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1 Teopembl cyIiecTBOBaHUsA

Onpedeaernue. MuoxkectBo M Ha3bIBaeTCSI MEMPUUECKUM NPOCTPAHCMGOM, €CIH HA HEM
3a/1aHo0 oToOpazkenue p: M x M — ]R{}r, Ha3bIBaEMOE Mempukroti U YAOBIETBOPSIONIEe TPEM
AKCHOMAM:

1) p(u,v) = p(v,u) VYu,v € M (CHUMMETPHYHOCTB);
2) plu+v,w) < plu,w) + p(v,w) Yu,v,w € M (HepaBEHCTBO TPEYTOJbHUKA);
3) plu,v) = 0Vu,v € M, p(u,v) =0 < u = v (HEOTPUIATEIHHOCTD).

Ynpaotcnenue 1 (3). llpusecru npumepsr DyHKIMIA, He JocTHrAIONHX inf HA 3AMKHYTOM,
HO He OI'DaHNYeHHOM MHOXKeCTBe M OIDAHHYeHHOM, HO HE3aMKHYTOM MHOYKECTBe.

Onpedenenue. Tlocesoparenbuocts {uy} crodumea no mempure p (uy, = u) B MeTpH-
geckoM npoctpancrse M, ecou p(ug, u) — 0 npu k — oo.

B jgajbHeiineM B METPUYECKHX MPOCTPAHCTBAX €CJIH U LA U, TO OyJeM TOBOPHUTH, 4TO
MOCJIeIOBATEILHOCTD { Uy} CXOMUTCS K u, a u Oy/eM Ha3bIBaTh MpeaeaoM {uy}.

Onpedenerue. IlocieoBaTebHOCTb {ug } Ha3bIBaCTCS HYHIGMEHMAALHOT, €CITH

p(”iv“j) —0 npu ¢, j — 00.

Onpedeaernue. Merpudeckoe npocTpancTBO M HA3BIBACTCA N0AHbILM, €CJIH JTI00asd dyH-
JIAMEHTAJIbHAA OCIEI0BATEIbHOCTD B 9TOM HPOCTPAHCTBE CXOAUTCs K djieMeHTy u3 M.
[Ipumepbl TOJHBIX TPOCTPAHCTB:

1. M =R" — MeTpuueckoe IpoCTPAHCTBO ¢ METPUKOM

plu,v) = [lu = vllga =

2. M = Cla, b] — MHOXKeCTBO HelpephIBHBIX Ha [a, b] hyHKIHIT — MeTpHIECKOe TPOCTPAH-
CTBO ¢ METPUKOU

p(f,9) = max |f(z) — g(z)].
a<ze<b
Onpedenenue. Oyuxnus J(u) nHaspiBaercs nenpepuenol |nosynenpepusnot cnusy| (no-
AYHENPEPUBHOT CEEPTY) B TOUKE Uy, €CJIU i JIIODOH CXOAsIeiica K Uy MOC/IeI0BATENLHO-

cru snementoB {ug} w3 U cymecrByer mpejes klim J(ug) = J(up) | Lm J(ug) = J(up)

k—oo
(k@ J(ug) < J(u0)> (em. pue. 1.)

Onpedeaerue. Muoxectso U masbiBaercst komnaxmuoim (p-komnaxmom) B M, eciu y
moboit mocaenoBarenpuoctu {ug w3 U cymectsyer cxofgmascs K smementy u3 U nommociie-
JOBATEIBHOCTD {Ug,, }.

3ameuwarue. B koneanomeprom npocrpancrse (R™) muokecrBo U KOMIAKTHO TOrma
TOJIBKO TOIJIa, KOT/Ia OHO 3aMKHYTO M OrDaHn4eHo. B GecKOHeYHOMEPHBIX IIPOCTPAHCTBAX JKe
3aMKHYTOCTb H OTPAHHYEHHOCTH SBJIAIOTCS JTHIIb HEOOXOJUMBIMH YCIOBUSMI KOMIAKTHOCTH.
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J(u), J(u),
Uo ‘U Uo ‘U
HEIIPEPBIBHOCTH TIOJIy HEIIPEPBIBHOCTb CHHU3Y
J(u) J(u),
Uo VU Uo 'u

MOJIyHEeIPePLIBHOCTb CBEPXY HeIpepbIBHOCTH HET

Puc. 1: K onpejie/ieHuI0 BUJI0B HENPEPHIBHOCTH.

Bseiém psji 0603HaUeHN, KOTOPBIME MBI OyJIeM I10JIb30BaThbCs HA MIPOTAXKEHUH BCETIO Ky -
ca. llycrs J(u) - uccireayemast Ha 9KCTPEMATBLHOCTD (DYHKITHS; TOTIA

J(u) — inf, w € U € M(ocHoBHAsA 33/1a%1a)

inf J(u) = J,, supJ(u)=J"

uelU weU
U.={veUlJ(v) = J.};

u, = argmin J(u) € U,.
ueU
JloroBopumMcs, 4TO B jajibHeiinieM OyjaeM paccMaTpBaTh TOJABKO 3a7a9W MHUHUMHU3AINNT;
MaKCHUMH3AIAI CBOINTCA K 3TOI 3amade 3aMenoit J ma—J.

Teopema 1 (Merpuueckuii BapuaHT Teopembl Beitepinrpacca). Ilyems M — mempuueckoe
npocmpancmeo, muootcecmeo U C M — komnarm, pynxyua J(u) nosynenpepuena chusy 1a

U. Toeda:
1) J. > —o0;
2) U, # @;

J(u) — J. npn k — oo,

w €U caedyem, wmo p(uy, Uy) — 0.

3) us moeo, wmo {
okasamenvcmeo.

TTo oupeeneHnto TOUHON HUKHEH rpann J, (KoTopast B 00IIeM CJiydae MOKeT PaBHIThCS
u —oo) cymecryer nocaenoparenbrocth {uy} C U rmakas, aro J(ux) — J, npu k — oo.
Tak kak U — KOMIIAKT, TO y TOH 1IOCJI€I0BATEILHOCTH CYIIECTBYET MOJIIOCJEI0BATEIbHOCTD



{ug,, } Takas, aro ug,, — u € U npu m — oo. Torga u3 noiaysenpepbBaocT J(u) CHU3Y B
9TOHU TOYKE U CJIeJyeT, 9TOo

—o00 < J(u) < lim J(ug, ) = {rk. {ug, } o/o-te {ux}} = khjglo J(ug) = J,.

m—0o0

Takum obpazom, J, koneano (J, > —o00).
U3 roro, yro u € U u J(u) < J, caeayer, uyro u € U, # &. Cuegobarensuo U, # .
JlokazkeM Tenepb TpeThe YTBEPZKIEHHE OT HPOTUBHOrO. IIpeamosokum, 9To CyImecTByer
noJnocaeoBareabHocTb {ug,  rakast, 1410 p(uy,, , Us) = po > 0. Tak kak U — KoMnaxr, 10 y
9TOM TOMOCEI0BATEIBbHOCTH CYIIECTBYET “MOJIIIO/IIOC/IeI0BATEThHOCTD {ukm} TaKast, 9To

l—o0 .
p(uy,,,,u) — 0 aas nexoroporo u (u € U). Orciona, ¢ yuérom nosyuneupepbisnocrs J(u)
CHU3Y, IMeeM:

J(u) < lim J(uy,, ) = klim J(ug) = J,.

l—oo o0

To ects g5 Toukn u € U,

p(ug,, , Us) = 1161[fI p(Ug,, , us) < p(Ug,, ,w) — 0 upu [ — oo.
Uk *

[Monyuertoe nporuBopedne (TMOIMOCTEIOBATEILHOCTD CXOIUTCS K HYJIO, TOIJIA KakK Ca-

Ma TOCJIe0BATEIBHOCTD OTJIEIEHA OT HYJIsl HOJIOKUTETBHBIM pg) 3aBEPIIAET JIOKA3ATEIbCTBO

TPeThero yrBepzjienus. TeopeMa MOJIHOCTBIO JIOKA3aHA. O

Onpedeaernue. 3aga4au, ynoBaerBopsoniue yeaosusm (BeiBogam) Teopembl 1 HazbIBaoT
KOPPEKMHO NOCMABAEHHbLMU B METPUIECKOM TpocTpaHcTBe M.

Ynpaowcnenue 2 (3). doxasars, aro B Cla, b exuanuansiit map U = {||f|o < 1} as-
JIdeTCd 3aMKHYTBIM U OTPDaHUYEHHBIM MHOXKECTBOM, HO TIPHU 9TOM KOMITaKTOM HE ABJIACTCA.

(Hamomuum, aro MeTpuka ||-||c mast orpeska [a, b] onpenensercs kax || f(z)||c = m[a)g] |f(x)].)
xE|a,
ITpumep. (xorga muokectBo U He KommakT u Teopema 1 He mpuMeHnMa)

M = C[-1,1],p(f,9) = max |f(t) —g@)| = [|f = gllc, U ={llfllc <1},

—1t<1

0 1

YGRS WO FOLE

-1

U orpaHuveHo u 3aMKHYTO, HO HE ABISETCS KOMIAKTOM (cM. Ynpaxkuenue 2); J(u) — Henpe-

PhIBEH:
0

() = T@I < [170) = gl de+ [17(0) ~ a0l dt <2 f ~ gl

-1

(to ectb mazke Jlummmi-senpepbiBer ¢ kKoHcTauToi 2). Ho B Toxke Bpemst MuHHMYyM (DyHK-

monasta J(u) paen J, = —2 = J(u,) W, KaK JErKO BUJETh, JAOCTHTaeTcss Ha (DyHKIHHU
(eMm. puc. 2):
-1, —-1<t<0
“*(t>_{ 1 0<t<1
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Puc. 2: u,(t)

KOTOpast, 04eBHIHO, He mpuHaexkut Kiaccy C[—1, 1], To ecth MHOKecTBO U, mMycTo.

ITpumep. (xorga muokecTBo U He KoMIakT, HO inf jgocTuraercs)
1

Bospmém B mpeapayiieM npuMepe B Kadecrse dyukumonana J(f) = [ f(t)dt. Torna
21
Jo=-2 U, ={u.} # 3, u, = u.(t) = -1 € U.
Onpedeaenue. Jluneiinoe upocTpancTBO L HA3LIBACTCA HOPMUPOSAHHLM, €CJIA CYLICCTBY-
er takast pynxuus ||ul| : L — R, naznisaemast nopmot, aro:

1) ||eu|| = |a|-|lu]| VYu € L,Va € R (reorpunarenbHas 0IHOPOTHOCTS);
2) Ju+ vl < |lu|l + |lv]] Vu,v € L (mepaBeHCTBO TpeyroJbHUKA);
3) |lul] = 0Vu € L, ||ul]| =0 < u =0 (meorpuraTeabHOCTD).

Ecau B iyukTe 3) BbimosaeHo juiib yeaoue u = 0 = ||u| = 0, To ||u|| mazsiBaoT noiyropmot.
Onpedeaenue. Muoxecrso U HazbiBaeTcs orpanumdeHHbIM B M, ecam cyriecTByer
uy € M u R < 0 Takue, uto mis Beex u u3 U Boinosnsiercst yeaosue p(u, ug) < R.
Onpedenernue. Hopmuposanuoe juneitnoe mpoctpanctso L, mojiHOe OTHOCHTEILHO MeT-
puku p(u,v) = ||u — v||, Ha3BIBaETCA OAHATOBHIM.
Onpedenenue. Jluneitnoe mpoctpancTso L HazbiBaeTcs e6k.audosbim, €CIU Ha HEM 33,aHO

ckaaaproe npoussedenue (u,v) : L x L — R
1) (u,v) = (v,u) VYu,v € L (cuMMeTPHIHOCTD);
2) (u+v,w) = (u,w) + (v,w) Yu,v,w € L (uneiinas aIUTHBHOCTD);

)
)

3) (au,v) = a(u,v) Vu,v € L,Va € R (n1uneiinas oJHOPOJHOCTD);
)

4) (u,u) 20, (u,u) =0 < u =0 (HEOTPUIATETHLHOCTD).
B m060M eBKINI0BOM MpocTpancTse ||ul| = /(u, u) sBasiercst HopMmoii (eskaudosod nopmot),
a p(u,v) = ||[u — v|| — MeTpuKoii.

Onpedeaernue. EBkanaoso npocrpancTBo H, moaHOE OTHOCUTEIHHO METPUKH

p(u,v) = v/ (u—v,u—v)y,

Ha3bIBaeTCAa 2uavbepmosvim. B nanbueitnem 0yksoit H Oygxem obo3na4daTh ruabbepToBhI MPO-
CTpaHCTBA.



Ynpaotwcnenue 3 (3). Jokazars, uro Cla,b] sBasercs eBKIANIOBBIM IPOCTPAHCTBOM CO
b

CKaJISIPHBIM Tpou3sesenneM (u,v) = [u(t)v(t) dt, HO He SBJIsAETCS MUIBOEPTOBBIM.
a

ITpumep. (orpaHuveHHOE 3aMKHYTOE MHOYKECTBO B I'HJIBLOEPTOBOM OECKOHETHOMEPHOM
IPOCTPAHCTBE, He SBJISIOIIEecst KOMIAKTOM) B 1r060M GeCKOHETHOMEPHOM THIBOPETOBOM MPO-
crparctse exuanaabi map U = {u € H : ||u||g < 1} ne aBasgerca kommakTom.

I neficrBuTesibHO, BO3BMEM JTH06YI0 OPTOHOPMUPOBAHHYIO cucreMy {ex e, (31ech BazxeH
dakT GeCKOHETHOMEPHOCTH MpoCTpaHCTBa). Tak Kak HOpMa €j, paBHa eaunuIe, T0 € € U. B
caydae, Koraa k # m, umMeeMm:

ler — emllf = (ex — emyer — em) =1 —2 (e, em) +1=2.

Orcrona cieayer, 9To MOCIeI0BATEIhHOCTE {€ey} He sBisiercs byHIaMeHTaTbHON, cJej1o-
BaTe/JIbHO, HUKAKadA €€ IOJIIOCIe0BATEIbHOCTh TaKKe He aBjideTcd (yHIaMeHTAJIbHO.
[IpuMepbl THALOEPTOBBIX MPOCTPAHCTB:

1. H=R" (u,v) = > wvy;
i=1

2. H=12 u=(up,ug,...,U,-..), uelQ@Zu < 00, {u,v) = > uvg;

=1

3. H = L3(a,b) — zambikanue kjacca Cla, b] no nopme |lullg: = f |u(t)|? dt — aBasiercs

ruL6epTOBLIM pocTpancTBoM. (Bo3MOXKHO ajibrepHaTHBHOE ONpejeienne Kiaacca L2:
MHOKECTBO u3Mepumbix 1o Jlebery na (a,b) dynkumii f(t) Takux, uro f?(t) unrerpu-
pyemsl Ha (a,b) mo Jlebery).

Ynpaotcnenue 4 (5). dokasars, uro “I'mianbepros xkupnuy” 1, U = {x € 12 | |z,| < 2%}, —
KOMIIAKT B 5.

HpI/IBeﬂeM npuMep KOMaKTHOI'O MHO2KECTBA B HeFI/Iﬂb6epTOBOM IIPOCTPAaHCTBE.

ITpumep. Pacemorpum MHOKecTBO B Ganaxosom npocrpancrse U = {x € Cla, b] | || f]lc <

|f(z)— f(y)| < Llx —y| ¥V z,y € [a,b]}. (Bnech cymecrBenno, aro M, L enuHbl Jjist Beex
dbyuknuit.) Kommakrnocrs ciaegyer u3 TeopeMbl Apriesa, sBIIoNeficss KpUTePUeM IPEeTIKOM-
makTHOCTH B mpocrpanctse Cla,b]: orpamuvenne Ha METPHKY JaeT PABHOMEDHYIO OTDAHHU-
YEeHHOCTD, & JINIIIENEBOCTh - PABHOCTENEHHYIO HEMPEPHIBHOCTh. B ¢ty mosHoTs U OHO —
KOMIIAKT.

Onpedenenue. Tocaenosareasuocts {uy},_, C H nassiBaercs caabo crodaujetica K die-

cirabo
merTy ug € H(uy — up), ecin Vh € H (uy, h)y — (uo, h)y npu k — oo.
3ameuwarue. 113 cxomumoctu B metpuke H ciemyer ciabas cXOIUMOCTDb, HO HE HA0OOPOT.

=
‘|Uk_U0HH_’OZ>Vh|<ukah>H_<U07hH|:|<uk_ H|<

< {nep-Bo Konm-Bynskosckoro} < ||ug — uo|lg - | hHH — 0;
—_————— =

—0 const

! Hazpanme, O-BHANMOMY, TIPOMCXOUT OT TOTO (baKTa, 4TO JHHa oObraHOro Kupmmda (B R?) B 1Ba pasa
6oJIbIIe MUPUHBI, KOTOPAsi, B CBOIO OYEPE/lb, B JIBA pa3a DOJIbINE BHICOTHI.



< paceMOTpUM JH00YI0 OPTOHOPMHPOBaHHYO cucremy {eg}72 ;

Vh € H Z (h, ek)HQ < {nep-Bo Beccensi} < HhH]%I < 00.
k=1

2
HeoGxoauMbIM yCI0BHEM CXOAUMOCTH 3TOTO psifa sBisiercs (h, ex)” — 0 npu k — 0o =

(h, ex) — 0 = (h,0) . Mnmeem e, “™° 0, 1o [lex — 0|y = [lex]ly = 1 = 0. O

Onpedenerue. Muoxecrso U HasbBaercs: cAa60 KOMNAKMHbM (CAGOBM KOMNAKMOM),
ecan y awoboit mocaenoBarenbroct {ug} 3 U cymecTByeT moamocaenoBarebHocTh {uy,, |,
cJ1abo cxoadiadacda K Touke ug € U.

3ameuarue. 13 Toro, uro muOKecTBO U SBJISETCS KOMIAKTOM, CJAEIYET, YTO OHO sIBJIS-
eTcsa caabbIM KOMITAKTOM, HO He HaoGopor. Hampumep, equnnunsiii map B H npemcrabiaser
Cﬂa6bll71 KOMIIaKT, HO KOMIIAKTOM He€ ABJIACTCA.

Onpedenerue. Oyuxuus J(u) nazviBaercs caabo nenpepuerol (caabo noayrnenpepvis-
HOT CHU3Y) B TOUKE Ug, €CTH JJist JII0DOH caabo cXomasieiicss K uy mocyaegoBaresbHocT {uy }
CYIIIECTBYET Ipee

k—o0

(Lim J(ug) = J(uo))
k—o0
3ameuwanue. U3 cnaboit menpepoisnoctu dyuknuu J(u) caegyer eé “obpranas’’ Hempe-
PBIBHOCTD, HO HE HA0DOPOT.

Teopema 2 (caabwiii BapuanT teopembl Beiieprirpacca). Hycmo H — zuavbepmoso npo-

cmpanemeo, U — caabwud komnaxm 6 H, dynxyua J(u) caabo nosynenpepwena crusy wa U.
Tozda:

1) J, > —o0;
2) U, # @;

3) a0bas crabas npedesvhas mouka 410000 MUHUMUSUPYIOUET NOCALI0BAMEALHOCTNG NPU-
nadaesrcum muooicecmsy U, (MUHUMUBUPYIOUGA NOCAEI0BAMEALBHOCTID ECTND TAKGA

nocaedosamenvrocmy {ugt, wmo J(uy) hoge J).

oxaszamenvcmso.
Ananornano Teopeme 1 (IpoBecTH CAMOCTOSITETBHO). O

Onpedeaenue. 3amaqan, yaI0BIeTBOPAIONINE YCIOBHAM TeopeMbl 2 HA3BIBAIOT CAAO0 KOp-
pexmmo nocmassernoimu B M.

Onpedenerue. Muoxectso U Ha3bIBACTCS GbINYKABIM, €CTH TouKa au + (1 — a)v mpu-
Ha1eskuT MHOKecTBY U j1st 106bix v u v u3 U u mo6oro « u3 orpeska [0, 1].

Onpedeaernue. Oyuxius J(u) HA3BIBACTCS 6biNYKA0T HA BbIYK/JI0OM MHOXKecTBe U, ecjiu
JUist JIIOOBIX TOYeK u u v 3 MuHOKecTBa U n aag moboro « u3 orpeska [0, 1] Boimosnsercs
nepapenctso J(au + (1 — a)v) < aJ(u) + (1 — a)J(v).

Zlocmamounoe ycaosue caaboli komnaxmuocmu ¢ H



& &

BBIIIy KJIO€ MHO?KECTBO HEBBINYKJIO€ MHO>KECTBO

Puc. 3: x OIIpeJe/JIEHNIO BBIITYKJIOCTH MHO2KECTBaA

A A

_/

BBITYKJas (PyHKITus HEBBITIyKJIas (DyHKI[HAsT

Puc. 4: K onpejie/ieHu0 BbINYKJA0CTH (DYHKIIMN

Ecau muo)ecTBo U BBIIYKJIO, 3aMKHYTO U orpanudeno, 7o U ¢1abo KoMIakTHO (6e3 J10-
Ka3aTe/IbCTBA,).

