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Φn(x)
D9?F�5�

fn(x) @ 9=287<X3824g:w5t 907285:
Φn(x0) = 0 @ 0t2=530g 4/8?21<4?2 ?/ 0<Y1<?3<

[a, b]
F;<4822E4/B?2�

Φ(x)
;4<=<7>?2� D9?F�55

f(x) @ 9=287<3824g:w<� 907285:
Φ(x0) = 0 A
����������	�
� � � 7g ;207<=28/3<7>?2035 ;<4822E4/B?Kt

Φn(x) @ 9=287<X3824g:w5t 34<E28/?5:
Φn(x0) = 0

8K;27?<?K 80< 907285g 3<24<1K Hb AH@632 2E<0;<658/<3 4/8?21<4?9: ?/
[a, b]

0t2=51203> ;207<=28/3<7>?2035 {Φn(x)}F ;4<=<7>?2� D9?F�55
Φ(x) @ 9 F23242� 8 F/x=2� 326F< 0<Y1<?3/ [a, b]

09w<X0389<3 ;425B82=?/g @ 4/8?/g ;4<=<7>?2� D9?F�55 ;207<=28/3<7>?2035 {fn(x)} A
� 2x?2 0D241975428/3> vF858/7<?3?2< 938<4x=<?5< =7g D9?F�52?/7>?2Y24g=/� A
�k�jk�� p
 q� q { 075 F/x=/g D9?F�5g

uk(x)
51<<3 ;<4822E4/B?9: ?/ 0<YX1<?3<

[a, b] @ 5 <075 4g= ∑∞
k=1 uk(x)

0t2=530g 4/8?21<4?2 ?/ 0<Y1<?3<
[a, b]F 0911<

S(x) @ 32 5 0911/
S(x)

51<<3 ?/ 0<Y1<?3<
[a, b]

;<4822E4/B?9: A {0X75 =2;27?53<7>?2
x0 � 7:E/g 326F/ 0<Y1<?3/

[a, b] @ 32 4g= @ 02032gw5� 5B;<4822E4/B?Kt
Uk(x)

D9?F�5�
uk(x) @ =7g F2324Kt

Uk(x0) = 0 @ 0t2=530g4/8?21<4?2 ?/ 0<Y1<?3<
[a, b]

F ;<4822E4/B?2�
Φ(x)

0911K
S(x) @ 9=287<382X4g:w<� 907285:

Φ(x0) = 0 A

�� ������ � �	
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�� ���	��� � ����
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�| �� � &(%!! % $!#%*+$+ )-!$% �
!��$ !-(
!a_ � �
'(%, )-#%(
! '#%} $ +", ) �

�k�jk�� p� qpq {075 D9?F�52?/7>?/g ;207<=28/3<7>?203> {fn(x)} 0t2=53X0g F ;4<=<7>?2� D9?F�55
f(x)

4/8?21<4?2 ?/ 0<Y1<?3<
[a, b] @ 5 <075 F/x=/gD9?F�5g

fn(x)
5?3<Y4549<1/ ?/ 0<Y1<?3<

[a, b] @ 32 5 ;4<=<7>?/g D9?F�5g
f(x)

5?3<Y4549<1/ ?/
[a, b] @ ;456<1 82B12x?2 �PLOZ[[PZ M[ eZ�TMT PQ\[MZ @3A< A ;4<=<7

lim
n→∞

b
∫

a

fn(x)dx GHz AHI
09w <0389<3 5 4/8<?

b
∫

a

f(x)dx. GHz AbI

����������	�
� � � 2F/x<1 0?/6/7/ @ 632 ;4<=<7>?/g D9?F�5g 5?3<Y4549<X1/ ?/ 0<Y1<?3<
[a, b] A �5F0549<1 ;425B827>?2< ;272x53<7>?2< 65072

ε A � 2X03/326?2 =2F/B/3> @ 632 =7g ;4<=<7>?2� D9?F�55 f(x)
?/�=<30g t23g EK 2=?24/BE5<?5< 0<Y1<?3/

[a, b] @ =7g 8<4t?<� 0911K
S
5 ?5x?<� 0911K

s
F23242Y20;4/8<=7582 ?<4/8<?0382

S − s < ε A � 7g v32Y2 @ 8 082: 26<4<=> @ =203/326?2=2F/B/3> @ 632 =7g ?/C <Y2 ε > 0
?/�=<30g 3/F2� ?21<4

n @ 632 =7g 7:E2Y2 4/BXE5<?5g 0<Y1<?3/
[a, b]

8<4t?gg 0911/
S
5 ?5x?gg 0911/

s
D9?F�55

f(x)
58<4t?gg 0911/

Sn

5 ?5x?gg 0911/
sn

D9?F�55
fn(x)

08gB/?K ?<4/8<?03821

S − s ≤ (Sn − sn) +
ε

2
. GHz AzI

./00123451 ;425B827>?2< 4/BE5<?5< {xk} Gk = 1, 2, . . . ,mI 0<Y1<?3/ [a, b] @5 2E2B?/651 05182721
ωk(fn)

F27<E/?5< G32 <03> 4/B?203> 1<x=9 326?2�8<4t?<� 5 326?2� ?5x?<� Y4/?5: I ?/
k
X1 6/0356?21 0<Y1<?3<

[xk−1, xk]D9?F�55
fn(x) @ / 05182721

ωk(f) � F27<E/?5< ?/ 321 x< 6/0356?21 0<YX1<?3< ;4<=<7>?2� D9?F�55
f(x) A � <4/8<?0382 GHz AzI E9=<3 =2F/B/?2 @ <0751K 903/?2851 @ 632 =7g =203/326?2 E27>C2Y2 ?21<4/

n
0;4/8<=7582 ?<4/X8<?0382

ωk(f) ≤ ωk(fn) +
ε

2(b− a)
. GHz A� I

�03/?2858 v323 D/F3@ F/x=2< 5B ?<4/8<?038 GHz A� I 1K 12x<1 =21?2x53>?/ =75?9
k
XY2 6/036?2Y2 0<Y1<?3/ @ 5 072x53> ;2796<??K< ?<4/8<?038/ A .<XB97>3/321 g8530g 8K4/x<?5< GHz AzI A

��



� 7g 7:E2Y2 ?21<4/
n
5 7:EKt =89t 326<F

x′ @ x′′ @ ;45?/=7<x/w5t 0<Y1<?39
[xk−1, xk] @ 0;4/8<=7582 32x=<0382
f(x′) − f(x′′) = [f(x′) − fn(x′)] + [fn(x′) − fn(x′′)] + [fn(x′′) − f(x′′)], GHz A I
23F9=/
|f(x′)− f(x′′)| ≤ |f(x′)− fn(x′)|+ |fn(x′)− fn(x′′)|+ |fn(x′′)− f(x′′)|. GHz A& I

� 0579 4/8?21<4?2� ?/ 0<Y1<?3<
[a, b]

0t2=512035 ;207<=28/3<7>?2035 {fn(x)}F D9?F�55
f(x) @ =7g D5F05428/??2Y2 ;425B827>?2Y2

