad

I(o) = [ xa=te=rdr.
: 0

3ameTuM, uTto B HHTerpaje I'(a) HHTETPpHPOBAHHE IPOHUCXOJHT
no noaynpsamod 0Kx<oo u npu a<l Touka x=0 saBaserca ocoboil
TOUKOH NOABIHTErpaJbHON (YHKIHH.

% Bosee moxpoGHO ¢ uHTerpasamn Dijiepa MOMKHO NO3HAKOMHTBCH B KHHIe
9. T. VYurrekepa u [x. H. Barcoma «Kypc coBpemenHoro auanmsa. T. 2» (M.:
Qusmatrus, 1963).
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1. I'-dynkuus. Uuterpan
1
5 x%—lg—*dx
1]

CXOZHTCH NPH KaXKAOM a>0, nockoabky 0<Cx*-le~*<x*~!, B HHTErpan
§ xo—1dy npu a>0 cxopurcs.
0

B o6nactu a>ao, rae ap — NPOH3BOJbHOE NMOJOXKHTENbHOE HHCJO,
STOT HHTErpalj CXOJAHTCS PaBHOMEDHO, TaK Kak 0sCx*le—*<Cx* ~l p
MOXKHO NpHMEHHUTL NpH3HakK Bellepiirpacca (treopema 7.8 § 3). Cxons-
IUMcs  OpH  Beex sHauenuax a>0 sBJAeTcH H BeCb HHTErpas

[ -]

I'(e)= s' xo=le~*dx= S X%l e—*dx 4 jx“—‘ e~*dx, TaK KakK BTOpoe
{

cJlaraeMoe NpaBof YacTH SABJAETCS HHTErpajoM, 3aBellOMO CXOASUIUM-
ca npu Jao6om a>0. Jlerko BHAeTb, YTO 3TOT HHTErpas CXOLHTCA paB-
HOMepHO IO o B o6Jacti 0<ao<a<<Ao<oo, rie uucio A, npous-
BOJIbHO. JleHCTBHTE/BHO, ANt BCeX YKa3aHHHX 3HaYeHHHA o H AJs Bcex

x>0  xo-lg=* L e~*[x%—! 4 xA—1], W TaK KaK je—‘ [xa—t + xA—1] dx
0

CXOAMTCH, TO BHINOJHEHH YCJOBHS NPHMEHUMOCTH INpH3Haka Beiiep-
mtpacca. Takum o6pasom, B obaactH 0<apKasKAp<oo HHTErpan
-]

I'(e)= f x%=le~*dx  CXOAMTCH paBHOMEPHO.
0
Orciona BrTexkaer HenpepblBHOCTh ¢yHkuHH ['(a) B obaacra a>0.
Jokaxem rtenmepp aubp¢epenuupyemocts 370# ¢QyHkuuH npu  a>0.

3ameruM, uto OGYHRUHA fo(x, a)=Inx-x%—1e¢—* HenmpephBHa IpH
a>0 1 x>0, 1 nokaeM, 4TO MHTErpaJ

S f;‘(x’ a)dx=j. lnx-x‘l—l e—'xdx
0 0

CXOZHUTCS DABHOMEPHO IO G Ha KaXAoM cermente [ao, Ao], 0<ae<
<Ap<oo. Bribepem UYHCJIO g TAK, 4TOOH 0<egg<ag; TOrAa x& Ilnx-»0
npu x—-0. IlosTomy cymecTtByer uHcio § rtakoe, uro 0<6<! =#
|x» Inx|< 1 na (0, 8]. Ho Toraa na (0, 6] cnpaBex/uBO HepaBEHCTBO
jIn x- x&=1g—*|  x%o—ee,
5
H TaK Kak HHTerpan S
0

dx

—Ge)  CXOMMTCA,  TO  HHTerpai
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8
jlnx-x“-‘e—‘dx CXOAMTCH PaBHOMEPHO OTHOCHTE/NBHO G Ha [@g, ©0).
k']
Anasoruydo g o<A, cyuiectsyer Taxoe uuciao §,>1, uto Anad Bcex
Inx x%4-2

-

x>0, BHINOJHsIETCS HEPABEHCTBO | 1.[Ipn Tagux x

X
u Bcex a<<Ao noayuum |Inx-x*'e~*|<1/x?% oTKyla B CHJy NpH3HaKa
@

CpaBHeHHA cjenyer, 4to HHTerpaa | Inxx%le—*dx cxomurcs paBHO-

T
MEepHO OTHOCHTEJBHO a Ha [ao, Ao]. Hakonen, unrerpan
L
jln x-xe—le—*dx,
H

B KOTOpPOM IOALIHTErpajibHas (YHKIHS HenpepuiBHa B obJjact 65
<Lx<8!, ap<<a<Aq, OUEBMANO, CXOJAHUTCH PABHOMEDPHO OTHOCHTEJLHO G
#a [ao, Ao]. Takum ob6pasom, Ha [ao, Ao] HHTerpan

- )

jln x+x3=le—dx

(i}

CXOAUTCA paBHOMepHO (mo a), a caenosatenabHo, dyukuus I'(a) and-
depenuupyema npu Jgobom a>0 u cnpaBelJIHBO PaBEHCTBO

I (@) =§ Inx - x2—te—*dx.

OrHocHTenbEO HHTErpasa IV (o) MOXKHO MOBTOPHTH Te K€ paccyxX-
ZeHHs U 3aKJIOUHTb, YTO

I'" (@)= 5 In? x . x*—te—*dx.
0

IMo uwuaykuuH nokasmiBaercs, uTo I'-pyHkuusi GeckoHeyHo Aupde-
pennupyeMa npu o=>0 u ans ee n-ii NPoM3BOAHOH cHpaBeAJHBO pa-
BEHCTBO

I'o ()= 5 In® x - x*—le—*dx.
0

YcTaHOBHM Tenepb HEKOTOpPOe cooTHOWeHHe Aasi [-pyHkuUuH, Ha-
3nBaeMoe popmynoi npuseaenrs. Jug sroro opa o> 0 BEIpaxeHAES
anas I'(a+1) npouHTerpHpyeM N0 yacTaM:

[(a+ 1)={ x2e~*dr= —xo%e*|} +a5xa-.-1e—3dx,
0 3}

18 - 4314
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Cnenosaremnnno, npu mobom a>0
[C(a+1)=al(a).

JTO COOTHOWIEHHe W Ha3nBaerci GOPMYJOH NMpHBeJeHHUS
ans I-¢pynkuwu. Ecam a>1, To, npuMeHHB (OpMyJay NpHBEeJEHHS
K I'(a), nonyuum

I'(a+1)=al'(a) =a(a—1)T (a—1).

Ecan n—1<a<n, To B pesynabraTe NOC/JIEAOBATEJIBHOrO IPHMEHEHHS
GopMyJiBl NpUBEAEHHS NOJYUYHM

I'ia+1)=a(a—1)...(a—n+ DT (a—n+1).

dT0 paBeHCTBO NOKashIBaeT, YTO JoctaToyno 3Hath I'(a) Ha (0, 1],
qTo6bl BHIYHC/HTH ee 3HaueHye Npu Jiobom o>0. Hanpumep, npn
a=n noJyyaem

'n+)=n(n-1).-...-2-1.T(1).

IMockomeky I‘(l)=Se—“d.x=1, TO0
v}

I'(n+1)=nl
H3 sroii dopmynnl, HanpuMep, nojaydaeMm
r{i)y=1=0!,

YTO COOTBETCTBYET coryaumienyio 0l=1.

Uayuum tenepn noBefenue [-QyHKUHMH H NOCTPOHM 3CKH3 ee
rpaduxka.

W3 BHpaxeHHs AJaf BTOpofl npousBojHOH I'-byHKIHH BHAHO, 4TO
I'(a)>0 mns Bcex o>0. CaemoBarennHo, I’(a) Bospacraer. [lo-
ckoabky I'(2)=1-T'(1)=T(1), 10 no Tteopeme Poajis Ha cermeHre
[1, 2] npousBoaHasa IV(a) uMeeT eIMHCTBEHHBIH HYJb B HEKOTOPOH
Touke o', CaepoBarenabHo, IV(a)<0 nmpu a<a! uw IY(a)>0 npn
a>al, T. e. I'(a) moHoTOHHO y6riBaer Ha (0, a') U MOHOTOHHO BO3pac-
tTaeT Ha (a!, o). Hanee, nockoabky ['(a)=T(a+1)/a, To TI'(a)—
—+oo npu a—>0+0. [Ipu a>2 us ¢opmyan I'(a)=(a—1)T(a—1)>
>(a—1)T(1)=a—1 caenyer, uto [{a)—> +occ npu a—+oo.

PaBencrBo I'(a) =I'(a+1)/a, cnpaBeanuBoe 10pH a>0, MOXHO
HCIIOJIB30BATh IPH pacnpocTpaneHHH [-QyHKUHE Ha OTpHIATeNbHbIE
3Ha4YeHHus «.

[Monoxum angs —1<a<0, uro I'(a) =T (a+1)/a. [IpaBasg uacth
,3TOTO paBeHcTBa onpeaeneHa mas a #3 (—I1, 0). Ilonyuaem, yto Tak
npopo/xkeHnas Qynxuus I'(a) npunumaer Ha (—I, 0) orpuuarenn-
HBle 3HaueHHs U npH a——1+0, a Takxke npH o—0—0 OyHrUHES
I'(o)~>—o0.

OnpenenuB rtakum obpasom [I'(e¢) Ha (—I1, 0), MH MOXeM N0
TO! xe (opMyJie MPOAOJKHTL ee Ha uHTepBal (—2, —I1). Ha atoM
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uHTepBase npopo/sxkenvem I'(a) okaxercs ¢yHKUHS, NPHHHMAIOMas
NONOXKHTE/IbHEE 3HAaueHust u Takaf, uto I'(a)—+oo npu a—>—1—0
H a——2+0. IIpononxas ator npouecc, onpefenuM ¢yukumio I'(a),
HMEIOLIYI0 Pa3pHBH BTOPOTO PO-
Ja B ILeNOYHCJIEHHHX TOuKax

=—k k=0, 1, 2, ... (cm. N N Te)A
puc. 7.1). . l\/'
OTMeTHM ellle pa3, UTO HHTe- I~

rpan |
' 1k
1 1 i ]
-7

I'(a)= j xo—lg—*dx
0 -J

-2

onpenensier [-OyHKuHIO TOJb-

|
|
|
|
1
I
!
|
KO IIpPH HNOJOXHTECJbBHHX J
I
|
|
i

|
|
i
|
i
T
I
|
|
!
]
|
|
J

3HaYeHHUAX a, NPOLOJKEHHE —-2
Ha OoTpHUaTeJbHbBIE 3HAUEHHA O
OCYIIEeCTBJIeHO HaMH (OPMAJBLHO —-3

¢ noMoumpio (GOpMyJas IpHBele-

uust T(a+1)=al(a). <-4
2. B-dbyuxkumsa. Paccmorpum /\

HHTErpas, onpeneasomui

B-dyukuuio: Puc. 7.1

i
|
[
|
l
l
]
|
|
]
|
|
!
|
|

B(a, B)= j x=1(1—x)1dx.
0

12
Hnterpan jx“—‘(l—-x)ﬁ—‘ dx cxoaumres npu  a>0 m mobom B,

0
TaK Kak npu 0<x<1/2 cnpaseaauBo HepaBenctBo 0<x*~!(1-x)*'<
12

<cx*! npu HekoropoM ¢>0 H HHTErpal j'x“—‘ dx npu a>0 cxo-
0

LATCH.
DTOT HHTErpaj CXOAHTCA PaBHOMEPHO OTHOCHTeNBHO o H f B 00-

Jacty a=a0>0, p=0, mockonbky
0 x%1(1—x)f—1 < exol

npu Beex a>dao ¥ B>0 1 aas Beex x< (0, 1/2].
AHaJIOTHYHO NPOBEpSieTcs CXOAMMOCTb HHTerpaja

1
_( x0~1(1—x)b—dx
1/2

npu mobuix =0 u Pp>0, a TakxKe ero paBHOMEpHass CXOAHMOCTb
B obaactu a0, B==Po>0, rae Po>0 — NPOH3BOJILHOE HHCIIO.

18"
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Taxknm o6pasom, HHTErpaJ
1
B(a, ﬁ):jx@-l(l—x)b—ldx
0

<xoauTcs npH Becex >0 u >0 U cxoAUTCS PABHOMEPHO MO o H f Ha
MHOXecTBe a=a0>0, B=Bo>0, rae ap H Pop — NPOH3BOJBHHE IOJO-
JKHTEJbHHE YHCa.

Touno Taxk ke, Kak u Ans I-OyHKUHM, MOXKHO INOKasaTb, YTO
B-pysxuus sapasercs GeckoHeyHO AH(¢epeHuupyemoii npu 0<a< oo,
Q<B<oo. OnHaKO 3TO MBI YCTAHOBHUM HHJKE, HCIIOJb3ysi BHpaXKeHHe
B-¢ynkuun yepes I'-dpyHkunw. [Tosromy nokasplBaTb HEMOCPEACTBEHHO
JIugdepeHuupyeMocTh B-QpYHKUHK MEI He GyaeMm.

YcTaHOBHM HEKOTOpHIE CBOMHcTBa B-dyHKUHH.

1°° CummeTpHuUHOCTDh B-pyHkuuu: npu scex a>0, B>0
uUmeer MecTo PA8eHCTs8o

B(a, B)=B(B, a),

T. e. B-(hynryun cummerputna 0THOCUTEAbHO CBOUX APYMEHTOB.
B muHTerpaJe, ompepensiomem B-dyHkumHio, cieiaem 3ameHy Ie-
pemennofi, nonoxus t=1—x. Ilonyyum

B(a, p)= Sl xo~1 (1—x)b—dx = — 50 (1—t)e—1tb—1dt =
0 1

f B-1(1—t)a—1dt =B (B, ).

[1]

2°, YopMyna npuBeneHus AJA B-QyHKUHHHU: Oag al0-
Goix a>0 u B>0 umeer mecro caedyroujan Gopmyra npueedenus:

B(a+ 1, fi)-————_*_—ﬂB(fz B).

JefcTBHTENBHO,

1
Bla+1, p)= [ x*(1—xp-ldr= — < x=(1—xPli+
0

1 1
+ § o (1—x)bdr =2 § v—l(l——x)(l-——x)ﬂ—‘dx=-

=.;L[S ;a—l (1—x)F—tdx— Sxa(l—x)b—ldx]=

0
=%B(a, ﬂ)—%B(““}- 1, B).
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Takum o6pasom,
B(a+1, p)=% B(a, m—%B(aH, B),

OTKYZa
B(e+1, )=

p— B(x, B).

U3 ceofictBa cumMerpuH Ans aiobux o>0 u f>0 nonygaercs Tak-
xe dopmyna

B(a, f+1)=T=B(a B)

INocnenoBatesbHoe NpHMeHeHHe 3THX (GOPMYJ AaeT BO3MOMKHOCTD
BHIPasHTb JioObie 3HaueHHs B(o, B) uyepes 3HaueHHs 3TOH (YHKUHH
8 npaMoyroabHuke I1={0<a<], 0<B<I).

3. Csa3p Mexny ofjepoBHIMM MHTErpajJamu. B uuTerpase, ompe-
zensiomeM I'(a), cienaem 3aMmeny, nogaras x=uf, rae u>0, a B HH-

TerpaJne, onpegensoumem B(a, f), cienaem 3aMeHy x=

1-}-2:

T(@)=ux \ to-te—stdt, B(a, f)= { ——7 dt.
.5 § (141

3aMeHHB B NIepBOM HHTerpanje u uepes 1+v, a o uepe3 o+ P, NOAYUHM

T+p) _ ¢ @Bl p—(l Ot
T §t e—U+orgt,

YMHOXHM ofe YaCTH NOCJe/lHEro paBeHcTBa Ha v%~ !

r o ¢ fa+B—1 g—(1+0)tya—1 ¢
(@+B) T =S e v .
0

OvyeBHaHO, uTO B 31Ok 06aacTH f(f, v) =>0. Hanee, unarerpan

a1

I(v) = g'f(t. 0 dt=T (o +B) " orr

sIBJIseTcA HenpepHBHOA ¢yHKuUMeH oT v Ha noaynpsamoii v=0. HHrer-
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paJ mo ApyromMy apryMeHTy OT 3Toll (QYHKUHH TaKXe HelpephiBeH No
t na monynpamoi {0, NoCKONBKY

K(t)= 3: f(t, v)dv={totb-lg—t s' e—toye—tdy =T (a) tB—le—t.
0 0

Haxonen, cymecTsyer nOBTOPHHI HHTerpaJ
SK(t)dt: Sdtj'f(t, o)do= (T (a)th-le~*dt=T (@) T ().
0 ] 0 0

ChaenoBaresibHO, B culy TeopeMu 7.13 § 3 uMeer MecTO pPaBeHCTBO

?I(v)dz):T K (t)dt,
- 0 d

a1

sz(u)dv._j'r(aﬂ)—(—l—;—)m u=r(a+p)j'-(-li—;)-;;p— dv
0

o

=SK(t)dt=r(a)r(p).
0

TakuM oGpa3som,
T (™ gyt B T (@7
= = (1
(a+6)OS oo do=T@+B)B(@, B) (8,
rage Mbl BOCNOJIb30BaJINCh YCTAHOBJICHHBIM BHIIE PaBECHCTBOM:

[ o =B

B pesysbsrare moanyuauM, uro nJis Bcex a>1, p>1

_ r(@I @)
Bl =T axp -

Pacnpocrpanum sty dopmyay Ha 3HaueHHs o>0, =>0. [To goka-
3aHHOMY CrpaBel/IHBa ¢dopmyaa

r nr 1
Bla+1, p+1)= (I‘a(+—+-)5-(§—b2—+). )




§ 5. Unrerpanu Sfinepa 279

Bocnoabzosapimucs GopMynaMy MpHBEAEHHS, NOJIYYHM

Ba+1, p+1)= -HH—lB( . B+ )-;m—lm (@, B);

I'(a+1)=al'(a); T'(B+1)=BT'(B);
T(a+p+2)=(a+p+1) (@+p)T(a+B).

IToacrasasia aTn BupaxeHusa B popmyay pias B(a+1, p+1), momyunm
‘Gbopmyny

_ I(a)T(B)
Bl =" aT)

Anaga Beed obaactd >0, 0.

4. Npumepnl. [IpHBeseM NpHMepH BHUHCJIEHHS HEKOTOPHX HHTEr-
PaJOB NyTeM CBeHEeHHS HX K SHJEDOBBIM HHTErpaJjam.

1°. BuuHcJIHM HHTerpaj

@

1={ e+ dx
0
‘OueBHAHO, 4TO
") ()
r=p(2 2yt Lr( Ly (),
4’ 4 r( 4 4
2°. Hafinem 3nayeHHe HHTErpaJja

£

2
I= j sina—1¢ cosP—1¢ dt.
0 .

Tlonaras x==sin? ¢, nonyuum

[+ —_— i
J=—;—Sx_§_l(l—x)%_ldx=—é—B(-:—,_g->=_1é_ (:> ( )

r(* 2‘3;

+ —

3°. Boiuncaum HHTErpaJ
/2

Ioy={ sine—1tat,
0

Hicnonpays npumep 2° (npu B=1), nonyuum
*(F)
—2/
)
2

=L L
1“*""21"(2)
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Hauree,

r(L) =05e-f_;§7=2 Se—wn’d V).

© —
bl EL g
3aMmeHssa V¢ Ha x U BCIOMHHAs, YTO HHTErpaJ Se—"'dx=-’/7— (cm.
0

npumep 3° § 4), noayuum T (—é—) =V '=n. Hostomy

o
sz (3]
lo—y= S sine—!¢df = Va 2
J

§ 6. ®OPMYJIA CTHPJIMHTA

Mmu yxe 3HaeM, uTO

nl=I‘(n+1)=§x"e—‘dx.

Ha#inem npencraBieHHe BeJHYHHH nl npu OOJBHMIHX 3HAYEHHAX 72
(rak Ha3mBaeMOoe aCHMITOTHYECKOE HNpeACTaBJEHHE).

Mnu nokaxeM ¢opmyny
{ n \By/ /57— (o]
nl-(T) V2nn(l+-7.'.‘—).

rae BeJMUKHHA o 3akJiouyeHa mexay —1 u +1. D10 u ecTb pOpMYy-

ga CTHPJAHHET a,
[MepeiineM K ee A0OKa3aTeabCTBY. 3aMeTuM, YTO OYHKUHA x"e™*

n
Bo3pacraer Ha [0, n] or 0 xo <'%-) u y6uBaer Ha [n, +o0) oT

n n
(';‘) no 0. 3ameruMm, uTO
A% = (L) (."_)" en—r,
n

. €

nl= (—:-)HS (—:—)" er—*dx.

OyHKUUA -i—)"e”"" Ha [0, n] Bospacraer or 0 go 1, a Ha [n, +o0)

a I03TOMY

yoOuBaer or 1 po 0. ITosTroMy MOXHO clejlaTb SaMeHy NepeMeHHOR
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(_x_)nen——x:e—t'. (%)

n/

ITpn stom cermenry [0, n] u3MeHenus x OylneT oOTBeYaTb MOJYOCh
(—oo, 0] usmenenus f, a moayocu [n, ©©) H3MEHEHHS X — IOJYOCh
{0, o) usMenenus t.

Oas npoBesennst 3ameHbl nepeMeHHOH (x) HeoOXOAMMO HaHTH

dx :
NPOH3BOAHYID ——. [Huas moboro xs=n, nuddepeHUHpys JeByl0 H

dt
f1IpaBylo uacTH (%) MO f, MOJYYHM PaBeHCTBO
dx . 2x
dt x—n’

C npyrofi cTOpOHBI, JOrapHdMHUpYsi PaBeHCTBO (%), NMOJYYHM

=x—n—nln (l + A0 )
n

3anucuiBas Aag ¢ynkuuu f(y) =In(l+y) dopmyny Makaopera
T OCTATOYHHM ujieHOM B (opMe Jlarpanika, MBI MOJYYHM, YTO HaH-

Jercs yuesno 6 u3 HHTepsasa 0<<0<<1 rtakoe, uto In(l +y)=
_©r 1 _ x—n
ERTETAY TaK 4T MpH Y = —
in(1+ x—n \_x—n 1 (x—n)?
( n ) n 2 (a0 (x—n)
# NIOTOMY
a_n _ (x—n)
2 [n48(x—n)2
Orciona
¢ = ‘/—_- x—n Z 1
n+8(x—n) 2 n
6+ X—n
n
— -E-—B, a, CJaeJOBaTeNBHO,
de _ ar n
= -2tx_‘n—-2t[ ] 2t[ V5t 1-—0]

=2 V—+2t(1—6)

X
Tenmepe B uHTerpase 5‘(—-—) e"—*dx npousBeleM 3aMeHy mepe-
n

MEeHHOR (*):
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nl= (-3-)"5' (%) en— dx — (—:—)"i et [2 ‘/.;Z+2t(1-e)] dt =

=<%)“V‘271{ ? e—f'dt+722;n- Ee—"t(l——ﬁ)dt].

+@»
OueHum HHTErpal S et (1—0)dt. 3amerum, uro
+co
[ ert—o)d 2Ste—t'dt——e~f'|o =1.
+o _ _
YuureiBas, 4tTo jl etdt=)n uVn>2 oKOHUATEAHLHO NOJIyYHM

—0

n\", o [0}
n!=<——) V2:rm(1 +——_-),
e ¥Y'n
rie |o|<l. ®opmyaa Crupaunra o6ocHOBaHa.
3ameruMm, uro Gosee AeTa/bHBI aHa/JH3 MOKas3hHBaeT, 4TO CIIpa-
BEJJIHBO, HaNpuUMep, CIeAyIOLIee pasJoxkeHue ¥):

nY 139 1
n=In+1)= 2nn<z) [1+12n+288n 51%0",-%—0(;)],

B KOTODOM OCTaTOK HE€ IPEBOCXOJHT IOCJAEAHEro yAepxKHBaeMoro cJja-
raeMoro.

§ 7. KPATHBIE HHTEIPAJIB], 3ABUCSIIHUE
OT NAPAMETPOB

1. ColcTBeHHble KpPaTHbi€ MHTErpaJbl, 3aBMCAIKE OT NAPamMeTpoOB.
Ilycts x= (X1, X2,...,%n) — TOYKA orpaHuuYeHHOH ob.nacTu Qn n-Mep-
HOTO eBKJIHAOBa npocrpaHcTBa E®, a y=(y1, Yo,...,Yn) — TOYKa OT-
panuuenHo#t obnacta D, npocrpancrBa E™. OGosHayuMm ueped Q,X
X D,, npsimoe npousBeneHue obgaactd Q, Ha obmacte Dm, sBafI0-
uieecss IOJAMHOMKECTEOM (714 m)-MepHOro €BKJHJAOBAa IpPOCTPAHCTBa
En+m_ cocToAUM H3 TOYeK 2= (2, 2g,...,2n+m) TAKHX, YTO TOUYKaA
(21, 22,...,2,) NPHHALJERHUT Qn, a TOUKA (Zn+1, 2n42,...,2n+m) NPH-
Hagaexur D, (dacro numyTt Tak: 2= (x, y)).

ToT ¢akr, 4T0 TOYKa Z NPHUHANJIEKHUT $n X Dm, OGEHIYHO 3aMHCH-
BAIOT CJAEAYIIUM 06pa3oM: 2= (¥, ) EQaXDmn.

4) Cm., nanpumep, § 5 ra. 9 kuurn B, A, Mumuna g 3. T. Tlosuaka «OcHoBR
MaTemMaTHUeckoro asanusa. U. 2» (cM. cHocky Ha c. 299).
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3aMbikaHHe o6nacTH Q, 6ynem 0603HayaTb CHMBOJOM (2., 4 3aMHI-
Kauue D, — cumBosiom Dp. Jlerko Buperb, uTO saMukaHhe QnXDm
coBnajgaer ¢ Qn XD

Iycts dynkuus f(x, y) onpeneneHa B QX Dp, npuuem ans Jo-
6oro yoe=Dn dynkuus f(x, y) HHTerpHpyeMa no x B 06saacTH Qn.
Torpa dyHKuHIO

1@)= [ 15, yyax, (7.9)
nfl
OﬂpelleJIEHH}’IO B Dm, Ha3bIBalOT UHTE I‘p aa oM, 3 ABHCSAILHM OT
napamerpa y={(yi, Yz..-,Ym), T. €. PAKTHYECKH OT MM UHCJIOBHX
napameTpOB.

TouHo Tak e, Kak u B § 2,¢710Ka3bBAIOTCS CJAEAYIOLIHE TEOPEMH,

Teopema 7.15 (0 HenmpepbIBHOCTH HHTerpasJa Mo NapaMeTpy).
ITycre yuxyun f(x, Yy) HenpepwvisHa no COBOKYNHOCTU AP2YMEHTO8 8
samkuyroll obractu S, XD,, 71020a unrecpar (7.9) asaserca He-
npeppL8roil Gyuxyuel napamerpa y 8 obaracty Doy

Teopema 7.16 (06 HHTErpHPOBAHHM HHTErpajga MO NapaMerpy).
Ilycro ¢ynxyus f(x, y) Henpepoisra no COBOKYNHOCTU AP2YMEHTOB 8
samxuyrotd obaacru 2, XD,. Toeda pynxyuro (7.9) moxno unree-
puposare no napamerpy no0 3HAKOM UHTEZPAAG, T. €. Cnpasediuso

pasencTso
§1yay= [ax § fx, .
m Qfl Dm
Teopema 7.17 (o aucdppepeHUHPYEMOCTH HHTErpaja 1O NMapamer-

py). Iycre Gynkyus f(x, y) u ee wacrnas npoussodHnas :Tf He-

- _ ] kR
npepoigrot 8 2, XD, Tozda unreepar (7.9) umeer g obaacru Dy
KenpepuLeHYI0 4aCTHYIO NPOU3BOOHYIO

ol (y) 0! (y) of (%, v)
—_ u4e = dx.
Oy nputen Oyy S Oyr

2,

2., HecoOcTBeHHble KpaTHbie MHTErpaJbi, 3aBHCALIME OT napamerpa.
PaccvoTpuM I/ mpocTOTH cayyali, Korga Qn=D,=D. [Iycts dyHK-
uHst f(x, y) Takme HMeeT CHELUaJbHLIA BHJ: Flx, y)=F(x, y)g(x),
rae F(x, y) HenpephiBHa npu ¥~y 8 DXD, = a ¢ynxuus g(x) or-
panuueHa B8 D, |g(x)|<<M. Takum 006pasoM, pacCMOTpPHM HHTErpa’n

V(y>=§, F(x, y)g(x)dx, (7.10)

Tie NOAHIHTErpa/jbhRast PyHKUHA MOXET HMeTb OCOOEHHOCTb JIMIIbL NPH
x=y. TakuM o6pa3oM, 0COGEHHOCTb NOAHHTErpaspHOi (yHKUHH 3a-
BHCHT OT IlapaMerpa.
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Beenem onpejesniende paBHOMEpHOA CXOL UM OCTH HHTErpa-
ana (7.10) B Touke. O603nayum uepe3 B(yo, §) m-MepHbH WAap pajuy-
ca 8 C IeHTPOM B TOUKe yo.

Onpenenenune. Hurecpar (7.10) Ha3zo8em cxodaujumcs
pasnomeprHononapamerpyy 8 Ttouxe yo=D, ecau Oasn
aroboeo e>0 moxno ykaszare 8§>0 Ttaxoe, yto B(yo, 8)=D, u Oan
aroboti kybupyemoi obaacru G=B(y,, 6) u scex y=B(yo, 6) svinoa-
HACTCS HepasencT8o

IgF(x, e de|<e.

Teopema 7.18. Ecau unreepasr (7.10) cxodurca pasHomepro no
y 8 Touke yo=D, TO oM HenpepolBeH 8 TOUKe Yo.

