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I'maBa 1

Kombunaropuka

OcHOBHBIM 0OBEKTOM HU3yUeHHs] KOMOUHATOPUKH sIBJIAETCS KaK [PABHJIO KOHEYHOE (XOTsl, BO3MOXKHO, U
CYETHOE) MHOXKECTBO, 13 JIEMEHTOB KOTOPOI'0 COCTABJISIIOTCS PA3JINIHbIe KOMOMHATOPHBIE KOH(MUTY DAIH.
OCHOBHBIMU BOIIPOCAMU IIPH STOM SIBJISIOTCS CYIIECTBOBaHIE TPEOYEMBIX KOH(MUTYPAINii, aJITOPUTMbI UX
[OCTPOEHHUsI, ONTUMU3AIINSL AJIFOPUTMOB (€C/IM TAKOBBIE CYIIECTBYIOT), & TAKXKe 3@l NePEUUuCIUTEe b
HOro Xapakrepa (HampuMep, KojandecTBo Koudurypamuit ¢ TpefyeMbIMU CBORCTBAMM ).

OpauM n3 Hambostee TOIMYJISIPHBIX TPUMEPOB KOMOMHATOPHOM MOCTAHOBKU MOXKET CIYKHUTH 3a0a4a 0
Mmazuneckom keadpame. OHa CTABUTCS CJIELYIOIMIMM 00Pa30M: I JAHHOI'O HATYPAJbHOIO 1 PACIOJIOKUTH
quea oT 1 710 n? B IEJ0YNCIICHHBIX TOUKAX kBajpara miaockoctr Oxy : 1 < x < n, 1 <y < n 1aK, 9T00bI
CyMMa BCEX JYHUCEJI, PACIIOIOXKEHHBIX B JIIOOOM CTOJIONE, ObLIa paBHA CYMME BCEX UHCEJI, PACIIONIOXKEHHBIX B
JIIOO0H CTPOKE M paBHSIJIACH CyMME BCEX YHUCEJI, CTOAIINX Ha KaxKI0# n3 quaronajeii. K momoxuTembHbIM
JIOCTUXKEHUSIM B PEIIeHNUN ITON 3aJ[a9i OTHOCUTCS, HAIPUMED, (hpaKT CyIIeCTBOBAHUS ajrOpUTMa, CTPO-
AIEr0 MArumIecKuii KBaapaT M JII000TO 3aIaHHOTO N. B TO K€ BpeMs OTKPBITHIM OCTAETCS BOIIPOC O
KOJIMIECTBE PA3IMIHBIX MATHIECKUX KB ApaToB st n > 5. [IpuMepoM Marngeckoro KBajpaTta Jis n = 3
MOYKET BBICTYTIATH CJIeTyTOIIHIi:

2 76
9 5 1
4 3 8

Jlpyrum M3BECTHBIM IIPUMEPOM SIBJISIETCS 300G 0 WeCU oPuyepax, KOTopasi CTABUTCS CJIe Ly IOIIAM
00pa30M: UMEETCs MIECTh MTOJIKOB, B KazKJIOM IIOJIKY UMeeTCsl IeCTh OPUIIEPOB, IPUYEM BCe UMEIOT pa3HbIe
3BaHUsl. BOIpOC 3aKJ/II09aeTcss B TOM, BO3MOYKHO JIM PACIIOJIOXKUTh BCEX STUX OQUIIEPOB B KBajpate 6 X 6
TakK, 9TOOBI Ha JIIOOOH JIMHUKM CTOSIIN O(MUIEPHI U3 PAa3HBIX TOJIKOB M C PA3HBIMU 3BAHUSIMH. 3aJa4a
obobraercs Ha ciry4ait n = 4k + 2 nmoakoB u 3Banuii. Jlokazano, uro npu k = 1 pelienus: He CyIIECTBYET,
a pu k > 2 pellienne nMeeTcs.

Bunapnoe oTHoIlIeHNe.
Onpegnenenne 1.0.1. [exapToBbIM Ipou3BeIeHneM MHOXkKecTB X U Y Ha3bIBaeTCs MHOMXKECTBO
XxY={(z,y)|zeX, yeY}.

Onpenenenue 1.0.2. Jlroboe moIMHOXKECTBO JeKapToBa IpousBeenust p C X X Y HazbiBaeTcst 6uHnap-
HOLM OTHOWEHUEM.
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[Ipumepamu GUHAPHOIO OTHONIEHUS MOTYT CJIY?KHTh PABEHCTBO & = ¥, IPEJIIECTBOBAHNE T < Y U
)
apyrue. Obaacmvio onpedesenusn GUHAPHO20 OMHOWEHUSA P HASBIBAETCS MHOXKECTBO

D, ={z € X|3(z,y) € p}.
O6aacmuio snaueruli GunapHozo OMHOWEHUA P HASBIBAETCS MHOXKECTBO
Ry ={yeY|3(z,y) €p}

U3 onpesenennst Ceayer, 9To IIyCToe MHOMKECTBO & TAKKe CINTACTCA OMHAPHBIM OTHOIICHUEM.
Bunapuhoe oTHOIeHnE MOXKET 3a/1aBaThCs TAKXKE B BUJE NPAMOYIOIBLHON (BoOOIIEe TOBODst, GECKOHEY-
Hoit) 0, l-maTpuis:

nxm

rJe M — MOIIHOCTh MHOXKeCTBa X, a M — MOIIHOCTh MHOXKeCTBa Y MOI'YT, BOOOIIE IOBOPsi, PABHSIITHCS
cueTHOl beckoHeuHOCTH. CUUTAETCSI, YTO BCE JIEMEHTHI KaXKI0ro m3 MHOXKeCTB X 1 Y IPOHYMEpPOBAHbI
HATYPAJbHBIMEA YUCJIAMEI. DJIEMEHT MATPHIILI C UHIEKCOM (4, j) PABHIETCS €IUHUIIE TOTIA U TOJBKO TOIJIA,
Korga mapa (Z;,Y;) € p, IOe T; — IeMeHT u3 X, 3aHyMepOBaHHBII UHCJIOM %, & Y; — JIEMEHT u3 Y,
3aHYMEpPOBaHHBII YNCIIOM j; U PABHSIETCS HYJIIO B IIPDOTUBHOM CIIydae.

Bunaproe oTHoIeHNEe MOXKHO 33J1aTh B BHUJIE JIBYI0JbHOrO oprpada:

[IpU TOM Jyra U3 3jeMeHTa u3 X C HOMEPOM | WJET K JIeMEHTYy U3 Y C HOMEPOM j TOIJa M TOJIBKO
Toraa, xorma (z;,y;) € p. Takoe 3amamme OGHHAPHOIO OTHOIINEHUS IO3BOJIIET PACCMATPHBATL €0 KaK
MHOTO3HAYHOE OTOOparKeHue.

Onpenenenune 1.0.3. Obpamtvim 6UHAPHVIM OMHOWEHUEM K O HA3BIBAETCS OMHAPHOE OTHOIIEHUE
p~t ={y.2)| (z,y) € p}.
Onpenenenune 1.0.4. Komnosuyuetd OUHAGPHLLT omHOwWeHUT p1 U P2 HA3BIBAETCSI OMHAPDHOE OTHOIIEHUE
p=rp20op1={(z,2)|Fy:(z,9) € p1, (y,2) € p2}.

OueBuHBI TPOCTEIIITE CBOWCTBA STUX OMEPAITHIA:

() =0

-1 —1 —1
(p2op1) " =p1 opy .
B nanpreiiem Oygem paccMaTpuBaTh YACTHBIN CIydail OMHAPHOrO OoTHOmeHuss — X = Y — OuHApHOe
OTHOITIEHNE Ha JIEKApTOBOM KBaJjpaTe. BBejieM It Hero cireIyronine aKCHOMBI.



1. Akcuoma pegaexcusnocmu: nid jioboro £ € X BbIIOAHAETCH T,%. VIHBIME CI0OBaMH B MaTpHIE,
3aJ1at01Telt 9T0 OUHAPHOE OTHOIIEHNE, Ha, JIMATOHAJIA CTOSIT €IUHUIIBI.

2. Akcmuoma cummempuyrocmu: jid JobbIXx ¢,y € X BBIIOIHAETCH T,y = Y,z. MHpiMu croBamu,
MaTpHIla, 33/1aI01[asi 3TO OMHAPHOE OTHOIIEHUE, SIBJISIETCS] CUMMETPUYIECKOM.

3. AKcHoMa Mpar3umuerocmu: Jist JIIOOBIX T, Yy, 2 € X BBIIOIHSETC TpYy & Yp2 = Tp2.

4. Axcmoma anmucummempusrocmu: 1id Mo0bIX x,y € X BBIIOIHACTCH ToY & Ypx = T = y.

Omnpenenenne 1.0.5. Akcruomsl 1, 2 u 3 onpeiesisiior omuowenue aKksusarenmuocmu. Takoe oTHOIIEHTE
pa3buBaeT MHOXKECTBO X, Ha KOTOPOM OHO 3aJ[aHO, Ha KAACCH IKBUBAAEHMHOCTU, MHOXKECTBO KOTOPBIX
B CBOIO OY€PE/Ib HA3BIBAETCS (HAKMOPMHOHCECTEBOM.

YacTo B KOMOMHATOPHBIX MTOCTAHOBKAX TPEOyeTCsT Y3HATD IO 33J]AHHOMY OCHOBHOMY MHOXKECTBY M OTHO-
[IIEHUIO SKBUBAJIEHTHOCTH HA HEM YHUCJIO KJIACCOB SKBUBaIeHTHOCTU. OTHOIIIEHNE SKBUBAJEHTHOCTU MOYKHO
3aJ1aBaTh IPYIION MEPECTAHOBOK. B 3TOM ciTyvae BO3MOXKEH BOIPOC O UHCJIE JIEMEHTOB B MHOXKECTBE TIO
U3BECTHOIT I'pYIIIE II€PECTAHOBOK.

Omnpenenenne 1.0.6. Axkcruombr 1, 3 u 4 onpeseIgoT burapHoe OMHOWEHUE YaACMUYH020 nopadka. Ilpu-

MEpPOM MOKET CJIy’KUTh YIOPSJOYEeHHe MHOXKECTBA HATYDPAJIBHBIX YUCE] [0 JEJUMOCTH: Y | & WiId Ty
O3HAYAET, YTO Y SABJIAETCS JeIUTeeM 4Yucyia . MHOXKEeCTBO ¢ 3aJJaHHBIM Ha HEM YaCTHYHBIM IOPSIKOM
HA3BIBAETCS YACTNUYHO YNOPAIOUEHHBIM.

YacTUUHO YIOPSIOUEHHOE TI0 JEJMMOCTH MHOXKECTBO HATypaJbHBIX unces obosHadaercs (N, |). Bu-
HapHBIE OTHOIIEHUS] YaCTUIHOTO TOPSIIKA YI00HO M300parkaTh ¢ moMoIbio duazpamm Xacce. Jlnarpamma
Xacce mpezcTaBiisieT cob0il OPUEHTUPOBAHHBIN AIMKJINIeCKUil rpad, MHOKECTBOM BEPIIUH KOTOPOTO $iB-
JITeTCS MICXO/THOEe MHOYKECTBO, & JyTa MeKJIy BEPITUHAMU T W Y PUCYETCS TOTa W TOIBKO TOT/a, KOTa

Tpy U Az - z,2 & 2,y. Hanpumep, yacTu4dHblil 100K HAOOPOB U3 HyJsIeil M €IMHUIL, OLPEIEIAIONIN
MOHOTOHHOCTB (PYHKITUI ajredphl JOTHKHU, Oy IeT BBITVISIACTh Ha, MarpaMMe Xacce CJIEAYIONIM 00pa3oM:

(111)

(110) (011)

(100) (001)

(000)

B HekoTOpBIX CiIydasx MOXKHO 0DOWTHCH O€3 Iyr, pacrojaras 3JeMEHTHI MHOXKECTBa 1O sipycaMm. Tak,
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HAIPUMED, BBIIIEOUCAHHOE YACTHIHO yrnopsaodennoe MHOxKecTBO (N, |) MoKHO M300pa3uTh Tax:

8112, 30 . . . . KyOBI IIPOCTHIX, IPOCTOE?-IIPOCTOE,
IIPOCTOE-IIPOCTOE - IIPOCTOE

. . KBa/IPATHI IIPOCTHIX, IIPOCTOE-IIPOCTOE

° ° IIPOCTHBIC

€ TMHAIIA

Takxke B ciiyqae X = Y rpad, ONuUCHIBAIOMUI YaCTHIHO YIIOPSIOUEHHOE MHOXKECTBO, HE 00s3aTeIHHO
OyJ1eT IBYJOJBHBIM U MOYKET BBITJISIIETH [IO-IIPYTOMY:

Ilo nHAYKIIMT MOXKHO ONpPEJIEIUTh TaKKe n-apHble oTHomrenus. l[lomnmo akcroMm 1, 2, 3 m 4 MOXKeT OKa-
3aTbCs TaKXkKe, 410 T,y & T,z = y = =. Ecin paccmarpuBars 6unapHoe oTHOIIEHHE KAk dyHKIuo f,
CTaBAINILYIO0 B COOTBETCTBUE MHOXKECTBY X HEKOTOpOe JPyroe MHOXKeCTBO Dy, To B 3TOM cilydae oHa OyaeT
nabekTuBHON. Ob6siacTh onpesenenus: f : X — Y couamaer ¢ X, o0jiacTh 3HAYEHUN B TO K€ BpeMsi
He 00s3aTesIbHO coBmanaeT ¢ Y. B ciyuae X =Y u Dy = X npu KOHEUHBIX MHOXKeCTBaX f B3aMMHO
onHo3HauYHa. Ha (byHKIMM paCIpOCTPAHSIOTCS OIpeIeIeHHbIe HA OMHAPHBIX OTHOIEHUSIX KOMITO3UIIMH 1
oOpaTHBIe 37IeMeHThI. TakuM 00pa30M, MOSIBJISETCS CBI3b KOMOMHATOPHBIX YHCEN C (DYHKIMAMU.

Yacro 6b1BaeT yI100HBIM HCCIEI0BATh HE caMy KOMOMHATOPHYIO KOH(MUI'YPAIUIO, 8 B HEKOTOPOM PO/Ie
nzomopduyio eir. C Tem, 9T0ObI CeJIaTh 3TO PACCMOTPEHNE KOPPEKTHBIM, CCOOPMYJIUDYEM NPUHUUN 630~
UMHO 00HO03HAWHO20 cOOMEEMCcMEUA. Kciin oHOMY MHOXKECTBY KOMOMHATOPHBIX KOHMUTYPAIHii ¢ Omrpe/ie-
JIEHHBIMU CBOUCTBAMM U30MOP(MHO OTHOCUTENIHHO STUX CBOMCTB CTABUTCH B COOTBETCTBUE JIPYTO€ MHOXKE-
CTBO KOMOMHATOPHBIX KOH(MUTYpAITHii, TO TUCI0 KOMOUHAIINHM, 0018/ TAIONINX OIIPEIEIEHHBIMU CBOHCTBAMU
B 000MX MHOXKECTBaX OJIHO U TO JK€.

1.1 IIpocreiinmme KoMOMHATOPHBIE YHNCJIIA

HOycrs X ={1,2,...,n},Y ={y1,...,ym}. MHOKeCTBO Bcex oTobpazkeHnuii MHOKeCTBa X BO MHOXKECTBO
Y obosnauaerca YX. OHO mMeeT MOMIHOCTL M. DTO MHOXKECTBO H30MOP(MHO MHOMKECTBY PACKIAIOK 7
IapOB, MOMEYEHHBIX YUCIAMA 1, ..., 7N M0 M ANUKAM, TOMEYCHHBIM JIEMEHTAMU Y1, . - . , Ym, TAKIKE OHO

n30MOP(MHO MHOYKECTBY CIIOB U;, Yi, - - - Yi, AJIUHBI n B asndasute Y. Orobpakenne f HA3BIBACTCI UHBEK-
MUBHbLM, €CTTH § # j & & — Ys, J — Yo = Ys # Ye. st TOrO, 9T06BI OTOOpAYKEHNE OBIIO MHHEKTUBHO,
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oueBHIHO, HeobxouMO, 4100l | X | < Y|, 0 ectb n < m. Hucio HHbEKTUBHBIX 0TOOPAYKEHU PABHO YObi-
sarouemy daxmopuany [m], =m(m—1)(m—2)---(m —n+1). B repmuHax mapos u sIIUKOB ITOMY
MHOXKECTBY COOTBETCTBYET MHOXKECTBO PACKJIAJI0K 71 PA3IUYUMBIX I[IAPOB IO 1M Pa3IMIUMBbIM SIMIAKAM
Tak, 9TO0BI B KaXKJOM siIIIUKe ObLIO Obl He Hojiee OHOTO IMapa. B TepmmuHax cjioB B ajasure Y 3TOMYy
MHOKECTBY COOTBETCTBYET MHOXKECTBO CJIOB JUIMHBI 1. B ajihaBure Y, Bce OYKBBI B KOTOPOM Pa3JIMYHBI.
Orobpazkenue f Ha3bIBaeTCH ClopsermueHsim, ecid Ry =Y, To ecTh KaxK/blil 971eMeHT U3 Y HMeeT XOTd
651 oauH mpoobpas. s Toro, 9Tobb 0TOOparkeHne ObLIO CIOPHEKTUBHBIM, OUEBHIHO, HEOOXOIMMO, ITO-
661 | X| > |Y|. Tlo npuHIMIy B3aUMHO OJIHO3HAYHOTO COOTBETCTBUS TOW KOMOMHATOPHON KoHMbUrypanun
COOTBETCTBYET MHOXKECTBO PACKJIAJIOK 7 PA3JIMYUMBIX IIAPOB 110 7 PA3JIMYUMbBIM SANIAKAM TakK, YTOOBI B
KaKJIOM SIIITUKE OKA3AJIOCHh XOTsI OBl 110 OJTHOMY IIapy WJIK MHOXKECTBO CJIOB JJINHBI 11 B ajipaBuTe u3 m OyKB
TAKWX, 9TO KaxKjas OykBa ajdaBuTa IPUCYTCTBYET B CJIOBE XOTs ObI OIUH pa3. UWUCIO CIOPBHEKTUBHBIX
orobpaxenuit X B Y pasuo (::L) -m!-m"~ ™. Orobpakenue, sIBISIONIEECS OTHOBPEMEHHO CIODHEKTHBHBIM
U MHbEKTHBHBIM, HA3bIBAETCH OUCKMUBHbIM (63aUMHO 00H03HAWHbIM, buexyued). s Toro, 410661 0TO6-
paxkeHre ObLIO GMEKTUBHBIM, OUEBHIHO, HE0OX0MuMO, 4Tobbl | X| = |Y|. B ciayuae KOHEUHBIX MHOXKECTB
CJIEIYIOIINEe TPU YTBEPKIECHUS SKBUBAJIECHTHBI:

1. f 6uekTHUBHO;
2. f ciopbektusno u | X| =|Y;
3. f mabektusno u | X| = |Y|.

Onpenenenue 1.1.1. BuekTupHble 0TOOpaXKeHUs KOHETHBIX MHOYXKECTB B CeOsi HA3BIBAIOTCS NEPECa-
HOGKAMU.

Bsenem 6rnmaproe oTHONIEHNE Ha MHOYKECTBE HHBHEKTUBHBIX oToOpaxkennit: f,g <& Ry = R,.

VI

|Rf|=n

()‘leBI/IﬂHO7 9TO 6yﬂeT ABJIATHCS OTHOIIEHNEeM 3KBHuBajieHTHOCTH. OHO paB6I/IBa€T BCE MHO>KECTBO MHBHEK-
THUBHBIX OTO6pa}KeHI/II71 Ha n! KJIacCoB dKBUBAJIEHTHOCTU. B [@2815% CBOWCTB (baKTOpl\lHO}KeCTBa, €ero MoII-

HOCTb OyJeT paBHa OUHOMUGNOHOMY KOIPHUUUEHY % = n,(+ln), = C7

B3aMMHO OJHO3HAYHOI'O COOTBETCTBUA BBIIICOIIMCAHHOE (baKTOpMHO}KeCTBO 9KBUBAJICHTHO MHO2KECTBY 7~

(™). Tlo npuHImTy

JIEMEHTHBIX TTOAMHOXKECTB M-3JIEMEHTHOTO MHOXKECTBA WMJIM MHOYKECTBY HAOOPOB M3 HyJell W eIUHMUIL
JUIMHBL M POBHO C 7 €IMHUIIAMU.

DTOT PE3YJIBTAT MOXKHO ODOOIIUTE, €CJIN JOIYCTUTH BXOXK IEHHE 9JIEMEHTOB B IIOJMHOYKECTBO C KPATHO-
cTbI0. MysvmumHoscecmeom Ha3bIBaeTCS MHOYKECTBO, ¥ KAXKI0I0 JIEMEHTA KOTOPOT'O €CTh KPAmHoCms —
HATypPaJIbHOE YUCJIO, CHMBOJU3UPYIOIIEe KOJTUICCTBO BXOXK ICHII TAHHOTO 3JIEMEHTa, B MYJIbTUMHOXKECTBO.
MOIITHOCTBIO MYJIBTHMHOYXKECTBA HA3BIBACTCS CyMMa KPATHOCTEH BCEX €ro 3JIeMeHTOB. VIHbIME coBaMu
HEOOXOIMMO HAITH YUCI0 MYyJIBTHIIOAMHOXKECTB MoIHOCTH 1 MHOXKecTBa Y, | Y| = m. cnonb3ys npunmmn
B3aUMHO OJHO3HAYHOI'O COOTBETCTBUSI, HOJCYET MOXKHO IIePEHECTU Ha HabOPBI IEJIbIX HEOTPHUIATEbHBIX
qHUCeJI:

(1.1)

Yucnao Pa3IMNIHBIX peH_IeHI/Iﬁ 3TOI CUCTEMBI 1 6y;1,eT PaBHO 9UCJYy MYJbTUIIOAMHOZKECTB MOIITHOCTH 7 MHO-
2KeCTBa MOITHOCTH 7111. Yuco peLHeHI/Iﬁ B JJaHHOM CJIy4dae 6y,ZLeT TaK¥Ke ABJIATHCS OMHOMUAJLHBIM KOS(b(bI/I—
OUEHTOM. ,HGI;'ICTBI/ITGJIBHO, IpUMeEHsAd TPUHITNIT B3aMMHO OJITHO3HAYHOTO COOTBETCTBUA, MOZKHO KazKJIOMY

a1+ Qg+t oy =0,
a; 20, a; €Z, i =1,m.
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perieHuio (Q, . . . , Q) B3AUMHO OJIHO3HAYHO IIOCTABUTH B COOTBETCTBHE HAOOD JIuHbI n+m—1 u3 HyJeil u

emuami (1...101...10...01...1 |. Takum o6pa3oM, 9UC/IO PEIIeHU PABHO YHC/Iy HAOOPOB yKa3aHHOI
—— =~ ——
(a3} e} Qm,

JUIAHBL ¢ M — 1 HyJIeM, TO eCTh OMHOMUAIBLHOMY KOI(hMUIUEHTY (":ﬁ;l) = (”Jr:?*l). DTO YUCIO HAZBI-
BAETCST YUCAOM COMETNARUT ¢ nosmoperuamuy. EMy MOXKHO IPUIATH HECKOJIBKO JIPYTON COIEPKATETBHBII
CMBICI: IHCJIO PA3JIMIHBIX TIOCIEI0BATEIHLHOCTEN MAPOB, N3BJIEKAEMbIX U3 YPHBI ¢ BO3BPAIEHUEM.

Yucsto MyJIBTUIIOJMHOYXKECTB, COJEPIKAIIIX KAXKIBIH JIEMEHT UCXOJHOIO MHOXKECTBA 110 KpaiiHel Mepe
OJIMH pa3, COBIAJAET C YUCIOM PEIleHU CUCTeMBbI

al+a2+...+am:n,
a; €Ny i =1,m,

KOTOpOE II0 IPUHIUAILY B3aUMHO OJJHO3HAYHOI'O COOTBETCTBUSA COBIAJAET C YUCJIOM PEIIeHUH CUCTEeMBbI
/ / A
a;tay+---+a, =n—m,
/! .
a; 20, a; €Z, i =1,m,
-1 o

TO €CTh PaBHO (s_m). Wcnonb3ys mosrydeHHble pe3yabTaThl MOYKHO, HAIPUMED, HANTU YUCIO IETOUUC-
JIEHHBIX TOYEK B TeTpasdipe z,y,z = 0, v +y + 2z < k.

Wx gaucio paBHO (kZ:Q) = %

Beegem eme oguo KomOuHaTopHOoe uncno: [m|” = m(m+1)---(m+n—1) = [m+n—1], — 60s-
pacmarowut Gaxmopuas. ITO IACTIO UMEET CJICIYIONUI COAePKATEIbHBII CMBICIT: UMEETCsT M-sIPYCHBINA
CTeIIaXK, Ha KOTOPBIA HAIO0 PACCTABUTEL 1 KHUT, IPUYIEM MOPSIOK KHUT Ha IOJKE MMeeT 3HadeHune. Jleii-
CTBUTEJIBHO, JIJId IIEPBOA KHUI'M UMeeTCd POBHO M PA3JINYHBIX BO3MOXKHOCTEH IIOCTABUTH €€ Ha OJHY U3
1osioK. Jljist BTOpoit KHUTH BO3MOXKHOCTEH yrKe Ha OJHYy OOJbIlle, TAK KAK Ha OJHON M3 IOJOK €CTh y2Ke
JiBe HepaBHO3Ha4YHble To3uruu. U Tak majee. B pesysbrare moaydInTcss BO3paCTAONIUi (hakKTOpUa.

ITepectanoBku. PaccMoTpuM Terephb NOAPOOHEH B3AMMHO OTHOZHATHBIE OTOOPAYKEHHs MHOXKECTBA
X ={1,2,...,n}

Ha ceDs1, TO ecThb repectaHoBKU. Beero ux n!. MHOKECTBO 11epeCTaHOBOK 1-3JIEMEHTHOIO MHOYKECTBA, HA3bI-
BAETCsI CUMMEMPUUECKOT 2pYynnoti cTereHu n u obo3Hadaercs Sy,. YTobbl MOTUBIUPOBATH TAKOE OIIpeIesie-
HUe, BBEJIeM npoudsedenue (KoMno3uuulo) IByxX MePeCcTaHOBOK 1, Ty € Sy, = M1 Ty = T 1O CJIELYIONIEMY

npasmity: m - w2 (z) = ma (71 ().
l T2

(]

-~
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Wuorga B surepaType KOMIIO3UIMIO OIPEJIENIAT HAo6opoT: my - Mo () = 1 (72 (x)), omHako, Mbl GyaeM
NPUIEPKUBATHCA BBEICHHBIX BbIme obo3Hadvenmii. Takum obpasom, S, — TPyIIa ¢ BBEJICHHLIM BBIIIE
BHYTPEHHHUM 3aKOHOM KOMIIOZUIMK. FIMHIYHBIM 3JIeMEeHTOM B 3TOIi I'pyIIe CIyKUT eJIMHIIHAs IlepecTa-

HOBKa € = (13 7). Jlns KaxK/I0ii [epecTaHOBKH T = (all a22 " a”) € S, cymecTByeT oOpaTHasl IepecTa-

Hopka 71 = (4 G %) € S, upu 3T0 NOIpPa3yMeBaeTCs, YTO CTOJOIbI MOCTeIHEl TIepeyTopsI0ueHbl
TaK, 9TO 3JIEMEHTHI NEPBOH CTPOYKM PACHOJIOKEHBI 110 BO3PACTAHUIO. JIefiCTBUTEILHO, B 3TOM CIydae
7.1l =771 1 = e. Mo)KHO NOKA3aTh, YTO OIEPAIs KOMIOZUIIUH ACCOMUATHBHA, HO HEKOMMYTATHBHA.
TaxzKe cIpaBeJIMBO yTBEpXJeHUEe O TOM, 4TO Jiobas KOHeYHas Ipylia H30MOpdHa CHUMMETPUYECKOil
I'pyIIe TOIXOAAIIETO TOPSIIKA, 1.

ITepecTaHOBKAMU MOXKHO ONUCHLIBATH BCEBO3MOKHBIC IIOBOPOTHI M CUMMeTpHHU. TaK, HaupuMep, IpyIia

cuMmMmerpuii rpada (rpyIia mepecTaHOBOK BEPIIKH, IPUBOAAIIUX K rpady, n30MOPMHOMY UCXOTHOMY )

2 4

3 5

COZIEP2KUT Beero versipe vneMenta: e, 1 = (133428), m=(133258), ms=(123239).

I'pad, 3amarommit mepecTaHOBKY MMeeT JOCTATOYHO mpoctoil Bui. [loscHuM 9TO Ha mpuMepe: MyCTh
JaHa I1epecTaHOBKa

12 3 4 5 6 7 8 9 10
4 9 2 6 10 71 8 3 5

Torma eit MOYKHO ITOCTABUTH B COOTBETCTBHE HAOOD HEIEPECEKAINXC S KOHTYPOB

1 4 2 9 ) 8

O

7 6 3 10

B sTOM ciyuae roopsT, UTO IepecTaHOBKa PacHalaeTcs Ha COOTBETCTBYIONIME UKL B obmeMm ciy-
4yae, HAYMHAZ MOC/IEJI0BATEIHHO IPUMEHITh [IEPECTAHOBKY K JIEMEHTY 4, 3aTeM K (i), U Tak jajee, B
CHJIy KOHEYHOCTH HCXOJHOIO MHOYKECTBa PAHO WM IO3JHO HACTYIUT IIOBTOP, 4 B CHJIy B3AUMHON OIHO-
3HAYHOCTHU IIEPECTAHOBKH 3TOT MOBTOP HACTYIUT TOT/IA, KOIJA 3HAYEHUE IEPECTAHOBKH CTAHET PABHBIM
. Taxkum 00pas3oM, mist 00O IIEPECTAHOBKH JIOIYCTHMO IIPEJICTABJICHAE B BHJE IIPOU3BEICHUA CBOUX
IIPOCTBIX IMKJIOB. IlepecTaHoBKa U3 IpHUMepa IPEeJCTaBIseTrcs B BUJE IPOU3BEeIeHUs CJIeAYIOmUM obpa-
som: [1,4,6,7][2,9,3][5,10] [8]. IIpu 5T0M HOPSIIOK 9JEMEHTOB BHYTPHU IUKJIA BayKeH, a HOPSIO0K IUKJIOB
B NIPOM3BEJICHNN He MIpaeT HMKakoil ponm. Ilo moroBopenHOCTH B masbHeimeM OyeM MUCATH UKL B
HOPAAKE BO3PACTAHUA UX HAMMEHBIIUX 3JIEMEHTOB. Takzke 9acTo He OyleM BBIACIATD UKLl ¢IUHIIHON
JUIVHBI, TO €CTh HETOBUKHBIE 37eMeHThI. Torma, ecom m = [C4], tme €'y — ynopsiioueHHbIi HAGOD Jte-
MEHTOB, 00pasyromux nuki, a m = [Cs], npu yerosuu C; NCo = & = 7 = 711 - Ty = mo - 11 = [C1] [Ca).
3ameTuM, 9TO B JAHHOM CJIydae IIepeCTAaHOBKH, MPeICTABIAIONINE IIPOCThIE IUKJIbI, KOMMYTHDPYIOT B CHILY
TOTO, 9TO Ha JI00O0I 3JIEMEHT B TAKOM IPOM3BEJCHUN OyJIET JEHCTBOBATH TOMLKO OJHA MEePECTAHOBKA.

Onpenenenue 1.1.2. Tunom nepecmanosku ™ muoocecmea X = {1,2,...,n} HA3BIBAETCS BEKTOP JJIN-
HBl N C II€JIIMA HEOTPHUIATEIBHBIMI KOMIIOHEHTAME A () = (A1, A2,..., A,), TIe A\ — 9HCIO TI€TeNb
(HEIIOABUKHBIX JIEMEHTOB), \; JJisl § = 2,1 — YHUCJIO IUKJIOB JJIAHBI i.
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Tun paccmorpennoit B npumepe nepecranosku Oyzer (1,1,1,1,0,0,0,0,0,0).
KoMIoHeHTBI BEKTOpa THUIIA MEPECTAHOBKHU YIOBJIETBOPSIIOT MIPOCTOMY COOTHOIIEHUIO:
n
i=1
3a1auMes BOIIPOCOM, CKOJIBKO NEPECTAHOBOK 113 S, nmeroT 3amaHHbI Tun. OTBETOM Ha HEro CIy>KNAT

. n!
CHIEYIOMEe TUCTO! 33 1A -

An An—1 A1

PaccrasiisieM Bce 1 971eMeHTOB 110 MecTaM (1! criocoboB). 3aTeM 0TOXKIECTBIIAEM HOPSIOK [UKJIOB BHY TPU
I'PYIIIBI MUKJIOB OJHON JIJTMHBI, TO €CTh JequM Ha A1! - -+ A, . Takske 0TOXKIECTBIsIEM TIOPSIIKA SJIEMEHTOR
BHYTDH IMKJIA, €CJIM OHU ONPEJIECIAIOT OJUH W TOT YK€ IMUKJI: JJIs KOHKPETHOTO IMKJIA JUIMHBI Kk 9HCI0
PA3IMYIHBIX CIOCOBOB €ro ONpeIeINTh B OMHON TpymIe pasHo k (k IMUKJINIECKUX CIBUTOB), TO €CTh JEJINM
Ha 1M ... pMn . TlomydaeM yTBEpKIaeMOe THCIIO.

By/eM rosopuTh, YTO 3/1EMEHTBI a; U a; B lepectanoske (7 . o L{'j ) obpasyior umeepcuro, ecinu
i < j & a; > a;. Yucno unsepcnit mepecranoBru 7 OymeMm obosHadars depe3 I (m). Tax, mampumep,

I(e)=0,I((L1m)= w = (g) Jlj1s1 1IepecTaHOBKU OLpEeNessieTcs 3HaK:

s5(m) = (-1 =4

—1, ec/m mepecTaHOBKA HEUeMmHA.

€CJIA IIepeCTaHOBKa “e€mHas,

s 3HAKA [1E€PEeCTAHOBKU BBIIOJIHSIETCS OUEBHIHOE CBOHCTBO sg (w1 - me) = sg(m1) - sg(me2). Tpauncuo-
3UIMsI JBYX JEMEHTOB i M j 0003HavYaeTcsi POCTO [i, j], TACTHBIM CJIydaeM TPAHCIIO3UIMA BBICTYIIAET
TPAHCIIO3UIMS JIBYX COCEJHUX JIEMEHTOB [i, 7 + 1]. CupaselyinBo yTBepK/IeHIe, UTO JHOYI0 [ePeCTaHOB-
Ky MOXKHO IIPEJICTABATH B BH/IE [IPOU3BE/ICHNST TPAHCIIO3UIMA JBYX COCETHAX IEMEHTOB, UNCIO KOTOPHIX
pPaBHO YHCJLy WHBEPCHUI IePeCTAHOBKU. JleficTBUTEBHO,

(o) bis] =gt

. a a

BepeM NpOM3BOJIBHYIO IEPECTAHOBKY M CMOTPHUM, ITO MEPEBOAUTCH €10 B equaniy: m = (i ). Torma
m-li—1,4-[i —2,i—1]---[1,2] = 71 euHUIY TIEPEBOIUT B €ANHUILY, IIPAYEM B CUJIY TOTO, ITO €MHUIIA
00pa30BbIBAJIA TPAHCIOZUIINI CO BCEMHU 3JIeMEHTAMHU JieBee, YUCIO0 TPAHCIO3UIINE yMEHBIIIIOCh POBHO HA,
1— 1. IlocTymaem TakzKe CO BCEMHU OCTaILHBIMU 3JIEMEHTAMH U MOJIy9IaeM, 9To 7 -t -to - - - t1(r) = e. [lanee,

TaK KaK OOPATHBIM 3JIEMEHTOM K TPAHCIIO3HIIEH JBYX JIEMEHTOB ABJIACTCA OHA caMa, T = tr(y) -« - ta - t1.
YMHOXKEHHE Ha KazK/[yI0 TPAHCIO3UIIIO M3MEHSAET 3HAK, CIIEI0BATE/IBHO, I(LHS)I JIIOOBIX JIBYX II€PECTAHOBOK

_ _ / _ I(m2) _
T =tp(my) - b1 W T =ty oo+ 1] BepHO, uTO sg (71 - m2) = sg (m1) (—1) = sg(m) sg (m2).

Bce 4ernble mepecTaHOBKH 00pa3yioT MOAIPYIILY CHMMETPUYECKON IPYNIbl. 3HAK JII00OH TPAHCIIO3H-
MU BUJA

~—
k
2k+1

pasen (—1) —1. Oupejennm 3HAK HPOU3BOJIILHOTO HPOCTOTO IMKJIA KAK HPOU3BEJIEHHE 3HAKOB

MPOCTHIX TPAHCIIO3UITNI, KOMITO3UIIEN KOTOPBIX SIBJISETCS JAHHBIA UK

[atas ... ax] = [a1as] [azas) - - [ax—1ax] = sg ([a1 ... ax]) = (=1)F 7 .
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Takum 00pazom, 9TOOBI OIPEIEJIUTH 3HAK IEPECTAHOBKHU, HY2KHO 3HATD UUCJIO IUKJIOB Y€THON JIJIMHBI:

E
A7) = (A, A2, ) = sg(m) = (=1) ¢

N3
| E—

A2i
1

IIpuHINI BKJIIOYEHUS W MCKJIOYEHHUs. I3 TeOpUM MHOXKECTB M3BECTHDBI IPOCTEHIINE MOITHOCTHBIE
pasencrBa: |[AUB| = |A|+|B|—|ANB|, [AUBUC|=|A|+|B|+|C|—-|ANnB|—|BNC|—|CNA|+
|AN BNC|urak panee. Cienyoliee IpeiIoXKeHne JI0KazKeM 110 UHAyKuuu. Ilycrb ecTh HCX0/HOEe MHO-
xectBo N, [N| = N u nabop csoiicts Py, ..., P,, komupyembie Habopom {1,2, ..., n} = [n]. s kaxnoro
aJ1IeMenTa (POPMYJIMPYEM Tt BLICKA3BIBAHUIT OTHOCUTEJILHO 00JIaIaHUsT UM KazKI0TO U3 3TUX CBOMCTB. IlycThb
I = {iy,ia,...,is} C [n] — nommuOKecTBO KO7IOB CBOiicTB. OGO3HAYNM

N[I] =t{a € N|a obnamaer B Tounoctn cpoiicrsamu P, , ..., P;, u Gonbine He 06/1a1a6T HIKAKAMY }

Tax, mampumep, N [&] pasao umncty smeMenTos N, He 06JAAIONAX HA OJHAM W3 YKA3AHHBIX CBONCTE.
Hasee, 0bo3HAINM

NI)= Y N[J]

ICJC[n]

— YHUCJIO JIEMEHTOB, 00/Ia/IA0IINX 33/ IaHHBIMU cBoiicTBaMu P, ..., P;, c Kojmamu u3 I u, ObITh MOXKET, ellie
KaKuMU-TO. B TepMunax n-mepHoro OyJsieBa Kyba, Bce BEPIIUHBI KOTOPOT'O [IOMEYeHbl HEOTPUIIATEIbHBIMU
HEJILIMU YUCIAMHI, TOKA3BIBAIOIIIMHI CKOJILKO 31eMeHTOB 13 N 00J1Ja10T COOTBETCTBYIOMUME CBORCTBA-
MU, 9TH YUCJIa UMEIOT CIEIYIONIHii colepKaTeJbablil cMbics: N [I] — 9T0 9UC/I0, IPUIIMCAHHOE BEpIIUHE, Y
KOTOPOIi BCe pa3psijibl ¢ HoMepaMu 13 I paBHbBI eJuHuIe, a ocraBiiuecs paBubl Hyso; N (I) — aro cymma
HCeI, TIPUITICAHHBIX BCEM BePIIMHAM IpaHu Mexay Bepruuoit N [I] u equamanoit. Ilycrs Temeps

Nyy= > N[J]
JC[n]
|J|=r

— YHCIIO 3JIEMEHTOB, 00JIaJAOMMX POBHO 1 (HEBaXKHO KAKUMM) cBoficTBamu. B n-mepHOM OysieBoM KybGe
9TO CyMMa 9YKCe/]I, IPUIUCAHHBIX BEPIIUHAM 7'-I'0 CJIOSI;

Ny = Z N (J)
JC(n)
|J|=r

— YMCJIO IEMEHTOB, O0JIaJa0IuX He MeHee T (HeBaXKHO KaKUMM) CBOHCTBamu. B n-mepHOoM OysieBoM
KyDe 9TO CymMMa YhceJI, IPUIMMCAHHBIX BEPIITMHAM BCEX CJIOEB, HAYWHAS C T-TO.
Teneps MOXKHO CHOPMYIUPOBATD NPUHUUN GKAIOUEHUA U UCKAIOUEHUA:

Teopema 1.1 (IIpuHIUN BKJIIOYEHUS] Y UCKJIIOYEHUS ).
N[o] = N(o) — N(l) + -+ (*1)1. N(i) + -+ (*1)71 N(n)7 (1.2)

m m+1 i (fm—+1 nem [T
Nimy = <m>N(m)_< m >N(m+1)+"'+(—1) ( m )N(m+i)+“'+(—1) <m>N(n)~ (1.3)
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Hoxasamenvcmeo. Tlpun =1 Nig = Ny~ N1y = N— N1y u dopmyra (1.2), ouesniHo, cripaBe/maBa.
IIycts dopmysta cupaseamuBa st n — 1 cBoiicTs. meem

-1
Npop = No) = Ny + Ngy = Nigy ++-- + (1) Nn—a)- (14)
Ota opmyJia crpaBeiuBa U Jjis COBOKYITHOCTH OOBEKTOB, 00JIa AKX CBONCTBOM 71
-1
N[n]=N(n) - Niy+-+ (=" Nip—1ys (1.5)
roe N, (3 — vmcmno 00BEKTOB, 0618 JAIOMIIX CBOMCTBOM N M €Il KAKAMHU-TO IPYTUMHU CBOMCTBAMME, YHCIIO

KOTOPBbIX HE MeHblIie j. Boranras dopmyny (1.5) uz (1.4), nonygaem dbopmysy (1.2).
Hokazxkem Ternepb dhopmyity (1.3). Ilepennmem ee coemyronmm o6pazoM:

n—m ) ,ZC n
N = 3 (-1)F <m+ ) 3 N
! k=0 m i=m-+k .
JokarkeM, 9TO KarXKJbIil TIPEIMET, 0D ANl B TOYHOCTH M CBOWCTBaMHU, Oy/IeT yITEH B Heil POBHO
onuH pa3. B camom jesie, anmeMeHTHI, obsaaromye S < 1M CBOHCTBAMU, HE YYHTHIBAIOTCS OYEBUIHBIM
obpazoM. DjeMeHT, 00J1aIAIoNUil 3aJaHHBIMIA § = M+t cBOHCTBaMU, OyJIeT yIUTHIBATHCS BO BHYTPEHHET
cyMMe (mH) pas. Ho

m+k
— m+k\ /m+t m+t\ o k(t) 1 mput=0
~1)* = -1 - ’
,;)( ) ( k )<m+k> ( m )kz_o( ) k 0 mpumt>D0.

Taxkum o6pasoM, B (1.3) POBHO IO OJHOMY Pa3y YUUTHIBAIOTCS JIEMEHTHI, 00JIAIAONIe B TOYHOCTH M,
CBOIICTBaMH, & OCTaJIbHbIE HE yYUTHIBAIOTCH. 0

[Tpunnun BKIIOYEHNsT 1 UCKITIOYEHNsT UMeeT BecoBoit aHaJior. [IycTs 3aana HeKOTOpas BecoBast PyHK-
g w : N — K, e K — koublio, crassmas Kaxjiomy sjiemedty a € N B cOOTBETCTBHE €ro Bec w (a).
Torma ecim Bo Bcex obo3HaveHnsx nmomeHsaTh N Ha 3Hadenune Beca W, TO CyMMAapHBIN BEC JIEMEHTOB,
00J1aTAr0MX POBHO M cBoiicTBaMu OyJjieT paBeH

Teopema 1.2 (BecoBoil BapuaHT NPUHINIIA BKJIIOYEHUSI U UCKJIIOYECHUS ).

m m+1 i fm+1 nem [T
Wim) = <m)W(m)( m >W(M+1)+"'+(l) ( m )W("L+i)+"'+(1) (m)w(n)~ (1.6)

Hoxazameavcmeso. Jlokazarenbcrso dopmysbl (1.6) MOJHOCTHIO aHAJOMMYHO JI0KA3ATEIbCTBY (DOPMY.I
(1.2) u (1.3) ¢ TeMm JIUIIb PA3JIMYNEM, YTO CINTATH HEOOXOJMMO He UHCJIO JIEMEHTOB, 8 MX CYMMAPHBIH
Bec. 0

ITepecTaHoBKM ¢ OrpaHUYeHUsSIMUA. bByjeM paccMaTpuUBATh B3AUMHO OJHO3HAYHBIE OTODPAKEHUS
muoxkecrBa X = {1,2,...,n} B cebs ¢ o2paruienusmu, TO €CTh JIJId KAZKJIOr0 3JeMeHTa Oy1eM 3allpenarhb
ero orobpakeHne B KaKue-To Jpyrue. B HIKeNnpuBeIeHHON TabJIuIe o] 9epTOil yKa3aHbl 3alpeThl s
KasKJI0r'0 3JIeMEHTA.

1 2 j n

1 2 J n
ap ai ... af a’
a} a3 ... a al
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Hekoropbie 3ampersl BIOJIHE MOTYT OBITH IIyCTHIMHE.
[TpumepoM 3a/1a91 Ha [IEPECTAHOBKYU C OIPAHMYEHUSIME MOYKET CJIYXKUTh 3adaua 0 becnopsdkax. B neit
Tpebyercsi HATH YUCIIO TIEPECTAHOBOK CO CJIEIYIONIUMU ONPAHUIEHUSIMU:

1 2 ... n
1 2 ... n

Takue 1epecTaHOBKU HA3BIBAIOTCS 6ecnopadkamy. Tucio GecriopsiikoB n-3JIeMEHTHOTO MHOXKeCTBa 000-
3HauUM D,,.

3a1a9n Ha TIEPECTAHOBKH C OIPAHTYCHUSIME TaCTO CBOIATCS K moacdeTy nepmanenma 0, 1-mampuiot.
BenoMuuM, 9T0 onpeaennTeeM KBaIpaTHON MaTpullbl A, pasmepa n X n HA3bIBAETCs CJIELYIOIIee YUCIO:

det (A’ﬂ) = Z Sg (ﬂ-) CA1,7(1) " A2,7(2) " Anyw(n)-
TESy

O600IMEHnAMY OTIPEAETUTES CIIY KAT TUCIIA, IOy IaeMble 3aMEHON B TPABOH YaCTH 3HAKA TTEPECTAHOBKH
sg () mekoropoit apyroit dyukimeil nepecranosku f (), HazpiBaeMoil B aToM citydae dynkyuet lypa.
U3 Becex Takux dbynkumii pacemorpuM oxny: f (m) = 1. Beipakenne

per (A,) = Z A1,7(1) " G2,7(2) " Oy (n) s
TES,

[IOJIy9aeMoe B 9TOM CJIydae, HA3bIBAETCS nepmanermom mampuys.. OH 00J1a/1a€T HEKOTOPBIMU CBOMCTBA-
MU, CXOXKHMMH CO CBOWCTBaMU ompemeanTess. Tak, HAIPUMED, €CJId MATPUILy TPAHCIOHUPOBATH, TO €€
epMaHeHT He M3MEHUTCs. TakrKe, IPU BBIYUCICHUN TTIEPMAHEHTA MOYKHO UCIIOJIB30BATH PA3JIOKEHUE 110
crpoke mim cronbiy. Ho ecTh u pasiaudusi: ecii NepecTaBuTh JBe CTPOKH (1Ba CTOJIONA), MepMAaHEeHT
HE U3MEHUTCS B OTJIMYUU OT OIPEJICJINTEJIs, KOTOPBIN ImoMeHsieT 3HaK. Takyke, nmobaByeHue K OHON U3
cTpOK (OZHOMY U3 CTOJIONOB) JIMHEHHON KOMOMHAIMM JPYTUX CTPOK (CTOJIOIOB), BOOOIIE TOBOPS, MEHsI-
er mepmanenT. OmpeeseHne mepMaHeHTa MOYKHO OOOOIIUTD HA CAydail IPsAMOYTOIBHON MATPHUIIBL: €CJIH,
HAIPUMED, YUCJIO CTOJIOOB M GOJIBbINEe YUCIa CTPOK 7, TO TepMaHEeHT Oy/IeT PABEH CyMMe BCEBO3MOXKHBIX
PA3JIMYIHBIX [TPOU3BEJICHNN 3JIEMEHTOB, B3dTHIX M3 PAa3HBIX CTPOK U PA3HBIX CTOJIONOB. B mobaBieHne K
BBIIIIECKA3aHHOMY 3aMETHM, UTO BBIUNC/IEHHE [ePMaHeHTa siBisieTcss NP-mosHoi 3anaueii (B HacTOsIMiA
MOMEHT WM3BECTHBI TOJBKO IKCIIOHEHIMAJbHBIE AJTOPUTMbI BLIYUCICHNs [IEPMAHEHTA), B TO BPEMs Kak
3a/1a49a BBIYUCJICHUS OIPEJIeJIATe sl OJIMHOMUaIbHa (u3BecTHbI MeTos [aycca tpebyer O (n2) YMHOXKe-

s Tabsuisl 3anperoB crpouM () — 1-MaTpuily pa3mepa n X 1, B KOTOPOi CTOJIOIAM IPUIIUIIEM dJjIe-
MEHTBI HCXOJIHOTO MHOYKECTBA, & CTPOKAM — 3allpeThl Ha 0ToOparkeHusi. Equuuily B mosurmn (i, j) craBum
TOIJIA ¥ TOJIBKO TOTJIA, KOIJIA JIEMEHT § MOYKET 0TOOpayKaThCsl IIEPECTAHOBKON B 9JIEMEHT j, B IPOTUBHOM
ciydae (eciu orobparkeHue ¢ B j 3alPEIIEHO), CTaBUM HyJib. MexXKIly lepecTaHOBKAMU U CJAraeMbIMU B
epMaHEHTE YCTAHABIMBACTCSA B3AMMHO OJIHO3HAYHOE COOTBeTCTBHE. EC/IH mepecTaHoBKa HAPYIIAET XOTS
OBl OJIVH 3aIIpeT, TO COOTBETCTBYIOIIEE eif cjaraeMoe OyJIeT paBHO HYJIIO, B IPOTUBHOM CJIydae OHO Oyzer
paBHO enmHHUIE. TakuM 00pa30M, YHUCIO IIEPECTAHOBOK C 3arperaMu OyJIeT TPOCTO PABHO IEPMAHEHTY
COOTBETCTBYIOMIEH MATPHUIIBI.

st 3aj1avu 0 6ecropsi/ikax HepMaHeHT BBITVISIUT CJIEIYIONIM 00pa30M:

01 1 ... 1
1 01 1
1 10 1
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Ilpun =2

0 1
per (1 0) =1;

1
0
1

IIpun=3

per =2.

== O
O~

BrisbiBaer nHrepec 1noBeeHne BeJIMINHbI YUCJIa 6eCHOpH,ZLKOB N-3JIEMEHTHOI'O MHO>KEeCTBa .Dn opmun — Q.
BosmoxkubI YeTbIpe BapuaHTa:

D D 1 D
— =0 L —a, 0<a<<; — —a,
n! n! 2 n!

D,
<a<l; =,
n!

N |

Bocmonbsyemcest mpuaInnom Britouenust u uckiodenus. Obosnaanm 11t ¢ = 1, n cBoiicrBoMm P; mepecra-
HOBKHU TOT (aKT, 9TO ¢ — 7. 3aJ1a9a CBEJIACH K IMOJCYETy OOINEero 9ucjia MepecTaHOBOK, HE 00JIaTaI0IIIX
HU OJIHAM U3 9TUX CBOWUCTB:

Nigj = Noy = Nty + -+ + (1) Nigy + -+ + (=1)" 7" Ny =

n! - (T) (nl)!+(g> (n =21+ -+ (-1)" (;) (n—m)l 4+ (-1)" (Z) (n—n)! =

nl ol ()" nt +(_1)"n!:n!<1_11!+21!+m+(-1)m+_._+(_1')”>.

n! [ — R— “ e S — “ e
TR TR M- al
yCTpeMJIHSI n K 6eCKOHe[IHOCTI/I HOJIyqaeM aCHMHTOTHKy qucJjia 6eCHOpH,Z[KOB:

D, - m 1
- ——8=> (-1 'm:elzf.
m=0

Takum 06pa30oM, MPABUIHLHBIM OKA3AJICS BTOPOU BapHaHT. 3a/1ady O YUc/Ie GECIIOPSIIKOB HA3BIBAIOT TAKKe
3adavetc Monmopa.

Ipyroit m3BecTHOI 3a/iadeil HA TIEPECTAHOBKHU C OPAHUYEHUSIMU siBJisieTcst 3adaya Joxa, wim 3adava
o cynpyorceckux napax. OHA 3aKIIOIACTCI B HAXOXKICHUN IHCIA PACCAIOK 3 KPYIVIBINH 2n-MEeCTHBIH CTOJ
7 CYIIPY?KECKUX ap TaK, YTOObI HUKAKas CyIPYZKeCKas Iapa He OKa3aJiach Ha COCEJIHUX CTYIbsX. HOTIA
9Ty 3aJ1ady HA3bIBAIOT TaKKe 3a0dayelts MarHcopioma.

ITycThb BCe cTynbs poHyMepoBaHbl cuMBosiamu 1,17,2,2' ... n,n’. Byaem 6e3 orpanudenust oGMHOCTH
PaCCyKJIEHUl CINTATH, YTO HA CTYJIbSX CO IMITPUXAMHU MOTYT CHJETh [EPCOHBI JIUIIL OJHOrO mosa. Jjis
Havajga 3aMETHM, YTO MEPe] TeM, KaK OyIyT paccayKeHbl BCe TMapbl, MOXKHO PACCMOTPETHh BCEBO3MOXKHBIE
paccajKu JaM U OTHOCUTEJIbHO Y2K€ UX MCKATh JOIyCTHMBbIE PACCAIKU MYKIHH. TakuM 0Opa3oM, 9ucyo
pa3peIIeHHbIX PaccajoK Ccymnpykeckux map pasao 2 - n! - U,, rae U, — [4ucjio crocoboB paccauTb n
MY2KYMH TaK, 4TOOBI CyIPYrHd HE CHUJe/H psijoM. Tabjuia 3amperos Oy/eT B JAHHOM CJIy4ae BBIIJISIETH
CJIETyIOIIUM 0OPA30M:

1 2 ... 7 ... n—1 n
1 2 ... 1 ... n—1 n
2 3 i+1 ... n 1 (1.7)
P11 P2 Di oo Pn—1 Pn
1 P Pi .o Pho1i Ph
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3&,&3‘1& CBOJUTCA K BBIYUCJ/ICHUIO II€pMaHEHTa MaTPUIbI

0011 11
1 0 0 1 11
1 10 0 11
1 110 11
1 111 0 0
01 1 1 1 0

Ecin obosnauurs depes J MaTpully, Bce JIEMEHTBI KOTOPOil cyTh enuHunpl, I — exunudnyio (Ha aua-
FOHAJIM KOTOPOM CTOSIT €JMHUIbI, & BHE auaroHaiu Hyiu), C — YUPKYAAPHYIO MAMPUYY, ¥ KOTOPOit
HaJ| JIMaroHAJIbIO, a TaK»Ke Ha MeCTe 3JIeMEHTa IIepPBOr0o CTOJIONA IOCIeIHel CTPOKU CTOSIT €JMHUIIBI, &
OCTAJIbHBIE 2JIEMEHTHI PABHBI HYJIO, TO 3aJa4a JIroKka ceojurcs K Bbrauciennto per (J — I — C'), a 3a7a4a
Monnmopa k per (J — I).