ε > 0
?/�=<30g ?21<4

n
3/F2� @ 632 =7g 80<t 326<F

x
0<Y1<?3/

[a, b]

|fn(x) − f(x)| < ε

4(b− a)
. GHz A�I

u2=03/87gg ;207<=?<< ?<4/8<?0382 8 ;4<=;207<=?<< @ ;279651
|f(x′) − f(x′′)| ≤ |fn(x′) − fn(x′′) +

ε

4(b− a)
. GHz A� I

u21512 v32Y2 @ ;45 7:E21 4/0;272x<?55 =89t 326<F
x′

5
x′′

?/ 0<Y1<?3<
[xk−1, xk]

0;4/8<=7582 ?<4/8<?0382
|fn(x′) − fn(x′′)| ≤ ωk(fn), GHz A� I

;2v3219
|f(x′) − f(x′′)| ≤ ωk(fn) +

ε

4(b− a)
. GHz AH� I

WE2B?/6/g 326?9: 8<4t?:: 5 ?5x?:: Y4/?5 D9?F�55
f(x)

?/ 6/0356?210<Y1<?3<
[xk−1, xk]

02238<3038<??2 F/F
Mk

5
mk @ 8 0579 2;4<=<7<?5g 326?KtY4/?<� ?/�=<1 ;207<=28/3<7>?2035 326<F {x′p}

5 {x′′p}
0<Y1<?3/

[xk−1, xk]3/F5< @ 632
lim

p→∞
x′p = Mk, lim

p→∞
x′′p = mk. GHz AHHI

�2Y=/ =7g 7:E2Y2 ?21<4/
p

|f(x′p) − f(x′′p)| ≤ ωk(fn) +
ε

2(b− a)
, GHz AHbI

632 ;207< ;4<=<7>?2Y2 ;<4<t2=/ ;45
p→ ∞ 2E4/w/<30g 8 GHz A� I 5 @ 3/F51 2EX4/B21 @ =2F/BK8/<3 5?3<Y4549<1203> ;4<=<7>?2� D9?F�55

f(x)
?/ 0<Y1<?3<

[a, b] A
� 7g =2F/B/3<7>038/ 82B12x?2035 ;267<??2Y2 5?3<Y45428/?5g ?9x?2 ;2F/XB/3> @ 632 =7g 7:E2Y2

ε > 0
?/�=<30g 3/F2� ?21<4

N @ 632 =7g 80<t
n ≥ N

∣

∣

∣

∣

∣

∣

b
∫

a

fn(x)dx −
b
∫

a

f(x)dx

∣

∣

∣

∣

∣

∣

< ε. GHz AHzI

� 



� 0579 4/8?21<4?2� 0t2=512035 ;207<=28/3<7>?2035 {fn(x)} F D9?F�55
f(x)

?/ 0<Y1<?3<
[a, b]

09w<0389<3 ?21<4
N

3/F2� @ 632 =7g 80<t
x ∈ [a, b]5 =7g 80<t ?21<428

n ≥ N
0;4/8<=7582

|fn(x) − f(x)| < ε

2(b− a)
. GHz AH� I

�2Y=/
∣

∣

∣

∣

∣

∣

b
∫

a

fn(x)dx −
b
∫

a

f(x)dx

∣

∣

∣

∣

∣

∣

=

∣

∣

∣

∣

∣

∣

b
∫

a

[fn(x) − f(x)] dx

∣

∣

∣

∣

∣

∣

≤

≤
b
∫

a

|fn(x) − f(x)|dx ≤ ε

2(b− a)

b
∫

a

dx =
ε

2
< ε.

GHz AH I

� 2F/B/3<7>0382 3<24<1K B/8<4C<?2 A
u2=2E?/g 3<24<1/ 09w <0389<3 5 =7g D9?F�52?/7>?Kt 4g=28 A
�k�jk�� p� q
 q { 075 D9?F�52?/7>?K� 4g= ∑∞

k=1 uk(x)
0t2=530g 4/8?2X1<4?2 F 082<� 0911<

S(x)
?/ 0<Y1<?3<

[a, b] @ 5 F/x=K� 67<?
uk(x)

4g=/5?3<Y4549<1 ?/ 0<Y1<?3<
[a, b] @ 32 5 0911/

S(x)
5?3<Y4549<1/ ?/ 0<Y1<?3<

[a, b] @ 5 82B12x?2 �PLOZ[[PZ M[ eZ�TMT PQ\[MZ @ 3A< A
∞
∑

k=1

b
∫

a

uk(x)dx =

b
∫

a

S(x)dx. GHz AH& I

�| �] ^_ ,$� '#
 ) '+%,!%� �

u903> F/x=/g D9?F�5g fn(x)
5B D9?F�52?/7>?2� ;207<=28/3<7>?2035 {fn(x)}5 D9?F�5g

f(x)
5?3<Y4549<1K ?/ 0<Y1<?3<

[a, b] A �2Y=/ D9?F�5g
[fn(x) − f(x)]2 = f2

n(x) − 2fn(x)f(x) + f2(x) GHz AH�I3/Fx< E9=<3 g87g3>0g 5?3<Y4549<12� ?/
[a, b]

F/F 09;<4;2B5�5g 5?3<Y4549X<1Kt D9?F�5� A
hijklkmknok p� qp q �9=<1 Y282453> @ 632 D9?F�52?/7>?/g ;207<=28/3<7>X?203> {fn(x)} NrPV M eNU Q NT ZV [ ZS ?/ 0<Y1<?3<

[a, b]
F ;4<=<7>?2� D9?F�55

f(x) @ <075 09w <0389<3 4/8?K� ?97: ;4<=<7

lim
n→∞

b
∫

a

[fn(x) − f(x)]
2
dx = 0. GHz AH� I

hijklkmknok p� q
 q �9=<1 Y282453> @ 632 D9?F�52?/7>?K� 4g=∑∞
n=1 un(x)NrPV M eNU Q NT ZV [ ZS ?/ 0<Y1<?3<

[a, b]
F 0911<

S(x) @ <075 ;207<=28/3<7>?203>6/0356?Kt 0911 v32Y2 4g=/ 0t2=530g 8 04<=?<1 ?/ 0<Y1<?3<
[a, b]

F ;4<=<7>X?2� D9?F�55
S(x) A

�&



�| �| ^)"�
 �%�,
 '_ ,$� '#
� ) '+%,!%� $ +-)! �%+�
! } '_ ,$� '#
� �

���kj�lknok p� qpq {075 ;207<=28/3<7>?203> {fn(x)} 0t2=530g F D9?FX
�55

f(x)
4/8?21<4?2 ?/ 0<Y1<?3<

[a, b] @ 32 2?/ 0t2=530g F
f(x)

?/ v321 0<YX1<?3< 5 8 04<=?<1 A
����������	�
� � �5F0549<1 ;425B827>?2<

ε > 0 A � 7g ?<Y2 ?/�=<30g ?21<4
N

3/F2� @ 632 =7g 80<t
n ≥ N

5 80<t
x ∈ [a, b]