Hocmamounoe ycaosue caaboli noaynenpepwvierocmy chusdy 6 H

Ecnn dynknus J(u) BeIIyK/Ia U TOAyHEIpepbIBHA cHU3Y Ha MuoxkecTse U, To J(u) c1abo
HOJIyHEIIPePBIBHA, CHU3Y Ha 9TOM MHOXKecTBe (6e3 JoKa3aTeabeTBa).

[IpuBeIéM HECKOIBKO MTPUMEPOB.

1) Paccmorpum mmueiinsii dyuknuonan J(u) = (c,u)y, rae ¢ € H. On asagerca ciabo
HENIPEPBIBHBIM, UTO CJIEJYeT U3 OUpeeaeHus caabol CXOIUMOCTH.

2) Pacemorpum kBagpatuaabtii pyakmuonan J(u) = ||Au— f||%, tne A € L(H — F) — am-
HeifHbIl orpannvenubiii (HenpepbiBHbIN) onepaTop; H, F — ruib6epToBbl MpOCTPAHCTBA,;

feF.

[TokazkeM BBIMYKJIOCTh W HEHPEPBIBHOCTH (4, KAK CJEJCTBHE, U MOJYHEIPEPbIBHOCTH
cuu3y) dbyHKImoHaa J (1), TeM CAMBIM, COMJIACHO JOCTATOTHOMY YCJIOBHIO, MBI IOKAZKEM
ero ¢JabyIo MOJYHEIIPEPbIBHOCTL CHUBY.

a) (BbmykiocTs) s mobbix v, u € U u moboro o u3 orpeska [0, 1] nmeem:
|A(au + (1 — a)v) — fllp = {Tx. A -mumeinbii} =
= la(Au — ) + (1 — a)(Av — f)||f < {mepaBenctso A} <
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< (af|Au— fllp + (1 — a)||Av = fllp)? < {rx. dynxmus y = z* Bemykaas} <
<afdu— flg + (1 - a)l|Av — &
49TO U TPeDOBAJIOCH.
b) (mempepsiBHOCTB) TTyCcTh ) L npu k — 0o, Tora, Tak Kak A — HempepbIBHBIA,

Aup — f 25 Au— f. Orciona B ciity HenpepbIBHOCTH Il (mepaBercTBO Kortmu-
BynsikoBckoro) cienyer, uro ||Aug — fllg — ||Au — f||¥, TO ecTh HEMpPEpBHIBHOCTD
dbyurmuonana J(u).

3ameuanue. O@yuxunonan J(u) = ||u||*> (A =1,f = 0,H = F) cnabo moayHenpe-

PBIBEH CHH3Y, HO He SIBJSETCSI CJ1a00 HEIPEPBIBHBIM. (J1st JIF000H OPTOHOPMHPOBAHHOI

cucrembt {ex 12, e, 2500 upn n — 00, Ho [len|2 =1 # 0).

3) Moxaxewm, uro muoxkecrso U = {u € H | ||[Au — f||% < R?*}, e H, F — ruanbeprosbt
npocrpanctBa, A — obparumsbiit omeparop, geiicteyomuit u3 H s F, f € F, R > 0
(HEBBIPOKIEHHBIT SJUTHIICONT), SIBASIETCST CIa0bIM KOMIAKTOM. JIJIsi 3TOr0 BOCMOJIB3Y-
eMCsl IOCTATOYHBIM YCJIOBUE CJ1ab0i KOMITAKTHOCTH. /{0Ka3aTeIbCTBO BBITYKJIOCTH U 3a-
MKHyTOCTH MHO)KecTBa U He mpejcTaBiser 0coboro Tpyia (¢1eaaTh CaMOCTOATETbHO).
JlokazkeM ero OTpaHUIeHHOCTD:

Vu e U |u| = ||A " Aul| = |[A (Au — f) + A f|| < {mepasencTso A} <
<A™ (Au = Pl + 1A 7 < A7 Au— 7]+ 0 <
< Cy||Au — f| + C < C1R + C = const
4TO U TPeDOBAJIOCH.
3ameuvarnue. [llap U = {||lu|| < R} (A = I,f = 0) upexncrasaser coboit caabblif

KOMIIaKT, HO KOMIIaAKTOM He€ ABJIACTCA.

4) Paccmorpum “napamnenenunes’ B L2(a,b), To ecTh MHOKECTBO

U = {u(t) € L2(a,b) | a(t) < u(t) < B(), t € (a,b)},
a(t), B(t) € L?(a,b) 3amanbl (HATpUMED, KOHCTAHTHI ).

a) Jlokazkem orpanudeHHocTb U:

b

lullfe = [ lu®)?dt < [(max{la(t)],|80)]})* dt = R®

(3mech Mbl yunTeiBasd, uto dyukuua max{|a(t)], [3(t)|} € L*(a,b)).

b) Bamkuyrocrs U cheayer u3 cpoiicrs mHTerpasa Jlebera (cm., nanpumep, [KO®,
r1. VI, §2,1.5])

C) ,ZLOKaBaTe.HI)CTBO BBIIIYKJIOCTHU U [IpeaocTaBjadercd caeJlaTb CaMOCTOATEJILHO.

I3 nynkTos a),b),c) caeayer, uro “napamnenenunes’ B L2(a,b) ecTb ciabblii KOMIAKT.
Ynpastcnenue 5 (3). Jlokazars, uto “napajiesenunen’ B L2(a,b) He spjsercss KoMuak-
toM (mpu yeaoBuu o < [ OUYTH BCIOAY ).
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2 OaemenTtbl guddepeHTnaJIbHOTO0 NCINCICHIS
B HOPMHUPOBAHHBIX IIPOCTPAHCTBAX

IIpon3Bogunaga Ppetre

Onpedeaenue. [lycts X, Y — nHopmupoBannbie npocrpancrsa, F: X — Y. Orobpazkenue F
HaseiBaeTcst dudiPeperyupyemoim no Ppewé [Frechet| B Touke x¢, econ

F(zo+h) = F(xo) + F'(xo)h + o(||h]lx) Vh e X,
riae F'(zo) € L(X — Y) — nuneiinstii onepatop (npouseodnas Ppewe), mpuaém

ol /lx) [y
17]lx

[IpousBoanbie Hojiee CTapIuX TOPSIKOB OIPEIEISTIOTCH PEKYPCUBHO.
B cayuae, koryia X = H — ruisbeproso, Y = R, nmeen:

— 0 upu ||hljx — 0.

J(ug + h) = J(up) + J' (uo)h + o(||h||m).

J' (ug) € H* = L(H — R') — nmpocTpancTBO JTMHEHHBIX HENPEPBIBHBIX (byHKIMOHAI0B Ha H,
conpaotcénnoe x H.

Teopema (Pucc). [K®, ran. 1V, §2, n.3]

[IpocTpancrso H uzomopdno conpszxkénnomy npocrpancrsy H*: H «= H*, T.e. g4 j1060ro
snementa f w3 H* cymecrByer enuncrsennsrii snement hy u3 H takoit, 1o

F(h) = (hs, h)y Vh € H,

IPUYIEM

/]

e

(6e3 mokazaTeanCTBA).
3ameuvanue. Ecm y bynkmun J(u) : H — R cymecrsyer ropag npoussonnas J” (u),
1o npupaiienue Gyukuuu J(u) B TOUKE Uy NPEJCTABUMO B BHJIE:

J(ug +h) = J(uo) + (J'(uo), h) + % (" (uo)h, h) + o([[]*).

Ynpaorenenue 6 (5). [lokasars, aTo u3 Toro, 40 J(ug+h) = J(ug)+ah+3bh*+o(||h|?),
ue caexyer cymecrsosanue J” (ug) (pacemorpers coayuaii H = RY).

Teopema (o0 npoudeodnoti caoscnoti pynkuyuu). [KO, rn.X|

[lycts X,Y,Z — mHopMmupoBaHHBIe mpocrpancTBa, F: X — Y ,G: Y — Z, cymecTsy-
er npousponnad GpyHKmuu F B TOUKe X, cymecrByer npomssogHag dpynkuum G B TOUKe
yo = F(xp). Torma cymecrByer mpomsBoanas ciaoxuoit dynkmun GF: X — Z B Touke X,
npuaéM

(GF)/(%) = G/(yo)F,(ﬁo)

(6e3 mokazaTenbeTBa).
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DopMyJIbl KOHEYHBIX ITPUPAIIEHTIA

Beeném psin obo3HaUTeHIIA:
C(U) — xuacc venpepbiBabix Ha U dyHKIHI;

Lip(U) — kumacc Jlummun-wenpepriBabix Ha U yrkumii (1.e. dbyHKIuMii, 151 KOTOPHIX
BoinostHgerca yeaosue |f(u) — f(v)] < L-|ju — v||y, tne L — xoncranra Jlunmmmna);

C!(U) — kaacc menpepbisho jud epeniupyeMbix GyHKImii;
C?(U) — knacc aBaz bl HenpepbiBHO juddepennupyeMbix QpyHKIuil.

Ymeepoicdenue. Tna dyuxuun J(u) € CHU) u Vu,v € U sbinosinsgercs ciejyioniee
pPaBEHCTBO:

Jw) = J) = [ (J'(0 -+t =), u—v)y dt =

=(J'(v+60(u—v)),u—v)y, tae d € [0,1].
Joxasamesvcmeo. Beesiém BcomoraresbHOE OTOOpazKeHme
F:R' - H, Ft)=v+tlu—v), F'(t)=u—v.
Torma Oyaem umerh:

J(u) — J(v) = JF(1) — JF(0) = {dopmysa Heiorona-/leiibuuna} =

1
= j(JF)'(t) dt = {reopema 0 TPOM3BOAHON CJIOKHOI DyHKIHN} =
0

f JU(F(8) F'(t) dt = {reopenta Purcca} = j (J'(0+t(u—)),u— )y dt =
0 ceH*=H uU—v

= {Teopema o cpeauem (Matanamns-I)} = (J'(v+ 0(u — v)),u —v)y, 0 € [0,1] O
Ynpaostcnenue 7 (3). Illyers J(u) € C*(H). dokasaTs, 9T0

1
(J'(u+h) — f (J"(u+th)h, g)y dt = (J"(u+ Oh)h,g)y ., tae 0 € [0,1].
0

[IpuBeiém puUMeEpPbHI BbIYUCIEHUS ITPOUSBO/IHOM.

, aJ 0J 0J Y 0*J
1) H=R, J(u) = (8u1 R aun> (rpagument), J"(u) = (6%8%)7”” (MaTpuna

Tecce, reccua).

2) J(u) = {c,u)yg = J'(u)=CeH, J'(u) =0, (6 — nynb-oueparop).
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3) J(u) = ||Au— f||3, A€L(H—F), fcH
J(u+h) = J(u) = ||(Au = ) + Ablfg — | Au = fllz = 2{Au — f, Ah)p + [ Ah][g

Bamerum, uro ||Ah||% = o(||h||lg), rak kax [|AR||% < ||A||%-]|k||%. Orciona, cuenas sJe-
MEeHTapHbIe IPe0OPA30BAHNS CKAISIPHOTO IIPOU3BE/IEHUS B TIOCJIETHEM DABEHCTBE, T0JIY-
qaeM, 910 J'(u) = 2A*(Au — f). AHAIOTHYHO MOXKHO HOJY4IHTDL, 4TO J”(u) = 2A*A

(J"(u) € L(H — H)).

Ynpaotcnenue 8 (3). Haiitu nepByio u Bropyio npousBojabie jijisa dbyHKIHOHAIA

T(u) = %(Au,u)H — (f,u)y, e A € L(H — H), f € H.

Ynpaotcnenue 9 (4). Haiitu nepByio u Bropyio npousBojabie jijisd dhyHKIHOHAIA
J(u) = g(ully), g: R = R, g € C*(RY).

Yro Gyuer, ecam g(t) = t, g(t) = 37

3 IlpujoxkeHuda K 3aJjadaM yHOpaBJjeHUs JIMHEMHBIMU -
HaMMUYE€CKIMU CUCTEMaMMN

31ech MBI pacCMOTPHUM IPOCTEHIITYIO 33J1a9y ONTHUMAJBHOTO VIIPABJIEHHUS MPH CAEIYIONINX
YCJIOBUAX:

2'(t) = A)x(t) + B(t)u(t) + f(t), to<t<T, x(ty) =m0, u(t)ecUCL(t,T), (1)

saech A(t) = {ai;(t)} — marpuna (oneparop)mopsinka nxn, B(t) = {b;;(t)} — marpuna mo-
panka nxr, f(t) = {fi(t)} — marpuna nopsaxka nx1, T0 ecTb N-MepHBI BEKTOpP CTOIGEI;
MOMEHTHI Bpementn tg, T, a Takxke Touka o 3ajanb; U — 3ajannoe Muoxkecrso usz L2(tg, T');
z(t,u) = z(t) = (2'(t),...,2"(t)) — pemenne (TpacKTOpPH#), COOTBETCTBYIOMASA YIIPABJIC-
o u = u(t) = (u'(t),...,u"(t)) € L(ty, T). Takzke MBI CIATAEM HU3BECTHON TPAEKTOPHIO,
pasHUIly ¢ KOTOPOil Mbl MuHuMusupyem — y(t).

Kpurepusmu KadecTBa ynpaBieHus MOTYT BHICTYIIATH PA3IHIHble (DYHKIMOHADI, HAIPU-
Mep:

Ji(u) = |2(T,u) — yla. — inf — mepmunarvroits xeadpamuunwd gynxyuonan  (2)

TITH
T

Jo(u) = j lz(t,u) — y(t)|zn dt — inf — unmeeparvrots xKeadpamuunwd dyrryuonan  (3)
to

Munumuzanus TepMHHAIHLHOTO KBaIPATHYHOTO (DYHKITHOHA/IA TTO3BOJAT JIOOUTHCS TOUHO-
CTH B JIOCTHKCHHH KOHEYHON TOYKHU. VIHTErpaJbHOro — OJIM30CTH TPAEKTOPUH K 33/ IaHHOM.
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Onpedeaenue. Tpu u(t) € L?(ty, T) nox pewenuem sadavu Kowwu (1) nonnmaercs nenpe-
pbiBHaAs Ha orpeske [to, T'] dyukius x(t), yI0BAETBOPSIONAs HHTEIPAJILHOMY yDABHEHHIO

2(t) = 20+ [ (A(T)a(7) + B(ru(r) + f(r)) dr, t € [to,T]

[Tpu stom dbyukimonansr A(t), B(t), F(t) moaKHb npuHaIEKATH KIACCY H3MEPHMbIX
o JleGery u orpanudenubix byukmuit L (to, T).

p—0o0

T P
Hamomunm, uto ||[ullpe,ry = inf  C = lim | [ |u(t)Pdt
) C>0:
[u(t)|<C m.5. )
Pejymupyem ncxojHyo 3a/iady K JUHEHHOMN, OJI0KUB T = X1 + T, IJIe

{x’lex1+Bu {xng:cg—l—f
Il(to) = 07 $2<t0) = Xy.

3aMeTuM, 4TO BO BTOPOi cHUCTeMe HeT HeHM3BECTHOI'O VIIPABJICHHUS, & 3HAYUT MOXKHO Haifi-
TH T9. [Ipu Takoit peayKiuu KpurepraJbHble (pyHKIHOHAIB MOYKHO ITPEJICTABUTDL KaK

Ji(u) = | 2T, ) = (y — 22(T) [ = || Ay — f|2n,

A =feRn
T

Jo(u) = f |21(t,u) = (y — 2o(1)) [P dt = | Agu — fllLagy -
o =My =fEL2(ty,T)

Taxum obpazom, mis pemenus 3agaqdu (1), (2) win 3amaun (1), (3) HEOOXOIMMO MUHUMHE-
suposarh HopMbl || Aju—1y||? u || Asu—yl|? coorBercrsento, rae oneparops Ay u Ay 3ajaworcs
CJIEIYIOIIIUM 00Pa3oM

Ayu = x(T,u): L(ty, T) — R",
Agu = x(t,u): L2(tg, T) — L3(to, T).

Jnst nampHefmmx paccyKJAeHui JoKazKeM, 4To onepatopbl Ay u Ay orpanndeHsl, TO €CTh
a7t coorBercrBytommx HOpM ||Aul| < ¢||ul|. Y3 (1) u onpenenenus: pemenns 3anaun Komru
HMeeM

¢ ¢
|z(t)] = I(A(T)ﬁ(T) + B(7)u(r)) dr| < f(\A(ﬂHSU(T)! +B()[u(r)]) dr.

to to

Taxk kak A(t), B(t) € L, 10 MOay/iu 110/ 3HAKOM HHTEIPAJA MOXKHO OIEHUTH CBEPXY
KOHCTAHTaMH, TOLJA MOIyInuM, 4To |x(f)| ne mpeBocxomnt

Cp [ lu(r)|dr + Ca [ |2(7)|dr.

to to

MoxKHo 3arpyOHTh OICHKY, 3aMEHHB MOMEHT BPeMeHH Ha MaKCHUMAaJbHBIHA, TOIJa B CHJI
y HEHKY, ) H y
HEpaBEHCTBa KOH_H/I—ByHHKOBCKOI‘O IMOJIYYEHHOEC BbIparKeHue MeHbIIe UJIM PaBHO

t
Cov/T = tollullyz + Ca [ [2(7)]dr.
to
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Dra oneHKa BepHa st Beex t € [to, T]. Jlamee Ham monamoburcst gemma [ ponyosuta-
Bennvana. Hamomunwm eé bopmymnpoBky 6e3 j1okaszaTenbcTna.

Jemma (I'ponyoan-Beaaman). [B2, ctp. 30-31, nemma 2|, [ATD, crp. 189]

[Tycrb dbyukius w(t) yI0BIeTBOPSET YCIOBUIO

t
0<w(t) <b+a[wr)dr (b>0,a>0).

to

Torma BepHO HepabeHCTBO W(t) < b-et0),

[puvenss gemmy K dynxmun z(t), morydaem onenky |z(t)| < Cpyv/T — tol|lulle4?1) | 1o
ecth |z(t)] < C||lu||. Takum o6pazom, MBI TOKA3aTH, 9TO OMEPATOp A; OrPAHUYEH.

Jist I0KA3aTebeTBa OrPAHMYEHHOCTH omeparopa Ay 3aMeTuM, 9To

[Azullee = [l =

T
ju@ngmwmwT—m

to

113 nmpuBeiEHHBIX PACCYZKIEHUNA MOXKHO CIeaaTh BEIBOJ, 4T0 (byHKImoHa bl Jy(u) u Jo(u)
c1abo mosiyHenpepbiBEb cHu3y Ha L2, oTKyna ciaegyer ciejyionias

Teopema 3 (0 CyIECTBOBAHUY ONTUMAJIBHOTO yipasienus 3a1a4 (1), (2) u (1), (3)). Hycmo
A(t), B(t), f(t) € L>®(ty,T); y(t) € L*(ty,T), w9 € R, y € R™. Toezda y obeuxr sadaw
(1), (2) u (1), (3) npu swbope ynpacaenus us crabo xKomnaxmmozo mnoscecmea U C L2 (tg, T)
CYWECMBYem ONMUMAEALHOE YNPABAEHUE.

Joxasamenvcmso.
[Io cyTtn, noctaTouHo cociaTbeda Ha Teopemy 2. O

Tenepns obparumcest K Boripocy o auddeperupyemoctu pyuknuonaaon J; u Jo. s gio060-
ro muddepenmupyemoro no @pemte kpaaparuanoro dpynkmmonana J(u) = ||Au— f||* cupase-
nuBbl bopmynst J'(u) = 2A*(Au— f) u J"(u) = 2A* A. Beraucanm compsizkKEHHbIE OMepaTOPhI
B HameM ciay4ae. [las omeparopa A; s jiroboro v mmeem

(Aju, V), = (u, AJv)12

Ecyin pacnucarb 3T0 paBEeHCTBO, TO TOJLYIUM

(2(T,u), ) = [ (u(t), .. g dt

rjle BMECTO MHOTOTOYHS CTOMT HEOOXOIMMBI HAM MHOYKUTE/Ib.
Beeném dbyukmuio ¢(t) Kak perienne conpascénnot sadavu Kowu:

{wwz—ﬁwww. (5)
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TOF,ZLa CKaJIdpHOE IIpou3BedeHne MO2KHO PaCIIMCaTb KaK

(x(T),v)gn = (x(T),¥(T)) — (0,%¢(to)) = {d-1a Hetorona-Jleitbruna, =(ty) = 0} =
= [ (), 0@, dt = [ (@@, 6(0) + (1), 0 (1)) dt = {2/ (t) = Az + Bu} =

T T

= [(Bu b(®)ge dt + [ (Az, b(0)) g + (2(0). 0 (6)ge) dt =

to to

= [ (u(), BTY(8))y, dt + [ (w(t), /(1) + AT(£)(0))y, dt

[Mocneauuit wuterpan B cuay (5) oOHymsieTcss, a W3 MEPBOTO MBI MOJIYIAEM, UTO
Atv = BTy(t)
1 .