Bresem 2n BooOIIE TOBOPSI MPOTUBOPEUYUBBIX CBOWCTB, MPUYEM MPOTHBOPEUMBLIME SIBJISIIOTCS JIIOOBIE
HaOOPBI, COIEPIKAIIIE XOTsI ObI OJIHY U3 Tap

{plvpll} ) {p117p2} ’ {anp/Q} ) {P/27P3} PR {pzap;} ) {P§>pi+1} PRI {p/n—lapn} ) {pnap/n} ) {p;mpl} .

DTO JIETKO TPEICTABUTh HA PUCYHKE, PACIIOJIOXKUB 3TU CBOWCTBA B KPYT:

/
- p1 p1\
Pn b2
Pn p/2
~ -
p; ——Dpi (1.8)

13 s1ux 2n 06beKTOB, PACIOIOKEHHBIX B KPyTe, BBIOMpaeTcs k, He PACIOJIOKEHHBIX PsiloM. Permum cHa-
gaJia BCIOMOTATeIbHYIO 33/1a9y: HAlIeM YUCI0 CIIOCOOOB BBIOPATH M3 1 PACHOJIOKEHHBIX B Psil 00HEKTOB
k, He pacooKEeHHDBIX PSAIOM.

Jlemma 1.1.1 (Kannauckwuii).

Er— —k+1
f(n,k)ﬂ{&EIBSn|Vz‘1,n1:>aiaiHO}<n +>.

k

Joxazameavcmeo. OueBumuo, aro f(1,0) = f(1,1) =1, k > 2 = f(1,k) = 0. JokaxkeM [0 UHILyKIUH
CJIe Iy ToInee MpeJIozKeHre:

fk)=fn—LEk)+f(n—2k—-1) (1.9)
HeitcTBUTETHHO, CTIOCOOBI BHIOPATDH k HECOCEICTBYIONINX O0BEKTOB PACIIAIAIOTCS Ha JBa HETIEPECEKAIOTINX-
Csl BApUaHTa: MOCJIeTHUM JIeMEeHT He BBIOpaH, HO TOIVIA YHCJIO CIIOCOOOB BBIOpaTh k 00beKTOB cpeau n — 1
[ePBBIX PABHO Kak pa3 f (n — 1, k); nocsreHuii seMeHT BHIOPAH, B 9TOM CiIyuae BHIOUpaTh k — 1 00beKToB
MOKHO TOJIBKO CDPEIU IEPBBIX 1 — 2, TO ecTh 4ucio crnocobos f (n — 2,k — 1). Ilpemioxenue nokaszaHo.
s nossoro onpenesenus f (n, k) ocrasoch onpeesnTh BTOPYIO CTPOYKY U IIEPBBIE JBa CTOJIONA:

f(2,00=1, f(2,1)=2,k>23= f(2,k)=0, f(n,0)=1, f(n,1)=n.
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Harnsano 910 MOXKHO TpeaCcTaBUThL Ha TaOJIATIE:

k
o1 2 34 5
O 110 O 0O O O
1 |1/1 0 0 0 O
2 |12 0 0 0 O
3 |1]3 0 ... ...
4 |14 0 ......... (1.10)
5 1|5 ...
6 |16 ...... . .. ... .. ...
n—2,
k—1
n—1,
k
2

TeHepb JIEI'KO IIOHSATh, 9TO pelIieHueM TaKOI'0 PEKYPPEHTHOI'O YPDaBHCHUA 6y,ueT ABJIATBCA KaK pa3 Tpe6y—

€MbIli OMHOMUAJIBHBIN KO3(MMUIIEHT (”7,2”1). 0

JIemma 1.1.2 (Kanurauckuii).

_ —k
gnk)=t{aeB"|Vi=1T,n— 1= aqja;41 =0, alan_o}_nﬁk(nk )

JHoxazameavcmeo. Ilpu Boibope k 06bekToB 13 nukia (1.8) BO3MOXKHBI JBa CJIydasi: MOCJACAHUNA OOHEKT
He BBIOpAH — B 9TOM CJIydae YUCIO BAPHAHTOB IpocTo paBHO f (n — 1,k); nociaenuuit 00bekT BoIGpaH —
Torga anciao BapuaHToB f (n — 3,k — 1), Tak Kak MOMHUMO IIOCJIETHETO HeJb3sl BHIOUPATh TAKXKEe Terephb
npeocaeauil u nepsbiit. Takum obpaszom,

g(nvk):f(n_lak)+f(n_3vk_1):

()= O Crame) = () o

9T0 U TPeOOBAJIOCH JT0KA3ATh O

Tenepsb MBI FOTOBBI IaTh OTBET Ha Bolpoc 3aua4un JIwoka: M, = 2nlU,,, roe U, — 9UCiIO IepeCTaHOBOK C
OIDaHUYEHUSIME, BXOJAIIUME B IPOTUBOPEYHE JIPYT ¢ Ipyrom B coorsercrsun ¢ (1.8). Hucsio Beibpars u3

o 2 2n—k
2n cBoficTB k HENPOTHBOPEUMBBIX paBHO v = 5o (*" ). Tora JIerko BUIETD, YTO COIVIACHO IPHHIMUILY
BKJTIOYEHHsT U MCK/TIOUCHHST
k
Up=vo-nl—vi-(n—D4+vy-(n—=2) =+ (=) v - (n—k)+-+(=1)" v, - (n —n)! =

zi: (—1)" % (2”k k) (n— k).

k=0

IIpumepsi.

1. Nmeercst kKomoza u3 4n (n = 5) KapT, KOTOPas COJAEPIKUT KAPThI Y€THIPEX MACTEIl 110 N KAPT KaXKJI0i
MaCTH, 32aHYMEPOBAaHHBIX unuciaaMu 1,2, ..., n. [logcantars, CKOJIBKUME CIIOCODAME MOYXKHO BHIOPATH
IATHh KapT TaK, YTO CPEIU HUX OKAXKYTCS:
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(a) Ilare mocsiemoBaTebHBIX KAPT OIHON MACTH.

Pewenue. Ecnm npeactaBuTh KOJIOLY B BUIAE TAOTHUIIHI 4 X 1, CTPOKU KOTOPOit OYIyT COMEPKATD
KapThI OJIHOI MACTH, YIOPSIOYEHHBIE 10 BO3PACTAHUIO, TO JIETKO YBUJIETh, ITO YUCI0 UCKOMBIX
crioco6oB pasuo 4 (n — 4).

n
HeiicTBuTesibHO, 0HUM U3 4 CrIOCOO0OB MOXKHO BBIOPATH OJHY CTPOKY, & 3aTeM OJHUM u3 n — 4
CItI0co00B — TIOCIEI0BATEIBHOCTD U3 5 MOAPSL UIYIINX KAPT. ]

(b) Iarh nociaeaoBaTEIbHBIX KAPT, U3 KOTOPBIX 10 KpaiiHeil Mepe JiBe Pa3HbIX MacCTeil.

Pewenue. CHOBa 06pamasich K TabJInIle, MOKHO MOHATh, YTO BCETO MOJPST UYIIUX IATEPOK
4° (n — 4), u3 xoropwix corsacuo (1a) 4 (n — 4) cocroaT uz kapt oanoit Mactu. CiieoBaTebHO,
HEOTHOPOJIHBIX TIATePoK Beero 4° (n —4) — 4 (n — 4) = 1020 (n — 4). O

(¢) YerbIpe KapThl U3 [IATH C OJANHAKOBBIMU HOMEDAMH.
Pewenue. CHOBa 13 TaOIUIIBI BUIHO, ITO TAKOMY BBIOODY COOTBETCTBYET BBIOOD IIEJIOTO CTOJO-
a Tabsunel (N CrocoboB) U BBIOOD eIle OFHON KApPThI CPEIU OCTABIIUXCS 1 — 1 CTOJIBIOB, TO
€CThb BCero Bo3MoxkHocTel n (4n — 4) = 4n (n — 1). O

(d) Tpu KapThl ¢ ONHUM HOMEPOM M JIBE KAPTHI C JAPYTUMU.

Pewenue. Takoil BHIGOD PABHOCUIIEH BBIJEJIEHHUIO B TAOJMIE OJHOTO cTosI0Na (n crnocoboB), B

KOTOPOM 3aTeM BBIOMPAIOTCH 3 JIEMEHTA ((g) C110CcOBOB), MOCJIE Y€ro BHIOUPAIOTCS IBA JPYTUX

cTOJSIOIA ((”;1)), B KaKJIOM U3 KOTOPBIX BRIOUpAETCst IO 1 9j1eMeHTy ((le) CIIOCOOOB HE3ABUCUMO
JUIsL KaxKoro crobna). Takum obpasom, Bcero n - (3) . ("gl) . (‘11)2 =32n(n—-1)(n—2)
CIOCO0OB. 0

2. Haiitu gmciio crrocoboB pacKaIKd N PA3JAIHBIX [MIAPOB IO 17 PA3JINIHBIM yPHAM.

Pewerue. D10 9uCI0, 09€BUIHO, PABHO HaiimenHoMmy B maparpade 1.1 amciay pasandabix orobpa-
JKEHU! N-3JIeMEHTHOTO MHOYKECTBA, B 1M-3JIEMEHTHOE, TO eCTb m™. O

3. CKOJIILKMMHE CIIOCODAMU MOZKHO Pa3MECTHUTh N OAWHAKOBBIX IIapOB II0 1 Pa3JIMYHBIM ypHaM7

Pewenue. ITO 4UCHO ABIACTCS TIUCIOM peHleHI/Iﬁ CHUCTEMBI (11), TO €CTb YHCIY COYeTaHHH C II0-
n+m—1) D

BTOPEHUAMUA ( n

4. CKOJIBKHAMH CIIOCODAMU MOYKHO PA3JIOKHUTDb 1 = M1 +No+ - -+Ny PA3IUIHBIX IIAPOB 10 k PA3IUIHBIM
YPHAM TaK, 9TOOBI B IIEPBYIO YPHY IOIAJO 711 MAPOB, BO BTOPYIO — Ny W Tak JaJee, B k-10 — ny?
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Pewerue. DT0 9UCIO BBIYUCISIETCS HEITIOCPECTBEHHO: CHAYAJA U3 7 MIAPOB BLIOMPAEM 71 IAPOB
n
((m) criocobaMul) U IIOMEINaeM UX B LEPBYIO YPHY. 3aTeM U3 OCTABIIMXCS 1 — 71 IIAPOB BHIOUpa-

eM Ty 11apoB ((";:1) criocobaMu) U [OMeIIaeM MX BO BTOPYIO YPHY M TaK JaJee, U3 OCTABIINXCS

nomT e l) = 1 enocoGamu) 1
Nk

nfnl) (n7n17~~7nk71) _ n!
no ngk T nilng!leng!”

HEBBLIOPAHHBIMU N — N1 — - - - — N1 IIAPOB BEIOUPAEM Ny, MapoB ((
omerraeM ux B k-1o ypuy. Beero crioco6oB mosyqaercst (:1) (

OTO YNCI0 HA3BIBAETCS NOAUHOMUAADHBIM KOIPPuLyuenmom 1 0603HaTAETCS (nm:nk) ITo anaso-

ruu ¢ OMHOMUAJBHBIMEU KOI(MDMUITMEHTAMY, ABJISIOMUMICS KOI(DDUITMEHTAMI PA3JIOKEHUs OHHOMA

n n
Herorona (1 +2)" = Y (})a* mm, uro 1o xe camoe, (a +b)" = 3 (})a*b"~*, nomunomnasnbhere

K03 DUIUEHTDI ABISIOTC KoM UIIMEeHTAME PA3IOXKEHUST aHAJIOTTIHOTO TOJINHOMA

n L
(a1+a2+---+ak) = § a?lagz...azk.
nit+nzt+--+np=n
n; >0, i=1,k

O

n (n > 2) YeJoBeK cajdTcs 3a Kpyribli crosi. JIBa pasmerneHust 1o MecTaM Oy/eM CYHTATh COB-
NAIAIONIUMEI, €CJIA KasKbll 9eJJOBEK MMeeT OJHUX M TeX Ke coceleil B obonx ciaydasx. CKOJBKO
CyIIeCTBYeT CII0COOOB CEeCTh 3a CTON!

Pewenue. Kaxnoii paccajike B3aHMHO OJHOZHATHO COOTBETCTBYET IIEPECTAHOBKA 7 IEJIBIX <HCEJI
0,1,...,n — 1. Bce n! mepecranoBok pa3fuBaloTCs HA KJIACCHI SKBUBAJCHTHOCTH IO CJIELYIOMIEMY
OPUHIUILY: J(BE II€PECTAHOBKU 71 W To SKBUBAJEHTHBI B TOM M TOJBKO B TOM CJIy4ae, KOIJIA JId-
60 m (x) = 72 (z +4) musa vHekoroporo i € {0,...,n — 1} (cioxKeHHe TPOU3BOAUTCS 1O MOJLYIIIO
n) u jus Beex ¢ = 1,n, qubo w1 () = w2 (i —x) ana vekoroporo i € {0,...,n — 1} (BbranTanue
IPOU3BOJUTCS 110 MOJIYJIO 1) ¥ JUIsl BCeX & = 1,n. B KasK/I0M Kjacce SKBHBAJIEHTHOCTH 21 I1epe-
CTAHOBOK, 71 CJIBUTOB M 7 OTPA’KEHHBIX CIABUTOB. TakuM 06pasoM, BCErO KJIACCOB YKBUBAJIEHTHOCTU

) [ | O

CKOIBKAMI CIOCOOAME MOXKHO TIOCAJIATH 338 KPYIVIBI CTOJ 7 MYKYWH U 7 YKEHIIUH TaK, ITOOLI
HUKAKWE JIBA JINIIA OJTHOTO TI0JIa HE CHJIEJIA PSIOM?

Pewenue. Bynem 0603HaYATH MHOXKECTBO KEHIIMH YHCIAME 1,...,7, & MHOMXKECTBO MYXKIMH —
quesamu 1+ 1, . .., 2n. Kaxas paccajika sBISIOTCS IEPECTAHOBKOM 00'beINHEHNST STHX MHOMKECTB.
ITepecTaHoOBKA, COOTBETCTBYIONIA PACCAJIKE, YIOBIECTBOPSIONIEH YCIOBHIO, JODKHA ducaa 1,...,n
COILIOCTAB/IATH JIN0O TOJIBKO YETHBIM YHCIaM, JIub0 HedeTHBIM (2 BO3SMOXKHOCTH), IIPU 9TOM aBTO-
MaTHYIeCKN Iucyaa n + 1,...,2n CONOCTABITCS TONBKO HEUYETHBIM, JIMOO TOJBKO UETHBIM UHCIIAM.
ITepecTaBuTh [EpBBIE N YHUCE YKA3AHHBIM 0OPa30M MOXKHO n! crnocobamu, IIpH 9TOM Jisi KasK IO
UX TIEPECTAHOBKU BTOPBIE 7 IHCE MOXKHO [IepecTaBuTh Takke n! cnocobamu. Takum o6pa3oM, Bcero
MCKOMBIX TepecTanoBok 2 (n!)?, O

CKOJILKMMH CII0CO6aMHU MOYKHO COCTABUTHL TPH HAPbl U3 N MIAXMATHCTOB?

Pewenue. Tlepsyio napy MoxHO BbIGPaTh () crocobami, BTOpyio ("_2) TPeThIO ("_4) IIpu sTom
. 2 ) 2 ) 2 )

HOPSIOK Tap He uMeeT 3Hadenus. OIHY U Ty Ke TPOHKY Nap MOKHO YHOPAZ0UuThL 3! crocobamu,

(G 15(7) = [ng 0

TO €CThb BCErO CIOCODOB COCTABUTDL TPU IIapbl 31 18
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8.

10.

11.

CKOJIBKO Jie/uTesieil uMeerT 9ucao ¢ = piips? -« pin, rue p; — PasIudHbIe IPOCTHIE YUCIA, (; —

HEKOTOpbIe HAaTypaJsibuble dnciia? YeMmy paBHa cymMMma jesuresieii?

Pewenue. ()‘IeBI/I,ZLHO7 9TO 9UCJIO 7" ABJIACTCHA JeJIUTeJIEM 9UC/Ia ¢ B TOM U TOJIBKO B TOM CJ/Iy4ae, KOrJ1a

n
q= p’f ! p’gz - pBr B < a;. Crenosaresbro, uto Beero pemmreneit [[ (o + 1). Tasee, cymmoii Beex
i=1

> opl (1.12)

JIeJIATEJIEN ABIAETCA

BiS o
i=1,n
OueBnHO, YTO 9TA CyMMa paBHA
p{li+1 -1
(Ltprttp™) oo (Lt pot oo+ po) =H7’p,_1 : (1.13)
i=1
TaK Kak Beskoe caaraemoe u3 (1.12) moxkuo naiitu B (1.13) u naobopor. O

CKOJIBKO MOXKHO COCTaBHUTL IIEPECTAHOBOK U3 M 3JEMEHTOB, B KOTOPBLIX JAHHBIC 17 3JIEMEHTOB HE
CTOST PSIIOM B JIIOOOM MOpsiake?

Pewerue. Beero nepectanoBok n!. GUKCHpOBaHHBIE 1M JIEMEHTOB MOXKHO TOCTABUTL DPIIOM 1!
cuocobamu. OcraBuIrecs 3JeMEHTbl MOKHO yHOPAa049uTh (n — m)! pasauanbiMu cnocobamu. Pas-
MECTHUTB I'PYIIIY BbIJIEJIEHHBIX 17, 3JIEMEHTOB CPEJIN 7l 3JIEMEHTOB MOXKHO 1. —m + 1 criocobom. Takum
06pa3oM, UNCII0 UCKOMBIX [IepeCcTaHoBOK pasHO n! —m!(n —m + 1)l O

Ckompko cymectByer dnces or 0 70 10™, B KOTOpbIE He BXOJST JIBE WIYIHUE APYT 32 JPYyTOM OJIU-
HaKOBbIE IUQPHI!

Pewenue. Paccmorpum k-paspsijiHbie UUCIa, B KOTOPBIX HUKAKUE JIBE TIOAPS UAYIINE TUPPHI He
noBropsitorcst. Haitem mx kosmaectBo. lepBblit pa3psig MOXKeT OBbITH ITPOW3BOJBHBIM U3 MHOXKE-
crea {1,2,3,4,5,6,7,8,9}. Bropoit pa3psi/i MOKeT OBITh HPOU3BOJIBLHBIM U3 ITOIO YK€ MHOXKECTBA
WM HyJeM, HO He paBeH IMepBOMY M TakK JaJjee. TakKmM 00pa3oM, KaxKIbI pas3psia MpHU MOCTPOEH-
HOM TIPEIBIAYIIEM TPUHAJIEKUT JIEBITHIIEMEHTHOMY MHOYKECTBY, TO €CTh BCErO UHCeJ IIUHbI k,
VJAOBJIETBOPAIONINX ycaoBuio 3a1adu 9. Byaem takxke cautars ducio 0 coctosmum ux 0 pa3psiion.
TTocKobKY MCKOMBIE YHCIIa UMEIOT B JecsaTuaHOl 3ammcn ot 1 70 n nudp (10" umeer n + 1 mudpy,
HO HE IOJXOIUT IIPU N > 2), BCEr0 IHCes

9n+1 -1

2.0 =5
O

CKOJIBKO CYIIECTBYET N-3HAYHBIX HATYPAJIbHBIX YHCEJI, Y KOTOPBIX NU(PHI PACIIOJIOXKEHBI B HEYObI-
BaIOIIEM TOopsiaKe?
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Pewenue. KaxximoMy n-3HAYHOMY YHUCIYy B HAECSITUYHON CHCTEME CUNCIEHUS KOTOPOro mudphl
)

PACITIOIOXKEHBI B HEYOBIBAIOIIEM TIOPSIIKE, MOYKHO B3aWMHO OJIHO3HATHO TMOCTABUTH B COOTBETCTBHE

IIOCJIE/IOBATEILHOCTD U3 HyJIeil U eJUHUIL JJIUHBI 1 + 9 ciaemyromuM obpasom: quciay 1---1---9---9

y y Y. AR )

kl kg
coorBercTtByeT 1---101---10---01---1, TO ecTh cCHa4YaJIA& UJET CTOJIBKO €JIMHUII, CKOJIbKUMU €M~
——  —— ——

k1 ko ko
HUIaMHJ HAYUHACTCA IUCJIO, 3aTeM UAET HYJIb, 3aT€M CTOJIBKO €INHUI[, CKOJIbKO ABOECK, 1 TaK JaJiee.

OueBu1HO, YTO JJIMHA TAKOI HOC/IeI0BaTeIbHOCTH Oy 1eT n+8, TaK KaK KaxK 10l 13 n mudp UCXOIHO-
IO YHCIa COOTBETCTBYET OJIHA €UHHUIA, a Pa3IeJUTe/lIsIMI BhicTynaloT Hyan. O6paTHO, 1o KaxKIoil
TAKOH I0CJIeIOBATETEHOCTI MOYKHO OJJHO3HAYHO BOCCTAHOBUTD UMCJIO: CHAYAJIA ITUIIEM CTOJILKO €JTH-
HMUII, CKOJIKO €IMHHUI] CTOUT IIepeJ], IePBLIM HyJIEM B IIOCIEI0BATEILHOCTH, 3aTeM IPOIyCKaeM HyJIb
U IUIIEeM CTOJILKO JIBOEK, CKOJIbKO CTOUT B HOC/IEeI0BATEIHLHOCTH MEXK Ly IePBLIM U BTOPLIM HYJIAMUI
u Tak masee. ITak, ICKOMBIX THCET CTOIBKO YK€, CKOMBKO TOCTIeOBATeILHOCTEH U3 HyJIeH 1 e TIHIII
IUINHBL 1 + 8, comepKamnx 8 HyJeil, TO eCTh (":8). O

Jlokazarh CBOMCTBO OMHOMUAJIBHBIX KO MDUIINEHTOB

n n—1 n—1
i) = k + r_1) (1.14)

Pewenue. Ilycts n > 2, k > 1. Torma MHOXKECTBO HAOOPOB JJIMHBLI 1 ¢ k IUHUIAME PACIAIAETCS
HA J[BA HEIEPECEKAIOMNXCS MHOYKECTBA: 3aKAHIUBAIOIIIXCS HYJIEM U 3aKAHIUBAIOIIIXCS € TMHUIICH.
Yuco HAbOPOB JJIMHBI N ¢ Kk €IUHUIIAME, 3aKAHIUBAIOIINXCS HYJIEM, DABHO ("gl)7 a 3aKaHINBa-
FOIIUXCS] € TMHUIEH (Zj) Tak Kak MOIIHOCTH OObeMHEHMs JIBYX HEIePEeCEeKaIONXCs MHOXKECTB
paBHA CyMMe MX MOIIHOCTE, CBONCTBO JIOKA3aHO.

Bce Brimeckazantoe 1aeT BO3MOXXHOCTH PEKYPPEHTHO OIIPEIEINTh ONHOMUAJIbHBIE KOI(DMOUITUEHTHI.
Bynem cunrarh, 9TO CymiecTByeT OfHA MOCIEAOBATENIHHOCTD JJIUHBI HYJIb, COJEPIKAIIasi HYJIb €Ii-
HUII, ¥ HE CYIIECTBYET HU OJIHO MMOCIIEI0BATEILHOCTH TOM YK€ JTHHBI, COAEPKAIIEH OOIbIIe eIMHUII.
Taxk>ke, BIIOJIHE €CTECTBEHHO II0JIaraTh, YTO CYIIECTBYET OJIHA IIOCJIEI0BATEILHOCTD JJINHBI € TMHUIA,
coJieprKaInas HyJIb €JMHMUIL, OJIHA IOCJIE0BATEILHOCTD TOW K€ JIJIMHBI, COJIEePXKAIlast OJHY €NHU-
Iy, ¥ WHBIX OCJIEI0BATEIBHOCTEN TOI Ke JJIMHBL HE CYIecTByeT. TakuMm o0pa3oM, OMHOMUAJIbLHBIE
K03 DUIMEHTHI MOTYT OBITH OMPEEICHBI CJIEAYIONEl CUCTEMOI:

0 _1
0
n
L =0, ectu n < 0 nmm k < 0,
ny n—1 n n—1 —
)T\ k k1) e
AIn
g -1, n =0,
0
=0 k>1,
k; b
n n—1 n—1
_ >1
L )Ty ) n, k
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Harnsano 310 MOYXKHO TIPEeACTaBUTh Ha TAOJIATIE:

ol 2 3 4 3

0 [1]0 0 0 0 0

1 [1]1 00 0 0

5 [1]2 1 0 0 0

3 113

A l1la

5 11l5 .

6 | 1|6 ... .
n—1,[n—1,
k*l/k
"

ot GHIBACT YI0GHO IPEICTABHTS B B TpeyTOTbHIKA:
PN
/ N - 1\
~ BN - AN / \
~ N - . - . - \

O
o (DFm 1 1
13. Jlokasars pasenctBo ». ——— () =1+ 3+ + L.
k=1
n (_1)k71 " n k=1 (n\ b1
Pewenue. Obosnatum * = Y. ‘——(}). Pacemorpnm dynkummo ¢ Y- (=1)""" (7)t*~! u nnre-
k=1 k=1

rpaJ OT Hee:

1. 11 1 11 1

—(1-t)" -t
/Z ()tk Ldt = / /1 :/(1+t+-~-+t”_1)dt
0 0 0 0

k=1
12 N\ ! 1 1
=ttt -t — | =144+~
2 n 2

0 n
0/1 kn (Z)t’“—ldt = Z::(_l)k_l (Z)t’:

=1

C npyroii cTOpOHBI

Takum ob6pa3oM, paBeHCTBO JTOKA3aHO. O
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14. Jloka3aTh TOXKIECTBA:
(a) zk: (1) = zk: (2kn+1) =21

Pewerue. D10 paBeHCTBO OTparkaeT OYEBHUIHBIN (akKT, 4TO 4ncjao HaOOPOB PABHON JJIMHBI
73 HyJIell W eJUHUIl C YeTHBIM YNUCJIOM €JIUHUI] PABHO YHUCIy HAOOPOB U3 HyJeill W eJuHUIl C
HEYETHBIM YUCJIOM €IMHUI] 1 PABHO IOJIOBUHE ITOJIHOT'O JHC/Ia HAOOPOB. O

(b) 432 (f) = 2" +2"/* cos 5

Pewenue. Yucio B jieBoii yacTu PaBHO YYE€TBEPEHHOMY YUC/IY BEPIIUH N-MEPHOT'O € IMHUYIHOI'O
Ky6a, YUCJI0 €JUHUIL B KOTOPBIX KPATHO YE€TBIPEM. PaCCI\/IOTpI/IM BCIIOMOTraTeJIbHYIO CyMMY
1

S:Z(1+1)"+(1—1)"+(1+z’)"+(1—z‘)”

3ameTum, 9TO

n n
4S:2”—|—2(\f2) cos%:2"—|—25+1cos%
CocraBuM TaOJIHILy CyMM CTeIeHei

-1 i —i CcyMmMma
1 1 1 4
-1 T =1 0
1 -1 -1 0
-1 —i 1 0

wW N = o
e

ITomygaem

15. Ilpm ob6caemoBaHNT YUTATEIHLCKIX BKYCOB CTYICHTOB OKA3aJ0Ch, uT0 60% CTYIeHTOB 4uTAIOT XKyp-
wan A, 50% — xypnan B, 50% — xypnan C, 30% — xypuanst A u B, 20% — xypuaast B u C,
40% — xypnauast A u C, 10% — xypnaunt A, B u C. CKOJIBLKO IIPOLEHTOB CTYIeHTOB:

(a) He yuTAET HU OJHOIO U3 YKYDPHAJIOB?

Pewenue. Cormacuo OPUHITAITY BKJ/IIOYECHUA U UCKJIIOYCHUA

Niop = No) = Ny + N2y = Ng) =
100% — (60% + 50% + 50%) + (30% + 20% + 40%) — 10% = 20%.

O
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(b) guraer B TouHOCTH 2 KypHAJIA?

Pewenue. Cornacuo OPUHITAITY BKJ/IIOYECHUA U UCKJIIOYCHUA

2 3
N[Q] = <2>N(2) — <2>N(3) = 30% + 20% + 40% — 3 - 10% = 60%.

(c) umraer He MeHee 2 KypHAJIOB?

Pewenue. Cormacuo IPUHIIUITY BKJIIOYCHNA W UCKJIIOYCHUA

2 3 3
Nigj + Nig = (2> Ny — <2> Ng) + ( 3) Nezy = 30% + 20% + 40% — 3 - 10% + 10% = 70%.

O

YnpakHeHus.

1. Mmeercs komoma u3 4n (n > 5) Kapt, KOTOpas COAEPKUT KAPTHI Y€ThIPEX MACTEl 110 7 KAPT KaKJIOh
MaCTHU, 328HyMEPOBAHHBIX dnuciaamu 1,2, ..., n. [loncanrars, cKoIbKUME CIOCOOAMI MOXKHO BBIODATH
[IATHh KapT TaK, YTO CPe/U HUX OKaKyTCH:

TPU KapThl C OJHUM HOMEPOM U JIB€ KapThl C JPYTUM;

IATb KapT O,H,HOFI MacCTH;

C) IIgTh IIOC/IeI0BATE/IbHO 3aHYMEPOBAHHDBIX KapT]
) TpUu KapThl U3 IIATHU C OJHUM M TEM 2K€ HOMEPOM;

He OoJee IBYX KapT KaKJIOH MacTH.

@) (3) = (,"4):
= () (1)

3. Hokazarp, UTO

(a) (Z) BO3PACTAET O N MPU (PUKCUPOBAHHOM k;
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(b) (2:;) yObIBaeT 1o 1 npu (PUKCUPOBAHHBIX N U k;

eci . pukcnposano, to (}) Bospacraer no k npu k < [n/2]| u yopisaer npu k > [n/2];

(d) max (7) = (|,,)2));

0<k<n

—
o
~

S
(e) munnmasbhoe snauerne cymmbl (31) + (32) + -+ + (7)) upn ycnosun Z n; = n PaBHO

(s =) (9) +7("Y), tne g = [n/s] ,r = n — s [n/s];

(f) MakcumasbHOE 3HAYEHUE CYMMBbI (k + (") 44 (,? ) npu yeaosun 0 < by < -+ < kg < n

(1 <s<n+1) pasro > (?

n;s <j<n;rs

(g) upu upocrom p u joboMm p > k > 1 uucio (Z) KPATHO P;

(h) JI < (27?), rje npousBeieHne Gepercs 1Mo BeeM IPOCThIM duciaM p; (n < p; < 2n).
n<p;<2n

4. NMapyxuueit 1o n ¢ ucnosb3oBanueM cooroinenus (1.14) moka3arb TOXKIECTBO

(14" = zn: <Z>tk (1.15)

k=0

5. Ilycte m 1 m — 1edble nosoxkuTenabHble ncia. C ucnonb3oBanneM Toxzaectsa (1.15) wiu uHbIM
CIOCOOOM JI0Ka3aTh CJIEAYIOINE PABEHCTBA!

—
o
~
(7=
—
>3
~—
|
N
3
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Il
o
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=
~
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o
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o
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o~
—
>3
~
Il
S
[\]
3
|
_

T
I

—~
(oW
=
o
3
110
ol
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n n—k

S @) =

k=0 r=0

n e n—k ke
X(EDTT0) = X 00
r=k r=0

n—~k

S0 = )

f: (_1>k7n (k) (m) _ 0 npum #n,

k=n 1 opum =n.

6. lokasarp TOXKIECTBA:

(a)
(b)

m—1
_ E e—27ri7‘1//m (1 4 eQﬂ'il//Tﬂ)n’ e 2 = —-1;

e 0 <7 <m, Tomy. (ml?Jr'r‘)
k v=0

N

> (1) = (2142 eos (5 (n=20))) . 0 < <3

7. Ha ommoit u3 kadeap yauepcurera paboTaror 13 yejoBeK, IpudeM KaXKIblil U3 HUX 3HAET XOTs ObI
OJINH WHOCTPAHHBIN S3bIK. JlecaTh 9esI0BEeK 3HAIOT aHTJIMUCKUI, ceMepO — HEeMEeIKWil, IecTepo —

dpanmysckuii. [Iarepo 3HalOT aHTIUICKUI 1 HEMEIKWM, IeTBEPO — AHTIMACKUT 1 (ppaHILy3CKUii,
Tpoe — HeMeNKuit u HPaHITy3CKUil.

(a)
(b)
)
)

C

CKOIBKO YeJIOBEK 3HAIOT BCe 3 A3bIKa?

CKOJIBKO YeJIOBEK 3HAIOT POBHO 2 sI3bIKA?!

CKOJIBKO 49€JI0BEK 3HAIOT TOJILKO AHIVIMHACKUNA A3BIK?

ITokazarh, YTO KOJUYIECTBO LEJIbIX IOJ0KUTEJIbHBIX YHCEJI, AeJIANIUXCI Ha 1 1 HE IPEBOCXOIsI-
MuX & pasHo |x/n].

Haitty qmcsio meanix mooXKuTeIbHBIX Juce1, He mpesocxomamux 1000, u me geammuxcs Hl Ha
OJTHO U3 4ucea 3, 5 u 7.

Haiitu qucsio 1ebIx mooKuTeIbHbIX Ynces, He rnpeBocxosmux 1000, u He nendmuxcss HA Ha
oxHo n3 yucen 6, 10 m 15.

ITokazaTk, uTo ecim n = 30M, TO KOJIUYIECTBO IEIBIX TOJOKUTETbHBIX YUCEJ, HE TTPEBOCXOIsI-
MAX N 1 He JEeJSuxcs HA Ha ogHo u3 uucen 6, 10, 15, paBuo 22m.

Iycrs p1, - . ., Pr — BCE IPOCTBIE YUCIA, HE IPeBOCXodnme /1. Ilokazars, 9TO 4UCIO TIPOCTHIX

T
THCesT P TAKUX, 9TO /N < p <M, paBaO . — 1+ > (fl)k Sk, TJIe cyMMa
k=1

Xl

P

bGepeTcst T0 BCEBO3MOYKHBIM (2) HabopaM mokazaTeseit aq, ..., Q,, B KOTOPBIX POBHO k U3 TO-
KazaTeJjieil paBHBI 1, a ocTajbHbIe paBHbI (.

Haiitu uncno npoctsix duces, e npesocxosimux 100.
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1.2 IIpousBoasiimme pyHKINN

Pa3buenusi mHoXkecTBa. Ilycth X — HEKOTOPOE KOHEYHOE MHOXKECTBO, | X | = n, Ha KOTOpOM 3a1aH0
pasbuenne X = X1 UXoU---UXy, toectb Vi=1,k= X, # @ &i# j = X;NX; = 2. amerum, 4ro
[IOPSAJIOK OJIOKOB U 9JIEMEHTOB B OJIOKE HE BAXKEH.

Onpegnenenne 1.2.1. Yucaom Cmupaunza emopozo poda S (n, k) qnsn > 1, k > 1 naspiBaerca 9ucio
pa30ueHuit N-3JIEMEHTHOTO MHOXKECTBa Ha k OJIOKOB.

B kauecTBe npumepa paccMoTpuM ciaydail n = 3. 3aMeTUM NPeIBAPUTENBHO, YTO PA30MeHnsT MOXKHO
yIOPSAI0UYNTD: pasbuenue Dy npemmecrsyer pasbuenuio Dy (Do < Di), eciu Dy MOXKHO TIOIYYUTH U3
D, pa3buBas Oi0Ku mroceHero Ha moaosoku. MuabivMu citoBamu, 110001t 6/10K 13 Do COIMEp:KATCS JIUIIH
B o/tHOM OJjioKe D1. DTO OTHOIIEHNE MOXKHO PaCCMATPUBATH KAK YTOUYHEHUE SKBHBAJIEHTHOCTU: U3 SKBU-
BAJIEHTHOCTU TI0 pa3bmennto Dy ciieiyeT 9KBUBAJIEHTHOCTb 1O pas3buenuto D1, HO He Haobopor. MTak,
JuarpaMma Xacce 4aCTUYIHO YIOPSIIOYEHHOIO MHOXKECTBA Pa3ObUeHU BBITISJIUT CJIELYIOMMUM 00pasoM:

{{1,2,3}}

{21, 31 {2.3h{1r {31}, {21}

{13, {2}, (31}

Orcrona Buano, uro S (3,1) =1, 5(3,2) =3, 5(3,3) = 1.

Boob1me, 0ueBnIHbI CIIeLyIOIUe TPHBUAJIBHBIE DABEHCTBA:
Sn,n)=1m=>1), Sn,1)=1Mn=21), Snh,k)=0(k>n=>1).

Ornupasich Ha 9TU HavaJbHBIE YCJIOBUS, HANJEM PEKYpPPEHTHOe COOTHOIeHne jyist unces CTUpJIMHTa BTO-
pOro pojia, JI0Ka3aB CJIEIyIONyio hOPMYJIy:

S(nk)y=Sn—1Lk—-1)+k-S(n—-1%k). (1.16)

Loxazameavcmeo. JlefiCTBATENILHO, BBIIEIUM B N-JIEMEHTHOM MHOXKECTBE IIOCJIEIHUN JEMEHT U PAac-
CMOTPUM BCEBO3MOKHBIE PA30MEHNsT OCTABIIEIOCH MHOXKECTBA. BO3MOXKHBI /[Ba CIIydasi:

1. mocnenHwMit 37eMEHT cOCTaBseT OTAEeabHBbIN Os0K. Ho Bcero takmx pasbmeHmit CTOIBKO, CKOJBKO
cyuiecrByer pa3buenuil ocrasuierocs (n — 1)-ajeMeHTHOro MHOXKecTBa Ha k — 1 6J10KOB.

2. Tlocmemumit 371eMEHT HE COCTABJIAET OTAENLHOrO OJsioka. Ho Torma o mpuHaaIe:kuT ogHoMy u3 k
6J10KOB pazbuenus (n — 1)-3/1eMEHTHOTO OCTABIIErOCs MHOXKECTBA.

TockobKy 9TH /1Ba CIydas HeCOBMECTHBI, moaydaeM (1.16). O
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Takum o6pazom, guciaa CTHPITHTA BTOPOTO POJIa MOTYT 3aJIaBAThCsl CIELYIONIEH TabuIeit:

n\k 0j1 2 3 4 5 6 7
0 110 0 0 0 0 0 O
1 0j1 O 0 0 0 0 0
2 0|1 1 0 0 0 0 0
3 01 3 1 0 0 0 O
4 o1 7 6 1 0 0 O
) 0|1 15 25 10 1 0 O
6 0(1 31 90 65 15 1 O
7 0|1 63 301 350 140 21 1 .
xk
n—1,[n—1,
‘ k—1 k
T]?

29

Ot uncsna pacTyT oueHb Gbictpo. Tak, Hanpumep, S (10,5) = 42525. HauaapHble yCJIOBHsI MOTYT 341~

BaTbCA IIO-ZIPYTOMY:

njan

S(0,0) =1,
S(’Il,n)—l, nz )
S(n,0)=0, n=>1;
S(0,0) =1,
S(0,k)=0, k>1
S(n,0)=0, n>1

B kauecTBe ciielyomero npuMepa HaifijieM Bee pa3OUeHns 9eThIPexIeMeHTHOro MHoXKecTBa { 1,2, 3, 4}:

Dy = {17 2,3, 4} ,
D2,1 = {1} {27 3, 4} )
Dy ={2}{1,3,4},
Dys ={3}{1,2,4},
Dy 4 ={4}{1,2,3},
Dy s ={1,2}{3,4},
Dy ={1,3}{2,4},
Dy 7 ={1,4}{2,3},
D31 ={1}{2}{3,4},
Do ={1}{3}{2,4},
Dss3 ={1}{4}{2,3},
D34 ={2}{3}{1,4},
D55 ={2} {4} {1,3},
D36 ={3}{4}{1,2},
Dy ={1}{2} {3} {4}.
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Huarpamma Xacce 3TOro 9aCTUIHOIO yHOPSI0YIEHHOTO MHOXKECTBA OYIeT MMETh CJIeIYIONnil BU/I:

Teopema 1.3. Jlas k > 2 cnpasedauso caedyrowee coomnowerue:

S(n,k) = nf <n;1)5(i7k—1). (1.17)

i=k—1

Joxasamenvcmeo. BoiesseM mocieTHU 9JIEMEHT U OObSBIISIEM €r0 YHUKAJIBHBIM. 3aTeM, JJIs KasKI0r0
j = 0,n — k BbLIesIsIeM CPeJii OCTABIINXCS JIEMEHTOB OJIOK pa3Mepa j (3T0 MOXKHO CIIeJIaTh ("]_1) crocoba-
MU) ¥ IPUCOEJIMHSAEM YHUKAJIBHBIA ajieMenT 3roMy 6sioky. Ilocse sToro (st KaxKIoro j) paccMarpuBaeM
BCe BO3MOKHBIe pa3bueHust ocrasierocs (n — j — 1)-anemenTaoro muoxecrsa S (n —j — 1,k — 1). Beuay
VHUKAJIBHOCTH TIOCTIETHErO JIEMEHTA U OJTHOTO M3 OJIOKOB BCE BBINIEONUCAHHBIE CUTYAIIUU HECOBMECTHBI,

TO eCThb IIepedupaoT pa3jndHbie pazduenns. Takum oOpazoMm,

Boimonmasis popMaibHyo 3aMeHy mepeMeHHol ¢ = n — j — 1, moaydaem

S(n,k).nz:l (niiil>5(z’,k1) f <”i1>5(¢,k1),

i=k—1
9TO U TPebOBAJIOCH JTOKA3ATh. O

SaMeTI/Il\I7 9TO PpaBE€HCTBO 117 HE MOXKET HCIIOJIb30BaThCA IJId KOPPEKTHOI'O 3aJaHUA YHCEJI CTI/IpJII/IHFa,
BTOPOTO Poia.

O6o3HaunM 1111 pa3bUeHusT N-3JIEMEHTHOIO MHOXKECTBa Ha k OJI0KOB it ¢ = 1,n depes k; > 0 yucio
GJIOKOB, COJIEPIKAINUX % IeMeHTOB. [Ipu sToMm

n

> ik =n, ik = k.
=1

i=1

O6oznaunM 3a B (n; k1, ..., k) 9ncio pasbueHnii n-31eMeHTHOTO MHOYKECTBA, CofleprKamux k; OJI0KOB 13
i smemenToB jyts ¢ = 1,n. Ilpu yenosusix Y, ik, =n, Y . ki =k

n!
Feyle k! (I ()

B(Tl,k17,kn):
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LeiicTBUTEIEHO, PACKUIBIBAEM 7 JIEMEHTAM I10 7 TTO3UIIUSIM.

Lo LIl ] ] ] L]

kn knfl kl

DTO MOXKHO CJIEJIATh 1! PA3TUIHBIMUA CIOCODAMU. 3aTeM OTOXKJIECTBJISIEM MOPSIIOK OJIOKOB BHYTPHU T'PYIIIL
GJIOKOB OJTHOTO Pa3Mepa M OTOXKJECTBJISIEM IMOPSIOK JIEMEHTOB B KaxKIoM Ojioke. OYeBUIHO, IPU ITOM
nostydaeTcst Tpebyemoe aucyio. O4UeBUIHO, ITO COTVIACHO OIPEJIEICHITO

S(n, k)= E B (n;ki, ... kn).
n
z zkl=n
i=1
Onpenenenue 1.2.2. Yucaom Beanra B, Ha3BIBAETCS YNCIO BCEBO3MOXKHBIX PAa3OUEHUIT N-3JIEMEHTHOTO
MHOKECTBa Ha, OJIOKH:

Bn,=> S(nk), By = 1.
k=0

B repmunax muarpamm Xacce 9aCTUYHO yHIOPSIOYEHHOTO MHOXKECTBa pa3buenuil ncio Besa paBao
YHUCJIy BEPIIUH B JuarpaMme.

Teopema 1.4. Jlas wucea Beasra evnosnsemes caedyrouwee paseHcmeo:

Boy1 = Z (?) Bi. (1.18)

=0

Zloxaszamenvcmeo. JleiicTBUTEIbHO, BRIOMpaEM MOCTETHUI U3 1 + 1 971eMEHTOB MCXOIHOTO MHOXKECTBA 1
Ha3LIBAEM ero 0cobbIM. J1d y1o6oro i = 0, n paccMaTpHBAEM BCEBO3MOXKILIE Pa3JIMIHble 60K pa3Mepa i
OCTaBIIIETOCS N-3JIEMEHTHOI'O MHOYKECTBA U IIPUCOETMHSIEM K KayK/IOMY U3 HUX 110 OYepe i OCOOBI 9JIeMeHT.
st ocraBImxcst 1 — 4 JIEMEHTOB PACCMATPUBAEM WX BCEBO3MOXKHBIE Pa30MeHMs. 3aMEeTUM, U9TO TAKUM
00pa3oM epebupaOTCst PA3INIHble PA3ONEHNUS BBULY PA3IHIHOCTA BHIOMPAEMBIX OJIOKOB CPEIU TIEPBBIX
7. HeoCOOBbIX /1eMeHTOB. [lasee, mjis pa3HbIX ¢ OyIyT mepedupaThCsa TaKrKe BCE PA3IUIHDLIE PAa3OUEHUs,
TaK KaK B HUX OCOOBIM 3JIeMEHT MPUHAIIEKUT OJIOKAM Pa3HBIX pa3MepoB. TakuMm obOpa3oM, jJoKa3aHa
cupaseymBocTs (1.18). O

SaMeTI/IM, YTO U3 CUMMETPUIHOCTHU 6HHOMI/I&.HBHI)IX KOS@(bI/ILLI/IeHTOB caeayeT
By = E ( .)Bn—j = E <i>Bi~
=0 M i=0

Yucia Besia pactyr 6sicTpeit unces CTupsimHra BTOpOro poja: Tak, Hanpumep, Bog = 51724158235372.
PaccmoTpum jBa 6asuca MOJIMHOMOB HaJl HEKOTOPBIM IMOJIEM: CTAHIAPTHBIMH
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Teopema 1.5. Yucaa Cmupaunea 6mopozo poda cymov xospduyuenmov, nepexroda om 6mopozo 6asuca «
nepsoMy:

" = ZS(n,k‘) ], - (1.19)
k=0

Jokasamenvemeo. okaxkem 310 110 nHAyKImu. st n = 0 pasercrso (1.19) npespaiaercst B 0ueBuHOe:
0
1=2"= % S(0,k)[z], = 5(0,0)[z], = 1. oxkaxkem MHIyKTHBHBIl mepexos. PaccMoTpum Jyist 3TOro
k=0

KoHeuHble MHOXKecTBa A m B ¢ mompoctsiMu coorBercrBeHHo |A] = n € Nu |[Bl =2 € N, z > n.
PaccmarpuBaem nasiee BceBo3aMoxkubie orobpaykenusi f : A — B. Vx uucio pasHo x™.

A B
n x
B 10 xe Bpems kaxknoe orobpaxenue f ¢ obmacroio snadenuit Dy = {i1,..., i} C B, |Ds| = k Moxuo

€JINHCTBEHHBIM 00PA30M IIPEICTABUTD CJIEIYIONIUM 00PAa30M: BRIONPAaeM KaKNe-TO k PA3/IMIHBIX JIEMEHTOB
mHoxkectsa B ((7) croco6os) u pastuenne Muoxecrsa A Ha k 6i10kos (S (n, k) croco6os) u pacemarpi-
BaeM BCe B3aUMHO OJIHO3HAYHBIE OTOOPasKeHMsl MHOMKeCTBa 0si0KoB Ha Dy (ux umcno — k!). Ilpu srom
byukiusa f OyJeT o4eBHIHBIM 00pa30M BCIOy ompejenena. Jlajgee 3aMeTnM, YTO Pa3HbIM k, Pa3HBIM
pasbuennsM A Ha k OI0KOB, pa3sHbIM OuekiuaM pasbuennit A Ha Dy coOTBETCTBYIOT pa3Hble dyHKINUH,
orobpaxkaromue A B B. Takum obpazom,

o= 3 ()R s ) = X ks (1) = 35 00 (1:20)
’ k=0

k=1 k=1

nockosbky S (n,0) = 0, n > 1. PaBencrso (1.20) cupaBenyuso i Becex Harypasabubix n u k. Tenepnb
3aMETHM, 9ITO €CJIU JBa ITOJUHOMA PABHBI BO BCEX IEJIOUUCIEHHBIX TOYKAX, TO OHA PABHBI TOXKJIECTBEHHO
Ha BCeil YUCJIOBOIl OCH. O

Onpenenenne 1.2.3. Yucaom Cmupaunea nepsozo poda s (n, k) HaspiBaercss KoaDhUIEHT 11epexoia
OT CTAHIAPTHOTO Ha3mca MOJIMHOMOB K 0a3ucy n3 yObIBAIOMNX (HaKTOPUAJIOB:

n
k
[z], = g s(n, k) z”.
k=0
Ouesniro, s(0,0) = 1, s(n,0) = 1, n > 1. Takxke noHdaTHO, uTO $(n,n) =1, Vn € N, s(n, k) =
0, k£ > n, Tak KaK KO3(OPUIMEHTHI IpH JIFOObIX PABHBIX CTEIEHSX, B TOM YHCJIe W IIPYU CTAPIIEH, y TOXK-
JIECTBEHHO PABHBIX MTOJUHOMOB JOJIXKHBI COBIAJATH. 3amuiineM omnpejeaenue uncia CTUpIMHTa TEPBOro

pona:

n

[z], =z],_ i (e —n+1) = is(n—Lk)'xk (m—n—f—l):Zs(n,k)xk.
k=0 k=0
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IIpupaBuuBas K03b UIIMEHTHI DU PABHBIX CTEMEHSX B IMIOCIEIHEM PABEHCTBE, IMIOJIyIaeM TOXKJIECTBO,
KOTOPOE MOXKET CJIy?KUTh PEKyPPEHTHBIM orpefeseHrneM dnces CTUPITHTA TIEPBOTO POJIA:

s(nk)=s(n—1,k—=1)—(n—1)-s(n—1,k).

Bumo, uto ecim n u k onmoit yerHoctH, 1o s (n, k) > 0, ecim xke n u k pas3noit yerHocty, 910 § (n, k) < 0.
IToBesienne 3TUX YnCceJ MOXKHO II0Ka3aTh HA TaOJIUIIE.

i

0 1 2 3 4 5 6
01 0 0 0 0 0 0
110 1 0 0 0 0 0
210 -1 1 0 0 0 0
310 2 =3 1 0 0 0
410 —6 11 —6 1 0 0
510 24 -50 35 —10 1 0
60| —-120 274 —225 8 —15 1
x(1—n)
n—1,[n—1,
k=1] k
7]?

13 cBoiicTB K0P DUIMEHTOB epexoa OT OIHOTO DA3UCA K JIPYTOMY BBITEKAET CIPABEIIMBOCTH PABEHCTBA
o0
E s(n,k) S (k,m) = dpm.-
k=0

Havajinanie yciaoBusgd B CBOIO O9€peb MOI'YT 3a/laBaTbCsl IBYM:I criocobaMu:

s(0,0) =1,

s(n,m)=1, n>=0,

s(n,0)=0, n=>1;
uim

s(0,0) =1,

s(0,k)=0, k>1

s(n,0)=0, n>1.

Ilepe Tem, Kak TIEPEHTH K COEPKATEIHLHOMY CMBICIY, CBSI3aHHOMY ¢ auciaamu CTupsmHra nepBoro poja,
OTMETHM, UTO MX MOJYJIO PACTET JOCTATOYHO OBICTPO, 3HAYUTEIHHO OBICTpei, dem umcia CrupiauHra
Broporo poza. Tak, nanpumep, s(10,3) = —1026576.

O6o3HaumMM 3a ¢ (n, k) 9MCII0 IEPECTAHOBOK U3 7. SJIEMEHTOB, KOTOPbIE IIPEJICTABISIIOTCSI B BUJE PO~
U3BeJIeHNs] Kk IPOCTHIX IUKJIOB (1epecTanoBKy Bujga ™ = [...]; [...]y---[...],). Ilorsarso, aro

ciny,n)=1, c(n,1)=nl/n=(n—-1)!=]s(n,1)|.
HaJtee, oueBUIHO, ITO
cnk)=cn—1,k—=1)+(n—-1)c(n—1k).

DT0 paBEHCTBO JIOKA3BIBAETCSI TEM K€ CaMbIM IIPUEMOM C YHUKAJBHBIM 3JIEMEHTOM, YTO U TeopeMbl 1.3 u
1.5. B 10 ke Bpemsi

c(nk) = (-1)""*s(n,k) =|s(n, k).
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Takum 06pa3oM, eciii 3HAKOTIEPEMEHHO JIBY XMHJIEKCHOI [TOCIe10BaTebHOCTH dnces CTUPJIMHTA TEPBOTO
po/ia TPYJAHO UPHUIHUCATH KOMOMHATOPHBII CMBICI, TO MOIYJIA ITUX YUCEJ UMEIOT BIIOJIHE KOHKDETHBIN
COJIEPKATEJIBHBIN CMBIC/I: OHU BBIPAKAIOT YHUCJIO IIEPECTAHOBOK, ITPEJICTABJISIONINXCS B BU/IE ITPOU3BEIEHUS
3aJaHHOI'0 YMCJIa ITUKJIOB.