JdoxaszareabcTBo. Tpebyercas ZnokasaTs, 4TO AJdA J1060Tr0
£>0 cymecrsyer 8>>0 Takoe, uto npu |y—yo|=p(y, Yyo) <8 BHIOA-
HeHo HepaseHcTBO |V (y)—V(yo) | <<e. Vi3 paBHOMepHOI CXOIHMOCTH
MHTerpaja B TOuUKe CJeAyeT, yTo cywecrByeT §;>0 rakoe, uto B(yo,
81) =D u npu y=B (yo, 61)

| | Fo e <

B(g,, 8;)
Iyets
Vi)= | Fx, pewax
B(ys, 04)
Vil = [ F(x, p)gndx,
B'(ys.0y)

rae B'(yo, 8)=D\ B(yo, 8,) — nonosnnenne wmapa B(yo, 6;) xo o6-
aactd D, )
3aMeTnM, uto npu xB’ (yo, 61), y=B (yo, 6:/2) dynruus F(x, y)
6yler pPaBHOMEPHO HENpephLIBHOA IO COBOKyMmHOCTH aprymenTtos. [lo-
9TOMYy Halilerc MOJIOXHTeNbHOe 4ucio 8<<8:/2 Takoe, uTo mpu p(y,

Yo) <8 6Gyner BEHIMOJHEHO HepaBEHCTBO
[F(x, yo)—F(x, )I<

e
am|D] ’

rie M — KoHcTaHTa, orpaHHuuBamowmas ¢yukuuio g(x) s D, [D| —
o6veMm obaacte D. Ilpu p(y, yo) <6

Ve @) —Va(wo) | <M S |F (%, yo)—F (%, y)|ax<-§-e.
B’ (g, 08y

Iosromy
V)=V (o) | <IVi() | +]Vi(go) | +1Valy)—Va(yo) | <e,
tak kaK |Vi(y)|<<e/3, | Vi(yo) | <<e/3. Teopema noxasaHa.
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YKaxeM JOCTaTOYHOE yC/JOBHE PaBHOMEpHOH [0 mapaMeTpy CXOAH-
MocTH uHTerpasa (7.10) B kaxnao# rouke yo=DcEM.

Teopema 7.19. lycre ¢ynkyus F(x, y) nenpepviena 8 DXD
npu x5=y, a g(x) pasnomepro oepanuxena e D. IIpednorosmum, 410
cyujecrayor nocrofuusie A, 0<<h<<m, u ¢>0 raxue, uTo Oan 6cex
x=D, y=D cnpasediuso HepageHcT8o

|F(x, 9} | <Cle—y|™

Toeda unreepan (7.10) cxodurca paeromepHo no y 8 Kaxdoud TouKe

yQED.
JorkaszatenscrtBo. [TokaxeM, uto ana nioboft TOUKH Yo obJac-

T D u mo6oro ¢>0 cymecrsyer §>0 Takoe, uto nas gob6oi KyGH-
pyemoft obaactu G B(yo, 6) u Bcex y=B(yo, 8) BHIMOJHEHO Hepa-

BEHCTBO

|§Fex, ngydx]<e.
G
YuurhBas oueHky aas F(x, y) U OrpaHHYEHHOCTb g(x), MOJNYUYHM

|76 e as| <My f1a—y1™ ax

QukcupyeM TOUKy ye=B(yo, 6). Us ycnosuss G B(y,, 6) BHTEKaer
ycaoBue G B (y, 28). ITosToMy

|{ P wamax|<m, | 12—y~ a
G B(y,26)

Huterpas B nmpaBofi uacTH MOMXHO BHUHCJAHTL B mM-MepHHX cdepuye-
CKHX KOOpDAMHATaX; Torxa
26

‘om—h
] SF (x, y) g (x)dx [ <M, j pr=ih dr — ﬂ—“’—r & = M,
e 0

m—

$IcHO, 9TO HpH ROCTATOYHO MaJIOM O BeJHUYHHA ”F(x, y)g(x)alxl
G
MoxeT OBITh clelaHa MeHslle e. TeopeMa AOKasaHa.

[Tpumep. IIpuMenum nonyueHHble pe3yjbTaThl K TEOPUH TAK Ha-
3BIBAEMOr0o HhIOTOHOBA NOTeH I M aJa. [IycTs B HEKOTOPYIO TOY-
Ky Ao(x, y, 2) momemeHa macca mo. Ha Maccy m, OOMelUEHHYO B
TOuKy Ai{X1, Y1, 21), 0O 3aKOHY BCEMHDHOTO TSTOTEHHS] JEHCTBYET
cHJa
mmy

Rﬂ

F=—y r,

rae R=p(do, A1), y — rpaBHTalHOHHAs NOCTOSHHAS, ==
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eJAMHHYHBIH BEKTOp, HalpaBJieHHe KOTOPOro COBMajaeT C HampasJe-
—
HHeM Bektopa A¢A,. Ilycts y=1, m=1, Toraa

F=— D07
R ’
HJH ITOKOMIIOHEHTHO
X=—2-(n—2), Y=—=ad(:—y) Z=——2(—2).

OueBHAHO, YTO MOTEHUHAJ CHJIH TATOTEHHS, ONpEeAe/seMhli KaK cka-
JaspHasi GyHKUHA u TaKas, uro F=grad u, paBen

My

u=-—2

R

Ecnu xe macca cocpenoroueHa He B Touke Ao(x, y, 2), a pacnpenedne-
na no obaactu D ¢ nioTHOCTBIO p(X, ¥, 2), TO AJs NOTEHUHaNa H AAA
KOMIIOHEHT CHJIBL NOJIyYHM

Ux, 41 20 =5§S‘E‘E"Ry—,zl' dx dy dz;
X= —be —E—(—f—Rf—z)— (x,—x) dx dy dz,
Y= —ﬁj%f—'-’—’—(yl—y)dxdydz,

2=—jjjl(-’-‘:§§'—i’—(zl—z)axdydz.
D

Huterpann pas X, Y, Z npexcrasisiior co060fi wacTHbEe NPOH3BOAHHE
noTenuuasa u. IlogniHTerpanpHbie BHIPAXKEHHS BO BCEX HHTerpajax
MOXHO OleHHTh uepe3 CR™* rme A=1 Aasa HHTerpaja, IpeACTaBJAIO-
IIero TMOTeHHHAJ 4, U A=2 [Js HHTEerpaJoB, MPeJCTaBJASIOMHX KOMIIO-
HeHTH cuab. Tak Kak A<<3, T0 B cuay TeopeMni 7.19 Bce MHTErpajn
CXOJSTC PAaBHOMEPHO [0 mapaMerpam B JoGoil Touke A;(x1, y1, 21).
CrenoBatenbHo, 10 Teopeme 7.18 oHH npeacraB/sloT co60# HenpepHB-
Hule QyHKUHM TOUKH A; (X, Y1, 21).



I'nasa 8

PAbl ®YPLE

Nsyyaemas B Hacrosiueil raase npobieMa pasJjOxeHHS (QYHKUHH
B pal QPypre sBasercs ofoOleHHEM H Pa3BHTHEM HAEH pasJIOXKEHHS
BeKTopa mo 6asucy.

M3 sunefinoll anreGpHl H3BECTHO, YTO €CJIH B JIHHEHOM ITPOCTpaH-
CTBE KOHEYHOU pasMepHOCTH BBIOpaThb HeKOTOphH 6asHc, TO JI000#
BEKTOp 3TOTO MPOCTPAHCTBA MOXKeT OHTb pa3JoxeH no Gasucy, T. e.
npeacTaBJieH B BHAE JIHHEHHOH KOMOWHAUUH Ga3HCHBIX Bekropos. I'o-
pasjo GoJiee CAOXHBIMH SBJASIOTCS BONpPOCH O BHOGOpe 6a3dca H O
pasJyioxeHHn 1o 6asucy AJs ciydas OeCKOHEHHOMEPHOZO TIpOCTDaH-
cTBa. B Hacrosmel rnaBe 5TH BOIPOCH H3Y4arOTCs AJS CaAyuas e8KAl-
J08blx GECKOHEYHOMEPHBIX MPOCTPAHCTB M AJs1 6a3HCOB CHELHAaJbHOro
THna (OPTOHOPMUPOBAHHBLX GA3HCOB).

Oco6eHHo moapoGHO u3ydyaercs Gasuc, o6pa3oBaHHLI B IIPOCTpaH-
CTBe BCeX KYCOYHO HelpephBHHIX Ha HEKOTOPOM cerMeHTe (YHKIHH
TaK Ha3biBaeMOH TPHIOHOMETPHYECKOH CHCTEeMOH.

§ 1. OPTOHOPMHPOBAHHBIE CHCTEMbI H OBLLHE
PAADbl ®YPbE

1. OproHopMupoBaHHble cHCTeMbl. DyjgeM paccMaTpHBaTh, NpPOH3-
BOJIbHOE €BKJMJOBO NPOCTPAaHCTBO GecKOHeuHo# pasmepHocTH. Ha-
fIOMHHM, YTO JHHeHHOoe mpocTpaHcTBO R HasbiBaeTcss e BKJ M 4O BB M,
€CJIM BBEIMIOJIHEHE! ABA YCJOBHS:

1) Hu3BecTHO NpaBHJIO, MOCPEACTBOM KOTODPOIO JIOOGHM ABYM 3Je-
MEHTaM f M g IpocTpaHcTBa R cTaBHTCH B COOTBETCTBHE YHC/O, HA3HI-
BaeMoOe CKaJISDHBIM NIPOH3B€ZEHHEM 3THX 3JEMEHTOB H 0603-
Hauaemoe CHMBOJIOM (f, £):

2) ykKazaHHOe IPaBHJO YAOBJETBOPSET CJEeLYIOUHM HeTHIpeM ak-
cHOMaM:

1° (f, &) = (g, f) (nepeMecruTespHOE CBOACTBO);

2°. (f+g, h)={(f, )+ (g, h) (pacnpeneauresbHOe CBOHCTBO);

3° (M, ) =A(f, g Ans m060ro BeleCTBEHHOTO A;

4°. (f, {)>0, eciu | — HeHyJIeBOH 3/1€MEHT;

(f, f) =0, ecin f — HyJieBOH 3JIeMEHT.

HanoMmuuMm, naJjee, yto JHHeiHOe (M, B YaCTHOCTH, €BKJAHAOBO)
TIPOCTPAHCTBO Ha3knBaeTcsi 6 €CKOHEYHOMEPHH M, €ClH B 3TOM
npocTparcTBe Haiizercs fw00oe Halepes B3sATOe YHCJO JHHEHHO He3a-
BHCHMBIX 3JIEMEHTOB.
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IlpuBeneM KnaccHuecknit NpuMep eBKIMAOBA NPOCTpPaHCTBAa GecKo-
HeuyHOH pa3MepHOCTH.

HanomuuMm, uro ¢yHKuMS f(x) HasbBaeTcsi KYCOYHO Hempe-
p LI BHOI Ha cerMenTe [a, b], ecin OHa HempephiBHAa BCIOAY Ha 3TOM
CermeHTe, 3a HCKJIOUEHHEM KOHEYHOTO uHcJa TOYeK, B KaxAOH U3 KO-
TOPHIX OHa HMeeT Pa3phiB 1IepBOro poja b,

Jna nuHelHOTO NPOCTPaHCTBA BCEX KYCOYHO HENPepHBHLIX Ha cer-
MmeHTe [a, b] QyHRUHHA ecTecTBEHHO BBECTH CKaJsPHOe NpOH3BeJeHHe
Jo0bix ABYX $yHKUMA f(x) ¥ g(x), ompenesHs ero paBeHCTBOM

b
(. @)=[ g dr (8.1)

Jlerko nposepsiercsi, 4TO NpH TaKOM ONpeJeJeHHH CIOpaBelJIHBEL
InepBble TPH AKCHOMBI CKaJIsSIDHOTO NPOH3BEACHHUA. OHHaKO AJIA TOro
uTOOBl OKa3aJjach CIpaBelJHBOH M yeTBepTash aKCcHOMa, NPUXOAHTCH
NPHHATb JONOJHHTEJNBHYIO KOTOBOPEHHOCTh O TOM, UTOGH 3HAUEHHE KY-
COYHO HenpepHIBHOH (YHKUMH f(X) B KaXJOH ee TOYKe paspuiBa X;
PaBHSAJIOCH MOJYCYMMe IPaBOro H JIEBOTO €e IIPEJeJOB B 3TOH TOUKE:

;—0
for) =L N LI =D, (8.2)

b
B camom pene, Bo-nepBHx, Bcerna  (f, f)=jf2 (x)dx>0. [Ha-

Jiee, 3aMeTHM, YTO TaK KakK f(x) xycouHO HempephiBHa Ha [a, b], TO
Bech cerMeHT [a, b] pacmajgaercsi Ha KOHEYHOE UMCJIO CErMEHTOB
[xi1, x;], Ha KaxAOM M3 KOTOPHIX GYHKUHMA f(X) HempepbiBHA TPH
YCJOBHH, UTO B KauecTBe 3HaueHHH f(X) Ha KOHIAX COOTBETCTBYIOILE-
ro cermMeHTa [x;., x;] Gepyrcs f(xi1+0) m f(xi—0). U3 pasencrsa

b
jfz(x)dx=0 BLITEKAeT, YTO AJS KaXJ0ro cermedra [xi-j, X:}
a

*;
CIpaBelJIHBO PaBEHCTBO y f? (%) dx =0.
X1
M3 s10r0 paBeHCTBa M M3 HenpepuiBHOCTH f(x) Ha cerMente [¥i-1,
x;] BbiTekaer, uto Ha 3ToM cerMente f(x)==0. B wacrnocru, f(xi-1+
+0) u f(x;—0) paBum HyJo. Tak Kak 3TH PACCyXAEHUS CNpaBelJiH-
BH Ass Jwoboro cermenra [xi-j, X:], T. e. AJAA BCeX i=1, 2,...,n, 1O
npasblil W JeBbl nperekl B MoBOH TOYKe x; PaBHH HYJI0, a2 OTCIOAa
B cuay cooTHouwennsi (8.2) M camo 3HaueHHe f(X;) B J1000H TOUKe
x; paBHo Hymo. Urax, bymkums f(x) paBHa HyIIO BO BCEX TOYKax
cerMmenTa [a, b], T. e. ABISETCS HYJNEBLIM 3JEMEHTOM JHEEHHOIO IPO-
CTPaHCTBA BCEX KyCOYHO HEIpPEepHIBHEIX Ha cerMeHTe [a, b] bysxnmi.

1 T, e. B KaXKJO TOYKe PaspHBa Xo y OYHKUME f(X) CyleCTBYeT KOHEUHHDE
JeBHIl ¥ KOHEYHLI{l NpaBHIi Ipeie.hl.
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Tem cambiM MBI J0Kasa/H, YTO APOCTPAKCTEO 8CeX KYCOHHO Henpe-
puisuuix Ha ceemenTe [a, bl ¢ynxyui ¢ ycrosuem (8.2) 8 xawcooik
TOYKe paspei8a U CO CKAAAPHbIM NpoudsederHuem, onpedessiemeim co-
orrowenuem (8.1), nganerca esxAudosoIM NPOCTPARCTBOM.

9TO eBKJHAOBO NPOCTPAHCTBO MBI B HajbHeHileM OyzeM 0603Ha-

49aTh CHMBOJIOM Rq.
HanomMuuM Tenmepb jgBa obmux cBoficTBa J10GOrc eBKAHIOBA MpO-

CTpaHCTBa, KOTOPDBIMH, €CTECTBEHHO, 6ylleT obnagate H npocrpaH-

ctBo Ry:
1) 80 8cakoM e8KAUOOBOM NPOCTPAHCTBE OA AH0G6IX 08YX dAeMmer-

TO8 f u g cnpasediuso HepaseHcr8o

(f’ g)2\<(f! f) (g’ g)’ (8'3)’

Hasvlieaemoe wepasencreom Kowu—byrnakosckozo?,

2) 80 8cAKOM e8KAUCOBOM MPOCTPAHCTBE OAf A00020 3AEMEHTR:
[ sroeo npocrpancTsa MOsKHO B6eCTU NOHATHE HOPMbL 3T020 3Ae-
MenTa, onpedeius ee Kak wucao, obos3unadaemoe cumsosom ||fll u on-
pedeasiemoe paGeHcTB8oM

W i=VFE D, (8.4y

Tax 4o 6y0yr cnpasediussl caedyoujue Tpu €80UCT8A:

1° ifI=0, npusem ||fll=0 auws r02da, koeda f — wnyresod are-
MeHT

2° IAfli=|A|-llfll 8an ato6oz0 ssementa f u ar0bo2o gewjecreen-
HO20 };

2. Ii+gll<lfl+ gl (8.5)
Oaa aw06bix J8yx aaemeHTos [ u g (3T0 HepaseHcT80 HA36IBAETCA H e-
PUBEHCTBOM TPEYEOALHUKA).

B camom gene, cnpaBexsuBOCTb cBoficTBa 1° cpasy ke BHITEKaer
H3 (8.4) u U3 akcHOMH 4° CKaJAsSpHOTO NPOH3BEAEHHS.

Has obocHoBaHMs cBoiicTBa 2° 3aMeTuM, uTO B cuay (84) u
aKCHOM CKaJApHOTO NPOH3BEIEHHS

IMI=V & M)=VA(F M)=VAQRf, D=V A H=I[rl-IF1.

Haxkonen, cnpaBensinsocTb cBOHcTBa 3° BHITeKaer H3 (8.4), M3 ak-
CHOM CKaJIgDHOrO NPOH3BeAEHHA U H3 HepaBeHcTBa Kowu—DByHsakoB-
ckoro (8.3). HeiicTBuTebHo,

% Jlns nokasaTenbcTBa HepaBeHcTBa (8.3) 3aMmeTuM, YTO JAAf MOGOro BEWIECT-
BEHHOTO A B CHIY aKCHOMM 4° CKA/JSPHOTO NPOH3BEIEHHS CNPABEIJHBO HEPABEHCTBO
{M—g, )>0, KOTOpOEe B cHAy akcHOM 1°—4° SKBHBaJEHTHO  HEDABEHCTBY
&'(f f)—.%? g)+ (g g)>0. HeobXOAUMBM H JOCTATOYHHM YCJIOBHEM HEOTPHUA-
TEJbHOCTH KBaJDATHOTO TPEXWIeHa, CTOAINEr0 B JIEBOH 4acTH IOCJEJAHEro HepaBeH-
CTBa, NBJSIETCS HENONOJKHMTEJABHOCTh €ro  JHCKPHMHHAHT2, T. €. HEPAaDEHCTBO:
(f, 8)2—(f, )} (g, &) <0, KOTOpOe SKBMBAJNEHTHO HepaBeHCTBY (8.3).

19 -4314
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Wf+ell=Vi+e F+e)=V{F h+20 a)+@ &<
<V p+2VFEDVE o+@ o=V VT h+Ve o)’=
=V, N+Vig g =Iifli+ligl.

B gacTHOCTH, BO BBEIEHHOM BHIIE €BKJIHLOBOM npocTpaHcTBe Rp

BCeX KYCOYHO HeNpephIBHHIX Ha cerMeHtre [a, b] ¢yukuué nHOpMa
(8.4) nmwoGoro sseMeHTa f OmpejessieTcs PaBEHCTBOM

—
W= ‘/I 7 (x) dx, (8.6)

a HepasenctBa Kowu—ByHnskosckoro (8.3) u TpeyrosbHHka (8.5)
IIPUHHMAIOT BHA

b b b
(frmewd) < fiIrax § g2 wydx; (8.7)

) / b b
1/5 F+egmpa< ) [Pwar+ 1/§g2(x)dx. (8.8)

Bsefem Teneppr B NPOH3BOJBHOM OeCKOHEUHOMEDHOM €BKJIHAOBOM
TpocTpaHcTBe R MOHATHA OPTOrOHaJbHLIX 3JIEMEHTOB H OPTOHOPMHpO-
BaHHOH CHCTeMH 3JIeMEHTOB. -

Onpenenenue 1. [sa ssementa f u g esxiudosa npocTpau-
£T8a HO3LIBAIOTCA OPTO2OHAAbH MU, ECAU CKAAAPHOE npou3ee-
Oerue (f, g) aTux 3.1eMeHTO8 PABHO HYMO.

PaccMOTpEM B NPOH3BOJBHOM O0€CKOHEYHOMEPHOM  eBKJ/IHAOBOM
npoctTpaHcTBe R HeKOTOpYIO MOC/€L0BATENLHOCTD 3JEMEHTOB

¥, Y2, Pny e . (8.9)

Onpenenenune 2. ITocaedosaresvnocre (8.9) naseviéaerca o p-
TOHOPMUPOBAHHOL cucTemol, ecau 8xodawue 6 3Ty nocae-
d0B8ATEALHOCTL IAEMEHTbL NONAPHO OPTO20HAAbHLL I UMEIOT HOpMY,
pasryro eCunuye.

KaaccHueckHM NPHMEPOM OPTOHODMHPOBAHHOH CHCTEMBI B IPOCT-
paHcTBe Ry BCeX KyCOUHO HempepHBHHIX Ha cerMeHrte [—mw, ] QyHK-
LMH sBJsEeTC] TaK HasHBaeMas TpPHIOHOMETpHYECKasds CHC-
TeMa

! cos X sin cosnx  sinnx (8.10)

Ta Ve Ja = ya .
UuraTeab Jerko nposepur, uyro Bce ¢ynkuuu (8.10) momapHo op-
TOTOHAJIbHH (B CMBICJIe CKaJspHOro mpousseienus (8.1), BasTOrO
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npu a= —n, b=n) U 4TO HOpMAa KaXJAOH K3 3THX QYHKUHE (ompeze-
JsieMasi paBeHctBoM (8.6) npu a= -—n, b=x) paBHa eIHHHIe.

B MaremaTHKe H ee NMPHJIOXKEHHAX 4acTO BCTPEYAIOTCS pasJHUHHE
OPTOHOPMHDOBaHHBEIE (HAa COOTBETCTBYIOILHX MHOXECTBAaX) CHCTEMH
¢yuxuuit. IlpuseneM HeKOTOpble NPUMeph! TAKHX CHCTEM.
IIpumepn. 1°. MHOrounensl, onpejae/sseMble paBeHCTBOM

1 ar[(x*—=1)"]
28n)| dxn

P,(x)= (n=0, 1, 2, ...), (8.11)

NPUHATO Ha3blBaTh NOJHHOMaMHK Jlex aHAD a.
Herpyano y6enurbesi, uto oDpa3oBaHHHEe € NOMOINLIO MHOIO-
useHoB (8.11) dyuxkuun

‘pn(x)= “/EnQ—MPn(x) (n=0, 1, 2, -")

06pa3yioT opTOHOpMHpOBaHHylo (Ha cermeHTe [—I1, +1]) cucremy
byHKIHE.

2°. MHorouneHn, onpegeaseMble  paBeHcTBamMH  To(x) =1,
Th(x)=2!""cos [n(arccos x)] npu n=1, 2, ..., Ha3HIBAIOTCA 110 J H-
Homamu Uebuwesa Cpenu scex MHOTOWIEHOB n-f CTeleHH
¢ K03QQHIHEHTOM [pH X", PAaBHHIM elHHHLUE, noatuHoM YebuueBa
Tn(x) uMeeT HauMeHbIIHH Ha cerMeHTe —l<x<1 MaKCHMyM MO-
AyJasi. MOXHO 10Ka3aTb, YTO MOJYyYEHHbIE € NOMOWBIO  NIOJHHOMOB
YebnimieBa PpyHKIHH

271 05Tﬂ
s Yo (1) =)

1
)/:-t--/l—x n,’l—x“‘

obpasyior OPTOHOPMHDOBAHHYIO Ha CerMeHTe [—1, +1] cucremy.
3°. B Teopun BeposiTHOCTEH Yacro IpHMeHseTcs cucTema P a-
peMaxepa?d

‘Po(x): (n=l, 2,...)

Pu(x) =9 (27%x) (n=0,1, 2,...),

rae ¢(¢) =sgn(sin2nt).

Jlerko nposepsiercs, yTo 3Ta CHCTEMa OPTOHOPMHpPOBaHa Ha cer-
MeHTe O<x <],

4°. B psane ncciaefoBaHUH 1O TeOpHH QYHKUMA HAXOAHT IpHMe-
HeHHe cucTeMma Xaapa?¥, ABnsouasics OPTOHOPMHPOBAaHHOHA Ha
cerMenTe O<x<1. DeMeHTH 3TOH cucTeMb ONpelesslOTCS AJd
Beex n=0, 1, 2,... 1 a8 Bcex k, NpUHHMAKIUKX 3HayeHHs 1, 2,
4,...,2% OHH HMEIOT BHI

%) Panemaxep — HeMeukHi MaremaTHk (poz. B 1892 r.).
4 Xaap — nemeuxkhi marematsk (1885—1933).
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Y 2k —2 2k —1
i V2" npu Fr\<x<';,,:ﬁ'.

B (x) = 5 2% — 2k
Xn (x) —VQ" IIpH ;;1_-}<X\< ?-:FT’

0 B ocTanbHbIX Toukax [0, 1].

Kaxnas ¢ynxkuus Xaapa NpeJCTaBJACT co6ofi CTyneHbKY TaKOro
n (n+l> —(n+1)

Xe BHIa, Kak OyHkius V 2" sgnxHa cerMesre [——2 2 ]
Jas  Kaxaoro (QHKCHPOBAHHOIO HOMepa N IpH ysenuqeﬂuu
3HaueHHs1 k 3Ta CTyneHbKa CcABHraercsi BmpaBo. Bciomy BHe coOT-
BETCTBylOLIeH CTYNEeHbKH Kaxpaas (yHKUHs Xaapa TOXIECTBEHHO
paBHa HYJIO.
2. Mousitne 06 oGutem page Pypne. [IycTs B mpoH3BoJbHOM 6ecko-
HEYHOMEPHOM eBKJHMJA0BOM InpoctpaHcTBe R 3agana npoussossHan
OPTOHOPMHpPOBaHHasi CHcTeMa 3JieMeHTOB {y.}. PaccmMoTpuM Kakon
yromHo 3JeMeHT f npocrpaHcTBa R.

Onpenenenne 1. Hazosem psdom Dypee saemenra f no
opronopmuposannoil cucreme {\Ppr} pad suda

Y fotn, (8.12)

k==l

8 KOTOpoM uepe3 f, 0003HA4eHbL. NOCTOAHHbIE HUCAQ, Ha3bisaemole
Kosgppuyuenrtamu DPypoe ssementa [ u onpedessemoie pasen-

creamu
fe=A(F, ¥x) k=1, 2, ..

EcrtecTBEHHO Ha3BaThb KOHEYHYIO CYMMY

Sa= Y. febe (8.13)

k=1

n-i yacTHYHOM cyMMoO# pana Qypbe (8.12).

PaCCMOTpHM Hapsldy ¢ n-#4 wacTHyHOH cyMMof (8.13) nmpousBOJb-
HyIO JIHHEelHyI0 KOMOHHALHIO NEPBHIX N 3/eMEHTOB OPTOHOPMHPOBAH-
HOH cHCTeMEBl {1}

Y Cu (8.14)

k==l

C KaKUMH yrOAHO MOCTOSHHEIMH unciamu Ci, C,...,Ch.

BriscHum, 4T0 OT/IHYAET 71-10 YACTHUHYIO CyMMY p;ma dypre (8.13)
OT Bcex Apyrux cymMm (8.14).

HoroBopumca HaswBath Beanuuny f|f—gll OTKIOHEHHEM f or
g (D0 HOpMe JaHHOTO €BKJH/OBA IPOCTPAHCTBA).

Hmeer Mecro caeayoonias OCHOBHasi TeopeMa.
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Teopewma 8.1. Cpedu scex cymm suda (8.14) waumenowee or-
KAOHEHUe OT 3aemeHnTa [ no wopme danno20 esxaudosa npocTpaHcrsa
umeer n-a wacruunas cymma (8.13) pada Pypve asemenra f.

JokaszaTenbcTBO., YUHTHBAA OPTOHODMHDOBAHHOCTL CHCTe-
MBbl {{»} M MOJB3YyACH ZaKCHOMAaMH CKaJSAPHOTG IPOH3BENEHHS, MOXKEM

3alHCATh:
» Cm——fH;(Z Cat—F, ¥, Co—1) =
fom] k=1 l=l

Z Ch (s $e)—2 Z Cel(f, Yo +(f, H=

L)

_ch—z}"ckfﬁllfllz ¥ (Co—fo ka+nfu=

A1 Foa | k=l k=]
Hrax,

| Z Cov—f[ = Z Com P+ =S £ (815)

k—l

B neBofi uactu (8.15) cToMT KBajpar OTKJOHeHHs CyMMH (8.14)
OT 3JeMeHTa f (IO HOpPMe NaHHOTO eBKJMAOBa mpocrpancrsa). Hs
Buaa npasoft yactu (8.15), caenyer, uTo yKasaHHHHA KBaApaT OTKJOHe-
HHs fABJSEeTCs HaHMeHbIHM mpH Cp=f. (Tak KaK IpH 3TOM B npaBoft
yacti (8.15) mepBas cymMa o6pamiaercs B HyJab, a OCTajJbHHE cla-
raeMbie oT C, He 3aBHcAT). Teopema JNoOKa3aHa.

Caepcreue 1. [Jaa npoussonrsnoeo srementa f 0arnnozo esxiu-
BGosa npocTpancTsa u A060H OPTOHOPMUPOBAHKOI cucTemsl {Ppr} npu
npoussossHom svibope nocrosuneix C, Oan awbozo Homepa n cnpa-
Be0AUB0 HEPABEHCTBO

=¥ A <]¥, Con—tf’ (8.16)
Rl k==l
Hepasenctso (8.16) sBasieTcs HeNOCPEACTBEHHBIM CJeACTBHEM
Toxpaectsa (8.15).
CnepctBue 2. JJasn npoussoabnoeo ssemenra [ dannoezo esxkau-
dosa npocrpancrsa, 0600 OPTOHOPMUPOBAHHOL cucTemol {Pr} 1 A10-
6020 HOMepa n cnpasedauso pPasencrso

| S febe—tl =nr2= Y% £, (8.17)
R ] ham1
4acTo Hasvisaemoe rom decreom Becceaa®,

5) ®puapux Buabrensm DBeccear — nemeukuft acrpoHoM H marteMaTHK (1784—
1846).
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Hns nokaszateabctBa paBeHCTBa (8.17) H0OCTaTOYHO IMOJNOXKHTH B
(8.15) Ci=te.

Teopema 82. Jaa aoboeo aremenra | Oannozo eskaudosa npo-
cTpancrea u a060i oproHopmuposannol cucremst {\Ppz} cnpasediuso
caedyrouiee HepasercTso:.

Y A< lfir, (8.18)

k==t

Ha3bieaemoe Hepasencreom becceaa.
HJdokxaszaTteabcTBo. M3 HeoTpuUaTe/bHOCTH JeBOA 4YacTh
(8.17) caenyer, uro aas a1 60ro Homepa n

n

Y. <ifie. (8.19)

R |

Ho 3710 03Hauaer, 4TO PSR U3 HEOTPHUATENbHHX YJEHOB, CTOAUIHA B
neBof yactu (8.18), obsasaer orpaHHueHHOH MOCJELOBATEJbHOCTHIO
YacTHYHHIX CyMM M n0o3ToMy cxoxurtcs. [lepexoist B HepaBeHCTBe
(8.19) k npemeny npu n—»oo (cM. Teopemy 3.13 4. 1), noayuum Hepa-
peHcTBO (8.18). Teopema gokasaHa.

