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[haBsa 1

OCHOBHbIEe NOHATUSA

1.1 TIlousatus o quddepeHnmanbHbIX YPABHEHUTX

HuddepenrmaabubIM ypaBHEHIEM HA3bIBAETCS yPABHEHNE, COIEPIKAIITEe
[IPOM3BO/IHbIE HEU3BECTHON (pyHKIWMH. [IpuBeieM HEKOTOPbIE IIPUMEDPHI.

MNpumep 1.1.1. Hatdmu gynryuro y(t) maxyro, wmo
Y+ (Y1) —efy(t) =1+, a<t<b
MNpumep 1.1.2. Hatimu gynruyuro u(t, ) maxyro, wmo
wge (t, ) +up(t, ) = (2 + 2)u(t,z), a<t<b, c<z<d.
Mpumep 1.1.3. Haumu dyrruyuto u(t,x) maxyro, wmo
up(t, ) — uge(t,2) +ult,z) =0, a<t<b, c<zx<d.

VpaBHeHue, cojiepzKaliee MPOU3BOJIHbIE HEM3BECTHONW (DYHKIIUU TOJHKO
10 OJIHOI HE3aBUCHMOIi IIepEMEHHO, Ha3bIBaeTCsad 00bikHOBEHHVIM Jugde-
peryuasvrom ypasrenuem (kparko — OIY).

VpasreHue, cojiepzkaliiee Mpou3BoHbIE HEU3BECTHON (DYHKIUH 110 HECKOJIb-
KUM HE3aBUCHUMBIM [T€PEMEHHBIM, HA3bIBAETCS T hepEHINATBHBIM yYpaBHe-
HUEM 8 “YACTMHBLL NPOU3EBOOHDIL.

VpaBHeHuUsl, IPUBEJECHHBIE B IPUMEPAX u SIBJISIIOTCST ODBIK-
HOBeHHBIMU [T depEeHITNATBLHBIMEI YPABHEHUAMU, YPABHEHUE U3 MPUMEPA
— nuddepeHIaIbHbBIM yPABHEHUEM B YACTHBIX IPOM3BOIHBIX.

[Topsinkom mudhepeHnualbHOr0 YpaBHEHUsT HA3BIBACTCS HAUOOJIBIINAN
MOPSIZIOK BXOJSIIIUX B HETO MPOU3BOJIHBIX.

JaHHbII KypC TOCBSIIEH, B OCHOBHOM, OOBIKHOBEHHBIM UM epeHIinaIb-
HBIM YPABHEHUSIM.

O6bIkHOBEHHBIM T DEPEHITNATBHBIM YPABHEHIEM 1-TO MTOPSIKA OTHO-
CUTEJILHO Henm3BecTHON (yHKiuu y(t) HA3BIBACTCS ypPaBHEHHUE

F(t,y(t),y'(t) =0, te&la,b],
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rue F(t,y,p) — 3amannas HyHKIU TPEX MEPEMEHHDIX.
OO6bIKHOBEHHBIM U dEPEHINATBHBIM YPABHEHUEM 7-TO TIOPSIIKA OTHO-
CUTEJIbHO Henm3BecTHON yHKiuu y(t) HA3BIBACTCS ypaBHEHHIE

F(ty(t),y' (1), ..,y (1) =0, telab,

rae F(t,y,p1,-..,pn) — 330anHast GyHKIU N + 2 IEPEMEHHBIX.
OObIKHOBEHHBIM UMD MEPEHITNATBHBIM YPABHEHUEM N-TO MOPSIIKA, Pa3-
PEIIEHHBIM OTHOCUTEIHHO CTAPINel TPOU3BOIHON, HA3BIBAETCS yPABHEHNE

y™M () = F(t,y®t),y' @), ...,y V1), te€ab], (1.1)

rae F(t,y,p1,...,Pn—1) — 3amannag dbyHkma n + 1 nepemMeHHoi.

Hapsiny ¢ oobikHOBeHHBIME T DEPEHITHATBHBIME Y PABHEHISIMHI MOXKHO
paccMaTpUBaTh CUCTEMBI OOBLIKHOBEHHBIX JUM(EPEHINAIBHBIX YPABHEHWI.
Iycrs 3amanel byakuun f;(t, y1,Y2,---,Yn), ¢ = 1,2,...,n. HopmansHoii
CHCTEMON OOBIKHOBEHHBIX JUMdOEPEHIMAILHBIX YPABHEHAN OTHOCATEIHLHO
Hen3BeCcTHBIX QYHKIWH ¥ (t), ..., yn(t) HA3BIBACTCS cHCTEMA

yi(t) = fl(t7y1(t)ay2(t)v--wyn(t)), te [a7b]7
yé(t) = fQ(t» Y1 (t)a yZ(t)v cee ayn(t))» te [av b]» (1.2)
Vlt) = Faltsn(t)9200), o un(), £ € [ad]

VYpasaenue (1.1) moxker ObITH CBeJieHO K HOpMaJsbHOI cucreme (|1.2)).
1)

HeiicrBurenbHo, nyctsb dyHukims y(t) sBiseTcs pelleHneM ypaBHeHus (|
Bgenem dynxiun

Y1 (t) = y(t)v y2(t) = yl(t)a cee ynfl(t) = y(n_Q) (t)a yn(t) = y(n_l)(t)'
Torna dyukuuu yi(t), ..., y,(t) aBisOTCH peleHusiMiE HOPMAJILHOIN cucTe-
MBI

yi (t) = Y2 (t)a te [a7 b]:

yé(t) = y3(t)a te [aa b],

e (1.3)

Yn—1(t) = wn(t), t e la,b],

y;{(t) = F(tayl(t)?yl(t)77yn(t))a te [a7b]'
Cupaseggmuso u obparuoe. Ecoin dyuxiuu y (), ...,y (t) aBisiorca pe-
menusmu cucreMel ([1.3), To dyuruusa y(t) = y1(t) saBagerca pemieHuem

ypasrenus (|1.1)).
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Ye Yz

Puc. 1.1. K npumepy 1.1.4} cJleBa — MHTErpaJibHas KpuBas (COUPAJb), CIpaBa —
dazoBast TpaekTopusi (OKPYKHOCTB).

[Ipu permennn ypaBHeHUs WIA CUCTEMBI 9acTO TPUXOMIUT-
Cs1 TIPOBOJIUTD OIEPAIUIO WHTErpupoBanusi. [Iporecc HAXOXKIEHWST PeIieHnit
OOBIYHO HA3BIBAETCS UHMEPUPOSAHUEM TUMDDEPEHITNATLHOTO YPABHEHUSA
WJIA CUCTEMBI.

Beskoe pemenue (y1(t),ya2(t), ..., yn(t)) cucremst MOKHO HHTEp-
NPETUPOBATH TEOMETPUIECKN KAK KPUBYIO B 1 + 1 MEPHOM IIPOCTPAHCTBE
nepeMeHHbIX (¢, Y1,Ya2, - .-, Yn). Kpusas (¢, y1(t),y2(t), ..., yn(t)) HA3LIBACT-
csl unmezpaavrol kpusoti. IIpocTpaHCTBO mepeMeHHBIX (Y1, Y2, - - ., Yn) Ha-
3bIBaeTCsl (Ha30BBIM IIPOCTPAHCTBOM, & OIPEJEJIEHHAs] B 9TOM IIPOCTPAHCTBE
kpuBast (y1(t), y2(t), ..., yn(t)) — dasosot mpaexmopued.

MNpumep 1.1.4. Hopmaavhas cucmema

umeem pewenue y1(t) = cost, ya(t) = sint. Humeepaarvras kpusas smozo
PEWEHUA 8 NPOCTNPAHCMEE nepementul (t, Y1, Ya) ABAAEMCA CRUPAALIO, CO-
cmosweli u3 d8YT uUMK08, @ Pas3o6as MPAEKMOPUA — OKPYAHCHOCTLIO (CM.

puc. .
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1.2 Hekoropble MaTeMaTHYeCKUe MOEJN, OMUCHIBae-
MbIe OOBIKHOBEHHBIMU AN (pepeHITnaIbHBIMA YPaB
HEHUIMU

O6bIKHOBeHHBIE MM depeHIInAIbHbIE YPABHEHUS SIBJIAIOTCS OCHOBON Ma-
TeMaTHIeCKUX MOJIeJIell pa3sHOOOPA3HbIX IIPOIeCcCOB U siBjieHwmii. IIpuBemem
HEKOTOPBIE ITPUMEPHI TOJO0HBIX MATEMATHIECKUX MOJIEIEH.

1.2.1 /IBu>keHue MaTepPUATHHOM TOUKU

PaccmoTpum nporiecc ABHzKeHNs MaTepUuaIbHON TOUKY C eAUMHIYHO Mac-
COii BJIOJIb IPSAMOIL, KOTOPYIO OyJeM CIuTaTh OChIO . JIBrmKenue Touku oby-
CJIOBJIEHO T€M, 9TO Ha Hee jsefictByer cuia f(t), 3aBucdiias OT BpeMeHd t.
O603HAYNM ITOJI0’KEHNE TOYKK B MOMEHT BpeMeHH ¢ depe3 z(t). B coorser-
CTBHUHM C BTOPBIM 3aKOHOM HbIOTOHA mOJIy<HM, 9TO

d*x

(] (14)

Takum o6pazom, npu 3aganuoil dbyuxiuu f(t), JBUKEHIE TOYKU OIKCHI-
BaeTcst OOBIKHOBEHHBIM T depeHITNATHFHBIM yPABHEHHEM BTOPOTO TOPSIJIKA
OTHOCHUTEBHO Hem3BecTHOH dbyHKuum 2 (t).

Pemenne ypaBuenns MOXKeT OBbITh JIErKO HAWJIEHO B DPE3YJIbTaTe
JIBYKPATHOI'O WHTEIPUPOBAHUSA

x(t) = /t/Tf(Q)dé)dT +c1 + cat. (1.5)

to to

rjie to - HEKOTOpOe 33JIaHHOoe YHCTIO0, a ¢ U Cy — IPOU3BOJILHBIE OCTOSHHLIE.
U3 dpopmyiisl CJIeIyeT, 4TO ypaBHeHHe He oIpe/iesIgeT OJHO3HATHO
nporecc ABIKeHns Z(t). DTO JETKO MOHATh U U3 (PU3MIECKAX COOOpazKe-
uuit. JleficTBUTENLHO, IS OHOZHAYMHOTO OIIPe/IesIeHNs TIOJIOKeHNsS TOIKN
x(t) Hy>KHO 3HATD €6 TI0JIO’KEHNE B HEKOTOPBII MOMEHT BPDEMEHH t(, TO-€CTh
BesinunHy Lo = x(tg) u ee ckopoctb vy = &' (tg). B sToM cayuae ¢; = xo,
Co = Vg W TIOJIOXKeHne TOUKH T (t) B OO0 MOMEHT BPEMEHH ONpPEIEIseTCst
OIHO3HAYHO.

Ypasuenne ollpejie/isieT MPOCTeRNINii BApUAHT JBUKEHNS TOYKH
BJ10JIb IIleVIOfI. ECJ_H/I CI/IJ—Ia7 ;LeﬁCTByIOI]LaH Ha TOqu 3aBUCUT HE TOJIBKO OT
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BPEMEHHU, HO TAaKXKe U OT IoJioKeHus Touku z(t) m eé ckopocru z'(t), To
0ObIKHOBEeHHOE JTudHepeHnmaabHoe yPpaBHEHNE, OMPEIEISIONee MOJI0KEHIe
rouku z(t), OyJer UMeTb BUJ

d*x !
oy = [(ta(t), 2/ (1),

rae f(t,z,p) — 3anannas HyHKIMS TPEX EPEMEHHBIX.

PaccMOTpHUM Tenephb IPOIECC JIBUKEHUsT MATEPUAIBHON TOUKH €JIMHIY-
HOft Macchl B IPOCTpaHCTBe. 11o/I0sKeHne TOUKH 3a71aeTCsl PaITyCOM BEKTO-
pom 7(t) = (z(t),y(t), 2(t)). duxkenue Touku 00yCJIOBIEHO HeficTBUEM Ha

Hee CHUJIbI, 3aBUCAINEH OT BPEMEHH, ITOJIOXKEHUsT TOUYKNA U €€ CKOPOCTU. ITa
CIJIA OIHCHIBAETCH BEKTOD (ByHKIIIEH

f(ta F(t)v Fl(t)) = (fl(tv F(t), F/(t))v f2<ta F(t)v Fl(t))a fS(tv 77<t)7 F/(t)))'

Bropoii 3akon Heiorona naer ypasHeHue [l onucanus Tpaekropun 7 (t)
JBUKEHUA TOYKU

v L,
W = f(t,?“(t),’l“ (t>)

3anuceiBas 9T0 BEKTOPHOE YDaBHEHHE 10 KOMIIOHEHTAM, MBI IIOJYINM CH-
cTeMy OObIKHOBEHHBIX JinbdepeHIIIaNbHbIX YPABHEHNH OTHOCUTEILHO HEN3-
BectHbIX Qynkuumit x(t),y(t), z(t)

d?z
ae?
d?y
dat?
d?z
dat?

= fl(tvx(t)a y(t)7 Z(t)7.%'/(t),y/(t), Z/(t))7
= fa(t, (1), y(t), 2(), 2'(t), ¥/ (), &' (1)),
= f3(t,x(t),y(t)7 Z(t)>$/(t)7y,(t>7 Z/(t)),

rae fi(t, z,y, z,u,v,w), i = 1,2, 3 — 3ajanHble DYHKIUU CEMU [IEPEMEHHBIX.
Ora cucreMa He ABJIAETCS HOPMAJILHON CHUCTEMON 0ObIKHOBEHHBIX audde-
peHnuaIbHBIX ypapaennii. O JHaKO ee MOYKHO MTPUBECTH K HOPMAJLHOMY BH-
JIy BB/ JIOTIOJHATEIbHBIE Hem3BecTHbIe GyHKImn u(t) = /' (1), v(t) = y'(t),
w(t) = Z'(t). B pe3yabraTe MBI OIYyIMM HOPMAJILHYIO CUCTEMY OOBIKHOBEH-
HBIX JinddepeHITIaIbHBIX YPAaBHEHU OTHOCUTEIbHO HEN3BECTHBIX (DYHKIIHMA
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2'(t) = u(t),
y'(t) = v(t),
Z(t) = w(t),
u'(t) = fit, (), y(t), 2(t), u(t), v(t), w(t)),
V() = falt,x(t), y(t), 2(t), u(t), v(t), w(t),

O4eBuIHO, UTO JJIsI OJIHOZHAYHOIO ONPEIEJEHNs] TPAEKTOPUH TOYKH B IIPO-
CTPAHCTBE CJIEYET 33JIaTh €€ TI0JIOKEHNE B HEKOTOPDIii MOMEHT BPEMEHH t
U e€ CKOPOCTh B 3TOT YK€ MOMEHT BPeMeHH, TO-ecThb 3HaueHus (tg), y(to),

Z(to), U(to), U(to) w(to).
1.2.2 Moaenun AUHAMUKY TOITYJISAITAN

Moyesin IMHAMUKYA TIOIYJIATNAN OMMCHIBAIOT MPOIECCHI N3MEHEHUsST IUC-
JIBHHOCTH OMOJIOrHYecKuX OObEKTOB BO BpeMmeHu. IIpuBesem mmpocrbie mpu-
MepBbI TIOJ00HBIX MOIEIEH.

Paccmorpum nomystsnuio HeKOTOPBIX Orosiormdeckux opraau3mon. O6o-
3HAYUM WX KOJIMYECTBO, HOPMUPOBAHHOE OTHOCUTEIHLHO HEKOTOPOTO JIOCTA-
TOYHO GOJIBIIOrO 3HAYEHUs, B MOMeHT BpeMenu t depe3 u(t). Hasee Gynem
cunTarb QYHKIWO u(t) HeIpepbIBHO JuddepeHIupPyeMOn 1 IPEIIIOIO0KUM,
9TO W3MEHEHUE KOJIMYECTBA OPraHM3MOB IIPOUCXOJUT 38 CUET POXKJICHUS U
cmepT. Ecm ¢cKOpoCcTh poXKIaeMOCTH U CKOPOCTh CMEPTHOCTH ITPOITOPIIAO-
HAJIbHBI KOJINYECTBY OPranu3MoB u(t), To
du = au(t) — bu(t), (1.6)
dt
IJIe a — IMOCTOSHHBIN KO3(MMUIMEHT POXKIAEMOCTH, & b — IOCTOSIHHBI KO-
bUIMEHT CMEPTHOCTU OpraHu3MoB. Takum 00pa30M, MbI TIOJIY IUIA OOBIKHO-
BerHoe auddpepeHnuaIbHoe ypaBHEHNE OTHOCUTEIHHO HEM3BECTHON (DyHK-
un u(t). Perenusivu ypaBHeHust SABJISIIOTCS (DYHKIUN

u(t) = Cexp{(a — b)t},

rne C' — mpomsBosibHAA MOCTOsiHHAA. [l ycTpamenusi momoOHOM HeOomHO-
3HAYHOCTHU HYKHO 3HATH KOJNIECTBO OPTAHU3MOB B HEKOTOPBI MOMEHT Bpe-
MeHH, TO-eCTh BeJmunHy ug = u(tp). B aTOM Ciaydae pemenue ypapHEHUs
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(1.6) onpenensiercst OMHOZHAYHO U UMEET BUJL
u(t) = ugexp{(a —b)(t —t9)}.

Paccmorpum Teneph 60J1ee CIIOKHYIO MOJIE/b JJUHAMUKY TTOMYJIAIHIIL, KO-
TOpasi ONMCHIBAET M3MEHEHHE YNCIEHHOCTH OMOJOTMIECKHX OObEKTOB JIBYX
BUJIOB: 2K€PTB U XUIMHAKOB. OGO3HAYNM KOJIMIECTBO 2KepTB depes u(t) , a Ko-
JIMYIECTBO XUIMHUKOB Uepe3 v(t). Pasinune B n3MeHEHNN KOJIMIECTBA JKEPTB
U XUIHAKOB COCTOMT B TOM, YTO YKEPTBBI fABJIAIOTCS KOPMOM Jyisl XUIHY-
KOB, & XUIIHAKHU He ABJISTIOTCS KOPMOM JIJIsl KEPTB. B CBsI3U ¢ 9TUM cUuTaeM,
9TO CKOPOCTH POXKJICHUSI YKEPTB NPOIOPIUOHATLHA UX KOJUYECTBY, & CKO-
POCTH UX CMEPTHOCTH TIPOTIOPITMOHAIBHA TTPOU3BE/ICHAIO KOJINIECTBA JKEPTB
HA KOJIMYECTBO XMIHUKOB. B pesyabrare Mbl IOIyduM Ciaeaynouyo ¢bop-
MyJly JIJIsSl I3MEHEHusT Komdectsa xkepTs u' (1) = au(t) — bu(t)v(t), rue a n
b — mocrosiHHBIE MOIOKUTENbHbIE Ko3d dumentsl. C pyroif cTOPOHbBI CKO-
POCTh POXKJIAEMOCTH XHITHUKOB 3aBHCUAT KAK OT WX KOJMYECTBA, TAK M OT
KOJIMIECTBA KOPMa, & CKOPOCTh CMEPTHOCTH 34BHCHT TOJBKO OT KOJHIECTBA
XUITHUKOB. DTH NPEINOJIOKEHAS MOXKHO OIHMCATH CIeAyoneil dhopmytoit
JJTsT I3MEHEHUsT KOJTMIeCcTBa XuHuKoB v’ () = cu(t)v(t) — dv(t), tne cm d —
HOCTOSIHHBIE TIOJIOKUTEIbHbIE KoaddunuenTsl. Takum 06pa3oM, MbI MOJTy-
YHJIH CJIEJTYTONLYI0 HOPMAJILHYIO CUCTEMY OOBIKHOBEHHBIX JubdepeHIaib-
HBIX ypaBHEHHMIT Jijist Hem3BecTHBIX byHKImit u(t) u v(t)

o' (t) = au(t) — bu(t)v(t),
V' (t) = cu(t)v(t) — do(t).
JIj1si OJIHOZHAYHOTO OIpe/IeIeHNsl KOJTMIeCTBa YKepTB U XUIMHUKOB KPOMe

9TUX ypaBHEHWIT Hy>KHO 3aJ1aTh B HEKOTOPBIF MOMEHT BpeMeHH ty KOJude-
CTBO KepTB Uy = u(tp) U KOJMIECTBO XUITHUKOB vy = v(tp).

1.3 Oo6bpikHOBeHHOe nuddepeHnnaibHOe ypaBHEeHE T1ep-
BOTO TIOPsIJIKA, pa3peleHHOe OTHOCUTEIbHO ITPOMN3-
BOIHOI

PaccmoTrpum obbikHOBEeHHOE M hepeHnuaibHoe ypaBHEHNE TIEPBOTO 0~
PSLIKa, pa3perieHHoe OTHOCUTEJBHO [TPOU3BO/THON

y'(t) = f(ty(t), (1.7)
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y<to)

Puc. 1.2. Teomerpuueckuii cMbica ypasaenus y' (t) = f(¢,y(t)).

rue dbyuxuus f(¢,y) onpeesieHa u HeIPePbIBHA B HEKOTOPOit obsiactu D Ha
IJIOCKOCTHU [IepeMeHHBIX (&, y).
OupezesnuM noHsTUe perienus ypasaenus ((1.7)).

Onpegenenve 1.3.1. Qynxyus y(t) nasvsaemes pewenuem ypasHerus
Ha ompeske [a,b], ecau:

1. y(t) € Cla,b],

2. (t,y(t)) € D daa scex t € [a,b],

3. y'(t) = f(t,y(t)) dan ecext € [a,b] .

ITycrs y(t) — pernenne ypaBHeHUsI Ha oTpeske [a, b]. Paccmorpum Ha
[JIOCKOCTU MHOXKecTBO To4ek (t,y(t)), t € [a,b]. D10 MHOXKECTBO IpeCTaB-
JigeT coboit MHTErpasIbHyI0 KpUBYIO. U3 onpejesienus pemenus caeyer, 9To
B KaK/I0# TOYKe MHTErPAJbHOI KPUBOI CyIIecTByeT KacareibHas. Hampas-
JISIOIMIUI BEKTOP KacaTeJbHOIl K MHTerpajbHOll KpuBoil B Touke (to,y (o))
pasen (1, f(to,y(to)) (cm. puc.

[Tpu uHTErpUPOBAHUY yPABHEHUSI MOL'YT TI0JIyYaThCs PEIICHUST KAK
B Buje 3aBucsamiero or napamerpa C cemeiicta dynkuuii y(t,C), Tak u
OTJeJbHBIE PEIICHAs, He BXOJAIIME B 9T ceMelicTBa.

MNpumep 1.3.1. Pacemompum ypasherue

Y (t) = Vy*(t). (1.8)
Ezo pewenuamu asaaomes cemeticmeo Pynryudl
(t—C)?

y() =, (L9)
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7.
s

Puc. 1.3. Ilpumep ocobGoro perenust yo(t) = 0.

Yy

2de C' — npoussoavras nocmosannas. Taxoce pewenuem ypasreHus, @)
asasemes yo(t) = 0. Ouesudno, wmo amo pewenue He modcem 6vimsb no-
AYUEHO U3 cemelicmea @ HU NPU Kaxom vbope nocmosarnol C.

Pemenne nmuddepenimaabHOro ypaBHeHs Ha3BbIBACTC “4ACTHbLM
pellleHneM, ecJId BO BCeX TOYKaX ero MHTerPaIbHOI KPUBON BBIIOJIHAETCH
YCJIOBUE €/IMHCTBEHHOCTH, T.€. €e He KacaloTcd JIpyTrue WHTerpaJbHble KPH-
Bble ypaBHEHUA .

Pentenne naspisaercs 0cobvim, eciii B KaXKI0i TOYKE €ro HHTErPAJILHON
KPHUBOIl IIPOUCXOJUT ee KacaHue C JIPYTUMU UHTerPpaJIbHbBIMUA KPUBBIMU.

B npumepe perierne yo(t) = 0 siBasieTcss 0COObIM PeIeHneM, Tak
KaK B Kaxkjoi Touke (tg,0) ero mHTErpaibHOll KpUBOW €€ KacaeTcsl WH-

t—to)?
TerpajbHas KpuBasi, COOTBETCTBYIONIas pemenuto y(t, ty) = Q (e

27
puc. ).

1.4 duddepeniimanbHbie ypaBHEHUS B CAMMETPUYTHOM
BuUJie U B MOJIHBIX JuddepeHiuaiax

Uccienopanue mud depeHninaabHbIX YPABHEHHU IIEPBOIO MTOPSIJIKA B Pas3-
PEIIEHHOM OTHOCUTEJIHHO MTPOU3BOIHON BUJI€ BHOCUT HECUMMETPUYHOCTH B
nepeMeHHble ¢ U Y, TOCKOJIbKY IOJpadyMeBaeT, uTo Yy eCTh (PyHKIMs OT t.
C TOYKHU 3peHUsT HHTEIPAJbHBIX KPUBBIX, MIPEJCTABJISIONNX co00i rpaduku
petrennit quddepeHnuaIbHbIX YPaBHEHNH, HET 0CO00i pa3HUIILI B BHIOOpE
criocoba mapaMerpuzanuu. To-ecth Hapsiay ¢ y = y(t) BosmMoxkHO t = t(y)
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yr<t>

yz(t)

Puc. 1.4. K npumepy [1.4.1| : rpaduxn dyuxmmit y1(t) = /C? — 12 u y2(t) =
—C? — ¢2,

i, B o6mmeM ciaydae t = o(7), y = ¥(7), rue T — napamerp.

[enecoobpazHocTh BHIOOpa CHMMETPUIHON ITapaMeTPU3aIllny TOKa3bIBa-
eT CJeLyIOImuil IpumMep.

Mpumep 1.4.1. Paccmompum dupdepenyuarvroe ypasrerue
Y () = ——— (1.10)

Fz0 pewerusmu na ompeske [—-C 4+ &,C —¢] npu 0 < e < C asaaromea
Pyrryuy

VC2 =12, yy(t) = —/C2 — 12,

1 (t)

Ouesudno, wmo oba smux pewenus we cyuecmeyrom na ompesxe [—C, C],
nockoavky npu t — C u t — —C npoussodnvie pewenuti cmpemamcs
K beckonewnocmu. Humeepanvnas xpusas (t,y1(t)) npedecmasasem coboti
BEPTHION NOAYOKPYHCHOCTND, & UHMERPAALHAA Kpusas (t,y2(t)) — HuscHiow
NOAYOKPYIAHCHOCTL (CM. PUC. . Taxum 06pa3om, uHMEZPAALHBIE KPUEHIE
YPaBHEHUA onpedeasrom oxpystcrocmy paduyca C 36 uckaouenuem
mouex (—C,0) , (C,0). Ima ocobenrnocmsv c6A3GHA MOABKO € MeEM, 4MO
nPU ONPedeaeHUl PEUWEHUS Mbl UCTLOAB308AAU Napamempudayuto y = y(t).
Yemparnumos amom nedocmamor modxcno nepetios x Goaee obweti opme
JupepenyuanvHo20 YpasHeHUA NEPEo20 NOPAIKA.
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1.4.1 YpaBHeHUe B CHMMETPUYHOM BHU/IE

HudbdepeHnuanbHbIM ypaBHEHIEM B CUMMETPUIHOM Buje (Wi B ud-
depennmaax) Ha3pIBAETCST ypABHEHUE

M(t,y)dt + N(t,y)dy = 0. (1.11)

Ipexamnomnaraercst, aro Gyukiwn M (t,y) u N(t,y) onpeseseHbl n HeIpephIB-
HBI B HeKOTOpOoil obmacta D C R? ¥ MOTINHSIOTCS YCIOBHIO

|[M(t,y)| +|N(t,y)| >0, V(ty) e€D. (1.12)

VYpaBuenue SABJIAETCs O0Jiee OOIUM IO CPABHEHWIO C YPaBHEHUEM
, MIOCKOJIbKY TIOCJIe/Hee ypPABHEHNE MOXKHO 3aIlUCaTh B BHJIE ¢
byukmmavmu M (t,y) = f(t,y), N(t,y) = —1.

Iaum onpeiesienne perennst ypaBHeHust . Tak kKak mepemMeHnHble
BXO/ISIT B HEI'O CUMMETPHUYHO, TO OIIPEJIeJIEHNEe PEIeHNs] eCTECTBEHHO JIaTh
B ITapaMeTpPUIecKoil hopmMe.

Onpegenenve 1.4.1. Ilapa dyrrxuyui t = o(7), y = (1) Haswsaemea
NAPAMEMPUMECKUM PEUWEHUEM YPAGHEHUA 6 CUMMEMPUIHOM GUIE Ha
ompesxe [T1, T2, ecau

1. Qynryuu o(T), (1) Henpepwisno Juddepenyupyemve na [T1, 2] U
" (T)[ + 1" (7)] >0, V7 € [1,72].

2. (o(1),%(7)) € D, V1 € [11,72].

3. IIpu nodcmanoske t = p(7), y = (1) 8 NOAYHAEMCA Modicde-
€meo, mo ecmuy

M(p(7),9 ()¢ (1) + N(@(7),(T))¢' (1) = 0, V7 € [r1,72]. (1.13)

Mycts t = (1), y = ¥(T) — napaMeTpUYecKoe DEIleHUue yPABHEHUSI
(1.11). Marerpanboii KpuBoii ypaBHEeHHs B CUMMETPUIHON (pOpMe HA3BI-
BaeTCsd COBOKYIIHOCTb TOYEK Ha Iuiockocru (t,y) rakux, uro t = o(7),
y=Y(1), T € [T1,T2).

U3 ycnoBust 1 B OnpesieieHMu NapaMeTpUIecKOro PEIICHUs] BbITEKAET,
qaro qmbo @' (1) # 0, smbo ' (7) # 0 B OKPECTHOCTH KazKJIOH TOUKH Tg €
(11,72). DTO B CBOIO OYepeb O3HAYAET CYINECTBOBAHUE OJHON M3 OOpaT-
ueix byakmit 7 = @~ (t) mbo T = ¥~ 1(y), U, COOTBETCTBEHHO, BO3MOXK-
HOCTb TIPEJICTABUTH PENIeHNe ypaBHEHUS 6o B Buze y = (o 1(t))
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B OKPECTHOCTH TOUKH o = ¢(7p), mbo B Bugie t = p(1h~1(y)) B okpecTHOCTH
Touku Yo = Y (70)-
Y6eauMcs B IPENMyIIECTBE HUCCJIE[OBAHNS YPABHEHHUS B CHMMETPHIHOM

dopme va npumepe ypasuenus ((1.10)).
MNpumep 1.4.2. Banuwem ypasrerue 68 CUMMEMPUYHOM BUde

tdt + ydy = 0.

F20 napamempuuecroe pewenue t = Ccost, y = Csint, 7 € [0, 2] onpede-
AAEM UHMEZPAALHDLE KPUGHIE, Npedcmasasouue coboti oxkpysIcHocmu padu-
yea C. To-ecmv 6 omaunuu 0m UHMELDANLHULT KPUSHIT YPAEHEHUA
NAPAMEMPUMECKOE DEWEHUE 3a0ACT OKPYICHOCTIG ULAUKOM 6€3 KaAKUT-AUO0
UCKAIOUEHHBLT TOYEK.

3amemunm, wmo ecau NapamempPuUeckoe PEUEHUE PACCMATMPUBAENCSH O~
peske T € [w/4,5m/4], mo ne cywecmeyem odnosnaurol gynryuu y = y(t)
uau t = t(y), onucwsaroweld coomeemcmeyrowyio dyey uesukom. B mo
21CE BPEMA, 6 OKPECTNHOCTN KadiCOOT oYKUY PACCMAMPUBAEMOTs Oy2u maxue
nPeICmMasserus HeEMpPYoHo GLINUCAMG.

C ypaBHeHHEM B CUMMETPHYIHOI (hOpMe CBS3AHO BarXKHBIE TOHSITUS UH-
meepana 1 obwezo unwmeepasa. lycrs dyuknus P(t,y,c) onpenenena u
HenpepbiBHA s (t,y) € D 1 NOCTOSIHHBIX ¢, NPUHAJJIEXKAIIIX HEKOTOPOMY
muoxkectBy Cj.

Onpepenenve 1.4.2. Vpasuerue
®(t,y,c) =0

HABDLBALTNCA UNMEZPANOM YPAGHEHUSL 6 obaacmu D, ecau npu a060m
snauenuu ¢ € Cy ono onpedeasem pewenue ypasrenus (1.11)).

Hnwmeepan nasveaemes obusum, ecau o1 onpedeaiem 6Ce Pewenun Ypas-
HeHUA , TO-eCMb 0AA A106020 PEUEHUSA YPAGHEHU t=o(r),y =
P(T), unmezpanvras Kpusas Komopozo aesicum 6 D, natddemca nocmosm-
naa ¢ € Cy maxas, wmo P (o(1),9(7),¢) = 0.