PexkyppeHTHBIE COOTHOLIEHUs U Tpou3Boasamme dyHkuu. Ilycrs ug, uy,. .., Uy, ... — IOCIET0-
BATEJILHOCTD (HAIIPEMED, U3 MOJIsl KOMIUIEKCHBIX nces). Torma hopMaibHbBIil CTEIeHHON psify

f(x) =up +wz +ugx?® + -+ upa™ + -

Ha3BIBAaETCA NPouseodawets dyrryued nocaedosamenvrocmu {uy} - . Ecau sTor crenennoit psiy cxomut-
csl, TO caemyiomue (hbOpMaJILHO BBEJIEHHBIE OIepaIlny MTPUoOpPeTAIOT OOIMIENPUHITEIH cMbIca. s mpous-
BOJsAIIel pyHKIUN

g(x) =vg+vix+vex? +-  Fuz” 4
MOCTIEIOBATEIBHOCTH Vg, V1, - - -, Up, - - . HAJ TE€M K€ IOJIEM €CTECTBEHHBIM 0OPA30M BBOJATCS JIMHEHHDBIE
KoMOuHarmu npousBogsiux byukmmit af (z) + Sf (z), a Tak:Ke npousseneHue:

F@)-g(@)=h@) = wea,
n=0
e

n
Wy, = UUp + U1Vp—1 + -+ UjVp—; + -+ - + URVY = E UiVn—i.
=0

Ecmu ug # 0, 10 1y1st mpousBosiiieil byHKIMH I0CIe0BATEILHOCTH {Uy, }, . CYIIECTBYET OOpATHBIIL
snement f1(z): f(z)- f~!(x) = 1, bopMabHLI Psiji KOTOPOTO ONIPEIENIFETCs CIIE Ty IOMIM 06Pa30M:

1

OZUO'UO = vy = —

Uo
Vo - U1
OZUO'U1+’U1"UJQ >V =——
Uo

UVp—1 + +++ + UiVp—i + -+ + UpVo
uo

O0=wup vn+uVp-1+  + UV +  F UL = Vy=

Paccmorpum m3BectHbIi TpuMep mocsienoBareabanoct Pudonaaan Fy, FY, . . ., 3a/1aBaeMoil Ha9aIbHBI-
Mu ycsoBuamu Fy = F) = 1 u pekyppeHTHBIM cooTHomenuem F, 1o = F, 11+ F,,. IlepBble ee nsaTs dyieHoB
Oy/lyT paBHBIL:

Fy=1, =1, Fy=2, =3, Fy =5, Fy =8,

Haiinem ee npousBossinyo GyHKIN0O. II0CKOIBKY 110C/IE0BATEIBHOCT, JIEI'KO BUJIETH IIOJIOKUATE/IbHAS U
crporo Bospacrawomast (F,41 > Fp), a F,y1 = F,,+F,_1, Jerko 3ak109uTh, 910 F, 1 < 2F, = F,, < 2™
Takum 06pazom, Tpon3BosIIas MYHKIUs TOCTIEI0BATETLHOCTH

f(x)= Z F,z" (1.21)
n=0
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CXOJINTCS B OTKPBITOM Kpyre R < l B mem momycTumbl ciaeayomnme JeiCTBU:
2

f($) = Iy 4+ +F21?2 +F3x3_|- +F, x4 -
—zf(x) = —Fox —-Fia? —Fa’—... —Fa™t?—...
_:L'zf (x) = _F0x2 _le?) . _ann+3 o

ChoXXuM 5TH TPU PABEHCTBA. 3aMETHM IIPU 9TOM, 9TO COIVIACHO PEKYPPEHTHOMY OIPEIE/ICHUI0 UUCesT
QubonaTan KOIDOUIMEHTHI IPU BCEX CTEIEHIX, HAYNHAS CO BTOPOil, OOHYIATCH:
9 1
(17(571’ )f(x):Fo+(F1*Fo)=’E = f@)=——5"
l—-z—=x
O6osraumM k () = 1 —x — 22 — MHOrOU/IeH, 06pATHBIH K TPOU3BOIgATIeH (DYHKITHH TI0CIeI0BATE THbHOCTH.
XapaKkTepuCTHYECKUM MHOI'OYJIEHOM HA3bIBAeTCsI (DYHKIIHS

1-v6  1+V5

1
]’L(J}):xzkﬁ(w):.’132—1‘—1:(.1?—041)(.1‘—042), e o =——p—, Qz 5

Orcroza JIerKO BUJIETH, ITO
1
k(z) = 2°h () =(1-a12) (1 - asx).
xr
Takum 06pa3oM, TPOU3BOSAIIYO (DYHKITHIO MOXKHO PA3JIOKUTh HA MPOCTHIE TPOOHU CJIEIYIONUM 06Pa30M:

[T S 1 A B

o l—z—22 (1—a1x)(1—a2x):1—oz1x 1— agx’

e A u B onpesiesisiioTest U3 CUCTEMbI JIMHEHHBIX YPaBHEHUH

A+ B =1,
704214 - OélB =0.

Pemennem apisrorcss sHadenus A = 1;—\/‘%5 = %, B = - 12*\/‘? = —%. Tenepb MOXKHO Pa3JIOKHUTh
IPOU3BOAAIILY IO (DYHKIMIO B CTEIEHHON PSIJI IO CTENEHSAM T, UCHOIB3Ys TO, UTO 1iz =1+z+224--.
flx)y=A i alz" + B i abz™ = i (Aol + Baj) 2" = i (a?ﬂ - a;”l) " (1.22)
n=0 ' n=0 ’ n=0 ' ’ n=0 V5 V5 . .
Ipupasuusas kosddurments! npu pasubix crenenax B (1.21) u (1.22), noxydaem
Fp= — (' — o) = = 145\ (1-vE)"T

V5 V5 2 2

Hucna OuboHATIN UMEIOT MOHITHBIA COMepKATEIbHBIA CMBICT: It 7 2> 1 9TO YHUCI0 ABOMUHBIX ITOCTIE-
JOBATEIbHOCTEH MIMHBI 1 — 1, ¥ KOTOPBIX HUKAKUE JIBE €IWHUIIBI HE CTOAT PAIOM. JIerkKo MOHATH, ITO
frnt2 = Fhy3 myTeM BbIJEJIEHUST MTOCTEHEr0 pa3psijia CKJIAIBIBACTCA U3 MOCIEI0BATEIHLHOCTEH JJINHBI
n + 1, y KOTOPBIX HUKAKHUE JIBE €JIUHUIIBI HE CTOAT PSJIOM C BBIJIEJIEHHBIM Pa3psoM HYJEeM U IOCIEJ0-
BaTEJIbHOCTEN JUIMHBL 1, Yy KOTOPBIX HUKAKWE JIBE€ €JIMHUIIBI HE CTOST PsJIOM C BbIJIEJEHHBIM Pa3psiOM

equauneit: frio = fne1 + fn.
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o0 .
Ilycrs jama OCTEI0BATEIBHOCTD {Uy }, o HaJ HEKOTOPBHIM I0jIeM. JIMHEHHBIX OHOPOHEIM PEKyp-
DPEHTHBIM COOTHOIIIEHUEM C ITOCTOSTHHBIMU KO3 MUIMEHTAME MTOPSIKA T HA3BIBAETCsI PABEHCTBO BHJIA

Uptr — P1Untr—1 — P2Untr—2 — **° — Pp_1Upt1 — Prin = 0.

IIpu m3BECTHBIX HAYAMBHBIX YCAOBUIX UQ, Ul, . .., Up_1 TPA €TI0 TOMOIIH MOXKET ObITH JOCTATOTHO JIETKO
Haitmen obmuit Bum uy. JleficTBUTEIbHO, eciin TPOU3BOAAINAs (DYHKIUS /I 9TOH MOCIEI0BATEIHLHOCTH
paBHa

o0
u(z) = g upz”™, z€C,
n=0
TO, TOCTyIIas TAaKXKe, KaK U B CIydae MoCIeA0BaTeabHOCTH OUOOHATIHN, Oy IiM
Ek(x) =1—piz —pox® —--- —pea’.

Nmeem,

E(z) u(x)=C(x), degCl(z)<r—1,

9TO TAK2Ke sICHO U3 PACCMOTPEHHOTO BhIIe IpuMepa rocieaoBaressaoctn Pubonayyu. [locrymnaem nasee
AHAJIOTUYIHO:

1 1
h(z)=2"k <x) =2 —pa" = —p., k(zx)=2z"h <x>

U IO OCHOBHOI TeopeMe aJiredpbhl CYIIECTBYET eIMHCTBEHHOE [IPEJICTABJIEHNE

1

hiz)=a2" —pra" " — —pr=(xz—a)”™ (r—a)” (. — ), s1+S2+-+s,=r.

Orcrona crmocod HAXOXKIEHUS sIBHOTO BBIPAXKEHUsI JJIst CTEIIEHHOTO Psifia TPOU3BOsIeil (hpyHKInn

u(z) = C o) :ZZL (1.23)

(1 —041.23)51 (1 —aqm)sq (1 *Oéix)]

i=1 j=1

B kadecTBe ere oqHOro npuMepa MOXKHO HaiiTH, KAKyIO [IOCJIE[0BATEIbHOCTD OIIPEIeJIsAeT IIPON3BOIA-

mast pyHKIUs
1

(1—ax)"

lj1st 9TOrO BOCHIOJIB3yeMCsl pa3JIOKEeHNEM B Psifl, DYyHKIAN

(1+Z)_n:1+(—n)z+(—n)(—n—1).%ZQ+...+ —

Torma

1 :i(—n)(—n—l)-~-(—n—m+l)

=~ (n+m—-1)---(n+)n ,
- o )t Dn

m p—
(maz)™ = m!
m

=0
o0 oo
Z n+m-—1 Z n+m-—1
a7rb‘r7n — a7rb‘r7n7 (1.24)
n—1 m
m=0 m=0
TO €CThb 3TO — NPOU3BOJAAIAA (PYHKIUS TIACEJ COYCTAHUI C IOBTOPEHUSIMH. 3aMETHM, UTO (”ZT; 1) =
P, _1 (m), Boicrynatomuii B ponu koaddurmenta nupu o™z™ B cymme (1.24), aBiagercs MHOrOWIEHOM
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or m crenenu n — 1. Mcnonssys 9101 QakT, OKOHIATENIbHOE BBIPAKEHUE LI IIPOn3Bossmeil hyHKIwn
MOZKHO II€PENCcaTh HECKOJIBKO HHAde, HOACTaBUB pasioxkenue (1.24) B (1.23):

-3 S S (S et

i=1 j=1 n=0 \i=1

Wcxons n3 r HAYAIBLHBIX YCIOBUN MOXKHO TOIYYINTH OOIINN YWJIEH TOCTeI0BATETHLHOCTH U3 JTUHEHHO! Cr-
CTeMbl YPaBHCHUIA:

Haiinem Teneps mponsBoasntyo hyHKIUIO

o0 o0
k
=22 fuse"y
n=0 k=0

JIByXUHJIEKCHOH ITOCIIeI0OBATETLHOCTH UHCesI COUETAHUH € MOBTOPEHUAMH fy ) = (”7’;“), 3a/1aBaeMOit

JUHEHHBIM PEKyPPEHTHBIM COOTHOMEHUeM fn 1 — frn—1k — fn—2,k—1 = 0, ITO TPOJEMOHCTPHPOBAHO HA
tabmune (1.10). Jlerko nomyunrs, aro (1 — — 2?y) F (z,y) = 1 + zy. Torga

1+ 2y = [ Y - V. 41
Flz,y) = ——"— 1+ zr(l+x = zr(l+x =
(z,y) ety Y ZE y)' =" (1+ay)
(o) +1 %) o) oo 0o
{+1 {+1 {+1
§ x@ § : ( + )xmym _ § .%‘é ( T—; ) m m _ § § ( ;; >x€+mym.
£=0 m=0 £=0 m=0 £=0 m=0

Boimosnasist 3ameny nepemenabix n = £ + m, k = m, nosyyaem
= (m—k+1\ ,
=22 2"y,
k
n=0 k=0

Takum 0O6pa30oM, MMOIYYEHO, YTO €IUMHCTBEHHBIM PEIEHUeM JIMHEHHOI'O OJIHOPOHOIO0 PEKYPPEHTHOI'O CO-

OTHOIIIEHUsI ¢ NOCTOAHHBIMU Kodddurnmentamu (1.9) apisercs fr, = ("_Il:+1).

Omnpenenenune 1.2.4. Yucaom Kamanara u, HA3BIBAETCS YUCIO CIIOCOOOB KOPPEKTHOI PacCTAHOBKH
CKODOK B IIPOU3BEIEHUN 7 COMHOXKUTEJIEH

X1 T+ Ty

Ouesunno, ato ug = 0, w1 = ug = uy - ug = 1 um umcna Kartamana yaoBIeTBOPSAIOT CIEIYIONIEMY
COOTHOIIEHUIO Uy = UY Up_1+ U2 Up_o+- - +Up_1:U1, N = 2./ ]efiCTBUTENBHO, IEPBLI COMHOXKUTEIb B
KazKJIOM CJIaraeMOM YKa3bIBAET YMCJIO CIIOCOOOB PACCTAHOBKU CKOOOK CJIEBa, & BTOPOil — clipaBa. 3aMeTuM,
YTO HUYETr0 He U3MEHUTCs, €CJIM 3TO COOTHOIIEHNE JOIOIHUTD ABYMs HYJE€BBIMU CJIaraeMbIMU:

Up =UQ* Up + UL " Up—1 + -+ Up Uy, N =2.

IIpousBoggmas GpyHKIUs TOCTeH0BaTeIbHOCTH drce) KaTaiana

o0
= E Upx"
n=0
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V/IOBJIETBOPSIET TTPOCTOMY CoOTHOTTenuIo: u? (2) = —x + u (). JleficTBHTeIbHO, BO3BEIeM ee B KBaJIpaT 1
cobepem K03 bUIMenTs Ipu paBHbIX crerensax: u? () =0+ 0 2 +ug - 2% +uz - 23 + -+ = —x +u (2).
3aMeTuM, UTO 3TO TOKIAECTBO BBLIIOJHSETCI Kak (popMasbHOe I PAJI0B. B AeiicTBUTEILHOCTH PENInTh
3TO (PYHKIMOHAJILHOE yPABHEHUE TPAJINIMOHHBIMI METOJIAMHU He YJIAeTCsl, TAK KaK HEM3BECTHO, CXOUTCS
3ToT (bopMaTLHBIN pst WK HET. 1103TOMY IpUGETAIOT K CIIeIyIOMeMy IpUeMy: PACCMOTPAM (DyHKITUIO

1—+1—4x 1
- ; |l‘ | <
4
VIOBJIETBOPSIONLYIO 3TOMY »Ke (DYHKIIMOHAJILHOMY OTHOIIEHHUIO W aHAJUTUIECKYIO B OTKPBITOM KpyTre C
IOEHTPOM B HYJI€ HEHYJIEBOT'O DaJinycCa. OCT&JIOCB J0Ka3aTh TOJIBKO HavdaJIbHbIC YCJIOBUA: OY€BUIHO, 9TO
ko dunment pazioxkenus v () B Pl IO CTEIIEHAM X

o
v(x) = Zvn s
n=0

u vg = v (0). Hago naiitu v1. Paznoxum mjisg 91oro B psig, GyHKIMIO %\/1 — 4. Vcnomb3yeM M3BeCTHOE
pa3JioKeHUe

mo__ - n _m(m_l)(m+1_n) n
(1+2) —ngoanw, an = o A
Orcrona
b (VARG o (nry) o b
" 2 n! 2 n!
13- (2n=3) ,; _1-3--(2n—38)-2:4---(20—2) _ (2n—2)!
n! N nl(n—1)! Conl(n—1)

Orciona nosygaercst, uro v; = u; = 1. Takum 06pazom, v () — JeHCTBUTEIBHO IPOU3BOAIIAs BDYHKITHS
nocsretoBarebHOCTH dncen Karamana. Cpa3y MOXKHO OKa3aTh OOMIyI0 (DOPMYJTy IJisd HUX:

(2n —2)! 2n—1 1 1/2n—2
Uy = ——————— — —_— = — .
" onl(n—1)! n 2n—1 n\n-1
Yucsa Karasana urparor BaXKHYIO POJb BO MHOI'MX KOMOMHATODHBIX 3aJ@dax. Tak, Hampumep, ecin

0603HAYATH @, — YUCIO CIOCOOOB pas3duThb (N + 2)-yroJbHUK HA TPEYTOJILHUKU, TO OHO OYJIET sBIATHCA
qnciiom Karaigana wHIeKCa Ha €IUHUILY OOJIbIIE:

n—1
B B o@2n) 1 [2n
n = ez—1 Wln—t,  Gn = Unt1 = (n+1)! n+1\n/)

JpyruM npuMepoM sIBJISETCs TOUHAsT OLEHKA YUC/IA JePeBbeB (MMEeTCs BBUY UX YKJIAJIOK HA ILIOCKOCTH )

Ha 1 BepHIMHaX. [[efCTBATEIBHO, MEXK LY HOCIEI0BATEILHOCTAME U3 HyJICH U ¢IUHUL JIJTAHbL 271, KOIUPY-
IOIIUMH JIEPEBbS M PACCTAHOBKAME CKOOOK MOYKHO YCTAHOBHUTDL M30MOPMU3M: B KazKJOM IIPEpHUKCE TUCIO
enmHUTL (OTKPBIBAIONIUXCST CKOOOK ) HE MEHBIIE UUCIa HyJlel (3aKpBIBAIOIINXCS CKOBOK). DTOT ¥Ke pesyJib-
TaT MOXKeT ObITh ¢hOpMyIUpPOBaHa MO-JAPYTrOMY: YHCIO IyTeil B IEJOYUCICHHON pemerKe OT BepUIMHbI
(0,0) k Bepiune (n,n), IPOXOIANIUX IO, TUATOHATIBIO.
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o0 .o
PaceMoTpuM 17151 10C/IEI0BATEIBHOCTH {dy, }, o IMHEHHOE HEOIHOPO/IHOE PEKYPPEHTHOE COOTHOIICHIE
C TIOCTOSTHHBIMU KOddpuiimeHTamm:

Qn4r — P1Gndr—1 — *°° — PrQn ::f(n)-

Of1mee perreHre HEOMHOPOIHOTO COOTHOMIEHUS (., MPEJICTAB/IACTCS B BUJE CyMMbI OOLIErO PEIIEHUs Of-
HOPOJIHOT'O COOTHOIIIEHUS @), U HEKOTOPOIO YACTHOIO DENIeHUs] HEOJHOPOJHOrOo: a, = al, + al. YacrHoe
pellleHne UINeTcsi JTOCTATOIHO 1pocTo B ciaydae f (n) = A"P,, (n). Torma ecim h () = 0 kparHoctu k,
rie h () = 0 — XapaKTepUCTHYecKoe ypaBHEHWe, TO JacTHOe permenne mmeTca B suje nQ,, (n) A", rae
Qm (M) — HoNIUHOM CTeneHu M.

PaccMOTpUM HEKOTOPYIO TOCIIEA0BATELHOCTD YuCe {ay, }, o 13 nosst F. Hapsity ¢ oObr4moi npons-
BoJsIIiel pyHKImei

A(x) = i anx"”
n=0

BBEJIEM IKCNOHEHUUANDHYIO NPOUIBOOAWYIO PYHKUUIO:

oo

A% (2) = Y “hat,

n=0

. o o0 o0 o0
s mpousBossmux byHKIUH THX JBYX BHIOB HOCIeg0BaTeNbHOCTeH {an ), o, {bn},_os {Cn},_o BB
MOJIHAIOTCA OYEBHIHBIE CBONCTBA!

A(z) = B(z) <= ap = by, A® (z) = B® (z) <= ap = by; (1.25)
A(x)+ B(z) =C (z) < an + by, = cn,y A (2) + B° (x) = C° (z) < an + by = cp; (1.26)

A(m)mB($)::C%x)<:¢>§:k”bn_k::cn, Aé(x)'Be(x)_’Ce($)¢:¢'§::<z>akbn_k——Cn
k:O - (127)

Cootrrouenure (1.25) HA3BIBAETCS TAKIKE NPUHUUNOM PAGEHCTNEA, & CILy9Iall SKCIOHEHIIUATIBHBIX IPOU3BO-
jgamnx dynaknmit (1.27) jIerko 3amoMHUTE, MCIONB3Ys CJEIYIONEee MHEMOHIIECKOE MPABUIIO: HAJIO0 Pac-
KpbITh npaByio 4acThb (a +b)" = ¢", ucnonssys dbopmysy 6unoma HbloTona, 1 TiepeBecTu Bee CTEleH:
B nHJeKChl. B ciayvae noseit R mmm C coorsercryronye 6eckoHednble anrebpsl MuorodaeHos R [[z]] u
C [[z]] nomyunmn nassarue aazebpu Kowu, a R [[z]] u C¢ [[z]] — popmarvrozo ucuucaenus Bauccapa.

IMpunnun Jlarpanxka. Ecau gopmasvhvie cmenennoie padvl cyulecmeyiom 6 nexomopot nenyaesol
OKPECTVHOCTNU HYAA KAK GHAAUMUYECKUE GYHKUUY, MO HAO0 HUMU MONCHO OCYWECMBAAMD A00be dony-
CMUMDLE ONEPAUUY KaK HGO OYHKUUAMAU.

W3 npumiumna Jlarpam:ka BbITEKAET B YaCTHOCTH, UTO B CIYIa€ CXOAMMOCTH Psijia €ro MOKHO judde-
PEHIMPOBATH IO CJIEJYIONEMY TPABUILY:

A(z) = Z anz" = %A (x) = Znanx"d.
n=0 n=1

DT0 KOPPEKTHO B cujly TeopeMmbl Kormm-Aamapa, yTBEpKIaroleil, 9To eCi CTEIEeHHON Psij CXOIUTCS
B HEKOTOPOil HEHYJIEBOW OKPECTHOCTU HYJIsI, TO OH CXOAUTCs abCOJIIOTHO, U TOTO (DAKTA, 9TO CXOIUMOCTH
Pala U3 MPOU3BOIHBIX pABHOMEPHA.
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o0 o o o
IIycrs gama 1mocse/1oBaTe/IbHOCTD {Gy }, o 9HCeN ¢ U3BeCTHO! mpoussojgmmeil dbynxmnueir A (x). Tpe-
OyeTcst HAWTH MOCIEJOBATENLHOCTD Sy, = ag + a1 + « - - + Gy, JIerko BuseTh, uTo npoussosmas GOyHKIUsI
9TOH MOCIE0BATEILHOCTH OYIeT BBINIAJIETh TaK:

Iycre s wagana a; = 4, V i > 0. Huga moboro 0 < & < 1 pag A (x) cxoqurcs B OKPECTHOCTU HyJIsd
(-14+el1l-¢)x

d 1
Al(z) =2 — :O+1-x+2~x2+~--+n-x"+~-~:%.
der \1—=x (1—x)
Torna
x
St(z) =
(x) 1P
u
51_(—3)(—3_1)"‘(—3_”+1).(_1)n_(”+2)(”+1)_ n+1
n n! B 2! 2 )
B KadwecTBe eme OJHOTO TpHUMepa paccMoTpuM a; = i2, V i > 0. Jaa moboro 0 < ¢ < 1 pax A (z)
cxomuTest B okpectHocTn Hysist (—1+¢,1 —¢) K
d d 1 1
AQ(x):m.i o — | —— :0+1.x+4.m2+...+n2.xn+...:m(xi—i_g).
do " de \1-z (1-=)
Torua

$2@) = EEY ) SR EDED At D)

(- !

n=0

2 (n+3)(n+2)(n+1) ,
(xQH)é( 2+,

(n+2)(n+D)n+@n+1)nn—1)) = n(n+1)6(2n+1).

52 =

n

S| =

CymMmy 11epBBIX 1 KyOOB MOXKHO TakKyKe HAWTHU, MCIOIB3Ysl allapaT MPOU3BOAAINX (DYHKIHUI, HO eCTh

u 6ojee MBSAMIHBIA CIOCOO, OCHOBAHHBIA HA TOXKJECTBE, KOTOPOE JIETKO JOKA3BIBAETCHA IO WHJIYKITUU:
2

(1+2++n)"=13+423+.--+n3 10 ecTp

SS

_(n+1 2
n - ) .
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OcHoBHBIE CBOUCTBA OOBLIYHBIX HPOU3BOAAIINX (DYHKIIHH.

fo= 12 — f1(x) = f2(2); (1.28)
fo=fa+ I — f(@)=fi(@)+ f2(2); (1.29)
F, = {0’ n=0, = Fx)=2f(z); (1.30)
f‘n—l nHA9E;
Fu= fun = rE =020 ) (131)
k—1
f(l‘) - for

Fp = fosk — F(z)= zjjo ; (1.32)
F,.=k-f, — Fx)=k- f(x); (1.33)
F,=a"f, — F(z) = f(ax); (1.34)

d
F,=n-f, <~ F(x) :x%f(x% (1.35)
F, = gfr e F(z) = iff”; (1.36)
ol e o) o
Fu="fognr — F(a)=f () g(): (1.38)

r=0

Fo = fos1— fu < F(z)= (1-2) J;C(x) — fO; (1.39)

1 & 1 &
ajvlgnwﬁéfn ﬁjvlglwﬁgfn:;g(lﬂc»f(x); (1.40)
3 nli_)rrgo fn = nh_)n;O fn= liﬂm1 (1—2)f(x). (1.41)

OcHoBHBbIE Ipeobpa3oBaHnsi OOBIYHBIX MPOU3BOAAINNX (DYHKIIHH.

]-7 n=2~u, 1.

o= {07 Y = @) =1 (142
_JL, n=k, _ k.
fn—{(L I, = () =" (1.43)
fn=1 :}f(x)zlix; (1.44)
1

fn=a" — f(x) = T on (1.45)
fn =n-a" — f (.’[7) = o 3 (146)



n+p—1

3

B
o

;a
Il
o O
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o
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B

Q

3
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|
S
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3 3‘9

Q

o —

2[R S

o

B

I |
—N 3
EIES

(ﬁ)a"ﬁk —n, k=>=n,
n >k,

T — YeTHOe,

N — HeJeTHOe,

n =0 V n — HeYeTHOE,

n > 2 & n — 4gerHoe,

7 — YeTHOE,

n — HeJeTHOe,

n =0 V n — HeYeTHOE,

n > 2 & n — 4gerHoe,

(Ina)”

n!

fn:

fn=sinan
fn = cosan
fn=a"P"sinan

fn=a"""cosan

)a",n}O,p}l

I'JIABA 1. KOMBUHATOPHUKA

— f(z)= m; (1.47)
= f(z) = A= aa) _1%),); (1.48)
= f(z) = A=) _1%),); (1.49)
= f(x)==x- %g (z), tme g, =n""" (1.50)
=)= m (151)
= fa)=2 (a;xj;;j +1) ; (1.52)
— f(x) = x%g (ax), tme g, =nf"1 (1.53)
— f(z) = (B + ax)"; (1.54)
— f(x)=—In(1 —ax); (1.55)
<~ f(x) = Arctg (ax) = %ln (1 i_ Zi) ; (1.56)
— f(x) = —% In (1-a?z?); (1.57)
= f(x) =€ (1.58)
— f(x) = w = shu; (1.59)
— f(x) = e —5—26_‘”‘ = chu; (1.60)
— f(z) =a% (1.61)
rsina
= @)= 22— 2zcosa+ 1’ (162)
1—-zcosa
— f2) = 22— 2zcosa+1’ (1.63)
rsin o
= /)= a—Pz? — 2zcosa+ ab’ (1.64)
— fl)= a? — xcosa (1.65)

 a B2 —2zxcosa+al’
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rsha
n = ‘h = —""""7; 1.66
! shan = f(2) 22 —2xcha+1 ( )
l1—xzcha
f chan — f(x) 7 omchatl (1.67)
. _Bn _ zsha .
fn=a"""shan — f(x) = P _onchatab (1.68)
5 _wch
fo=a"P"chan = f(1)= —o —2aC (1.69)

a Bx?2 —2xcha+af’

IIpumepsr.

1. Haittu ap IO PEKYPPEHTHBIM COOTHOMICHUAM N HAYAJIBLHBIM YCJIOBUAM:

(a)

Gn+2 —4any1 +3a, =0, a3 =10, ay = 16.

Pewenue. JIna nadana Haitiem, 910 ag = 8, ¥ 3aMEHUM HAYaJIbHBIE YCIOBHUS HA IKBUBAJIECHT-
veIe ag = 8, a1 = 10. XapaKTepUCTUIECKIM YPaBHEHUEM ITOH MOCTIEIOBATETHLHOCTHU SIBJISIETCS
2% — 42 + 3 = 0. OHO UMeeT IBa BeIMIECTBEHHLIX KOPHA KPATHOCTH OMUH: a1 = 1, ap = 3. Ta-
KM 00pa3oM, 00Iee pelrenne JAHHOTO JTMHEHHOrO 0IHOPOIHOIO PEKYPPEHTHOTO COOTHOIIICHUS
€ TMOCTOSTHHBIME KO3 DUIMEHTAME BBIKUCHIBACTCS B Buje a, = C1 + Cs - 3. VI3 HavabHbIX
yesioBuit nostyuaem, uro C; + Co = 8, C; +3Cy = 10 = C; = 7, Cy = 1. Takum obpazom,
OKOHYATEJIbHO a, = 7 + 3". O

Gn+3 — 3ap+1 +2a, =0, a1 =a, ag =0, ag =c.

Pewenue. Ina magana HaiigeMm, 9T0 ag = 3“2_ <
JIEHTHBIE G) = 3“2_ €. a1 = a, ag = b. XapakTepuCTUIECKNM yPABHEHUEM JJIsI TIOCJIEI0BATE b
HocTH sBJsercs 0 — 3z + 2 = 0. OHO UMeeT BeIeCTBEHHBIN KOPeHb v = 1 KPATHOCTH JIBa
U BEIECTBEHHBIN KOPEHb (rp = —2 KparTHOocTH ojnH. Takum obpa3oM, o0Inee perleHne JaHHO-
ro JIMHEWHOT'O OJTHOPOIHOTO PEKYPPEHTHOTO COOTHOIIEHUSI C MOCTOSTHHBIMU KO3(hdUImEeHTAMN

BBITIACHIBaETC B Bujie a,, = C1 + Con + C3 (—2)". VI3 HavaabHBIX yCIOBHil MOMydaeM, 9To

n 3aMEHUM HavdaJIbHbIE YC/JIOBHA Ha KBUBa-

— l4da—b—4
Cl_~_03:3a2c’ 01: a9 c7
Ci+Cy—203=qa, <+ 02:%,
C1+2C5+4C3 = b; 03:%.
TaxuM 06pasoM, OKOHUATENLHO a,, = 1a=b=dc 4 b=date,, 4 2b—a—c ()" O

Apt2 — 2€0S Qapt1 + an =0, a1 = cosa, ay = cos 2a.

Pewenue. s nagaia Haitaem, 9To ag = 1 1 3aMEeHNM HaYa bHbBIE YCIOBUS HA SKBABAJEHTHBIE
ag = 1, a; = cosa. XapaKTepuCTUIeCKUM yPABHEHUEM JIJIs TIOCJIEIOBATEILHOCTH SIBJISETCS
2?2 — 2xcosa + 1 = 0. OHo UMeeT /1Ba KOMILIEKCHO CONPAYKEHHBIX KOPHS (1] = COS (v — 4 Sin &
U a9 = COSQ + isina KpaTHOCTH OJMH KaxK/blil. TakuM obpa3om, obIee perieHue JaHHOTO
JINHEHOTO OHOPOIHOTO PEKYPPEHTHOTO COOTHONIEHHS ¢ IOCTOSTHHBIMU KO3 PuIneHTaMu Bbl-
nucwBaercs B Buje a, = Cp (cosa —isina)” + Cq (cos a + isina)”. U3 HauaibHBIX yCIOBHUI
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nosyaaem, uro C1+Cy =1, (C1 + Cy) cosa—(C1 — Co) sina = cosa = C = Cy = % Takum
06pa3oM, OKOHIATETHHO

o n o n efina + 6ina
((cosa —isina)” + (cosa +isina)") = ———— = cosna.

2

ap =

2. BriBecTn 06Luee BbIpazKeHue J1jis1 OIIpeJIe/INTeJIA TpeX,HI/IaFOHaJIbHOIU/I MAaTPHUIIbI ITIOPAIKa 7.

Pewenue. TpexnuaronajibHas MaTPHUIA ITOPSIJKA N UMEET CJIC/LYIOMIH BUI:

a b 0 0 ... 000
c a b 0 0 0 0
0 ¢c a b 0 0 0
A, = 0 0 ¢ a 0 0 O
0 0 O a b 0
0 00 O c b
0 0 0 O 0 ¢ a

nxn
O6o3uaunm det A, = A,,. HaganbHble yeJIOBUS i Hee BHIIUCHIBAIOTCS JTOCTATOYHO IIPOCTO:

Ap=1 (10 KOroBOpEHHOCTH),
A1 = det (a) =a.

Hastee, mjist n 2> 2, UCIIOIB3ysl PA3JIOZKEHUE TI0 TIEPBOI CTPOKE, a 3aTeM IO IEPBOMY CTOJIOIY JIeT-
KO MOJIY9IUTh, 910 A, = al,_1 — beA,_o & Apyo — a1 + bcA,, = 0. XapakrepucTudeckoe
yPaBHEHHE ISl JAHHOTO JIMHEHHOTO OJTHOPOHOTO PEKYPPEHTHOTO COOTHOIIEHUS C MOCTOSTHHBIMU
ko3 duImenTaMu uMeeT B 2 — ax 4+ be = 0. B 3aBHCHMOCTH OT TOro, PaBeH MJIH He PaBeH HYJIIO
ero auckpuMuHaHT D = a? — 4bc, BO3MOXKHBI JIBa, CIIyas:

(a) D # 0. Torna

A, = O (a—,/6122—4bc>n+c2 <a+\/a22_4bc>n7

rie Cp u Cy OIpesielsitoTcst U3 ypaBHEHU

C1+Cy =0,
O+ 0= Tt

Pemennem asiisaiorca

1 a—+va? — 4bc o — 1 a++va? — 4bc
va? — 4bc 2 ’ 2 va? — 4bc 2 ’

rJie KBaJ[paTHble KOPHU SIBJISIIOTCS aJIre0pPanIecKuMU U BO BCEX CIydasiX WX 3HAYEHUsl I1ojiara-
FOTCS OJIMHAKOBBIMU. TakuM 00pa30M, B CIydae HEKPATHBIX KOPHEN

n+1 n+1
1 a—va? — 4be . 1 a++vVa? — 4be
a? — 4bc 2 va? — 4be 2 ’

Oy =—

A, =
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(b)

D = 0. Torma
Au=(Cr+Com) (5)"

e Cy u Cy onpenensaioTcsa n3 ypaBHEHMII

Cy =1,
C1+Cy =2.

Pemenunem sBistiorest Cp = Co = 1. Takum 0o6pa3om, B citydae KPATHBIX KOPHE

A, = (1+n) (g)”

3. Haiitu obmue pereHnst peKyppeHTHBIX COOTHOIICHMI:

(a)

n+2 + 3a, =0.

Pewenue. XapakTepuCTHUECKOE ypaBHEHHE [l JAHHOM IocIeoBaTebHocTn 22 + 3 = () mMe-
eT JBa KOMILIEKCHO COIPSKEHHBIX MHEMBIX KOPHsS KPATHOCTH OIUH: ] = —i\/3 1 ag = iv/3.
Takum obpaszom, obiree perreHne JaHHOTO JIMHEHHOTO OTHOPOTHOTO PEKYPPEHTHOTO COOTHOIIIE-
HUSI C TTIOCTOSTHHBIMU KO3(D(PUIMEHTAMY BBINKMCHIBAETCS B BHUJIE

an, = C4 (—Z\/g)n + Co (2\/§>n =135 ("4 (—=)") =
C13% (COS % —isin %) +C,3% (COS % + isin %) )

an+2 + 2ap41 + an, = 0.

Pewenue. XapaKTepuCTHUECKOe ypaBHEeHHe IS JAHHON IOCIeI0BaTeIbHOCTH T2 + 22+ 1 = 0
WMeeT OJINH BEIeCTBEHHBIN KOpeHb av = —1 KpaTHOCTH JBa. TakuM oOpa3oM, obImee perrenne
JIAHHOTO JIMHEWHOTO OJIHOPOJIHOTO PEKYPPEHTHOTO COOTHOINEHUSI C MOCTOSTHHBIMU KO3MDhum-
eHTaMH BbIMCHIBaeTcs B Buje a, = (C1 + Con) (—1)". O

Anp+3 + 10an+2 + 32an+1 + 32an =0.

Pewenue. XapakTepucTuieckoe ypaBHEHUE JJIT UCXOTHOU ITOCIEIOBATEILHOCTH WMEET BUJ
23 4+ 1022 + 322 + 32 = 0. OHO UMeeT BeIEeCTBEHHBIH KOPEHb (rf = —2 KPATHOCTH OJIUH U
BEIECTBEHHLIN KOpeHb iy = —4 KpaTHOCTH ABa. lakuM oOpa3oM, obOImee perreHue JTaHHO-
0 JINHEWHOTO OIHOPOIHOIO PEKYPPEHTHOTO COOTHOINEHUS C MOCTOTHHBIMI KO3 duimenTamm
BBIHCBIBaeTcs B Buje a, = C1 (—2)" + (Cy + Csn) (—4)" = (=2)" (C1 + (C2 + C3n) 2™). O
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(a) Iycrs {an} u {b,} — aBe MOCIENOBATEIBLHOCTH, YIEHBI KOTOPBIX CBA3AHBI COOTHOMICHUAMU

(n41 = P1an + q1by,
bn+1 = p2Gn + Q2bn,
A =pigz —p2q1 # 0,

e pi, i, P2, Q2 — JdaHHble ynciaa. HaiTu BbIpakeHUst js a, W b,, cauTas, 9TO a1 U by
3a/1aHBI.

Pewenue. Haiinem ag, by u3 cucrembl ypaBHEeHMIA

a1—q1b
a1 = p1ag + qibo, ap = UL
—_ . —p1b
b1 = p2ao + g2bo; by = —k2hii
¥ 3aMEHUM HadaJIbHbIE yCIoBUsl Ha skBuBajenTHbie npu n = 0. [lycts ¢ # 0. Beipaskaem u3
[IEPBOI0 ypaBHEHUs
1 1
by, = ; (an+1 - plan)a bn+1 = ; (an+2 - P1Gn+1)
1 1

u IIoAacCTaBJIAeM MX BO BTOPOE:

1 1
— (@nt2 — P1Gn41) = P2an + @2— (Ant1 — Pray) -
q1 q1

[Ipeobpasyem mociieiHee paBEeHCTBO U Oy IaEM
Ant2 — (P1 + @2) Gny1 + Day, = 0.
KopHI 3TOro XapakTepucTHIeCKOro YPaBHEHUS PABHBI (v = % <p1 +q2—/(p1 + qg)2 — 4A>

uay = % (pl +q+1/(p1+ q2)2 — 4A>, rJie KOpeHb ajrebpamvdeckuii U OJIUH W TOT K€ B

obomnx cirydaax. Takum oOpa3oM, B CIydae HEKPATHBIX KOpHEit

P4 g —\/(p1+ @)’ —4A P+ a4/ (01 + @) —4A
an = 01 +02 5
2 2
P4 g —\/(p1+ @) —4A Pt g+ /(01 + @) —4A
by, = C3 5 +Cy 5

B ciyuae kpaTHBIX KOpHEit

ap = (Cl + 0271) (

by = (Cs + Can) (pl +q2> .

D1 +Q2>n

[\)

\V]
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IToxcraBisiss 9TU BbIPayKeHUsI B MCXOAHYIO CHUCTEMY, HaxoauM 3aBucuMocTb mexay Cq, Ca,
C3 n C4, OCTABJISIIONIYIO JIBE CTENIEHU CBOGOMBI (IIOCKOIBKY CHCTEMA He BBIPOXKEHA). 3aTeM,
MIOJICTABJIsIeM HadaJbHbIE YCIOBUS ag, by U HAXOIUM KOHCTAHTHI.

Eciu g1 = 0, To mpoBeiem Te ke paccyxkaenusi, noMenss a Ha b u b #a a. [Ipu sTOoM HEOOXOTIMO
p2 # 0. Ecyim ke po = 0 & g1 = 0, To A = 0, yro nporuBopedut ycyiosuio. Takum obpazom,
pelitenue HaiiewHo. O

(b) HaiiTu permenue cucTeMbl PEKYPPEHTHBIX COOTHONIEHUIH

Up41 = 3an + bn;
bn+1 = —an + bna
ay = 14, b1 = —6.

Pewenue. Bocronb3yemest pe3ysibraToM ylpaxkHenus 4a (B JaHHOM Ciydae KOPDHU KPATHBIE).
an = (C1 + Con) 2", b, = (C3 4 Cyn)2™.
Tloncrasiisist B ucxomuyo cucremy, Haxogum Cy = —Cs, C3 = —C7 + 2C5, 10 ecThb
an, = (C1 + Can) 2", b, = (—C1 +2C5 — Can) 2".

Hagee, yaurbiBasi, 910 ag = 5, by = —1, monygaem Cy = 5, Cy = 2. Takum obGpazom,
OKOHYATEJIbHO

an = (5+2n)2", b, =(—1—-2n)2"

O
5. Haiitu pemenue cucreMbl peKypPPEHTHBIX COOTHOIIEHU
ap41 = —0p + 2bn7
anrl = 2a, + 2bn7
apg = 3, bo =1.
Pewerue. Pemum 3a7auy Ha sizbike MaTpull. Crucrema 3a7aeTCsi MaTPUIIEi
-1 2
A =
2 2
7 HAYAJIBHBIM BEKTOPOM
3
X =
CoberBennblie 3naverns A paBHbI A\; = —2, Ao = 3 ¢ COOCTBEHHBIMU BEKTOPAMHU COOTBETCTBEHHO
1 2 1 2 V.
(2> u <_1>. N3 cobCTBEHHBIX BEKTOPOB COCTABUM MaTPHILy () = (2 1) =Q = <§ 50
o 5 5
Hautee,

A= QAQilv Y, = Qian — )/n+1 = A}/'ILy Y, = An)/O = X, = QAnQilXO-
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B 10 ke Bpems

woove ( 2) (0 ) (1 5)- (%

Takum obpazom,

[SIICSIIN
—

\
[\)
—
3
[SUFS ]
w
3

\
(SN
—~

\
[\
S~—
3
"

O

. Pemurh pekyppeHTHOE COOTHOMIEHUE Apt3 — 6apy2 + 1lany1 — 6a, =4n, ag =1, a3 =3, ag = 4.

Pewenue. XapakTepucTudeckoe ypaBHEHUE [JIs PEIeHnsi OMHOPOIHOIO COOTHOIIEHUS IIOCIEI0BA~
reabHocTH 22 — 622 + 112 — 6 = 0 UMeeT TPU PA3INYHBIX BEIIeCTBEHHBIX KOPHS KPATHOCTH OJUH
KaKIbIi: o = 1, ag = 2, ag = 3. Takum obpaszom, obIee pelleHre OJIHOPOJHOIO COOTHOIIe-
Hust umeer Bug a, = A-1" 4+ B - 2" + C - 3". YacrHoe pellleHre UMeeT CMbICJ UCKATb B BUJIE
ar =n(an+ §) - 1". Ioxcrapiss ero B NCXOJHOE YPaBHEHNE U IPUPABHUBast KO3GhOUIMEHTH IpU
PaBHBIX CTEIleHsX, notydaeM o = 1, =2, orkyna a, = a, +all = A+ B-2"4+C-3"+n(n+2).
Tenepb MokHO onpesieuTh KOHCTaHTBl A, B, C', ncxo/is n3 HAYAJIbHBIX yCIOBHIA:

A+B+C =1, A=1,
A+2B+3C =0, = B=1,
A+4B+9C = —4; C=-1.
VTak, OKOHUATENBHO, ay, = 1 + 2" — 3" + n (n + 2). O

7. PemuTh peKyppeHTHBIE COOTHONIEHUS:

(a) ang1—an =n, ap = 1.

Pewenue. Jlerko Bumers, 9to ag = 1. 3aMeHnM HadvaIbHOE YCJIOBHE Ha SKBUBAJIEHTHOE ag = 1.
XapakTepuCTUIeCKOe YpaBHEHHE M1 OJHOPOIHOTO COOTHOITeHns ' — 1 = () mMeeT OJInH KOPEeHb
a = 1 kparHoctu oguH. Takum 06pa3om, o0IIee peleHrne OJHOPOJIHOIO COOTHOIIEHUs] NMeeT
Buz a,, = A. HacTHOe pellleHre MMeeT CMBICJ UCKaTh B Buje a, = n(Bn + ). oxcrasuss
€ro B UCXOJHOE yPABHEHWE U MPUPABHUBAsT KOIMDMUIMEHTHI IPA PABHBIX CTEIEHSX, MOTYJIaeM
B=32 v=-3 orxynaa, =al,+a =A+ in(n—1). I3 HAUaIbHBIX yCIOBUI HAXOLMM,
qTOAZIHan:1+<g). O

(b) @pyo +2ap41 — 8a, =27-5", a3 = —9, as = 45.

Pewenue. Jlerko Bumersb, 9to ag = 0. 3aMeHUM HaYaJIbHBIE YCJIOBUS HA SKBUBAJECHTHBIE () =
0, a; = —9. XapakTepucTudyeckoe ypaBHeHHe IS OJHOPOIHOIO COOTHOMeHns T2 + 21 — 8 =
0 mMmeeT JBa KOPHsSI KPATHOCTU OJMH KaXKIblii oy = —4, oo = 2. Takum obpazom, obiiee
pellleHne OJJHOPOJIHOTO COOTHOIIEHUSI UMeeT BUJ 4 = A(=4)" + B - 2. YacrHoe pelieHue
MMeeT CMBICT HCKaTh B BJE a,, = [3-5". IlojcraBiissi ero B MCXO/JHOE ypaBHEHNE U IPUPABHABAS
k03 UITEEHTH TIPK PABHBIX CTeNeHsX, Homy4daeM 3 = 1, oTkyaa a, = al, +a!! = A(—4)"+B-
2" +5". V3 HauasIbHBIX yCIoBHUil HaxoauM, uto A =2, B = —3na, = 2-(—4)"—3-2"+5". O
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8. Pemmurh cucremy JIMHEHHBIX PEKYPPEHTHBIX COOTHOIIEHMIA:

Ap4+1 = _bn +n,
bn+1 = G + 2b, + 1,
apg = 1, bo =-2.

Pewenue. 3amerum npegsapuresabto, 4to by = —2. [lajee, Bbipaxkasi n3 BTOPOro ypaBHEHUS by, o =
Gnt1 + 2bp+1 + 1 ¥ moACTABISASA TYNA Gpt1 = —by, + 1, TTOJIyYaeM JIMHEHHOEe PEKYyPPEHTHOE COOTHO-
IIIeHre OTHOCUTENBHO by @ bpio — 20p41 + by, = n + 1. Ero xapakrepucruyieckoe ypaBHEHIE UMeET
KOpeHb v = 1 KpaTHOCTH [IBa, B CBA3U C 9eM ODIIUM pelleHHeM OJHOPOIHOTO COOTHOINEHUS SBJIsI-
ercs bl, = A+ Bn, a 9acTHOe pelieHne UMeeT CMBICT UCKaTh B Bujie b = n? (Bn + 7). Ilogcrasiss
ocJIe/{Hee B YpaBHEHHE, HAXOIUM (v = %, B = 0. Takum obpazom, b, = b, + b = A+ Bn + %2.
Ucnonbayst HavasibHbIE YCJIOBUS HA by, mojydaem A = —2, B = —%. Takum obpazom,

n  nd 7n—1) (n—6)° 2 1 1
b, =22 —9 — =1+ Zn+=n?— -n.
n 676 mTET TG 6 tgntgnt gt

Yaopa>kHeHusl.

1. Haitru unciia Crupsmnara BTOPOro poja:
(a) S(n,n—1)m
(b) S(n,n—2).

2. Haiitu obirue perrenust peKyppPeHTHBIX COOTHOITEHMIA:
(a) anso —4ans1 + 3a, = 0;
(b) apy2 —a+n+1-—a, =0;
(C) Ap+3 + 36Ln+2 + 30n+1 +a, = 0.

3. Haiitu obimee perrenne cucTeMbl pEKYPPEHTHBIX COOTHOIIEHUH

(pnt1 = by + 5,
bn+1 = —an + 3.

4. Permutb peKyppeHTHbIE COOTHOIIECHUSI:

An+t2 — 20p41 +2an, =27, ap =1, a1 = 2;
An+2 + Qpt1 — 20, =0, ag =1, a1 = —2;
On+2 —4any1 +2a, =2", a9 =1, a3 = 2;
Upyo + Qpp1 — 6a, =5-2"11 ag =2, a; = 1.

5. Tomp3ysick ammapaToM TPOU3BOAAINX (DYHKIHI, BHIBECTH (DOPMYJIy CyMMBbI KyOOB IEPBBIX 71 Ha-
TypaJbHBIX YUCE.
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1.3 IIpocreiimue nepevducanTeIbHbIE 3a a1

BBoambie 3amedyanusi. B stom maparpade paccMaTpUBaIOTCS 3aJIa9HU, TPEICTABIIONIE OO0 HAXO-
JKJIeHUe Y9HC/Ia, KJIACCOB IKBUBAJEHTHOCTH KOMOMHATOPHBIX KoHuryparuii. YTobbl MOsSCHUTHL 9TO, pac-
cMmoTpuM npuMep. Haliem 4meyio packpacok rpaneil Kyba B Ba Pa3HBIX IBeTa (HAIpuMep, B OeJiblii u
JepHbIit): Beero (He yumThbiBast cumMerpuit Ky6a) nx 26 = 64. Terepb 0TOX/IECTBIM PAacCKpPACKH, TOTyHda-
IoIuecs ApyT U3 aApyra moBoporamu Kyba. Torma Bce pa3indHble PACKPACKH OMUACHIBAIOTCS B CJIEIYIOIIEM
CITUCKE:

1. Bce rpanu Gesbie (1 packpacka),
2. omHa TpaHb Oesasi, octanbHble — YepHbIe (1 packpacka),

3. aBe rpanu GeJible, YeTbipe — UepHbIe (2 pacKpacKu: B OHOI Hesible rpaHu uMeroT obiee pebpo, a B
JIPYroii He UMEIOT),

4. Tpu rpanu Gesible, Tpu — 4YepHble (2 PACKPACKH: B OJHOII GeJible rPpaHU MMEIOT OBIILYIO0 BEPIIUHY, a
B JIDYroil He UMEoT),

5. derbipe rpanu Gesible, JBe — YepHbIe (2 paCKpacKu: B OJHOI YepHbIE TPAaHu UMeIoT obinee pebpo, a
B JIDYTOil He UMEIoT),

6. ngarh rpadeit Gesbix, oaHa — depHas (1 packpacka),

7. Bce rpanu uepHble (1 packpacka).

Takum 06pa3om, Bcero 10 KJIaccOB 9KBUBAJEHTHOCTH U CTOJIBKO YK€ COOTBETCTBYIOIIIX UM HEIKBUBAJIECHT-
HBIX PACKPacoK.

Yro6br 060CHOBATH MHOTHE U3 MOCIEIYIONINX PACCYXKIEHUN, CDOPMYTUPYEM U JIOKAZKEM CJIEJTYFOIILY IO
TeopeMy.
Teopema 1.6 (Kaum). Jlobas koneunas epynna G usomoppha nexomopoli nodrodswed nodepynne
CUMMEMPUHECKOT 2pynnol Sy, .

Joxazameavcmeso. Ilycrs |G| =n; G = {g0 =¢,91,...,9n-1}. Jug moboro g € G paccMmorpum 1oicTa-

HOBKY
§—( 90 g1 9n—1 >
g-9 9-91 .- G-Gn-1

OHa siBJIsSIeTCs UHbEKTUBHBIM oToOpakennem G — G C S,,. JleiicTBuresbHO,
—_ -1 — -1 . J— .
9°9=9-9,=9 9:9i=9 99 = gi = gj-
Takum 06pazoM, OTOOparKeHHe § SABJISETCA MEPECTAHOBKOM, a, CJIEJTOBATEIBHO, U B3AUMHO OJHO3HATHBIM.
= BN o 7 =
OcTajoch MpOBEPUTH TONBKO, YTO B (G BBIMOJHAETCS PABEHCTBO §1 - o = g1 - g2 V g1, g2, TO ectb G —
rpymma. efictBurenbao, mycTh

-~ 9o Y gn—-1
<~ =
na < 91 9o z g1 gn—1 ) ’
~ go x In—1
<« =
g2 92 ( 92 " 9o Yy 92 - gn—1 ) ’

— 90 Gn1
. > . = .
gL7 92 gL 92 ((91-92)-90 oo (91°92)  gn )
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TOI‘,Z[& COIVIaCHO OIIPpEIECJICHUIO KOMIIO3UIINHN II€PECTAaHOBOK

2,
z

g1 32 () = g1 (g2 (x)) = 1 (v)
91-92(x) = (g1-92) (@) =91 (92- %) = g1 -y

Taxkum obpazom, mexkiry G u G yCTAHOBJIEHO B3aUMHO OJIHO3HAYHOE OTODParKEHUE, COXPAHSIIOIIECE BHY-
TPEHHUI 3aKOH KOMIIO3UIUHU, TO €CTh U30MOPQU3M. O

[TocTpoennoe B Teopeme 1.6 mpejcraBjieHe KOHEIHON IPYIIIBI HA3BIBAETCS ACEbLIM PESYAADHLIM NPed-
cmasaernuem Kaau. TlpaBoe perynisipHoe mpejicTaBieHne, KOTOPOE MOXKET OBITh ITOCTPOEHO [0 aHAJIOTHH,
Ha3BIBAETCS AHMUUIOMOPPHUIMOM.

Teopema 1.7 (Jlarpaux). ITycmo G = {ag=e,a1,...,ap_1} — HekoOMoOpas KOHEWHas 2pYnna, G
mmoorcecmeo H = {fBy = e, f1,...,Bm-1} C G — ee nodepynna (m < n). Toeda m | n.

Hoxazameavcmso. Obosnauus Sy = H, vy = e, paccmorpuMm MHOxkecTBO G\ So. Ecim ono mycro, To
TeopeMa BBIIOJIHEHA, B IPOTUBHOM CJIyYae BLIOMPAEM U3 HErO IMPOU3BOJILHBIN 3JIEMEHT 1.

So yw=e: Bo, B, ., Bm-1
S1 M 7bo, Mmb, ooy MBm—a
Sa Y2 i 200, Y2Bi, ooy V2Pm—1 (1.70)
Sk Y WwBo, VB, ooy MeBm-t

O6oznaunm S = {7152‘, Vi=0,m— 1}. Cpei HUX HET OJMHAKOBBIX U SyNS] = &: AeficTBUTEIBHO, €C/In

B =P = Bi = B; = i = j (noMHOXKeHHEM CIIPaBa Ha b, aecmn v 8 = Bi = m = ﬂjﬁfl € H.
Ecmu (G \ Sp)\S1 = &, T0 Teopema J0Ka3aHa: TIOPSIIOK TPYIIIILI PABEH YBOCHHOMY MOPSIIKY IIOTPYIIIIHL.
B nporuBHOM cilydae BbIGUpaeM IIPOu3BOJIbHBIA Y2 € (G \ Sp) \ S1 u mosropsiem Te ke paccyxjaerust. Ha
k-om mrare mbl nostyaaem Habop Sk = {v&B0, Y&01, - - - s Ve Bm—1}, IPAYEM BCE JEMEHTHI B HEM DA3JIAIHbBI
7 He BCTPEYaJnCh BO MHOXKecTBax S;, Vi = 0,k — 1. IeficrBurensuo mycrs ¢ < k u

—1
YBi = e = Yo = Ve BiB; = VeBr € S,
~——
cH
HO 7y BBIOMPAJIOCH U3 jonoyiHeHus Sy. OCTAHOBKA 3TOrO MPOIECCa MOXKET IIPOU30UTH TOJIBKO B CJIydae

(- ((G\So)\ S\ )\ S = 2,

o torga { - m = n, rae m — nopsaok H, 9To u TpeboBaIOCh T0KA3aTh. O

OcHOBHBIE JIEMMBI.