B kauvectBe mpumepa o6paTHMcs K mpocTpaHcTBy Ry BceX KycOYHO
HeNpephIBHEIX Ha CerMeHTe —n<x<mn (QyHKUHA u B 3TOM NPOCTPaH-
ctBe K psaay Pypve no tpuroHoMerpuuyeckoi cucreme (8.10) (aror
pAd HOPHHATO HAa3hHBaTh TPHTOHOMETDHUECKHM pALAOM
®ypre). Jdaa noboii KyCOUHO HeNPepHIBHOH Ha cerMeHTe [—m, m]
¢yrkunn f(x) ykazaHeni# psag Pypbe uMeeT BHA

F |1 Y/ & coskx | T sinkx
foT,E_n—JrkZ;(f,, v thye ) (8.20)

rie kospduuueHtn Dypne ﬁ H T,, onpefensiorcss GopMysiaMH
n
— 1 »
o= | f@dx

—

Fo= )/]H _if(x)coskxdx; fi:—}—/l—;—

fosinkeds (=1, 2, ...).

]
8 Qo oy

HepasenctBo Beccens, cnpaBensnBoe JJs JoGOR KYCOYHO HenpephiBHOH
Ha cermeHre [—m, n] ¢yskuun f(x), uMeer BHL

B+ Y R+T< [Poax (8.21)

Rmal
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Otknonerne f(x) or g(x) mo HOpMe B 3TOM cJydae paBHO Tak
Ha3bIBaeMOMy CpPeJHeMY KBaJApDaTHUYHOMY OTKJIOHEHHIO

—el=} [Ue—gwr. (8.22)

OTMeTHM, 4YTO B TEOPDHH TPHIOHOMETpHUeCKHX psaoB Pypbe NpH-
HATa HECKOJBKO HHas ¢opma 3amucH Kak camoro paza Pypee (8.20),
Tak W HepaBeHcTBa Deccens (8.21), a uMeHHO: TPpHIOHOMETPHUECKHR
psin @ypre (8.20) o6HUHO 3aMHCHIBAIOT B BHAE

L 2 (@, cOs k% -+ by sin £x), (8.20')
2
haml
rae

L Sf(x) cos kxdx:
14

-—

(8.23)

—_ n
b=t =L 5 f (%) sin kxdx
1 k13
]

(k=1,2,...).

Ilpu rakoii ¢opme 3amucH Hepasencrso Decceast (8.21) npuuH-
MaeT BH[

a - 1 ¢ ,
St Y@+ <— S'f“‘(x)dx. (8.21')
kel —n

3ameuanue. M3 HepapeHcrBa Beccenss (8.21') BmTekaer, uro
Anst n1060# KycOYHO HeNmpephiBHOH Ha cermeHTe [—ut, ] ¢yHKIuM
f(x) BennuuHHl a@r m b, (HasbiBaeMble TPHTOHOMETPHUYECKH -
MHKO3pbrunuentamMu ®ypbe pyHknuu f(x)) cTpeMATCS K HYNIO
NpH n—>co (B CHJYy HeOGXORHMOrO YCJOBHS CXOLHMOCTH psiia B JEBOH
yactH (8.21')).

§ 2. BAMKHYTBIE H NOJIHbIE OPTOHOPMHPOBAHHBIE
CHCTEMbBI

Kak ¥ B nmpeamaymem naparpage, 6yleM paccMaTPHBATb NPOH3-
BOJILHYIO OPTOHODMHDOBAHHYIO cHCTeMy {{»} B KaKOM yroguo G6ecko-
HEYHOMEDHOM eBKJIHIOBOM NpocTpaHcTBe R.
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Onpenenenune 1. Opronopmuposasnas cucrema {\} Hasbieaer-
€A BAMKHYTO L, ecau Oan 06020 rementa f JaHHO20 eB8KALGO6Q
npocrpancraa R u 0as 2106020 noaoxureassHoeo 4ucaa e Haiderca
TaKas auwxednas xombunayus (8.14) xoHewrnozo uucia 34emeHTO8
{¢x}, orxaonenue xoropoil or f (no wopme npocrpancrea R) mens-
we e. _

HHpiMH caoBamu, cucreMa {} Ha3bBaeTCs 3aMKHYTOH, ec/H Ji0-
‘60H 37€eMeHT f XAHHOrO eBKJMAOBA mpocrpaHcTBa R MoxxHO mpu6H-
3UThb MO HOPME 3TOrO MPOCTPAHCTBA C JIOGOH CTENeHBIO TOUHOCTH JIH-
HeHHBIMH KOMOHHALUAMH KOHEUHOIO YHCJa 3JIEMEHTOB {\}.

3ameuanue 1. M omnyckaem BONDOC G TOM, BO BCAKOM JH

eBK/JHJ0BOM IIPOCTPAHCTBE CYILIECTBYIOT 3aMKHYThle OPTOHODMHPO-
BaHHbIE cEcTeMbl. OTMeTHM, 4TO B Kypce AHam3-3 OyleT H3yueH BaX-
HBI{ IOAKJIACC €BEKJIMAOBBIX IPOCTPAHCTB — TAK HA3LIBAEMEIE ['BJIb-
6epTOoBB NpocTpaHcTBa — M OyJAeT yCTaHOBJIEHO CYLIECTBOBAHHE
b Kax/JOM TaKOM NPOCTPaHCTBe 3aMKHYTHIX ODTOHOPMHDOBAHHHX
CHCTEM.
Teopema 8.3. Ecau opronopmuposannasn cucrema {{z} neisercs
3amMKRYTOU, TO 045 4106020 3NEMEHTA | PACCMATPUBAEMO20 €8KAUC08A
npocrpancrea Hepaserncrséo becceas (8.18) nepexodur e rTounoe pa-
BEHCTE0

Y. =P, (8.24)

k=]

#asvieaemoe pasencreom llapcesana®,

HokasareabctBo. ODukcupyeM nNpOU3BOJBHHA sJeMeHT f
paccMaTpHBAaEeMOro €BKJHAOBA NPOCTPAHCTBA W NPOH3BOJBHOE IOJO-
2KHTENbHOE YHCJIO e. TaK Kak cHcreMa {{x} ABJSETCH 3aMKHYTOH, TO
‘Hafizercs Tako# Homep n M rtakue uucaa Ci, C,,...,Cn, uTO KBagpar
HOpMHI, cTosmuil B npaBoi yactu (8.16), O6ymer Mmenbwe e. B cHay
(8.16) 3To 03Hauaer, UTO AJs NMPOH3BOJBHOrO £>0 Halfercds HOMep
7, A5 KOTOpOro '

!Ifn“—i f2<e. (8.25)

kanl

J1s Bcex HOMepOB, NMPEBOCXOAAIIHX yKa3aHHHHA HOMep n, HepaBeH-
cTBO (8.25) Gyzer TeM GoJsiee crnpaBedJiMBO, TaK KaK IIPH BO3pacra-
HHM n CyMMa, crosuias B Jesofl yacth (8.25), Moxer TOJBKO BO3-
pacti.

Hrak, MB AOKasaJd, 4TO AJA NpoussoJbHOro e=>0 Ha#iperca Ho-
Mep n, HayWHasl ¢ KOTOPOrO CHpaBedJHBO HepaseHcTBO (8.25).

B coenunenun ¢ HepaBeHcTBoM (8.19) s5TO oO3Hauaer, uYTO DAX

o
Z fi cxomures k cymme [[fll2. Teopema moka3ana.
F 7 -
% M. A. ITapceBans — ¢panuysckuit MateMathxk (1755—1836).
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Teopema 84. Ecau opronopmuposannas cucrema {\} asiserca
samkryrod, To, Kaxoe 66 Hu Gota dsemenr f, prd Pypve 3roeo 3ae-
MEHTQ CXOOUTCA K HeMy RO HOpMe pAcCMATpusaemozo eexaudosa
npocrpancrsa, 7. e.

tim |Y: fybe—F | =0. (8.26)
h=al

JlokxasaTelbCTBO. YTBepKJAeHHe 3TOH TeOopeMbl Hemocpen-
CTBeHHO BHITeKaeT H3 papeHcTBa (8.17) ¥ u3 mpemmiayumel TeopeMl,

3amegaHnue 2. B npocTpaHCTBe BCeX KYCOYHO HempepHBHHX Ha
cermeHre [—m, n] QyHKHUHE cxomEMocTh no Hopme (8.26) nmepexomHT
B CXOZHMOCTb Ha 3TOM cerMeHTe B cpeaneMm (cM. n. 3 § 4 ra. 2). Ta-
KHM o6pasoM, ecau OyleT JoKasaHa 3aMKHYTOCTb TPHIOHOMETpHUe-
ckoit cucreMel (8.10), To Teopema 8.4 6yneT yTBEpXKAAThb, YTO LIS JIO-
601 KyCOYHO HeNpepLIBHON Ha cerMeHre |—mn, n] GyHKUHH f(Xx) TpHro-
HoMmeTrpuueckufl psjg Pyppe 3Tod (PYyHKUHH CXOXUTCA K HeH Ha yKas
3aHHOM CEIMEHTE B CPERHEM.

Onpeneanenune 2. Opronopmuposannas cucrema {Pz} Ha3bi-
8aeTCs nOAKOU, ecau, KPOME HYALB020 3IAEMEHTA, He CYujecTeyer
HuKakozo Opyeoec aiemenTa f OaHHO20 €8KAuG08a NPOCTPAHCTEA,
?OT}Opbtli Ovia 66l OpTOZOHGAEH KO 6CEeM  3AEMEHTAM Pp CUCTEMbI
1232

Hupimu cnoBami, cucreMa {{:} Ha3blBaeTcs MOJHON, €C/IH BCAKHH
3JeMEeHT f, ODTOrOHAJNBHHE KO BCE€M 3J/eMEHTaM 1 CHCTEMH {z},
ABJISieTCs HyJIeBHIM 3/IeMEHTOM.

Teopema 8.5. Bcaxasa 3aMKHYTAss OPTOHOPMUPOBAHHAA CUCTEMA
{Y} neasercs noanoil.

Hdokxaszateanbcrtso. [Iycts cucrema {} sABaAseTCS 3aMKHYTOH,
H ImycTb f — J060f 3JeMeHT AaHHOTO eBKJHAOBa INpPOCTPAHCTBA,
OpPTOTOHAJIbHHIH KO BCeM 3jeMeHTam VP, cHcreMu {y.}. Torma Bce
ko3¢ duuuentl Oypbe fr 3JeMeHTa f 1m0 cucTeMe {Yr} paBHH HYJIO, H,
cTajno OhiTh, B CHNy paseHcrBa IlapceBans (8.24) u |if||=0. Ilocaen-
Hee paBeHCTBO (B cuiay csofictBa 1° HOpMHI) O3Hayaer, 4To f — HY-
JIEBOK 3JIeMeHT. TeopeMa JoKa3aHa.

3aMeuanne 3. Mu QoKasaJu, UTO B APOH3BOJbHOM E€BKJHIO-
BOM [POCTPAHCTBE H3 3aMKHYTOCTH OPTOHOPDMHDOBAHHOM CHCTEMH
BBITEKaeT €e mosHoTa. OtMmeTHM 6e3 JOKas3aTeslbCTBA, YTO B NPOH3-
BOJIHOM €BKJIHAOBOM NPOCTPAHCTBE 13 IOJHOTH OPTOHOPMHPOBAH-
HCH CHCTeMBI, BOOGIe IOBOPs, He BhITEKaeT 3aMKHYTOCTb 3TOH CHC-
TeMul. B xypce Amanns-3 Oyner noxaszaHo, YTO AUl FEILGepTOBBIX
OPOCTPAHCTB NOJHOTA OPTOHOPMHPOBAHHOM CHCTEMEI 3KBHBAJICHTHA
ee 3aMKHYTOCTH.

Teopewma 86. Qan scaxoi noanodl (u rem 6osee Oar 6caxold
samxnyToll) oproHOpMuUpoBsantol cucTemol {Yr} 08a paA3AUYHbLIX dAe-
MeHTa | U g paccmarpusaemozo esxaudosa npPOCTPAKCTEA He MOZYT
umers odunaxossie pads. Pypoe.
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HdoxkaszateabcrtBo. Eciu 66 Bce ko3pduuuentat PDypbe 3e-
MEHTOB f H g coBmajaJjH, To Bce KoadpouumedTsl @dypre pasHOCTH
(f—g) ObliM 6bl paBHH HyJIO, T. €. pasHocTb (f—g) Gmia 6u oprO-
roHaJIbHA KO BCEM 3JIeMeHTaM Y, MOJHOH cucreMH {Pr}. Ho 310 03-
Hayajo Obl, YTO Pa3HOCTb (f—g) ABJSAETCS HyJEBHIM 3JIEMEHTOM, T. €.
o3Hauajo Obl coBmajeHHe 3jeMeHTOB [ u g. Teopema JoKa3aHa.

Ha 3tomM MBE 3akaHuuBaeM paccMmorpeHHe obmiero psina Pypre
10 NPOH3BOJILHOH OPTOHOPDMHPOBAaHHOH CHCTEME B JIIOOOM €BKJIHIOBOM
npocrpaHcTBe R.

Haia oyepennas ueap — neranbHOe H3yueHHe psaga Pypee mo
TPHUroHOMeTpHyeckod cucreme (8.10).

§ 3. BAMKHYTOCTb TPUFTOHOMETPHYECKORA
CHCTEMDI U CJHEJCTBHSA K3 HEE

1. PaBHoMepHOoe NPHOJHXKeHHe HeNpepbiBHOH (PYHKIHA TPHroHO-
METPHYECKHMH MHOroujexamm. B stoM nmaparpade Oyzer ycraHOBJeHa
3aMKHYTOCTb (@ CJeA0BaTebHO, H IOJHOTA) TPHTOHOMETPUUECKOLL
cucremsl (8.10) B mpocTpaHCTBe BCeX KYCOUHO HeNpPepHIBHHX Ha cer-
MeHTe [—xn, 5] QyHKuHA. Ho mpexpe ueM NPHUCTYNHTH K AOKa3aTelb-
CTBY 3aMKHYTOCTH TPHTOHOMETDPHYECKOH CHCTEMH, YCT@HOBHM BaXXHYIO
TeOpeMY O DaBHOMEPHOM NPHOJHKeHHH HempepHBHON GYHKIHH Tak
Ha3blBaeMbIMH TPUTOHOMETPHYECKUMH MHOro4YJieHaMH.

BynemM Ha3biBaTh TPUTOHOMETPHYECKHM MHOTOUJEHOM
NPOHM3BOJIbHYIO JHHEAHYI0O KOMOHHAUHIO JI060r0 KOHEUHOro 4Hcjia 3Je-
MEHTOB TPHTrOHOMeTpHuyeckod cucteMn (8.10), T. e. BHpaXKeHHe BHIA

T (x)=C, +Y (Cp cos kx + Cp sin kx),
k=1
rie n — moboit Homep, a Co, Cx | Cx (=1, 2,...,n) — mpoH3BOJb-

Hhle TOCTOSIHHBIE BelleCTBEHHblE UHCJIA.
OTMmeTHM jBa COBepILIEHHO 3JEeMEHTapHHX YTBEePX AEHHUA:

1°. Ecau P(x) — kakxoid yeoOno aszebpaudeckuil MHOZO4AEH NPO-
usgoabHel crenewu n, To P(cosx) u P(sinx) — Tpueonomerpuue-
CKUEe MHO204/eHbL.

2°, Ecau T(x) — rpuconomerpuueckuii mHozo4neH, TO Kaxdoe u3

sopaxcenuti [T (x)sinx] w [T (x)sin®x] raxme npedcrasaser cobotk
TPUEOHOMETPULECKULL MHO204NEN.

O6a yTBepxk/JeHHs BHITEKAIOT M3 TOTO, YTO NPOH3BeJeHHe ABYX (a
MO3TOMY H JIIOGOTO0 KOHEWHOTO YHMCJia) TPUTOHOMeTpHueckux Qpynxuui
OT apryMeHTa X NIPHBOAMTCA K JIMHeHHOH KOMOHMHAlMH KOHEYHOro YHC-
Ja TPUFOHOMETPHYECKHX (YHKLUHH OT apryMeHTOB THHa kx (yGexntech
B 3TOM camu).

7 [lox TpHroHomeTpHYeckHMH OGYHKIHAMH B JAHHOM CJydYae NOHHMAIOTCA KO-
CHHYC HJIH CHHYC.
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B Teopun TpHropoMerpHueckux panoB Oypre BaxHYK pOJb Hrpaer
NOHSITHE NMEPHOAMYECKOH (PYHKUHH.

Onpeneneune. Oynxyusn f(x), onpedesennan OAs 8ceX 8ewjecmaeH-
HbBIX X HA3bI6AeMCR nepuooudeck ot giynkyueti c nepuodom T, ecau 0aR
206020 6ewecmBeHHO20 X CNpasedaudo pasencmso

fx+T)=F(x).

ST0 paBeHCTBO OOGHYHO HA3HBAKOT YCJAOBHEM MEePHOLHUYHOCTH.
K paccmorpensio nepuognuecKux (YHKUHH HOPHBOAHT H3ydyeHHE pas-
JIMYHBIX KoJefaTe/bHBIX MPOILECCOB.

3aMeTHM, YTO BCE 3J€MEHThl TpHroHoMeTpHueckoit cucremu (8.10)
SIBJSIIOTCS NEPHOAUYECKHMH OYHKUHSIMM C NepHOAOM 2.

Teopema 8.7 (reopema Beiftepmtpacca). Ecau ¢ynxyus f(x)
HenpepuisHa Ha cezmente [—m, m] u yO0BAETEOPAET  YCAOBUIO
f(—n)=Ff(n), TO 3Ty PYHKLUIO MONCHO PABHOMEPHO HA YKASAHHOM
ceemenTe NPUOAUBUTL TPUSOHOMETPUHECKUMU MHO204AEHAMU, T. e.
Oan aroli  pyuxkyuu f(x) u 0as At06020 NOLONCUTEALHO20 H4UCAG ©
natiderca rtpuzonomerpudeckuil muoeo4sen T(x) rTaxod, 4ro cpasy
Oan scex x u3 ceemenra [—m, n] cnpasediuso Hepasescreo

[F(x)—T(x) | <e. (8.27)

Jdoxaszateabcrso. Jus ynobcrsa pa3obbeM JOKa3aTesbCTBO
Ha ABa 3Tana.

1) CHavaja DONOJIHHTEJNbHO MpPEANOJIONKHM, uTo OGyHKuusa f(x)
ABJSETCH YeTHOH, T. . AJs J1oboro x H3 cerMeHra [—mx, m] yAO0B-
JIeTBOPAET YCJIOBHIO f(—x)=f(x).

B cuny TeopeMrl O HENPEPBHIBHOCTH CJO0XHOA dyHKun# y=f(x),
rae x=arccos? (cMm. § 1 ra. 4 4. 1) byskunsa F(¢) =f(arccos{) sBas-
eTcsl HenpephIBHOH YHKLHeH aprymenta ! Ha cermeHTe —I<i< +1.
ChrejoBatenbHO, N0 TeopeMe DBefepmrpacca JJsi  anre6paHYecKHx
MHOrouseHoB (cM. teopeMy 2.18) nas aoboro >0 nafimercs aare6-
panueckuit mHoroudeH P(f) raxkofi, uto |f(arccost)—P(f)|<e cpa-
3y Ansa Bcex ! H3 cerMenTa —I<{¢{<1.

[TonoxuB £=cos x, Mbl NOJYyUHM

[f(x)—P(cosx) | <e (8.28)

cpa3y Ans Bcex X u3 cermenTa 0<x<m.

Tax kak ofe ¢ysKuMH f(x) u P(cosx) ABAAIOTCS YETHBIMH, TO
HepaseHcTBo (8.28) cmpaBensaMBO H M8 BCeX X H3 CerMeHTa
—n<<x<(0. Takum o6pasom, HepaBeHCTBO (8.28) cnpaBemiuBO [njs
BCeX X M3 CerMeHTa —mn< X<, U HNOCKOJLKY (B CHJY YKa3aHHOTO
Bhlllle yTBepxaeHus 1°) P{cosx) sBIseTcss TPHTOHOMETPHYECKHM MHO-
FOWIEHOM, TO AJs 4eTHOR ¢GyHKHuH [{x) TeopeMa /AOKa3aHa.

3aMeTuM Tenepb, uTO GYHKIHIO f(X), YAOBJIETBOPSIOMYIO YCJIO-
PUAM JOKa3blBaeMOH TeOpeMHl, MOXKHO NEPHOIHYECKH C MEepHOAOM 2m
NPOJONKHTL Ha BCIO GECKOHEYBYIO NPAMYI0 — 00 < x¥<l <400, TaK 4YTO
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npojo/xkeHHass GyHkuus OyAerT HempepHBHa B KaXJAOH Touke x Gec-
KoHeyHO# mpsamMo#. Kpome toro, ecnu ¢ynknug f(x) mpomoJxeHa Tta-
KuM 06pa3oM, TO (NOCKOJBKY P(cOsx) Takxe sBNSEeTCHd IepHOAHYE-
CKOH ¢yHKUHeH mepuona 2n) 04an 4eTHou (ynkyuu f(x) Hepasencrso
(8.28) cnpasedauso acrody na npamoll —oo < x<C + 0o,

2) TIlycte Tenepp f(x) — mnpousBosbHasi QyHKIHS, YAOBJIETBOPSIO-
ulas ycJOBHSIM JNOKa3biBaeMOM TeopeMBl. DTy OYHKUHIO MB II€pHO-
AHYECKH C NEPHOAOM 27 NPONOJIKHM Ha BCIO NPSIMYI0O H COCTaBHM C
NOMOUIBIO 3TOH (GYHKIHH CReAYIOIHe YeTHEle QYHKLUHHU:

fo () = L= (8.29)
fa (%) =—"—(—’-‘-’—?—2’—(—“1’— sinx. (8.30)

Ilo nokaszanrHoMy B 1) aas Jwo6oro e>>0 HaffyTCA TPUIOHOMETpHUE-
ckue MHorowieHn Ti(x) u Tp(x) Takue, 4YTO BCIOAY Ha YHCJOBOMH

npaMo#
IF1(x)—=T1(x) | <e/4; |fa(x)—T2(x) | <e/4,

[f1(x) sin? x—T (x) sin? (x) | <e/4;

|fa(x) sin x=T,(x)sin x| <ef4.
CxnanbBast 3TH HeDaBEHCTBA M yUHTHBas, 9TO MOLYJb CYMMH ABYX
BEJIHYHH HE NPEBOCXOLHT CyMMy HX MoOAyJel, a TaKiKe NPHHHMAas BO
BHHMaHHe paseHcrBa (8.29) u (8.30), moayuum, 4TO BCIOAY Ha 4HCJO-
BOH NpPSMOH CpaBeNJIHBO HEPaBEHCTBO

|f(x)sin?2 x—T3(x) | <e/2, (8.31)

B KotopoMm uepes T3(x) 0603HAaWeH TPUIOHOMETDHUECKHH MHOroOYJeH,
paBHu# T3(x) =T, (x)sin®x+Ty(x)sinx.

B npoBefeHHHX HaMH paccyXJeHHAX BMecTO QYHKUHH f(x) MOX-
HO B3fThb GyHKUHIO f(x+m/2)®. B nosno#t aranormm ¢ (8.31) mnoay-
UMM, 4TO AJA GYHKUHH f(x+n/2) nahgercs TPHrOHOMETDHYECKHH MHO-
rousied T,4(x) Tako#, YTO BCIOAY Ha YHUCJIOBOH NpAMOH

[f(x+m/2)sin? x—T4(x) | <<e/2. (8.32)
3amensia B (8.32) x nHa x—mn/2 u o6GosHauas uyepe3 Ts(x) TPHIOHO-

merpuueckuf MmHorounen Buaa Ts(x) =T (x—n/2), noayuyum, uro
BCIOAY Ha YHCJAOBOH MpPAMOIl CnpaBeiHBO HEPABEHCTBO

[f(x)cos? x—Ts(x) | <ef2. (8.33)

Haxoneu, cknaanBas HepaBeHctBa (8.31) m (8.33) m o6osHauas ue-
pea T(x) tpuroHomerpuueckuit muorouned Buaa T (x)=T4(x)+Ts(x),

H NO3TOMY

%) Tak xak sTa GYHKUHS YAOBJAETBOPSAET TeM XK@ YCJHOBHAM, 9TO H HOJydYeHHAs
mocJie npono/KeHHs GYHKUHA [(x).
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NOJYYHM, YTO BCIOAY Ha YHCJHOBOA NmpAMO# cnpaBefJIHBO HEPaBEHCTBO
(8.27). Teopema nokasaHa.

3ameuanue Kaxpgoe us ycnoBuit 1) HenpepelBHOCTH f(x) Ha
cermenre [—m, n] u 2) paseucrBa 3Hauvenuft f(—=n) u f(n) dABas-
ercst Heo6xoOumeism YCIOBHEM [Jisi DABHOMEDHOrO Ha cermeHte [—,
n] mpubiuxenus ¢yHKUUH f(X) TPUrOHOMETPHUECKHMH MHOTOYJE-
HaMH.

Unpimn ciaosamu, TeopeMy Beitepmirpacca MOXHO mnepedopMmyJiH-
poBaTh CJaeLyIOUHM 06pa3oM:

Teopema 8.7* [as 1020 4robvt ynkyuto f(x) Mox#HO 6bLao
PABHOMEPHO Ha ceemenTe [—m, ] npubaudurs TPULOHOMETPUYECKUMU
MHO204AeHaMU, HeoBx00umMo u BoCTaro4no, 4Tobel pynxyus f(x) bvira
Henpepuienol Ha ceemenTe [—n, n] u YOOBAETBOPAAG  YCAOBUIO
f—n)=F(m).

Hocraroynocrs COCTaBASET COAepIKaHHe TeopeMHl 8.7.

OcvaHOBHMCS Ha Ji0Ka3aresqbCTBe Heobxodumocru. Ilycre cyiect-
BYeT I10CJ1e40BaTeNbHOCTh TPHIOHOMETPHYECKHX MHOroueHoB {7, (x)},
paBHOMepHO Ha cerMeHTe [—m, n] cxopsinascs K QyHRuuH f(x). Tak
KaK Kaxjas ¢yHkuus T,(x) HempephlBHa Ha cerMenre [—m, m], TO
M0 CAeACTBHIO 2 U3 TeopeMH 2.7 H QyHKUHA f(Xx) HempepbIBHa Ha cer-
Mente [—mn, n]. Has mdo6oro e>0 Halizercs MHorouned T,(x) Ta-
Ko#t, uto |f(x) —T,(x)|<e/2 pns Bcex x M3 eermenra [—m, n].
CuaenoBaTesbHO,

(=) — Ta(=m) | <e/2, 1F(m) — Ta(m)| <o/2

M3 mociefHux ABYX HEDABEHCTB M H3 BHITEKAIOWIEro U3 YCAOBHS e~
puoguyHOCTH (¢ mepuonoM 2m) pasencrBa T, («—n)=T,(n) 3axmo-
vaeM, gt0 |f(—=n) —f(n) ] <e, otkyna f(-—m)==f(x) (B cuny npo-
H3BOJILHOCTH £>0).

2. Jloxa3arTeapCTB0 3aMKHYTOCTH TPHIOHOMETPHYECKOH CHMCTEMBI.
Onupasice Ha TeopeMy Be#epurTpacca, A0KaxeM CJIEIYIOUYIO OCHOB-
HYIO TEOpEeMY.

TeopeMma 8.8. Tpueonomerpuuveckas cucrema (8.10) ssgasercs
3amknyrold®, 1. e. 018 40600 KYCOYHO HEnpPepovl8HOL HA CeeMeHTe
[—n, n] Pyuryuu §(x) u 4106020 NOAOHUTEALHOZO YUCAG & HalileTCA
rpuzonomerpudeckull muoeounsen T (x) raxod, 4ro

LA™

F@—T@I=) [F@-THPrda<e (839

HdokaszateabctBo. IIpexkne Bcero 3aMeTHM, 49TO Aas Ja060%
KYCOUHO HeNnpepbIBHOH Ha cerMeHre [—m, n] ¢yHrRuMH f(x) H A48
aoboro >0 HajizeTcsi HempepuBHAA Ha 3TOM CerMeHTe (QYHKUHSA

9 A caepoBaTtenbuo (B cHAy TeopeMmu 8.5), H noanofl.
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F(x), ynoBneropsiomasi ycnosuw F(—n)=F(n) u Takad, 4ro

IF () — F ()il = 1/ [U—Fopact.  @®3)

-7

B camom mene, nocratoyno B3ath pyHkuuo F(x) coBnapawowei ¢
f(x) Bcionly, KpoMe HOCTAaTOYHO MaJblX OKPECTHOCTEH TOUeK pa3phiBa
OyHxknuy f(x) ¥ TOYKM x==x;, a B YKa3aHHBIX OKDECTHOCTSX B3fTb
F(x) nnuefinot gyHruueir tak, utobul F(x) sBasiace HenpepeBHORX
Ha BceM cerMeHTe {—m, m| 4 YAOBJETBOpsia YCAOBHIO F(—n)=
=F(n).

Tak kak KycouHO HeripepbiBHasi (QYHKIMSt ¥ cpe3alollasi ee JIHHEH-
Has QyHKUHUS SBASIOTCH OrpaHHUYEHHBIMH, TO, BEIOMpass yKas3aHHHE
OKPEeCTHOCTH TOY€K pa3pelBa f{x) W TOUKH X==5 JAOCTATOUHO MaJHi-
MH, MBI ofecneudM BHINIOJIHEHHe HepaBeHcTBa (8.35).

[To reopeme Befiepmrpacca 8.7 mns dyukuuu F(x) uaiinercs
TPUTOHOMETPHYeCKHH MHOrouseH T(x) Tako#, 4To AJA BCeX X H3 Cer-
MeHTa [—u, ] crpaBelJHBO HEpaBEHCTBO

e

|F(x)——T(x)|<—2—)—/-2—_z;—_ (8.36)
U3 (8.36) 3aknaiouaeM, uTo
IF () —T ()l = y/ [IF@—T@prax<<.  (8.37)

Ha (8.35) u (8.37) n u3 HepaBeHCTBA TpEYroJbHHKA IJ8 HOPM
BhITeKaer HepaBeHCTBO (8. 34). Teopema nokasaua.

