1 Ilougrue uuciaoBoro pganaa. Kpurepmuit Kormu.
Heobxogumoe u qOCTAaTOYHOE YCJIOBUE CXOAU-
MOCTH PSJA0B C HEOTPUIIATEJIBHBIMUA YJI€HAMU.

1.1 TIloHdgTue YMCJJIOBOTO pHAa.

PaccMOTprM 9MCIOBYIO MOCIEIOBATENBHOCTD Ui, U2y -« ., Uk, «..d SAMUIIEM
dbopMaIbHO OECKOHEYHYI0 CYMMY BHIA,

u1+u2+...+uk+...:Zuk. (]..].)
k=1

CocrapyieHHy0 TaKUM 006pa3oM cyMMy OyaeM Ha3bIBaTh YHCIOBBIM pspqoM. OT-
JIeJIbHBIE CJIaraeMble uy OyZeM HAa3bIBATH WIEHAMH DSIa.

1.2 Cxoaginuecs m PaCXOAANIAECH PHAIbI.

Cymmy Buzma,
n
Su = up (1.2)
k=1
Oymem Ha3BIBATE N-0f 9acTwarO cymmori psiga (1.1).
Omnpegenienne 1.1. Psg (1.1) Ha3bIBAETCA CXOAAMHEMCS, €CIIM CXOMUTCS TI0-

crenoBaTenbHOCTD {5, } ero yacrnuneix cymm. IIpu sTom mpezen S nocnenosa-
TesbHOCTH {S),} HA3BIBAETCA CyMMOIl psa.

Coorsercreenno, s cxopamerocss paga (1.1) moxkuo GopManmpHO 3ammcaTh
PaBeHCTBO:

S=> u (1.3)
k=1

Ecnu s naaunoro psiga (1.1) npenena nocnenosarenbuoctu (1.2) He cymecTBy-
€T, PAJ HA3bIBALTCA PACXOAANTAMCH.

1.3 Ilpocreiimmue cBoiicTBa pgaa0B.

OrMeruM mpocTeiinue cBOMCTBA, KOTOPbIE BHITEKAIOT HEITOCPEACTBEHHO U3 OIIpe-
JIeJIEHUs] YHCJIOBOTO PSIA.

VYrBepxgenue 1.1. OrOpacsiBanue niau 100aBIEHNE KOHEYHOIO YHCIIA -
HOB He BJIMSIET HA CXOOUMOCTbH PsiJIa.



JokazaTenbcTBO. YTBEPXKIEHNE BEPHO B CHJIy TOrO, 9YTO OTOPACHIBAHUE WU
n100aBJIeHUE U3MEHSIET BCE YACTUYHBIE CYMMBbI Psi/ia, HAYMHAS C HEKOTOPOrO HO-
Mepa, Ha MOCTOSHHYIO BEJINYUHY.

VYrBepxkaeane 1.2. Eciau ¢ — omimydHas OT HyJisi TOCTOSIHHASI, U Vg = CU
(Vk), TO psiz Y e | Uk CXOZUTCSI M PACXOIUTCS OJHOBPEMEHHO C PSIOM Y oo | Up.

u v oo
,[[oxagoa'rem;crso . Ilycre S} u S}, — n-ble YaCTUYHBIE CyMMBI PAJIOB » .~ Uk
u Y ., Uk, coorBercrBenHo. Torma S) = ¢S} (Vn), npudem ¢ # 0. Orciona
lim;, 00 S; CYIIECTBYET TOL/IA M TOJBKO TOLJA, KOTJA CymecTByer lim, o Sy,
4TO PABHOCHUJIbHO yTBEpXKJaeHuio 1.2.

1.4 Kpwurepnit Komm cxogumocTu paaa.

Teopema 1.1 (kpurepwmii Kommn quist psiga). st Toro, 9T00bl psif Y oo | Uk
CXOIUJICS, HEOOXOQUMO U TOCTATOYHO, ITOOBI JJIsT JIFOOOTO MOJI0KUATETHHOIO YK C-
Ja € Hamejcsa HoMep N Takoii, 9YTO I BCeX HOMEPOB 1 TaKWX, 94TO0 N > N, u
JJId BCEeX HATYPAJIBHBIX 9UCEIT D 6I)I.HO BBIIIOJIHEHO

n+p

Z ug| < €. (1.4)

k=n-+1

JokazaTenscTtBo. (QuUeBHIHO, 4TO

n+p

> k| = Snip— Sn, (1.5)
k=n+1

9TO, B CBOIO OUepesib, TOKA3BIBAET TeopeMy corsacHo Kpurepnio Kormu qst mo-
crenosarensHocTH {5y, }.

Cruexcreue 1. Ecau psin Y ;o | Uj CXOZUTCSI, TO TOCTIEAOBATEILHOCTD €T0 1-bIX

OCTATKOB
o
Ty = E u, (1.6)
k=n+1

SABJIAETCA OECKOHEYHO MaJIOM.

HokasaTenscTBo. CornmacHo kpurepnio Komm 1yist psina Y po ; wp Jist JE0GOro
¢ > 0 Haiizercs Homep N Taxoii, 9To mpu n > N BBITOJHEHO |ry,| < £ (T.K. Hepa-
BEHCTBO B Kpurepun Komu 10/1kH0 GBITE cipaseuso myis Beex p). Orcroma mo
ONPEJIETIEHUIO IOy Ia€eM, 9TO {7y, } — GECKOHETHO MaJast TOCIEJ0BATENTLHOCTD.

CruezcrBue 2. JInsi CXOOMMOCTH PSifia » po ; U, HEOGXOAUMO, 9TOGBI OCIEL0BA-
TEJIbHOCTD €r0 WIEHOB { U, } ObLIa GECKOHEYHO MAJIOiA.

JlokazatenbcTBo. [lokaxkewm, 9yro ais Joboro € > 0 waiigercs Homep N Ta-
KOii, uTo s Bcex n > Ny Oyaem umers |u,| < €. 3aduxcupyem npousBoIbHOE
suaugenue €. [lo reopeme 1.1 Haiimerca avomep N Takoit, uro mpu n > N u 1jisd



JI000ro HATYPAABHOrO p BBINOJIHsIETC HepaBeHCTBO (1.4). B uacraoctu, npu
p=1:

[tnt1] < €. (1.7)
ITycts Temeps Ng = N + 1, Toraa, oueBugHo, ipu n > Ny HOAyunM |u,| < &,
9TO ¥ TPeOOBAJIOCH JOKA3ATH.

3ameuyanne. VHade ciencTBue 2 MOXKHO CHOPMYIUPOBATH TAK: JJISI CXOAUMOCTH
psza Y o, U HeOGXOAUMO, YTOObI

klim ug = 0. (1.8)

CrencrBue 2 3amaeT HeOOXOAMMOE, HO HE JOCTATOYHOE YCIOBUE CXOAUMOCTH Psi-
Ja. B gacTHOCTH, NjIsi TapMOHHYIECKOTO PSIIa,

i1—1+1+1+ (1.9)
dp=lhgtgte :

BBIIIOJTHEHO HeO6XOﬂI/IMOG yciaoBue CXOoouMOCTH, HO IMOCJAEA0OBATE/ILHOCTD €ro Ya-
CTUYHBIX CYMM PACXOAUTCH.

1.5 Heobxoaumoe u JOCTATOYHOE YCJIOBUE CXOANMOCTH Psi-
Ada C HeoTpulaTeJIbHbIMA YJI€eHaMHU.

Cpa3sy ke OTMeTHMM, 4YTO [JIs PSa C HEOTPUIATEJbHBIMU HJICHAMU 22021 Pk
CIIPaBEJINBO CJIeAYIOlIee yTBEPKICHUE.

YrBepxkaeaune 1.3. IlociienoBarebHOCTD YACTUYHBIX CyMM Psifa C HEOTPU-
UATEIbHBIMY YJIEHAMHU SIBJISIETCSI HEyOBIBAOIIEH.

Teopema 1.2. Ijisi TOro, 9T00bBI PsiJi C HEOTPHUIATEIBHBIMY 4JIEHAMU CXOIUJICH,
HEOOXOZMMO U TOCTATOYHO, YTOOBI [TOCIIEI0BATEIHHOCTD YACTUIHBIX CYMM 3TOT0
psiza {5, } GbuIa OrpaHUYEHA.

HeobxommmocTs. HeobxomumocTs ciiemyer m3 TOTO, YTO BCAKAS CXOISINASICS
OCJIEOBATETHHOCTD SIBJISETCS OTPAHUICHHOM.

JocTraTtounocTs. Tak Kak MOCAEI0BATEIHHOCTD YACTUIHBIX CyMM HE yOBIBAET,
JJISL €€ CXOAMMOCTH JOCTATOYHO OrPAHUYEHHOCTH.



2 Ilpm3Haku CXOAMMOCTH PAJ0B C HEOTPUIATEIb-
HBIMU YJI€EHAMMU.

2.1 Ilpu3Haku cpaBHEHUS PAJ0B C HEOTPUIATEJIbHBIMHA YJIe-
HaMHu.

YCraHOBUM CHAYAJIA, MPU3HAKHN, KOTOPHIE TO3BOJISIOT AATh 3aKJIIOYEHUE O CXO/IU-
MOCTHU pﬂ,ua, Ha OCHOBAHUU CpaBHeHI/Iﬂ C ;prI‘I/IM pﬂ,ILOM, CXOaUMOCTH KOTOpOI‘O
yKe M3ydeHa.

Teopema 2.1. IIyctb Y 4o Pk U Y pey k — /ABA PAAA C HEOTPHIATEIHHBIMY
YWIeHAMH, U MyCTh JJIS BCEX HOMEPOB k CIIPaBeIIMBO HEPABEHCTBO

Pk < Q- (2.1)

oo o
Torna CXO,ILI/IMOO((Z)TB psiia » . gk BJeder CXO,D;I(/)IOMOCTB psia » . Dk, pacxoau-
MOCTB PsJia ), Dk BJI€YET PACXOAUMOCTD Y~ (-

o0 o0
JokazaTenscTBo. (OGO3HAYNM N-ble YACTUUHBIE CYMMBI PSIIOB » 1~ 1 DLW Do 1 Gk
cooTBercTBeHHO Kak SP u S. VI3 nepasencrsa (2.1) HENOCPENCTBEHHO CIIEYET,
9TO J7Is1 JI000TO N BBIIOJIHEHO HEPABEHCTBO

SP < S, (2.2)

9TO HEPABEHCTBO 03HAYAET, YTO OrPAHUIEHHOCTD MOCIEA0BATEIBHOCTH JaCTHI-
HbIX cymM {S%} Bieder orpanuyeHHOCTb nocjaenoBarenbaocta {SP}, u, Hao6o-
POT, HEOTPAHWYIEHHOCTH {SP} Bieuer HeorpanmveHHOCTh {S¢}. B cuy Heobxo-
JIMMOTO ¥ JOCTATOYHOTO YCIOBUS CXOAUMOCTH PSI/Ia, ¢ HEOTPHUIATETHHBIMHA HJIe-
HAMH TEOPEMa, JOKA3AHA.

3ameuyanne 1. MoxHO TpeGoBaTh BBHINOJHEHUST HepaBeHCTBA (2.1) He s Beex
k, a JuITb HaYMHAA € HEKOTOPOTO HOMepa k. DTO CIpaBelINBO B CHJIY TOTO,
4TO OTOpaChIBAHME KOHEYHOIO YHCJ/Ia YIEHOB HUKAK HE BJIMAET HA CXOTUMOCTb
pana.

3ameqanme 2. Teopema (2.1) mpomoKaeT OCTABATHCS CIPABEIIMBOMN, €CJIN 32~
MEHHUTh HEPaBEHCTBO B ee yCJIOBUH Ha CJIeayromiee:

rae ¢ — Jiro0asi TOJIOXKUTENBHAS MOCTOSIHHAs. Y TBEPXKIEHNE CIIPABEIINBO B
CUJIy TOrO, YTO DA 22021 qr CXOOUTCA U PACXOAUTCS OTHOBPEMEHHO C PsJIOM

220:1 Cqy-

Creacrne 1. Ecim Y7, pr, — PA ¢ HEOTPUUATEIbHBIMA ICHAMH, & Y pe; Gk
— PSZ CO CTPOTO MOJIOKUTEILHBIMI UIeHAMHE, U CYIIECTBYeT KOHEUHEIH Ipeet

lim 28 = L, (2.4)

k—oo (i

TO CXOZUMOCTD PAIA 21?;1 Qi BJI€YET CXOIVUMOCTD DA 22021 Pk, PACXOIMMOCTD
pana Zzozl Pk BJ€YET PACXOAUMOCTH ZZOZI qk-



JorasaTenscTBo. [lo OmpemesleHuIO mpeIesia MOCaeI0BATEILHOCTH Ayt € > 0
Hajigercs Takoit Homep N, 4To muist Bcex k > N

Loe<P cpye (2.5)

qk
CaenoBarenbHo, pu k > N crnpaeqyuso py < (L + €)gg. DTo nocieanHee Hepa-
BEHCTBO COBIIQIAET C HepaBeHCTBOM (2.3) npu ¢ = L + &, B cujly 4ero reopema

JIOKa3aHa.

Teopema 2.2. IIycTb > ;0| Pk ¥ Y pe Qk — ABA PSLIA CO CTPOTO MOJIOKHUTE b
HBIMU 4JIEHAMU, U JJIsl BCEX K BBIIOJHEHO
k+1 dk+1
Prt1 < L (2.6)
Pk dk
Toraa CXOIMMOCTh PAIA Y o, G BJIEIET 3a CODOH CXOAUMOCTD DS Y 1o | Pk
< k=1 k o k=1 k>
PACXOIMMOCTD PSIZIA ) .~ 4 P BIEYET PACXOTUMOCTD ) o~ 4 (-

JlokazaTenbcTBO. 3amuineM HepaBeHCTBO (2.6) qyist HomepoB k = 1,2, ..., n—1,
rae n — 11000# (bUKCHPOBAHHBINA HOMED:
P
P q1
P @
b2 a2
Pn < qn .
Pn-1 dn—1
TTepemHOKasi IOYTIEHHO BCe HAIMCAHHBIE HEDABEHCTBA, MOJIY UM
1
Pn < Q_n, unm pp, < p_pn- (27)
P q1 q1

B sToM HepaBeHCTBe BeJMYUHA % IpezicTaBisier co00il (PUKCUPOBAHHYIO LI0JIO-
JKUTEJIbHYI0 MOCTOAHHYW0. 1103TOMY B Ccruty 3amedanust 2 K Teopeme (2.1) Teo-
pema (2.2) moka3zaHa.

2.2 IIpu3uak /JanamOepa.

Teopema 2.3 (upusnak JamamGepa). Ecau st Bcex Homepos k, mo Kpaii-
Heil Mepe HauUHAsI C HEKOTOPOIr'0 HOMEPA, CIIPABEIINBO HEPABEHCTBO

Pit1 <Q<l1 (COOTBeTCTBeHHO Prt1 > 1) , (2.8)
Pk P

TO DS Y oy Pk CXOAUTCS (COOTBETCTBEHHO PACXOUTCS).

JorasaTenbcTBo. JLJIs JOKA3ATENIbCTBA TEOPEMBI IOIOKAM qf = QF (coorBer-
crBenHo g = 1). Torna % = @, roe Q < 1 (cooTBETCTBEHHO, % =1),n
HEPABEHCTBO (2.8) MOXKHO TEPenucaTh B BUIE

Pl o ki1 (COOTBeTCTBeHHO Pl M) ) (2.9)

Pk qk

Pk qk



Psin Y72, qr coBmanaer mmbo ¢ paaoM Y o, QF = Q+ Q* + ..., mbo ¢ psaom
220:1 1=14141+4... u, COOTBETCTBEHHO, CXOAUTCS WJIU PACXOOUTCs (CO-
OTBETCTBEHHO, KaK I'eOMeTPpUYIECKad IIPOorpeccud CO 3HaMeHaTeJIEM, MEHBIIINM ].;
U B CWJIy OTCYTCTBUsI CTPEMJICHUsI K HyJIIO 4ieHOB). Takum 06pa3om, ¢ y4erom
Teopembl (2.2), TeopemMa JO0Ka3aHa.

Teopema 2.4 (npusnak Janambepa B npenenbHoit dopme). Ecam cy-
IECTBYET NpeJies OCIeI0BATETHHOCTI

lim 26+ — (2.10)
k—oo Dk

TO PS> e Pk cxomurest npu L < 1 u pacxomurest mpu L > 1.

JlorkazsaTenscTBo. Ilycrp cHagana L < 1. Bo3pmem € Takoe, uro L = 1 — 2¢,
r.e. L+¢ =1—¢. Torga mo omnpeaesieHuio mpeaesa Jjisi YKa3aHHOM ITOCIe10Ba-

TeIbHOCTH Halmercs Homep N Takoit, uyro ajst Bcex k > N
Loe<PH cpte—1-¢ (2.11)
Pk

Yucno L + € = 1 — € OTOPBAHO OT eIWHUIILI U UT'PAET POJb () B HEMPEIETBLHOMN
dopwme Teopembr Jasambepa, B CHIy 9€ro psifi CXOIUTCS.
IIycts Teneps L > 1. Torma Haiiiercst Takoe MOJIOKUTETBHOE €, 9T0 L = 1 + ¢
u L — e = 1. Torga, onsTh 2Ke, IO ONPEIEIEHUIO MPEIEIa, TOC/IeI0BATETbHCTH
Pr+1
2 s L—e=1 (2.12)
Pk

JUIst BCexX k, HaUMHAasi ¢ HeKOTOporo Homepa N . Torma psig pacxoauTcs Ha OCHO-
BaHuu npu3Haka lanambepa B HenpeaeabHOi (hopme.

2.3 IlIpu3mak Komm.

Teopema 2.5 (npusHak Komm). Ecau minsa Bcex HOMepoB k, 10 KpaiiHeit
Mepe HAYWHAsSL C HEKOTOPOTO HOMEPA, CIIPABEIJINBO HEPABEHCTBO

¥pr <Q <1 (coorsercrsenno, {/py > 1), (2.13)

TO DS Y o | Pk CXOAUTCS (COOTBETCTBEHHO PACXOIUTCS).

IoraszaTenscTBo. IlycTh, onarh ke g, = QF (coorsercrsenno g = 1). Torma
HepaBeHCTBO (2.13) npuHUMaeT BuJ

pe<aqr (pr =) (2.14)

Psix 312 gk, COBIaAIOmMmIi ¢ psaoM » pe; QF (coorsercrsenno Y - 1), cxo-
nuTcst (COOTBETCTBEHHO pacxoauTcsi). Torma Ha OCHOBAHUU TEOPEMbI CDABHEHUS
(2.1) pan > - | Pk, cxomuTcst (PACXOAUTCS), YTO U TPEGOBAIOCH JOKA3ATD.

Teopema 2.6 (npusnak Kommu B npenensHoii ¢popme). Eciu cymecrsyer
IIpesiesl IOC/Ie/I0BATEILHOCTH

klim ¥p =1L, (2.15)



TO paf, 220:1 pi cxomutes npu L < 1 u pacxomgurces mpu L > 1.

JlokazaTenbCTBO IOJHOCTHIO AHAJIOIMYHO JOKA3ATEIbCTBY Teopembl Jlasambe-
pa B npeaenbHoit popme.

2.4 MWNMuterpanpusiii npu3Hak Kommn-Maxkigopena.

Teopema 2.7 (npusnak Komm-Maxksopena). Ilycrs byukuus f(x) Heorpu-
[ATEIbHA, M HE BO3PACTAET BCIOAY HA, MOJYIPSMON T > m, Tae m — (UKCUPO-
BAHHOE HATYDPAJIbHOE 4KCJI0. TOrma YucaoBoil psy

o0

> Fk)=fm)+ fm+1)+... (2.16)
k=m
CXOAUTCS TOrJa U TOJIBKO TOTJ3d, KOI'JId CyILIECTBYET IIPEeJI IIpUu 1 — OO IIOCJIe-
JIOBATEJILHOCTU

an:/f(z)dz. (2.17)

JlorkasaTenbcTBo. IlycTh k — 110001 HOMED, YIOBJIETBOPSIONINI YCIOBUIO k >
m + 1, a © — moboe 3Hauenue aprymenta u3 cermenta k — 1 < x < k. Ilo
ycnosuio dbyakuusa f(z) He BO3PACTAET, MOITOMY Il BCEX I M3 YKA3AHHOTO
CErMEHTA CIIPABEIJINBO

f(k) < f(x) < f(k—1). (2.18)

Dyuxius f(r) OrpaHUYEHHA U MOHOTOHHA, 8, CJIEI0BATE/IbHO, UHTErPUPYEMa HA
cermenrte [k — 1, k]. Bosee Toro,

k k k
/ f(k)dz < / f(z)dx < / f(k—1)dx, (2.19)
k—1 k—1 k—1
9TO 9KBUBAJICHTHO
k
F(k) < / f(@)dr < f(k—1). (2.20)
k—1

YKkazaHHbIE HEPABEHCTBA BBINOJHSIOTCs Jist Bcex k > m + 1. 3anuiuem cepuio
TAKUX HEPABEHCTB yis 3Hadenuit k = m—+1,m+2, ..., n, rae n — 0060t HOMEP



(n >m):

m+1
flm+1) < / f@)dz < f(m),

m
m—+2

flm+2) < / f@)de < f(m +1),

m+1

fn) < / f@)dz < f(n—1).

ITounenno CKJIQAbIBasA 3aMNCaHHBIE HEPABEHCTBA, MOJIYYIUM

n

> )< [ s < Y 50,
m k=m

k=m+1
O603HAYNM N-YIO YACTHYHYIO CYMMY Dsifia, depe3 Sy
n
Su=Y_ f(k).
k=m
Hepasencrso (2.21) rorma npuMer Buj;

Sn - f(m) S Gn, S Sn—l-

(2.21)

(2.22)

(2.23)

O4eBUAHO, YTO MOC/IEAOBATEILHOCTD {a, } siBisiercs HeyObiBatowmeii. Torma mis
ee CXOAMMOCTH HeOOXOIUMa, M JOCTATOYHA OTPAHWUYEHHOCTH. IS psiga, B CBOKO
ouepeIh, HeOOXOAUMA W JOCTATOYHA, OTPAHUYEHHOCTD TIOCIEIOBATEIHLHOCTH Ya-
cruyHbIX cymMm { Sy, }. Ilockonbky f(m) — HekOTOpPOE (DUKCHPOBAHHOE YHCIIO, U3
HepaBeHCTBa (2.23) BBITEKAET OJHOBPEMEHHOCTH OIPAHMYEHHOCTH IOCJIEI0BA-
renbHOCTEH {ay,} 1 {5, }. Takum 06pa3oM, psisi CXOAUTCS TOTAA U TOJBKO TOTA,

KOT/IA CXOIUTCS OCIIEOBATENBHOCTD {dy, }.



3 Teopembl Komu u Pumana o mepecTaHOBKe HJie-
HOB B YHMCJIOBBIX pdaX.

3.1 AOGcoJoTHag M OTHOCUTEJJbHASA CXOANMOCTb.

oo
Omnpenenenne 3.1. Psn ) )~ | uj HA3bIBaETCs AOCOMIOTHO CXOAAIHMCS, €CII
CXORUTCS Pfy Y ooy |ug.

o0
Onpegenenne 3.2. Psg ) ° | uj, Ha3bIBAETCS YCJIOBHO CXONAIIHMCH, €CIIH
caM OH CXOMMTCs, & Psify Y o |uy| pacxomures.

3aMeTuM, 9TO B OIpeAeeHIH a0COMOTHOM CXOAUMOCTH HIYEro He TOBOPUTCS O
TOM, CXOIWUTCS JI PSJL Y pey Uk. DTO UBJMIIHE B CHILY TOTO, ITO BEPHA CIIEJy-
I0Iast TeopeMa.

Teopema 3.1. U3 cxoqumocrn psiga Y oo, |ug| cneayer cxomqumocts Yoo k.

JorasaTenscTBo. Bocnomb3dyemcst kpurepuem Kormmu gyst psga. o cytu Tpe-
Oyercs 10Ka3aTh, 9TO JJIs JIIOOOr0 MOJIOXKUTEILHOrO € HalineTcss Homep N Takoi,
910 A1t Bcex n > N, u ajist jir000ro HaTypPaJbHOIO P CIIPABEIJINBO

n+p

Z ug| < E€. (3.1)

k=n+1

®uxcupyem npomsBoabnoe ¢ > 0. Tak Kak psag Yo, [ux| cxomures, B cuy
kpurepus Komu ayia Hero Haiimercs momep N Takoii, 9TO Jjisi BCEX HOMEPOB
n > N, u s 11006010 HaTyPAIbHOIO P CIPABEJIUBO

n+p

Dl <e (3.2)

k=n+1

TTockosibKy MO/IyJIb CyMMBI HE IIPEBOCXOIUT CYyMMbBI MOJYJIEH, Oy 9UM

n+p n+p
Z Up| < Z |uk| <g, (33)
k=n+1 k=n+1

9TO U JOKA3BIBAECT TEOPEMY.

3.2 Teopema Pumana.

Teopema 3.2 (Teopema Pumana). Ecum psin >~ | U CXOQUTCs yCJIOBHO, TO
KakKOBO Obl HU ObLIO HANEPE. B3STOE YMCJIO L, MOXKHO TAK IIEPECTABUTH YJICHDBI
9TOro Psiia, 4TO NPEOOPA3OBAHHBIN Psifl OyAeT CXOAUTHLCS K 4uCiay L.

o o0
JlokazaTenscTBo. WTaK, MycTh JAH YCJIOBHO CXOISIIUNCS DS oy Uk- O6O-
3HAQYUM dYepe3 pPi, P2, ... NOJOKUTEJIbHBIE YIEHBI 3TOTO PSOA, BBHIMTUCAHHBIE B



IIOpSAIKE CJIeJOBaHMs, U 4€epe3 ¢1, G2, . .. MOIAYIN OTPUIATE/IBHBIX YJIE€HOB, TaK-
2K€ BBINUCAHHBIE B MTOPSIIKE CIEI0BAHUS B HCXOQHOM psiay. Psin 220:1 Uy, COnep-
KUT GECKOHEYHOE YMCJIO0 KAK MOJIOKUTENBHBIX, TAK U OTPUIATEbHBIX YJIEHOB,
TaK KaK €CJau ObI OH COIEp>KAaJI, HAPUMED, KOHEYHOE YUCJIO MOJIOKUTEIHHBIX
YIEHOB, TO, OTOPOCHUB JTOCTATOYHOE KOJIUYECTBO HAYAIHHBIX UYJIEHOB PSa, MBI
oIy anyiv Obl PsiJi, TTOJTHOCTBIO COCTOSININI U3 OTPUNATEIBHBIX YWIEHOB, IJIsS KO-
TOPOrO CXOAMMOCTh, OYEBUIHO, PABHOCUIbHA a0COIIOTHON CXOMUMOCTH.

Wrak, nMeeM [Ba Psifa C TOJOKUTENbHBIMA WICHAMI: » ooy Pk X ey G- JO-
KaxkeM, 94T0 00a 31U psina pacxoasrcsa. O6o3uauuM depes S, N-y IaCTUIHYIO
CyMMy DS Y o Uk, 9€pe3 P, CyMMy BCeX MOJIOKHUTEJIbHBIX 4ICHOB, BXOZS-
WX B Sy, u 9epe3 (), CyMMy MOJYJIEH BCEX OTPULIATENIBHBIX YIEHOB, BXOISIINX
B S,. OueBnznno, uro Torma S, = P, — Qn, U, B CUILY TOTO, 9TO PSIZ Y o Uk
CXOIUTCSI K HEKOTOPOMY YHUCIY S

lim (P, — Qn)=S. (34)

n—oo

C Apyroit CTOPOHBL, P Y poq Uk HE CXOAUTCsT AOCOIOTHO, TIOITOMY

lim (P, + Q) = +oc. (3.5)
n—oo
o0 o0

B cuity AByX IOC/IEAHUX HEPABEHCTB, 00a PSIA D o Pk U D 4o Gl PACXOASTCH,
TAK KaK IIPEJesbl UX YACTHYHBIX CyMM PaBHBI +00. M3 pacxoqmmocTu Ciemayer,
YTO IIPHU YJAJICHHHE JIIOO0r0 KOHEYHOTO 9YKCJIA MEePBBLIX 3JIEMEHTOB ITHX PAIOB,
U3 OCTABIIMXCSH YJICHOB KAK PSA Y po; Pk, TaK U PAAA Y oo 1 (i, MBI CMOXKEM
B3SITh CTOJIb GOJIBIIOE YUCJIO YJIEHOB, YTO UX CyMMa IPeB30ijeT Jiroboe Harepesl
3aIAHHOE TUCJIO.

JlokarkeM TOrJa, 9TO MOXKHO TaK MEPECTABUTH UJIEHBI Psiia 2;0:1 U, 9TO B
pPe3yIbTaTe TOJYYUTCS Psif, cxomsimmiics K uuciay L. [gs 3Toro Boibepem u3
HCXOJHOIO Psi/ia, POBHO CTOJBKO MOJIOXKUTEIBHBIX YJIEHOB P1, P2, - . -, Pk, ITOOBI
KX CyMMa, p1+po+. . .+ pg upes3ouwia L. Tenepb 100aBuM K BEIOPAHHBIM 4/I€HAM
POBHO CTOJIBKO OTPULIATEJIHBIX YIEHOB —(1, —(2, - . ., —(], YTOObI 00IIAst CyMMa,

ptpet+.. o +Pk—@1—q— ... —q (3.6)

okazasiach Menbine L. IIpomosmkas 6eCKOHEYHO TOM00HBIE IITATH, MBI IOy IUM
GECKOHEYHBIH Psifl, B COCTAB KOTOPOTO BOMIYT BCE WIEHBI HCXOIHOTO PsAa (B CAILy
TOr'0, 9TO HA KAXKJIOM IIAre Hy>KHO Oyer J00aBJIsiTh XOTst ObI OJIUH [TOJIOKUATEIIb-
HBIM W OZWMH OTPUNATENbHBIH wieH). J[OKAKeM Temepb, ITO PsiJl, MOJLYy IeHHBINA
TAKOM ITePEeCTAHOBKOH, CXOIUTCS K Iuciy L.