AnajloruvIHbIE PACCYKAEHUST MOYKHO TTPOBECTH Tt onepaTopa As:

<A2u7 U>L2 = <u7 A§U>L2

T T

f (2(t, 1), V)pn = j (W(t), .. g dt

to to

[IpubaBum K JieBOil 4acTH ITOrO PaABEHCTBA MHTErPaJ
T
J (Bu+ Aw = /() (1)) dt =0,
to

rae ¢ (t) — perenue cuCTEMbI

[Tosrygaem:

f(a:(t, ), V) gn = f (u(t), BTY(t))p, dt + f ((x(t), v(t)) + (x(t), AT¢) — (& (), ) dt.

[Mocaenunii naTerpan obparaercs B Hysb B cuity (6) u Toro, uro mo dhopmyse Hporona-
Jleitonura

T
t=t

— [ (@), ) dt = = (w(t), v(1))

+ [ (), @) de = [ (a(t),0/(0) at.

Orcrona Asv = BT(1).
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Teopema 4 (o quddepennupyemoct GyHKImoHan0B Jy u Jy). Iycmo A(t), B(t) € L>(t, 1)}
y(t) € L2(ty, T), y € R™. Toeda oba dynrxyuonana Jy u Jo beckoneuno duddepenyupyemv, no u
na L2(to, T), npuném

Ji(u) = 2BT(t), rae ¢ (t) — pemenue (5),

Jh(u) = 2B (t), rae (t) — pemenue (6).

Aoxasamenvcmso.
DaKTHICCKU MBI IIpoBeJIin J0Ka3aTeJIbCTBO ITOM TeOpeMBbI BBIIIEC IIPpU BBIYMHUCJJICHUN OIlepa-
TopoB Aj u Aj. O

Ynpaostcnenue 10 (5). Borancaurs J'(u) gas

rJjie Yy — pelleHne CUCTeMBbl

k(z) = ko > 0,q(z) > 0,u(x) € L*0,1).

PaccMOTpUM B KadecTBe Ipyroro IpuMepa CJelyolylo Pa3sHOCTHYIO cXeMy?:

Tig1 — X4 .
———— = Ajz; + Bu, i =0,1,...,N — 1
A x; + Dbyu;, 1 (1)

.T():O,

rie BekTop * € R™a u € R”. Beném npocrpancrso L2 = RY*" co ckangapHbIM ponsse ie-
N—1
HIeM (U, V)2 = » (U, V;)p- h. BBegéM BekTOp
h N
1=0

u = (ug, Uy, ..., up1) €U C L}. (2)

JLng cymniecTBoBanug perieHns norpedyeM 3aMkuHyTocTH 1 orpanndennoctu U. Hakoner, BBe-
JIEM (DYHKITMOHAJIBI Ka4ecTBa:

J(u) = Z |zi(u) = filgnh, (3)

AHAJIOTUYIHBIN HHTETpATbHOMY (DYHKIIMOHAIY U3 MPEIbIAYIIero MyHKTa, U

J(u) = oy (u) = fl5n, (4)

20rmeruM, 4TO 3Ta CXeMa ecTb HU Y4TO MHOe, KaK pernenue 3aiauun Komu @ = A(t)z(t) + B(t)u(t), x(0) =0
METOJIOM JIOMAHHBIX JdiljIepa.
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SABJASIONIAICS, COOTBETCTBEHHO, AHAJIOTOM TEPMUHATBLHOTO (hyHKIHOHAIA. 3amuimem 31u GyHk-J
HMOHA/IBI B XOpolno 3nakomoMm Ham Buje ||Au — f||2. Beeaém s 310ro cooTBecTByIOIIHe
ommeparopsl A:
.72 2

Au = (z1(u), z2(u), ..., zn(u)) : Ly — Lj,

st (3) m
Au=zy(u): L} —R"

s (4). Hogpobuo ocranosumes na dynknuonase (4). Tak kak oH uMeeT KBaIPAaTHIHBLI

Buj1, TO ero npoussognas® J'(u) = 2A*(Au — f). Haiigem A*. Jlng sroro Tpancdopmupyem
npaByio dacTh paseHcra (Au,v) = (u, A*v):

N-1
(Au,v) = (TN, V)ga + 0 = (2N, v) + <Ai$i + Biu; — Wﬂ/h‘> h, (5)

=0

rie 1; HaM HaJIJIe2KUT BeIOpATh HEKUM CIIeNHaJIbHBIM 00pa3oM. s aToro pacuuiieM moapoob-
HO IEPBYIO YaCTh JT00OABI€HHOTO BBIPAYKEHHS:

=2

N— N
(Asi, i) b Z (i, ATy b= {n60 o = 0} = >~ (ws, ATy) h — (wy, AQon) .
=0 =1

Il
o

i

BTOpyIO K€ 9aCThb 3alliunieM B BUIE

N—-1 N-1
Z (Biui, vi) h = Z (us, B ¢i) h,
i=0 =0

a TPEThIO0 —

r
=

-1 N N

- (Ti1,¥s) + (@5, ;) = Z (i, i) + Z (@i, ;) — (N, UN) -

i=1 i=1

Il
=)
1§
=)

7 7

Tenepsb BbIGEpeM 1); Tak, 910 ObI B (5) 0CTAIOCH TONBKO BhIpazKkeHue Buaa (xy, A*v). g s1o
norpebyem, 910 ObI 1); ObLJIM PeIeHnsIMU CeTOYHOTO YPaBHEHUS

@bz h% 1——A1T'¢i, Z‘;N)N—l,...,l;

6)

Takum obpazom, MOKHO CHOPMYIUPOBATH CJIE/TYIOIILY IO

Teopema 5. Oynxyuonarv, (3) u (4) duddepenyupyemo. na 6cem L, u J'(u) = 2A*(Au— f),
2de deticmeue onepamopa A* na sexmop v onucweaemes kax A*v = (Bl o, Bfr, ..., Bk _1¢¥n-1)}
2de

1. 1y — pewenua (6) 6 cayuae (4),

34cno, uTo onepaTop A JuHEEH W OrPaHHYEH...
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2. ; — peweHus cucmeml

Vi — iz :
ZTZ:—AZ»T%—UZ-, i1=N,N—1,...,1;
Yy = 0.
6 cayuae (3).
Joxazamenvemso.
Teopema Hamu JoKa3aHa aas ciaydast (4), jaa caydas (3) Bce mMOCTPOEHUs! aHAJIOTHYHBL.

]

Ynpaotcnenue 11 (5). Haiitu J'(u) B L} dbyHrunonana

N-1
J(u) = Z lyi(u) — z*h,
i=1
rIe 1; - Perenne CeTOIHOT0 yPaBHEeHUs
Yyl — 2y; + Yi—1

2
1o =0,yny = 0.

— Y = —Uy,

B kagecTBe nocjie/iHero npuMepa, pacCMOTPHM KpaeByIo 3a/a4y J/id apaboIndecKoro ypas-
HCHUA:
Yt =Yoo, (L) €Q=[0<t<T, 0<z<I],

y(0,t) =y(l,t) =0, t € [0,T7, (7)
y(x,0) =u(zx),z €[0,1].

[ycts w € U C L2 Jlas cymecTBoBaHHA perenns morpebyem ot U ci1aboit KOMIAKTHOCTH.
BregeMm yHKITMOHAIBI KA4eCTBA:

J) = ([ ly(t 2,u) = f(t,2)? dtde, (8)
Q

rae f € L2(Q)= n

J) = [T, 2,0) = f(2))* da, (9)

rue f(x) € L?0,1]. 3amumrem stn dbynaxkunonanst B suge ||Au — f|[%. Ing srtoro BBegeM B
KazKJIOM CJIydae omeparopsr A:

Au = y(t,z,u) € L*(Q)

B ciay4ae (8), u
Au = y(T,z,u) € L*[0,]]

B caygae (9). Just roro, urobbr Haiitu J'(u), HAI0 MOKa3aTh JUHEHHOCTH W OTPAHUIEHHOCTH
TUX ONMepaTopoB. JIMHENHOCTh OUeBHUIHA, /TOKAYKEM OTPAHUIEHHOCTh.
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Jlnst sroro moMHOXKEM mepBoe ypasHenue B (7) Ha y u npourrerpupyem o Q; = (0,1) x

(0,1):
ffyty dsdx = QJ y*(t, ) %fy (0,z) dx = %ny(t,x) dr — %fu%ac) dz,
0 0 0

W, KPOMe TOr0, B CHUJIY TPAHUYHBIX YCJIOBHUIA,

jj Yooy dsdr = — ff y> dsdz.

Qt

[IpupaBHUBAas JIEBYIO U MMPABYIO YaCTh, MOJTYIaeM:

l
1 2 2 _ 1 2
5 j v (tx) dot [f 2 dsde = 3lullFa,

OTMeTnM, 4TO BTOPOE CJIAraeMoe B JIEBOH YaCTH MOJOKUTEILHO, U, CTAJI0 ObITh,

N | —

l
1
J v (t2) de < Sl (10)
0

Ecau B (10) monoxurh ¢ = T, T0 MBI TOJYYUM OrpaHHYeHHOCTD oneparopa A B ciaydae (9);
ecJT BMeCTO 3Toro npousaterpupoBarh oT 0 g0 T, TO moaydnm orpaHudeHHOCTH A B caydae

(8)".

3amenwanue. Ormernm, uto ogasas B (7) Ha BxoA GyHKIMIO u(x) U3 L MBI HOTyquM
pelenne, BooOIe roBopsi, B 0000IIIEHHOM CMBICJIE.

[Mokazkem Teneps guddepeHnupyeMocTb U Haiijem npousBojnyio dyaknuonana (9). Tak
Kak oH nmeer Bun J(u) = ||Au — f”%2[0,l], A L*0,1] — L?[0,1]., To ero npousBojHas UMeeT
sun J'(u) = 2A*(Au — f). Haitnem A*.

ITo onpeieseHuio conpsizKeHHOTo oneparopa, (Au, v) = (u, A*v), r.e. fo (T, z,u)v(z) doe =

fol u(z)(A*0)(z)dr. AHATIOTHYHO TPEJBLIYIUM TYHKTAM, PDACTUIIEM:

jy(T, x)v(z)dr +0 = jy(T, x)v(z)dr + Ij(ym —y)U(t, z) dtdz, (11)
0 0 Q

rae ¢ (t,x) MBI BBIOEPEM HEKOTODBLIM CIENUAJbLHBIM 00pa3oM. Bo-mepsbix, morpedbyeM crpa-
BEIJINBOCTH COOTHOITEHUSI

{[ geats dtde = — ([ gty dtdx = [[ yio, dtd,
Q Q Q

st gero tpebyercst ¢ (t,0) = (t, 1) = 0. Pacemorpum

l

- ff Y dtde = — JZ/(T7 x)Y(T,z) dv + ju(:c)z/z(O, z) dx + ff Yy dtdz.
G J 5

0

4TIpu sroM Jsierko 3amerutsb, uro B cayuae (9) [|A|| < 1, a B cayuae (10) ||A|] < VT.
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Jonomauurensuo norpedyem, uro 6ot ¢(1, z) = v(z) u 1y = y,. Torma (11) npumer Bux

f u(z)Y (0, x)dx

otkyna cieayer, uro A*v = (0, z). Takum o6pa3oM, clpaBeITuBa

Teopema 6. Qynxyuonaiv, (8) u (9) duddepenvupyemo, na scem npocmparncmee L2[0,1],
npuswem J'(u) = 21(0, x,u), 2de 1 -

1. pewenue sadavu
Yy + Ve = 0
»(t,0) = ( 1) =
W(T1) = y(T, ) f (),

6 cayuae (9),

2. pewenue 360041
»(t,0) = w( l) = 0,

U(T,1) = 0),
6 cayuae (8).
Jloxazamesvemeo.
Coayuaii (8) paccMarpuBaeTcsi COBEPIIEHHO aHAJIOrHaHO (9). ]

Ynpaotcnenue 12 (5).Haiitu nepByto npouB30oaHy0 (hyHKIHOHAIOB

= [[ lytt,2,w) = 1t 2) do, T(w) = [ y(T, 20— f@) da,
Q 0

r7e Yy - pelenne
Uy = Ugy, (t,(D) S Q = (O,T) X (O’ l)7
ya:(t> 0) = yaz(ta l) = Oa
y:(0,2) = u(x).

4 DaeMeHTbhl BBIMYKJIOTO aHAJIN3a

Hanomuum onpejiesienne BBIMYKJIONH (DyHKITHH.
Onpedeaenue. Pyuxnus J(u) HA3BIBALTCSA 6uinYK.A0T HA BBHITYKIOM MHOKecTBe U, eciu

J(au+ (1 —a)v) < aJ(u)+ (1 —a)J(v) Yu,v € U, Va e [0,1].

M BBe1éM HECKOJIBKO HOBBIX IMOHSITHIA:

22



Onpedeaerue. Oynknust J(u) HABBIBACTCS CMPO0 6LINYKAOT, eCn
J(au+ (1 —a)w) < aJ(u)+ (1 —a)J(v) Vu,v e U ju#v,Vae (0,1).

Onpedenerue. Pynkuus J(u) HA3BIBALTCSA CUALHO BuNYKAOT ¢ KodDdumenTom Kk > 0,
ecJu

J(au+ (1 —a)v) <aJ(u)+ (1 —a)J(v) — ga(l —a)|lu—v|* Yu,v e U,Vae0,1].

A

N

HEeBBIIIYKJIasg (QYHKIUI HECTPOT'O BEIITYK/IAL
byHKIUA
A
% x2
CTPOTO, HO HE CHJILHO CHUJIBHO BBIIYKJIas
BBIITyKJIas (DYHKIMS dyHKIUA ¢ K = 1

Puc. 5: x onpeneseHno BRIMYKJIOCTH (DYHKITIH
Teopema 7 (0 JIOKAJILHOM MUHHMYMe BBITYKJION byHKIMN). [Hycms muoocecmeo U svinyrk-
noe, pynryus J(u) swnyraa na U, J, > —00, moeda:

1) wwobas mouka sokarvrozo murnumyma J(u) na U asasemea moukotll 2400041020 Mu-
HUMYMA;

2) ecau U, # &, mo U, swnykao;
3) ecau U, # &, a J(u) empozo swnykaa, mo U, = {u,} (cocmoum u3z odnoz0 snemernma,).

Joxasamenvcmso.
[IycTs Touka u, € U — TOYKa JOKAJIBHOTO MHHUMYMA, T.€.

Je>0: Vu e UN{||u —u| <e} = J(u) = J(u,).
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Qukcupyem J1100y10 Touky v € U, Torma cyiecrByer Takoe g, < ap < 1, uro s Jiroboro
a u3 orpe3ka [0, ag| BBITIOJHEHO yCIOBHE

e + (v —u,) € UN{ju — u. < e}
meem:
J(us) < J(use + a(v — uy)) < {onp. Bemykioit dbyukinun} < (1 — «)J(u,) + aJ(v).

Orciona caeayer, aro aJ(u,) < aJ(v), npuaém a > 0, Takum 06pa3oM, JOKA3aHO MEPBOE
YTBEPKJIECHUE TEOPEMBI.

JToKa3aTe/IbCTBO BrOPOIr0 yTBEPKIACHUS TEOPEMbl PeJ0CTaB/IsSeTCd YATATE/IO.

Jlna nokasaTeabCTBa TPeTLero YTBepzKIeHUs, IPeJNoa0KuM, 9To B U, CyIIecTByeT 3Jie-
MEHT U, # Uy, TOTTA JJist Jr0boro o u3 uaTepsasa (0, 1) Gymem uMeTsh:

Jo = J(ou, + (1 — a)v,) < {r.k. J crporo BhimykIa} <

€U, (mo m.2)

< aJ(uy) + (1 — a)J(vy) = {vs,ue € U} = J(v,) = o

[Hosryunin npoTuBOpedre U TeopeMa MOJHOCTBIO JTIOKA3AHA. O

Teopema 8 (cuabHO BHIYKJIBI BapuaHT TeopeMbl Beitepuirpacca). Hycmo H — 2uavbep-
mogo npocmparcmeo, muosxcecmeo U C H ewnykao u samrnymo (He 06A3amesbho o02panu-
weno!), Pynruua J(u) cuavho ewnyraa ¢ xKosdduyuenmom Kk u nosyrenpepuena crudy na U
(m.e. u caabo noaynenpepviena cHuay) mozada:

1) J. > —o0;
2) U, ={u.} # 9;
3) Yu € U &lju — u, g < J(u) — J(uy).

Joxasamenvcmso.
Badukcupyem J00y10 TOUKY Ug n3 U B pacCMOTPUM MHOZKECTBO

M(ug) = {u € UlJ(u) < J(up)}.

Hoxkaxkem, uro M(ug) BbIILYKJIO, 3AMKHYTO U OIDAHUYEHO.

BrinykiiocTs cieayer u3 Beinykiaocta U u J(u).

Jlns  nmokazaresibCTBa — 3aMKHYTOCTH — PACCMOTPUM  JIIOOYIO  MOCJIEI0BATETHHOCTD
{up}se, € M(up), cxomgmyiocs K HEKOTOpoil Touke w. HeobXommmo 10Ka3arb, 4To TOYKA
u mpuHaIeRUT MHOKecTBY M (ug). Tak kak U 3amkuyTO0, TO Touka u € U, u

J(u) < A{J mn. camsy} < lim J(ug) < {J(ux) < J(up)Vk} < J(up).

k—o00

Takum o6pa3oM, 3aMKHYTOCTh JOKa3aHa.
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M(uo) =
= M; U M,

Puc. 6: maoxkectso M

Teneps mokazxkem, ato M(ug) orpanudeno. s 9Toro pa3zobbém 9TO MHOKECTBO HA JBA
(cm. puc. 6):
M(uo) = (M(uo) N {Ju — u]] < 2}) U (M(ug) \ My).

(.

-~ -~

M1 M2

MuozkecrBo My orpanndeHo (0 MOCTPOEHUIO), TO €CTh HaM HEOOXOINMO J0Ka3aTh Orpa-
HUYCHHOCTL MHOXKecTBa M.
Hast mo6oit toukn uw u3 My w € U, J(u) < J(uo), ||u — upl| > 2. Bospmém quciio

a = ||u——1uoH € (0,1), 1 —a € (3,1), rorga aus Toukn v = ug + a(u — ug) € My BblOI-

IHl=1<2
HACTCA HEPABEHCTBO

J(v) < {J(u) cunbro Beimykaa} < (1 —a)J(ug) + aJ(u) — goz(l —a)||u — ug|)*.
OTcioa, eperpynnupoBas cjaaraeMble 0 YT OTPaHWYeHNs Ha, (v, HOJIYYaeM, UTOo
K
ZHU —ugl| < J(uo) — J(v).

Ho v € M, a mig 310ro MHOXKecTBa (TakK KakK OHO BBIMYKJIO, 3aMKHYTO W OTPAHWYEHO)

. 4 —J1
peinosena Teopema 2: Jy, = inf J(u) > —oo — u Mbl nmeeM ||u — ug|| < M
ueM

1
Taxkum o6paszomM, MHOXKeCTBO My (a 3HAYUT U BCE MHOKeCTBO M) OrpaHuYeHo U mepBoe

YTBEPKICHAE TEOPEMBbI TOJHOCTHIO TOKA3AHO.
Bropoe yrBepxierne TeopeMbl CaeayeT HemocpeAcTBeHHO n3 Teopemsbr 5.
Jlokazkem Tperbe yTBep2KaeHue. Mmeem

J(uy) < J(ue + a(u — uy)) < {J(u) cuapHo BhIyKIa} <

g

<)+ (1-a)J(w) = Sa(l - a)Ju—u.|?

Orciona caeayer, 9To
K

sl =a)u—w|® < al(u) + (1= a)J(uw) = J(w) = alJ(u) = J(uw.)]

10 ecth, 5(1 — a)lju — u,|* < J(u) — J(u.). Yerpemnss o K HyJIO, TOTyYaEM TPEThE yTBED-
ZKJIeHNe. ]
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Teopema 9 (kpurepuii BoimykaocTu st gudepennupyembrx dyuximit). [Tyems H — 2uan-
6epmoso npocmpancmeo, mnoscecneo U C H ewnykao, J(u) € CH(U). Toeda caedyrousue
YMEEPHCOCHUA IKEUCAACHITVHDL,

(@) J(u) swnyraa;
(b) J(u) = J(v) + (J'(v),u —v)y Vu,v e U;
() (J'(u) = J'(v),u—v)y >0 YuvelU.

Ecau, kpome mozo, J(u) € C*(U) uintU # &, mo sxeusarenmun, ymeepoicdenu (a)—(c)
u ymeeporcdenue

(d) (J"(u)h,h)y >0 YueU,Vhel.

Hokasamervcmso.
Jts1 Hawasma mpoBeaEM LENmoUKy A0Ka3aTeabeTs o cxeme (a) = (b) = (¢) = (a).