Sameuanue 1. Us teopem 8.8 u 8.5 cpasy ke BBITEKaeT, YTO
rpuzonomerpuueckasn cucrema (8.10) ssaserca noanod. Orcona B

2
CBOIO Ouepejb BHITEKAeT, 4TO cucTeMmd {\/———sm nx} (n=1, 2,...)
14

ABARETCA NOAHOU HA MHOXMCecT8e 6cex (pyHKyull, KYCoOYHO Henpepbis-
Holx Ha ceemente [0, nt] (uasu coorsercrsenno wa ceemente [—mx, 0]).
B camoMm jaene, Bcskasi KycOyHO HenpepuiBHast Ha cermente [0, m]
¢yHKuHs f(x), OPTOroHaNbHash Ha 3TOM CErMeHTe BCEM 3JieMeHTaM

2 .
CHCTEMbI V—SIHHX}, I0CJI€ HEYETHOro NpOAOJXKEHHA Ha CEerMeHT
11

‘[—mn, 0] okasmiBaeTCcst OPTOrOHaJbHOH Ha cerMeHTe [—n, n] BceM
8J€eMeHTaM TpHroHomeTrpuueckoii cucremn (8.10).B cuay noanoTn
cucreMu (8.10) 3ta ¢yukuus paBHa HyJi0 Ha [—m, ], a caenoBa-
TeabHO, ¥ Ha [0, n]. CoBepuieHHO aHaJOTHYHO JOKa3HBaeTCs, 4TO

1 2 o
cHcrema f —cosnx (n=1,2,...) 9aBageTcs NOJHON Ha MHO-
k14 k14

KecTBe Bcex (YHKUHA, KYCOUHO HempephiBHHX Ha cermente [0, m]
(mu coorBeTcTBeHHO Ha cermente [—g, 0]).
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Jameuanue 2. MOXHO NOKa3aTh, YTO B €BKJHAOBOM HPOCTPAHCT-
BE€ BCEX KYCOYHO HENPEPHIBHBIX (PYHKIHHE CPEIHM OPTOHOPMHPOBAHHBIX
CHCTEM, YKa3aHHHIX B § 1, cucTeMnl, 06pa3OBaHHRIE C HOMOIIBIO MOJIHA-~
HOoMOB Jlexannpa, mosmuromMoB YeOninesa u ¢pysxmait Xaapa, SBIsiOT-
cs 3aMKHYThRIMH, a cucteMa Pafemaxepa 3aMKHYTOR HE SBIICTCA.
3. CaencTBHsi 3aMKHYTOCTH TPHTOHOMETPHYECKON CHCTEMBbI
CaenctrBue 1. Jasa a060d Kycowno Henpepvi8HOU Ha CeeMeH-
1e [—n, +n] pynxyuu f(x) cnpasedauso paserncreo Illapce-
8aan

02 ® L
=+ Y@+ =— [Pid (8.38)
Re=l —n

(BEITEeKaeT H3 TeopeMH 8.3).

Cunencreue 2, Tpueonomerpuueckuil pad Dypve awboi Ky-
COURO HenpepbigHoll Ka ceemenTe [—n, n] Gynxyuu f(x) cxodurca K
9TOU PYHKYUL HQ YKABAHHOM CcezMenTe 8 cpedxem (BHTEKaeT H3
TeopeMbl 8.4 1 3aMedaHus 2 K Heii).

CaencrBue 3. Tpusonomerpuueckuti pad Pypve 110606 Kycou-
HO HenpepoisHoli Ha ceamente [—n, n] Pymxyuu f(x) MoxHO no-
YACHHO UHTE2PUPOBATs HA 3TOM CezMeHTe (BHITEKaeT H3 NpelnlAylie-
ro CJeACTBHSl H U3 TeopeMu 2.11).

CnencrBue 4. Ecau 08e KycouHO HenpepbulBHbie HA CezMeHTe
[—n, n] Pyuxyuu f(x) u g(x) umeror odunaxogvie TPUOHOMETPU-
yeckue padot Pypve, T0 31U PYHKYUL cO8nAOAIOT 8CIO0Y HA ITOM cee-
MexTe (BHITEKaeT H3 TeopeMH 8.6).

Cnencreue 5. Ecau tpuconomerpuueckuil pad dypve KycouHo
nenpepeisrod na ceemenTe [—m, n] Ppynkyuu f(x) cxodurca pasHo-
MEpPHO Ha HeKoTopom colepacauemcs 8 [—m, nt] ceemenre [a, b], TO
OH cxodurca na ceemente [a, b] umenno k pynryuu f(x).

HoxkaszateanbcrtBo. [Iyctb g(x) —Ta ¢yHKUMSA, K KOTODOH
CXOAHTCS DaBHOMepHO Ha [a, b] TpHroHoMerpmueckuii pan ODypwe
byuguun f(x). Ilokaxem, uto g(x)==f(x) BcloAy Ha cerMeHre [a,
b]. Tak kax u3 PaBHOMEpPHON CXOIAHMOCTH Ha cermente [a, b] BhiTe-
KaeT CXOLUMOCTh B CpeiHeM Ha 3TOM cerMente (cMm. m. 3 § 4 ra. 2),
TO TPHroHoMeTpHueckKuH pax Pypbe ¢yHkuuH f(x) cxomurcss K QyHK-
UHH g(x) Ha cermenre [a, b] B cpeaneM. T0 oO3Hayaer, UTO IS
npousBosibHOro &>0 Hafigercss HOMep 7, HayHHasg C KOTOPOTO n-f
YyacTHYHas CymMMa TPHIOHOMeTpuueckKoro psna ®ypee S,(x) yzmosue-
TBODPSET HEPaBEHCTBY

4 &
llg () —Sa (%)l = ‘/‘f [8(x)=S, (1)]dx < —-. (8.39)

C Apyro#i CTOPOHH, B CHJy CAEICTBHS 2 HOCJIEAOBATEIbHOCTb Sp(x)
CXONMTCA K f(x) B cpenHeM Ha BceM cerMedte [—mx, ®], a caenoBa-
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TeJBHO, H Ha cerMeHnTe [a, b], T. e. s QHKCHPOBAHHOTO HaMH MpO-
H3BOJIbHOrO >0 HalizeTcs HOMep Ny, HauHHAasi C KOTOPOro

b
us,,(x>—f(x)n=1/ (ISe—fP dx< = (8.40)

M3 (8.39) u (8.40) u H3 HepaBeHCTBA TPEYroJIbHHKA

g (x) — f(x) I<lg (%) — Sn (x) I +11Sn (x) — F(£) ]

BhITEKaeT, 410 ||g(x) —f(x)||<e. M3 sToro HepaBeHCTBA H M3 InpoO-
H3BOJBHOCTH £>0 caeayer, yto |g(x) — f(x)}||=0, a orciona Ha oc-
HOBaHHH NepBOro CBOHCTBa HOPMHI 3akKjaiodaeM, 4To g(x) —f(x) —
HYJIEBOM 3JI€MEeHT IPOCTPAHCTBA KYyCOYHO HENpepHBHHX Ha [a, b]
OyHKUuH#A, T. e. QYHKUHMS, TOXKAECTBEHHO DaBHAA HYJI0 Ha CerMeHTe
[a, b]. CeacrBue 5 pokasaHo.

3ameyanue 1. Koneuno, B caexctsud 5 cerMent [a, b] Mo-
JKeT coBlajaTb €O BCeM CerMeHToM [—m, m], T. €. H3 paBHOMEDHOMN
cxonumoctu psana Pypee Qynkuuu f(x) Ha BceM cerMeHtre [—a, m)
CJIeLyeT, YTO 3TOT PAA CXOLHTCS Ha YKa3aHHOM CErMeHTe HMEHHO K
bysxuun f(x).

3amevanue 2. CoBeplleHHO aHaJOTHYHHE CJedcTBHS Gy-
AYT cnpaBefJHBH H a5 psaza Dypere mo Jai06oit APyroHd 3aMKHY-
TOH OPTOHODMHDOBAHHOH CHCTEMEe B NpPOCTPaHCTBE KyCOYHO Hempe-
PHIBHBHIX Ha IPOM3BOJIBHOM cermente [a, b] ¢yukumi co ckaaap-
HeiM npousBesenueM (8.1) u Hopmo#t (8.6). [Ipumepamu takux cH-
CTeM MOTYT CJHYXKHTb YyKa3aHHboe B § | OpTOHOpMHpDOBaHHbLIE CH-
CTeMH, CBsI3aHHbIe ¢ MoJuHOMaMH Jlexanipa B UeGnimeBa, a Tak-
XKe cHcreMa Xaapa.

§ 4. NPOCTERUIHKE YCJHOBHSA PABHOMEPHOH
CXOAUMOCTH U NOUYJEHHOIO
JHSPEPEHUHPOBAHUS TPUTOHOMETPHYECKOIO
PANA ®YPBE

1. BBoauble 3sameuanusi. B maremarTuueckoli QH3HKe u B psAe
JPYTHX pasje/IoB MaTeMaTHKH CYLIECTBEHHYIO POJb Hrpaer Bompoc 00
YCIOBHSIX, NPH BLIMOAHEHMH KOTODBIX TPHTOHOMETDHUECKHA pAR
dypre ¢ynkuuu f(x) cxomurcs (K 3TOH (YHKUHMH) B [NaHHOH TOYKe
X cerMeHra [—m, x].

Eue B KOHIEe NPONIIOr0 BeKa OBIJIO H3BECTHO, YTO CYIIECTBYIOT
HenpepeiBHEIE Ha cerMeHTe [—x, m] (QYHKUHH, YAOBAETBOpAOILHE
ycaoBuio f(—n)==f(n), TpuroHoMerpHyeckHe paaH Pypbe KOTOPHX
PacXoisTCs B Hamepel 3afaHHOR Toyke cerMesra [—m, n] (HAH
Jaxe pacxoaTcd Ha OECKOHEYHOM MHOXKECTBE TOYEeK CerMeHra
[—=, m}, Bclogy mIOTHOM Ha 3ToM cermenTe) !0,

19 TlepBHfi npumMep TaKOH (pyifxuﬂn 6nn noctpoed ¢paHIYSCKHM MaTeMaTBKOM
Hwo Bya Pafimonom B 1876 1,
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TakuM o6pa3oM, ojHa HeNmpepHBHOCTh (QYHKUHH f(X) Ha CerMmes-
Te [—n, n] 6e3 AOMOJHHTENBHHX YC/IOBHA He ofecrneudBaeT HE TOJIb-
KO DaBHOMEDHYIO CXOAHMMOCTb TPHIOHOMeTpHYecKkoro psaxa Pypbe
9T0# QYHKIUMH, HO AaXKe CXOAMMOCTh 3TOrO psifa B Hamepel 3ajaHHOR
TOYKE YKA3aHHOIO CerMEeHTa.

B 3TOoM H B ciaeaywomeM naparpadax MH BHSCHHM, KakHe Tpebo-
BaHHA CJaefyeT N0GaBHTh K HENpepHBHOCTH (yHKuuu f(x) (Wau BBe-
CTH B3aMeH HeNpepEIBHOCTH f(x)) Ana obecneueHHs] CXOAMMOCTH TDH-
roHoMeTpHueckoro psana Pypwee sTof (yHKUHM B 3ajaHHOH TOUKe, a
TakkKe Ijs1 o6ecleueHHs PaBHOMEPHOH CXOXHUMOCTH 3TOro psila Ha
BCEM cerMeHTe [—m, ] HJH Ha KaKoH-A1u6o ero yacry.

IlpH u3ydeHHH CXOAMMOCTH TPHIOHOMETPHYECKOIOo psfga Pypne
BO3HHKaeT H JAPYrofl BONpPOC: AOJXKEH JH TPHrOHOMETPHUYECKHH pal
®ypbe a1060fi KYCOYHO HeNpepPHBHON (HJAH Jaxe CTPOTO HelpeprB-
HOH) Ha cermeHTe [—mx, ®] dyHxuuH f(x) cxomuTbcst XoTa GH B OX-
HOH TOYKe 3TOrO CerMeHTa?

[TosoxXHTeNbHHY OTBET Ha 3TOT BONPOC GBI NOJYYEH TONBKO B
1966 r.

STOT OTBeT SABJSETCS CJeJCTBHEM (YHAaMEHTAJIbHOH TeODeMH,
AokasanHo# B 1966 r. JI. KapaecoxHoM !)) u pemuBIIel 3HaMeHH-
tyio npobsemy H. H. Jlysuna'?, nocrasiersyio eute B 1914 r.:

. Tpueonomerpuseckuld psd Pypve arbod pyuxyuu f(x), daa Koro-
I

poti cywectTayer nonumaemsiii 8 cmoicae JebGeea unreepar jfz (x)dx,

. —%
cxodurca K 3TOU  QYHKYUU  nouTu  B8CIO0Y HA  Ce2MenTe
[—=, =} '3,

H3 teopemsr Kapiaecora BriTekaet, uTo psn Pypre He TOJNBKO
N000# KyCOUHO HenpepnBHOH, HO M a1060H HHTerpHpyeMofi Ha
cerMeHTe [—m, ] B cO6CTBEHHOM cMbicie Pumana ¢ynruuu f(x)
cxoauTcAd K 3Tofl (DYHKUHM NOYTH BCIOAY Ha cemeHTe [—m, =]

(Tak Kak /18 TaKOA (QYHKUHH CYILECTBYET HHTErpaJ sz (x)dx B

cMeicie PuMana, a ciefoBaTesbHO, H B CMbICJTE JIe6era)

3aMeTHM, YTO €CHH (YHKUHA f(x) HHTErpHpPyeMa Ha CerMeHTe
[—n, ] He B cMbicne PHMaHa, a TOJAbKO B cMuicie Jlebera, To
TPHroHoMeTpHuecKH# pax DPypbe 3TOR (QYHKUHH MOXKeET He CXO-

19 JI. KapnecoH — cOBpeMeHHHWI LIBexckHi MaTeMaTHK. [loJHOe H0Ka3aTenbeT-
BO TeopeMn KapiecoHa MOXHO HafiTH B COODHHKE NepeBOAHHX crarteli cepud «Ma-
temaTHkas (1. 11, Ne 4, 1967, c. 113—132).

1) Hyukona Hukonaesuy JIysuH — poccuiickuil MaTeMaTHK, OCHOBaTeslb COBpe-
MEHHOA MOCKOBCKOA MaTeMaTHyeCKOH IUIKOAHW no TeopHH ¢yHkuuf (1883—1950).
ITocranoBky npoGneMer Jlysusa, pemensoft KapiecoHoM, ¥ ApYrHx ero npogieMm
MoxHo HaiitH B KHHre H. H. Jlysuna «Huterpan n tpHroHoMerpuueckuii pag» (M.;
JI.: Tocrexuspat, 1951).

%) Onpenenende HHTErpana B cMHcje JleGera H CXOAMMOCTH NO4TH BCIOAY Ha

NaHHOM cermMeHTe Oyaer naso B kypce AHams-3,

20 -4314
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AUTBCS HH B ONHON TOYKe cerMeHTa [—m, n]. IlepBuifi npHMep HH-

TerpupyeMoil Ha cermentre [—xu, n] B cMucae Jlebera QyHKUHM

f(x) co BcloRy pacXoAsiIMMCs TPHTOHOMETPHUECKHM psnoM Pypne

6bl1 moCTpoeH . pocchiickuM  matemaTukom A. H. Kommoropo-

BrM 14 ‘

2, Npocrefimine ycaoBusi a6conoTHOR M PABHOMEPHOH CXOAHMOCTH
TPHUroHOMeTpHUecKoro psana Pypoe.

Onpenenenune 1. bydem ezosopure, uro gynkyus f(x) umeer
Ha ceemente ja, b] KYcouHO HeHpepLIBHYNW nRpPOUL3BOO-
K Yy 10, ecau npoussolnas f(x) cyujectsyer u HenpepoisHa 8cro0y Ha
ceemente [a, b], 3a uckaouenuem, 6biTo MOXNCET, KOHEYHO20 HUCAA
Touex, 8 Kaxool us xKoropulx (ynxyus f(x) umeer Koneunvie npagoe
u aesoe npedesvHble 3Haqenus 19,

Onpepenenune 2. bydem zosopurs, uro ¢hynxyua f(x) umeer
Ha cezmente [a, bl, Kycouno HenpepovieHyldo npou3sool-
KYyw nopadxa n=l, ecau ynxyua f—1(x) umeer Ha 3Tom cee-
MEHTe KYCOYHO HenpepulsHYyto npoussolnyro 8 cmoicie onpedesenus 1.

Teopema 8.9. Ecau ppynxyusa f(x) HenpepvisHa Ha cezMeHTe
[—mn, n], umeer nHa 3TOM cezmeHTe KYCOYHO HeNnpPepoLlBRYI0 NPOU3-
800ny0 u yoosaersopser ycaosuw f(—n)=f(n), T0 TpUsOHOMETDU-
yeckuld pad Pypee pynxyuu f(x) cxodurcs k 3rol pynkyuu pasuo-
MepHO Ha cezmenTe [—m, n]. Boaee 1020, psald, cocTasaexHbll u3 Mo-
Oyaeil waenos TpuzoHomerpuyeckoeo pada Pypve pynkyuu f(x), cxo-
OuTcsa pasroMepHo Ha ceemerTe [—m, m).

JdokasarteabcTBo. focraTouso AokasaTh, 4TO psA, COCTaB-
JICHHLIH M3 MOJyJeH WWIEHOB TDHrOHOMeTpHYeckoro psxa dypee
¢ysrumn f(x):

-I_E_'+E{lakcoskxl+ [b sinkx]}, (8.41)
k=1

CXOAMTCS PaBHOMEPHO Ha cerMeHTe [—m, m], Tak kak orcioga 6yzer
BLHITEKATh KaK DaBHOMepHast HAa cerMeHre [—m, ;] CXORMMOCTbL ca-
Moro TpuroHoMerpuyeckoro psaa Pypre yHKRuUMH f(x), TaK H cXO-
AHMOCThL 3TOTO pAfa (B cmay cuaefctBud 5 u3 m 3 § 3) uMmenno x
¢ysKuHHA f(x).

B cuay npusnaka Befiepmirpacca (cM. Teopemy 2.3) ana jpokasa-
TeJIbCTBA paBHOMEPDHOR Ha cerMeHTe [—it, ;] CXONMMOCTH pszxa

(8.41) mocTaTouHO [0KAa3aTh CXOAMMOCTb MaXKOPHPYIOIIETO ero YHC-
JIOBOTO psja

4 Tloctpoenue npumepa A. H. KoaMoroposa moxuO HailTH Ha c. 412—421
kuury H. K. Bapn «Tpuronomerpuueckue psian» (M.: ®usmarrus, 1961),

15 Ilpu stom ¢ynkuus f/(x) MomeT OKazaThcs He ONpeJeNeHHOR B KOHEYHOM
gMcsie TOYeK cerMedTta [a, b]. B 3THX TOUKaX MW JOONpEAENHM €€ NpPOHSBOJBEHM

06p330Mu)(HaanMep, TOJIOXXHM DaBHOM IHOJYCyMMe NpPaBOTO H JIGBOTO NpelebHHX
3HAYEHH}).
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Y {laul + 16,1). (8.42)
k=1

O60o3HaynM uepes an U Py TPUrOHOMETPHUECKHe KO3((PHUHEHTH
Pypve Gyukuuu f(x), AoonpeleqHB 3Ty (YHKUHIO MPOH3BOJILHBIM
06pa3oM B KOHEUHOM YHCJe TOYeK, B KOTODHX He CYUIeCTBYeT MpOH3-
BoAHas pyHkuuM f(x) 9.

[1poH3BOAA MHTErPHPOBAHHME IO YacTAM H YUYHTHIBad, YTO (QyHK-
uMsa f(x) HenmpepbiBHA Ha BceM cerMeHTe [—mx, n] M YIOBJIeTBOpSieT
cooTHOWEHUSAMH [(—m)=f(n), NMOJAY4UM CJAEAYIOUIHE COOTHOLIEHHS:

a n
o = jf’ (x) coskxdx = k— 5 f(x) sinkxdx = kby;
11 1
- —I
It

n
ﬁk=L 5f’ (x) sin kxdx = —k—;— yf(x)coskxdx—_——kak,
n
—7 —T

KOTOpLIe CBSI3BIBAIOT MEXAY co60H TPHroHOMETpHYecKHe Ko3¢hHuH-
et Pypoe ¢yukuuH [’ (x) B camoit ynkuun f(x) 1.
Takum o6pasomM,
| o [Bel

a =t

|ag| + 16, ] =~ 4 &
H AJsl J0Ka3aTeJbCTBa CXOAHMMOCTH psjaa (8.42) nocTaToyHo AOKa-
3aTh CXOAHMOCTb PsAa

o

)) {'i’”—+ —'—ﬁi} (8.43)

k k,
k‘l
Cxopumoctb psfa (8.43) BHTéKaeT U3 3JeMEHTApPHLIX HepaBeHCTB !®

= 1 o 1y,
k < 2 ( ’2: k3 ) ’

1Bl _1__ 2 _1__
& < 2 (ﬁk+ k“)

19 Hanpumep, MOXKHO NOJOXHTb (yHKUMIO ['(¥) B yKasaHHHX TOUKax paBHOR
NOJNYCYMMe 1IpAaBOro H JIEBOTO MpeaeSbHBX 3HAYeHHH.

" Tlpy MHTErpHPOBAHMH MO YacCTAM CleLyeT pa3GHT, cerMeHT [—m, m] Ha Ko-
HEYHOE YHCJI0O HE HMEIOIHX OO6LIHX BHYTPEHHHX TOYeK YACTHYHHX CErMEHTOB, Ha
KaXJ0M M3 KOTOpHX NpOH3BoAaHas [’(x) HenpephiBHa, M, Gepa ¢OpMyJy HHTErpH-
POBaHHS MO YACTAM AJsl KaXJOr0 H3 3THX YaCTHYHHX CErMEHTOB, YYecTb, UTO NpH
CYMMHDOBaHHH HHTETPajioB 1O BCEM YACTHUHHM CerMEHTaM BCe NOACTAHOBKH o6pa-
TATCH B HyJb (BCJEACTBHE HENpepHBHOCTH f(X) Ha BceM cerMeHTe [—m, =] B yc-
JoBRl f(—n) =f(n)).

18 Mul HCXOIMM H3 3JIEMEHTapHOro HepameHcTBa |al-|b|< (a%4b%)/2, BHTe-
KaloUlero H3 HEOTPHIATEJbHOCTH BeXHYHEN (|a]—|b]|)2

20"
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H H3 CXOAHMOCTH pPSAOB

i (2 +$2), i—;—— (8.45)

k=1 k=1

NepBhIl M3 KOTOPHIX CXOAMTCHA B CHAy paBeHcrBa [lapcemans nasi ky-
COYHO HeNpepeBHOH (yHKuuH f/(Xx), a BTOPOX —B CHJY HHTEPpajb-
Horo npu3Haka Komu—Maknopena (cm. 1. 4 § 2 ra. 1). Teopema zxo-
KasaHa.

3amMeuanune Ecan pyuruuio f(x), yAOBIETBOPAIOILYIO YCJO-
BHsIM TeopeMul 8.9, mepHoindeckd (C NEepHOAOM 2m) OPOAOJIKHTHL Ha
Bclo OecKOHeuHYI0 NpsAMylo, TO TeopeMa 8.9 Oyner yTBepxKAaTb CXO-
IHMOCTh TPHTOHOMeTpHueckoro psiia @ypbe K Tak POROJIKEHHOA
(GYHKIHH, PABHOMEPHYIO Ha 8cell becKone4HOl npAamol.

3. Mpocrefimne yc/noBHA HOYWIEHHOrO AHPdEpEeHUHPOBAHUSE TPHro-
HoMeTpHYecKoro psiga Pypbe. [Ipexie Bcero jgoxaxeM CJeIyIOIYIO
JeMMy O NOpsiiKe TPHIOHOMeTpHuecKHX Kosddunuentos Pypee.

Jlemma. Ilycre ¢pynxyus f(x) u sce ee npoussoOunsie 00 Hexo-
TOpO20 nopaAdka m (m-—yesoe HeOTPUUATEALHOE HUCAC) Henpepus-
HoL Ka ceemente [—mx, n] U y0OBAETBOPAIOT YCAOBURAM

f(—n)=f(x);
f' (—x)=F(a); (8.46)

ITycte, kpome TO20, hynkyus f(x) umeer nHa ceemenre [—m, n(; Ky-
CO¥HO Henpepuidryo npoussoldnyio nopadka m+1. Tozda cxoourcs
caedyrowuii pad:

Y A Ual + 16:0), (8.47)

k==l

8 KOoTOpOoMm Q) U b, — Tpuzonomerputeckue Kosppuyuentor Dypoe
pynxyuu f(x).

HorkaszarteabcTBo. O603HaunM uepe3 qap H Pr TPHrOHOMETPH-
uyeckue ko3dpduuuentn Pypre PyHKuEM Fm+D(x), moonpelesHB 3Ty
GYHKUHIO OPOM3BOJBHEIM 06pasoM B KOHEYHOM 4YHCJE TOYeK, B KOTO-
PHX He CYUIECTBYeT NPOH3BOAHON mopsagka m--1 ¢yekuum f(x). Hn-
TErPHPYS BHIDaXKeHHS Maf d H By m-+1 pas no 4acTAM H yYHTHBas
HENpepHIBHOCTh Ha BCeM cerMenre [—m, m] camoR GyHKuHM f(X) H
BCcex ee IPOM3BOAHHIX N0 NMODAAKA /M, a TaKMXKe HCNOJb3ys COOTHOLIe-
HHs (8.46), ycTaHOBHM CJeAYyIOHIYIO CBSI3b MeXAY TPHIOHOMETpHUes
ckuMH ko3douumentamu Pypre byskumm fmtD(x) m camoft QyHK-
uHH f(x) '9: :

19 TIpy WHTErpHPOBAHHH NO YacTAM cerMeHT [—m, n] caeayer paabrTh HA XO-
HeyHoe YHCJAO He HMEIOIIHX OOLIHX BHYTDEHHHX TOY€K YaCTHYHHX CerMeHTOB, H&
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[l + 1Be] =~ (lap! + [5e])s

Takum o6pa3soM,

k’n(lakl’f-lbk[):iikkl__*_ Iﬁ:' s

H cxonuMmocTh psna (8.47) BeITeKaeT H3 3JeM@HTAapHHX HEPaBEHCTB
(8.44) u m3 cxoaHMOCTH psfoB (8.45), mepBHA M3 KOTOPHIX CXOLHTCHA
B cuay paBeHctBa IlapceBans A5 KYCOUHO HeNpepEIBHOH (YHKUHH
fm+D (x), a BTOpol — B cuny npudnaka Komu—Makiopena. JlemMa
JoKa3aHa.

HemocpeacTpenHelM CAeACTBHEM JeMMH | sBisfercd cjeAyionias

Teopewma 8.10. ITycto ¢ynxyusa f(x) ydosaseTgopser Tem oKe
ycaosuam, uro u 8 semme 1, npusem m—=1. Toeda TpuzoHomerpuue-
cruti pad Dypve Gynxyuu f(x) moxmro m pas nousenno Ougpdpepen-
yuposarsy Ha ceemenre [—mn, n).

HdokasateabctBo. [Iycte §s— aw6oe u3 wyucen 1, 2,...,m.
B pesyawsrate s-xpaTHOro nouJeHsHoro AH¢pd¢epeHHHPOBaHHA TPHIOHO-
Merpuueckoro paaa Pypee pyukuuH f(x) nonyuaercs pan

iks {ak coS (kx —-%) + by sin (kx —-i;—)}. (8.48)

k==l

3aMeTHM, 4TO AJig BCeX X M3 CerMeHTa [—=n, n] Kak HCXOAHHR TpH-
roHoMeTpuueckult pax Pypee, Tak H pag (8.48) (c aOHM s==1,
2,...,m) MaXODHPYIOTCSl CXOASIIMMCS YHCJOBHM psajom (8.47). Ilo
npu3Haxy BefiepmiTpacca (cM. TeopeMy 2.3) KaK HCXOZHHHA TPHIOHO-
MeTpHYeCKHlt pax Pypre, TaK W KaxAuli u3 psagoB (8.48) (nmpm s==
=1, 2,...,m) cxoaAarca paBHOMEpPHO Ha cerMeHtTe [—m, x], a 310
(B cuny TeopeMn 2.9) ofecneuHBaeT BO3MOMXHOCTb mM-KPaTHOTO MO-

yjaeHHoro RugdepennupoBanuss ucxoaroro psana Pdypre. TeopeMa no-
KasaHa.

§ 6. BOJIEE TOYHBIE YCJIOBHA PABHOMEPHOH

CXO4HMOCTH H YCJIOBHA CXOAHMOCTH B JAHHORN
TOUYKE

1. Moayar HenpepniBHOCcTH $yHxkumu. Kaaccw Téabpepa. Brenem
TNOHATHS, XapaKTepH3yIOllHe IVMIaJKOCTh W3yuaeMux ¢yHKuufi, H onpe-
AeJHM KJaaccH GYHKUHHA, B TepMHHAX KoTopeix Oyayr cdopMmyanpo-
BaHBl YCJAOBHS CXOOHMOCTH TPHFOHOMeTpHueckoro psaaa dypse.

- Hycrs ¢ynkuus f(x) ompelgeneHa H HempepslBHa Ha CerMeHTe
[a, 0]. ‘

KakaoM H3 KOTOpHX f(m+1)(x) menmpepHBHA, H y4ecTb, YTO NPH CYMMHPOBAHHH HEH-
TErpajoOB IO BCEM UYACTHYHHM CErMEHTaM BCe NOACTAHOBKH JAlOT HYJb,
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Onpeneaenue 1. Qs kawdozo §>0 nazosem moOyasrem
HenpepboenocTu (ynkyuu f(x) na ceemenre [a, b] TOUHYIO
sepxnio0 epane modyan paswocru |f(x’) —[(x”)| Ha mHOMecTsE
acex x’ u x”, npunadaexcaujux ceementy [a, b] u ydosaergoparoujux
ycaosurw |x'— x”| <8.

Bynem o6o3nauats Moay/ab HempepuBHOCTH (yHKuuu f(x) Ha cer-
meHTe [a, b] cumBosioM o (6, f). Mitak, no onpexenenuio

0(®.N=_sip_ IF)—F (-

x’,x"€[a,b}

Henocpencrsenno us teopembl Kantopa (cM. Teopemy 4.16 wu. 1)
BHTEKAaeT, YTO Mm00yab Henpepsvl8HOCTU o (8, f) 410606 HenpepuierolE
Ha ceemenre [a, b] pyuxyuu f(x) crpemurca Kk nyawo npu 5—020,

Oanako Ans NDPOH3BOJBHOH TOJBKO HENPEPHIBHOH Ha cerMeHTe
[, n] ¢ynkuuu f(x) Heab3sA, BoOGIE TOBOPS, HHYErO0 CKa3aTh O
nopadke ee MOAYJA HENPEePHIBHOCTH o (8, f) OTHOCHTENLHO MaJsioro
6. Paccmorpum muddepenuupyeMble Ha cerMeHtre (QyHKIHH.

Yreepxaenune Ecau ¢ynxyusn f(x) Oupdepenyupyema na
ceemente [a, b] u ee npoussodnasn f'(x) ozpanudena Ha 3TOM cee-
MenTe, TO MOOyab HenpepbleHOCTU ynkyuu f(x) Ha yxasanHom cee-
menre o (8, f) umeer nopadox (6, f)=0(8) 2.