0;4/8<=7582

|fn(x) − f(x)| <
√

ε

2(b− a)
. GHz AH� I

�2 32Y= / @ ;<4<�=g F 12=97: ;2= B?/F21 5?3<Y4/7/ @ ;279651
b
∫

a

[fn(x) − f(x)]2dx ≤ ε

2(b− a)

b
∫

a

dx =
ε

2
< ε, GHz Ab� I

632 8K;27?<?2 =7g 80<t ?21<428
n @ E27>C5t 575 4/8?Kt

N @ 632 5 2B?/6/<30t2=51203> ;207<=28/3<7>?2035 {fn(x)} ?/ 0<Y1<?3<
[a, b]

8 04<=?<1 A
���kj�lknok p� q
 q Jt2=51203> ;207<=28/3<7>?2035 ?/ 0<Y1<?3< 8 04<=X?<1 ?< 87<6<3 ?< 327>F2 4/8?21<4?2� 0t2=512035 @ ?2 =/x< 5 0t2=512035t23g EK 8 2=?2� 326F< 0<Y1<?3/ A
����������	�
� � ./00123451 07<=9:w9: ;207<=28/3<7>?203> 0<Y1<?328 @;45?/=7<x/w5t

[0, 1]
y

I1 = [0, 1] ,

I2 =

[

0,
1

2

]

, I3 =

[

1

2
, 1

]

,

I4 =

[

0,
1

4

]

, I5 =

[

1

4
,
1

2

]

, I6 =

[

1

2
,
3

4

]

, I7 =

[

3

4
, 1

]

,

AAA
I2n =

[

0,
1

2n

]

, I2n+1 =

[

1

2n
,

2

2n

]

, . . . , I2n+1−1 =

[

1 − 1

2n
, 1

]

,

AAA

W;4<=<751 3<;<4>
n
XK� 67<? D9?F�52?/7>?2� ;207<=28/3<7>?2035 {fn(x)}07<=9:w51 2E4/B21 y

fn(x) =

{

1
?/ 0<Y1<?3<

In,

0
82 80<t 203/7>?Kt 326F/t

.
GHz Ab HI

u207<=28/3<7>?203> {fn(x)} @ 26<85=?2 @ 0t2=530g 8 04<=?<1 ?/ 0<Y1<?3<
[0, 1]

��



F ;4<=<7>?2� D9?F�55
f(x) = 0

y
1
∫

0

[fn(x) − f(x)]2dx =

∫

In

dx = |In|, GHz AbbI
⇓

lim
n→∞

1
∫

0

[fn(x) − f(x)]2dx = 0. GHz AbzI

�<;<4> 9E<=510g @ 632 {fn(x)} ?< 0t2=530g ?5 8 2=?2� 326F< 0<Y1<?3/
[0, 1] A! /F9: EK 326F9

x0 ∈ [0, 1]
1K ?< 8KE4/75 @ 04<=5 0F27> 9Y2=?2 E27>C5t?21<428

n
?/�=930g F/F 3/F5< @ =7g F2324Kt 0<Y1<?3

In
02=<4x53 326F9

x0 @3/F 5 3/F5< @ =7g F2324Kt ?< 02=<4x53A �2Y=/ ;207<=28/3<7>?203> 02=<4Xx 53 E<0F2?<6?2 1?2Y2 67<?28 @ 4/8?Kt <=5?5�< @ 5 E<0F2?<6?2 1?2Y2 67<?28 @4/8?Kt ?97: @ / @ 07<=28/3<7>?2 @ 4/0t2=530g A
�| �� ^_ ,$� '#
 ) '+%,!%� $ � &(%!! % $!#%*+$+ )-�

!$% �
�k�jk�� p� q� q { 075 ;207<=28/3<7>?203> {fn(x)} 0t2=530g 8 04<=?<1 F
f(x)

?/ 0<Y1<?3<
[a, b] @ 32 v39 ;207<=28/3<7>?203> 12x?2 ;267<??2 5?3<Y45X428/3> ?/

[a, b] @ 3A< A ;4<=<7

lim
n→∞

b
∫

a

fn(x)dx GHz Ab� I
09w <0389<3 5 4/8<?

b
∫

a

f(x)dx. GHz Ab I

����������	�
� � �5F0549<1 ;425B827>?2<
ε > 0 A � 0579 0t2=512035 804<=?<1 @ ?/�=<30g ?21<4

N
3/F2� @ 632 =7g 80<t

n ≥ N
5 80<t

x ∈ [a, b]8K;27?<?2
b
∫

a

[fn(x) − f(x)]2dx <
ε2

b − a
. GHz Ab& I

�8<=<1 2E2B?/6<?5g

A = [fn(x) − f(x)]

√

b− a

ε
, B =

√
εb − a GHz Ab�I

5 820;27>B9<10g 26<85=?K1 32x=<03821

|A||B| ≤ A2

2
+
B2

2
, GHz Ab� I

��



32Y=/
|fn(x) − f(x)| ≤ [fn(x) − f(x)]2

b− a

2ε
+

ε

2(b− a)
, GHz Ab� I23F9=/

b
∫

a

|fn(x) − f(x)|dx ≤ b− a

2ε

b
∫

a

[fn(x) − f(x)]2dx+
ε

2
. GHz Az� I

J 96<321 GHz Ab& I ;279651 @ 632 =7g 80<t
n ≥ N

0;4/8<=7582
b
∫

a

|fn(x) − f(x)|dx < ε

2

ε

2
= ε, GHz Az HI

23F9=/ @ 8 082: 26<4<=> @
∣

∣

∣

∣

∣

∣

b
∫

a

fn(x)dx −
b
∫

a

f(x)dx

∣

∣

∣

∣

∣

∣

< ε GHz AzbI
=7g 80<t

n ≥ N A �<24<1/ =2F/B/?/ A

��
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u903> B/=/?/ D9?F�52?/7>?/g ;207<=28/3<7>?203> {fn(x)} @ 2;4<=<7<??/g?/ ?<F232421 �OPe[ PS Q NZ�Z 1?2x<038< {x} A
hijklkmknok p� qp q u207<=28/3<7>?203> {fn(x)} ?/BK8/<30g T \Q[PNeZc� Z[[P [ Z�T ZTRQ[Pd [\ S[P� ZNeQZ {x} @ <075 =7g 7:E2Y2

ε > 0
?/�=<30g

δ > 0
3/F2< @ 632

|fn(x′) − fn(x′′)| < ε GH� AHI0;4/8<=7582 =7g 80<t ?21<428
n
5 80<t 326<F

x′ @ x′′ 1?2x<038/ {x} @ =7gF2324Kt
ρ(x′, x′′) < δ A

�� �] �% +%�- �+�%(- �
�k�jk�� p� qp ��k�jk�� �j�km�� q { 075 D9?F�52?/7>?/g ;207<=28/3<7>X?203> {fn(x)} 4/8?203<;<??2 ?<;4<4K8?/ 5 4/8?21<4?2 2Y4/?56<?/ ?/ 0<YX1<?3<

[a, b] @ 32 5B v32� ;207<=28/3<7>?2035 12x?2 8K=<753> ;2=;207<=28/X3<7>?203> @ 0t2=gw9:0g 4/8?21<4?2 ?/ 0<Y1<?3<
[a, b] A