1) (a) = (b)

[To onpeenenuro BbIIYKIOH byHKIMH:
J(au+ (1 —a)v) < aJ(u) + (1 — a)J(v).
[leperpynuupyem CJaraeMble 1 MmOJLy 4iM:
aJ(u) = aJ () + [J(v+ a(u —v)) — J(v)].
[TpuMeHNM K BBIDAsKEHHUIO B KBJPATHBIX CKOOKaxX (hOPMyJLy KOHETHBIX MPUPAIICHHUII:
ad(u) = aJ(w) + (J'(v+ 0a(u —v)),a(u—v))y, 0 € [0,1].

Tenepsb paszgeauM obe 4acTh HepaBeHCTBA Ha « > 0 M ycTpeMuM « K HyI0. Tak Kak
J'(u) HempephIBHA O YCJIOBUIO, MbI TIOJIy9UM, 9TO jiist JT00bIX u, v € U:

J(w) = J() 4+ (J'(v),u —v)y,
T.e. yrepxaenue (b).

2) ()= ()

Bamumem yeaosue (b) miist M0OBIX ABYX Touek u, v € U:
Tw) 2 () + (' (0),u— o)y

J() = J(u) + (J'(u),v — u)y,

1 CJIOKHUM ABa 3THUX HepaBeHCTBaZ
J(w) + J(0) 2 J() + T(w) + (J'(0) = T (w),u - v)y

Otcro/ia HEMOCPEICTBEHHO CJIe/lyeT yTBep:KaeHue (c).
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3) (¢) = (a)

O6o3nauum depes w Boipaxenue au + (1 — a)v. Torga:
aJ(u)+(1—a)J(v)—J(au+(1—a)v) = aJ(u)+ (1 —a)J(v) —[a](w)+ (1 —a)J (w)] =

=a(J(u) — J(w)) + (1 —a)(J(v) — J(w)) = {dbopmysa KOHEIHBIX TPUPAIIEHHH } =
1 1
= a [ (J'(w+ tu—w)),u—why dt + (1= a) [(J'(w+Ho = w)),v—w)y dt.
0 0
Bamernm, 9ro u—w = (1—a)(u—v),v—w = (v —u) 1, TPOJOJIZKAS IENOIKY PDABEHCTB,
IOJTY MM, ITO MPEIBLIYINEe BHIDAZKEHHE DABHO

a(l — a) j (J'(w+tu—w)) —J(w+tlv—w)),u—uv)y dt.

Ecaun 0603HaunTh Yepes x BeIpaKkenune w +t(u —w), a gepe3 y Buipaxkenue w +t(v — w),
10 u—v Oymer paBHaAThCs (£ —y)/t, tae t > 0. Torga B 9Tux 0603HAYEHUSIX TTPEIHI LY AT
HHTErpaJ pPaBeH

(J'(x) = J(y),x —y)y dt = 0.

O;N—‘
~+ | =

Taxum obpazom, uMIUIHKaIu (¢) = (a) A0Ka3aHa.

Jlokazkem Ternepb, ITO U3 yTBEPKAEHUSI (¢) ¢ JOTOTHUTETbHBIMUA OTPAHUICHUSIMH CJIETYeT
yreepxkaerne (d).

Qurcupyem Jirodboe u € intU n g06oe h € H. Torma cymecrByer takoe €9 > 0, 9410 J1715
noboro € € [0, &) Touka u + e¢h € U. lmeem

(J'(u+¢eh)— J(u),eh)y > 0.

[Tpumenum K mepBoMy apryMeHTy CKaJspPHOIO MPOU3BeIeHUs (DOPMYJY KOHEUHBIX IPUpPAIIe-
uuii (31ecy yunroisaercs, uro J(u) € C*(U)):

(J"(u+ Och)eh,eh)yy >0 0 =0(c) € [0,1].

Paze/iuM 3T0 HepaBeHCTBO Ha €2 U yCTpeMuM € K Hy.mo. Toraa, yuars, uro J” (u) HenmpepbiBHa,
1OJLy 9UM, 4TO yTBepzK/aeHue (d) BbIIOJIHEHO Jyist Beex u € intU.

Teneph TpUMEHIM CBOHCTBO 6vinykAvir MHOxecTs: intU = intU (31ech OHO TIPHBOIATCS
Oe3 okasaTenabeTBa, cM., Hanpumep, [ATD, crp.216-217]). Umeewm, arto (d) BImogHSACTCS 1751
Beex u € UNintU=UNTU=U.

Jlnst 3aBepliieHre JOKa3aTeIbCTBA TEOPEMbI JOKAKEM, YTO BBINOJHEHHE YCIoBus (d) Bie-
4ér 32 coboil (¢), a 910 cieyer u3 TOro, 4ro

(J'(u) — J (v),u — v)y = {Yupaxnenune 6} = (J"(v+ 0(u — v))(u —v),u — v)y > 0.
Takum ob6pasom, TeopeMa MOJHOCTHIO JOKA3aHA. ]
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OTmeTnM, 9T0, TEOMEMTPUYECKH, YCIOBHE (@) O3HAYAET, YTO JH00ast XOp/a, COeTHHSIIONAs]
JiBa, TOYKN rpaduKa, JeKuT Bhitie rpaduka. (b) Ha3bIBAETCS MOHOTOHHOCTHIO I'DAJHEHTa, a ¢
B CKaJIIPHOM CJIydae O3HadaeT IIPOCTO 3HAK BTOPOU MPOU3BOITHOMN.

AHasorngapiM 06pa3oM MOXKHO JIOKA3aTh MOJA0OHYIO TEOPEeMy i CJydasi CUIbHON BbI-
nykaoctu. [Ipuseném eé hopMyInpoBKy.

Teopema 10 (kpurepuii cuibHO# BbiyKIocTH [11st auddepennupyembrx byukmit). [Tycmo
H — euavbepmoso npocmpancmeo, mnoscecrnéo U C H ewnyrao, J(u) € CHU). Toeda
caedyrowgue ymeeparcoenus IKEUSANCHIMHbL:

(@) J(u) cuavno ewnyraa ¢ kospduyuenmom k > 0;
(V) J(u) = J(w)+ (J'(v),u —v)y + 5llu—v||f Yu,v e U;
() (J'(u) = J'(v),u — vy = kllu—2]F Yu,veU.

Ecau, xpome mozo, J(u) € C*(U) u intU # &, mo axeusasenmuv. ymeepoicdenua (a') —
(') u ymeeporcdenue

(d') (J"(u)-h,h)y > k||h|% Vu e U,VheH.

Joxasamensvcmso.
[To cyru, HEOOXO/MMO OBTOPUTH J0KA3aTeJbCTBO TeopeMbl 7, y4UTbiBasi CUJIbHYIO Bbl-
nyKJIOCTh. [IpegocTaBumM 3TO YUTATETIO. O

[TpuBeém mpumep, mokasbiBatonwii, aro yeaosue intU # & B myukrax (d) u (d') Teopem 7
71 8 BayKHO.

Paccmorpum muoxkecrso U = {y = 0} B npocrpancree R? (u = (x,y), U BbImyKJIO,
intU = &) u dynxmuio J(u) = 22 —y*. J(u) € C? u CUIBHO BBHIIYKJIA, OJHAKO OYEBHIHO, ITO

€€ BTOpad IPOU3BOAHA
w2 0
J"(u) = ( 0 9 )

He YIOBJIETBOPSET HuU ycjaoBuio (d), Hu yesosuio (d).
ITpumepsr npumenenus Teopem 7 u 8.

1) J(u) = (c,u) — nuneitnas dyHKIHUs, BHIMyKaasi, HO He cuibHO. J”(u) = 0, T.e. Hepa-
BeHCTBO (d) BBITIOJIHSAETCS, HO MPH 9TOM HepaBeHCTBO (d') He BBIIOJIHAETCS.

2) J(u) = ||[Au — f||}, A € L(H — F),f € F — xpagparuunsiii GhyHKIHOHAT, KAK
M3BECTHO BBIMYKJIBIH (10Ka3ano Boime). JJokazkeM 9T0 Ho-ApyroMy — npumensis Teope-
My 7.

J"(u) = 2A*A € L(H — H)

(J"(u)h, h)y = (2A* Ah, h)y = 2||Ah||z > 0 Vh € H.
To ecrsb ycnosue (d) BImOMHSCTCS.

B 1o x&e Bpems J(u) — cuiabHO BBIMYKJBI ¢ Koaddunumentom £ > 0 Torga u TOJbKO
TOI/IA, KOIJIa

2 (A*Ah,h)y > k||h||%  Vh € H.
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Ha anredbpamdyeckom si3bIKe 3TO O3HAYAET CYIECTBOBaHHE OOPATHOIO OllepaTopa
(A*A)™' € L(H — H).

To ects, ecan det(A*A) # 0, To cuAbHAST BBIMYKJIOCTH €CTh, & B MPOTHBHOM CJIydae
CHJIbHOI BBIIIYKJIOCTHU HET.

JlokaxkeMm Terepb OJHY U3 OCHOBHBIX TeOpeM Kypca.

Teopema 11 (ycsioBust onTUManIbHOCTH B (hOpME BAPUAIMOHHOTO HEPABEHCTRA ).
Iyemy mmooiceemeo U — evnyrao, J(u) € CHU). Tozda

1) ecau u, = argmin J(u), mo (J'(us),u —u,) =20 YueU (1);
uclU

2) ecau u, € intU, mo J'(u,) = 0;

3) ecau ewnoanaemes (1), a J(u) ewnykaa, mo u, = argmin J(u).
uelU

ﬂOHCLé’CLm&/LbCTnGO.

1) Tak kax U Beinykio, 1o 1y 060it Toukn v u3 U Haiiaéres Takoe aucio ag € [0, 1],
aro s goboro a € [0, ap] Touka u, + a(u — u,) 6yaer npunagaexkars U. st 91oit
TOYKHK 110 YCJOBHIO BBIIIOJIHEHO HEPAaBEHCTBO!

J (e + (v —uy)) — J(uy) = 0.
[TpuMmenss pOpMyIy KOHEIHBIX HPUPAIICHUH, Oy IaeM:
(J'(us + Oc(u — uy), a(u —uy)) > 0.

PazjiesmmM 3T0 HepaBeHCTBO HA (v M yCTPeMuUM « K HYyJ10. Torjga B cujy HempepbIBHO-
cru J'(u) moydaem mepBoe YTBEPK/IEHHE YTBEPZKIEHHE TeOPEMBbI.

2) Jlnst qoctaToqHo Masdbix o > 0 Touka u, = U, — ' (u,) npunagrexur U. TlogcraBuv
TOYKY U, B (1) m momyanm:

(S (), =o' (us)) 2 0,
=0.

10 ecth ||J'(u,)]|? < 0, a aT0 03Hauaer, uro J'(u.,)
3) Iocaennee yrepzkaenue TeopeMbl ciaepyer u3 mynkra (b) Teopembr 7:

J(u) — J(us) = (J' (us),u — uy) = 0.

Teopema mokazana. 0

IIpumepsvt npumenernusa Teopemwt 9.
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1) Paccmorpum cie/yioniyo TPUBHAJLHYIO 3a/a9y MHHUMU3AIUH HAa OJHOMEPHOM IIPO-
crpanctse H = R:
J) =u*—inf, u=xz U=][L2].

OuernHo, 9T0 U, = 1. [Tosyunm sroT pesyabrar ¢ momorsio (1). st Harmero coydast
CKaJIAPHOE IPOU3BEJECHNE €CTh IIPOCTO “‘ecTecTBeHHOE” YMHOXKEHHE, TI0ITOMY HeoOX0 -
MBIM YCJIOBHEM ONTUMAJIBHOCTH BeseacTBHe (1) sBaseTcs HepaBeHCTBO 2w, (u — uy) = 0,
KOTOpOE JIOJIZKHO BBIIOJHATHCS I J1106oro u u3 orpeska [1,2]. Tak kak wu, Moxer
ObITH TOJILKO U3 [1, 2], TO HEOOXOMUMO JOJZKHO BBIITOJHATHCA U — Uy = 0 OIgaTh JKe Jd
aroboro u u3 orpeska [1,2]. Orcioga noxyvaem, aro u, = 1.

2) Iyere H=F = L?[0, 7], J(u) = [|Aul[72p > T1€ neiicreue onepatopa A € L(L? — L?)
t

onpezestercs coornoutenueM (Au)(t) = [u(s)ds. JokazkeMm OrpaHHIeHHOCTD J:
0

e 2 ¢
||Aul|* = j Iu(s)ds dt < ju(s)ds < {Koum-Bynsxosexmuii }r2 || u |2
0o \0o 0

Jutst oboro u. [IpoBepum, umeer jim MeCTO CHJIbHAS BBINYKJIOCTD:

2

s t s
2 k 2 _ K 2
| AR]| —Oj th<s>ds R —20jh<s>ds

Ho moxer sm st Beex h O6biTh equnas k7 Pacemarpusas hy = sin(kzx), k= 1,2, ...,
yOerk1aeMcsi, 9TO IpaBasi 9acTh CTPEMUTCS K HYJIIO, B TO BPEMs KAK JIeBas - KOHCTAHTA.
TakuMm 06pa3oM, CHILHAA BEIIYKJIOCTD HE IMEeT MeCTo’.

3) PemmM ciie/1yionnyio 3aj1ady ONTUMAJILHOTO yipasjienus B npoctpancrse L2(0,4):
4
I () dt — mf U = {u € L*0,4) | [u(t)| <1 nourn seroay},
0
{ () =u(t), 0<t<4
0.

s magana 3aMeTuM, 910 MHOKeCTBO U BBIIYK/IO 3aMKHYTO U OTDAHUYEHO U, CJIEJI0-
Bare/ILHO, aBjsercs ciabbiM komnakTom B L2(0,4).

Pazobném dyuxmmonas J(u) Ha JBa HHTErpasa:

fx dt+f t)dt = Ji(u) + Jo(u)

5OTMeTHM, UTO XOTS OmepaTop JHHeeH, OOPATHM, 3Ty “HEIPHATHOCTL” 0ByCIaBIHBAET TOT (aKT, ITo 00-
pPATHBIH OlEepaTOp He HEelpPEPbLIBEH.
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, _ 2
Pynknua Ji(u) spinykna xax guneiinas no u. Pynkuus Jy(u) = |[ulgzq,) cnabao
BHIYKJIa ¢ Koaddumnentom k£ = 2. Orcooga noaydaem, 9to J(u) SBASETCS CHIBHO
BBIIYKJIBIM 1 110 Teopeme 6 CYIIECTBYET eHHCTBEHHO ONTHMAIBHOE YIIPABICHHUE.

Bocnonb3yemces HeobxoauMbiM yeaoBueM (1) 1i1s HaX0XKIEHUST OMTUMATHHOTO YIIPaBIIe-
HUS.

(J'(u),u — U)o >0 YueU (%)

J'(u,) B Hamux 0Go3HAYEHHIX MpeAcTaBuMO Kak Ji(u.) + J5(uy), mpu srom Ji(u,) =
2u,. Ecnu 661 Mbl mpectaBuin Ji(u) B KanonmdeckoM suze J; = (¢, u) (Bume Pucca),

to Jj(u) = c.

4

Jy(u) = f )1dt = f(t)(t—él)’dt:

OH%

x(t,u)dt = j c(t)u(t)

4

= {uHT. MO YacTAM} = — Ix/(t)(t —4)dt = fu(t)(t —4)dt.

Taxkum o6pazom, nosrydaem, 4ro Ji(t) = ¢(t) = 4—t. Torna ycioBue (k) mepenuceBaeTcs
B BHJIE

4— 1)+ 2u.(t) - (ult) — un(t)) dt =0 Vue U.

o;”;

Bocnonbsyemes TeM, 9T0 3TO HEPABEHCTBO JIOJYKHO BBITOJHATHCS A5 006X u u3 U u
paccMoTpuM cjiejyioniee cemeiictBo pyukiuit, upunajiexkammx U:

us(t), te|0,4\(to—e,to+¢)
u(t) = { v, te€(ty—e,to+e)

rie v Jarboe ducao u3 orpeska [—1,1], € >0

Taxum obpazoM, Mbl 3aMEHUJIN ONTUMAJIbHOE yIIpaBaeHue (pyHkIueil, OTJIUIHONE OT OIl-
TUMAJIbHO, JIUIL Ha uHTepBane (to — €, 1y + €), Ha KOTOPOM OHA MPUHUMAETCs PABHOI
JIOTYCTUMON KOHCTAHTe. DTOT METO HA3BIBAIOT METOJOM U20AbYGMbLT 6aPUAUUT.

Torna aist 11060r0 MOJOKUTEIBHOTO € U JiIoboro v € [—1, 1] ycaoBue (*) nepenucoiBa-

eTcd B BUJE
tote

j ((4=1) + 2u.(t) - (u(t) — u.(t)) dt = 0

to—e

Tenepb BOCIOIB3yeMCst TeopeMoii o nuddepernupyemMocTn uuTerpaia Jlebera (cM., Ha-
npumep, |[K®, ri1. VI, §6]). Paznesnm nosydentoe HepaBeHCTBO HA 26 1 yerpemnM € K 0.
Jnst moutu Beex tg u3 maTepBasa (0,4) moxyunm (4 — to + 2u.(to)) - (v — u«(ty)) = 0.

Bo3MoXKHBI HECKOJIBKO BapHaHTOB.
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i) Hpexnomoxum, aro 4 — to + 2u.(ty) > 0. Tak xak u.(ty) € [—1,1], To npu ¢, u3
uaTepBaia [0,2) 570 HepaBeHCTBO OyneT BHIIOJHEHO. Torga HeOOXOMUMO JOTKHO
BBIIOJIHATBCS YCIOBHE U — Uy = 0 & v > w, Juig moboro v € [—1,1]. Orciona npu
to € [0,2) onTUMATBHBIM SBIAETCS YIpaBJIeHue u,(t) = —1.

i) Ecmm 4 — to 4 2u.(ty) < 0, 10 v — u(t) < 0 Yo € [—1,1] u Mbl mosmydaeM, 9To
u.(t) = 1, Ho 910 TpOTHBOPEUUT TOMY, UTO 4 — to + 2u.(ty) < 0. 3HAUUT FTOT
BapPUAHT MCKJIIOYEH.

i4i) Octanoch paccMoTperh cayuail, koraa 4 — tg + 2u.(tg) = 0. Torma moaydaem, 9To
upu to € [2,4] u.(t) = 52

Baada MOJHOCTHIO PeIleHA.

u

MeTpudeckasi IpoeKITus

B stom nyukre M — merpudeckoe npoctpancTso, p(x,y) — merpuka, U C M.

Onpe&e./zeuue. Upoe%uueﬁ Pruy (’U) TOYKHU ¥ HA MHOxKecTBO U Ha3bIBaeTCH argrgin p(u, U)
ue

(B HEKOTOPBIX CJIydasgX BBITOJHEE PACCMATPUBATH MPOCKIMIO Kak argmin p*(u, v)).
ueU

Bamernm, 4ro B ciaydae, korga U He BBITYKJIO, TIPOEKITHsT TOYKH, BOOOIIE TOBOPS, MOKET
OBITH HE eJINHCTBEHHOI (cM. puc. 8).

<

Pwuc. 8: mpuMep mpoeKIuu Ha HEBBITYKJIOE MHOZKECTBO

JIist HEKOTOPBIX MHOYKECTB IPOEKIIMN TOYKH Ha HUX BOOOIE He cyliecTByeT. Hanpumep,
ecan pacemorperh oTKpbiThiii map U = {||u]| < 1} u Touky BHe 3T0TO MI1apa, To oHa He Gymer
IMeTh TPOEKIUIO Ha 9TO MHOXKECTBO (CM. puc. 9).
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Puc. 9: mpumep oTcyTcTBUS NPOEKITUN

Teopema 12 (cyiiecTBoBaHUe U €MHCTBEHHOCTH MPOEKIINH U €€ CBOUCTBA).
Hycmo H — 2uavbepmoso npocmparncmeo, U — uinykaoe 3aMEHYMOE MHONCECMEBO, To20a

1) das aw0boz20 saemenma h us H cywecmeyem eduncmeennan pry(h);

_ pevy, .
2) p_prU(h)<:>{ (p—hu—p)y>0 YueU (em. puc. 10);

3) lpry(f) —pru(@)lm < ||f —gllm Vf,g € H. Omo csoticmso nazwsarom necmpoeoti
CHCUMAEMOCTIBIO ONEPATOPA NPOEKMUPOSaruA (cm. puc. 11).

Zlokaszamenvcmao.

1) Pacemorpum dyukiuio J(u) = ||u— hl|F. Oua cuiabho soinykia (k = 2). Muoxecrso U
BBIITYKJIO W 3aMKHYTO 110 ycaopuio. Orciona mo Teopeme 6 cioenyer, 9to J, KOHEYIHO U
U, = {u.} # @, 10 ecTh nepBOe yTBEPK/IEHNE TEOPEMBI.

2) Bropoe yTBepzKIeHEe SIBJsIETCs CJIeICTBHeM NpuMeHeHusi Teopembl 9 K 910il e DyHK-
1HH.