B camoM pjene, w3 TeopeMnu Jlarpan:xka??) BhITeKaeT, YTO AJS JIO-
O6nix Touek x’ M x” cermeHnta [a, b] HalizeTcs Touka §, 3aKJIOUEHHAS
Mexay x’ u x” u Takas, 4To

F)=F ) [ =1F @) |- =] (8.49y

Tak xax mpousBoguas f (x) orpaumuesa Ha cermente [a, b], To Haii-
JeTcs noctosHHas M>(0 Takas, YTO AJS BCEX X M3 3TOr0 CErMeHT#
| (x) | <M u, crepoBarensno, |f' ()| <<M. M3 nocaensero HepaseH-
ctBa H u3 (8.49) sakawouaeM, yto |f(x') — f(x”)|<<M8 nns Bcex x”
H x” n3 [a, b], ynosaeTBopsiouux ycaosuio |x’—x”|<8. Ho 310 1
o3nauaer, yto o (6, f)<<MS, 1. e. 0 (6, f) =0(9F).

Ilycts a — m060e BelecTBeHHOE YHCA0 H3 moaycerMenta 0<a<Cl.

Onpenenenune 2. Bydem eosopurs, uro yukyus f(x) npu-
nadaexcur Ha ceemenre [a, b] kaaccy F'éavdepa C® ¢ nokasa-
resem o (0<a<l), ecau modyav nenpepoisrocTu & (8, f) Pynxyuw
f(x) na ceemenre [a, b] umeer nopadox (6, f)=0(6%).

Ins o6oanauenus toro, uto GyHKUMA f(x) NPHHALNEKHT HA Cer-
MeHTe [a, b] Knaccy T'énbaepa C¢ o6byHO ynorpebasiloT CHMBOJH-
Ky: f(x)=C¢[a, b].

0 Hé6o ?n cuay teopeMH Kantopa) ans moGoro e>0 mafizerca 6>0 rtakoe,
uro |f(x)—f(x")|<e mas Bcex x’ m x” u3 cermenta [a, b], ynoBretBopsiomuX ye-
aosuio |x'—x”| <86,

21) Hanomuum, 4910 cHMBOJ a=0(8) 6mn Beeger B 7. I u o6o3nauaer cymecT-
BOBanHe noctosHHO# M Takoft, uro |a| <MS$.

22) Cwm. Teopemy 6.5 w. 1.
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Cpasy Xe OTMeTHM, YTO eciqu Ha cerMenTte [a, b] dyunxuus f(x)
nuddepennupyeMa u ee NPOU3BOAHAS OrpaHHyeHa, TO 3Ta QYHKIHA
3aBeOMO NMPHHAAJNEXKHT Ha 3TOM cermente kaaccy I'éapzepa C!' (310
YTBEPXKAEHHE HENOCPEACTBEHHO BLITEKaeT H3 JOKA3aHHOro BHIIIE CO-
otHouwenust o (8, f)=0(8)) 2.

3ameuanne. I[lycth f(x)=C%[a, b]. Tounyio BepxHIOI TPaHb
ApoGH V) —F()

%" —x"|a
cerMenty [a, b] U We paBHBIX ApYT ApPYry, Ha3elBalOT KOHCTAHTOM
Féabnepa (uau xosdpduuuentom I'énbpepa) DyHKUHH
f(x) (una cermenre [a, b]). Cymmy KoHcTaHTH [é€abaepa OQyHKIHH
f(x) ua cermente [@, b] u Tounok BepxHe#t rpamum |f(x)| Ha sTOM
CerMeHTe HasblBaIOT FéabAepOBOH HODPMOHA PYHKUHH [f(X)
Ha cermenre [a, b] 1 0603HaYaOT CHMBOJIOM ”f”caga.by-

IIpuwmep. Oyuxunsa f(x)=Yyx npuHagnexur ua cermenre [0, 1]
Kiaaccy C1/2, tak gak nas awbux x’ u x” us [0, 1], cBg3anHBIX yCJI0-
BUeM x'>x", cupaBeAHBO PaBEHCTBO

Ha MHOXKecTBe Bcex x’ M x”, npuHaAJexalmux

’ " 7 7 fx’——x"
r —— Pr] x __xl ————————— s e et
lf( ) f(‘f)| V )/x_'+‘|/-1—c7"

{npu a1OoM KoHcTaHta [énpaepa, sBJAAOWAACSd TOYHOH BepxHeH

]

rpanbio Ha [0, 1] apo6n paBHa eAMHHUe, a rénbAepoBa

‘HOpMa paBHa AByM).

2. Bripaxenune fJj YacTHYROH CYMMbl TPHrOHOMETPHYECKOro psja
‘®Pypbe. Ilycth f(x) — npousBonbHas (YHKIHA, onpefesNeHHas M Ky-
'COYHO HelpephiBHAS Ha cerMeHTe [—m, m].

Mpb 6yseM Ha3blBaTh NEePHOJHYECKHM HPOAOJNKEHHEM
3TOH (YHKUHH Ha BCIO IPAMYIO TaKyl OlIpelefeHHYH Ha Bcedl mps-
Mo#i PyHKUMIO f(x) 2*), KOTOpas YAOBJETBOpSET TpeM TpeGOBaHHAM:

1) coBmazaer ¢ nepBOHayaJbHO 3ajaHHOH ¢yHKUHEA HA HHTEpBa-
Je —n<lx<n,

2) uMeeT Ha KOHIAX cerMeHTa [—im, t] 3HAUeHHS

flay=F (= m)=—[F(— n+0) + F(n—0)],

3) YZIOBJIETBODSET YCJIOBHIO NMEPHUOJHYHOCTH C NEpPHOAOM 2m, T. €.
YAOBJIETBOPsieT s J060ro x cooTHolleHHIo f(x+2m)=f(x).

JlemMMma. Ecau yaxyun F(x) sasaserca nepuoduueckum npo-
Joadcenuem Ha 8CI0 4UCA0B8YIO npamyo pynkyuu F(x), nepeonauars-
HO onpedenenHoll u KYCO4HO HenpepulsHoll Ha ceemexTe [—m, ], TO

23) Knace I'énppepa C!, orBevaomuit 3HAYEHHI0 o=, YacTO HA3HBAOT KJaac-
coM Jlunmwua.

) QOcraBasem ans 37oit QyHKUHH 0603HAueHHe HCXOAHOA ¢yHrumH f(x).
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8ce unTezpaasv. 0T 3T0U PYHKYUU no aw6omy OTpesky OAunsl 2m pas-
HbL Opye Opyzy, T. e. 0aa 406020 x cnpasedauso pageHcTso

fF(t) dt = Tz F(t)dt. (8.50)

—;!+x

HdokaszateanbctBo. B CHJY CBOHCTBA aANUTHBHOCTH HHTerpa-
Jla uMeeM
n+-x —R ntx

j F(t)dt= j F(t)dt+5F(t)dt+S F(t)dt. (8.51)

—n+-x —74-x —T Fad

Hcnonbsya ycaosne nepuoauusoctd F(y — 2n)=F(y), ¢ nomousio
3aMeHH y=={+ 2n MONyUHM

— E ] +-x
F(t)dt = j‘ F(y—2m) dy = '( F(y)dy= — g F(y)dy. (8.52)
—T+x n+x n+x n

W3 (8.51) u (8.52) mmitexaer cootnouenue (8.50). Jlemma noxasana.
[lycts Temepb ¢GyHKuus f(x) sBAsSeTCA NEPHOAHYECKHM INPOAOJI-
JKeHHeM Ha BCI IpAMylo yHKuuH f(x), mepBOHaYaJbHO ONpeleJieH-
HOH M KyCOYHO HeNpPepHBHOH Ha cerMenTte [—m, m].
Briunciaum ans 3ToH QyHKUHH B JIOGOH TOUKe X TaCTHUHYIO CyM-
My ee TpUroHOMeTpHueckoro psana ®@ypee S,(x, f), uMelomyio Bux

n
S.(x, b —% + 2 (ay cos kx + by sin kx).

k=l

Hcnoabsys Bupaxenus mIa xoshduunentos Pypoe

F14 n n
1 ' 1 .
—i— j' (v) ay, Gp="— f f (y) coskydy, bk=7 5 f¢y) sin kydy
—n ~5 —n

(k=1,2,...)

¥ CBOMCTBO JIMHeHHOCTH MHTErpaia, BhlpaxeHue Js Sy (¥, f) MOXHO
nepenucaTh B CHELYIOUIEM BHAE:

Sn (%, f)=— f f(y) {——{-Z(coskycoskx—i—smkysmkx)]

k=1

= Snf(y) [—;+§:cosk(y—x)] dy.

k=1
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CxenaeM B NMOCTeAHEM HHTErpaje 3aMeHy nepeMeHHOH y={(+ x:

Sa(x, ) =% K‘_xf(x—i— f) [% +icoskt] dt.
—T-X k=l

Haxkonen, ucmosnbsysi JemMmy | U 3ameyast, 4yTO NOABIHTErpafbHas
GyHKUUSA B [OCJAEIHEM HHTerpaje sBJAseTcs NepHOJHYECKOH ¢(YHK-
1Hel apryMeHTa { ¢ NepHOAOM 27, HOJydHM

S, (x, f)=~;‘l— fnf(x+t) [—;—+ icoskt]dt. (8.53)

~Tt L2

Boiuncnium cymmy, croamyio B (8.53) B kBajgpaTHnix ckobGkax. Has:
3TOr0 3aMETHM, YTO s Joboro HoMepa £ u Jio6oro 3HadeHus !
CIpaBeJJIHBO PaBEHCTBO

.t o 1y, . 1y
251n7cmkt=sxn (\k + ?) f—sin (k—— — |t

« /

ITpocymMHEpyeM 3TO PaBEeHCTBO 1O BCEM HOMeEpaM k, paBHBIM 1, 2, ..., nn

.t
1sm——— Lcoskt—-sm (n 4 ) t—-sm—2—.
kel
O1crona

n
. ¢ 1 1 . 1
2sin— [ — zcoskt =sin{n 4+ —\¢
;[ X cosk] 5
Rwml
H, CNeL40BaTENbHO,

[ +2coskt] Sln(n+_) — 2/ (8.54)

t
k==l 2 sin —

2

IMoacrasnsas (8.54) B (8.53), oxoHuATENbHO MOJYYHM CJELYIOI[Ee BhI--
g)ame}me A1 n-H YacTHYHOM CYMMH  TPHFOHOMETPHYECKOTO pAaa-
ypbe:

Salx, H=—- f Fx+1) (Hz) d, (8.55)

2mn§

CIpapeAsnBoe B JI06OH TOUKe X YHC/JI0BOHA NMPAMOH.
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3ameuanue. M3 ¢popmyas (8.55) m u3 TOro, YTO BCE YaACTHY-
Hble cyMMHl S, (x, 1) ¢yHKuun f(x)==1 paBHH exuHuue?®), BHTeKaeT
caeyloliee paBeHCTBO:

) Tsin (n—i— %) t
d=tf—1ra (8.56)
1 9si t
—7 sin P
3. Bcomorare/ibHble NMPeAJioKeHus.
JleMmma. ITycto f(x) Kycouno nenpepvisHa na ceemenTe [—n, n)
u nepuoduuecku ¢ nepuodom 2m npododeHa HA B8CHO OECKOHEUHYIO
npamyro. ToeGa Orn awboeo e>0 Hatderca §(e) >0 raxkoe, uro npu
scex u, ydosaersoparowux ycaosuro |u|<6, cnpasediuso Hepasen-
LT8O

[irwro—rora<e.

HoxazateabcTBo. ®urcupyem mnpoussoabHoe e¢>0. Coraac-
HO TeopeMe 8.8 (0 3aMKHYTOCTH TPHTOHOMETPHUYECKOH CHCTEMHl) AJd
$yHkuun f(x) Halaercss TPUTOHOMeTpHYeCKMH MHorouseH 7T (x) Ta-
KOH, uTO

IIF (x)—T (o))} = j [F()—T (P dt < —=

—It

‘/—.

¥ NOTOMY Ha OCHOBaHHHM HepaBeHctBa Koimrn—ByHsikosckoro 29

—7

jli(t) T(t)ldt<V [f(t)~ t>1=dtjdt<——. (8.57)

M3 nepaBeHcTBa (8.57), u3 aemMul 0. 2 ¥ u3 Toro, uto f(f) u T(f)
ABJAAIOTCH NEPHOLHYECKHMH OQYHKUHAMH NepuHoaa 2m, 3aKjaiouaeM,
4TO AJs JIO60TOo uucna u

k11

[1Ft+0—T @+ st <2, (8.58)

—N

[Tocko/ibKy MOAY/Ib CyMME TpexX BeJHUMH He NPEBOCXOAHT CyMMYy Mo-
Ayneldl 3THX BeJHYHH, TO JJIA J060ro YWcJaa u CHpaBelJiHBO HepaBeH-
CTBO

25) Tak kak BenHyuHa (8.55) mias ¢yukuum f(x) =1 paBHa cymme S (x, 1),
B KOTOpO#t @g=2, @r=br=0 npu k=1, 2, ...
26) Cwm. nepasenctso (8.7) npu a=-—n, b=m.
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firern—rona< [ 1re+o—Terwias

+ §"|T(t+u)-—T(t); dt + fnlr(t)—f(m dt. (8.59)

Tenepnr ocraercsi 3aMeTHTb, YTO B CHJY HENPEPHIBHOCTH TPHIOHO-
MeTpHYecKOro MHOrousneHa M TeopeMsl KaHTopa (cM. Teopemy 4.16
4. 1) aas ¢ukcupoBanHoro Hamu e>0 Hafperca 6§ >0 Takoe, 4TO mpu
|#] <8 u npu Bcex ¢ U3 [—n, ]

T (t+u)—T(t) [ <e/ (6m),

U 1I0TOMY
n

j | T (t +u)—T(t)] dt < &/3. (8.60)

-~

Conocrapasis HepaBenctso (8.59) ¢ repaBenctBamu (8.57), (8.58) nu
(8.60), noayuum

.TI
5 [F(t+u)—f(t)] dt < e (8.61)
—JL
U1 Beex u, AJsi KoTophix |u]<C8. JleMMa pokasana.

HsBneueM Tenepp M3 3TOH JIEMMH DS BaxKHBIX AJs JajbHeHIlero
CJAeACTBHH.

Cnencrsue 1. Ecau ¢ynxyus f(t) Kycouno Henpepsisna Ha
ceemenre [—m, n} u nepuoduuecxu (c nepuodom 2n) npodossena Ha
8C10 GeCKOHEYRYI0 NPAMYIO, @ X — A100a8 (PUKCUPOBAHHAR TOYKA cee-
menra [—mn, n], T0 048 aroboeo >0 naiiderca §>0 rakoe, 4ro

f f(x+t+u)—Ff(x+1)| dt<e (8.62):

npu |u|<6.
HJoxkasateanbrcTBo. CaenaeM B HHTerpalie, CTOSIIEM B Je-
Bo#t yactH (8.62), 3aMeHy nepeMeHHOH T=x+{:

F T+x
[ Mfxtt+u)—fx+nldt = { |Fc+u)—f(0)] du
—n —7i4-x
B cuay pasenctBa (8.50)

a+x F14
If+w)—f @) dv= [ |} (v+w)—F ()] dr.

—nt-x

CanenoBaresnbHo, HepaBeHCTBO (8.62) sBasercs caeactsuem (8.61).
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Cnenmcreue 2. Ecau xawdas us ¢pynxyuid f(t) u g(t) xycosno
HenpepuiBHa Ha cezmenTe [—mn, n} u nepuoduuecku (¢ nepuodom
2r) npodoasxcena Ha 8CHO NPAMYIO, TO QYHKLUA

I()= [ f(x+t)g(t)dt

ABAAETCA HenpepuieHOl GyrKkyuel x Ha ceemenre [—n, n}.
HJokaszareasctrBo. Ilycrs x—uio6as Touka cerMesHra [-—m,
n]. Torna

I{x+u)y~—~1(x)= f[f(x+t+u)-——f(x+t)]g(t) dt,

¥ NIOCKOJBKY KYyCOYHO HeNpephHBHas Ha cerMeHTe [—mn, n] ¢GyHRuuA
g(!) yZoBIETBOpSeT HA 3TOM CErMEHTe YCJOBHIO OrpaHHYE€HHOCTH
1g(®) |<M, o

[ (x+u)—I(x)] <M f [flx+t+u)—f(x+1)] dt,

¥ notoMy B cuiy (8.62) aas smo6oro >0
[I(x+u) —I(x)| <e npu |u|<6(e).

HenpepniBHOCTD /(x) B TOUKe X JOKa3aHa.

Cunencreue 3. Ecau kamdan us ¢pyuxyuld f(t) u g(t) xycouno
HenpepvisHa Ha ceemente [—n, m] u nepuoduuecku (¢ nepuodom
2n) npoloaxceHa Ha B8CI0 NPAMYIO, TO TPUBOHOMETDUHXECKUE KOo3pu-
yuenursr Pypve pynkyuu F(x, t)y=f(x+1t)g(t) npu passoxenuu ee
no nepemennod t

n
a, (x)=—nl— g F(x+t) g (t) cos ntdt, (8.63)

*
11

by (%) =':T f F(x+1) g (¢)sinntdt (8.64)

fIPU N—>00 CXOOATCA K HYAD PABHOMEDHO OTHOCUTEAbHO X HA CeeMeH-
re [—n, n] (a caedosareavro, u Ha 8cel npamou).

HokasateanbctBo. Haa mobok GUKCHDOBAHHOA TOYKH X cer-
meHra [—n, n] Gynkuua F(x, {)=f(x+t)g(f) dABasieTcs KyCOYHO
HENPEepPHIBHON (yHKuUHEH apryMeHTa ! Ha cerMeHTe [—m, mt], mo3TOMY
Ias Hee cnpaBefJHBO pasBeHcTBO ITapcesans 27

27) Cm, caeacrsue 1 o, 3 § 3.
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“0"" +L[ F+ ] = j Ple+fgr(ydt.  (8.65)
k=l

H3 paseHcrBa (8.65) BhITeKaeT CXOAHMOCTb psifa, CTOSALIEr0 B JIeBOH

€ro yacTH, B Kaxnof ¢(uKcupoBaHHOH Touke x cermMedTa [—m, x].

Tak kax ykasaHnHHH D5l COCTOMT M3 HEOTDUYATEAbHbLX UNEHOB, TO B

cuy TeopeMbl JuHH?®) nna nokasaTenbcTBa paBHOMepPHOA Ha cer-

MeHTe [—m, n] CXOAMMOCTH YKa3aHHOrO psiia JOCTaTOYHO JOKa3aTb,

YTO Kak ¢YHKUMH  a.(x) M by(x), Tak u cymma psaga (8.65)
T

L j 12 (x +1t)g*(t)dt — mHenpepniBHBI® YHKUMM X Ha cer-

—a
MerTe [—m, m], @ 3TO cpasdy BHTeKaeT M3 HPeABbIAYILIEro CJIeACTBHS
(ZocTaTOYHO yuecTh, UTO KBajpaT KyCcOYHO HeNpepuiBHOH (YHKUHH
SBJIieTCA KYCOYHO HenpephBHOH (pyHKuMed W 4TO cosnf M sinni npH
KaxJA0M (HKCHPOBAHHOM HOMepe n SIBJIAIOTCST HENpephHIBHHIMU (YHK-
HHAMH).

Crnencrsue 4. Ecau xawmdas uz gynxyuil f(t) u g(t) xycouno
HenpepuisHa Ha ceamenTe [—m, n] u nepuoBuuecku ¢ nepuodom 2mn
NPOCOANCEHA HA BCIO NPAMYIO, TO ROCALO0BATEALHOCT

Ca(n)= TIF ff(x-f-t)g(t)sin [(n + -%-) t] dt (8.66)
%

LXOO0UTCA K HYAHD DABHOMEDHO OTHOCUTEAbHO X HA Ce2MerTe [—m, m)
{a caedosaresvro, u Ha 8celi nPAMOLL).
JdokasateabcTBo, JlOCTATOYHO YUecTh, UTO

, 1 .t . ¢
sin [(n + —2—) tJ = cos nt sin -2—+smntcosT

4 NPHMEHHTh Npeinayulee cJaeacTBue, Geps B (8.63) Bmecto g(?)
¢yukumuio g (¢) sin —;— , a B (8.64) BmecTO g(#) dpyHukuuio g () cos —%—

4. Tlpunuun JdoKaau3auuu. B 3ToM nyHkTe MH JOKameM, YyTo BO-
IpOC O TOM, CXOAHTCA RJH DACXOLHTCS TPHrOHOMETDPHUYECKHHA D5l
Pypbe KyCOYHO HempephHIBHON Ha cerMeHTe [—gm, ] H mepHOAHYECKOH
{c nepuonom 2n) ¢yHKuuH f(x) B AaHHOH TOUKe X, pemaeTcs JHIb
Ha OCHOBAHHH NOBeJEeHHS (QYHKUUH f(X) B KaK yrojJHO Manoi OKpecT-
HOCTH TOYKH x. DTO 3aMeuaTeJbHOe CBOHCTBO TPHTOHOMETPHUYECKOTO
pana @Dypbe NPUHATO Ha3HBAaTh HPHHUMIOM JOKAJH3aIlHH

HauneMm ¢ nokasaTenbcTBa BaXKHOM JIeMMBI,

JJemma (nemma Pumana). Ecau ppyuxyun [(x) kycouno Henpe-
puisra na ceemenre [—n, n] u nepuoduuecku (¢ nepuodom 2n) npo-

28) Cm. Teopemy 2.4 (OpMyJMPOBKY B TEDMHHAX DHAOB).
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doadcena HA 8CIO NPAMYIO U ECAU 3TA (yHKYus o6pauwiaerca & Hyiv
Ha HekoTopom ceemente [a, b] P, To daa awbozo noAOKUTEALHOZO

uucaa 6, mensuezo

, Tpuconomerpuyseckuii pad Dypoe Pyuk-

yuu f(x) paswomepro na ceemenre [a+86, b—4O8] cxodurca K Hyxwo.
Hoxazateanctso. Ilycts 6 — Npou3BO/IbHOE MNOJOXKHTENbHOE

YHCJM0, MeHbllee

YacruuHas CyMMa TpPHTrOHOMETPHUYECKOTO

psana Pypoe dyHKuHH f(x) B NPOH3BOJBHOM TOYKE X YHCJOBOH Ips-
Mol onpejensiercs: paBedcTBoM (8.55). [Tonaras

mpu 8 < || < m;

2sin—
2

g(t)y= (8.67)

——1[— mpu {t| =§;

4 sin —
2

{ 0 npu |t} <8

H yYHTHIBasi, uTo f(x-+{) paBHsieTCA HYJIO NPH YCJOBHH, YTO X MNpH-
HaJJexHuT cermenty [a+8, b—~8], a { npuuaaIexRuT cerMenry |i|<
<63, mMoxHO chaeayiomuM o6pa3oM nepenHcaTh paBeHcTBO (8.55)
AJS KaXJIOH TOUKH X CerMeHTa [a+d, b—46]:

n

S, (x, f)=71 3 f(x+t)g(t)sin[(n+ —;—)t] dt.

Ocraercss MpUHATL BO BHHMAaHHe, 4YTO [10CJ€40BAaTENbHOCThb, CTOSIIAS
B MpaBOH YacTH [OCJAEJHET0 pPaBeHCTBA, B CHUJAY caeiAcTBHA 4 m. 3
CXOIHMTCH K HYJIO DaBHOMEDPHO OTHOCHTENBHO X Ha BCeH YHCNOBOM
npsaMoi. JleMMa gokasaHa.

HenocpeacTBeHHBIMH CEACTBHAMH AOKa3aHHOH JIEMMEl SIBJSIIOTCS
cleayiolne 18e TeOPeMH.

Teopema 8.11. ITycre pynxyua f(x) KYcowHO HenpepvisHa HE
ceemenre [—mn, n] u nepuoduuecku (c nepuodom 2m) npoBoaiena
Ha eCo npamyro, u nycre [a, b] — nexkoropeud ceemenr. [an TO20
4T06bL TpueoHomerpuueckuil pad Pypve pynkyuu f(x) npu aobor
nosoxcureastom 8§, menouwem (b—a)/2, cxoduaca (x arod Qynryuu)

% Cerment [a4, b] sBaseTcs COBepUIEHHO NDOU3BOJBHLIM CEIMEHTOM JJIHHHI,
MeHbled 27. B WacTHOCTH, 3TOT CETMEHT MOXET He COREpXAaThesl UEIHKOM B
[—=, n].

30) B cuny toro, uro ¢ynkuua f(x) paBHa Hymo Ha BceM cerMenre [a, b].
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pasromepHo Ha ceemente [a+6, b— 8], docrarouno, 4Tobel cywject-
808a1G KYCOUHO HENnpepwienas Ha ceemente |—m, m] u nepuoduue-
cxkan (¢ nepuodom 2m) pynkyua g(x), obaadarowjas pAsHOMEPHO
cxo0auumen na ceemente [a, b] TpueonHomerpudeckum padom Pypve
u cognadarouian Ha ceemenrte [a, b] ¢ dynxyueti f(x).

HokasatenbcTBo. [Ilpumenssa JgemMmy PumaHa K pasHOCTH
[f (x)—g (x)], nonyunm, uto TpuroHoMeTpHueckufi psAa Pypbe pazHOCTH
[f(x) —g(x)] npu mo6om § u3 wuuTepBana 0<6<(b—a)/2 cxo-
JHUTCS K HYJIO paBHOMepHO Ha cermenre [a+6, b—38), a oTciona u
H3 paBHOMEPHOH Ha cermeHTe [g, b] CXOHMOCTH TPHIOHOMETpHYE-
ckoro psiia dypbe ¢PyHKIHH g(x) BBITeKaeT PaBHOMepHAasi Ha CerMeH-
Te [a+6, b— 8] cXogEMOCTh TpPHrOHOMeTpHUeCKOro psaaa Pypee
¢ynxuun f(x). Tor ¢daxT, yTo nocaelHH#A pAA CXOLHTCA Ha CErMeHTe
[a+8, b— 8] umenno k pynkyuu f(x), HENOCPEACTBEHHO BHITEKaeT
Hu3 caencteus 5 1. 3 § 3. Teopema nokasaga.

Teopema 8.12. ITycre pynxyun f(x) KYycouno Henpepslsra HA
cezmente [—n, m] u nepuoduuecku (c nepuodom 2m) npodorxceHa
HQ 8CIO APAMYIO, U NYCTb Xy— HEeKoropas To4ka npamod. [is Toeo
4T0ObL TpueoHomerpuueckuil pad Pypoe pynxyuu f(x) cxodusca 8
TO%Ke X9, JOCTATOYHO, 4TO6bL CYULECTBOBAAR KYCOYHO HENPEpPbLLBHAS
Ha ceemente [—m, n] u nepuoduyeckas (¢ nepuodom 2n) Gynryus
g(x), ocbradarowan cxO0AWUMCA 8 TOYKE Xy TPULOHOMETPUHYECKUM
padom DPypve u cosnadarowan ¢ f(x) 8 Kax yeodno masoil §-oxpect-
HOCTU TOHKU Xo.

JoxaszarteascTBO. JloCTaTOYHO NPHMEHUTb JeMMy Pumana X
pasHoctH [f(x)—g(x)] mo cermenty [xo—8/2, xo+68/2] u yuects uTO H3
CXOJHMOCTH B TOUKe X, TPHFOHOMETPHYECKHX psiaoB ¢yHrRuuil [f(x) —
—g(x)] u g(x) BHITeKaeT CXOAHUMOCTh B 3TOH TOYKE M TPHIOHOMET-
puyeckoro pana Pypoe Ppyukuuu f(x). Teopema nokaszaua.

Teopema 8.12 He ycTaHaBAHBaeT KOHKPETHOFO BHAAa VCJIOBHH,
ofecneyuBaloUMX CXOAHMOCTb TPHUIOHOMeTpHueckoro psiza Dypbe
¢ysruuH f(x) B Touke xo. OHa JHIIb AOKAa3bIBaeT, UTO 3TH YCJOBHS
OIpeNesIIOTCA TONBKO NMOBeAeHHEM f(x) B KaK YrogHO MaJjoil OKpecT-
HOCTH TOYKH X (T. €. HMEIOT 20KAAbHOLE XapaKTep).

5. PaBHoMepHas CXOZHMOCTb TPHIOHOMETpHYecKoro psaa Pypse
ans HyHKUMM M3 Kiaacca I'éaenepa. B stom u B caenymomem nyHKTe
MBI YTOYHHM YCJOBHHA, obecrneyHBalolie DPaBHOMEPHYI CXOAHMOCTb H
CXOJHMOCTb B L2HHOH TOYKe Xy TPHIOHOMETPHYEeCcKOoro psiza Pypse.

Teopema 8.13. Ecau ¢pynryus f(x) npunadaemur na ceemente
[—=n, n] Kaaccy I'éavdepa C® ¢ kakum y200HO NOAOHUTEALHBIM NO-
xasaresem o (0<a<<l) u ecau, kpome toeo, f(—n)=f(n), 10 TPU-
eonomerpudeckull pad dypve ynxyuu f(x) cxodurca (k atoii pynx-
Yuu) PaBHOMEDHO Ha cezmenTe [—, 7).

HoxasartenbcTBo. Kak 0GHuHO, 6yneM CuHTaTh, 4TO (YHK-
uns f(x) nepHoaHMueckH (c MEpPHORZOM 2m) NMpPOAOAMNKEHAa Ha BCIO YHC-
JIOBYI0 mpsiMyl0. ¥Ycaosue f(-—n)=f(n) oGecneunBaeT npPHHAKIEHK-
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HOCTh TaK NPOJOJNXKEHHON (yHKuMH kaaccy I['énpzepa C©® Ha Bceht
YHCJOBOH NpAMOiL.