Omnpenenenune 1.3.1. Undexcom nodepynnove H epynno. G HA3BIBAETCST IUCIIO

G|
[G: H|= 1.
|H|
IMycrs N = {1,2,...,n}, G — noarpynua S,,. Beenem ciienyioriee GuHapHOe OTHOIIEHUE HA JIEMEHTAX

MHOXKecTBa, NV:

a~b (mod G)<=3IneG:m(a)=h.

Jlerko TIPOBEPUTH, YTO OHO YJIOBJIETBOPACT aKCUOMaM
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1. pedirekcuBHOCTH:
T=ecG=a~a (modG),

2. CUMMETPUYIHOCTU:

T€EGe=n'cG@=a~b (modG)<=b~a (modQ),

3. TPaH3UTHUBHOCTHU:

T, M €EG=m me=1€G@ = (a~b (mod G))&(b~c (mod G))=a~c (modG).

MupMu CJIOBaMU, OHO sBJIAETCA OTHOIIIEHUEM 3KBUBAJICHTHOCTHU. Ono pa36HBaeT HUCXO/IHOE MHOXKECTBO N
Ha KJIaCChI 9KBUBaJIEHTHOCTHA. B ABYX KpaﬁHHX ClIydadx G = Sn nG= {6} COOTBETCTBEHHO BCeE 3JIEMEHTDI
9KBHUBAJICHTHBI 1 HUKAaKHE JIBa HE ABJIAIOTCA SKBHBAJICHTHBIMM.

Omnpenenenne 1.3.2. Opbumoti snemenma a € N Ha3bIBAETCST MHOXKECTBO
O,={beN|a~b (modG)}.

Tak Kak KJIacC 9KBUBAJEHTHOCTHU MOPOKIAETCS JIOOBIM CBOUM IIPEJICTABATENEM, JOIIYCTUMO 0003HA-
yath yepe3 O, opbury npousBosbHOro ssementa a € N. Haiinewm ee. Ilyers G = {ag =€, 01, ...,0p_1},
r = {-m. Torna cpenu smementos e (a) = ag(a), a1 (a),...,ar—1 (a) MOryT GBITH TIOBTOPHI, HO CPEJIN
HUX COAEPIKATCA BCE JEMEHTDI, SKBUBAJEHTHBIE @ U TOJTHLKO OHU. 10 €CTh, MHOYKECTBO 3THX JIEMEHTOB U
cocraiger O,. Haiee, a ~ b (mod G) & O, = Oy = |O4] = |Oy].

Omnpenenenne 1.3.3. Cmabuausamopom siemenma a HA3BIBAETCS MHOXKECTBO JIEMEHTOB
G, ={a; €G|a,;(a)=a}.
Jlerko nposeputsb, uro G, — noarpymmna G.

YrBepxkaenue 1.3.1.
(G : Ga] =0, (IGal |0a] = 1G]) -

Joxazameavcmeo. Ilycrs G, = {8y =€, b1, - .., Bm—1}- Hokaxem, aro cpeau snementos (1.70) ne Berpe-
YAETCA OJUHAKOBBIX. DTUM MBI M IIOKAYKEM, YTO MOIIHOCTH OPOUTBI ABJISCTCA WHIEKCOM CTACHIN3aTODA.
So vw=e:  Bo, Bi, ooy Bm-1]| ela)

S1 Y mbo, B, oo V1Bm—1 | M (a)

So Y2 i 200, 2B, oo Y2Bm-1 | 2(a)

Sk Ye i YeBos kB, s YBm-1 | (@)

Se Yoo veBo, veBis ooy VeBm-1 | ve(a)

IIycte i > 1, k > s > 1. Torma

viBj (a) = Bs (a) = a = Vi € Go = 7; € G, (upormBOpEUHE)
YB; (a) = Y565 (a) = i (@) =75 (a) = I BE€ Gy : v, 'y =B = k=35 (nporusopeune.)

Takum obpaszom, aeficrBurensuo, O, = £ + 1. 0
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Ecmu a ~ b (mod G), 1o |Gy = |Gp| u Mexxay crabunms3aropaMy 9THX JBYX JIEMEHTOB MOXKHO
ycranoBuTh msomopdmsm. Jeiicteurensho, mycetsb T (a) = b, g € Gy. Torma mgr~! € Gy.

JIemma 1.3.1 (Bepucaiin). ITycmo N (G) — wucao opbum no epynne G. Tozda

N (@)= g ().

TeG

20e A\ () — “UCAO HENOJBUNCHVLLL ALMEHMOE NEPECMAHOSKU T (Nepsas xoopdunama SeKmopa muna

NePecmanosKL,).

Joxasameavcmeo. Pacemorpum Tabiuily u3 HyJiell U eJIMHUI], CTPOKH KOTOPO COOTBETCTBYIOT 3JIEMEHTAM
N, a cToabIpl — mepecTaHoBKaM u3 (.

G
N\ TO e e e e e e Tm—1

1 1 ... IG1]

2 1 |G|

0 .
: e 1 :
n 1 o . |Grl
Al (7'(0) ........ Al (Wm—l)
SueMeHT 3TOI TAbMHMILI ¢i; s ¢ = 1,n, j = 0,m — 1 oupezensercs 110 cIeyIOMeMy IPaBIILY:
™ (i) # 4,

"
ij — 1’

Yucao eIuHuI] B i-0ff CTPOKE €CTh MOPSIOK CTAOMIM3ATOPa JIEMEHTa ¢, a YUCIO €IUHUI] B j-OM CTOJOIE
€CTHb YHC/IO HEIIOABIZKHEIX 3JIEMEHTOB j-oii mepecranosku. O6o3naunM uepes (Of opbuTy i-ro Kjacca K-
BusasentHocru s ¢ = 1, N (G). Hdanee, B custy TOro, 9T0 MOIHOCTH CTAOUIU3ATOPOB KBUBAJIEHTHBIX
JIEMEHTOB PaBHBI, & TakXkKe TOro, 410 |G| |0y | = |G| nmonyvaem,

Uy (’L) =1.

S h(m) =) |G =|Gal + -+ |Gal +|Gol + -+ [Go| ++ -+ |Gel + -+ Ge| = |G| - N (G)
i=1 ——

el

o1 o2 ON(©)
1
= N(G) == > Mi(m),
|G|
TeG
[Jie @ U3 MEPBOTO KJIacca KBHBAJIEHTHOCTH, b — u3 Broporo, ¢ — u3 N (G)-ro. O

Beenem na N Becoyio yukuuio w : N — R takyio, 4t0o ¢ ~ b (mod G) = w(a) = w(b). Becom
OPOHTHI HA30BEM BeC ee Mpou3BoIbHOro npeacrasurens: W (0,) = w (a). Toraa cnpaseyiuBa e /Lyomast
JIeMMA.

Jlemma 1.3.2 (Bepucaiin, BecoBoii Busi).

N(G

) o
;W(O):@Z

T€G a=n(a)

w(a).
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Loxazameavcmeo. Paccmorpum tabiuity BeCOB, aHAJOTUYIHYIO HCIIONIB3yeMoii B jremme 1.3.1.

N G‘ o Tm—1 H
I [w(1) o 1G]
2 w(2) |Ga|
n ‘ w(n) H |G|

DJIeMeHTBI TOil TaGIUIBL OLPEAENIAIOTCS 0 npaBmity: w;; = w (m; (1)) gast i = 1,n, j = 0,m — 1. Orme-
THM, 9ITO €CJIH § — HEIOIBIKHBII IEMEHT IIePeCTAaHOBKHI T, TO W;i; = w (). Bocn0m>3yeMCH Ternepb TeM
JKe IIPHEMOM: IlepeiiieM OT CyMMBI 110 BCEM JIEMEHTaM K CyMMe II0 KJIACCaM 9KBUBAJCHTHOCTH. BHyTpn
KaKJIOr0 KJIaCca SKBUBAJEHTHOCTH BECA 3JIEMEHTOB OJMHAKOBBI U PABHBI BECY OPOUTHI, HO KAXK/IBII TaKoil
9JIEMEHT ydacTByeT B cyMMe |G| pa3, Tak Kak (Hajiee a — 9JIeMEeHT U3 IepBOil OpOHUTEL, b — U3 HOCIeHeH )

> Z Z Z =Y wliy{reG:n(i) =i} =Y w(i)|Gi|=
7T€G a:a=n(a) i=1 )7 =1 i=1
w (1) + w+w@)+- o Fw@) - Fwn)+ o Fw(n) =

|Gl |Gz| |Gn |

N(G)
W(O) +- 4+ W(O) +--+ W (OV@) 4w (0N = |G| Y W (07)
j=1

> |Gil=]0|Gal=|G]

v Gi|=|oN@@||Gy|=|G
icol ieo%(@‘ = |Gy |=IG]
N(G) 1
ﬁZW(OJ):@Z w(a),
j=1 T€G a=m(a)
9T0 1 TPebOBAIOCH JOKA3aTh. O

Jlemma 1.3.3 (BepHcaiia, orpanudennas dopwma). ITyems N' — nexomopoe nodmmoscecmeo mmo-
orcecmea N. Ecau onpedesums sksusasenmmocms 6 o2panuienioti opme:

a~"b (mod G)<=a~b (modG) & a,be N',

mo wucao opbum no epynne G na muoscecmee N’ pasho

N (G| N > A (w| N
|G‘ TEG

/
2de \q (7r| N ) — YUCAO NEMeb NEPECMANOSKY T Ha mHoocecmee N .

Jokazamenvcmeo. AHAIOrMIHO OCHOBHOM JjiemMe 1.3.1 ¢ TeM JIMNIb OTJIMIUEeM, YTO PACCY K IEHUsT TPOBO-
JSITCS JI7IST TaCTH OPOUT. O

Teopema IToita. O6osnaunm N = {1,...,n} — muOXKecTBO Bepums, M = {1,...,m} — MHOXKeCTBO
kpacok. Oyukrmu Buga f : N — M Oymem Ha3bBaTh packpackamu muooicecmsea N 6 uysema u3 M. Ux
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muOozkecTBO — map (N, M) ¢ gucsiom snemenrtos § map (N, M) = m™. s uekoropoit noarpymust G C S,
OyJIeM Ha3bIBATh PACKPACKH f U ¢ SKBUBAJEHTHBIMH M 0003HAYATH

f~g (mod G)«<=3IrecG:YreN= f(r(z)) =g(x).

Onpenenenune 1.3.4. [[uxaosvim undexcom epynno. nepecmarnosox G 6yaeM Ha3bIBATH MHOIOYJIEH

. P )
Z(G,I1,...,In |G‘Z ‘Tn )
TeG
rae A (m) = (A (w), Ae (1), ..., A\n (7)) — THO HEpECTAHOBKH .
B npumepe 5 paccmorpeno 3uadenue Z (G k, . . ., k) IMKIOBOro MHIEKCA TPYIII BPAIEHUl U BpaIleHuil
C OTPaXKeHMUsIMH JJIs IPOCTOrO p. B obImeM Bujie OHM BBITJIAIAT JJIs MPOCTHIX P CICAYIOIMIAM 00Pa30M:
1
Z(Gszy,...xp) == (@) +(p—1)xp), JIJIsT TPYTIIBI BPAIEHUIH;
b
1 p=1
Z(Gsz1,. .. xp) = > (:Uf +(p— 1) zp +prizy? ) ,  JJIsl TPYIIIbI BPAIEHU C OTPaYKEHUSIMHE.

VeranoBuM m3oMopdusM Mexk ity saemMernTamu m € (G 1 mepecTaHOBKaMU Sy,n . Ompeaenm [jist Hadaja
packpacke [ u mepecranoBke 7 dynkuuio f7 mo ciemyromemy npasuiy: V j = w (i) = f7(j) = f(4).
Jlerko y6euThCs, 9TO TAKOE COOTBETCTBUE UHHEKTUBHO: JEHCTBUTEIBLHO, €CIN

=M o= n fTH)=FGVi=Tn= fi(i)=fo(i) Vi=7"(j).

Tak NOCTaBUM B COOTBETCTBHE Ipynie (G HEKOTOPOE MHOXKECTBO pacKpacok { f™ }. IIpu 3ToM IepecTaHoBKe
T CTABUTCA B COOTBETCTBHE HEKOTODAs JIPyrasl HEPECTAHOBKA PACKPACOK 7 € G. JIerko BUJETB, 4TO 3TO
COOTEeTCTBUE M30MOP(HO (TO3TOMY MOYKHO TOBOPUTHL O moarpymnme G CHMMETPUYECKOH TPyHmb Sy, ),
TaK Kak (%)71 = (7?—\1), € — eJUMHHMYHBLII 3JIEMEHT B @7 a g -7 = 73 - 1. OCTaIoch MoKa3aTb, 94T
9TO COOTBETCTBHE B3aUMHO OJHO3HAYHO: IycTh G D m # m € G, a T, Ty MOPOXKIAIOT COOTBETCTBEHHO
71, 7. Torma 34 : j = m (i) # m (i) = k. PaccMOTpUM pacKkpacky, OKpAIHBAIONLYIO $-bIil 3JEMEHT
B IIEPBBII IBET, a BCE OCTAJbLHBIE BO BTOPOil. Torma 7y OKpPacHT BCe 3JIEMEHTHI, KPOME j-TO B HEpBbIi
IBET, a j-BbIil 3JEMEHT BO BTOPOIi, & Ty BCE 3JEMEHTBI, KpOMe K-TO OKDACHT B IIEPBBIA IBET, a k-bIii
asieMenT BO BTOpoit. CieloBaTesibHo, 71, Tz — Pa3HbIE HEPECTAHOBKH PACKPacoK. Takum oGpasom, MOKHO
OKOHYATEJILHO YTBEPKIATH, 9T0 MeXK 1y G u (G yCcTaHOBJIEH U30MOPMOU3M.

Teopema 1.8 (Iloita, ynpowennsbiit Bun). Yucao opbum packpacok no epynne G (nodepynne Sy, )
PABHO 3HAMEHUIO YuKA08020 undekca Z (G;m,m, -+ ;m).

Joxasamenvcmeo. 3aMeTUM TPEABAPUTENBLHO, YTO B CUIY H30MOPQU3MA,
fi~fo (mod G) <= f1 ~ f» (mod G).

Hycrs F = {F1, ..., Fi} — muoxecrso opour. Torma no semmve Beprcaiina 1.3.1 u B cuity uzomopdusma
rpynn G u G

Z > 1—| |ZmM(w)mAz(w)...mM(ﬂ):Z(G;mm,...,m).

7@ f=n(f) med

IlociieiHee paBeHCTBO BBITEKAET U3 TOrO, YTO METJIsI B [IEPECTAHOBKE I'PyIIbl G TPy ©30MOP(HO IIEPEXOIUT
B OKpAaIllUBaHUe BCEX IUKJIOB B OJIMH I[BET PACKPACKOil rpymnmnbl G 0
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IIycrs W = {wy,...,w,} — MHOXKecTBO 1BeTOB. BBenem Bce okpacok w : M — K (W), 1o ecrb
w (#) = w;. Becom packpacku Gy/ieM HA3BIBATH IPOM3BEJICHNE BECOB €€ I[BETOB:

w(f)=JJw@).

ieN
OueBnno, uto f1 ~ fo (mod G) = w (f1) = w (f2):

wife)=[Tw (@) =lwth@@) =l @) =win).

i€EN ieEN i€EN

Ilo amaslorum ¢ OOBIYHBIMU TPYIIIIAME IIEPECTAHOBOK, BECOM OPOUTHI HA30BEM Bec JIF000I ee pacKpacKu:
W (F;,) =w(f) Vf € F,.

Teopema 1.9 (Iloiia).
Y W(F) =2 (G;Zw(i),zw(i),...,zw" (i)) .
FEF j= ; =

Jokasameavemso. Ilycte W = {Wy,... , W, } — MHOXKeCTBO BCEX BO3MOXKHBIX BECOB PACKPAaCOK (BECOB
opbur), r < m". Torga

ZW(F):zT:Wi > 1:§Wi-1z oo

rer = wiw, €y (2w,
1 2
== > (W@ 4 +wm)™ (W Q)+ W (M) (@ (1) 4w (m)
GTK’EG

:Z(G;Zw(i),ng(i)7...,Zw”(z’)).

i=1 i=1

Tlocieiaee paBeHCTBO BBITEKAET U3 TOrO, YTO METJIsI B [IEPECTAHOBKE IPyIIbl G Ipu n30MOP(MHO IEPEXOIUT
B OKpAIllUBaHUe BCEX IWKJIOB B OJIMH I[BET PACKPACKOil rpymnmnsl G O

B manbmeiimmem mon eumpaoicom OylleM TOHMMATH MPO3PAYHYIO MPSIMOYTOJIBHUK, PA3JIUHOBAHHBIN
KBaJIpaTaMi, KOTOPbIe MOTYyT OBITH OKpAIleHbl B IBeTa. [Ipm 3TOM OKpacka KBaJpaTa C JIBYX CTOPOH
omunakoBas. 1o naacmunot GyjeM HOHUMATH HEIPO3PAYHbII (JIBYCTOPOHHUIA) IIPSIMOYTOJILHUK, Pa3JIi-
HOBAaHHBIN KBaJ[paTaMU, KOTOPbIE MOTYT OBITh OKpPAIIEHBI B I[BETA ¢ 0OEUX CTOPOH HE3aBHCHUMO JPYT OT

Jpyra.

IIpumepsr.

1. Haiitu gncio opbur Ha muoxkecree S = {a, b, ¢,d} no rpymme

G={(s5cd)-(522d)-(4549)- (8289}
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Pewerue. Herpymno npoeputhb, uro G — rpymma. JleficTBUTEIHHO, IEPBBI €€ 9JIEMEHT SIBJISIeTCS
eJIMHUIIE, OCTABINNECS] TPHU SIBJISIIOTCA caMu cebe OOpATHBIMHU, KOMITO3UIHEHl BTOPOrO M TPETHEro
SIBJISIETCSI YE€TBEPTHIil, BTOPOrO M YeTBEPTOrO0 — TPETHil, TPETHEro W YeTBEpTOro — BTOPOii. Jlerko
BUJIETH, YTO OPOUTAMHE 3JIECh SIBJISIFOTCSI JIMIIB JiBa MHOXKecTBa: {a, b} u {¢, d}. Cornacuo nemme 1.3.1
9UCI0 OPOUT PaBHO

1
N(@G)=7@A+2+2+0)=2

O
2. Haittu uncsio opbur Ha mHOXKecTBe {a,b, c,d, e, f, g, h} no rpynre.
_f~_(abcdefgh __—1_f(abecdefgh
G={e=(areacton)m=nt=(5hats o)}
Pewenue. Ilo memme 1.3.1, oueBunO,
1
N(G)= 5(84—4) =6
O

3. HaiiTu 4uciio pasiu4yHbIX BEpPHIMHHBIX PACKPACOK TPEYIOJILHUKOB B JBa 1BeTa (UCIOJIb3YeTCs MO-
nests "okepestba", TO eCcTh OPOUTHI ONMPEIEIISIIOTCSL TIO TPYIIIE BPAIIEHNIH ).

Pewenue. 31ech JIerko IpeacTaBUTh cebe BCe 3TU PaCKPACKU:
1 /2\ /?)\A /5\11 jx zsx
(0OBeIeHBbI BEPIIUHDI, PaCKPAllleHHbIE B OJUH [BET, OTJMYHBIA OT mnBeTa HeoOBemeHHBbIX). ['pynna

BpAIlleHUil B JJAHHOM CJIydae COAEPXKUT TPU IE€PECTAHOBKHU: TOXKJECTBEHHYIO U BpAIlleHUs Ha yIJIbI

2pi/3 u 4w /3:

G={e=(13§i2878)=1002- 8],
m=(13338%58) = [234][567][1] [8],
nt=nt= (173528 0%) =[423][756] [1] [8] }.

Taxum obpaszom, o jgemme 1.3.1
1
N (G) = §(8+2+2) =4.
JeitcTBUTETbHO, HEIKBUBAJEHTHBIMI PACKPACKAMU SIBJISIIOTCS, HApUMED, packpacku 1,2,5,8. [

4. Haiitn 9uc/Io pa3jUYHbIX BEPIIUHHBIX PACKPACOK MPABUJILHOTO MATHUYTOJbHUKA B TPH IIBETA IO
IpyILIle BpallleHu# U [0 I'PyIIe BpallleHuil U CUMMeTpUii.
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Zloxasameavcmeo. I'pynma BpaleHnii B JaHHOM CIydae COCTOUT W3 AT MEPECTAHOBOK: TOXK-
JIeCTBEHHOM, KOTOpasi OCTABJISIeT BCE PACKPACKM HEIOJIBUXKHBIME, M II0OBOPOTOB Ha 7 - n/5, rue
n = 2,4,6,8, KOTOpble OCTABJISIOT HEIOBUKHBIMI JIUIIb OJJHOIBETHBIE PACKPACKH (IIOTOMY YTO
5 — npocroe uncio). Torga no jemme 1.3.1

255 _

N(G) = -

(3°+3+3+3+3) = 51.

[S =

JlobaBiisisi TAKXKE CUMMETPUM, UMEEM €IIIe TSITh TEePECTAHOBOK, COOTBETCTBYIONINX KaXKJION U3 MATH
oceil CHMMETPHH, KasK/1as U3 KOTOPBIX COXpaHSTeT 3° pacKpacox.

4 3

JeiicTBUTETEHO, MOXKHO BBIOPATH JIFO00I I[BET [IJIsi BEPIIUHBI, YePe3 KOTOPYIO IIPOXOIUT OCh, & TAKKE
JIBa JIIOOBIX I[BETA JJIs BEPINUH, JIEXKAIINAX 110 OJHY CTOPOHY OT och. B sToM ciydae

1 390
N(G):E(35+3+3+3+3+33+33+33+33+33):ﬁ:?’g'

O

Haittu uncsio pa3mndHbIX BEPIINHHBIX PACKPACOK MPABUJIBHOIO P-YTOJIBHUKA, IJe P — IPOCToe B k
IIBETOB, OTOXKJIECTBJIAA PACKPACKH, IOJIydaloluecs APYT U3 Jpyra BPAIleHUAMH U BPAIIEHUAMH C
CUMMETPHUAMHU.

Pewenue. Tpynna spamienuii 6yJer cOCTOATh U3 P IEPECTAHOBOK, U3 KOTOPBIX OHA (eJMHUYHAS)
coxpaHsier Bce kP packpacok, a ocrajibHble (p — 1 pa3iMyHbIX HOBOPOTOB, COBMENIAIONIMX BEPIIMHBI)
B CHJIy IIPOCTOTHI P COXPAHSIOT JIUIIb OJHOIBETHBIE PACKPACKHU. TakuM 00pa3oM, UHCJI0 PACKPACOK
110 TPYIIIE BPAIeHUl PaBHO JIJIsl IPOCTOI'O YUCJIa BEPIINH

N«»=5M+@—nm.

I'pyuna cummMerpuit 6yer cojepzKaTh p IepecTaHOBOK (J1J1s HAdaJl IIyCTh P — HEYETHOE), KaXK1asl U3
KOTODBIX COOTBETCTBYET OCHU, IPOXOJISIIEll Yepe3 BbIJIeJeHHY0 BEPIINHY (B CHILy TIPOCTOTHI P BCE OCU
pazynunbl). Kaxias cumMMerpusi COXpaHseT pacKpacku, y KOTODPBIX BbIIEJEHHAS BEPIIMHA UMEET
IPOM3BOJILHBIN IIBET, & OCTABIINECHA 5~ BEPIINH, JIEXKAIUX 110 OJHY CTOPOHY OT OCH OIPEJIEJIAIOT

i
L

OJIHO3HATHO PACKPACKY OCTABIIUXCS 5=, JIEZKAIIUX 110 JAPYTYIO CTOPOHY OCH, TO €CTh B 9TOM CJIy4dae

_ L

N(@) =5

(kp+(p—1)k+p-k%).
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B cnyaae gernoro mpoctoro p = 2 cumMeTpuii HaOIIOIATHCA He OyIeT, TTOITOMY

TaKKe, KaK U 110 I'PyIIlle BpalleHn. O

6. Haittu “mcmo pa3inydHbIX BEPIIMHHBIX PACKPACOK MPABUIBLHOTO MIECTUYTOMHLHUKA B 2 I[BETA, OTOXK-
JeCTBJIAsI pacKpacKu, IIoJydaroluecs ApyT U3 JIpyra CHadaJla TOJbKO BPaIlleHUsSIMU, & 3aTeM Bpa-
IIEHUSIMHU C CHUMMETPUSAMU.

Pewenue. I'pynmna spamienuii 6yger cojep:kaTh 6 IepecTaHOBOK, IIe eUHIIHAs coxpangeT see 20
PacKpacok, oBOpOThl Ha 7/3 1 57 /3 COXpaHSIIOT TOJBKO OJHOIBETHbIE PACKPACKK (Tak Kak 1 u b
B3aMMHO IPOCTHI C YUCJIOM BepiiuH 6), HOBOpOTHI Ha 27/3 u 47/3 coxpaHsieT deThipe pacKpacKu
(deTHBIE BEPIIMHBI PACKPAIIEHBI B OJUH IIBET, & HEUETHbIE — B JPYTOii), HOBOPOT Ha T COXPAHs-
€T BOCEMb PACKPACOK (IIPOTUBOIOJOXKHBIE BEPIIUHBI OKPAIICHBI B ofuH 11BeT). Takum o6pasom, B
cydae TPyl BPAIEHU
N(G):1(26+2-2+2-22+23) LY
6 6

Ipynma cumMeTpuii COIEep:KUT MECTh TTEPECTAHOBOK (3 OCH, MTPOXOJSIIIIE Uepes JIBe MPOTUBOIIONOK-
HbIe BEPIIUHBL U 3 OCU UepPe3 CePEeINHbI IPOTUBOIOIOKHBIX pebep). CuMMeTpun, COOTBETCTBYONIHIE
0CSIM, TIPOXOJIATIIAM 9epe3 BepITHHBI, COXpaHAtoT 2% packpacok (/[Be BepIMMHLI Ha OCH M J[BE Bep-
HIMHBL 110 OJ(HY CTOPOHY OCH [POU3BOJIbHBI), & CUMMETPUU, COOTBETCTBYIOIIME OCSM, IPOXOIAIIUM
Jepes cepeuHbI pebep, COXPaHAIOT 2% pacKpacoK (TPH BEPITHHEI TI0 OIHY CTOPOHY OCH OMPEIEeTAIOT
OJIHO3HAYHO OCTAJIbHBIE). B cilydae BpalneHuil ¢ cCuMMeTPHAME

156

1
N(G) =15 (2"+2-2+2-22 427 43.2"43.2%) = — = 13.

12

7. Haiitu 1uKJ/I0BOIl MHIEKC TPYII BPAIEHUN BEPINUH U pebep TeTpa’jpa.

Pewenue. I'pynmsr BpareHuiit Bepiime 1 pebep TeTpadIpa COmepKaT Mo 12 mepecTaHOBOK: TOXKJIe-
CTBEHHYIO, BOCEMb ITEPECTAHOBOK, OTBEYIAIONINX BHIOOPY OTHOM M3 IETHIPEX OCEl, MPOXOISIIIX Tepes
OJTHY W3 BEPIIUH U CEPEIMHY ITPOTUBOITONIOKHON IPaHH, a 3aTeM BpAIeHUs BEPIIUH TeTPa’dIpa Ha
27/3 m 4w /3, a TakKe TPU MEPECTAHOBKH, OTBEYAOIINe BHIOOPY OJHOM M3 Tpex oceff, MpOXOSIIIX
qepes3 CcepeIMHbI MIPOTUBOIOIOXKHBIX pebep, a 3aTeM BPallleH!s] BEPIINH TeTPasapa Ha, 7.
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PacemorpuM cirydaii Bpamenns BepmH. ToXK1eCTBEeHHAST TIEPECTAHOBKA 0bpasyeT 4 IuKJa eJnHI-
Hoit jummHbl. Kask0e Bpalenne BOKPYT OCH, TIPOXOJSINERl Yepe3 BepIMHy, 00pa3yeT OJHY TIETIIIO0 1
OJIMH IUKJI JJIMHBI 3, a BPAIIEHUs BOKPYT PeGepHBIX ocell 06pa3yioT JABa IUKJIA JJIMHBL 2. TakuMm
obpaszom,

1
Z(Gy; 1,2, 23,24) = D (21 + 8z123 + 323) .

B ciyuae Bpaienusi pebep TOXKIIECTBEHHAsI IIEPECTAHOBKA 00pa3yeT MIECTb IeTejIb, BPAIEHUs BO-
KPYyT BEPIUHHBIX Oceil 00pa3yroT o JBa IUKJA JJIMHBL 3, & BPAIEHUsS BOKPYT peOepHBIX oceit —
JBe TEeTJIN W JBa IUKJIa AIuHbl 2. TakuMm obpas3om,

1
Z (GE;$1,$2,$3,$4,$5,1'6) = E (.T? + 8$:23 + 3x%x§) .

Haittu Bec opbut packpacok rpameit Kyba 1mo rpyiie BpaleHuii B J1Ba 1IBeTa ¢ BecaMu 1, x.

Pewenue. I'pynmna Bpariennit u cuMMeTpuil cOCTONT n3 24 TEPECTAHOBOK: TOXKJIECTBEHHOMN, TPex
II0OBOPOTOB Ha 7 BOKDPYT IPAMbBIX, COEIUHAIONIAX IIEHTPHI IIPOTUBOIOJIOXKHBIX I'DaHell, 1IeCTH I10BO-
POTOB Ha 7 /2 BOKDYT IPSAMBIX, COEIUHSONMX IIEHTPHI IPOTUBOIIONIOKHBIX TPAHEH, IIeCTH TIOBOPOTOB
Ha T BOKPYT HPSIMBIX, COCIMHSIIONINX CepeIUHbI ITPOTUBOIIOIOKHBIX pedep U BOCHMU MTOBOPOTOB HA
27 /3 BOKDYT IPSAMBIX, COCIUHSIIONINX IIPOTUBONOIOKHbIE BepinuHbl. OHE 06pa3yioT COOTBETCTBEH-
HOE YUCJIO IUKJIOB: BOCEMb IeTeJIb, JIBe EeTIN U JIBA IMUKJIA JJIUHGI 2, ABe MeT/IN U OJINH ITUKJT JIJTMHB
4, Tpu TUKJIA JUIAHBL 2 1 1B KA Auabl 3. COOTBETCTBEHHO ITUKJIOBOM HHIEKC TPYIITHI BDAICHUIA
paBeH

1
Z (G;x1, 2,23, %4, T5, Tg) = o (2§ + 3zia3 + 6272y + 625 + 823).

Bec packpacku o Teopeme Iloita 1.9 pasen

Z (G142, 14221 +2%1 +2)
1

:ﬁ((1+x)6+3(1+x)2(1+$2)2+6(1+£)2(1+$4)+6(1+x2)3+8(1+x3)2)
=14+ 2422249225 + 224 + 25 4+ 5.

O

Haiitu Bec packpacok nupamuiibl u3 10 mapukos (OCHOBAHHE COCTABJIAIOT MIECTh IIAPUKOB, CJIO-
JKEHHBIX B BUJE MPaBIWIHLHOTO TPEYTOIbHUKA, MOBEPX HUX JIEXKAT, KaCasCh JPYT JIpyra elne TpH,
OUPAMUJLy 3aMbIKAeT JIeCATBI, JieXKalluii Ha TPeX BEPXHUX) [0 IPYIIE BPAINEHUil B JBa IBETa C
Becamu 1, .

Pewenue. I'pynma BpaleHuil 3/ech COBIAIAET C IPYIION Bpalennii Terpasapa. Ilpu aToMm ToxK 1e-
CTBEHHasl ImepecTaHoBKa oOpasyer 10 meTesh, BpallleHUsT BOKPYT BEPITUHHBIX OCEel 00pa3yioT OHY
MeTJII0 U TPU NUKJA JJIUHBI 3, & BpaIlleHusl BOKPYT peOepHBIX Oceil — JBe MEeTIN U YeThIpe UK
amuabl 2. Takum obpa3om,

1
Z (G,x1,...,210) = 1 (21° + 8123 + 3xia3) .
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10.

Bec packpacku mo teopeme Iloita 1.9 pasen

Z(G1+z,14+2°1+2°)
1

-= ((1—|—1‘)10—|—8(1—|—x) (1+2%)° +3(1 + )2 (1—|—x2)4>

=1+ 2z + 522 + 142% + 222* + 242° + 2225 + 1427 + 52° + 22° + 219,
O

Haittu Bec opbut 1mo rpynmne BpallleHUil ¥ CUMMETPHUil PACKPACOK BUTPaXKa 2 X 2 B TPHU I[BETA C
BecaMmm 1, x, y.

Pewenue. I'pynma BpalieHnii COIEPKUT 8 MEPECTAHOBOK: TOXKJIECTBEHHYO, 00pa3yIoIlyto 4 meTiu,
Bpamenus Ha 7/2 u 37/2, obpasyionye OJMH MK/ JJInHbl 4, BpalleHue Ha 7, 00pa3yoliee JiBa
[MKJIA JUIAHBL 2, IB€ CHMMETPUN OTHOCUTEIbHO JAMAroHaJIel, 00pa3yIoliie IBe IeTIN U OIUH ITUKJI
JUIMHBL 2, a TaKKe JIB€ CUMMETPUU OTHOCUTEJIHHO OCell, MIPOXOISAIINX Yepe3 CePEIUHbI IIPOTUBOIIO-
JIOXKHBIX pebep, oOpa3yrolue 1Mo JaBa, MUK aauHbl 2. Takum obpasoM,

1
Z (Gyxq, w2, T3, T4) = 3 (x‘ll + 24 + 333% + 2m%x2) .
Bec packpacku o reopeme Iloita 1.9 pasen

Z(G;l+x+y,1+z2+y2,1+x3+y3,1+z4+y4)
1
:§((1+x+y)4+2(1+x4+y4)+3(1+x2+y2)2+2(1+x+y)2(1+z2+y2))
=14z +y+ 222+ 2zy + 2y% + 2% + 22%y + 22y® + ¢® + 2t + 23y + 22%y® + zy® + ot

YnpakxHeHus.

1.

Haiitu nuk/10BOI MHIIEKC I'PYIIIBI BPAIEHNUs BEPIIUH KyOa.
Haiitu nukJ/toBoit nHIEKC IPYNIIbI BpalleHus: pebep Kyoa.
Haiitn 1uk/I0BO# MHJIEKC TPYIIIBI BPAIICHUST BEPITUH OKTA3/IPA.
Haiitu 1ukiioBoit nHEKC IPYHIIIBI BpallleHus pebep oKTasapa.
Haittu 1uk/10BO# MHAEKC T'PYIIIBI BPAIEHUsT TPaHel OKTadIpa.
Haiitu 1niuk/t0Bo#t UHIEKC IPYIIIBI BPAIEHUA BUTPAXKA.

Haiitn ukIoBO#t MHIEKC TPYNIBI BPAIIEeHUs TJIACTAHBL.
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1.4 YacrtmusHO YHanopdaa09eHHbl€e MHO2KECTBaA

OcHoBHbIe OHATUsI. B maparpade, MOCBSIEHHOM OMHAPHBIM OTHOIIEHUSIM, YK€ BBOJIMIOCH TOHATHE
YACTUYHO YIOPAJOYEHHOIO MHOXKecTBa, u paccMmarpusasca upumep (N, ). HamomuuMm, uro wacTudno
YIIOPAIOYEHHBIM MHOKECTBO Ha3bIBAETCH Iapa

rne P — HexkoTOpOE MHOXKECTBO, a < — OMHApPHOE OTHOIIEHNE YaCTUYHOIO IOPsijiKa, TO eCTh OMHAPHOEe
OTHOIIIEHHUE, YIOBJIETBOPSIOIIEe aKCHOMaM pedJIEKCUBHOCTH, TPAH3UTUBHOCTH U AHTUCUMMETPUYHOCTH:

1. paa moboro x € P BRIIOTHAETCH T,T;
2. mng moOLIX T,Yy, 2z € P Bomomnsercs T,y & yp2 = T,2;
3. mg mobbIX T,y € P Bemonngerca x,y & y,r = v =y.

Ecau B1o6aBok BbiosHseTcs eme u V z,y € P = x <y V y < z, 1o napa (P, <) Ha3bIBaeTCs BIIOJIHE
YIOPsJOIeHHBIM MHOYKECTBOM. ECIIH 2Ke 9T0 He BEPHO, TO SJIeMEHTSL, 11t KOTopbix & £ y & y & x, Oynem
HA3BIBATH HECPABHUMbLMU U 0003HaYaTh T)(y. BBeaeM Tak:Ke yTOUHLAIONMINE 3HAKU: €CIU T < Y, T 7 Y,
10 r < y. BBeneMm Tak:ke OUeHb BarXKHOE B JAJIbHEUIEM IOHITHE UHMEPSAAG: ITO MHOKECTBO

[z,y] ={2 € P|x <2< uy}.

B cayuae [z,y] = {x,y} u & # y, GyJieM roBopuTh O HENOCPEJCTBEHHOM MPEIIIECTBOBAHUN T < Y. B
TepMUHAX JHATPAMMBI Xacce 3TO O3HAYAeT, 9TO MEXK/ILy & U § eCTh JIyTa.

BasKHBIM IPUMEPOM YACTUYHOTO MOPSIKA, ABJIAETCS MHOMKECTBO BCexX IOIMHOKecTB Oyiesa Kyba BT,
ynopsaodeHabx o srsmodennio (B, C). On nsomopden MHOKeCTBY Beex (2) MOJAMHOKECTB KOHETHOTO
N-3JIEMEHTHOTO MHOXKECTBA, YIIOPSAI0YeHHBIX 10 BKIIOUEHHUIO, 8 TAKKe MHOXKECTBY BCeX HAOOPOB U3 HyJIei
W eJMHHUIL JJTAHBL 70, YIOPAI0YCeHHBIX JeKcukorpadndeckn npu 1 > 0.

Ounpenesnenune 1.4.1. Jacmuunvm nopadkom, deoticmeennvim k& wacmuuromy nopsoky (P, <) nasbisa-
€TCsl YaCTUYHDBINA IOPAJOK (P, <1), e ¢ <1 Y < y < x. B nanbreiinmeM, onpeaesnss ITO-TO i 9acTHI-
Horo nopsiika (P, <) no dsoticmsennocmu, 6yieM NOIPasyMeBaTh, UTO ONPEJIENSIETCSI TO Ke caMoe, HO
JUIst 9acTHIHOrO nopsiaka (P, <q).

Onpenenenne 1.4.2. DjeMeHT 4aCTUYHO YIOPsA0UYeHHOrO MHOXKecTBa (P, <), Ha3bIBAeTCH MUHUMAAD-
notm, eca Ay € P iy < . Mueivu cnosavm, Vy € P = o < y V ) (y. Ilo asoiicTBennocTn onpeiesserca
[IOHSITHE MAKCUMAADHOZ0 INEMEHMA.

BaMeTI/IM, 9TO MUHUMAaJIBHOI'O dJIEMEHTa MOXKeT U He 6I>ITI:>, a B CJIy4dae CynieCTBOBaHUA MUHUMAJIbHBIX
JIEMEHTOB, UX MOXKET OBITh HECKOJILKO.

(1.71)

Taxk, nanpumep, Ha pucyake (1.71) Bce 97€MEHTHI HUKHETO CJI0sI SIBJIAIOTCA MUHUMAJIbLHBIMHU.
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Ounpenesenne 1.4.3. DjieMeHT z 9aCTUYHO YIIOPSIOYEHHOr0 MHOXKeCTBa (P, <), HA3BIBAETCS HAUMEHD-
wum (nyaem), ecnmu ¥V & € P : z < z. ITo ABOHCTBEHHOCTH OIPEAEIISETCA OHATUE HAUOOADULELO IACMEHNA
(eduruype).

3aMeTuM, YTO HAMMEHBIINUI JIeMeHT (€M OH €CTh) SBJSETC MUHUMAJbHBIM. Takike, €Cjau MUHU-
MAaJIbHBII 9JIEMEHT CyIecTByeT, To oH eauHcrBedHed. Ha nuarpamme Xacce (1.71) Her HamMeHbIero sie-
MEeHTa.

Onpenesenne 1.4.4. Iomvuoxkectso @ C P gacTudHo yropsijjoueHHOro MHOXKecTBa (P, <) HasbiBaeTCst
uenwvlo, eCan J00bIe IBa dIeMenTa u3 () CpaBHUMBI.

Onpenesnenne 1.4.5. Ionmuoxkecrso Q C P yactudno yuopsizioueHHoro Muoxkecrsa (P, <) HaspiBaercst
aHmMuUYenslo, ecan Jobble Ba dJIeMeHTa u3 () He CDABHUMBI.

CdopmyupyeM Terneph yCaoBHe HA 9aCTUYHO YIIOPsIIOUYEHHBIE MHOXKECTBA, C KOTOPBIMU MBI B JIa/Th-
HeiimeMm OyieM paboTaATh.

Iennoe ycnoBue 2Koppana-enekunma. Kaowcdoili unmepsan KoHeuwer U OAUHBL MAKCUMANOHOU
HEYNAOMHAEMOUT UENU MEAHCOY NOOBMU DGYMA INEMEHMAMU 00HA U MaA JiCE.

DTO YCJIOBHE OMPEIESIeT TAK HA3BIBAEMBIE DAHIICUPOSAHHBIE YACTNUYHO YNOPAJOUEHHBLE MHONHCECTNEA.
Cpa3sy OroBopuMcsi, 9TO CYIIECTBYIOT MHOXKECTBA, Ha KOTOPBIX BBECTH (DYHKIIMIO PAHra HEBO3ZMOXKHO —
HepaHKUPOBaHHbIe, TaKHe, KaK IIeHTaIrOH:

0

IIyctps yacTUYHO yHOPSIOYEHHOE MHOXKECTBO yJAOBJETBOpsieT ycioBuio zKopnana-/lenekmnga m umeer
nanmenbinuit s;ement 0. Torna MOXKHO 110 WHIYKIIUU ONPEIETUTh (DYHKIMIO PAHTA:

1. rank (0) = 0;
2. a <b=>rank (a) + 1 = rank (b).

Ha CoIepzKaTeJIbHOM YPOBHE, TaKO€ MHOXKECTBO JIOJIZKHO UMETHh CJIOU.

2 2 2 2

Tak, HATIpUMED, YACTUYHO YHOPSIOUEHHOE MHOXKECTBO HATYPAJIbHBIX UUCE IO JEJIMMOCTH PAHKUAPYEMO:
S

Jutst giroboro umena n = pit - pYs dyHKIMs paHra paBHa rankn = > ;. 3aMeTHM IIpH 3TOM, YTO
i=1
S
MOIIHOCTh UHTEpBasa [1,n] = {m|m|n} pasua [] (14 «;), a unrepBas [m,n] uzomopden uHTEPBAILY
i=1

[1, %] Eciu MmHOX)KECTBO pamKupyeMo, TO J000i €ro CJIOi ABJISeTCs aHTHUIIEIHIO.
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Ounpenesnenne 1.4.6. Ijuna rnenu oT HyJis 10 eAnHANBL (eciau 06a 3JeMeHTa CYIIeCTBYIOT) HA3bIBAETCS
OAUHOT, MHOIICECTNEA.

Onpenenenue 1.4.7. Haubombias ajguHa aHTATIETTH HA3BIBAETCT WUPUHOT MHOAHCECTNEA.

Vke uszyuaBmieecst B naparpade 1.2 4acTUYHO yHOPSAJOUEHHOE MHOXKECTBO (HEYIIOPSIIOUEHHBIX) pa3-
OMeHMIT KOHEYHOI'0 MHOYKECTBA, YIIOPSJIOYEHHOE 110 I0pa30neHmsM, HOCUT Ha3BaHue bejummaHa, a jua-
rpaMMbl Xacce, COOTBETCTBYIOIINE STUM YaCTUIHBIM MOPsIKaM Ha3biBaroTcs quarpammamvu FOura. Coor-
BETCTBEHHO JUarpaMMbl Xacce, COOTBETCTBYIONIUE YACTUIHO YIOPSIOUYEHHBIM IO MOIPA3OUEHUIM MHO-
JKeCTBaM YIOPSIIOYEHHBIX pa3douennii, Ha3piBaioTcsa rpadamu Peppepa.

BseneM psijr onepariuit HaJ| YaCTUYHBIME [TOPsiiKaMu. 1yCcTh MMErOTCs J1Ba YACTHIHO YIIOPSIOYEHHBIX
muoxectsa (P, <p) u (Q,<qg), PNQ =02.

Onpenenenune 1.4.8. Cymmot (obsedunernuem) wacmusnur nopadkoe P u () Ha3bIBaeTCs YaCTHIHO
yrmopsiodaennoe MaOKecTBO P U (), < Takoe, 910

l.a,beP—=a<bsa<pb
2.abe@Q=a<<bea<gb;
3.aeP, be@ = a)b.

Onpexnenenune 1.4.9. Jlexapmosvim npoussedeHuem 4acmuistoir nopadkos P u () Ha3bIBaeTCsk 4aCTHIHO
yuopsiogenaoe MHOKecTBO (P X @, <) Takoe, 4To

a,a2 € P, b1,by € Q = (a1,0a2) < (b1,b2) & a1 <p ag, b1 <g ba.

[Ipumepom nekapTOBa TPOU3BEIEHUST MOXKET CIyIUTh npoussenenne reneit Cy u Cs.

Cs33 Cy x C3 &9
Cs
2 2
(0,3)
1 1
0 0 (0,0)

B gactaom ciiyuae C; = B, a B — n-mepHbrii OysieB Kyd — MOYKHO TPAKTOBATH KaK YACTUIHO YIIOPSIIO-
JEeHHOe MHOXKECTBO NM-Oil j1eKapToBoil crenenn nemu C.
Paccmorpum n-MepubIil equHnaHBI KyO B, Ha KOTOPOM 3a1aH OMUCAHHBIA BBIME YACTUIHBIN MOPSI-

oK. Ecmm a <  u paccrosinne XaMMuHTa P (a, 6) = k, To uHTEpBAI [&, 6] SABJISETCS TPAHBIO TOTO

Kyba pasmeprocTHu k. Ee MoXHO 0003HAYATH CIELYIONMM 00pa3oM: Te . — k pa3psaoB, B KOTOPBIX Ha-
Gopbl @ U 3 COBIAJAIOT COXPAHMM, a OCTABIIMECS — Te, B KOTOPBLIX B HADOpe (v CTOST HyJiHM, a B Habope

[ CTOAT eIUHUIBI, 3aMEHUM IIPOYEPKAMHE: {a, ﬂ} = (aq,...,—,...), IPH STOM IepBasi KOMIOHEHTa C

IIPOYCPKOM HA3BIBACTCA HANPACAEHUEM 2PAHU. B kaugecrse eme OaHOro IpuMepa pacCMOTPUM YaCTUIHO
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YIOPSITOYEHHOE MHOXKECTBO ', cocTosiiee n3 TPex JIEMEHTOB.

(0,0)  (0,1) (1,0) (1,1)

TakuM 06pa30M, JIETKO BUIETH, 9TO I'2 IIpecTaBiserT co60il YaCTUTHO YIOPSIIOUeHHOE MHOKECTBO TDaHei
JIByMEpHOro Ky0a 110 BKII04YeHnio. [1o anajgornm MoyKHO 3asIBUTD, 9TO [ SIBJISI€TCST 9ACTUIHBIM IOPSITKOM
TaK2Ke 110 BKJIIOUEHUIO I'PaHEel n-MepHOro eIuHUIHOro Kyoba.

Onpepnesenne 1.4.10. OroGpaxkenue ¢ : P — () HA3BIBAECTCS MOHOMOHHUIM (USOTMOHHBIM), €CIT
Va,be P:a<pb= ¢(a) <q ¢ ().
[IpumepaMn MOHOTOHHBIX OTOOPAXKEHUS SIBISIOTCS MOHOTOHHBIE (DYHKIIMH aareOphbl JIOTUKH.

Onpeznesnenne 1.4.11. ITycrs S — MHOXKECTBO BCEX MOHOTOHHBIX 0TOOpakeHuit P — () (uHOrga nurmry T
S = QF). Torna xapdunarvroti cmenenvio wacmuyo ynopadouennvr muosicecms P u @ HasbiBaercs
YACTUYHO YIIOPsIIOYeHHOe MHOXKeCTBO (.5, <) Takoe, 4TO

Voi,p2€ S =1 <pa e VaeP:yi(a) <g ¢2(a).

B kauecrBe mpuMepa MOCTPOUM Kap/IUHAJIBHYIO CTEIEHb JBYX IIeTeii: 02C 2. YTobBI IpeCcTaBUTh BCE
MOHOTOHHBIE (byHKIU, orobpaxkaromme Co B Co, mepeiiieM K UX TPEeICTABICHUI0 BEKTOPAMU JJTUHBI 3:
(a,b,¢) :a<b< e abce {0,1,2}. HacTuunblil IOPSAIOK ITUX BEKTOPOB IIPEJICTABJIECH HA JUATDAMME
Xacce:

(2,2,2)
(1,2,2)
(1,1,2) (0,2,2)
(1,1,1) (0,1,2)
0,1,1) (0,0,2)

(0,0,1)

(0,0,0)

DTOT YACTHUIHBIA MOPSIOK U30MOPQEH MHOXKECTBY BEKTODOB M3 HYJIEHl W €IUHUIL JJIUHBI D, yIOPSIO-
YeHHBIX II0 IePECTAHOBKE €JMHUI] CIIpaBa HaJeBo. B jmasbHeiilieM IPH U3y9YeHUN PEIIEeTOK CTAHET SCEeH
KOMOWHATOPHBIN CMBIC 9TOM aHAJIOTUU.

Onpenenenue 1.4.12. Ilycrs Cy,...,C, CyTh Nenu YacTUUHO YHOPSIOUEHHOTO MHOXKecTBa (P, <).
Byaem roBoputb, UTO OHH 00PA3YIOT NOKPHLIMUE IMO20 “ACTMUYHO YNOPAJOUEHHO20 MHONHCECMEA, ECIH

Ci#@,i=1n, mmamobbix 1 <i<j<n=CnCj=0, U.,C =P.
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OueBuHO, 9TO J1JTs1 JIFOOOTO YACTHIHOTO MOPSIIKA BCETJIA CYIIECTBYET MOKPBITHE: JIOCTATOYHO PACCMOT-
pPeTh TPUBHAJIBHOE — KaXKIbIN 3JIeMeHT 00bsBUTH 1embio. CripaBe yinBoO yTBEPKIEHUE O TOM, 9TO UUCIIO
Terei B MOKPLITUU HE MOYXKET OBITH MEHBIIE MUPUHBI MHOXKeCTBa. JleficTBUTEIbHO, MUPUHA MHOYKECTBA
paBHA HaUOOJIBIIEH JIJIMHE aHTUIIEIN, HO BCE 3JIEMEHTHI B HEll HECDABHUMBI, CJIEJOBATE/IbHO, HUKAKHE JTBA
HE MOT'YT HAXOJUTCS B OIHON IENU MOKPBITHs. TaKnuM 00pa30M, KazKIblil 3JIEMEHT HAUOOJIBIIEH aHTHUIIEITN
JOI2KEH COZEPXKATHCA B CBOEH OTAE/IbHON Ternu MOKphiTus. CrpaBeyinBo u 00paTHOE HEPABEHCTBO.

Teopema 1.10 (Jumyopc). Hycmov (P, <) — koneuroe wacmuuno ynopadovernnoe muoocecmso. Tozda
€20 WUPUHA PAGHA MUHUMAALHOMY YUCAY UENET, €20 NOKPbEaousuT.

Aokasamenvemeo. TIposemeM MHAYKIMIO 10 9uciay 31eMeHToB B P. Basuc wanyknun (ciaygait |P| = 1)
ouesnjieH. IlycTh Teopema cnpasemiusa 1pu |P| < k, TO ecTh YaCTUYHO YIIOPSIJIOUEHHOE MHOMKECTBO,
cozepxKalnee He 6osee k 3JIeMEHTOB MOYKHO MTOKPBITH MEIAME, YUCI0 KOTOPBIX paBHo mupure P. Jokaxkem
ciydait |P| = k+1. BosbMeM npousBosbHblii aeMent a € P u pacemorpuM apyroii nocuresas P* = P\{a}.
Bosmorkno gBa cywast:

1. Mlupuna 9acTUIHO yHOPAIOIEHHOr0 MHOKeCTBa (P*, <) MeHbIIe IMUPUHBI UCXOJHOTO MHOXKECTBA,
TO ecTh He 1peBocxoauT k. Tora o uHIYyKTUBHOMY IPEINOI0KEHHIO CyIeCTByeT nokpbitue (P*, <)
e Oostee, gem k mensimMu, J00ABUB K KOTOPBIM II€Ib, COCTOSIIYIO U3 €IMHCTBEHHOTO JJIEMEHTA
nostyuum nokpeirue (P, <) ne Gosnee, yeM k + 1 mernsmMu, 9ro u TpebGOBAJIOCH J[OKA3ATD.

2. IlupuHa YacTHYIHO YHODsi0YeHHOro MHOXKecTBa (P*, <) pasHa mupute (P, <). B arom ciyuae
pa3obbem P* OTHOCHTEIHHO @ HA TPU YaCTHU:

U={bePla<b}, L={beP|b<a}, N={beP|a)b}.

010203 Cz Cnfl Cn
U U;
P* N N, R
L L;

Ilo Tpan3uTHBHOCTH KaxK/IbIil 371eMeHT u3 L npesinecTsyer joboMy tementy u3 U. B nasnbreiinem
n — IMUPUHA YACTUYIHO YIIOPsiIOYeHHOro MHOXKecTBa P*. Io MHIyKTUBHOMY IIPEJIIIOIOKEHUIO CY-

mectBytor 1 neneit Cq, ..., C,, nokpsBaomux P*. Pazobbem KaxK/IyIo Iellb TaKXKe Ha TPU YaCTH:
Ci,=UUN;UL;, tneU; =UNC;;, N, = NNC;, Ly = LNC;, Vi=1n. Bo3moxuo aBa
noacIyvasd:

(a) Jie[1l,n]NN: N; = @. B atom ciaydae yriorHuM 1ierb C; 9JIEMEHTOM @, TIPH 3TOM HOJIYIUM
NOKpBITHE N TenisiMu MEOKecTBa, (P, <). Takum 06pa3oM, MOCTPOEHO MOKPLITHE TIETISIMHI, THCIIO
KOTOPBIX PABHO IIMPUHE MHOXKECTBA, 9TO U yTBEPXKIATIOCH B TEOPEME.