3) Ilycrs py = pry(f), py = pry(g). Torna, npumenss BTopoe yTBepXKIeHHEe JBa pasa,
nMeeM:

0
<pg _guu_pg>H >0
ITpumeM 3a u B HEPBOM HEPaBEHCTBE Dy, & BO BTOPOM pf U CAOKHAM HX
(o — f—pg+9,pg — Py =0

UJIA TI0-PYTOMY

Torya B cuay nepasencra Konn-ByHskoBecKoro:

lg = fllellpg = prlle = (9 = f.p = Prdu = (Pr = PosPs = ) = IIPg — Prlliz

Pazemmv oo nepasenctso Ha [|py; — prllm # 0 (ecsm p, = py noxasviBaemoe HepaBen-
CTBO, OYEBH/IHO, BBINOJHAETCS) U MOJYYUM TPEThe YTBEPKIEHHE TEOPEMBI.
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Puc. 10: x 1. 2 Teopembr 10

/ g

pf Pg

| Pr=Pg

Pwuc. 11: x 1. 3 Teopemnr 10

Teopema MOTHOCTHIO JTOKA3aHA. O]

Ynpaotcnenue 13 (5). Ilycrs H — ruasbeproso npocrpanctso, L — gamrnymoe nnueii-
Hoe moxnpocTpancTso 3 H. Jlokasarh, 9T0 pri ecTh JUHEHHBIH OrpaHUYeHHBIH CaMOCOIIPs-
KEHHBII omepaTop (omepaTop OpTOrOHAJIBHOIO TTPOEKTUPOBAHNSA ).

Ynpaotwcnenue 14 (4). Ilycre H — runsbeproBo npocrpanctso, L — zamrnymoe nuueii-
Hoe noxmpocrpanctso u3 H, ro € H — dbukcupopannas touka. /Jokazars, 910 (CM. yTB. 2
Teopemsr 10)

pExy+ L
P = Praginh < { (p—h,1y =0Vl €L.

IIpumepbl HA BBIYUCIEHUE MPOEKITHIL.

1) Hycrs U —map 8 H: U = {u € H | |ju — wllm < R,up € H}. He orpanmunsas
OOTITHOCTH PACCYKIEHNI, MOZKHO CINTATh, 9T0 Uy = 0. Paccmorpum Touky h ¢ U. Torma
110 AHAJIOTHI € TEOMEeTPUYCCKUM HPOCTPAHCTBOM R? HpeIo0KuM, 4T IIPOeKIHs STOM
TOUYKM Ha MHOKecTBO U paBHa:

h

pry(h) =R .
Y 1]

JokazkeMm 310, ucnosb3ys yreepzxaenue 2) Teopembr 10. [T 9T0ro paccMoTpum cKa-
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JIIPHOE TTPOU3BEJICHUE

h h R [
R o= Ry = (= 1) x (e - R
(5 Rl /s~ \Thl 5l

Tax kax h € U, 10 ||h||g > R, a 3HAUAT TEepPBbIi MHOKUTENb 9TOTO MTPOU3BEIEHUS OTPHU-
naTeJsICcH. BO BTOPOM MHOXKHUTEJIC PaCIIHIIeM CKaJIAPpHOE IIPOU3BEACHHE 110 HEPpABEHCTBY
Komu-Bynskosckoro:

(hy uyy < [|Pl-[lulla < B-[lAlu-

Orcroa ciieyer, 970 OH HEIO/I0ZKHUTEIeH, TO €CTh BCE CKAJIIPHOE MTPON3BEIEHNE OKA3bI-
BaETCS HEOTPHUIATEHHBIM U BHITIOJIHSAETCsS BTOpoe yciaoBue Teopembr 10. Takum obpa-
30M, Hallle IPEeJIIOI0KEeHNEe OKA3a/10Ch BEPHBIM.

Pacemorpum U = {u(t) € L*(a,b) | a(t) < u(t) < B(t); at),B(t) € L?} — “napan-
aenermmen” B L2 Jlng maxoxaenus npoekunn Gyukmun h(t) (me nmpunamtexameit U,
TAaK KaK B MPOTHBHOM CJydae mpoeknus npocto Oyger pasaa h(t)) na U meobxomanmo
MUHUMHU3UPOBATH HOPMY:

ueU

lu(t) = R®)}: = [ u(t) = h(t)]* dt — inf .

ITpoeknus B 3TOM cjiydae, Kak HETPYAHO BUJETH, Oy/IeT paBHA:

h(t), t: at) < h(t) < p(t),
[pro(R(t)] () = § B(1), t: h(t)>B(1),
a(t), t: h(t) < aft).

Ynpasrcnenue 15 (3). Haittu npoexiun

1)
2)

B ruibbeprosom npocrpancTse H xa rumepmiockocts U = {u € H : (¢, u)y = B};

B npocrpancTee R” Ha “mapanerenunes’ U = {u € R" : oy < u; < 5, i = 1,n}.

Teopema 13 (npoekimonnas dpopma kpurepust ontumaabaoctn). Hycmos H — suavbepmoso

npocmpancmeo, U — ewnyraoe samxnymoe mroscecmso, J(u) € CHU), J(u) evnyraa.

Toezda

u, = argmin J(u) < Va >0 wu, = pry(u. — ot (uy)).
uelU

ﬂO%CLSCLm&/LbCWlGO.

IIo Teopeme 9 umeem, 9TO U, ABJIZETCS TOYKOH MHUHHEMYMa TOTJIA U TOJBKO TOIJIA, KOIJA

(J'(ue),u —ue) 20 YueU.

YMHOXKHM 3TO HEpaBeHCTBO Ha o > () W B MepBOM apryMeHTe CKaJISIPHOTO IMPOU3BeIeHNd

HpI/I6aBI/IM 1 BBIYTEM Uy

(e — (us — aJ'(uy)), u — uy) = 0.

910 HepaBeHCTBO 10 1.2 TeopeMsbl 10 BBIIIOJIHEHO TOT/IA M TOJHKO TOIIA, KOTJIA

e = pry(us — aJ' (uy)).

Teopema mokazana. O

35



5 UlrepanuoHHble METOJbl MUHUMU3AIUN

MeTon ckopeiitmero cirycka

PaceMorpuM 10cTaToqHO OOIILYIO 38184y MAHUMI3AIINL:
J(u) — inf, w e H. (1)

Jns eé perenus B JAaHHOM METOJE CTPOUTCS CAEAYIONIash UTEPAIMOHHAs TMOCTIETOBATE b=
HOCTHB:
/ .
U1 = up — agd (ug), k=0,1,2,...; a >0 (2)

st magasia nporecca urepupoBanust Heodxoaumo 3aaath ug € H. Criocobos, 151 BEIOOPa
Uo B OOITIEM CJIyUae He CYIeCTBYeT U B OCHOBHOM 3/1€Ch UCXO/ISIT U3 KAKUX-TH00 IMITHPUIECKIX
JAaHHBIX U TIOJIaralOTCd Ha OIIBIT.

Kpurepun ocTaHOBKH IPOIECCa MPHOTHAKEHHOIO HAXOXKICHAS MUHAMYMAa MOTYT OBITH OC-
HOBAaHBI HA PA3IUIHBIX cooOpazkenusix. [IpuBeiéM HeKOTOPBIE W3 HUX:

D) g1 — wl| < e
2) | (urr1) — J(ur) || < e
3) |1 (w)|| < es.

(e; BBIOMpatoTCst, Mexois w3 TpeboBaHuil K pemennio). OOBIYHO HA TPAKTHKE MPUMEHSIOT
KOMOWHAIINA TUX OIEHOK.

BriGop mrara cIycka oy, B 00IIeM CJIydae TaK»Ke He e THHCTBeHeH (MIPUYEM Ha KazKJIOM IIare
OH MOZKeT OBITh B34T T0-pasHoMy ). Horma ay 6epyT He 3aBucamum ot k: oy, = a = const > 0.
B MeTroze ckopefiliero crycka o oupeaesnsiercs KOHKPETHBIM 00pa30M:

ay = argmin J (uy, — aJ' (ug)). (3)

a>0

O6osHaunm vepes fi(«) Boipaxkenne J(uy — aJ'(ug)).

Bamernm, 9TO B IPH TAKOM BBIOODE Vg, ECITH Up 41 = Uy, TO 160 oy = 0, 60 J' (uy) = 0.
Coyqait J'(uy) = 0 gBiasgeTcs HeOOXOIUMBIM YCJIOBHEM MHHHUMYMa H IPONECC UTEPUPOBAHHS
MOZKHO OCTQHOBHUTH. A B ciydae, Korja oy = 0 u3 (3) umeem

fi(0) =0
J1(0) = (J'(ug), J'(ux)) < 0.

Orkyzna f,(0) = 0 i MBI OIATH TMOIYYHIN HEOOXOANMOE YCIOBHE MUHHMYMA.

Teopema 14. ITycmw H — zuavbepmoso npocmpancmeo, J(u) € CHH), J(u) cuavro 6vi-
nykaa ¢ koappuyuenmom k > 0, J'(u) € Lip(H) ¢ xonemanmot L > 0. Tozda npu arobom
sulbope Hauarvroltt mouku ug us H memod (2)~(3) cxodumes x mouke MUHUMYMG Uy 360G4U
(1), npuuém das ckopocmU CTOOUMOCTIU CIPABEOAUBH OUEHKA:

gHUk —w|* < J(uk) = T () < ¢"(J(uo) = J(us)), e g =1 % €[0,1) (4)
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Joxazamenvcmao.

Jns wmagana 3amernm, uto mo Teopeme 6 Touka wu, ajast dbynkuun J(u) cyiecTByer u
e/TAHCTBEHHA.

ITo Teopeme 8 1. (') (ycsoBue CHABHON MOHOTOHHOCTH TPAJIMEHTA) HMEEM:

kllu—v||F < (J'(w) = T (v),u—v)y Vu,v€H.

YuaursiBag, uro J'(u) € Lip(H) u npumenss mepasenctBo Komm-ByHnsakoBckoro Takzxke

HOJydaeM, 9TO
(J'(u) = J'(v),u = V) < Lllu— vl

U3 9TUX HEPABEHCTB CJeiyeT, 4To Kk < L, u Bbipazkenue jiis ¢ B (4) BepHo.

Teneps 0b603HaUUM Uepe3 aj pasHocTb Mexay J(ux) u J(u,). OdgeBugno, uro a > 0. B
CBOIO 0Y€peJIb

a1 = J(up1) = J(we) + ar <{(2), (3); Yo} < [J(up — o (ur)) — J (up)] + ax
[IpumernM K pa3sHOCTH B KBaIPATHBIX CKOOKaX (hOPMYIY KOHEYHBIX TPUPAIEHUN B HHTe-
rpajibHO# popme:

J(up — o' (ug)) — J(ug) = f (J'(up — atJ (ug)), —ad' (ug))y dt

JobGaBuM U BBIUTEM K JIEBOMY apryYMEHTY CKaJIspHOrO mpomssefenus J'(uy), TOraa mo Hepa-
serncrBy Komu-Bynsikoekoro u B cuty Jlunmun-wenpepsisaoctu J'(u) 910 Bbipakenue He
MPEBOCXOTUT

1
1
— || () [ + fLH — ot (up) || — @' (we) e dt = el T (we) i + 5L (1" (i) |z
0

Takum obpasom,
1
ar1 < g — ol ()|l + S LT (we)lliy - Ve > 0.

B mpaBoit vacTn 3TOro HepaBeHCTBA CTOUT KBaAPATHBIN TPEXUIEH OTHOCUTETHHO (v, KOTOPBIi
JlocTuraer ¢Boero Munumyma B rouke 1/L. Orcioja ciejyer, 4ro

1
a1 < a = o7 |7 () I (5)

[TepBas wacts nepasenctsa (4) caexyer u3 Teopemsr 6.
JokazkeMm BTopyto 4acth HepaeHcTBa. [1o Teopeme 8 1. (V') umeem

K K
a = J(ug) = I () < (' () e = ) = Sl = wel* < T (e | flun = ] = 5 e = e

O6o3HaunM ||uy — u.|| = y, Toraa

B

ar < |lup — will-y — 5
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1 )l

OTa KBaJApaTuIHas (PYHKIHS OT TePEMEHHON ¥ TOCTUTAaeT MaKCUMyMa B TOUYKE Yy =

[ToaTomy
1
g _ J/ 2 .
e < 5 )

Bripazkas orciona nopmy ||J'(uy)|lm 1 noacrasss eé B (5), mosmyanm:

K
Ap+1 < Qe (1 — —) = Qrq.

L
[Tpumensist 5TO HEPABEHCTBO k, pa3 MOJydaeM BTOPOE HepaBeHCTBO B (4), W Teopema MoJIHO-
CTBIO JOKAa3aHa. ]

Hawtydiiue pesyibrarsl, KAK HETPY/HO BUeTh, MeTo/ (2)—(3) gaér B ciayvae, Korjga k = L
(manpumep, nns kBagparnaabx (yHkmuonanos suga J(u) = |jul|f — (b, u)y). pn srom
corytacHo (4) MBI MOJIyIaeM mouHbid PE3YIBTAT Y7Ke MOCIe TTePBOro mara mporecca.

Bamernm, uro aig kBaaparuanoro gynkmuonana J(u) = ||Au— f||% sagaga (3) pemaercs
SBHBIM 00paszoM. Ecim o6o3naauth depes fi(«) Beipazkenune J(u, — aJ'(uy)), T0 1714 coaydas
KBa/IDATHIHOIO (DYHKI[MOHAIA UMEEeM:

file) = [|[A(u — o' (we)) = flle = [l Aue — fll& + @[ AT (we) & — 2 (Aue — f, 0 AT (ur))p -

B cayuae, korga ||AJ'(ug)|lp # 0, mvMeem B npaBoit 9acTH KBaJAPATHBINA TPEXUICH OTHOCH-
TEJIbHO (v, KOTOPBIH JOCTHIAeT MUHUMYMa B TOUKE

o = \Au = [ AT W)e _ ey oar gy -y = L AU — fAA(Au — f)p
CE A W = A e Y = e T e,
1A A DA A= DY 1 A (A — D (_ U ) >
> AR (Au - DR 2 A CAur = DB\~ 2 AT (un) 2

Cayuait ke, korna AJ'(u) = 0 ozmawaer, uro AA*(Auy — = 0. Ecan 06o3na4nTH
Y ?
pasnocTb Aug — f depes vy, To Oymem umeTh, 9tT0 v € ker AA*. A m3 sToOro ciaemyer, 9To
v, € ker A*, meiicTBUTENBHO:

AA*Uk =0= <AA*Uk, Uk> =0= <A*Uk, A*Uk> =0= A*Uk = 0.

Orcrona moaygaem, 9to J'(uy) = 0, TO €cTh TPOIECC OCTAHABINBAESTCS.
Ynpaostcnenue 16 (3). Haiitu asroe Boipazxenne s oy u3 (3) m1s GyHKIHOHATA

() :%(Au,u) by, AT=A>0.

HemnpeproiBHBINT aHAJOT METO/Ia CKOPEMNIEro CmyckKa

Kak u B mpeapLiymieM MeToJe, 37eCh Mbl PACCMATPUBACM 33Ja9y MUHAMH3ATHA QYHKIHA
J(u) Ha muHO)KecTBe 6e3 orpanndennit U = H:

J(u) — inf, v € H (1)
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[TpuBeném HekoTropble (hOpMAJbHBIE DPACCYKICHUS, KOTOPBIE IO3BOJAT HAM IOJYYUTH
HENPEPBIBHBIN aHAJOr MeToJ/ia CKopeifliero crnycka. PaccMOTpuM miar mporecca Jijis 3TOro
METO/IA:

Upr1 = up — aJ' (uy,).

Eciu pacemarpusath Atf, Kak HeKHMil BpEMEHHOH Iar, TO pa3JjieJ B 9TO PaBeHCTBO Ha Afy
IOJIY YUM:
Ug1 — Uk A

At, _Atkj (k).

Ecau remepnb 3agarp 3uadenue u(t) B HAYAJbHBIT MOMEHT BpeMenu t = (0, TO MBI IPHIEM
(MCxo/Ist U3 3APABOTO CMBIC/A) K CHCTEME

{ Z’((g)) :u—oﬁ(t)t]’[u(t)], t>0 @)

Teopema 15. ITycmo J(u) cuavno ewunyraa na H ¢ kospduyuenmom k > 0, J'(u) € Lip(H),
B(t) = By > 0 nenpepwuisna no t. Toeda das 06020 nauasvrozo npubsuscenua uy € H memod
(2) cxodumes € u, U 0AA CKOPOCTIU CTOOUMOCTIU CNPABEONUBH OUECHKA:

lu(t) = walli < lluo — waflwe™", £ >0 (3)

Joxaszameavcmso.

Kak u B npeabiiyneit reopeme 3amerum, 4to 10 TeopeMe 6 TOUYKA U, CYIIECTBYET U €J[UH-
CTBEHHA.

Breném dbynkmuio Jlanywrosa:

V(r) = llu(r) — wi

V(1) =2 W (1) —ul,u(r) — ueyy = 2(=B(1)J [u(r)],u(r) — ts)y <
< {Teopema 8 11.(c)} < —28pk||u(T) — u.||f = =286V (7).

20BKkT

JIoMHOKIM 00e 9acTH 3TOTO HepaBEeHCTBA Ha € U TIepeHecéM BCE B JIEBYIO YaCTh!

PRV (1) + 2Bke® TV (1) < 0, T0 ecTn (V(T)@Qﬁm-), <0.

[IpounTerpupyem obe gactu no 7 ot 0 10 t:

28kt

lu(t) = wlfe®™ = Jluo — w1 < 0.

205t g B3gB KOpeHb, TosydaeM (3).

Teopema, j0Ka3ana. []

[Tepenocst BTOpoe craraemMoe B MPaBYyIO YacTh, A Ha €
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Metoa mpoekIium rpaJineHTa

B 9TOM HyHKTe paccMOTpuUM 3ajady MuHuME3anuu GyHkimuu J(u) HA MHOXKECTBE, yzKe He
COBMAJAIONIEM €O BceM mpocTpancTBoM H (3a1a4y HA YCIOBHBIH MUHUMYM ):

J(u) —inf, weUCH (1).
B nannoM MeTofe paccMaTpHBaeTcd HTepaIioHHasd MOC/Ie/I0BATeILHOCTD
Ups1 = pry(ue —apJ'(ug)), k=0,1,2,... (2)

[Ipu 31O0M HEOOXOAUMO yUUTHIBATH, YTO HA KAXKJIOM IIare HpuO/InzKeHUs BCe TOYKHU Uy, JIOJIZKHbBI
npuna/iexkars U. /ig npocTorsl OyieM cYuTaTh, 4To

ap = o = const (3)

Teopema 16. [Tycmv U C H — swunyxaoe, samrnymoe mmnoxcecmeo, J(u) € CHU) u
cuavio sunykaa ¢ koapduuuernmom k > 0, J'(u) € Lip(U) ¢ konemarnmoti L > 0. Ilycmo
maKotce o € (0, 2—';) . Tozda das 1106020 Hanarvrozo npubasuscenus uy € U memod (2), (3)

CTOOUMCA:

g — we | < JJuo — w|lw-¢® (), 2de 0 < gla) = V1 —2ka + a2L? < 1. (4)

Joxazamenvemso.
[To Teopeme 11 Touka u, aBageTCs pererneM 3agaqu (1) TOrJa U TOJBKO TOTIA, KOIJA

U, = pry(us — aJ'(uy)), Va > 0.
Beeném oneparop A : U — U rakoit, aTo
Au = pry(u — aJ'(u)).

Torma Touka wu, OYJIeT HEIOJIBUXKHON JJId STOrO OllepaTopa.
[Tonbepém Temephb Takue v, Ipu KOTOPBIX omepaTop A OymeT CrKIMAOIIAM.

| Au — Av||3 < {Teopema 10 1.3} < ||[u — aJ'(u)] — [v — aJ' (V)] || =
= llu =l + o[ (u) = T ()[f; — 20 (u = v, J'(w) = J'(v))

Bropoe caraemMoe B 3TOM BHIPasKEHHH He TTPEBOCXOIAT B CUITY JIAMIIAI-HENPepBIBHOCTH Tep-
Boii npoussonuoit J'(u) sesmuunnt L2|u — v||Z. Tlocaeanee ke ciaraemoe He GoJiblie, dem
k|lu — v||, Tak xak J(u) cuibHO BeimyKJia. 13 3T0r0 nosTydaem:

lAu — Avll < (1= 250 + o L?) luo — uallz = ¢*(@)lJuo — w.%.

Teneph, mpuMeHsisl TPUHIUT CKUMAOIMUX oToOpazkenuii (cm., nampumep, [K®, . 11, §4|),
nosydaem (4) U Teopema JOKa3aHA. O
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PaccmoTpuM HenpepbIBHBINH aHAJIOr METO/A TPOEKIuN rpajaunera. Vcmnonb3oBannoe mpu
JIOKA3aTeIhCTBE COOTHOITEHUE Uy 1 = AUy, OyydIn 3aUCAHHBIM B BU/IE

Ug+1 — Ug Ay, — uy,

Aty At

HAIIOMHUHAET JTUCKPETH3NPOBaHHOE AuddepeHnnaabHoe ypaBHeHne

{u’(t) = —6(1)(u(t) — Au(?)), (12)

CupaBeiuBa CJeIyonast

Teopema 17. Ilycmv H - 2uavbepmoso, muosicecmeo U swinykao u samknymo, A: U — U
- corcumarouull ¢ kospduyuenmom cocamus g € (0,1), 0 < By < B(t) < [y - HenpepuieHas
ozparunennan Pynkuyua. Tozda (12) crodumesa x wenodsuscnol mouke uy,, npusem ||u(t) —
uy|| < |Jug — || exp™ @Dt dag ar06020 uy € U.