3aMeTuM, 9TO B MOJYYEHHOM PSIJI€ YePEIYIOTCS TPYIIIbI MOJOKUTETHHBIX U OT-
pUIATEIbHBIX Ynces. Eciu BoIOpaHHas n-as 9acTudHas cymma {S,} 3akaH-
YUBAETCH OJHOBPEMEHHO ¢ OYePEeNHOU IPYyINNOil 4IeHOB, TO OTKJIOHEHHEe ITOu
CYMMBI OT YHCJIa, L He TPEBBIMAEeT MOMYJS IMOCTIETHEr0 YJEHA ITON I'DYIIHI.
B nporuBHOoM ciiy4ae, OTKJIOHeHHE OT L He GOoJibline MOMY/sl HOCIEIHEr0 4jIeHa,
npeanocaeaHel rpynnbl. Tak KaK UCXOMHBIN psif Zzozl U CXOOUJICS, TO TOCTe-
JI0BATEJIbHOCTD IOCIEIHUX YJIEHOB IpyIIl 00pa3yer OECKOHEYHO MAJIYIO IIOCJIe-
JIOBATEJILHOCTD, W, 3HAYUT, YaCTUIHBIE CYMMBbI OyIyT HOCTOSIHHO IIPUOJIAKATHCS

K yuciay L, TO ecTb
lim S, =L, (3.7

n—oo
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4910 ¥ TPeOOBAJIOCH JOKA3ATH.

3.3 Teopema Kormmmn.

Teopema 3.3 (Teopema Komm). Ecim 3azannbtit psg Y o | U CXORATCS
abCOJIIOTHO, TO JIIOOOH PN, MOJTYyYeHHBIH M3 HETO HEKOTOPOil MepeCcTAHOBKOIL
YWIEHOB, TAKXKe OyIeT CXOAUTHCSA aOCOMIOTHO M UMETh Ty YKe CyMMY, UTO U P

Zl?;l U .

JllokazaTenbcTBo. IlyCTh MCXOAHBIN Psifi UMEJ CyMMYy S, U IyCTh Psif 22021 Vi
— psifi, HOJIyYeHHbIH U3 P ) oo | Uy HEKOTOPOH MEPECTAHOBKOM UJIEHOB.

Ilokaxkem cHawasa, 9TO P, zzozl Uk CXOIUTCST K TOM ke cymme S. Jlist aTOoro
JIOCTATOYHO TOKa3aTh, 4TO [Jis Joboro £ > 0 Haiimercst Homep N Takoif, 4TO
mpu n > N

n

E v — S| < e. (38)

k=1
Qukcupyem mpousdBosbHOe € > 0. Psg 220:1 U}, CXOOUTCsS aOCOJIFOTHO K CyM-
Me S, MO3TOMY HJjisi JAHHOTO £ MOXKHO yKa3aTb HOMep Ny Takoii, 94TO OymIyT
ClIpaBeaJINBbI HEPABEHCTBA

No+p

> hwl <3, (3.9)

k=No+1

rae p — n10b0e HATYPAJIHHOE YUCIIO; U

S -8 < g (3.10)

Howmep Ny B 060ux HEPABEHCTBAX MOXKHO BHIOPATH OJIMH U TOT K€, PABHBIN HAW-
0OJIbIIIEMY W3 HOMEPOB IS KaXKJOro M3 HEPABEHCTB. lemnepb BhIOEpEM HOMEP
N cross 60bmuM, 9TOOE! T00as YacTHaHas cymMMa, S,  paga Zzozl Vg, C HOMe-
poMm n, mpeBocxoasimuM N, coaepkaJa [Ny IePBbIX YIEHOB P 21?;1 uy. Ilpn
TakoM BbiOOpe N mosrydum

n n No No
D=8 <> v =Y |+ D -S| (3.11)
k=1 k=1 k=1 k=1

C yuerom mepasencrsa (3.10) 1O0CTATOYHO MOKA3ATH, 9TO

n No c
Z’l)k — Zuk < > (3.12)
k=1 k=1

Kak TOJIbKO 1 > IN. 3amernm Ternepb, 94ro npu n > N 1nepBasi u3 CyMM COIEPKUT

Bce Ny MepBBIX YJIEHOB Psizia Ezozl Uk, BCJIEACTBAE Y€r0 PA3HOCThH 10, 3HAKOM
MOJIyJIst IPeACTaBAsieT CO00M cymmy 1 — Ny 9IEHOB Psa 21?;1 U C HOMepaMu,
KaXKJIbIil U3 KOTOPBIX ITpeBocxomuT Ny.
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Ecnu Tenepr BeIOpaTh HATYypAJBHOE YUCIO P CTOJb OOJIBIIUM, 9TOOBI HOMED
Ny + p IpeBoCX0 U HOMEPA BCEX YJIEHOB YKA3aHHOM CyMMBbI, TO JJIsI PA3HOCTHU
B JieBOii yacty (3.12) cupaBemnBo

n Ny No+p
Z’Uk —Zuk < Z |uk| (3.13)
k=1 k=1 No+1

Orcropa ¢ ygerom (3.9) u Borrekaer mepasencrso (3.12). Tem cambiv moka3bl-
BAETCsl HEPABEHCTBO (3.8), B CHMILy 9€ro Psif Y p., Ui CXOAUTCH M UMEET Ty 2Ke
cyMMy S, 9TO U UCXOIHBIA PSI Y ooy Uk.

Ocraercst OKA3aTh, 9TO PN Y po, U cxopures abeomorno. C yderoM moka-
3aHHOTO [IEPBOrO IIyHKTA, MOKHO IIPHMEHATH €ro JIOTHKY K PSaaM »_po; |ug| 1
> ey [vk|. Homyunm cxoqumocTs psiga Yooy |Uk|, TO ecTb aBGCOMIOTHYIO CXOAU-
MOCTb PAAA Y po g V-

Teopema Kormmu mosTHOCTBIO JOKA3AHA.
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4 IIpu3HaKM CXOJAUMOCTHU ITPOU3BOJILHBIX YMCJIO-
BBIX PAJIOB.

4.1 IIpeoGpa3oBanme AbGeJis.

YcraHOBUM CHAYAIA OJHO BAXKHOE TOXKIECTBO, KOTOPOE SIBJISIETCST OCHOBOH J10-
Ka3aTeJbCTBA PACCMATPUBAEMBIX HUKE TPU3HAKOB CXOIUMOCTH.

VYrBepxkaenue 4.1 (npeodpasoBanue AbGesst). Ilycrs {u;} u {vi} — nBe
MIPOU3BOJIBHBIE TIOCIEN0BATEIBHOCTH, Sy = U1 + Uz + ... + Ug, m U p — IBa
MPOM3BOJILHBIX mapaMerpa (mpu stom n > 0, Sp = 0). Torma cnpasenmso
CJIEAYIOLIEEe TOXKIECTBO:

n+p n+p—1
d " vk = > Sk(Uk = Vky1) + Snipnip — Snvni1- (4.1)
k=n+1 k=n+1

JokazaTenbcTBo. Tak Kak mys Jar0O60ro HOMepa k CIpPaBeIINBO HEPABEHCTBO
ug = S — Sk—1, TO JieBoit yactu (4.1) MOXKHO IPUAATH BUJL

n+p n+p n—+p
E UV = E Skvk - E Skflvk. (42)
k=n+1 k=n+1 k=n-+1

Bo BTOpO#t cymme mpaBoit 9acTu 3aMEHMM WHAEKC CyMMupoBaHus k Ha k + 1:

n+p n+p ntp—-1
E URVE = E Svk — E Skvk+1 =
k=n+1 k=n+1 k=n
4.3
n+p—1 ( )
= E Sk(’l)k - 'Uk-l-l) + Sn-l—pvn-i-p — InUn+1,
k=n

410 coBmagaer ¢ (4.1).

4.2 Ilpu3uaku AbGeus.

Omnpenesienne 4.1. TlocnenosarenbHocTh {vy } OyaeM HA3BIBATH MOCAE0OBA-
TEJIBHOCTHIO C OTPAHUICHHBIM H3MEHEHHEM, €CJIU CXOIUTCS P

[e.°]

Z |’Uk+1 — ’Uk| . (44)

k=1

VYrBepxkaenue 4.2. Bcakas MocieI0BaTEILHOCTh C OTPAHUYEHHBIM U3MEHe-
HUEM CXOJIUTCH.
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JokasarenbcTBo. B camom zmese, u3 cxomumocTu psifa monyseit (4.4) cienyer
CXOAMMOCTD P

o0
Z(karl — vg). (4.5)
k=1

O6o3HaunM cymmy psina (4.5) depe3 S, a n-yio YaCTUUHYIO €10 CyMMY depe3 Sy,.

Torpa, ¢ ygerom TOro, 9T0 S),, = Up41 — U1, HOJyHNM, UTO IIPELIEJI

lim v, = lim vy41 (4.6)

CyliecTByeT u paBeH S + V1, OTKyJa CJELYeT, 49TO HOCJIEI0BATENHHOCTb {vk }
CXOOMTCS K mpeneny S + vj.

Teopema 4.1 (nepsbiit mpusHak A6enst). Ecmu psn > .-, ur obnazaer
OrPAHUYEHHON MOCJIEI0BATEIHLHOCTHIO YaCTHYHBIX CyMM, a {vg} — mociemosa-
TEJIHHOCTH ¢ OTPAHUYICHHBIM M3MEHEHUEM, CXOISAIMIASICS K HYJII0, TO PSI

Z URVk (4.7
k=1

CXOJIUTCSI.

JlokasaTemscTBo. COIJIACHO YCIOBHIO TEOPEMBI, CYIIECTBYEeT TAKOE MOJIOMKH-
TesIbHOE YUCiI0 M, 4TO IOC/IEA0BATEILHOCTD YaCTHIHBIX CyMM Sy, PSIIA Y oo | Uk
obsiaaer ceoiictBoM |Sy,| < M mjis Beex n.

Qukcupyem npou3BosbHOE 4ucyio € > 0, u 1o Hemy HOMep N Takoi, 4T0 IJIst
BCex N > N BBINOJTHEHBI YCJIOBHUSI:

g
|’Un| < 3—M, (48)
n+p—1 c
k:;i_l |’Uk+1 — ’Uk| < 3—M (49)

B cuny ToxpgectBa AGensi m TOro OGCTOSATENHCTBA, ITO MOMAYJB CYMMBI TPEX
BEJINYINH HE MPEBOCXOUT CYMMBI UX MOMAYJIEH, Oy IUM

n+p n+p—1
Z URVE| < Z Sk(Vk = Vkt1)| + |Snpl[Unp| + [Snllvnga]. (4.10)
k=n-+1 k=n-+1

JONONMHUTENBHO YUTSI, YTO AJIsI BCEX N CIpaBeyuBo |Sy,| < M, nomxydnm

n—+p n+p—1
> wgor| SM D ok — viga] + Mvngp| + Mlvngal. (4.11)
k=n+1 k=n-+1

C yuerom mepasencrs (4.8) u (4.9), HakOHeN, NONTyIUM

> wpvr| <e, (4.12)
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4T0 B cuity Kpurepusi Komu o3uagaer, uro psazn (4.7) cxomurcsi, 9ro u TpeboBa-
JIOCh IOKa3aTb.

Teopema 4.2 (Bropoit npusnak AGess). Ecuu psig Y .o, up cxogurcs, a
{vy } npencrasisier cob0ii IPOU3BOIBHYIO MOCIEI0BATETHLHOCTD C OrPAHUIEHHBIM
u3MeHeHueM, T0 psay (4.7) cxoxurcs.

JorasaTenbcTBo. Tak KaK CXOMSIIMAMNCS DS 21?;1 ), 00JIaT2eT OrPAHNIECHHOMN
MIOCJIETIOBATEIFHOCTHIO YACTUYHBIX CYMM, cymecTByeT uucyio M > 0 Takoe, 9TO
|Sn] < M nust Bcex HOMEpOB n.

O6o3Ha4UM CyMMy DPsifia »_po; U 9epe3 S, a Ipees HOCIe0BATeIbHOCTH { vy, }
gyepe3 v. Torga MOXKHO yTBEPXKIATH, YTO KAXKJI0€ U3 npoussBenenuit {S,v,} u
{SnVn+1} cxommrcs mpu n — 00 K mpeneny Sv, u, B CHIY 9TOrO, KaXKAasi U3
MOCJIeIOBATETHLHOCTEM

{Spvn — Sv} u {Spvp41 — Sv} (4.13)
ABJIAETCA OECKOHEYIHO MAaJIOH.

C y9eroM TOTO M CXOAUMOCTH PSIIA Y pe; |Vkt1 — Uk |, duKCHpPyst noIOXKUTE B
HOE 4uCJIo €, Mbl Hailgem HOMep N Takoif, uTo nast Bcex n > N W s BCeX
HATYPAJIbHBIX P

[Spon — Sv| < %, |Snvnt1 — Sv| < %, (4.14)
n+p—1 c
> Joksr —we] < 3 (4.15)
k=n-+1

Yuauremas, aro |S,,| < M, u noacraBnss vepaBencTsa (4.14) n (4.15) B TOxR 1€~
cTBO AleJisi, MEPENMCaHHOE B BUIE

n+p n+p—1

Z UKV = Z Sk (Ve — Vi41) + (SngpUngp — SV) + (Sv — Spvn41), (4.16)
k=n+1 k=n+1

[TOJIyYMM HEPABEHCTBO
> wpvr| <e, (4.17)

Y9TO U AJOKA3bIBACT TEOPEMY B CUJIy KpUTEPUA Komu IJid pdaaa.

4.3 TIlpuznak Iupuxine-Abes.

HemocpeacTBeHHBIM CJIEICTBAEM W3 TIEPBOTO MpU3HAKa, AGeJisi SBISETCS MpH-
3HaK Jlupuxie-Abesi.

o0
Teopema 4.3 (npusnak JIupuxne-A6enst). Ecim psig ), uj obiaasaer
OrPAHUYEHHOM TTOC/IEOBATEIBHOCTHIO YJACTUIHBIX CYMM, & TIOCJIEI0BATEIHHOCTD
{vr} He Bo3pacTaer u cxoauTCs K HyIO, TO psiy (4.7) cxomurcs.
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JorasaTenscTBo. JIOCTATOYHO 3aMETUTH, YTO HEBO3PACTAIOIIAS U CXOISIIASICS
K HYJIIO [I0CJIEOBATEIbHOCTD SABJIAETCS IIOCIIEI0BATEIBHOCTHIO C OrPAHUYEHHBIM
M3MEHEHUEM, TaK KaK JJIsI Hee N-as YaCTUIHAs CyMMa Sy, Paaa, 22021 |vg — Vg41]
pPaBHA V1 — Up41 U, B CUJIYy TOTO, UTO ¥; — HEKOTOpAas MOCTOSHHAS BEJIUYUHA, &
v, — 0 Ipu N — 00, YACTUYHBIE CYMMBI S;,, UMEIOT TIPEIES, PABHBIN V1.

4.4 TIlpuzuak JleitOouurma.

Onpenesnenne 4.2. Bynem Ha3bIBaTH Psifi 3HAKOIEPELYIOMIAMCST, ECJI BCE €r0
YJIEHBI ¢ HEYETHBIMA HOMEPAMU IOJIOKUATEIbHBI, 3 BCE YJIEHBI C YeTHBIMU HOME-
paMu OTPUIIATEILHBI.

Onpenesenne 4.3. 3HakouYepeAyIOIIUNACS Psil, MOAYJIHA YJIEHOB KOTOPOIO 00-
)

Pa3yI0T HEBO3PACTAIOIILYIO CXOISIIYIOCS K HYJIIO MOCIEI0BATEILHOCTD, Oy1eM Ha-

3bIBAThL psiaoM JIerOHHIIA.

Teopema 4.4 (upmsHak Jleiit6auna). Jloboit psy JleiGuumna cxoqurces.

JlokazaTenbcTBo. Beskuil psa JIeiiOHuUIA peicTaBuM B BUJIE

(D" Mo =v1 —va + o3 — ..., (4.18)
k=1

rae {vg} — HEeBO3PACTAIOIAS M CXOJAMASACS K HYJIIO IIOCIE€A0BATEIBHOCTD. DTOT
Psiji SABJISIETCS JACTHBIM Ciydaem psaga (4.7) mpu up, = (—1)F~ 1. Pag D ope g Uk
[IPU 3TOM, OYEBUIHO, 00JIAA€T OrPAHUYEHHON MOCIEI0BATEILHOCTHI0 YaCTHY-
HBIX CyMM (MX MOC/IEA0BaTENbHOCTL umeet Bum 1, 0, 1, 0, ...). Torma no npu-
3uaky dupuxne-Abesns npusnak Jlefibuuiia crpaBemius.
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5 Apudmerudeckue orepamuy HAJ CXOAAITAMU-
ca paaamu. Teopema MepTeHca.

5.1 IlousneHHOE CJIOXKEHWE W YMHOXKEHUE CXOAAIIUXCH PH-
JO0B.

Teopema 5.1. Eciu 1pa psna, > poq Uk B Yo | Uk, CXOASTCS ¥ IMEIOT CyMMBIL,
coorBercTBeHHO paBHbie U u V', TO u pszg Egozl(uk + vk) cxomuTCs M MMeer
cymwmy, pasayio U + V.

JokasaTenscTso. (603a4MM n-ble YACTUIHBIE CYMMBI PAIOB Y o (up £ vg),
oo o

D heq Uk M Y ,_, Uy COOTBETCTBEHHO KakK Sp, U, u V,. Torma, oueBnaso, 1js

BCeX 1 BbIOJHEHO S, = U, + V,,. Tak kak

lim U, = U, (5.1)
lim V,, =V, (5.2)

TO (Ha OCHOBaHUHU TE€OPEMBbI O CJIOZKEHHWUW W BBIYUTAHUHN CXOAAINUXCA ITOCJIEOO-
BaTEJILHOCTEl) CYIeCTByeT npeest nocuenosareasuoctu {S, }, pasusiit U + V.
Teopema noka3ana.

o0 o0
Teopema 5.2. Eciu asa psga, » ., up ¥ ), 4 Uk, CXOAATCS aOCOMIOTHO 1
UMEIOT CyMMBbI, COOTBETCTBEHHO paBHbIe U u V', TO PsiM, COCTABJICHHBIN U3 BCEX
npousBeneHuit suga ugv; (rme k = 1,2,..., 1 = 1,2,...), 3aHyMepOBaHHBIX B
[POM3BOJLHOM IODSIKe, TAKIKE CXOMUTCH AOCOIIOTHO M MMEET CBOEH CyMMOi
Uv.

JokazatenbcTBo. (003HAYUM HYepe3 wi, Ws, - . . MPOU3BEICHUS BUIA Uk, 3a-
HyMEpOBAHHbIE B IPOU3BOJILHOM TOpsike. JlOKazKeM, 9To psif » po, |wi| cxo-
aurcst. Ilycrs S, — n-ast yacTudHAsi CyMMa psna y . |wg|, OHA, OYEBHIHO,
COCTOUT U3 CJIaraeMbix BUIa |ugv;|. Cpeau unnekcos | u k 4eHOB, BXOAAIIUX B
JAHHYIO CyMMYy, BbIOepeM HamOOJIbIINN WHIEKC, KOTOPhIA 0D03HAYUM 4Yepes3 M.
Torna

Sn < (Jua] + Juz| + .-+ fum|)(Jor] + [v2] + -+ |vm]). (5.3)

B npasoii wactu (5.3) CTONT IPOU3BEAEHNE M-BIX TACTUIHBIX CyMM PSIOB Y oo |ug|
u Y o |vk]. B cuny cxomuMocTs 3THX PSOB ¢ HEOTPUIATEILHBIME “JICHAMH,
BCE WX YaCTHYIHBbIE CyMMbI (M, COOTBETCTBEHHO, MX [IPOU3BECHNUS) OrPAHIMIEHDL.
Iosromy u nocnenoBarenbHOCTL {Sy,} OrpanmdeHa, a 9T0 JAOKA3LIBAET CXOIHM-
MOCTb PAAA Y poq |Wk|, TO €CTh aBGCOMIOTHYIO CXOMUMOCTD PAA D | pe g Wk

Ocranoch MOKa3aTh, YTO PSfI Zzozl wy, umeer cymmy S, pasuyio UV. Tak kak
9TOT PsiJI, CXOAUTCST AOCOTIOTHO, TO B CUJIy TeopeMbl KOl o mepecTaHoBKe dUje-
HOB aOCOJIIOTHO CXOJSINErocs Psifia, €r0 CyMMa He 3aBUCUT OT IIOPSIIKA CJIeI0Ba-
HUs 4IeHOB. Torna, Tak Kak 1ocjefoBaTeIbHOCTb W, 9aCTHYHBIX CYyMM 3TOI'O
psifa

Wi =i +us+...+um)(vi+v2+...4+vp) (5.4)
cxomutes K unciny UV (Kak mpousBeieHue IBYX TOIIOCIEI0BATEIHLHOCTENR 10~
CJIEZI0BATENLHOCTEH, CXOSIIUXCS COOTBETCTBEHHO K yuciam U u V), ero cymma,
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pasaa UV, 910 1 TpebOBAIOCH JOKA3ATh.

5.2 Teopema Meprenca.

o0 oo
IIpousBenenne ABYX PSANOB D, 4 Uk U » .~ 4 U 9ACTO OBIBAET yJOOHO 3aIluChI-
BaTh B CIEIUAJIBLHOM BHJIE:

k=1 k=1
(3
w1V + (’ul’Ug + U2U1) + ...+ (Ul’l}k + UoVp—1 + ...+ ukvl) + ..., (56)

Teopema 5.3 (Teopema MepreHca). Psia, mosydeHHbIH nepeMHOKEHNEM
JBYX PsiJIOB YKA3aHHBIM CIIOCODOM, CXOAMTCS K IPOM3BEIEHUIO CyMM EPEMHO-
2KaeMbIX DSIJIOB B CJIydae, KOT/Ia OAWH U3 PSIZIOB CXOAUTCS aDCOIOTHO, & APYroi
CXOIUTCST XOTSI ObI YCJIOBHO.

JokasaTenbcTBo. IlyCTh, AJIst OLPENETIEHHOCTH, PSIL ¥ oo ; Uk CXOZUTCS abCo-
JIFOTHO, a PAT, Zzozl Uk CXOIUTCsT XOTs1 ObI yes10BHO. OD03HAUUM N-bIe YACTUIHBIE
CYMMBI 3TuX psinoB deped U, u V,,, a ux cymmsl uepe3 U u V', COOTBETCTBEHHO.
O603Ha49MM TaKXKe

Wy = ULVUpn + U2VUn_1 + ... + UpV1 (5.7)

W, =w, +ws + ...+ w,. (5.8)
JocTtaTo4do gokasarb, 9To lim, .., W, = UV. Ogesugno, uro W, = w1V, +

U Vip—1 + ... +u, Vi.

B cuy cxommMocTH Psna Y ., Uk €ro OCTaToK oy, = V — V,, siBisercs Gecko-
HEYHO MAaJIOH HOCTIeI0BATEBHOCTH, 8 3HAMHAT CYIIeCTBYeT TaKas MOCToSHHAsS M
TaKasi, 9To |o,| < M Iuis Bcex HOMEpPOB 7. 3aMeTuM, 9To

Wo=u1(V—an)tu(V—-—apn_1)+...+u,(V—aq)=U,V —05,, (5.9

rie
Bn = ur0u, + Ustp_1 + ... +upaq. (5.10)

Ilockonbky limy, oo U, = U, TO mAOCTATOYHO M0KA3aTh, 9TO MOCJIEIOBATEIIb-
HOCTb (3, sIBJIsieTcst GECKOHEYHO MaJiof (T.K. MMEHHO TOTJa Tpejes Npu 1 —
in fty mocmenosarensaoctu W, Gyznet pasuarbes UV).

Tak Kak Paf y ., Uk CXOAUTCS abCOMIOTHO, TO, (DPMKCHPOBAB HPOU3BOJIBHOE
€ > 0, HafileM OTBedYaloIIee eMy 1M TaKoe, 9To

o0

9
k=m+1
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Kpowme Toro, cymecrByer takasi nmocrosinaast My, 94To

D fukl < My (5.12)
k=1

JIJIST BCeX HOMEPOB 1.
IIpencraBum Tenepsb (3, B BUjE CyMMBI JIBYX CyMM:
Bn = (u1an + ...+ UmQni1-m) + (Umt10n—m + ... + upay). (5.13)

Bruibepem 1o HalieHHOMY M HOMED 71 HACTOJIBKO OOJIBINOM, YTOOBI OBLIO BbI-
NOJIHEHO || < 53~ KaK TOJIBKO k > n1 — m (Takoft HOMep CyIeCTBYeT B CHILY
Geckoneanoi manocru {y, }). Conocrassis BCe BbIINCAHHBIE HEPABEHCTBA, 110~
JIyIuM, 9TO KaXKAas U3 CKOOOK B BBIPAKEHHU JJIs [y, IO MOAYJI0 MEHBILE, 1€M
S, orkyza |3,| < € mpu n > ny. B cuy npou3BOIBHOCTH € yTBEPXKIEHIE JOKA-
3aHO.
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6 Heobxoaumoe ycJjioBU€ CXOAMMOCTH JIBOMTHOTO
paaa. CBa3b MeK/1y CXOANMOCTBIO JIBOMTHOTO pd-
Ja M MMOBTOPHOTO ps#ajga. Kpurepuit cxoamMocTu
JBOIHOr0O psaJa C HEOTPUIIATEJIbBHBIMU dJIeHA-
M.

6.1 Omnpeaenienue ABOWHOro m IMOBTOPHOrO PAaa.

PaccmoTpum cyeTHOE MHOXKECTBO OECKOHEUHBIX YHCJIOBBIX ITOCJIEI0BATE/HHO-
CTeii:

a11,0A125 -+ 5,A1ny -5
a21, 422, - --,A2n; - - -3
amlaam27aamnaa

B stux 0603HaYeHNSIX NEPBBIM WHAEKC [IPU IJIEMEHTE — HOMEDP ITOCJIEI0BATEIb-
HOCTH, 3 BTOPOU MHIEKC — HOMED B IIOCJIEI0BATEIbHOCTH.

Ecnu mpocymMMmupoBaTh BCE 3JIEMEHTBI CHAYAJIA, 10 CTPOKAM, a 3aTEM IO CTOJI0-
[[aM, OJIyIUTCs DECKOHEYHAST MOC/IEI0BATETFHOCT CYMM BHJI,

i agl . (61)
=1

IIpocymMMupoBaB 3Ty HOCIEIOBATEIHLHOCTD IO BCEM k, TOIyduM (POPMAIBHYIO

CyMMy o
Z <Z akl> , (6.2)

k=1 \Il=1

KOTOPYIO TIPUHSITO HA3bIBATH MMOBTOPHBIM psizioM. MoxkHO, HA00OpOT, CHaYamIa
CyMMHUPOBATH MO CTOJOIAM, 3 3aTE€M IO CTPOKAM, TOL/Ia, IOBTOPHBIN psist Oymer

UMETHb BU,
Z < akl> . (6.3)
k=1

=1

Omnpenesienne 6.1. TTosropubIil psiz (6.2) HABBIBAETCS CXOAAIHMCST, €CJTA CXO-
JUTCs KaxKaplit u3 psanos (6.1) u cxomurcs psif

Z Ak, rae Ak = Zakl. (64)
k=1 =1
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Ounpegesienne 6.2. I[Tosropubiii psiz (6.3) HABBIBAETCS CXOAAIHMCST, €CJIA CXO-
JUTCS KazKJIbI U3 PSAIOB

Zakl, rmel=1,2,... (6.5)
k=1

" CXOIUTCS P

ZAl’ rae Al = Zk’ = 1ooakl. (6.6)
=1

Onpenenenne 6.3. /IBoiiHOM psx

akl (6.7)
k=1

Ha3bIBACTCSA CXOAAIMAMCS, €CIU TIPU HE3A6UCUMOM CTPEMIICHIN UHIEKCOB M U 1
K OECKOHEYHOCTH CYyIECTBYeT KOHEUHBIH Mpesest

m S (6.8)

m,n—o0

IPAMOYTOJIBHBIX YaCTHYIHBIX CYMM

Yka3aHHBII Ipeses1 IPU STOM HA3BIBAIOT CyMMOH ABOHHOrO psiga (6.7).

Cpazy ke 0TMeruMm, 4ro U3 TOr0 ONPEIE/IeHUs] BBITEKAET CJIELYIOIIee yTBED-
2KJIEHHUE.

VYrBepxkaenue 6.1. Ecnu apoiinoit psag (6.7) mosyden B pesysibrare mepe-
MHOYKEHUsI 4JIEHOB JBYX CXOISIIMXCSI «OQUHAPHBIX> PSIOB Y poy by 1 > o, ¢,
4, COOTBETCTBEHHO, WieHbI psifa, (6.7) mmeror Bux ay; = bicy, To pan (6.7) cxo-
JIATCS, ¥ €r0 CyMMa, PABHA IIPOU3BEICHUI0 CYMM yKA3aHHBIX PSIOB.