����������	�
� � ./00123451 ?/ 0<Y1<?3<
[a, b]

;207<=28/3<7>?203> 326<F
{xn}

202E2Y2 85=/ y 8 F/6<038<
x1

82B>1<1 0<4<=5??9: 326F9 0<Y1<?3/ @ 8 F/X6<038<
x2

5
x3

82B>1<1 =8< 326F5 @ F2324K< 0281<03?2 0 x1
4/B=<7g3 0<Y1<?3?/ 6<3K4< 4/8?Kt 6/035 5 3/F =/7<< ;2 03<;<?g1 =82�F5 A u20342<??/g 3/XF51 2E4/B21 ;207<=28/3<7>?203> 2E7/=/<3 07<=9:w51 082�03821 y =7g 7:XE2Y2

δ > 0
?/�=<30g ?21<4

n0
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����������	�
� � J3<;<??2� 4g= 8?9345 <Y2 ;421<x93F/ 0t2=512035 @ F232X4K� ;2 1<?>C<� 1<4< 02=<4x53 5?3<48/7
(−R,+R) @ 12x?2 ;267<??2 =5DXD<4<?�5428/3> 0F27>F2 9Y2=?2 4/B @ 5 80< ;2796<??K< 4g=K E9=93 0t2=53>0g8?9345 32Y2 x< ;421<x93F/ A �2Y=/ 0911K 9F/B/??Kt 4g=28 � D9?F�55 @?<;4<4K8?K< ?/

(−R,+R) A
���kj�lknok p� q� q { 075 D9?F�5g

f(x)
12x<3 ?/ 5?3<48/7<

(−R,+R)EK3> 4/B72x<?/ 8 03<;<??2� 4g= @ 32 75C> <=5?038<??K1 2E4/B21 A
����������	�
� � � 5DD<4<?�549<1 4g= @ 8 F2324K� 4/B7/Y/<30g D9?F�5g
f(x) @ ;267<??2 n 4/B y

f (n)(x) = ann! + an+1(n+ 1)!x+ . . . GH AH� I
u45 x = 0

230:=/ ;279651
f (n)(0) = ann!, GH Ab� I

575
an =

f (n)(0)

n!
. GH Ab HI

�2Y=/ F2vDD5�5<?3K 03<;<??2Y2 4g=/ ;2 v32� D24197< 2;4<=<7<?K �����
������ A
hijklkmknok p� q� q J3<;<??2� 4g= GH AHI @ F2vDD5�5<?3K F23242Y2 2;4<X=<7g:30g ;2 D24197< GH Ab HI @ ?/BK8/<30g TUV PS �ZdOPT \ =7g D9?F�55

f(x) A
���kj�lknok p� q� q { 075 D9?F�5g

f(x)
12x<3 EK3> 4/B72x<?/ ?/ 5?3<4X8/7<

(−R,+R)
8 03<;<??2� 4g= @ 32 v323 4g= g87g<30g 4g=21 �<�724/ =7g=/??2� D9?F�55 A

���kj�lknok p� q� q � 7g 32Y2 @ 632EK D9?F�5g
f(x)

12Y7/ EK3> 4/B72x<X?/ 8 4g= �<�724/ ?/ 5?3<48/7< (−R,+R) G?/ 1?2x<038< {x}I @ ?<2Et2=512 5=203/326?2 @ 632EK 203/326?K� 67<? 8 D24197< � /F724<?/ =7g v32� D9?FX
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./00123451 ;425B827>?9: D9?F�5:
f(x, y) @ 2;4<=<7<??9: 80:=9 ?/ ;4gX129Y27>?5F<

R
y

a ≤ x ≤ b, c ≤ y ≤ d. GH� AHI
./B2E�<1 0<Y1<?3

[a, b]
?/

n
6/0356?Kt 0<Y1<?328 ;45 ;212w5 326<F

a =
x0 < x1 < x2 < . . . < xn = p @ / 0<Y1<?3

[c, d]
?/

p
6/0356?Kt 0<Y1<?328 ;45;212w5 326<F

c = y0 < y1 < y2 < . . . < yp = d A �3219 4/BE5<?5: 0<Y1<?X328 02238<30389<3 4/BE5<?5< 50t2=?2Y2 ;4g129Y27>?5F/ ?/
np

6/0356?Kt;4g129Y27>?5F28 A WE2B?/651 6<4<B
Rkl

6/0356?K� ;4g129Y27>?5F
xk−1 ≤ x ≤ xk, yl−1 ≤ y ≤ yl. GH� AbI

�F/B/??2< 4/BE5<?5< ;4g129Y27>?5F/
R

2E2B?/651 F/F
T A ./BE5<?5< ;4gX129Y27>?5F/

R @ ;2796<??2< 5B T =2E/87<?5<1 ;4g1Kt @ ;/4/77<7>?Kt 20g1
Ox

5
Oy @ E9=<1 ?/BK8/3> M�SZO�LZ[MZS T \��M Z[MU

T
5 2E2B?/6/3>

T ′ A
� / F/x=21 6/0356?21 ;4g129Y27>?5F<

Rkl

8KE<4<1 ;425B827>?9: 326F9
(ξk, ηl) A u272x51 ∆xk = xk − xk−1 @ ∆yl = yl − yl−1

5 2E2B?/651 6<4<B
∆Rkl

;72w/=> ;4g129Y27>?5F/
Rkl

y
Rkl = ∆xk ·∆yl A � 75?9 =5/Y2?/75 ;4gX129Y27>?5F/

Rkl @ 4/8?9: √(∆x)2 + (∆y)2 @ ?/B28<1 V M\S ZeT PS v32Y2 ;4gX129Y27>?5F/ A � /5E27>C5� 5B 80<t =5/1<3428 6/0356?Kt ;4g129Y27>?5F/?/B28<1 V M\S ZeT PS T \��M Z[MU
T
5 2E2B?/651 05182721

∆ A
hijklkmknok p� qp q �5072

σ = σ(f, T ) =

n
∑

k=1

p
∑

l=1

f(ξk, ηl)∆Rkl. GH� Az I
?/B28<1 M[ eZ�T \O�[Pd NfSSPd D9?F�55

f(x, y) @ 02238<30389:w<� =/??2194/BE5<?5:
T
;4g129Y27>?5F/

R
5 =/??219 8KE249 ;421<x9326?Kt 326<F

(ξk, ηl)
?/ 6/0356?Kt ;4g129Y27>?5F/t 4/BE5<?5g

T A
hijklkmknok p� q
 q �5072

I
?/BK8/<30g �T ZV ZOPS M[ eZ�T \O�[Rr NfSS

GH� AzI ;45 ∆ → 0 @ <075 =7g 7:E2Y2 ;272x53<7>?2Y2 6507/
ε
12x?2 9F/XB/3> 3/F2< ;272x53<7>?2< 65072