IMycts x — a06as Touka cermedta [—m, nt]. YMHOXKas obe 4acTH
paBenctBa (8.56) Ha f(x) W BHIUHTa# NOJyYEeHHOE NPH ITOM DpaBeH-
crBo H3 (8.55), nosyunm paBeHCTBO

1
sin (n-}— 2

r t
Sn(x, f)——f(x)=% 5 [f(x+—F(x)] ) dt. (8.68)

2sin—
si 7

M3 ycnosust mpunamjaexHOCTH f(x) knaccy I[énpnepa C® BhiTe-
KaeT CyllecTBOBaHHe NOCTOAHHOH M Tako#, uto

[F(xtt)—f(x) | <M][2]* (8.69)

BO BCSKOM cjydyae IJ/s BCeX X M Bcex ¢ H3 cerMeHra [—m, z].
®ukcupyeM npousBosbHoe e>0 u no Hemy 8>0, ynoBieTBopsio-
Liee HepaBeHCTBY

Mo, (8.70)
o 3

Pa36uBast cerment [—m, n] Ha cymMmy orpeska |f| <8 u MuOXKect-
Ba 0<C|t|<Cnm, npunanum paBercTBy (8.68) caexnyiouasi BHA:

sin(n—l—%) t
t

Su (6, N—F () == ‘f [F G+ 0)—F (0] dt +
1H<d 2sin-—2— (8.71)
1 sin (n-}-—é—‘)t sin (n+-—;—>t
+— | f+1) 2 g — L = dt.
s<lti<n 2sin ry b st 2sin Y

Ins oueHku nepsoro HHTerpaja B npasofi yacth (8.71) Bocrnonassy-
eMcsi HepareHcTBoM (8.69) M yuTeM, uTO
1 k4
] ST
2

2

Ans Bcex ¢ u3 cermenra [—mx, m] 3. TakuMm o6pasoM, aas aw6oro

31) YkazaHHOE HEPABEHCTBO CPa3y BhTEKaeT U3 TOro, 410 QymKHHA (sin x)/xlnpn
sinx

naMenenud x or 0 20 n/2 y6usaer or 1 g0 2/n. Qaxr y6uBanks GYHKIHH

sinx \’ cos X

B CBOI0 Ouepelb BHTEK3aeT U3 TOrO, 4TO ( i (x—tgx) L0 mcioay

x
apH 0<x<n/2, Tak xaKk x<tgx npu 0<x<n/2 (cM. ra. 4 u. 1).
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#oMepa n H JI06Oro x U3 cerMenTa [—i, i) MOJYUHM

. L
| lf(x+t)—f(x)]sm(n+ al )<
o 251n—;—-
. L
< 5 | (e +t)—F (%) ( +,2M dt <
s 2 sin—z—l
< Ar;n ,tla-—-ldt_—_Mnfta_ldt=—A-§‘—6a.

[iE 0 .

Ortcofa Ha ocHoBanuu (8.70) nns smo6oro HoMepa n H JIO60T0 X H3
cermMerra [—n, s] 6yneM HMETh OLEHKY

L
Ea) [F e+ —F ()]~ (‘12)’ al<t. ®)
LA 2sin 5

Bropo#t u3 HHTerpajoB B npaBo# uacTH (8.71) c NOMOINBIO KYCOYHO
HempepeBHOH Ha cerMente [—mn, n] dyukumun (8.67) 3amucuiBaercs

B BHJE
{ sin (n -+ %) ¢
sl 2sin -
X

____"‘_ S Fx+t)g(t)sin [(n +—;_) t]rdt.

A

B cuny cnencrsust 4 n. 3 mpaBast yacTh [OCJeJHEr0 paBeHCTBA MPH

#—»00 CXOAHTCA K HYJIO DaBHOMEPHO OTHOCHTENLHO X HAa CerMeHTe
[—n, n). INostoMy aaa ¢uKcHpoBanHOrO Hamy g>( HalizeTcs HOMep

N, takoii, uto

1 sin (n 4 %) ¢ .
[.;_ 1x+ by ———— di ] <= (8.73)
s<<ifi<n 2sin7

aada Beex n>N, ¥ Bcex x H3 cerMmenra [—mn, m}.

21-4314
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J1st oueHKH NOCJAELHErc HHTErpasna B npaBou gacta (8.71) 3zame-
THM, 4TO C IIOMOWIbI0 KyCOYHO HenpepuiBHO# ¢yHxruuu (8.67) srtor
HHTerpaJ 3alHCHBaeTcs B BHJeE

in (na L
il—n(—n_*_f——)-ia't =—f§t’ifg(t)sin[(n + %) t] dt.
-1

s<ff<n  2sin Y

f(x)

L

Huterpan, crosiuii B mpaBof YaCTH NOC/JEeNHEr0 PaBeHCTBA, NPH N>
~>00 CXOAMTCS K HYJIO B CHJY BCe TOFO Xe cJaeicTBHA 4 n. 3 (no-
CTAaTOYHO NMPHUMEHHTb 3TO CNeACTBHe K QYyHKuuM f(x)==1), YunrhBas
TakKxKe, uTo QyHKHHA f(x) BO BCAKOM cJydae OrpaHHdyeHa Ha CermMeH-
Te [—mn, ], NOJAYYHM, 4TO AAs (PHKCHPOBAHHOTO HaMH NPOH3BOJBHO-
ro e=>0 Hafimercss Homep Ny Takoi, uTo

( sin (n -+ — )
l_fi 5 _______.__._dt|<— (8.74)
1
st 2sin—~
2
A1 Bcex n=>N; ¥ Bcex TOUEK x M3 cermMexnra [—m, m].
O603nauuB uyepes N HauGoabluui U3 AByXx HoMepoB N, u Ny, B
cuay (8.71)—(8.74) monyuum, 4yto a1 (GHKCHPOBAHHOIO HAaMH NpO-
H3poabHOro £>>0 Halinercs HoMep N Takoii, 4To

[Sn(x, ) —f(x) | <e

s Bcex n>=N u Bcex x u3 cermenra [—m, n]. Teopema pokasana.

3ameuyanue 1. OueBHAHO, YyTO B ycJOBHAX TeopeMH 8.13 Tpu-
roHoMerpuHueckuii psax Pyppe cxoauTcsi paBHOMEPHO He TOJBKO Ha
cermenre [—az, n], HO ¥ Ha Bceit npsiMoii (K QyHKuMH, ABJAsIOUlEliCS
NePHOJHYECKHM (C HepHOAOM 2x) npojoJKeHHeM (YHKIHH f(x) Ha
BCIO IPSMYIO). :

3ameuanune 2. OTMeTHM, YTO NpH OuUEHKe HHTerpanoB (8.73)

(8.74) MBI HCIIONBL30BAJH JHIIL KYCOYHYIO HENPEepHIBHOCTb (M BHITE-
KaIlylo M3 Hee OrpaHudYeHHocts) ¢ysxkuuu f(x) Ha cermMeHre
[—=n, n] (opunamaexHocTs f(x) knaccy I'énbmepa C® npu oueHke
3THX HHTErpaJjioB He MCIOJb30BaJsach).

3aMeyaHnue 3. EcrecTBeHHO BO3HHKaeT BONPOC O TOM,
MOXHO JH B TeopeMe 8.13 ocsaburb TpeGoBaHHe TIJaAKOCTH Ha&
byHKuMo f(x), coxpaHss yTBepKJIEHHe 3TOH TeOPEeMH O paBHO-
MepHOH Ha cerMeHte [—m, n] CXOJHMOCTH TPHIOHOMETPHYECKOTO
psaa ®ypre 3TOH QYHKUHH.

HanoMuuM, uTo npuHagnexHocTs f(x) Ha cerMenre [—m, ]
Knaccy I'éapnepa C°® no ompejeseHHIO O3HAa4YaeT, YTO MOAYAb He-
NpepLIBEOCTH [(x) Ha 5TOM cerMeHTe HMeeT NMOPAAOK

o (8, )=0(89).
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OtMernm Ge3 J0OKasaTenbCTBa TaK HA3HBAaeMYl0 TeOpEeMY
HAuan—~Jlunmwuna:

Han pasHomeproil Ha ceemente [—m, ] CxOOUMOCTU TPU2OHO-
merpuyeckoeo pada Pypve pyukyuu f(x) docrarouno, 4Tobe. 3T
pynkyua ydosaereopsaia ycaosuro f(—n)=f(n) u urobv. ee mo-
Oyab HenpepuiBHOCTU Ha ceemenTe [—m, ;] umen nopsdox

06N =0 (S )

T. e. aganerca npu 8—0 beckoneuno maaoid searuwunot 6osee gol-
COK020 nopsadka, uem —1
In (1/8)

Teopema Huuu — Jlummuna cOAepXKHT OKOHuaresvHoe (B Tep-
MHUHaX MOAYJf HeNpepubiBHOCTH (YHKIHH) YC/JOBHE paBHOMEPHOH
CXOAMMOCTH TPHroHOMeTpuueckoro psifa Pypre QyHKUEHH, TaK Kak
MOXHO [OCTPOHTH (YHKuHIO f(x), YAOBJETBOPSIOIIYIO YCJOBMIO
f(—m) =f(n) ¢ MOLyJeM HeNpepHIBHOCTH, HMEIOIIHM Ha CerMeHTe

[—n, n] nopsmox O( H C TPHIOHOMETPHYECKHM PAIAQM

In(1/98)
Dypbe, pacxoAsUIMMCS Ha MHOMKECTBE TOUEK, BCIOAy MJIOTHOM Ha
cermeHTe [—r, n] 3%,

B ycaoBusix teopeMbl 8.13 mocsie mepuogHuecKoro (C NepHOLOM
2n) npojomxeHus dyHKuus f(x) okasajach NpuHAMJIe}RAlEed Kaaccy
Féabaepa C® xna sceil wucaosoil npamoii. EcTecTBeHHO BO3HHKaeT BO-
TpoC 0 NOBeJEHHH TPHroHOMeTpHueckoro paza ®ypee bysxuusa f(x),
npunaanexameft knaccy I'énpaepa C* TOABKO HQ HEKOTOPOM Ceemer-
Te [a, b], a BCloAy BHE TOTO CerMeHTa YJOBJETBOpAIOIEH JHLUIb
"O6bIYHOMY TpPeGOBaHHIO KYCOYHOR HenpephBHOCTH. OTBeT Ha 3TOT BO-
NpoC faeT cjaelylouias TeopeMma.

Teopema 8.14. Ilycro ¢ynkyusa f(x) KycouHo Henpepvira Ha
ceemente [—n, nt] u nepuoduuecxu (¢ nepuodom 2;) npodorxera Ha
&8¢0 wucaosyro npanyw. Ilycro daree Ha nekoTopom ceemenre {a, b],
umerowgen Oauny, menouiyio 27, 3TA PYHKUUA NPUHAOAEHUT KAACCY
T'énvdepa C* ¢ npouseosvnoim noaoscuresbroim noxaszaresem o (0<
<axl). Tozda dan arwbozo 8 us unrepsara 0<8< (b— a)/2 Tpueo-
nomerpuneckuid pad Pypve ynxyuu f(x) cxodurca (x 3704 (pyuk-
yuu) pasHomepro Ha ceemente [a-+8, b —8].

HoxaszartenbcrTBo. ITocTpoum yuxmuo g(x), KoTopas Ha
cermente [a, b] coBmanaer c f(x), Ha cerMeHTe [b, a+2n] aBasercs
JHHEeHHOA Qynxuueit Buga Ax+ B, o6pamartomeiica B f(b) npu x=b

32) JlokasaTesbCTBO TeopeMH JIHHH—JIMNWHNLIE H MOCTPOEHHE TOJNBKO YTO YKa-
B3aHHOrO TpHMepa MONKHO HalTH, Hanpumep, B xuure A, 3urmynga «TpuroHomerpu-
geckue psgae. T. 1» (M.: Mup, 1965. C. 108 u 477).

21" .
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H B f(a) npu x==a-+2n3%, u KoTOpas NePHOAMUECKH (C NEpPHOAOM
27) nmpomosxeHa C cerMeHta [a, a+2m] Ha BCclo npsMylo (Ha
puc. 8.1 XupHas JTMHUA u306paxaer rpaduk ¢GyHkuuM f(x), a WTPH-
X0Bas JHHHS — rpaduk NOCTPOSHHOH MmO Hel PyHKuuH g(x)).
OueBHAHO, YTO MOCTpPOeHHast HaMH (QYHKUHUS g(X) YIAOBAETBOPAET
yCJIOBHIO g(—mn)=g{n) ¥ NpHHAAJEKHT Kiaaccy [éavmepa C® (c
TEM K€ NOJOXKHTeJbHHM [IOKasaTteieM q, 4TO H f(x)) Ha Bce# mps-

a+2n Iw b+2w
Puc. 8.1

Moit 3. B cuny Teopemn 8.13 u 3ameuanns 1 TPHIOHOMETPHUYRCKHA
pan Pypbe dyHKuuE g(x) CXOAMTCA DaBHOMEPHO Ha BCeH YHCJIOBOHA
npsiMoli, a MO3TOMy B cHJIy TeopeMul 8.11 TPHTOHOMETPHYECKHH PHA
®ypre dynkuun f(x) mpu Jwobom 8§ w3 uuTepBaia 0<6<(b—a)/2
CXOZHTCS (K TOH (PyHKUMH) paBHOMepHO Ha cermente [a+8, b—
— 8]. Teopema nokasaHa,

3ameuanue 4. Yreepxkaenne Teopemn 8.14 ocraercs cnpa-
BeMJUBHIM M HJsl cerMeHTa [a, b], uHMelLero JIHHY, pPasHyo 2m
(t. e. ans cayyas b=a+2x, HO B 3TOM CJIyyae NPH J0Ka3aTeJbCTBE
TeopeMbl cjelyeT, (PHKCHPOBAaB I[POH3BOJbHOe § M3 HHTepBaia 0<
<8< m, B3sTh PyHKUMIO g (x) coBmanawouleil ¢ f(x) Ha cermenre [a+
+8/2, a+2n—6/2], numHe#inoli Ha cermenTte [a+2n—8/2, a+2n+t+
+ 8/2] u nepuoanuecku (c NepHOAOM 2m) NPOJOJIKEHHOA ¢ CerMeHTa
[a+8/2, a+2n+8/2] ua Bco unchoBylo npsiMyio. Ecau xe cermen?
[a, b] umeer nauny, npesocxolawyyio 2x, TO U3 MPHUHAATEHKHOCTH
f(x¥) kanaccy I'énpnepa C*® Ha 3TOM CerMeHTe M M3 YCJIOBHs NEpPHO-
AHYHOCTH f(x) (c mepHomom 2;) BHITEKaeT, 4TO f(X) TNPHHALIEXKHT

) Ycaosne obpamenns ¢ynkuun Ax+B B f(b) npm x=b u B f(a) npu x=
=a+271 OfHOSHAuHO onpefenseT noctoaHHHe A u B:
_ @ —F®) B (a+ 2m) [ (b) — b (a)
at+2n—b " a-+2n—b ’
%) JlocraTouHo ydectb, 4T0 g(x) BCIOAY HenpepHBHA H YTO JMHeAHAH QYHKUHS

HMEeT OrpaHH4YeHHyI0O NPOH3BOAHYI0O H NO3TOMYy NPHHAIJeXHT KJjaccy [éabaepa
C* npu n06om a<]1. .
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kaaccy C® Ha Bceft IpAMOf, T. e. B 3TOM cjydyae MH NDHXOLHM K Teo-
peme 8.13.

6. O cXomMMOCTH TPHMrOHOMETpHUYecKoro psaa ®Pypbe KyCOYHO
réabaepoBod GyHKUMUH.

Onpenenenue 1. Bydem naswisare ynxyuo f(x) Kyco4no
2éavdeposoll Ha ceemenrte [a, b], ecau 3Ta Qynxryus Ky-
COYHO HEnpepuiHa Ha cezmenTe [a, b u ecau 3TOT ceeMenT npi no-
MOUWU KOHEUHO020 HUCAQ ToHeKk a=X <X1<X3< ... <Xp=b pa3bu-
8aeTCA HA HACTU4UHbIE CeaMeHTsl [Xn—, xx) (R=1, 2,...,n), Ha Kax-
Oom us xoropeix pynxkyus f(x) npunadaexcur xaaccy I'éavdepa C9
C HEKOTOPbIM NOAOKHUTEAbHLIM nokasareiem aqp (0<onl). [lpu
3TOM npu onpedesenuu kiacca I'éavdepa HaQ 4OCTUYHOM Ce2MEHTE
[xXr—1, xx] 8 Kauecrse smauenull ynkyuu Ha Konyax ceemexTa cie-
Oyer 6pary npedesvHbie 3HaUEHUSN

f(xr1+0) u f(xp—0)*.

HuEbiME coBaMH, 06J1acTh 3afaHHs BCAKOH KyCOYHO TIéabaepoBof
(GYHKUMH pacnafaercst Ha KOHEUHOe YHCJIO He HMEIOMmHX OGHX BHY-
TPEHHMX TOUEK CErMEHTOB, Ha KaXJOM H3 KOTOPHX 3Ta (QYHKUHS
NPEHAAJNEXHT Kiaccy ['énbjepa ¢ HEKOTOPHIM NOJOXKHTENbHHIM IOKa-
3artejieM.

Kaxanifi M3 STHX CerMeHTOR MH OyJeM Ha3HBaThb Y4aCTKOM
r1agKoCTH QYHKIHH.

Onpeneaenue 2. bydem nasvisare pynxyuw f(x) Kycou-
HO 2aadkoll Ha ceemenTe [a, b], ecau sra QPynKyus KYcouro
HenpepoiBHa Ha ceemenTe [a, b] u umeer Ha srom ceemenre KYcouHO
HenpepvisHyo npou3soduyo3®), 1. e. ecau Qpynryus f(x) KYcouHo He-
npepoigua Ha ceemenre [a, b] u ee npoussodnan ' (x) cywecrsyer
U HenpepoieHa 8CIO0Y HA ITOM CezmenTe, 3a UCKAIOHeHUeM, OblTe MO-
HCET, KOKHEUHO20 HUCAQ To4eK, 8 Kaxwooil u3 xoropoix pynxyus [ (x)
UMeEET KOHedHble npasoe U Aegoe npedesbHble 3HAYEHUN.

flceO, 4TO BecAIKas KycOUHO IJlajikasi Ha cermeHrte [a, b] dyHRuuS
ABNSETCS Ha 9TOM CErMeHTe KYCOUHO IéJbIepOoBoil.

Teopema 8.15. Hycre kycouno eéavdeposas na ceemente [—nm,
n] Qynrxyus f(x) nepuodusecku (¢ nepuodom 2x) npodossena HA
ecro npamyro. Tozda Tpueonomerpuueckuil pad Pypve pynkyuu f(x)
cxolurca 8 Kawdoll Touke x npamoid x 3xauenuio f(x)=[f(x+0)+
+f(x—0)]/2, npuwem cxolumocrs 3rozo pada sasiserca pasHomep-

3) Kak y BCAKOA KYCOUHO HENpPepPHBHOX (YHKUHH, ¥ KYCOUHO Té&/lbAepOBORk
QYHKIHH 3H2YEHHS B KaXXJOH TOuKe X; OGS3aHBl GHTb PABHH NOJYCYMME IIPaBOro-
H JIEBOTO npejieibHHX 3HAYeHHHA B 37TOf TOUKe, T. €. JOKHO OHTbL CnpaBefJHBO pa-
BEHCTBO

1
I (xe) ="2—[f(xk+0)+f(xk_‘0)]-

3%) Cum. onpenesenve ! w3 n. 2 § 4.
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HOUl Ha KQANHCOOM (PUKCUPOBAHHOM Ce2MENTe, Aexcaujem SHYTPU y4acTKa
2aa0koctu pynxyuu f(x).

JokasarenbcTBO. YTBepKIEHHE TEOPEMH O PaBHOMEpHOHR
‘CXOAHMOCTH Ha KaXJoM (HKCHPOBAHHOM CETMEHTe, JexalueM BHYTPH
yuacTKa IVIaJKOCTH, Cpa3y BhiTekaeT u3 TeopeMhl 8.14. Orciona xe
BLHITEKAaeT M CXOAMMOCTb TPHIOHOMeTpHueckKoro psiaa Pypse OyHKUHH
f(x) B Kaxnol sHyTpenseli TOUKe YydYacTKa TJAJKOCTH QYHKIMK
f(x) %D, Ocraercsi 10KasaTh CXOAMMOCTb TPHTOHOMETPHYECKOTO psla
Dypbe PyHKUHM f(x) B KaxKAOH TOYKe COeJMHHEHHS JABYX Y4YacTKOB
TJIaAKOCTH.

®ukcupyeM oJHY ¥3 TaKHX ToueK M 0603HauuM ee yepe3 x. Torza
HaliiyTcst nocrosinasie M; u M, Taxue, uTo NpH JIO60M HOCTAaTOYHO
MaJIoM MOJIOXKHUTENbHOM ¢ 6yleT crpaBeJIHBO HepaBEeHCTBO

Fx+ ) —F(x+0)] < Mit*™ (0< o, < 1), (8.75)
a HpH JIo60M JOCTAaTOYHO MaJOM OTPHUATEJNbHOM t—HepaBeHCTBO
[fx+8)—Ff(x—0)] <M [t]* (0< oy < 1). (8.76)

O6o3HauuM uepes M sauGoabinee u3 umcess M; u M, a uepes a
HauMeHblllee U3 YHCeN a; U op. Torga npu |¢|<C1 B mpaBoit vacTd
Kaxjoro u3 HepaseHcTB (8.75) u (8.76) moxHo mucats M|t|o.

Puxcupyem Temepb npousBosabHoe £>0 M mo Hemy §>0, ymosie-
TBOpsilolllee HepaBeHCTBy (8.70) u HacToabKO MaJjoe, 4TO NpH |[f]|<CO
cnpaBeluBel 06a HepasenctBa (8.75) m (8.76) m B npaBol uyacTH
ITHX HepaBeHCTB MOXHO Oparts yucao M|t|® TloBTopsis paccyxne-
HUS, NPOBEJEHHLIE INPH A0Ka3aTelbCTBe TeopeMHl 8.13, Mul mpuaeM K
paBencTBy (8.71), M Ans JOKa3aTeJbCTBa TEOPEMH HaM OCTaercs
y6enutbes, 4To B (PHKCHDOBAHHOH HAMHM TOUKE X CHPABEIJHBH OlEH-
KH (8.72), (8.73) u (8.74). B 3ameuanun 2 n. 5 MH OTMETHJH, YTO
oueHKH (8.73) u (8.74) cnpaBennuBH A5 JI0G0H TOAbKO KYCOYHO HeE-
npepoisroldl u nepuoduueckold (¢ nepuodom 2n) ¢ynxyuu. Octaercs
JOoKa3aTh CHpaBelJJHBOCTb AJA BCeX HOMePOB n oOlleHKH (8.72).

Tax kak f(x)=1/2[f(x4+0)+f(x—0)] u3®

6 sin (n—}-%)t 65iﬂ(n+%>t 0 sin (n—{—%)t

Ys Z2sn - 0 2'sin 5 s 2sin -

37) Tak Kak KaXAYI0 BHYTDEHHIOIO TOUKY y4YacTKa IJaAKOCTH MOXHO OXBAaTHTb
CErMEHTOM, JIeXKalUM BHYTDH 3TOrO YYacTka.
38) dynguus
1
sin (n +T t
py="7""7-
2sin —
2
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TO HHTEerpaJ, CToslKui B JeBoH yacTH (8.72), MOXHO mepenHcaTh Tak:

1
sin{n4+-—)t¢
+ [f(x+t)—f(x)1(.—f)dt=
<6 v 2sin—2—
1
3 sin{nt+—1}¢
=1 [f<x+t>—f;<x+0>1—(———72—>—dt+
uo ) : 2sin~§-
1 .
0 sinfn4—1)¢
+—;—S [f(x+t)—f(x—0)]—(—7%-)—dt. (8.77)
et 2sin—

2

Jns oneHKH HHTerpatoB, cTOAWHX B npaBoél uacth (8.77), Boe-
nojin3yeMmcs HepaseHctBaMu (8.75) u (8.76), Geps B mpaBofl yacTH
STHX HepaBeHCTB uHca0 M|#|% YuuThiBasm y»Ke NPHMEHSBINYIOCS ODPH
JoKa3aTeabcTBe TeopeMHl 8,13 oueHky

. (npu |¢] < m)

1
1 2|4
21sin—
i 2|

H HepaBeHCTBO (8.70), Gynem umers
i
sin{n4—1¢
1 ( 2 )
|+ § vre+rn—iw t

<6 2sin —2

dt'<

8 0
<—’3’—Ut°‘"dt+ S ltla“‘dtJ Myl
2 o 3
0 -3
Ouerxka (8.72), a ¢ Hell H TeopeMa JOKa3aHHL

1]
SIBJISETCH Y€ THOMH, NOITOMY N€TKo yGeAHTbCs, UTO AJs Hee ‘S ¢ (t)di=
0

0
=§q)(t)dt (ACCTaTOYHO B ONHOM M3 3THX HHTETPAJOB CAeJaTh 3aMeHy f=-—1).

CrenoBaTeNbHO,

[ '] 0
_J; q)(t)dt=2§(p(t)dt=2—j;q)(t)df.
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CnencrBue 1, Yreepsdenue reopemos 8.15 6yder rem Goaee
«Cnpasedauso, ecau 8 ee HOPMYAUPOBKE BMECTO KYCO4HO 2Eab0eposoll
‘83ATb KYCOyHo eaadkyio (Ha ceemente [—m, m]) Pynkyuo, nepuodu-
“ecku (¢ nepuodom 2m) npoOOAIEHRYIO HA BCIO NPAMYIO.

Hns GopMynHPOBKH ele OLHOIrO CJAEACTBHsl BBeJeM HOBOE MOHS-
THe. [lycts 0<a].

Onpenenenne 3. Bydem zosopurs, uro ynxkyus f(x) ydoe-
1ersopaer 8 CaHHOl To4uKke x cnpasa (caes8a) ycao-
6uw 'érvdepa nopadra a, ecau Ppynxyus flx) umeer 8 rouxe
X npasoe (neeoe) npedeabHoe 3HA4eHUE W eCAU CYUeCT8YET TAKAR
nocroannas M, uro 0aa 8cex 00CTATOYHO MAABIX NOAOHCUTEALHBLX
{oTpuyarenvnoix) t cnpasediuso HepPaseHCTEO

If(x+t);f(x+0)l \<‘M(lf(x+t)l;f(x—0)l <M),

OueBugHo, uto ecnH QYHKUHs f(x) HMeeT B NaHHOH TOyke x mnpa-
ByIO (JIeBYI0) NMPOM3BOAHYIO, IOHHMAEMYIO KaK Ipejed

lim &+ H—fE+o (lim f(x+t)——f(x-—0))

t>040 t t>0—0 ¢

T0 (yHKOus f(x) 3aBefOMO YJAOBJETBOpsieT B ITOK TOYKE X CrpaBa
(caeBa) ycaosuio ['énbaepa niwoboro nopsigka a<cl.

CneactBHe 2 (yCJOBHE CXOAMMOCTH TPHIOHOMETPHUYECKOro PAAa
Dypbe B gaHHOK Touke). Jas T020 4T06bL TPUSOHOMETpUKecKUll pad
Dypve Kycouno HenpepuisHoli u nepuodudeckod (¢ nepuodom 2rm)
Pynxyuu f(x) cxoduacs 8 danxold TouKe x wucaosod npamod, docra-
TO4KHO, 4T0ObL yrkyus f(x) ydosaersopsaia 8 TOYKe X cnpasa ycao-
6uro I'éavlepa KaK020-AUBO NOAOHCUTEABHOZ0 NOPAOKA oy U 8 TOuKe
x caesa ycaosuro I'éarvdepa kako20-auGo NOAOHUTENbRO2O0 NOPAOKG
az (u rem 6oaee docrarouno, urobe. pynkyus f(x) umesa 8 TOUKE X
apasyro U Aesyio nPou3soonsLe).

JlokasaTteabcTBO. JlOocTaTOYHO 3aMETHTb, YTQ M3 TOro, 4TO
QyHkuus f(x) yZOBJETBOpsieT B TOYKe X chnpaBa (cjeBa) YCJOBHIO
I'énbnepa nopsaaka a; (MOpsiAKa ap), BHTEKAaeT CYIIECTBOBaHHE IO~
CTOsIHHON M, (mocTosinHOH# M;) Tako#, UTO JJsi BceX AOCTAaTOYHO Ma-
JEIX TOJIOXKHTEJNbHHX (OTpHUATENbHHX) { ClNpaBeAJHBO HEpPaBEHCTBO
(8.75) (uepasenctBo (8.76)). Tak xak Hoka3zaTeabCTBO TeopeMH 8.15
HCIoJb3yeT JHIIbL HepaBeHcTBa (8.75) m (8.76) u xycounywo Hemnpe-
PBIBHOCTb H NMEPHOAUUYHOCTD f(X), TO YTBEPXKAEHHE CJHEICTBHA 2 BEepHO,

[Tpumep. He Buuncass xoadbuuuenroB ®dypre PysKLHH

cosx Mp —n<§ x < 0;
fx)y= 1/2 nmpu x=0;

Vx npu 0< x <,



§ 5. BoJsiee TouHHE YCJOBHA CXOXHMOCTH 329

Ly

MOXHO YTBEepHKAATh, YTO TPHroHOMeTpHuecKH#t pax Dypbe 3TOH
¢GyHKIHUH cXOAUTCA B TOuKe x=0 K 3HaYeHHIO —» T2K KaK byHknus

f(x) HMeer B 3TO#i TOYKe JIEBYI0 NPOM3BOAHYIO M YIOBJIETBODSET B
9TOH TOYKe cHpaBa ycJoBHIo [éablepa mopsiika az= %

7. CyMMHDYeMOCTb TDHIrOHOMETPHUeCKOro psiga Pypbe Hempe-
PoiBHOA (YHKUHHM METOLOM CPeAHMX apHpMeTHUeCKHX. MH yxXe OT-
Meyuand, 4YTo TPHroHOMeTpHuecKHH paAj Dypre BCIOLY HempepuBHOH
H nepuogHyeckof (c nepHomoM 2m) GYHKUHH MoXKeT OHTb pacxo-
aamuMmes (cM. n. 1). JloxaxeMm, 4TO 3TOT pfjJ TeM He MeHee BCeria
CyMMHpYeM (paBHOMepHO Ha Bcefl npamoii) MmerogoM Yesapo (me-
TOJZOM CPeJHHX apHPMeTHYecKHuXx) 39),

Teopema 8.16 (reopema Deiiepa) 49, Ecau cpynsyus f(x)
Henpepoiena Ha ceamenre [—m, m] u ydosaersopser Ycao08UKO
f(—n)=f(n), r0 cpednue apupmeruseckue waCTUYHbIX CYMM ee
Tpueonomerpuseckoeo pada Pypoe

0‘,.,(x, f)= So(x, ) +Si(x, )+ ...+ Snalx, [)

n

cxo0arca (K 9TOd YHKYUU) PABHOMEPHO HA ce2MmenTe [—m, n]
(a 8 cayuae, ecau PyrKyus npoOOANCEHA HA 6CIO NPAMYIO C ne-
puodom 2, pasHomepHo Ha scel npamodl).

JdokasarenbcrBo. U3 paBencrBa (8.55) pas S,(x, f) cxe-
AyeT, YTo

onlx, fl=— Sﬂ ﬁ:’:n% [gsin ( k+ -;—) t] dt. (8.78)
2

Jaa BeuMcIeHHA cyMMH, crosimiedf B (8.78) B KBaZpaTHHX CKOG-
Kax, IPOCYMMHDPYeM TOXAECTBO

2sm-2’-sfn (k + -2‘—) ¢ =coskt—cos(k+ 1)t

no sceM k==0, 1, 2,...,n— 1. B peayibTate nmoayunam ;

n—1
.t . 1 . nt
2 _E: —_— Y1 = 2 1,
sin 2k osm (k+ 5 )t 1—cosnt =2sin 5

.