6.2 Heobxogumoe ycJoBUE€ CXOAMMOCTH JBOWHOTO pdaa.

BaMeTI/IM, YTO U3 OIpeneIiCHuA HpHMOyFOHbeIX YaCTUYHBIX CyMM Hernocpea-
CTBEHHO CJIeJIyeT, YTO JIJI BCcex m > 2, n > 2

Amn = (Smn - Sm(n—l)) - (S(m—l)n - S(m—l)(n—l))- (6]—0)

Teopema 6.1 (HeoGxoaMMOeE yCTI0OBHE CXOAUMOCTH ABOMHOrO paga). s
TOro, 9TO6OBI BONHOM psif (6.7) CXOmUICS, HEOOXOIUMO CTPEMJICHUE K HYJIIO €ro
o0I1ero 4yeHa, T.e. CyIeCTBOBAHNE PABHOTO HYJIIO TIpeJesia

Im  amp. (6.11)

m,n—o0
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JlokasaTemscTBo. IIPaBOMEPHOCTE 3TOTO YCJIOBUSA OYeBHIHA. JefiCTBUTEILHO,
nycrhb qBOAHON psan (6.7) cxomurcs. T1o OnpeeneHuio 3To 03HAYAET, YTO CyIe-
CTBYeT KOHEUHBIi ITpeiesl IPAMOYTOIbHBIX YACTHYHBIX CyMM Sy, Ho Torma mpu
HE3aBUCAMOM CTPEMJICHHH M U 1 K GECKOHEYHOCTH OOINUH WiIeH Uy, JBOHHOrO
pfna IpefCTaBUM B BHIE

lim Amn = lim [(Smn - Sm(n—l)) - (S(m—l)n - S(m—l)(n—l))]a (612)

m,n— 00 m,n— o0

9TO, C yIeTOM CXOmUMOCTH { S, } SKBUBATEHTHO

lim Smnf lim Sm(n—l):||: lim S(m_l)nf lim S(m—l)(n—l):|-

m,n—oo m,n— oo m,n— oo m,n— oo
(6.13)

Bce mpenesibt 3/1€Ch paBHBI OHOMY M TOMY K€ KOHKPETHOMY YHCIIY S, a, CIeI0-
BATEJIbHO MOCIEIOBATENBHOCTD { Gy, } OECKOHEYHO Majiasi, 9TO U TPeboBajIOCh
J0Ka3aTh.

6.3 CBg3b MeX/Iy CXOANMOCTHIO JBOMHOTO pdA/a U TOBTOP-
HOTO pAaa.

Teopema 6.2. Ecsmu cxogures npoitaoit psag (6.7) u ecym TakKe CXOMATCS BCE
psabt o crpokam (6.1), TO CXOOUTCS W MOBTOPHBIH psif (6.2), mpuyueM K TOM 3Ke
CyMMe, 4TO U JBONHON psm.

JokasaTenscTBo. Ilpwm (DUKCUPOBAHHOM M MEPEHeM K IPenety Pl 1 — 00
B pasencrse (6.9):

lim Sy, = ZAk, (6.14)

rae Ap, — cymma k-oro psima (6.1).
Torma cymMMa MOBTOPHOTO psifa (6.2) ecTb He UTO MHOE, KAK TOBTOPHBINA MPees

lim ( lim Spp). (6.15)

m—00 N—00

U3 cymecTBoBamus paBHOrO S npeziena ABOWHOrO psana (6.7) BbITEKAET, 9TO i
arboro € > 0 HaWIyOTCS TakWe HOMEpa Mg U Ny, YTO TIPU M > Mg, N > N
BBITIOJIHEHO

|Son — 5] < €. (6.16)

Ilepeiimem B mocsieiHEM HEPABEHCTBE K MPEIEy HpU 1 — 00. 1Orma Jjisi BCex
m > mg
| im Sy — S| <e, (6.17)
n—oo

YTO M O3HAYAET CYIIECTBOBAHME U PABEHCTBO S ITOBTOPHOIO MpEJeia, a, 3HAUNT,
¥ CyMMBI IOBTOPHOTO PsiZia. Teopema T0Ka3aHa.
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6.4 Kpurepuii cxoouMOCTH AOBOMHOTO pdaaa C HEOTPHUIA-
TeJbHBIMU YJIEHAMMH.

Teopema 6.3. Ecam Bce amemenTsr ay; psga (6.7) HEOTPUIATENHHBI, TO JJIst
€ro CXOAMMOCTH HEOOXOIUMO U JIOCTATOYHO, YTOOBI €r0 YaCTUYHBIE CYMMbI OBLITH
OrpaHUYEHBI.

Heob6xomuMocTs. (ueBHUIHO, UTO €CIM YACTUYHBIE CYyMMbBI HE OIPAHIYEHBI, TO
He CYLIECTBYET WX IIpeJesia IPU n, 1m — O0.

JocTaTourocTs. U3 OrpaHMYEHHOCTH MHOXKECTBA. {S),y, } BBITEKAET CyIIECTBO-
BaHWE €ro TOUHOM BepxHeil rpamm S = sup{Smn}. Ilo onpenenenmio Tounoi
BepxHeil rpanu juist joboro € > 0 Halmercss 4acTUYHAsT CyMMA Spygn, TAKasd,
97O

S =& < Smong < 5. (6.18)

Jlj1s1 BceX HOMEpPOB M > Mg, N > Ny B CUJILY HEOTPUIATEIHHOCTH YJIEHOB PSIIa
CIIPABENIUBO Sinpn > Smong, OTKYAA

S—e<Smm<S (6.19)

IUISE BCEX M > My, N > N, YTO U 03HAYAET CYIIECTBOBAHUE PABHOIO S MPEIEa
YACTUYHBIX CyMM, T.€. CXOAUMOCTh psiga (6.7).
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7 AOcomaroTHag CXOAUMOCTh ABOIHOrO pgaga. B3a-
MMOCBH3b CXOJMMOCTH IIOBTOPHBIX, JBOMHOI0 1
«OIMHAPHOIO» PHAIOB.

7.1 AOGcoaoTHag CXOAMMOCTH ABOWHOTO pAaa.

Onpenenenne 7.1. JIBoitHOI psig,

oo

Z akl (7.1)

k=1
Ha3BbIBAETCsST aOCOMIOTHO CXOASIITHMCS, €CJIU CXOIUTCS TBOWHOM PsiiT
oo
> lawl (7.2)
k=1
U3 MOJIYJIEeH ero 4jIeHoOB.

Teopema 7.1. Ecnu cxomurcs nBoitnoii pss (7.2), To aBoiinoii psiz (7.1) Takxke
CXOJIUTCSL.

JlokazaTenscTBo. Ilycrs

|aki| + aw lar| — ar
= = 7.3
U gy = (73)
Torna, oueBuaHO,
agl = Pkl — 4ki- (7-4)

O6a pi; m qr HEOTPUIATENHHBI U HE mpeBocxomaT |ay;|. Kpome Toro, u3 cxo-
numocty psana (7.2) BbITEKAeT OrPAHMYEHHOCTh €r0 YaCTUYHBIX cyMM. Torna u

qaCTU4IHbIE€ CYMMBbI DAT0OB
o0 o0
Z Dkl ¥ Z qrl (7.5)
ki=1 k=1

Takke orpaanenbl. Ho MOCKOBbKY OHH COCTOAT W3 HEOTPHIATENHHBIX WIEHOB,
Ha OCHOBAHWY KPUTEPUS CXOAUMOCTH ABONHBIX PSIOB C HEOTPUIATEILHBIME 916~
HAMU, OHH CXOIATCS K cBomM cymmaMm P u @, coorBercrBenno. Torma nBoiHOlM
paz (7.1) ma ocuoBanuu (7.4) cxomurcs k P — Q.

7.2 BsamMocCBa3b CXOJIMMOCTH MOBTOPHBIX, IBOMHOTO U «O/IH-
HaApHOTO» PdAJIa.

BBenem B paccMoTpeHue erne OAuH «OJUHAPHBIMY Pl
o0
> an, (7.6)
r=1

24



YIEHAMH KOTOPOTO SIBJISIFOTCS 3aHYMEDOBAHHBIE B [IPOU3BOJIBHOM MOPSIIKE dJle-
HbI JBOjHOrO psiga (7.1).

Teopema 7.2. PaccmorpuMm 4dernipe psifa: JBa MOBTOPHBIX P

Z Zakl y (77)
k=1 \l=1

Z iakl 5 (78)
k=1

=1 =

nBoMHOM psaz (7.1) u psixg Buga (7.6). Ecau xoTs 61 0UH U3 3TUX PSIZOB CXOIUTCS
IIPM 3aMEHE €r0 4ICHOB HA UX MOJYJIM, TO BCE YETHIPE YKA3AHHBIX Psiia CXOATCS
U UMEIOT OJMHAKOBbIC CyMMAbIL.

JlokasaTtenscTBo. Cpaly ke OrpaHUYUMCS PACCMOTPEHUEM JIMIIb OJIHOTO I0-
BTOpHOrO psina (7.7), Tak kak mius psaga (7.8) Bce paccykieHusi GyayT aHaJIO-
TUYHBIMU C TOYHOCTHIO OO 3aMEHBI TIOPAJIKa CJIeJOBaHUA UHICKCOB.

JlokaxkeMm cHa4aa, 9TO €CJU OJUH U3 YKA3AHHBIX PSI0B CXOMAUTCS MIPU 3aMEHE
€ro 4JIEHOB HA MX MOJYJIM, TO CXOIASTCS OCTAJIbHbIE PsAibl. Pazobbem 10Kaza-
TEJIbCTBO ITOr0 IIyHKTA HA TPU YACTH.

1. CxomumocTs moBTOPHOTO psina (7.7), 9WIEHBI KOTOPOrO 3aMEHEHBI HA nx ab-
COJIIOTHBIE BEJIMYMHBI, BI€YET abCOMIOTHYIO CXOmMMOCTh psiga (7.6). O6o3Hanm
uepe3 S* CyMMy TOBTOPHOTO Psia

> lawl | - (7.9)
k=1 \Il=1

Torma st Bcex m,n
n

S awl < 5% (7.10)

k=11=1

Ecsm reneps S} = |ai| + |az| + ... + |ar| — npousBonbHaAsS YacTHYHAS CyMMa,
pana

oo

> larl, (7.11)

r=1

TO MOKHO HAHiTU TAaKue 3HAUEHUs JJIsL 1M U T, 9TO BCe 4jieHbl psaa (7.6), Bxoms-
[Ue B €ro r-Tyl YaCTUYIHYH CyMMy, OyayT COAEPKATHCS B MEPBBIX 1711 CTPOKAX
¥ TEPBBIX 71 CTOJONAX MATPHUIBI ABONHOTO PsIa.

Ho Torma B cury (7.10) SF < S*, HO 9TO 1 3HAYUT, ITO PAL C HEOTPULATEIHLHBIME
yrenamu (7.11) ¢CXOmUTCS B CUITy KPATEPUSI.

2. AbcomoTHast cXOIUMOCTD psifa, (7.6) BiedeT abCOMIOTHYIO CXOAUMOCTh PSa,
(7.1). Utak, mycts psag (7.11) cxoqurcs. Torna nocieoBaTelbHOCTD €ro YacTud-
HbIX cymM {S)} orpanundena. 3aduKkcupyem NpOU3BOJBHYIO YACTUIHYIO CyMMY
Sk Dana w3 momyaneit (7.2). 3aBenOMO MOXKHO BBIOPATH HOMED T HACTOJIBKO
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60J1bIIUM, 4TO B .S, OyLyT BXOIUTH BCE WIEHBI PALA, KOTOPBIE BXOAAT B YaCTAY-
Hyto cymmy Sr,.. Ho Torna S, < SF, a, 3Ha4uT, MHOXKECTBO BCEX YaCTUUHBIX
CyMM ABoitHOrO psina (7.2) orpanudeno, u psj (7.2) cxogurcs.

3. Abcomornas cxoquMocTh psaga (7.1) Biaeder cxomumocts psina (7.7), dieHbt
KOTOPOTO 3aMEeHEHbI Ha uX MoAyau. Ilycrs cxomurcs psg (7.2). dns mokasa-
TEJILCTBA, CXOAMMOCTH MOBTOPHOrO psifa (7.9) HOCTATOYMHO MOKA3aThb, YTO IS
KaXKJI0TO k CXOIUTCS Psif

> lal. (7.12)
=1

st 31010, B CBOIO OYeEpEnb, HOCTATOYHO MMOKA3ATh, YTO IIOC/IEI0BATEILHOCTD
YaCTUYHBIX CYMM 3TUX psAAoB orpanudena. Ho cymma

n

> law] (7.13)

=1

JJIST BCEX 7 OTPAHWYEHa CyMMOU IBOWHOTO Psa M3 MOMYJIEN.

Ocranoch q0Ka3aTh, YTO BCE TPHU PSiIA U3 MOMYJIEH CXOOSTCS K OTHON U TOM ke
cymme. Ilycts S — cymma gsoitaoro psiza (7.1). Torga B cuty abCOIOTHOMN CXO0-
JUMOCTH U CyMMa, «OJJUHAPHOr0» psina (7.6) pasua S (T.K. jirobas nepecTaHOBKa,
3JIEMEHTOB CXOJSIIEr0Cst aOCOIIOTHO P CXOJUTCS ADCOIIOTHO K TOH JKe CyMMe,
M BCETJa MOYKHO TaK MEPECTABUTH UIEHBI, YT0 YACTUIHBIE CYMMBI OYAyT COmEP-
2KaTh B Ka4deCTBE INOJAMHOXKECTBA YaCTUYHbIE CyMMbI ;LBOI‘/‘IHOFO pHLLa). CyMMa
[MOBTOPHOIO PsiZia TaKyKe paBHA S B CHJIy TOrO, Y4TO M3 CXOAMMOCTH CEMEHCTBa
psimos (7.12) cnemyer cxoammMoCTh cemMeiicTBa

Z ki, (7.14)
k=1

OTKYIa HOBTOprIfI pan CXOaAUuTCAd B CUJIy T€OPEMBI O CBA3U CXOAUMOCTHU |,ZLBOI./JI—
HOT'O ¥ ITOBTOPHOI'O PAOA.
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8 (O060061IeHHBIE METOABI CyMMUPOBAHUS PACXO s~
IIAXCS PAIOB.

8.1 OO0mme xapaKTepuCTUKN OOOOIIEHHBIX METOA0B CyM-
MHUPOBaHUH.

Omnpepgenenune 8.1. Meron cyMMUPOBaHUSI HA3BIBAETCS DPErVISPHBIM, €CJIU
Psz, CXOmsAmmiicss K Cymme S B OOBIMHOM CMBICJIE CyMMUPOBAHUS, CXOIUTCS K
Heil >xe u B 000OIIEHHOM CMBICJIE.

Onpenesenne 8.2. Meroz cyMMupOBaHUsSI HA3BIBAECTCS JHHEHHBIM, €CJIA OH
00J1a1aeT CIeAYIOMMUM CBOMCTBOM: JIJIs1 JIIOOOTO Psizia, 22021 U}, IMEIOIIEro 0000-
meHHy0 cymmy U, 1uist i0GOTO psifia » oo U, MMEIOLIEro OGOOIIEHHY0 CyMMy
V, u gysa 100bIx mOCTOSHHLIX A u B psn

S (Auy, + Buy) (8.1)
k=1

nMeer 0000mennyo cymmy AU + BV.

8.2 Meroxg cymmupoBanusi Yezapo (meron cpeguux apud-
METHYIECKHX ).

Onpenenenne 8.3. ToBopsit, 94TO psif Z;ozl uy, cymmupyem merogom deszapo,
€CJIU CyIIECTBYET MpeNes Mpu N — OO CPEIHUX aPU(PMETUIECKUX CYMM ITOrO

paga:

. S1+Sy+...+ 5,
lim .

n— oo n

(8.2)

TIpemen (8.2) npu 3ToM Ha3bIBaeTCst 0600IIEHHOH B cMbIcae de3apo CyMMoii psaa
o0
1 Uk-

Dkt

Metozn Yezapo siByisieTcst ITMHEHHBIM U PEryJIsIPHBIM. JIMHEHHOCTH OYeBUIHA CPA-
3y xke. Ilepeiins k npemenam mpu S; B (8.2) (370 MOXKHO CHEIATH, T.K. TIO Ha-
[IEMY TIPEJIIONIOKEHUIO PSAJ] CXOAUTCS B OOBIYHOM CMBICJIE, TO €CTh CYIIECTBYET
upu n — oo mupegen S mocienoBaresbHocTy {5y, }), mosydum, uro npexen (8.2)
CyIIECTBYeT U TaKXKe PaBeH S.

8.3 Metoa cymmupoBauusa Ilyaccona-Aobensd.

Onpenenenne 8.4. Ilo gaHHOMY psify Y o Uj COCTABMM CTENEHHOM Psif

Zukxk’*l = uy + uox + usz® + .. .. (8.3)
k=1
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Ecnu 3ror psig cxonurcest myist Bcex x u3 uaTepBadia 0 < x < 1, u ecjiz ero cymma,
S(z) nmeer seBbLil pees
S= lim S(z) (8.4)

z—1—-0
o0
B TOYKe & = 1, TO TOBODST, YTO Psifi y ., Uk CyMMHpyeM MeronoMm Ilyaccona-
Abess. YkazaHHOE pee/IbHOE 3HAYEHNEe S HA3BIBACTCS 0DODIEHHOH B CMBICJIe
o o0
Ilyaccomna-Abens cymmori psaga Y, Uk.

Onsare ke, muHeitHOCTH MeTona [lyaccona-Abesist 04eBUIHA.

VYrBepxkaenune 8.1. Merox cymmuposanus [Iyaccona-Abesisi 0b1amaer CBO-
CTBOM DEryasipHOCTH.

JokaszaTenbcTBO. IIyCTh Psf Y o | Uy CXOAUTCS B OOBIYHOM CMBICIIE K CBOEN
cymme S. Torma mocyie10BaTEILHOCTD YJIEHOB 3TOTO Psifa OECKOHEYHO MAJIa, |,
CJIeIOBATEIHLHO, OTPAHNYeHa, HEKOTOPbIM uncyioM M. Ilycts © — mpou3BobHOE
dukcupoBanHoe Yncyio u3 uHTepBasa 0 < xr < 1. Umeem

lupat 1 < MaFL. (8.5)
Tak Kak ¢ < 1, psg > o, xF~1 exomures. Torma mo TeopeMe CpaBHEHMs PSAIOB
C HEOTPUIATEIHHBIMY YWIEHAMU CXOIUTCs U pss (8.3).

IIycrs Teneps S, — n-as 4aCTUYHAS CyMMA PAAA Y po | Uk, & S — ero cymma B
00br9HOM cMbIcie. Vcmonb3yst npeobpazoBanue Abesist, TOIyIuM

Z upzrt = (1 — ) Z Skl (8.6)
k=1 k=1

Kpowme Toro, oueBuHo,

S=(1-x)> Sa* (8.7)
k=1
Boruurast u3 (8.7) (8.6), moay4um
S — Zukzk_l =(1-ux) Z Tt (8.8)
k=1 k=1

i .
S—Sx)=>010-2) Zrkxk_l, (8.9)

k=1

. oo
re 7, — k-blif OCTATOK PSIN » - | Uk.

Heob6xoaumo moka3arsk, 910 [1ist JI000ro € > () HalIeTCst TAKOEe OTBEYAIOIIEe EMY
d > 0,9ro S — S(x) < € kak ToBKO 1 — § < x < 1. Ocrarok 7, CTPEeMUTCs
K HYJI0 Ipu kK — 00, TIO3TOMY JIJTsl HOJIO?KUTE/IBHOTO YHC/Ia 5 HaieTcsa Takoi

HOMep ko, 910 |rp| < %2 s Beex k > ko. Torma

(1-2x) Z rpat Tl < g (1-2x) Z 2 < % (8.10)

k=ko k=ko

JUIsL T, JOCTATOYHO OJIMBKMX K €IUHUIE, T.K. CyMMa, OrpaHudena. Torga cyiie-
CTBYeT YKa3aHHBIN JIEBBIM TIPENEs, U PeryjasipHOCTb Meronaa Ilyaccona-AbGess
JTOKA3aHA.
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8.4 CBa3b Mexkay 00001ieHHO# cymMMOii B cmbiciie He3apo
u B cMmbiciie Ilyaccona-AbGens.

Bepruo crepytomee yrepxaenue’ .

YrBepxkaenue 8.2. Ecmu psan cymmmpyeMm meronoMm Ye3apo, TO OH CyMMU-
pyem u meronom Ilyaccona-AGessi, mpuuem OGOOINEHHBIE CYMMBI, TTOJIY Y€HHBIE
STUMHU METOJaMU, COBIAIAIOT.

Bwmecre ¢ Tem, cymiecTBytor psiibl, cymmupyembie meronom [lyaccona-Abesisi, HO
HE CyMMEpyeMmbIe mo de3apo.

'Yneun, Cagopuuunii u CeHJOB €ro He JOKA3LIBAIOT; 1, TIOXKAJIYH, TOXKE BO3JEPAKYCh.
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9 ®d@yHKNUOHAJbHBIE TIOCJIEA0BATEIHLHOCTU U P4-
abl. PapHoMmepHasa cxoaumocTs. Kputepuii Ko-
U

9.1 ®OyHKOUOHAJbHBIE MOCJIEA0BATEIHBHOCTN U PAOBI.

Omnpepenenne 9.1. Ilycrs 3amano sekoropoe muokecTso {2 }. Ecom kaxmomy
YHCIIy 70 U3 HATYPAJIbHOI'O PSIJIa CTABUTCS B COOTBETCTBUE I10 HEKOTOPOMY 3aKOHY
dbyukuus, onpenenentas Ha MHOXKecTBe {2}, TO MHOXKECTBO 3aHYMEPOBAHHBIX
dbyukumit {f,(x)} Oymsem Ha3bBaThL (DYHKHHOHAJIBHOH IOCIEI0BATEIHHOCTHIO.
Otnenbuble GbyHkuun f,,(z) OyneM HA3BIBATH YWIEHAMH HOCIEAOBATEIHHOCTH, 8,
MHOXKeECTBO {2} — 06/1aCThIO ONIpeeseHHsI ITOM MOCIeI0BATENLHOCTH.

Onpepenenne 9.2. Ilycrs fana byHKIMOHAIBHAS TOCIEA0BATENBHOCTD { Uy, (2) },
onpeziesieHHas HA MHOKeCTBe {2 }. POPMAILHO HAMCAHHYIO CyMMY

Z Un(x) = ur(z) + uz(z) + ... (9.1)

OyzeM Ha3bIBATH (DYHKIHOHAIBHBIM psaoM. OTaenbHble QyHKIMA U, (z) Gymem
Ha3bIBaTh YIEHAMH P2, MHOXKeCTBO {1} GyneM HasblBaTh OGJIACTBIO ONpEe-
JIEHHST 9TOTO Psifia.

9.2 CxoauMOCTh B TOYKE M Ha MHOXKECTBE.

Onpepenenne 9.3. Ilycrs Ha MHOXKecTBe {1} 3amaHa QYHKIMOHATIbHAS 110
C1eoBaTeNbHOCTD (paAn). PUKCUpyeM NPOU3BOJNBHYIO TOUKY T, TPUHAJJIEKA-
IOIIYI0 MHOXKeCTBY {2}, ¥ PACCMOTPUM BCE WJIEHBI TTOCJIEI0BATENLHOCTH (Psi/a)
B 970# TOuke. OHM, OUEBUIHO, OOGPA3YIOT BIOJIHE KOHKPETHYIO YUCIOBYIO TIOCTIE-
JOBATEILHOCTE (psn). Ecim ykazaHHas 49uCIOBas MOCHIEIOBATEHHOCTE (Psin)
CXOUTCsI, TO TOBOPSAT, Y4TO (DYHKIMOHAJIBHAS IIOCIEI0BATEIbHOCT (PSA) CXO-
JATCST B TOYKE I.

Onpenesieane 9.4. MHOXKECTBO BCEX TOYEK T, B KOTOPBIX JaHHAS IIOCJIEI0-
BATEJBHOCTD (Psif) CXOMATCsI, HA3BIBAETCS 00JIACTBIO CXOMAMMOCTH ITOH IIOCIE0-
BATEJBHOCTH (PsAna).

Onpepenerne 9.5. Ilycrs dyHKImOHATIBHAS TOCTER0BATENLHOCTD { fir ()}
UMEET B KadecTBe 00JacTu CXOauMOoCTH MHOXKeCTBO {x}. COBOKyIHOCTD mpese-
JIOB, B3SATBIX JIJIsI BCEX TOYEK & MHOXKECTBA {I}, MOPOXKIAET MHOMXKECTBO BCEX
3HAYEHUI BIOJIHE OnpenesieHnHol dyukimn f(x), TakKe OMpeaesIeHHol Ha MHO-
xkectBe {x}. ATy GYyHKIUIO HASBIBAIOT NPEACIBHOH (ByHKHHEH (byHKIMOHATE-
HOM II0CJIEJOBATEJIbHOCTH.

o oo
Omnpenenenne 9.6. Ilycrh QyHKIMOHATBHBIN P Y -~ Uy (T) UMeeT B Ka-
9ecTBe 00JIACTH CXOIMMOCTH MHOXKecTBO {x}. Ha 3TOM MHOMKecTBe omnpeneneHa
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byukuus S(x), sABAAOIIAICA NPeAeIbHON (DYHKIUEN MOCIeI0BATELHOCTH Ya-
CTUYHBIX CyMM 3TOTO PSI/Ia ¥ HA3BIBAEMAs €r0 CyMMOM.

9.3 PaBHOMepHadg CXOAMMOCTHL HA MHOXKECTBE.

Ilycts dyHKIMOHAIBHAS TOCIEI0BATEIHLHOCTD

fl(l‘),fg(l'),...,fn(w),... (92)

cxoauTcsi Ha MHOXKecTBe {2} K npenensHol dbynkuun f(x).

Onpenenenne 9.7. Bynem ropopurb, 4TO yKa3aHHAs [OCIEI0BATEILHOCTH
{fn(z)} cxomurcs k dbyukuuu f(x) paBHOMEepHO Ha MHOXKecTBE {x}, eciau aJis
Jgroboro € > 0 Hadigercs Homep N Takoi, 9To st Bcex n > N, v [Jjis BCeX TOYeK
& MHOXKECTBA {x} BBIIOJHEHO

[fu(z) = f(2)] <e. (9-3)

Onpenenenne 9.8. DyHKIUOHAIBHBIA Psi/i HA3BIBAETCSI PABHOMEDHO CXOSI-
muMcst Ha MHOXKecrBe {r} K cymme S(T), €Cim IOCIeAOBATENIBHOCTD €r0 4a-
cruuaHbix cymMm { S, (z)} cxoauTcst pABHOMEPHO Ha, MHOXKECTBE { } K IpenesbHOR
bynkmn S(z).

9.4 Kpurepuii Komu paBHOMeEpPHOii cXOAMMOCTH TIOCJIETO-
BaTEJbLHOCTU W PAIA.

Teopema 9.1 (kpurepuii Koinm paBHOMepHO# CXOAUMOCTH IOCJIE0Ba-
TesbHOCTH). [l71s1 TOrO, 9T00BI (DyHKIMOHAIBHAS TIOCTIEA0BATENBHOCTS { [, (1) }
CXOUJIaCh PABHOMEPHO Ha MHOXKeCTBe {2} K HEKOTOPO#i npenesbHol dbyHKImY,
HEOOXOIUMO U JOCTATOYHO, 4T00bL it Jitoboro ¢ > 0 mamescs Homep N(g)
TaKol, 9TO 11 BCex n > N, Bcex HATypaJbHBIX p u BceX = € {x} GbL10 ObI
BBITIOJTHEHO

| frtp(®) — fu(2)] <e. (9-4)

Heob6xozmmocTs. IIpeamomnoxkmm, 9To mocmenoBarenbHOCTh { fr(2)} cxomurces
paBHOMEPHO Ha MHOXkecTBe {z} K mpenempHOl dynkmmu f(z). Torma, 3aduk-
CHPOBaB NMPOU3BOJIbHOE £ > 0, HalifeM JJisg Hero Homep [N TaKoif, 9TO JJisi BCEX
n > N u s Bcex Touek ¢ u3 {z}

Fal@) = F@)] < 5. (9.5)

Ecnu p — n1060e HATYpaASBHOE 9UCTIO, TO HOMED 7 + p TeM DoJiee OyaeT yaoBJe-
TBOPSTH HEPABEHCTBY N + p > N, a, 3HAYNUT, JNOMOJHUTEILHO, AJIS BCEX HATY-
PAJIBHBIX D CIPABEIJIMBO

[faea(@) = F(@)] < 5. (9.6)
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C y4eroM TOro, 9TO MOZY/b CyMMBI IBYX BEJUYHMH HE IPEBOCXOIUT CYMMBI FX
MOZIYJIEH, Oy IUM

[fntp(®) = fn(@)] = [(frtp(@) = f(2)) + (f(2) = ful2))] <
< [fop(@) = f(@)[ + [ful2) = f(2)] <6,

YTO U JOKA3BIBAET HeO6X0,Z[I/IMOCTI).

(9.7)

A
AN

JocTarourocTs. Ilycrh BRIMOMHEHO HepaBeHCTBO (9.4). VI3 9TOr0 HEpaBEeHCTBA
u Kpurepus Komwu [y 4MCI0BOM I10C/IE10BATEIBHOCTH BBITEKAET CXOJUMOCTh
nocsenoBarenbHoctu { f(2)} B KaxkI0# TOYKE T MHOMXKECTBa {r}, U, COOTBET-
CTBEHHO, CYIIECTBOBAHUE B KAaXKJON TAKOH TOUYKe mpeesbHoi dyuakuuu f(x).

DuxcupyeM NPOU3BOJBHBIA HOMED N TaKO#, 94T0 n > N(g) U NPOM3BOIBLHYIO
Touky x MHOXKecTBa {z}. [lepeiinem Teneps B HepasencTse (9.4) K npeneny npu
p — oo. Ilonyuum, 4To a1 n1pou3BOIBLHOrO HOMEPA 1 > N (€), U IPOU3BOJIBLHOR
TOo4YKH ¥ € {x} BEepHO

TS

|f(x) = fa(z)] < € < 2, (9.8)

9TO W JOKA3bIBAET PABHOMEDPHYIO CXOMMMOCTb K (dbyHKuum f(r) HA MHOXKECTBE

{z}.