Jloxazamesvemeo.
Orpannanmcs ujgeeil qokazarenbcrBa. OTMeTnM, 9T0 B CHIY CXKUMAEMOCTH A, TOUYKa 1w,
CYNIECTBYET U eMHCTBEHHA, U, KpoMe Toro, Vi u(t) € U. B cuiy BBILYKJIOCTH HMeEeM:

u(t + At) & u(t) — AB()(u(t) — Au(t)) = (1 — AtBE))ult) + A()B(E) Au(t) € U.

YuaursBas, aro 0 = [(t)(u. — Au,), obozmaanm z(t) = u(t) — u.. Torma Ml mpuxoanMm K
yDABHEHHIO

z(0) = up — us.

{x’(t) = B(t)(x(t) + Au(t) — Au,),

VMHOKHM CKAJSPHO JIeBYI0 U mpasyo vactu Ha 2z(t). Torma snepag wacth oGeprercd B
(lx(¢)]|?)’. Pacnmmem npasyio:

26(t) (—a(t) + Au(t) — Au,, x(t)) = 28(6)(|z(0)]]* + (Au(t) — Au., z(t))) <
<28)[2)*(a = 1) < —=26(1 — @)ll=(t)]1*.

CpaBHeHnue JeBOil U MPaBoii YacTH 3aBePIIAET J0KA3ATEJIHCTBO. ]

Metoa yCcJIOBHOTO IpaJaueHTa

B 5T0M nyHKTE paccMaTpuBaeTcs 3ajada MEHUMU3AIUE CJIe/LYIONero Bua:
J(u) — inf, weUcCH. (1)

U pest MeToa yCJI0BHOIO I'PAJIMEHTa OCHOBAHA HA TOM, YTO B OKPECTHOCTH TOUYKH Uy (DYHK-
mpoHas J(u) MOXKHO NPUOTHZKEHHO MIPEJICTABUTH KaK

J(w) > J(ug) + (J'(ug), v — ug) .
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Tak kak J(uy) 6130 K J(u), TO MBI cCTapaeMcsi MEHIMI3HPOBATEH CKAJISPHOE IIPOU3BE-
nenne Ji(u) = (J'(ug), u — ug) . Bregém obo3nadenme

Uy = argmin Ji(u). (2)
uelU

TOF,ZLa uTepanuoHHad ITOCJIEeJOBATCJIBHOCTh PACCMATPUBACMOI0 MeTOJda OIMMHUCHIBAETCA KaK

U1 = uy + o (Uy, — uy), (3)
rae
ay = argmin J (ug + o (T, — uy)) (4)
0<a<1

1151 0bocHOBaHUS CXOAUMOCTH METO/A JOKayKeM CHA4a a OJHY HEOOJBIIYIO JeMMY.

Jlemma 1 (omeHKa CKOPOCTH CXOJMMOCTH YUCIOBOH MOCIE0BATEILHOCTH ).
Hyemo daa monomonnoti wucaoeot nocaedosamenvrocmu {ag}e -

ag>a1 > ...> 0, >...>0

BHINONAHAETICA YCAOBUE
ar — a1 = C-ai k=0,1,2,...

Tozda sepna oyenka:
Qg

m< =0,1,2,... )
“ 1+ agCm m (+)

,ZZO%CLSCLm&/LbC?nGO.

Hpemﬂe BCEro saMeTuM, 4TO IMOCJI€JOBATEJIbHOCTH CXOAUTCA KaK MOHOTOHHO y6bIBaIOH_[a${
1 OIrpaHHMY€HHad CHU3Y. OHGHI/IM Pa3HOCTDL BEJIMYIHH, O6paTHbIX dJieMeHTaM II0CJIeJ0BaTe/ILHO-
CTH:

1 1 ap—ap . C-a?
= RS 2’f —C.
Ak41 ay Q41 ay,

[IpocymmupoBaB 3Tu HepaBeHcTBa 10 k ot 0 10 m, noaydum

1 1

— ——2=Cm.

Am Qo
OTcroia HEMOCPEICTBEHHO cJieyeT (). O
Teopema 18. [lyemv U C H — swnykaoe, 3aMKHYMOE, 02PAGHUYEHHOE MHOHCECTMEO,

J(u) € CY(U) u swnyxaa, J'(u) € Lip(U) ¢ xonecmanmoti L > 0, D = diamU. Tozda

J(Uo) - J* 1
FECETNA

Ecau J(u) cuavho svinykaa, mo, Kpome 3moz0, GuNoAHEHRO YCAOBUE

K
=k — el < I e) = .
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Joxazameavcmeo.

J(u) BBIYKJIa W HEMpephIBHA, CJEI0BATENbHO, U cJaabo moayHenpepbiBHa cHU3y. U BbI-
IYKJIO, 3aMKHYTO M OIPAHHYEHO, CJIe/IOBATEIbLHO, AB/geTcd c1abbiM KoMmakToM. OTciojia 1o
Teopeme 2 umeem, 9TO

Je > —o00, U, # 2.

Ob6o3navwnM depe3 ay pasHoctb Mexay J(ug) u J,, Torma

Ap+1 = Qg + J(uk+1) — J(uk) < (07% —+ J(Uk + Oé(ﬂk — uk)) — J(uk) =

1
= {d-s1a KOHeUHBIX MpHUpaleHuii} = ay + f (J' (ug + to(Ty, — uy)), Ty, — ug))gg dt
0

[IpubaBum n BEIYTEM K IIEPBOMY apryMEHTY CKaJIsIDHOTO MPOU3BeAeHHS 110/T HHTEI DAJIOM BeJIH-
unny J'(uy) 1, npuMernB HepaBeHcTBO Komu-ByHakoBekoro n yars JIUMmui-#HenpepbiBHOCT
dbyuknun J'(u), moayaum

1
A1 = Ak +« <J'(uk),ﬂk — uk>]1—]1 + f L-||ta(ﬂk — Uk:)HHHO‘(ﬂk — uk)||H dt <
0

L L
< ag + a(J (ug), U, — ug)y + §a2D2 < ag + a(J (ug), us — up)y + EOJZDQ

ITo Teopeme 7 1. (b) orcioga mosyvaem:

L L
api1 < ag + §a2D2 +a(J(us) — J(ug)) = (1 — a)ag + EQQDQ Va € [0,1] (6)

[TogcraBum B 3Ty OLEHKY o = 0 U HOJYYHM, UTO ()41 < Gj, HO IPHA ITOM Bee aj > 0, TO eCThb
HOCJIEI0BATEJIBLHOCTD {ay } umeer npesea a > 0.
[Tepeitaém B (6) K mpemesy npu k — oo:

L
a<(1—a)a+ EaQD2

Paznemum na o m yerpemum « x 0. Mmeem onenky a < 0. Takum obpazom, a = 0.
Paccmorpum Teneph MUHAMYM TpaBoit dactu (6) 1o «

— ay
Qpepm = O = D2 — 0.
3HauuT, HAYMHAS ¢ HEKOTOpOro k, ay € [0, 1].
Bepém B (6) o = @ 1 moJIydaeM ONEHKY
aj,
g1 < p — 51D

Orciona ¢ yaérom Jlemmbl 1 mosiydqaeM nepBoe yTBEPXKIeHUE TEOPEMBI.
Ocranoch 3aMeTuTh, 9T0 eciu J(u) CHIBHO BBIIYKJA, TO BTOPOE YTBEPKICHHE CJICIyeT
nerocpejicrBeHno u3 Teopembl 6 1. 2. Teopema MOJHOCTBHIO JOKa3aHA. L]
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Meton Herorona

PaccmarpuBaem 3amadqy MuHuMusanuu bysxmun J(u):
J(u) —inf, we UCH (1)

Nnesa merona HeioTona moxoxka Ha MeTOJ, YCJIOBHOT'O I'DAJMEHTa, HO 3/IeCh MbI OyIeM uc-
MOJIb30BATh HE JMHEHHYI0, a KBAJAPATHIHYIO annpokcumannio GyHkiwn J(u) B OKPECTHOCTH
TOYKH Ug:

J(u) =~ J(ug) + | (J (ug), v — ug) + % (J" (ug) (w0 — ug), u — ug)

O603HaYHM BBIpAZKEHHE B KBAIPATHBIX CKOOKax depe3 Jy(u) (KBaIpaTHIHO TI0 u).
Ha kazk1oM 111are mporecca HaXOUTCHd MUHUMYM

Uy = argmin Ji(u). (2)
ueU

I Beramncasiercs caefyromniee npubanzkenue o dopmyram (B obIeM ciaydae):
Upy1 = Up + g (Up — up),

ap = argmin J(ug + o(ty — uyg)).
0<axkl
Ho mb1 Oymem paccMmarpuBaTh MeTOT B 00Jiee MPOCTOM BapUaHTe, KOTIA (v, He MUHUMU3U-
PYIOTCSI M IPUHUMAIOTCS paBHbIME 1. B 3TOM ciaydae up, 1 = Ug. ITO “KraccuaecKuii’” MeTO
HeroTona.

Teopema 19. I[Iycmv U C H — swnykaoe, samrnymoe muootcecmso, npuvwém int U #£ &,
J(u) € C*(U) u cuavno swnyraa ¢ xospduyuenmom k > 0, J"(u) € Lip(U) ¢ xoncmanmoti
L > 0. Tozda ecau q = 3= |lur — uollw < 1, mo memod (2) cxodumes  u, u eepra credyrouan
OUEHKG CKOPOCTNU CTOOUMOCTNU:

9 , -1
g, — 10| < f“-qT‘ (1—q2’“> . k=0,1,2,... (3).

oxasamenvcmso.
[Io Teopeme 6 u, cyliecTByeT U e TMHCTBEHHA.
[Mpumenum k Ji(u) Teopemy 8 m.(d'):

Jp(u) = J(ug) + J" (ug) (v — uyg);
J(u) = J" (ug);
(JE(w)h, hyy = (J"(up)h, hyg = wl|R][E.

Orcroga o Teopeme 6 uy, Takzke CyIIECTBYeT U €JUHCTBEHHA.
[To Teopeme 9 u3 (2) umeem:

(Jp(ugs1),u — up1)y =0 YueU
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(J'(ug) + J" (ug) (w1 — ug), v — ug1)y =0 YueU (4)

HO,ZLCT&BI/IM B 9TO BBbIpazKE€HHE BMECTO U Ug:

(I (u), e — g1 )gg = (T () (U1 — ), W — wi)yg = Kl wrn — wgllf; (5)

Teneps B kauecTBe U BO3bMEM B (4) ug41 (k= k — 1) u npubasuM x (5):

Rllupsr — welli < (I (ur) — T (wpe1) — " (wmr) (g, — 1), wp — Upsr )y = {ynp. 6} =

1
j (J"(up—1 + t(ugp — up—1)) (ug — Up—1), U, — Ug—1 )y dt—
0

— (S (up—1) (ug = wp—1), U, — Upy1 )y =

= [ (1" e+t = i) = ()] = ), = i g <

1
L
< Lf 1t (ur — wp—y) m|un — e |fm||ursr — ugllm dt = §||uk — g1 |5 |1 — wpelm-

Nmeem: 5
K
tps1 — ue |l < %Huk — |l <. < fq2k (6).

13 (6) u ycaoBusg ¢ < 1 mosrydaeM, 9To HOCIEAOBATENLHOCTE {ug 5o, dyHIaMeHTAIbHAS U
cymecTByer (B cuay moasoTh H)
lim u, =u € H,

k—o0

HO Tak Kak Bce u € U, a U 3amkuyTo, To u € U.
[lepeitném B (4) x mpeneny mpu k — oo, Torma B cuiay Henpepsisaoctu J'(u) u J” (u)
I0JIy9aeM, 9TO

(J'(@)+J"(w)(w—1u),u—1u)yy >0 YVueU

Orciona o Teopeme 9 w € U,, no U, cOCTOUT U3 €TUHCTBEHHON TOUKHU Uy, SHATUT U = Us.
Takum 0b6pa3zomM, Mbl JIOKA3aJHM, 9TO HPOIECC CXOAUTCs. Terephb 0CTaJI0Ch BBISICHUTH CKOPOCTh
CXOJMMOCTH.

oo oo
2% m_
i = el < {ep0 83 € 3l — tmalls < (6)) < @y
— m=k
Orciona moayvaeM (3) u TeopeMa TOKa3aHa. O

3amevarus.

1) Paccmorpum caydaii, KOrma uy HAYXHAIOT HOBTOPSITHCS, TO €CTh KOTIA Ugiq = Ug. V3
(4) cnenyer, uaro

(J (ug) + J" (uge) (w1 — ug)s  — upg1 )y = (S (ug),u — up)y =0 VYu e U,

Orciona o Teopeme 9 mosydaem, 9TO Uy COBHAJAET C Uy, U IMPOIECC OCTAHABIUBACTCS.
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2) Tak Kak ¢ JOJKHO OBITH MeHbIe 1, TO Uy HEOOXOAMMO BHIOMDATH HE MPOU3BOJIBHBIM
00pa30oM, TO eCTh POIECC CXOAUTCH B JIOCTATOYHO MaJION OKPECTHOCTH U,. Ho B cirydae,
korna U counagaer co BceM H MOXKHO Ipe/I0:KUTh allPUOPHBIA BaApUAHT BBEIOOPA 1.

Bosbmém B (5) k= 0:
fillur — ol < (' (uo), wo — ur)yy < 1T (uo) - llur — ol

Tenephb jocTaToOYHO BHIOPATH Uy TAKUM, UTO

1" (o)l L

<1,
K 2K

n g MeHbIIe 3TONA BEJIMYINHBEI.

B cayuaae, koryma U # H 9o, BoobIe roBopsi, ¢ieaTh He Beeraa yaacres, Tak Kak J' (u)
Ha U MoxKeT 1 He OBITH CTOJIb MAJIBIM.

Meton conpsi>K€HHBIX HaNpasjeHuii (rpaJgueHToB)

B 3TOM nyHKTE paccMOTPUM 3329y MUHUMH3AIUK J11d (DYHKIIMOHAIOB CIEHa/IbHOrO BHUIA
B KOHEYHOMEPHOM THJILOEPTOBOM MPOCTPAHCTRE:

J(u) = = (Au,u) — (f,u) — inf, weR*"=U, A*"=A>0. (1)

N | —

Kpureprem onTuMagbHOCTH st TakKoil 3aia4un ssisiercs yeaosue J'(u,) = 0, KoTopoe
9KBUBAJIEHTHO yCJIOBHIO Au, = f.

Unest meTroga COMpsizKEHHBIX IPAINEHTOB 3aKI0YaeTCss B caeayiomeM. Ilycth {pk}’,j;é —
ba3uc B R". Torna mas 1060t Toukn ug u3 R™ BBIIIOJIHEHO PAaBEHCTBO

Ux — Uy = QoPo + Q1P1 + ... + Qp—1Pp—1-
Takum obpasom, u, TPeaCTaBUMO B BUIE
Us = Ug + QoPo + 1P1 + ... + Qp—1Dp—1-
Torma ureparmoHHYIO MOCIEI0BATEIHFHOCTD JAaHHOTO METOAa MOYKHO OIMHCATH KaK
Ug = Ug

U1 = Ug + QpPo
Uz = Ug + QoPo + 1Py

(TouHOE onucaHue uTepanun OygaeT JAHO HUZKE).
[TomelicTBOBAB HA BBHINIENPUBEIEHHOE PABEHCTBO OIEPATOPOM A, mOJIydnM

f — AUO = OéoApo + OélApl + ...+ Oén_lApn_l.
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Boipaxkenue f — Aug cuuraeM M3BECTHBIM, W HAIIA 33/a49a COCTOUT B HAXOKJICHUH (v, a
TakzKe “mpaBuabHOrO” BeIOOpa Oazmuca {py}.

Onpedeaenue. BeKTOPBI p U ¢ HABBIBAIOTCS CONPANCEHHUMU OTMHOCUMEADHO MATPULDL
R = R* > 0, ectu (Rp, q) = 0. [lo-apyromy 310 HA3BIBAIOT OPTOTOHAIBHOCTHIO OTHOCUTETHHO
CKAJIIPHOTO Npom3Benenud (p,q), = (Rp,q) .

Ecou {pi}7Z) — 6asuc us conpszk8HHBIX OTHOCHTEIBLHO A BEKTODOB, TO

(f - Auoapk>

, k=0,n-—1. Q
<Apk7pk> ( )

ap —

Jlemma 2. Ilyecms H=R", A= A* > 0, {pk}z;é — 0a3UC U3 CONPANCEHHBIT OMHOCUMENDHO
A sekmopos, up = ug—1 + ag_1Pp—1, 20e qy evuucastomes no gopmyaam (o). Tozda

<J/(Uk)7pk>H

ap = ap = argmin J(up + apg) = — 2

k —oo<a<+00 ( ) <Apk’7pk>H ( )
u

(J'(ug41)sPk)g =0 Vk=0,n—1 (3)

Jlokasamesvemeo.

Banmrmiem yciaosue Ha MaHUMYM J(ug + apy):

(J'(uk + a4pr), i) = 0.

Torna,

(J'(ug, + appr), k) = (Aug — [+ afApr, pr) = {ur = uo + aopo + - -+ + Qp_1Pr—1} =

= <AUO - fap/c> + Oéz (Apk,pk> = 0.

Orcioga ¢ yaérom («) caefyer, 9To ap = A, TO €cTh (2).
Teneps u3 (2) umeem:

U1 = up + appe = J'(upy1) =0 Yk =0,n—1, o ecs (3).
Jlemma mokasana. O

Omnumiem monpobHee UTepaIuu B pacCMAaTPUBaeMOM MeTome. B KadecTBe mepBOrO mpH-
osmmkeruns 6epém J00yIo Touky u3 R"™, a mepBblit BeKTOp Oy/yIiero 6a3mca BHIYHUCISIEM KaK
3HaYeHHe MMPOU3BOAHON DyHKINKT J (u) B JAHHOW TOYKE:

{ VUU e R"”
Po = —J/(Uo)

Tenepb nyctb Tpebyercs BuoIYuCIUTL k + 1-10 wTeparuio, KOrja npeaplayiine k yxKe Bbl-
YUCJIEHBI, TOT/Ia TPUMEHSIEM CJIeIYIoNue (pOpMyJIbl:

Ug+1 = Uk + QD (4u)
Prr1 = —J (Urs1) + Brpe (4p)
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Q, 371eCh Bbraucsores no gpopmyaam (a) min (2) (obozraunm 1yist 0H000pasust GopMyJIbl
(2) kak (4a)). Koadbdunmentor ke [y Gepyrces Takum o6pa3om, 9100kl I Pg1 COXPAHATACH
OPTOTOHATBHOCTH (COMPAKEHHOCTD) C Py

<Jl(uk+1)a APk)
(Apk, pr)

Teopema 20. [Tycms H = R™ — 2uavbepmoso npocmpancmeo, J(u) = %(Au, u) — (f,u),
A* = A > 0. Toeda memod (4) cxodumca % U, 3G KOHEWHOE WUCAO WA206 (HE NPEBOCTO0A-
wee n), npuuém

(a) (Apr,pm) =0 Yk #m;
(b) (J'(u), J'(um)) =0 Vk #m;
(¢) (J'(up),pm) =0 ¥m=0,1,... k—1.

Jlokasamenavcmeo.
[TpoBeaéM 10Ka3aTeILCTBO MO WHIYKIUU MO KOJUYECTBY UTepPAIuil.
st ool wrepaiuu uMeeM (6a3uc WHIYKIIUH):

Br = (48)

(a): Bepro no nocrpoenuto (em. (43));
(b): (J'(u1), J'(uo)) = (J'(u1), —po) = {/lemma} = 0;
(¢): B TounHOCTH coBHagaeT ¢ (3).

[Tyctb Teneps (a), (b), (¢) BepHBI 1151 k ureparnuii BRIIOIHTETHHO. JloKazkeM, 910 311 Hop-
MyJ1bl BepHBI 4yt (k + 1)-it nreparum.

(b): mokazkem cuadasa, 910 (J'(ugy1), J (ug)) = 0. Umeem:
J'(uk+1) = Auk — f + ozkApk = J’(uk) + OékApk
[ToscraBissd 3T0 B CKaJISpPHOE POU3BE/IEHUE [0y IaeM, ITO

(S (wrsr), S () = (S (we), S (wr)) + o (Apg, J'(ur)) = {40} =

)i g ) (+)

= (J' (ug), J'(ur)) — (Apk, pr)

[To dopmysiam (3) umeem
(' (ur), o) = {(4p)} = (J'(wr), =" (ur) + Br—1pr-1) = — (J'(ur), J"(ur)) -
A no mpeanooKenuo WHIYKIHA (a)
(Ap, J'(ur)) = {(4p)} = (Apr, —pk + Br-1pr—1) = — (Apr, pr) -

[Moacrapass nocaenune aBa Buipazkenus B (%), moaygaem, 9o (J' (ug1), J' (ug)) = 0.