(b) Vi = 1,n N; # @. Ilpexue deMm nepeiiTu K PACCMOTPEHUIO CJIEAYIONIMX JBYX IIOJCIIYIAeB
3aMeTUM, YTO JII00ast Iellb MOKPBITHUS IIeJIUKOM JieskKuT j1n60 B UUN | subo B LUN (nokazkure).

i. Eciu majinercss HOMep j Takoif, YTO YACTUYHO yIopsmodeHHOe MHOKecTBO (P*\ Uj, X)
HMeeT IMHPUIHY, MEHBIIYIO 7, TO HCKOMBIM IOKPBITHEM fABjsteTcss moKpbiTHe (P*\ Uj, <),
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obvequuenHoe ¢ renbio U;U{a}. Ananornten ciayd4ait, Korna Hafinercs HoMep ¢ Takoii, 9To
YACTUYHO YHODsIOYeHHOe MHOXKeCTBO (P* \ Ly, <) mMeer mmpuHY, MEHbIIYI0 n. Takum
00pa3oM, ¥ B 9TOM CJIydae UCKOMOE IIOKPBITHE CYIIECTBYET.

ii. He orpanuamBast 0OIIHOCTH paccyKAeHuit, 6y1eM CInTaTh, 9TO Bee 1enu jexkatr B U N N.
IpeamonoxKuM, Ipyu yaajtenun jgoboro U;, i = 1,n mMupHHA MHOMKECTBa coxpaHsercs. B
9T0 citydae Jyisi jiroboro i MHozkectBo (U U N)\ U; uMeeT MHMPHHY 7, & €r0 MAKCUMAJIbHO
AHTHIENbIO ABJAETCA 1enb A; NIuHBL N, HpUYeM Ha Kak1oil u3 neneit C; npucyTcrByer
OMH 3IeMeHT Kazkioit antumeru A;, Vi = 1,n. Baxkio, 9T0 oIuH U3 37€MEHTOB KazKI0i
anTHneny Haxoaures Ha Ny: A;NN; # @, Vi = 1, n. PaccMoTpuM 06beuHeRne BeeX TAKIX
anTureneit A = U:l:l A;. B nensx U;UN; BeibupaeM HauMenbInuii smement uz AN(U; U N;)
— a; € N;. Yreepxuaercs, uro A* = {ay,...,a,} — anrunens. JoKa3aTesbCTBO OT
OpOTUBHOrO: mycTh 3b,c € A*, b < ¢. Ecim b € A, 1o BO3bMeM d € Ay — 3j1eMeHT,
JeKalluit Ha TOU 2Ke IIelr, YTO U ¢ HO BBIIIIE (TaK KaK ¢ HAUMEHBINNHA U3 3JIeMeHTOB Ag,
JIesKaIuX Ha Toii ke nenu). Torma 1o TpansurusHocty ¢ < d = b < d, 4ro nporuBopednT
Tomy, uto A, anTunens. Takum obpasom, B P* anrunensto ssisiercst A*, as P — A*U{a},
YTO MIPOTUBOPEYUT MIPEIIOIOKEHIIO O TOM, 4TO IupuHa P paBHa mupune P* u paBHa n.

Teopema gokazaHa. O

e Ancensi. PaccmorpuMm equHUYHBIN n-MepHBIH Ky0 B” ¢ TpaauuOHHBIM 9aCTUIHBIM TOPSIIKOM.

O6oznaunm B = {a& € B : ||a|| = k} — k-ouit cioit gia k = 0,n. Ouesunno, g soboro k cioit BY
sstercst anrunenso gmust By | = (7). Hokaxem, aro nocnenosarensuocts {[Bf| = ax};_, MonoTonno
yobIBaeT. /leficTBUTENBHO,

Tk+1 _ (kil) _n- k
ag (Z) ]i) + 1

n
MOHOTOHHO yObiBaeT. IlokazkeM, 9T0O B CiIydae YeTHOIO 7 HOC/IEJOBATEIBLHOCTD {a) },_, ABJISETCS yHH-
MO/IAJIBHOM, a B cIydae He4eTHOI'O — JBa CEPEJIMHHBIX 3JIeMEHTa II0C/IeJ0BATCIbHOCTU ABJIAIOTCA MaKCH-
MastbHbIMU. JleficTBUTEIBHO, eci n = 2m, TO

n—=k n—k
—>1 > — <1
k:<m:>k+1>, k m:>k+1<
n - n - - n - n S n
0 1 m m+1 n)
Ecnn :xe n =2m + 1, o
n—k n—=k n—=k
k —>1, k= — =1, k — <1
<mék+1>, m:>k+1 s >m:>k+1<

6)< ()<<l < ()= ()= Gl == ()

B sr06oM ciaydae MOXKHO yTBEpXKIaTh, 9TO IMIUpUHA B’ He MeHbIIE, deM (LZ J) Ilokaxkem, 4To B jeii-
2

CTBUTEJILHOCTU CIIPABEJJINBO PABEHCTBO: IMupuHa B” B TOYHOCTH paBHA (Lf J) s aToro mposesieM
2

CJIEIYIONLYIO IIEITOYKY PACCyKJIEHUIi: B N-MEPHOM eIMHUYIHOM Kybe CyIecTByeT pOBHO 7! MaKCHMAJIBHBIX

nereit w3 0 B 1. DTo BBITEKaeT W3 TOTO, YTO YUCIO IyTell W3 HyJId B €IUHUIYYy PABHO YHCIY CIIOCODOB

YIIOPSIOYEHHONW PACCTAHOBKU 7. €JMHUIL 110 N IIO3UIUAM (3aMEHA KAXKJOrO HyJIsd eIUHUIell 100aBiiser
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pebpo K yIKe CYIIECTBYIOINIEH Temn, a Bcero pebep — n). AHAJOIMYIHO, IHCI0 MAKCUMAJBHBIX Tereil u3
0 B 1, IPOXOSIIUX HUepe3 3aIaHHYI0 BEPIIUHY & : || = k pasuo k! (n — k)!. Mcunonb3ys stu daxrel,
PaccMOTPUM HPOU3BOIbHYI0 anTunenb A = {a1,...,as}, npudem ||&;|| = k;, i = 1, s. Beero pazimuanbix
nereii, npoxoadamux depes A

kl'(n—kl)'+k2'(n—k2)'—|——|—ks'(n—/€5)' < n!

Orcrona nmeem
S

1 < 1 N s < n
Zm < 1, B TO Ke BpeMd Zm/ m:>s\ (LRJ),
i=1 \k; i=1 \ki \_7J 2

opudeM, ecyid XOTd Obl OJHO (v HE JIEXKUT B CpelHeM (B CJlydae YeTHOrO M) WM B JABYX cpeAHux (B
cIly9ae HEYETHOTO M) CJI0sIX, TO HEPABEHCTBO OyeT cTporuM. Takum 06pa3oM, HOMUMO TOTO, UTO ITOKA3AHO
PaBEHCTBO IIUPHUHBI N-MEPHOIO Ky0a (Lg J>’ ele W yKasaH OOIWii BUJ MaKCHMaJbHBIX aHTHIlEneii. B

cjydae 4eTHOI'0 N MaKCHMaJjibHas aHTHUIEeIIbL BCEro OgHa — (%)—bnﬁ cioit. Ciorydait HederHoro n = 2m +

1 Tpebyer ocoboro paccmorpenusi. OUeBHIHO, 9TO €CIM XOTsI ObI OJUH 3JIEMEHT AHTHIIEIN JIEXKUT BHE

JIBYX CPeJHUX CJIOEB, TO JIaHHAsI aHTUIEIb He Oy/1eT MakKcuMaJsbHOi. [IpemmosokuM, 910 MaKCuMaIbHAST

. J— n n

AHTHIENL TPUHA/IEIKAT OJHOBPEMEHHO obomm cpeammm cioam: A = X UY, X C By ., Y C B},
n . n .o F n

npudem X,Y # @. Tak kak (m) = (m +1)’ JIBYJIONBHBIN I'pad, JIOIAMI KOTOPOro dABjsdAioTces B, 1 u

B, a pebpamu — Bce pebpa, coefuHsIOMUe T Ke cjon B B™, Gyzer oHOpoaHbiM (KaxKI0i BepIiuHe

MHIUJAEHTHO OfuHaKoBoe Yucyo pebep). s muoxkecrBa X paccMOTPHUM €ro meb:

P@ﬁ:{aeﬁg

35€X:&<5}

OueBnIHO, 9TO YUCIO pebep, COeMHSIIONNX MHOXKECTBO X CO CBOEHl TEHBIO He MPEBOCXOIUT dncya pebep,
coepunstomux P (X)) ¢ Bepxueii moseii:

[X|-(m+1) <[P(X)]-(m+1) = |X] <[P (X)],

[IpUYeM PABEHCTBO JOCTUTAETCS TOJLKO B TOM CilIydae, Korja X COBHAJAET CO BCEM CJI0EM, UHBIMH
crnosamu, B caydae X G By, Bepmo crporoe mepasencrso |X| < |[P(X)[. Ho Y = By, \ P(X) u
Y| < |BZ,, \ X|, cnenosarensno, A He siBisieTcs MaKCHMAJIBHOIN aHTHIENbIO, Tak Kak |A| < [BP|.
Taxkum obpazoM, O JOKA3AHHOMY B CJIydae HEIETHOTO N eIWHUYHBIN KyO B” comepKuT BCero aBe Mak-
CUMAJIbHDBIE AHTHIIEIIN: COOTBETCTBEHHO L%J-blﬂ u {%]—mﬁ cjIom.

EuauaHbIi n-MepHBIH Ky0 sIBJIsIETCS PAHXKAPOBAHHBIM YaCTUYIHO YIIOPSIIOYeHHBIM MHOXKecTBOM. Kak
0Ka3aJ10Ch, mupuHa B" coBIagaeT ¢ MOIHOCTHIO HAMOOJIBINEro cjiosi. Takue paHKUPOBAHHBIE YACTUIHO
YIOPSITOYEHHBIE MHOYKECTBA HA3BIBAIOTCS WNEPHEPOSHIMU. PACCMOTPUM ellie OJINH TpUMep IIIepHEePOBa
MHOKECTBA.

Pamnee 6b110 0603HAMEHO Uepe3 I'™ 9acTUYHO YIOPSIOUEHHOE IO BKJIOYUEHWIO MHOXKECTBO T'paHeil n-
MepHoro emuaugHOro Kyba. Takzke ObLIO MOKazaHo, uTo Bcero rpameil 3™. IIpoBejem Ty ke Iemoduky
paccyxkenuii, ato u B ciaydae B”. Enuauieit B 9TOM YaCTUIHOM TIOPSIIKE SIBJISIETCS TPUBUAJIbHASI TPAHb
B"™, a BOT HyJIs 3/1€Ch HET: MUHUMAJBHBIMU ABJIAIOTCS 2" 9JIEMEHTOB, SIBJISIIOIIUXCS TAKXKE TPUBUAJIHHBI-
MU TPaHSIMH, COCTOSIIAMHU W3 OJHON BepHIMHBI KaxKjas. Bcero B I'™ cymectByer 2"n! MakCHMAJIbHBIX
aHTHIeneil (ClycKasch 110 YaCTUIHOMY LODsLIKY, Ha k-oM miare Boibupaem omay us (n — k + 1) panee
HeBBIOPAHHBIX KOODJMHAT W OJHAM U3 JIByX CIOCOGOB 3ameHsieM ee jmbo Ha 0, jubo Ha 1). Beero k-
MEpHBIX I'DaHei (Z) 2"~k rak KaK MX WHCIO PABHO KOJHYECTBY CIIOCOOOB BHIGOpa k CTemeHell CBOGOILI
U3 1 BO3MOXKHBIX ((Z) c110coB0B), B KAXKJOM U3 KOTOPBLIX BO3MOXKHbBI BCE JIOIYCTHMbIE 3HAYEHUsA (DUK-
cupoBaHHBIX N — k Koopammar (27 * BapmanTos). Bcero mermeif, TpOXOJSAIIUX Yepe3 BLIGPAHHYIO TPAHb
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pasmeprocTn k pasro 2Fk! (n — k)!, Tak KaK MX KOMMHYECTBO PABHO YHCIY CIIOCOOOB YIIOPSIOUEHHOTO OT-
KpbiBaHUs n— k dukenposanubix koopauHat ((n — k)! ciocofoB), mocse Kazxka0ro n3 KOTOPBIX BO3MOXKHBI
Bce 2Fk! remeit 10 MUHIMAJIBHBIX SJIEMEHTOB.

ITokazkeM YHHMOJAIBHOCTD IIOCIeA0BaTebHOCTH qnces {by})_, k-MepHbIX rpameii: by = (Z) on—k,
HeitcTBUTETBHO,
i1 _ (efo)2 "t _ 1L n—k
b (Z) on—k 2 k+1
MOHOTOHHO yOBIBaeT. [Iycts n > 3. Torma
n—1 bk+1 n—1 bk+1 n—1 bk+1
k< = >1, k= = =1, k> = 1.
3 b 3 b ’ 3 by

Orcrona tpu cirydast: ecim n = 2 (mod 3), To HAnbGONBINKUIA CII0EB J1Ba: CIIOM L%J—MepHHX u %-‘—Mepﬁmx

I'paHeii; ecau ke N E,é 2 (mod 3), To HanbGoNbIHKil CIION OJUH: MHOXKECTBO L%J—MepHmﬁ rpaneii. B gaib-

HENIeM HaM HOHa,,Z[O6I/ITC$I Jnmb TOT (baKT, 4TO B JII0OOM CJIy4dae L%J -BIIi CJION dABJIsIETCI MaKCUMAaJIbHbBIM.

Haiinem mmpuny muoxkecrBa ['™. OueBuIHO, OHA HE MEHBIE, YeM IMHPUHA HAUOOJBIIErO CJIOs, TO

—|n
€CTb (LZ J) - 2m LSJ ITokakem TouHOe paBeHCTBO. [l 9TOr0 paccMOTPUM HPOU3BOIHHYIO AHTHUIEID
3

A = {ay,...,Qs}, upuueM pa3MepHOCTb paHd «v; paBHa k; juid ¢ = 1,s. KoauuecTBo MakcHMaJsbHBIX
Hereil, MPOXOIAIIAX Yepe3 JIEMEHTHI A, HE TPEBOCXOUT OOLIETO YHMC/Ia MAKCUMAJIBHBIX Tereid B [

K1k (i — k) 4 282 ko) (n — ko) + - - - 4 28k, (n — ky)! < nl27.

Orcrona mmveem

S

]. 5 ]. S n n
———— < 1, B TO ke BpeMs > = s < 2"7L§J.
2 © P e (et (15)

i=1 \k; i=1 3

n
3

(mod 3) (Bue |%|-oro u [%]-oro cnoes B ciyuae n = 2 (mod 3)), To anTHIENb He GYJIET MAKCHMAJIb-

HOMl, TaK KakK Oy/eT BBIIOJIHATHCS COOTBETCTBYIOIIee cTporoe HepaBeHCTBO. Mtak, I'" apiserca Takxke

OTcroma BUIHO, 9TO €CJIM XOTdA ObI OJMH 3JIEMEHT AHTHUIEIN JIC’KAT BHE L J—oro cilod B ciiydae n E 2

2n
MIIIEPHEPOBBIM MHOXKECTBOM U €ro IIUPUHA PaBHA (LZ )2( al .
3

Paccemorpum wacTuaro yropsimouerHoe MEOXKecTBO B™. BysieBoit dbyHKIneit, 3amanHoil Ha HEM Ha3bI-
BaeTcs Joboe orobpazkenme B” — B!. Momoronnoit 6yaesoit dbyHKIHedl, 3ananHoil Ha B" HaszLIBaeTCa
Jitobast OysieBa pyHKIUS f, YIOBIETBOPSIOMIAS UMILIMKAIIAN

<= f@<s(B)

Hac 6ymer mHTEpecoBaTh BOIPOC O YHC/Ie TAKUX OTODpaykeHWil Kak O (PYHKIWW, 3aBUCSINEHl oT n. B
JaibHeiiieM ycaoBuMcs o6o3HadaTh ee depe3 ¢ (n). B ciaygae n = 0 Bce dyHKIuu MOHOTOHHBI (Tak
Kak oHu cyThb KoHctauThl 0 u 1): ¥ (0) = 2. Ilpu n = 1 HEMOHOTOHHO! SBJISIETCH JIAIIL OTPUIIAHUE, TAK
gro ¥ (n) = 3. B pansreitmem n > 2. g Havas MOMyYUM TPUBHAJIBHYIO HUXKHIOK OIEHKY HA UHUCIO

% n . |n & n .
MOHOTOHHBIX GYHKIMH st n > 2. g storo paccmorpum B B" nBa cios: ij—bIH " (ij + 1)—bII/I.
Oupenenum cemeiictBo MOHOTOHHBIX QyHKIE ® = &1 U o crremyronum oOpa3oM: Ha BCEX CJIOSIX BBIIIE
(L%J + 1)—Fo onpenenM Bce (DYHKINYA PABHBIMU €IMHUIIE, & HA BCEX CJIOSIX HIXKE LgJ—ro OIIPEJIEJTUM UX
paBHbIME HyJ10. Bee dyaknmm u3 ¢ paBHBI HYJIIO Ha L%J -OM CJIO€ U OIIPEIeJIeHbI TIPOU3BOIBHBIM 00Pa30M
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Ha ({%J + 1)—0M — BCEro TAKUX CTOJBKO K€, CKOJIBKO CYIIECTBYET CIOCODOB ONPEIeanTh (DYHKIUIO HA

(LETJLﬂ) HabOpax, TO €CTh 2(L%J“). Bce dynkuun us ®; naobopor: pasnbr eunnue na (| 2| +1)-om
2

CJIO€ M OIIpeJeJICHBI IIPOU3BOJIbHBIM 06pa30M Ha L%J -OM — BCEro TakKnxX CTOJIBKO 2Ke€, CKOJIbKO CYIIIECTBYET

CI10co00B OTIPeIe/IUTh (DYHKINIO HA (LZ J) Habopax, TO €CThb 2 5] Ouesuano, aro nepecederne O N Py
2

COJIEPKUT JIUIIb OJHY (DYHKIUIO: PABHYIO HYJIIO BIIOTH [0 L%J—ro CJIosl, X PaBHYIO eJUHUIE, HAUYUHAA C

(L%J + 1)—0r0 CJ1os1. YUIUTBIBAs TO, UTO BCe OCcTaabHble pyHKIMH B P n o pasaudHbl, mosydeHa HUKHsIS
OIIEHKa Ha YUCJIO OyJIEBBIX MOHOTOHHBIX (DYHKITHIL:

n

by > 213 4 ollale)

Creyromasi, THTEPECYIONIAs HAC 3a/a4a — 3TO PaciindpoBKa MOHOTOHHOI OysieBoil pyHKmu. M3-
BECTHO, 4TO HekoTopasi dyHknus f : B" — B asistercs monoronnoit. Tpebyercs: ee pacimudpoBaThb, TO
€CTh OIpEJeIUTh ee 3HaUeHUs Ha Bcex Bepmmuax B™. Ilpu sToMm paspemraercs 3ajaBaTh BOIPOCHI BUIA:
geMy paBHa (GYHKIWS Ha JaHHOM Habope. Hac Oymer mHTepecoBAaTh HAMMEHBINEE UHMCIO BOIPOCOB KaK
dyukuus or n. Jorosopumcs B JajbHefinem obo3Hadars ee o (n). s nosydenus HUXKHEN OLEHKU HA
9Ty QYHKIMIO BOCIOIB3YyeMCsl ceMeficTBOM (DyHKINi P, TOCTPOECHHBIM MPU MOJYIEHUN HUXKHEH OIEeHKH
Ha YMCJI0 MOHOTOHHBIX OyJIeBbIX (DYHKIIUI: €C/Id 3aIaHO BOIIPOCOB MEHbIIE, YeM (Lg J) + <L%7j +1)’ TO 3a-

BEJIOMO HaliJIeTCsi BEPIINHA Ha OIHOM M3 BbIJIEJEHHBIX CPEJIHUX CJIOEB, HA KOTOPOM 3HavueHue (byHKIIUU
HE CIIPANINBAJIOCH. B 3TOM cilydae IByMsi MOHOTOHHBIMM (DYHKIIUSIMU, HEPA3IUIUMBIMA TAKUM TECTOM
OoyayT dyukmun n3 ®, passudHbe JUNB HA BEPIIHHE, HA KOTOPOH 3HAYEHHE HE CIPAIINBAJIOCH. TakuM

0bpasom,
o= (1) (15]'1)

Teopema 1.11 (AHcens). B™ wmoocem Goims nokpoim (LZ J) MAKCUMAALHOLMU UENAMU CO CACOYIOULUMU
2

ceolicmeamu:

1. wucao yeneti daurnvin —2p+ 1 daa p =0, | 2| pasro (z) — (pfl),

2. 6 naumenvwel sepwume uenu diunv, 1 — 2p + 1 kax 6 nabope us nyael eduHuy COOEPAHCUMCA 6
mowrocmu p edunuy, u n — p Hyael, a 6 naubosvweld — n — p eduruy u p Hyaet,

3. 0asa mobuix Habopos ay < aip < iz HA Uenu daumv 1 — 2p + 1

0522( 01)
043:(.. 1 )

uzT omuocumeavroe donoanenue do keadpama o
a=(...1...0...)

AEHCUM HG UenU dauHvoe n — 2p — 1.

Sameuanue. VI3 myrkra 1 BUIHO, YTO BCE IENN UMEIOT JJINHY OJHOI U TOH K€ YeTHOCTH, IIPUIEM B CJIyUae
HEYETHOTO N BCe IEeNN UMEIOT YeTHYIO JJINHY, & B CIydae YeTHOrO 1 — HEeYeTHYIO.
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Loxazameavcmeo. Ilposenem uumykimio o n. s n = 0 TeopeMa, 09eBUIHO BEPHA.

IlokpbITHE COCTOUT BCETO W3 OJHON TEMNHU, JJIsi KOTOpOi MyHKTHI 1, 2 m 3 TpuBmasbubl. dng n = 1
YTBEPKJIEHUST TAKYKe BBITTOJHAIOTCS:

1

0

TlokpbITHE COMEPKUT E€IUHCTBEHHYIO IIE€Ilb, NI KOTOPOi mpoBepKa ycaouil 1, 2, 3 Tak:Ke He BBI3BIBAET
sarpynHenuit. Takne TpuBHAILHBIE TIemH, obpasyomue ToKpeTas BY u B! masnsatorca memavm Arcens.
Bonee uaTepecust ciydan n = 2 u n = 3, Ha KOTOPBIX MOXKHO HAIVISIHO IIPOJAEMOHCTPUPOBATH MHIYK-
TUBHBIN II€PEXOJI.

IIycrs n = 2. Ky6 B? momyuaercs coeuHeHneM BCEX BEPIIHH ogHoMepHOro Kyba Bl ¢ onponvennsivMum

y =2 Ry y it p s p y 0 C oA

BepIIHAME OjiHOMepHOTo Ky6a B2}, ipu sToM Bee Beprunb: B2} mostyuaior MeTKu, HAIMHAIOMIHECS HYJIEM,
a BCe BEpIIUHBI, NpUHaJIeskapiue B2} noyvaor MeTky, Haunnaionmecs eqununeit. Pacemorpum B B2}
u B B2} yrKe mocTpoenmHble Ha MpeIBITYIEM Mmare UX MOKPBHITHA TermsaMu Amcesns.

BQ 32%

R f%

21 21
IB30 BO

Pasprisaem 1ens B B2 u coepmmsiem ee GBIBIIMIT MAKCHMATBHBIH EMEHT ¢ MAKCHMAILHBIM 3JI€MEHTOM
nerm mokpbITaA B2

B ciayuae n = 3 anropurym geiictsuii anajormunniii. Ky6 B? momyuaercs coemneHneM Bcex BepIIHH
nByMepHOTO Kyba B2} ¢ oaHOMMeHHBIME BepmmHAME OfHOMepHOro Kyba B31, mpu sTom Bee BeprmmmHbI
B3} nomyvaror MeTKH, HauMHAIONIHECS HyJIeM, a BCe BEPIMHBI, TpuHajIexkapiue B3 momydator merku,
HaunHatonmecs eaununeil. Paccmorpum B B3] u B B3] yke mocTpoennble Ha HpebUIyIeM miare ux
MOKPBITHS TiensiMu AHceJTs.
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CHoBa OTpBLIBaeM OT KaskJIoit e B B3] MakcnMasbHBIH 7eMEeHT 1 Jle;TaeM ero MaKCHMATbHBIM COOT-
BETCTBYIOIIEH Tern IEB?’(l).

Temepb MBI MOKeM (hOPMAIM30BATH UHIYKTUBHBIN 1epexos. IlycTs cyrmecTByeT crocod MOKPHIBATD
B" nensimu AHces, Ipu KOTOPOM BBINOIHSIOTCA yeiaosus 1, 2 u 3. Torma nckomoe noxpsitue misa B!
CTPOUTCS CIETYIOMuM 06pa3oM: OT Kaskoi e B B 11 orpriBaercs MmakcumambHbIil s1eMenT u mpuco-
equHsAeTCA K cooTBeTcTBytomeit et B B L. TIpu stom mymmmer Beex merneit 8 BT ypemmamsatores na
e/IMHUITY, & JUTHHB Beex tereit B BTl ymenbimatorest na equnuy (nenn aymmst 1 s B ncuesaror).

n+1 n+11
B Brtil

nl
B 0
IIpoBepuM, yI0BIETBOPSIET JI TAKOE TTOKPLITUE YCIAOBUIM TEOPEMBI:

1. Ienn gymuel (n+ 1) — 2p + 1 nomydaroTcs w3 Temneit JAuHBI 1 — 2p + 1, Jeskamux B rpanu B}
(Bcero mx (Z) — (pfl)) yJUIMHEHNEeM Ha eJMHUIYY W U3 Ieneil qumHbl n — 2 (p — 1) + 1, jgexamux B

nl n n o o
rpanu B"] (Bcero ux (p_l) — (p_Q)) yKOpOUeHmeM Ha eauHuIly. VIToro, 1emneit Takoil qIUHBI POBHO

() = G2 = () = (L)
2. B0O3MOXKHBI IBA TPUBUAJIBHBIX TOJC/TYdast:

(a) menb nosyueHa yJJIMHEHHEM COOTBETCTBYIOMIEH u3 B”é. Torna uwncsio myseit B HamMeHBITEH
BEpIIHMHE YBEIMYMIOCh HA €UHUILY (U3-3a IIOSBHUBIIErOCs [IEPBOIO Pa3psijia), YMCIIO eIUHUL] B
Heil COXPaHWJIOCh, & UUCIIO €JIMHUIL B HAnbOONbIIeH BepIHe YBEJININIOCh HA eMHUILY (ToxkKe
U3-3a [IEPBOrO Pa3psijia), B TO BPEMs KaK YUC/IO HyJiell B Hell COXpaHmIoch. TakuM oO6paszoM,
YCJIOBHE BBIIIOJIHSIETCS.

(b) Iensb momytvena ykopoueHneM cooTBeTcTBylomeit u3 B"1. Toryia uucio Hyseil B MUHIMATLHOL
BEPIINHE IENN COXPAHUIOCh, YUCJIO €JIMHUIL B HEll 2Ke YBEJMYUJIOCh U3-3a ITOSIBUBIIETOCS IIep-
BOI'O Pa3psijia, a YUCIO eIUHUIl B MAKCUMAJLHON BepIIMHE OCTAJIOCh IPEKHUM (TakK KaK OJHA
eINHUTA JT00ABUIACH TIEPBBIM Pa3pPsA/IOM, HO OBIBIIas MaKCAMAaJbHAs BEPIIUHA YIAJIEHA, [10-
9TOMY HOBas JIE?KUT YPOBHEM HUZKe, CJIe/I0BATE/IbHO, B MJIQJIIINAX Pa3psalax COAEPKUT Ha OJIHY
€JIMHUILY MEeHbIIIE), B TO BPEMsl KaK YUCJIO HyJell B MAKCUMAJIBbHON BepIMHE YBEJININIOCh HA
esmHMIly (M3-3a CIOYCKA ee Ha OUH yPOBeHb BHU3). TakuM o6pa3oM, U B 9TOM CJIydae yCJIOBHe
COXpaHseTCs.

3. BepeMm Tpu BepIIUHBI ¢ OJTHON TIeNH, UJyITHE TOAPIT. BO3MOXKHEI JBa Corydas.

(a) Onu B3aTHI ¢ YyKOpOUeHHOI 1erm. Torsa, MOCKOIbKY IIPU MHJYKTUBHOM [OCTPOEHUN OHU ObLIN
B34THI C Ienn IB%"% JUIMHBL HA eJUHUIYy OOJIblle, UX JOIOJHEHHE JI0 KBAJIpaTa JeKUT (10 MH-
JlyKTUBHOMY IPEIIIOIOKEHHIO) TAKXKE B ]B%"% Ha IeNH JUIMHBL HA 2 MeHbIle (110 UHILYKTUBHOMY
IIPEJIITOJIO?KEHNIO COOTBETCTBYIOIIAS TIEIh, COJEPKABINas HY2KHOE JIOIIOJTHEHHE JI0 KBaJIpaTa,
vMeJa, JIJIMHY Ha 2 OOJIbIIE JI0 OTIIEIJIeHNs MaKCHUMAJbHBIX JIEMEHTOB C KaXKJIOW IeIu, HO
[OCJIe OTINEILICHUS, KaK JIETKO BUZETD, DAJIAHC JJIUH COXPAHWUIICH ).
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(b) Onu B34TBI ¢ yJIMHEHHON eru. Bo3MOXKHBI JBa, [IOJICIIy Yasl.

i. Bee Tpu Bepmmmb Jexkat B B"Y. B aTOM ciiyuae 1o WHIIyKTHBHOMY MPEJITIOIOMKEHIIO HX
JIOTIOJTHEHHE JI0 KBaJIpaTa TaKzKe HaXojuTcs B B}, mputem OHO JIEKUT Ha IeNu JIMHBI
Ha 2 MeHbIne (110 UHYKTUBHOMY IPEINOIOKEHIIO COOTBETCTBYIOIIA 1IEIh, COAEPIKABIIAS
HYy>KHO€ JIOTIOJIHEHNE JI0 KBaJpaTa, uMeJja JJIMHY Ha 2 MEeHbINe JI0 J00aBJIEHUs] MaKCU-
MaJTbHBIX 3JIEMEHTOB K Kaxk1oit menn u3 B"1, 1o mocse nx o6aBenns, Kak Jerko BUCTD,
GasIaHC JJIMH COXPAHUIICS).

ii. Bonbimast u3 9TUX TpexX BEPIIUH JIEKUT B IB%"%). Torma momosHeHmeM 10 KBapaTa, Kak
JIEFKO BHJIETH, OYJET CIYy>KUTh MAaKCHMAaJIbHasl BEPIINHA COOTBETCTBYIOINIEH YKOPOYEHHOM

nernu.
n+1 n+11
B Br+1l

Bnl

(=)

ITockompKy IpU MHAYKTHBHOM IOCTPOSHUH CHAYAJIA 00€e Ienu ObLINA OIHOM JIJIMHBI, & 3aTEM
1epBasg U3 HUX CTajla Ha OJHY BEpUINHY JJIMHHee, a BTopas — Ha OJIHY BepIIMHY Kopode,
TO YCJIOBUE W B 9TOM CJIyYae BBITIOJHSAETCS.

Teopema mokazana. O

Ucnons3yst Teopemy AHCeIsT MOYXKHO MOJYYUTH BEPXHIOK OIEHKY Ha YUCJIO0 MOHOTOHHBIX OYJIEBBIX
dyukuuit ¢ (n). deiicrBuresnbno, nokpoem B" nensimu Ancensi. Paccmorpum Bee nenu AHcessl HAUMEHb-
medt jumEbl (310 Jmbo 1, mubo 2). Oupegenum Ha HUX He Gosee, UeM TpeMsl CIIOCOGAMH MOHOTOHHYIO
dyukimo. 3aTem, BosbMeM Ha Gosbmux 1ensix (AuHbl 7 — 2p + 1) TpU HaMMeHbIIME BEPIIMHBI. 3HAsI
3HAYEHUs Ha BCEX NEIX JUIMHBL, He 6osee, ueM n— 2 (p + 1) + 1 110 MOHOTOHHOCTH JOMOJIHUM UX JI0 KB
paTa u OnpeJies MM Ha HUX CHOBA He 0ojiee, YeM TpeMs crnocobaMu MOHOTOHHYIO ¢dyHKIu. [Ipn aTom, HA
BCeX BEPINUHAX, KPOMe JBYX (DYHKIIHS OMPEIEJUTCS OJHO3HAYHO, a HA OCTABINUXCS OCTAHETCS KaK pa3
POBHO TpH BapuaHTa. TakuM 00pa3oM, CyMMUPYsl IOy YeHHbIE Pe3YJIbTAThl OTHOCUTEJNLHO 1 (1), MOXKHO
YTBEPXKJIaTh, 9TO

N3 3
N3 3

D,

Takzke MOXKHO MOKa3aTh, 9TO paHee MOJyUYeHHas HUKHSIS OIEHKA Ha CJI0XKHOCTH PacIndPOBKU MO-
HOTOHHOI OysieBoit dbyHKIMU ¢ (n) coBnagaer ¢ BepxHeil oneHkoi. JleficTBUTE/IbHO, B C/lydae HEYeTHOrO
n CcHavaJja y3HaeM 3HaJYeHUs Ha LelsX JIMHbL 2 (IIpu 9TOM 3aJaIuM He Gojiee, 4eM MO JiBa BOIIPOCA HA

5(15)) +2(L%TJL+1) —1<v(n) < 5]

KasKyIO [ellb). 3aTeM, UCIIOJb3ysl CHOBA [IPOJIOJXKEHNUs JI0 KBapara, y3HAeM 3HAUYEHHs HA IEIAX 60jIb-
mrefi MHBL (IpU 9TOM 3aJ3/(MM CHOBa He Gojiee UeM 10 J[Ba BOIPOCA I Kaxkoh Ienu). Vtak, Jist

HEYETHOTO CJIydast
o<z (3) = () * (1)

B uerHOM cityuae y3HaeMm cHadaja 3HaYeHUs! (PYHKIIUU HA IEIAX JJINHBL 1, 3a/aB 110 OJIHOMY BOIIPOCY JIJIst
KaKJI0# 1enm. 3aTeM, i Tereil OoJbIneit JINHBI y3HaeM 3HadYeHus He Oojiee, 9eM Ha JIBYX BEPIIHHAX,
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UCIIOJIb3Ysl IIPOJOJKEHUs 10 KBaapaTa. Takum o6pa3oM, U B 3TOM ciiydae ¢ (n) He IPEBOCXOAUT CBOEH
HU2KHEN OIleHKU:

e ()50 2 0D = () (1) = () 5)

MﬁaK,OKOanTGHBHO MO2KHO yTBEpP2KJAaThb, 9TO

eo= () (1sf'1)

Asrebpsr nHnmaenTHoctu.  Jacrugnbtii nopanok (P, <) OyieM Ha3bIBATH A0KAALHO KOHEWHbIM, €CIIU
Joboit muTepBas Kouede. Ilycts B mambneiinmem F — HeKOTOpoe GECKOHETHOE TOJIe.

Onpenenenune 1.4.13. Anzebpoti unyudenmmuocmu wacmuuro ynopadowernnozo muooicecmsa (P, <) na-
3BIBAETCS MHOYKECTBO

AP)={f:P?=Flagy= f(z,y)=0}.

AJH€6pa/HHHHﬂeHTHOCTH 3aMKHYTa OTHOCHUTE/JIbHO ONEPAUUU CAOHCEHUSA:

(f+9)(x,y)=f(z,y) +g(z,y),

omeparun yMHOXKeHns Ha Jucio r € [F:

(T'f)(xay):r'f(xay)v

a TaK2Ke OIlepalliyl CBEPTKHU

(frg)(@y) = > f(2,2)-9(zy).

<2<y

HeifiTpaabHBIM 3JIEMEHTOM I10 CJIOXKEHUIO SIBIAETCA (PyHKIUS, TOXKJIECTBEHHO PaBHAS HYJIIO U OUEBUIHBIM
obpaszom npuHazexaniag aiarebpe unimgentaocru. Ceeprka accommarusaa: f x (g*h) = (f *g) % h.
HeiicTBUTEIBHO,

(fx(g*h)) Z f(z,2) - (gxh)( Z f(z,2) Z g(z, h(w,y)

T2y T2y ZLwWLY
L2y 2SwWLY LWLy <2y

= > | D f@a)gw | hwy) = Y (Frg)(@w)-h(wy)=((f*g)*h)(z,y).

z<wLy \r<zsw r<wLY
B To ke Bpems oneparust HekoMMmyTaTuBHaA. JleficTBUTENBHO, IIyCTh
r<y, f(z,2)=f(2,y) =0, f(y,y) =e, g(z,y) =a, tnea €F, e #0.

Torma

(f*xg)(z,y)=f(z,2) g(x,y) + f(2,9) - 9(y,y) =0,
(gx f)(z,y) =g (@,2)- f(z,9) +9(x,y)- f(y,y) =a® #0.
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HOCJ’IG,I];HGG PaBEHCTBO BBITEKACT U3 TOI'O, 9YTO B IIOJI€ HET ,HeJIHTeJIefI HYJIA.
LLSOHpeﬂeﬂeHHH CBEPTKH JIE'KO BUJIECTb, 9YTO OHa,HHCTpH6yTHBH3.0THOCHTGHBHO CJIOZ?KCHU A

(f+g)xh=fxh+gxh,
fx(g+h)=Frg+fxh.

Heiirpanbnoii dbynkueit 1o ceprke 6yuer genbra-byukuus: Vf € A(P) = fxd =0 f = f, tne

17 I: 9
6<x,y>={ Y

0, wmHade.

Muorma MOXKHO TOBOPUTH 00 OOPATHBIX IEMEHTAX 110 CBEPTKE le n fg ! (COOTBETCTBEHHO JIEBOM U TIPa-
BOM OODATHBIX JIEMEHTAX ), €CJIH f[:l *f=0u fxfy 1 — §. He Besikuii ssieMenT aireGpbl HHIMICHTHOCTH
nMeeT OOpATHBIIN, OTHAKO €CJIM OH BCE JKe CYNIECTBYET, TO JIEBBIii 0OOPATHBIM COBIIA/IAET ¢ MPABBIM 00paT-
HBIM 3JIEMEHTOM:

I = e= I (P ) = (I )+ fat =0 ft =

Teopema 1.12. Saemenm f € A(P) obpamum mozda u moavko mozda, xkozda 0as awbozo x € P
svinoansemcs f (x,x) # 0.

Jokasamenvemeo. HeobxomumocTh B JAHHOM ciydae ovdesuiHa: ecin f € A (P) obparnm, T0

f_l(x7x)'f(x’x)::1

[0 OIPEJIEJICHUIO OllEPAU CBEPTKU U Aeiabra-byHKImu. [IOCKOIbKY B II0JIe HET JeJuTe/Iel HyJd, I
qroboro x € P seimonasiercst f (x, z) # 0.

[Tokaxxem mocrarounocts. st aroro ompenesmm mjs dyskimu f oOpaTHyio aBHbBIM obpaszom. Ecan
x £ y, ouesnzno, oupeneaum [~ (z,y) = 0. lockonsKy s moboro @ semonusercs f~1 (z,z)- f (z,x) =
1u f(x,2) # 0, onmpenemam f~1 (z,2) = ﬁ ITycrs Teneps & < y u st J06oro z € [x,y) obpaTHas

dbynkmusa f~1 (z, z) yxe onpesenena. Toraa Mo oNpeeIeHnIo CBEPTKHI

1
f(y.y)

Yo w) fmy) =b(ay) =0= [ (2,y) = -

r<2ZLY

S ) f ().

r<z<y

TlomyTHO J0Ka3aHO, ITO OOPATHBIN JIEMEHT, €CJI OH CYIECTBYET, €INHCTBEHEH.
Teopema jokazana. O

[Iepeuncanm Tenepsb Hamboee BazKHbIE DYHKINN aaredpa MHITNIEHTHOCTH.

1, z=uy,

0, wuHadve.

1. 6 (z,y) —{

L z<y,
— m3eTa-PyHKITASI.
0, wunaue

L =y, z<y,
— asamba-DyHKIM.
0, wunaue
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1, z<uy,
— 9Ta-PyHITAI.
0, wunHade

1, z<y,
— Karma~-QyHKITHS.
0, wunHade

5. K(l‘,y) :)‘(xvy)_é(xay) :{

6. p(r,y)=C"1(z,y) — bynxmua Mebuyca.
7. ¢ (x,y) — uHA MaKCUMAaJIbLHON (', y)-1emny.

BaejieM HOHATHE MOHOMONHOL HYMEPAUUL HACTNUNHO20 NopAdKa. HyMepalyeit 9acTHIHO yIIOPsI0UeHHO-
ro mHozkecTBa (P, <) HasbiBaercsa orobpazkenue n : P — N. Hymeparus HazbIBaeTCst MOHOTOHHO, €CJTH U3
p1 < po crepyer n (p1) < n(p2). AIropuTM MOHOTOHHON HyMEpAIUU IPOU3BOJIBHOIO KOHEYHOIO YaCTHY-
HOT'O MOPAJKA YPE3BLIUANMHO MPOCT: Ha IIEPBOM IIare BLIOMpPaeM MPOM3BOJILHBIN MHUHUMAJILHBINA 3J€MEHT
U HyMepyeM €ro eIuHuIeil. 3areM, Ha KasKIOM ITOCIEAYIONEeM IIare BLIOMPAeM 3JEMEHT, HU2Ke KOTOPOro
JIEKAT TOJBKO MOMEYEHHBIE JIEMEHTBI, B HYMEPYEM €ro CJELYIOIMUM HATYPAJLHBIM ducaoM. O49eBuIHo,
BoInonHseTcs & < y = n () < n (y). Pacemorpum sro Ha npumepe. Ilyers P = {1,2,3,4,5,6,7,8,9,10},
a OTHOIIEHHE YAaCTHYHOTO MOPSIKA 3aJaeTcda nuarpaMmoii Xacce, IpeCcTaBIeHHON Ha, pUCYHKe.

7 10

Bepmmabr vacTUYHOrO MOPsIIKa TPOHYMEPOBAHbBI, KAK JIETKO MTPOBEPUTH, MOHOTOHHO. BarkKHeNUIM CBO-
CTBOM MOHOTOHHOI HYMEDAIIUU SIBJIETCSI TO, YTO MATPUIBI BBEIEHHBIX HAMU paHee (DYHKIHIT UMEIT
BepXHUil TpeyrobHblii Buja. Tak Hanpumep, Marpuna a3era-OyHKIUHA BHIVISIAAT TaK (HOMepa CTPOK CO-
OTBETCTBYIOT HOMEPaM &, & HOMepa CTOJIOIOB — HOMEepPaM Y B MOHOTOHHOII HyMepaIun):

1111111111
0111011001
0011001000
0001001000

“loooo0 111111

“=looo0oo0o011001
0000O0O0T1O00O00
00000O0O0T111
0000O0O0TO0GO0 11
0000O0O0TO0GO0O0 1

Takke MoxxkHO HaiiTu MaTpuity dyHKImE Mebuyca, KoTopas: Tak:ke Oy/1eT UMeTh BEPXHUII TPEYTOJbHBIN
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BUJI:
1 -1 0 0 -1 1 0 0 0 0
01 -1 0 0 -1 1 0 0 0
o0 1 -1 0 0 0 0 0 0
o0 0 1 0 0 -1 0 0 0
oo 0o o 1 -1 0 -1 0 1
=10 o o o o 1 -1 0 0 -1
o0 0 0 0 0 1 0 0 0
o0 0 0 0 0 0 1 -1 0
o0 0 0 0 0 0 0 1 -1
o0 0 0 0 0 0 0 0 1

[Tycrs yacTu4gHO yHOPsiOUYeHHOE MHOKECTBO (P, <) JI0KaJIbHO KOHEYHO U MMeeT HAMMEHBIIN 2JIEMEeHT.
IIycts F : P — F — mekoropasi GpyHKIHs, ONpeeeHHas Ha 9TOM JacTUIHOM nopsijke. [Ipemmomoxum,
9TO BMeCTO F M3BECTHBI 3HAUCHUS CYMMUPYIOWET PYHKUUL:

Sr ()= F(y).

ysz

Sajiaua 3aKJII0YAETC B PACHIN(POBKE UCXOIHON (PYHKIUU 110 M3BECTHBIM 3HAYEHUSIM CYMMUPYOMIEi
dyarIME. 3a/1a9a pernaercs CIeAyomuM 00pa3oM: BBeIeM HOBYIO (DYHKIIUIO

f(l’,y){}—(z)’ r=0,y==z

0, nHadJe.

BroimmostnuM cBepTKy 3TOM DyHKINM 1 A3€Ta-DyHKITAN:

S]-'(l‘,y) = Z f($7Z)C(Z7y) = (f*C) (x’y)

T2y

Ouesupno, uro Sx (0,x) = S (x). IockonbKy nzera-dyukims obparuma, u 00paTHON K Heil ABJIgeTCS
dyurnusa Mebuyca, MOXKHO BBIIIOJHATH CJIEIYIONIYIO OIEPAINIO, MPUBOILAILYI0 K obpawenuto Mebuyca:
fz,y) = (Sg*p)(z,y). Orcioga noaydyaeM OCHOBHYIO (OPMYILy, OLPEIEJISIONyI0 3HaueHust F depe3
3HAUCHHUA CyMMUpYIOIIeil (byHKINN:

F@)=f(0,2)=) Sr0,9) nlyx) = Sr) pnymz).

yszT y<T

Pacemorpum koreunstii andasut {ay,...,a,}, r = 2. Ilocrpoum Bee 1™ c10B Haj 3TUM aIbaBATOM
JUIMHBI N 1 Pa300beM 13 Ha KJIACChl SKBUBaJIeHTHOCTH. [IpexK/ie BCero onpeienM MOHSITHE TIEPUOJIA;: CIIOBO
(b1, ..., by) umeer nepuoy, d|n, ecim st a060ro ¢ BoinosHsiercsa b; = birq (i +d (mod n)) u mis o6oro
d" < d a0 meBepuo. Kiaccom sKBUBAaJIEHTHOCTH $BJISIETCH MHOYKECTBO CJIOB, IIOJIYYAIONMXCS OJHO U3
JIPYTOTO TAKJIAIECKAM CJIBHTOM.

Paccmorpum npumep: mycrs = 2, n = 4. Beero cymecrsyer 16 ¢ioB qymabl 4 Hag qBYX0YKBEHHBIM
asdasuroM (mycrs 3o {0, 1}). [Ipa n3 Hux nmeror mepros 1: 310 (0000) u (1111), gBa cIoBa NMEIOT HEPHO,
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2: 970 (0101) m (1010), ocTanmbHbIE ke CJI0Ba UMEIOT Heproj 3. Beero 6 Ki1accoB SKBHBAJIEHTHOCTH:

(0000)
(1111)
(0101), (1010)
(0001), (1000), (0100), (0010)
(0011), (1001), (1100), (0110)
(0111), (1011), (1101), (1110)

O6o3naamnm uepes M (d) 4mcsio KaaccoB SKBUBaJIEHTHOCTH ¢jI0B iepuoja d. Tak, juist r = 2, n = 4
M(1) =2, M(2) =1, M(4) = 3. Hac Gyaer uarepecoBarb Boupoc, demy ke pasuo M (n). B gannom
CJIydae JIETKO MOCTPOUTDh CyMMUPYIOIILYIO (DyHKITHIO, ITOCIIE Yero MOYKHO BBITIOJIHUTH obparrnenne Mebuyca:

n n =
Zd-M(d) =7r" = M(n) ~n=Zrd-u(d,n) = Zrd~u<g) :Zrd ~p(d).
d|n d|n d|n d|n
Orciofia osryyaeM OKOHIATETbHYIO (hopMyIty
1 n
M (n) ::;ij£:7~dlb(d).
d|n

DT0 YUCIIO 3aMedaTe/IbHO TEM, YTO OHO PABHO YUC/IY HEIPUBOJIMMBIX HOPMUPOBAHHBIX MHOI'OYJIEHOB CTe-
nenu n Hax F), [x], ecau Tosmpko r = p — npocroe. Tak, Hanpumep, npu r = 2

M@p:i@*1+?4—n+f-®=3

Pemerku. Ilycrs (P, <) — HEKOTOPOE YACTHIHO YIOPsIOUeHHOe MHOKecTBO n X C P.

Onpenenenne 1.4.14. Bepzuel, epanvio muoocecmea X Ha3bIBAETCH JIEMEHT (€CJM OH CYIIECTBYET)
a € P rakoit, uro Vo € X = = < a. Ilo ABOMCTBEHHOCTH OMPENENISAETC HUNCHAA 2PAHD MHONHCECTEA,
X. Tounot seprneti epanvro muootcecmea X Ha3bIBACTCs HaMMEHbINAs U3 BepxHux rpaneii supX (eciu
Takas cymiectByer). [lo rBoiicrBeHHOCTH OUpenesseTcs mowkasn nudichas epans inf X mmoorcecmea X.

Onpenenenune 1.4.15. Jacruuno ynopsmodennoe Muoxkectso (P, <) HasbBaeTcs noanotl pewemrot,
ecimu y Jjoboro muoxkectBa X C P cymectByror sup X u inf X. Ecian y xkaxmoro X C P cymectByer
sup X, ro (P, <) HasbiBaerca seprrel noaypewemxot, ecin xke y kaxaoro X C P cymecrsyer inf X, To
(P, <) HasbIBaercs HudtcHel noaypewemxo.

Onpenenenne 1.4.16. Yacruuno ynopgmodentoe mMuoxkecrBo (P, <) HasbiBaercsa pewemkol, ecau y

def . def
M06LIX T,y € P cymecrsyior sup {z,y} = z Vy u inf {z,y} = z Ay.
3amevanue. Ecim (P, <) — pemierka, TO Jisi JHOOBIX 1, ..., T, € P CylecTByoT
sup{z1,...,&n} =21 V---Va, un inf{r,...,z,} =21 A Ax,.

[IpumepoM HETTOTHOM PEIIEeTKN MOXKET BBICTYIIATh YACTHIHO YIIOPSI0UEHHOE MHOYKECTBO HATYPAJbHBIX
qucen no geaumoctu (N, |). Jlerko Bumers, uro B HeM MHOxKecTBO X = N He mMeer BEPXHHUX I'paHeil
BOOOIIE, CIeI0BATEILHO, HE UMEET U TOYHOI BepxXHeil rpaHu.
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Bsenenmnie BoIiite 0003HAYEHNsST TOYHON BepXHEH W TOYHOW HUKHEH IpamHeil map 3JeMeHTOB PeleTKN
MOXKHO PACCMAaTPUBAThH KaK OIEPAIINIO HAJT JIEMEHTAMH HUCXOIHOI'0 YACTUIHOI'O OPs KA. JIerko 1oKka3ars,
YTO BBINOJIHSETCS IPOCTOI 3aKOH acCOMATUBHOCTHU, HAIIPUMED, JiJIs1 TOUHOI BepxHeil rpaHu:

(xVy)Vz=zV(yVz).

HefictBurensHo, ycth £ Vy = a u b = a V z. Ipeanonoxum, uro = V (yV z) = by < b. Ho torma
< by, yVz < by = y < by, npuuem by sBasieTcs BepxHE IPaHbIO KaK JJjIst &, Tak u i y. Torma a < by,
O b < @, OTKy/Zla TIOJIy9aeM IPOTUBOPEUne C Ipenosiokennem b < by.

Pemerkoii siBjisieTcst MHOXKECTBO

M(dl,,dn):{(xl,,xn)|0<ngdl, xi,diGZ, Z:ﬁ},

npudeM (T1,...,%n) < (Y1,---,Yn) & T; < y; Vi = 1,n. MHOKeCTBO, cOCTOsAIIEE U3 JTMHEHHBIX MOJITPO-
cTpaHCTB mpocTpancTBa R3 (Havas o KOOPAMHAT, TPU KOODIMHATHLIX OCH, TP KOOPJIUHATHBIX MJIOCKOCTH
u Bce R?) Taxwke mpencTaBigeT coboil pemeTky, mpudeM mzoMopdmyio B3, Yactmumo ymopsaodentoe
[I0 BKJIIOYEHUIO MHOYKECTBO BCEX IOArPYII (BKJIOYasl TPUBUAJIBHBIE — IIYCTYIO U CaMy I'DYIILY) HEKO-
TOPOI KOHEYHOH Ipymibl (G sIBJISIETCsI TaK:Ke pemeTkoii. [Ipu 3ToM TOYHOM BepXHEil I'PaHbI0 MHOXKECTBA
sIBJISIETCsI HAWMEHbIIIasl TPYIINA, COJepKalliasi BCe IPYIIbI 3TO MHOXKECTBA, & TOYHOW HUXKHEH I'PaHbi0 —
[IEPECeUeHne BCEX I'PYIII MHOXKECTBA. JaMKHYTbIe Kjacchl (pyHkuuii k-snaunoit joruku (k > 2) takke
obpasyior perrerky. [lo aHasoruu ¢ rpynmnoit TOYHON BepXHEl PaHBIO MHOYXKECTBA KJIACCOB BBICTYIIAET
HaUMEHBIIINNA KJIacC, BCeX UX COJEePKallliii, & TOYHOU HUXKHEIl I'PAHbI0 MHOXKECTBA KJIACCOB ABJIACTCA UX
niepecedenwue. [Ipu k = 2 perrerka 3aMKHYTBIX K1accoB B Py HazwiBaercs pewemxkot Ilocma.
OueBnHBIM 00PA30M BBITOTHSIOTCS CJIEIYIONINE IATH CBOMCTB:

1. x N =2z, x Vo =x — udemnomenmmnocms,

2.z Ny=yAz, 2Vy=yVIT — KOMMYMAMUEHOCTD,

. (zhy)hz=axAN(yAz), (xVy)Vz=aV(yVz) — accoyuamuerocm,

4. zA(xVy)=zV(xAy) =2 — nozrowenue,

S. xfy<=zc=xANyny=2aVy — COBMECTIUMOCND,

6. cBOUCTBO ducmpubymusrocmu, KOTOPOe, BOOOIIIe IOBOPs, BLIIOJIHSETCS He BCEra:
(a) zA(yVz)=(xAy)V(xAz)n
(b) xV(yAz)=(xVy A(zV2).

Taxkum 06pa3oM, MOXKHO TIepefiTun K paccMoTpeHnto aire6psl (P, V, A), coOTHOCsIIECs ¢ YaCTUIHBIM TI0-
psiikoM (P, <) cornacHo cBOHCTBY 5.