Teopema 9.2 (kpurepuii Ko paBHoOMepHO# cxonguMocTu psiga). st
TOrO, 9TO0BI (DYHKIMOHAIBHBIHA P Y, | Uy (%) CXOAMIICS PABHOMEPHO HA MHO-
xkecTBe {2} K HEKOTOPOI CyMMe, He0OXOJUMO U JJOCTATOYHO, YTOObI [JIs JIFOOr0
€ > 0 mamescs Homep N (€), rapaHTupyIOmmii

n-+p

Z ug(z)| <e (9.9)

k=n-+1
Jutst Bcex n > N(g), Bcex HaTypalbHBIX P U BCex T u3 {z}.

JlokazaTenscTBo. JIOCTATOYHO 3aMETUTh, YTO B JIeBOI vacTu (9.9) mox 3HaKOM
MOJYJISI CTOMT PA3HOCTB Syyp(z) u Spi1(x). Torma reopema 9.2 craHOBUTCS
HENOCPEJICTBEHHBIM CJIEJICTBUEM TeopeMbl 9.1.
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10 IIpm3Haku paBHOMEPHOI CXOAMMOCTH (DYHK-
[IUOHAJIBHBIX PAI0B.

10.1 IIpum3uak BeiiepmiTpacca.

Teopema 10.1 (mpusnak Beiiepmurpacca). Ecim dysxnmonansubiil ps
>0 un(x) onpenenen Ha MuOXKecTBE {Z}, M CyIIECTBYET CXOASAIMHACH IUCIIO-
BOI psify ) po; Cp TAKOH, 9TO JUIsl BCEX TOYEK T MHOXKECTBA {Z} m ams BCex
HOMEPOB k cIpaBeiyIuBO HEPABEHCTBO

lug(2)] < ek, (10.1)

T0 QYHKIMOHAIBHBIA PAA Y-, Un(Z) CXOAUTCS DABHOMEPHO HA MHOXKECTBE

JlokazaTenscTBo. Pukcupyem npousBosbHOe ¢ > (0. Tak Kak 4HCIOBO# paAx
(10.1) cxomurcst, To B cuiy kKpurepust Komu naiinercs N takoe, 94To

n-+p

Y a<e (10.2)

k=n+1

s Bcex n > N M BCeX HATYPAJIbHBIX D.

Conocrasnsis nepaseacrsa (10.1) u (10.2), noayuum

n+p n+p n+p
Z ug(z)| < Z lug(x)] < Z ok <€ (10.3)
k=n+1 k=n+1 k=n+1

JUlsi Bcex HOMepoB n > N, Bcex HaTypasbHbx p u Beex @ € {x}. Torna B cuiy
kpurepust Komy paBHOMEPHOI ¢X0DUMOCTH Psify Yo | Up(T) CXONUTCS PABHO-
MEpHO Ha MHOXKeCTBe {x}.

10.2 Ilpu3znakm AbGess.

Omnpepenenne 10.1. IlocnenosarensuocTs { f,(z)} Ha3BIBaeTCH paBHOMED-
HO OTPAHWYEHHON HA MHOXKECTBE {I}, eC/M CyImEeCTByeT TAKOE MOJIOKHUTEIHLHOE
qucsi0 M, 910 [j1si BCeX HOMEPOB 1 ¥ BCEX TOYEK & MHOXKECTBA { } CIPABEIIUBO

|fn(2)| < M. (10.4)

Ounpegesienne 10.2. Tlocienosarensrocts {v,(z)} Ha3bIBaeTcs mocaegoBa-
TeIFHOCTHIO ¢ PABHOMEPHO OTDAHUICHHBIM HA MHOXKECTBE { T} H3MEeHEeHHeM, eCJTh
bYHKIMOHAJIBHBIN Psijy

D ks (a) — k()] (10.5)
k=1
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PABHOMEDHO CXOIUTCS HA MHOXKECTBE {}.

VYreepxkaenue 10.1. Bceakasa nocnenosarensuocts {v, (1)}, obnanaomas Ha
MHO>KeECTBEe {ZC} paBHOMepHO OI‘paHI/I‘-IeHHbIM I/IE}MeHeHI/IeM7 paBHOMepHO CXOIUT-
CsI Ha, 9TOM MHOXKECTBE K HEKOTOPO mpeaeabHON (DyHKIMH.

JloxkasaTenscTo. U3 pasHOMepHO# cxomumoctu psina (10.5) u kpurepus Ko-
mm caenyer, uro Bmecre ¢ (10.5) cxomuTcs paBHOMEPHO Ha MHOXKecTBE {x} u

pan
o0
Z (vkt1(2) — ve(2)) (10.6)
k=1
n-ast 9aCTUIHAs CyMMa KOTOpOro mmeer Bug Sp(x) = vpi1(x) — vi(x), oTKy-
JIa CTIeAYeT CXOAMMOCTh TocaenosarenbrocTn {v, ()} k npenensrol GyHkunm
S(x) + vi(x), toe S(x) — cymma psga (10.6).

Teopema 10.2 (mepsBbiii npusHak AGens). Eciu QyHKIMOHATBLHBIA psif
> ooC un(x) obnazaer paBHOMEpPHO OIDAHMYEHHON HA {X} MOCIENOBATENHHO-
CTHIO YACTUYHBIX CyMM, & (DYHKIMOHAJIbHAS TOCIEI0BATEIbHOCTL {v,(2)} 00-
JIaZIaeT PABHOMEDHO OTPAHUYEHHBIM Ha MHOXKeCTBe {I} M3MEHEHHEeM U HMeer
npesesbHyI0 (OYHKIMIO, TOXK/IECTBEHHO DABHYIO HYJIO, TO Psiji

oo

Z [tn (x)vp ()] (10.7)

n=1
DPABHOMEPHO CXOIUTCS HA MHOXKecTBe {x}.

JlokazsaTenscTBo. Ilo ycnoBuio cymecrByer unciao M > 0 Takoe, 9TO JJIst BCEX
HOMEPOB 1 ¥ I BceX ¢ € {x} I MOCIeR0BATEIbHOCTH YACTUYHBIX CyMM
Sn(z) psma Y | un(z) Bemonneno | S, (z)| < M.

Qukcupyem npousBosbHoe € > 0 u o Hemy HoMmep N Takoil, 4TO JJIsI BCEX HO-
MepoB 1 > N, Bcex HATYPaJIbHBIX P U BCeX & € {X} CIpaBeIuBbl HEPABEHCTBA:

g

n — 10.8
on@)] < 52 (10.8)
n+p c

Z [vk41(x) — v ()] < YR (10.9)
k=n-+1
Bocnosb3osaBmmch ToxaecTBoM Abess
n+p n+p—1
Z UV = Z Sk (Vk — Vkt1) + SntpVntp — SnUnt1 (10.10)
k=n-+1 k=n+1
u cpa3dy ke y4rs, 9o |S, (x)| < M mua Bcex HOMEPOB N, HOJIYIUM
n+p n+p—1
7 [un(@)or(@)]| < M > Jvera(z) — ve(@)|+
kil Mt (10.11)

Moy ()] + Mlvg s ().
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YuursBas Hepasercrsa (10.8) u (10.9), nosyyuum

n+p

S el (@)

k=n-+1

<e. (10.12)

Teopema nokazana.

Teopema 10.3 (Bropoit npusHak AGens). Eciu byHkunoHambHbIA sy
>0 L un(z) cxomurest paBHOMEpHO Ha MHOXKecTBe {} K cymme S(z), orpaxu-
9YEHHOIN Ha TOM MHOXKECTBE, a (DYHKIMOHAIBHAS MOCIEN0BATENLHOCTD { Uy, (2)}
006J1a/1a€T PABHOMEPHO OTPAHWYEHHBIM HAa MHOXKECTBE {X} M3MEHEHNEeM U MMeeT
OrPAaHWYEHHYIO HA 9TOM MHOXKECTBE MPeJETbHY QYHKIM v(x), TO GYyHKINO-
HAJIbHBIN DA,

> un(@)vn ()] (10.13)
n=1
PaBHOMEDHO CXOIUTCST HA MHOMKECTBE {x}.

JokasarenscTBo. Ilepenumem roxkzaecrso Abens (10.10) B cinexyromem Buse:

n+p n+p—1
kgl[uk(x)vk(z)] - k;’;l () [vn () — Vs ()] + o0

+[Sntp(2) = Sn(@)|vnsp(2) + Sn (@) [Un1p (%) = vnta (2)].

o0
ITo ycnosuto cymma S(x) psipma Y~ 4 un(2) u npesensnas Gyuukuus v(z) no-
cnenoBarensbHocTy {v, ()} orpaHuyensr Ha MHOXKeCTBe {Z }, IO3TOMY HANIyTCs
rakue gucia My u My, uro s Bcex x € {x} cnpasenmuso

|S(z)] < My, |v(z)] < M. (10.15)

OTcrona u u3 yCenoBuii pABHOMEPHO! CXOIMMOCTH NOCTIeA0BaTenbHoCTed {5, ()}
u {v,(z)} BBITEKAET, 9TO CymecTByeT Takoil Homep Np, 9TO musa Bcex n > N
BBIIOJIHEHLI HEPABEHCTBA,

[Sn(x)] < M1+ 1, |op(z)| < Ma+1. (10.16)

Hasnee, n3 paBHOMEpHOI Ha MHOXKeCTBe {x} cx0AMMOCTH (DbYHKIMOHAIBHBIX Psi-
10B Y up(x) u (10.6) u u3 kpurepust Ko BbITeKaeT, 4TO 4715t IPOU3BOIIb-
HOro € > ( HadigyTca Takue orBedatomue eMy No m N3, uTO Ay Bcex n > Na u
BCEX HATYPAJbHBLIX p OyIeT BHIIOJIHEHO HEPABEHCTBO

3

[Sn4p(x) = Sn(z)] < ma

(10.17)

u 1y Bcex n > N3 u BCex HATypPaabHBIX p > 1 OyIZeT BBIIOJIHEHO HEPABEHCTBO

n+p—1
€

k:ZnH |ort1 () — vk ()] < 300 + 1 (10.18)
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Hakownern, ¢ ygeToMm TOro, 4ro

n+p—1

Onip(@) —on(2) = Y [oesr(z) — ok(2)] (10.19)

k=n+1

u3 nepasencrsa, (10.18) mosyuaem

9

[Vn4p(2) = vn(2)] <

JIUIsl BCEX HOMePOB 1 > N3, BCeX HATYPAJIbHBIX p U Beex x € {x}.

Conocrapisis Bce TOJIyY€HHBbIC HEPABEHCTBA C MEPENUCAHHBIM TOXKIECTBOM Abe-

Jid, IIOJIYYUM
n-+p

> uk(z)ve(@)| < e (10.21)

k=n+1

npu Bcex n > N (N = max(Ny, No, N3)), Bcex HATYpaJbHBIX p W BCEX & U3
muOXecTBa {x}. B cuny kpurepus Komm Bropoit npustak Abesst moka3aH.

10.3 Ilpusuak Iunpuxje-Abens.

Teopema 10.4 (mpusHak qupuxne-AGens). Ecnu dyHKimoHanbHbIN psif
>0 un(z) obmamaeT paBHOMEPHO OrPAHUYEHHOI HA MHOXKeCTBe {T} mocie-
JIOBATEJIBHOCTBI0 YACTHYHBIX CyMM, a (DYHKI[MOHAJbHAS IOCIEL0BATEIbHOCTD
{vn(z)} He BO3pacTaeT B KaXK 0 TOUKE MHOYKECTBA {} U PABHOMEPHO Ha STOM
MHOYKECTBE CXOIUTCS K HYJIIO, TO (DYHKIMOHANBHBIH DS

> un(@)vn ()] (10.22)

DPABHOMEPHO CXOJUTCS HA MHOXKecTBe {x}.

JlokazaTenscTBo. JIOCTATOYHO MOKA3aTh, YTO MOCIENOBATENLHOCTH {vp ()}
obsaaeT Ha MHOXKecTBe {2} PABHOMEPHO OMDAHMYEHHBIM M3MEHEHNEM, HO TO
JIefiCTBUTEIHHO TaK, n0O0 n-as 4acTudHas cymma Sy, (x) paga (10.6) pasra vy (z)—
Un41(x). losromy cymecrByer mpeznes

lim S,(z) = lim [v1(z) — vp1(z)] = v1(2), (10.23)

n—oo n—o0

" TeopeMa JOKa3aHa.
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11 IlIpusnak /luHu paBHOMEPHOI CXOJAUMOCTH TI0-
caeaoBaTeJbHOCTH U paaa. Ilounennsiit mepe-
xo4 K mpenesay. HempepbIBHOCTh mpeiesbHOIM
dyHKIIMN QYHKIIMOHAJJIBHBIX IOCJIE10BATEIb-
HOCTEN U pPAJ0B.

11.1 Ilpusuak /lwuun.

Teopema 11.1 (npusHak Juau njis GyHKOHOHANBHO MOC/Ie0BaTEIb-
Hoctu). Ecam nocaenosarensHocTs { fr,(2)} He yObIBaeT (MM He BO3pacTaer)
B KaKJI0# TOYKe 2 3aMKHYTOrO OTPAHWYEHHOTO MHOXKECTBa {2} M CXOmuTCs Ha
5TOM MHOMKECTBE K NpeZeibHON dbyHKImu f(2), ¥ BCe YieHBI MOCIEI0BATEh-
Hocru { fn(z)} u npemenbHast dyukims f(x) HenpepbIBHBI Ha MHOXKecTBe {1},
TO CXOAUMOCTH nocaenoBarebuoctu { fr,(z)} k dbyukuuu f(z) paBHOMepHa Ha
MHOXKecTBe {z}.

JokasarenscTBo. Ilycrb, mjist ONpEneIEHHOCTH, OCIEA0BATENBHOCTD { fr (1)}
He yObIBaeT HA 3aMKHYTOM OrpaHudeHHoM Muoxecrse {z}. Ilycrs r, = f(x) —
fn(x). TocnenoBarenbHOCTD {1, (2)} 06namaeT CIEAYIONMME TPEMST CBOKCTBA-
MU: BCE T, HEOTPHIATENHHBI M HENpephIBHBI Ha MHOXKectBe {z}; {r,(z)} He
BO3pACTAaeT HA MHOXKECTBE {Z}; B KaXKJOH TOUKe T MHOXKECTBA {I} CyLIeCTByeT
npene

lim r,(z) =0. (11.1)

n—oo

Jast mokasarTesnbcTBa MpHU3HAKa JIMHM JOCTATOYHO TMOKA3aTh, YTO MOCIEI0BA-
TeNBHOCTD {7, (%)} CXOAUTCS K TOXKIECTBEHHOMY HYJIK0 DABHOMEDHO HA MHOXKE-
cree {z}, T.e. 9TO mus qr06oro £ > 0 Haiizercs: XOTs Obl OJUH TaKON HOMED 7,
910 1 (2) < € must Beex & w3 MHOXKecTBa {z}. JlomyCTm, 9TO AJ1s1 HEKOTOPOTO
€ > 0 Takoit Homep Haiitu He ynacrcs. Torga st JiI000r0 HOMEPA 1 HARIETCS
TAKAasl TOYKA T, MHOXKECTBA {1}, 410D

T (Tn) > €. (11.2)

B cuny orpanuuennocru MHOXKecTBa {x} u Teopema Bosnbuano-Beiieprirpacca,
U3 [OC/IEA0BATENLHOCTH TOYEK { Ty, } MOXKHO BBIIEJIUTH [IO/IIOC/IE0BATEIHHOCTD
TO4eK {Zp, }, CXOOAIYIOCS K HEKOTOPOit ToUKe Zg € {x} (B CHUIy 3aMKHYTOCTH U
orpanndeHHocTr MHOXKecTBa {2 }). Tak Kak Kaxaas 3 GyHKUUH 7, () B TOUKe
T HEIpepLIBHA, TO JIJIST BCEX M
lm 7, (2n,) = rm(xo). (11.3)
k—oo
C apyroii CTOPOHBI, BEIOPAB JJIsi HOMEPA 1M MTPEBOCXOASAIIUIN €ro HOMEp Ny, MO~

JYyIUM
Tm(znk) 2 rnk (xnk) (11.4)

ConocrasieHne 9TOro mocjieIHero HepaBeHCTBa ¢ HepaseHcTBoM (11.2) naer

Tm(Tn,) > € (11.5)
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JUIsI BCEX HOMEPOB Nk, IPEBOCXOISIIUX BEIOPAHHBIM HAMU IIPOU3BOJIbHBIN HOMED
m.

Yurst paserncrso (11.3), nonyanm
r0) > & (11.6)

JUIsl BCEX HOMEPOB M, HO 3TO IPOTHBOPEYUT CXOJUMOCTH MOCJIE[OBATEIHHOCTH
{rm(z)} B TouKe ¢ K Hym0. [ToaydyeHHOE IPOTUBOPEYNE TOKABBIBAET TEOPEMY.

Teopema 11.2 (npusnak JIuau juis dyHKImoHaabHoro psaga). Eciuu Bce
wieHbl (DYHKIMOHAIBHOTO PsiJI3 HENIPEPBIBHLL U HEOTPULATE/BHBL (MM HENOJI0-
JKUTEIbHBI) Ha 3aMKHYTOM OrDAHMYEHHOM MHOXKECTBE {I}, M €C/iu B KaxKIOi
TOYKE MHOXKECTBA {2} 9TOT Psiji CXOMUTCS U €r0 CyMMa, SIBJISIETCST HETPEPHIBHOMN
Ha MHOXKecTBe {2} DyHKImEH, TO ero CXOaUMOCTh SIBJISIETCST PABHOMEDPHOM HA

{z}.

JlokazaTenbcTBo. JlOCTATOYHO PACCMOTPETH NOCIENOBATENBHOCTD YJACTHYHBIX
CYyMM 3TOr0 psifia. [Iist Hee BBIOJIHEHBI BCe yCIOBUs Tpu3Haka Juuu mist GyHK-
LMOHAJIBHON IOCI€NOBATEIbHOCTH, B CUJIy 4ero OHA CXOOUTCHA PABHOMEDHO Ha
MHOXKECTBE {Z} K CBOell npeaebHOl (DyHKIMH, T.€. K CyMMe DsiJIa.

11.2 TIlouneHHBIH TEepexoa K Mpeelry.

PaccmoTprm mMpOW3BOJIBHYIO TOYKY o W TPOM3BOJIBHOE MHOXKECTBO {2}, mis
KOTOPOI'O 3T TOYKA sBJIAETCs IpenesibHoi. CamMa TOYKa [Ipy 9TOM HE 00sg3aHA
NPUHAIERATE {2 }.

Teopema 11.3. Eciu QyHKIMOHATHHBIA P
> uk() (11.7)
k=1

CXOIUTCsI PABHOMEDHO HA MHOXKeCTBE {x} K cBoeii cymme S(x), Uy BCEX 4JIEHOB
9TOrO Psifia CYIIECTBYET B TOUKE T MPEIEt

lim wg(z) = b, (11.8)

T—x0
TO U cyMMa S () UMEeT B TOYKE X IPEJEJI, IPUUEM

Jim S(z) = > LILH;U uk(x)} => b, (11.9)
k=1

k=1
T.e. K TIPeJesIy MOXKHO TIEPEXOAUTD ITOYIEHHO.
JlokazaTtenbcTBo. CHaYa/Ia JOKAXKEM CXOAUMOCTH YUCJIOBOIO Psid, Zzozl by
B cuny kpurepus Komu, npumenerHoro K ¢GpyHkumonaabaomy psay (11.7), aus

JIIOOOrO TOJIOXKUTEJIBHOTO € HalJeTcsi orBedanommii emy Homep N Takoif, 4To
A7s BceX n > N, 71 BCeX HATYPAJIBHBIX D U JJI BCEX T € {:c} CIIPABEIJINBO

[tunt1 () + tnta(T) + ...+ Ungp(2)] <e. (11.10)

38



Qukcupysi B MPEIbIAYIIEM HEPABEHCTBE HOMEPA N M P U MEPEXOAs K IMIPEIEITy
IpU & — T, HOJIYIUM

[brt1 +bnta + .o 4 bpgp| < e < 2e. (11.11)

Torma mo xkputepuito Kot psin ZZO:1 by cxomurest.
Teneps oneHUM Pa3HOCTH

S(z) — ibk (11.12)
k=1

B TOYKAX T MHOXKECTBa {Z} M3 JOCTATOYHO MAJIOH OKPECTHOCTH TOYKHU Zo. I1o-
CKOJIbKY

S(x) = Zuk(ac) (11.13)
k=1

JUIs BCEX TOYEK T MHOXKECTBa {1}, TO Iist JII0OOr0 HOMEPA 7 BLIIOJIHEHO

S@) = be= > u(@) =D b+ > wlz)— > by, (11.14)
k=1 k=1 k=1

k=n+1 k=n+1

OTKYJla CJlefyeT

S() = b < Y un(@) =Y b+ | > w(@)|+| Y bl (11.15)
k=1 k=1 k=1 k=n+1 k=n+1

DukcupyeM IPOU3BOILHOE TIOJIOKHUTENbHOE €. TaK Kak Psif Y po, b CXORUTCS,
a pam Y o, Uk(x) CXOmMTCS paBHOMEPHO Ha MHOXKecTBe {x}, Haifizmercst HOMep
N TaKOM, YTO JJIs BceX To4eK = € {z} Oymer cnpasesuBo

> g > g
> b <3 > uk() <3 (11.16)
k=n-+1 k=n-+1

Tax KaK npees; KOHEYHOH CyMMe PABEH CyMME IIPEIEJIOB CIAraeMbIX (€CJau OHU
CYIIECTBYIOT, & B HAILIEM CJIy4ae 9TO TaK), TO JJis BIOPAHHOIO £ MOKHO YKA3aTh

takoe d > 0, 4TO
n n €
> uk(z) = > bi| < 3 (11.17)
k=1 k=1

Jutst Beex © € {2}, ynonerBopsironux yenosuo 0 < p(z, zg) < ¢. C yuerom Bcex
BBIIIMICAHHBIX HEPABEHCTB, JIJISl KAXKI0TO U3 TAKUX T CIPABEIJINBO

S(z) — i bp| <, (11.18)
k=1

YTO JOKA3BIBAET CYIIECTBOBAHUE B TOUKE T = I npenena dyakuuu S(zr), pas-
HOTO Y _po; by. Teopema nokasaHa.

JloKa3aHHYI0 TOJBKO 9TO TEOPEMY MOXKHO mepedOpMyIUpOBATH U B TEPMUHAX
BYHKIMOHAJBHBIX TOCIEI0BATETHHOCTEM.
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Teopema 11.4. Eciu dyHKuMOHAIbHAS OCIEIOBATENBHOCT » 1 fn(z)n
CXOIUTCsI PABHOMEPHO Ha MHOXKeCTBe {x} K mpenenbuoil dbyukuuu f(z), u Bce
9JIEMEHTBI ITOM MOC/IEA0BATEILHOCTH UMEIOT MIPEJE B TOYKE T = I, TO U IIPe-
nesbHast GyHKms f(z) MMeeT mpenen B TOUKe X, MPUYIeM

lim f(z) = lim [lim fn(:c)} = lim {lim f(z)], (11.19)

T—xo r—2x9 Ln—o0 n—oo |r—xo

Y9TO O3HAYACT BO3MOXKHOCTDH ITOY/ICHHOI'O IIepexo/ia K I1peaeay 1npu r — Xg.

JokazaTenbCTBO MIPEANOJIATAET PACCMOTPEHUE PAOA,
[e'S)
> [fn) = fln = 1), (11.20)
n=1

rae gononHuTenbHo nojioxkeHo f(0) = 0. n-piil WieH ZaHHOrO psifia COBIAJA-
eT C N~-bIM YJIEHOM HOCHGﬂOBaTeanOCTI/I, n OJid HEroO BbLIIIOJIHEHBI BCE yCHOBI/IS{
IpeabIIyeil TeOpeMbl.

11.3 HenpepsIBHOCTD IpeaebHOM pyHKIIUN (PYHKITNOHAIb-
HBIX IIOCJIeJ0BATEJIbHOCTEN U PAO0B.

CyIJ_[eCTByeT JBa BAaXKHBIX CJIEOCTBUA U3 rELOKE]BE)JHHOI‘/‘I TeOpeMI)I (6] Hpeﬂe.HBHOM
nepexoJe.

Cuencrsue 1. Ecnu B ycioBusix reopembl 11.3 10HOJIHUTENIBHO HOTPEOOBATD,
9TOOBI TOYKA Z( NPUHAJIEIKAIA MHOKECTBY {Z} m 9TOOBI BCE 9ieHbl ()
byHKIMOHAIBHOTO Psijia ObUIN HETIPEPHIBHBI B TOYKE X, TO U cyMMa S(x) Gymer
HEIPepPbIBHA B TOYKE X(.

JokasaTenscTBo. B camoMm meine, B 3ToM ciyuae by, = uy(zg) u

T—xo

lim §(x) =Y uk(w) = S(xo), (11.21)
k=1

YTO M O3HAYAET HENPEPHIBHOCTH CYMMBI S(2) B TOUKE .

Onpepenierne 11.1. MuoxecTBo {2} Ha3bIBaercst IJIOTHBIM B cebe MHOXKE-
CTBOM, €CJIM KaXK/iasi TOUKa & € {x} sBisercs mpeaenbHoi Toukoi jyst {x}.

Caencreue 2. Ecyu Bce wienbl GyHKIMOHAILHOrO psifia, (byHKIMOHAILHOM 10~
CJIeI0BATENILHOCTH) HEIIPEPLIBHBL Ha, IJIOTHOM B cebe MHOXKecTBe {T}, TO U CyM-
Ma psaja (mpeneinbHas DYHKIUS MOCIEI0BATEbHOCTH) HENPEPLIBHA HA MHOXKE-
cree {z}.

JlokazaTenbCTBO 3aKJIOYAETCS B IPUMEHEHUH HPeIbIAyIIeil TeOpeMbl K KaxkK-
JI0it TOUKe Ty MHOXKeCTBa {z}.
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12 Ilounennoe muddepenmnupoBanue. CyriecTBo-
BaHME TepBO0OOpa3HBbIX (PyHKHU jisd PyHK-
IIMOHAJIBHBIX MOCJIEJOBATEJIbHOCTEN U PAIOB.

12.1 TIlounennoe nuddepeHnnpoBaHue.

Cpasy xe norosopumcs mof, cioamu «dyakmus f () umeer Ha cermente [a, b]
HPOU3BOIHYIO» IIOAPA3YMEBATh, YTO (PYHKIUA UMEET JBYCTOPOHHIO IPOU3BO/I-
HYIO BO BCEX BHYTPEHHHMX TOYKaX CErMEHTa M OJHOCTOPOHHHE IIPOU3BOJIHBIE B
TOYKAX T = a U T = b (COOTBETCTBEHHO, IPABYIO U JIEBYIO).

Teopema 12.1. Eciu kaxgas u3 Gyskuumii f,, () uMeer Tpou3BOAHYIO HA Cer-
MeHTe [a, b], IpuYeM MOC/IeI0BATEIbHOCT IPOU3BOJHBIX PABHOMEDPHO HA ITOM
CEerMeHTe CXOIUTCS, a CaMa MOCJe0BaTebHOCTE { fr(2)} cxomurcest xoTst GBI B
OZIHOH TOYKE T CerMeHTa, TO OHA (9T MOCIIENOBATEIBHOCTD) CXOAUTCS K HEKO-
TOPOIi Ipenenbroi Ghynkmuy f(2) pABHOMEPHO Ha [a, b], mpUYeM 3Ty HOCIeA0Ba-
TENTBLHOCTh MOXKHO b hEpeHIMPOBaTh HOLIEHHO, T.€. BCIOMY HA [a, b] mpenens-
Has GyHKIMs MMeeT IPOU3BOAHYI0 [/ (), sSBISIOILYIOCs IpenesbHOR DyHKImelR
nocaenosarensuocta { f)(x)}.

JokasaTenbcTBo. JloKaxkeM CHa4Yasa, 4TO MOCAEA0BATENHHOCTD { fr(2)} cxo-
JIATCS] PABHOMEDHO Ha cerMeHTe [a, b]. I3 cxopumocTy 9uCIoBoii ociie[0BaTesb-
HocrH { frn(x0)} u paBHOMEDHO! Ha cermeHTe [a,b] CXOMUMOCTH NOCIIENOBATENb-
HOCTH NPOM3BOJHBIX CJIELyeT, 9TO ajist a06oro & > 0 Halinercs raxoii nomep N,
910 A Beex 1 > N, BCeX HATYPAJIBHBIX P U BCex T € [a,b] cupasennuso

, €

Frin(ao) = fuleo)| < 5o V@)~ Fa@)] < g0 (121)

IIycrs  — Dpou3BOIBHASI TOYKA CETMEHTa, [a, b]. dnsa dyukuun [ fr 1, (t) — frn(t)]
npu JIIOObIX (DUKCUPOBAHHBIX 7. ¥ P HA CErMEHTE, 3aKJIIOUYEHHOM MEXIY T U T(
BBITIOJTHEHBI BCE YCJIOBUS TEOPEMBI Jlarpanzka, mo3ToMy MeXKJy STUMHU TOIKAME
HalimeTcst ToUka & Takas, 9To

[frap(@) = fu(@)] = [fatp(@o) = falzo)] = [f11,() = FL(O](z — z0).  (12.2)

Otcrona, yunThiBas Takyke HepaseHcTBa (12.1) u ToxzaectBo |r — o] < b — q,
HOJTY IMM

[frtn(2) = fn(2)] <€ (12.3)

I JTI060ro T U3 MHOXKECTBA [a,b], moboro n > N u j1060ro HaTypPaabHOTO
p. 910, B cuiy Kpurepus Koy, u 03HagaeT, 9To MOCIeJ0BATEILHOCT { fr (2)}
CXOJUTCSI PABHOMEDPHO Ha CerMeHTe [a,b] K HEKOTOpPOH MpenesnbHOi (hyHKIMN

f(@).