Tak kax o0t MHTErpaJI OIIpEIesIsieT Bee penteHus quddepeHnnabHo-
IO ypaBHEHHUsI, TO B TOM CJIy4ae, KOTJIa ero yIaeTcs HalTH, 3a/1a9a OThICKA-
Hus penrennit quddepeHnnaabHOr0 YypaBHEHUsI CIUTAETCA pernrennoit. Pac-
CMOTPHM TPUMEpHI.

MNpumep 1.4.3. Vpasuerue 8 cummempuunoti popme tdt+ydy = 0 ume-

em obuyuti unmeepan t2 + y* — ¢ = 0. Mnoosicecmso Cy 6 smom cayvae
ABAACNCA MHONCECTNEOM TLONOAHCUMENLHDIL YUCEN.
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MNpumep 1.4.4. Jlas duddepenyuanvrozo ypasuernusn y'(t) = &/y2(t)
u3 npumepa [1.3.1] obwudi unmeepan 6 npouscoavnoti 06AGCTIU, YEAUKOM
aestcaweti 6 noaynaockoemu y > 0, umeem 6ud

(t-C)?
e
Ha sceti oice naockocmu R? amo ypasHenue ABAACMCA UHMELPAAOM, HO He
ABAACTNCS 0OULUM UHMELPANOM, NOCKOABKY pewenue Yo(t) = 0 ne moocem
OBIMb NOAYHEHO U3 JAHH020 YPAGHEHUA HU NPU KAKOM 3HAYEHUY KOHCTAH-
mu, C.

1.4.2 YpaBHeHUe B NMOJHBIX auddepeHmagax

Haubosnee mpocro murerpupyiorcs muddepeHnnaabHble ypaBHEHUS B
CHMMETPUIHOM BHJIE, JIEBAsl 9aCTh KOTOPBIX MPEICTABISET COOOI TOTHBIN
muddepennnaT HeKOTOpoit PyHKITAN.

Onpegenenne 1.4.3. Jlufdepenyuarvhoe ypasrenue 8 CuMMempuHom

sude HA3VIBAEMCA YPABHEHUEM 6 NOAHLE Juddepenyuarax 6 00aa-
cmu D, ecau cyuecmseyem wenpepuiero dupdeperyupyeman 6 D dyrruus

V(t,y), ydosaemsoparowasn nepasercmesy ‘3‘/;, Y ’ + ’ava(t7 y) ’ >0 u pa-
seHCMBAM Y
oV (t, oV (t,

Teopema 1.4.1. Vpasnenue 6 noanvix duddeperyuaraxr suda ume-
em 6 obracmu D obwuti unmeepan

V(t,y)=C. (1.15)

Zoxasameavcmeo. CorsacHo omnpejesieHnto obiero narerpada(l.4.2| mpose-
puM cHauasa, uro ypapaenue (|1.15)) siBisiercst maTerpasiom. B cuty yeimobust
[[T4] copasegnuBo paBeHCTBO

- M N D.
o By dy (t,y)dt + N(t,y)dy, V(t,y)e

Paccmorpum napamerpuueckoe pemenue ¢ = (1), y = ¥(7) Ha orpeske
[T1, T2]. Eciin BOCTIONIB30BATHCSI MHBAPUAHTHOCTHIO (DOPMBI 3AIIUCH TIEPBOTO
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juddepeHiuaia U BBIYACIUTh €r0 B TOYKAX WHTEIPAJIBHON KPHUBOi, TO B

CHLy IS BCeX T € [Ty, To] HMeeM
d(V(p(7), (7)) = M(p(7), %(7))¢'(T) + N(p(7), 9 (7))¢' (1) = 0.

Mostomy V(o(7),% (1) = C, Te. ypasuenne (1.15) sBasercs mmrerpaiom
mudbdepentmanbroro ypasaenna (1.11).

Paccmorpum ypaBHeHue B OKPECTHOCTH [IPOU3BOJILHON TOYKHI
(to,yo) € D unonoxum Cy = V(to, yo). VI3 ycnosus (1.12)) u npencrasienus

(1.14) umeem

IV (to,yo)
ot

oV (to, yo)

= M(to,y0) # 0 mbo By

= N(to, o) # 0.

ITycTh Jyisi ONIpeJIeSIEHHOCTH CIIPABEJJIMBO BTOPOE U3 BBIMCAHHBIX Hepa-
BercTB. Torma 10 TeopeMe O HeslBHOW (DYHKIMU B HEKOTOPOW OKPECTHO-
CTH TOYKH t( CYIIECTBYET eJuHCmBeerHas HellpepblBHO jnddepeHnupyemast
byukuusa y = g(t), Takas, 9o yo = g(tog) u

V(t g(t) = Co (1.16)

B paccMaTpuBaeMoit OKpecTHOCTH. Ecin Tenepsb B3ITh auddepeHITuaIbI Je-
BOIi u mpaBoit yacreil pasercrsa ((1.16]), To

—0= _ V(L) V(L g(t)) _
A0y = 0= dV (1, 9(1)) = =5 dt + =L dg (1) =
= M(t, g(t))dt + N(t, g(t))g (t)dt,
Te. byHKIUsA y = g(t) ABIASETCS pelleHneM ypaBHEeHHUsI . O

3ameuanue 1.4.1. 43 doxasamenvcmea meopemo. [1.7.1] caedyem, wmo
uepes aobyro moury (to,yo) € D npozodum edurncmeennan unmezpasvnas

KPUBAA YPAGHEHUA 6 NOANBT Juddepenyuanax , .

3ameuanue 1.4.2. Ecau esecmu 6ekmophoe nose

a(t,y) = (M(t,y),N(t,y)),
mo Ycaosue bydem 03naMaMb TOTEHIUAIBLHOCTD 91020 NOAA:

a(t,y) = gradV (t,y).
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Kpurepuii Toro, uro ypasuenue (|1.11)) sBjsiercs ypaBHEHEEM B TIOJIHBIX
muddepeHmaiax, 1aeTcs Caeayomeil TeopeMoii.

Teopema 1.4.2. ITycmo ¢ynxyuu M(t,y), N(t,y) v ux wacmmuvie npo-
U3600NvIE NEPBO20 NOPAJKA HENPEPHLIEHDL 8 NPAMOY20AbHUKe D co cmopona-
MU, TAPAANENHBLMU KOOPOUHATIHYM OCAM, U 6binoaneno ycaosue (1.19).
Tozda dan moz0, wmobvl ypasrenue 6bLAO YPABHEHUEM 6 NOAHBIL OUp-
pepenyuanrar 6 D neobrodumo u docmamouwro, wmobu.

OM(t,y) ON(t,y)
oy ot

Y(t,y) € D. (1.17)

Joxaszamesvcmeo. JJokaxkem HeoO6xomumocTh. [lycrs ypasaenue (|1.11)) ss-
JisleTcsl ypaBHeHreM B HoJHbIX auddepennmanax. Torma cymecrsyer gpyHK-

usa V (¢, y) Takas, 94To Beinoneno pasencrsa ((1.14). Tuddepennupys nep-
BO€ M3 HUX 110 ¥, & BTOPOE IO ¢, TIOJyIUM PABEHCTBA

OM(t,y) 0?V(t,y) ON(t,y) 0?V(t,y)

Ay otdy ot dyot
u3 Koropseix cyegayer ((1.17]).

Jokaxkem jocrarouHocTh. IlycTh Boimosneno yciaosue (1.17). Paccmor-
puM PYHKIIUIO

t Y
Jrsos: ]

rae (to,yo) — durcupoBannasi Touka nupamoyrojbauka D. duddepeniu-

oV(t,y)
py4 0o t noay4ynM ————

ycnosue (|1.17)), mveem

t
V(ty) _ [OM(Ey) _
e —/ s + N(to.y) =

= M(t,y). Auddepeniupys 1o y u yunrsiBas

t

Y )

ot dg_"N(thy):N(t’y)'

to

CuentoBaresnbao, V (t,y) yZOBIETBOPSIET OIIPEIEIEHIIO U ypaBHEHHE
(1.11)) stB/IsTeTCst ypaBHEHUEM B TOJHBIX JuddepeHImanax.
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1.4.3 WuTerpupyomuii MHOXKHUTEJb.

Onpegenenuve 1.4.4. Henpepuisro duddepenvyupyeman 6 obaacmu D
dynruua p = p(t,y) # 0 Hasvieaemes UHMELPUPYIOULUM MHOHCUTNENEM,
eCAU YPABHENUE

u(t, y) M (¢, y)dt + p(t, y)N (¢, y)dy =0 (1.18)

ABNAECNCA YPABHEHUEM 6 NOAHBLL OuPPePeHuuUaIaL.

Teopema 1.4.3. Ilycmov ypasuenue Mdt + Ndy = 0 umeem & obaacmu
D obwut unmezpan ®(t,y) = C, npuuem dynxyus P(t,y) nenpepwvieho
dugpepenyupyema 6 D, u 6vinosHEHO HEPAGEHCTNEO

00(t,y)|  [0®(t,y)
ot oy

‘ >0, V(ty)eD.

Tozda cyuecmeyem urmezpupyrowut mrosrcumens 6 D.

Zloxaszameavcmeo. B cury 3ameuanus |1.4.1| u3 TeopeMbl yepes JIF0Y 0
TOUKy 06sacTu [ NMpOXOJUT €IMHCTBEHHAs WHTEerpajbHas Kpusas. 1lycThb
(¢(1),% (1)) — coorBercrByIOIEe apamerpudieckoe pemtenue. I1o onpeese-
o obmiero unrerpaia, P(p(7),¢¥ (7)) = C. Iocne Bbrancienus maudde-
peHIIuaJa uMeeM

0P o
0=dC = (Eq}’(ﬂ + aﬁyw’(r))dr

B rToxke Bpemsi, u3 onpejiesienus nmapamMerpudeckoro perenus ((1.13)):

M(p(7), (1)) (r) + N(p(7), (7))’ () = 0, [ (7)] + ['(7)| > 0.

Takum 06pa3omM, MeeT HeTPUBHAIBHOE PEIEHNE CUCTeMA JIMHEHHBIX ared-
pandeckux ypaBHEHUIl

W) ()0

DTO BOZMOYKHO TOJBKO B CJIyYae PABEHCTBA HYJIIO OIPEIETUTE IS MATPHUIIHI,
T.€.
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0® 0P

3ameTnMm, 9To ecyim B Kakoi-ubo Touke M = 0, o N # 0, — =0, Em
Y

ot 7 0.

TlosTOMYy MOXKHO TIOJIOXKUTH

FoL) o

M(t,y) — N(ty)

u(t,y) = # 0.

TIockOBKY 110 IOCTPOEHUIO

0P 0P

M= uNn=2
= M7 7 gy

10 (¢, y) ABIAETCI UHTErPUPYIOMUM MHOXKHUTEIeM, npudeM (|[1.18]) asisercs

ypaBHeHueM B nosiHbix quddepennuanax ¢ dynkuueir V = ®(t,y). O

3ameuanue 1.4.3. Hnmezpupyrowul MHOMCUMEND ONPEICAAEMCHA HEOO-
nognauno. Jleticmeumenvho, ecau p(t, y) ABAACMCH UHMELPUPYIOULUM MHO-
orcumenem, mo natidemes nenpepvisho ouddepernyupyemasn Pynruus V (t,y)
maxas, 4¥mo cnpagediuso pasencmeo dV = pMdt + pNdy. Ymmnoorcas smo
pasencmeo na f(V), ede f(s) — npoussoavras nenpepusro duddeperyupy-
emas Pyrkyus ckasaprozo apeymenma, f(s) # 0, noiyuaem

FOV)AV = d(/f(V)dv) = uf(V)Mdt + pf(V)Ndy.

Hosmomy 1 (t,y) = w(t,y)f(V(t,y)) — makroce unmezpupyrowsuti MHOMHCU-
meaw.

Otmernm, gto (|1.18) siBstercst ypaBHeHUeM B OJIHBIX auddepenipmaiax
TOI/IA B TOJBKO TOTZA, KOI/IA BBIIOIHEHO COOTHOIIEHIE

2 (o101 0) = 2 (¥ ),

KOTOpO€ MOXKHO paCCMaTpuUBaTb B KadYeCTBE€ YPaBHCEHUA JJId HAXOXK/ICHUA
UHTErpUpyronero MHOXKUTEJIA. Ilocie IIpuBEACHUA HO,ZLO6HI)IX CcJlara€MbIX

nMeeM P 8 oM 8N
g -5).

ot ay  HM\ay ~ ot

DTO ypaBHEHHE B YaCTHBIX IIDOU3BOJIHBIX. B 00mieM ciydae oHO CJIOXKHee
HACXOIHOTO YPaBHCHHUA B CHMMETPHUYHOM BHJE, W PEIIATb €r0 HEBBIIOIHO.
Tem He MeHee, B psijie cilydaeB MOZKHO HCIIOJIL30BATD JIJIs1 HAXOZK I€HUST
UHTErPUPYIOIEro MHOXKUTEIIS.

N (1.19)
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1. E —
e

. E —
C.HI/IM

1 (OM ON
oy ot = ¢(t) — dyHkuMs TOABKO aprymenra t, TO

UHTETPUPYIONUI MHOYKATETh MOYXKHO UCKATh B BUje i = u(t). Ypas-
nenve (1.19) npunumaer sug p/(¢t) = p(t)g(t) u umeer pemenue

u(t) = exp [ glt)at)

1 fOM ON
Ty -5 = h(y) — dbyHKIEs TOJIBKO apryMeHTa ¥, TO

HHTErPUPYIONIUI MHOXKHUTEIb MOXKHO HCKATh B BUjE (b = ((y). Ypas-
uerve (1.19) mpuaumaer sug p'(y) = —p(y)h(y) m mmeer pemenne

mwzwm—/mw@}
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hasa 2

3apgava Kowwn

2.1 3amaua Komwm aimsa O/LY mepBoro nopsaka, pa3pe-
IIIEHHOT'O OTHOCUTEJIbHO MPOU3BO/THOM

ITycrs dyuknus f(t,y) onpejeneHa 1 HeIPePbIBHA B IPSIMOYTOJbHUKE

Pacemorpum Ha otpeske [tg — T, tg + T quddepennunanbaoe ypaBHeHNE

y'(t) = f(t,y(t), (2.1)
¢ ycJIoBueM
y(to) = yo. (2.2)
Tpebyercst onpesennTsb GyHKIMIO Y(t), YIOBIETBOPSIIONLY O Y PABHEHUIO
U YCJIOBUIO . OTa 3a/1a9a HA3bIBAETCS 3aJia9eil ¢ Ha9aJbHBIM yCJIOBUEM
nau 3aga4deit Korm.
Paccmorpum orpesok [t1,ts] Takoit, uro tog — T < t1 < to < &9 + T,
to S [tl, tg].
Onpegenenve 2.1.1. Oynxyus §(t) nasweaemes pewernuem sadavu Ko-
wu , na ompesxke [t1,ta], ecau: §(t) € Cty,ta], |7(t) — vo| < A
dan t € [t1,t2], (t) ydosaemsopaem ypasnenuro U YCAOBUIO .

2.1.1 Peayknusa K MHTErpajbHOMY ypPaBHEHUIO.
IMTokazkeM, 9TO pelieHre 3aa9u ¢ HadaIbHbIM yesoBueM (2.1]), (2.2]) ax-

BUBAJICHTHO PEIIEHUIO0 HEKOTOPOI'0 MHTErPaJbHOIO YpaBHEHUS.
Paccmorpum ypaBHeHHE OTHOCUTEJNLHO HensBecTHON dyHkimu y(t)

y(t) = o + / Fry(r))dr, € fto— Tty +T). (2.3)

Takoe ypaBHeHIe Ha3bIBAETCS HHTEIPAJILHBLIM, IIOCKOJILKY HeU3BecTHas (DyHK-
st y(t) BXOMUT TI0J] 3HAK MHTErPada.
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Nemma 2.1.1. Qynxuyua §(t) asasemes pewernuem 3adawu Kowu ,
Ha ompesxe [t1,t2] mozda u moavko moeda, xozda y(t) € Clti,ta],
|9(t) — yo| < A dna t € [t1,t2], Y(t) ydosaemsopaem ypasnenuro ons
t € [t1,ta).

Joxazameavcmeo. Ilycrs dyukius §(t) sBiagercs perieHueM 3aa4u ¢ Ha-

ganbabiM yesosueM (2.1), (2.2)) ma orpeske [ty,ts]. VI3 onpenenenust
crenyer, aro §(t) € C[ty,ta], [§(t) — yo| < A nua t € [ty, t2]. Ilokaxkem, aro

y(t) ynosaersopsier ypasaenuto (2.3) musi t € [t1,t2]. aTerpupyst ypaste-
uue (2.1) or tg mo t, momyanM

YuaursiBas HauajdbHOe yciaosue (2.2)), umeem

Mﬂ=%+/ﬂﬂﬂmW,tEMml

CurentoBaresbho, dyukius §(t) yuaoBieTBopsier HHTErPaJIbHOMY yPaBHEHUIO

(2.3) mpu t € [ty ta].
Iycrs dyukius g(t) takosa, uro §(t) € Clt1,ta], |§(t) — yo| < A mus
t € [t1,t2] n §(t) ynosuersopsier ypapuenuto (2.3) juist ¢ € [t1,t2], TO ecThb

ym:m+/ﬂnmmm,tqmm. (2.4)

HOKa)KelVI, q9TOo :lj(t) ABJIAETCA peleHueM 3a/a’dr C HadaJIbHbIM YCJIOBUEM

0. 2.

Tonoxus B (2.4]) t = tg, momyanm, aro §(0) = yo. CiegoBaTenabHO ycyio-
Bue (2.2) Bomosnneno. Tak kak dynkuus §(t) HenpepbiBHA HA [t1,l2], TO
paBas 9aCThb PABEHCTBA

Mﬂzm+/fhﬂﬂﬂr

HenpepbiBHO juddepennupyema Ha [t1,ls] KaK MHTErpaj ¢ HEepeMEHHbIM
BEpXHUM TpenesoM ¢ or HenpepbiBHON dyukimu f(7,7(7)) € Clt1,ta] .
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Canenopatesnbro §(t) HenpepwiBHO quddepennupyema Ha [t1,t2]. dudde-

penrupys (2.4), nosmyaum, aro §(t) yaosiersopser (2.1) u semma Ji0-
Ka3amHa. O

2.1.2 Jlemma I'ponyosna-BeaamaHa.

JlokaxkeM eJMHCTBEHHOCTh pertenus 3ajaun Komm (2.1), (2.2]). s
9TOr0 HaM MOTPEOYETCs CIIEYIONIAs JIeMMa, OOBITHO Ha3bIBaeMasl JIEMMOI
I'poryosra-Bennmana.

Nemma 2.1.2. ITyemov dynryusa z € Cla, bl u maxosa, wmo

0<2(t) <c+d /z(T)dT . telab] (2.5)

to

20e NOCMOAHHAA C HEOMPUUAMEALHA, NOCTMOAHHAA d Nososcumenvha, a to
— npousdsosvroe Purcuposanoe wucio na ompesxe [a,b]. Tozda

2(t) < cedlt=tl ¢ e [a, b]. (2.6)

Zloxaszamenvcmeo. Paccmorpum t > to. BBemem dyukmro

t

p(t) = /z(T)dT, t € [to, b].

to

Torma p'(t) = z(t) = 0, p(to) = 0. U3 (2.5) caemyer, uro p'(t) < ¢+ dp(t),
te [to, b]. VYMHOXKHUB 3TO HEPABEHCTBO HA e_d(t_t‘)), TIOJIYy YUM

P (t)e4t10) L cemdt=to) o dp(t)e=dE=t0) ¢ e [to, b).

1o HEPAaBEHCTBO MO2KHO II€pEIIUCaTh TaK

d

7 (p(t)eid(tft“)) < cefd(tfto), t € [to, b].

IIpounTerpupoBas ot ty 70 t , TOJYIUM

t
p(t)e_d(t_t‘)) —p(to) < c/e_d(T_tO)dT = 2 (1 - e_d(t_t(’)) , t€lto,b)].

to
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Vuuresas 10, uro p(to) = 0, mmeenm dp(t) < ce®t=0) — ¢. Cenosarensuo
2(t) < e+ dp(t) < ¢+ et ¢ = cedtt0) ¢ e [tg,b].

u HepaseHcTBO (2.6) mus t € [to, b] MoKa3aHo.
Hokaxkem nepasencTo (2.6) mist ¢ € [a,tg]. lepenmimem HepaBeHCTBO
(2.5) ciemyrommum obpazom

t to

0<2(t) < c—d/z(T)dT = C+d/Z(T)dT, t € [a,to].

to t

O6o3HaYUM Yepes
to

q(t) = /z(T)dT, t € [a,to].

t

Torma ¢'(t) = —z(t) < 0, ¢(to) = 0. I3 mepasencrsa (2.5)) caexyer, aro

—q'(t) < c+dq(t), t € [a,tg]. Yvuoxus 310 Hepasenctso ma e~ 4o~

HOJIY IUM
iy a—d(to—t) —d(to—t) —d(to—t)
q (t)e < ce +dq(t)e , te€la,to]

DTO HEPABEHCTBO MOXKHO MEPENNCATH TAK

d

1 GO B N A
IIpounTterpuposas ot t 10 ty , MOy IUM

to
q(t)e=to=h _ g(ty) < c/e*d(tO*T)dT = 2 (1 - 6*d(t°*t)> . t€a,to]

t
Crenosarensio dq(t) < cedt—t — ¢ A smaunt
2(t) < e+ dq(t) < e+ ce®™™ — ¢ = cedlt=tl ¢ € [a,tg].

u HepaseHcTBO (2.6) 11 t € [a, o] 1OKA3aHO, UTO U 3aBEPIIAET JIOKA3ATE b
CTBO JIeMMBI [2.1.2) O
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2.1.3 VYcaosue Jlummmuia.

CdopmynupyeM Temeph BaxKHOE I JAJLHEHIINX MCCIeI0BAHIH yCII0-
pue Jlummma.

Onpegenenue 2.1.2. Pynruua f(t,y), sadannas 6 npamoyeosvrure 11
ydosaemeopaem 6 11 ycaosuro Jlunwuya no y, ecau

If(t,y1) — f(t,y2)| < Llys —wal,  V(ty1), (t,y2) €11,

2de L — noaosicumenvras nocmoarHas.

3amevanue 2.1.1. Ecau gynryuu f(t,y) u fy(t,y) onpedesers u nenpe-
poehe 6 11, mo f(t,y) ydosaemeopsem 6 Il ycaoswo Junwuya no y. /et-
cmeumenvno, max kax fy(t,y) nenpepvena 6 II, mo natidemes noroorcu-
meavHas Koucmanwma L maxas, 4mo

£, ()| < L, VY(ty) el

Toz0a us gopmyav, Jaeparorca caedyem, wmo

Lf(ty1) — f(tye)l = [fy (8, 0)(y1 — y2)| < Llyr —yal,  V(t,y1), (t,y2) € 11

3amevanue 2.1.2. Qynuxuyua f(t,y) moocem 6oimob ne dudpepernyupye-
Ma No Y, 1o ydosaemeopams ycaosuto Junwuya. Paccmompum, nanpumep,
dynruuro f(t,y) = (t—to)|y—yo|. Ouesudno, wmo ona ne dugdpeperyupyema
npu y = yo,t # to, odnaxo dan ecex (t,y1), (t,y2) € Il umeem

|f(tn) — f(ty2)| = [t —tol - [lyr — wol — ly2 — wol| < Tlyr — wal-

3ameuanuve 2.1.3. Qynxyus f(t,y) mosxcem Gumv HenpepvieHolt no
Y, "o e ydosaemeopamv ycaosuto Jlunwuya. Pacemompum, wanpumep,
Pyruwo f(y) =y, 0 <y <1, f(y) = —/lyl, =1 < y < 0. Ouesudno,
wmo ona nenpepwvisha na ompeske [—1,1]. Hokascem, wmo ona ne ydosae-
meopsaem yeaosuto Junwuya. Ipednoroscum, wmo ono evinoanero. Tozda
cyuecmeyem makas nocmoswrad L, wmo

WY, — VUl < Llyr — 2|, Yy1,92 € [=1,1].

Ilyemo y; > 0,y2 = 0. Tozda y1 < L?y?, u 63a6 0 < y1 < L™2 mvi noayuum
npomMuUBopeUE.
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2.1.4 Teopema euHCTBEHHOCTHU pelieHus 3aga4dm Kormu.

JokarkeM Teriepb TeOpeMy eIMHCTBEHHOCTH pereHus 3aa4qu Ko ([2.1)),
E2).
Teopema 2.1.1. ITyemo gynruyua f € C[II] u ydosaemsopsaem 6 11 yeao-

suro Jlunwiuya no y. Ecauyy (t), y2(t) — pewenua sadawu Kowu (2.1)),
na ompesxe [t1,ta], mo y1(t) = y2(t) daa t € [t1,t2].

Joxasamenvemeo. Tak xak y1(t) u yo(t) — pemenus 3amaau Komm (2.1),
(2.2), To n3 memmebr CJIeIyeT, ITO OHU SIBJISIIOTCS PEIeHUsIME HNHTE-
rpaJsibHoro ypasaenus (2.3)). To ecrs

n(t) = m+/f@mﬁﬁm7tGMJA

yal2) m+/ﬂmmmm,tamm.

Boruuras Bropoe ypaBHeHMe U3 IEPBOTO U ONEHUBAA PA3HOCTD IO MOJLYJIIO,
1oJIy4yaeM

t t

wwwwwn=/}mvah—/ﬂnwmmr<

to to
t
<| [t~ Se@)ar, 1 bl
to
Wcnonwssys ycioBue Jlunmmia, nmeem
t
() = y2(t)| < L /Iyl(T) —ya(r)ldr|, te€lt,ta].
to

O6oznauus z(t) = |y1(t) — y2(t)|, HepenumeM mocseHee HEPABEHCTBO CJle-
JIYTOIITIM 00pa30oM

t
0<=(t) < L /Z(T)dT L teht)]
to
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IIpumenssa nemmy I'poryonna-Bennvana cc=0wud= L, umeem
z(t) = 0, t € [t1,ta]. CrenoBaresnvro y1(t) = ya(t), t € [t1,t2] n Teopema

21.1] nokazana. O

3ameuanue 2.1.4. FEcau yeaosue Junwuya 1e 6onoaneno, mo peuwenue
3adanu , Morcem we boumob edunemeernnowm. Hanpumep, ecau

VY, 0<y<],

f(y)_{ VIl —1<y<o,

mo 3adaua Kowu y'(t) = f(y(t)), y(0) = 0 umeem pewerus

2 4, 0<t<2,
() =0, y2(t>:{ —t2§4 —2<t<0.

2.1.5 Teopema cyniectBoBaHUS penieHus 3anaum Komm.

IlepeiiieM K J0Ka3aTeJbLCTBY CYIIECTBOBAHHUs DPeINeHHs 3aJaud C Ha-
yaJabHBIM yeaoBreM. CrelyeT OTMETUTD, 9TO MBI MOMKEM JOKA3aTh TEOPEMY
CYIIECTBOBAHUS He Ha BCEM UCXOIHOM orpeske [tg — T, to + T, a Ha HEKOTO-
POM, BOOOIIIE FOBOPSI, MEHLIIEM.

Teopema 2.1.2. [Tyemo gynxyus f € C[II], ydosaemsopsem 6 11 yeao-
suto Jlunwuya no y u

lft,y) <M, (ty) €Il

Tozda na ompeske [tg — h,to + h], 2de
A
= min{T, =
h mln{ ,M},

cywecmeyem dynryua y(t) maxas, wmo y(t) € Cto—h, to+h], |y(t)—yo| <
A te [to —h,ty +h],

y'(t) = f(t,y(t), tE€lfto—h,to+hl, (2.7)

y(to) = vo. (2.8)

Jokazamenvcmeo. M3 nemmbt [2.1.1] ciemyer, 910 [y1st 10KA3aTEILCTBA TEO-
PeMBI, JIOCTATOYHO JIOKa3aTh cyrectsosanne dynkuun y(t) € Cltg — h, to+
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h], Takoit, uro |y(t) —yo| < A, t € [to — h,to + h], u aBIsIONIElCS pellleHneM
UHTErpajbHOr0 ypaBHEeHHUsI

y(t) = o + / Fry(r))dr, 1€ [to— hoto + ). (2.9)

[IpoBesiem [10Ka3aTEIBCTBO, UCIOJIB3YsI METOJI TOCIEI0BATE/bHBIX IIPU-
Guimkenuii. PaceMorpuM nocsiegoBarebHocTs byukiwmii y (), k = 0,1,2,. ..
Takux, 910 Yo (t) = Yo,

t
Yk+1 (t) =% +/f(7a Z/k(T))d7'7 te [tO - ha tO + h‘}a k= Oa la 27 cee (210)
to
[TokazkeMm, UCIIOIB3YsT METOJT MATEMATHIECKON MH/IYKIIUU, YTO JJIS BCEX
k=0,1,2,... BBIIOJHEHO
ykGC[to—h,to—Fh], |yk(t)—y0| <A te [to—h,t0+h].

st k = 0 310 04eBUIHO CIPABEIIINBO, HOCKOIBbKY Yo(t) = Yo.
[Iycts aT0 Bepuo mia k = m. To ectb

ymEC[to—h,t0+h], |ym(t)—y0|<A, tE[to—h,to-Fh].

TTokaxkem, aTO

ym+1(t) =Yo + /f(Tv ym(T))dT’ te [tO - h,to + h] (211)
to

TAKOBA, UTO Y41 € Clto—h, to+h] 1 [Ym+1(t) —yo| < A, t € [to—h,to+h].
HeiicTBuTesibHO, Tak Kax |y, (t)—yo| < A, t € [to—h, to+h], To byuxus
f(t,ym(t)) onpenenena u HenpepwiBHA Ha [tg — h, tg + h|. 3HAMMT HETETpAUT,
CTOAIUI B IpaBoil JacTu , ONIPEJIEJIEH U HENpPepBIBeH Ipu ¢ € [ty —
h,to + h]. CnenoBarenbro, Ymi1 € Cltg — h,to + h].
Ouenum

t
1 (1) — 0| = / F (7 ym(7))dr| <

=A, te€ [to—h,to—l—h].

t t
A
<| [ 1 ym(rlar| < | [ Mar| < vn< vrs
to to



2.1. Bamaga Ko qy1st ypaBHEHUsI TEPBOTO HOPSIIKA 33

Takum 06pa3oM, |Ym+1(t) —yo| < A, t € [to— h, to+ h]. CiemoBarenbHO, MBI
nokazaJsu 9to Bee yi, € Clio fh,t0+h] ly(t) —yo| < A, t € [to—h,to+h],
k=0,1,2,....

JloKazkeM, UCTIOIb3YsT METOJ, MATeMATHIECKONH WHIYKITUN, 9TO Jist ¢ €
[to — h,to + h] cupaBe BBl HepaBeHCTBA

t —tol*
()~ w0 <AL IR j_0n0 L @y

It k = 0 umeem

t

(&) — o (8)] = [0 + / F(ry0)dr — 3ol <

< /f(T7y0)dT thgAy te[to*h,to+h},

to
To ecthb 1pu k = 0 onerka (2.12) BepHa.
ITycrs HepasencTso (2.12)) cupasenimso mist k = m — 1. Ilokaxem, uro
TOTJIa OHO CIipaBeIuBO pu k = m. leficTBureibHO

t t

st (8) — g (8)] = |90 + / F T Y ())dT — o — / (7 Y (7))dr| <

to to

< / (D)) = F(rrgmr (Ddr| . ¢ € [t — by to + B,

Ucnonb3yst yenopue Jlunmuna n wHepaserctso (2.12)) qyst kK = m — 1, nony-
TIM

mr(£) — o ()] < L / [ (7) = s (7)) | <

— ta|™m— 1 t—to|™
/AL’” 1‘7 °| :AL’”Q7 t € [to — h,to + hl.