¥ Cu.n. 1 §7ra l.
40 J1, Qefiep — penrepckuli MarematHk (1880—1959). IlpHBenennas Teopema
RokasaHa HM B 1904 r.
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C nomolslo 3TOro paseHcTBa (8.78) IPHBOAHMTCH K BHAY
nt
2

sin?

a, (x, f)_— S Flx+1) dt. (8.79)

Q2 2 —
sin 2

M3 (8.79) B cBol0 ouepeab HEMEANEHHO CJAEAYET, YTO

1 n sin? 2
1 S — 2 g1, (8.80)
nn t

—n 2sin? g

TaK Kak JeBas uacte (8.80) paBHa cpeaHeMy apupMeTHUECKOMY
. Y4CTHYHBIX CYMM TPHTOHOMETpHYecKoro psjga Pypbe GyHKIHH
" f(x)==1, a Bce yka3aHHBle YaCTHYHHE CyMMH TOXIECTBEHHO paB-

HEl efHHHLEe (CM. I 2).

DuxcuHpyeM TIIPOH3BOJILHOE e>0. Cormacuo Tteopeme Befiep-
wrpacca 8.7 Hafifercs TpuroHoMeTpuueckuit Muoroudex T(x) Ta-

KOH, 4TO
[F(x) — T (x) |<e/2 (8.81)

JJIS BCeX X 4HCJOBOH HpAMOH. B cHIy JHHeHAHOCTH cpeJHHX apHd-
METHYECKHX On (X, f) =0, (x, f—T) +on(x, T), T2K 4TO

o, (%, H—T X)|<]0o,(x, f—T)| + |o,(x, T)—T (x)].(8.82)

3anumem paBeHcTBO (8.79) mas bysruuu [f(x) — T(x)]. Yuura-
Basg HEOTPHLATENIbHOCTh HasnlBaeMofi sajapoM Qefiepa ¢ysk-

nt
sin? —
LMK —2 Hcnoab3ys ouenky (8.81) u pasencrso (8.80),
2 sin? —
2
HOJAYYHM
lon(x’ f—"T)l\<
n sin? 2
<L [ 1+ =T @ +0) L dt <
an — 2 sin? —
2
p ¢ *nzt—
<2 4 dt = —=. (8.83)
2 an . A 2
—x 2sm2?

HepaBencrso (8.83) cmpaBeanauso aas J1060ro Homepa .
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3aMeTHM, 4TO TPHUrOHOMETpHUeckHil paa @Pypbe MHOrowsieHa
T(x) coBmamaer c 3tuM MuoroujeHoM. OTciofa cjeAyeT, YTO BCe
JacTHUYHBIE CYMMH S, (x, T), HaunHas c HEKOTOPOro HOMepa fo,
paeru T (x). Ho 3To mosBoJisier HaMm Ans (QHKCHPOBAHHOIO BHILIE
IPOH3BOJbHOrO £>>0 OTHICKAaTh HOMep N TakKoH, UTO

lan(x, T) — T(x) | <e/2 (8.84)

npu Bcex n=N u Bcex x.

M3 nepapencrs (8.82)— (8.84) sakuiouaeM, uT0 |on(x, f) —
—f{x} | <e npu Bcex n>N u Bcex x. Teopema nokasana.
8. 3akaounrenbHble 3aMeuanus. 1°. TIpu peumieHuH psza KOHKpeT-
HEIX 3afa4 NPHXONHTCA packKiaAbiBaTb (QYHKLHIO B TPHIOHOMETpHYE-
ckufi psin Pypoe He ma cermente [—m, =], a Ha cermente [/, [], rae
! — npousBOJbHOE NOJOXKHTENbHOe uhcao. s nmepexofa K TakOMY
CIy4yalo OOCTATOYHO BO BCEX INPOBEJEHHEIX BHINIE DPACCYXAEHHAX 34-
MEHHTb NMEePEMEeHHYIO X Hai;*x. Koneuno, npu takoil JnHefiHOH 3ame-
He NepeMeHHOH OCTAaHYTCs CIpaBeNNHBHIMH BCE YCTaHOBJIEHHBIE HaMH
pesyabTaThl, KOTOpHIE 6YAYyT OTHOCHTBCS K TPHMOHOMETPHYECKOMY pH-
iy Pypre

[~
ay n R
— 2 a,cos — kx + b, sin — kx
2 (k = kx + by sin = (8.85)
k=1
CO C/IEeNYIOLHMH BHIPaXKeHHAMH a5 Koadoduuuentos ®ypoe:

i
a=— { Fyar
—1
(8.86)

) / /
k=1, 2, ...

Meb e Gynem 3aHOBO (GOpMYJAHDOBAaThb BCE YCTaHOBJIEHHHE Teope-
MBI, a JMIIb OTMETHM, YTO BO BCeX (POPMYJHPOBKAX cerMeHT [—x, ']
C1elyer saMeHHTb cermenToM [—/, [], a nepmox 2n —~ nepuogom 2.

2°. M3 Buma (8.86) TpHrOHOMETpHUECKHX ko3 opuruenTos Pypse
BLITE€KAeT, UTO AN YeTHOH GYHKUHH [(X) paBHH HYJII0 Bee KOIDDHUH-
eHTH b, (k=I1, 2, ...), a Aus HeueTHON (yHKUHH f(x) paBun HymIO
Bce kospuumentn ap (k=0, 1, 2, ...). Takum obpasom, wernasn
pynkyua f(x) packradeisaercs s Tpuzonomerpudeckuli pad Pypee
TOARbKO nO KOCURYCaM:

1 {
ak=+_5: F(#) cos (ikt\dt; bk=—ll-—Szf(t)sin (-‘l‘ kt) dt;

oo
. 2 a, cos —— kx,
2 {

k=1
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a ne4eTHas (pynkyus f(x) packaadoieaercs 8 TPUSOHOMETPUHECKULL
pAad Pypve T0A6KO RO CUNYCAM:

[« -]
2 b, sin —’ll kx.
e

3°. IlpusenemM BecbMa 49acCTO YMOTPeG/sEMYIl0 KOMIJEKCHY IO
bopmy 3anucu TpuronoMerpuyeckoro psga @Dypne (8.85). Hec-
noJab3ys coorHomenus (cM, n. 3 § 7 ra. 2)

11

—i —kx - n
e ! =cos—l—kx——isinTkx,
tf-kz

e’ =cos—’;kx+isir1 I%kx,

Jerko y6eluTbcsi B TOM, YTO TPHrOHOMeTpHueckHil psn Pypee (8.85)
¢ ko3¢ duuuenraMu Pypbe (8.86) npusBoguTCS K BHAY

© —t D kx
E cye Lo (8.87)
R=—o

B KOTOPOM KOMIJIEKCHhie KO3 (HIHEHTH Cr HMEIOT BHI ..

PR

!
1 4

= —— t dt
4 ol S,f()e

H BHIpaxawTcs yepes Ko3dpduurentn (8.86) mo ¢opmynam

— ib
co=l2°-.’ c_k=_a"_2_‘éf_, ck=_afi2-—k— k=12, ...).

§ 6. KPATHBIE TPUTOHOMETPHUYECKHE PANbl ®YPBE

1. TloHATHR KpaTHOrO TPUroHOMeTpHYecKoro psga Pypbe H ero
NPSAMOYroJbHLIX M cepHUecKHX HacTHUYHBIX cyMM. [lycte dyHKHHUSA
N nepemenumix f(x;, X3, ..., Xy) onmpeieseHa H HHTerpupyemMa B
N-mepHOM Kybe —n<xr<n (k=1 2, ..., N); 0603HauuM 3TOT Ky6
cumBosioM I1. Kpatumili TpuroHomerpuueckHi psj TaKoi (yHKIHH
YA06HO 3amlHCHIBaTh Cpasy B KOMIUVIeKCHOH ¢opMme, HCNONb3Yys AJs
COKpALIEHHA 3aNHCH [OHATHE CKaJdapDHOTO IPOH3BEAEHHA HABYX
N-MepHBIX BEKTODOB.

IMyere X=(x;, X2, ..., X¥) — BEKTOP C NPOH3BOJBHEIMH BeLleCT-
BEeHHBIMH KOOPAMHAaTaMH Xy, Xz, ..., XN, @ n=(ny, ng, ..., Ny) —
BEKTOD C YeA04UCACHHbIMI KOODAYHATAMH Ny, N3, ..., .
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KpaTHuM TpHroHoMeTpHYecKHM psaaoM Dypbe

.OyHRUHH f(X)=f(X), Xo, ..., Xn) HashiBaeTCH psAj BHIAA
- S 5 i
Y . ¥ ™o (8.88)
ny==-—0o nN=—-oo

B KOTODOM 4HCJa [, Ha3pBaeMue KoadpuuunentaMmu dypbe,
ONpeReNANTCS PaBeHCTBAMH

fn= fnln,...nN =

(8.89)

= (2n)~V S e yf(y,, Vo« s YN) gHtte - HINnN) dy,. .. dyy,
g

a cUMBOJ (X, n) o6O3HauaeT CKaJsAPHOe MPOH3BefeHHe BEKTOPOB
X ¥ n, paBHoe xiny+Xangt. . Fxynn.

Koneuno, KkpaTHHil TpuroHoMerpuuecku#t psan @ypne (8.88)
MOXHO pacCMaTpPHBaTh Kak psax Pypbe 10 OpTOHOPMHDPOBAHHOH (B
N-meprnoM kyGe IT) cucreme*), 06pa3soBaHHON ¢ NMOMOIUBIO BCEBO3-
MOXHEIX NpPOM3BeJeHHH 3JIeMEHTOB OJHOMEPHHX TPHTOHOMETpHYe-
CKHX CHCTEM, B3ATHX OT IIepeMEeHHHX Xi{, X3, ..., XN COOTBETCTBEH«
HO. 3Ty OPTOHODMHDOBAHHYIO CHCTE€MY NPHHSATO HAa3bHBaTh KP aT-
HOH TPHIQHOMETPHYECKOH cHCTeMOH.

Kak # pJis BCAKOA OPTOHOPMHPOBAHHOH CHCTEMH, AJIs KpaTHOM
TPHTOHOMETPHYECKOH  CHCTEMH CHDaBeXJHBO HE€PAaBEHCTBO
Becceasn, koTopoe HMeeT BUX

Y .o Y hee<en | (R e dr,
Nywe— © 1 py=—oo I
(8.90)
rae f(xi, X, ..., xv) — M006as HenpephlBHAas B N-MepHoMm kyGe II
$yrKIHA.

PaccMOTpiM BONpPOC O CXOAMMOCTH TPHIOHOMETPHUECKOIO pAjxa

®ypre. Eciin 3toT pax xe cxodurcs B RaHHOH TOUKe X= (X1, X3, ...
., Xy) abCcoAt0THO, TO BONPOC O €ro CXOAHMOCTH (B CHJY Teope-

ME Pumana 1.10) 3aBHCHT OT HOpSiAKA CJEAOBAHHA €ro 4JeHOB
(u1H, 4yTO TO XK€ caMoe, OT NOPSAJAKa CYMMHDOBAHHs O HHIEKCAM
ny, ng, ..., ny).

Illnpoko pacnpocTpaHeHsl ABa cnocofa CyMMHPOBaHHs KpaTHO-
ro TpPHroHoMmeTpHueckoro psapa Pypee — chepuyeckHfi u HpsAMO-
YTOJbHBIH.

ChPepHYeCKHMH YaCTHYHHMH CyYyMMaMHu KPaTHOro
TPHroHomerpuueckoro psaga Pypee (8.88) HasmBawTecd CYMMH
BHZA

) Tipn sToM ckansipHOe npou3BefeHHe ABYX JIOGHX (GYHKIHE omnpejessercst Kak
BHTErpaj OT NPOH3BEAEHHs 3THX QyHKuMA no kyGy II.
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Six, =¥ faeitxm,

Jnf<A
B3ATLIE NO BCEM UEJOYLCJEHHBIM 3HAUEHHAM Ny, fg, ..., Ny, YAOB-
. 2 2 2
JeTBOPSIIOIWIUMHE YCJIOBHID |n| = Vm +no+ ... +ayv <A

FoBopsr, uto xparusul rpuzonomerpuseckuil pad Pypve (8.88)
cymmupyem 8 OanHol Touke X chepudecKum meTrooom, ecau 8 3Toll
TO4Ke cywjecrayer npeden lim S, (x, f).

Ao

[IpsMOYyroNMbHHMMY YaCTHYHEIMH CYMMaMH KpaT-
HOro TpUroHoMeTpuyeckoro psiza ®ypoe (8.88) nasmBaioTrcss cyM-
MB BHJIA

1y

my ) .
Snmg, ... mpy (X, )= Z Z Fefm

ny==-m, By =—mps

ToBopsit, uto kpatxeild TpuzonHomerpuseckuil pad Pypee (8.88)
cymmupyem 8 OAHHOL TOuKe X NPAMOY20AbHOIM MeTOOOM (UAu M e-
Tod0om llpunceeidma'd), ecau 8 IT0d TO4Ke cyujecrsyer npe-
Oen

lim Sm.,m,, e My (x9 f)
my—>oo
me—>w
>
(npu Hesasucumom crpemaenuu K 6eCKOHEYHOCTU KANO020 uHOeK-
ca my, Mg, ..., My).

O6a MeTona CyMMHPOBaHHS HMeEIOT CBOM NPEeHMYIIeCTBa H CBOH
Hejgocratki., IIpm paccMOTpeHHH KPaTHOrO TPHUTOHOMETPHUYECKOro
pana dypoe kak psga Pypbe Mo OPTOHOPMHPOBAHHOH CHCTEMe ecC-
TECTBEHHO pachosiaraTh ero WieHbl B NOpsiAKe Bo3pacTanus |[n| H
HMeThb 1eJI0 O CPepHYECKHMH YaCTHYHBIMH CyMMaMH.

ITpsiMoyroJibHEIE YacTHYHBIE CYMMB! MPHMEHSIOTCH NPH HCCIENO-
BaHUH IIOBEAEHHS] KPaTHHIX CTENEHHBIX PSJAOB OKOJIO IpaHHLb 06Jsa-
cta cxomuMocTH. ClieyeT OTMETHTh, UTO ONpelesieHHe CyMMH psja
KaK npefesa NPAMOYTrOJNbHHX CYMM (B IPOTHBONOJOXHOCTb ONpe-
IeJIeHHIO, OnmupalroLieMycs Ha npefesn chepHuecCKHX CyMM) He Has
KAaJHBaeT HHKAaKWX OrpaHMueHuil Ha OECKOHEUHOE MHOXKECTBO
YaCTHUHBIX CYMM 3TOrO psiia.

Ilpexne yem ¢GOpPMYJHPOBATHL YCJAOBHS CXOAMMOCTH KPAaTHOTO
TPHrOHOMeTpHUYecKoro psia Pypbe, onpelelHM HEKOTOpble Xapak-
TEPHCTHKH TVIAAKOCTH PyHKUMH N nepeMeHHBIX.

2. Moaynab HempepbiBHOCTH M Kaacchl Téabiepa pas QYHKUHH
N nepemennmx. [Iycts ¢ynkmua N nepemennnx  f(x)=
=f(g, X3, ..., Xy) onpejeseHa K HenpepriBHa B N-mepuoil o6xaa-
ctu D.

42) Anndpen [Ipuucrefim — Hemeuxuit matematux (1850—1941). .
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Onpenenenune 1. Jaa xamdoeo §>0 nasosem modyremn
nenpepesisnocru pyukyuw f(x) 8 obaactu D Tounyo sepx-
K010 epans modyas pasnocru |f(x)—f(x”)| na muoxecrse scex
Touex x’ u x”, xoropvie npunadaexmar obaactu D u paccrosnue
p(x', x”) mesndy xoropeimu menvuie 8,

Bynem o60o3HauaTh MOAYJb HenpepmBHOCTH GYHKUHH f(Xx) B 06-
aAactu D cumBosioM o (8, f).

Onpenenenne 2. [Jag awbozo » us nosyceemenra 0<un<l
6ydem eosopurs, uro Pynkyus f(x) npumadaescur 6 obaactu D
kaaccy I'éavdepa C* ¢ noxkasaterém x, u nucars f[(x)e
&C*(D), ecau modyro HenpepuisrocTu Pyuxyuu f(x) e obracru
D umeer nopadox o (x, f)=0(8). _

Ilycts Teneps o — arwboe noroxuresbrHoe 4ucHO, He 00s3a-
TeJIHO Lesioe. DTO YHCJAO MHl BCErja MOXKEM IPEeACTaBHTh B BHIE
a=r+x, rAe r — HeJ0e, a % OPHHAAJEXKHT nogycerMenry 0<z<l.

Onpeneneunue 3. Bydem zosopure, uto ¢pynxyus f(x) npu-
nHadrexur 8 obractu D kaaccy F'éarvdepa C* c nokasaresrem
a>0, u nucare f(x)e=C*(D), ecau sce wuacrHoie npoussodnsie
pynxyuu f(x) nopadxa r nenpepeisnol 6 obaactu D u xaxdas wa-
CTHag npou3sodnas nopadka r npunadaesmur kaaccy C*(D), sse-
dexromy 8 onpedesenun 2.

3. YciaoBua abGCOJNIOTHOH CXOJAMMOCTH KPATHOrO TPHIOHOMETPH-
ueckoro psaa Pypoe. BuscuuMm ycjaoBHs abCOJIOTHOR M paBHOMep-
HOM CXOAMMOCTH KpaTHOro TPHroHOMerpudeckoro pajza Pypse.

Teopema 8.17. Ecau ¢ynxyus f(x) nepuoduuecku (c nepuo-
0om 2n no Kawdoil uz nepemennsix) npodoaNeHa Ha 8Ce NPOCTPAH-
creo EN y o6aadaer ¢ EN nenpepsiatoimu npou3sofnsimy nopadka
s=[N/2]+1, 20e [N/2] — yesrasn uacro uucaa N/[2, T0o kparneui Tpu-
eonomerpuyeckuly pad Pypoe pynxyuu f(x) cxodurca (K srod
pynkyun) abcoaroTHo u pasHomepro 8o scem npocrparcrge EN.
HokasarenbcrBo. [orosopumcs 0633;{a11aTb CHMBOJIOM

gm g
( a;;) ko3¢ dunuenT Pypre npousBOLHON axp  C HOMepoM f=
k n
=(ny, ng, ..., ny). [IpousBoAS MHTErpHpOBaHHE IO YacCTAM, MOMY+
YHM aaf =infn (Aas moboro k=1, 2, ..., N), tak uro
X3 n

g| (—a"f’k—)]= Fal(Ing] + 1ma) + .+ |n~.|)

k=1

H, Cjaeh0oBaTe/bHO,

(Fal =(my] + lnal + ... + lnN|>—lg| (%)] (8.91)
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@opmyna (8.91) cnpaBennuBa He TOJMbKO AN GYHKUME f, HO W AAA
KaXkjao#i yacTHOH npousBoaHON ¢GyHKUHH f A0 mnopsaka (s—1)

BKJAIOUYHTEJbHO.
OTciona Cpasy Xe BBRITEKaeT COOTHOIlIeHHe
( 5 )
1 SN
ax: axN n

Tl <yl + gl + ... +lngl= 3

8‘+S.+. . .+SN=S
(8.92)
cymMMa B npaBoﬁ 4aCTH KOTOpOro 6epe’rcsx 110 BCE€M UEJILIM HEOTpH-
laTeJNbHBIM Sy, Sg, ..., SN, YAOBJIETBODSIOUIHM YCJOBHIO Si+sp+

+...+sSy=§ (TaK 4TO YHCJO cllaraeMHX B 5TOH cyMMme paBHO N¥).
Hs (8.92) B cBow ouepean caexayer ), uro

IFal € 5 (lmal o+ Imal + .+ )2+

NS %F
3 2 (af,t...ax’N)
Sit...Fsp=s N 'n

2

(8.93)

YudTHBas, 4TO s=—§—+e, rie e=] aas uersoro N m e=l/,
and ﬂequHoro'N, H 49TO
(Ingd +ngl + .o+ oy NE=(Inyl + Ingl + ... + Iyl V2 <

_1_2 _1_%8 __1___;1_
<lngl Y ngl .. Iyl :
u3 (8.93) nonyuum
-t 1—2 2
<5 lml  Yinl Yol Y+
NS a5f 2
v X | ) e
Si+55t+. .. s y=s A n

Ias aGconoTHOH M paBHOMEDPHOH CXOAHMOCTH KPaTHOrO TPHIO-
HomeTpuueckoro psna Pypre (8.88) nocrarouHo (B cHAY NPH3HAKA
BeiiepmTpacca) 10Ka3aTh CXOAHMOCTb MaXKOPHPYIOMEro ero YHC-
JIOBOro psila

o -

Y ... ¥ Ik

Ny==— o0 nN=—@

) Mu nonpsyeMcs Hepasencrsamu |a|-|b|<a?/2+b2/2 u (lasl+|as|+..+
+lap|)2<p(ad+az2+...4a?).
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HO (B cuay HepaBeHcTBa (8.94)) CXORHMOCTH NMOCJIERHEro psiga fBs
JseTcs NPAMBIM CJEJCTBHEM CXOJHMOCTH AJas Jioboro k=1, 2, ..,

2e
o | —
, N uncaoBoro psija Z (72,1 ¥ M CXOAHMOCTH IJs JIO«
nk=—¢z)
6bIX S1, S2, ..., SN PAAa
o5f 2
2 2 ( Oxst .. Bx’N) ’
Nym=— o n.Nl=--m n

BHTEKalolel u3 HepaBeHcTBa Beccena (8.90), sanucanHoOro pas ue-
il

MPEePHIBHOA QYHKUMH  0x(dxg ... 03N’

Tot ¢axrT, uto KpaTHE# TpHroHOMeTpHueckuii psax Pypre (8.88)
CXOAMTCS MMEeHHO K (QYHKUHH [(x), BHITEKaeT M3 MOJHOTH KpaTHOM
TPUIOHOMETPHYECKOH ' cHcTeMul *), B camMom gene, ecau 6bl psf
(8.88) paBHOMepHO cXOAMJCH K HEKOTOpPOH (yHKuUMH g(X), TO u3
BO3MOXKHOCTH MOYJIEHHOTO HHTETPHPOBaHHS TAaKOrQ pfla BHITEKAJO
65l, uTo Bce Koahoduunentol Pypre Pyuruun g(x) coBmazaior ¢ O«
OTBETCTBYIOIUMMH Ko3dpduuuenramu Pypre yukuuu f(x). Ho ror-
na pasHocTh {f(x)—g(x)] 6naa 65 OpTOrOHa/NbHA BCEM 3JEMEHTaM
KpaTHOH TPHNOHOMETPHUYECKOH CHCTEMBl U (B CHJY IOJHOTH 3TOH
CHCTEME!) paBHsJack On Hym0. Teopema pokazaHa.

3ameuanne. Teopema 8.17 MoxeT OHITb YTOUHEHA.

Teopema 8.18. Ecau ¢yuxyua f(x) nepuoduuna no xaxc-
0oii us nepemennolx (c nepuodom 2n) u npuradrexcur 8 EN Kaac-
cy Téavdepa C* upu a>N/2, To Kkparnetl Tpuzonomerpuueckull
pad Dypsve f(x) cxodurca (K 370l PyHKYUU) ABCOAIOTHO U PABHO-
MepHO 80 acem npocTparcTse EN,

BrisicHeHHe yc/lOBUH HeabcoAtOTHOL CXOAMMOCTH KPaTHOIO TPH+
FrOHOMEeTPHUYEeCKOro psaga TpebyeT npuBjedeHHs GoJjee TOHKOH Tex-
HUKH,

) [TosHoTa XpPaTHOR TPHrOHOMETDHYECKOX CHCTEMH cpasy BHTEKaeT M3 NoJ-
HOTH COCTABJJIOUIHX €€ ONHOMEDHHX TPHrOHOMETPHUECKHX CHCTEM, HPOH3BEJEHHEM
KOTOPHX OHa fABJISETCH.

22 - 4314



Fnaga 9

NPEOBPA3OBAHHE ¢YPbLE

- Ecan ¢yHkuus f(x) 3anaHa Ha Bceit YHCJIOBOA npsiMO¥ WJIM Ha mo-
JYNPSAMON H He SBJSETCS MePHOJHYECKON HH C KaKHM MepHOIOM, TO
3Ty (YHKIHIO €CTeCTBEHHO DacKJaJHBATh He B TPHIOHOMETPHYECKHHA
pan Pypre, u3yuyeHHHH B NpeAnAylleHl rJaBe, a B TaK Ha3blBaeMbIH
uHterpan Pypve. MayueHHio Takoro passoXKeHHR H NOCBAIIEHA Ha-
CTOfIasA rJaBa.

IlpuBeneM cHayasa HEKOTOpHie HaBOJAILHE coo6pa>xemm yctb
nepHopuueckas ¢ nepuogom 2/ H NepBOHAYAJBHO 3aJaHHas Ha Cer-
menTte [—[, [] ¢pynkuusa f(x) pasnoxeHa B pax Pypse:

F(x)=-2-

2 +§ (akcos—l,‘—kx+bk5in—,likx>,

rae

1 1
=TSI (Hat, ay=— Sf(t)cos - ktdt, by

1
1 S [

— — ktdt.
. S;f(t)sm ; t dt

Q®opManbHO MOACTABHB BHpaXKEHHS AJs Qr B br B pasioxeHHe QyHK«
uuH f(x), nonyuum

1l
f(x)==——— S F(t)dt+ kzl[ ‘l —gf(t)cos—’;—kxcos—’:—ktdt+

1 1
1 .o .7 1
+—-l Slf(t)sm lkxsm 7 ktdt] ” S,f() +

w I
1 n n PO | 4 s T
+—l—§ S,f(t) [cos—lkxcos—Tkt+sm-Tkxsm ; kt]dt,
1 —
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HJH
l w {
f(x)=2+ S‘ F(t) dt + %;'7_ 51 f(t)cos—-’lf-k(t—x)dt.
—_ =1 _

IIpeanonoxum, yto GyHKUHUA f(x) abCOJIOTHO nn’rergnpyema Ha Bce#

npsiMofi, T. e. CXOAHTCA HeCOOCTBEHHHIH HHTerpadn ‘glf(t)ldt H Ie-

peiinem uucrto GopMaibHO B paBeHCTBe AAs f(x) K mpemeay npu [—-

—oo0, [lpu 3TOM nepBoe ciaracMoe NpaBOil YacTH PaBeHCTBA CTpe-

MHTCSL K HYyJIO, a BTOpOe cJlaraeMoe MOXKHO pacCMaTpHBaTh KaK HH-
®

TETrpajbHyl0 CyMMY IJs HHTerpaja sig(x)dﬂ\. oT OYHKIHH
0
i
g(h)=—- 3 F(£) cosh (t—x) dt,
T
€C/IH  TIOJIOKHTb Lkzilk, Al:l—,
ITostoMy ¢opManbHHE npefenbHBIH Nepexoj NPHBOAUT K paBeH-
CTBY

f(x) =—:[— § f(2) cos A (t—x) dt.

Ot’-ag

3T1o paBeHCTBO H Ha3mBaercs popMynoil Pypre,
Ecnu nonoxuth

a*=71:_ S’ F(£) cos At dt, b,‘=..:t_ g f(t)sin At dt,

To popmyay Pypbe MOXKHO 3anucaTh B BHLE

f(x)= j' (a,, cos Ax + b, sin Ax) dA.

0

Ilepefinem Temepbp K CTPOrOMY H3JIOXKEHHIO TEOPHH Npeo6Gpas3oBa-
HuA Pypoe.

§ 1. NPEACTABJIEHHE $YHKUHH HHTETPAJIOM ®YPBE

Berony B zanpuefimreM nogunuHuMm dyHkuuio f(x) tpe6oBanuio ab-
COJIIOTHOH HHTErPHPYEMOCTH Ha NpPAMOH (~o0, o0), T. e. morpebyem,
4YTOOH CXOJHJCH HeCOOGCTBEHHBIH HHTerpan

22*
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? | (x¥ dx. (9.1

Onpenenenue 1. bydem eosopure, uro pyuxyus f(x) np u-
HaOsrexur Ha npamoi (—oo, ©) kaaccy L, u nucars f(x)e=
&L,(—o0, ), ecau pynxyus f(x) unrezpupyema (8 cO6CTBEHHOM
cmoicae Pumana) na atobom ceemente (2080pAT, 4TO [(x) — A0KaAb-
HO unTeepupyema) u ecau cxodurcs Hecobereennsili unteepar (9.1).

1. BciomoraTeanHbie yrBepXKAeHHs. 3aMeTHM, 4TO B AajbHeflueM
KoMmmiekcHas QyHKHHA g(A) BellecTBEHHOro apryMeHTa. ) Oyler pac-
CMaTpHBaTbCsl KaK mapa BemecTBeHHHX ¢yukuusi u(A) um v(A):
g(A)=u(A)+iv(A). HenpeprBHocts g(A) B DaHHOH TOYKe { NOHH-
Mae’(l‘C;{ KaK HeNPephBHOCTb B 3TOH TOuKe KaxkJoi u3 OyHKuHA u(A)
uvu(d).

Jlemma 1. Ecau feL (—o0, 00), 70 042 410006 TOYKU A 4uUCAO-
8ol npamold (—oo<<h<oo) cyugecTsyer HecoOCTBEHHbIL UHTE2PAA

gy = [ e™f(xdx, (9.2)

Hasvisaemoli npeobpasosarnuem DPypse (uau obpas3om
Dypoe) pynxyuu f(x). Pynxyus g(A\) nenpepvisua no h 8 xasdod
TOYKe yuca080U npamou.

JdokxasareabcTBo. W3 paBencrBa [f(x)e™|=|f(x)| u u3
cxonumoctTH HHTerpasna (9.1) BHITekaeT cyllecTBOBaHHe HecOGCTBeH-
HOro HHTerpaja g(A):

le®l=| | emfidr|< | 17(1de < oo

W3 npusunaxa Beiiepmirpacca (cM. Teopemy 7.8) BHTekaer paBHO-
MepHas 10 A CXOX#MOcTb HHTerpana (9.2); oTciona B CHJY HENpepHB-
HOCTH e™* mo A JlerKo cJaefyeT HeNpepHBHOCTh g(A) Ha KaX-
AOM CerMeHTe, T. €. B KaXJ0H TOUKe UHCJOBOH NpAMOM.

JJemma 2 (nemMa Pumana). ITycre ¢pynxyuu f(x) — sokaire-
HO uHnTezpupyema Ha (—oo, +oo) u [a, b] — npoussossneid puxcupo-
BAaHHBIL UHTEPBAA HUCA0B0L npAMOU; TO200

ff(x)e""‘dx—w

npu A—oo (A — 8ewecT8eHHOe HUCAO).