CHoBa (pukcupyem IPOM3BOIBHYIO TOYKY & CErMeHTa [a, b] m mo neii § > 0 Takoe,
9TOGBI §-OKPECTHOCTH TOYKH I TEJINKOM COAEPKAIACH B [a, b] (B Cirydae rpannd-
HBIX TOYEK Oy/leM PacCMaTpUBATL COOTBETCTBYOMIME mosyokpecTHocTH). O60-
3uaunM 4depe3 {Ax} MHOXKeCTBO BCex umcen A, yIOBJETBOPSIOIIUX YCIOBUIO
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0 < |Az| < dmpu a < x < b; yeqoBuro 0 < Ax < 0 npu & = a; u ycjo-
Bui0 —0 < Ax < 0 npu & = b. JJokaxkem, 94TO MOCIEIOBATEIHLHOCTD (DYHKIUHN

aprymenta, Ax
_ falz+Ax) — fu(z)

CXOJQUTCsI PABHOMEPHO Ha MHOXKecTBe {Ax}.

(12.4)

st mpou3BOIEHO BRIOPAHHOTO € > 0 B cuity Kpurepust Koy fj1st paBHOMEPHOM
CXOIUMOCTH TIOCJIEIOBATEILHOCTH IPOU3BO/IHBIX, HaliieTcss HoMep N Takoii, 9To

| frap(@) — fr(z)] <e (12.5)
JUIsL BCEX HOMEPOB N > N, BCeX HATYyPAJIbHBIX P U BCEX TOYEK T U3 [a, b].

Dukcupyem Teneph MPOM3BOIbHOE Az W3 MHOXKeCTBa {Ax} W NMpuMeHWM npu
DUKCHPOBAHHBIX N U P K PYHKUUH | fr4p(t) — frn(t)| Teopemy Jlarpansxa mo cer-
MEHTY, OTPAHIMYEHHOMY TOYKaMmu ¢ u T + Ax. CorsacHo 3Toi Teopeme HARIETCs
qucio 6 Takoe, 94TO
[fn-i—p(x + Ax) — fo(r + Az)] - [fn-i—p(x) — fn(2)] _
Ax B (12.6)
= frip(@ +0Az) — f'n(x + 0Ax).

B o6o3znauenusix (12.4) nocseaHee paBeHCTBO IPUHUMAET BHL
e (Bd) — u (D) = fo (i +087) — fr(e+0A2).  (12.7)
U3 sroro pasencrsa u (12.5) gesaeM BBIBOI, 9TO

|‘Pn+p(A$) - ‘Pn(Aw)l <e¢ (12-8)

1utst mo6oro Ax u3 muoxkectsa { Az}, mo6oro n > N, u m060ro HATYPATBHOTO p.
B cuny kpurepus Komu nocienoBarensHocts { ¢, ()} cxonurcs paBHOMEPHO Ha,
muoxkecrse {Az}. [Ipumenum Toraa K Hell TeOpeMy O MOYJIEHHOM NPEIEIbHOM
nepexoze B Touke Ax = 0. CorsacHo 31oit Teopeme, QyHKIUS

flz+ Az) — f(z)
Az ’

(12.9)

SIBJISIIOIIASCS TPEIEJIbHON (DyHKIMel n0C/Ie10BaTe/IbHOCTY U3 4/1eHOB Buja, (12.4),
umeer B Touke Ax = 0 mpeses, ¥ ero MOKHO BBIYUCIUTE CJIEIYIONIM 00pa3oM:

L St A) - fle) - _
i, R = i i ()] =

(12.10)
— lim [ Aan%(Ax)} = lim f/(2).

910 ¥ JOKA3BIBALT, YTO IPOU3BOAHAS NpenesbHON hyukuuu f () B TOUKe T Cy-
ulecTByer u pasHa npezeny f,(x) npu n — co. Teopema mONHOCTBIO JOKA3AHA.

B repMmunax GbyHKIMOHAIBHBIX PSIIOB TEOPEMa O MOYIeHHOM auddepeHuIrpo-
BAHUU 3BYYUT TAK.
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Teopema 12.2. Eciu kaxnas u3 byskumii uy,(xr) uMmeer Ha cermeHre [a, b
[POU3BOJHYIO, ¥ €CJIU Psifl IPOM3BOAHBIX CXOAUTCS PABHOMEPHO HA ITOM Cer-
MEeHTe, a CaM Psif y o Uk(z) CXOmuTCs X0Tsi OBl B OAHON TOUKE T( CEIMEHTA,
TO TOT Psifi CXOAUTCSI PABHOMEDPHO Ha cerMenTe [a, b, u ero cymma S(z) mmeer
NIPOM3BOIHYIO, PABHYIO CyMMe PsiZia U3 MPOU3BONHBIX o U} ().

12.2 CymecTBoBanue nepBoodpa3Hbix byHKIuM 119 QPyHK-
IMUOHAJbHBIX MOCJIE€I0BATEIbHOCTEH U PHAIOB.

W3 Teopemsbr 12.1 cymecTByeT BazkKHOE CJIEICTBHE.

Teopema 12.3. Eciu kaxgas GyHkims f,(x) nMeeT mepBOOOPA3HYIO HA Cer-
MeHTe [a, b], 1 ecyin mocsienoBaTenbHOCTD { fi, ()} cXomuTest paBHOMEPHO Ha cer-
MeHTe [a, b] K penenbHOM dbyHKINM f(2), TO ¥ penenbHast GYHKIMS IMEeT Tep-
B0OOpa3HyIO Ha cermente [a, b]. Bosee Toro, ecim g — obast TOYKa CErMEHTa,
[a, b], TO mocnenoBaTebHOCTD IEPBOOGPasubix P, (x) byukuwmii f,(x), yxosie-
TBOpstfomux ycaosuio P, (z9) = 0, CXOQUTCs PABHOMEPHO HA cerMente [a,b] K
nepsoobpazuoit ®(x) npenensvuoit bynkuum f (), yIOBIETBOPSIOMEH YCIOBHIO
(I)(.To) =0.

JlokasaTenscTBo. /JIJIsi MOCJIEIOBATEILHOCTH TIEPBOOOPa3HbIX P, (), yaoBmie-
TBOpsifommx Tpebosannio P, (xg) = 0 BBHINOJHEHBI BCE YCIOBUS TeopeMbl 12.1,
9TO 0BECTIeYnBAET PABHOMEDHYIO Ha [a, b] cxogumocTs niocienoBarenbroctn { Dy, ()}
K npenenbroil hyskuuu P(z), y KOTOPOii B KaxK10it TOuKe cerMenTa [a, b] cye-
CTBYET IIPOU3BO/HASI, PABHAS IPEIEIbHON (DYHKIIUY OCIe0BaTebHOCTH { fr () }.

MozkHO cHOpMyYIUPOBATH YIKBUBAJIEHTHOE yTBEPXK,I€HUE /i (DYHKIIMOHAILHOIO
pama’.

Teopema 12.4. Ecnu kaxnas GyHkuus ug () uMeer mepBooOPa3HYIO HA, Cer-
MeHTe [a,b], u ecim psig Y po; uk(T) CXOOUTCS PABHOMEDHO HA CErMeHTe [a, b]
K cymme S(z), To u cymma S(z) umeer Ha cermenre [a, b] nepBoobpasHyio. Ec-
JIM JIOTIOJTHUTENILHO T — JiI00asi TOUYKa CEerMeHTa [a, b], TO psifi, COCTOSIIMI U3
nepBoobpasubix Uy (z) dysrimit ug(x), ais koropeix Ug(zg) = 0, cxomurcs
PaBHOMEDHO Ha, CerMeHTe [a, b] K nepBoobpasuoit @ () cymmsr S(x), yA0oBIETBO-
pstoweii ycaosuio @ (xzg) = 0.

2B Niasune, Canoandem, CeHOBE €ro, 9TO CTPAHHO, HET.
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13 IlouyseHHOe MHTErpupoBaHUEe PYHKIIMOHAIBHBIX
rnmocJjiegoBaTeJibHOCTE m paaoB. CXoamMoCTh
B cpeaHeM. CB#a3b C PaBHOMEPHOM CXOAMMO-
CTBIO.

13.1 IlounenHoe MHTEerpumpoBaHuME (PYHKIIMOHAJIBHBIX IIO-
CJIe/IOBATEJbHOCTEN U PHAIOB.

Teopema 13.1. Ecmu dynknmonanpaas mocienoBarenbHocTs { fr,(2)} exomur-
sl K mpeiesibHOM dbynakiuu f(x) paBHOMEPHO HA cerMeHTe [a, b], u eciu Kaxaast
dyukuusa f,(x) uarerpupyema Ha cermenre [a,b], To u npenenbHas byHKIWs
f(z) naTerpupyema Ha [a,b], IpuueM BO3MOXKHO ITOYJIEHHOE HHTETDHPOBAHHE,
T.€. TIpeJIe

b

nlin;o fn(x)dz (13.1)

CyILIECTBYET U PaBEH

b
/f(z)dz (13.2)

JokazaTenbcTBo. JlOoKaxkeM CHA4YAJA, 9TO MpeaeabHas (DYHKIUS HHTErPUPye-
Ma Ha cermeHTe [a, b]. Pukcupyem NpPOU3BOJIBHOE MOJOKUTEIBHOE 9ucio €. J1o-
CTaTOYHO JI0KA3aTh, 9TO Jis IpeAe/IbHOM dbyHkmu f(x) Haligercst X0Ts O6bI OMHO
pa3bueHue cermenTa [a, b], nyisi BepxHEH CyMMbl S ¥ HUMKHEH CYMMBI § KOTOPOTO
CIIPABEJINBO HEPABEHCTBO S — § < £. Jljisi 3TOro, B CBOI 04Y€Peh, JOCTATOUYHO
JI0Ka3aTh, YTO AJ1s1 Hatnero € > () HaiiieTcst TAaKOi HOMEp 1, 9TO J1J1st JII0O0r0 pas3-
OueHusi cerMenTa [a, b] BepxHsia cymma S u HUXKHsA cymMma s dbyHkumu f(z) u
BEPXHsisl CyMMa Sy, U HUXKHSS CyMMa S,, GyHKIuu f, () CBsI3aHbI HEPABEHCTBOM

S—s< (Sn—sn)Jr%. (13.3)

Paccmorpum mpoussosbHoe pasbuenne {xr} (K = 1,2,...,m) cermenTa [a,bl,
1 0603HAYNM CUMBOJIOM wi(fy,) KosebaHwe (TO eCTh PAa3sHOCTh MEXKY TOYHOMN
BEpXHell M TOYHOIM HYDKHEH IDaHuio) Ha k-M YaCTHYHOM CEerMeHTe [Tp_1,Tk)
dyskimn f,(x), a cumBosoM wy(f) — KonebaHue Ha TOM 2Ke YACTHYHOM Cer-
menTe npezaesbhoii Gyukuun f(z). Hepasencrso (13.3) 6ymer nokazaHo, eciu
MbI YCTAHOBUM, YTO JJIsi JOCTATOYHO DOJIBIIOrO HOMEPA 7. CIPABEIJIUBO HEPA-
BE€HCTBO

wr(f) < wr(fu) + 5 © (13.4)

b—a)
YcranoBuB 3T0T (haKT, Kaxkaoe u3 HepaBeHCTB (13.4) MBI MOXKEM JOMHOXKUTH
Ha, JUIUHY k-0 9aCTYHOrO CErMEHTa, U CJIOXKHUTD [0JIyYeHHbIE HEPABEeHCTBaA. Pe-
3yJIBTATOM sIBUTCs BbIpaxkeHue (13.3).
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st mro6oro HomMepa n u JIIOObIX AByX TOYEK X', ') IprHAIJIeKaImmuX CerMeHTy
[*k—1,Tk], COPABEIIMBO TOXKIECTBO

F@) = £@") = @) = @] + (@) = fu(@)] + [fn(2") = £(2")], (13.5)

OTKYZa

[f (@) = f@")] < [f (@) = fu(@")[ + | fu(a") = fu (") + [ fn(2”) = f(2")]. (13.6)

B cuty paBHOMEpHOIi Ha cermenTe [a, b] cxoqumocTu nmocienoBarensuoct { fr, (x) }
K hysarupm f(x), must GUKCMPOBAHHOTO MPOM3BOIBLHOTO € > () HalAeTCsT HOMED
7 TAKOM, ITO IS BCEX TOYEK & CETMeHTa [a, b]

3

|fu(2) = f(z)] < =) (13.7)
HOﬂCTaBHHH IIocCJjIieAHee HePAaBEHCTBO B IIPpEAIIOC/IegHee, IOy YUM
N M| < N 7 € . 13.
[f(@) = F@)] < [fu(a") = fa(z )+74(b7a) (13.8)

ITomumo 3TOTO, IPH JIFOOOM PACHOIOKEHMK ABYX TOodYeK x' m x” Ha cermente
[€g—1,zk] CipaBeIMBO HEPABEHCTBO

(@) = fu(2)] < wi(fn), (13.9)

IO3TOMY

(@) = F@")] < wil(fn) + 5 (13.10)

(b—a)

O603Ha"asT TOUHYIO BEPXHIOK W HUKHIOK rpann GbyHkuum f(2) HA 9aCTHIHOM
CerMeHTe [Tj_1, ;] COOTBETCTBEHHO KakK M}, ¥ My, B CHILY OIpE/IeJIeHNs] TOYHBIX
rpaHeil Hal[eM TIOC/IeJOBATETBHOCTH TOYeK {T),} U {7} cermMenTa [Tr_1,Tk]
TaKue, 4To

lim ), = My, lim z) = my. (13.11)

p—00 p—00
Torma st 106010 HOMEPA, P
3
|fay) = flay)] < wilfn) + 20—a)’ (13.12)

YTO MOCJIE TIPEIEIBHOrO NEPEXoaa pu p — 0o obpamaercs B (13.4) u, Takum 006-

pa30M, JOKA3bIBAET MHTErPUPYEMOCTh NpeAenbHoi dyHkimn f(x) Ha cermente
[a, b].

st noKa3aTeIbCTBa BO3MOXKHOCTY TIOUJIEHHOTO UHTETPUPOBAHUS HYKHO TIOKa-
3aTh, YTO MJisi JIIOOOro € > () Hadimercs Takoi Homep N, 9To muist Bcex n > N

b b

/ Falz)dz — / f(z)dz| < e. (13.13)

a a
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B cuiy paBHOMepHO# cxomumocTu nocienoBarenbHocTd {fn(z)} K dyHKIMN
f(z) na cermenre [a,b] cymecrByer Homep N Takoi, 4ro Jjisi Becex = € [a, D]
U Jyist BCeX HOMEpOB n > N crnpaBeJyjiuBo

|fulz) = f(x)] < W (13.14)
Torma
b b
[ a@te~ [ f@aa| =| [ (1) - fie)da| <
t, ‘ ‘ \ (13.15)
< [ 1@ - st < o= [ar= 5 <e

Jloka3areibCTBO TEOPEMBI 3aBEPIIIEHO.
ITopo6uast reopema cymecTByer u Jisi (DYHKIMOHAIBHBIX PsiJIOB.

Teopema 13.2. Ecim dyHKImOHATBHBIA PAg Y o Uk (T) CXOQUTCS PABHO-
MepHO K cBoeii cymme S(x) Ha cermenre [a,b], m kaxkapii wien ug(x) paga
MHTErPUPYEM HA CEerMeHTe [a,b], To m cymma S(z) MHTErpMpyemMa Ha CEerMeHTe
[a, b], U BO3MOXKHO IIOYJIEHHOE HHTErPUPOBAHHE, T.€.

i/buk(x)dx = /bS(:c)dx. (13.16)

k=1 v

13.2 CxoammMoCTh B CpEIHEM.

ITycrs kaxnas Gyskwms f, (x) n3 GyHKIMOHANBHO MocaegoBaTensHoCcTH { fr ()}
u ysxips f(r) uHTErpUpyeMbl HA cermenTe [a, b]. Torma dyHKIms

[fu(@) = f(@)]* = f7(2) = 2fu(@) f(2) + f*(2) (13.17)

TaKKe OyIeT SBISTHCS WHTETPUPYEMON Ha [a, b] KaK CyTepIO3UIHs MHTErPUDPY-
eMbIX (QyHKIUI.

Omnpepenenune 13.1. Bynem roBoputh, 9T0 GOyHKI[MOHAIBHAS IOC/IEI0BATEIh-
HOCTb { fn (%)} cxomures B cpenmem Ha cermente [a,b] K mpemesbHON DyHKINM
f(x), ecau cymecTByeT paBHbII HYJIIO IIPEIEIT

b
lim [ [fn(x) — f(2z)]*dz = 0. (13.18)

n—oo
a

Onpenestenne 13.2. Byzem roBoputs, 4T0 GyHKIMOHAIBHBIA P Y o | Up ()
CXOAMTCS B CPEJIHEM Ha CerMenTe [a, b] k cymme S (), econ mocie[0BaTesIbHOCTh

YACTUYHBIX CyMM 3TOTO PSIJIa CXOAUTCS B CPETHEM Ha, CETMEHTE [a, b] K mpeiens-

Hoit byukuum S(x).
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13.3 CBa3b MeXKAy CXOAUMOCTHIO B CPEIHEM U PAaBHOMEP-
HOM CXOAMMOCTBIO.

VrBepxkaenne 13.1. Ecau nocaenosarensnocrs { f,(x)} cxomurces k pyHk-
muu f(x) paBHOMEPHO HA CerMente [a, b], To oHa cxomurcs K f(x) Ha 3TOM cer-
MEHTE ¥ B CPEJIHEM.

JorasaTenscTBo. PukcupyeM Ipou3BosibHOE ¢ > 0. JIj1s1 Hero HaliieTcst HoMep
N rakoit, uro mist Bcex n > N u Bcex x € [a, b] cupaBenuBo

|fa(2) = f(2)] < ,/ﬁ. (13.19)

Ho Torpa, nepeiias Kk MOIyJIIO 110/ 3HAKOM HHTErPAJIA, HOJIy UM

b b

/[fn(w) - f(w)]de < ﬁ /dCC = % <eg, (13.20)

a a

YTO BBITIOJTHEHO OJIs1 BCEX HOMEPOB 7, OOIBIUX WU PaBHBIX ]\77 YTO U O3HAYAET
CXOAUMOCTD HOCTIenoBaTenbHOCTH { ()} Ha cermente [a,b] B cpenHeM.

VYrBepxkaeane 13.2. CxoauMoCThb MIOCIEI0BATEIbHOCTHA Ha, CEIMEHTE B CPEJI-
HEM HE€ BJI€4YEeT HE TOJIbBKO paBHOMepHOﬁ CXOﬂI/IMOCTI/I, HO JaxKe U CXOAMMOCTU
XOTsi ObI B OIHOM TOYKE CErMEHTA.

JlorazsaTenrbcTBO. PaccMOTpUM CIEAYIOMIYIO MOCIEI0BATEILHOCTh CEIMEHTOR,
npuHaiexamux [0, 1]:

I = [051]7

1 1
L=10,=|, I1=|=1
2 |:a2:|a3 |:2a:|a

1 11 13 3
14* |:0;Z:|7 15* |:17§:|7 167 |:§aZ:|7 177 |:151:|5

Oupenenum Teneps N-biif wieH HYHKIMOHATLHOK nocIenoBarenbaocTa { fr, (x)}
CaeayommuM 06pa3oM:

falz) = (13.21)

1 wa cermente [,
0 BO BCEX OCTAJBLHBIX TOYKAX .

Iocnenosarensuocts { fr, ()}, ogeBunHO, cxoaurcs B cpennem Ha cermente [0, 1]
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K npenenbHoit dyukuuu f(x) = 0:

/WM—mwm:/m:mu (13.22)
0 I,
(3
Jim. [fn(x) — f(2)]?dx = 0. (13.23)

0

Teneps yoemumcst, ato { f,(2)} me cxomurces Hu B 0HOM Touke cermenta, [0, 1].
Kaxkyto 6b1 Touky 2o € [0,1] Mbl He BRIOpasHU, CPeIM CKOIBH YTOZHO OONBIIAX
HOMEPOB N HAMYyTCs KAK TAKWE, JJisi KOTOPBIX CErMEHT [, CONEPXKUT TOUKY T(,
TaK ¥ TaKue, JJIs KOTOPBIX HE COXEPXKHUT. Torma mocjaenoBaTeIbHOCTH COZEP-
2KUT GECKOHEYHO MHOT'O Y4JIEHOB, PABHBIX €INHHIE, M OECKOHEYHO MHOT'O 4JICHOB,
PABHBIX HYJIIO, &, CJIEIOBATEIHHO, PACXOIUTCS.

13.4 CxoamMOCTh B CPE€JHEM M MOYJI€EHHOE MHTErpupoOBa-
HUE.

Teopema 13.3. Ecau nocnenosarenbuocts { f,(x)} cxomurca B cpemmem K
f(x) na cermente [a, b], TO 3TY TOC/IEIOBATENHLHOCTH MOXKHO MOYJIEHHO UHTEI DU~
poBarh Ha [a, b], T.e. mpemen
b
lim [ fu(z)dz (13.24)
n—oo

a

CyIIEeCTBYeT U DaBEH

b
/f(z)dz- (13.25)

JlokasaTempcTtBo. ®@ukcupyem npousposbHOe ¢ > 0. B cuiy cxogumocTu B
cpenmnem, Halinercs Homep N Takoil, uro juyis Bcex n > N m BCex = € [a, b)
BBIIIOJTHEHO

b
2
[ihata) = sl < ;= (13.20
Beenem 0603HaueHns
b—a
A= fal@) = f@)\) =, B=+eb-a (13.27)
" BOCTIOJIB3yeMCA OYE€BUIHBIM TOXKIECCTBOM
A? B2
|A[|B| < > + > (13.28)
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TOrIa,

b—a €
|[fu(@) = F(@)] < [fal2) = f@)* 5=+ 2% a)’ (13.29)
OTKY/Ia,
b ) b
[ 1020 = s < 222 [0 - r@Pas + 5. (13.30)
C yuerom (13.26) nosyuum, 910 Jy1st Beex n > N copaBejmBo
b
/|fn(x) ~ f@lde < 55 =, (13.31)
OTKyZa, B CBOIO OYepesh,
b b
/fn(x)dx - /f(:z:)dac <e (13.32)

anst Bcex n > N. Teopema moka3ana.
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14 Teopema Apnemna. IIpusnak paBHOCTENEHHOM
HEeTPEPBIBHOCTH (DYyHKIIMOHAJILHOI TTOCJIE10BA-
TE€JIbHOCTH.

14.1 PaBuHOcCTeneHHas HENPEPHIBHOCTb.

ITycrs 3amana HyHKIMOHANBHAS TOCIENOBATENBHOCTD { [ (1)}, onpenenennas
HA HEKOTOPOM ILIOTHOM B c€6€ MHOXKECTBe {1 }.

Onpepenenne 14.1. Tlocaenosarensrocts {f,,(2)} HaswiBaercs paBHOCTE-
ITEHHO HEMpEephIBHON Ha MHOXecTBe {x}, ecnmu mas moboro £ > 0 Hafimercs
6 > 0 Takoe, 4TO

|fn($/) - fn($//)| <eg (141)

CIIPaBeUIMBO s BCEX HOMEPOB N U BCex Touek ', x” mmoxkecrsa {x}, mus
koropeix p(z',z") < 4.

14.2 Teopema Apueaa.

Teopema 14.1 (Teopema Apuena). Ecin byHKuImMOHANBHAS TOCTEI0BATETH-
HoCTb { fr ()} PaBHOCTENEHHO HENpPEPLIBHA M PABHOMEPHO OIDAHMYEHA Ha Cer-
MeHTe [a, b], TO U3 3TOM MOCIENOBATEIBHOCTA MOXKHO BBIIEINATH OANOCIEI0BA-
TEJIbHOCTh, CXO/SILYIOCs PABHOMEPHO Ha CErMeHTe [a, b).

JokasarenbcTBo. PaccMorpum Ha cermente [a, b] mOCI€00BATEIBHOCTD TOYEK
{x,,} ocoboro Buma: B Ka4ecrBe 1 BO3bMEM CEPEIUHHYIO TOYKY CErMEHTa, B Ka-
9eCTBe I M L3 BO3bMEM JIBE TOYKHU, KOTOPHIE COBMECTHO C X1 PA3JIEJIST CETMEHT
Ha YeThIPpE PABHBIX YaCTU U TAaK Jlajiee IO CTETIEeHAM ,[[BOfIKI/I. HOCTpoeHHaH Ta-
KMM 00pa30M IMOCIIEJOBATENFHOCTh 00JIa1aeT CIEMYIOIMM CBONCTBOM: JIJIS JIFO-
6oro ¢ > 0 Haitzercs HOMED 7o TAKOH, 4TO Ha JIOOOM MPUHAJJIEKAIEM [a, b
CErMeHTe [IJIMHBI O JIEXKUT XOTs ObI ONUH U3 JIEMEHTOB L1, X2, ..., Tn,. LaKas
[OCJIeJOBATENLHOCTh HA3BIBAETCS BCIOAY IUIOTHOI Ha cermeHTe [a, b].

Paccmorpum cHadasa nocsenoBarenbHOCTh { fr ()} B TOUKe X1, B pe3ysbrare
9ero I0JIyYrM OFPAHUYEHHYIO YUCJIOBYIO IOCIIEA0BATEILHOCTD, U3 KOTOPOH, [0
reopeme Bosbano-BeiiepmTpacca, MOXKHO BBIIEIUTD CXOZSIILYIOCS TOIIOCTE-
JIOBATEILHOCTh, KOTOPYIO MbI 0603HAYAM

fll(zl);fIQ(xl)a---7f1n(1'1);--- (142)

Hanee paccMoTpuM (DyHKIIMOHAJIBHYIO IOCIEI0BATEILHOCTD

fn(x), f12 (x), c. ,fln(l‘), . (143)

B To4Yke 3. Ilo Teopeme Bosbrano-Beitepinrpacca n3 Hee MOXKHO BBIIEIUTH
HOBYIO CXOZSIIIYOCS TIOMOC/IEIOBATEIBHOCTD

fgl(zg),f22($2),...,fgn(l'Q),... (144)
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OTKYIR
Jo1(x), fao(x),. .., fon(x),. .., (14.5)

KOTOpasd CXOOAUTCHA KaK B TOYKE XT'1, TaAK U B TOYKE T2. Hpo,uom{(aﬂ AHAJIOr'n4YHbIE
paccyxKieHusi, Ha KazK/0M 1iare 6y,ueM MOJIy4aTh I1OC/JIeJ0BATEJIbBHOCTD

fr1(@), fro(@), ..., fan(x),. .., (14.6)

CXOISIOIIYIOCS B TOYKAX X1, L2, ..., Lp-

PaccvoTpum Temeps «auaroHaabHYI0» TOCIEI0BATEIHHOCTh

f11(1'>,f22(1'>,...,fnn(x),... (147)

U JIOKAXKEM, 9YTO OHA, PABHOMEDPHO CXOJUTCS Ha, cermente [a,b]. Bymem B nasb-
HEHIEeM JJisi COKPAIIEHUs 3anucu 0003HAYATH ITY MOCJIEI0BATEILHOCTD

91(2),92(x), ..., gn(T),. ... (14.8)

®ukcupyem npomssonbHOe ¢ > 0. Tak kak {g,(x)} sBAAETCA PABHOCTEIIEHHO
HENpPEePBIBHOM Ha [a, b] MOCIeI0BATEIEHOCTEIO (TIOCKOIBKY SBJISETCS TIOIIOCTIE-
JIOBATEIbHOCTBIO MCXOJHOI PABHOCTEIIEHHO HEIIPEPBIBHOM MOCIIe10BATEIHHOCTH
{fn(2)}), TO mast nammoOroO € Halimerca takoe § > 0, 9T0 KAKOBbI Obl HU GbLIN
TOYKU T U Ty, U3 CEIMEHTA [a, b], CBSI3aHHBIE HEPABEHCTBOM | — Ty | < 0, Juist
BCEX HOMEPOB 7, OKAXKETCsI BEPHBIM

|90 (2) — gn(zm)| < % (14.9)

Pazo6bem Teneps cermenT [a, b] Ha KOHEYHOE YUCIIO CErMEHTOB C JJIMHAME, MEHb-
mmmu 6. U3 mocnenosarensuoctu {2, } BoiGepeM mepBbie 1 WIEHOB TaK, 9TO0bI
B KaXKJOM M3 OTPE3KOB Pa30MeHus COAEPXKAaJICSI XOTsI Obl OIUH U3 BHLIOPAHHBIX
areroB. Kak moka3aHo BeINe, TOCIEAOBATENBHOCTD {g,(2)} cxomurest BO BCEx

TOYKAX T1,%2,...,Tny. 1103TOMY Il yKA3aHHOIO 4uCa € Haiigercst Homep N
TaKoOM, YTO Mgt BceXx n > N, BCex HATYPAJbHBIX p M Bcex m = 1,2,...,ng
BBINOJTHEHO c

|9n+p(2m) = gn(2m)] < 3 (14.10)

IycTs, HaKOHEN, © — NPOUW3BOJIbHAS TOYKA CErMEHTa [a,b]. Dra Touka 0bsi3a-
TEJIbHO JIEXKUT B OJHOM U3 OTPE3KOB Pa3OUeHusi, MOITOMY JJis Hee HalJeTcs
X0Tsi OBI OHA TOYKA Iy, TaKas, 9T0 | — | < 6. B cumy moro, uro momyns
CYMMBI TPEX BEJIMYUH HE TPEBLIACT CYMMy WX MOJIYJel, MOKHO 3alucaTh

|9n+p(T) = gn(@)] < |gnsp(®) = Gntp(Tm)|+

Hgnsp@m) = gn(@m)| + |gn(@m) — gn(@)]. (14.11)

OuenuBasi mpaByo 4acTb ¢ nomoupio (4.9) u (4.10), moaydum, 9To IJIs Ipous3-
BOJIbHOTO £ > ( Haiimerca HoMep N Takoil, 4To Ijia Bcex n > [N, BCeX HATY-
paJbHBIX p U BCEX & U3 [a, b]

|9n-+p(2) — gn(2)| <e. (14.12)

Teopema noka3ana.
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14.3 Ilpu3Hak paBHOCTENMEHHOI HENPEPHIBHOCTU (PYHKIIU-
OHAJILHOM MOCJIEA0BATEIHLHOCTH.