T(m—-1) m!
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CueoBarennuo onenka (2.12) cupasegyusa ipu k = m, u 3HAYUT OHA JIO-
Kazana jj1s1 Joboro k € N,

IpencraBum GyHKIMHI Yi(t) KAK IACTUIHBIE CyMMBI PSATIA

k
ye(t) = yo + Y (Wa(t) —yn-a(t)), n=1,2,...

n=1

PaBHoMepHast CXOIUMOCTD HOCIe0BATEeIbHOCTH (DYHKIUi y) () HA OTpe3Ke
[to — h,to + h] sxBUBaJIEHTHA PABHOMEPHON CXOIUMOCTH Psijia

o0

> Wnlt) = ya1(1) (2.13)

n=1

Ha orpeske [tg — h, to + h|. [Ipumenum npusnak Beitepuirpacca mist jgokasa-
TeNIbCTBa PABHOMEPHO# cxomumoctn psina ([2.13) ma orpeske [tg — h, tg + h].
U3 onenkn (2.12)) coienyer, uro

hnfl
[yn(t) = yn-1()] < ALnflm =cn, t€[to—hto+h], n=12,...
o0
YucsoBoit psag Y ¢, cxogurcea no upusnaky danambepa. CrenoBaresbHo,

n=1
P CXOJIUTCsI PABHOMEPHO Ha OTpe3Ke [tg — h, tg + h]. D10 o3HAUAeT,
YTO HOCJIENOBATEIHLHOCTD MYHKIN Yy () CXOMUTCST PABHOMEPHO HA OTPE3KE
[to — h,to + h] k Hekoropoit dyukuu y(t). Tak xak Bce dynkuun yi(t)
HeIPePbIBHBL HA OTPe3Ke [to— N, to+h], To dynkuus y(t) TakKe HelpepbIBHA
Ha 9TOM OTpe3Ke, To ecTb Y(t) € Clto — h,to + hl.

IMokaxkeM, uro |y(t) — yo| < A4, t € [to — h, to + h]. Kak 6buto jokazano
lye(t) —yo| < A, t € [to — h,to + h], K = 0,1,2,.... Ilepexous B 3TOM
HEPABEHCTBE K MpeJey Ipu k — 00 U MPOU3BOJIBHOM (DUKCUPOBAHHOM ¢ €
[to — h,to + h], momyuanm, qaro |y(t) — yo| < A, t € [to — h,to + h).

IokazkeM, 4T0 y(t) SBIIETCS pElleHIeM HHTerpaIbHOro ypasaenus (2.9).
Ilepexons B K IpeJIeTy Ipu k — 00 U IPOU3BOJIBHOM (DUKCAPOBAHHOM
t e [to —h,to + h], nostyauM, 4o y(t) sBisiercsd peleHneM MHTEerpajbHOrO
ypasrenus (2.9).

Taxum o6paszom Mbl mokazanu, aro y(t) € Clto—h, to+h], ly(t)—yo| < A,
t € [to — h,to + h] u aBisiercsa pereHneM MHTErPAIBHOIO YPABHEHUS .
Canenosarenbro y(t) ABISETCS pEINIEHHEM 3aJIa9i ¢ HAYAJIBHBIM yCIOBHEM
Ha oTpeske [to — h,to + h] u Teopema JIOKa3aHa. O
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Y y
Yot+4
1 u(t)
4
Yot-t-—---—--———f-==== | tgp=M

Yo—A

to—T to—h ty toth to+T ¢ ty—T to to+T &
h=A/M<T h=T<A/M

Puc. 2.1. K gokazaresbCTBy TeOpeMbl CyIIeCTBOBaHUS peleHus 3aaaqn Korn.

Bepmemcst oniaTh K BOIIPOCY O TOM, ITOYEMY MBI HE MOXKEM JI0Ka3aTh TE€O-
peMy CyIlecTBOBaHUs Ha BceM oTpeske [tg — T, to + 7], a JloKa3bIBaeM CyIie-

A
CTBOBaHHE PEIeHNs TOJIBKO Ha oTpeske [tg — h, to + h], rae h = min{T, M}

(em. puc. 2.1)). D10 06bsicHsIETCS TEM, UTO MBI JJOJIZKHBL CJIEJUTD 38 TEM, UTO-
6b1 TouKa (t,y(t)) He BBIXOIWIIA 3a MPEIeJIbl NPAMOYroibHUKA 11, TO ecTh
9TOOBI BLINOIHSIOCH HepaBeHCTBO |y(t) — yo| < A, ¢ € [to — h,to + h]. Do
HEOOXOIMMO ITOCKOJIBKY TosibkKO B I dynkuus f(t,y) orpanudena dpukcu-
POBaHHON MOCTOAHHONW M 1 yIOBJIETBOpPSET yCaoBHIO Jlunmmuna ¢ pukcu-

poBaHHO} KoHcTaHTo# L. ITonmbiTky yBesmunTs unciao h = min{7, M} 3a
cdueT yBejmueHust A, BooOlre roopsi, 6e3pe3yJIbTaTHbI, IIOCKOJIBKY IIPH yBe-

Juyennu A B O6H_[€1\l CJIy4dae yBEJINYINBACTCsA IIOCTOTHHAA M.

IIpuBesiem npuMep IOKa3bIBAIOMIN, YTO 0€3 JONOJHUTEIBHBIX IIPEJIIIOo-
JioXKenuit orHocuTenbHo dyHKIMK f(t,y) pelreHne CymecTByeT TOJIbKO Ha
JOCTaTOYHO MaJIOM OTPEe3Ke.

MNpumep 2.1.1. Pacemompum npu a > 0 3adawy Kowu
y'(t) = aly(t)* + 1), y(0)=0.

Oynryua f(t,y) = a(y? + 1) onpedesena npu aobvix deticmeumenvronx t
u y. Odnaxo pewenue amot sadavu y(t) = tg(at) cywecmeyem moavko na
T

ompesxe [—hy, hi], codeporcawemes 6 unmepsane %" 2a)"
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2.2 3Bagauya Kommu ayia OZ1Y niepBoro nopsijika, He pas-
PEIIeHHOT0 OTHOCUTEJIbHO IMTPOU3BOIHOI

2.2.1 IIpumeps! moctaHoBKY 3aza4umn Korm

Paccmorpum obpikaOBeHHOE MU dbepeHnuaabHoe ypaBHEHNE TIEPBOTO 0~
PsIJIKa, He pa3penieHHoe OTHOCUTENIHLHO [TPOU3BOTHON

F(ty(t),y'(t)) = 0. (2.14)

Bceiogy B aToMm naparpade Oyuem cunrarh, uro dynkuusa F (¢, y,p) onpee-
JleHa B mapasuiesienunesie D ¢ meHTpoM B HeKoTopoit Touke (tg, Yo, yy) € R:

D={(t,y,p) eR*: |t —to| < a,|ly —yo| <b,|p—y| <c}, (2.15)

e a,b, c — PUKCUpOBAHHbBIE TTOJOKUTETIHHBIE THCIA.

Onpepenenve 2.2.1. Qynryus y(t) Hasvieaemes pewenuem ypasHerus

Ha ompeske [t1,ta], ecau:
1. y(t) nenpepwvisro dudepenyupyema na [t, ta];
2. (t,y(t),y' (t)) € D dan ecex t € [t1,ta];
3. na ompesxe [t1,ts] 6vnoaneno (2.17).

Ecin ypasuenue (2.14]) pasperiieHo 0THOCHTEIBHO IPOU3BOIHON,

F(t,y,p) =p—- f(tvy)a

TO TIPH HEKOTOPBIX JOMOJTHUTEIBHBIX YCI0BUAX Ha GyHKIWmO f(t,y) 1uist mo-
JIy9eHHs eIMHCTBEHHOIO PENICHUs yPaBHEHUS JOCTATOYHO 33J1aTh YCJIOBHE
[IPOXOZKJICHUsI COOTBETCTBYIONIEH HMHTErpaJibHOl KpuBoii (rpaduka permie-
HUs) Yepe3 HEKOTOPYIo TOUKY (o, Yo ). B obriem ciaydae IpuxoauM K 3a1aue
¢ JIOIIOJIHATEIBHBIM YCJIOBHEM

F(t,y(t),y'()) =0, y(to) = yo. (2.16)

[IpounmiocTpupyemM 0COOEHHOCTU TAKOM 3a/1a4U JJId CJIydas ypaBHEHHUSI,
KBaJIPDATUYIHO 3aBUCSIIETO OT ITPOU3BOIHOIN:

(' (£)” = (t+y(t))y'(t) + ty(t) = 0. (2.17)
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Y1y A0 Y Y
y1(t) ~
A0
iiﬁ
(1)
0 t 0 t 0 t 0 t
a. 0. B. I.

Puc. 2.2. K npumepawm [2.2.1] 2:2.2} meeuucTBeHHOCTD pernenns 3agaan Ko,

ITockosibKy KBajipaTHOe ypasHenue p° — (t + y)p + ty = 0 umeeT KopHH
p1 = t, p2 = Yy, TO UCcXomHOE MM PEPEHITNAIBHOE YPaBHEHNE PACIAIAeTCs Ha
COBOKYTTHOCTD JIBYX YPaBHEHUH, Pa3PEIIeHHbIX OTHOCUTETHHO ITPOU3BOTHOI:

y') =t yt)=y).
Tlorygaem siBa cemeiicTBa perreHmit

2
yi(t) = 5+t C1, ya(t) = Coexp{t}, VC1,C2 €R.
MNpumep 2.2.1. 3adaua das ypasnerus QONONHUMEALHDLM YCAO-
suem y(0) = 1 umeem dea pewerus (cm. puc. |2.2a):

w0 =1 ) = el (219

3adaua das ypasrenus ¢ donoarumenvhom yeaosuem y(0) = 0 ume-
em wemoulpe pewenus (Cm. puc. —2):

_ 2
yi1(t) = 5 ya(t) =0,

mo={ B0y mo={ ESh e

PaccMmoTrpenublii mpuMep MOKa3bIBaeT, YTO HEEUHCTBEHHOCTD PEIeHUsT
JIOCTATOYHO XapaKTEPHA JJIs 3a0a91 . s e mHCTBEHHOCTH HEOOXO-
JINMO 33JIaTh €Ile OJIHO JOMOJHUTEIbHOE yeaoBue. V3 reomerpudeckux co-
obpazkeHnit HanboJiee eCTECTBEHHO MOTPEOOBATH, ITOOBI MCKOMOE pEITeHue
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MIPOXO/IUJIO Yepe3 3aJ[aHHYI0 TOYKY C JAHHBIM HAKJOHOM KacaTeabHoil. B
pe3yabTaTe TPUXOIUM K ITOCTAHOBKe 3aa4un Kormm

F(t.y(t),y'(t) =0, y(to) =y, ¥'(to) = yo. (2.20)

Mpumep 2.2.2. 3adawa Kowu das ypasrerus HAUANOHBMU YCAO-
suamu y(0) =1, y'(0) =0, m.e.

8F(0,1,0)

t 5) =(0,1,0 F(0,1,0)=0
(07y07y0) (7 ) )a (7 7) B ap

——140 (221)

2
umeem eduncmeennoe pewenue y(t) = 5 +1.
3adavwa Kowu daa ypasnenus Hauaabromy yeaosuamu y(0) = 1,
y'(0) =1, m.e.
OF(0,1,1)

t 0) =(0,1,1), F(0,1,1)=0
(an07y0) (, ) )a (a 7) 9 ap

=140  (2.22)

umeem eduncmeennoe pewenue y(t) = exp{t}.
3adawa Kowu dan ypasrenus Hauasohomu yeaosusmu y(0) = 1,

y'(0) = wo, Yy & {051}, me.e.
(thyan(/)) = (Ov ]-vy/O)a F(t03y07y6) 7é 0 (223)

He UMEEM HU 00HO20 PEUEHUA.
3adana Kowu das ypasrenus HauasvHomy yeaosuamu y(0) = 0,
y'(0) =0, m.e.

dF(0,0,0)

/
= F =
(t03y07y0) (07070)a (05070) Oa 8])

=0 (2.24)

UMEEM YeMuIPe PEUWEHUSA .
[IpuBeneHHbIl TPUMEDP TOKA3BIBAET CJIEIYIONNE OCOOEHHOCTH TTOCTAHOB-

ku 3agaau Komm ((2.20)):

1. Tpoiika uucen (to,yo,yy) € R® He MoxKeT GBITH B3ATA IPOU3BOJIb-
HO; JIJIsI CYIIECTBOBAHUSI PENICHHs HEOOXOJUMO BBIIOJIHEHUS YCJIOBUS

F(t03y07yl0) =0.

2. JIpyx monosHUTENbHBIX yeaosuit y(to) = yo, 4’ (to) = y{, MoxKer oKa-
3aThCs HEJOCTATOYHO [JI €MHCTBEHHOCTH PelIeHHs B CIydae

OF (to, Y0, Yo)

ap =0.
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2.2.2 Teopema cylieCTBOBaHUsI 1 €INHCTBEHHOCTHU PEIlIeHUs 3a-
mauan Koram

Teopema 2.2.1. ITycmo gynxuus F(t,y,p) onpedesena 6 napaseseni-
nede D, zadanmvim , U GBINOAHENDBL CACOYIOULUE YCAOCUA:

L. F(to,y0,Y) = 0; (2.25)
OF(t,y,p)  OF(t,y,p)
2. F(t D; (2.26
(t.y,p), oy p nenpepvisns 6 D; (2.26)
aF(t07y07y6)
3. ——2—7= £0(. 2.27
7 (2.27)

Tozda watidemea h > 0 maxoe, wmo na ompesxe [to — h,to + h] cywe-
cmeyem eduncmeennoe pewenue 3adawy Kowu .

Joxazamenvemso. Paccmorpum B okpecrHoctn Touku (o, Yo, y)) ypaBHe-
Hue
F(t,y,p) = 0. (2.28)

U3 ycaoswmit (2.25))-(2.27) u TeopeMmbl 0 HessBHOI (DYHKIUN HARIETCA OKPECT-
HocTb g TouKH (g, Yo), B KOTOPOIi CYIIECTBYET eJMHCTBEHHAs HelIPePbIBHAS

byukuus p = f(t,y), umeromas B {)g HEIPEPHIBHYIO YACTHYIO IPOU3BOAHYIO

0f(t,y) _ OF(t,y, f(t,y))/dy (2.29)

dy OF (t,y, f(t,y))/0p’

U sBJISIIONIAsiCs peleHneM ypasHerus (2.28]). B gacrrocTu, BIIONIHEHO Da-
BEHCTBO

Yo = [ (to, yo)- (2.30)

B okpecrroctu 0y ypasuenue (2.14]) sksusanentno auddepennuaibHo-
My ypasreruto y'(t) = f(¢,y(t)), paspemeHHOMY OTHOCHTEILHO IPOU3BO/I-
Hoit, a 3agada Kommn (2.20) npuanMmaer By

yl = .f(tvy)7 y(tO) = Yo- (231)

OrMmernm, uro durypupymoiree B ([2.20) HauasbHOE YCIOBHE HA TPOU3BOJI-
Hy10 Y’ (tp) = Y\, aBTOMATHYECKH BBINOJHEHO B cuiy paseHcTsa ((2.30)).
Paccmorpum 3amady Komwu (2.31) B npsimoyrosbauke

I ={(t,y) €R*: |t —to| <ao, |y—1wol<bo},
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IJIe MOJIOKUTETbHBIE YNCIa ag, by HACTOIBLKO MaJibl, 9Tobbl II C €. Kak
y2Ke yCTaHoBJieHo Bbiiie, Gynkius f(t,y) HenpepbiBHa B (g, a 3HAYAT U B
II. Ycaosue Jlunmuna jtst 910l (DyHKIUHN 110 TEPEMEHHOI Y HA MHOXKECTBE
II ¢ xoncranToit

L = max
(ty)ell

af(lf,y)‘

of
BBITEKAET U3 HemnpepbiBHOCTH B Il wacTHO# mpou3BojiHOIM a—(t,y)7 orpe-
Y

JEeJIEHHON B . Takum obpazom, B Il BBINOTHEHBI BCe YCIOBUS TeOpe-
Mot 2.1.2] cymecTBOBaHNS M €MHCTBEHHOCTH pelreHns 3ajadn Komm st
O/1Y, pa3peleHHOoro OTHOCUTEILHO pou3BoaHoi. CiieioBaTe/IbHO, Hali1eT-
cst h > 0 Takoe, uTo Ha OTpe3Ke [tg — h,to + h] cylecTByeT eIMHCTBEHHOE
pertierne 3ajaqu Kormm , a 3Ha4UT U 3aa4un Ko . O]

3ameuanue 2.2.1. B npusedennom eviwe npumepe [2.2.9 yerosus meo-
pemoi |2.2. 1] evinoarervr das 3aday Kowu . [229) u ne svnoanenn

dns sadav Kowwu (2.25), (2.24)).

2.2.3 MeToabl MHTErPUPOBAHUSA

Paccvorpun meTon unTerpupobanus ypastenns (2.14)), ocnosanmsrit Ha
ero nowienHoM juddepennuposannu. Ilomyuatomneecss ypaBHeHHe CTaHO-
BUTCSI JIMHEIHBIM OTHOCHTEILHO CTapHIeil IPOM3BOAHON, U B HeM 3ddek-
THBHO TPOMU3BOJUTCS 3aMEHa MCKOMOI (hyHKITUH.

VYpasuenue Buga y = f(t,y'), paspelieHHoe OTHOCUTEIHHO [EePEMEHHOMN
1, SKBUBAJICHTHO CUCTEME JBYX YPABHCHHI

y= f(t,p), dy=pdt.

W3 mepBoro ypaBHeHUsI BbIpaxkaeMm dy, BOCIIOJIb30BABIINCH WHBAPUAHTHO-
cThI0 (bopMbI TTepBOTO A depeHuaia;

_ Of(t,p) of(t,p)
= =g+ e

dy dp = pdt.

Tlocnenmee paBeHcTBO 3a7aeT auddepeHImaIbHOe ypaBHEHNE TEPBOTO 0-
PSIJIKA B CHMMETPUYHOM BUJIE OTHOCUTEIHLHO IIepeMeHHbIX ¢, p. Kcim yranocs
HaliTH mapaMeTpUIeCcKoe pereHne 3Toro ypasrenus t = ¢(7,¢), p = (7, ¢),
TO ¥ PellleHre UCXOJHOI'O YPABHEHUSI CYIIECTBYET B IAPAMETPUIECKOM BUJIE

t=op(r,c), y=f(tv(rc).
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Vpasuenve Buga t = f(y,y’), paspelieHHoe OTHOCUTEIHHO EPEMEHHOM
t, 9KBUBAJEHTHO CUCTeMe 2-X ypaBHeHUI

t=f(y,p), dy=pdt.

W3 nepBoro ypaBHenusi BbIpaxkaeM dt, BOCIIOJIB30BABINNCH WHBAPHUAHTHO-
cThI0 HOPMBI TIEPBOTO I depeHITnaIa;

_ofwp),  Ofwp),  dy

dt .
dy dp P

Tlocnennee paBencTBo 3amaer auddepeHnuaIbHOe ypaBHEHNE IePBOro 0~
pSIKa B CUMMETPUYHOM BHJIE OTHOCHTEJIHLHO MMEPEeMeHHBIX Y, p. Ecan yma-
JIOCh HANTH IapaMeTPHYecKoe PeIleHre 9TOro ypaBHeHus y = o(T,c), p =
¥ (7,¢), TO U pelleHre MCXOJHOTO YPABHEHUs! CYIIECTBYeT B IapaMeTpude-
CKOM BHJIE

Yy= @(7-7 C)? = f(@(ﬂ C)ﬂ/}(Tv C))

VYpasuenwe suna F(t,y,y’) = 0 sKBUBaJEHTHO cuCTeMe 2-X ypaBHEHWUIT
F(t,y,p) =0, dy=pdt.

OTHOCHTEILHO IEPBOTO yPABHEHUS TIPEJIIOIOKIM, 9TO OHO 33/1a€T IIQIKYIO
HOBEPXHOCTD B R3, OIMCBIBAEMYIO MAPAMETPUHYECKH C TIOMOIIBIO HEITPEPHIBHO
muddepentupyembrx dyukmin T'(u, v), Y (u,v), P(u,v):

t=T(u,v), y=Y(u,v), p=P(u,v).

BocmonszoBabimnch nHBapraHTHOCTHIO (DOPMBI TTepBOro udbepenImalia,
BerumcysieM dy, dt m mosydaeMm auddepeHInaibHy0 CBI3b MEXKJIy I1apa-
MerpaMu (u,v), KOTOpas BbLIEJSET M3 BCEX TOYEK MOBEPXHOCTH HMEHHO
WHTErpajbHble KPUBBIE:

6Y(u,v)dv _ (8T(u, v) T (u,v)

Y (u,v)
du + 5u du + 5 dv) P(u,v).

ou ov

Tlonyaaem muddepennmanbHOe ypaBHEHNE TTEPBOTO MOPSIKA B CUMMETPU -
HOM BHJIE OTHOCHUTEJIHLHO MEPEMEHHBIX U, v. Kcim ynasoch HANTH mapamer-
pHUYeCKoe pellleHne 3Toro ypasHenust u = ¢(7,c¢), v = (7, ¢), TO 1 perienne
HCXOJIHOTO YPaBHEHUsI CYIIECTBYET B IMapaMeTPUIECKOM BUJIE

t= T((P(T, C),¢(T, C))? Yy = Y(‘)O(T’ C)vw(Tv C))
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2.2.4 Ocob6bie permnenus OZLY 1-ro mopsaka

Onpepenenve 2.2.2. Qyuxuyua y = £(t) naswveaemcs 0cobvim peuwenu-
em JuPdeperuuanvrozo YpasHEHUS,

F(t,yt),y'(t) =0

Ha ompeske [t1,ta], ecauy = E(t) ABAAEMCA PEUEHUEM YPASHEHUA HA IMOM
ompeske 6 cmwicae onpedeaenun [2.2.1], u uepes kasrcoylo MoKy coomeem-
cmeyroweti unmezparvnot xpusot I' = {(t,y) € R? 1 y = £(t),t € [t1,12]}
npoxooum 0pyzoe PeweHue PEUEHUE dMO20 YPAGHEHUS C TEM HCE CAMBLM
HAKAOHOM KACAMEALHOT, HO OMAUNGIOULECA O OGHHO20 PEULEHUA 6 CKOAD
Y200H0 Ma.A0T OKPECTVHOCTU TMOYKU.

Takum obpa3oM, B KazKJI0if TOUKEe WHTETPAJILHOI KpUBO# 0cOOOTO perre-
HUsI HAPYIIAETCsI €MHCTBEHHOCTD pellerus 3aaaun Ko

F(t’y(t)vy/(t)) =0, y(tO) = Yo, y/(tO) = yé)a v(thyO) el

CrreioBaTebHO, HapyIAaeTCst OJJHO WA HECKOJILKO YCJIOBU IOKA3AHHON BbI-
me TeopeMsl [2.2.]] 0 CyIIeCTBOBAHUM U €IUHCTBEHHOCTH PEIIeHUs 3aJatn
Komm. PaccMOTpuM OCHOBHBIE CUTYALMH, MPUBOIAIIME K IIOSBJICHUIO OCO-
onrx pemrennit. Hac Oymer nnrepecoBaTh mpexK e BCEro HEOOXOIMMBbIE YCITO-
BUs JIJIsI CYIIECTBOBAHUS OCOOLIX PEeIICHHIA.

Eciu He BbINOsIHEHB! yesioBus raajkoctu dyukuun F(t,y, p), To npume-
PBI 0COOBIX PENIEHUIT HETPYIHO MOCTPOUTH JIaKe IS PA3PEelMeHHbIX OTHO-
CUTENIbHO TPOU3BOAHOM muddbepeHnnanbHbIX yPaBHEHTH.

Mpumep 2.2.3. Vpasnenue

y =/ (2.32)
(t—o)

umeem pewenue Yo(t) = 0 u cemeticmeo pewenud y(t,C) =
Dynryua yo(t) aAsasemes 0cobvim PeteHuem YpasHenus Ha A1000M
ompesxe [t1,ta], nockoavky das awbozo ty € [t1,ta] natidemea C =ty ma-
Koe, wmo wepes mouwky (to,0) unmeeparvrol kpusoti pewenus yy(t) npoxo-

(t—t9)3

dum dpyeoe pewenue y(t,ty) = C eEM JHCE CAMBIM HYAEBBIM Y2A0M

7
HAKAOHA Kacameavrol (cm. puc. . B dannom cayuae F(t,y,p) = p—/y?
oF 2
ABAACTNCA HENPEPLEHOT Pyrkyuet, a NPoUscoOHAL — = —=—— HE CYU,e-
Ay 3y

cmeyem npu y = 0, m.e. napywerno 00Ho u3 Ycao8ul .
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Takum ob6pa3oM, ocoboe pereHne MOXKET COIEP:KAThCSA CPEeIN TeX KPH-
BBIX, Ha KOTOPBIX aCTHAS IPOM3BOAHAs — - HE CYIIECTEYeT.
Y

ITycrs reneps BoinosiHensl yeaosus ((2.26) ornocurensuo F(t, y, p). Eciau
cymecrByer ocoboe pemienue &(t), TO BO BCeX TOYKAX €ro MHTErPAJIbHOI
KPUBOIl JIOJI?KHBI BBIIOJHATLCS JBA PABEHCTBA

o OF o
F(t,&(t),€'(t) =0, afp(t,w),g (t)) = 0.

fIcHo, uro Tpoiika (t,£(t), & (t)) mpu Kask oM ¢ SBJISETCS PEIIEHNEM CHCTEMBL
YPaBHEHU

F(t,y,p) =0,

F
ap (tay7p) - 0

(2.33)

Yacro u3 cucremsl ([2.33) MOKHO UCKIIOYUTH MEPEMEHHYIO P U TIOJIYIUTh
ypastetune ®(t,y) = 0. Pemenust 370ro ypaBHEeHUs! Ha IJIOCKOCTH 3a/IAK0TCSI
OJIHO WJIM HECKOJIbKUMU JINHUSIME, KOTOPBIE HA3BIBAIOTCH JUCKDUMUHAHI-
HOMU KPUBHLMU.

Bo3MOXKHBI cileyIonue TpU Cirydasi:

1. VYpasuenue ®(t,y) = 0 3amaer ocoboe pereHue.

2. Ypasuenue ®(t,y) = 0 3anaer pemenue ypasaenus (2.14), xoropoe
He SIBJISETCS OCOOBIM.

3. VYpasuenue P(t,y) = 0 3amaer GyHKIUIO, HE ABJISAIONLYIOCH PEIICHUEM

ypasHenust ([2.14]).

IIpuBenemM cOOTBETCTBYIONIE TPUMEDHI.

MNpumep 2.2.4. [lepenuwem ypasherue u3 npumepa 6 K-
BUBANEHTHOM GUOE

() —y*=0.

Uz cucmemoi 0 QUCKPUMUHAHMHOT KPUBOT,

P’ —y* =0,
3p? =0,

naxzodum gynryuio y(t) = 0, KOMopas ABAALMCH 0COOBIM PEULEHUEM.
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Mpumep 2.2.5. Pacemompum ypasherue

(¥)?—y* =0
U3z cucmemovi A QUCKPUMUHAHMHOT KPUBOT,
{ P’ —y* =0,
2p =0,
nazodum dynryuro y(t) = 0, KOMopas ABAAEMCA DEUWEHUEM UCTOOHO20

ypasHeHrus. Jaa nposepku mozo, bydem au HalidenHOe DEWeEHUE 0COObIM,
NPouUHMePUPYem ucrodroe ypasrerue u Hatidem 06a cemeticmesa peuteHul

y1(t) = crexp{t}, wa2(t) = caexp{—t}.

Hu 00na u3 unmezpasvHolT Kpusvlr Smur cemeticme peuwerutl He Kacaemcs
unmezpasvhoti kpusol pewenus y(t) = 0 nu 6 odnoti mouke. Caedosa-
meavro, pewenue y(t) = 0 ne asasemes 0cobvim 0L PACCMAMPUBAEMO20
YPABHEHUS.

Mpumep 2.2.6. Paccmompum ypasherue . Cucmema ons

QUCKPUMUHAHMHOT KPUBOT,

p*—(t+yp+ty=0,
2p—t—y=0,

daem gynruyuro y(t) = t, Komopas ne ABAAEMNMCA pewsenuem . Caedo-
B8AMENDHO, 0COOBIT PeWeHUT PACCMAMPUBLEMOE YPABHEHUE HE UMEETN.

2.3 3apaua Koinm nsa cucreMbl OOBIKHOBEHHBIX (-
depeHIIUAILHBIX yPaBHEHU 1 ypAaBHEHUS Nn-T0 II0-
psaKa HAa NPOU3BOJILHOM OTPE3Ke

B srom pazmene Mbl OKaXKeM Te€OPEMbl CYIIECTBOBAHUS W €IUHCTBEH-
HOCTH pernrenns 3aa<dn Ko Uit cucTeMbl OOBIKHOBEHHDBIX Auddepentim-
AJILHBIX yPABHEHWI U yPABHEHUS N-TO MOPSJIKA Ha MPOU3BOJIHLHOM OTPE3KE.

2.3.1 ITocranoBka 3amaun Komm gis cucremsr O1Y
[ycrs dynkuuu f;(t, y1,Y2, - -, Yn), i = 1,2, ..., 1 OLpeIEJICHDI U HELIPE-

PBIBHBI JIJIA
te[a>b]a (ylvaa'-~7yn)€Rn
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Tpebyercs onpeneaurs Gyakuun yq (t), y2(t), - . ., Yn (1), dBagONMECcs perie-
HUSMHI HOPMAJILHOM cucTeMbl nuddepeHaababIX YPaBHEHI Ha, OTPe3Ke

[a,b]

y/1<t) - fl(t7y (t)vyZ(t)a"'ayn(t))7
ylz(t) = f2(tay (t)7y2(t)a"'7yn(t))’ (2.34)
) = faltoyr (), 20,y (D)),

1 yTOBJIETBOPAIONINE HaYaJIbHBIM YCJIOBUAM

y1(to) = yo1, y2(to) =%o2, ---» Ynlto) = Yon (2.35)

rie to — HeKoTopas BbUKCUPOBaHHAS TOUKa OTPE3Ka [a,bl, a Yo1, Yoz, - - - Yon
— 3aJlaHHBIE BeIeCTBeHHbIe Yucia. JTa 3a/aua HasbiBaeTcs 3anadeit Komm
WK 33Jadeil ¢ HadaJdbHBIM yCJIOBHEM Jjis HOPMaJbHOH cucTeMmbl audde-

PeHIUAIbHBIX ypaBHenuii (2.34]).

Onpegenenune 2.3.1. Pynxuyuu y1(t), y2(t), ..., yn(t) Haswearomes pe-
wenuem 3adavu Kowu (2.34), (2.35) na ompesxe [a,b], ecau:

1. pynryuu y;(t) nenpepwviero dudpepenyupyemo: va [a,bl, i =1,2,...,n,
2. yl(t) = filt,y1 (), y2(t), ..., yn(t)), t € [a,b], i =1,2,...,n,
3. yilto) =yoi, i=1,2,...,n

Onpegenenue 2.3.2. Qynxyus f(t,y1,Y2,- - -, Yn) YO0BAEMEOPAEM, YCAO-
suro Jlunwuya mo y1,Ys, - - - Yn, €CAU HATOEMCA MAKASL NONOHCUMENDHAA
xonemanma L > 0, umo svinoamnersv, nepasencmaea

|f(taglay23"'a ) f(t y17y27"'7gn)|<
< L(|gr — 1| + 152 — Gol + -+ |Jn — Gnl),
vt € [ava vy:(glnga"'agn)7g:(g15g27"'7gn)ERn- (236)

2.3.2 Teopema eguHCTBEHHOCTHU pelneHusd 3anayu Ko giia Hop-
MaJIbHO! CHCTEMBI OOBIKHOBEHHBIX AuddepeHualbHbIX ypaB-
HeHUM.

Hokaxkem enuucrBenHocTh pernenus 3ajgadu Komm (2.34), (2.35) auis
HOPMAaJIBHON CHCTEMBbI OOBIKHOBEHHBIX JU(depeHnnaIbHbIX yPABHEHMH.
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Teopema 2.3.1. IIycmo dynruyuu fr(t,y1,Y2, - Yn), k = 1,2,...,n,
onpedeaervl u nenpepwviehv. npu t € [a,b], (y1,Y2,.-.,Yn) € R™ u ydosae-
meopsem ycaosuro JTunwuya (2.56).

Tozda ccau Gy G1(t), §20) -, Gn(t) 6 G20 Galt)s - Gult) 56
amomes, pewenuamu dadawu Kowu (2.34), Ha ompeske [a,b], mo
Fi(t) = gi(t) daat € [a,b],i=1,2,...,n.

Hokasamesvemeo. Tak kak dynkuun g1 (t), g2(t), . .., ¥n(t) — pemenns 3a-

nauan Kommm ((2.34), (2.35)), To
gi/(t) :fl(tagl(t)agQ(t)77yn(t)) te [aab]v gl(to) = Yoi, 1= 1,2,...,TL.