Onpenenenune 1.4.17. [Hodpewemxot pemerku (P,V, \) naspiBaercs pemerka (Q,V,wedge), rne @ C
P 3amMKHyTass OTHOCUTEIBHO OMEpaInii B3ATUs TOYHOM BepXHEH M TOYHON HUKHEH T'paHeil B MCXOIHON
pemerke (P, V,A).

Yr00bI MOAYEPKHYTh BaXKHOCTH ITOCJIEIHErO TpeDOBaHUs IPUBEIEM NpumMep pemeTku U, HOCHTEb
KOTOPOH eBJISETCS MOAMHOXKECTBOM pemeTkn B3, ommako, U He apisgerca mompemreTkoit B> cormacmo
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BBEJIEHHOMY OIIPe/IeJICHUIO.

inf {z, y)
w

Heiicteurensro, z,y € U, Ho inf {z,y} ¢ U.

IIpumepoM MHOXKECTBA, He SIBJIAIOIIETrOCsS PENIeTKON CJIyKUT YaCTUYIHO YIOPSIOYEHHOE MHOXKECTEBO,
3aJlaHHOe JTMarpaMMoil Xacce: 3JIEMEHTHI T,y He MMEIOT BepxHel TpaHum BOOOINE, a 3HAYAT W TOYHOM
BEpXHEH I'paHu.

z Y

Onpenenenue 1.4.18. Ecium jjist JI0OBIX TpeX 3JEMEHTOB T, Y, Z PEIIEeTKU BBIMOJHSIIOTCs yeiaoBus 6a 1
6b, To pereTka HA3BIBAECTCS JUCMPUOYMUEHOT.

[Ipumepamu AUCTPUOYTUBHBIX PEIIETOK SBJIAIOTCS B", yIOPSI0YEHHBIH CTAaHIAPTHBIM 00pa30M H
(N,]). IIpumepamu HeMCTPUOYTUBHBIX DEINIETOK SIBJISIOTCS NIEHTAIOH M perneTka U, pacCMOTPeHHasl B
Ka4yecTBe KOHTPIIPUMEDA MTO/PEIIETKH.

xVz vV w
Y
U v w
T
YNz UuNv=uNw

HeiicTBUTEIHHO, B IIEHTATOHE:
eV (yhz)=z#y=(@Vy A(zV2),

B perretke U:
uN(vVw)=u#0=(uAv)V(uAw).

Cupasejyiue Hekuit anajor teopeMbl [lorTpsrnaa-KypaToBcKoro: pererka sBjsercs JTUCTPUOYTUBHOIMN
TOI/Ia M TOJBKO TOIJA, KOr/Ia OHA HE COJEPXKHUT B KadecTBe rojapenteTok rnenrarona u U. Ucmonb3ys 3To
YTBEPK/IEHNE, MOYKHO IMTOKA3aTh, HAIIPUMED, UTO YACTUYIHO YIIOPSIOUCHHOE IO MOIPA30UEHUIM MHOMXKE-
CTBO pa3bMeHni KOHETHOI'O0 MHOYKECTBA SIBJISIETCSI PEIIETKON, KOTOopasi He JUCTPUOYyTHUBHA, €CJIU TOJIBKO
HUCXO/THOE MHOYKECTBO COJIEPXKUT HE MeHee TPeX 3JIeMEHTOB.
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JIrobast pereTka ¢ KOHETHBIM HOCUTEJIEM SIBJISIETCSI TIOJTHOM. DJIEMEHT P PenteTKu L Ha3bIBAeTCs Henpu-
6800UMDbLM, €CITU BBITTOJHSIETCS] UMILINKATIHST

p=xVy=—p=cTwimp=1y.

VICcK/II0UnM 110 OIIPEJIEJICHUIO U3 MHOXKECTBA HENPUBOJIMMBIX JIEMEHTOB HaMMEHbIIUi (HecMOTpsi Ha TO,
YTO BBIIIENPUBE/ICHHAS MMILIMKALUS JJIsl Hero BbloJiHgeTcs ). Ha si3bike jguarpamm Xacce M3 BepIIy-
HBI, COOTBETCTBYIOIIEN HEIIPUBOAUMOMY 3JIEMEHTY, BBIXOJUT BHU3 He Oojiee OIHOIO pebpa: B IIPOTUBHOM
ciaydae OH sIBJIsJICS Obl TOYHON BEpXHEHl I'DaHBIO JIBYX HEIOCPEICTBEHHO IPEJIECTBYIONIUX €My 3Jjie-
MeHTOB. COorylacHO OIpEeIe/IEHIIO JI000H 3JIeMEHT YACTHIHO YIIOPSIAOYEHHOTO MHOYXKECTBA ABJISIETCS JINOO
HEIPUBOAUMBIM, JIMOO IIPUBOAUMBIM, IIO3TOMY JJIs1 IPOU3BOILHOIO 3JIEMEHTA, ¢ YACTUYHO YIOPSII0YEHHO-
0 MHOXKECTBA JOIIYCTUMO IIPEJICTABJIEHIE ero B BHUEe TOYHOIN BEpXHEH I'pDaHU HEIPUBOAUMBIX 3JIEMEHTOB
a=p VpsV---Vps. Eam ms moboro i = 1,8 = a # prVpa V- Vpi_1Vpir1 V-V p,, TO Ta-
KO€e Pa3JIoyKeHNe HA3bIBAETCs HECOKPATUMBIM. B 5TOM cilydyae OYeBUIHO, YTO MHOYKECTBO HEIIPUBOIMMBIX
3JIEMEHTOB {pi}le obpasyer anTuIenb. PasjgoxkenueM 1jis Hyss OyaeMm cauTarh cam HyJab: 0 = 0.

Jlemma 1.4.1. Ilycmo p — nenpugodumvili snemenm ducmpubymusroti pewemsu L u

Toz0a natidemcs maxoe 1 < i < n, ymo p < a;.

Loxazameavcmeo. VI3 ycmoBus siCHO, 9TO JJIs P CIPABEJIMBO MPEJICTABICHAE

n n

p=pA|Va|=\V@ra).

i=1 i=1

Tlockombky Bce p A a; < p, JOMKHO HANTHCH TAKOE ¢, YTO BBITOJHUTCS B TOUHOCTHA PABEHCTBO P A a; = P.
B sTOM city4ae 10 OlpeesIeHUuI0 TOYHON HUXKHEH I'PAHU U BBIIOIHUTCS P < ;.
Jlemma nokasana. O

JIemma 1.4.2 (Bupkrod). Hecoxpamumoe pasaosicenue Ha HenpusoduMvie dIAeMenmos 04i 4106020 Ine-
merma a € L (L — duempubymuenas pewemra) 00H03HAHO ¢ MOYHOCTDI0 00 NOPAJKE HENPUBOOUMbLT
INEMEHMOB, YUACTNEYIOWUTL 8 PA3AOHCEHUL.

Jloxaszamenvcmeo. IlycTh HaliAyTCa aBa HECOKPATHUMBIX PAa3JI0KEHUs HEKOTOPOro 3jeMeHTa a € L Ha
HEIIPUBOJINMBIC JIEMEHTDI:
a=p1VpaV- - Vps=qVagV: Vg

W3 Buja pasyioxKeHnii ciieyer, 9To
T
Vi=1l,s=p <a= \/qizﬂj:pi < g, aHagormuHo Jk :q; < pr = p; < ¢ < Pr.
i=1

YVauThiBasg TO, ITO JTEMEHTHI HECOKPATUMOTO Pa3JI0yKEHNUsT Ha HEIPUBOAMMBIE JIEMEHTHI JIEXKAT Ha aH-
THUIIENN, IOIy4YUM D; = ¢; = Pi. L1IpoBeaa sTu paccyzKeHus cHadYaJa Jyls BCEX Pj, a 3aTEM JJIS BCEX
gj, yoemumcs, 4To 0ba pa3JIOKEHMs COCTOAT M3 OJHUX M TeX K€ HEIPUBOJUMBIX 3JIEMEHTOB M MOTYT
pa3InIaThCS JIMIIL UX IIOPSIKOM.

Jlemma mokazaHa. ]
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MomnoTonHas O6yseBa (QYHKINS Ha YACTUIHO YIOPSIIOYECHHOM MHOXKECTBE MOYKET OBITH 3ajaHa Cie-
JIYIOIIMM 00Pa30M: BBIIEJISETCS TPOU3BOIbHAST MAKCUMAJIbHAS 10 BKJIIOYEHUIO AHTHIIEIb, BBIIIE KOTOPOi
bYHKIMS OIpejesisieTcsl eIMHUIEl, a Ha Hell W HuxKe — HyJeM. 1[0 JIBOWCTBEHHOCTH MOYXKHO OIIpejie-
JINTh AaHTUMOHOTOHHYO (PYHKITUIO. DTO OIPE I/ IeHNe TIOHAI00UTCS HaM B JIaJIbHENIIIEM [IPU KOJIUPOBAHUN
AuCTpuOyTUBHBIX perneTok. [Ipemsapum 3To ciaemyomumM npumepoM. [lycTs 9acTuvHO yIOpsiTOYeHHOE
MHOYKECTBO 33JIaeTCsl imarpaMmmoii Xacce.

Briiesium 13 aTOro MHOXKECTBaA TIOJIMHOYKECTBO BCEX HEIIPUBOJIUMBIE JIEMEHTOB — B JIAHHOM CJIyYae 9TO
{b,¢,d, f}. Heupusomumpie 3j1eMEHTHI HAXOAATCS MEXKy CO0O0i B OTHOIIEHUU 9aCTUYHOrO MOPsIIKA, Olpe-
JIEJISTIONIEMCST B CBOIO OYepeb CBOEi amarpaMmoi Xacce, TpeCTaBIeHHol ciupaBa. HoBbI JacTUIHBIH
[IOPSAJIOK, 0OPA30BAHHBIM HEIPUBOJAUMBIMU JIEMEHTAMU MOXKHO YIOPSJIOYEHHBIM 00PAa30M IOKDPBITH Iie-
msimu. CriesiaTh 3TO MOXKHO Pas3HBIME CIIOCODAMU: HAIIPUMED, IOJIb3YsiCh Teopemoii Jlumyopca, MOKPBITH
YUCIIOM [elell, PABHBIM MIMPUHE MHOXKECTBA (B 3TOM CJIydae YUC/IO Heleii MUHUMAJIBHO), & MOXKHO TPUBU-
AJTBHO: KazKIbI HEIPUBOIUMBIN 9JIEMEHT O0ObIBATH CAMOCTOSATEILHOM IIEITHIO (B 3TOM CIydae 4ucIo Lereit

MakcuMasibHO). Ilycrs yrke umeercs yuopsmodentoe nokpbitue nensyu C1, ..., Cy, man £y, ..., £, coot-
BercrBenHo. [Iponymepyem asstemenTsr C; o opsiyiky dnciaamu ot 1 jo ¢; st ¢ = 1, n. Temeps kaxk oMy
JIEMEHTY MCXOJHON MUCTPUOYTUBHON pENIeTKN MOCTaBUM B cooTBercTBre Habop uncen (ki,...,ky,), rue

k; nist i = 1,n — HOMep HEIPUBOJMMOIO 3JIEMEHTa C 1-Oif [enn, yIaCTBYIOIIEro B HECOKPATUMOM Pa3Jjio-
JKEHWMU 3JIEMEHTA Ha HelpuBoguMble 1eMentol (k; < 4;). B ciyuae, ecau uu omun anement ¢ uenu C; He
YYacTBYeT B HECOKPATUMOM Pa3JI02KEHUN Ha, HEMIPUBOAUMBIE 3JIEMEHTHI JAHHOTO dJIEMEHTa TaCTUIHO YIIO-
PSIOYIEHHOTO MHOXKECTBA, moyoxkuM k; = 0. Takum o6pa3oM, 1 JAHHOTO MOKPBITHUS ESIMU TPOUCXOTAT
BJIOYKEHUE JUCTPUOYTUBHON PEITETKU B N-MEPHBI MapaJsiIe/enures] ¢ MeJTOUNCIEHHBIMA KOOPINHATAMU:

P — ([0,64]NZ) x ([0,€2) NZ) X -+ - x ([0,4]NZ) x -+ x ([0,£,] NZ).

PaccmorprumM TpuBHasbHOE MOKPBHITHE MHOYKECTBA HEIPUBOIUMBIX JIEMEHTOB, OObSIBUB KAXK/IBIN dJ1e-
MEHT CaMOCTOSATEJIbHON Ienbio. B 9TOM cilydae yCTAHOBHUTCH COOTBETCTBHE MEXKJY BCEMH 3JIeMEHTaMU
UCXOTHOTO YACTUYIHO YIIOPSIOUCHHOTO MHOXKECTBA M HabopaMu u3 HyJIeH W eJINHUI JITUHBI 4:

a — (0,0,0,0
b— (1,0,0,0
¢c— (1,1,0,0
d—(1,0,1,0
e —(1,1,1,0
f—

)
)
)
)
)
1,1,1,1)
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DTO COOTBETCTBUE MPOMHTEPIIPETUPYEM KAK BJIOYKEHUE MCXOHOU JUCTPUOYTUBHON PEIETKH B YeThIPEeX-
MepHBIi enHIIHbIH Ky6 B:

PaccmorpuMm Jipyroe ymopsiloueHHOE TIOKPBITHE MEMsIMUA, YUCJI0 KOTOPBIX PABHO IMUPHHE PENIeTKH.
Iycre Cy = (b,e, f), Co = (d). B sroMm ciiyuae ycTaHABIMBAETCS COOTBETCTBHE MEXKJY JEMEHTAMU
pereTky 1 HabopaMu JJIMHBL 2 ¢ NEJOYUCICHHBIMIA KOOPINHATAMH, II€PBas U3 KOTOPHIX MEHSIETCS B JIUa-
mazone ot 0 g0 3, a Bropast — ot 0 jo 1:

a— (0,0)
b— (1,0)
c— (2,0)
d— (1,1)
e — (2,1)
f— @31

DTO COOTBETCTBYE MPOMHTEPIPETHPYEM KaK BJIOYKEHHe JIMCTPUOYTUBHON PEeNeTKH B JIBYMEDHBbIi mapai-
JIeJIEHIHAIIE/], C TIeTOYHC/IeHHbIMI KoopauraTamu [0, 3] x [0, 1]:

f

a

Curremyrompuii MHTEPECYIOMUA HAC BOIPOC — ITO KOAMPOBAHUE TUCTPUOYTUBHBIX PEIIETOK. B 3ama1ax
qacTO OBIBAET yJ00HO paboTaTh HE C caMOoil AMCTPUOYTUBHONM PEIIeTKOl, a ¢ HeKOTOPOil ee KOIUPOBKOIL,
obmanaomeil HauMeHbiIell U36BITOYHOCTBIO U, B TO K€ BpeMsl, oiHO3Ha4HOH. Huxke crpourcs omun u3
HanboJiee TOMYJIAPHBIX CIIOCOGOB KOJMPOBATH JUCTPUOY THBHBIE DEIIETKH.

IIycrs (P, <) — mucTpubyTHBHAST PENIeTKa. BBIIeSnM U3 Hee MHOXKECTBO BCEX HENPUBOJUMBIX 1€~
MEHTOB () M OIPEJENM HOBOE YaCTUYHO YHOPSJIOIEHHOE MHOKECTBO ((), <), r/ie OTHOIEHNE TACTUIHO-
ro IOpsi/IKa TO 7K€, 9TO U B UCXOAHOi pemerke. Kaxnomy a € P onHO3HAUHBIM 00pa3oM CTABUTCH B
COOTBETCTBUE MOJMHOKECTBO U3 (), ABJSIONEecs ero pasjoxernneM. OTMETHM, 9TO 9TO MOJAMHOXKECTBO
0053aTeIbHO ABJISAETCA AHTUNENBI0. HyJlio mocTaBuM B COOTBETCTBHUE IIyCTYIO aHTUIENb. Kaxkioil Takoit
AHTHUIENN S TOCTABAM B COOTBETCTBHE ee 3aMblkanue BHU3 S_ = {a € Q| Jd’ € S:a < d’}. Beenem Ha
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() aHTUMOHOTOHHYIO OyJieBy pyHKIUIO f:

1, ze€5_,

0, wuHade.

flq) =

IIpu sTom cama anTuIEens S okaxKercs i [ MHOXKECTBOM BepXHUX euHuI]. MHOXKecTBO S_ Ha3bIBAeTCs
udeanom. B cBSI3U ¢ TeM, 9TO BCE BBINIEBBEJIEHHBIE COOTBETCTBUS OKA3BIBAIOTCS M30MOPMU3IMAMU, MOXKHO
YTBEDKJIATh, UTO JUCMPUOYMUBHAA DEWEMKG USOMOPPHA MHOHCECBY UJEAN08 CBOUT HENPUBOIUMDBLL
anemenmos. [lokpoem ) ynopsiaouenabiM HabopoM neneit Cy, . .., Cy,. 9TO MOXKHO CIEJIaTh MHOKECTBOM
€110co00B, TIPU STOM KOJIMYECTBO IIelell MeHsieTCsl OT MUPUHBL () 10 MomHocTH (). OTHOCUTEILHO aHTH-
MOHOTOHHO# OysieBoit pyHKIMN [ KaxKas Ielb pa30nBaeTcs Ha JIBa KyCKa: HUXKHUAN KYCOK IIOIPY2KEH BO
MHOXKECTBO €JIMHUIL, & BEPXHUI — BO MHOYKECTBO HyJeil (KaKue-TO U3 KyCKOB BIIOJIHE MOI'YT OKA3aThCs IIy-
creivu). B nenu C; Boibepem HanGoJIbInmii 3/1eMeHT, OrPYKEeHHbI B eUHUIYy — Z; (CHOBA CYMTAEM, YTO
BCe JIEMEHTHI [N IIPOHYMEPOBAHBI OT €IUHUIIBI JI0 JIJIUHBI TIEIH; €CJTH TAKOBOT'O HE OKA3AJI0Ch, ITOJIATaeM
HOMED BepxHeii eMHUIBI HyJieM). B aroM ciiyuae xK00uposkoli peuemiy Ha30BeM HAOOD 1, .. ., Liy .. ., Ly

Eciun mokpeiBaTh perneTky IensMu JJINHBI €IUHUIA, TO OyJeT TOJydYeHO ee BJIO2KEHHE B COOTBET-
CTBYIONIWI eIMHUIHBIN N-MepHbIi Ky0. Ecin 6parh MOKPBITHE MEHBIIUM YHCIOM IeNell, TO Pa3MepHOCTD
napaJuIesenuie/a maJaeT, OJHAKO PACTET YUCIO0 BO3MOXKHBIX 3HAYEHUI KOOD/IHAT.

PaccmoTrpum B KavecTBe mpumepa (Bg, <).

(11000)
(P,<) fo (@, <)
(10100) f
(01100)@ (10010)
e d
(01010) ®(10001)
b c
(00110)& $(01001)
a

a¥(00101)

(00011)

HenpusoauMbiMu B 9TOI pellieTKe SIBJISIIOTCSI 3JIEMEHTHI a, b, ¢, d, e, f, UX YaCTUYHBIA HOPSIOK YyKa3aH
Ha COOTBETCTBYyIOMIEil quarpamme Xacce. HecokpaTumbie pa3jioKeHUsl JIEeMEHTOB P Ha HEmpUBOIUMBIE
9JIEMEHTBI BBITJISIIISIT CJIEYONUM 00Pa30M:

(00011) = @,
(00101) = a,
(00110) = b,
(01001) = c,
(01010) = bV c,
(10001) = d,
(01100) = e,
(10010) = bV d,
(10100) = e V d,
(11000) = f.
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B nepsriit paz mokpoem @ tensivu juinabl 1. Huke ykazaHbl MOJIydYeHHBIE KOJIUPOBKH.

(00011) — (0,0,0,0,0,0),

(

(1,0,0,0,0,0),

—

)

00101

)

)

0
— (17071707030)7

9

0

)

0

)

(00110) — (1,1,0

(01001

)

0,0),

i

0

o1

1

Y

(01010) — (1

(10001) — (1,0,1,1,0,0),

(01100) — (1,1,1,0,1,0),

(10010) — (1,1,1,1,0,0),

(10100) —> (1,1,1,1,1,0),

(11000) —> (1,1,1,1,1,1).

ONHTEPIIPpETHU €M II0JI ‘IeHHbeI e3VyJIbTaT KaK BJIOXKEHUE B ITEeCTUME HBII ($} MHUYIHBIA K 9dTOOBbI
IIp plpeTnpy y pesy. B3 p 1 y6 (o6

HE 3arPOMOXK/IATh U 0€3 TOTO CJIOYKHBIN PUCYHOK MBI OIIyCKA€M KOJIMPOBKU SJIEMEHTOB, [IPEIIIIOJIArasi, ITO
BEPIIMHBI Ky0a PACIIOJIOXKEHBI [0 spycaM, IIPU 9TOM Ha i-OM sIpyce CHu3y (OTCUeT HAYMHAETCS C HYJIs)
PACIOJIOXKEHBI BEPIIUHBL C § eIUNHATIAMHE, yIIOPsIJOUeHHbIE COTIACHO MH/ILyKTUBHOMY MOCTPOEHMUIO).

4

itrg

|

:

L

X -

T

S|
PSS

—~
A 4'

4Ny

N7 NN
W
A

XX [ —7
avd

A X
L7
>

/g
Blawinc v

il

LI 1T

A
WS
<
N
A

I~

PaccmoTpum sipyroe yropsiioueHHOE TOKPBITHE TENSIMI: Ha, 3TOT pa3, ONUpasch Ha TeopeMy duiayopca,

, paBubIM ee mmpune. [Tycrs C1 = (a,b, e, f), Cy = (¢,d). B atom ciiyuaae

TOKPOEM pemieTKy 9ruC/IOM Ieneu
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BEPIIMHBI IIOJIyYaT CJleTyIonie KOJUPOBKU:

Takoe 0TOGpazKeHNEe TAKIKE IMEET F€OMETPUIECKYIO HHTEPIIPETAIAIO: OHO COOTBETCTBYET BJIOXKEHUIO YKa-
3aHHOI PEINETKU B JBYMEDHBIH MAPAJIIEIIENIUIE] ¢ NEJIOIACACHHBIMA KOODIMHATAMH, JIEZKAIIUMHA B IIPE-
nenax [0, 4] x [0, 2].

OOBIYHO JBYMEDHBIH TapaJlJIeJIenuiie]] TAKOIO BHUJIA HA3BIBACTCA NPAMOY20A4bHOT pewemKol u obo3Hada-
erca L (4,2)
IIpumepsi.

1. Jlokasars pasencrso 3. 0% (z,y) = (20 — )" (z,y).
k>0

Pewenue. Vconb3yst n3BECTHBIE CBOMCTBA CYyMM, JIETKO Mpeodpa30BaTh JIEBYIO 9aCTh K IPABOIl:

Sty = (=" @y =0-(-0) @y =20-0 " (=.9).
k>0 k>0
O

2. Ha wacTuyHOM MOpsijiKe, ITPEJICTABJIEHHOM Ha JuarpaMme Xacce, BBECTH MOHOTOHHYIO HYMEPAIHIO,
B Hell Haiitu mMarpuilsl A3eta-byHkmuu u Gysknun Mebuyca, a Tak:Ke OmpemesnTb QyHKIHIO F,
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€C/IM B CKOOKAX YKA3aHBI 3HAYEHUS CyMMUDPYIOMIei byHKIIAN.

8(9) 9(3) ,10(10)
3(4) 6(7) 17(4)
2(3) 4(1)N\5(2)

Pewenue. HemmocpeCTBEHHO IO OIIPEJIEJIEHUIO BBIITACHIBACTCS MATPUIIA J13eTa-DYHKITAN:

—_
—_

o~
I
cCoococococoo

SO DDDODDODO OO
O OO OO OO -
SO DO DODOO OO
DO DO O OO O
OO OO, R, P, O
o OoOR O, OOOR
O O = O
ORLR OO K F OO
— OO R FHEF=RFEF OO

o

W3 onpenessitoriero yukimio Mebuyca CBOMCTBaA, MTOMJIEXKAIETO JI0KA3aTE/]bCTBY B IIYHKTE 2a
yIpaXKHeHUs 2, HaxXoauM Marpuily ¢dpyukinun Mebuyca:

1 -1 0 -1 -1 2 0 0 0 0
O 1 -1 0 0 -1 0 1 0 0
o0 1 0 0 0 0 -1 0 0
o0 0 1 0 -1 0 0 0 0

oo 0o 0o 1 -1 -1 0 0o 1

=10 o o o o 1 0 -1 -1 -1
o0 0 0 0 0 1 0 0 -1
o0 0 0 0 0 0 1 0 0
o0 0 0 0 0 0 0 1 0
o0 0 0 0O 0 0 0 0 1

Bekrop cymmupyromnieil dyHKImu paBeH (B JaHHOW MOHOTOHHON HyMepalum)
S}-:(13412749310)

Orcioza, ucnons3yst obparenne Mebuyca

Fx)=> Srnyz),

y<sw

UJIM, 9TO TO Ke camoe, BeKTop dyHKiuu F () paBeH HPOU3BEJIECHUIO BEKTOP-CTPOKU HA MATPUILY

F=Sr-p.
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BrolnosHuB HEOOX0AUMbIE BBIUUCIEHMs, [IOJIydaeM, 9T0 BeKTop dbyHkiuu F () paBen

F=(1 21013 21 —4 1).

Yopa>kHeHusl.

1. Jlokazark, 9To Jjisi J1E000# DYHKIMK AJIredphbl UHIUIEHTHOCTU CIIPABEJJINBO COOTHOIIIEHNE

¥ (,y) = > Fla,z) fa,2) - f(2y).

TLZ1<228 K2 Y

2. okazaThb CjIeLyIonue paBeHCTBA:

(@) > wu(z2z)= > plzy) =4d(z,y),

<2<y <2<y
(b) > wF(z,y) = (20— N) " (z,y).
k>0

3. O6ocHOBATDH CJIEIYIONINE YTBEPK ICHUST:

R A JE T [ s ————

(b) k¥ (x,y) = # {MakcumasmbHBIe (7,Y)-TlenH AMHBL POBHO K},

(c) ¢*(z,y) = #{(x,y)-nemm jymmbl, He peBocxosmeii &},

(d) A (z,y) = {makcumambEBIe (2, Y)-TENN UTHHDL, He TpeBocxoadmei k).

4. Haiitu dyukmuo Mebuyca /st e IMHIYIHOTO N-MEPHOTO Kyba.

5. HokazaTb, 9TO B YACTUIHO YIIOPSIOYEHHOM TI0 JEJIMMOCTH MHOXKECTBE HATYDPAJbHBIX YUCEN (DYHK-
et Mebuyca sBiIsteTcst

1, n =1,
p(n) =< (=1)°, n=p; - -ps — cBOBOIHO OT KBAIPATOB,
0, nHAYe.

Ucnombsosano caenyromee obosnadenne: f(m,n) =pu (1, 2);  p(l,n) = p(n).

6. Jlokazarh, uTO cBOiicTBa 6a 1 6b IKBUBAJEHTHBI U JIJTsT OIPEICTICHNS IUCTPUOY TUBHOCTH JOCTATOYHO
JIIOOOr0 OJTHOIO U3 HUX.



I'1aBa 2

KonedyHno3zHagYHbBIE JIOTUKN

2.1 ®DOyHKONN KOHEYTHO3HAYHON JIOTUKU

Onpenesienusi u npumepsl. Muoxkectso U = {uy,ug,...,up, ...} Haz0BeM aagasumom nepemen-
HOT. DJIEMEHTBI ITOIO MHOXKECTBA HA3BIBAIOTCS COOTBETCTBEHHO TepemerHbiMU. 1Ipu 9TOM cUauTaeTcs,
YTO [EPEMEHHBIE C PA3IMIHBIMY UHJIEKCAME PA3JIMYHBL (TO €CTh MOIYT IPUHUMATH PA3JINIHbIE 3HAYEHU
HE3aBUCUMO JPYT OT JIPYyra).

Omnpegensiercst muoxkectso Ey, = {0,1,...,k — 1} n paccmarpusatorcst dyukuun uga f : E)' — Ej.
DyHKIUS OT N PA3JUYHBIX [EpeMeHHbIX 0003Havaercst f (i, ...,u;, ), IPH STOM CUATAETCS, UTO j #
s = uj; # u;,. Takue dynkiuu HazbiBalorTcs GynryuAmMu k-3naunol srozuku. B nanbHefinem ucnosib-
3yloTCs ciemyiomue Meraobosnadenus: f (z,y,...,2) — OPHA ITOM CUUTAETCH, YTO PA3IUIHBIM OYKBAM
COOTBETCTBYIOT Pa3jIM4Hble nepemMentble, [ (x1,..., %, ) — IPU TOM AHAJIOTUYHO CUUTAETCS, ITO OyKBaAM
C Pa3JIMYHBIMU MHIEKCAMHU COOTBETCTBYIOT Pa3jIndHble repeMeHHble U f (Z™), 4To sABJISETCS aJbTepHa-
TUBHBIM 00O3HaYEHUEM BTOPOTO OOO3HAMEHMUSI.

MHuozkecTBO Beex (PYHKIMIA k-3HAYHON JIoruKu obo3HadaeTcss Pr. MHOXKecTBO Bcex (byHKIwmit k- 3HAU-

n -
= k*". B nanbreitmem

HOM JIOTUKH, 3aBUCS §) P<n> O P<n>
, MUX OT N epeMeHHbIX obosHadaercs P . Ogesuano, | Py

JieBasi 9aCTh MPEIBIIYIIEr0 PABEHCTBA OYIET 3aIUChIBATHCS B HECKOJIHLKO MHOM BU/IE: \Pk|<">. Hoxa3sbiBa-
€TCsl 3TO PABEHCTBO LIPU IOMOIIM Mabau4Ho20 3adanus GyHryuu k-3Haunotl Lo2uKy:

Z1 LTn—1 Tn ‘ f(mla“-axn—lyxn)

0 o 0 0 «— J11000€ 3HaYEHUE

o 0 . 0 1 «— J1r060e 3HaUeHue
k—1 ... k—1 k—1 <« J1000€e 3HaYeHHNe

V1opsi1ounB JIeKCUKOrpadUIecKu B JIEBOI YaCTH TAOJUIBI BCe HAOOPHI JIUHLI N u3 Ej, Jerko BujeTh,

4aro Beero ux k™. Jlasee, KaxXK/1oMy U3 HADOPOB CTABUTCS B COOTBETCTBHE IIPOM3BOIHHOE 3HAUECHUE TAKXKE
n

u3 Ej. D10, B CBOIO 0YepeIh MOKHO cleaarh k¥ paszamdHbIME criocobamu.

Nzyuenne dyukimii k-3Ha9HO0 JIOTUKU CYIIIECTBEHHO 3aTPYIHSIETCS TEM, 9TO C BO3PACTAHUEM YHCJIA
[IepEMEHHBIX UX KOJUYECTBO PACTET 3aMETHO OBICTpee, UeM, CKaXKeM, YuCI0 MYHKIMI aaredpbl JOIUKH.
Tak, HAIIpUMep, YUCI0 (PYHKIMH TPEX3HAUHON JIOTHKH JIBYX IepPEeMEHHBIX PaBHO 3°, UTo GoJIbIIe, ueM
19000, B TO BpeMsi, KaK 4YuCJI0 (PYHKIMHA ajJreOpbl JIOTUKH TOIO XK€ YuCja IIepeMeHHbIX paBHO 16. Bosz-
HUKAET BOIPOC O 3amaHnu GyHKIun k-3HA9HOM jlorukn. BeKTopHOE 3a/1aHre, KOTOPOe OYeHb YI00HO JIist

89
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dyHKIMEM aaredphl JIOTHKH, IIPEICTABISETCA HEMPUEMJIEMBIM, TaK KAaK JJIMHA BEKTOPA OBICTPO PACTeT.
st byHKIHi 0JTHOTO IIEPEMEHHOTO HanboJIee YacTo MCIOMb3YeTC s IIPEJICTABICHIE B BAJIE NOJCMAHOBKU:

0 1 ... k-1
S (z) = .
ap a; ... Q-1
HaHOMHI/IM, YTO JIEMEHTHI HUXKHENR CTPOYKH B IIOJACTAHOBKE MOTYT ITIOBTOPATBHCH. Ecmu ke Bce smemen-

ThI HUKHEIl CTPOYKHU DPa3/IMYHBI, TO IIOJICTAHOBKA IIPEBpAIaeTcsd B nepecmanosky. s dyukiuit nByx
[IePEMEHHBIX UCIIOJIb3YeTCs 3a/IaHle B BHUJIE JBYMEDHOI TAOJIUIIhL:

Xy 0 1 ... k-1

0
1

f (i 5)

k—1
Crenmyromue OYHKITUN HA3BIBAIOTCS 9AEMEHMAPHHMY DYHKIUAME k-3HAIHON JIOTUKU:

o Koncmarwmw 0,1,. .., k—1 He UMeIOT CYIIIECTBEHHBIX IlepeMeHHbIX. PopMaIbHO KOHCTAHTY 0 MOKHO

3a/laTb B BHUJIE IIOJJCTaHOBKHN
0 1 ... k-1
O(w)_<o 0 ... 0 >

e DyHKIMH, CYIIECTBEHHO 3aBUCHIIIE OT OJHOI nmepementoit: O600IeHne OTPUIIAHIS AJIreOPhl JJOMHKH
— ompuyanue Ilocma

_ <0 1 ... k=2 k-1

=12 .. k-1 o0 >_Z+1 (mod k).

Ono obJ1ajaeT npocTeiMu cBoiicrBamu: T = x + 2 (mod k), u BoobIe Jijist JII060T0 HATYPAJILHOTO [
orpunanue [Tocra, npumenentoe | pa3 K z, gaetr  + 1! (mod k). Obparum BHUMAHKE, YTO CIIOKEHHE
d68YT PABAUNHIT NEPEMEHHBLE TAKUM OOPA30M HE OIPEJIeNISIeTCs, TaK KaK MbI OIPEJ UM JIUIIb
CJIO?KEHUE C KOHCTaHTOM.

e JIpyrum 0600menunem orpunanus B Py sBigerca ompuyarue Jykacesuna (B HEKOTOPBIX HCTOYHUKAX
— Jyxawesuua). OHO onpeenseTcs Kak

0 1 2 o k=1
”‘”:(k—l k=2 k-3 ... 0 )Z(’“_l)_‘r'

Jns orpunanus JlykaceBuda clpaBe JInBO MPABUJIO CHATHs JIBOHOIO OTPHIAHUSA, KAK U Y OTPHU-
vanus B Py: ~ (~ ) =2

o ® —x = 0 1 2 o k-l o0/1aar0Imas TeM CBOMCTBO 0 ecJIa ee 10

VHKIIAS =\ o k-1 K_2 1 , 00JIaJAIONIas TeM CBOMCTBOM, UTO €CJIH €€ J0-

6aBUTbL K X, TO THojy4uurcs KoHcranTa 0. BexkToproe 3azanue 5Tol (ByHKIUU UMEET BUJ —L =

(0 k-1 ... ].).C,IprI‘OfICTOpOHbI:aZ:(O 1 ... k—l),wm:(k—l k—2 ... 1),
(va2)=(0 k-1 ... 1),

TO ecTb & = —(~ ).
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CemeitcTBO DYHKIHIA, SBIISIIONIUXCS TAKKE 0DOOIIEHUSIMI OTPUIIAHWS

Ji (z) = 15—1 x? 0<i<k—1
T #£ 1,

1 z—i
@=4"""" o0<i<k-1
0 =z #1,

Pasnocmuio epeMeHHoOl T W KOHCTAHTHI ¢ HazoBeM dyHkmmio  — 1 = x + (k — 1), nmade rosops,
(k — 1) pa3 upumenennoe orpurianue [locra.

O60o61eHre TBYXMECTHON U3 BIOHKIME — MaKCuMyM: max (x,y). Dra GYHKIWs, OUeBUIHO, KOMMY-
TATHWBHA, & TAKXKe accolaTuBHa: max (z, max (y, z)) = max (max (z,y) , 2), 9T0 IO3BOJISIETCST BBECTU
[0 UHJYKIUKA N-MECTHBIA MAKCUMYM: Max (X1, ..., Tn_1,Tn) = Max (Max (T1,...,Tpn_1),%n)-

O6o0rienne AByXMECTHOH KOHBIOHKIMA: min (x,y). Munumym objajaer TaKUMU YKe CBOWCTBAMH,
9T0 M MakcuMyM. B wacrHoCcTH, onipeesisierca min (21, . . . , &, ). s MUHUMYMa U MAKCUMYMa, CIIPa-
BeTUBBI 00001eHs TpaBua ge Moprama:

~ max (~ x,~ y) = min (z,y) ,~ min (~ z,~ y) = max (z,y) . (2.1)

Cuoxkenne 1o mouyiao k:  +y (mod k). Dra omepanus KOMMyTaTUBHA U accouuaTuBHa. MOKHO
BBECTU PA3HOCTL: L+ Y+ Yy +...+ty=a—y
|

k—1
Ere oxaumM 060011eHIEM KOHBIOHKITMU MOXKET CJIYKUTh IPOU3BejieHne 1o MoayJio k: x -y (mod k).

YceuenHnasi pa3HOCTD

. T—Yy T2,

=y =
0 T <y.

Tabauna yceueHHOM pasHOCTH pu kK = 3 MMeeT CJIeIyIOmnil B

OdeBUIHO, YTO M3 YCEUEHHOH PA3HOCTH JIETKO IOJYUYUTh MUHEUMYM: min (z,y) = z— (;c—y) Heit-
CTBUTEJILHO, €CIN & < Y, TO BhIpayKeHNE B CKOOKe PABHO HYJIIO U BCs GOPMYJIa peaindyeT QyHKIIIO
x. Ecim 2Ke x > y, TO BbIpakeHHe B CKOOKe peasu3yeT & — ¥, 9TO 3aBEJIOMO MEHBIIE &, TO eCTb BCs

dopmyia peamuzyer x — (x — y) = y.

o VMumkanus © D y =~ (:U;y), KOTOPYIO MOKHO 3alIMCaTh TaKKe

k—1—-z+y x2>vy,

DOy =
Y k—1 z <.
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Peamuzanus yukimii dopmynamu. Ilomnarus GpopMyabl n ee TIyOHHBI, a Tak:Ke (PYHKIUH, COTIO-
CTABJIATOMNIEHCS (POPMYyJIe HAJ[ MHOYKECTBOM (DYHKIMH OMPEIe/IAIOTC aHAJOTUIHO Ps.

Omnpenenenne 2.1.1. Ilycts A — HekoTOpOE MHOXKECTBO GyHKIWMIT U3 P
1. Hyst moboit dyukmuu f € A cnipaBeiuBo: f sBisiercst opmyitoit rirybunst 1 mas A.

2. Ecma §1, ..., 8n — dopmyssr Hag A win cumbossl iepemenHbix u3 Y u f (Z") € A, npuuem Han-
Gonbinas rirybuna GOpMyJIbl Cpead §1, - - -, 5 paBua k, 7o f (§F1,...,8n) — Takke dopmysna Ham
A, rybuna Koropoit pasua k + 1.

3. Te u TosbKO Te 0O6BEKTHI HA3bIBAIOTCS (hopMystamu Haj A, KOTOpbIe MOT'YT OBITH OIPEJIEJIEHBI CO-
IJIaCHO MyHKTaM 1 U 2 JJaHHOTO OIIpejie/IeHNsI.

Jlaum onpejiesieHne peasusatuy, GyHKuut Gopmyaod.
Omnpenenenne 2.1.2. Ilycts A — HekoTOpoe MHOXKECTBO GyHKIWMIT U3 P.

1. Ecu dyukmusa f € A, To dopmyste [ conocrasnserca yuakuus f € A, HHbIMEA cJIOBaMu, (POPMYJIa
f peamusyer dyukmumo f: f — f € A.

2. Ecmu §1 — f1,...,8n — fou f € A, 10 dbopmyne f(F1,...,8n) comocrapisgercs QyHKIus
f(fi,---, fn), nabivu caoBamu, f (f1,..., fn) peanusyercs dopmymnoi f (F1,...,8n)-

3. @yHKIMHU COIOCTABJIAIOTCA BeeM (pOpMyJIaM, OIMUCAHHBIM B IIyHKTaX 1 1 2, U TOJBKO UM.

IlepBas u BTOopas dopmbl. Cucrema byHKITHII
{0517"'ak_ laJO (x)""a']k—l (x),min(a:,y),max(a:,y)}
Ha3bIBaeTcs cucrtemoii Poccepa-Typremma.

Teopema 2.1. Cucmema Poccepa-Typremma noana 6 Py.

Hoxazameavcmeo. Oboznaunm cucremy Poccepa-Typkerta cumBosiom A. Tak xkak 0 € A, 6ymem pac-
cmarpuBath GyHknun f (Z") # 0. B aroM cirydae cupape/inBo OpeICTABIeHNE

f@m) = max (min (Jo, (1), Ja, (@n), fla1,...,an))). (2.2)

(alv-“van)eE;}

f(al,--<7a'rz)$é0

HeiicTBurespHo, Ha j0o6oM Habope @ € E}' Bce MUHAMYMBI OOPATATCH B HOJIb, 33 UCKIIOYEHUEM OJIHOTO,
KOTODBI U IPUMET 3HAYEHNe, PABHOE 3HAYEHUIO (DYHKITNU Ha 3TOM Habope. MakcuMmyM u3 HyJIeil 1 OqHOTO
3HadeHnst (PyHKIMH PaBeH 3TOMY CaMOMY 3HAYTEHUIO. O

Peasmzamusa dyukiuu Han cucremoit Poccepa-Typkerra HasbiBaeTcss nepsoti opmoti 310l QyHKIUH.
Tak, nanpumep, neppas ¢hopMa ycedeHHOH pa3HOCTU UPH k = 3 UMeeT CJIeIyIONIiil BUI;

max (min (Jy (x),Jo (y), 1), min (Jo (x), Jo (y),2) ,min (J2 (z),J1 (y), 1))
OrmernM, uTO cucrema QyHKITHI

{O,l,...,k‘—17J0($)7...,Jk_1 (1‘)7x+y7mln(f‘c7y)}
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TakKe MoJiHa B Pj. DT0 cejyer U3 Toro, 9To J0Ka3aTeI5CTBO TeOpeMbl 2.1 He H3MEHUTCs, €CTH 3aMEHUTD
B 2.2 MAKCUMyM Ha CyMMY IO MOYJIO k:

@) = > min (Jo, (1), ..., Ja, (xn), f(a1,...,a,)) (mod k).
(au1,...,an)EE}
flat,...,an)#0

B sTom ciygae cymmupoBaThest Oy Iy T Bce HYJIU U OJIHO 3HadeHne (DYHKINY, YTO, OUEBUIHO, TO YKE CAMOE.
Paccmorpum Tenepnb cuctemy

{0317'~~ak - ]-ajO (x)a"'vjkfl ($),.’E+y,$ y} (23)
U JIOKaYKeM ee ITOJTHOTY:
Teopema 2.2. Cucmema 2.8 noana 6 Py,.

Hoxazameavcmeo. Obozunaunm cucremy 2.3 cumBosioM B. Tak kak 0 € BB, Oyiem paccMaTpuBaTh QyHKINA
f (™) £ 0. B aTOM ciiyuae cripaBeIMBO IIpe/ICTABIECHAE

F@Y = > flanan) o (@) o, (@) (mod k). (2.4)
(0‘17""0‘71)6E1?
fla,...,an)#0

HeficTBuresnsHo, Ha 060M Habope (a1, ..., 0, ), eci Ji : x; # «;, TO BCe caraeMoe 06pPaTUTCsI B HOJb.
Eciu xe Bece z; = o, 910 BCTpeTuTCst He DOJIee OJHOTO pa3a, TO BCE CJIaraeMoe CTaHET PABHBIM 3HAYEHUIO
dyuknnu. Takum o6pa3oMm, mpaBas 9acTh CyMMBI 2.4 Ha GUKCHPOBAHHOM HabOpe paBHA IPOCTO SHAYCHUIO
dyHKIIMI Ha 3TOM Ke Habope. O

IIpencrasienue 2.4 GyHKIMEU k-3HAYHON JIOTUKU IPUHATO HA3BIBATL ee 6mopoti gopmoti. Tax, npu
k = 3 Bropast (popMa ycedeHHON PA3HOCTH WMEeT BUJI:

g1 (@) - jo (y) + 2 j2 () - Jo (y) + J2 () - 1 (y) -

Omneparusi 3aMbIKaHNUS, CBOICTBA 3aMbIKAHWS, 3AMKHYThI€ KJiaccbl. [lycTb A — HEKOTOpOE MHO-
skectBo dyHKumi u3 P,. Muoxkecrso [A] Beex dyHKImil, peasmsyeMbix dopmyaamu Has A, HasbiBaeTCst
samuvikaruem Muoxkecrsa A. [ljist onepamyn 3aMbIKaHUsT OYEBUIHBI CJIEJYIONIIE TPUBUAIHLHBIE TOXKJIECTBA!

1. skcrencusHocTh: A C [A],
2. MoHOTOHHOCTH (m30TOHHOCTE): A C B = [A] C [B] n
3. ugpemnorentHocthb: [A] = [[A]].

Eciu MHOXKecTBO A coBnasiaeT co cBonM 3ambikanneM: (A = [A]), To A Ha3BIBACTCH 3AMKEHYMBIM KAQCCOM.
ITycrs A, B C Py. Torma eciu B = [B], A C B u [A] = B, 1o roopsr, uro cucrema dynkuuii A —
noanas B cucreme B. Amanormano, ecim A — MuHnManbHag (M0 yAaIeHUI0) moJgHas cucrema B BB, To A
Ha3bIBaeTCd 6A3UCOM.
OueBnIHO, YTO 3AMKHYTBIE KJIACCHI CYIIECTBYIOT. T pPUBHAILHBIMU IIPUMEPAME 3aMKHYTBIX KJIACCOB
ABJAIOTCH BCe Py m mycroe muoxkectso: [Py] = Py, [@] = @. PaccMoTpuM Tenepb HEKOTOpBIE HETPUBHU-
AJIbHBIE 3AMKHYTBIE KJIACCHI.
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Onpepesenne 2.1.3. Ilycts @ G € ¢ Ei. f(2™) € Py coxpansem mmodicecmso E, €CIU BBIIOJIHE-
Ha CJIe/lYIONIAsi UMIUIMKALUS: v, ..., 0 € € = f(aq,...,an) € E. Kaaccom Pynruyut, coxpansouus
mmooicecmeo € naspiBaercs T ().

JIemma 2.1.1. JTas 06020 muosicecmea € C Ey, xaace T (E) 3amxrym.

ﬂonaaameﬂbcmeo. HOCKO.TH)Ky TOXK/IeCTBECHHaAd (l)yHKU,I/IH COXpaHdaeT JIr0boe MHO2KeCTBO, JIJId JOKa3aTeJIb-
CTBa 3aMKHYTOCTHU JJOCTATOYIHO JOKa3aThb, 9YTO CYIEPIIO3UIN AL (byHKL[HfI, COXPaHAIOIMINX 5, TaK2Ke COXpa-

uger E. lycrs byuxmmu fi (T1,...,Zn) -y frn (X1, .., 2,) € T (E) (6e3 orpanmyenus obuaocTU GyaeMm
CYUTATH, YTO OHU 3aBHUCAT OT OJHHMX U TeX Ke mepeMeHHbIX). Ilycrs takke f(z1,...,Tm,) € T(E). dua
soboro Habopa @ = (a1, ..., ay) € € 3nadenus Gyukumit f1 (a1,...,00) =01 €E,. ., fm(a1,...,an) =
Bm € E. Hororma u f(B1,...,0m) € E. O

Onucanroe ceMeiicTBO 3aMKHYTHIX KJIACCOB 00JIaIaeT CIEIYIOMNMEI CBONCTBAMU.

YrBepxkaenune 2.1.1. T () = Py, T(E) = Pi, a maxowce @ G E G By, = T (E) — nenycmoe mmooice-
cmeo, ne cosnadarowee ¢ Py.

Jloxaszamenvcmeo. TlepBoe CBOMCTBO OYEBUIHO, BTOPOE MPUHUMAETCS IO JOTOBOPEHHOCTH, 8 TPEThE CJIe-
JIyeT U3 TOT'O, YTO, HalpuMmep, orpuiianue IlocTa He coxpaHsieT HUKAKOE HEIyCTOe COOCTBEHHOE ITOIMHO-
KecTBO F,. O

DyHKIIMN MAKCHMyMa U MUHUMYMAa, O9€BUIHO, COXpaHsioT jgioboe £ C Fy.

Vrepxkaenne 2.1.2. Bcezo 6 Py, cywecmeyem 28 —2 xaaccos, coxpanaouux nenycmoie cobemeeriivle
MHOIHCECTNBA, NPUYEM BCE OHU NONGPHO PASAUNHDL U HU 00UH U3 HUT HE COOEPAHCUMCA 6 OPY2OM.

Joxaszamenvcmeo. JlelictBurenpo, myctb £ # Eo. Bo3MOXKHBI 2 BapuaHTa:

1. Cymecrsytor takne a u b, aro a € E; \Ex m b € E\ &1, 10 ectb &1 € E; m & € &;1. B srom cany4ae,
OY€BUJIHO, JiIsd QYHKIWI KoHcTanT Boimonusercs a ¢ T (E2), b ¢ T (E), To ecTb 9TH KIaCChl HE
COBIIQJIAIOT, U HU OJIMH U3 HUX HE CONEPXKUTCS BO BTOPOM.

2. & G &1, To ecThb cymecTByer Takoe a, uto a € & \ E2. B arom ciayuae kmaccer T (E1) u T (&)
PA3JINYHBI, IOTOMY YTO KOHCTAHTA ( COJEPXKUTCS B IIEPBOM U3 HUX U HE COMEPIKUTCSA BO BTOPOM.
ITokazkem, 9TO BO BTOPOM KJIacce CymecTByeT (bYHKIUS, HE COMEPKAIAsICSI B EepBOM. [T0CKOIBKY
&s He nycro, cymecrsyer ¢ € . Takxke, nockonbky &1 # Ej, cymecryer Touka d € Ey \ £1. Knacc

c ecmz €&
T (&), oueBumo, comepkut byHKIMIO Takoro Buja: f (x) = > Oyukiums
d B IPOTUBHOM CIIy4ae.

f () o nocrpoennto conepxkurest B kiacce T (€3), HO, oueBUIHO, He conepxkuTces B Kiaacce T (€1),
Tak Kak f (a) =d ¢ &s.

Ocra/ioch TONMBKO MOACIYUTATH YUCJIO ITUX KJIACCOB. TaK KAK BCe OHU PA3JIMIHBI, TO UX YUCJIO PABHO TUCITY
HEIIyCTBIX COOCTBEHHDIX IIOAMHOXKECTB Ej, To ectp 2F — 2. O

Onpepnesnenne 2.1.4. Muoxkecrso dyrkiumii A HasbIBaeTcs npednoinvim kaaccom 6 Py, ecin oHO caMo
SIBJIIETCST 3AMKHYTBIM M HEMOJHBIM B Pj, KjtaccoM, HO Jyist jo6oit dbyrkiun f, He comepzkameiica B A
soionasiercs (AU {f}] = P.

Yrepxkaenue 2.1.3. [aa 1106020 nenycmozo nodmmoocecmea € C Ey xaace T (E) asasemes npeo-
noanvim 6 Pi,.
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Hoxasameavcmeo. Ilycts € — 060e COBCTBEHHOE HEIYCTOE MOJIMHOXKECTBO Fj. s mpou3BOIbHOIM
dyukunn [ ¢ T (€) pacemorpum sambikanue [1(E) U {f}]. Dua f cupasemmso f ¢ T(£) = Ja €
E": f(a)=f(ar,a2,...,a,) =b¢ E. C apyroit croponsl, oueBuHO, Kiaccy T (€) npuHaIIEKUT TaKasT
byukiys (s a € E):
( ) a z €€,
g x’ y? z =
Vi (x,y) z¢E&.

Taxkum o6pazom, cynepiiosuius dbyHkImit u3 obbeaunenus g (z,y, f (@)), peamusyer dyukuuio Be6ba. [

VrBepxkaenue 2.1.3 MOKa3bIBAET, 9TO BCE 3aMKHYTbHIE KJIACCHI, COXPAHSIOIINE HEIlyCThie COOCTBEHHBIE
TOIMHOXKeCTBa Fj, sIBIAIOTCH mpeanoiaubiMu. Ecan BCIOMHUTH P, TO TaM CyIeCTBOBAJIO POBHO IISATH
[IPE/IITOJIHBIX KJIACCOB: J[BA, KJIACCA COXPAHSIONINX KOHCTAHTHI, KJIACCHI JIMHEHHBIX, CAMO/IBONCTBEHHBIX 1
MOHOTOHHBIX (PYHKIINN U UX CTPYKTYPa YCJIOBHO BBIIVISAJIEA TAK:

AHnajiornunasi curyanus HabJromaeTca u B Py:

k

2F — 2 , (2.5)
I7ie BBLICIEHB! KakK pa3 Te 2 — 2 mpemoanbx Kaaccos.

Yucso GyHKIMH, 3aBUCSIIX OT N TlepeMeHHbIX B Kaacce T (£) npu |E] = m aya 1 < m < n, 09eBUIHO,

n n n

pasmo m™ k" ~™" JeiicTBuTebHO, BCero HaGoOpOB IINHLL 7, COCTABICHHDLIX U3 CHMBOIOB £, — m”. M
MOT'YT COOTBETCTBOBATH JIUIIb 3HAYEHUST U3 1M-3JIEMEHTHOTO MHOXKecTBa. OcTtaabHbIM XKe k' —m'™ nabopam
MOT'YT COOTBETCTBOBATH JIt0Ooe n3 k 3HadeHnit. TakuMm 0Opa30oM MOIYyIEHO, ITO

n

n 7‘L_
1T (&))" = mm" |+ "
PaCCMOTpI/IM Telepb Apyroe ceMeliCcTBO 3aMKHYTBIX KJIaCCOB:

Onpexnenenne 2.1.5. Ilycrs Dy, Dy, ..., Ds — IONAPHO HENEPECEKAIONINECs] HEILyCThIe MHOXKeCTBa (6.40-
Ku), B 00besuHenun Jgaonpe ce Fi. B aTom ciyuae npencrasienue Ey, = D1 UDoU. ..U D, HasbiBaeTcs
paszbueruem Ei.

Cayuan s = 1 u s = k nopoxkparor mpusuasvhsie pasbuenus Er n {0} U{1}U...U{k — 1} coorBer-
crBeHHO. Bee ocTanbHbIe pa30neHns Ha3bIBAIOTC HEMPusuasbhoimu. 11o 3amannoMy pazdbuenuto D MOXKHO
Ha, MHOXKeCcTBax Ly m E}} BBECTH OTHOIICHNE SKBUBAJEHTHOCTH CIEAYIONM obpasoM: Va,b € Ey :a ~ b
(mod D) (a u b sxBuBasieHTHBI 110 pa3buenuio D) Torga u TOIBLKO TOrJa, KOrJa OHU B 9TOM pa3bueHuu

5 =n

nonmanaior B oun 6;10k; & ~ 3 (mod D) < Vi=T,n= o; ~ f; (mod D), ecn |&| =
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Onpenesnenune 2.1.6. Oyuxius [ (™) oT n mepeMeHHBIX corpansem pasbuenue D, eciu
d~F (mod D)= f(@)~f (5) (mod D).