Teopema 14.2 (mocTaTo4uHBIA IPU3HAK PAaBHOCTEIIEHHOMN HEIPEPBHIBHO-
crn). Ecnu nocnenosarensHocts { fr(z)} cocrout u3 auddeperimpyeMsix Ha
cermenTe [a,b] dyHKIW, ¥ eciu MOCIeOBATENIFHOCTh Mpon3Boaubix { f)(x)}
DPABHOMEDHO OTPAHMYEHA HA ITOM CEMEHTE, TO MOCJeNOBATENLHOCTE { fr(2)}
PaBHOCTENEHHO HENPEPLIBHA Ha [a, b].

JlokasaTenmscTBo. BoO3bMeM Ha cermMente [a,b]| 1BE TPOU3BOJBHBIE TOYKU T’ W
z” u 3amumem mus byukuum f,(r) BHa cermente [z, z”] Teopemy Jlarpamika:
Haiijercst Takas Jexkamas mexay ' u x'” Touka &,, 4To

(@) = fu(a")] = £ (&n)l]2" — 2”]. (14.13)

TTockonbKy moce10BaTeIbHOCTD IIPOU3BOIHBIX PABHOMEPHO OrPAHNYEHA HA Cer-
MeHTe [a, b], Haiinerca Takoe uucao M > 0, 9TO 1151 BCeX HOMEPOB 1

[fr(&)l < M, (14.14)

OTKyZa
|fn($l) - fn(wn)l = lel - xﬂl' (14.15)

®ukcupyem Tenepsb TIPOU3BOIBHOE MOJOXKUTETbHOE €. Baas § = 7, momyqmm,
9TO Jis BCEX HOMEPOB M u Jyisi Bcex ' u ¢’ u3 cermenta [a, ], 17151 KOTOPBIX
|z" — 2| < ¢, Gymer cupaBemyIuBO

|fn(2") = fu(a”)] <e. (14.16)

PasrOCTENnEHHAST HENPEPBIBHOCTH NOCIenoBaTenbaOCTH { fr ()} MoKazana.
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15 Creneunnie paabpl. Teopema Kommm- A mamapa.
HenipepbIBHOCTH CyMMBI, IIOYJI€HHOE UHTETPU-
poBanue n audpepeHIMPoOBaHE CTEIIEHHOTO
paaa. Pasznoxkernue pyHKIMiT B CTeNIEeHHBIE Psi-

JBI.

15.1 Omnpegejenune CTENEeHHOrO pdaaa.

Onpepenenune 15.1. CreneHHbIM PsiIoM HA3bIBAETCs (DYHKIIMOHAJIBHBIN DS

BUIA
o
Zanx” = a9+ a1z + ax® + ..., (15.1)
n=0
TJe ag, a1, ... — TMOCTOSTHHBIE BEIIECTBEHHBIC YMCIIa, HA3LIBAEMbIe K03 pumnmen-
TAMH PSAIA.

VYrBepxkaenue 15.1. Bcsakwuii crenennoit psin cxogurcsi B Touke © = 0. Cy-
[IECTBYIOT CTEIEHHBIE PsiJbl, CXOISIIUECS TOJBKO B 9TOM TOYKE, HAIIPUMED, Psif]

oo nla™.

15.2 Teopema Komn-A gamapa.

Cocrasum u3 ko3ddunuentos psaaa (15.1) nocsemnoBaTebHOCTD

{ Jan]| } (15.2)

Bo3moxkHbBL 1Ba BapuanTa: Jubo 110Cae10BaTeIbHOCTD (15.2) orpanuyena, jmbo
uer. Ecyiu nocienoBarenpaocts (15.2) orpannyena, T0 y Hee CyIeCTBYET KOHEY-
HBIM BepXHMII Tpesesl, KOTOPhIi Mbl 0003HaunM, Kak L. Cpasy 3amerum, 4To
L > 0, T.K. BCe 3JIEMEHTBI MOCIeA0BaTeNbHOCTH (15.2) HEOTPUIATENbHBL.

Teopema 15.1 (reopema Komm-Apnamapa). Ecau mocrenoBarensHOCTB
(15.2) He orpanudyeHa, To crenexHoit psix (15.1) cxomurcs Toapko npu = 0
ecam mocenoBaTenbHOCTh (15.2) orpanuvena u mveer BepxHuil npenen L > 0,
TO cremenHO# psiz (15.1) aBCOMOTHO CXOAMTCS JJisi 3HAYEHWH I, YIOBIETBODPS-
IOIIUX HEPABEHCTBY || < % ¥ PACXOAUTCS JJist 3HAYEHUN T, YIOBJIETBOPSIIOIINX
HEPABEHCTBY |x| > %; €CIIM TIOCTIEIOBATENLHOCT (15.2) orpaHwveHa U uMeer
Bepxamit npemes L = 0, To psag (15.1) abCoMOTHO CXOAUTCS ISt BCEX 3HAYEHMI
x.

JokasarensctBo. 1. Ilycrs mocnenosarenbuocts (15.2) He orpanungena. Torma
Jst Beex - # () OC/IeI0BATEILHOCTD

2|/ |an] = ¥/ |anzm| (15.3)
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TaK»Ke HE OTPAHMYEHA, M y HEe MMEIOTCS WIEHBI CO CKOJIb YTOJHO OOJIBIIAME
HOMEpaMu 7, it KOTOpbIX V/|a,z™| > 1, t.e. |apz™| > 1. Ho Torma musa psina
(15.1) mapyureHo HEOGXOJUMOE yCJIOBHE CXOJMMOCTH, 8 MMEHHO CTPEMJIEHHE K
HYJIIO ero OBOIIero 4jeHa, 4To 03HAYAeT CXOAMMOCTh TOJILKO B TOYKe T = 0.

2. Ilycrs Teneph mocsenoBaTesbHOCTD (15.2) orpaHudeHa, U ee BEPXHUIA mpe-

nen paseH L. @ukcupyeM Jiroboe x, Jyisi KOTOPOro |z| < % Tornma wmaiimercs

rakoe € > 0, 4T0 |z| < LLJFE B cuny cBoiicTB BepxHero mpejesa BCe JIeMEHTh

nocsienoBaTesbHocTu (15.2), HAYMHAS C HEKOTOPOTO HOMEDA N, YIOBJIETBOPSIOT

HEPABEHCTBY .
Vian| <L+ 3. (15.4)

Taxum 06pa3oM, HAYUHAS C ITOrO HOMEPA 7. BBHIIOJHEHO

L 2
VNana| = |z V/Jan] < Ltel2 (15.5)

L+e

r.e. psiz (15.1) abcosrorHo cxoauTes no npusnaky Koru.

Tenepn dbukcupyem Jw0boe &, Jjisi KOTOporo |z| > % Torpa naiinercs € > 0
Takoe, 4ro |r| > ﬁ ITo ompenesieHNI0 BEPXHErO IMPEAesia U3 IMOCIEI0BATEIb-
HocTH (15.2) MOXKHO BBIIEIUTDH CXOASIONLYIOCs K L TOANOC/TIEI0BATELHOCTD

{ "/ Jang] } . (15.6)

Orcrona, HaYuHAS ¢ HEKOTOPOTO K, CIPABEIJINBO

L—ec< "/|an,| < L+e (15.7)
u
" " L—¢
¥/ |an, x| = |x| "%/ |an, | > T .= 1, (15.8)
T.C.

|ap, 2™ > 1, (15.9)
U HeoOXOIUMOe yCJIoBrE cxomuMocTd psiga (15.1) mapyreHo.
3. Ilycrs nocaenoBarenbaocTs (15.2) orpanudena u ee Bepxuuii npexen L = 0.
Qukcupyem npousdBoibHoe T # 0. ITockosnbky Bepxuuii npegen L = 0, u no-
cnenoBaresbHOCTD (15.2), cocrosmas u3 HEOTPULATEIbHBIX YJICHOB, HE MOXKET
HMMETh OTPUIATEIbHBIX [IPEJEJIbHBIX TO4YEK, TO L, = () — e MHCTBEHHASs [IPEe/IeJIb-

Has TOYKA, &, CICIOBATEILHO, U NPEIeN 3TOH IOCIeI0BATSIbHOCTH, T.€. IOCIe-
JoBaTesbHOCTE (15.2) GeckoHewHO Magsasi. Torga fJist OIOKUTEIBHOIO YUCTIA

—_— 15.1
ol (15.10)

HalileTcsa HoOMep N, HAYWHASA C KOTOPOTO

1
Vian| < 5= (15.11)

2|
U, CIeOBaTeJIbHO,

1
V0anz®| = |z| ¥/]an| < 5 < 1, (15.12)
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r.e. psiz (15.1) abcosroTHO cxoauTes no npusnaky Kormm.

TonbpKO 9TO ZOKA3AHHAS TEOPEMA IPUBOAUT HAC K CIeAyIomeMy (byHIAMEeHTAIb-
HOMY yTBEDKJEHUIO.

VYrBepxgenue 15.2. [Ins kaxaoro cremeHHoro psaga (15.1), eciu TONBKO
OH HE ABJIACTCA DAIO0M, CXOAAIMUMCH JIUIMHB B TOYKE T — 0, CyaieCTByeT 1o-
JIOXKUTE/IbHOE 9uCio R (BO3MOXKHO, paBHOE GECKOHEUYHOCTH) TAKOE, YTO ITOT
psn cxomurest abcomoTHo mpu |x| < R u pacxomurcs npu |z| > R. 910 uucio
R Ha3bIBaeTCs PaJHyCcoOM CXOAHMOCTH, a unTepBai (—R,+R) Ha3bBaeTcs mpo-
Me)l(_yTKOM CXOAMMOCTH JAHHOI'O pﬂﬂa. II.HEI BbIYUCJIEHUA paLLI/IyCa CXOaUuMOCTH

ucnosib3yercsi popmylia
1

R - Y
limy, 00 /] an]

(15.13)

15.3 HenpepslBHOCTh CyMMBI CTEIIEHHOTO PAAA.

Iycrs crenennoit psg (15.1) umeer paguyc cxomumoctu R > 0.

VYrBepxkaeane 15.3. KaxkoBo Obl HE OBLIO MOJOXKUTEIBHOE YUCJIO T, YIO-
BJIeTBODsiolIee ycjioBuio r < R, psan (15.1) paBHOMEPHO CXOOUTCSI HA CErMEHTE
[77"7 +T] .

JlokazaTenscteo. ITo Teopeme 15.1 psiz (15.1) aBCOMOTHO CXOOUTCS TIPU X = T,
T.e. CXOIUTCS DA

laol + Y lan|r™. (15.14)
n=1

DTOT YMCIOBOH paAf, OyJeT MaXKOPUPOBATL CTENEHHOH psAM MpH BCEX T W3 Cer-
MeHTa [—7r, +7], 3HauuT psazg (15.1) paBHOMEPHO CXOAUTCS HA ITOM CETMEHTE II0
npusHakKy Beiieprnrpacca.

3ameqanme 1. s pana (15.1) B yCII0BUSIX JIEMMBI BBITIOJIHEHBI BCE TPEOOBAHMS
TEOPEMBbI 0 HEIPEPBIBHOCTH CYMMBI, IIO3TOMY €r0 CyMMa HEIIPEPBIBHA.

Teopema 15.2. CymMa CTENEHHOTO Psiia BHYTPHU €ro MPOMEKYTKA CXOIUMO-
CTH SIBJISIETCSI HETPEPHIBHOMN (DYHKITHEH.

JokasarenscTBo. Ilycrs S(z) — cymma cremenHoro psima (15.1), a R — ero
pazuyc cxomumoctu. Pukcupyem sroboe = Takoe, 4to || < R. Bcerma MoxHO
HafiTh Takoe 4ucio r, 9410 |z| < r < R. B cuny 3ameqanus 15.1 dysxuus S(x)
HENPEPBIBHA, Ha, CETMEHTE || < 7, a, CJIeIOBATEILHO, U B TOYKE .
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15.4 TIlouseHHOe WHTErpupoBaHmEe uU MmoUJeHHOEe audde-
PEHIIUPOBaHNE CTEIIEHHOI'o ps/a.

Teopema 15.3. Ecim R > 0 — paamyc cxoqmmocTu creneHHoro psina (15.1),
a T yJIOBJIETBOPsieT yCaoBuIO |x| < R, T0 psx (15.1) MOXKHO IOUIEHHO MHTETPH-
posath Ha cermente [0, z]. [loyueHHbI# B Pe3yabTATE TOUICEHHOTO HWHTETPAPO-
BaHUs AL OyJeT UMeTh TOT K€ PAIUyC CXOAUMOCTH, 9TO U UCXOTHBIH DS,

JokazaTenbcTBo. Jnsi 110000 T, yIOBJIETBOPSIIOIIETO YCJIOBUSIM TEOPEMBI,
Halizercs Takoe duciao 1, uro |x| < r < R. Cormacuo yrBepxkienuto 15.3 psig
(15.1) cxomuTCst PABHOMEPHO Ha, CErMEHTE [—7, +7], &, CIeZ0BATE/IBHO, U HA CEr-
menTe [0, z]. Torma 3TOT psiJi MOXKHO TOYJIEHHO WHTErPUPOBATH HA JAHHOM Cer-
MEHTE.

B pe3ysbTrare MOYIEHHOTO WHTETPUPOBAHUS TOJIYUUTCS CTEINEHHON DSt

a1 Ap—1
apr + —a% 4+ ...+ ="

5 +..., (15.15)

PaAIUyC CXOAUMOCTH KOTOPOTO, cOryiacHo Teopeme Kommn- A namapa, siBiisiercst Be-
JIMYWHON, OOPATHOI BEpXHEMY MPEIETy MOCIEI0BATETbHOCTH

oflanma] _ lan] (15.16)
BepxHuit npezies 9T0i NOCIEJOBATEIHHOCTH COBIAJAET ¢ BEPXHUM IIPEIEIIOM
nocyenosarensaocru (15.2). Teopema gokazaHa.

Teopema 15.4. Crenennoit psag (15.1) BHyTpu ero npoMeKyTKa, CXOAUMOCTH
MOXKHO quddepeHnnpoBaTh mowieHHO. Psin, moaydeHHbil mowieHHbIM qudde-
PEHIIMPOBAHUEM, UMEET TOT K€ PAJUYC CXOIUMOCTU R, 9TO U MCXOIHBIA Psiji.

JokazaTenbcTBo. Bce ycaoBust reopemsbl 0 modjieHHOM auddepeHmpoBannn
st pana (15.1) BeIIOHEHDI Cpa3dy Ke, OCTAETCs T0KA3ATh BTOPOE YTBEPK ICHUE.

B pesyabrare mounennoro muddepennuposanus (15.1) mosyaum psig
ar 4 2asx + ...+ napz™ 4., (15.17)
PAJIUYC CXOAUMOCTH KOTOPOrO 0OpaTeH BEpXHEMY NPEeeJly T10CIeI0BATEILHOCTI

YV(n+1)|ant1l, (15.18)

a OH COBIAJAET C BEPXHUM TIPEJEJIOM MCXOMHOU MOCIeIOBATETHLHOCTH. TeopeMa,
JOKa3aHa.

15.5 Pazgoxxkenne pyHKIuii B cTENEeHHbIE PAObI.

Onpepnenenne 15.2. Bynem roesoputh, uro dbynkuus f(x) Ha wmHTEpBAIE
(=R, +R) (na muO)ecTBe {2}) MOXKeT 6BITH PA3JIOKEHA B CTEHEHHOH DS, €C-
JIML CYIIECTBYET CTEIEHHOH psif, cxonsmuiicss K f(r) Ha yKasaHHOM HUHTEpBaJe
(MHOXKECTBE).

56



VYrBepxkaenue 15.4. s toro, urobsbl hysKiwms f(x) MOria ObITh pa3JioxkKe-
HA B CTEIEHHON psiz Ha uHTepBaje (— R, +R), Heobxoaumo, 4Tobbl 91a, byHKIMs
uMeJIa, Ha yKa3aHHOM MHTEPBAJIe HellPepPbIBHbIE TPOM3BOJHbIE JTI0OOrO MOPSIKA.

JokazaTenbcTBo. (CTEneHHON Psii BHYTPU €r0 MPOMEKYTKA CXOIUMOCTHU, KOTO-
DbIit IO MeHbIeil Mepe cogepkuT unrepBai (—R, +R), MOXKHO NOWIeHHO aud-
(bepeHIMpPoBaThL CKOJIBKO YTOAHO Pa3, U BCE MOJIYYeHHbIE PSIbI OYAYT CXOAUTHCS
BHYTPH TOTO XK€ MPOMEKYTKA. 1Orma CyMMBbI YKA3aHHBIX PSI0B — (DyHKIUH,
HenpepbIBHBIE HA (—R, +R).

VYreepxaenue 15.5. Ecm dysxums f(z) moxer na marepsane (—R,+R)
ObITh PA3JIO’KEHA, B CTEIEHHOMN Dsifl, TO JIUIIh €IMHCTBEHHBIM 00Pa30M.

JokazatenbcTBo. Juddepenuupyem psin, B KOTOPBIH pa3jaraercs GpyHKIus
f(z), nownenso n pas:

F(2) = apn! 4 angr(n + 1)z + ... (15.19)
TIpu = = 0 orcroma mosydum
F™(0) = ann!, (15.20)

[0

Torpa k03¢ duUIMEHTH CTEIEHHOr0 PsAIa, [0 3TOM (HOPMYJIE€ OIPEHE/IeHbL 00HO-
3HAYHO.

Omnpegenenne 15.3. Crenennoit psa (15.1), koaddunumenTs KOTOPOro onpe-
nesstiorcst 1o bopmyate (15.21), nasesaercs psggom Teitnopa ans Gyuxumn f(x).

Vreepxkaenne 15.6. Eciu dysxius f(z) MoxkeT ObITH Pa3JI0KEHA HA MHTEP-
Basie (—R,+R) B CTeneHHOH Dsifi, TO ITOT PsAl sBjsieTcs psaaoMm Teiiyiopa mjist
MaHHOM (DyHKIUU.

VYreepxaenune 15.7. lis Toro, urober hyskmms f(2) Morsa 6erTh pa3noxke-
Ha B psy Teiinopa Ha unTepBase (—R,+R) (na MHOXKecTBe {}), HEOOXOAUMO U
JIOCTATOYHO, 9TOOBI OCTATOYHBINA 4jieH B dhopmysne Makiopena mjist 31oit BDyHK-
MM CTPEMUJICH K HYJII0 HA YKA3aHHOM MHTEpBaJse (MHOMXKECTBE).
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16 PaBHOMepHOe mpubnKeHne HETTPEPHIBHBIX (PyHK-
i aJaredpanvdecKuMu MHOTOYJIEHAMU.

Ilns 3ameTox® =)

3B MoeM chmcKe GHIETOB HAMMCAHO, YTO ITOT OHJIET He Hamo. DTo mpaBma’
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17 Omnpenesienne n yCJIOBUS CYIIIeCTBOBAHUS IBOIi-
HOT'O MHTETPAJIa IIPU TOMOIIH MPAMOYTOJIBHBIX
pa3buenmnii obsactu. Kiaccsl mHTEerpupyemMbrx

byukimii.

17.1 Omnpeaesienune ABOWHOTO MHTErPaJia AJid IPAMOYTOJIb-
HHUKA.

Paccmorpum npoussonbryio dbyHknuio f(x,y), ONPENENTeHHY0 BCIOLY HA Tpsi-
MOYTOJbHUKE RR:
c<y<d. (17.1)

Pazobbem cermedT [a,b] HA N YACTUYHBIX CETMEHTOB MPH IOMOINY TOYEK 4 =
2o <1 <22 <...< T, =p,a CECMEHT [¢,d| HA P YACTUIHBIX CETMEHTOB IIPU
HOMOIIM TOUeK ¢ = Yo < Y1 < Y2 < ... < Yp = d. DTOMy PA3OUEHUIO CErMeH-
TOB COOTBETCTBYET PA30MEHHE MCXOMHOIO MPSIMOYTOJBHUKA, HA, NP YACTUIHBIX
IPSIMOYTOJNBHUKOB. Q003HaUUM Yepe3 Ry, YaCTUYHBIA TPSIMOYTOJBHUK

Tp-1 ST <R, Yi—1 <Y<y (17.2)

VkazanHoe pas3bueHue nNpsaMOyrojbHUKa R 00603uauum kak 1. Pa3buenue npsi-
MOyrobHuKa, R, nonydennoe u3 1T’ mobaBieHUEM MPSIMBIX, TAPAJJIETBHBIX OCIM
Oz un Oy, 6yneM Ha3bIBATH H3MEIb9eHHEM pasbuenus T wn ob6o3nagats 1.

Ha kaka0M 4aCTUYHOM MPSIMOYTOJIbHUKE Ry BHIOEpEM MPOU3BOJILHYIO TOUKY
(&, ). Homoxum Az = xp — k-1, Ay = Yy — Yyi—1 u 0003HAUUM dUepe3
A Ry nomaas npsaMoyroibauka Ry: Ry = Axy - Ay;. Juuay auarosHaau npsi-
moyrombauKa Ry, pasayo \/(Ax)? + (Ay)?, HazoBeM AHAMETPOM JTOTO Npsi-
MOYroJbHHMKa. Hambonpmmii u3 BCeX IuaMeTPOB YACTHYHBIX IPAMOYIOJbHUKA,
Ha30BeM guaMerpoM pas3buenusi T u 0603Ha4YUM CUMBOJIOM A.

Omnpepgenenune 17.1. Yucno

n

o=0a(f,T)=> > f(& m)ARy. (17.3)

k=11=1

HA30BeM HMHTErpajbHOi cymMMor dbyHkumu f(x,y), COOTBETCTBYIOMEH TaHHOMY
pazbuenuio T’ MpsSIMOYTOJBHUKA R ¥ JAHHOMY BBIOODY TPOMEXKYTOUYHBIX TOYEK
(&g, 1) Ha YACTUYHBIX MPSIMOYTOJIbHUKAX pa3buenus T .

Omnpepenenne 17.2. Yucno I Ha3BIBAETCS NPEIEJIOM HHTETDAJIBHBIX CYMM
(17.3) mpu A — 0, ecau AJis JTHOGOTO MOJOKUTENBHOTO YUCJIA € MOYXKHO yKa-
3aTb TAKOE IIOJIOXKMTEJIbHOE YHUCJIO 0, 9TO npu A < § He3aBHUCHUMO OT BBLIOOPA
IPOMEXKYTOYHBIX TOYEK BBINOJIHSIETCH PABEHCTBO |0 — I| < €.

Omnpegesienne 17.3. Dyuxnus f(z,y) HA3BIBAETCS HHTErPHPYEMOI B CMBICTIE
Pumana Ha mpsiMOyTrOJibHUKE R, eciu cymiecTByer KOHedHbIH mpenen I uHTe-

59



rpajbHbIX cyMM mpu A — 0. YKa3aHHBINA IPeIes HA3bIBAETCS JABOHHBIM HHTE-
rpajiom ot dyukuuu f(x,y) 10 npaMoyroabHuky R u 0603HauaeTCs

[= / / Fo,y)dady = / / F(M)do. (17.4)
R R

VYrBepxkaenue 17.1. Ecau byskius f(z,y) uarerpupyemMa Ha IPsiMOYTOJIib-
HUKE R, TO OHA HA 3TOM MPSIMOYTOJbLHUKE OTPAHUICHA.

17.2 VYcjaoBud CyHUIleCTBOBAaHUSA JABOWHOTO WMHTErpaJja s
NpPAMOYTOJIbHUKA.

CocraBuM Jijisi JAHHOTO pa3buenus T MPSIMOYTOIBLHUKS, R BEPXHIOK U HUMKHIOK
CyMMBI:

I
WE
NE

S MiyARy , tae My = sup f(z,y) (17.5)
k=1 1=1 B
n
n p
= A = inf . 17.
s kaz Ry, voe myy }%-z fx,y) (17.6)

B
Il
—
-~
Il
-

Cupasezyus ciepyomuii Habop IPOCTHIX B JI0KA3aTEIbCTBE yTBEPKACHUM.

YTBepxkaenue 17.2. s a060ro pa3buenus 1’ npsimoyrojbHUKA R ipu Jito-
60M BBIOOpE MPOMEKYTOUHBIX TOUEK HA YACTUYHBIX MPSIMOYTOJbHUKAX Ry WH-
TerpajibHasi CyMMa yJOBJIETBOPSIET COOTHOIIEHUI0 s < 0 < S.

VYrBepxkaeaune 17.3. [las moboro ¢dpurcupoBanHoro paszbuenusi 1’ u jgr060ro
gucsia € > 0 IpOMEXKYyTOYHbIE TOYKU MOXKHO BBIOPATH TAK, YTO MHTErPAJIHLHASI
cymma o Oyzer ynosierBopsith HepasencrBaMm () < .S — o < . MoxHo, cuMmmer-
PUYHO, BBIOPATH TOYKM M TaK, YTOOBI BbIIOJIHSIOCE 0 < 0 — s < €.

VYrBepxaenue 17.4. Ilycrs T’ — usmensuenue pasbuenusi T TPsiMOYTOJIb-
uuka R, u S, s’ — ero Bepxusia u HuxKHssa cymMmmbl. Torma s < s, S/ < S.

VYrBepxkaenue 17.5. Ilycts 7/ u T — npa pa3buenus npsMOyroabHUKa R.
O603Ha9MM HUKHUE U BEPXHUE CyMMBbI 3TUX pasbuennii kak s, s”, 5", S”. Torna
s < S”, s < S

VYrepxkaenue 17.6. Mnuoxecto {S} Bcex BepxHUX CyMM maHHON DyHKIMN
JIJIsi BCEBO3MOXKHBIX Pa30ueHuii IpsiMOyroJibHUKa R OrpaHnYeHO CHU3Y HEKOTO-
pemv wmcaom I, = inf{S}. MuroxkecTBo {s} BCex HMKHMX CyMM HaHHON DyHKIN
JIJIsl BCEBO3MOXKHBIX Pa30UeHnil IPSIMOYTOIbHUKA R OIPAHMYEHO CBEPXHY HEKO-
TopbIM unciaoMm I* = sup{s}.

YrBepxkaenne 17.7. Ilycts T’ — w3menbuenune pasdmenust T mpPsSMOyTrOJIb-
Huka R, mosyaennoe u3 T nobaBeHEEM p HOBBIX NMPSMBIX, U IMyCThb S, s, S’, s

60



— BEPXHNE U HWXKHUE CyMMBbI 3TuXx pasomenwuii. Torga
S§—8"< (Mg —mg)pAd; s —s < (Mg —mp)pAd, (17.7)

rae Mpr = supp f(x,y), mr = infg f(x,y), A — nuamerp pasbuenust T, d —
JAAMETDP TPAMOYTOJIBHUKA, d.

Jlajiee B MOJIHOM aHAJIOTUU C TIOHSATUEM MPEJIEIa MHTErPAJIBHBIX CYMM BBOJISITCS
MOHSITUSI MTPEAEJIa BEPXHUX HHTETPAJBHBIX CYMM U MPEAEJIa HUXKHUX HHTETPAJIb-
HpIx cymm 1pu A — 0.

YTBepxkaeHne 17.8. VYka3auubie Bbime yncia I, u I* sSBIsOTCS COOTBET-
CTBEHHO TIPEJIeJIOM HVKHUX U BEPXHUX WHTETPAJIbHBIX CyMM mipu A — 0.

Teopema 17.1. [Ijs1 TOro, 9T00BI OTPAHUYEHHAS HA IPSMOYTOIbHUKE R DyHK-
ust f(x,y) 6blLIa HHTErPUPYEMOil Ha, 3TOM MPSMOYTOJbHUKE, HEOOXOIUMO U JI0-
CTATOYHO, 4TOOBI /17151 J1I000r0 £ > () HAIIIOCH Takoe pa3buenre 1’ MPSIMOYTOJIb-
HUKA R, nys koToporo S — s < €.

Teopema 17.2. Jlwobasi HEmpephIBHAS B MPSAMOYTroJbHUKE R (DyHKIUs UHTE-
rpupyemMa B 3TOM NPAMOYTOJIbHUKE.

Ompenenenue 17.4. Hazoem simemeHTapHOH (PHUTypOH MHOMXKECTBO TOYEK,
MPEICTABJISIONEe CO00M O00beINHEHNE KOHEYHOIO YHCJIA, MPSIMOYTOJLHUKOB CO
CTOPOHAMMU, MAPAJIEIBHBIMU OCSIM KOOPIMHAT.

Ounpegesienne 17.5. Byznem rosopurs, uro dbyukuus f(z,y) obnagaer B npsi-
MoyrosnbHuKe R (B mpou3BonbHON 3aMKHYTOH obsmactu D) I-ceoiicTBoM, ecim:
f(z,y) orpanmuena B R (8 D); must moboro € > 0 maiinercs snementapaas (u-
rypa Iiomaau, MeHbIIEH €, CO/epKaIas BCe TOUKH W JIMHUA Pa3peiBa f(z,y).

Teopema 17.3. Ecau dbyukuus f(x,y) obnagaer B mpsiMOyroJbHUKE [-CBOHCTBOM,
TO OHA WHTErPUPYEMa HA ITOM MPSIMOYTOJbHUKE.

17.3 Omnpeaesienune n ycJjJOBHUS CYIIECTBOBAaHUS WHTErpaja
[JI MPOU3BOJILHOIM obJjiacTu.

Onpenesierane 17.6. Kpusas [ HasbiBaeTCst KpHBOI ILJIOMIAMH HYJIb, €CIIA JJIs0
Jgro60ro € > 0 HalimeTCcst MHOrOYTOJIBHUK, COAEPKAINUM BCe TOYKHU || 1 mMeronuii
IUIOMAb, MEHBIIYIO €.