Wurerpupyst muddepennuanbaoe ypaBHeHHe OT to 0 t U UCHOJb3ys Ha-
vasbHoe ycsosue (2.35), moayuum mig i = 1,2,...,n

t
Git) = yoi + / [ () 3T Gn(P))dr, tE 0. (237)
to
Kowmmnonentst g;(t), i = 1,2, ...,n APyroro peieHus ya0BIeTBOPAIOT TAKAM

JKe yPaBHEHUSM
t

7i(t) = yoi + /fi(T, 71(7),G2(7), - -, Gn(7))dT, t € [a,b]. (2.38)
to

Brranrast ypasaenns (2.38)) u3 ypasrenuii (2.37) u ucrosnb3yst ycaosue Jlumn-
mna (2.36), nomyanm s ¢ =1,2,...,nut € [a, b

|7:(t) — 7:(t)| =

t

= /(fi(Tvyl(T)agQ(T)v'“7@71(7—))_fi(77g1(7)7g2(7—)7"~7gn(7—)))d7— <

<L|[ (1910 = 50 + 1g2(7) = Bl 4+ 15() = ()] ).

to

Beenem dynkimio

2(t) = [51() = 51O+ [92(8) = G2(O)] + - - + [Gn(t) = G (D).
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TOI‘ILa TOJIy9Y€HHOE€ HEPABEHCTBO MOXKHO IlepenucaTb TakK

CK.Ha,ZLbIBaH BCe 3TN HEpaBE€HCTBa, UMEEM

z(t) < nL /Z(T)dT , t€]a,bl.

to

U3 nemmbr I'poryosia-Bevana caeayer, uro z(t) =0, t € [a,b]. D10
O3HAYAET, ITO

ﬂi(t):gi(t) 1=1,2,...,n, tE[a,b].

Teopewma [2.3.1] nokazana. O

2.3.3 Teopema cyirecTtBoBaHUA peleHns 3aaa4uu Komm ajist Hop-
maJsbHoM cuctembl O/1Y Ha BceMm oTpeske

[Tepeiimem K 1O0KA3aTEIBCTBY TEOPEMBI CYIIECTBOBAHUS PEIIEHUS 331

Komn (Z31), @233,

Teopema 2.3.2. [Iycmo dynruyuu fr(t,y1,Y2, - Yn), k = 1,2,...,n,
onpedeaerv u nenpepwviehv. npu t € [a,b], (y1,Y2,.-.,Yn) € R™ u ydosae-
meopsem ycaosuro JTunwuya (2.56).

Tozda cywecmsyrom dynrwuyuu y1(t),y2(t), ..., yn(t), Asamowuecs pe-

weruem 3adavy Kowu , Ha 6cem ompesxe [a, b].

Jokasameavemeo. Paccmorpum Ha oTpeske [a,b] crucreMy MHTErpajibHBIX
YPaBHEHUIl OTHOCUTEJILHO HEM3BECTHBIX (byHKIwmii y; (1)

yi(t):in+/fi(Tgy1(7)7y2(T),...,yn(T))dT, i=1,2,...,n.  (2.39)

IMokazkeM, uro eciau dyukuuu g (t),. .., Yn(t) HEIPEPHIBHLI HA OTPE3KE
[a,b] m yIOBIETBOPSIIOT CHCTeMe WHTErpajbHBIX ypasHeHuit (2.39)), To oHm

sIBJIsTEOTCsT perenneM 3aaan Kommn (2.34), (2.35) va orpeske [a, b].
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JleiicTBUTEIBHO, IOJIOXKUB B t = to, nosyunm, uro ;(t) yaosie-
TBOPSET YCIIOBUSIM . Huddepennupys 1o t ybexkmaeMcsI B TOM,
9TO BBIMTOJIHEHBI YPABHEHUST .

Takum o6pazoM, Jisi JTOKA3aTeTHCTBA TEOPEMBI JJOCTATOYHO JTOKA3ATh,
qTo cymecTBytorT dbyHkuuu ¥;(t) HenpepwIBHBIE HA OTpe3Ke [a,b], yaoBie-
TBOPSIOITNE CUCTEME MHTEIPAJLHBIX ypaBHeHuit (2.39)).

Jokaxkem cymecrBoBanue Takux GyHKImi g;(t), UCIOIL3Yys METOI 1I0-
CJIeIOBATENIbHBIX Tpub/mKeHnii. PaccMoTpuM mocitetoBaTeibHOCTH (DYHK-
it y¥ (t), y5(t), ..., y%(t), k=0,1,2,..., Takux, 91O

t
yf+1(t):y01+/f1(77y]f(7)5y}2€(T)a7y2(7—))d7-7 i:1a2a"'an7 te [a7b]7
to

W) =yoi, i=1,2,...,n, tE€]la,bl.
(k)

Jokazkem, 4TO BCe y;
Jlast y9(t) aro Bepno. Ilpeanonozkum, 4To 310 BepHo 1ist Yy (t) u noKa-

JKEM , UTO 9TO BEPHO JIJIst y;”'H (t). Tak xak Bce byaxuun f; (¢, y1,Y2,---,Yn))

HernpepbIBHLL 1pH ¢ € [a,b], (y1, Y2, ..,Yn) € R™, To u3 (2.40) caexyer, aro

y;”H(t) OlIpe/ieJIeHbl ¥ HEIPEPLIBHBI Ha [a, b].

(t) ompeesieHBbl U HENIPEPBIBHBL HA OTpe3Ke [a, b].

Ob6o3HaunM Yepe3 B CIIeAyIoNyo TOCTOSHHYIO

t
ff’i<7—7 Yo1,Yo2, - - -ayOn)dT).

to

B = max max
i=1,2,...,n tE[a,b]

IMokaxkeM, urto juist Beex ¢ = 1,2,...,nu k = 0,1,... Ha orpeske [a, b
CIIpaBe IJIUBLI OIEHKHI

gt —tol*

) =y (O] < Bnl)*

K2

(2.41)

IIpu k = 0 310 BepHO Tak Kak

t
WA (t) — 2(8)] = / Fi(Fa Yot Yoz - yon)d| < B.
t

0

IIycTs HepaserncTso ([2.41) cipasesmuso misa k = m — 1. Ilokaxkem, 4ro
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OHO BBINOJIHEHO Jyist k = m. 13 (2.40)) umeem

() =y ()] <

< / i Y ) (), (7)) -

—filr T () s ),y T ()T | <

~

t

[ - @+ e - @)+

to

<

() = g ) )|

Wcnonp3yst npeanosiozkeHne WHAYKIIAU, TOJLyIUM

to|m1 t—to|™
) - /B DT | < oy 2,

CuemoBarenbao Hepasenctso (2.41) mokazano Mo MHIAYKIUH.
Paccmorpum Ha orpeske [a, b] DyHKIMOHAIBHBIE PAIBI

+Z mHL ) — Yy (1), i=1,2,...,n.

U3 (2.41)cnenyer, uro Ha orpeske [a,b] cpaBe/INBbI OLEHKH
( b— a)m

() =y ()] < B(nL)™ —

, m=0,1,....

YauTeIBasg 3TH ONEHKHU COTJIACHO NMpHU3HAKY BeliepmTpacca, moaIyduM, 9TO
dyHKIMOHAIBHBIE PSJIBI CXONATCA PABHOMEDPHO Ha oTpeske [a, b]. Ciemosa-
TEJIBHO TIOCJIEI0BATEIEHOCTH HENPEPBIBHBIX HA OTpesKe |a, b] dyHKmii

k—1

v =900+ D )~y (1), i=12...n

m=0

CXOJIATCST PABHOMEPHO Ha OTpe3Ke [a, b] K HenpepbiBHBIM DYHKIWMIM F; (t).
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Tlepexonst ¥ npeneny upu k — +oo B dhopmyrax (2.40), moayuum, 910
dyukuun g;(t) ABAAIOTCS PEIIEHUEM CHCTEMbl UHTEIDAJIbHBIX YPaBHEHUI

(2.39), a smaunT u 3amauu (2.34), (2.35). Teopema JIOKa3aHa. O

3ameuanue 2.3.1. Jaa svmnoanenus yeaosus Junwuya docma-
mouno, umobv ece Pynruuts fr(t, Y1, Y2, - Yn) UMEAU PAGHOMEDPHO 02PAHU-
YEHHDBIE YACTIHBIE NPOU3EO0HDBLE

8fk(tayl7y27 7yn)
8yj

<D, Vtel[ab, Y(yi,y2, - yn) € R,

k,j=1,2,...,n , D — nocmoannas. eticmeumesvro, 6 3mom cayuae

| fe(t g, U2y - Un) — f(t 01, T2, -, Un)| <

< et 91,02, Yn) — el 91,02, -+ Yn) |+
et 01,92, - Un) = fe(t 1, G255 Tn)| + - -
o [ fe (g1, P2, Un) — fe(t 01, Ty -5 Tn)l-

Hpumenssn popmyary Jlazparorca no xasncdoti nepemernot, nOAYHUM

|fk(ta ghy% s 7gn) - fk(taghg% cee 7gn)| <
< D<|§1 =l + 92 = G2l + -+ [Un —§n|)-
Caedosamenvrno ece gynxyuu fi(t,y1,Y2,...,Yn) yodosaeMBOPAIOM YCAO-

suro Jlunwuya ¢ nocmoannot L = D.
Vcnonb3yst 310 3amedanue, JIETKO [PUBECTH IIPUMEP CUCTEMBI, YIIOBJIE-
TBOpstIomeil yemosusaM Teope [2.3.1 u 2332
MNpumep 2.3.1. Jlas cucmemnt
t)°
1(t) = tsin(ys(t) + ya2(t +L,
yl( ) ) (yl( ) y?( )) 1+ (yl(t))g
Ya(t) = t7y2(t) + cos(y1 (t) + y2(1)).

EHINOAHENDL YCAOBUA MEOPEM u u pewenue 3adavwu Kowu daa
amoti cucmemut cywecmeyem u eduncmeenno na aobom ompeske [a, b].
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2.3.4 3amauya Komu gaa OY n-ro nmopsigka Ha IIPOU3BOJIBHOM
orpeske.

Paccmorpum obbikHOBeHHOE muddepeHInajIbHOe yPABHEHNE N-TO I0-
pPAliKa, pa3pelIieHHOe OTHOCUTEJIbHO CTapllieil IIpOU3BOIHOIN

y ™ (t) = F(t,y®),y' ), y"(t), ...,y D(1), t€la,b], (2.42)
e dynakuust F(t,y1,Y2,...,Yn) 3a0aHa, a y(t) — HemsBecTHast MCKOMAsI
dyHKIHS.

Pacemorpum st dbyukinuu y(t) HadaabHbIE yCIOBUS

y(to) = yoo, ¥ (to) = yo1, ¥ (to) = voz, ---» ¥ V(to) = yon_1, (2.43)

rze tg HekoTopoe (bUKCUPOBAHHOE YHMCJIO Ha OTPe3Ke [a,b], & Yoo, - - - Yon—1
— 3aJ@HHbBIE YKCJIA.

3amadgeit Ko nan 3amadeil ¢ Ha9aJIbHBIME YCIOBUSIME JI7IsT OOBIKHOBEH-
HOro auddpepeHnnaabHOr0 ypaBHEHUs N-T'0 HOPsAKa, Pa3peIIeHHOIo OTHO-
CUTEJIBHO CTapIleil IPOU3BOIHOI, HA3bIBAETC 3802498 OThICKAHUsT (DYHKIUN

y(t), ynosuersopstommeil ypasaernto (2.42)) n HauanbHbIM ycstoBusiM ([2.43)).
Onpegenenue 2.3.3. Oynxyus y(t) nasweaemes peweruem sadavu Ko-

wu , na ompeske [a, b], ecau y(t) asasemes n paz nenpepuiéro

dupepernyupyemoti wa [a,b] Pynkyuetd, y(t) ydosaemeopaem ypasHneruto
U HanaavHoLM Yeaosuam (2.43).
JlokazkeM TeopeMy CyIIecTBOBAHUA U €JUHCTBeHHOCTH PeIleHHs 33, Ja I

Komm 13, Z13).

Teopema 2.3.3. ITyemo pynruyua F(t,y1, Y2, - - ., Yn) onpedenena u venpe-

poweha npu t € [a,b], (Y1,Y2,---,Yn) € R™ u ydosaemsopsem ycaosuro Jun-
WUYa
n
|E(ty1,92, - yn) — F(&, 01,02, .-, Gn)| < LZ i — Uil (2.44)
i=1

vVt e [aab]7 v(yl7y2a"'7yn)7 (g17g27' ugn) € R™.

Tozda cywecmeyem eduncmeennas Gynryua y(t), AGAAIOUGACA PEULEHUEM

sadavu Kowu , Ha ompeske [a,b].

Zloxaszamenvcmeo. Jlokarxkem BHadTa e €IMHCTBEHHOCTD perenus. Ilycts hyHK-

st y(t) steasiercst pemennenm 3agaqan Komm (2.42), (2.43) mHa orpeske [a, b].
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Beenem dyukiun

) =yt), w)=y@®), wO=y"0), ... yu)=y""0.
Tax kak dyHxms y(t) sBasercs pemenneM 3amaun Kommn (2.42)), (2.43) na
orpeske [a, b, To dyukiwun y;(t), i = 1,2,...,n sSBISAIOTCS PEIIEHIEM 33/1a-
qn Komum jiyisi HOpMaJIBHON CHCTEMbI OOBIKHOBEHHBIX MU hEepEeHITNATBHBIX
YPpaBHEHU

yit) = (),
ya(t) = ys(b),
. (2.45)
Yn1(t) = yn(D),
C HaYaJIbHBIMHA YCJIOBUAMUA
yi(t0> = Y0i—1; L= 1,2,...,n. (246)

N3 ycnoBuit Teopembl ciemyer, uro 3ajgada Korm , (2.46) ymoBite-
TBOpSIET yCJIOBHSM TeopeMsl [2.3.1] e AMHCTBEeHHOCTH perenust 3aa4u Komm
qtst cucrembl OJ1Y. CrnenoBaresbuo perenne 3agadn Korm , ,
a 3HAYUT U pemrenune 3aga4du Komn , TaKKe eMHCTBEHHO.
JlokaxkeM CyIiecCTBOBaHUe pellleHns perrennst Komn , . Pac-

cmorpuM 3azady Komm (2.45)), (2.46). st Hee BBIIOJIHEHBI YCJIOBUSI TEO-
peMbI CYILECTBOBAHUS PellleHusi Ha oTpeske [a, b]. To ecthb cymecTsy-

10T HenpepbiBHO juddepennupyemble Ha oTpeske [a, b] dbyukuun y;(t), yio-
BJIETBOPSIONTHE 7 . O6o3nauus y1(t) gepes y(t), nosydum, 410
y(t) siBasieTcst n pa3 HenpepbiBHO nuddepertpyemoii Ha [a, b] byHKIHE,
yOU(#) = yi(t), i = 1,2,...,n u y(t) yrosnersopser dﬂ%‘), (I-;I)ZLSI) Cue-
nosarenbHo y(t) sBnserca pemennem Komm (2.42)), (2.43). Teopema [2.3.3|
JOKa3aHa. O

2.3.5 3agaua Kot aj1sa cucreMbl JIMHEMHBIX OOBIKHOBEHHBIX aud-
(pepeHIMaNBbHBIX YPAaBHEHUN N-I'0 MOPSIKA.

Pacemorpum Ha orpeske [a, b] cucTeMy JIMHEHHBIX OOBIKHOBEHHBIX Aud-
depeHnraIbHbIX YPABHEHUI 1-T0 MOPSIIKA

yi(t) = an®ut) +an@®)ye(t) + -+ an(®ya(t) + fi(t),

(1) az1 ()y1(t) + aza2 (£)y2(t) + -~ + azn(t)ya(t) + f2(t), (2.47)

L) = amOyn(0) + ana(O)yalt) + -+ aun(Oyalt) + falt).



2.3. Bagaga Ko g1t cucteMbl ypaBHEHHET 53

rae a;;(t), f; (t),i,7 =1,2,...,n — 3ajaHHbBIe HEIIPEPBIBHBIE HA OTPE3KE [a, b]
DYHKITNAN.
ITycTh 3a/1aHO0 HAYAIBHOE YCJIOBHE
yl(to) = Yoi, 1= 172,...717“ (248)

JlokaxkeM TeopeMy CYIIECTBOBAHUS U €INHCTBEHHOCTU PEIIeHns 33 1a91
Komn (Z47), ([2:49).

Teopema 2.3.4. IIycmov dynryuu a;;(t) , fz(t) HENPEPLIBHDLL HA OMPE3KE
(@b, i,j=1,2,....n.

Tozda cywecmeyem edurcmeernol nabop dynruut yi (t), y2(t), ..., yn(t),
asasowyuiica pewernuem sadawu Kowu (2.47), Ha ompeske [a, b].

Hokasamesvemso. Cucrema (2.47) siBIsieTcss 9aCTHBIM CIy9aeM CHCTEMBI

(2.34) ¢ upasoii yacrbio
fl(t7 Y1,92,-- -, yn) = ail(t)y1+ai2(t)y2+' : +azn(t)yn+fl(t)7 1= 1a 2) cee, T

Oru dyukuun f;(¢, Y1, Y2, - - ., Yn) OUPEJEIEHB] U HEIPEPBLIBHBI IpH ¢ € [a, b],
(Y1,Y2,---,Yn) € R™ u ynosuersopstor ycmaosuio Jlunmmia (2.36]) ¢ mocro-
AHHON
L= max max |a;;(t)|-
1<i,j<n te[a,b]| ”( )|
CuaetoBaresnbro s 3agauan Komn (2.47)-(2.48) BbinosHens! ycaoBust Teo-

pem u U OHa MMeeT eJMHCTBEHHOE DellleHne Ha oTpeske [a,b].
Teopema [2.3.4] nokazana. O

2.3.6 3amaua Komm nJis suHeitHOro o66IKHOBEHHOTO Jud depeH-
MUAJIBHOTO yPABHEHUS N-T'O MOPSIIKA.

JlokaxkeM TeopeMy CYIIECTBOBAHMS U €IUHCTBEHHOCTU PEIeHUsl 33191
Ko myist muHeitHOro 00BIKHOBEHHOTO i DepeHITnalbHOrO YPaBHEHUST 1-
ro HOPSIIKA,

ag(t)y™ () + a1 (t)y" () + -+ an1 (DY (1) + an(y(t) = F(2), (2.49)

rae a;(t), i1 = 0,1,2,...,n, f(t) — 3ananHBIe HenpepbIBHBIE HA [a, b] DYHK-
yn, ipuaeM ag(t) # 0 Ha [a, bl.
Paccmorpum st pynkumm y(t) HaYaabHBIE YCIOBUs B TOUKE by € [a, b

y D (to) = yoi, i=0,1,...,n—1. (2.50)
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Teopema 2.3.5. ITycmo gynryuu a;(t), f(t) nenpepwsro, na ompesxe
[a,b],i=1,2,...,n. Toeda cywecmsyem eduncmsennan Pynruus y(t), a6-

asmowasca pewenuem sadavu Kowu (2.49), na ompeske [a,b].

Joxasamesvcmeo. Ypasuenue (2.49)) siBisiercsi 4aCTHBIM CIIydaeM ypaBHe-

Hust (2.42)) ¢ dynknueit

f(t)  an(t) an—1(t) aq (t)
Ft,yhyg,...,y = — “ Y1 — CYg — e — “Yn-
( ) ao(t)  ao(t) ao(t) ap(t) "
Ora byuxuua F(t,y1,ys,...,Yn) OUPeJeIeHa U HellpepblBHA 1Ipu t € [a, b],

(y1,92,-..,Yn) € R™ u yuosnersopsier ycaosuio Jlunmmuna (2.44) ¢ mocro-
SIHHO
ai(t) ‘

aq (t) '

Canenosaresnsro s 3ajgaun Komu (2.49), (2.50)) BeimOIHEHB! yci0BUsA TEO-
peMbI U ee pellleHne CyIeCTBYeT U eJIMHCTBEHHO Ha oTpeske [a, b]. Teo-

pema [2.375] nokasana.

L = max max
1<i<n t€(a,b]

2.4 3apaua Koinm msa cucreMbl OOBIKHOBEHHBIX (-
depeHIIAIbLHBIX ypaBHEHUIA

Mycrs dynkuuu f;(t, y1,Y2, -« -, Yn), i = 1,2, ..., 1 OLpeEIEHDI U HELIPE-
PBIBHBL B 1 + 1-MEpHOM IapaJlie/IeruIrese

Hn+1 :{(t;y17y2,-~-7yn) : |t7t0‘ <T7 |y7*y07| <A7 Z:172,,TL}

Pacemorpum 3amaay Ko st HopmastbHOM cucteMbl quddepeHImabHbIX
YPpaBHEHU

yll(t) = fl(t’yl(t)7y2<t)’"'7yn(t))a
ylg(t) = fQ(tayl(t)va(t)a'"ayn(t))’ (251)

Vo®) = fultn (0 92(8)s . ynl(t)

C HAYaJIbHBIM YCJIOBUEM

y1(to) = yo1, y2(to) =%o2, ---5  Yn(to) = Yon, (2.52)

rae Yoi, Yo2s, - - -5 Yon — 3aJJaHHBIE TUCIIA.
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Onpegenenne 2.4.1. Oynxyuu y1(t),y2(t), ..., yn(t) Hasviearomes pe-
wenuem 3adavu Kowu , na ompesxe [to + h,to + h], h < T,
ecau:

1. pynryuu y;(t) nenpepmero duddepenyupyemv, na [to — h,to + h], i =
1,2,...,n,

2 (g (), ya()s s yn()) € Mgy VE € [to — s to + B,
3' y:(t) = fl(tayl(t)va(t), . ;yn(t))} Vt € [to_hvt0+h]7 1= 1727' N,
4‘ yi(to):y()i7 7::1727"'5"'

OrmeTnM, 9TO B OT/IMYHE OT Onpeeserns [2.3.1], JaHHOe OIpe/IeIeHue CO-
JIEP’KUT yCJIOBUE TIPUHA/IEsKHOCTH MHTErPAJIbHON KPUBOil MapaJiie/elInIie-
ny I, 1, HOCKOJIBKY TOIBKO B 11,41 onpenesennst dyukuun fi(t, y1, Y2, - - -, Yn)-

Onpepgenenne 2.4.2. Oynxyus f(t,y1,Y2,- -, Yn) YyoosAEMBODAEM, 6 NA-
paanesenunede 11,11 yeaosuro Jdunwuya no y1,Y2, . .., Yn, €CAU Hatidemca
yucao L > 0 maxoe, wmo

|f(tagl7y23"'7gn) - f(taghg%"'vgn” <
L9 — 1| + 192 — Gol + - + |90 — Gnl),
v(ta:&hg% s 7yn)a (tvgla g27 s 72]%) € Hn+1' (253)
[Tepeiiiem K J0Ka3aTEIbCTBY CYIIECTBOBAHMS U €JUHCTBEHHOCTU peIlle-

Hus 3agaau Komm (2.51)), (2.52)) muis ropmasnbHOit cucTeMbl 0OBIKHOBEHHBIX
nuddepeHuaibHbIX yPABHEHHI.

Teopema 2.4.1. ITyemo dynruuu fi(t,y1,92,.--,yn), ¢ = 1,2,...,m,
onpedeaern, u nenpepusrovs 6 1,11, u ydosaemsopsarom 6 Il, 11 ycaosuro
Junwuya u

Ifk(t7y17y27"'ayn)|<M7 v(tﬂy17y27"'ayn)enn+1’ k:172a"'7n~

Tozda cywecmeyem eduncmeenmvili nabop dynruud yi(t),y2(t), ..., yn(t),
asasmowuiics pewenuem 3adawy Kowu , Ha ompeske

[to — h,to + A, h:min{T,ﬁ[}.

Zloxaszamenvcmeo. EauHcTBEHHOCTD pelenns 3aa4qu KoImm TOKa3bIBaeTCsT
LOYTH JIOCIIOBHO JI0Ka3aTeIbeTBy Teopemsl [2.3.1] JlokazxkeM cyliecTBoBaHue
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perrernsi. Paccmorpum Ha orpeske [tg — h, to + h| cucremy mHTErpasbHBIX
YPABHEHUIl OTHOCUTEJIbHO HEM3BECTHBIX (DyHKIWI y; (1)

yit) = yos + / Firn () (), g ())dr, i=1,2,....n. (254)
to

TTokazkem, aro ecau byHKuun ¥ (t), §2(t), . . ., Jn(t) HEIPEPHIBHBI HA OTPE3-
Ke [tg — h,to + h], yI0OBIETBOPSIOT HEPABEHCTBAM

|gi(t)_y0i| QA, te [to—h,tQ—Fh], i1=1,2,...,n (255)

U CHUCTeMe WHTerpajbHbIX ypaBrHeHuil (2.54)), To stu dyHKIMM sIBJISIOTCS

perrerneM 3ajaan Komm (2.51), (2.52)) wa orpeske [tg — h,to + h).
[2.55)

LeiicTBUTEIbHO, U3 HEPABEHCTB | cJIeIyeT, 9To

(t,y1(2), 52(t), ..., yn(t)) € lyy mpu t € [to — h,to + h.

Honoxus B (2.54) t = to momyuanm, uro ;(t) YIAOBIETBOPSET YCIOBUAM

(2.52). dudbdepennupysa (2.54) mo ¢ ybexmaeMcs B TOM 9TO BBIIOJHEHBI
ypasuenus (2.51)).

Taxum 06pa3oM, I JIOKa3aTEIbCTBA TEOPEMBI JIOCTATOYHO JIOKA3ATD,
9TO CymecTByoT GyHKIMU ¥;(t) HenpephIBHBIE HA OTpe3Ke [tg — h,to + hl,
YJIOBJIETBOPSIIONIAE HEPABCHCTBAM U CHCTeMe UHTErPAILHBIX ypaBHEe-
HU .

Jokaxkem cyrmecTBoBanue Takux QyHKIWi §;(t), UCIOMB3yst METO TO-
CJIeIOBATEIbHBIX MPUOIMKeHnit. PaccMOTpUM TI0C/I€10BATETLHOCTH (DYHK-
it y¥ (), y5(t),...,yE(t), K =0,1,2,... Tamx, 4ro

t
yf“‘l(t):in—|—/fi(T,yf(T),yg(T),...,yﬁ(T))dT, i=1,2,....n, (2.56)

to
wWt) =yoi, i=12,....n

Jokazkem, aTo Bee y¥ (t) ompeiesienpl 1 HEPepLIBHLI Ha OTpeske [to — h, to+
h] 1 yIOBIETBODSIIOT HEPABEHCTBY

lyE(t) — yoi| < A, t € [to— h,to+hl. (2.57)

Has y2(t) sro Bepuo. Ipeanonoxkum, 4To 310 BepHO It y™(t) U TOKa-

eM, 910 910 BepHo jyist YT (t). Tax kak Bce bymximu fi(t, Y1, Y2, - - - Yn)
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HenpepsBHLL B 11,11, TO u3 CJIeJIyeT, 9To ym+1(t) OIIpEIEeICHBl 1
HeIlpepbIBHLL Ha [ty — h, to + h} HOKa>KeM 9TO

Ly () — yos| < A, t € [to— hyto+ h).

Dru HepaBeHCTBA CJeLyioT U3 oupeseienus (2.56)). Heiicrsurensno

W8 — yorl < / i g () g (), ()| <

< /MdT < Mli—to| S Mh <A, i=1,2,....n, € [to—hto+h],

9TO U TPEOOBAJIOCH JTOKA3ATh.

IMokazkeM, uro g Beex ¢ = 1,2,...,nu k =0,1,... Ha orpe3ke [ty —
h,to 4+ h] cupaBe MBI ONEHKN

gt —tol”

) — )] < AL

(2.58)

IIpu k = 0 sT0 BepHO, TaK Kak
WA (1) — 2(0)] = / im0 (7)), 1 (7)ldr| < Mh < A.

ITycrs mepasencrso ([2.58) cupasemmso st k& = m. Ilokaxkem, 4ro oHO
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BBIIIOJTHEHO Juist k = m + 1:

[y () — i ()] <

(T Yt (1), 92" (7)o ! (7)) =

—filr )y T () () |dr

J (e = @+ g - g o)+

to

<

<

X

() = M) dr .

HCHOJIb3yH OpearIoJIo2KeHne NHYKIINY, TMeeM

t

() — 4 (1) < / AnL)™

to

‘T — ?f()|m_1

(m—1)!

m |t —to|™

CriefioBarenbHo HepaBeHCTBO (2.58|) m0Ka3aHO 0 MHAYKIMH.
Paccmorpum Ha orpeske [tg — h,tg + h] dyHknuonaibHbIE PsiIbI

O+ > @ m —yre), i=12,...,n.
m=0

Us (2.58) caenyer, uro ua orpeske [to — h,to + h] cupasemuBbl oneHKn

m m mh’m
P = (0] S AGL L m =01,

VauThiBasg 3THU OIEHKU, TOJYIUM, 9TO (DYHKIMOHAIbLHBIE DALl CXOIATCS
pPaBHOMEDHO Ha OTpe3Ke [tg—h, to+h]. CienoBaTe bHO MOCIIE0BATETBHOCTH
HEIPEPBIBHBIX (DYHKIHIA

k-1

v =900+ D O~y (1), i=12,...n

m=0
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CXOJISATCsI PABHOMEPHO Ha OTpe3Ke [tg — h, to+ h] K HenpepbIBHBIM DYHKIHSIM
7i(t). Ilepexons K upezeny upu k — 00 B HEPABEHCTBAX , [TOJTY IHM,
yro dbyHkimu F;(t) yI0BIETBOPSIOT HEPABEHCTBAM .

[Tepexoms kK mpesiesry npu B hopMyIax , MOJTy UM, ITO (DYHKITAN
¥ (t) SIBJISTIOTCSI pellleHneM CHCTeMbI HHTETPAJIbHBIX YPABHEHUH , a 3Ha-

aut u 3agaqn (2.51)), (2.52). Teopema nokazana. O



60 ImaBa 3. O6miast Teopwst THHEHHBIX ypABHEHUE

hasa 3

OO6Ouwan Teopnsa NNHeERHbIX

0ObIKHOBeHHbIX anddepeHLmnanbHbIX
YPaBHEHUN

3.1 KomiuiekcHO3HaAYHbIE pelienus JuHeiiHoro audde-
PEHIMAJIBLHOTO yPaBHEHUsI N-TO MOPSJKA W CUCTe-
MBI JIMHENHBIX OOBIKHOBEHHBIX JauddepeHnnaib-
HBIX ypaBHEHUIA

KowmrmiekcrosHauHo# GyHKIMEH JeficTBUTENBHOTO apryMenTa ¢ € [a, b
HasbiBaeTcst dbyHkuus y(t) Takast, aro y(t) = u(t) + iv(t), rue u(t) u v(t) —
neficreurenbabie dyaxinun. Kommiekcnosunaanas Gynkius y(t) Henpepbis-
Ha Ha [a,b], ecim u(t) n v(t) HenpepsiBHBI Ha [a,b]. KomiiekcHo3HAUHAS
byukuusa y(t) nuddepennupyema ua [a, b], ecau u(t) u v(t) nuddepenu-
pyembl Ha [a, b], mpu aTom ¢’ (t) = u/(t) +iv’(t). AHaTOrHYHO OIpeIensoTCs
[IpoM3BOJIHbIE GoJiee BBICOKOIO Iopsiika (yHkuuu y(t).

Komiiekcnozuagnble periennst JUHeHHbIX [ depeHuaibHbIX ypaBHe-
HUii ¢ geficrBuTebHBIME KO3(hDMUIMEHTAMI BO3HUKAOT TAKXKe KaK KOM-
IJIEKCHBIE YUCJIa IIPU PEIIeHUH ajiredpanvecKux ypaBHEeHuil ¢ geficTBuTesib-
HBIMI KO3 dUITMEeHTAMU.

Mpumep 3.1.1. Tpebyemcsa natimu pewenue duddeperyuarvHozo ypas-
HEHUA

y"(t) + 2y (t) + 5y(t) = 0. (3.1)

Huwem pewenue smozo ypasnenus 6 eude y(t) = e, 2de X — neussecm-
Hnaa nocmoanHas. Ilodcmasass amo npedcmasienue 6 YpasHeEHUE U
coxpawas na e, nosyuum N2 + 2\ +5 = 0. Imo ypasnenue umeem 0sa
KOMNAECKCHO CONPAANCERHBT KOpHA A1 = —1 + 26, A1 = —1 — 2¢. Kax us-
BECTHO, €CAU KOMNAEKCHOE “Uucao z = x + 1y, mo e* = e* cosy + ie” siny.
Caedosamennvrio ypasrenue umeem 084 KOMNAEKCHOZHAYHOLT PEULEHUA

y1(t) = e Pcos2t +ie tsin2t, yo(t) =e 'cos2t —ie 'sin2t.  (3.2)
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[Tepeiimem K ompeeeHNI0 KOMILIEKCHOZHAYHOTO PEIeHNs] JIMHEHOIO
I DEPEeHITNATBLHOTO YPABHEHUsT N-T'0 MOPsIKa. PaccMOTpuM Ha OTpe3Ke
[a, b] ypaBHeHUE

ao(t)y™ () + ar(O)y "V (1) + -+ an—1 (DY () + an(t)y(t) = f(t) (3.3)

¢ JeiicrBuTesbHBIMU KO3d dunmenTamu a(t) 1 KOMIJIEKCHO3HAYHOH (DYHK-
nueit f(t) = g(t)+ih(t), tme g(t), h(t) — neficrBurensuble dyHKIMY, ao(t) #
0 Ha [a,b].