δ @ 632 ;45
∆ < δ

?<B/850512 23 8KE24/;421<x9326?Kt 326<F 8K;27?g<30g 4/8<?0382 |σ − I| < ε A
hijklkmknok p� q� q �9?F�5g

f(x, y)
?/BK8/<30g M[ eZ�TMTfZSPd Q NSR NOZ

�MS\[\ ?/ ;4g129Y27>?5F<
R @ <075 09w <0389<3 F2?<6?K� ;4<=<7

I
5?3<X
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Y4/7>?Kt 0911 ;45
∆ → 0 A �F/B/??K� ;4<=<7 ?/BK8/<30g V QPd[RS M[ eZc�T \OPS 23 D9?F�55
f(x, y)

;2 ;4g129Y27>?5F9
R
5 2E2B?/6/<30g

I =

∫∫

R

f(x, y)dxdy =

∫∫

R

f(M)dσ. GH� A� I

���kj�lknok p� qpq { 075 D9?F�5g
f(x, y)

5?3<Y4549<1/ ?/ ;4g129Y27>X?5F<
R @ 32 2?/ ?/ v321 ;4g129Y27>?5F< 2Y4/?56<?/ A
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J203/851 =7g =/??2Y2 4/BE5<?5g
T
;4g129Y27>?5F/

R
8<4t?:: 5 ?5x?::0911K y

S =

n
∑

k=1

p
∑

l=1

Mkl∆Rkl @ Y=< Mkl = sup
Rkl

f(x, y) GH� A I
5

s =

n
∑

k=1

p
∑

l=1

mkl∆Rkl @ Y=< mkl = inf
Rkl

f(x, y). GH� A& I
J;4/8<=758 07<=9:w5� ?/E24 ;4203Kt 8 =2F/B/3<7>038< 938<4x=<?5� A
���kj�lknok p� q
 q � 7g 7:E2Y2 4/BE5<?5g

T
;4g129Y27>?5F/

R
;45 7:XE21 8KE24< ;421<x9326?Kt 326<F ?/ 6/0356?Kt ;4g129Y27>?5F/t
Rkl

5?X3<Y4/7>?/g 0911/ 9=287<3824g<3 0223?2C <?5:
s ≤ σ ≤ S A

���kj�lknok p� q� q � 7g 7:E2Y2 D5F05428/??2Y2 4/BE5<?5g
T
5 7:E2Y26507/

ε > 0
;421<x9326?K< 326F5 12x?2 8KE4/3> 3/F @ 632 5?3<Y4/7>?/g0911/

σ
E9=<3 9=287<3824g3> ?<4/8<?038/1

0 ≤ S − σ < ε A � 2x?2 @ 0511<3X456?2 @ 8KE4/3> 326F5 5 3/F @ 632EK 8K;27?g720>
0 ≤ σ − s < ε A

���kj�lknok p� q� q u903> T ′ � 5B1<7>6<?5< 4/BE5<?5g
T

;4g129Y27>X?5F/
R @ 5 S′ @ s′ � <Y2 8<4t?gg 5 ?5x?gg 0911K A �2Y=/ s ≤ s′ @ S′ ≤ S A

���kj�lknok p� q� q u903> T ′ 5 T ′′ � =8/ 4/BE5<?5g ;4g129Y27>?5F/
R AWE2B?/651 ?5x?5< 5 8<4t?5< 0911K v35t 4/BE5<?5� F/F

s′ @ s′′ @ S′ @ S′′ A �2Y= /
s′ ≤ S′′ @ s′′ ≤ S′ A
���kj�lknok p� q� q � ?2x<0382 {S} 80<t 8<4t?5t 0911 =/??2� D9?F�55=7g 80<82B12x?Kt 4/BE5<?5� ;4g129Y27>?5F/

R
2Y4/?56<?2 0?5B9 ?<F232X4K1 650721

I∗ = inf{S} A� ?2x<0382 {s} 80<t ?5x?5t 0911 =/??2� D9?F�55=7g 80<82B12x?Kt 4/BE5<?5� ;4g129Y27>?5F/
R
2Y4/?56<?2 08<4t?9 ?<F2X324K1 650721

I∗ = sup{s} A
���kj�lknok p� q� q u903> T ′ � 5B1<7>6<?5< 4/BE5<?5g

T
;4g129Y27>X?5F/

R @ ;2796<??2< 5B T =2E/87<?5<1
p
?28Kt ;4g1Kt @ 5 ;903>

S @ s @ S′ @ s′
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� 8<4t?5< 5 ?5x?5< 0911K v35t 4/BE5<?5� A �2Y=/
S − S′ ≤ (MR −mR)p∆d; s′ − s ≤ (MR −mR)p∆d, GH� A�I

Y=<
MR = supR f(x, y) @ mR = infR f(x, y) @ ∆ � =5/1<34 4/BE5<?5g

T @ d �=5/1<34 ;4g129Y27>?5F/
d A

� /7<< 8 ;27?2� /?/72Y55 0 ;2?g35<1 ;4<=<7/ 5?3<Y4/7>?Kt 0911 882=g30g;2?g35g �T ZV ZO\ QZTr[Mr M[ eZ�T \O�[Rr NfSS 5 �T ZV ZO\ [M� [Mr M[ eZ�T \O� c[Rr NfSS ;45
∆ → 0 A

���kj�lknok p� q� q �F/B/??K< 8KC< 6507/
I∗

5
I∗

g87g:30g 02238<3X038<??2 ;4<=<721 ?5x?5t 5 8<4t?5t 5?3<Y4/7>?Kt 0911 ;45
∆ → 0 A

�k�jk�� p� qp q � 7g 32Y2 @ 632EK 2Y4/?56<??/g ?/ ;4g129Y27>?5F<
R
D9?FX

�5g
f(x, y)

EK7/ 5?3<Y4549<12� ?/ v321 ;4g129Y27>?5F< @ ?<2Et2=512 5 =2X03/326?2 @ 632EK =7g 7:E2Y2
ε > 0

?/C720> 3/F2< 4/BE5<?5<
T
;4g129Y27>X?5F/

R @ =7g F23242Y2
S − s < ε A

�k�jk�� p� q
 q �:E/g ?<;4<4K8?/g 8 ;4g129Y27>?5F<
R

D9?F�5g 5?3<XY4549<1/ 8 v321 ;4g129Y27>?5F< A
hijklkmknok p� q� q � /B28<1 �OZS Z[ e\T[Pd �M�fT Pd 1?2x<0382 326<F @;4<= 03/87g:w<< 02E2� 2E�<=5?<?5< F2?<6?2Y2 6507/ ;4g129Y27>?5F28 0203242?/15 @ ;/4/77<7>?K15 20g1 F224=5?/3A
hijklkmknok p� q� q �9=<1 Y282453> @ 632 D9?F�5g f(x, y)

2E7/=/<3 8 ;4gX129Y27>?5F<
R G8 ;425B827>?2� B/1F?932� 2E7/035

DI I cNQPd NeQPS @ <075 y
f(x, y)