YrBepxkaenue 17.9. Ilycts xpuBasi ' mmeer miomanas HYJIb M TIJIOCKOCTh
MMOKPBITa, KBAAPATHON ceTkoit ¢ marom h. Torma mjis jgoboro € > 0 Haiimercs
h Takoe, 4TO CyMMa IUIONIaJieil BCceX KBaJPaTOB, MMeolmx obume Touku ¢ I,
MeHbIIIE €.

JokazaTenbcTBo. Jlis kaxmoro € > 0 MOXKHO (DUKCHPOBATH HEKOTOPYIO 3JIe-
MeHTapHYI durypy @, comepxkaiiyio BHyTpu celds I’ u nMeromyo miomais,
MenbIyio €/4. Ilpn gocTaTouHO MasioM h BCe KBAPATHI, UMEOIINe O0IIHe TOY-
ku ¢ [ OyayT comep:kaThCs B 9JIEMEHTAPHOM (DUrype, moaydaromeics: 3aMeHoi
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KazKZI0ro npaMOYTOJIbHUKA IIPAMOYTOJIBHUKOM CO BABOE OOIBITUMH CTOPOHaAMHU
u TeM 2K€ LIEHTPOM.

IIycrs D — 3aMkHyTasi orpannyenHast obsacrs ¢ rpanuneil [ nuoma iy Hyib,
a f(x,y) — npousBosibHAs orpanmdeHHas Gyukuus, onpeaenensnas B D. 060-
3Ha4YMM 4depe3 R 11000ii IpsSIMOYTOJIbHUK CO CTOPOHAMH, NAPAJIIEIBLHBIME OCSIM
KOOD/IMHAT, comepKatnuiit oo1acts D. Oupenenum Temnepb B IpsIMOyroJibHUKE R
CHenyIoMyo QyHKINIO:

f(xay) ,($,y)ED;

Py =14 (z,y) € R\ D.

(17.8)

Ounpegnesienne 17.7. Oyukuuio f(z,y) HazoBeM HHTErpupyemoii B objactu
D, ecnmu byukuus F(x,y) unrerpupyema B npsimoyrosbauke R. Hucmo I =
I r F(z,y)drdy nazosem apoitrbiv urrerpaiom no obracru D ot dbyukuuu

f(z,y) n obo3raumm
I://f(z,y)dxdy: //f(z,y)do. (17.9)

B cBs3u ¢ 060011eHIEM OIIPE/IeTIeHNST MHTErPAJIa OKa3bIBAIOTCS TIOJIE3HBIMU CJIe-
AYIOIINE YTBEPKIEHUS.

VrBepxaenume 17.10. Wurerpan [, dody pasen miomamm obmactu D.

JokazaTenbcTBo. l3mesnbyasi KaXKIplil pa3 pa3duenue 1, Mbl Oyaem noJy4ars,
9TO BEPXHUE CyMMBbI OyIyT NpUOJIMKATHCH K IJIOMAIAM 3JIEMEHTAPHBIX Guryp,
comepx)ammx D; HuKHUE CyMMbI OyayT mpuO/mKaTbCsa K ILIOMIAISIM JIEMEH-
TapHBIX GUryp, comep>kamumxcs B D.

VYrBepxkaenue 17.11. Ilycrs dbyukius f(x,y) uarerpupyeMa B OrpaHAYIeH-
HO¥ KBaJpupyeMoii obacT [, IJIOCKOCTh MOKPHITA KBA/IPATHOM CETKOH C 1ma-
rom h, C1,Cy,...,Cy;) — KBapaThl YKa3aHHON CETKH, IEJTUKOM COJepKa-
muecsi B obsmactu D, (&g, mr) — TmpomsBoibHas Touka KBampara Ck, my =
infe, f(z,y), k=1,2,...,n(h). Torga kaxnas u3 cymm

n(h) n(h)

> FGmb®, > migh? (17.10)
k=1 k=1

umeer npezes npu h — 0, paustit [[ ) f(z,y)dzdy.

JlorkasaTensCTBO. 3aMETHM, U9TO yKA3AHHBIE CYMMBI OTJIMYAIOTCA OT OOBIIHOM
MHTErPaJIbHON U HUKHEH CyMMBbI (COOTBETCTBEHHO) JIUIIb TEM, 9TO B HUX HE BXO-
JIT CJIAra€MbIe 10 KBAIPATAM, MMEmuM o0mue ToYky ¢ rpanuneil [ obractu
D, nprdem cymMma BCeX OTCYTCTBYIOIHX CJIATAEMBIX II0 MOJYJIIO0 MEHBIIE IPO-
n3Benenust ancna M = supp, |f(z,y)| #a mnomaxne S amemenTapHOl burypsr,
COCTOsIIIIeH U3 KBAAPATOB, uMermmx obmume Touku ¢ I'. Ho mockobky rpanuna,
T" umeer mwion@aas vyib, S — 0 upu h — 0.
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Teopema 17.4. Ecuu dyukuusa f(z,y) obaamaer B D I-cBoiicTBOM, TO OHA
uHTerpupyema B D.

JokasaTenscTBo. JIOCTATOYHO 3aMETHTH, 9TO BBEIeHHAS BhIe byHkuus F(z, y)
Oyaer 06s1a1aTh [-CBOWCTBOM B MPsIMOYTroOJibHUKE R, a, 3uaqur, f(x,y) uarerpu-
pyema B obnactu D.

Cuencreue 1. Ecnu dyukuus f(z,y) orpanudena B obiactu D u umeer B 3T0M
00J1aCTH Pa3pBIBBI JIAIIb HA, KOHEYHOM YHUC/IE CIPSAMIISEMbIX JUHU, T0 f(2,Yy)
uHTEerpupyema B objactu D.

Cuencreue 2. Ecmu bynkuus f(x,y) obnamgaer B obiactu D I-cBoiicrBoM, a
g(z,y) orpanmyena u coBuagaer ¢ f(z,y) Bcogy B D 33 UCKIIIOYEHUEM MHOXKE-
CTBa TOYEK ILIOIIAQIU HyJib, TO dbyHKums ¢(x,y) uaTerpupyema B objacru D,

A //g(x,y)d:z:dy = //f(:c,y)dxdy. (17.11)
D D

63



18 Ompenenenne ABOITHOTO MHTETPAJIA ITPU TIOMO-
I ITPOM3BOJIBHBIX pa3buenmii obsractu. k-
BUBAJIEHTHOCTH JIBYX onipeaejieanii. OCHOBHBIE
CBOMCTBA JIBOMHOTO MHTETPAJIA.

18.1 OO0imee ompeae/ieHne ABOMHOIO MHTErpaJa.

IIycte D — 3aMKHyTast OrpaHudeHHast 00JacTh ¢ rpaHuneit [ mromam Hysb.
Pazo6bem obacts D npu noMomy KOHEYHOTO YUC/Ia, KPUBBIX ILIOMIAAN HyJIb HA,
KOHEYHOE 4ucJio r (He 00s13aTe/IbHO CBA3HBIX) 3aMKHYTHIX YaCTUYHBIX 00JacTeit
Dy, Do, ..., D,. Kaxgas u3 obsacreit D; uMeer TpaHUIly NJIOMAAN HYJIb, U MO~
sTomy kBazpupyema. O6o3naunMm miomans obmactu D; vepes AD;. B kaxnoit
obsiactu D; BbIOEpPEM TPOU3BOJILHYIO TOUYKY P;(&;,1;)-

Onpeneinenne 18.1. Yucio
5= f(P)AD; (18.1)
i=1

Ha3bIBAETCsl HHTErPAJIbHON cyMMofi byHKImn f(x,y), COOTBETCTBYIOMIEH JaHHO-
My pasbuenuto obsactu D HaA YacTUYHBIE OOJACTU U JAHHOMY BBIOODPY IpPOMe-
2KYTOYHBIX TOYEK B YaCTHYHBIX ODIACTSIX.

Omnpepenenune 18.2. /uamerpom obsacru D; Oynem Ha3bIBaTh YUCIIO

di = sup p(Ml,MQ). (182)
My M2€D;

Junamerpom paszbuenns obnactu D HazoBeM 4muciI0 A = maxi<i<r d;.

Omnpepenenne 18.3. Yucno I HA3BIBAETCSI 1IPEIEJIOM HHTEIDAJIBHBIX CYMM
opu A — 0, ecam st 110600 TOIOKUTEIBHOIO YHUCTIA € MOXKHO YKa3aTh TAKOE

MOJIOXKUTEIBHOE YUCIO §, 9TO Tipu A < § HE3aBUCUMO OT BBIOOPa TOYeK P; B
9aCTUYHBIX 006sacTsix D; BBINOJHSETCS HepaBeHCTBO |0 — I| < e.

Ounpegesienne 18.4. Dyuxuus f(x,y) HA3BIBAETCS HHTErPHPYEMOI B CMBICIE
Pumana B obiactu D, eciiu cylecTByeT KOHEUHBIH IIPe/Ie]l HHTEIPAJIbHBIX CYyMM
I nipu A — 0. Dror npezest | Ha3bIBAETCS JBOHHBIM HHTEIPAJIOM OT (DyHKIUN
f(z,y) mo obaacru D:

I://f(x,y)dzdy://f(:r,y)d&. (18.3)
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18.2 DKBHUBAJEHTHOCTH JBYX ONpe/ejieHuii ABONHOTO WH-
TerpaJa.

Teopema 18.1. OO6iee onpe/ieieHue UHTErPUPYEMOCTY SKBUBAJIEHTHO OIIPe-
JIEJICHUIO UHTETPUPYEMOCTU 9epe3 MPSMOYTOJIbHUKHI.

JokazsarenscTtBo. 1. Ilycts dyurims f(x,y) uaTerpupyema B obaactu D mo
00ITIeMy OTpEeJIeNIeHUI0 WHTEIPUPYEMOCTH, U €€ TBOMHON WHTErpaj Mo 3TOMY
onpeneenuto pased [. 3akiounm D B NpsMOYroibHUK R, pa3o0dbeM ero Ha
YaCcTUYHbIE IPSMOYIOJbHUKY U BBeJeM Ha R dynkuuio

f(x,y) , €Cam (‘Tay) € D;

F(z,y) =
(@.9) 0 ,ecm (z,y) € R\ D.

(18.4)

Paccmorpum nHTErpasibHBIE CYMMBL § U 0. 9TU CYMMBI MOT'YT OTJIMYAThHCS JIUIIh
CJIaraeMbIMM, COOTBETCTBYIOIIUMHU YACTUYHBIM IPSIMOYTOJIbHUKAM pa3bueHust,
umeromuM obmme Touku ¢ rpanunei I obsacru D. [ockonbky I umeer miomaap
Hysb, a Gynkmus f(z,y) orpanudeHa, TO 3Ta (QYHKIMS MHTETPHPYEMA M IO
OIIPEJICJIEHUIO YePe3 IPSMOYIOJIbHUKKY, U UMEET TOT K€ ABONHON uHTerpas I.

2. ITycrs dyukums f(x,y) uHTErpUpyeMa B 06JacTH D MO ONPENESIEHNI0 Yepes3
NpPSIMOYTONIBHUKY, U | — 1BO#iHOM nHTerpas ot f(z,y) mo obmactu D cormacHo
sToMy ompenesienuto. JJokaxkem, 9o gy dyukuuu f(z,y) CymecTByer paBHbIA
I mpenies MHTErPAIBLHBIX CYMM O TIPU A — 0. CocraBum BEPXHIOI0 U HUKHIOIO
CYyMMBI JJIsI JAHHOTO Pa30ueHwusI:

S = i:]\Z/iADi, 5= imlADi, (18.5)
=1 i=1

rme M; = supp, f(z,y), m; = infp, f(x,y). Tak xKax g1a n060ro pasbueHus u
pu J0060M BbIOOPE IIPOMEXKYTOYHBIX TOYEK

§<5<8, (18.6)

TO TOCTATOYHO MMOKA3ATh, YTO 00€ CYyMMBI § U S CTPeMSTCS K I TIpu CTpeMJIeHIN
auaMeTrpa pa3bueHust K HYJIO.

Qukcupyem npousdBosbHOe € > (0. st 9T0r0 € Haitmercs takoe pasdmenue T’
IpsIMOYTOJIbHUKA, I, comepzkaimero [, Ha 4aCTUYHbIE NPSAMOYTOJIbHUKY 1) Ta-
KO€, YTO JIJIsi HErO

€

€
— = g A
S s<21/1 Rk<6 X

Ry ﬂl—‘;é@

(18.7)

rae My = supp | f(z,y)|.

3ak/II0uuM BCE OTPE3KU TPSIMBIX, MPOU3BOAANMX pa3buenue T u rpanuiy I
obnactu D crporo BHYTPH 3JjieMeHTapHON duryps! (), 1I0ma s KOTOPOi MEeHb-
me uncaa £/6My. Torma cymecTByer NONOKUTENbHASI TOYHAS HYDKHSIST TDAHB
0 PACCTOSIHUSI MEXKY ABYMSI TOUKAMU, OJHA, U3 KOTOPBIX MPUHAJJIEKUT IPAHU-
ne durypsr @, a Apyras — OTPe3KaM MPSMBIX, TPOU3BOIIMX pa3duenue 1,
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wiu rpanune ' obnactu D. JlokaxkeMm, 9T0 misi cymm S u § j11000ro pasubenus
obsactu D, yIoBIeTBOPSIIOMIErO yCJIOBUIO A < §, BBIMTOJHEHB HEPABEHCTBA,

S<S+e/2, 5>5—¢/2. (18.8)

OcrasHoBuMCS HA JJOKA3aTEILCTBE MEPBOrO U3 TUX HEPABEHCTB: BTOPOE HEPABEH-
CTBO JIOKA3bIBAETCSI AHAJIOTUYHO. YIAJIUM U3 CYyMMbI S Bce caraembre ]\ZfiADi,
coorBeTcTByOImue obsacTsM D;, KaxK/1ast U3 KOTOPBIX HE JIEXKUT IEJIMKOM B OJI-
HOM YaCTHUYHOM MIPsIMOYTrojibHUKE pa3buenusi 1. Bece rakue obactu nexar B @,
a mo3TOMy 00Inasi CyMMa X TUIomazeii Menbire uncia £/6My. Torna u cymma
BCEX YJAJIEHHBIX CJIATAEMBIX MEHBINE YNCia /6, U CpaBeIInBO

§ < MAD; + % (18.9)

rJe MITPUX MPU CyMMe O3HAYAET CYyMMHUPOBAHUE TOJBKO M0 objacrsam D;, mesu-
KOM COJIEPIKAIUMCS B OJJHOM U3 MPSIMOYTOJILHUKOB pa3buenus 1.

Beenem 06o3nauenne
Re= |J Di (18.10)
D;CRyg

u yepe3 ARy 0603Ha4MM miomaas 3toit obmacru. Torma
€

- (18.11)

S' < ZMkARk +
k

Hnst npsimoyronbaukoB Ry, C D obnactu Ry, \ Ry C (), IO3TOMY JIJIsi HUX

;A(Rk \ Ry) = ;(AR;C ~ARy) < AQ < 6LMO (18.12)
a JJisd NPSMOYTOJBbHUKOB Ry, nepecekaromumxcs ¢ [
;A(Rk \ Ry) < zijRk < GLMO (18.13)
1, CJIeJIOBATEIIHHO,
S— 3 MAR| = ’Mk(ARk - Aék)‘ < % + % = % (18.14)
k
u
S MAR, < S+ % (18.15)
OTKyZIa, HAKOHET, ' . - .
S<S+z+5=8+3 (18.16)

IepBoe u3 nepasencrs (18.8) moka3aHo, BTOPOE JOKA3BIBAETCs abCOMIOTHO aHa-
soruuso. 13 (18.8) rorma mosyunm
<5<8<S+ (18.17)

s —

| ™
DO | ™
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B cuny (18.7) s u S orkionsitorcst ot I MeHblie, 4eM Ha £/2, a TOrAa U3 HO-
CJIETHETO HEPABEHCTBA, CJIEAYET, 9YTO S U S OTKJIOHSIOTCH OT I MeHbIe, 9eM Ha,
€, 9TO U TPeOOBATIOCH JOKA3ATh?.

18.3 OcHoBHBIE CBOICTBA ABOWNHOTO MHTETpPAaJIa.

Vreepxaenune 18.1 (aggurussocts). Ecim dyskims f(x,y) uarerpupy-
ema B obsiactu D, u ecau obnacts D mpu momory KpuBoi ' mromanu HyJsib
pa30uMBaeTCs Ha JBe CBS3HbIE U HE UMEoIue 00IUX BHY TPDEHHUX TOYeK 00s1acTu
Dy u Do, T0 dyukuus f(x,y) uHTErpUpyeMa B KAXKIOH U3 HUX U CIPABEIJIMBO
COOTHOILIEHUE

//f(x,y)dzdy://f(z,y)dxdy+//f(x,y)dzdy. (18.18)

JokazaTenbcTBo. Pazobbem obmactu D u Dy HA KOHEIHOE YUCIO KBAIPUPY-
eMbIxX o6s1acTei, u noaydnM pasGuenne obmactu D. Iycts §u S, 5, u Si, 53
S5 — COOTBETCTBEHHO HUXKHME 1 BepxHue cymmbl obsacreit D, D1, Do. Tak kak
Dy C D,Dy C D, 10 §1 -5 < S — 3, S’g -5 < S — §, OTKY/ZIa ¥ BHITEKAET WHTE-
rpupyemocTb byukuuu f(x,y) ua obnacrax D1 u Dy. Cupasegyusocts (18.18)
BBITEKAET U3 TOr'0, UTO S = 5‘1 + 52, § =51 + So.

Bepno u 06paTHOE yTBEpKIEHUE.

VYreepxaenme 18.2. U3 murerpmpyemocrn dbynkumm f(x,y) B Kaxkmoi u3
oburacreit D1 u Do cnepyer unrerpupyemMocts B obsacru D u CipaBemjiuBOCTh
dbopmynsr (18.18).

JokasaTenscTBo. B camom gene, pazbuBast obiaacts D HAa KOHEYHOE HUCIIO
KBaJIPUPYyeMBbIX dacTeil D; ¥ BBOJS BEpPXHHUE W HUXKHUE CyMMBI f(x,y) B obia-
crax D, Dy, Dy, MBI OJIy4nM DABEHCTBA S =81 + 85, 5§ = § + 52, BepHBIE
C TOYHOCTBIO JIO CJIaraeMbIX, OTBEYAOMUX TeM o0sacTsM D;, KOTOpble UMEIOT
obmme Toukm ¢ rpanuneii I'. Kpusas I' nmeer mnomanp Hysb, Gyakums f(z,y)
OrPAHMYEHA, TI0ITOMY ODIIAsI CYMMa ITUX CJIAraeMbIX OyeT CTPEMUTHCS K HYJIIO
npu A —0.

VYreepxaenne 18.3 (smmueiinocrs). Ilycrs dyurmmnu f(x,y) u g(z,y) ve-
rerpupyemsl B obactu D, o u 3 — IpOU3BOJIbHBIE BEECTBEHHbBIE YuCa. Toraa
dynxuys af (x,y) + Bg(x,y) Takxke unTerpupyema B obsnacru D, npudeMm

[[iast+satw sty =a [[ 1oty [[ ote.pizay. as19)

VYreepxaenue 18.4. Ecmu dynkmmnm f(z,y) u g(x,y) uarerpupyemsr B 00-
sactu D, TO 1 uX IpOU3BeAeHHe NHTErpupyeMo B obsactu D.

4Ypa, Tosapumm!
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VYrBepxaenue 18.5. Ecnu dyukuuu f(z,y) u g(r,y) unrerpupyemsr B 00-
aactu D, u Bciogy B vroit obnactu f(z,y) < g(x,y), To

/ / (e, y)dady < / / oz, y)dady. (18.20)
D D

VYrBepxkaenue 18.6. Eciu byuxius f(x,y) unrerpupyema B obaacru D, To
u dyukuus | f(z,y)| uarerpupyema B obsnactu D, npudem

} [ swwdsis) < [[ 1s s 18.21)

VYrBepxkaenue 18.7. Ecmu dynkuusa f(x,y) uarerpupyema B obiacru D, a
g(x,y) orpannyena u conazaer ¢ f(x,y) Bcroay B D, 3a NCKIIOYEHNEM MHOMKE-
CTBa TOYEK IJIONIA/N HYyJb, TO U g(x,y) uHTErpupyeMa B obnactu D.

VrBepxkaeane 18.8 (Teopema o cpeaHem 3HadeHuum). Eciu dynxiuu
f(z,y) n g(z,y) marerpupyemsr B o6nactn D, bykunus g(z, y) HEOTPpUIATENTHHA,
(renonoxwnrensHa) BCOMY B 9T0M 06nacru, M = supp, f(z,y), m = infp f(x,y),
TO Hafizercs ucso p € [m, M| Takoe, 94TO BBIOJIHEHO

//f(way)g(w,y)dxdy = u//g(w,y)dwdy- (18.22)

Ecnu npu srom dbyskuus f(z, y) nenpepbisaa B D, a D cBsa3ua, To B D Haiigercs
takas Touka (£,7), yro u = f(&,n).

VYrBepxkaenue 18.9 (reomerpudeckoe cBoiictBo). Hurerpan [/ p drdy
paBeH 1iomagu odgactu D.
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19 CBeaeHue ABOMHOTO MHTETPaAJia K TOBTOPHOMY
OJHOKPATHOMY.

19.1 Cuayuaii npgaMOyTOJIbHUKA.

IIycrb auist Havana 061aCTh MHTErPUPOBAHUS IPEACTAB/IAET COOON NPAMOYTOJIb-
aK R=[a <z <b x[c<y<d.

Teopema 19.1. Ilycrs dbyukuus f(x,y) uaTerpupyeMa B npsiMOyroJibHUKE R,
U TyCTh IS BCEX T € [a, b] CYIECTBYET OMHOKPATHBIN MHTErPas

d
I(x) = /f(w, y)dy. (19.1)

Torga cymecTByeT IOBTOPHBIM HHTErPAJT

b b d
/ I(2)dz = / dx / F(z,y)dy, (19.2)

U CIIPABEJIMBO PABEHCTBO
b d
[ t@vdsts= [ s [ 5w (19.3)
R a c

JokasaTenscTBo. PazobbeM npsmMoyrosbHuk R ¢ momompio Touek {xy}, {yi}
HA NP YACTUYHBIX MPSAMOYTOJbHUKOB Ry = [xp—1 <z < xi] X [yi—1 <y < yi]
TaK, 9TOOBI IIPU 3TOM @ = X, b = Tp, Yo = ¢, Yp = d, 1 0603HaUNM Az = T} —
Tk—1, Ay = y; — yi—1- Ilycrs Takke uncao A obo3nadvaer guamerp pasdreHus
IpAMOYTOJbHUKA R, n
My = sup f(xvy)a mgr = inf f(xvy)5 (194)
Ry R

a S u s — BepXHSS M HIXKHSIS CyMMa, COOTBETCTBEHHO. Toraa BCIOAY HA TPSIMO-

yroiabHuKe [y
mu < f(z,y) < M. (19.5)

®ukcupyem IPOU3BOJIBHOE YUCIO & U3 CEIMEHTA [Tg_1,T)] U MHTETPUDYEM 110
HepaseHCTBO (19.5) O ¥ B mpenenax ot y;—1 10 Yi, HONOKUB & = Ej:

Yi
muAy; < / (€ y)dy < MuAuy. (19.6)

Yr—1

Homuoxkum reneps (19.6) na Axy u npocyMMuUpyem Bce CeMeHCTBO TAKUX HEPa-
BEHCTB CHadJaJia mo Bcem [ = 1,2,...,p, a 3arem mo BceM k = 1,2, ... n. Torga

n p n n p
s = Z kalA.TkAyl < ZI(fk)Axk < Z Z My AxpAy, < S, (19.7)
k=1 =

k=1 1=1 k=11=1
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Yerpemum A k mymo. Torma u maxy Az — 0, a cyMMBL S ¥ § CTpEeMSITCS K
apoinomy unrerpany [ [ f(x,y)dzdy. Torma cymecrByer u npeen CpemHero
uiena HepaseHctBa (19.7) mpu A — 0, paBHBII TOMY K€ CAMOMY JIBOHHOMY
unrerpaiy. Ho, ¢ Apyroii CTOPOHbI, 110 ONPEJEJIEHUI0 OJHOKPATHOIO UHTErPAJIA,

9TOT IpeJes PABEH
b b d
/I(:c)dx = /dx/f(:c,y)dz. (19.8)

3amedanne 1. B cuiy paBHOMPABHOCTH KOOPAWHAT B YCIOBUSX TEOPEMBI MOXK-
HO, OY€BUIHO, IOMEHATh T U Y MECTAMU, T.e. CHa4aJa MHTErPUPOBAThH IO T, &
3aTeM IO Y.

Teopema noka3saHa.

19.2 Cuayuait mpou3BOJILHOI 0bJiacTH.

PaccMorpuMm Teneph POU3BOIBHYI0 OTPAHUYEHHYIO 3aMKHYTYIO KBAAPUPYEMYIO
obsacts D ¢ rpauuneit I’ mromaau HyJb.

Teopema 19.2. Ilycrtb obmactb D TakoBa, 9TO Jir00asi MPsiMasi, MaPaAJLIeTbHAST
ocu Oy, nepecekaer ee rpanuiy I 1o nesomy orpesky [yi(x),yz(z)], mmbo He
GoJsiee, ueM B IBYX TOYKax y1(x) u y2(x), npuueMm y;(z) < ya(z). Ilycrs Takske
dbynkius f(z,y) uarerpupyema B obmactu D, u jyist Bcex x € [xq,22] cymue-
CTBYET OHOKDPATHBINA MHTErpaJl

y2(x)
/ f(z,y)dy, (19.9)

y1(x)

rae [x1,xe] — npoekuus obnacru D Ha ock Ox. Torma cymecrByer mOBTOPHBIiA
WHTErpas

2

z y2 ()
da [ sy (19.10)

1 y1(z)

pudeMm
T2 y2(z)

é/f(x,y)dmdyz!d

JlokasaTtenscTBo. QO03HAaYUM Yepe3 R MpsIMOYrOJBHUK CO CTOPOHAMH, Ia-
pPaJTeILHBIME OCSIM KOODAWHAT, TOJHOCTHIO cozmepXKamuit obimacts D, a 1epe3
F(z,y) dyukumo, onpeneneHHyo B R, 1 MpUHUMAOIIYO 3Ha4YeHus f(x, y) B T€X
TOoYykax R, koTopblie mpuHaexar D, n 3Hadenue 0 BO BCEX OCTAJIbHBIX TOYKAX.
s F(x,y) B upsMoyrosbauke R BbINOJIHEHBI yC0Bus Teopembl 19.1, u B cuny
BbIbOpa, hyukuun F'(z,y) TeopeMa AOKa3aHAa.

f(z,y)dy. (19.11)

T
y1(z)
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20 Kpatubie HecOOCTBEHHBIE MHTETPAJIBI OT HEOTPU-
naTeJbHbIX pyuknmii. [Ipusnakm cxogmmocTh.

20.1 IlomsTme KpaTHOTO HECOOCTBEHHOTO MHTErpAaJia.

IIycts D — OTKpBITOE CBSI3HOE MHOXKECTBO TO4YeK npocrpancrsa. Cumsosiom D
Oynem 00603Ha4YATH 3aMbiKaHue D, T.e. o0beaunenne D ¢ ero rpaHunei.

Ounpegesieane 20.1. Byznem roeopurh, 9To mocsienosarenbaocTs {D,} or-
KPBITBIX CBA3HbBIX MHO>KECTB MOHOTOHHO cheprIBaeT MHO>KeCTBO D, ecjia Dn C
D, 41 anst aroboro HOMEpa 1, U 0ObenauHeHwe Bcex D, maeT MHOXKeCTBO D.

ITycts Tenmeps Ha MHOXKecTBe D 3amana bynkmus f(z)°, uarerpupyema no Pu-
MaHy Ha JIIOOOM 3aMKHYTOM KBaJpupyeMoMm (KyGupyemom) TOoaMHOXKecTBe D.
Bynmem paccmarpuBaTh BCEBO3MOXKHBIE MOCIEI0BATETHHOCTH OTKPBITBIX MHO-
xkectB {D,}, MOHOTOHHO ucuepnbIBaomume D, ¥ OPU ITOM TaKUe, U9TO 3aMbl-
Kanme D, Kax<JOr0 MHOMKECTBA M3 TOC/IEJ0BATEIHHOCTH KBAJApUpyeMo (KyOu-

pyemo).

Omnpenesieane 20.2. Ecnu s n060ii nocaepoarensaocru {D,,}, obiama-
oreil 0003HaYEHHBIMY BBIIIE CBOMCTBAME, CYIIECTBYET MPEAes Hpu 1. — 00
HOCJIeIOBATEILHOCTH

an:/f(x)dx, (20.1)

M 9TOT MPeZEJT He 3aBUCHUT OT BLIOOPa IOCIenoBaTeabHocTd { Dy}, TO 9TOT mpe-
JleJ1 Ha3bIBAETCsI HeCOOCTBEHHBIM HHTErpaJjioM or f(x) mo obmactu D u 06o3Ha-
4aeTcd OJHUM U3 CJIENYIOINMUX CAMBOJIOB:

f@)dzuwmm | - [ f(x1,22,...,Tm)dx1dzs ... dTp,. (20.2)
[ ||

ITpu sTom Hecoberrennubrit naTerpas (20.2) HasbiBaeTcst cxogsmuMmcs. B ciydae,
KOT/Ia TIpeJiesl YKa3aHHBIX BhIIIE TIOCJIEI0BATEILHOCTEN He CYIIecTByeT, 0003Ha-
genue (20.2) TakkKe MPUMEHSIETCs, ¥ HECOOCTBEHHBIA MHTErPAJI B 9TOM CJIydae
HA3bIBAIOT PACXOSITUMCS.