Onpegenenue 3.1.1. Komnaexcrosnaunas gynkyus y(t) = u(t) +iv(t)
HA3BIBAEMCA DEWEHUCM YPAGHEHUS Ha ompesxe [a,b], ecau Pynryuu
u(t) uv(t) n-pas nenpepwviero dugdepenyupyemos 1a [a,b] u ydosaemsopsa-
1om na [a,b] ypasrernuam

ao(t)u'™ () + a1 ()u" TV () + -+ a1 ()W () + an(t)ult) = g(t), (3.4)
ao(®)v™ () + a1 (VT () 4 -+ - 4 an_1 (V' (E) + an(t)v(t) = h(t). (3.5)

Pacemorpum 3agaay Kommu 711 KOMIIJIEKCHO3HAYHBIX PEIICHUH ypaBHe-
uus (3.3)). Tpebyercsa oupenenurs perienne ypasaenus (3.3)) Takoe, aro

y(m)(t()) =Yom, m=0,1,2,...;,n—1, (36)

TJI€ Yom — 38JAHHBIE KOMILIEKCHBIE TUCIA Yom = Uom + 1V0m,s Uom, Vom € R,
a ty — HeKoTopasi (PUKCHPOBaHHAsI TOYKA OTpe3Ka [a, b].

JlokazkeM TeopeMy CyIeCTBOBAHHUS U eJIMHCTBEHHOCTH PeIeHUs 3aa91
Kormmu , .

Teopema 3.1.1. ITyemov dynxuyuu ag(t), k = 0,1,...,n, g(t) u h(¢)
Henpepuishy, Ha ompeske [a,b], ag(t) # 0, t € [a,b].

Tozda cywecmsyem edurcmeernnasn Pynryua y(t), a6asowancs peue-
nuem sadawu Kowu , (@) na ompesxke [a,b].

Zoxaszamesvecmeo. Pacecmorpum 3amaay Komm mist ypasuenus (3.4)c ma-
9aJIbHBIMA YCJIOBUSIMU

u™ (to) = ugm, m=0,1,...,n—1. (3.7)

ITo Teopeme u3 naparpada zagada Komw (3.4), (3.7) umeer enun-

crBenHoe pernenue u(t). Ananornuno 3agada Komwm mis ypasaenus (3.5) ¢
HAYAJBHBIME yCJIOBHSIME

U(m)(to) =Vom, m=0,1,2,....,n—1 (3.8)
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umeer eauHcrBennoe pemenue v(t). Torma komiuiekcHO3HaYHAS (DYHKIMS
y(t) = u(t) + iv(t) sBasiercs pemenuem 3agaan Komm (3.3)), (3.6) ma or-
peske [a, b]. Enquncreennocts pemenus 3agaun Kommu (3.3))-(3.6) caemyer uz

enuucrBenHocT perrennst 3axad Komm (3.4)-(3.7) u (3.5)-(3.8]). Teopema
[B-11] nokazana. O

Cnepcteue 3.1.1. Ecau dynwyua f(t) e ypasrernuu deticmeu-
meavra ( m.e. h(t) = 0) u navarvnve dannvie 6 (3.6) deticmeumenviio,
(m.e. vo,, =0, m=0,1,2,... ,n—1), mo 3adaua Kowu , (@ UMEEM,

MONBKO 0eTlcmBUumenvHoe peweHue.

OmpeiesiiM KOMILIEKCHO3HAYHOE PeIlleHne JIMHEHHO crcTeMbl OOBIKHO-
BeHHBIX AudHepeHnraabHbIX yPaBHEHU N-T0 opsijka. PaccMoTpuM Ha OT-

peske [a,b] cucremy JuHERHBIX OOBIKHOBEHHBIX JAud (DepeHnalbHbIX yPaB-
HEHUH N-ro MopdaaKa

vit) =  an®y®) +a2®)y2(t) + -+ an)ya(t) + f1(2),
yo(t) = axn(t)yr(t) +aga(t)y2(t) + - + azn(t)yn(t) + f2(t), (3.9)
o®) = am(®p(0) + ans()ye(t) + -+ ann(Oya(t) + falt),

rae byHKmun ay;(t) — geficrsurensusl, a fi(t) = gi(t) +ihy(t) — KoMmIeKc-
HO3HAYHBL, k,j = 1,2,...,n.

Onpegenenne 3.1.2. Komnaexcnosnaunas 6exmop Gynryus
7(t) = (ur () + v (), ua(t) + iv2(t), . . ., un(t) +iva(t)) "

HA3BLEACTNCA PEULEHUEM CUCTEMDL (@), ecau ug(t), vg(t) nenpepwoiero dugp-

depenyupyemvr na ompesxe [a,b], k=1,2,...,n, u
ui(t) = an®)uit) +a(t)ue(t) + - + a1 (B)un(t) + g1(1),
us(t) = a1 (t)ui(t) + ag2(t)ua(t) + - + a2n(t)un(t) + ga(t), (3.10)
() = anuilt) + anOus(t) + -+ Gunun(t) + ga(t),
vi(t) = an(®)vi(t) +a2(t)va(t) + - + a1 (H)on(t) + ha(t),
vy(t) = a2 (t)vi(t) + age(t)va(t) + - - - + a2 (t)v,(t) + ha(t), (3.11)

an1 ()1 (t) + an2(t)v2(t) + - -+ + ann(t)vn(t) + ha(t)

oaat € la,b).
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HYCTB 3a/JaHO HaYaJIbHOE YyCJIOBUE

Yx(to) = Yor = ok + ivor, (3.12)

re ugk, Vor — JdefcTBATEIbHBIE Yucia, k = 1,2,...,n.
JokazkeM TeopeMy CYyNIeCTBOBAHUS M €IMHCTBEHHOCTHU PENTeHUs 33/ Ia4N

Komn (53, @12,

Teopema 3.1.2. Ilycmo ax;i(t), gr(t), hi(t) wenpepuisne na ompesxe
[a,b], k,j =1,2,...,n. Toada cywecmsyem edurcmeentan 6exmop Pyrk-
yua g(t), asamowanca pewernuem 3adauu Kowu (@, Ha ompeske
[a,b].

Hoxazamesvcmeo. Paccmorpum 3anady Komm syis cucremsr (3.10) ¢ na-
YAJIbHBIM YCJIOBHEM

ug(to) = wok, k=1,2,...,n. (3.13)

ITo Teopeme u3 naparpada zagaga Komm (3.10), (3.13) umeer

enuucrBennoe pernenue (u(t), ua(t),. .., uny(t)).
Anasornuno 3azada Komwm s ypasaenus (3.11)) ¢ mavansabivm yesio-
BUAMI

vg(to) =vor, k=1,2,...,n. (3.14)

umeer exuHcTBeHHOE pemenue (vi(t),va(t),. .., v,(t)). Torma xKomILekCHO-
3HAYHAsS BEKTOD (DYyHKIUA

T(t) = (ur(t) + vy (1), un(t) + iva(t), . .., un(t) + iva (t) "
3.12) na orpeske [a,b]. EquscTBeH-

Oyaer pemrenvem 3amaun Komm ((3.9)),
HocTh pemmenus 3ana4u Komm ((3.9)), CJIEJIyeT U3 eIMHCTBEHHOCTH Pe-

mrermit 3aqaa Ko (3.10), (3.13) n (3.11), (3.14). Teopema JloKa3a-
Ha. O

Cneacreue 3.1.2. Ecau gynryuu fi(t) 6 cucrmeme (@) deticmeumens-

not (m.e. hi(t) = 0) u navasvrve darnvie 6 deticmeumenvho, (m.e.
3.9

vor = 0, k =1,2,...,n), mo sadaua Kowu uMeem MmoabKo
deticmeumenvroe pewenue.
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3.2 Jluneiinoe nuddepeHnaIbHOEe ypaBHEHUE N-T0 MO-
psaaka. Obiue cBoiicTBa.

Paccmorpum nuneitnoe muddepennnaabHoe ypaBHEHNTE N-T'O MOPSIIKA

ao(t)y™ (1) + a1y V() + - + a1 (DY (8) + an(t)y(t) = f() (3.15)

C HeNpepBIBHBIMU Ha OTpe3ke [a,b] JeiicrBuTenbHbIME KoM duImenTamm
ap(t), k=0,1,...,n, ap(t) # 0, t € [a,b] u HEIpePBIBHON Ha OTpe3Ke [a, b]
KOMILJIEKCHO3HAUHOH ynkuumeii f(t).

Bsenem muneitnnit auddepeHma bablil OepaTop N-ro MopsIKa.

Onpegenenne 3.2.1. Jlunetinovm duddeperyuasvioim onepamopom mn-
20 NOPAJKA HA3VIEAENCA ONEPAMOP

Ly = ao()y™ () + a1 (®)y™ V() + - + an_1 ()Y () + an(t)y(t). (3.16)

Omeparop L omnpejiesieH Jjist BCeX 1 pa3 HenpepbIiBHO juddepentupy-
eMBIX Ha oTpe3ke [a,b] byukimit y(t), npudem Ly(t) € Cla,b]. Ucnonbsys
9TO ompejiesierne, ypasrenue ((3.15)) MoxKHO 3amucaTh B BUJIE

Ly = f(t), tE]la,b]

Ecau dyskuus f(t) paBHa Hyso Ha oTpeske [a, b], To ypasuenue (3.15)
HA3BIBACTCA 00HOPOOHbIM, a eciau dyHKus f (1) He paBHA HYJIO HA OTPE3KE
[a, b], To ypasuenue (3.15)) HazpiBaeTcs neodhopodrvim.

Teopema 3.2.1. Ecau gynryuu yi(t), k = 1,2,...,m asasomes pewe-
m

nuamu ypasnenul Lyr = fr(t), mo dynruyua y(t) = > cpyr(t) , 2de ¢
k=1

— KOMNAEKCHBIE NOCMOARHBIE, ABAAEMCA pewenuem ypasuenus Ly = f(t),

2de f(t) = i cr fr(t).

k=1

Hoxazameavemeo. J1oKa3aTeIbeTBO 3TOH TEOPEMBI CJICAYET U3 JUHEHHOCTH
oreparopa L, KOTopasl sIBJISIeTCS CJICJCTBUEM JIMHEHHOCTH oreparopa aud-
depeHIupoOBaHNs:

,Cy:[,ZCkyk(t):chﬁyk:chfk(t):f(t)v te [aab]'
k=1 k=1

k=1
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Cneactsue 3.2.1. Jlunetinas xombunayus pewenuts 00nopodrozo ypas-
HEHUA ABAACTNCA PEWEHUEM 00HOPoOH020 ypashenusa. Pasnocms deyx pe-
wenuti neodnopodnozo ypasHuenua ¢ 00uHaK060T Npasoti 4wacmovio ecmv pe-
weHue 00HOPOOH020 YPAGHEHUSM.

Teopema 3.2.2. Pewenue 3adavu Kowu

Ly=ft), yto) =voo, ¥'(to)=vor, -, ¥" (to) =von1
npedemasumo 6 sude cymmu, y(t) = v(t) + w(t), 2de Pynruyus v(t) asas-
emca pewenuem 3a0avu Kowu 0as neodnopodrozo ypasHeHUs ¢ HYLEEBLLMU
HAMANDHOMU YCAOBUAMU

Lo=f(t), vlte)=0, v (tg)=0, ..., v V() =0,

a pynryua w(t) asasemesn pewenuem sadavu Kowu das 00nopodnozo ypas-
HEHUA C HEHYACEVUMU HAUAAOHOLMY YCAOBUAMU

Lw=0, w(to)=yoo, w(to)=yo1, ---, w" V(te)=yon1.
Jokasameavemeo. Cymma y(t) = v(t) + w(t) yaoBIeTBOpsieT HEOTHOPOJ-
HOMY YPABHEHUIO B CHJIy TEOPEMBI 19 HavYaIbHBIX YCJIOBHMI MMeeM
DPABEHCTBA

y(k)(to) = U(k)(to) + w(k)(to) =0 + Yok = Yok, k= 03 17 cee, = 1

O

Teopema 3.2.3. Pewenue 3adauu Kowu das 0dnopodhozo ypasHerus

Ly=0, ylto) =y, ¥(t0)=vor, -, ¥ (to) =yon1

npedcmasumo 6 ude CYMMbl

Y0 =3 u(t)iom,
m=0

20e PyHKUUY Y, (1) seastomes pewernusmu 3aday Kowu:

Lym =0, yu(to) =1, y(to) =0, Vke{0,1,....n—1}\{m}.
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Joxasamenvcmeo. @yukuus y(t) ABIETCS PENIEHUEM OIHOPOIHOTO yPaB-
HEHUs KaK JIMHeliHass KOMOMHAIWS PENIeHUI Yy, (t) OJHOPOIHOrO ypaBHEHMsI
C TOCTOSHHBIME KO3(ddUImeHTaMu B CUIy TEOPEMBI Ocrastoch y6e-
JUTHCA B BBIIIOJIHEHUM HAYAJIbHBIX YCJIOBHIi:

n—1
y ¥ (to) = Z y P (to)ys™ =y (to)yor = yor, k=0,1,...,n— 1.
m=0
O

3.3 JluHeiiHasi 3aBUCHUMOCTH CKAaJIIPHBIX (QYHKIUA u
onpeennTesib BpoHckoro

3.3.1 JluneiiHasi 3aBUCUMOCTb IPOU3BOJIbHBIX CKAJISAPHBIX (PYyHK-
85071

B sTom maparpade paccMaTpuBaioTcs TpOU3BOIbHbBIE CKAISPHBIE (DYHK-
nun

(Pl(t)v 902(t)7 ceey me(t),

olpeJiesIeHHble Ha OTpe3Ke [a,b] M NpUHAMAOIIIE KOMIIJIEKCHbIE 3HAYEHMUSL.
Huxkakas cBsa3b ¢ permennsivu quddepeHnuaabHbIX YPABHEHHIT TOKa HE IIPE/I-
110JIAraI0TCH.

Onpegenenne 3.3.1. Craaaproe dynruyuu ©1(t), p2(t),. .., om(t) Ha-
3BLBAIONCA AUHETIHO 3ABUCUMBIMY HA ompeske [a, b], ecau natidymes makue

m

Komnaekchue xonemawmu, ¢ € C, k= 1,...,m, > |cg| > 0, wmo cnpa-
k=1

6€0AUB0 PABEHCTNGO

c1p1(t) + capa(t) + -+ empm(t) =0, Vit € [a,b)]. (3.17)

Ecau oirce paserncmeo BHIMOAHEHO MOAVKO OAA MPUBUAALHO20 HAGOOPA
xonemanm, ¢ = 0, k = 1,2,...,n, mo ckaaapuvie dynrxuuu @1(t), pa(t),
., om(t) Haswsaromes aunetino nezasucumbLMy Ha ompesxe [a,b].
3ameuanue 3.3.1. 3 onpedenenus caedyem, wmo, ecau dynruuu o (t)
deticmeumenvtol, Mo nNpu ONPEGEAECHUU UL AUHETHOT 3a46UCUMOCTIU U He3a-
BUCUMOCTIU QOCTAMOYHO PACCMAMPUBATNL JeTUCTNEUMENLHBIE 3HAUEHUS N0~
CMOAHNBIE C, k= 1,2,...,m.
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Mpumep 3.3.1. Pacemompum dynruyuu p1(t) = t2 u pa(t) = tt| na
ompesxe [a,b], 2de 0 < a < b. Ouesudno, wmo wa amom ompesxe @1 (t) =
w2 (t) u Pynryuu aunetino sasucumo.. Ecau oce a < 0 < b, mo noaosrcue
t =d = min{|al,b} ut = —d 6 pasencmee c1p1(t) + capa(t) = 0, noaywum
cucmemy c1d? + cod? = 0, c1d? — cod? = 0, u3 Komopoti caedyem, wmo
c1 = ca = 0, a snavum p1(t) = t2 u pa(t) = t|t| aunetino nesasucumv, na
2mom ompesxe.

3ameuanue 3.3.2. ITpumep [3.51] nokaswisaem, wmo aunetinas 3asucu-
MOCTVD U HEZABUCUMOCTVD CUCTNEMbL PYHKUUT 6 06ULEM CAYHAE 3A6UCUM OM
M020 HA KAKOM OTMPESKE PACCMAMPUCAEMCA INA CUCTIEMA.

Onpegenenne 3.3.2. Onpedesumenem Bpomckozo cucmemsr @Byrrxuud
e1(t), pa(t), ..., Em(t), cocmosweds us (m — 1) pas nenpepwero dugdde-
peryupyemux na ompeske |a,b] Ppynryut, nazveaemes zasucauut om ne-
pemennotli t € [a,b] onpedeaumens

©1(t) ©a(t) ©m (t)
10 10 P (t)
Wlp1, ..., om](t) = det : : . :
el O IR Sl () BN Al )

Heobxomnmoe yctoBre TuHeHON 3aBUCUMOCTH CKAJISPHBIX (PYHKITUHI ycTa-
HABJIMBAET CJIEJYIONIAs TEOPEeMa.

Teopema 3.3.1. Ecau cucmema (m—1) pas nenpepwieho dugddepenuyupy-
emuix Ha ompeske [a,b] ckaaaprwx Pyrnkuud p1(t), pa(t), ..., om(t) aeaa-
emea aunelino 3asucumoti na ompeske [a,b], mo onpedeaumenrsv Bponckozo
2MOTL CUCTEMDL MONHCIECMBENHO PABEH HYAO HA IMOM OMpe3Ke:

Wlet, .- om](t) =0, Vt € la,bl.

Joxazameavemeo. Tak kak dyuriuuu ¢k (t) juHeitno 3aBucuMbl Ha |a, bl,
TO CYIIECTBYET HETPHUBUAJBHBIN HaOOP KOHCTAHT Ci,Ca,...,Cp, I KOTO-
poro Ha orpeske [a,b] cnpaseamueo pasencrso (3.17). B sTom pasencrse
JIOIyCTUMO TIOwIeHHOe nudpdepeHupoBaHne 10 TopaaKa m — 1 BKIIOYHU-
TEJLHO:

AP+ +eme® () =0, k=0,1,....m—1, te[ab. (3.18)
13 (3.18) caemyer, 9T0 BEKTOP-CTOJOIIBI OIIpeIeanTe s BPOHCKOro JIMHERHO
3aBUCUMBI JJIst BCeX t € [a,b]. CemoBaTeIbHO 3TOT ONPEETEIb PABEH
HyJIIO U151 Beex t € [a, bl. O
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OTMmeTnM, 9TO PaBEHCTBO HYJIIO OIIPEIeIuTe st BPOHCKOIO SIBJISIETCS, BO-
00I1Ie TOBOPsI, TOJIBKO JIUITh HEOOXOIUMBIM YCJIOBHEM JIMHEHHON 3aBUCHMO-
CTH CKaJapHBIX (GyHKIuil. VI3 paBemncTBa HY/II0 OnpemenuTesis BpoHCKOTro
HE BBITEKAET UX JIMHEHHAs] 3aBHCUMOCTD.

MNpumep 3.3.2. JTas m = 2 pacemompum wa ompeske [—1,1] dee ymx-
yuu, umerouue nyaesoti onpedeaumens Bponckozo:

2t
p1(t) =12 pa(t) = tlt], Wlpr,p2](t) = det (2t 2||t||) =0.

O0dnaro, Kax nMokKa3ano eviwe, IMu GYHKUUY ABALIOMCA AUNHETUHO HE3A6U-
CUMDBLMU 1A PACCMATMPUBAEMOM OMPEIKE.

3.3.2 JlunHeiiHasi 3aBUCUMOCTb U HE3aBUCUMOCTH pPEIIeHUl Ju-
HetiHoro omHopoauoro OZY

Pacemorpum stnneitnoe oHopoaoe OJLY mopsiika n ¢ HepepbIBHBIMA
Ha oTpe3ke [a,b] meiicrBurenbHbiME KO3 dumentamu a;(t), j = 0,...,n,

ap(t) # 0 Ha [a, b]:
ao(t)y"™ (t) + a1 ()y V(6 + -+ an1 (DY () + an()y(t) = 0. (3.19)

Pacemorpum cucremy ckansipabix GyHKmit y1 (t), y2(t), . . ., yn(t), sBis-
IOIUXCs peltenneM JiHeitHoro oguopoaaoro OY (3.19) mopsiaka n. ox-
9epPKHEM, UTO KOJUYIECTBO (DYHKIIUNA B PACCMATPUBAEMON CHUCTEME COBIIA-
nmaer ¢ nopsiakom OJIY. Mccemegyem Bompoc O CBSI3W CBOMCTBA JIMHEHHOI
3aBUCHMOCTH pelreHuit juHeinoro omgnopoauoro O/1Y u 3nadenus onpeje-
surenist Bporuckoro. B oTiimyne oT citydasi TpOM3BOIBHON CHCTEMBI (DYHK-
IIUU JIJTsI CHCTEMBI PENIeHu 0HOPOIHOTO i DepeHITNAIBHOIO YPaBHEHNS
[IOBE/IEHHE OIIpeiesinTe st BPOHCKOTO sBJIsieTCst KpUTepueM JIMHEeRHON
3aBUCHMOCTH WJIM HE3ABUCUMOCTH CUCTEMBbI perennit. CopaBeiinBa ciery-
olasi TeopeMa, KOTOPYI0 MOXKHO Ha3BaTh TEOPEMOil 06 ajibTepHATHBE JIJIst
omnpesenuTesiss BpoHcKoro.

Teopema 3.3.2. Jlas pewerud y1(t),y2(t), ..., yn(t) aunetnozo odno-
podnozo OV na ompeske [a,b] cnpasedausa caedyrowasn asomepra-
muea:

Q4 aubo Wiyr,...,yn](t) = 0 na [a,b] u dynwyuu y1(t),y2(t), ..., yn(t) au-
HeliHO 3a8UCUMbL HA IMOM OMPE3KE,
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Q4 aubo Wiyt ...,yn](t) # 0Vt € [a,b] u dynryuu y1(t),y2(t), ..., yn(t)
AUHETHO He3asucuUMbL Ha [a, b].

Loxasameavcmeo. Ilycthb B Kakoil-To Touke tg olpenesnTe/ b BpoHCKOro,
cocraBJieHHbIA 13 QyHKuuit yx(t), paBen Hymo, To-ectb Wiy, ..., yn](to) =
0. PaccmoTrpuM cucTeMy JTHHEHHBIX aJreOpamdecKux ypaBHEHUil OTHOCH-
TEJIbHO HEU3BECTHBIX C1,C3, . .., Cpt

ayi(to) +caya(to) + -+ + cnyn(to) = 0,
cryi(to) + coys(to) + -+ enyp(to) = 0, (3.20)
" V(o) + " Vto) + -+ eV (k) = 0.
Tak Kak OIpeje/uTe/Ib 9TOi CHCTeMbl PaBeH ONpPeeUTe/I0 BpoHCKOro u
pasen Hy10 (WY1, ..., yn](to) = 0), To T4 cucTeMa nMeeT HeTPUBUAJILHOE
peIleHne C1, Ca, ..., Cn, kzn:l |ek| > 0.

Paccmorpum dymukmmrio
n
J(t) =D Cru(t).
k=1

U3 reopemsr [3.2.1] cneayer, 1ro sta (yHKIUS SBISETCS PEIIEHAEM OIHOPOI-
noro jauddepennunanbaoro ypasuenus (3.19), a uz (3.20) ciaeayer, uro ona
YJOBJIETBOPSET HAYAJILHBIM yCJIOBHSIM

7™ (te) =0, m=0,1,...,n—1.

9o oznadaer, 9To OYHKIMA Y(t) ABISETCS PEIIEHHEM OJHOPOIHOrO Aud-
epeHIHaIbHOTO ypaBHeH s U YJOBJIETBODSIET HYJIEBBIM HAYAILHBIM
ycsioBusIM B TOUKe to. I1o Teopeme eMHCTBEHHOCTH pereHns 3aaadn Komm
JUTst TuHeHHOTO uddbepeHIaIbHOr0 ypaBHEHNs! STa (DYHKIHs pABHA HYJIIO
Ha orpeske [a, b]. CiegoBaresbHO

() =Y ayr(t) =0, t€a,b],
f=1

u dyukuun yi(t), k = 1,2,...,n guneitno 3aBucumbl. Torga usz Teopembl
CJIEJIyeT, IYTO OIPeeInTe b BpOHCKOr0, COCTaBACHHDIN 13 3TUX (DYHK-
Uit paBeH HyJIIO Ha OTpe3Ke [a, b].
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Iycts cymecrsyer Touka t € [a,b] Taxas, aro Wyi,...,yn)(t) # 0.
Torma U3 MPEIBIIYINEro CIEAYET, UTO ONPEIeTATEs BPOHCKOTo, He PABeH
HYJII0O HU B OIHOI TO4Ke oTpe3ka [a,b], u dyukuum yi(t), k = 1,2,...,n
JIMHEHO HE3ABMCUMBI HA 3TOM OTPE3KE. O

3.4 dPynnameHTaJIbHASI CUCTEMA pellleHuii n obiee pe-
menue JuHeitnoro O/Y

3.4.1 ®PyngameHTaATIbHAS CUCTEMA PEIleHU JUHEIHOTO OITHOPO/I-
"voro O1Y

Onpepgenenne 3.4.1. Dyndamernmanvrold cucmemoti pewenutd suret-
H020 00nopodrozo OY n-z0 nopadka na ompeske [a,b] nasweaemcs
CUCTNEMA U3 N AUHETHO HE3ABUCUMBLE HG OGHHOM 0mpedke PeueHuts 9mozo
YPABHEHUA.

Teopema 3.4.1. V 06020 aunetinozo odnopodrnozo OJY cyue-
cmeyem PyHOAMEHMAALHAR CucTNeMa pewenuts va [a, b].

Hoxasamenvcmeso. PaccMoTpuM mocTOAHHYIO MATpHIy B ¢ snementamu by,
i,7=1,2,...,n Takyio, aro det B # 0. ObosHamm uepe3 y;(t) — perrenus
zagaun Komu jyis ypasrenns (3.19) ¢ HaguadbHBIME yCJIOBUASIMU

yi(to) = by, yi(to) = baj, ooy D (te) = boy, j=1,2,...,n. (3.21)

Ilo Teopeme CyIeCTBOBaHUSA U €JIMHCTBEHHOCTH pelleHHs 3adaun Komm
JIUTs JIMHETHOTO OJJHOPOIHOTO UM (depeHIUATBHOTO YPABHEHHS 71-TO MOPSIJI-
ka dyskiun y;(t) cymecTByIoT U onpeaeseHs! oqHo3HauHo. CoCTaBIIeHHBLIT
u3 HUX onpejenuTesns Bporckoro Wlyy, ..., y,](t), B cuny yciaosuit (3.21))

TakoB , uto Wlyi, ..., ys](to) = det B # 0. CremoBaTenbHO 1O TeopeM
OH HE PaBeH HyJIIO HU B OJ[HOII TO4UKe OTpe3Ka [a, b], 1 dynkuumn y;(t) muneii-
HO HE3ABMCHUMBI Ha OTpe3Ke [a, b]. 3HaunT oHN 06pasyoT QyHIaMEeHTATLHY O
cucTeMy perieHnii ypaBHeHus U TeopeMa JIOKa3aHa. O

3ameuanue 3.4.1. U3 dokasamenvcmea meopemo. [3.4.1 caedyem, wmo
PyHdaMeHMANOHAA CUCTEMA DEWEHUT YPAEHEHUS, onpedesena Heoo-
HO3HAUHO. JeticmeumenbHo, ubupas PadisuuHbe MaAmpuyss B makxue, wmo
det B # 0, Mot noayuum padauunsie GyniamermarsvHvle Cucmemvs pewerut

YpasHeHUA .
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3amevanue 3.4.2. Tax xax xosppuyuenmos ypasrenus a;(t) sewecmeen-
ML, MO PYHOAMEHMAADHAA CUCTEME PEULEHUT AUHETH020 00HOpodHo20 OV
MaKotce Moocem bumo 6bl0PaHa eUCMEEeHHOU.

3.4.2 O6b6iree penienne JguHeitHoro oguopoaaoro O/1Y

Onpegenenue 3.4.2. Obwum peweruem AunetiHozo 00nopodHozo dug-
Peperyuanvro2o YpasHenua n-20 nopaoka HA3BIBAETNCA 306UCAULEE
0M N NPOU3BONOHHLL NOCNOAHHDIL PEUWEHUE IMO20 YPASHEHUA MAKOE, “IMO
A1000e dpyeoe pewenue YpasHeHua Mootcem 6vimb NOAYHEHO U3 He20
6 Pe3YALMAME 6blO0PA HEKOMOPHIL 3HAYEHUT, IMUL NOCTNOAHHHLL.

Teopema 3.4.2. [Tycmw y1(t),y2(t), ..., yn(t) — Pyndamenmanvras cu-
cmema pewenuts aunetinozo odnopodnozo OY na ompeske [a,b].
Tozda obwee peweHue 3mo20 YPaGHEHUA HG PACCMAMPUBAEMOM OMPEIKE
umeem 6ud

Yoo (t) = cryr(t) + caya(t) + -+ + coyn(t), Ve; € C. (3.22)

Joxazameavemeso. Tak Kax JinHeiiHas KOMOMHAIMS PENICHU OTHOPOHO-
ro ypaBHEHUS SIBJISIETCST PEIIeHUEeM 3TOTr0 YpPaBHEHWs, TO TPU JIIO-
ObIX 3HAUEHUSIX IIOCTOSIHHBIX ¢k DYHKIUS Yoo (t), onpeensemast Gopmysioit
, SIBJISIETCSI PEIIeHueM JIMHEITHOrO OJIHOPOIHOIO JuddepeHInaIbHOIO
ypaBHEHUS .

[Tokaxkem Temepb, 9TO JIOOOE PEIIeHUE YPaBHEHUST MOKeT ObITh
MIOJTYYEHO U3 B pe3yJibrare BbIOOpA 3HAYEHUN MOCTOSTHHBIX Ck. 1lycTh
Y(t) — HekoTOpOE pellleHne yPaBHEHUS . PaccmorpuMm cucremy asreo-
panvdeCKux ypaBHEHUU OTHOCUTEJIbHO HEU3BECTHBIX Ck

c1y1(to) + caya(to) + -+ cuyn(to) = y(to),
c1yy (to) + cays(to) + -+ cuyn(to) = ¥ (to), (3.23)
eV (o) + ey V(o) + -+ ey (ko) = 7V (to),

rJie t) — HEKOTOpAas TOUKa OTPe3Ka [a, b]. Ompeesuresb 3Tol CHCTEMBI DABEH
ompeiesuTe/110 BpOHCKOTO B TOYKE to U HE PABEH HYJIIO, TAK KAK PEIIeHUs
y1(t),y2(t), ..., yn(t) nuneiino HezapucuMbl. Ciie0BATEILHO CHCTEMA
UMEET €JIMHCTBEHHOE PEIEHUE C1, Co, - - . , Cp.

Paccmorpum dymrkmio

() = > Gy(t).
k=1
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Ora dynkuua ssagerca pemenueM ypasaenus ((3.19). Tak kak mocrogHmbie
C1,Ca, ..., Cp IPEICTABJILIOT cO0OI pemienue cucrembl (3.23), o dyHKIuUs
y(t) TakoBa, uTO

ﬁk)(to) = g(k)(to), k=0,1,...,n—1.

CuenoBaresbao dyukimu y(t) u y(t) ABIAOTCS PEIICHUSIMU yDABHEHUSI
(3.19) u yIOBIETBOPSIOT OJHUM M TeM YK€ HaYaJIbHBIM YCJIOBUSIM B TOYKE
to. ITo Teopeme o0 CyIIeCTBOBAHUY W €IMHCTBEHHOCTH pemenus sagaan Ko-
e 3TH (DYHKIAH JOJZKHBI COBIAATD:

g = 9(t) = > (D).
k=1

Teopema [3.4.2] nokasana. O
Cneactsue 3.4.1. /s meopemm caedyem, wmo ypasHeHue

HE MOXHCEM UMEMD 0OAEE N AUHETHO HE3ABUCUMDLT peweHuﬁ,

ITokazkeM, 9TO CIPABEINBOCTD STOrO YTBEPKJICHHS CYNIECTBEHHO CBsl-
3aHa C TEM, ITO MBI IIPE/IIONOKIIN, 9T0 K03 dunment ag(t) Beioay orimyaen
OT HyJIsl Ha OTpe3Ke [a, b].