2Y4/?56<?/ 8
R G8 DI � =7g 7:E2Y2

ε > 0
?/�=<30g v7<1<?3/4?/g D5XY94/ ;72w/=5 @ 1<?>C<� ε @ 02=<4x/w /g 80< 326F5 5 75?55 4/B4K8/

f(x, y) A
�k�jk�� p� q� q { 075 D9?F�5g

f(x, y)
2E7/=/<3 8 ;4g129Y27>?5F<

I
X082�03821 @32 2?/ 5?3<Y4549<1/ ?/ v321 ;4g129Y27>?5F< A
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hijklkmknok p� q� q !458/g
Γ
?/BK8/<30g %TMQPd �OPs \VM [fO� @ <075 =7g7:E2Y2

ε > 0
?/�=<30g 1?2Y29Y27>?5F @ 02=<4x/w5� 80< 326F5 Γ

5 51<:w5�;72w/=> @ 1<?>C9: ε A
���kj�lknok p� q� q u903> F458/g

Γ
51<<3 ;72w/=> ?97> 5 ;720F203>;2F4K3/ F8/=4/3?2� 0<3F2� 0 C /Y21

h A �2Y=/ =7g 7:E2Y2
ε > 0

?/�=<30g
h
3/F2< @ 632 0911/ ;72w /=<� 80<t F8/=4/328 @ 51<:w5t 2Ew5< 326F5 0

Γ @1<?>C<
ε A

����������	�
� � � 7g F/x=2Y2
ε > 0

12x?2 D5F05428/3> ?<F23249: v7<X1<?3/4?9: D5Y949
Q @ 02=<4x/w9: 8?9345 0<Eg

Γ
5 51<:w9: ;72w /=> @1<?>C9:

ε/4 A u45 =203/326?2 1/721 h 80< F8/=4/3K @ 51<:w5< 2Ew5< 326XF5 0
Γ
E9=93 02=<4x/3>0g 8 v7<1<?3/4?2� D5Y94< @ ;2796/:w<�0g B/1<?2�
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F/x=2Y2 ;4g129Y27>?5F/ ;4g129Y27>?5F21 02 8=82< E27>C515 03242?/155 3<1 x< �<?3421 A
u903> D � B/1F?93/g 2Y4/?56<??/g 2E7/03> 0 Y4/?5�<�

Γ
;72w/=5 ?97> @/

f(x, y) � ;425B827>?/g 2Y4/?56<??/g D9?F�5g @ 2;4<=<7<??/g 8
D A WE2XB?/651 6<4<B

R
7:E2� ;4g129Y27>?5F 02 03242?/15 @ ;/4/77<7>?K15 20g1F224=5?/3@ 02=<4x/w5� 2E7/03>

D A W;4<=<751 3<;<4> 8 ;4g129Y27>?5F<
R07<=9:w9: D9?F�5: y

F (x, y) =

{

f(x, y) , (x, y) ∈ D;

0 , (x, y) ∈ R \D. GH� A� I

hijklkmknok p� q� q �9?F�5:
f(x, y)

?/B28<1 M[ eZ�TMTfZSPd 8 2E7/035
D @ <075 D9?F�5g

F (x, y)
5?3<Y4549<1/ 8 ;4g129Y27>?5F<

R A �5072 I =
∫∫

R
F (x, y)dxdy

?/B28<1 V QPd[RS M[ eZ�T \OPS �P P�O\NeM
D

23 D9?F�55
f(x, y)

5 2E2B?/651

I =

∫∫

D

f(x, y)dxdy =

∫∫

D

f(x, y)dσ. GH� A� I

� 08gB5 0 2E2Ew<?5<1 2;4<=<7<?5g 5?3<Y4/7/ 2F/BK8/:30g ;27<B?K15 07<X=9:w5< 938<4x=<?5g A
���kj�lknok p� qp� q �?3<Y4/7 ∫∫

D
dxdy

4/8<? ;72w/=5 2E7/035
D A

����������	�
� � � B1<7>6/g F/x=K� 4/B 4/BE5<?5<
T @ 1K E9=<1 ;2796/3> @632 8<4t?5< 0911K E9=93 ;45E75x/3>0g F ;72w/=g1 v7<1<?3/4?Kt D5Y94 @02= <4x/w5t

D � ?5x?5< 0911K E9=93 ;45E75x/3>0g F ;72w/=g1 v7<1<?X3/4?Kt D5Y94 @ 02=<4x/w5t0g 8 D A
���kj�lknok p� qppq u903> D9?F�5g

f(x, y)
5?3<Y4549<1/ 8 2Y4/?56<?X?2� F8/=4549<12� 2E7/035

D @ ;720F203> ;2F4K3/ F8/=4/3?2� 0<3F2� 0 C/XY21
h @ C1, C2, . . . , Cn(h) � F8/=4/3K 9F/B/??2� 0<3F5 @ �<75F21 02=<4x/Xw5<0g 8 2E7/035

D @ (ξk, ηk) � ;425B827>?/g 326F/ F8/=4/3/
Ck @ mk =

infCk
f(x, y) @ k = 1, 2, . . . , n(h) A �2Y=/ F/x=/g 5B 0911

n(h)
∑

k=1

f(ξk, ηk)h2,

n(h)
∑

k=1

mkh
2 GH� AH� I

51<<3 ;4<=<7 ;45
h→ 0 @ 4/8?K� ∫∫D

f(x, y)dxdy A
����������	�
� � (/1<351 @ 632 9F/B/??K< 0911K 23756/:30g 23 2EK6?2�5?3<Y4/7>?2� 5 ?5x?<� 0911K G02238<3038<??2I 75C> 3<1 @ 632 8 ?5t ?< 8t2X=g3 07/Y/<1K< ;2 F8/=4/3/1 @ 51<:w51 2Ew5< 326F5 0 Y4/?5�<�

Γ
2E7/035

D @ ;456<1 0911/ 80<t 230930389:w5t 07/Y/<1Kt ;2 12=97: 1<?>C < ;42X5B8<= <?5g 6507/
M = supD |f(x, y)| ?/ ;72w/=>

S
v7<1<?3/4?2� D5Y94K @02032gw <� 5B F8/=4/328 @ 51<:w5t 2Ew5< 326F5 0

Γ A �2 ;20F27>F9 Y4/?5�/
Γ
51<<3 ;72w/=> ?97> @ S → 0

;45
h→ 0 A
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f(x, y)

2E7/=/<3 8
D I

X082�03821 @ 32 2?/5?3<Y4549<1/ 8
D A

����������	�
� � � 203/326?2 B/1<353> @ 632 88<=<??/g 8KC< D9?F�5g F (x, y)E9=<3 2E7/=/3>
I
X082�03821 8 ;4g129Y27>?5F<

R @ / @ B?/653@ f(x, y)
5?3<Y45X49<1/ 8 2E7/035

D A
"OZV NeQMZ #$ {075 D9?F�5g

f(x, y)
2Y4/?56<?/ 8 2E7/035

D
5 51<<3 8 v32�2E7/035 4/B4K8K 75C> ?/ F2?<6?21 6507< 0;4g17g<1Kt 75?5� @ 32 f(x, y)5?3<Y4549<1/ 8 2E7/035