20.2 TIIpu3HaKm CXOAWMMOCTH HECOOCTBEHHBIX WHTErpaJioB
OT HEOTPUHATEJbHBIX (PYHKIIUIA.

Teopema 20.1. Jljisi cxomuMOCTH HECOOCTBEHHOIO MHTErPAJIA OT HEOTPHUIA-
TesnbHOM B obnactu D dyskimu f(2) HeOOXOAUMO U JOCTATOYHO, YTOOBI XOTSI
Obl [ OJHOM TIOCJIEIOBATEIHLHOCTA KBAIpPUPYeMbIX (Kybupyembrx) obJacTeit
{D,,}, MOHOTOHHO WcUepnbIBaOIel D, ObLIA OrPAHNYEHA YUCIIOBAST TTOCIIE0BA~
TENBHOCTE {ap }.

53meck , BOOOIIE TOBOPS, BEKTOD.
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HeobxommmocTs. Tak Kak 1m0 ompenesieHHI0 HECOOCTBEHHOIO MHTErPAJIA, IPHU
s060om BoiGOpE { D), } MOCIEN0BATENBHOCTD {dy, } TOJIZKHA CXOIUTHCS, TO OHA Oy-
JeT U OrPaHUYE€HHOI.

JocTarourocTs. IlocienoBarenbHOCTH {dy, } OrpaHUYEHA U MOHOTOHHO He yObI-
Baer, T.K. D, C Dyy1, u f(x) > 0, a, cIenoBaTeIbHO, OHA CXOIUTCSH K HEKOTO-
pomy uucay I. Ocraercst aumb A0Ka3aTh, YTO YUCI0 | He 3aBHCUT OT BHIOOPA
nocaenoBaTenbHocTH { Dy}, a UMEHHO, YTO Apyrasi NOCIeI0BATEIbHOCTh 00Ia-
creit {D/,} mMeeT NoOCIEI0BATEIHHOCTD

a%:/f(:c)dx, (20.3)

CXOJSAMIYIOCST K TOMY ke unciay I. ®ukcpyeM Ji060it HOMED ng ¥ PACCMOTPUM
obmacte D;, . Haiimercsas HOMep n TaKoii, uTO 5:10 C D,,. HeiicTBuTennHO,
MyCTh 3TO He TakK. Torma mist J00ro HoMepa k MOXKHO YKa3aTh TaKyK TOY-
Ky My, € ﬁ;o, KOTOpasi, B TO K€ BpeMsi, He TpuHa,pexkuT odnactu Dy. B cumy
3aMHKYTOCTH ¥ OTPAHUIEHHOCTH 0Osacreit u3 { M), } MOXKHO BBIIEIATE CXOIAIILY-
10CsT K HEeKOTOpit Touke M € B:m [TO/IIIOCIeI0BATEIHLHOCTD. Touka M BMmecTe ¢
HEKOTOPOI ee OKPECTHOCTHIO JeKUT B 001actu Dy, . Ho Torma sTtomy MHOXKECTBY
Dy, (u, B cuny BeiOOpa D,,, BceM nocueayomumm obiactam Dy ) npuHaiexkar
touku M} €O CKOMb yrogHo O0/IbITuMu HOMEPAMHY K, 9TO MIPOTUBOPEYUT UX BbI-

6opy.
—
Urak, cymecrsyer nomep ng taxoi, uro D, C Dy, orkyzna

an, < an, <1 (20.4)

n

Orcropa cieayer, 9To IOC/IeI0BATENbHOCTD {a, } CXOQUTCs K HEKOTOPOMY YHCILY
I' < I. MeHsisi MeCTaMy B HAIMX PACCYKIECHUSX MOCIENOBATENBHOCTH {ay,} U
{al,}, mpunem x Tomy, uro I < I';re. I =1 .

Teopema 20.2 (0o61umit npusHak cpaBHenus). Ilycrs byskuun f(z) u g(x)
BCIOAy HA OTKPBITOM MHOXecTBe D ymosaersopsitor ycaosuio 0 < f(x) < g(z).
Torpa u3 cxopumocTn HeCOGCTBEHHOrO uuTerpana [, g(x)dr BbiTeKaer cxomu-
MOCTH HECOOCTBEHHOrO MHTerpana [, f(x)dr, u3 pacxoauMoCTH HECOGCTBEHHO-
ro unterpana [, f(x)dr BEITeKaeT PACXOAUMOCTb HECOOCTBEHHOO MHTErDAJIA,

fD g(z)dz.

JokasarensctBo. Ilycrs {D,} — mocienoBaTesbHOCTD (KBAAPUPYEMBIX) KY-
OupyembIx 00JacTell, MOHOTOHHO ucuepmnbiBaonmx D. B cuny HeorpurarenpHo-
cru byskumii f(x) u g(x) BEpHO HEPABEHCTBO

0 = / F@)de < / g(z)dz = by. (20.5)
D, D,

OTcrona HAIPSMYTO CJIE/YET, 9YTO OrPAHUIEHHOCTD { b, } BileYer OrpaHuYeHHOCT
{an}, n, HAOGOPOT, HEOTPAHNUEHHOCTh {d;,} BIE€YEeT HEOTPAHUIEHHOCTH {by, }.
Torga Ha ocHOBaHUU y¥Ke TOKa3aHHOM Teopembl 20.1 Teopema 20.2 Tak>ke OKa-
3bIBAETCS JIOKA3aHHOMN.
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21 Kparuble HecOOCTBEHHBIE MHTETPAJIBI OT 3HAa-
KOTIepEMEHHBIX (PYHKIHNI. DKBUBAJEHTHOCTD
MOHATHUIA CXOAUMOCTH M aDCOJIFOTHOI CXOJIMMO-
CTH.

21.1 OmpeneseHne KpaTHOrO HECOOCTBEHHOTO MHTErpaJia.

Omnpenenenne naercs B Ousere 3a HymepoMm 20, 31€Ch S HE BHXKY CMBICJIA €rO
IIOBTOPSATD, XOTS OTBEYATh €r0 MPUIETCS.

21.2 AOcoaoTHasg CXOAMMOCTH KPAaTHOTO HECOOCTBEHHOTO
MHTEerpaJa.

Omnpenenenne 21.1. HecoGersennsiii narerpan [, f(z)dz Gygem na3bBarh
abCOIIOTHO CXOISAIIAMCS, €CJIA CXOIUTCS HECOOCTBEHHBIN MHTETPAJT f | f(x)|de.

Teopema 21.1. [l HECOOCTBEHHBIX M-KPATHBIX MHTETPAJIOB Ipu m > 2
MIOHSATUS CXOAMMOCTH U aOCOIIOTHOM CXOAMMOCTY SKBUBAJIEHTHBI.

JokazatenbcTBo. 1. Jlokaxkem, 910 u3 abOCOJIOTHONW CXOAMMOCTH KPATHOIO
HECOOCTBEHHOI'0 MHTErpajia CjaeayeT ero CXoauMocTb. PaccmMorpum 1Be HEOTPH-
1aTesbHbe (DYHKIIH

TIpencraBum ux B BuIe
_ f(w) , €CJId f(l’) > 0;
fo(@) = {0 , ecm f(x) < 0; (212)
_J—f@) ,ecmm f(z) <O;
J-(w) = {0 ,ecma f(z) >0 (21.3)
¥ OTMETUM CJIEAYIOIINE OYEBUIHBIE COOTHOIIEHUS:
0< fo() <[f(@), 0< fo(2) <[f(@); (21.4)
f@) = fr(o) = f-(2), |f@)]=fr(2) + f-(2). (21.5)

CorylacHO IIEPBBIM JBYM U3 9THX HEPABEHCTB, HECOOCTBEHHbIE HHTEIPAJIbL
/f+(z)dz u /f, (x)dz (21.6)
D D

cxofsTes (T.K. HEOTPUIATENIbHBIE MOABIHTErpaIbHble GyHKIMN HA D BCOAy He
upesocxogar |f(x)|, a uarerpan [, f(x)dr cxomurcs mo ycnosumo). Ho Torma
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CXOJIUTCS ¥ CyMMa U PA3HOCTb YKA3aHHBIX UHTErPaJioB (10 OIpe/Ie/IeHuI0 Hecob-
CTBEHHOI'O MHTErpana), T.e., B yacrHocty, [, f(x)de = [,[f+(z) — f—(z)]dx.

2. Tenepnb mokakem, 94T0 U3 CXOAMMOCTH KPATHOIO HECOOCTBEHHOIO MHTErPa-
Jia, BBITEKaeT ero abcomoTHas cxoauMmocTh. IlycTs 310 He Tak. Torma mocie-
JIOBATENLHOCTh MHTErpajioB or (yukuuu |f(z)| mo o060t MOHOTOHHO HCUEp-
neiBatoiei obnacts D mocnenosarensHocTH obnacteit { Dy, } Gyaer MOHOTOHHO
BO3PACTAIOIIEl OECKOHEYHO OOJIBINOI MOCIen0BaTeIbHOCTEN. TOrIa MOXKHO TI0-
crnenoBarenbHOCT { D), } BBIGPATh, B 4aCTHOCTH, TaK, 9TO JJIst Bcex n = 1,2, ...
OyZeT BBINOJIHATHCS

/ |f(x)|dz>3/|f(z)|dx+2n+4. (21.7)

Dpis D,

O6o3naunm uvepe3 P, obnacts Dy1 \ D,. Torma ayst Becex n, cormacuo (21.7),
OKaXKeTCdA CIIPABEIJINBBIM

/ﬁn|f(:c)|dz > 3/ |f(z)|dz + 2n + 4. (21.8)

DTI,

U3 (21.5) crenyer, 9to

/ 1 (2)|dar / fo(2)da +/ f-(2)da. (21.9)

n

Qukcupyem n. Bynem cumTarh, 4TO M3 MHTErpaJIOB B IPaBOil YacTu OOJIbIIE
nepssrit. Torma

/f+(z)dz> /|f(x)|dz+n+2. (21.10)

Pazobbem obmacts D Ha KOHedHOe 4mcao obnacteir PP Tak, 9TOObI HUKHSS
cymma y . m;Ac; dbyukmmm fi (x) st 3Toro pasbueHust yIOBIETBOpSIA Hepa-
BEHCTBY

0< /f+(:c)das =Y milo; < 1. (21.11)
P ‘
Bamenum torpa B (21.10) seByro yacrb Hukued cymmoii. [lomyaum

ZmiAoi > / |f(z)|dx +n + 1. (21.12)
' D,

ITockompky BCe m; > 0, MOXKHO OCTaBUTb B CymMe y .m;Ac; JIHAIIb Te Cia-
raeMble, JJIsi KOTOPBIX m,; CTporo Oosbie Hyns. OObenuuenue obiacreit P,
COOTBETCTBYIOIEE TAHHOMY HabOPY CJIaraeMbix, 0003HaIUM P, .

B obnacru P, dyskuus f () CIPOro moIOKATeIbHA, I0ITOMY B Heil fy () =
f(z). Torma nomy4um

/f(x)dx> /|f(x)|dz+n+1. (21.13)
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O603HaunM yepe3 D} obbemuuenue D, u P,. Torga, cknanpsas (21.13) ¢ oue-
BUOHBIM HEPABEHCTBOM

[ s@ds= - [ i) (21.14)

TIOJLy YUM

/ f(z)dz > n+1. (21.15)

D*

n

Ecnu panee Mbl 661 npenioioxkuim, 9o 6osbiie B npasoil gacru (21.9) Bropoit
MHTErpaJs, Mbl Obl IPUIILIU K BBIBOJLY, YTO

/ flz)de < —n —1. (21.16)

Torma, mepexoast K MOIYJIIO, TIOJyYUM, 9TO JJIsi BCEX 7

/f(x)dx <n+l. (21.17)

IMocnenoBarenbHOCTH 0Omacrei { D5, } yIOBIETBOPSIET BCEM YCJIOBUSIM OIPEIE-
JIEHWsS] MOHOTOHHO WCYEPIBLIBAMONIEH [ Mmoc/iem0BaTeIbHOCTH 001acTel, KpoMe,
BO3MOXKHO, yCJIOBUS CBsi3HOCTH. CresaeM 3Tu 00JaCTh CBSI3HBIMU.

CoeuauM Kazkayio obnacts P! u3 P, ¢ D,, m-mepHOii KyGupyemoil CBSI3HOI
obmactbio K, Ha3bIBaeMOfl CBA3KOI MM KAHAJOM, TaK, 9TOOLI IOJTydYeHHOE B
Pe3yJIbTaTe MHOXKECTBO CTA/0 CBA3HBIM. IIOCKOIBKY umcao obsacreii Pl B P,
KOHEYHO, TO U YUCJIO KAHAJIOB KOHEeYHO. O003HaunM 00beIMHEHNE BCEX KAHAJIOB

K! uepe3 K,.

Tax kak Gyukuus f(z) uarerpupyema, a, CI€J0BATEIBHO, U OrPAHUYEHA, HA Py,
TO

/ f(x)da| < / F@)lde < MV(K,), (21.18)
l"rﬂ[e ' ’
M = sup| (), (21.19)
Py

a V(K,) — obbem obbenunenus: KanayioB K,,. IlorpeGyem, 9106bI 5TOT 06HEM
yaosaierBopsin yeaosuo V(K ,) < 1/M. Torpa

/f(:c)dx <1, (21.20)
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oTKyza nosiyuaem ¢ yderom (21.17) HepaBeHcTBO

/ f(z)dz| > n, (21.21)

nUKR

cupaBeJIuBoOe /1Jist Bcex n. Ilociie1oBaTenbHOCTh CBSI3HBIX KyOHpyeMbIx 00Ja-
creit {D3, U Ka,} MoHOTOHHO ncyepnbiBaer obmacts D. U3 Tonbko 4To mosy-
49eHHOro HepaseHcTBa (21.21) cienyer, 9TO MOC/IEIOBATEIBHOCTH COOTBETCTBY-
IOIUX WHTErPAJIOB PACXOIUTCS, W, KAK CJIEICTBUE, PACXOIUTCS HECOOCTBEHHBIN
HHTErpas

/f(z)dz, (21.22)
D

Y9TO ABJIACTCA IPOTUBOPEYINEM C YCJIOBUEM U OIIPOBEPraeT CACIAHHOE BBIIIEC IIPEJI-
IOJIOZKEHUE. TeopeMa IOJIHOCTBIO JOKa3aHa.
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22 KpuBoJsinHEHbIE UHTETPAJIbl TIEPBOTO U BTO-
poro poja.

22.1 OrmnpenejieHne KpUBOJUHENHOTO MHTETPAJIa MEPBOTO U
BTOPOTO POAA.

Paccmorpum Ha mrockoctu Oxy HEKOTOPYIO CIPSIMIISIEMYK) KPUBYIO, HE MMe-
IOLLYI0 TOYEK CAMOIEPECEYEHNSI M yIACTKOB CAMOHAJIETAHUSI, M OIPEIEJIEHHYIO

NapPaMeTPUYECKHU:
z = p(t);

{ y = b(t). (22.1)
Bynem cuurarh 3Ty KPUBYI HE3aMKHYTON M OrPAHUYEHHON TOuKamu A u B ¢
koopaunaramu A(p(a),¥(a)), B(p(b),1(b)). Ilycrs Ha kpusoit L = AB ompe-
nenenbl Tpu byukumu: f(x,y), P(x,y), Q(x,y), Kaxaas u3 KOTOPOH sBJIsieTcs
HempepbIBHON (U, KaK CJIEeICTBUE, PABHOMEDPHO HEIPEPHIBHOM) BIOJb ITOMW KpH-
BOIA.

Pazobbem cerment [a,b] mpu nomomm Towek a = to < t; < ... < t, = b Ha
7 9ACTUYHBIX CErMEHTOB [t;_1,t;]. KpuBas L mpm 3TOM pacmagercs HA n 9a-
cruaubix ayr MoMy, My Mo, ..., M, _1M,, toe Touku M} uMer0T KOOPAUHATHI

o = o(te), yr = »(tx)-

BeiGepem Ha KaxKA0# 9aCTWIHON Jyre mpOM3BOIBHYIO TOYKY N (&k, 1)), KOOpP-
JIMHATBI KOTOPOH OTBEYAIOT HEKOTOPOMY NPHHAJIEIKAIIEMY CErMEHTY [tk_1, tk]
3HAYEHUI0 T, mapamerpa t: & = (1), Mx = V(7%). O60o3nauum uepes Al
JUIAHY k-Off 9aCTUYHON Jyru:

Al = / VP OE+ WO dt. (22.2)

Jlmamerpom paszbumenuss kpupoii L HazoeMm umcio A = maxyg Alx. CocraBum
TPU MHTErPAJIbHBIE CYyMMBbI:

o1 =Y f(&m)Aly; (22.3)
k=1

oy = Z P (&, i) Axy; (22.4)
k=1

g3 = Z Q(éka nk)Ayka (225)
k=1

rae Al‘k =Tk — Tk—-1, Ayk =Yk — Yk—1-

Onpenenenne 22.1. Hazosem uwmcio [ mpenesioM MHTErPAJBHBIX CYMM O
(cOOTBETCTBEHHO 02, 0'3) IPU CTPEMJIEHUM K HYJIIO AMAMETPa pasduenust A, ecin
utst Jiroboro € > 0 maiigercs rakoe § > 0, uro npu Bcex A < § HE3ABUCUMO OT
BBIOOPA, IPOMEXKYTOYHBIX TOYEK OKAYKETCsI BBIIOJHEHBIM HEPABEHCTBO |1 — 04| <
e, rme s =1,2,3.
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Omnpepesnenue 22.2. Eciu cymmecTByer KOHEUHBIH IPeIe UHTEIPAJILHBIX CYMM
o1 mpu A — 0, TO 3TOT Ipees HA3bIBALTCS KPHBOJIUHEHHBIM HHTEIDAJIOM IIE€D-
Boro poga or dbyukuu f(z,y) no kpusoit L u 0603HauaeTcs

/f(ac,y)dl W7 /f(x,y)dl. (22.6)
L AB

Omnpepenenune 22.3. Eciu cymmecTByer KOHEUHBIH IPeIe NHTEIPATILHBIX CYMM
o2 (03) mpu A — 0, TO ITOT TpPEEs HABBIBAETCS KPHUBOJHHEHHBIM HHTEIPAJIOM
BTOporo poxa ot byukuun P(x,y) (Q(z,y)) no xpueoit L u obo3Havaercs

/P(x,y)dz COOTBETCTBEHHO /Q(z,y)dy . (22.7)
AB AB

Cymmy
P(x,y)dz + [ Q(=z,y)dy (22.8)
e |

HA3BIBAIOT OOIHM KPHUBOJIHHEHHBIM HHTErPAJIOM BTOPOTO POJa W O0DO3HAYAIOT
CHMBOJIOM

/ P(z,y)dz + Q(z,y)dy. (22.9)

AB

W3 omnpenenennst KpUBOJIMHERHOTO MHTEIPAJIA, BBHITEKAET CJIEAYIOIIEe 0YEBUITHOE
CBOMCTBO.

YrBepxkaeHue 22.1. KpuBosmHeliHbIt HHTETPAJ IEPBOTO POJIA HE 3aABUCUT OT
TOrO, B KAKOM Hamnpasienuu (r.e. or A k B wim or B x A) npobGeraercsi Kpusast L.
Jl1s1 KPUBOJIMHEITHOTO MHTErPAJIa BTOPOIO POIA H3MEHEHHE HAIIPABJIEHUA 00X01a
BJIEYET U3MEHEHNEe Ha IPOTHUBOIOJIOXKHBIA 3HAKA:

[ Pewis+ @y = [ Plawis+ Qupdy. (2210

AB BA

22.2 VYcaoBus CymieCTBOBAHUS KPWBOJIMHEWHBIX WHTETpa-
JIOB.

Onpepenenne 22.4. Kpusas L Ha3bBaercs MIaJKof, ecan byHkuun ©(t) u
1 (1) U3 ee napaMeTPUYECKUX yPABHEHUN UMEIOT Ha, CErMeHTe [a, b] HenpepbIBHbIE
IPOU3BOIHBIE.

Onpepenenne 22.5. OcobbivMu TOYKaMu KpuBoid L OymeM Ha3bIBaTH TOY-
KM, COOTBETCTBYIOIIE TAKUM 3HAYEHUAM MapaMerpa t, Jjist KoTopbix [’ (t)]% +
[¢/(t)]? = 0. Bee ocTambHble TOUYKH KPUBOil OyieM Ha3bIBaTh OOBIKHOBEHHBIMH.
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Teopema 22.1. Ecuu kpusasi L = AB sBJIsIeTCs IJIQIKON U HE COAEPIKUT OCO-
ObIx TOYeK, u ecau dyukumu f(z,y), P(z,y) u Q(zr,y) HenpepbIBHBL BAOJIb STOR
KPUBO, TO KPUBOJIMHEIIHBIE MHTErPAJIbI IIEPBOTO M BTOPOr0 POAA CyIIECTBYIOT
¥ MOUYT ObITh BBIYUCJIEHBI 110 (POPMYJIaM:

[t = [ e 00)WTOF+ P d (22.11
AB a

b

/ Pl y)d = / Plo(t), b(0) (1) d; (22.12)

AB a
b
/ Q(a,y)dy = / QUp(t), () (1) dt. (22.13)
AB a

JokasaTtenbcTBo. (pady ke OTMETHM, 9TO YKA3AHHBIE ONHOKPATHBIE HHTErPa-
JIBL CyIIECTBYIOT B CHJIy TPEOOBAHMS HENPEPHIBHOCTY NMOABIHTErPAJIBHBIX (DyHK-
nwmit Ha cermente a < ¢ < b. Takke sCHO, 9T0 U3 coorHomenuit (22.12) u (22.13)
JIOCTATOYHO BBIBECTH JIAIIH OJJHO, TIO3TOMY OTPAHUYUMCS JTOKA3ATETHCTBOM Da-
BeHCTBa (22.12).

Pazobbem cerment [a,b] Ha n YACTUYHBIX CEIMEHTOB [tf_1,tk| ¥ COCTABHM WH-
TErPAJIbHBIE CYyMMBL IS KPUBOJIMHERHBIX HHTErPAJIOB, KOTOPBIE C y9eTOM

Azg = o(tg) — p(tp—1) = / o' (t) dt (22.14)

IPeACTAaBUM B CIIEAyIOMEM BHUIE:

=3 |fetm)vn) [ VETOP+ WP ; (22.15)

o2 =3 | Plo(m), o)) / Syt | . (22.16)

O60o3Ha9MM onpenesIeHHbIE OJJHOKPATHBIC MHTETPAJIBI B TPABBIX 9aCTAX COOTBET-
CTBEHHO KaK Il u IQ. Hpe,ELCTaBI/IM 9TU UHTET'PAJIBI B BUE CYMMBI 7 UHTEI'PAJIOB
IO YaCTUYHBIM CerME€HTaM U OLUEHUM PA3HOCTHU

n tk

n-h=Y" [ [em).om) - FeoO)VOF + 0P

k=1 7

(22.17)

n tr

or =l =) / [f (o(Ti), (1)) — fl(t), (1)) (t) dt. (22.18)

k=1 tp—1
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Urax, cornacHo yciosuio reopembl, dbyuxmun f(o(t), 1 (t)) u P(p(t), ¥(t)) Kak
CIOXKHbIe (DYHKIMKM apryMeHTa ! HEIPEPBIBHBI U, CJIE0BATEIHLHO, DABHOMEPHO
HernpepbiBHBL HA cermenTe a < ¢t < b. Temeps 3ameTum, 9T0 IPU CTPEMJIEHUM K
HYJIIO JuaMerpa pas3duenust A CTPEMUTCS K HYJIIO ¥ HAUOOJBINAS U3 PA3HOCTEN
tr —tk—1: TAK KaK

m= min VFOP+F WO > 0u Aly <m / dt = mAL,  (22.19)

th—1

TO 1
Aty < — Al (22.20)
m

Taxum obpazom, aist ir0boro € > 0 MOXKHO yKazarh § > 0 Takoe, 9to pu A < §
BBIDazKeHUe

Fle(mr), (i) — f(e(1), (1)) (22.21)

OKaKeTCsl IO MOAYJII0 MeHbINe, 4em /1, rne | — nnmHa KpuBoi L. AramornaHo
JJIA KpI/IBOHI/IHGﬁHOFO UHTErpaJia BTOPOrO pPOJa MOXKHO OrPDAHUYUTH 3TOT K€

MOJLYJIb YUCJIOM rae M = max |¢'(t)|. C y1erom 910ro nosyumnm ouenku:

e
M(b—a)>

n tr
oy — Iy < %; / TR dt = ZAlk —e, (2222

ti

loa — I] < Z / t)] dt < (bs— a)MZ Aty =e. (22.23)
k: k=1

Teopema noka3ana.

22.3 CgoiicTBa KPUBOJUHENHBIX NWHTETPAJIOB.

KpuBovHEHHbIM MHTErPaJIaM MPUCYIIYM MHOIHME U3 CBOMCTB «OOBIYHBIX» HMHTE-
I'paJyiOB, a UMEHHO aJJUTHUBHOCTD, JII/IHeI./‘IHoe CBOﬁCTBO, OI€HKa OJId MOAYJIA U
dopmysta CpegHero 3HaICHHUSI.

OcobbIM CiIydaeM KPUBOJIMHEHHOTO HHTEPAJIA, SIBJISIETCST CIyYaii, KOTIa KPUBas,
0 KOTOPO# ITPOU3BOIUTCS WHTErPUPOBAHUE, 3aMKHYTa. 1109TOMY HYKHO yCTa-
HOBUTH HEKOTOPOE CTAHAAPTHOE HAMPABJIEHUE 00X0a 3aAMKHYTHIX KPUBBIX. U3
JBYX BO3MOXKHBIX HAIPABJIEHUN ITOJIOKUTEJIbHBIM OyIeM Ha3bIBATb TO HAIIPAB-
JieHue 00X0/1a, IpU KOTOPOM 00JIaCTh, JIeXKallasi BHYTPU KOHTYPa, BCE BpeMsi
HAXOJUTCs 110 JIEBYIO CTOPOHY II0 OTHOIIEHWH K TOYKE, COBEPIIAIONIEH 00X0.
Bynem cuwmrarb, 9TO B KPUBOJUHEHHOM HHTErpPaJi€ 1O 3aMKHYTOMY KOHTYDY
KOHTYD OOXOAMTCS B MOJIOKUTEIHHOM HAIPABJIEHUN.
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23 Ilongrue noBepxHocTu. HopmaJsb u KacaTeib-
Had IJIOCKOCTHh K TOBEPXHOCTHU. JIleMMa 0 mpo-
€KIIU OKPECTHOCTU TOYKM Ha KAaCATEJbHYIO
TIJIOCKOCTh.

23.1 IlomsdaTume MOBEPXHOCTH.

Omnpepgenenne 23.1. Orobpazkenue f obmacru G Ha MJIOCKOCTU HA MHOYXKECTBO
G* TpPeXMEepHOI0 IIPOCTPAHCTBA HA3bIBAETCS] TOMEOMOP@HBIM, €Cii 9TO 0ToOpa-
2KEHHe OCYIIEeCTBJIsIeT B3aMMHO OJHO3HAYHOE COOTBETCTBHME MEXIy ToukKamu G
n G*, Ipu KOTOPOM KaxkJas (DyHIaMeHTAIbHAs TIOC/IE0BATEILHOCTh TOUeK (G
EPEXOUT B (PYHIAMEHTAJIBHYIO MTOCIEI0BATEIHLHOCTh ToUeK G 1 HA0DOPOT.

Onpepenenne 23.2. Orobpaxkenue f obsacru G Ha G* HA3BIBAETCsI JIOKATIHHO
romeoMopHbIM, €ciu y Kaxka0i Touku G eCTh OKPECTHOCTh, KOTOPAs TOMEO-
MOpdHO 0T0OparKaeTcs Ha CBOM 0Opas.

Omnpepenenne 23.3. O6aacts G Ha mTockocTH 1’ HA3BIBAETCS SJIEMEHTAPHOH,
ecau 3Ta 00JaCTh SIBIsIeTCsT 00pa30M OTKPHITOrO Kpyra D mpu romeoMopdHOM
OTOOPAYKEHNM ITOTO KPYTa Ha, MIOCKOCTD 1.

Omnpepenenne 23.4. Cssa3nas obnacts G HA MIOCKOCTH 1’ HA3BIBAETCS IIPO-
croif, ecnu sobast Touka (G MMeeT OKPECTHOCTH, SIBJISIONLYIOCS 3JIeMEHTaPHOM
00/1aCTBIO.

Omnpepenenne 23.5. Muoxecro To4uek ® npocTpaHCcTBa HA3BIBAETCSI HOBEPX-
HOCTBIO, €CJIA ITO MHOXKECTBO SIBJISIETCsSI 0OPA30M MPOCTOi 1IOCKO#M obsiactu G
IPH JIOKAJILHO TOMeOMOPhHOM 0Tobpaxkenun f obaactu G B mpocTpancTso £,

ITycrs Ha mockocTH (u, v) 337MaHa MpocTas 06aacTb G, U JJist BCeX TOYEK STOM
00J1acTH OTpeieIeHbl TP (DYHKINN:

x=x(u,v), y=yu,v), z=z2(u,v), (23.1)
WA, 9TO TO K€ CAMO€, BEKTOpHAas (DyHKIUs

r = r(u,v). (23.2)

Iycrs BBIMOMHEHDBI ABa TpeboBanus A: dbyukuuu x(u,v), y(u,v), z(u, v) umeT
B ob6siactu (G HENpEPBIBHBIE YACTHBIE POU3BOIHBIE MEPBOTO MOPSIKA MO Mepe-
MEHHBIM U U v; BCIOAY B obsactu G Marpuua

9z Oy Oz

Ou Ou Ou

23.3
9z Oy 9z ( )
ov ov ov

uMeeT PaHI, PABHBINA JByM.

YrBepxkaenue 23.1. Ilpu BbimonaHeHnu 3TMX AByX TpeboBaHuMit A MHOXKe-
crBo ¢ TOYek, ompenensiembix ypaBuenusMu (23.1), mpencrasiser coboi 1o-
BEPXHOCTb.
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,I[oxasaTem; CTBO.

W TyT 51 3a6mi1.

82