Mpumep 3.4.1. Ha ompeske [—1, 3] pacecmompum mpu dyrxyuu

() =t, ()=t yst) =t

IMmu PyHKUUU AUHETHO HE3ABUCUMDL HA PACCMAMPUBAEMOM 0MPe3Ke U YAo-
BAEMBOPANMN AUHETHOMY 00HOPOIHOMY YPABHEHUI 6MOPO20 NOPAIKA

t2y" =3ty +3y=0, tec[-1,3],

¢ woapuvuenmom ag(t) = t2, xomopwiii obpawaemca 6 1noav nput = 0 €
[_17 3}

Taxnm 06pasom, 6e3 npenonoxkenus ag(t) # 0Vt € [a, b] Teopema [3.4.2]
HEBEpHA.

3ameuanue 3.4.3. Tax xax ece xoapduyuenmo, YpasHeHUus ee-
WECTMBEHHDL, MO U 00ULee PEUWEHUE ECTNECTNGEHHO UCKAMb 6 KAGCCE BeuLe-
cmeennoir pynruut. Toeda npu evbope seusecmeertots pyHdamenmanroHot
cucmemvl pewerud (cm. samevanue K meopeme ) popmyaa ons
npoussoavunit ¢; € R daem obuee sewecmeenmosnaroe pewenue aureti-
1020 0dnopodnozo OY.
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3.4.3 O0iee perrenue JuHeitHoro HeonHopogHoro OJLY.

Paccmorpum smneiinoe HeomgHopoaaoe OY ¢ HelpepbIBHBIMU Ha OTPE3-
ke [a,b] neiicrBurenpHbiME Ko3ddurnmentamu a;(t), j =0,...,n, ag(t) # 0,
t € [a,b] u nmpaBoii yacrbio f(t):

ao(t)y™ () + ar(D)y "V (@) + -+ an—1 (DY (1) + an(By(t) = f(2).(3.24)

Tlepeitmem K omucanuio oOIEro PEIeHusT JUHEHHOTO HEOIHOPOIHOTO Tud-
depeHInraIbHOIO ypaBHEHUsI N-T0 MOPSIIKa . Oupenesnenne obIEro pe-
[IIEHUsT ITOTO yPABHEHUsT aHAJIOTHMYHO OIPEJIEIEHUIO ODIIEro PeIeHns OIHO-
POJIHOIO YpABHEHUS.

Onpegenenne 3.4.3. Obwum pewenuem AunetHno20 HeodHopooHozo dudg-
PePeHyUaIDHO20 YPABHEHUA T-20 NOPAJKA HA3BIBACTNCA 3A6UCAULCE
OM N NPOU3EONLHBLT NOCTNOAHHDIT PEULEHUE INO20 YPAGHEHUA MAKOE, YIMO
aoboe dpyzoe pewenue YpasHeHus MODICEM. OBUMD NOAYUEHO U3 HE20
8 PE3YALMAME 6HIHOPA HEKOMOPHIL 3HAUEHUL IMUL NOCTNOAHHBLE.

Teopema 3.4.3. ITycmo y1(t),ya2(t), ..., yn(t) — Pyndamenmanvras cu-
cmema pewenutls aunetinozo odnopodnozo OY na ompeske [a,b],
yu(t) — nexkomopoe (wacmmoe) pewenue HEOOHOPOOH020 YPABHEHUA (m
Toz0a obwee pewenue aunetinozo neodnopodrnozo OUY HA PACCMaAM-
puBaeMoMm ompeske umeem 6ud

yonr(t) = yu(t) + yoo(t) =
=yu(t) + cyi(t) + caya(t) + - + cayn(t), (3.25)

20e C1,C2,...,Cp — NPOU3BONLHBLE KOMNAEKCHBLE TLOCITNOAHHDIE.

Aoxasamesvcmeo. ns moboro nabopa koncrant c¢; € C dopmyna
OIIpejieJisieT pelleHne JIMHeWHOro HeogHopoauoro OJLY B CHJLY JIU-
ueitnoctu ypasuenus. COTJIACHO ONPEEIEHUIO ODIIEro PereHns: OCTaaoCh
[IOKA3aTh, 9TO BHIOOPOM KOHCTAHT B (popmyste (|3.25)) MOXKHO MOTy9IUTh JIIO-
60e Hamepes, 3aJaHHOe PEIIeHne 7 T.€. JJ1s1 JI0boro perenust Y(t) Heo-
nopoamoro OJIY Ha#IyTCA KOHCTAHTBI C1, C2, - - . , Cp, 9TO HA OTPE3KE
[a, b] BymeT BBINOIIHEHO PABEHCTBO

G(t) =y (t) + C1yi(t) + Caya(t) + -+ - + Cuyn(t). (3.26)

ITycrs y(t) — pemenne meommopoguoro OIY (3.24). Pasmocrs y(t) =
Y(t)—ym (t) nByx perrennii muneiinoro seomuopojauoro OV (3.24)) ssisiercsa
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pemtenuem oguopoauoro OY (3.19)). ITo Teopeme 006 00ImeM perreHun

muueiinoro oxuopogaoro OIY HailyTcst KOMIUIEKCHDIE KOHCTAHTEI C; TaKHe,
YTO Ha PACCMATPUBAEMOM OTDE3Ke BBIIOJIHEHO paBeHcTBO y(t) = ¢y (t) +
Coya(t) + -+ - + Cryn(t), a BMecTe ¢ HUM U UCKOMOe paBeHCTBO ([3.26]). O

3.4.4 Metoa Bapuamuu MMOCTOSHHBIX.

U3 teopemsbr [3.4.3| cnemyer, 9TO s TOCTPOEHUs OOIIEr0 PeIeHnsT Heo -
HOpOHOTO JndhdEPEHITHATHEHOIO yPABHEHIS JIOCTATOYHO 3HATDH (DyH-
JAMEHTAJIBHYIO CUCTEMY PENIEeHUN OJIHOPOITHOTO ypaBHeHI/IH U Kakoe
HUOYIb pellieHne HEeOTHOPOIHOTO yPABHEHU s . Paccmorpum meTos mo-
cTpoeHus pererust Yy (t) HEOJHOPOIHOIO yDABHEHUS B ciIydae, KO-
rJa u3BecTHA (yHIaMEHTaJIbHAs CHCTEMa DPeIleHuil OJHOPOIHOIO ypaBHe-
HUST . B sToM MeTOo1e WacTHOE perieHne UIEeTCs B BUJIE, TOBTOPSIONIEM
CTPYKTYDPY obiero penterns ogHopogHoro OIY, B KOTOpOM KOHCTaH-

THI €1, C2, . . . , Cy, 3AMEHEHBI HA TIOKA IPOU3BOJIbHBIC HEIIPEPHIBHO Aud depeH-
nupyemble Ha orpeske [a, b] dyukiuu ¢ (t), ca(t),. .., c,(t), a umenHo:
yu (t) = c1(H)yr(t) + c2(t)y2(t) + - + e (t)yn(t). (3.27)

ITycrs npoussomusie ¢ (t) dynkmumii cx(t) us npencrasirenus (3.27) ompe-
JIEJISTIOTCSL TSl KAXKJI0T0 t € [a,b] u3 cucTeMbl JIUHEHHBIX aJrebpanveckux
ypaBHeHUN

A0y (8) + SOya(t) + -+ By, () = 0,
AWy () + Oy () + -+ L) = o,

A0y )+ A0y @)+ + Ly =0,

GO0+ O O+ = L

Tak kak byHKIUU Yi(t) 06pasyor GyHIAMEHTATBHYIO CUCTEMY DelleHni,
TO ONIPENEJIUTENb CHCTEMBI [JIs HEH3BECTHBIX Cj(f) HE paBeH HYIIO HH B
OZHOI TOUKe, M CHCTEMa HMeeT eIUHCTBEHHOe permenue ¢ (t) = gi(t), k =

t
1,2,...,n. Unrerpupys, naiinem ynxmun cx(t) = [ gi(7)dr.
to

Borpaxkerust Jij1st IPOU3BOHBIX YaCTHOTO pentenus u3 (3.27) npuanmaror
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BU
Yir(t) = ()t + ea(h() + ealt)yi(t),
Yh) = ey () + ealt)yl (1) + ealt)yll(b),
v @) = ey V) + ey ) + ety @),
Y (1) = e (B)yl (1) + ea )y () + enlt +Zc y () =
= (O (1) + ea O () + en®y () + L
ap(t)

Takum 00pa3oMm, B MeTO/e BapHUAIlUU IIOCTOSTHHBIX BBIYHUCJIEHUE TPOU3BO/I-
HBIX UCKOMOI'O YaCTHOTO PEIIEHUST 110 topsiyika (n — 1) BKIIIOYUTETHHO
IPOUCXOAUT TaK, Kak OyaTo Ol pyHKIUM c;(t) He 3aBUCAT OT t U SIBJITIOTCS
KOHCTAHTAMH.

IMoncrasue dyHKIMIO Y7 (t) B AeBy0 9acTh ypasHerus ((3.24]), nmeem

20 a3 O O+ @) Y en(0 01

+ an Z Ck yk

IIpousseist meperpynnupoBKYy cJIaraeMblX W IMPUHSB BO BHUMAHWE OIIPee-

aenue (3.16]) oneparopa £, nomygaum

Ly (t) =ao(t)-

+
1S
3

|

—
—
~
~—
(=
)
el
=
\_/

k=1

n
Lyg (t) +ch VLyp(t) = f(t) + 0= f(t), t€]la,b],
=1
NOCKObKY byHKIME Y (t), k = 1,2,...,n ABIAIOTCA PEIIEHUSIME OJHOPO/I-

uoro ypasuenus (3.19), Ly (t) = 0. Urak, Mbl yOeUIACh, 9TO TOCTPOCHHASI
byHKIMSA

t

yir(t) = e (O (1) + a(Oya(t) + -+ e (t)yal Zyk ) [ an(ryar

to

sIBJISIETCS PEIleHneM HeOHOPOIHOTO ypaBHeHus ((3.24)).
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3.4.5 Ilocrpoenune ®CP qjysi smneitHoro oxmmopoxuoro OZY c
MOCTOSSHHBIMU KO3@dduiimeHTaMu

Paccemorpum smneiinoe omropoaaoe O/LY n-ro mopsiaka ¢ BeIecTBeHHbI-
MH IIOCTOAHHBIME Koddduimentamu a; € R, j =0,...,n, ag # 0:

aoy™ (1) + a1y "V () + - 4 ap 1y () + any(t) = 0. (3.28)

DT0 ypaBHEHHE MOYKHO 3aIucarh B orneparopuoM Buge Ly = 0, riae audde-
PEeHIMAIBHBINH oreparop L ¢ MOCTOSTHHBIME KO3(MdUImenramu

Ly = agy™ (t) + a1y V() + - + a1y () + any(t).
ConocraBuMm guddepeHnuajsbHoMy oreparopy £ MHOTOUIeH
M) = ap\™ + el A"+ ap i A+ ap. (3.29)

Muorowien M (\) HA3BIBAETCS TAPAKMEPUCTRUNECKUM MHO20YAEHOM, & YDAB-
HEHHe

M) =0 (3.30)

HA3bIBAETCS TAPAKMEPUCTIUYECKUM YPLEHEHUEM.

OueBuzno, uro dyHKIWs exp{ Aot} asisercs perrenunem juddepeHiu-
AJILHOTO YPABHEHUSI TOTJIA U TOJIBKO TOTJIA, KOTJIA Ag SIBJISIETCST KOP-
HEM XapaKTEPUCTUUECKOI'O yPAaBHEHUS . Obo3HaunM [gepe3 Aq, ..., Ay
[OIapHO Pa3/INYHbIe KOPHU XapaKTePUCTHIeCKOro Muorowrera, M(\;) = 0,
a depe3 ki, ..., ky 0003HAUNM KPATHOCTU 3TUX KOpHE, k1 + -+ + ky = n.
Takum 06pa3omM, CpaBeJInBO PABEHCTBO

M(A) = ao(X — AP (A = Xo)F2 o (N = Mp)Pe. (3.31)

Nemma 3.4.1. /Jlas 410600 n pas nenpepueno dugdeperyupyemoti dymx-
yuu g(t) u npoussosvrozo A € C cnpasedauso pasencmeo

(m) (¢
£(exp{Mt}g(t)) = exp{M} Z M.

m=0
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Loxazameavcmeo. Ilo dopmyie Jleitbruna

%(expw}g(t)) = zp_: Oﬁ(j;z exp{/\t}) (dtm (t)) -

:exp{)\t} i p(pf 1)“-(]?* (mf 1)))\pfmg(m)(t) _

CiietoBaTebHO,

n

dP
£(exp{rt}g(t)) = > an-s gz (exp{rt}g(t)) =
p
dm g™ (t)
= exp{\t} Z An—p Z o ()\p) .
Metsist TOPSIOK CyMMHUPOBAHMUS, IOy IaeM

E(exp{)wf}g(t)) — exp{\t} Z g — j;@ (i an_pAp) _

= exp{\t} z”: g(mT)‘(t)M(m)()\).
m=0 :

O

Nemma 3.4.2. Jlas Ka01cd020 KOpHA Nj TAPAKMEPUCTNUYECKO20 YPasHe-

HUA xpamuocmu k; Pyrryuu
exp{\t}, texp{Mt}, ... tMlexp{\;t}
asamomea pewenuamu Jubdepenyuanvrozo ypaerenua (3.28).

Joxazamesvemeo. Tak kak \; — kopens ypasuenus (3.30) xparnoctu kj,
ro B cuity (3.31) cupaBsemMBo paBeHCTBO

M(A) = (A =AM R(A),
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rae R(\) — MHOrOwIeH cremenu n — kj. fIcHO, 9TO HMEIOT MECTO PABEHCTBA

_dmM())

M(m)()\j) d\m ’A:)\-

=0, m=0,1,...,k; — L
TlosTomy u3 sTeMMBI m;mﬂ g(t)=t?, p=0,1,...,k; — 1, umeem

)™
E(exp{)\jt}tp) = exp{A;t} Z
m=0

n (m)
P
= exp{\;t} E ( 77)1' M ()\) =0 ( Tax kak p < kj).
m:k:j :

o M (N;) =

Takum 00pazoM MbI ITOKa3asIu, 9TO PYHKIINN
exp{\jt}, texp{\t}, ..., thTlexp{\t}, j=1,....0 (3.32)

SIBJISIIOTCSL PEIIEHUSIMU OHOPOIHOro aud depenimanbHoro ypasaenus ((3.28)).
KonmgecTBo atux dyHKIMNE COBIAIAET C TOPAIKOM N 1uddepeHITnaIbHOro

ypasrenus (|3.28)).

Teopema 3.4.4. Cucmema pynryu coCmasAsem PYHOGMERMAND-
HYI0 cucmemy pewenuti Auretinozo 00nopodnozo OJ1Y ¢ nocmoanHvmMu Ko-

apuyuernmamis Ha ar0bom ompeske [a, b].

Loxazameavcmeo. s 1oKa3aTeIbCTBA TEOPEMBI JOCTATOYHO JI0KA3aTh,
qr0o cucremMa (QYHKIUN SIBJISIETCs] JIMHEIHO HEe3aBUCHUMON Ha JTF000M
orpeske [a,b]. [Ipeosoxum, 9T0 HeTpUBUAJIbHAS JIMHEHHAST KOMOMHAIMSI
byHKIMIT U3 CHCTEMBI obparaercs: TOXKIECTBEHHO B HOJIb HA HEKOTO-
POM OTpe3Ke:

k-1 kz—1 ke—1

Z Cy o tF exp{ At} + Z Oy 1t exp{ Aot} +-- -+ Z Coxt” exp{\t} =0,
k=0 k=0 k=0

wim

Pi(t) exp{ A1t} + Pa(t) exp{Aat} + - - - + Po(t) exp{ et} =0, (3.33)

rIe cremeHb MHOrouteHa s; = deg P;(t) < kj — 1, j =1,...,{. Bes orpa-
HUYeHUs] OOIIHOCTUH MOYKHO CUUTATh, YTO MHOrouwieH Pp(t) HeTpuBmase,
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Py(t) = pet® + ..., p¢ # 0. Tocse ymuoxkenust (3.33)) wva exp{—A;t} momy-

Pi(t) + Pa(t) exp{(As — M)t} + -+ + Pult) exp{(Ae — A1)t} = 0.

Huddepentmpyem B MOCIEIHEM PABEHCTBE MOWIEHHO $1 + 1 pa3. Tak kak
dsitipPy(t)
degPl(t) = 81, TO W
raeMbIX 3aMETUM, UTO

= 0. s npeobpazoBanmst OCTAJIBHBIX CJia-

(P;(t) exp{ut}) = (uP;(t) + P;(t)") exp{ut}, p=Xx;—XA #0,

T.e. Ipu AudHEePEeHIUPOBAHI B MHOXKUTEJIE TIepe] SKCIIOHEHTON 0CcTaeTcs
MHOTOWJIEH TOH ke crenenu. Torma

% (P (t) exp{(A; — AM)t}) = Q;(t) exp{(A; — M\1)t},

deng(t) = S, Qj(t) = ()\] —/\1)51+1pjtsj + ...,
B pesynbraTe mpuxoauM K paBeHCTBY
Q2(t) exp{(Aa — M)t} + -+ + Qu(t) exp{(Ae — M)t} = 0.

Iocse ymuoxkenus Ha exp{ (A1 — A2)t} u nowiennoro nuddepeHupoBanust
MOJTy9EHHOTO PABEHCTBA S + 1 pa3 umeem

Rs(t) exp{(As — A2)t} +-- -+ Re(t) exp{(Ae — A2)t} =0, degR,(t) =s;,
Rj(t) = (/\] - )\2)S2+1()\j - /\1)Sl+1pjtsj +..., j=3,... L

IIponoirkas 3Ty nponenypy, Ha HOCIeTHEM dTalle IToIydaeM

Se(t) exp{(Ae — A—1)t} =0, deg Se(t) = sy,
Se(t) = (Mo — A1) 0 (e — M) 2T (g — A5 T et 4L

O/HAaKO TOJIyI€HHOE PABEHCTBO IPOTHBOPEYUT HETPUBHAJLHOCTH MHOTO-
arena Py(t) co crapmmm xkoaddummenrom py # 0. IonyuenHoe nporuso-
pedne 060CHOBBIBAET CIIPABEJINBOCTL JOKA3BIBAEMOTO YTBEPKICHUS O JIH-

HeifHOI He3aBucumocTH cucreMsl (3.32)). O



80  I'maBa 3. O6imast Teopust JTHHEHHBIX U DEPEHITHATBHBIX Y PABHEHUIH

3.4.6 TIlocrpoenume BemiecrBeHHOt P®CP mjis1 JIuMHENHOro OOHO-
poauoro OJ1Y c mocTossHHbIMEU KO3(DPUITMEHTAMU

Tak kax Bce KOI(DPUIMEHTHI YPABHEHUS BeIIeCTBEHHBI, TO (DYH-
JIAMEHTAJILHYIO CHCTEMY PEIIeHUI MOXKHO TAK¥Ke KOHCTPYKTHUBHO TIOCTPOUTD
B BEIIECTBEHHOM Bu/Ie. XapaKTePUCTUIECKUN MHOTOUICH B UMeeT Be-
mecTBeHnble Ko durmenTsl. Kaxk ciemyer n3 Kypca JuHeiHON aarebpsl,
€ro KOMIIJIEKCHO3HAYHbIE KOPHU MJIYT KOMILJIEKCHO COIPSI?)KEHHBIMU ITAPAMU:
A=a+if, \* = a—1if8, a, 8 € R. Torma B mocTpoeHHoi OYHIAMEHTATHHOM
cucTeMe pereHuit GYHKIMM, OTBEYAIOIINE BEIECTBEHHBIM KOPHSIM
XapaKTepUCTUIeckKoro Muorowiena M, (A), gBJsIOTCS BeleCTBEHHBIMU, a
OTBEYAIONINE KOMILJIEKCHBIM KOPHSIM (DYHKIIUU BCTPEYAIOTCS TOJIBKO KOM-
[JIEKCHO COIPSIZKEHHBIMU TIAPAMHE:

y(t) = t° exp{at}(cos St + isin 5t), y*(t) = t° exp{at}(cos Ot — isin (t).

3aMeHNM KazKJyIo 11apy TakuxX OYHKIHH COOTBETCTBYIONIIMHY JIeCTBUTE b
HBIMU ¥ MHUMBIMHU YaCTAMU:

yR(t)) = Rey(t) = t° exp{at} cos ft, (3.34)

yr(t) = Imy(t) = t° exp{at} sin St.

Dyuxnuu yr(t), yr(t) asigorcs pemenusaMu juHeiinoro ognopoasoro Q1Y
KaK JIMHEHHbIe KOMOMHAIINY PEIeHnil STOT0 YPaBHEHUS.

ITocTpoennast TakuM 00pPa30M COBOKYIIHOCTH COCTOUT U3 1 BEULECTNEEH-
HOT pelleHuil JimHeitHoro omHopoauoro OY U 3aJaer ero QyH-
JIAMEHTAJILHYIO CHCTEMY PeIleHUil HaJ[ [0JIEM BellecTBeHHbIX uuces. Jlas
000CHOBaHMS 3TOr0 (haKTa OCTAIOCH YOS IUTHCSA B JIMHEHHON HE3ABUCHMOCTH
HaJI [T0JIEM BEIECTBEHHDBIX UUCEJI TOCTPOEHHOH CHCTEMBI HA JIIOOOM OTpPE3Ke
[a,b]. TIpeamonoKuM MPOTUBHOE, T.€. HEKOTODPasl JINHEHHAS KOMOWHAIWS C
BeIIeCTBeHHBIMU Ko dunuentamu r; € R 1715 mocTpoeHHbIX dyHKIMI 00-
paraercsi B HOJIb Ha HEKOTOPOM orpeske [a, b]. He orpanndnsas obugocTH
MOXKHO CYATATh, 9TO B TAKON JIMHEHHON KOMOWHAIMN BCTPEIAETCS CyMMAa
BHIA

vt riyr(t) Froyr(t) 4o =0, 2413 > 0.

Honcrasnsst u3 (3.34) BbIparkeHusi Jisi BceX BCTPEYAIOINIMXCST TIAp Yepe3
COOTBETCTBYIOIIME KOMILIEKCHDBIE (DYHKIMH, TIOJIyIaeM PABEHCTBO

oo 0.5(ry — iro)y(t) + 0.5(ry +ira)y (1) 4+ - =0, 72472 >0.
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Takum 06pa3oM, HeTpUBUAJIbHAS JINHEHHAST KOMOMHAIIAST ¢ KOMILIEKCHBIMU
ko3 durmentamu Jutst (GyHKIUN 13 UCXOIHON (DYHIAMEHTAJBHON CHCTEMBI
peleHni 0bpaTUIaCh B HOJb, ITO IPOTHBOPEUIHT €€ JIMHEHHON He3a-
BUCHMOCTU.

MNpumep 3.4.2. Cocmasumo aunetinoe odnopodrnoe OV naumenvuiezo
NOPAIKA ¢ NOCOAHHBLMU BEULCTNEEHHBLMU KOIPPUUUEHMAMU, Y KOMOPO20
DEWEHUAMYU AGAAIOMCA PYHKUUU

y1(t) =1, yo(t) = sin(2¢).
s pewernus amot 3adauu npedcmasum GyHKUUY 6 sude
y1(t) = exp{0-t}, yo(t) = Im exp{2it}.

Tak Kax ypasrenue umeem seuecmeennoie koapduyuenmor, mo u GyHryus
y3(t) = Re exp{2it} maxorce asasemes ezo pewenuem. Komnaexcrans @CP
cocmoum u3 dynryud

exp{0-t}, exp{2it}, exp{—2it},

NOPAOK YpasHerUs paser 3, KOPHU €20 TaPAKMEPUCTNUECKO20 MHOZOUAEHT
cymv A1 = 0, Ao = 24, A3 = —2i. Ilo sudy mHozouseHa

M) = A\ — 20) (A +2i) = A\* 4+ 4\
B80CCMAHABAUBGEM CaMO JUPPEPEHUUANDHOE YPASHEHUE
yll/ + 4y/ — 0

3.5 IlocTpoenmne suHeiiHoro nuddepeHnTnaIbHOro ypaB-
HEHWsI N-TO MOPSJKa IO €ro pelleHusiM

3.5.1 Iloctpoenue guHeitHOTO AU PEPEHITNATILHOTO YPaBHEHUS
O €ro peleHusaM

B srom naparpade MbI cHa4aIa pacCMOTPUM BOIIPOC O IOCTPOEHUH JIH-
HEHHOTO OJTHOPOIHOTO UM PEPEHITNAIBHOIO yPaBHEHMS

y (@) + ar()y "I (@) + -+ an 1 (B)Y (1) + an(t)y(t) =0, (3.35)
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pellieHreM KOTOPOro SIBJISIOTCS 3aJlaHHble (pyHKIuu. 1Ilpm 9TOM BO3HUKA-
0T JBa BOIIPOCA, a MMEHHO: CYIIECTBYET Jin JinHeitHoe aud depeHnuaabaoe
ypPaBHEHUE, WMEIONIee CBOUMHU DPEIIeHUSME 33 aHHble (DYHKIUH, W €IUH-
CTBEHHO JIM Takoe ypasHenue. Hadmem c mcciie/oBaHusi BTOPOro BOIIPOCA.
CupaBejjinBa cJie/IyIomnasi Teopema

Teopema 3.5.1. [Tycmo wospduyuenmo an,(t) nenpepuiervs 1a ompes-
xe [a,b], m = 1,2,...,n. Toeda duddeperyuarvroe ypasrenue 00no-
3nauno onpedeasemea Pyrndamenmanvhoti cucmemoti peuwenud.

[okasamesvemeo. Ilycts y1(t), y2(t), ..., yn(t) — dyHmamenTanpHas cucre-
Ma pemenuii ypasnenus (3.35). IIpeanosnoxum, 4To CymecTByer Ipyroe
nuddbepeHIuaibHOe ypaBHEeHe N-T'0 HOPsJIKa ¢ HEIIPEPLIBHBIMU Ha [a, b] KO-
sadpdburmentamu by, (t), m = 1,2,...,n, mia Koroporo cucrema y1(t), ya(t),
... yn(t) Takxke sBIAseTCH dyHAAMEHTANTBbHOM. [ToKaXKeM, ITO B 9TOM CIydae
am(t) = by (t), t € [a,b], m=1,2,...,n.

HeiicrBuresnbHo, QyHKIuu i, (t) SBISIIOTCS PENIEHUSME 1 TOI'O U JAPYToro
ypaBHEHUsI, TO-eCTh

u () + a1y (@) + -+ a1 (DY (E) + an(Dye(t) t € [a,b],
(n—1)

=0,
yd () by V(@) - bt (g8 + ba(Dye(t) = 0, t€ [a,b],

st k= 1,2,...,n. Beraurast jiyisi Kaxk10ro k OgHO paBEeHCTBO U3 JIPYroro
[IOJIy9UM, YTO

(a1 () =b1 (#)y" ™ O+ - +(@n—1()=bn—1(0)yi (O)+(an(t)=ba (£))s () = 0,

st t € [a,bl mk=1,2,...,n. IIpeanonoxRumM, 94To CyIECTBYeT TOUKa ty €
(a,b) Takas, aro aq(tg) # b1(to). Torma B cuiy HenpepbiBHOCTH (DYHKIMI
a1(t), b1 (t) cymecrsyer takoe € > 0, aro

al(t)#lh(t), t e [to*€,t0+€] - [a,b].

A (t) — by (1)
aq (t) — bl (t)

Ionenus Ha a4 (t) — by (t) u obozHaYUB Py, (t) = , UMeeM

U (O 42Oy ()4 ADae1 (DY (8)+n ()yr(t) = 0, t € [to—e, to+e],

ang k= 1,2,...,n. Takum 06pa3omM, MbI TOJTYININA, ITO N JTUHEHHO He3a-
BucnMbix GyHKIMA Y1 (¢), y2(t), . . ., Yn(t) SBASIOTCS peleHnsIMU JTUHEHHOTO
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oAHOpoIHOTO MU depeHIIaIbHOrO ypasHenus (n — 1)-To nopsIka ¢ Hempe-
poiBHbIME KO3 duimentamu p,, (t). Ho u3 reopembr 06 ofiiem penienun Jiu-
HEHHOTo OIHOPOIHOrO M MEPEHINATBHOIO YPABHEHUS CIEIAYET, YTO yPaB-
Herwe (n — 1)-ro mopsiKa MMeeT TOJIBKO 1 — 1 JIMHEHHO HE3aBUCUMOe perlre-
uue. [loaydennoe nporusopedne nokasbiBaet, aro aq(t) = bi(t), t € [a,b].
JloKazaTenbCTBO PABEHCTBA OCTAIBHBIX (PYHKIUI IIPOBOAUTCA AHAJIOTUIHO.
Teopewma [3.5.1] nokazana. O

PaccmoTpum Temreph BOIIpoC 0O CyIeCcTBOBAHUY JTUHEHHOTO T depeHIn-
AJIbHOIO YPABHEHMUsI, PEIIEHNEM KOTOPOT'O sIBJIsIacCh Obl 3a/IaHHAsI CUCTEMA,
dyHKIWMIA.

Teopema 3.5.2. [Tycms n pasz nenpepueno dugddepernyupyemoie 1Ha om-
pesxe [a,b] Pynxuuu y1(t),y2(t), ..., yn(t) maxosw, wmo cocmasaenroil us
Hux onpedeaumens Bpowckozo Wlyr,ya, ..., yn](t) He pasen nyato wu 6 00-
Hol mouke ompeska [a,b].

Tozda cywecmeyem aunetinoe 00nopodroe duddepenyuarvhoe ypasHe-
Hue n-20 nopadka maxoe, wmo Pynruun yi(t),y2(t),. .., yn(t) asasomes
e20 Ppyrndamenmanrvroti cucmemoti pewenud.

Joxazameavcmeo. Paccmorpum Ha orpeske [a, b] iuneitnoe ogHopoHoe aud-
depennuaibHOe ypaBHeHUE N-I'0 HOPsi/iKa JJIsl Hen3BecTHOl dbyHKIwn y(t)

U (t) Y2 (t) cee yn(t) y(t)
G IR () NUUR VA (5 Y4 ()
21 ) WO V(s B )
det : : . : : =0. (3.36)
T () B Sl () B S () IVl ()
R O NI G (5 BRI 1 (3 BRI ()

Jist Toro 9ToObl y6eIuThCS B TOM, 9TO ypaBHEHUE JIeCTBUTEIHLHO
[IpeJICTaByIsieT coboit auHeitHoe quddepeHnuaabHoe ypaBHEHNE N-T'O TOPSiI-
Ka, JJOCTATOYHO PAa3JIOXKUTh OMPEIC/IUTENb 110 TocaeaaemMy ctosomny. Koad-
bummenT mpu crapireit poussosmoii y™ () mpeacTaBaser coboii ompete-
JuTesib BPOHCKOTO, COCTABIIEHHBIN U3 3aaHHbIX byHKIM Y1 (t), y2(t), ...
Yn(t), ¥ 1O YCIOBUIO TE€OPEMbI OTJIMYEH OT HyJIs Ha [a, b]. [lonesnus Ha sTOT
OIIpEJIETATENb, MBI TTOTyInM AuddepeHnuaabHoe ypaBHeHIe BUIA c
ko3 duimenTaMu HelpepbIBHbIMU Ha OTpe3ke [a,b]. Bee dyukuuu yi (t),
Ya(t), ... Yn(l) SABIAAIOTCS pEIIEHUAMH IIOJIyYEHHOIO YPABHEHUs, TaK KakK

npu nozcranoBke byukunu y(t) = yi(t) B ypasaenue (3.36) mMbr nmeem
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CJIeBa, OIpeIe/IUTE/b ¢ ABYMSI OJMHAKOBBIMU CTOJIOIaMu. Teopema J10-
Ka3aHa. O

MNpumep 3.5.1. Cocmasumo auneiinoe odnopodnoe OJY naumenvwezo
nopadKa, Yy KOmMopo2o PeweHUAMU ABAAIOMCS PYHKUUL

yi(t) =t, () = exp{t®}, wys(t) =13, wa(t)=3t—2¢%
s pewerus amoti 3a0a4u Npexcoe 6ce20 3aMemum, 4mo
ya(t) = 3y1(t) — 2y3(t),

a pynruuu y1(t), y2(t) u ys(t) umerom omavunoili om nyas onpedesument
Bpomcxoao

t exp{t?} t?
Wy, y2,y3](t) =det | 1 2t exp{t?} 2t | =
0 2exp{t?} +4t2exp{t?} 2

= —2exp{t*}(2t* —t* + 1) £ 0, Vt € R.