[Tokazkem Terneps, 9o st m < k—1 ckansiproe npoussegerne (J' (ugi1), J' (U, )) Takxke
pasHo 0.

(' (1), I (um)) = (I (ug), I (um)) + an (Apy, J'(un)) = {npean. mua. (b)} =
= ay (Apk, —Pm + Bm-1Pm—1) = {upenu. unza. (a)} = 0.
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(c): ecmm m =k, To (J'(up41), pr) = {Jlemma} = 0.

Ecau xxe m < k —1, To
(J' (wrs1), Pm) = (J' (u), pm) + ax (Apr, pm) = {npean. unz. (a) u (¢)} = 0.

(a): pacemorpum m < k — 1 (ayst m = k yTBepzK/ieHEe BEPHO 10 MOCTPOEHUIO).

<Apm7pk?+1> = — (Apm, Jl(“k—i—l) + Brpr) = — <Apm> J/(Uk+1)> =

L (nAps T (1)) = —— (7 (1) = T (1), T (11)) = {()} = 0.

m am
3/1eCh MBI TIPEJIOIATANN, ITO y, 7 0. Tlokazkem, 9T0 9TO JAeiHCTBATE/HHO TaK.
Bo3moxkuabl cutyannm:

1) ap = 0. Torma o dopmynam (4u) moaydaeMm, 9TO Ugyq = U, TO €CTh MPOIECC
sanuksmBaercsa. Ho mo (4a) oy = 0 TOTIa # TOIBKO TOTIA, KOTIA

(' (ur), pr) = 0= {(4p)} = (J'(ur), —J"(wx) + Br—1Pr-1) -
B cmny nemmbr noayaaem, ato 0 = —||J'(ug)||*. Orcrona caenyer, aro J'(uy,) = 0
U Uy = U,. TakuM 06pa30oM, HalJeH MEHUMYM U IPOIECC MOKHO OCTAHOBHTD.
2) (Apk, pr) = 0. Torma, rak kak A > 0, pr, = 0 u no dopmysaam (4u) onsTh HOTyIaeM,
9TO Uy = Ug. 110 dbopmymnam (4p) pp = 0 Torma u TOJBKO TOTIA, KOUAa
—J'(u) + Bk =0 = —[[J (u)||* = 0.
To ecTh Uy, = U, W IPONECC ONUATH TAKH MOXKHO OCTAHOBUTD.

Teopema MOJTHOCTHIO JIOKA3aHA. O]

[Tpu peanu3anum MeTOIA COMPSIKEHHBIX HAIPABIeHUH it (DYHKIMOHAIOB OOIIEro BUIA
BOBHUKAIOT HPOOJIeMbl n3-3a Hajguaust marpunsl A B dopmyrnax (4a) u (45). Ho mia takoro
cJlydasi MOYKHO UCIOJIB30BATh JIPYTHUe CIOCOOBI BBIUUC/IEHUST STUX (DOPMYIL:

ap = {/lemma (2)} = argmin J(uy, + apy)

—oo<a<oo

b = (T (ursr), Apr) o _ (J' (upg1), I (wrgr) — J'(ur)) — {(3), (), ()} =

(Apw,pr) (' (1) = J' (), D)
_ (S (ursa), I (uign) — T () 1 ()|
[ () |2 [RACTS]

3aMeTuM, 4TO0 3TU POPMYJIbl PA3JTHIHBI, €CJIM (PYHKIIMOHAJ He KBAIPATHIHBIH.
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MeToa TOKOOPAMHATHOTO CITYyCKAa

3ech MBI OyjieM paccMaTpHBAThL SKCTPEMAJIbHYIO 3a/[ady B KOHEYHOMEPHOM THJIbOEPTOBOM
npocrpancTse H = R™:
J(u) — inf, u € R"™

[Iycrs {pi}3_; — 6asuc B R™. TlogoxRuM pp 1 = D1, Ppia = Da, - .. Llycrs Takke uy € R —
HeKoe HadasIbHoe npuosmkenne. [IpennonoKuM, 9To yzKe HOCTPOCHbI k MpHOTHKeHUH Uy, |
MBI HaxojuMmcd Ha k + 1-oMm miare urepanum.

Hazosém (k + 1)-it mar urepanuu ydaunoim, ecam

J(up — arprs1) < J(ur),
J(ur + appr1) < J(ug).

B nporuBHOM cjiydae Ha30BEM IIAL HeYOIG4HbIM.

Ecau mar yaadneiii, To o6HOBAgEM ), (6epéM To 3HadYeHue, riae MeHbine J(ugyq)) U He
MEHSIeM (i (py1 = (. LNCJIM 2Ke mIar HeyJda4dHblid, TO HepexoauM K 00pabOTKe Pgio.

Kpowme Toro, BegéTcst MoACYéT HEeyAadHBIX MATroB “moapsa . Kcam 310 4uciao craHoBUTCS
PaBHBIM Pa3MEePHOCTHU IMPOCTPAHCTBA, TO IPOUCXOIUT JAPOOJICHHE (v Ugyi OCTABJISIEM PaBHOMN
Ug, TEPEXOIUM K 06paboTKe BEKTOPA Py yo, U MOJATAEM (vt = Aoy, Tae A € (0,1) — namepén
3a/ialHblil Koaddurment apobierust (0GBITHO ero GepyT paBHbIM 1/2).

Teopema 21. Ilycmv ¢ynwuus J(u) € CHR™) u swnykaa, mmoscecmeo Jlebeza
M(ug) = {u € R"J(u) < J(up)} oepanuueno. Tozda onucarnnud eviue npouyecc crodum-
CA U NO GYHKYUU U NO apeyMeERMY:

J(ug) — Jo  plug, Uy) T 0.

k—oo —00

Jlokasameavcmeo.
Tak kak M (ug) orpanugeno u 3aMKHYTO (To ecTh KoMIakT B R™), a dyukius J(u) wenpe-
pouiBHA, TO 110 Teopeme 1 J, > —oo, U # @.
HaJstee, 10 IOCTPOEHUIO
J(up) = J(ugr) = ... = Js,

TO €CTh TOCTaeI0BaATeNbHOCT {J(Ug)} cxoanuTest u cymecTByeT mpeest

lim J(ug) =J > J,.

k—oo

BameruM, 4to ap — 0 mpu k — 00. D10 caeayeT U3 66CKOHEUYHOCTH YHCJIA IPOOIEHUIH.
PaccmorpuMm moamoc/ie10BaTe/ IbHOCTH ¢ HHAEKCAMU k,,, — MOMEHTaMU JIPOOJICHU.

ag, — 0; wu, — uwe M(up)

m—00 m—00

Mowmenty k,, OpeImecTByeT n Heyaad:
J(ug,, £ ag,pi) = J(ug,) Yi=1n.
[To dpopmysie KOHEUIHBIX TTPUPAITEHUI HTMeeM:

<J’(ukm + 60" o i), iakmpi> >0, 60 €10,1].
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PasznesnnM 910 BBIpaykeHue Ha (v, U yCTPEMHM 1M K OECKOHEYHOCTH, TOLJA B CUJLy HEIPEPLIB-
noctu J'(u) mosydamum:

(J'(@),£p;) =0 Vi=T,n, re. (J'(W),p)=0 Vi=T1n

Orcrona B cuy Toro, aro {p;} — 6asuc caeayer, uro J'(u) = 0. Tak kax J(u) BBIIyKJIA, TO
u € U,, a B cuy menpepsisaocta J(u) J(ug,,) — J(u) = J, mpum m — 00, TO €cTh
k—o0

U CXOJIMMOCTH 10 (PYHKITUU JOKA3aHa.
CXouMOCTD 7K€ 10 apryMeHTY BBITEKaeT HelocpeJcTBeHHo u3 Teopemnl 1. O

Paccmorpum tipumep, Korja neppast nponsBoaaas dbyHkmmn J(u) He CyIecTByer, BCIe/-
CTBHUE 9ero JAHHBIH MeTOJ He CXOIUTCSI.

Bosbpmém B npocrpanctse R?* dbynknuo J(u) = (z — 1) + (y — 1) 4+ 2|z — y| — 2. Dra
dyHKIMS CUJIbHO BbIIYKJIA, HEIIPpEPbIBHA, HO He juddepeniupyema npu r = y. JIerko Bujiersb,
aro U, = {(1,1)}, J. = —2. Ecau craproBars u3 toukn uy = (0,0), T0 moaydum, 410 BCe
ur = ug = (0,0), T0 ecTh pn Gazuce p; = (1,0),pa = (0,1), J(ug+ap;) = a®—2a+2]a| > 0 —
BCe IIard HeyIadHbIe.

3a/aun JUHENHOTO MPOTrPaMMUPOBAHNUS

B 310M nmyHKTE Mbl paccMOTPUM 3334y MuHUMEU3aluu GyHkuuonana J(u) = (c,u) B rujib-
o6eprosom npocrpanctse H = R”, rie ¢ pukcuposano u3z R".
Obiast 3a1a9a JIMHEHHOIO TPOTPAMMEUPOBAHUST PACCMATPUBAETCS HA MHOYKECTBE

U = {u € R"|(a;,u) = b;, (@,u) <bj, i=1,m,j=1,s} (1)

Eciu BBecTn psam 0603HauEHMI:

aq ay by ﬁ
e T I P B D B T L
U @y b by

10 MHOKecTBO U MOXKHO onucarh B 60J1ee KOMIAKTHON MaTpu4HO# dopme:
U = {u € R"|Au = b, Au < b}.

Hapsiny ¢ obmeit 3amadeii (1) Mbl GyJeM paccMaTpUBATD KAHOHUYECKYN 3a1ady JIMHEHHOrO
IIPOTrPAMMHUPOBAHNS HA MHOXKECTBE

U = {u e R"|Au = b,u > 0}. (2)
Bamerum, uro 3agada (1) cBogures K 3agade (2). deficrBuresnbho, nosoxum B (1)

w; = max{0,u;} >0, v; =max{0,—u;} >0, y=b— Au>0.
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Toraa MOXKHO paccMOTpeThb 3324y (2) OTHOCUTETHLHO HOBOH IePEMEHHO Z:
z=(y,v,w) € R 2 >0

J(u) = (c,u) = (c,w — v) — nuneiina no z (He 3aBUCAT OT Y),

a OrpaHWYeHUs 33Ja0TCs paBeHcTBOM A(w — v) = b.

Onpedesaerue. Touka v BeIIyKIOro MHOKecTBa U HA3BIBACTCS Y24060( TOUYKOI ITOrO
MHOYKeCTBa, €CJIU U3 cooTHommenust v = oz + (1 — a)y, re x,y € U, a € (0, 1), caeayer, ato
v=x=y.

Teopema 22 (kpurepuil yriaosoii Touku jjsi kanonndeckoro U). [Mycmo mampuya A =
(A1] Azl - -|An) (pacnucaro no emoabuam). Touka v Aaaemes Y2a0600 MOUKOT KAHOHUYECKO-

20 mnoosicecmea U mozda u moavko mozda, xozda cywecmsyem nabop cmoabyos A; , Aj,, ..., A; ]
(J1 < jJo < -+-<jr), r =rank A, npuuém

Ajlvjl + Aj2vj2 +oot Aerj,,. =, (3)
edevji>0(izﬁ)7avj¢‘]b:{j17j27"'7j’/‘} U]:O
,ﬂo%aa’amem)cmeo.
HeobxoaumocTs.

[Tycrs Touka v aBasiercs yriaosoit qis muoxecrsa U. Ecin v = 0, 1o B (3) MOXKHO B3ATH
Jobbie HazucHbie cToONB MaTputbl A. Pacemorpum caygait, koraa v # 0. Ilycrs

Vj >O,Uj2 >O;~--7Ujk > 0,

a ocrasbHble v; = 0.
Ilokazkem, ato cTonbupl A, A
ITO PABEHCTBO

jas - -5 Aj, TmHeitHO HezaBucuMBL. Heobxoammo JoKa3aTs,

’7]'1‘4]'1 + ’ijAjz +-+ ijAjk =0 (*)

BBIMIOJIHAETCA TOJBKO TOTda, KOrAA

7j1:’yj2:"':7jk20'

Beeném BekTOp ¥ = (71, ...,7,) TaK, 9TO y; = 7;,, €Can j = j;, u y; = 0, ecaur j # j; HU Jy151
KaKoro . PaBeHCTBO () BBITIOJHAETCS TOTJA U TOJBKO Torjaa, korga Ay = 0.

Pacemorpum ToUKy vy, = vEey. g moctaTouso Masibix € > 0 OyaeT BIIOIHEHO V4, > ()
u Avi. = Av £ eAy = Av = b. Orciona crenyer, aro vy, € U. B 1o ke Bpems v = = + 5=,
a Tak KakK v — YyIJOBasg TOYKa, TO Vi, = v_. = v. Ho € # 0 u, 3nauut, v = 0, TO ecTh
A Ajy, ... Aj, TUHEHHO He3aBICHMBI.

Teneps JOCTATOYHO 3aMeTHTD, ITO (3) BHIIONHAETCS TOCIe pononanenus A; , Aj,, ..., A,

J10 HasmcHOro Habopa B ciaydae, Korga k < r. HeobxomumocTh noKa3aHa.

JlocTaToYHOCTD.
[ycrb a1 Touku v BRIMOTHEHB yeaosus (3). Suaunt, v > 0, Av = b, T0 ecth v € U.
Tpebyerca A0Ka3aThb, 9TO U3 yCAOBUSI

v=ar+(l—a)y, ac(0,1), z,ycU
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caelyeT, 4To v = T = .
Ecmvj=0=az;+ (1 —a)y;, ov; =2; =y; =0, tak kak « > 0, a z; > 0m y; > 0.
Beigesnnm Bee v;, > 0,...,v;, > 0 (ocraspHble KOOPAXHATH PaBHLL Hy/I10). Torma, rak Kak

v,z,y € U, T0

Aj g, + Ajyvj, + -+ Ajug, = b
Ajile + Ajzsz et Ajkajjk =b
AjYi + Apyy -+ Ay, =0

Yunteiad, uto Aj, Aj,, ..., Aj, THHERHO HE3aBUCUMBI, IOIYYaeM, 4TO v;, = &j, = Y;;, > 0

Jst ioboro ¢ = 1, k. Teopema joka3aHa. O

Onpedeaernue. YraoBasg TOUYKA ¥ KAHOHUYECKOrO MHOKeCTBA U Ha3LIBAETCH HEGLLPOIIC-
dennot, ecam CymecTByer Takoit Habop Jy, 910 v; > 0 114 Beex j € J. DTu KoopauHATHL ()
HA3BIBAIOTCH 0A3UCHBLMU I TOYKH U:

B = (Aj1|Aj2| . |Ajr) — 6&31/IC v.

Onpedeaenue. Eciu y muoxecrsa U Bce yIyioBble TOYKH HEBBIPOXKJICHHBIC, TO 33a4a
MUHUMA3AINA (2) HA3BIBACTCS HeGuPONCOLHHOT.
Ynpaostcnenue 17 (3). Ilycrn

U={uecR|u>0,Au=0b},

1 1 31 3
A_1—112’b_1

Haiitu BCe yIJ10BbI€ TOYKH Un HccJae10BaTh UX Ha HEBLIPOXKICHHOCTD.

CuMILIekc-mMeTo/I,

31ech MBI IPUMEHNM anmapaT YIJIOBBIX TOYEK JJIsT PACCMOTPEHUsT ONMTUMU3AIMOHHON 33 a4un
cJIeyIOIIero BUaa:

J(u) = (c,u) »inf weU={u>0,Au="b} (1)

Nnesa meroma jexkut B iepebope JUITL TOJBKO YIJIOBBIX Touek MuHOkKecTBa U. Hacto 310
MO3BOJIIET HAWTU ONTUMAJIPHOE PellleHre ObICTPee pacCMOTPEHHBIX BhITIe MeTo10B. [lepeiiem
K OMUCAHHUIO CUMILIEKC-METOIA.

[Tyctb mmeercst yrioBast Touka v MHOKecTBa U (KakmM 00pa3oM OHA HAXOJUTCSI, HAM
ceffuac He BaxKHO). Byzsem canrtarh Takzke, 9T0 U3 MaTpHIlbl A BHIKHMHYTHI BCE JIMHEHO 3a-
BHCHMbIE CTPOKHU (B CHCTeMe HeT JIMHEHHO 3aBUCHMBIX ypaBHeHHil), T0 ectb r = rank A = m.

Haxonsice B ycooBusx Teopemsr 19, MOKHO 3ammcars, 910 vy = (Vj,,...,V;,) — Oa3UCHBIE
st v, v;, > 0, a ocragpHble v; paBHB HyT0. O603HAUNM wepe3 J, MHOXKeCTBO {Ji,...,J:},
a uepe3 J;y — mmuoxkectBo {1,...,n}\J,. Ilycts mamee ans coorsercTByOnmxX Aj, Marpuia

B = (Aj|Aj,|--+|A;,), a ocrasbubie cro/Onp MaTpuipl A 06pasyio nekyio Marpuiy Fm_p).

ITo onpenenenmio B u Teopeme 19 det B # 0, u cymecrsyeT obparnas Marpuma B~L.
Pazobbém BekTOp 4 = (u1,...,Uu,) HA Oa3ucHble mepemMenHbie u, = (Uj,...,Uu;, ) U Ha

cBoboauble nepeMennele uy. Torma yciaosue Au = b MoxkHO 3amucarb Kak Bu, + Fuy = b.
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B srom cayuae ang uy, B (1) cnpaseiuso pasencTso u, = B~ — B~ Fuy, a tak kak Av = b
TOIJIa U TOJLKO TOrJa, Korjga Buy, + Fvy = By, = b, To 3TO paBEeHCTBO MOXKHO IepelucaTh
KakK U = Up — B_lFuf. Temeps oT KaHOHWYEeCKUX oTrpaHuYeHuit u > (0 MOXKHO MepedTH K
HEKaHOHUYEeCKO# dopMe:

{ Uf 2 07

BilFUf < vp.

g dbynknun J(u), HCTOAB3YS Te ¥Ke pacCyKICHUsT, MOKHO HANCAT:

J(u) = <Cv U>R" = <Cb7 ub)R" + <Cf’ uf>Rnfr =
= {cp, Vo) + (cp — (BT F) ey, up) g = J(0) = (A, up), (2)

rie J(v) = (c,v), —A=c¢; — (B F)Tq,
Beeném oboznauenme
g(up) = J(v) = (A up)gn. - (3)
Bamernm, uro B 31oM ciaydae J(v) = C = const. Torma 3amaga (1) cBoaurcs K 3amaue ¢
MEHBINTNM KOJIMYECTBOM HepeMeHHbIX, HO C HEKAHOHNYECKNUMHN OFpaHI/I“IeHI/IHMI/I:

g(up) = J(v) — > Aju; — inf,
(4)
ur € Uf = {Uf >0, (B_lF)Uf < ?)b}.

Ob6o3HauuM 4epes J;r MHOXKeCTBO Tex j € Jy, mia xoropeix A; > 0. U myers k € JJT,
HalpUuMep, caMblil MEHbIINI:
k = min j. (5)
jeJf
Pacemorpum  mnst (4) momzazady MuUHUMHA3ANUW (QYHKIWA OT OXHON MepeMeHHOi
Ur = (0,...,O,uk,0,...,0):

gr(ug) = J(v) — Agug, — inf,
up € UF = {ugp 2 0, (B F)pup < vy}

O6oznaunm 4epes vy Bekrop (B71F), = B~' Ay, u nycrhb

Tk

Y2k .
Ve = . ) -[]j:{l: ar|’7ik:>0}7 (6)

Yrk

(1,7 ecTb MHOKeCTBO “peasnbHBIX” OrpaHmYeHHil cBepXy Ha uy). Torma B KauecTBe perieHns

0) = min (&) . (7)
ielr \ ik

OmnuireM Tenepb HEIOCPEJICTBEHHO caM MeTo. BO3MOXKHBI C/IeIyIONIue CHTYAINHN.

Ioa3a1a9l MOYKHO B34Th

1) Jf = @. B srom ciydae v npunajiexut muozkectsy U, (onTuMa/bHa) U Mbl OCTAHAR-
JIMBACMCA.
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2)

JJf # @, u cymecTByer Takoit nomep k € J;, uro I} = &. Ho Torpa ner “peanpupix’
OTpAHWIEHWIT HA Uy, KOTOPbIE MOTYT OeCKOHEeYHO Bo3pacTaTh. Otkyaa J, = —oo, U, = &
U [IPOTECC UTEPUPOBAHUS CJIE/LYeT OCTAHOBUTD.

Muoxecrso J/ me mycro u ajist moboro k us J; coorsercriyiomee muoxectso I, takxe
He mycro. (DTOT caydail mpecraBiager coboil HEMOCPEACTBEHHO “Iar’ MeToa. )
Bepéwm k 1o mpasuiy (5), u, = 0 mo npasuiy (7).