HokaszareanbcTBo. DukcupyeM npousBosbHoe uHcao &>>0.
Tak kak ¢ynxknus f(x) mo ycJOBHIO TeOpeMH JIOKaJbHO HHTErpHpye-
Ma Ha YHCJIOBO# npsAMOH, To f(Xx) HHTerpupyeMa Ha 3aJlaHHOM CermeHas
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Te [a, b]. IToaTomy mas BHGpaHHOrO yucaa e>0 Hafimercs Takoe pas-
-gneﬂne T cermenrta [a, b] Ha wacTHUHHIE CEIrMEHTH [xr—;, xp] (R=I,
y e

y Ny a=xe<x;<...<xp,=b), uto ana HvkHeH cymmsul [ap6y Sr
CIIpaBelJHBH HepaBEHCTBA

b
O<If(x)dx——sr< e.

Hanomuum, gto

m
sp=Y m;Ax;,
=
Tae

m;= inf f(JC), Ax,=x,-—x,_1.
xely . x1
PaccMOTpHM KYyCOYHO HOCTOSIHHYIO Ha cermente [a, b] ¢ynkuuio

p(x)=m;, npr x&[x;—y, %), j=1, 2, ..., n, p(x)=m;. OuesngHo,
P(x) <f(x) Ha [a, b] ¥ gNA Bcex BelleCTBEHHBIX YHCEN A

b b b
0< [ f () erdx— [ p(n)etde| < [ I ())—p ()| - |e™]dx =

b b
= [t )—p () dx=[f(x)dr—sr<e.

Ho aas ¢uKcHpOBaHHOrO HaMu pa3buenns T

-

fp(x)e‘“dx= 2 §i m;e‘“dx=—}x—i(m;e""‘)li‘,’_,->0

=t :xl"l j=1

b
upu A—oco. Takum o6pasoM, MpH A—»oco HHTErpaln p(x)e**dx
p

a
CTPEMUTCH K HYJIIO. JleMMma jgoKa3zaHa.

Jlemma 3. Ilpeobpasosanue Dypve g(A) Pynkyuu f(x)es
eL,(—00, ) crpemurcs K HyAsto npu |A|=>o00, T. €.

lim |g(A)] =0.
{Afro
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Jdokazarenncrro. Purcapyem npousBoabHOoe uHcAo e>0.
B cuay cxomumoctu unterpasa (9.1) moxHo BmOGpaTh uwHcao A>0r
TaKoe, YTO

™
—A ® ¥

[ 1F@lde+ [ 1f@lde< —

—w® A

IIpu TakoM A cnpaBeAsnBO HepaBEHCTBO
© A

lg(\)] = IX f(x)e"’*"dxl <U f(x)e"*‘dxl +
—a —A

[Nocnennnit uuTErpans npu AOCTaTOUHO GoabiIOM |A| MOXKeT GHTH
-3
OHLEHEH CBepPXy YHCJIOM - (cM. nemmy 2). Tak Kak & IPOH3BOJL-

HO, TO l}'}m |g(A)] =0. Jlemma nokasaua.

B KauecTBe /e[ CTBHS H3 JIEeMMB 3 moJy4aeM

- [ -]
lim 5‘ F(x)cosAxdx =0, lim 5 f(x)sinAxdx=0.
A-ro8 Ze j —

2. OcnoBHas Teopema. Popmyna oGpamenns.
Onpenenenune 1. [Las kamdod ¢yukyuu f(x) us xracca
Ly(—oco0, o) nazosem npedea

A A ® ’
im—t_ U — L) o 1M iNE—x) } A
lim — jAg(K)e e lim —- A[ S eM—n f(f)dt | dh  (9.3)

(npu ycaosuu, uro stor npedes cyuwjectsyer) pasAOHeEHUEM
pynkyuu f(x) 6 unteepasr Pypoe.

BosHukaer BOmpoc O CyLIeCTBOBaHMHM pasJjoXeHHS (yHKuuH f(x)
B uuTerpaa @ypoe (9.3). OTBer naercs ciexnymoueli TeopeMoH.

Teopema 9.1. Ecau ¢pynxyun f(x)eL,(—o0, ) u ecau f(x)
ydosaersopaer 8 dannoti Touke x cnpasa ycaosuro I'éavlepa nopsd-
Ka ay, ede 0<<a1<1, a caesa yciaosuw Iéavlepa nopadka a,, 2de
0<as<1, 70 8 JaHHOL TOYKe X BLINOAHEHO PABEHCTBO '

A
im — ey [(x+0)+f(x—0)
L‘-ri 2n SAg(K)e ah = 2

Taxkum o6pasonm, 8 kaxdol Touke x, 8 Koropol anaxenue f(x) pae-
no noaycymme f(x)=LEE0 ;’f =9 4 wacrmocru, & xaxdott

TOYKe Henpepul8ROCTU [(X), cnpasediuso pasercTso
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f(x)=_2ln— § g (h) e—d, (9.4)

8 KOTOPOM HECOOCTBEHHbLL UHTE2PAA NOHUMAETCA 8 CMbiCAe 2A08H0O20
3HQYeHUA, T. e. NPU CUMMETPUYHOM CTPEMACHUU npedensos uHTeepupo-
8aHUA K OECKOHEeYHOCTU.

HokxasatenbcTBo. [lockonbky g(A) — HenpepoiBHAas PYHKLHSA,
To npu Jw6om A>0 cyuecTByeT HHTErpas

oo

- 3’ g (1) ehedh = f o] enpyat | an
J, A

——m

B cuay Ttoro uro muTerpaJ, 3akaoueHHH# B KBaJpaTHHe CKOGKH,
‘paBHOMEpDHO 1o A cxoxuTcs Ha aio6oM cermenrte [—A, A], MoxHO no-
MEHATb NOPSAOK HETETPHPOBAHKES OTHOCHTeNbHO { # A. BocnosnaoBas-
1UMCh PaBEHCTBAMH

M8 = cos A (f—x) +isinh (1 —x);

A A
—x)d\ = 2inA - x) —x)dA =
S cos A (f—x) dA —n S si.nk(t x)dA =0,

—A —A
A TakKXe 3aMeHOHl f=x7u, NOJAYYHM

A o A
L Y W B iMt—2) J =
— SAg(x)e— dh o= — 5 HAe o d | F(t) dt

S‘ ) smA(t-—-x) SinA(—x) ay _I__S‘ Flx +u) S04 smAa sinda
—x n

‘CaenoBartebHo, npH Jobom A>0

A 0
;u g\ e—negh— L S Flx+u)-Sode 4,4
—A -0
+—:‘—Sf(x+u)-s—m—u’5"—du. (9.5)
0
TTockonsxy

u

SsmAudu=—f—' § sin Au du=—§-.
P 2 2

-,
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TO

f(x+0)

> For+0) S22 d

u

L
g

f(x—0)

- f (x—0) sin Au du.

u

=L
19

R

Briuntas nocjenune nBa paBeHcTBa H3 (9.5), moayumm

A
\ —ixgy T+ +F(x—0)
3 g (A) e—irsd), ! =

-A

1
2n

*®

=— ([P Gt ) — G+ 0] 222 du 4
b

0 .
+'1:?S [F (x+ 1) —f (x —0)] —sir::ﬂ‘-du. (9.6)

Tak kak pynkuus f(x) yzoBrerBopsier cnpaBa ycnaoBuwo ['éasnepa
nopaikKa ai, TO CyHIeCTByeT nocrosiHHas M, takas, uro ans Aocra-
TOYHO MaJBIX MOJOMXKHTEIbHBIX # OyAeT BHIIOJHEHO HepaBeHCTBO

[f(xt+u)=f(x+0) | «Mun, 0<a;<]. (*)
Ananornudo u3 ycnoBus [énpiepa ciaeBa NOpsiAKa Op NOJYyYaeM He-
PaBEeHCTBO

H(xtu)—f(x—0) | <Mao|u|®, 0<a<l, (%)

AJsi Bcex AOCTAaTOYHO MaJHX N0 MOAYJIO oOTpHuaTedbHHX u. Ilycrs
M=max {M,, My}, a=min{a;, oo}. Toraa HepaBeHCTBa (*) H (*#)
MOKHO 3aMHCaTb B BHAE OFHOIO:
[f(x+u)—f(x£0) [<M|u]® (9.7
npu |u| <8, rae 6>0 mocraTouHo MaJo.
[Tepenumem coorHoirenue (9.6) B ciaenyiolieM BHAe:
A 3
1 — i e 1 (X0 +[(x—0) =_1;_S —_
3 | gy e : AL
—A

i % i
—f(x+ O)Jﬂ.‘;“ldu-}-—:;- S [f(x+u)——f(x__o)]_i‘:7'4_“ du +
—8
+_l_ S Fx+u) sindu_
" i “
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) —8
f{x+0) ¢ sinde ,  f(x—0) sin Au
= 5 - du S 22 du. (9.8)

[Tycts ¢ukcHpoBaHO npom3sBosabHOe e>0, a § BHOGpaHO M3 yCJO-

&%

BH3 I:b < ":— W Tak, 4To6m npu |u4|<8 Guao cnpasemnuso (9.7)..
o

OueHum nepsble ABa HHTerpasia B npasoii yactH (9.8). IToabaysce.

(9.7), noxyuum

. b
)= F 1222 du| < 17 ) —F (e 01 S <

5
< —M-Su“'“'dur- Me?
T

no

AnaJsioruuso
1}

(¢ +u)—f (r—0)] 222 du} <= | 40— fr—0) | <

—6

110

0
< upeau =22
n
=8
ITostomy B cuny BhbGopa &
)

| e+ 0—Fe 0] 2 a| +
0 .

+17U0[f(x+u)-—f(x-—0)]i‘f—”dul<%- (9.9)

Jlas ounenkn TpeTbero HHrerpaja B mpaBoi uyactdH (9.8) pacemor-
puM (QYHKUHIO
A €2l npu |u|> 6;
9(u) = u

0 npu ju|<L 8.

Dyuknus q(u) npuHaiNeRHT Kaaccy L,(—oco, o0), a NOITOMY B CHAY
aemMmu PuMana

lim S q(u)sinAudu=1im_1__ S fx+ u)Sinde sin Au 0.
A= R As>r U %
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Ho 3to u o3nasaer, uto Aasi (HKCHPOBAHHOrO HAaMH NpPOH3BOJLHOrO
€>0 cymecrsyer uxcsao N, Takoe, uto npu A>=N,

S F (x4 1) Sin A dul<%- (9.10)
lul=6 “
Haunee,

—8 @ @

S smAud _j' sin Au du:j SianT-+0
u u A T
8

—a0

mpu A—oco, OTclofa cilenyer, YTO AJs (PHKCHPOBAHHOTO HaMM NPOH3-
s8oabHOro £>0 u paccMaTpuBaeMoit TOUKH x Haigerca N, Takoe, ¥TO

© —6&
f(x+0) (¢ sindu f(x—0) sin-Au €
| - s‘ - dul+| ~ S - dul<—4 (9.11)

1pa A>N,. Ilycts N=max {N,, N,}. Torna, noacrasass (9.9)—(9.11)
B (9.8), nonyuaem, uto npu A>N

A
1 o FEFO) +F(x—0)
1 gAg(x)e “dh : |<e

Teopema nokasaHa.

3ameuanue Tpe6oBauusi, HajJaraemMsle Ha ¢yHkuuio f(x) B
TeopeMe 9.1, MOXKHO HECKOJIBLKO OCJaGHTh.

Onpengenenune 2. Bydem 2o80pure, uro ynxkyus f(x), aadawn-
HAA 8 HEKOTOPOl NnpPOKOAOTOU OKPecTHOCTU TO4KU X, yooeirereopaer
8 TOUKe X ycarosuam Juuu, ecau: :

a) 8 To4Ke X cywiecTsyoT 06a 0OHOCTOPORHUX npedera

f(x+0)= lim f(x+u), f(x—0)= lim f(x—u);
u->0-+0 u—-040

6) O0as Kakxozo-Hubyds noaoKHUTEAbHO20 3Ha4eHus e oba uMrez-
pasra

u u

if(x+u)—f(x+0) i, ff(x—-u)—f(x—-o) i

CX00ATCA ab6COAOTHO.
Scuo, uto ecau (yuknus f(x) ymOBAETBOPSET B TOUKe X ClpaBa
H caeBa ycaoBuio I'éabaepa

1f (etu) —f(x:£0) | <M|u]*, 0<a<l,
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TO, HOCKOJIbKY
H(x4u)—f (x£0)] < M

u ‘u‘a—l !

s BYEKUMH f(Xx) BHINMOJHEHO M ycjoBHe JuHH.

O6paTHoe, KOHe4HO, HeBepHO. MoXHO A0Ka3aTh, 4To yciaosue [u-
HM TeM He MeHee ofecreunBaer paanoxkeHue GyHKUHR f(x) B HHTer-
pan Pypre B gaHHOH TOUKE.

Crenaem HexoTOpHie BHIBOAH M3 INOJYYeHHHX pe3ynabraroB. [Ipw
ycnoBHH f(x)eL;(—oo, o0) y ¢dynruuu f(x) cymecrsyer npeobpaso-
Banne Qypoe

g (M= j F (%) et dix;

o6o3nauuM ero Tak: g(A)=F(f), rae F — oneparop ®ypre, npume-
HAEMBIH K QYHKUHH [

Ilpu BeimonHenuwm ycnoBuit Teopemnl 9.1 u  ycaoBus f(x)=
= f(x+0)_;f(x_0) , KakK Mbl A0Ka3anu, GyHkuus f(x) pasnaraer-
csi B uurerpay ®Oypee, T. e. cnpaBelaHBa Gopmyaa

: _, =5 [ gMean.

A1y ¢Qopmyay HasbBaloT o6paTHHM npeob6pasoBaHHEM
® ypbe. O6o3nauuM ee-Tax: f(x)=%F_' (g), rme F-! — o6par-

HHH onepatop Pypee, npuMenseMbfl Kk QyHkuun g (A), T. €. K o6pasy:
®ypbe QyHKUuH f(x).
OtMmeruM, uto x0T GopMyan mnpeo6pasoBatus Pypne u o6parHO-
ro npeoépasosddm dypre BHElIHe NOX0XH (CM dopmyasr (9.2) w
(9.4)), no cymecTBy OHH pasJIM4HBEI: B NMepBOHl M3 HUX HHTErpan cy-
mecTByer B OGBIYHOM CMBIc/Ie (HOCKOABKY feL,(—oo, o0)), a BO BTO-
poii, BooOlie TOBOpPS, JHLIL B CMBICJIE IMaBHOrO 3Hauenus. Kpome To-
ro, paBesctBo (9.2) — ato ompenenenne GpyHKUKHH g(A), a B paBeHCT-
Be (9.4) comep:KuUTCH YTBEpKIECHHE O TOM, YTO HHTerpaj paBeE HC-
xonHo# GyHKumHU f(x).
3. INpumepnl. PaccmoTpum npsMoe H o6parHoe npeoGpa3oBaHHA
(Dypbe LNs cllydyaeB YeTHOH H HeueTHOH QyHKHH.
Cayuait uerHo#t ¢dyukuuu f(x). OueBnnuo, B cayuae,,
ec.nn f(x) =f(~—x), u3 popMyan (9.2) noayuaem

g = f(x) (cosAx +isinAx) dx =2 5 f(x)cosAxdx.

3'...—,9
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Orciona caenyer, yto g (A) ToxXKe uerHas ¢ynkums. IHostomy
f(x)=—21; S g (A) cosAdi:%jg(A)cosldi.
—0 0

TTepsyio u3 3THX POpMys Ha3HIBAIOT NPSAMBEM KOCHHYyC-Tp e o 6«
PasoBanuem ®Pypbe PyHKUHH f(x), a BTOpylo — o6parT«
HHIM KOCHHyc-npeob6pa3oBanuem Pyphbe.

2. Canyuait HeueTHo#t ¢ynHkuuu f(x). Iyers f(x)=
=—f(—x). Torga, o4eBHAHO, NONYYHM NpPSIMOE CHHYC-npeobpa-
3oBanne ®ypnbe

g(k)=2ff(x)sir1}»xdx
1]

# o6paTHOe cCHHYc-npeo6pasoBaHnue Pypne
f(x)=L5g(x)smxxdx.
11
0

3% Ilycrs f(x)=eV*#, y>0. Torza

F(fl=g®)= 5' e—Vixlgihs fx — 2 j €% cos Ax dx,
[1]

-_—00

€ NOMOIIBI0 ABYKPAaTHOTO HHTEPHPOBaHHSA IO MaCTAM HAXOXHM

F(f=g()=—2

M4
4°, Tlycts
{1 mpu |x|<a
f(x)={0 npu |[x|>a.
Toraa
@ 4 tha __ ,—iha :
___ o _ A o £ € = 2 sin Ag}
gM)= ([ Fwende= [ emde= i
— —a

3amertuM, uto g(\) He npHHaAdeXHT L;(—oo0, o0).

§ 2. HEKOTOPBIE CBONCTBA NPEOBPA30OBAHHKA
9YPbE

YcTaHOBHM HEKOTOPYIO CBsi3b MEXAY CKOPOCTbIO yOnBaHHA (GYHK-
MM f(x) ® TIafKocTbio (HudoepeHnupyeMoCTsiO) ee mpeobpasosas
Hus Oypre, a TakKe MeXAy IV1afKOCTbIO QYHKUHH H CKOPOCTbIO yOHI-
BaHHs ee npeoGpasoBaHus Pypse.
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Yreepxnenue 1. Ilycre O0an yenozo HeEOTPUYATEAbHOZO R
(1+ |x])*f(x)=L,(—o0, ©). Toeda npeobpazosanue Dypve g(A)
Pyrkyuu ff (x) Ougppepenyupyemo k pas, nputem e2o npoussoOHYO HO
M a0bozo nopadka m=1, 2, ..., k moxcHO 8biducaaTs Oupdeperyu-
posanuem nod snaxom unrezpara (9.2), 7. e. no gopmyse

grm(A) = jf(x) (ixyne**dx, m=1, 2, ..., k. (9.12)

Hoxasateascrro. s moforo m=1, 2, ..., B cnpaBeiiuBo
#epPaBeHCTBO

[(eHf (NTP| = e (ix)m f ()| < (1+ 12191 f ()]
Hurerpan

[+ 12191 F () 1dx

cxoautes. M3 cxoamMmocTH 3TOro MHTerpajia H M3 IpH3Haka Beiiep-
aurpacca (cm. TeopeMy 7.8) BHITeKaeT paBHOMepHas Mo A Ha Kax-
-

JOM cerMeHTe CXOZHMOCTb WHTerpaJa S f (x) e** dx. U3 Teopemnt 7.14
BLITEKaeT BO3MOXKHOCTb NPOAH(GepeHIHPOBATh 3TOT HHTErpasi Imo A
Jo nopsaaka m=I1, 2, ..., k, a TakXe CcHpaBelJHBOCTb ¢opMy-
Jn (9.12). YTBepxKAeHHe NOKa3aHO.

YrBepxaenune 2. Iycre ¢ynxyus f(x) umeer 8 xaxdoi rou-
Ke x 8ce npou3sodnsie 0o nopadka R>1 exawouuresvro, npusen f(x)
u sce (™M (x), m=1, 2, ..., k, a6coatoTHO unTezpupyemo. Ha (—oo, o)
4 Oas awbozo m=0, 1, ..., k=1 [™(x)>0 npu |x|—oc0 (fO(x)=
=f(x)).
Tozda |g (M) |=0(|A|7*) npu |A|—>o0, 20e g(A) — npeobpasosa-
#ue Pypoe pynkyuu f(x).

Hokasar eannctso. IIyers A>0, Torna

A

§ 10 () e de = [ () et 4 — [F0D () (i8) e8] +

—A

A
+ oo (—0Eae [ fr)enedx,
—A

Ycrpemnsas A K GeCKOHEUHOCTH M YUHTHIBAS CTPeMJIEHHE K HYJIO NPO-+
H3BOAHHX QYHKUMH f(x), mONyUHM

§ 79 () e de —(—in)t [ F(x) e dx=(—ikyrg ().
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CoraacHo nemme 3 npeoGpasoBanue Oypbe GyHrumMH f*) (x) cTpeMHT-
¢ K HyJaw. IToatomy
lg(A) |=o(]A]7*).

YTBepXKAeHHE JOKa3aHo.

YTBepxnenue 3 (pasencrso Ilnanwepens?), HyCTb Pynk-
yua f(x) u ee sropas npousso0Has aGCOAIOTHO UHTEZpUpYeMbl HG
(=00, ), f(x)=0, [ (x)=0 npu |x|—oco. Mycto Pynxyus o (x)
abcorroTHo unrezpupyema Ha (—oo, oo). Toeda

Sf(x)w(x)dx=2—ln— gg(x)mdx,

20e g(M)=F(f), y(A)=F(9) — npeobpasosanus Pypve pyrxyui f
U @ cooTsercT8enHO; yepra Had Y(A) o03HaUaer KomnaeKcHoe co-
npsoiceriue.

HoxasateanbctBo. Ilo ¢opmyne obpauwenus  f(x)==-

=—2-1!—F—1(g)=—2l— Sg(h)e—”*"dk, IpHYEM COrJaCHO YyTBepxKje-:
T

HHIO 2

lg (M) | <c(1+]A])2

Ilostomy unrerpan anas f(x) cxoaurcst aGCONIOTHO H paBHOMEPHO (OT--
HOCHTeJIbHO Xx) Ha (—oco, o0)., YMHOXas obe yacTd QOpMyan AJis:
f(x) Ha @(x) u unrerpupys no x or —A ao A, noayuynm

S:f () @ (x) dx =—2‘;_S:¢ (x) [ _S:g (M) e~= dh. | dx.

B cuny pasHoMepHo#i no x Ha [—A, A] cxoaumocTH HHTerpana
[ -]

_s‘ g(A)e—™ d\ MOXKHO NOMEHSTb NMOPSALOK HHTErPHPOBAHHA B 3TOR
]

¢opmyJe cnpasa:

o«

_S': Fx) g (%) dx=—2%l——5; [S:qJ (x) egit® dx] g(Mydr,  (9.13)

rJle 4uepra 03HauaeT KOMIJIEKCHOe CONpPSXKEHHE.
CornacHo oueHke

A -
| | oyeraxl. gy < e+ 17 [ low)iax
A —@

1) M. ITranmepens — wpefnapckui Matematuxk (1885—1967).
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H npusHaky Befiepmrpacca uuterpan B npaso#i yactu (9.13) cxoawut-
cs pasHoMepHO no A Ha Bcelt npsmo#i. Ilpumensa Teopemy 7.9, B
(9.13) moxkHO mepefiTu K npejeay npx |A|—-oco noa 3HakoM HHTerpa-
Ja. T[Noayuum

{roemar=o- [ eMvpmyar

—_

4YTO W TpeboBajoch AOKAa3aTh.

B sakaouenne goxaxeM TeopeMy KoreapHHKOBa?, Hrpalollyio
BAaXHYIO POJb B TEOPDHH pajuocBsH3H. Ilas 3TOro clenaeM HECKOJBKO
npexBapuTenbheix noscHenuit. Ilyctes yHxums f(x) onpelenesa Ha
cermente [—[, {] u mepuoguyeckn (c mepuciaoMm 2{) mpojonaxkeHa Ha
BCIO NPAMYIO; NyCcTb 3Ta (YyHKHUS abCOMOTHO HHTErpHpyeMa Ha Ie-
pHoge. PasnoxuM f(x) B psan Pypbe (Koropuii B ciyuae, ecan f(x)
VIAOBJETBOPSET NOINOJHHTENLHBIM YCJIOBHSIM, CXOMHTCS K HeH):

-] bt l-ikx
=30 I in >~ = !
f(x)= > +E(a,,cos . kx + b, sin ; kx) E Cre
k=1

Ree-—c0

dyrrumio f(x) Ha3HWBaloT CHTHaJOM, uHcaa {@o, Gk bi} min
{cx} — cmexkTpoMm curHaana, a BennuuHy Kk/2/ — wacToTOH
CHTHaJaa f Pasnoxenne nepuoauveckofi ¢bynkuuun B pan QPypse
Ha3HBAalOT TAPMOHHYECKHM aHaJH3OM JaHHOH GYyHKIHH.
B cayuae mepuoauueckoi ¢yHKUHH f(x) ee CIEeKTp LHCKpeTeH, T. €.
'COCTOMT U3 He 6oJiee YeM CYETHOFO MHOXKECTBa 3HaueHHH.

Ecnu ¢yHRunA He sABAsieTcst nepHoAHuecKod, To pan Pypre, Kak
MEl 3HaeM, MOXeT ObiTh 3aMeHeH HHTerpajioM Pypre PyHKIHH [(x) B

f (x)=§ S g (A) e=** dh..

PyHKUHIO f(X) MOXKHO MO-TpeXHeMy Ha3LlBaTh CHTHAaJOM, a
$yHkuuo g(A) — CHEeKTpPOM CHTrHaNa (B ZAHHOM Clydae CHEKTD
HenmpephiBéH) H A —~4acTOTOH CHrHana,

Ha npakrtuke Ba)xHO# 3ajlaueil sBJIseTCH 3ajaya BOCCTAHOBJIEHHS
CHrHaja no cnekTpy. IloguepkuHeMm, uTo uyacTo HeT KeOGXOLHMOCTH
3HaTh cnekTp g(A) AAA Bcex 4acToT A, Aa M npubOpH  YJIaBJHBAIOT
CHEKTp TOJBKO B HEKOTOPOM RHaHasoHe yacToT |A|<a. (Hampumep,
YyeJI0BeUeCKOe YXO yJaBJUBaeT CHTHaJ B AuamnasoHe or 20 repu mo
20 xunorepu.)

Iostromy GyneM cuuraTh, uTo cHraan f(x) (x — Bpems, —oo<x<
< 00) HMeeT (GHHHTHHHA CHEKTP, OTIMYHBIH OT HyJS JHIIb /IS YaCTOT

U B. A K —
o OTENLEAKOB (pOX. B 1908 r.) axasemex PAH, cnemmamacr B teopum
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A mpu |A|<a. Takum obpasom, npu |A|>a umeem g (A)==0. Cieno-
BaTEJIbHO,

f(x)=—2;— S g e-max=?'"- g g\ e—hedh.  (9.14)

Pasnoxum Ha cerMeHte [—a, a] ¢yskumo g(A) B pag Dypse:

ﬂ

gm—Zm

k=—owm

YuurniBas (9.14), nonyunm

a a

di =?1a- g g(K)e‘%Md}u—_——"-f (—-i‘— ) (9.15)

IoacraBass sty KoapouuueHTH B pax and g(A), a 3ateM g(A) — B
uHurterpaa (9.14), 6yaeM uMerh

=g { (5 X 1054 )

a Re=—oo

- 5159 [

ke=—a

TakuM o6Gpa3oM, foKa3aHa cienylolias
Teopema 9.2 (reopema KorenpuukoBa). [as cuenara f(x) ¢
Gunurnoim cnexkrpom g(A) cnpagedauso cOOTHOWEHUE

F) = °,°1 ; _“_k sina(x——E—k)
2‘ (a ) a(x———n—k> .

=00
a

Teopema 9.2 nokasniBaer, YTO CHFHAJ, OIHUCHMBAEMHH QyHKIHEH
f(x) ¢ buHBTHEIM cnekTpOM g(x), COCPEAOTOYCHHHM B M0JIOCE YaCTOT

|A| <a, BoccTanaBauBaeTcs JHMb N0 OTCYETHHIM 3HAYCHHAM [ (—a—k ,

nepeiaBaeMblM uepe3 paBHEE NIPOMEXYTKH BPEMEHH m/a.

§ 3. KPATHBIA HHTETPAJI #YPbE

3aecb MBl JaJuM JHIUb CaMBEe HauyaJbHble NOHATHS O KPATHOM HH~
rterpaje ®Dypve. Ilycts pynknuss N nepemenHmx [(x)=f(x;, Xz ...
-+, x¥y), N=2, takoBa, uT0 cyulecTByeT HeCOGCTBEHHHH HHTErpas



§ 3. Kpatuufi HHTerpan Qypne

353
j...gf(xl, Xgy ooy XpYdxydx, ... dxy.
EN
Hasosem npeo6pasoBanuem (o6pasom) dPypbe Takoit
<yuknuu f(x) Beauyuny
EM) =gy Ay ooy A= (.. [ Fry %y ... 2p) N daydy ... dry,
EN

The (x, K) O3HavaeT CKaJsApHOe NPOH3BeNEHHEe BEKTOPOB X= (xl, X2,
wesy xN) " A."—‘(M, Kz, ey },N), T. €.

N
(x, M) =Y xh.
[£ 2]

Touno Tak e, kKak B § 1, MOXHO nokasath, 4To g(A) sBAAeTCA
mwenpepuBHoil ¢GyHKuMed A B EN B cTpeMHTCS K HYJI0 IpH [Al=

N
= (Z Z,?) " 50. Ilpenen

{=nl

tim [, § @by huv oony Ay)e D dhydhy . dhy
A+ EN

TIpH YCJOBHH, YTO OH CYINECTBYeT, HAa3HBA€TCA pAa3JOXEeHHeM
dyuxuun f(x) B N-kxpaTuui ueterpaa ®ypse C momowsio
nepexofa K NpeAely noayuaercs (Tak Ke, Kak B cjydae OLHOH mes
pemensoit x) dopmyna obpallieHus

f(x)= (2,:)1\{ XLNS g (A)e—H=M d,

rae
X=(Xy, Xg ..., Xpn)y M=(Ap, Ag, ..., Ap).

23 -4314
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MHPYEMOCTb TPHIOHOMETPHUYECKOTro psia ¢ypbe HenpepuBHOA (QyHKIHH

METORAOM CpefHHX apHdMeTHIeCKUX (329) 8. 3axkaouuTeNpHHe 3aMeua-
HHA (331)
KpaTene TpHroHoMeTpHyeckHe psgm Dypbe .

1. TloxATHA KpaTHOIO TPHrOHOMETPHYECKOTO PAAa ¢ypbe  ero np;mo-
YroJbHHX H chepHUecKHX vacTHuHHX cymM (332). 2. Moayab Henpephis-
HOCTH H Kaacch I'éapgepa nna o¢yskuun N  nepemeHsnx  (334).
3. YcnoBra aGCoOMOTHON CXORHMOCTH KpaTHOTO TPHTOHOMETPHUECKOID
pana Dypoe (335)

T'JIABA 9. MPEOBPA3OBAHHE <¢YPBE

§ 1.

§ 2
§ 3.

INpencrasnenne ¢yHKuuH urTerpasoMm @Oypre ., .

1. BcnomoraTenbHne yTBepxiennsa (340). 2. OctioBHas Teopema d)op-
Myna o6pamenus (342). 3. [Tpumepn (347)

Hekortopue cBoficTBa npeodpaaosaﬂnﬂ (Dypbe

Kparthnii wuterpan ®ypbe .
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