Coznacro meopeme UCKOMOE YPasHenue mpemuvezo nopadka uMeem
eud

t exp{t?} oy

det | L 2t exp{t*} 200y | ___ 1
0 @+4)exp{t?} 2 v | Wy, vepsl(t)
0 (12t +8t3)exp{t?} 0 "

MNpumep 3.5.2. Cocmasumov na ompeske [1,2] aunetnoe odnopodnoe
OV naumenvutezo nopadka, Yy KOMoPo20 PeWEHUAMY ABAAOMCES YHKUUL

yi(t) =1, ya(t) = cos(t), ys(t) = sin®(t/2).
s pewernus omot 3adavu npesicde 8cezo 3amemum, 4mo
ys(t) = 0.5(y1(t) — y2(1)),

a pynryuu y1(t) v y2(t) umerom omavunod om nyas onpedeasumens Bpor-
K020

1  cost .
Wlyr, y2](t) :det< 0 —sint > =—sint #0, Vtell,2].

Cozaacho meopeme[3.5.3, uckomoe ypasnerue 6mopozo nopadka umeem 6ud

1 cost y 1
det | 0 —sint ¢ | =———==0, wiu y' —ctg(t)y =0.
0 —cost y” W[ylv yQ](t)
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3.5.2 ®opmyna Ocrporpaackoro-JlnyBusis.

Ucnonp3ys npencrasienue tuHeRHOT0 1udHepeHnunaaIbHOr0 yPaBHEeHUsT
B BHjE MOYKHO TIOJIy9UTh (POPMYILY JJIsi OIpPeIeauTes s BpOHCKOro.
IIpu BBIBOJIE 3TOM POPMYJIBI MBI UCIIOJIB3YEM CJIeyolee mpaBuiio audde-
peHIUpOoBaHusl PYHKIIMOHAIBHBIX OIIpee/nTeei.

ITycts D(t) — oupenenuTesb n-ro MOPsijiKa, 3JIeMEeHTaMUI KOTOPOTO sIBJIsl-
1oTcst QyHKIMU HenpepbiBHO uddepeHnupyemble Ha orpeske [a, b]. IIpouns-
Boguas D’ (t) oupenesnurens D(t) paBHa cymMMe n OlpeeuTeseil, Kax Iblit
U3 KOTOPBIX Hostyded u3 D(t) myTeMm 3aMeHbl OHOMN U3 ero CTPOK Ha CTPOKY
U3 MTPOU3BOJIHBIX.

U3 3T0ro mpasmia ciejyer npocras GhopMysIa s IPOU3BOIHON OIpe-
nmemuresst Bpouckoro A(t) = Wiy, ya,. - .,Ys](t), cocraBmerHoro us cu-
CTEMBI T Pa3 HENPEPhIBHO JuddepeHnmpyeMbIx Ha oTpeske [a, b] dyHKmmit

yl(t)va(t)v s ’yn(t)7

y1(t) ya(t) oo Ynoa(2) Yn(t)
vy (1) ya(t) oy (t) Yn(t)
A'(t) = det : : : :
Rl O B el () B el () B Ll (0
() B O () B A (5 I RA ()

JleitcTBUTEIPHO, IPUMEHUM HPABUJIO BBIYUCICHUS IPOM3BOJAHON (DYyHKIH-
OHAJILHOIO OlpejiesiuTelid K onpejaesuresio Bporackoro A(t). Bee onpene-
JINTEeIN, B KOTOPBIX HA IPOM3BOJHBIE 3aMEHSIETCS JI00asi CTPOKA, KPOMeE
rocsieiHelt OyayT paBHBI HYJIIO, KAK OIPEIEIUTENN, UMEIONNe OJNHAKOBDIE
crpoku. CreioBaTesIbHO, TOJBKO MOCJEHIA OIPEIeTUTEe b, B KOTOPOM Ha
[IPOU3BO/IHBIE 3aMEHEHA TOCJEIHsIsI CTPOKA M IPEJICTABIAET CODOI TPOn3-
Bozuyio A/(t).

Iycrs y1(t), y2(t), . . -, yn(t) — dyHIAMEHTANBHAS CHCTEMA PEIIEHUH ypaB-
nenns (3.35). Us reopembr CJIEIyeT, UTO 3TO ypaBHEHHE OJHOZHATHO
ompeieisieTcs CBoelt (hyHIAMEHTAIbHON CHCTEMO. 3HAYUT, MTO/IEJIUB YPaB-
uenue (3.36) ma oupeznenurens Bporckoro A(t), Mbl HoJyduM ypaBHEHHE
(3.35). Torma u3 3ammcu ypaBHeHUsT cJIe/IyeT, 9T0 KOIMDDUIUEHT

__A@
Cbl(t) = —m.
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Warerpupyst or tg mo t, mosyunm popmyiry Ocrporpasackoro-Jluysuiiis
A(t) = Alty) exp{ fal } t € [a,b].

Cnepctsue 3.5.1. Ecau xoappuyuenm ai(t) =0, t € [a,b], mo onpede-
aumenv Bponekozo Wyi, ya, . .., yn|(t) nocmosnen na ompesxe [a,b).
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hasa 4

Ob6uwias Teopuns SIMHENHbIX CUCTEM
OObIKHOBEHHbIX AundpdpepeHLnanbHbIX
YPaBHEHUN

4.1 JIunneitabie cuctembl OJLY m marpudabie QY

Paccmorpum Ha oTpeske [a,b] HOPMAJBHYIO CHCTEMY JIMHEHHBIX OOBIK-
HOBEHHBIX /i epeHITNaATbHBIX YPABHEHNI TEPBOT0O MOPSIKA B BEKTOPHOIM
dopme ¢ HenpepbIBEBIMU Ha OTpe3Ke [a, b] peiicrBuTesnbubiMU KO3bdUIIEH-
TaMu a; ;(t) ¥ HeIpPepPHIBHBIMUA KOMIIJIEKCHO3HAIHBIMU ff(1):

dy(t) -

— = AWFO) + (@), t€la], (4.1)
rie
ain(t) - a(t) fi(t)
A= + -~ |, fo=| :
ani(t) -+ ann(t) fu(t)

Harnommmwm, aro permenme 3(t) = (y1(t),...,yn(t)) ", cucremsr (4.1) apms-
eTcst BOODIIe TOBOPsST KOMILJIEKCHO3HATHOH BekTop-dyHKmei y(t) = u(t) +
w(t), rme

a(t) = (ur(t), ..., u ()", T(t) = (vi(t),...,va(t) 7,

a u;(t), vj(t) meiicrBurensrer, j = 1,...,n, B nanpreiiniem, ecin He oroso-
peHo 0co6o, pedb MOoiIeT IMEHHO 0 KOMILICKCHO3HAYHBIX PEIICHUSX.

4.1.1 JIuneiinbie omHopoaHble cucteMmbr OJ1Y

Onpepgenenne 4.1.1. Cucmema HA3VIBaEMCs 00HOPOOHOT, ecau

f(t) = 0 na ompeske [a,b]. B npomusHom cayuae cucmema HA3VI-
8aEMCA HEOOHOPOIHOT.
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Brecy u manee = (0,...,0) T obozHauaeT my/aeBoil BEKTOP-CTOIGEIL CO-
OTBETCTBYIOIIEH PA3MEPHOCTH.

Nemma 4.1.1. Ecau G(t) — pewenue aunelinotli 00HOPOOHOT Cucmembt
O1Y, mo aF(t) maxoice pewenue 001opodnoti cucmemos das a06020 o € C.
Ecau Gy (t) u Po(t) — dea pewenus aunetinot 00mopodnot cucmemvt, mo
7(t) = 7, (t) + Yy (t) makorce pewenue 00Hopodnot cucmemol.

JHoxazamesvcmeo. Ecnu dy(t)/dt = A(t)y(t), o

d{agt@)} _ ad@ff) = aA()F(t) = A(t){ag(1)}.

Econ dy,(t)/dt = A(t)g,(t), £ =1,2, To

dy(t) _ {5 () +3:(0)} _ dui () | dui(t) _

dt dt dt dt
= A1)y (1) + A()72(t) = AB)Y(D)-

O

Cnepctsue 4.1.1. EcauT,(t) — pewenua aunednot 00nopodnot cucme-
m

mot £ =1,....,m, mo G(t) = > au,(t) makorce pewenue 00nopodHot cu-
=1

cmemwvt Oas mobvix oy € C.

4.1.2 Opgsopoanbie Mmatpuutbie OZLY.

Paccmorpum smHeitHYI0 OTHOPOAHYIO cuCTEMY OOBIKHOBEHHBIX mudde-
PEHIMAJbHBIX YPABHEHUI C HEIIPEPBIBHBIMU Ha OTpe3Ke [a, b] meiicrBuresib-

HbIME Kodddunnenramu a; ;(t), 4,5 =1,2,...,m:
WO _ A, te o) (42)
rie
ai(t) - a(t) y1(t)
A(t) = P : @)=

ani(t) - am(t) (1)
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ycrs uveercs n Bexrop-ynkumii 7, (t) = (y1;(t), ..., yn; () .5 =1,...,n.
Cocrasum Marpury Y (), croabiaMu KOTOPOi SIBIASIOTCS JaHHBIE BEKTOD-
dyHKIAN:

yii(t) - yia(t)
Y(t) = (1), ¥2(t),- - Un(t) = S |- (4.3)
Yn1(t) -+ Ynn(t)

Comnocrasum cucteme ((4.2]) maTpuanoe oHOPOIHOE T DEPEHINATBHOE YPaB-
HEHUe
dY (t)

S = AWY (@), (4.4)

rJie IPOU3BOHAS MATPUIHON (DYHKIUN PaBHA MATPUILE, COCTOSIIEH U3 IIPO-
M3BOJHLIX 9JIEMEHTOB HCXOAHOM MaTpuusl, T.e. dY (t)/dt = ||dy;;(t)/dt]|.

ITo ompenenenuio, pemeHneM MaTpPUIHOrO JIUddHEPEHIMAILHOTO ypaB-
HeHUs Ha oTpe3Ke [a, b] HasbIBaeTCsl HelpepbIBHO AuddepernupyemMast
Ha JIAHHOM OTpe3ke MarpuuHas gyskuus suta (4.3), obpamaromas ypas-
uenue (4.4) B ToxkuecrBo. YpaBHeHUe nMeeT 110 CPABHEHUIO C CUCTe-
MOl onee cUMMeTpUIHY0 (hOpPMY 3aIMCH, HATIOMUHAONLYIO CKAJISIP-
HOe ypaBHeHMe 11epBOoro nopsika: u "koaddurment" A(t) ypaBHeHust 1 NCKO-
Mas dyHKIma Y () aBIsMioTca 00beKTaMy OJMHAKOBOM IIPUPOJIBI — MATPUY-
ubiMu byHkImaMy. CBa3b MKy PEIIEeHUIMEI CHCTEMbL U MATPUYHBIM
ypasuenueM ({4.4]) ycranasiauBaror cienyiomas reopema.

Teopema 4.1.1. Bexmop-gyrxuyuu G, (t), Yo (t), ..., 7, (t) asamomes pe-
WeHUAMU 00HOPOIHOT cucmemv, OLY Ha ompeske [a, b] mozda u moav-
Ko moeda, kozda cocmasaennan u3 Imur PGyrrkuul mampuua Y (t) euda
ABAAEMCA DPEULEHUEM MAMPUUH020 JUPPHEPEHUUAADHO20 YDAGHEHUA

.

Zloxaszamenvcmeo. aa mokazarenbCcTBa HEOOXOIMMOCTH PACCMOTPHUM pe-
menus Yq(t),ys(t),. .., 7, (t) cucremsr (4.2) u cocraBuM n3 HUX MATPUILY
Y (t) suga (4.3). ITockoabKy

dy;(t)
dt

:A(t)yj(t)7 jzla"'?”a

TOrJIa JIJId COOTBETCTBYIONIEH MAaTPUIHON IPOU3BO/IHOM, 3JIEMEHThEl KOTOPO
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CIPYIIIMPOBAHBI 110 CTOJIOIAM, TIOJyIaeM PABEHCTBA

dy (1) _ (dyl(t) dg,(t) dm(ﬂ) _
dt dt ' dt 777 dt

= (A7 (1), AY, (1), ..., A7, (1)) = AQ)Y (1)
To ectb BBIIOIHEHO MaTpuuHOe ypasuenue (4.4). Anasorudno, paciucnbiBast

marpuunoe ypasaenue (4.4) no cronbuam, mokasbiBaeTcs I0CTATOYHOCTD.
O

Teopema 4.1.2. ITycmo mampuunas gynkyus Y (t) aeasemen pewenu-
EM MAMPUHHO20 YDAGHEHUS . Tozda:

1. das mo06020 6exmopa Konemanwme = (c1,ca,...,cp) ", ¢j € C, 6exmop-
Pynryua Y(t) =Y (t)¢ ydoeaemsopaem cucmeme (4.2);

2. das mobot mampuys, kowemanwm B = ||b; ||, bi; € C, 4,5 =1,...,n,
mampuunas pynxyua X (t) = Y (t) B ydosaemsopsem ypasnenuio .

Zloxaszamenvcmeo. 1. Ecau maTpuaHas yHKITAT
Y(t) = @.(1),7(1), - - -, T (1))
sBJsiercs perenueM ypasaerus (4.4]), o mo reopeme BEKTOD-CTOJIOIBI

Y;(t) samnsmorcs pemennsanvm cucrembr OJIY (4.2), Takxke Kak n ux JmHeiHas
KOMOUHAITUST

(1) = Y(t)e = Z c;7;(t).

2. B cuny nuneitHocTn oneparuu auddepeHmpoBaHns 1 aCCOIUATHBHOCTH
oIepaIuu IPOU3BEIEHUs] MATPHIL, UMEEM:

dX (1) - i{y(t)B}:w.B:

dt dt
={A@Y®)} B = A {Y ()B} = A(t)X(t).

O
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4.2 JluHeiliHasi 3aBUCUMOCTh BEKTOP-QYHKINIT 1 OIpe-
JesinTesqb BpoHcKoro

4.2.1 JluHeiinass 3aBUCUMOCTD ITPOU3BOJIBHBIX BEKTOP-QYHKIUI

B sToM naparpade paccMaTpuBaOTC TPOU3BOJIbHBIE KOMILIEKCHO3HAY-
Hble BeKTOp-GyHKIWH Ty (1), Yo (t), - . ., U, (t), oupenesienHble Ha oTpe3Ke [a, b,
Te. Y;(t) = (yj1(t),- .. JYim@)T, i =1,...,m, m € N. Hukaxas cBsi3b ¢
pemennamu uddepeHuatbHbIX yPaBHEHH 1 JlazKe HEIPEPBIBHOCTD STUX
yHKIWMI OKa He IPeoIararoTes.

Onpepenenve 4.2.1. Bexmop dyrnkuuu Yy (t),ys(t), - .., 7, (t) nasvsa-
H0MCA AUHETHO 3a8UCUMBIMY Ha ompeske [a,b], ecau Hatdymesa Komnaerc-

m
HOLE KOHCTMAKMVL C1,C2, - - -, Cm, D |Cj] > 0, wmo
Jj=1

1y (t) + cals(t) + - + e, (t) =0,  Vt € [a,b]. (4.5)

Ecau osice pasencmeo BHINOAHEHO MOALKO 0L MPUSUAALHOZ0 SEKMO-
pa xonemanm, ¢ = (0,...,0)", mo eexmop-dyrryuu Y, (1), Yo (t), - - -, G, (t)
HA36L6AI0MCA JTAHEHO HE3ABUCHMBIMU HA OTPE3Ke [a, b].

DKBUBaJIEHTHAS BeKTOpHas (popMa 3alliuch yCIOBUs JTUHEHHOH 3a-
BHUCHUMOCTH COCTOMT B TOM, WTO JIg MaTpuuHO# dbyHkrmu Y (t) mopsika
m X M BBLIIOJHEHO PaBEHCTBO

Y(t)e=0, Vte la,b], (4.6)

XOTs1 ObI JIIsl OJTHOIO HEHYJIEBOI'O BEKTOPA KOHCTAHT ¢ = (1, . . ., cm)T.

3amevanue 4.2.1. Ecau paccmampusaemvie 8eKmop-PyHKUUL npuH-
MM, MOALKO BEUECTNEEHHBIE SZHAUEHUA, MO 6 ONPEIeNeHUAT NUHETHOT
3a6UCUMOCTNU U HEZABUCUMOCTIU JOCTNAMOYHO PACCMAMPUBAMD AUULL Oeti-
cmeumenvhrvie Koaphuyuenmos cj, j =1,...,m.

Onpegenenune 4.2.2. Onpedeaumenem Bponckozo cucmemv, 3a0aHmbia
Ha ompeske [a,b] eexmop Pynruul Gy (t),Ys(t), ..., U, (t) Haswsaemea 3a-
sucawuli om nepemennot t € [a,b] onpedeaumens mampuunol Pynryuu

Y(t) = @(8),G2(t), - U (1)

A(t) = det Y (t).
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Heobxonumoe ycoBue JIMHENHHONW 3aBUCUMOCTH BEKTOP-(DYHKIUI yCTa-
HaBJIUBaeT CJIEAYIOIIasd TeopeMa.

Teopema 4.2.1. Ecau cucmema sexmop dynxuut Gy (t), Yo (t), ... G ()
ABAAENCA AUHETHO 3a6ucumoli na ompeske [a,b], mo onpedesumenv Bpon-
CK020 9MOT CUCTNEMBL TROHCOECTNBENHO PABEH HYAIO HA IMOM OMPESKe:

A(t) =0, Vte a,b).

Joxasamenvcmeo. W3 yenosus suueiinoii 3asucumoctu (4.6 Borrekaer cy-
IMeCTBOBAHME TAKOTO HEHYJIEBOTO BEKTOPA € = (C1,...,Cp) , 9TO JIs TPO-
U3BOJILHOIO (DUKCUPOBAHHOIO tg € [a, b] cupaBeyInBO PABEHCTBO

Y (to)e = 0. (4.7)

PasencTso O3HAYAET, YTO OJHOPOJHAA CHCTeMa, JUHEeHHbIX aJredpan-
YEeCKUX yPaBHEHUil ¢ uucioBoil Mmarpuneii Y (o) umeer HerpuBuajbHOE pe-
menue ¢. [1o m3BeCcTHOI TeopeMe aaredpbl 3TO BOZMOXKHO TOJIBKO /IS BbI-
poxienHolt marpunpl, T.e. det Y (tg) = 0. O

OTmernM, 9TO K yTBEPKJIECHHUIO TEOPEMBI HETPY/IHO OBLIO ObI IPHATH 1
Ha ocHose onpesesenns (4.5), koropoe o3HaYaeT JMHEHHYIO 3aBHCHMOCTD
crosbnos Marpunpt Y (t) s soboro t € [a, b].

Bes 1010/ HATEIbHBIX NPE/IIOI0KEHII OTHOCUTEILHO BEKTOP-(DYHKIHI
PaBEHCTBO HYJIO ONPEJIE/ITeNs BPOHCKOTO SIBJISIETCs, BOOOIIE TOBOPS, TOJIb-
KO JIMINIb HEOOXOJMMBIM yCJIOBHEM JIMHEIHOl 3aBucumoctu. V3 paBeHCTBa
HYJIIO OnIpeiesiuTesiss BpOHCKOro cucreMbl BEKTOP-(DYHKINI HE BBITEKAET UX
JIMHEHHAA 3aBUCAMOCTD.

MNpumep 4.2.1. JTaam = 2 pacecmompum na ompesxe [—1, 1] dee sexmop-
Pyrryuu, umeruue Hyaeeot onpedesument Bpownckozo:

7 () = (f)  Talt) = (“é) LY () = (t: ﬁf') CA®) = det Y(£) = 0.

Imu 8EKMOP-PYHKUUL ABAAIOMCA NUHETHO HE3AEUCUMBLMU HA DACCMAM-
pusaemom ompesxe. leticmeumenvho, ecau 0Af HEKOMOPO20 6EKMOPa, C =
(c1,¢2) " cnpasedauso pasencmeo Y (1) = 0 6 xasicdoti mouke ompeska
[—1,1], mo npu t = 1 doastchno vinoanamves pasencmso ¢ + co = 0, a
npu t = —1 — pasencmeo ¢ — ca = 0, omxkyda ¢; = co = 0.
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4.2.2 JIuHeitHasi 3aBUCUMOCTh W HE3aBUCUMOCTb PENICHUI JIN-
o . o
HeliHo# omHopoaHoi cucreMbl O/1Y

Pacemorpum cucremy u3 n-MepHbIX BeKTOp-DYHKIMA Ty (t), Yo(t), ...
7, (1), sIBJISIFOIUXCST pelleHneM JIMHeHO ofHopoHol cucrembr OJTY ,
Y (t) — coorBercTByIOMAg MaTpudHAs QYHKIUS U3 . Tloguepkuem, aro
KOJIMYECTBO BeKTOP-DyHKIHI coBragaet ¢ mopsiakom cucrembr QLY. Uccne-
JlyeM BOIIPOC O CBA3U CBOMCTBA JIMHEHHOI 3aBUCUMOCTU PELICHUN CUCTEMbI
O/1Y u 3HaueHUs olpejie/nTesisi BpoHCKOrO.

Teopema 4.2.2. [Tyemov 4 (t),75(t), ..., 7, (t) — cucmema sexmop-Pyrx-
yutll pewenuti cucmemv, OJY na ompesxe [a,b]. Ecau natidemes mow-
Ka to € [a,b], das xomopot

det Y(to) = O,
mo cucmema Gy (t), Gy (t), ..., T, (t) aunetdno sasucuma na ompesxe [a,b] u
detY (¢t) =0, Vté€][a,b].

Hoxazamenvemeo. OpHoposiHas cucTeMa JIMHEHHBIX aaredpandecKux ypas-

HeHmit OTHOCHTEIBLHO BEKTOpa € = (C1,...,Cn) |,
Y(to)é =4, (48)
umeer Henystesoe pemrenne ¢ = (¢}, ...,c%)T B cuty BBHIpOXIEHHOCTH UHC-

JI0BOi Marpuisl Y (tg), UMEIOIel HyIeBOi ONpeIe/uTe b,
Homoxum 3(t) = Y (t)e°. dcno, uro y(t) — pemenne cucremsr OJLY (4.2)

B CHULy II€PBO# 9aCTH TEOPEMBI 1, Kpome Toro, (to) = 0 B cuy (4.8)).
Takum 06pa3oM, mocTpoeHHass PYHKITUS IBJIAETCA pereHneM 3aa4du Komm
C HyJIeBBIM HadaJbHBIM YCJIOBHEM IpH t = tg:

dy(t) _ _ 5

— = =A)yt), Y(to) =0.

dt

Sra 3azaua Komwm 110 Teopeme cymecrBoBanus u eauHcTBennoctn [2.1.2| uve-
€T Ha pacCMaTPUBaEMOM OTPe3Ke TOJILKO OJHO pellenue — Hysesoe. [Tosromy

0=75(t) =Y ()" =7, (t) + Sy (t) + - + Y, (t), VtE [a,b],

U PacCMATPHBAEMAs CHCTEMa BEKTOP-(DYHKIWI SBJISETCS JIMHEITHO 3aBUCH-
Moii Ha orpeske [a,b]. Torma B cuity TeopeMb nmeeM det Y (t) = 0,
Vt € [a,b]. O
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U3 Teopenm u[1.2.2] BerTexaer ciieayomas Teopema 06 ajlbTepHATHBE
JIJIsT OTIpeIeInTe st BPOHCKOTO CHCTEMbl BEKTOP-DYHKITUI peIeHuil JTnHeii-
HOIt ofHOpOHON cuctembr OTY.

Teopema 4.2.3. Onpedeaumenv Bporckozo das eexmop-dynruut Gy (t),
To(t), ..., U, (t), asasrowurcs pewenusmu aunetinozo odnopodrnozo OV
Ha ompeske [a,b], aubo moorcdecmeenno pasen nyaro, detY (t) = 0
(u cucmema aunetino 3asucuma), Aubo He 0OPAUWALTNCS 8 HOAD HU 6 00HOT
mouxe, det Y (t) # 0, Vt € [a,b] (u cucmema aunedno nezasucuma,).

3aMeTHM, YTO COTJIACHO TeopeMe crucTeMa BeKTop-(yHKIUi U3 Ipu-
Mepa [£.27]] He MOXKeT ABJIATHCS PEIICHHEM HUKAKON OZHOPOIHON CHCTEMBI
OJIY BTOpOro HmopsiJIKa ¢ HEIPEPLIBHBIME Ha oTpe3ke [—1, 1] koadbdunnen-
TAMH.

4.3 ®dDyHmaMeHTaJIbHasi CHCTeMAa pellleHuii u odIee pe-
nienue JuHeitHoii cucrembl OJ1Y

4.3.1 PyumamMeHTaJbHAasl CUCTEMAa peIleHul JuHeNHoi oaHopoa-
Hoii cucrembr OAY

Onpegenenne 4.3.1. Qyndamernmanvnot cucmemot peweruis (PCP)
dy(t)
dt
peske [a,b] HaszviBaEMCA COBOKYNHOCTL N AUHETHO HE3ABUCUMBLE DEWEHUT
T1(1), Y (), ..., 7, (t) amot cucmemov.. Coomsememsyrowas Imum peweHu-
Am Pynryuonasvras mampuya Y (t) = (71(t), 7o (t), - . ., 7, (t)) nasweaemes

Pyndamenmanvrot mampuyed.

Aunetnot odrnopodnoti cucmemve OY = A(t)y(t) nopadka n na om-

B cuy Teopembr dbynIaMenTaIbHas MaTPHUIA ABJIAETCS pertie-
HUeM MaTpuyuHOro guddepennuanbaoro ypasuenns (4.4), a B cuy Teope-
MBI OHAa MMeeT Ha OTpe3Ke [a,b] OTIIMYHBIH OT HyJisl OIpEeIeTHTeb,
det Y (t) # 0.

Teopema 4.3.1. Jlas 210600 00rnopodnotll cucmemovl auretnovir dugdpe-
PERUUAABHBLT YpasHenutll cuda ¢ HenpepusrvLMU Ha ompesxe [a, b] Ko-
appuyuernmamu cyuecmsyem PYHIGMEHMANOHAA CUCTNEME PEWLEHUT.

Jokasameavemeo. 3abukcupyem moboe tg € [a,b] 1 paccMoTpuM 3aaaTy
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Kot gyist maTpuanoro nuddepeHmaibHOro ypaBHeHUsT
dy (1)

dt
rie F — euHMYHAsS MaTpuiia. PacnuceiBas MaTpUYHbBIE PABEHCTBA IO CTOJIO-

naMm 3akjrodaeM, 9To 3ajga4a (4.9) skBuBajeHTHA COBOKYIIHOCTH U3 1 38184
Komm

dy;(t)
dt

= AW)Y (1), Y(t) = E, (4.9)

:A(t)yg(t)v ?j(tO):(Oa"'voa 1 307"'30)T7 jil,...,n,

OTJIMYAIONIIXCS JIAITb HAYAIbHBIME JaHHbIME. CyIecTBOBaHIE HA BCEM OT-
peske [a,b] pemennit ¥, (t) stux 3amaa Komm, a sHaunt u pemenns Y (¢)
MATPUIHON 331a49u 7 BBITEKAET U3 TEOPEMBI ITockoabKy ompejie-
sresib Bporckoro Marpuanoil dyukmun Y () B cuity paBeH eJMHHUIIE,
det Y (tg) = det E = 1, To nuneiinasg HE3aBUCUMOCTb Ha PACCMATPUBAEMOM
OTpe3Ke MOCTPOEHHON cHuCTeMbl pertennit gy (t), Yy (t), ..., Y, () ecrb caen-
CTBUE TEOPEMBI 006 anmbTepHATHBE /s onpemennTessi Bporckoro. Ta-
KUM 06pazoM, F; (1), Ys(t), . .., 7, (t) — dyHmamMeHTaIbHASI CHCTEMA DEIIeHHIA,
a Y (t) — dyHnnaMeHTaNbHAS MATPHIIA. O

3amevanue 4.3.1. Pyndamenmanvras mampuya needuncmeernna. Io-
aazaA 6 3adave Kowu @ Hauaavroe yeaosue Y (tg) = B, det B # 0, mw
noAYuUM Ipyeyro PYHIAMEHMAADHYIO MATPULY.

3ameuvanue 4.3.2. Tuk kax snemernmos a;;(t) mampuyp, cucmemss se-
WECMBEHHBL, MO U GYHOGMEHMAALHAL MATPULE MOHCET, ObIMD BLIOPAHA
6EULECNBEHHOT.

4.3.2 OO6iee perienne JuHelHON ogHopoaHoi cucrembl QY

Onpegpenenue 4.3.2. Obwum pewenuem aunetiHoti 00Hopodnot cucme-
ML QuPPeperuuarbhvl YpasHerull n-20 NopAdKa HA3BIBAEMCA 3A6UCAUEE
OM N NPOU3EONLHBLT NOCTNOAHHDIT PEULEHUE INO20 YPASHEHUA MAKOE, YIMO
a06oe dpyzoe pewenue cucmemv, ModCem ObiMb NOAYUEHO U3 HE20 6 Pe-
3yavmame 6o160pa HEKOMOPHIL 3HAUEHUTE IMUL NOCTNOAHHDLT.

Teopema 4.3.2. IIyemo Y (t) = (§,(1),Us(t), ..., U, (t)) — Pyrdamen-
MAAOHAA MAMPUYA OAA AuHetHOT 00Hopodnot cucmemvs OY

WO _ sy
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na ompesxe [a,b]. Toada ee obwee pewerue npedcmagumo 6 eude
Yoo(t) = a1l () + c2¥p(t) + - - - + en¥p (t) = Y (1)5, (4.10)
20€ ¢1,Ca, ..., Cp — NPOUSBONLHBLE KOMNAEKCHBIE YUCA, € = (C1,C2y ..., Cp)-

Zloxaszameavcmeo. Tlo Teopeme BekTOp-dyHKIWsA Y (t)C siBasiercs: pe-
menneM ojiHOpoaHoM cucrembl OY mst siobeix ¢ € C™. CoryiacHo oripe-
JIEJICHUIO OOINEro PEIIeHns] OCTAaJI0Ch IOKAa3aTh, UTO JJIs JIOOOr0 Halepe/
3aganHoro pemenus g(t) auHeinoit omnopoauoii cucrembr OILY naiigercs
BekTOp KoHcTauT ¢ € C™ Takoil, 4T0 Ha OTpe3Ke [a,b] BBIIOJIHEHO paBeH-
CTBO

y(t) =Y (t)e (4.11)
Hast mocrpoernst ¢ 3adukcupyeM NPOU3BOJIBHOE tg € [a,b] W BeMMECINM
@0 = Y(tog). PaccmorpuM cucreMy JMHEHHBIX anrefpanvdecKux ypaBHeHMIt
OTHOCHUTEJILHO C:

Y (to)e = 7°. (4.12)

B custy mesbipoxkaennocTu Marpunpsl Y (tg) ¢ onpenenmrenem det Y (to) # 0
9Ta cucreMa uMeer efuHcTBeHHOE perenue. Torga dyukuuu y(t) = Y (¢)¢ n
7(t) aBIAIOTCS PeIeHUusIMU OZHOMN U TOH ke 3a1auu Koim

dy(t) _ _ .

o A)y(t), ylto) =7°, (4.13)
U 110 TeopeMe eJMHCTBEHHOCTH 00s3aHbI COBIIAJATE, 4TO joKa3biBaer (4.11)).
OrmernM, aTo 151 hUKCHPOBAHHOTO perennus §(t) BekTop KoHcTant ¢ € C”

B npejicrabyienun (4.11) onpesesien o qHO3HAYTHO. O

Cnepcteue 4.3.1. B xode doxasamenvcmea meopemo. [f.3.9 bvina dax-
MmuYecky eueedena Gopmysa Ois pewenus sadavwu Kowu ¢ npo-
UBBOMDHBLM HAMAALHBLM Ycaosuem T . Jeticmeumensiio, us umeem
¢ =Y (to)"'7°, u nocae ucnoavzosanus NOAYHAEM

y(t) = Z(ta tO)yov Z(ta tO) = Y(t)y(tO)il (414)

Dynryuoraavran mampuua Z(t,tg) Hasweaemces marpuantoM. Kax mam-
PUYHAA PYHKUUA NEPEMEHHOT T OHA ABAAEMNCA DEWEHUEM CAeYOULET 3a-
davwu Kowu

dZ(t, to)

—o - AWMV Z(t, o), Z(to,to) =Y (to)Y (to) ™' = E.
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3amevanue 4.3.3. Tux xax asemenmor a;;(t) Mampuyv, cucmemvl Ge-
WECTNEEHHDL, MO U 06ULEE PEWEHUE ECTNECTEEHHO UCKAMDb 6 KAACCE Geule-
cmeennodnaunur gynryut. Toeda npu evbope sewecmeennoli Gyroamer-
MasvHot MAMPUULL (9MO 8CE20a BO3MONCHO 6 PACCMAMPUBAEMOM CAYUAE)
Popmyaa npu ¢ € R™ daem obuiee 8eUECMBEHHOZHANHOE PEWEHUE
Aunetinott 00nopodnoti cucmemve O Y.