D A
"OZV NeQMZ ' $ {075 D9?F�5g

f(x, y)
2E7/=/<3 8 2E7/035

D I
X082�03821 @ /

g(x, y)
2Y4/?56<?/ 5 028;/= /<3 0

f(x, y)
80:=9 8

D
B/ 50F7:6<?5<1 1?2x<X038/ 326<F ;72w/=5 ?97> @ 32 D9?F�5g

g(x, y)
5?3<Y4549<1/ 8 2E7/035

D @;456<1
∫∫

D

g(x, y)dxdy =

∫∫

D

f(x, y)dxdy. GH� AHHI
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u903> D � B/1F?93/g 2Y4/?56<??/g 2E7/03> 0 Y4/?5�<�
Γ
;72w/=5 ?97> A./B2E�<1 2E7/03>

D
;45 ;212w5 F2?<6?2Y2 6507/ F458Kt ;72w /=5 ?97> ?/F2?<6?2< 65072

r G?< 2EgB/3<7>?2 08gB?Kt I B/1F?93Kt 6/0356?Kt 2E7/03<�
D1, D2, . . . , Dr A ! /x=/g 5B 2E7/03<�

Di
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Y=<

[x1, x2] � ;42<F�5g 2E7/035
D

?/ 20>
Ox A �2Y=/ 09w <0389<3 ;28324?K�5?3<Y4/7

x2
∫

x1

dx

y2(x)
∫

y1(x)

f(x, y)dy, GH� AH� I
;456<1

∫∫

D

f(x, y)dxdy =

x2
∫

x1

dx

y2(x)
∫

y1(x)

f(x, y)dy. GH� AHHI
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D9?F�5: @ 2;4<=<7<??9: 8

R @ 5 ;45?51/:w9: B?/6<?5g
f(x, y)
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R
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u903> D � 23F4K32< 08gB?2< 1?2x<0382 326<F ;42034/?038/ A J5182721 DE9=<1 2E2B?/6/3> B/1KF/?5<
D @ 3A< A 2E�<=5?<?5< D 0 <Y2 Y4/?5�<� A

hijklkmknok 
� qp q �9=<1 Y282453> @ 632 ;207<=28/3<7>?203> {Dn}
23XF4K3Kt 08gB?Kt 1?2x<038 SP[PeP[[P M NLZT�RQ\Ze S[P� ZNeQP

D @ <075 Dn ⊂
Dn+1

=7g 7:E2Y2 ?21<4/
n @ 5 2E�<=5?<?5< 80<t

Dn

=/<3 1?2x<0382
D A

u903> 3<;<4> ?/ 1?2x<038< D B/= /?/ D9?F�5g
f(x)

� @ 5?3<Y4549<1/ ;2 .5X1/?9 ?/ 7:E21 B/1F?9321 F8/=4549<121 GF9E549<121I ;2=1?2x<038< D A
�9=<1 4/001/3458/3> 80<82B12x?K< ;207<=28/3<7>?2035 23F4K3Kt 1?2Xx<038 {Dn} @ 12?232??2 506<4;K8/:w5<

D @ 5 ;45 v321 3/F5< @ 632 B/1KXF/?5<
Dn

F/x=2Y2 1?2x<038/ 5B ;207<=28/3<7>?2035 F8/=4549<12 GF9E5X49<12I A
hijklkmknok 
� q
 q { 075 =7g 7:E2� ;207<=28/3<7>?2035 {Dn} @ 2E7/=/X:w<� 2E2B?/6<??K15 8KC< 082�038/15 @ 09w <0389<3 ;4<=<7 ;45

n → ∞;207<=28/3<7>?2035
an =

∫

Dn

f(x)dx, Gb� AHI
5 v323 ;4<=<7 ?< B/85053 23 8KE24/ ;207<=28/3<7>?2035 {Dn} @ 32 v323 ;4<X=<7 ?/BK8/<30g [ZNP�NeQZ[[RS M[ eZ�T \OPS 23

f(x)
;2 2E7/035

D
5 2E2B?/X6/<30g 2=?51 5B 07<=9:w5t 05182728 y

∫

D

f(x)dx
575 ∫ · · ·

∫

D

f(x1, x2, . . . , xm)dx1dx2 . . . dxm. Gb� AbI

u45 v321 ?<02E038<??K� 5?3<Y4/7 Gb� AbI ?/BK8/<30g NrPVUsMS NU A � 0796/< @F2Y=/ ;4<=<7 9F/B/??Kt 8KC< ;207<=28/3<7>?203<� ?< 09w<0389<3@ 2E2B?/X6<?5< Gb� AbI 3/Fx< ;451<?g<30g @ 5 ?<02E038<??K� 5?3<Y4/7 8 v321 0796/<?/BK8/:3 T \NrPVUsMS NU A
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f(x)
?<2Et2=512 5 =203/326?2 @ 632EK t23gEK =7g 2=?2� ;207<=28/3<7>?2035 F8/=4549<1Kt GF9E549<1KtI 2E7/03<�
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;207<=28/3<7>?203> {an}

=27x?/ 0t2=53>0g @ 32 2?/ E9X=<3 5 2Y4/?56<??2� A
��	�������	�� � u207<=28/3<7>?203> {an}

2Y4/?56<?/ 5 12?232??2 ?< 9EKX8/<3@ 3AF A Dn ⊂ Dn+1 @ 5 f(x) ≥ 0 @ / @ 07<=28/3<7>?2 @ 2?/ 0t2=530g F ?<F232X4219 65079
I A W03/<30g 75C> =2F/B/3> @ 632 65072

I
?< B/85053 23 8KE24/;207<=28/3<7>?2035 {Dn} @ / 51<??2 @ 632 =49Y/g ;207<=28/3<7>?203> 2E7/X03<� {D′

n}
51<<3 ;207<=28/3<7>?203>

a′n =

∫

D
′

n

f(x)dx, Gb� Az I
0t2=gw9:0g F 3219 x< 65079

I A �5F049<1 7:E2� ?21<4
n0

5 4/00123451
2E7/03>

D′
n0 A � /�=<30g ?21<4

n1
3/F2� @ 632 D

′

n0
⊂ Dn1 A � <�03853<7>?2 @;903> v32 ?< 3/F A �2Y=/ =7g 7:E2Y2 ?21<4/
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′
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n0
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Dk1 A �2 32Y=/ v3219 1?2x<0389

Dk1
G5 @ 8 0579 8KE24/

Dn @ 80<1 ;207<=9:w51 2E7/03g1
DkI ;45?/=7<x/3326F5

Mk

02 0F27> 9Y2=?2 E27>C515 ?21<4/15
k @ 632 ;4235824<653 5t 8KXE249A

�3/F @ 09w<0389<3 ?21<4 n0
3/F2� @ 632 D′

n0
⊂ Dn1 @ 23F9=/

a′n0
≤ an1

≤ I. Gb� A� I
W30:=/ 07<=9<3@ 632 ;207<=28/3<7>?203> {a′n} 0t2=530g F ?<F2324219 65079
I ′ ≤ I A � <?gg 1<03/15 8 ?/C5t 4/009x=<?5gt ;207<=28/3<7>?2035 {an}