Kaaccom dynxuut, corpanaowur pasbuenue D HA3BIBAETCS MHOMKECTBO BCeX (DYHKIHUIH, COXPAHSIONIX
3agaHHoe pasbuenne D.

Tak>ke, KaK U B CIyvIae COXPAHEHNS MHOYKECTBA, BBIIEIAIOTCS BHIPOXKICHHDBIE CIydan. T puBraIbHBIMA
Ha3bIBaIOTCs pasbuenue B Buze omuoro Osioka U (Py) u pasbuenue B Buje k 6JI0KOB

U{0yu{1}uU...U{k—1}).

Bcee dyukmmm coxpaHSioT TpuBHAIbHBIE PAa30MEHNs, MHBIMU CJIOBAMU, KJIACCHI BCeX (DYHKITUM, COXPAHI-
IOIMUX TpUBUAJIbHBIE pa36I/IeHI/IH, ABJIAIOTCA IIOJIHBIMU B Pk, IIO9TOMY HUMeEeT CMbBIC/I pacCMaTpUBaThb 3TU
KJIacChl TOJIbKO ipu k > 3. Jliobast ToxktecTBeHHasi (pyHKIUs cOXpaHsieT Jiroboe pasduenne. Orpurianue
ITocTa He coxpansieT HUKaKOe HeTpHUBHAJIbHOE pasbuenue. VI3 aroro ciejyer, 4To I J1I000ro pasbnenus
KJIACC COXpaHSIomux ero dpyHkImit e myct. CupaBeyiuBo 60siee CUJIBHOE YTBEPXKJICHUE, 8 UMEHHO, UTO
@ G U (D) & Py Jyist 1i060ro HETpUBHAILHOIO pasbuenus D. JefCTBUTEIBHO, €C/IH €CTh XOTs OBl JBa
6J10Ka, OJTMH 13 KOTOPBIX COJEPYKUT XOTs OBbI JIBa dIeMEHTa ¢ U b, a BTOPO#l COMEPKUT XOTsI ObI OJIUH JJ1e-
MEHT ¢, TO JIOCTATOYHO B KQUeCTBe IpuMepa (pyHKIIUU, HE COXPaHSIOIIEll JJaHHOe pa30ueHre, pacCMOTPeTh
oTOOpaXKkeHue a B a, b B ¢, a Ha OCTAJILHBIX JIEMEHTaX — IIPOU3BOJIBHO.

Jlemma 2.1.2. /Jlaa 106020 pazbuerusn xiacce Gynkuuti, €20 COTPaHAOUULT, 3AMKEHYI.

Zloxaszamenvcmeo. TlockombKy TOXKIeCcTBeHHasT (PYHKITHS COXPAHSIET JI000e pa3dueHune, 1Jid J0KA3aTe b
CTBa 3aMKHYTOCTH JIOCTATOYHO JIOKA3aTh, YTO CYIEPIIO3UINs COXPAHAOMUX pasbuenne pyHKIUN TakxKe

coxpansier pasbuenue. PaccMoTpuM npoussosibHOe pasbuenne D u nycrs f1 (Z7), ..., fm (Z"), f (@™) €
U (D). Hokaxewm, uro F (z") = f (f1 (T"),..., fm (T")) € U (D). Paccmorpum 1151 31010 J1100BIE J1BA 9K-
BHBAJIEHTHBIE 110 pasbuenuio D Habopa & = (0, ..., Q4. .., 0n) U 3= (B1,...,0,...,0:). U3 f; (") €

U (D) Vj =1,m caenyer, uto f; (@) ~ f; (5) (mod D) Vj = 1, m, uam, 9ro TO )Ke camoe,
(F1 @), f2@) s fi @) S @)~ (11 (B) 12 (B) oo £ (B) oo fon (B)) - (mod D).

U3 roro, uro f (z™) € U (D), crienyer, uto [ (f1(&@),..., fm (@) ~ f <f1 (B) oo fm (B)) (mod D),
wm, no-apyromy, F (&) ~ F (5) (mod D). O

JIBa BBEJEHHBIX BBIIIE 3aMKHYTHIX KJIACCA MOXKHO PACCMATPUBATH KAK YACTHBIE CIYIa KAGCCH PyHK-
YU, COTPANAIOUUT NPeduram.

Onpenesnenue 2.1.7. s-mecmmuvim npedukamom HasbiBaeTcst QyHKIWs k-3Ha4HOM toruku P (Y, ..., Ys),
npuHUMaroIas Toabko 3Hadenus 0 uin 1. Eciu Ha HekoTopoMm Habope & IpeiuKaT MIPUHUMAET 3HAYEHUE,
paBHOE eJMHUIE, TO ITOT HAbOp ydosaemesopsaem npedukxamy: a € P. Ynopsjodennasi s-Ka HabOpPOB
YJIOBJIETBOPSIET MPEUKATy P, ecii OHA YJIOBIETBOPSIET €My TOKOMIIOHEHTHO:

)

) ePoVj=In= (a},al,...,a}) €P

1
7an

2
7an

& = (af....
_( .2.....
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Paccmarpupatorcs TonbKo ciaydan S > 1. [Ipeaukarsl, aBagIOmuecs TOXKICCTBEHHBIM HyJIEM KN TOXKIe-
CTBEHHOW €IUHMIECH, HAZBIBAIOTCA MPUCUAALHbLMU. B 3TOM Cllydae IPEIuKAT CYIIECTBEHHO 3aBUCUT OT
HyJIsl IEPEMEHHBbIX. B ciaydae s = 1 mpeamkaT HasblBaeTcd rapaxmepucmuveckoll gynxyuet. B ciydae
s = 2 — pasbuenuem.

Ounpenenenne 2.1.8. Pynxyus f (T") coxpansem npedukam P, eciu miist 060l ynopsan0ueHHON $-Ku
HabOPOB JIUHBL N (1, . . ., 0s) ynopsanodennas s-ka (f (a1),..., f (Qs)) Tak:Ke yIOBJIETBODSIET IIPEIUKA-
ty P. Kaaccom ¢ynruyud, corpansowur npedukam P, HaspiBaercs mHOX)KectBo W (P) Beex dyHKIuiA,
COXPAHSIIONUX Ipeaukar P.

Tax xax smo6oit Habop ynosiersopsier npeaukary P = 1, W (P) = Py. Takxke, upeaukar, ToxJe-
CTBEHHO PaBHBIN HYJI0, coxpansieT jobas dyukims. OUeBuIHO, ITO KJIACC, COXPAHSIONNN HETPUBHAb-
HBIIl IIPEIMKAT He IIYCT U He COBIAJAeT cO BceM P, 3a HEKOTOPBIMU HCKJ/IIOYeHHAMU. JleiicTBUTENBHO,
JTst JII060T0 HETPUBHUAJTIHLHOIO S-MECTHOTO IPEJINKATA CYIIECTBYET YIODPsIOUYEeHHAs S-Ka, eMy He yJIOBJIe-
TBOpsitoiasi. Torna GpyHKIUO, HE COXPAHSIONLYIO IIPEIUKAT, OIPEJIesIsieM 10 CJIEYIOIIeMY PABUILY: JIJIs
HEKOTOPOI yIOPSIOUEHHON S-KH PA3JIUIHBIX HAOOPOB, YIOBJIETBOPSIONIEH IPEINKATY, CTABUM B COOTBET-
CTBHE YIOPSJIOUEHHYIO S-KY, He yJIOBJIETBOPSIONLYIO IIPEIUKATY. 31eCh CYMECTBEHHO HAJMYNE S Pa3JInd-
HBIX HAOOPOB, V/OBJIETBOPAIONINX IPEIUKATy. B IIPOTUBHOM CiIydae, €C/Id IIPEIUKAT UMEET CJIeIyIONnii
BU/JL:

1 zy =25, = =z;, 0<1 <5,

P(zy,...,z5) = ! 2 ! ,

0 wunaue,
TO Jit0bast PyHKIUs €ero coxpansieT. JleficTBUTEeIbHO, B 9TOM Ciiydae U3 S HAOOPOB | JIO/IKHBI OBITH PaB-
HeiMu. Ho u 3HaveHns j106oii (pyHKIMY Ha HUX OyIyT paBHBI. A IIOCKOJIbKY Ha OCTaBIIUXCS S — [ Habopax
byHKIMS MOXKET TPUHUMATH TPOU3BOJIbHBIE 3HAUEHU, J00ast MyHKIUs Takoil npemukar coxpanut. C
JIPYTOii CTOPOHBI, €C/IU MOTPedOBATh, YTOOBI HEKOTOPhIE HADOPHI OBLIN HE IIPOCTO PABHBI JAPYT JPYLY, &
elle W COBIIAJIAJIN C BIIOJIHE OIPE/IEIEHHBIM (PUKCUPOBAHHBIM HAOOPOM, TO KJIACC (DYHKITUI, COXPaHSIIOIIIX
TAKOM IpeuKaT CHOBA OyJ/IeT HEMOJHBIM.

Jlemma 2.1.3. Jlaa 4106020 npedukama KAGCC COTPAHAOWUL €20 GYHKUULT 3AMENHYM.

Zoxazameavcmeo. Tak Kak TOXKIeCTBEHHAsT (DYHKIUS COXPAHSIET JIFOOOI TIPEIUKAT, JIJIsl JJ0KA3aTeIbCTBa
3aMKHYTOCTH 9TOTO KJIACCA JOCTATOYHO JIOKA3aTh, YTO CYIEPIIO3UINS COXPAHSIONINX TPEIUKAT (DYHKITAMA
TaK2Ke COXpaHsieT npenukar. JLas 3roro paccMorpuM GyHKIUN

@Y, @), . @), f(21,...,2m) € W(P)

JIJIsT HEKOTOPOT'O IIPEINKATA S-MECTHOI'O IpeauKaTa P 1 JoKaxKeM, 9TO CYIIePIIO3UITHST

F @) =f(fH@"),. .. fm (@) € W(P).

IIpeyrozkumM 910l Cyreprosuun o060l Habop HAGOPOB (G, A2, . .., & ,. .., (), COXPAHSIONIIX [IPe/IH-
kat. s KaxK10ro Habopa BBHIYUCIUM BCe fj.

aég (f1(a), fa(

1 )) F(ala)
a (f1(az), fa(

a; = (af,ad,...,« 1
2)) F(a,)

~ _ (.2 2
oy = (af,05,...,0

2 2

5
@:(a@aé,...,a{,...,aﬁ;) (fi(ag), fa(ay), .o fiag), ooy fm(ay))  F(ay,)

as:(Oéiqaagv""aaia"'aafl,) (fl(as)an(as)a"'v'fi(as)v'“yfm(as)) F(asv)
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VuopsimodeHHasi s-Ka HAOOPOB, COCTABJIEHHBIX U3 3HAYEHUI (DYHKIMIA, OYEBUIHO, YIOBIETBOPSET IIPEII-
kary. Ciie/oBaTeIbHO, U S-Ka, COCTABJIEHHAs] U3 3HAYEHUIl CYNEPIIO3UIINN TAKKE YIOBJIETBODPSIET IPEJIv-

KarTy. O

IIpe uKaThl MOTYT OIMCHIBATL Pa3IMYHbIe CBOHCTBa GyHKImil. MOMKHO JIeTKO, OIpPeJeInB COOTBET-

i o . 1 @z <o,
CTBYIOMIHUIT IpeIUKAT, MPeJIOKATL 3aMKHYThHIH KJIacC MOHOTOHHBIX byHKImiL: P (x1,T2) =

0 x> xo.

Dynryued, dsoticmeennot k f (x1,...,x,), HaspBaeTcst YHKIWN [* (21,...,2,) =~ f(~T1,...,~ Tp).

Oyukius f HasbBaeTcs camodsoticmeennot, ecim f = f*. Tak:Kke MOXKHO OnmUCATh 3aMKHYTBINA KJIacc
1z =~ a2,
0 x1 #~ xo.
Hecmorpst Ha TO, ITO IPEUKATHI ABJISAIOTCS JIOCTATOTHO MOIIHBIM CPEJICTBOM OIMCAHUS 3aMKHYTHIX KJIAC-
COB, T032Ke OyeT MOKA3aHO, YTO UCIO/Ib3Ysl IIPEJIMKATHI, HEJIb3sl OIUCATh 6Ce 3aMKHYThIE KJIACCHI.
Jlpyrumu mpuMepaMu 3aMKHYTBIX KJIACCOB sIBJISIFOTCS, HAIIPUMED, KJIACC JUHEHHBIX (DYHKIINMA, KJTacc
dyurmit, npeactaBuMbix mosuHomavu Pol, kiace dyHKIMM, CYIIECTBEHHO 3aBUCAINAX He Dojiee, deM

CaMOJBONCTBEHHBIX (DYHKIMI, ONPEIEIUB COOTBETCTBYIOIMIT npemukar: P (1, 22)

OT OJIHOI TIepeMeHHO P,il). DTH KIaCChl HE SIBJIAIOTCA TIOJHBIMEA CHCTEMAMU NPH JIOOBIX 3HadYeHus k,
3a UCKJIIOYEHHEM BTOPOTO, KOTOPBI ABJISETCS IMOJIHONM cucreMoil npu Jio6oM mpocroMm k. 3aMmblKaHue
MHOKECTBA, BeeX (DYHKIHIA, 3aBUCAIIMX OT JBYX IIEPEMEHHBIX, B CBOIO OYepe/Ib COBIAMAET CO BeeM Py.

B saxrouenne IyHKTa IPHBEIEM eIlle OJIH IpuMep 3aMKHyToro Kiacca T (€,5), s = 1, k. ®ukcupy-
1oTcs npoussosbhbie £, Ag, A1, Aa, ..., Ay C Ey, |Ail = s, i = 0,n, £ # Ej. OyHxkuus n nepeMeHHbIX
f(z1,...,z,) € T(E,s) Torma u Tosnbko torua, Korma f(EU A, EUAg,...,EUA,) € EU Ay. dror
KJIACC TaKKe SIBJISIeTCS] HellOJHBIM B HeTPUBHAJIBLHBIX CIIydasX.

ITonnbie cucTeMbl, TPUMEPHI MOJIHBIX cucTeM. llycth A — HEKOTOpOE MHOXKECTBO (hyHKIMi u3 Pj.
Ecau [A] = P, To rosopst, uro A obpasyer noanyto cucmemy. Muanmasbhas (1o yaneHuo QyHKIHIH)
[IOJIHASI CHCTEeMa Ha3bIBaeTcs 6asucom. IlomHOTY Ipon3BosIbHON cucTeMbl B Oy/1eM TOKA3bIBATH CBEJIEHUEM
K 3aBeJIOMO TIOJTHBIM CHCTEMAM, UCIIOIb3Y$ CJIEIYIONLYI0 CXEMY:

A] = Py

Crenyromnme CUCTeMbI SIBJISIOTCS HOJHBIMA B Pj, 11pu J1l000M 3HaYeHun k:
1. cucrema Poccepa-Typkerra (Teopema 2.1);
{0,...,k—1,50,..-,Jk—1,+,} (Teopema 2.2);

cucrema Ilocra (Teopema 2.3);

{Z, min (z,y)} (ynpaxuenue la);

Vie (x,y) (cnencrsme 2.1.1);
{l,k— Lx{g}.

A

oxazamesvemso. Ceenem sty cucremy K cucreme Ilocta. MuHMMyM TomydaeTcss TPUBHAJIBHO:
min (z,y) = = (z—y). Ilomyunm Tenepp Bce OLHOMECTHBIE (DYHKIHMH, B TOM HHC/IEC I OTPULAHHE
ITocra. Peanmmsyem myst 9Toro cHavdasa Bce KOHCTAHTHI (kK — 1 1 1 yKe ecTh):

k—2=(k—1)-1,...,3°1=2,1-1=0.
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Tlomyunm Temeps Bee j;:
Jo (x) = 1=a;51 (x) = ((2-2) ~jo (x)) ~jo () 1ji (¥) = jo (v=1) ~jo (z= (i = 1)), i =T,k — 1.
Nmest Bce j; MOXKHO TOJIYIUTH CHCTEMY (DYHKITAIT
s T =1,
() =
gis (7) {k—l v
CTIETYTONIM 0Opa30M:
gis (x) = (- ((k = 1) —ji ()= - )= ji().
—_—
k—s—1 pa3
Orcro/ia IPOU3BOJIBHYIO OJIHOMECTHYIO (DYHKIMIO CTPOUM II0 IIPABUILY
f (&) =min (go, 0y () -5 9150y (€) 5+ Go—1, 5 (k-1 (7)) -
Takum 06paszoM MOKHO mocTpouTh u orpunianue [locra, ciegoBaresbHO, CHCTEMA TIOJTHA. O

7. {jo(x),x +y} upu k > 3. 3amerum, 9To npu k = 2 914 Ke CUCTEMA HE [OJIHA, TAK KAK OHA II€JIUKOM
COIIEPKUTCH B Kilacce JuHelHbix hyukuuii (jo () =T, z+y =z D y).

=

Jokasamenvemeo. Ieticturenbho,  +x + -+ = 0 (mod k), mamee jo(0) = 1; 2 +1 =
—_——
k pa3s
OTKy/Ja IOJIydaloTCsl BCe KOHCTAHTLI U Bee j; (). OTcioma MOXKHO IOy uTh cucTeMy DyHKIMiL f; o =
gi(x)+ -+ ji (). Takum 06pa30M, MOKHO IIOJIYIUTH IIPOU3BOJILHYIO OJHOMECTHYIO (DYHKIIUIO:

s pas

k—1
f(x)= Zfz’,f(z’) (z),
i=0

B ToM yucie u ~ x, T. [loxyunm Teneps Bce nByxmectHble byHKIUK. (15 3TOr0 IOCTponM cHadasIa
BCIIOMOTATEJIbHYIO CUCTEMY (DyHKIIHIL:

Jo,o (2,y) = j2 (Jo (z) + Jo (y)) = { ’ (2.6)

. . 1 z=1lLy=m,
Jrm (€,9) = Joo (x + (k= 1),y + (k —m)) = {
0 B IPOTUBHOM CiIydae.

Temneps MBI TOTOBBI TOCTPOUTH BCe (DYHKITUHU JIBYX IEPEeMeHHbBIX. JleficTBUTEIbHO,

. , s z=I1ly=m,
fl,m,s (x,y) = Ji,m (Jc,y) +Fm (Jj,y) = {

s pa3

0 wmHaue.

Tor,aa J00ast JABYXMeECTHas1 Cl)yHKL[I/IH MOXKET OBITh IIpejgcTraBjieHa B BUJIe

k—1 k-1

f(:my) = Z Z fl,m,f (l?m) (SL‘,y>7

=0 m=0

B gacTHOCTH, dyHKIusa Bebba. CienoBaresibHO, cucremMa 7 MOJTHA. 0
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OtrmernM, 9TO yciioBue k > 3 CymIeCTBEHHO MCIOJIb3yeTcs Ha Imare 2.6, rie HeoOXOauMO HaJuYInue B
Py, dyuxuum jo (x), 910, 04€BUHO, BBIIOIHSETCS TOL/A U TOJIBKO TOrIA, Korja k = 3.

Teopema o mostHoTe cuctembl Ilocta. Cucmemoti Ilocma HaspiBaeTcst cucreMa (yHKIMIA

{Z, max (z,y)}.
Teopema 2.3. Cucmema I[locma noana 6 Py.

Loxazameavcmeo. Ceenem cucremy Ilocta k cucreme Poccepa-Typrerra. st Haua a mooqyduM KOH-
crantel. mes: orpunanne [locta, MoxkHO mosmyunTs QyHKIUIO & + ¢ 171 j000r0 ¢. Torma cupasemjmBo
DPaBEHCTBO

max (z, x4+ 1l,z+2,...,.0+k—1)=k— 1.

Eciin ecTb os1Ha KOHCTAHTa U IUKJIMYeCKui ¢asur ¢ marom 1 (B HameM ciaydae — orpunanue Ilocra), To

MOKHO IIOJIy9uTh Bee Koncrantol: k — 1 =0,0=1,...,k — 3 = k — 2. ITomyunm Bce J;:
0 1 oo k=2 k-1
max(:c+1,...,x+k1)(k_1 F—9  k_1 k_2)Jk_1(:r).

AHanornuHO, NMest IMUKJINIECKU CIBUT C maroM 1 u Ji_1, MOYXKHO MOJyYUTDb YKe BCe J; 10 CIIe Iy IoIeMy
upasuiy: Jy_o (z) = Jp—1 (T), ..., Jo (x) = J1 (T).

Takum 06pa3oM, MOJTYUEHBI BCe KOHCTAHTHI, BCe J;, a MakcuMyM BXoauT B cucremy llocra. Ocramoch
[OJIy YU Th MUHUMYM. 3aMeTUM, 9TO B cuiay 2.1 JocTaTrodno peajmn3oBarh Hajl cucreMoii [locta orpurianme
JlykaceBuua. Peanusyem cucremy dyHKIH, Ha KOTOPOH peaau3yioTcs 6ce (DYHKIUH OJIHOTO IT€PEMEH-
Horo, B 4acTHocTH, u orpunanue Jlykacesuua. [locrpoum cucremy dyHummit

SER

LeiicTBUTEIBHO,

Hasee, ns m060ro s

frs (@) = fa,5 (T)
Takum obpaszom, jyist o0bix 0 < r,s < k — 1 mocrpoenst f, s () C HOMOIIBIO HOLYIEHHON CHCTEMBI,
0YeBUJIHO, MOYKHO IIOCTPOUTD JIF00YI0 ofHOMecTHY0 dbyHKIuo f (z):

f (&) = max (fo,r0) (), frp) (@) s frpa (€) -5 fomt -1y ()

B TOM YHCJI€ 1 OTpHUITaHNE J'IyKaceBan:

~x=max (for—1(z), fir—2(@), .\ fir—i-1(®),..., fr10 (2)).

Torpna, coriacuo 2.1, min (x,y) =~ max (~ x,~ y), 9T0 3aBEPIIAET JOKA3ATEIHLCTBO. O
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3ameTnM, 9TO 3Ta cucreMa (QYHKIMA SBISETCS MOJHOW mpu At060m 3Haderun k. Jleso B ToMm, 91O
HEKOTOPBIE CHCTEMBI IOJIHBI JIUIIb [IPU OIPEEJIEHHBIX 3HAYEHUAX k, Haupumep, upu k > 3 wiau npu
TOJILKO IIPU IIPOCTHIX k.

®yukuusa Bebba. @ynxyuet Bebba nasbiBaeTcs QyHKIMSA

max (z,y) = max (z,y) + 1.

Ota dyHKINS sABIsgeTCst aHAJIOroM IeddepoBoit byHKIM B P! ee 3aMbIKaHUe COBIIAIaeT co BceM Pg:

Caencrsue 2.1.1 (u3 teopemsr 2.3). Cucmema {Vi (z,y)} noana 6 P.

Jokasamenvemeo. Ceenem a1y cucremy K cucreme ITocra. Oroxaecrsum nepementsie: Vi (x,x) = x+1 =
T. 3arem npumenum k — 1 pa3 monydennoe orpuianue Ilocra x camoit dyuxuu Be6ba: Vi (z,y) — 1 =

max (z,y).

O

Caencrsue 2.1.2 (u3 cneacrBus 2.1.1). U3 a10601 noanoti cucmemst 6 P, mootcho evidesums noanyio
KOHEWHYM NOOCUCTEMY.

Joxaszameavcmeo. JlehictBuresbHo, eciu cucrema A nomma, o dyukiusa Bebba peanuzyercst (popMmyJIoi
wag A: Vi (2,y) = 8 (fir, -+, fi), fi;, € A Vj = 1,7. Ho Torma cucrema dbynxmmit {f;,,. .., fi, } Taxxke

IIOJIHA.

O

IIpumepsi.

1. Ucmonb3yst MeTO/T CBe/IEHNsT K 3aBEJOMO TOJHBIM CHUCTEMaM, JI0KA3aTh MOJHOTY B Pj CaeayIonmx
CHCTEM:

(a)

{Jo (@), J1(2),...,Jp-1(2), 2% -y}

Pewernue. OToxKaecTBIeHHEM IEPEMEHHBIX B YCEYEHHOW Pa3HOCTH IOJIydaeM KOHCTaHTy 0:
x—x = 0. Jlasee, mojcTaBifs Ha MeCTO HepeMeHHOH byHKIun Jo () 3Ty KOHCTAHTY, TOJTy-
qaem xomctanTy k — 1. Ilonctasmas k — 1 B 22, momyuaem xomcTanTy 1. Takum o6pasoM, B
HCXOMIHOI CHCTEME COJEPKUTCS 3aBEIOMO IOJHAs cucreMa 6. O

{k — l,x;y,z+y}.

Pewenue. Cymmupys k—1 pa3 koncranry k— 1, mosyvqaem koucrauty 1: k—1+4---+k—1=

k-1
1. Takum 06pa30M, B UCXOIHOM CHCTEME COMEPKUTCS 3aBEIOMO TIOTHAs cucTeMa 6. 0

{~=z0+2 2y}

Pewernue. OToxIecTBIeHREM [IEPEMEHHBIX B yCeUEHHO pa3HocTH mosrydaeM KoHcranty 0. Or-
punanue JlykaceBuda Hyss pasuo koucranre k — 1. 3arem, (k — 1) + 2 = 1. Takum o6pasom,
B MCXOJIHOH CHCTEME COIEPXKUTCS 3aBEIOMO IOJHA CUCTEMA 6. O

{—2,1—2% -y}

Pewenue. z—x =0, 1—0%2 =1, —1 = k—1. Takum 06pa3oM, B HCXOIHOI CHCTEME COTEPIKUTCS
3aBeJIOMO TIOJTHAsI cucTeMa 6. ]
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{z+y,(~ )2y}

Pewerue. 3amernm, uTo pu k = 2 cucTeMa He TOMHA: © +y =2 DY, (~x) 2y =T =2 1
— cofiep2KaTcs B Kjacce jguHeitnbix dyuknumit. [lpu k > 3 BepHo cienytomiee: x +x + - +x =
—_———

k
0, (~0)-2-0=%k—-1, 2=2(k-1) =2z—(k—2) = jr—1(2), je—1(x+(k—=1)) = jo (x).
Takum o6pa3oM, UCXOIHASI CUCTEMa CBeJeHa K cucTeMe 7, KoTopas mojHa mpu k > 3. ]

2. Tlonobpas moxxomsuwmit kinacc tuna T (€) wmn U (D), nokazars, uro cucreMma A He moiHa B P.

(a)

()

A= {~ s min(z,y),z y*}.

Pewenue. Yrepxaaercs, uro mia & = {0,k — 1} cucrema A C T (£). HelicrBurensro, ~ 0 =
k—1, ~ (k—1) =0, pyHKIus MEHIMYM COXpaHseT m060e MHOzKecTBo, 0-02 = 0- (k — 1)% =
(k—1)-02=0, (k—1)-(k—1)*> = k — 1. CieoBarensno, npu k > 3 cucrema ne nona. pu
k = 2, 0OYeBUIHO, CHCTEMA TIOJIHA, TAK KaK IepBbie Be (DYHKIINU MPEBPAIIAIOTCS B OTPUIIAHAE
7 KOHBIOHKIINIO 1 00pa3yior ba3uc B Ps. O

A= {1, 2, 2—j3 (), max (x,y)}.

Pewenue. Yreepxkaaercsi, uro jwist € = {1,2} cucrema A C T (€). HeficTBuTeIbHO, KOH-
CTAHTBI COXPAHAIOT 9TO MHOMKECTBO, MAKCHMYM COXPaHseT J060e MHOKeCTBO, a 1—ja (1) =

275 (2) = 2. Cnenosarensho, ipu k > 3 cucrema nosHa. [Ipu k = 2 paccMaTpUBaThH CHCTEMY
HE WMEET CMBIC/IA, TaK KAK OHA COJIEPXKUT KOHCTAHTY 2. O

A=12,40 (), 2+ jo () + J1 () + Jxg—1 (z) ,min (z,y) }.

Pewenue. Yreepxkaaercsi, aro jgiasg D = {0,1}{2,...,k — 1} cucrema A C U (D). HeficTu-
TeJIbHO, KOHCTaHTa 2 COXpaHsieT Jiroboe pasbueHue, pyHKIUs MUHUMYMa COXPaHseT JH00oe
MOHOTOHHO€ pasbuenne, a [ MOHOTOHHO, TO €CTb BCE 3JIEMEHTHI OJHOTO OJIOKA HAXOJATCS B
OJTHOM W TOM K€ OTHOIIEHUH TOPSIIKA CO BCEME dJIeMEeHTaMu pyroro. Y, HakoHer, 0603Ha B
(@) = 2+ do (2) + i (2) + Jia (x), meest 1 = £(0) ~ f(1) = 0 (mod D) f(a) ~ £ (b)
(mod D) Va,b € {2,...,k—1}: f(a),f () € {2,...,k — 2}. Cienosaresbno, upu k > 3 cu-
crema He nioHa. [Ipn k = 2 paccMaTpuBaTh cHCTEMY HE UMEET CMBIC/IA, TaK KAK OHA COJIEPIKUT
KOHCTaHTY 2. 0

A={Jy(x),z+jo (z),z+ jo (z) + J1 (z), max (x,y)}.
Pewenue. Yreepxkaaercs, aro jisa € = {0,1} cucrema A C T (€). HeiicrBurensHo, Jo (0) =
J2 (1) =0, 0+jo (0) = 1, 1+jo (1) =1, 0+jo (0)+J1 (0) = 1+jo (1) +J1 (1) = 1, a pynxius

MaKCUMyMa coXpaHsieT Jiroboe MHOKecTBO. CiiejioBaTesIbHO, Ipu k > 3 cucrema He 1oJiHa. [lpu
k = 2 paccMaTpUBaTh CHCTEMY HE UMEET CMBIC/IA, TAK KAK OHA COAEPKUT GyHKImio Jo (). [

A= {k—l,Jo(z),x;y,x-y~z}.



2.1. OYHKIINN KOHEYHO3HAYHO JIOTUKI 103

Pewenue. YrBepxaaercs, uaro qys € = {0,k — 1} cucrema A C T (). HeiicrBuresibHO, KOH-
CTAHTa COXPaHSET JII0O0e MHOYKECTBO, cojiepKalriee ee Kak teMent, Jo (0) = k—1, Jo (k—1) =
0,000=0-(k—1)=(k-1)-(k-1)=0, (k—=1)-0=k—1,0-0-0=0-0-(k—1) =
0-(k—1)-0=0-(k-1)-(k-1)=(*k-1)-00=(k—-1)-0-(k=1)=(k—-1)-(k—1)-0=
0, (k—1)-(k—1)-(k—1) =k —1. CrenoBaresnbHo, npu k > 3 cucrema He noiHa. [Ipn k = 2
JIETKO BHJETH, 9TO CHCTEMA INOJIHA, TAK KaK nepsas DyHKIWMs — KOHCTAHTA 1 — He CoXpa-
HsET HOJIb U HE SBJISIETCS CAMOABONCTBEHHOM, Bropas (PyHKIUA PEBPAIIACTCS B OTPULIAHNIE,
KOTOPOE He MOHOTOHHO U HE COXPaHAET eAMHUILY, & deTBepTas (QyHKIUs He JuHeHasd. O

A= {2:103, 2z +y, 22y, 2o (y) , T2 + (~ y)}

Pewenue. Yreepxaaercs, uro g € = {0} cucrema A C T (€). Heitcreurensho, 2 - 0% =
0,2:0+0=0,0%2-0=0,0-Jy(0) = 0,62 + (~ 0) = 0. Cnenosarenbho, npu k > 2 cucrema
HE IIOJIHA. O

A={z ymax(z,y) — 2+ 1}.

Pewenue. Yreepxknaercs, uro jia € = {1} cucrema A C T (£). Heiicruresnsuo, 1 -1 =
1, max (1,1) — 14+ 1 = 1. CrenoBaresnbHo, pu k > 2 cucreMa He TIOJTHA. O

A= {fx2,max (z,v) +E}.

Pewenue. Yreepxkaaercsi, uro jiust € = {k — 1} cucrema A C T (£). HeiicTBuTesnbHo,
—(k=1)°=k—1, max(k—1,k—1)4+k—1=4k—1.

CrenoBare/ibHO, Ipu k > 2 cucTeMa He IIOJIHA. O

A= {1, —x- y,xT—y}

Pewenue. Yreepxkmaercs, aro qyst £ = {1,k — 1} cucrema A C T (£). HdelicTBuTensHO, KOH-

CTAHTA €MHUIA COXPaHgeT 9310 MHOXKecTBO, —1-1=—(k—-1)-(k—1)=k—-1, =1-(k—1) =
—k—-1-1=1,1221=122(k—1)=(k—1)>21=(k—1)> = (k— 1) = 1. CegoBarensno,
npu k > 2 cucrema He TOJIHA. O

A= {2, max (z,y),z-y}.

Pewenue. Yreepxkaaercs:, aro qyst £ = {0, 2} cucrema A C T (£). HeficTBUTENEHO, KOHCTAHTA
2 COXpaHsIeT 3TO MHOXKECTBO, (DYHKIIHS MAKCHMYMa COXPaHSET JII060e MHOXKeCTBO, a 0—0 =
0-2 = 222 = 0, 220 = 2. Cienosarembro, mpu k > 3 cucreMa He HoiHa. Ilpm k = 2
paccMaTpUBaTh CUCTEMY HE MMEET CMbBIC/IA, TAK KAK OHA COJIEPKUT KOHCTAHTY 2. O

A= {k_za'\’jk—2 ($)7max($7y)af+?}-

Pewenue. Yreepxkaaercs, aro mis € = {k — 2} cucrema A C T (€). HelicTBUTENHHO, KOH-
cranTa k — 2 COXpaHSAET 9TO MHOYKECTBO, (PYHKIMS MAKCUMYMa COXPAHSET JIF0OOE MHOKECTBO,
an~ jro(k—2)=k—2 k—2+k—2 =k — 2. Crenosarensno, pu k > 2 cucrema He
TIOJIHA. O
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A= {js(2), 2+ jo(2) + J1 (z),z -y, 2y}

Pewenue. Yreepxkaaercs, aro st € = {0,1} cucrema A C T (€). HeiictBurensHo, ja (0)
j2(1) =0, 0450 (0) +J1(0) =1, 1+ jo(1)+ 1 (1) =0,0-0=0-1=1-0=0, 1-1=

1, 0-0=0-1=1-1=0, 1-0 = 1. Cienosaressno, n1g k > 3 cucrema He nosHa. Ilpu k = 2
paccMaTpUBATL CUCTEMY HE MMEET CMBIC/IA, TAK KAK OHA COAEPKUT (DYHKIWMIO j2 (T). O
A={1,Jp(2),T+ jg—1 (z),min (z,y) ,max (z,y)}.

Pewenue. Yrsepxknaercs, aro gt D = {0} {1,...,k — 1} cucrema A C U (D). HeiicrBuress-

HO, KOHCTaHTa COXpaHsieT Jioboe pasdmenune, pyHKINA MUHAMYyMa M MAKCUMyMa COXPAHSIOT
J060e MOHOTOHHOE pasbuenue, a D B JaHHOM cilydae — MOHOTOHHOE, dbyHKIwm Jo () coxpa-
sier D oueBugHbIM 0O6paszom: npu x # 0 Bee 3uadenus Jy paBubl 0, TO €CTh MOMAJAIOT B OIUH
6JI0K, a BJIOK, COCTOSIIII U3 OJIHOTO 3JIeMeHTa coxpansieT jobast dyukimst. OG03HAYUB TPETHIO
dyuxuunio gepes f (x), nmeem f (a) € {1,...,k =1} Va € {1,...,k — 1}. CienoBaresbno, i
k > 3 cucrema He nonna. Ilpu k = 2 cucrema, o9eBHHO, MOJIHA, TAK KaK BTOpas (DYHKIUS
[IPEBPATHUTCS B OTPHUIIAHKE, & YeTBEPTasl B KOHBIOHKIIUIO. O

A={1,2,...;k— 1,2+ jo(x),j2 (z) + 1,max (x,y)}

Pewenue. Yreepxkaaercsi, uro jyist D = {0,1} {2} {3,...,k — 1} cucrema A C U (D). Heii-
CTBUTEJILHO, KOHCTAHTBI COXPAHSIOT JII0O60oe pazbuenue, (DyHKIINSI MAKCUMyMa COXPAHSET JIaH-
HOoe pa3bueHue B CUJLy ero MOHOTOHHOCTH, DYHKIMS & + jo () mepecraBiisger 3JeMeHThl B Iep-
BOM 0JIOKE, & OCTAJbLHBIE OCTABJIAET HEOABUKHBIME, DYHKIWM jo () + 1 oTobpazkaer jiemeH-
THI IEPBOTO OJIOKA B €JIUHUILY, BTOPOH GJIOK OCTABJISIET HEIOJBUKHBIM, & JIEMEHTHI TPETHEro
6s10ka orobpaxkaer B eauHuIly. CileoBaresibHo, 1pu k > 3 cucrema He nojHa. Ilpu k = 2
PaCCMATPHUBATH CHCTEMY HE MMEeT CMBICJIA, TaK KakK OHa cofep:KuT dyHKmuwo jo () +1. O

A= {LN x,a7min(x,y)}

Pewenue. Yreepxkuaercs:, aro jyst £ = {1,k — 2} cucrema A C T (£). [deiicTBuTenbHoO, KOH-
craHTa, orpulianue JlykaceBuda u MUHUMYM TPHUBHAJIBLHO COXPAHAIOT 9TO MHOXKECTBO. Takrke
1-1=1-(k—-2)=(k—2) =~ (k—2) =1, (k—2) —1 =k — 2. CiiesioBaresbuo, npu k > 3 cu-
crema He nosia. [Ipu k = 2 cucrema, TpUBHAILHO, TIOJIHA, IOTOMY YTO OoTpulianue JlykaceBud4a,
TPUBHAJIBHO, TepeiiieT B IPOCTOE OTPUIAHNE, & MUHUMYM — B KOHbBIOHKITHIO. O

A={~z,Jo(z),J1(2),..., k1 (z),min (z,y) + (o (z) + jo (y)) - (z +y)}

Pewenue. Yreepxkaaercs, aro qiss D = {0,k — 1}{1,...,k — 2} cucrema A C U (D). Heii-
CTBUTEJILHO, 00pa3bl oTpuanus JlykaceBuda u Bcex J; coBIamaer ¢ nepsbiM 6si0koM. 06030~
quM nociennion Gyskmuo depes f (z,y). Ecam n x, u y npuHUMAOT 3HAYEHWE U3 BTOPOTO
6si0ka, TO0 1 f (x,y) IpUMET 3HAYEHUE TaKXKe M3 BTOPOro 0Ji0Ka (BTOpOe ciaaraeMoe OOHYJIUT-
csdl, & MUHAMYM He BBIBOAMT 3a Ipelesibl oxuoro Osoka). Hamee, f(0,0) = 0, f(0,k—1) =
fk—=1,00=f(k—1,k—1) =k—1, o ecrb niepsblii 6JOK mEpexoauT nocpeacTsom f (x,y) B
nepsblii 6510k. [IycTs Teneps a u3 Broporo 6s10ka. Jlerko Buzgers, uro f (0,a) = f (k- 1,a) = a,
a takxke, [ (x,y) = f (y,x), oTKyma ciemyer, 9To HAGOPHI CO 3HAYEHUSIMU U3 PA3HBIX OJIOKOB
oTobpazkatoTcsi Bce Bo Bropoit 6j10k. CrieoBaresibHO, ipu k > 3 cucrema He nosiHa. [lpu k = 2
cucTeMa TI0JTHA, TaK Kak orpunanue JIykaceBuda mepeiiieT B MpocToe OTPUIaHUE, KOTOPOE He
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COXpaHseT KOHCTAHTHI M He MOHOTOHHO, & TTOC/e HsIs (DYHKIMS CTaHeT paBHa ry @ x P y, upn
9TOM $IBJISISICh HEJIMHEWHON M HECaMOJIBOMCTBEHHOI!. O

3. Iycrs £ — Hemycroe moAMHOXKECTBO u3 Fj, orsmunoe or Bcero Ey, u D = {&€, Ey \ £}. oucun-

TaTh YUCIO (DYHKIWIA B Py, 3aBUCAIINX OT IEPEMEHHBIX X1, X2, ...,T, (n = 0) U comepKamuxcs B
MHOXKECTBe:
(a) T(E)\U(D);

S

Pewenue. s nagana vaiinem |U (D)|<n>. Tunom Habopa & HA30BEM BEKTOD U3 HyJIEH M €UHUIL
(01,...,0p), e 6; = 0 & a; € . Bee MHOXKeECTBO HAOOPOB Pa300bEM Ha KJIACCH S9KBUBAJIEHTHOCTH:
JBa Habopa a™ u (3" HAa30BeM IKBUBAJEHTHBIMU, €CJIM OHU MMEIOT OJMHAKOBLIN Tur. Becom Habopa

5n

. Beero xmaccos skBuBagenTaHocTH — 2™. B omHOM Kitac-

la™|| HazoBeM |HCIIO eAMHMIL B €10 THITE ’

I p—
ce IKBUBAJIGHTHOCTH ¢ BecoM | comepxkutces (k —m) m™~! pagmranex mabopos. Kaxkaomy Taxonmy

HabOPy BHYTPH OFHOTO KJIACCA SKBUBAJECHTHOCTH (PYHKIIAEH, COXPAHSIONIEH pa3doueHne, CTABUTCS B
cooTBercTBUE JIMO0 OHO U3 M 3Hadenuii u3 &, aubo omuo u3 k — m 3uadenuii uz Ey \ £, upuuem
9TH BO3MOKHOCTH HECOBMECTHBI. VTak, 4uciio pyHKIWi, COXPAHAOMUX pa3bueHne BHYTPU KJIacca

m™= ! (k—m)!
. HOCKOHbe KJIaCChl 9KBHUBAJICHT-

n—1 1

SKBUBaJICHTHOCTH Beca | papmo m™  F=m)" 4 (k —m)
HOCTHU He [EePECEeKAIOTCsl, BCEr0 PA3HBIX (DYHKIWH, 3aBUCAIINX OT OJHUX M TEeX JKe 7 ePEeMEeHHbIX,
COXPAaHSIIOIUX JaHHOe pasbuenne —

[ [ n= |2l [ w ' ‘ et NG

n— _ 2 - k—m n— _ n" " "(k—m t
H<mm (k=m) I (g oy (k—m) ):H(mm (k m)+(k_m)7 ( )) .
=0

teB™

Teneps Jierko ckazarhb, CKOIBKO (DYHKIINN COAEPXKUTCH B I€PEceveHnn: ecim B HabOpe Bce mepe-
MeHHbIe n3 £, TO UM CTaBATCS B COOTBETCTBHE 3HAYEHWs] TOJIBKO U3 £, TO ecTh npu t = 0 BTOpPOE
cJraraeMoe IpoIajaeT:

7€) nU D)™ =m™" -] (mm"*t(k—my (k- m)m"_t(lc—m)‘) (+) '
t=1

st Toro, 94TobOBI OTBETUTDH HA IIOCTABJIEHHBIE BOIPOCHI OCTAJIOCH BCIIOMHUTH, YTO \T(é’)|<">
m" 1.k" —m"
m™ k . Takum obpaszom,

(a)

IT(E)\U (D)™ =T (&)™ ~|T (&) nU (D)™
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(1)

Il
-

mm T (k=m)* + (k- m)m”*t(k*m)”)

. ﬁ (mm”*t(k—m)f bk m)m"_t(krfm)‘> (?)

= (k—m)™" ﬁ (m"l"’t%—m)t + (k- m)m"’t(k—m)f) () ;

t=1

T (€)uU (D)™ =T @™ +|U D)™ ~|T () nU (D)™

— "k —m” + H (m7n"7t(k—7rz)t + (k _ m)m" t(kfm)t) (t)
t=0
T (T O g () ()
t=1
nopn_on " et oyt et vey (7)
—mm kk m —|—(k—m)m H(mm (k m)t+(k_m)m (k—m) ) )

t=1

4. UccnenoBaTh Ha MOJTHOTY B P Cleyionine CUCTEMbI:
(a) {k—1,2+2,max (z,y)}.

Pewenue. Bo3aMoKHBI JIBa CIydast:

i. k > 3 — meuernoe. Torma x +2+4---+2 = x4+ 1 = T, 1 UCXO/IHASI CUCTEMA COJICPAKUT
% pa3
cucremy IlocTa, KoTopast sIBJIsseTCs TTOTHOM B P.
il. K > 4 — uwernoe. B sToM ciyuae yreepxKuaercst, uro mia £ = {1,3,...,k — 1} ucxon-
Has cucreMa copepxkurcs B T (), TO ecTh COXpaHseT HEUEeTHOE MHOXKECTBO U SIBJISIETCSI
HETIOJIHO.

PaccmarpuBarh cucremy npu k = 2 He MMeET CMbIC/IA, TAK KAK OHA COJEPIKUT (DYHKIIUIO
T+ 2. O

(b) {u@}

Pewenue. Yreepxkaaercs:, uro s £ = {1,2} ucxomnas cucrema copepxkurest B T (£). Heii-

CTBUTEJILHO, KOHCTAHTEI COXPAHSIOT 3TO MHOXKeCTBO, n 1-1 = 122 = 22 =1, 221 = 2.
CaenoBaresibHo, i k > 3 cucrema He nojHa. PaccMarpuBarh cucremy npu k = 2 He UMeeT
CMBICJTa, TAK KaK OHA COJEPYKUT KOHCTAHTY 2. 0
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{k - an + Y, min (l',y)}

Pewenue. Bo3aMoOKHBI JIBa CIydast:

i. k> 2 — gernoe. B srom ciryuae, nono6uo 4(a)ii, cucremMa COXpaHsSeT 4eTHOE MHOXKECTBO.

ii. k> 3 — meuernoe. Torna z + (k —2) + -+ + (k — 2) = T, u ucxonHast CHCTEMa COJIEPIKUT

% pas

cucremy Ilocra, KoTopas sBisteTcs OJHON B Pj.

{l,k —1,z= L%J ,min (z,y)}

Pewenue. YTBepxKmaercs, uro anga D = {O, ceey LgJ } { ng +1,...,k— 1} HUCXOTHAS CUCTEMA
comepxurca B U (D). eiicTBUTEIbHO, KOHCTAHTBI COXPAHSIOT JI000Ee pa3bueHne, MUHUMYM
coxpamsieT J0boe MOHOTOHHOE pa3buenue, a D — moHoToHHOE. Jlasee, TpeTbst DYyHKINT 0TOO-
paxkaer 1epsbIii 6si0K B 0, a Bropoii 610k B nepsbiii. CjenoBareibHO, Ipu k > 3 cucreMa He
nosiHa. [Ipu k = 2 cucrema Takke He IOJIHA, TaK KaK IEJIUKOM COJIEPIKUTCS B KJIAacCe MOHO-
ToHHBIX byHKIWMA (B cirygae k = 2 ona npesparurcs B {0,1,z - y}). O

5. Boruennrs 6asuc us mosHoil B P cucreMbl A:

(a)

A= {k_ ]-ij ((E) 7j1 (x)w"vjk‘fl ({,C) 7m~y7miy}.

Pewenue. Paccmorpum noacucremy B = {k — 1,2y, jy—1 (z)} C A. Ona aBaserca nosxoii,
Tak Kak jr—1 (k—1) = 1 u cucrema cBopuTcs K 1oiHOM cucreme 6. JlokaxkeM, 4TO eciu yo-
paTh U3 Hee 00y QYHKIMIO, OHA TepecTaneT ObITh nonHoi. Jeficreurensro, A\ {k — 1} C
T ({0}), A\{z—y} C P,El), C=A\{jk—1 ()} CT ({0,k — 1}). ITocnennee paBeHCTBO, OHA~
KO, He JIoOKa3biBaeT HenonHory B ciyuae k = 2. Ilpu k = 2 A\ {jr—1 (z)} aBusierca u mosHoii
cucreMoii, u 6asucom, Tak Kak k — 1 = 1 — me coxpanser 0 u He caMOJBOIICTBEHHAsI, & BTOPAs
— z—y = zy ® T — HeqWHelHas, He COXpAHSET eJIMHUIYY U He MoHOoTOoHHas. CIreloBaTeIbHO,
npu k > 3 6a3ucoM siByisiercs cucrema B, a npu k = 2 — cucrema C. O

A={z-2Jo(2),max (z,y) ,a=y* 2% - y}.

Pewerue. Paccmorpum mompcucremy B = {JO (z) ,ziyZ}. ITokaxkem, aro ona mosmuas. eii-
crBuTensno, (... (Jy(z) —J2 (x))=-- - ~J2 (@)~ J2(x) = 0, Jo(0) = k — 1, z—(k—1)° =

k—1 pa3s
=1, (k—1)-1=k—-2, (k—2)-1=%k—3, ..., 2=1 = 1. Takum 06pa3oM TOTyIeHbI
BCe KOHCTaHTHI U (BYHKIME BUja x—m jyis jroboro m = 1,k — 1. Vcnombayst ToT dbaxT, 9T0
k—1 z<m,

Jo (xim): 0 r>m

moytyauM Tenepb Bee J,, mist 0 <m < k — 1:

I () = (... (Jo (z=m) =J§ (2= (m —1)))= -+ =J§ (= (m — 1)) = J§ (z— (m — 1)) .

k—1 pa3s
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Hamnee 3ameTum, ITO

=y = (... (x=J} () =J5 () =J5 ()= ) =JZ W) =J7 (W)= )= J? ()
)= W)= )= Ji (y)

k—1 pa3s

HeitcTBUTEIHHO, IPU Y = 1 TOJBKO KBaJAPATHl COOTBETCTBYIONAX .J; OVAyT paBHBI eIUHUIIAM,
ocrajbHble ke OyayT HyjasMmu. CirieoBaTeIbHO, U3 T IPU Y = | OYJEeT yCeUYEeHHO BbIYUTATHCH
Kak pas i. Takum obpasomM, cucrema A cBelleHa K cucreMe : IMOJIyUeHbl yCeUeHHasl PA3HOCTH
u koHcTaHThl 0 1 k — 1. BasucHOCTL 9TOil CHCTEMBI P YCJIOBUU IIOJIHOTHI OYEBUJIHA: IIE€PBast
(DYHKIMS CYyNIECTBEHHO 3aBUCUT TOJIBKO OT OHOM TIEPEMEHHOIT, a BTOpast COXPAHSIeT, HAIIPUMED,
HOJIb. O

(C) A= {27j0 (x7)7x+y271'2;y71"y'z}

Pewenue. Paccmorpum nogcucremy B = { Jo(z),z+ yz}. JlokarkeM ee MOJHOTY. 3aMeTHM,
aro jo (jo (7)) + jé (z) = 1, x + 1> = T. Umes orpunanue [locta u jy MOXKHO HOJTYIUTH BCE
ji mig 0 < @ < k — 1. Jlasee, ucnoib3yst TOT Ke IpHEM, YTO U B mpumepe 5b, mosydnm
rhy=2+if W +EW+E W)+ G W+ AW i W)+ 5 W)
i pas k—1 pa3s
Takum obpasom, cucrema B cBoauTcst K cucreme 7, Koropas mojHa nupu k > 3. Ilpu k = 2
cucrema B Tepsier CMBICI, TAK KaK COJEPXKUT KOHCTaHTY 2. BasucHocTb B oveBHHA: KaK U
B bb ojHa u3 (yHKIMH CYNECTBEHHO 3aBHUCHUT TOJHLKO OT OJIHOW II€PEMEHHOMN, a BTOpas —
COXpaHseT HOMb. O

Ynpa>kxHeHus.

1. Hcnonb3yss MeTOJl CBeJIeHUs] K 3aBeJIOMO IIOJHBIM CUCTEMAaM, JI0KAa3aTh MOJHOTY B Pj ClIeayIonmx
cHCTeM:
(a) {7, min (z,y)};
(b) {min (33 y) — 1k
(c) {Jg ),z +y,x- y}
(d) {1,2? +y 2?2y}
(e) {Jo(z),z+y.x -y}
() {k—2,294+1,(~z) -y}
(g) {kz — 1,22 , T —y};
(h) {1,2-z+y, - y}
(i) {1 2% — y, min (x, y)}
() {1 r+y+2,2x —y}
(k) {7 jo (y) ,min (z,y)}.
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2. TTono6pas nmogxomsmwmit kinacce tuna 1 () uwmu U (D), nokazarb, 9T0 CHCTEMA

A= {1 - 'TajO (J?) ajl (.I) yree ajk—l (l‘) y e Z/,ﬂf;%min(l"’?)}
He 1oHa B Pj..

3. Kak usBecrno (cMm. Teopemy 2.2), cucrema

A:{0,1,...,k—l,jo(x),jl(x),-.-,jk_l(x),$+y,$'y}
noJiHa B Py

(a) Hdoxazarb, 4To u3 cucreMbl A MOXKHO BBIIEINTD HOJIHYIO B P noicucTeMy, COCTOSIIYIO U3 IBYX
byHKIMI.

(b) Iokazarb, uro Jiobas nojcUcTeMa cucTeMbl A, cocrosinas u3 oguol dyuknuu, He noiHa B Py.

4. Cucrema Poccepa-Typxrerra
A ={0,1,...;k—1,Jo(z),J1 (2),...,Jk—1 (z) ,min (z,y) ,max (z,y)},
KaK U3BeCTHO, 1oiHa B Py (cM. Teopemy 2.1).

(a) IIposepurs, uro, yuasuss u3 A; 00yt Koncranry, oraudnyio or 0 u k — 1, nosydaem nomcu-
cTeMy, cojiepKalyocs B HekoropoMm Kiacce tuna 1 (£), rue & # £ # Ej, (1, 3Ha4UT, HEIIOJIHYO
B Pk)

(b) Boiuennts u3 cucremsl A; nosnyio B Py mogcucremy, cocrodntyo uz 2k — 2 byHKIwmii.

5. Jus 3aganHbIX k UCCIeI0BaTh Ha IIOJHOTY CJIEAYIOIINe MOACUCTeMbl cucTeMbl Poccepa-Typkerra:
(a> kj—3 {1 JO( ) (x),min(x,y%max(x,y)};
(b) k=3, {1,2,J2 (z),min (z,y) ,max (z,y) };
(c) k=4, {1,2,Jo (), /1 (), min(z,y),max (z,y)};
d) k=4, {1,2,Jo(2),Js (2),min (z,y) ,max (z,y)}.
)

a) Ina k = 3,4 u 5 momcanTaTh 9HCIO0 PA3IUIHBIX 3aMKHYTBIX KJIACCOB B Py, dBstormmxcs

KJIACCaMU COXPAHEHUs PA3OMEeHMUIA.