4.3.3 OO6uiee pelreHue JUHeHHON HeogHOPOaHON cucteMbl OJ1Y.
MeTon Bapuanuu moCcTOAHHBIX.

Paccmorpum JinHeliny0 HeogHOopoaHyo cucreMy OJLY ¢ HelpepbIBHBIM

BekTopoM f(t) = (fi(t), f2(t), - -, fn(t))—r:

d%t) = AWt + T(1), 1€ [ab). (4.15)

Kak u B npenpinymem nyskre Y (t) obosnadaer GpyHIaMEHTAIbHYIO MATPH-
Iy COOTBETCTBYIOIIEH opuopouoi cucrembr OIIY dy(t)/dt = A(t)y(t)
¢ Toit ke camoii Marpureit koadbdunuentop A(t).

Onpepenenne 4.3.3. Obwum peweruem aunetnots HeoOHopodHotl cu-
cmemvt QUPPEPEHUUGALHOIT YPABHEHUT T-20 NOPAOKA HA3DIBAEMCH
3a68UCAULEE OM N NPOUSBOALHLT NOCTNOAHHLT PEUWEHUE IMOT CUCTEMDL Ta-
Koe, 4mo A1060e dpy20e PEULEHUE CUCTNEMDBL MootCem. OVMb NOAYHEHO
U3 HE20 8 PE3YALMAME 8vl00Pa HEKOMOPVIT 3HAMEHUT IMUT NOCTNOAHHDIL.

Teopema 4.3.3. O6wee pewenue G gy (t) aunetinozo neoonopodnozo OJY
npedcmasumo 6 guode
gOH(t) :Y(t)6+yH(t)7 Ve = (61762,...,Cn)—r € (Cna (416)
20e i (t) — npouseoavroe wacmmoe pewerue HeodHopoorot cucmemv, QY.

Loxazameavcmeo. B cuimy jummHeiHOCTH CHCTEMBI BEKTOP-(PYHKITHs
Yo (t) aBisercs pernieHuem Ju1st m060ro BekTopa KoHcTaHT ¢ € C™.
CoruracHO onpeiesIeHrto OBIIEro PereHnst OCTAJIOCh TOKA3aTh, YTO JIJIsT JIIO-
60ro Hamepes 3aJaHHOTO pemnieHust y(t) CUCTEMBI HallIeTCsT BEKTOD
KoHcTaHT ¢ € C™ Takoit, uro Ha oTpeske [a,b] Gy/eT BBIIOJHEHO PABEHCTBO

7)) =Y () e+ 7g(0). (4.17)

Iycre y(t) — pemenne (4.15)). Pasuocrs F(t) = y(t) — Yy (t) mByx pemre-
HUI HEOJHOPOJHON CHUCTEMBl ABJIACTCH PELICHUuEeM OJIHOPOJHON CUCTEMBI,
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dy(t)/dt = A(t)y(t). Torma 1o Teopeme 006 obIeM pereHnn JTuHeRHOM
ojuopojHoit cucrembl Q1Y maiifercs Takoit Bekrop koucraur ¢ € C™ aro
HA PACCMATPUBAEMOM OTPE3Ke BBIIIOJIHEHO paBeHCTBO Y(t) = Y (t)¢, koropoe

upusogur K (4.17). O

[TocTpoenne 0HOIO M3 YACTHBIX PEIIEHHI HEOIHOPOIHON CHCTEMBI MO-
2KeT OBITH IIPOBEJIEHO METOJIOM BaPHUAIIUU ITOCTOSHHBIX U BBIPAKEHO C ITOMO-

mipio Beegenaoro B ([4.14) marpunanra Z(t, 7).
Teopema 4.3.4. Jlas arbozo ty € [a,b] dopmyaa

t

Tr(t) = / 20,0 F(M)dr,  t € [a,b], (4.18)

to

3adaem wacmmoe peuterue HeodHopodnoti cucmemt , YyA08AEMBOPAIO-
wee yeaosuro Yy (to) = 0.

Joxasameavcmeo. Bocrosb3yeMces: METOLOM BAPHAIIII IIOCTOSHHBIX, COLVIAC-
HO KOTOPOMY YaCTHOE PelIeHHe HeOHOPO/HOI CHCTEMBI HIETCS B BUJIE, MO-
sropsiomem crpykrypy (4.10) obmero pemenusi oIHOPOIHON CHCTEMBI, B
KOTOPOM BEKTOP KOHCTAHT C 3aMEHEH Ha IO0Ka IPOM3BOJIbHYIO HElPEephIB-
1o muddepermupyemyio BekTop-byHKImo ¢(t) = (c1(t),ca(t),...,cn(t)) T,
a UMEHHO:

7(t) = Y (t)e(t). (4.19)

ITockonbKy dyHIaMEHTAIbHAS MATPUIIA YOBIECTBOPSIET OTHOPOIHOMY YpaB-
uenuto dY (t)/dt = A(t)Y (t), o

dag(t)  dY(t) de(#)
o T a (WY

Ioncrasmss sopaxkenns: (4.19) u (4.20) B ypasuenue (4.15) u npusosst mo-

JIOOHBIE CJTaraeMble, IOy YaeM YPaBHEHNE JJTs OMPeIeIeHIs BEKTOP-DyHKITIN

¢(t):

de(t)
dt

= A)Y (£)e(t) + Y (£)

(4.20)

0™ _F) (421)
B cuty HeBbIpoK ieHHOCTH (DY HIAMEHTATBHOM MATPUIBI 5TO yPABHEHIE MOK-
HO TiepericaTh B Buje de(t)/dt = Y (t) 1 f(t) m npounTerpEpoBaTh OT t( 110
t. ITosiaras 110 OIPEEIIEHUIO, YTO MHTErPAJ OT BEKTOP-(BYHKIMI €CTh BEK-
TOP, COCTABJIEHHBIN U3 MHTETrPAJIOB KOOPANHATHBIX dyHKINIA, nMeeM ¢(t) =
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t —
JY (7)) f(7)dr. locae nopcranosku B (4.19) okoHUATENBHO TOTyIaeM
to

t t

g(t) =Y (t)e(t) = Y(t)/Y(T)’I?(T)dT = /Z(t,T)f(T)dT.

to tO
O

Cnepctsue 4.3.2. Pewenue G(t) = §(t;7,) 3adawu Kowu dasn aunetinot
1eodHopodHoT cucmemol

dy(t)
dt

= A@®)y(t) + f(t), t€ab]
¢ sadannvim 8 mowke to € [a,b] HauasvHbIM Ycaosuem

7(to) = o

umeem eud
t

w(tig) = 20t tom + [ 2.7 (r)dr (4.22)

to

4.4 lloctrpoenue pyHIAAMEHTAIILHOW CUCTEMBI PEIIeHUT
AJs JIMHEeWHO# oJHOpoaHOll cuctembl auddepeH-
UAJIbHBIX YPAaBHEHU C IIOCTOAHHOI MaTpuileii

PaccmoTpum ogHOPOIHYIO CEICTEMY OOBIKHOBEHHBIX UM (MepEeHITHATHHBIX
ypaBHeHHI ¢ mocrosHHOM Marpuueit kosddumuentos A(t) = A = (a;;),
Qi eR 2,5=1,...,n:

dy(t)
Sdt
Io amamorum co cKaJsipHbIM ypaBHeHueM y'(t) = ay(t), uMeromumM pere-

uue y(t) = hexp{at} ausa moboro h € C, GyneM uckaTh HeTPUBHAJLHBIE
pemtenus cucremsl (4.23) B Buse

= AF(t). (4.23)

7(t) = hexp{\t}, h=(hi,hs,...,h,)  €C", XecC. (4.24)
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Toncranoska Beipaxkennst (4.24) B cucremy (4.23) npusomuT K 3a1aue Ha-

xoxkIeHus Takux A € C, mpu KOTOPBIX CHUCTEMa JIMHEIHBIX aaredpamvaecKux
yPpaBHEHU

(A—\E)h =10 (4.25)

HMeeT HeTPUBHAJIbHOE pernenre h. Kak N3BeCcTHO U3 Kypca JHHEeiHOi are-
pPbI, TaKuEe A HA3BLIBAIOTCS COOCMEEHHbLMU 3HAYEHUAMU MATPUIBLI A, a OT-
BEUAIOIINE UM BEKTOPLI h — cobemeentvimu sekmopamy mMarpurpl A. Cob-
CTBEHHbIE 3HAYEHUSI U TOJBKO OHU SIBJISIIOTCS KOPHSAMU TAPAKMEPUCTUYE-
ck020 mrozovnera M(N):

M(X) = det(A — AE) = 0. (4.26)

4.4.1 TIlocTtpoenmue dbyHIaMEHTAJIbHON CUCTEMBI peEIleHu, Koraa
cyiiecTByeT 0a3uc n3 coOGCTBEHHBIX BEKTOPOB

[TockonbKy XapakTepUCTHYECKHII MHOTOWIEH MMEeT CTEIeHb 7, TO II0
OCHOBHOIl TeopeMe ajireOpbl y Hero UMeeTCst POBHO 1 KOpHEi (COGCTBEHHBIX
3HatIeHI/H7I)7 C y9ETOM UX KPATHOCTU A1, ..., Ap, Aj € C. Us kypca JiMHEHO
aJIredpbl U3BECTHO, YITO CYIIECTBYET He 6osiee, YeM N JTMHEHHO HE3aBUCHMBIX
CODCTBEHHBIX BEKTOPOB MaTpulibl A. OcTaHOBUMCS CHaYaja HA CJIydae, KO-
I8 KOJIMYIECTBO JIMHEITHO HE3aBUCUMBIX COOCTBEHHBIX BEKTOPOB B TOYHOCTH
pPaBHO M. 3aMeTHM, 9TO B 9TOM CJIy4dae COOCTBEHHBIE BEKTOPHI COCTABJISIIOT
6a3uc npocrpanctsa C”.

Teopema 4.4.1. [Tycmo y mampuyvt A umeemcs posHo N AUHETUHO He3a-
BUCUMDLT COOCTNBEHHBLT BEKMOPOS

hi, ha, ... hy,
OMBEUANUWUT COOMBEMCMEYULUM COOCTNEEHHDIM ZHAMEHUAM
A, Az, s A
Tozda sexmop-dpynryuu
71 (t) = hyexp{it}, Uo(t) = hoexp{lat}, ... 7, (t) = hyexp{\,t} (4.27)

obpasyrom Pyndamenmarviyio cucmemy peuerutl HA NPOUZBONBHOM
ompe3sxke [a, b].
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Jloxazamenvcmeo. PaccMOTpUM IPOM3BOJIBHBIN OTPE30K [a, b]. st srroboro
j = 1,...,n cobcTBeHHOE 3HaYEHNE \; W _COOTBETCTBYIONHN COOCTBEHHBIH
BEKTOD h; y/IOBJIETBOPAIOT yPABHEHUIO , 1 TOTJa KaXKJas U3 BEKTOP-
bynxmmit 7,(t) = hjexp{\;t} sBIseTcs permenuemM ypaBHEeHHs Ha,
[a, b] o TOCTPOEHUTO.

JokarkeM JIMHEHHYIO HE3ABUCUMOCTD Ha OTPe3Ke [a, b] mocTpoeHHol cu-
crembl yrkuuit. [Iyist sToro cornacuo teopeme [£.2.3] 06 anbrepHaTHBe AIsT
ompeesureins Bporckoro gocrarodno ybemurnbesi, aro det Y (t) # 0 agis
Hekoroporo t € [a,b], rme Y (t) = (7, (t),Y5(t), ..., 7,(t)). Paccmorpum ot-
pe3ok [c, d], Bruouatomuii B cebst NCXOAHBIN OTPE30K [a, b] 1 Touky t = 0:

[a,b] C [¢,d], 0 € ]cd].

Bekrop-dyukuun u3 (4.27) seiasitorcst permenusivu cucreMbl (4.23)) wa or-
peske [c,d]. B npunajgiexaineit sToMy orpes3ky Touke t = 0 omnpejenuressb

Bpomckoro
det Y(O) = det(ﬁl,EQ, NN ,En) 7é 0,

TaK KaK B IPOTUBHOM ciiydae cocrasisionue Y (0) croabusr — cobCTBeHHbIE
BeKTOpA hy, Ry, . . . , Ay, — ObLTH GBI THHEITHO 3aBUCHMBIME. COTTACHO TeopeMe
06 anbrepHaTHBe Jyist onpeenanTesst Bponckoro det Y () # 0 Ha BceM
orpeske [c,d], a 3HaunuT 1 Ha ero yacru |a, bl. O

4.4.2 TIlocTrpoenune dbyHIaMEHTAJILHON CUCTEMBI peIlleHn, Koraa
He cyIecTByer 6a3uca u3 cOGCTBEHHBIX BEKTOPOB

PaccmorpumM citygaiil, KOrjia KOrjia KOJUIECTBO CYIIECTBYIONUX Y MATPH-
bl A JINHEHO HE3aBUCHUMBIX COOCTBEHHBIX BEKTOPOB CTPOI'O MEHBIIE, 9eM
[TOPSIJIOK CUCTEMBI 7. BhinuimeM Bce omapHO pa3jndHble COOCTBEHHBIE 3HA~
YeHUsA Aj C COOTBETCTBYIOMNME KPATHOCTAMMA kj:

)\17 )\2a )‘f ’ )‘Z#)‘j Hle?é],
]ﬂl, k27 k@ s kj}]., k1+k2+"'+k[:’n.
[Tycts ganee A € {A1,..., ¢} 0603HAUAET OJHO U3 COOCTBEHHBIX 3HAUE-

HUIl ¢ COOTBETCTBYIONIEH KPATHOCTHIO k. [IoKaskeM, 9TO KaxKJOMy TAKOMY
COOCTBEHHOMY 3HAYEHUIO MOXKHO COIOCTABUTH POBHO Kk BEKTOP-DYHKIINIA,
SIBJISIIONUXCST PeIeHnsiMu otHopo ol cucremsl (4.23]). Ecun pasmeprocTs
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s = dimKer(A — AE) co6CTBEHHOIO MOANIPOCTPAHCTBA, OIPEIEIAIONIAT KO-
JINYECTBO JIMHEHHO HE3ABUCUMBIX COOCTBEHHBIX BEKTOPOB It JAHHOTO COD-
CTBEHHOI'O 3HAYEHUsI, PABHA KPATHOCTH COOCTBEHHOrO 3HadeHus, s = k, TO

uckomble PyHKIuK crposites corsiacuo (4.27)).

Eciu pasmepHOCTb COBCTBEHHOTO TOAIIPOCTPAHCTBA MEHbBIIE KPATHOCTH
COOCTBEHHOTI'O 3HAYeHUs, S < k, TO, KAK U3BECTHO 1/13 Kypca JuHeHO! aired-

—1 —1
Pbl, MOXKHO BbIODaTh COOCTBEHHBIE BEKTODEI h{, h27 ..., h, Tak, aTo cocros-
1ast POBHO U3 k BEKTOPOB cuCTeMa COOCTBEHHBIX BEKTOPOB 1; U LIPUCOEN-
—m i
HEHHBIX BEKTOPOB h; ,m =2,...,p;,j=1,...,8,p; 2 1, p1+p2+---+ps =
k, KOTOpyIO 3amuIlieM B BUJE
)

@, @, @,
hy, ... h;, ... h,
BB e

VIOBJIETBOPSAET yPaBHEHUSIM

-1 -1
AR; = AR,
-2 —2 -1
AR, = b +hy,
ART = MR 4R (4.28)
Nz 7P 7Pi—
ARY = AR R

C moMoIIp0 COOCTBEHHBIX M IIPUCOEINHEHHBIX BEKTOPOB IIOCTPOUM CeMEfi-
CTBO U3 CJIEIYIONUX k DyHKII

—1
h; exp{At},

—2 t—
<hj + 1!hj) exp{At}, (4.29)

<

[y

—
~

=
Il

<
<
—~
~
N
\
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—m —m t —m—1 t2 —m—2 t4 —m—q
yj(t)=(hj +ﬂhj +5hj +---+ahj +...
L ;) exp{At)
o+ ——h, ) ex
(m—-11"7 P ’
. —p,; t—pi—1 t2—p,—2 t9—p,—
—D. _ Pj Pj Pj P;—4q
yj](t)*<hj +ﬂhj +5hj +~~~+ahj +...
M ept)
S ) exXpiAt},
(pj—l)' J
7=1...,s.

JokazkeMm, 910 Bce DYHKIUH U3 TIOCTPOCHHOTO CEMENUCTBA SIBJISIIOTCS Pe-
MIEHUAMUI JIMHEHHON OJHOPOAHOII CHUCTEMBI . Paceymorpum dyuximio
¥ (t), Beramcsmm ee npoussonuyto dy'(t)/dt m crpynmmpyem pesysbrar
TakK, 9TO0OBI yI00HO OBLIO BOCIIOJIB30BATHCSI COOTHOIIEHUSIMU . Nwe-
eM

dyi'(t)
dt
m—1 m—2 t27m—3 tq%—q—l tm72 -1
- ( L th ghj q!hj + (m —2)! it
—m t m—1 t2 —m—2 td —m—q tm_Q -2
+ Ah; +F/\h] +§)\hj + --+a/\h] +- 4 (m—2)!)\hj+
A A
+ { il j) exp{At} =
m t m—1 t2 m—2 t9 —m—q
= (AR] + AR T 4+ AR AR
P 4R exp{M) — AT
er j) exp{\t} = Ay (1),

m=1,...,p;, j=1,...,s.

Crenosarenbho, 7' (1) — pemenus cucTeMbl .

JloKazkeM, 9TO CHCTEeMa U3 7. BEKTOP-(PYHKIMH, COCTOAIAS U3 00beIu-
HEHUs [OCTPOEHHBIX Jyist BceX A € {A1,..., A\¢} pemenuit Buja , AB-
JISTETCST JINHEWHO HE3aBUCHMOW HA MPOM3BOJLHOM OTpesKe [a,b]. Pacemor-

puM oTpesok [¢,d], [a,b] C [¢,d], 0 € [c,d]. Bekrop-bynkmun u3z (4.29)
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SIBJISIIOTCS] PEINIEHUSIMUA CUCTEMBI Ha orpe3ke [¢,d]. B npunasexa-
meit sTomy orpe3ky Touke t = ( ompemesinresib BpOHCKOTO 3TOW CHCTEMBI
OTJIMYEH OT HyJlsl, IOCKOJIBKY cooTBeTcTByomas Marpuna Y (0) cocrasiena
u3 CTOJOIOB, SBJSIIONUXCS COOCTBEHHBIMU U TIPUCOEINHEHHBIMA BEKTODA-
MU MaTpuIbl A, COBOKYIIHOCTh KOTOPBIX JIMHEHHO HE3aBHCUMAa U obpasyer
6asuc B C". Coruacno reopeme [1.2.3] 06 anbrepraTuse st onpe/enurelst
Bponckoro det Y (¢) # 0 Ha BceM oTpeske [¢,d|, a 3HAYUT M HA €ro YacTH
[a, b]. TIosToMmy paccmarpuBaemas cucreMma pemnenwuii (4.23)) siBisiercs uneii-
HO HE3aBUCUMOIT Ha [a, b] U, CIeOBATENBHO, COCTABIsAET (DYHIAMEHTAILHYTO
CUCTEMYy pEIIeHUI Ha 3TOM OTpe3Ke. TeM caMbIM yCTAHOBJICHA CIIPABEIJIH-
BOCTD CJIEIYIONIEH TeopeMbl.

Teopema 4.4.2. Cucmema u3 n sexmop-pynryutl, cocmoawas us 06s-
EOUHEHUA NOCTMPOEHHVL OAA BCET PABAUMHBIT COOCMBEHHHL 3HAUEHUT A1,
A2, ... A¢ pewenudi suda , ABAAEMNCA PYHIAMENMAALHOU cucmemot
pewerud Ha NPOU3BOALHOM ompeske [a,b].

4.4.3 IlocTtpoenme dyHIAMEHTAJIBHOI CHCTEMBI pEIleHMil B Be-
IIIECTBEHHOM BH/IE

B mpeapiayiem maparpade mpu mocTpoeHun (pyHIaMEHTAJIBHON crcTe-
MBI peHIeHI/II‘/JI MBI d)aKTI/ILIeCKI/I HE HCIIOJIL30BaJI TO, YTO MaTpPHUIla CUCTEMbI
BerecTBeHHA. [Ipu 3TOoM yHIaMeHTaIbHAs CUCTEMa PeIlleHnil KOHCTPYK-
THBHO IIOCTPOEHA B KOMILIEKCHOH dopme. Onaxo obmas reopema [£.3.1] u3
naparpada [1.3.I] rapanrupyer cymecrsoBanue dhyHIaAMEHTATLHOI CHCTEMBI
peIeHuil B BENEeCTBEHHOM Bujie. BO3BHUKAET BOIIPOC, HEJIb3sl JIN TAKXKe KOH-
CTPYKTUBHO HOCTPOUTH (DYHIAMEHTAJIBHYIO CUCTEMY DEIIEHUI B BEIECTBEH-
oM Brsie? OTBET HA STOT BOIPOC MOJIOKUTEIbHBIH. Hiske TaHbI IOsSICHEHNS.

HamomuuM, 94T0 y BEIIECTBEHHON MaTPHUILI XapAKTEPUCTUIECKUN MHO-
ro4JIeH UMeeT BelecTBeHHbie Kodddunuentsl. Kak ciieayer uz Kypca Jm-
HelHO# aJreGpbl, ero KOMIUIEKCHO3HAUHbIE KOPHU (COOCTBEHHBIE 3HAYEHMSI
MaTPHIBI CUCTEMbI) UAYT KOMILJIEKCHO COIPSIKEHHBIMU [IapaMu: A = p + iq,
A =p—iq, M(\) = 0, M(\*) = 0. Torma B mocTpoeHHON B Teopeme
[4:42] bynnamenTanbHOll cucteMe pentenuil BeKTOP-pyHKIUU, OTBEYAIONITE
BEIECTBEHHBIM COOCTBEHHBIM 3HAYEHUSIM, SIBJISIIOTCS BEIIECTBEHHBIMU, 8 OT-
BeUaoIue KOMIIJIEKCHBIM COOCTBEHHBIM 3HAYEHUSM (DYHKIIMA BCTPEIAIOTCS
TOJIBKO KOMILJIEKCHO COTPSI?KEHHBIMU TTapaMi. 3aMEHUM B (DYHIAMEHTAIb-
HOI cUCTeMe pelreHni KaXKIyio TaKyio mapy yHKITit

g(t) = (), @) T = Wi (), un (@)
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COOTBETCTBYIOIMIUMMN ,ZLefICTBHTeJIBHLIlVII/I 1 MHUMBIMU 9aCTAMU,

7" (t) =Rey(t), ¥'(t)=Imy(1).

Tak kak

gi(t) = 0.5(y(t) +7* (1), ¥'(1) = 0.5i(F" (1) — H(t)), (4.30)

10 72 (t), ¥ (1) — penrenust 0HOPO/HOIT CHCTEMBI KAK JTHHEITHbBIe KOMOHHAIIT
pemrennii. [locTpoerHast TakuM 06pa3oM COBOKYITHOCTH BEKTOP-(DYHKIIHIHA CO-
CTOUT U3 N BEWECMBEHHHLT PEITEHNI TUHEHHON OTHOPOTHON CUCTEMBI Tud-
depeHIMaIbHBIX YpaBHEHNN U 3ajaeT ee (PYHIAMEHTAJIBHYIO CHCTEMY pe-
IIEeHU.

st obocHOBaHUS 3TOrO (paKTa OCTAIOCH YOEIUThCsT B JTMHEIHON He3aBU-
CHUMOCTH HAJT [TOJIEM BEIIECTBEHHBIX YUCEJ TOCTPOEHHOM CUCTEMBI Ha JTIOOOM
orpeske [a,b]. IIpeanonokuM 1poTUBHOE, T.€. HEKOTOpAs JMHEHHAs KOM-
OuHanus ¢ BEIECTBEHHBIMU KoddbdurmuentamMu r; € R a1 moCTpOeHHBIX
dyHKIWmit o6palaercst B HOJIb Ha HEKOTOPOM oTpe3Ke [a, b]. He orpannunsas
OOIITHOCTH MOYKHO CUUTATH, YTO B TAKOM JUHEHHON KOMOMHAIMYN BCTPEeYaeT-
Cs1 CyMMa, BHJIa

Ayl £y () 4 =0, 1415 >0,
Hoxncrasnsas u3 (4.30) BbIpaxkeHust Jjid BCEX BCTPEYAIOIIUXCs 1A depe3
COOTBETCTBYIONIUE KOMILJIEKCHDBIE BeKTOP-(QyHKITUH, IOIydaeM PaBeHCTBO

oo 0.5(ry — ira)T(t) + 0.5(ry +ir)T () 4o =0, 7% 4+7r2>0.

Takum 0bpa3oM, HeTpUBHAIbHAS JIMHEHHAS KOMOUHAIUS ¢ KOMIIJIEKCHBIMU
KO3 durmenTaMu Jjisi BEKTOP-PYHKIUN U3 UCXOIHON (DyHIaMEHTATILHON
CHUCTEMBI pelleHnil 06paTujiach B HOJIb, 9TO IIPOTHBOPEYUT €€ JINHENHOI
HE3ABUCUMOCTH.

4.5 JlomosiHeHHUEe

4.5.1 Teopema o0 HeIBHBIX QYHKITAIX

PaccmoTpum cucTeMy u3 m DyHKIMOHAILHBIX YPABHEHHI OTHOCHTEILHO
m + M ApryMeHTOB (Ul .. ., Up, L1,y - - -, Ty ) € R
Fi(ugy ..o tm, 1,...,&y) =0,
. (4.31)
Fr(ug, ..y Umy @1, ..., Zy) = 0.
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Hac uaTepecyer Bompoc 0 pa3pemmMocTi CUCTEMBI (DYHKITMOHAIBHBIX YPaB-

Henuit (4.31]) orHOCHTEIBHO Uy, . . ., Up,. [Tox perennem cucrems (4.31) mo-

HUMAETCA COBOKYITHOCTH OIPeIeJeHHBIX B HEKOoTOpoi obmgactu D C R”™
byHKIIMiT
ulz(pl(x17"'7mn)’ ceey U’m:@m(zla"'7xn)7 (432)
TaKUX, YTO TIPU TOJCTaHOBKe 3Tux dyHKuil B cucremy (4.31)) Bce ypasne-
HUST 9TOH CHCTEMBI OOPAIIAIOTCS B TOXKIECTBA!
Fi(ui(x1, o s Zn)ye ey um(T1, -0y Tn), T1y 0o, Ty) = 0,
V(z1,...,zn) €D, i=1,...,m.

Axobuanom dyskmit Fi, ..., F,, 00 I€PEMEHHBIM U, . . . , U, HA3BIBA-
eTCs CIeIYIoONuii (PYyHKIMOHAJIBHBIN OTPeaeInTe b
oFy, OF oF
o, o OB
D(Fl,...,Fm):det S 9w D
D(uy, ..., tm) ST
OoF,, OF,, 0Fy,
SIBJISTFOIIIANCST CKAJISIDHOM (DYHKIIMEH apryMeHTOB (ul, ey Uy Ty ,xn).

Teopema 4.5.1. ITycmv m Pynruut
Fi(ut, oo yUm, @1,y @n)y  oovy Fp(Ur, ooy U,y @1, o T0)
Judpepenyupyemos 8 HEKOMOPOT OKPECTNHOCTNU MOYKY

— 0 0 .0 0
No = No(uj, ... Uy, @iy, T,),

wacmmole npouseodnsie OF; /Ou; nenpepwshos 6 mouke Ny, i, =1,...,m.
Toz2da ecau 6vinOAHEHDL YCAOBUS

D(Fla"';Fm)
D(uy, ..., upm)

mo 0aa JdOCNAMOUHO MAABLT YUCEA €1, . ..,Em HATJEMCA MAKAA OKPECT-
nocmo mowru Mo(29,...,20), wmo 6 npedeaax amoti oxpecmmocmu cy-
wecmayrom eduncmseennvie m GyHKEUUl , Komopoie ydosaemsopsaom
yeaosuam |u; — ul| < g5, i =1,...,m, U ACAAIOMCA PEUWEHUEM CUCTREMD

ypasrenull , MPUYMEM IMO PeweHue Henpepuieho U duddepenuupyemo
8 yxasarHol oxpecmuocmu movwky My.

F‘Z(.ZV()):O7 ’L:].,,TTL7 (No)#o,

JlokazaTesbCTBO TEOpEeMBbI MOXKHO Halitu B [1], rur. 13, §2.
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4.5.2 3BaBucumocTh QyHKIU 1 PYyHKIINMOHAIbHBIE MATPUIIBI

Paccmorpum m dyHKIMIT OT 1 IIepeMeHHBIX

up = 1(T1, ..., Tn),
. (4.33)
Um = @m(xlv s 7xn)-

Ipeamonaraercst, aro dyHKIUK ©; (L1, ..., &), 1 = 1,...,m, OupeeaeHbl 1
muddepeHIupyeMbl B HEKOTOPOil OTKPBITOI n-MepHoi obactu D. Hamowm-
HUM ompejesenne 3apucumoctr byukuuii. Ilycrs k € {1,...,m} — duxcn-
POBaHHBII WHJIEKC.

Onpepenenue 4.5.1. Oynxuus up 3asucum 6 obaacmu D om ocmano-
HOLT PYHKUUT U3 , ecau cpasdy oas ecex mouek T = (T1,...,&,) € D

up(Z) = ®(ur (T), . .., up—1(T), up41(T), um (T)), (4.34)

2de & — nexomopas pynryus, onpedesernas u duPdepeHuupyeman 6 coom-
sememeytoweti 06AacmU USMEHEHUA CEOUT apaymenmos. Pynruuy

Uty oy Um

HA3BIBANOMCA 3a6UCUMBMU 6 obaacmu D, ecau odua u3 smuxr Gynruyuil
3aeucum 6 obaacmu D om ocmanvhvix.

Ecnn ne cymecrsyer muddepennupyemoit bynknun ® takoii, 9o cpasy
JUIS BCeX To4eK obsactn DD CIpaBeiIMBO TOXKJIECTBO BHJA XOTsT OBl
mas oxuoro k € {1,...,m}, 10 OyHKIMK U1, . .., Uy, HASBIBAIOTCI HE3G6U-
cumvimu 8 obaacmu D.

Teopema 4.5.2. [Tycmv m gynxyui omn = m nepemermsr 6uda
onpedenenve u ugfdepenyupyemvr 6 oxpecmmocmu mouku Mo(z9, ..., 20).
Tozda ecau axobuar u3 MU GYHKYULT NO KAKUM-AUOO T NEPEMEHHDIM O~
auven om myan 6 mouxe My, mo amu GyHrkuuy He3a8UCUMDL 8 HEKOMOPOT
oxpecmuocmu mouky M.

[Tycts reneps @;(T1,...,2Tyn), ¢ = 1,...,m, oupeneienst u quddepeniu-
pyeMmbI B HEeKOTopoii okpectrocTr Touxkn Mo(x), ... 20), mpmaem Bce gact-
HbIE IPOU3BOJIHBIE TIEPBOTO MOPSIIKA OT 3TUX (DYHKIUI HEIPEPHIBHBI B CAMOI
touke My. CocraBuM u3 9acTHBIX Tpon3BoaHbIX GyHKIWA (4.33) dyHKIm-
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OHAJIbHYIO MaTPHILY

91 9o 91
Ox1 Oxs Oz,
Op2  Opa 92
0x1 Oxy  Oxy, , (4.35)
0pm  Ovm OPm
Ox1 Oxs Oz,

COEPXKAILYIO 1M CTPOK U 7. CTOJIOIOB.
Teopema 4.5.3. ITycmo y Pyrruuonasvhoti mampuibl

1) mexomopwii MUHOP T-20 NOPAOKA OMAUNEH OM HYASA 6 MOUKE

Mo(l'(l), ceey x?z)7

2) ace munopos (1 + 1)-20 nopadka pasrovl 1Yo 6 HeKOMOPOT OKPeCTHO-
cmu mouku My (ecau r = min(m, n), mo smo mpebosanue caedyem
onycmums).

Tozda r Pynryutl, npedcmasAeHHIT 8 YKAZAHHOM MUHOPE T'-20 NOPAJIKQ,
HEZABUCUMDL 6 oKpecmmocmu mouky My, a xaxcdas us ocmasvhux Gyrk-
yull 3a8ucum 6 amoti OKPECHOCTNU OM YKAZAGHHLL T BYHKUUT.

JlokazaTesneTBO STUX TeopeM MOXKHO HaiiTu B 1], ror. 13, §3.
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