5
{a′n} @ ;45=<1 F 3219@ 632 I ≤ I ′ @ 3A< A I = I ′ A
�k�jk�� 
� q
 ���� o� ijo�n�� �j��nkno�� q u903> D9?F�55 f(x)

5
g(x)80:=9 ?/ 23F4K321 1?2x<038<

D
9=287<3824g:3 907285:

0 ≤ f(x) ≤ g(x) A
�2Y=/ 5B 0t2=512035 ?<02E038<??2Y2 5?3<Y4/7/ ∫

D
g(x)dx

8K3<F/<3 0t2=5X1203> ?<02E038<??2Y2 5?3<Y4/7/ ∫
D
f(x)dx @ 5B 4/0t2=512035 ?<02E038<??2XY2 5?3<Y4/7/ ∫

D
f(x)dx

8K3<F/<3 4/0t2=51203> ?<02E038<??2Y2 5?3<Y4/7/
∫

D
g(x)dx A
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f(x)

5
g(x)

8<4?2 ?<4/8<?0382

an =

∫

Dn

f(x)dx ≤
∫

Dn

g(x)dx = bn. Gb� A I

W30:=/ ?/;4g19: 07<=9<3@ 632 2Y4/?56<??203> {bn} 87<6<3 2Y4/?56<??203>
{an} @ 5 @ ?/2E2423@ ?<2Y4/?56<??203> {an}

87<6<3 ?<2Y4/?56<??203> {bn} A
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pqpq � <02E038<??K� 5?3<Y4/7 ∫

D
f(x)dx

E9=<1 ?/BK8/3>\�NPO� e[ P NrPVUsMS NU @ <075 0t2=530g ?<02E038<??K� 5?3<Y4/7 ∫D |f(x)|dx A
�k�jk�� 
pqpq � 7g ?<02E038<??Kt

m
XF4/3?Kt 5?3<Y4/728 ;45

m ≥ 2;2?g35g 0t2=512035 5 /E027:3?2� 0t2=512035 vF858/7<?3?K A
����������	�
� � HA � 2F/x<1 @ 632 5B /E027:3?2� 0t2=512035 F4/3?2Y2?<02E038<??2Y2 5?3<Y4/7/ 07<=9<3 <Y2 0t2=51203> A ./00123451 =8< ?<2345X
�/3<7>?K< D9?F�55

f+(x) =
|f(x)| + f(x)

2
, f−(x) =

|f(x)| − f(x)

2
. Gb HAHI

u4<=03/851 5t 8 85=<

f+(x) =

{

f(x) @ <075 f(x) ≥ 0;

0 @ <075 f(x) < 0;
Gb HAbI

f−(x) =

{

−f(x) @ <075 f(x) ≤ 0;

0 @ <075 f(x) > 0
Gb HAzI

5 231<351 07<=9:w5< 26<85=?K< 0223?2C<?5g y
0 ≤ f+(x) ≤ |f(x)|, 0 ≤ f−(x) ≤ |f(x)|; Gb HA� I

f(x) = f+(x) − f−(x), |f(x)| = f+(x) + f−(x). Gb HA I
J2Y7/0?2 ;<48K1 =891 5B v35t ?<4/8<?038 @ ?<02E038<??K< 5?3<Y4/7K

∫

D

f+(x)dx
5 ∫

D

f−(x)dx Gb HA& I
0t2=g30g G3AF A ?<2345�/3<7>?K< ;2=K?3<Y4/7>?K< D9?F�55 ?/

D
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[f+(x) − f−(x)]dx A
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∫

Dn+1

|f(x)|dx > 3

∫

Dn

|f(x)|dx + 2n+ 4. Gb HA�I
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Dn+1 \Dn A �2Y=/ =7g 80<t

n @ 02Y7/0?2 Gb HA�I @2F/x<30g 0;4/8<=758K1
∫

Pn|f(x)|dx > 3

∫
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∫
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∫
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∫
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�5F0549<1

n A �9=<1 0653/3> @ 632 5B 5?3<Y4/728 8 ;4/82� 6/035 E27>C <;<48K� A �2Y=/
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∫
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i

mi∆σi < 1. Gb HAHHI

(/1<?51 32Y=/ 8 GbHAH�I 7<89: 6/03> ?5x?<� 09112� A u279651
∑

i

mi∆σi >

∫

Dn

|f(x)|dx + n+ 1. Gb HAHbI

u20F27>F9 80<
mi ≥ 0 @ 12x?2 203/853> 8 0911< ∑

imi∆σi

75C> 3< 07/XY/<1K< @ =7g F2324Kt
mi
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∫

Dn

f(x)dx ≥ −
∫

Dn

|f(x)|dx, Gb HAH� I
;279651

∫

D
∗

n

f(x)dx > n+ 1. Gb HAH I

{075 4/?<< 1K EK ;4<=;272x575 @ 632 E27>C< 8 ;4/82� 6/035 GbHA� I 83242�5?3<Y4/7 @ 1K EK ;45C75 F 8K82=9@ 632
∫

D
∗

n

f(x)dx < −n− 1. Gb HAH& I

�2Y=/ @ ;<4<t2=g F 12=97: @ ;279651 @ 632 =7g 80<t
n

∣

∣

∣

∣

∣

∣

∣

∫

D
∗

n

f(x)dx

∣

∣

∣

∣

∣

∣

∣

< n+ 1. Gb HAH�I
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P i
n

5B
P̃n

0
Dn m

X1<4?2� F9E549<12� 08gB?2�2E7/03>:
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∣
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∣

∣
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∣

∣

∣
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∣
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∣

∣
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∣

∣

∣

∣
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∣
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Oxy

?<F23249: 0;4g17g<19: F4589: @ ?< 51<X:w9: 326<F 0/12;<4<0<6<?5g 5 96/03F28 0/12?/7<Y/?5g @ 5 2;4<=<7<??9:;/4/1<3456<0F5 y
{

x = ϕ(t);
y = ψ(t).

Gbb AHI
�9=<1 0653/3> v39 F4589: ?<B/1F?932� 5 2Y4/?56<??2� 326F/15

A
5
B

0F224=5?/3/15
A(ϕ(a), ψ(a)) @ B(ϕ(b), ψ(b)) A u903> ?/ F4582�

L = AB
2;4<X=<7<?K 345 D9?F�55 y

f(x, y) @ P (x, y) @ Q(x, y) @ F/x=/g 5B F23242� g87g<30g?<;4<4K8?2� G5 @ F/F 07<= 0385< @ 4/8?21<4?2 ?<;4<4K8?2� I 8=27> v32� F45X82� A
./B2E�<1 0<Y1<?3

[a, b]
;45 ;212w5 326<F

a = t0 < t1 < . . . < tn = b
?/

n
6/0356?Kt 0<Y1<?328

[tk−1, tk] A !458/g L ;45 v321 4/0;/=<30g ?/
n
6/X0356?Kt =9Y

M0M1 @ M1M2 @ . . . @Mn−1Mn @ Y=< 326F5 Mk

51<:3 F224=5?/3K
xk = ϕ(tk) @ yk = ψ(tk) A
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