(b) Iycte D = {&4,...,&} — pasbuenune mHOKectBa FEj. Iogcumrars uncino dbyHkuuii B P,
cozepzKaruxcs B kiaacce U (D) 1 3aBUCAIIMX OT IIEPEMEHHBIX T'1, L2, ..., Ly (n = 0).

7. UccnenoBars Ha MMOTHOTY B P cemayromnme CUCTEMBI:
(a) {0,L,7=(~ )}
(b) {2,2z +y,22~y};
(¢) {1,2,max (Z,y)};

(d) {2 x,x -y, max (x, y)}

(e) {k—? 20 +y,z— y}

() {~x,—z-y,min(z,y)};
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(8) {2,z +y,z-y};

(h) {~2,2jo (), J1 (x) 2~y };

(i) {1,~z,Jo (x) + J1 (z) ,max (z.y)};

(1) {0,1,~z,2 = jo (z) — 2j1 () ,min (z,9)};
(k) {k—2,~x,x;y};

2.2 Teopembl 0 (pyHKITMOHAJILHOI TTOJTHOTE

Teopema 00 ajaropuTMmYecKoil pa3peHinMOCTH MPOOJIeMbl PaCIIO3HABAHUS IIOJIHOTBHI B k-
3HA4YHOU Jjoruke. PaccmorpuMm koneunyio cucremy dyukumit A = {f1,..., fin}, 3aBUCAIIAX OT OIHUX
U TeX YK€ M HEPEMEHHBIX I1,...,~T,. ObosuaduM gy, (T1,...,Tn) = Ty — CEACKMOPHYIO GYHKUUIO IS
1 < m < n. Ucnomsayem ape uz wux: g3 (v1,72) = 11, 93 (T1,22) = Xa.

Teopema 2.4. Cywecmeyem aszopumm, pacnodwarowuli 6 P, npu k = 2 noanomy w1060t xoneunot
CUCTNEMDL.

Joxaszamenvcmeo. TlocTponM 1oC/e10BaTEILHOCTD BJAOXKEHHBIX JIPYT B JIPYTa MHOYKECTB
No=: N &M NG &M &Ny & - CMe =My =+

IO CJICYIOIIAM MHIyKTHBHBIM IIpaBuiaM: O] — MHOKeCTBO BeeX (DyHKIWMIT IByX HepeMeHHbIX, Peau3ye-
2

Mbix popmysiamu Buga f (Hy (z1,22), Ho (1, 22) , ..., Hy (21, 22)), toe H; (x1,22) = Z% 3amMerum, 4TO

2
|7] < m - 2" (mockonbKy Beero dbyHKuuit B A — m, BCe 3aBUCIT OT N IIEPEMEHHBIX, HA MECTe KaxKIOH

13 KOTOPBIX CTOUT OJIHA U3 JIBYX (l)yHKH,I/IIU/I) HyCTb y2Ke ITOCTPOEHbI BCE KJIaCChI, JO 7-I'O BKJ/IIOYUTEJIb-

uo, u |N,| = s,. Torga xiacc M1 — TO MHOKECTBO BCeX (PYHKIMUI ABYX IIEPEMEHHBIX, PEATUIYEMbIX
2
91
dopmymnavu Buna f (Hy (z1,22), He (21,22), ..., H, (21, 22)), tue H; (z1,22) = g5 . Ouesmmmo,
h; €N,

gro [M,y1] < m- (s, +2)". Dro cremyer uz Toro, uto mobas dynkiua uz N, peamusyercs HopMyIoit
Hag N,41. Bee byaxnun us N, 3aBucAT oT ABYX IepeMeHHBbIX. IlocKonbKy Bcero byHKIMIT OT JBYX IIe-
PEMEHHBIX k:kz, ue OoJsiee, UeM 3a k* + 2 maros BosHEKHET curyamusi, M« = N« = ---. Kak TosbKo
ITIOCTPOEH TIOC/IEIHAN YHUKAJbHBIN KJIACC, MBI IIPOBEpsieM Hajmdne B HeM (yHKIuu Betba. Ecim ona B
HEM €eCTb, TO MBI CBeJiu cucreMmy K dyukiun Bebda, ciaemoBarenbno, cucrema moiHa. Kenn ke dyHKmms
Beb66a He cojiep:KuTCst B MOCTIEIHEM YHUKAJIHLHOM KJIACCe, TO CUCTEMa He MOJHA B CHJLY CJIYIONIUX PAC-
cyX)eHuil. BoijesisieM U3 3aMbIKaHUsSI UCXOAHON cucreMbl GpyHKINN A DYHKINN, 3aBUCAIINAE TOJIBKO OT
x1,x2 — MuOmecTBO [A], . Ouesmmmo, [A], . = M.-. B 1o xe Bpems, ecu 6b1 A Gbl1a Ob1 TI0MHA, TO
ona cozepxkaia 0ol Gynkuuio Be6ba Vi (x1,x2). CienosaresibHO, B 9TOM Cjlydae CUCTeMa He MOJHA. [

Teopema KyzHuerioBa o GyHKIIMOHAJIbLHOI MOJIHOTE. B 3TOM myHKTE MBI MOKAYKEM CYIIECTBOBAHIE
cucteMbl 2.5 B Py qyis moboro k. Pacemorpum 1 — HEKOTOpoe MHOXKECTBO (DyHKIWI k-3HATIHON JIOTH-
KU, 3aBUCAINIUX OT MEPEMEHHBIX Y1, - - ., Ym. LI y1obcTBa OyaemM cauTaTh, YTO CaMU IEPEeMEHHBbIE B 3TO
MHOKECTBO BKJIIOUEHBL: ¥; = g (Y1,...,Ym) € N.

Onpenenenue. Oyukunus k-3Haqnoit sorukn f (21, ..., T, ) corpansem N, ecin 171st TOOBIX Ay, ..., hy, €
N cynepuosunyst f (hy,...,h,) € 9. Muoxkecrso dyuxuit M ccoxpansem N, ecau Bee dyHKIUH, CO-
xpansomuye N, 3aka049eHsl B .
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IIpumep. Mlycrb m = 1, N : f(~y) =~ f(y). MuoxkecrBo N cozep:KkuT, HAIPUMED, TOXKIECTBEHHYIO
dbyuknmo, camo orpuranue Jlykacesuda. MuokecTBO DyHKINIA, COXPAHAIONNX HaHHOE I, SABJISETCA MHO-

JKECTBOM BCEX caMOABOicTBeHHbIX QyHKIWA: M i~ g (~ 21,...,~ x,) = g (21,...,T,). HeilicTBuTeabHO,
st mobeix g (y) ... hn (y) € M= F(y) = f(ha(y),-- - hn (y)) = f(~ha(~y), ..o~ hn (~y)) €
N, 10 ectb F (~y) =~ F(y) &~ f(~x1,...,~xy) = f(21,...,2,). 3aMernm, 9To camMn QyHKIMN
f (y) Bxomsr B M. O
JIemma 2.2.1. ITyemo M — mnooicecmeo Gynryul, 3a6UCAUUT O NEPEMENHIT Y1, - - - , Ym, COOEPIAHCA-

wee mootcdecmeenmnie Gyrryuu g;*, a M — mnooicecmso Pynryut, coxpansowur N. Toeda M zamrny-
mo.

Loxazameavcmeo. Tak Kak TOXK1eCTBeHHBIE (DYHKIIUN COXPAHSIOT 1, JIOCTATOYHO AOKA3ATh, ITO CYIIEp-

nosuius coxpansionmx N bynknuit Taxzke coxpansger N. ycts f(21,...,21), fi (w1,...,2,) €M, i =
L1, To ectb i moObIX My, ..., hy, € N Bemomnsercs f; (hi,...,h,) € N. PaccMoTpum cyneprosuImmo
F(xy,...,zn) = f(f1,.-., f1). Jost me06b1x hy, ... hy, € M= H; = fi (hy,...,hy) € N qy1st Beex § = 1, 1.
Ho rorma u F (hy, ... hy) = f(Hy,..., H;) € 9. O
Jlemma 2.2.2. ITyemos N — mnoorcecmeo Gynryull, 3a6UCAUULT OM NEPEMENHDOIL Y1y - « - 3 Ym, COOEPIHCA-
wee mootcdecmeennvie PyrnKyUY gt u [‘ﬁ]ylyn = M. Tozda das M, coxpansousezo N, 6bINOAHEHO
My, ym = N

Joxazamenvcmeo. Pacemorpum sobyio dyukuuio f (y1, ..., Ym) € N. das awobbix Ay, ..., h, € N 1o
yenosuio Teopemslt f (hi, ... hy) € [N, =9 = f €M, unpn sT0OM OHA 3ABUCUT OT Y1, . - -, Ym; TO

ecre f € My, o . Taxum obpazom, M C Ny, .

O6partuo: ms moboit byukmuu f € My, = f(y1,...,Ym) = F(g]",-..,g) € N B cuwLy 3aMKHY-
TocTH 1 IO MEPEMEHHEBIM Y1, . . . , Ym,. CremoBaTensro, My, ., C M.

W3 noxaszaHHOTO HEMEJIEHHO BBITEKaeT, 910 M = My, . . O

Teopema 2.5 (A.B. Kysneuos). s a06020 k > 2 cywecmeyem cucmema, HA3v68GeMaHA KPUMEPU-
anvrnot, My, ..., My 3amMEHYMBT KAGCCO8, NONAPHO He codeporcawur dpye Opyza, MaKux, 4mo 410601
xaace Pynxuyut A C Py noaon mozda u moavko mozda, %0206 A UCAUKOM HE AEHCUM HU 6 00HOM U3
xaaccos My, ..., M.

Jloxazameavcmeo. Tloctpoum stu Kitaccel. PaccMorpum MHOXKeCTBO Beex (byHKImil Py 3aBUCSIINAX

@y,wp)

2 k2
OT IIepEeMEHHBbIX 1 U 92 — BCEro ux kk . 9TO MHOZKECTBO HMeET Qk IIOIMHO2KECTB, U3 KOTOPbLIX MBI

BBIOMpaeM Bce moaMHOXKecTBa I;, i = 1, s/, yIOBIETBOPSIIOIINE CJIEIYONUM TPEM YCIOBHUSM:

1. 9M; He MyCTO U HE COBHAAET C P;Czwz Jast roboro 1 = 1,8/,

2. M; coepuUT TOXKIecTBeHHble GYyHKIMU g3 (71, T2) U g3 (71, 22) A1 joboro i = 1,8 u

3. M; 3aMKHYTHI 110 IEPEMEHHBIM 1, Lo JJIst J000T0 ¢ = 1, 5'.
Hast kaxxaoro 9; crpoutcss 3aMKHYTHINH Kiaace M, dyuxnumil, coxpausiomux N;. Beero M, — koneunoe
9UCI0. YIOPSIOYNM UX 10 BKJIOUEHN0. KaK JIErKO MPOBEPUTH, 3TO OyAeT ABIATHC IaCTUIHBIM IOPSI-
KOM. B MOCTPOEHHOM YaCTUYHO YIIOPSIOYEHHOM MHOXKECTBE BO3bMEM CHCTEMY MAKCHMAJbHBIX SJIEMEHTOB
My,..., M (s < '), samerus, uro M; # Py, Vi = 1, s. [locienee BITEKAET U3 TOTO, YTO €C/TH ObI KAKOTi-
TO M3 HUX COBIAJAJ CO BCceM Py, TO OH B CUJIy 3aMKHYTOCTHU cofep:kaJjl Obl dpyHKIuo0 Bebba mepeMeHHbIX
x1,%2. Ho Torma B cury 3amkHyTOCTH cOOTBeTCTBYIOMero M; mo jgemme 2.2.2, N; Takke COBIAIAIO OB
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co BceM Py, aTo npormeopednt nocrpoennto. Jasee, moboit knace MM, cOAEPKUTCA B OJHOM H3 KIACCOB
310i cucrembl. OvesnaHo, uto ecm A C M, To A He nomna: [A] C M; & Py.

O6parno, nycth A He JexkuT HE B omHOM M3 KiaccoB M, ¢ = 1,s. Torma paccmorpum cucreMmy
M = [.A U {g% (21,72), 92 (21, xg)}} 2 A. OueBuzno, uro A u 9t MONHBI WK HE TIOJHBI OJHOBPEMEHHO.
ITpeamonoxum, aro MM wenonnasg. Torga B M, 4, e cogepxurcs Vi, (1, x2). Ilo memme 2.2.2 cymecrsyer
takoe j, 910 My, -, = MN;. Ho Torma M C 93?; C My, rae 93?; — KJace dyHKIui, coxpansonux N, 9To
IIPOTUBOPEYNT TOMY, 9TO A He JIeXKUT HUA B OJHOM u3 Kjaccos ;. O

Mo>KHO TPUBHAJBHO OIEHUTH CHU3Y YHUCIO (DYHKIUH KPUTEPUATBLHON CHUCTEMBI YHUCIOM (DYHKITHH,
COXPAHSIONINX MHOYXKECTBA: § > ok _ 9,

2.3 CymecrBeHHbIe (PYHKIINN

Omnpenenenne. Oyukims k-3HATHON JOrUKU f HA3BIBAECTCS CYULLCMBEHHOT, €CIIN OHA CYIIECTBEHHO 3a-
BUCHUT HE MeHee, YeM OT JIBYX MEPEMEHHbBIX.

JleMMBI O cymiecTBEHHBIX (DYyHKIUASIX.

Jlemma 2.3.1 (o Tpex HabGopax). ITycmo gynxyus f(x1,...,2,) — cywecmeennan (xr; — ee cyue-
cmeennan nepemennasn) u npunumaemn | = 3 pasauvunor 3nauenud. Toeda cywecmeyem mpu nabopa
suda

(o, 9, ... 0),
(ﬁaQQa"'7an)7
(o‘7727~'-57n)7

HA KOMOPHIT PYHKUUA NPUHUMAEM MPU PASAUYHBLE 3HALEHUS.

Hoxazamenvcmeo. 1o mperionoKeHnio TeopeMbl £1 — CYIIeCTBeHHas IepeMenHas dyaknun f. DTo
O3HAYAET, YTO CYIIECTBYIOT TAKUE KOHCTAHTBI (..., 0, 4T0 f (z1,01,...,05) £ const. Pacemorpum
HEIOYKY

(1,0, ... a) (k—1,a,...,ap)

(07012,...

(6%72,- .. ar}/n)

Bosmorknubr 1Ba crydast:

1. Ha sroit nenouke dyukiws npuanMaer He Bee | 3Hadenuii. Torga cymecrByer HaGop (a, Y2, - -« Vn),
Ha KOTOPOM (byHKIUs [IPUHUMAET OCTaBIlleecs: 3HaUeHne. bepeM Takzke IIPOEKIINIO 3TOr0 HAbOpa Ha
nenb (a, Y2, . . ., Yn) U KaKoi-TO apyroii Habop ¢ nenu (G, ag, .. ., a,). Ha moxyuenHsix Tpex Habopax
bYHKIMSA TPUHUMAET TPU PA3HBIX 3HAYCHMUS.

2. Ha nenm npunumalorcs Bece 3Hadenus. Ho y f ecThb mo KpaiiHeil Mepe elne oJiHa CyllleCTBeHHAasI
[epeMeHHasl, TO €CTh CYIECTBYIOT TAKHE (O, Y2, . . ., Vn, 9T0 f (a, o, ... an) 1 f (@, ¥2,. .., Tn) DPa3-
suarbl. Kpome aTnx nByx 3HaueHwmii 6epeM erre OHO C IETIH.
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O

JIemma 2.3.2 (OcHoBHuasi). [Tycmo f — cywecmeennan Pynkyus, npurumatowas | > 3 pasausmnvir
3Hauenul, u T3 — ee cyulecmeennas nepemennas. Toeda cyuecmeyrom mmoocecmsa Q; C Fy, i =1,n:
|Q:| <1—1 makue, wmo na Q1 X Qa X -+ X Qp Pynruyua f npunumaem sece ceou l 3naverud.

Loxazameavcmeo. Homomaum Tpu HaOopa u3 jgemmbl 2.3.1 [ — 3-Ma HabOpaMu Tak, YTOOBI MOy 9AIOCH [
HADOPOB, HA KOTOPBIX (DYHKIWS IIPUHUMAET BCE CBOWM 3HAYEHUSI:

(o Qo, ..., Qp)
(6 ) a2, ) a’ﬂ)
(Oé ) Y2, ) ’771)
(o, a3, ,ay)
R AT
Ql QQ Qn

MHO0keCcTBO TEPBBIX Pa3psIoB 0003HAYNM ()1, €r0 MOITHOCTH OJIarogaps PaBEHCTBY IEPBBIX Pa3psiIoB
[IEPBOI'0 U TPETHEro HADOPOB HE MPEBOCXOAUT | — 1; MHOXKECTBO i-bIX Pa3psioB 00O3HaUUM (QQ; It ¢ =
2,7, ero MOIIHOCTDL 6JIaroapsa PABEHCTBY 4-bIX Pa3psJIoB Jid i = 2,1 Taksxke me npessoiger | — 1. Ilo
[TIOCTPOEHUIO0 HADOPOB, HA UX JEKAPTOBOM ITPOM3BEeIeHNN (DYHKIMS IIPUMET BCE CBOU 3HAUYECHMUS. O

JIemma 2.3.3 (o kBagpare). ITycmo [ — cywecmeennas GyHKyuL, NPurUMaowas | = 3 pasiusHoir
3HAUEHUT, U T1 — ee cyulecmeernnan nepemernan. Toeda cywecmeyem vemsepka HAOOPOS, HA3VIGAEMAA
®68a0PAMOM, 6UJQ

(041, . .,Oti_l,Oé,OéH_h .. -7aj—17'7504j+17~ .. ,ozn)
(Oél, .. .,ai,l,a,aiﬂ, .. .,aj,1,6, ajJrl,. .. ,Oén)
(al,...,ai,17ﬁ7ai+1,...7aj,17'y7aj+1,...,an) ’
(al,...,ai,hﬁ,alqrh...,aj,l,é,aj+1,...,an)

HG BEPULUHAT KOMOPO20 HYHKUUA AUOO NPUHUMAEM, HE MEHEE MPET PASAUNHLT 3HAYEHUT, AUOO NPUHU-
Maem 064 3HAUEHUA, HO 00HO U3 HUT MOALKO Ha 00nol sepuwiure. Unvimu caosamu, o0na u3 6epuium
K6a0dpama AGAAECMCHA YHUKAALHOU.

Loxazameavcmeo. Cornacuo nemme 2.3.1 HaiiayTes Tpu HAOOpa yKA3aHHOIO BUIA TAKWe, ITO (DYHKITUS
Ha HAX MPUHUMAET TPU PA3INYIHBIX 3Ha4UeHus a,b u c. IBa Habopa HAXOMATCA B OIHOIN T'HIIEPILIOCKOCTH,
a TpeThit — B JPYTOil, HO SBJSETCS MPOEKIel mepBoro. PaccMoTpuM mepBbIit KBapaT, JBE BEPITHHDI
KOTOPOT'O PaBHBI COOTBETCTBEHHO a U b. Ecyn cpesin ocraBIIUXCs ABYX BEPIINH €CTh OJHA, 3HAYEHUE HA
KOTOPOM OTJIMYHO OT 3HAYEHUN Ha MEPBLIX JBYX WU 3HAYEHUS HA HUX PABHBI, TO JIEMMA JIOKA3aHA.

x:ﬂ (ﬂ,()éQ,...,Oén) (/85727'--7771)
a// N
a(b a(b)

b(a)

b(a)
r=u« b/ / / c

(Oé,OéQ,...,Oén) (a7727-/--'a7n)
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B mporuBHOM cydae, ecam Ha OIHON BepIIHHE 3HAUEHWE PABHO a, & Ha JAPYToit — b, TO mepeiiaeM K pac-
CMOTPEHUIO CJIeAYIONIero KBaapara. /s Hero moBropuM Bece 3TU paccykaeHus. Eciau Mbl TakuM 06pa3oM
JIOWJIEM JIO TIOCJIEJTHErO KBaJIpaTa, ITO Oy/IeT O3HAYaTh, UYTO BO BCEX MPEILIIYIMUX KBaJIpaTax Ha OJHUX
JIByX BEPIIUHAX IIPUHUMAETCsI 3HAYEHNE (, & HA JIPYIUX JBYX — b, TO yTBEPXKJIEHUE JIEMMBbI BBITIOJTHUTCSI
IIOTOMY, 9TO B TOCJIEIHEM KBaJpaTe OyIeT TPpU PA3JINIHBIX 3HAYCHUS. 0

Teopembl 0 cyliecTBeHHbIX (DYHKIUAX.

Teopema 2.6 (C.B. S6sonckuii). Cucmema @ynxyud, codepocawsas ece 00HOMECMHE PYHKUUL,
npunumarowue e boaee k — 1 pasauunor snavenut (CSy) noana moeda u moavko moezda, kozda ona
codepotcum, Cyu,ecmeertyto PYHKUUIO, NPUHUMAIOWYI0 6ce k 3nauerud.

Jloxaszamenvcmeo. HeobXoanmMocTh JOKA3BIBAETCA OT TMTPOTUBHOTO. BO3MOXKHBI JIBa BapHUaHTA.

1. Cucrema BOOOIIE He COIEPXKUT CYIIECTBEHHBIX (DyHKIUi. B 3TOM Cilyyae oHa, OY€BHJIHO, HE IIOJIHA,
1
TaK KaK COJEPKHUTCSI B KJIacce P,E ),

2. Cucrema COIEPKUT CYIIECTBEHHYIO (DYHKIMIO, HO OHa IIPUHUMAET (He orpannduBas oommoctu) k— 1
suavenune. Ho Torma moacTaHoBKO# Ha MecTa IePpEMEHHBIX 3T0i (DYHKIMY ApyTruX (DYHKIWA CHCTEMbI
HEJIb3s MOJyIUTh CYIECTBEHHYIO (DYHKIIHMIO IBYX IEPEMEHHBIX, IIPUHUMAIONIYI0 Bce k 3HAYEHUM,
HaIIpuUMep, T + Y.

Takum 06pa3oM, B 9TOM CJIydae CHCTeMa He IIOJIHA.

Hocraroanocts. [lycts cucrema comepxkur CSy u cyiecTBeHHYIO (DYHKIIO, TPHHUMAIOIIYIO Bee k
3HadeHnit. B 9TOM ciIydae, 09€BHIHO, BCe KOHCTAHTHI IIPUHAJIIEKAT cucTeMe. JIoKakeM J0CTaTOYHOCTD
CHUCTEMBI 110 WHLYKITHH.

Basuc undyxyuu. Ioctpoum Bee pyHKIUU, TpuHUMAaIOIIe He Oojiee nByX 3HadeHuil. s pyHKIMEI
f cupasejymBa jemma 2.3.3, TO €CTh CyIIeCTBYeT KBaJIPaT, Ha OJHOI 13 BEPIIUH KOTOPOI'O IPUHUMAETCS
yHHKAJIbHOE 3HadeHue a: f (Q1,..., 041, %, Qig1, .., Qj—1,Y, Q1. ..,0p) PABHO @ IpU T = v 1 y = [3.
Pacemorpum dyHKIMM, CyIIecTBEHHO 3aBUCSIIME OT OJHON IIepEMEHHOi, n npuHuMaoiue He 6osee k — 1
3HAYEHUsI, 3ABEJIOMO COJIEPIKAIIMECS B MUCXOIHON CHCTEME

_J@ r =0, _ B y=0, . 0 z=a,
h(@) = 8 x#0, 2 (y) = a y#£0, t(=) = 1 z#a.

U BO3bMEM TPEeThIO OT f, Ha MeCTaX IIePeMEeHHLIX T U i y KOTOPOil CTOSAT IepBble JIBe:
t(f (o, by (®) gy 1, b2 (Y) g, - 0m)) = Vo (2,9)

STy QYHKIMIO HA30BEeM JU3bIOHKIMEH = U y. [lo aHATIOrHN TOCTPOMM KOH'BIOHKITHIO:

&o,1 (2,y) = jo (Vo1 (Jo (), 70 (¥))) -

st dyrkum npoussosbHoil f (™) % const, npuHIMarorieii ToabKo 3Hadenus 0 u 1, mocrponm Gopmyy,
€€ pPeaJIn3yIoIyIo:
f@") = \/ Jor (@1) * Jas (22) ** Jan (@) -

(a1,eees0m)
f(a17~--1an):1
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Teneps MOXKHO peasin30BaTh U JOOYIO (DYHKIMIO, IPUHUMAIOILYIO A100be 1Ba 3Hadenus: ecau f (™) upu-
g1 T = 0,

HUMAET J[BA 3HAYEHUSI 0] U 09, TO, UCHOJIbL3Ysd dyHKImO h (x) = 40 € C'Sk, MOXKHO peajin30BaTh
g2 X

f dopmyoit

h \/ jOtl (ml) 'jaz (.132) o 'jan (xn)
(a1,e.ya)

flar,...,an)=1

IIpednonoocenue undykyuu. Ilycrs peasmsoBansl Bee f € Py, npuHuMaroiiue He 6ojiee | —1 pasimyaHbIx
3HavYeHui.

Hnoyxmuenoiii nepexod. Peanuzyem nponsBoibayio dyHKIMO ¢ (§"), IPUHUMAIONIYIO | PA3IMIHBIX
3HAYEHUN T, ..., 7). Pa3jgennm aBa cirydas.

1. I—1 < k—2. Peanusyem cytrecTBeHHy0 DYHKINIO, TPUHIMAONTYIO | < k — 1 pa3jndHbIX 3HATCHUIA.
IIo ocHOBHOI JteMMe HaTyTCT HAOOPDHI

(Oz,Oég,...,Oén) gl (51

3 (6,0&2,...,0(”) gz 62

I (0, Y25+ s7n) [Zg 03
(BLB3,--.B0) Ba b

[—3< . R

........... 0B 0

Ha KOTOPBbIX (ByHKIWMsE f npuHUMaer | pasjndHbX 3HadeHnii. Jasee s; (") — dbyHKImm, npuHuMa-
romrue | — 1 3uagenue.

YisYm | 9 | 51 @) 52 ™) - sn () | f(51,--50) | n(f(3))

1 fr 01 T1
T2 B2 P T2
T B 0 al

Taxum 06pa3oM, BO BCex CTOJIOIAX, COCTABJIEHHBIX U3 i-X Pa3psiJoB HAOOPOB [3;, HaXoauTCst He OoJtee,

01 02 ... O
yeM | — 1 3na4enue. HpI/IMeHI/IM K PA3JINYHBIM 3HAYCHUAM 52 (byHKLII/IIO n (ZE) = y
T1 T2 e T

npuHayexkantyio kinaccy CS, clienoBaTeIbHO, HAXOIAILYIOCS B UCXOTHONU CHCTEME.

2. 1 = k. B arom ciryuae mocsesero mara He HyzKHO:

bt | 0 [ S @5 @) sn @) [ F (1. 5)
5

1 Ba 1

k—1 B, k—1
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HeiicTBuTesIbHO, ecau Bce 3HAYEHUS DA3JIMYHbI, U IpuHajyexar MHoxkecrBy {0,1,...,k — 1}, To
KasKJI0€ U3 HUX [PUHUMAETCS POBHO II0 OJIHOMY pa3y, U Bce HAOOpBI [3; MOXKHO YIOPSIIOYUTh TaK,
9TOOBI TIOJIYYUTD JKEJIAEMBII TOPSI0K B TOCIEIHEM CTOJIOIE.

O

B kauecTBe ciesicTBuS TeopeMbl 2.6 MOXKHO IIpuBeCcTH Oojiee c1abblit KpUTEPU OJTHOTHI:

Teopema 2.7 (U. Cnynenxwuit). Cucmema dynryut, codepocawan 6ce 00nomecmuvie GyHKUUL) NOAHGE
moz2da u MmoaAvbko moezda, Ko2da ona codepaicum cyuLecmserHyro GyHKyUuIo, NpuHUMarouyo ece k 3naye-
HUT.

O6osnaunM depes h; ; (¢) mepecTaHoBKy 3HadeHuit ¢ u j. OueBumso, ho 1 (z) = = + jo () + J1 ().
JIerko mpoBepUTH CHPABEIINBOCTD CJIEYIONIET0 YTBEPK ICHNUSI:

Teopema 2.8 (C. ITukap). Cuaedyrowue cucmemv, nosHs, 8 P,gl):
1. {57 hO,l (.Q?),.’L‘—i—jo (SC)},
2. {h071 (IL‘),hOQ (l’),...,h07k_1 (I),I+]0 (I)}

Teopema 2.9 (kpurepuii meddepoBoctn). Pynryus f asasemea wedpeposoti mozda u MmoabKo
moezda, K020a U3 Hee MONCHO NOAYUUMD 8Ce GYNKUUL 0m 00HOT NePemMenHot, NPuHUMaAIOwue He 6oaee
k — 1 snauenus (xaacc CSy).

Zloxaszamenvcmeo. HeobxoamMocTh B JaHHOM ciaydae odeBuaHa. [loKaykeM JTOCTATOIHOCTH. I1OCKOMBKY
BCce KOHCTaHTHI npuHaiexkar CSy, dyHKius npuauMaer Bce k 3Hadennit. /lokaykem, 910 OHA CyIiie-
CTBEHHAasl OT [IPOTUBHOIO: IIyCTh OHA HE sIBJISIETCsI CYIIIECTBEHHO. BO3MOXKHBI J1Ba, CiIydast:

1. y f BOO6HL€ HET CYINECTBCHHBIX IMEPEMEHHDBIX, C/JI€J0BATEJIbHO, OHa KOHCTAHTa, YTO HEBO3MOZKHO;

2. y f poBHO OffHA CyIIIeCTBEHHAs IIEPEMEHHAs, CIeI0OBATELHO, OHA SIBJISIETCS IEPECTAHOBKOIL, TO €CTh
f € Sk = [f] C Sk u u3 Hee HeJIb3sI NONYIUTH KOHCTAHTHI.

Takum obpasom, f cymecrBennas u 1o reopeme 2.6 cucrema { f} mosnna. O
IIpumepst. Ucnons3yst kpurepuit Ciymenkoro, JT0Ka3aTh MOJHOTY B Pj HUKEMPUBOIUMBIX CHCTEM:
1. {k: -1,z — y+2,x2;y}
Pewenue. OdeBugHO, 9TO & — Y+ 2 — CyuecTBeHHas DYHKIMS, IPUHUMAIONIAsA Bee k 3Hadenmit. Jla-

nee,(k—1)° = (k—1)=0, (k—1)>20=1, 2—142=2+1 =7, 0+1 =1, 12—z = j, (z). Taxxe
€CThb BCE KOHCTAHTBI U Bee J;, t— (Y + 2)+2 =z—y, z—y— - —y=x+y = j1 (x) + -+ j1 (z) =
—_—

k-1 k—1
Ji(x), hoi(z) =z +jo (x)+ J1 (x), Takke umeercs x + jo (x). Cire10BaTEIBHO, HCXOIHAS CHCTEMA
conepxkut cucremy Codu ITukap 1 u siBisieTcs oIHO#M 110 Teopeme 2.7. O

2. {(1-2) -y+z- (1-y)}
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Pewenue. O6osnasmm f (z,y) = (1-2) -y +T - (1-y).
[, x) =jo (@), f (2, jo(x) =, jo(f (o (x),2)) =0,
[0, 2) =2+ jo(z), f((z),2)=hoa (),

nosyaena cucrema Codu [Tukap 1. B To ke BpeMst hyHKIHS CYIIECTBEHHO 3aBUCUT OT OOEUX Iepe-
MEHHBIX U IPUHUMAET Bce k 3HAYUEHUil, CeI0BaTeIbHO, aBsgeTcs meddeposoit o Teopeme 2.7. [

3. {j2 (x),x+y2,x~y+1}
Pewenue. @yuxnust ¢ -y + 1 — cymecrBennas u npunumaer Bee k s3uadenuii. Hanee, js (jo (z)) =

0, 0:0+1=1, 2+ 12 = 7, orkyma MOxHO TOMyInuThb Bee j; (), = + ji () = x + jo (z), = +
32 (x) + - + 4% () +jo (z) = ho (). CrenoBarenbo, nexommas cucrema cogep:kut cucremy Co-

k—1
du [lukap 1 u gBisieTcs MOIHOI 110 Teopeme 2.7. O

4. {xiy, (~a)— y}

Pewenue. YceueHHasi pa3HOCTh sIBJISETCs CyIIECTBEHHON (DyHKIMeH, IpuHUMAIOIeil Bce k 3Hade-

unit. anee, z—2 =0, (~0)—0=k—1, (k—1)—y=~vy, (~(~2))—y=2—y, 2—Yy— —y =
—_—
k—1
r+y, (.(z=1)—-)1=jr1(x), 0—(k—1)=1, x + 1 = 7, cremoBaTeabHO ecThb Bee Jj; (),
——
k—2

a, CIIeJj0BaTesIbHO, eCTh U = + jo (), 1 ho1 (x) = 2 + jo (@) + j1 (z) + - - - + j1 (z). CrenoBarensHo,

k—1
ucxonHast cucreMa cogepxkut cucremy Codu [lukap 1 u sBisiercs mosHO# o Teopeme 2.7. 0

5. {j1 (),T —y, 22 —y}

Pewenue. Oyukims T — Yy ABISETCS CyIMIECTBEHHON U npuauMaeT Bce k 3uadvenuii. lasee, T — x =
1, 12—-1=0, T — 0 = T, CIeJ0BATEIbHO, HOJYIEHB BCE KOHCTAHTBI, CyMMbI BHIA T + 1 U j; (z),

z—y—-—y=x+y, ho1(x) = x+ jo(z) + j1 (x) + -+ j1 (z). CienoBaresbHo, nCXogHAS
—_—
k—1 k—1
cucrema conepxkut cucremy Codu ITukap 1 w siBgercs momHoO# o Teopeme 2.7. O

6. {Z,j0 (x),z -y}

Pewenue. IIponssenenne siBasercs CyrecTBeHHON byHKINEH, TPUHAMAIOINIEH Bce k 3HAYEHUN. X -
Jo () = 0, ciaenoBaresbHO, €CTh Bce KOHCTAHTHI U Bee J; (x). Hasee pacemorpum dyHKIuo

f)=0+@-1h )0+ @-1)j2 () 1+ @ —1) k1 (2))

U 3aMeTHM, 4TO OHA PaBHAa Kak pa3 ¥ + jo (z). Ocramocs ysuners, ato ho1 () = f (x) - jo (j1 (2))-
CuenosaresbHo, ncxoqHas cucreMa cofep:kut cucremy Cocdu Ilukap 1 u siBIgeTCs IOTHOM MO Teo-
peme 2.7. O
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Vipaskuenus. Vcnonssys kpurepuit CIIyTernKoro, [OKa3aTh TOMHOTY B Py HIKETPHBOIAMBIX CHCTEM:
L {z 1, (z+Jo () - (17y) + (172) - (y — jr (2)) )3
2.z jo(x —y) + (z —j1 (@) - Jo () +y - Jo () };
3. jo(x—y)+x-joy)+ @ —j1(x) -1 (W}
4 Az jo (y) +Jo (@) - (y+ o (y) = j1 (¥) + 41 (=) - (= Jo (W) };

5. {7 Jjo () + j1 (@) - (y + Jo (y)) + 41 (y) - (J2 (z) — j1 ()}

2.4 (OcobeHHOCT MHOTO3HAYHBIX JIOTUK

IlpencraBienne dyHKIUU k-3HAYHONW JIOTMKHU IOJIMHOMaMmu. PaccmarpuBaiorcs QyHKIUN k-
3HAYHON JIoruKy npu k > 3 U ucciemyercss BOIpoc 00 WX MPEICTABUMOCTH MOJUHOMAaMu. VI3BeCcTHO, 9TO
ecim f (Z™) = 0, TO ee MOXKHO TPEJICTABUTH BO BTOPOH hopme:

f(fn) = Z f(alv"'van) 'jal (xl)’jag (IQ)jo/ﬂ (In)-
(aegyeny0ep)

flai,...,an)#0

U3 sroro ciezyer, 9To ey Bee j; MPeJICTaBUTh MoaMHOMaMu, TO f (T™) TaKKe [IPeJCTaBUTCS OJIMHOMOM.
OueBnHo, cipaBesyInBo 1 06paTHOE, TO ecTh Vi € Pol & Vj; (z) € Pol, a nockonsky j; (z) = jo (x — 1),
TO 3aJla4a [IPEJICTABUMOCTH [TOJIMHOMOM JIFO0OH (DYHKIUU CBOIUTCS K 3aJade MPeJCTaBUMOCTH jo. Llosm-
HOM (byHKIUU onHOro nepeMentoro f (r) =ag+ a1z + -+ ak_lxk_l MOZKHO IBITATbCA HANTU METOI0OM
HEOIIPEIEIEHHBIX KOI(DMUITNEHTOB:

ap :f(o)’
apg+ayp+as+---+ap_q =f
ap+a1s+ags? + - +ap_1587! = f(s),

D710 — NuHelHAS cucTeMa k ypaBHEHUN ¢ k HEM3BECTHBIMU, MATPUIIA, KOTOPOH sBjIsieTcst Marpuileit Bax-
JepMOHIA:

1 12 . 1k-1
2 22 . k=1
k—1 (k—1) (k—1)F?
Ompefesinresib 9TOM MATPUIIBI PABEH I (1 —7) (mod k) u ormyeHn or Hyss IPH OPOCTHIX k.

0<j<i<k—1
Tomnyuanm jo (z) npu npocteix k.

Teopema 2.10 (II. ®epma, mamast). ITycmo p — npocmoe. Toz2da dasn mobozo a makxozo, wmo 1 < a <
p — 1 evnoanaemes a?~* =1 (mod p).
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Joxazameavcmeo. Bce paBeHcTBa B JaJIbHEHIIIEM IOIPA3yMEBAIOTCS 110 MOYJIO p. IlycTs a ymoBierso-

psieT YCJIoBHIO TeopeMbl. Paccmorpum HaGop wuces Buga a - 1,a - 2,...,a - (p — 1). OgyeBugno, onu Bce
Pa3IMYHLI U He paBHBI HYJIO. B TO Ke BpeMsl CpeIu HUX COJEepPrKAaTCs B KAKOM-TO IIOPsiKe BCe JhCia
1,2,...,p — 1 (1o momymo p). Iepemuozkum ux Beex u nomyunm aP~!(p—1)! = (p—1)! (mod p) =
a?~' =1 (mod p). O

ITo Teopeme 2.10 meTpyaHO COOOPA3NUTH, KAK IIPU IIPOCTHIX 3HAYEHUIX kK = p OyIeT BBINVISAETH ITOJIMHOM
nuist byskmn jo (2): jo (v) = 1—2P~ 1. Takum 06pa3om, MOTyHIeHO, 9TO TIPU TPOCTHIX 3HAYCHHUSX k Jr0bast
BYHKIMS TPeICTaBUMa, [IOJTHHOMOM.

ITycts reneps k — cocrasuoe. JlokazkeM pe3yJibTaT OT IPOTUBHOIO: IyCTh jo () = ag+a1x+- - -+ asz°.
TOI‘,ZLajo(O) =1=a9=1. 1_Iy(1T1307é kq | kﬁjo(kl) = 1+a1k‘1+~~~+askf =0=a1k1+ - --+as f:
k—1= ki | k— 1, uero me moxker 6piTb npu k > 3. OObeIUHATH JBA IIOJYYEHHBIX BBIIIE PE3yJIbTATa
MOYKHO B CJIEJIYIOIIEl TeopeMe.

Teopema 2.11. Kaacc gynruut, npedcmasumvir NOAUHOMAMU NOAOK M0206 U MOoAbKO Mmozda, k020a k
— npocmoe.

Teopembl 0 3aMKHYTBIX KJjaccaX B P, ipu k > 3. B P, 11060i1 3aMKHYTBII KJIaCC TMEET KOHEUHBII
6a3uc, CiIeI0BATEIFHO, 3aMKHYTBIX KJIaccoB B P, — cuernoe muoxkectBo. B P, mpu k > 3 curyanus
COBEPIIIEHHO JIpyTasi.

Teopema 2.12 (dAuoB). B Py npu k > 3 cywecmeyem samkrymold kaacc, He umerowul 6a3uca.

Hoxasameavcmeo. Tlocrpoum sror kiace. OupeiesnM NOCIEI0BATEILHOCTD (DYHKIMA CJEIYIONIM 00-
pasom: fo =0, g i = 1,00

1 Tl :$2:~'-:$i:2,
fi=fi(z1, ..., 2i) =
0 wunHawve.
F=Afo, f1, -+, fm,-- -} Paccmorpum Bce dbyHKIMHU, IOdyIaeMble U3 ITUX [EPEUMEHOBAHUEM [I€PEMEH-

HBIX 0€3 OTOXKIECTBIICHNS, 9TO MHOKECTBO 0003Ha1InM M. JlokazKkeM 10 HHAYKIUH, 9TO Kracc M 3aMKHYT.
Hust © = 1 aT0 oueBumno. IlycTh Temepb 3TO BEpHO s © < N, JOKaKeM i ¢ = n + 1. Pacemorpum
f(@q,...,2,). Ec cpenu Ay, ..., 2A; ectb x0Ts1 GBI 071HA hopMyJIa, TO DYHKIUS ABISETCS TOXKIECTBEH-
HBIM HyJIeM U npuHagexxuT M. Eciu ke Bce 2|; pa3imJnble IepeMeHHble, TO DYHKITUSA TTOIyvYaeTcs U3
HEKOTOPOIt (byHKIMN F ImepenMeHOBAHUEM IIEPEMEHHBIX 0€3 0TOXKIECTBJIEHUs, TO €CTh NpUHAIeRKuT M.

ITpenmonoxum, aro y M cymecrsyer 6a3uc. Torna B HeM cymectByer GyHKIus f (Y1, . . ., Yn, ), IMEIO-
masi HAUMEHbITee YUCJIO CYNEeCTBEHHBIX TIEPEMEHHBIX No Cpen Becex pyHKIuil 6asuca. Toraa BO3MOKHDI
JIBA PA3JIMYHBIX CJIydasl.

1. Cymecrsyer eme onua dbyuxiws f (U1, ..., Uy ), 3ABUCIIAS OT N 2> N CYIIECTBEHHBIX II€PEMEHHDIX.
Torna epsyio OYHKIMIO MOXKHO MOJIyIUTh U3 ITOH IIepeMEeHOBAHUEM IIEPEMEHHBIX C OTOXKIeCTBJIE-
HUEM.

2. B b6azuce onna dyukrus. Ecan 1o xoncranta 0, To 370 He 6a3mC, CIeI0BATENbHO, OHA JOJKHA
UMeTh CyIIeCTBEHHBbIE IepeMeHHble. B aroMm ciyvae jobas cynepuosunust f (Aq,...,%2,), conep-
Kamas OpMyJIbl HA MECTaX MEePEMEHHBIX, PEAn3yeT TOXKJIECTBEHHBI HOJb, a HE COJepIKallasi
dopmyIbl, 3aBUCHT He Oojiee, Ye€M OT M MEPEMEHHBIX, TO €CTh CYIEPIO3UIUAMU HEJIb3sT IOy IUTh
GYHKIHIIO f,, CYIIECTBEHHO 3aBUCHIILYIO OT M > N I€PEMEHHBIX.
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O

Teopema 2.13 (Myunuk). B Py npu k > 3 cywecmasyem 3amMKHymoiil KAGCC CO CHEMHBLM OAZUCOM.

Joxazamenavcmeo. Tocrpoum aror kuace. Ilycrs F = {fq, f3,..., fi,...}, Tae
- 1 xl:x2:"':1’j71:1'j+1:"':xi:27l'j:]-»j:]-»i
f,' (Il,...7l‘z) =
0 wunave.
Paccemorpum 3ambikanue M = [F|. Hokaxkem, uro F — 6asuc. Heiicrurensuo, F nonna B M. Tlokaxem,
yTo u3 F Helb3d yuaJuTh Hu opHy u3 byskuwii. IIycrs mis m # n cymecryer fp (z1,...,T,) =
fm (A1, ..., 2,;,). Boamoxkusl Tpu ciryuast:

1. Cpenu 2; ectb xoTst 661 1Be hopmysbl. Torga onn obe npuHuMaioT 3uadenns 0 u 1 u

fm Ay, ) =0

), HO fpn (21,...,2,) &% 0. IIporusopeune.

2. Cpemu 2; ectb poBHO omsa ¢opmyda. Torma mpu m > 2 CyliecTrByeT MeCTO, IJI€é €CTh CHMBOJI
nepementoit r;, 1 <1 < n. Torga va Habope x; = 1,2, =2 (I #1) fn =1, fi = 0. IIpoTuBopeune.

3. Bee 2; cyTh cuMmBoUIbI iepeMeHHbIX. Torma fyist m > n BBUJY CYIIECTBEHHOCTH KAXK IOl epeMeHHO
fn Henm30eKHBI IOBTOPBI, U eCTh JBa Mecta ¢ x;. Ha nabope x; = 1,2, =2 (1 #1) fro =1, frn = 0.
IIpoTuBopeune.

O

ITocTpoeHHnbIit B TeopeMe 2.13 3aMKHYTBIN KJIacC HEe HMeeT KOHEYHBIX 6a3ncos. V3 xofa IToKasaTelb-
CTBa BUJIHO, 9TO €Cu B3ATh GeckoHewnyio cucremy F' = {f;, fi,,---, fi.,-..}, TO 3aMKHYTBIH KJacc
M’ = [F'] 6yner umernb Takxke cdeTHbIH 6azuc F', TO €CTh pasHbIe TOIOCIEI0BATEILHOCTH JF IIOPOKIa-
10T pasHble 3aMKHYTBIE KJjIacchl. TakuM 06pa30M, CIIPaBeJINBO CIeIyIOMee yTBEP:K ICHNE.

Caencrsue 2.4.1 (u3 reopembr 2.13). Jucao samrrymux xaaccos 6 Py npu k > 3 pasro xonmunyym.

IIpumepsi.
1. Paznoxuts B mosmaOM 110 MOyti0 k dyuknuoo f u3 Py:

(a) f=2r-2% k=5

01 2 2 4 .
Pewerue. Dta byHKIUSA 3a72€T HTOICTAHOBKY 0100 2/ IIpeacraBum ee Bo BTOpPOit
dopme: 20—z* = ji (2) + 2ja (x) = jo(z — 1) + 2jo(x —4) = jo( — 1) + 2jo(z+1) = 1 -

(z—1)"+2-2(@—4)" =3 —2* +423 — 622 + 40 — 1 — 22* — 823 — 1227 — 8z — 2 =
2t 4+ 23 + 222 + z. O

(b) f:maX(Qx;y,x-y),kzii
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Pewenue. Tabmmra 3Toit GyHKIMN TMeEET CASTYIONNNA BT

Tenepb JIerKo BUIETD, UTO 9Ta (yHKIM IPOCTO pasHA Ty + 2xjo (y) = zy + 2z (1 — y?)

o

xy? + xy + 2.
(¢) f=min (xQ,y) k=3
Pewenue. Tabmura 3Toit GyHKIIN TMeEET CASTYIONNNH BUT;:
Teneps JeTKO BUIETH, 9TO 3Ta (yHKIUA TIPOCTO paBHa 2y2. O

2. BpisicHUTB, IpeICTABIMA JIU TOJTMHOMOM 110 MOy o k dyukmusa f u3 Py, ecu:
(@) f=2(1(x)+ Ja(x)), k=06

01 2 2 45
0 40040

neHei 1o MOy JIIO 6c TeM, 9ITOOBI OI'PaHUYIUTDL CTEIIeHb MCKOMOI'O IIOJIMHOMA:

Pewerue. Dta QyHKIHUS 33/10€T TOJICTAHOBKY ( ) . Beimumiem tabimuky cre-

x [0 1 23 45
L1711 1111
201 2 3 45
{0 1 4 3 41
2?01 23 45

Jlerko BHUETH, YTO HaUMHAs C KyOOB BCe CTEIEHU IIOBTOPSIIOT CTOSIIIIUE HA JIB€ CTPOKHU BBI-
tre. Ciie/10BATEIBHO, JIOCTATOTHO OIPAHIIATHC KBapaTaMu. [I0CKOIbKY (DYHKINS COXpaHsIeT
HOJIb, UCKATH ee TIOUHOM OyjieM B Buje az? + bx. PemuM cooTBeTCTBYIONIYIO CUCTeMY JIHHel-
HBIX YpaBHEHUII:

1 1]4 1 1]4
24100 02id ey a=2b=2
33[0 ~0 00~ o =070 "
4 404 0 0]0 a=en=y
5 010 0 2|4
Taxum obpaszoM, f () = 222 + 22 = 522 + 52 npu k = 6. O

(b) f = (max (z,y) — min (z,))° k= 4
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Pewerue. Ecmn z > y, T0 BbIpakeHne B CKOOKax PaBHO T — Y, HHAYE OHO PABHO Y — &, HO
B JIIOOOM ClIydae ero KBaJpar paseH (T — y)2 =22 - 2zy+y? = 22+ (k—2) 2y + 92, npn
k = 4: 22 + 22y + y2. 3ameruM, uTo naHHAs (PYHKIMS IIPEICTABIMA, HOJMHOMOM IIPH JIIOGOM
3HaveHuu k. O

f=3jo(x), k=6

01 2 2 4 5
Pewenue. Dra GyHKIMA 3a1a€T MOJICTAHOBKY 0400 4 0) Kak 6b110 1I0Ka3aHO B
npuMepe 2a, JOCTATOYHO OMPAHUYMTLCA KBajparamu. Takxke, nockosubky f (0) = 3, nosuaom
IMeeT CMBICJ HCKATh B BHAE 3 + ar + br?. PemmM COOTBETCTBYIOILYIO CHCTEMY JIHHEHHLIX

YPaBHEHU:

1 113 1 113
2 410 0 210
3 3|0 ~0 013
4 410 0 00
5 010 0 2|3
Tperbst cTpOUKa MOKA3BIBAET, UTO PEIICHUI HET. 0

3. Jlokazarh, 9TO TPUBOAMMBIE HUXKE CUCTEMBI TTOJHBI B P TOT/Ia U TOJBKO TOT/A, KOTaa k — MPOCTOe

YUCJI0:

(a)

()

{L,z+y+az-z}

Pewerue. O4ueBuIHO, ITO IIPU COCTABHBIX k CUCTEMA He TOJTHA, TaK KAK COCTOUT U3 ITOJIMHOMOB.

IIpu k = 2 cucrema coxpaHsieT eIUMHUILY, TAK UTO B JaJibHeNIeM k — IPOCTOe W HEUYETHOE.

Nveem 1+y+1-1=y+2, +2+---+2 =x+1. I3 370ro MOXKHO MOJIyINTHh BCE KOHCTAHTHI,
pi1

z+y+z-0=z+y, 2+0+z-y=xz(y+1), z(y+(k—1)+1) = zz. Iouyuen 6azuc

CHCTEMBI ITOJIMTHOMOB — YMHOXKEHUE, CJIOKEHNe U KOHCTAHTa 1, Ce0BaTebHO, IIPU IPOCTHIX

k cucrema moJIHA. O

{m—y+1,x2—y,x-y2}

Pewenue. TlockonbKy Bce TpeACTABIEHHBIE B cucTeMe (DYHKIIUA — IOJUHOMBI, OHA HE IOJ-
Ha [IpU COCTAaBHBIX 3HadeHusix k. [Ipm k = 2 cucrema mojHa, Tak Kak IepBasi (pyHKIUs He
COXpaHsIeT HOJIb, He CAMOJBOWCTBEHHAsl U HEe MOHOTOHHAsl, BTOPasi HE COXPAHSET eIUHUILY, &
TpeTbsl HeJIMHEWHasl, TaK 9TO B majbHeiinem k mpocroe u HedeTHoe. Umeem z — x + 1 =
1,12-1=0, 2 — 0+ 1 = x + 1, ciegoBaTeILHO, €CTh BCE KOHCTAHTHI U BCe (DYHKIINU BHIA
x+1. Teneps nonyuaem dynkuuio z+(k—1)y+1+---+(k—1)y+1=z+y+k—1, orxyuna

k-1
z+y+14+k—1=2x+y. Hauee, 1-22 = 22, (x+y)2—(x2 +y2) =2zy, 2zxy + - + 22y = xY.
—_————

k+1

2
[Toy4aen 6a3uc cucTeMbI IOJMHOMOB — YMHOXKEHUE, CJI0YKEeHNEe U KOHCTAHTA 1, CJIeJI0BATENHHO,

IIPHU MIPOCTBIX Kk CHCTEMAa IOJTHA. O

{1+z1—224+ a1 22 T4}
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Pewenue. TTockombKy Bce TpeICTABICHHBIE B cHCTeMe (DYHKIIMUA — MOJUHOMBI, OHA HE TTOJTHA
[PH COCTABHBIX 3Havenusx k. B nampreiinem k mpocroe. Umeem, 1 + 2 — x4+ a2 =2+ 1, 1+
=T+ Tz (x+(k—1)=0, I1+z1—2o+x122-0---0=1421 —29, 1 +21—(22+1) =

T1—To, T1—Tg — +++ — To = X1+To, 1+xr1—1421-1---1-20 = x14+T122, T1+T1T2—T1 = T1T2.
—_—
k—1
Tlonyden 6a3uc cucTeMbl TOJIMHOMOB — YMHOYKEHUE, CJIOYKEHIE M KOHCTaHTa 1, CJIeIOBATEIHHO,
[IpU TIPOCTHIX k cHCTeMa IOJTHA. O
YanpaXHeHus.

1. Pazjoxurh B mosmHOM 110 MoyJt0 k dpyukuuo f usz Py:

(g) f =j2 (2 —2?),k — npousBOIBLHOE IPOCTOE THCIO.

2. BbIsicHUTB, [IPeICTABUMA JIU IIOJTMHOMOM 110 MOy it0 k (yukius f us Py, eciu:
(a) f=3w-22%k=4;
(b) f= (z;y) “y, k=4

3. Jlokazarh, 9TO MPUBOAMMBIE HMKE CHCTEMBI TIOJIHBLI B P, TOTMa M TOJIBKO TOTIA, KOraa k — IIPOCTOe
9HUCIIO:



124 I'JIABA 2. KOHEYHO3BHAYHBIE JIOI'UKU



I'maBa 3

Teopusi aJlropuTMOB 1 PEKypPCHUBHbBIE
P yHKITIU

3.1 Mamnmunubsl ThropuHTa

3.2 Kuiacchl 4aCTUYHO PEeKYPCUBHBIX, PEKYPCUBHBIX U IPUMUTUB-
HO PEKYyPCUBHBIX PYyHKIIHUI

3.3 ®opmyaa Kaunan
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JleTrepMuHUpPOBAHHbIE N OI'PAHMYEHHO
JeTepMIHIPOBaHHBbIE (DYHKIINN

4.1 OcHoBHBIE IOHATUA U oripeaeJjieHnd
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4.3 Tlonable cucreMbl
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KoHeuynble moad un
CaMOKOPPEKTUPYIoIInecss KOAbI
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5.3 MaxkcumaJjibHbIEe 1IeaJibl

5.4 XapaKTepuCTUKa KOJIbIa 1 MOJId
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