B (7) MUHEMYM MOXKET MOCTHUTATHCS HA HECKOJBLKAX HOMEPAX, MOITOMY BBEIEM CyTIEp-
Mera-MHOKECTBO

(1), = {ie 12—,

Yik

U U3 Hero BbIOepeM, HAIpUMep, HAMMEHBIIUH JeMeHT s = min .
(1Y)

[Tocsie aTOTO MEPEXOIUM K pacCMOTPEHHIO CJIeryolei yrioBoi Touku w € U, Koropas
BBIYHCIAETCS 1O NpaBuily w, = v, — B~ 1Apuy. JokazkeM, 4TO HIPU HCIOJb30BAHUH
TAKOTO MPaBUIa MBI JIECTBUTEIBHO TOJYIUM YTJIOBYIO TOUKY.

Jlsist TOYKM w COOTBETCTBYOIIAS eif MmaTpuiia B Oyier uMeTb BUJT

B(w) = (Aj |- -[Aj o [ArlAja |- -[A5)-

s+1|"

Ham meob6xomaumo mokasarh, 9To 3T0 ecTh H6azuc. CaeraeM 3TO 1o onpeaesnaenuio. 1lycTn

OélAjl + ...+ CtsflAjsfl + OékAk + a8+1Aj5+1 + ...+ arAjr = 0.

[Moacrasum B 910 pasencrso Ay = By, = y1xd), + ... + 14, . Torga rak xkax B(v)
ecTh Oa3nc, TO HEOOXOANMO JOJYKHO BBHITIOJTHATHCS

a; +apyie =0, Vi#s,
aYsk = 0.

Orcioza ciiejiyer, 9To BCe (; PaBHbBI HYJIH0, TO ecTh B(w) — Ga3uc.

Takum obpaszom, o Teopeme 19 Mbl TTOIyUaeM, 9TO w AEHCTBUTEHLHO YTIJIOBasi TOYKA
MuoxkecTBa U.

3ameuarua.

1) B cayuae, korma v BeipoxeHa, 0y = 0 u v = w. Ilpu 5TOM MOXKeT TPOU30UTH 3a-

IUKJIMBAHWE [POIecca, HO mpaBuia BeiOopa k u s (mpasuwia Biswia, “anTunukins’”)
MO3BOJISTIOT U30eKaTh ITOTO.

2) Ecau yriaoseix Toyek B MHOKecTBe U KOHEYHOE YHCJIO, TO OCTAHOBKA MPOIECCa MPo-

H30IIET Yepe3 KOHEYHOe YUCJI0 MIArOB Ha caydasax 1) win 2).
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BaMeTI/IM7 YTO BCE€ HAIlH PaCCYKACHUA OCHOBBIBAIOTCA Ha MNPEANOJIOXKEeHUM, YTO y HacC
eCTh TIepBas BepINNHA, OT KOTOPOI MOYKHO 3alycKaTh CHILIEKC-MeToj. lIpuBenem oamu u3
BO3MOZKHBIX METOJIOB €€ HAaXOXKJCHHs, HA3BIBAEMBIH METOJOM HUCKYCTBEHHOIO Oas3uca.

[lycts B yenoBuun Au = b Boeimosaeno tpebosanue b > 0. [loctaBuM BCOMOTATENIHHYIO
3ajauy: mycth 2z = (x,u) € R™ (rme & m-MepeH, u n-MepHo),

gz)=z1+22+ ...+ 2, »min, 2€ Z={2€R"™: 2 >0, v+ Au=b}.

MpbI Oy InIH KAHOHHYIECKYIO 3a,1a9y JIHHEHHOTO TTOrpaMMHPOBaHNs, B KOTOPO# yII0BOit TOY-
KOM, 04eBHIHO, sIBJsIeTCs 29 = (b,0). BamycTum or 9TOH TOYKH CHMILIEKC-METO/, ¢ AHTHUIINK-
sguaoM. T.K. g, = inf g > 0, TO 332 KOHEYHOE YUCJIO TIATOB MBI MOJIYIUM TOUKY 2, - PE3YJIbTAT
paboThl AMropuT™Ma, T.€. g, = g(z4). 3amMeTnM, 9ro g, = 0 PABHOCUIBHO HEILYCTOTE MHOXKECTBA
U.. B Takom ciyqae, z, = (0,u), u u - yriosas Touka. [Iposepum 910 110 onpemesieHuio: mycThb
ze = auy + (1 — a)ug, a € (0,1). Iomoxum z; = (0,u1), 22 = (0,u2), 2. = az; + (1 — a)zs,
4TO BJIeUeT 2¥ = 21 = Zo W, CJIEJIOBATEJILHO, Uy = Us.
B xonmne myukra copmysmpyem 0000IIAOINIYIO HAIIK PACCYKIAEHUS TEOPEMY.

Teopema 23 (K 3aja4e JUHEHHOIO MPOTPAMMUPOBaHUs). B zadaue aunetinozo npozpammu-
POBAHUSA BLINOAHAIOMCA CACOYIOULUE YMBEPHCOEHUSA:

1) ecau U # &, mo 8 U cywecmsyem no kpatinel mepe 00na Yyeao8aa mouKa;

2) ecau J, > —00, mo 60 muoocecmee U, codeporcumes no kpaiined mepe 00na movka.

Jlokazamenvemso.
JlokazareanLcTBO 3TOH TEOpeMbl, 0 CYTH, NPUBOIUTCA B OOOCHOBAHUU CHMILIEKC-METO/IA,
(mepeGopa Mo yTIOBBIM TOYKAM ). O

3ameuvarue. YTBepKIeHHe 2) CHPABEINBO HMEHHO JIJIs 331291 JTMHEHHOTO IIPOrPAMMIH-
poBaHus. B mpoTHBHOM cJIydae 310, BOOOIIE roBops, He BepHo. Hampumep, ecin J(u) = e~
(sT0 He 3amaua amHEHHOrO porpamMuposanud), To U =R J, =0, no U, = @.

6 MeToabl CHATUA OTPaHUYEHUII

B sr0ii raBe paccMaTpUBAIOTCS 339l MEHUMH3AIMA DYHKIIHOHAIOB
J(u) — inf, v e U

¢ y4éTOM OrpaHHYeHni Ha MHOXKecTBO U.

OTH OrpaHUYeHUd MOTYT OBITH “TePHUMBIMU, HAIIPUMED, U MOYKET IIPUHAIEXKATDH He BCe-
MY [POCTPAHCTBY, a KaKOMY-JIH00 HMOIMHOYKECTBY 3TOIO MPOCTPaHCcTBa. Takme orpaHudeHus
MBI HE PACCMATPUBAEM M CIUTAEM, ITO X MOKHO ODONTH MPOCTHIMH METOIAMH.

Hac ke 6ynyT maTEepecoBath Gosiee “dyHKIMOHAIBHBIE” OrpaHUYeHUs Ha u. PaccMoTpum
KOHKDETHBII IpUMep:

uwe U= {UEUO CH|g1<U) <07>gm(u) <O7gm-|-1(u) :07"‘ng+$:0}7

rje ¢g; Kakue-auoo (pyHKIIM.
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3/1ech nHTEpPECYIOIIHe HAC OTPAHNIEHIS 9TO 1M OTPAHUYEHUN THIa “HEPABEHCTBO U S OTPa-
HUYeHUi Tha “paBeHCTBO” (“TepUMBIM’ OFDAHHYEHHEM SIBJISIETCS] PUHAJIEZKHOCTh TOYKH
u muoKecTBY Up).

EcrectBenHO, Kakne-1u00 U3 OrpaHUYeHn#t MOTYT OTCYTCTBOBATh.

Metoa mitpadoB

B sTom METOAe paCCMaTPpUBaCTCA 3aJa9a MUHUMU3aIUN C OrpaHuYeHudMHI CJIeAYIOIIero Bujia.

J(u) —inf, ue U={ue Uy CH| gi(u) <0,...,9n(u) <0,
gm+1(u) - 07'--7gm+s = 0} (]-)

Pacemorpum dyuKImo (HasbiBaeMyto wmpagom wim wmpagdnot Gynxyued):

m—+s

Plu) = 3 (gF (), pi > 1 (oGm0 p; = 2).

=1

Oynkuuu g;" (u) HAZBIBAIOT UHIUGUIYaALHBMU Wimpadamu. B KawecTBe KOHKPETHOTO MPH-
Mepa MOYKHO B34Th

g; (u) = max{g;(u), 0}, i =T, m,
g (w) = lgi(u)|, i =m+Tm+s.

Jlerko BH/E€TH, 9YTO yCJIOBHE

{ P(u) =0,

u € Uy

BBITIOJTHSIETCS TOTAA U TOJIHKO TOTIA, KOTAA TOYKA U MPUHAIIEKUT MHOKecTBY U.
U3 mrrpaduoit ynkmun P(u) dopmupyiorest hopMysIsl BEIA

Op(u) = J(u) + AgP(u), Ap>0,A; — oompu k — oo,u € Uy, k=1,2,... (2)

Teneps or 3amaun (1) MBI mepexoauM K mociaemoBareabaoctu 3agad (2). Ilyers Toukn
ur € Uy TakoBbl, 4T0

Oy, = iIIjlf Pp < Op(up) < Py + 5 (3)
0

(MX MOKHO TOJIy9UTh, HAPAMED, METOAAMH, H3JI0KEHHBIMA B IpeablLytieil riase). Vemoab-
3yd 3TY MOCJAEI0BATEIBHOCTH TOYEK, CPOPMYyIUPYyeM OCHOBHYIO T€OPEMY B 9TOM MyHKTE.

Teopema 24. Ilycmv H — 2uavbepmoso npocmparncmeo, muoscecmso Uy caabo 3a.MKEHYMO;
J(u), g (u) caabo noaynenpepvienv crusy na Uy; moura

JO = llrJ'lof J(U)

KOHEYHA, MHOMNCECMEO
U(6) ={u e Ug: g (u) <6,i=1,m+s}
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oepanuyeno 6 H daa nexomopozo 6 > 0; Ay — 400, e — +0, moezda nocaedosamenvrocmo
J(uy) empemumesn x munumymy J(u):

J(u) — inf  (J(ug) — Jo),

u ece caabuie npedeavrvie mouku nocaedosamesvrocmu {ug} codepocames 60 MHO-
arcecmee U,.

Jlokazamenvemeso.
[Tpexk e Bcero J0KazKeM, 4TO IPU BLIIOJHEHHH YCAOBUI TEOPEMbI IOC/1e10BATCILHOCTD Uy,
cymecryer. JlefictBuresibHo, yaursiBas, aro Ay > 0, P(u) > 0, nvmeem:

(I)k(lb> J( ) + AP ( ) {u € Uo} Jo > —0Q,

10 ecTh hopMyIbl (3) nMerT cMbICT (310 BepHO, Korjga Py, KOHETHBI).
Hanee, paccMOTPUM IIENIOYKY HEPABEHCTB:

[Tocsiegnee HEpaBeHCTBO BepHO st Joboro u u3 Uy u, B 9acTHOCTH, M5 JIO00TO U U3
MuozxkecTBa U. BosbMém inf mo muoxkectBy U or obenx 4acTeil HepaBeHCTBa, TOrJA CIpPaBa
oyaem umersb J, + €. Orciona, nepexojis K Upeey U yIUThIBas, 9TO £, — 00 Ipu k — 00,

LIOJIy 9aeM:
lim J(uy) < lim Dy (u) < klim O, < J, (4)

k—oo

Teueppb pacemorpum 3uauerue Py (u) B TOUKe Ug:
Dy (up) = J(up) + ApP(ur) < {(3)} < Pps + &4

P, + e — J(uk) D, +e— Jo c
< <{@Wy< < —o.
Ay Ay, Ay,

Orciona, yaursiBas, 910 P(u) — cymmupyonmii mrpad U3 HeOTPUIATETHHBIX 3JIEMEeHTOB
g;", mostyvaem, 4To Kazaplil WHAMBH YA bHbH mTpad g — 0, npu k — oo. Takum obpaszom,
JJIst § U3 YCJIOBHSI TEOPEMBI CYIIEeCTBYeT Takoit Homep ko(d), uro mis moboro nomepa k > ko
g5 <8 i=1,m+s, to ecrb u;, € U(J). Tak xkak H — ruanbeproso mpocTpaHcTso, TO
OTCIOZIA TIOJTY9aeM, 9TO Y HOCIeOBATETbHOCTH { Uy} CYIIECTBYIOT cjabbie mpe/iebHble TOUKH.

[Tycre Teneps {uy, } Takas moxnocaenoBarenbHocTs {uy b, 910

P(ug) <

lim J(uy) = hm J(ug,) € U(9) VI=1 (5)
k—o00
U Uy — OJIHA U3 CJIA0BIX MPeIeTbHBIX TOUeK { Uy, }.
VuurbiBas cjaabyio H0/1yHenpepbiBHOCTD chusy dyukiuit J(u), g (u), umeem ¢ ojHoit ¢ro-
POHBI

J(uo) < lim J(uy,) < Js,

l—o00

10 ecTh J(Up) HE TPEBOCXOJANT MUHUMYMa Ha JAOMyCTHMOM MHOXKecTBe U; ¢ IPYTOit CTOPOHBI

0 < g (up) < lim g (ug,) =0

l—o0

28



u (tak kak Ug c1abo 3amHyTo) 1y € U, TO ecTh TOYKA Uy NPHHAIJIEKAT JOMYCTHMOMY
muokectBy U. Takum o6pa3om, Bo3MoKHA Jiuiith cutyanus J(ug) = Ji, TO ecTh

lim J(ug,) = J..

l—o00

B cmy npasuia seiopa (5):
lim J(ux) = Js,

k—o0

W YTBEPKJIEHNe TeOPeMbl O CXOIMMOCTH MOCAeI0BATeNbHOCTH J(Uy) K MUHIUMYMY JOKA3aHO.
CXOoauMOCTh TI0 apryMeHTY MOXKHO J0KAa3aTh aHAJOTHIHO, JTHOO ONMUPAsiCh Ha JT0KA3aTE/ b
ctBO Teopemsbr 2. OJ

Ynpaotcnenue 18 (4). Jokazars, uro npu BeinosHennn ycaosuii Teopemsr 21 3amada (1)
ABJIAeTCs 1200 KOPPEKTHO IIOCTaBIeHHOH B mpocTpancTse H.

IIpaBusio muOxkUTENIEN JlarpaH2ka /11 BBITYKJIBIX 3309

B 3TOM myHKTE paccMaTpuBaeM CJIeLyIONYI0 3a1a1y MUHUMHA3AIMY:
J(u) —inf, veU={ueUyCL|g(u)<0,...,gn(u) <0} (1)

MozxHO paccMOTpeTh U Ccjiydail, KOrjJa €CTh OrPaAaHUYeHUs TUIIA “PABEHCTBO”, HO IIPU ITOM
OHM 00s13aHbI OBITH JTHHEHHBIMHA (B IPEIBIAYIIEM MeTOIe Ha TAKHe OTDAHNYeHHsT TaKzKe HaKJia-
JIBIBAIOTCS YKECTKHE YCJIOBUSA B BUJE CJAA00H NOJIYHEIPEPLIBHOCTH CHU3Y, TAK YTO OHU “TOYTH’
JTMHEHHBI ).

Haszosém samaqy (1) ewnykaot, ecan muoxkectBo Uy Bhimykio, L mpeacrabiaser coboit
JINHEetHOe TPOCTPAHCTBO, (DYHKITUU ¢; BBHIILYKJIBL.

[Toctpoum pynknuio Jlarpanzxa:

L(u,\) = NoJ (u) + Z Nigi(u) (A e R™H).

Yucna A; HazbIBAOT MHOHCUMEAAMUY Jla2parotca.

Teopema 25 (teopema Kyna-Takkepa). ITycmo 3adaua (1) ewnykia 6 ykaszanuom cmuicie.
Toz0a

1) ecau mouka u, asasemea onmumasvhol (u, € U, ), mo cywecmeyem nabop MmHodtcu-
menet Jlaepanoca \* # 0 makotd, wmo

i)
ngl L(u, \*) = L(us, \") — npunyun MunuMyma;
ucUg

i)

A 20, i=0,m — yerosua neompuyamesvrocmu mnostcumenetd Jlaepanorca;
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iii)

Algi(uy) =0, i=1,m — ycaosus, 0ONONHAIOULUE HEHCECMKOCTN.

2) ecau das nexomopol napovl (Us, \*) SUNOAHAOMCA YCA0BuA 1)-iii) u, Kpome moz2o,
us € U u N # 0, mo u, — onmumanvraa mouwka (u, € U,).

Joxazamenvcmso.
1) HeobxoqumocCTb. O
Yeaosumcest caurath, 910 J(u.) = J, = 0 (B IPOTHBHOM CJIydae MOXKHO DPACCMOTPETH

byukuuo J (u) = J(u) — Jy, a dyaknus Jlarpanxka “He pearupyer’ Ha CJIBUT HA KOHCTAHTY ).
Beenem MHO2KECTBO

M:{M: (M(]anum) ER”H_l ’ HUGUO : J(U) < Mo, gz(u) <ILL“ Z:17m}

MuozxkecrBo M He mycro, Tak Kak B HEM COJepKuTcs (¢ yaérom moroBopéunoctu J, = 0),
0 KpaWHel Mmepe, BECh MOJOZKHUTEIbHBIA OKTAHT RTH (;L.HH TAKUX (i HOAXOAAINEed TOYKON
oyner u, € Up).

MHuozkecTBO M BBIIYKJIO W3-32 BBIMYKJIOCTH HCXOJHBIX JAHHBIX (YCIOBHSI TEOPEMBI). DTO
37IEMEeHTAPHO JTOKA3bIBAETCS TI0 OIpe/IeIeHHIO.

Takke Jierko jg0Ka3arb, 4TO ¢ Y4ETOM JIOIOBOPEHHOCTH TOYKA () HE IPUHAJIIEKUT MHOXKE-
crBy M.

[To reopeme oraennmoctu (cMm., Hampumep, [B2, rui. 4,85, Teopema 1|) cymecrByer Heny-
JIEBOIl BEKTOpP A* Takoii, 9T0

A% g 2 0= (A", O)gumis VHEM (2)

(A* — HOpMAJIBHBIH BEKTOD K THIEPIIOCKOCTH).
Hokazkem st Havata yrBepKaenue ii). Bo3bMém Touky

pe = (g,6,...,1,...,¢), € 20,

rJe eJIMHUIA CTOUT B i~ MO3HIUU. DTA TOYKA IMPUHALIEKUAT MHOKeCTBY M (TaK KaK OHAa
HAXOJHUTCS B MOJOKHUTETHHOM OKTanTe). [lojcTaBus €€ B (2) H yCTPEMUB € K HYJIIO, TTOJIY UM,
gro Af > 0 juist iro6oro . Takum 06pa3om, yTBepzKIeHne i) JOKa3aHO.

Tenepb JoKaxkeM yTBep:kjeHue iii). B caydae, korga g;(u.) = 0, 9170 yTBepXKIeHHE, OUe-
BUIHO, BepHO. Pacemorpmm cayqait, korma ¢;(u,) < 0. Bepém Touky

v =(£,0,...,9(us),0,...,0) € M,
rae g;(us) crout Ha i-om Mecte. [logcTaBus 9Ty TOUKy B (2), moaydnm:
ed(uy) + Agi(ue) =20 Ve >0.
Yerpemiisist € K Hystio, umeeM A g;(u.) = 0. B 1o ke Bpemst g;(u.) < 0 1 110 JOKa3aHHOMY
¥ > 0. Orcrona mostydaeM yTBepzKaenue ii): Al g;(u,) = 0.

Ocrasochk moKa3aTh OCHOBHOE yTBep:aeHue ). s sroro 3adbukcupyem J0OYI0 TOUKY U
u3 MuOZkecTBa Ug U 110 Heil TOCTpouM ceMeiicTBO BeKTOpOB 7. = (J(u) + ¢, 91(u), ..., gm(w))
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(e > 0). Touka 7. comep:kurcsa Bo MHOKecTBe M, Tak Kak moaxomsinum u € Ug B 9T0M ciydae
siBJIsteTcs cama Tovka u. [logcrasasiem 1. B (2) n ycrpemiisiem & K Hyao. meem:

L(u, \*) = Ny (u) + Z Al gi(u) = 0 = {nonymenue, yTB.i7) } =
i=1

= Ao (u) + ) Argi(u) = L(ua, A7),
=1

YTBepK/ICHEE 1) TOKA3AHO.

2) JToCcTaTOYHOCTb.

[Tycts Touka u, € U, A\§ # 0. B aTom ciryqae, He orpanndmuBasi OOIMIHOCTH, MOYKHO CUUTATH,
aro \j = 1, Tak Kak ¢yHKnuio Jlarpamka MOXKHO JeJUTh/yMHOXKATD HA IOJOKHTEIHHOE
qncyo. Torna nMmeem:

J(ue) = 1T (w) + Y Argi(u) = L(ua, A7) < {i)} < L(u, X).
=1 5

[locnegnee HepaBeHCTBO BepHO A1s Jr06oro u u3 Ug 1, B 9acTHOCTH A5 J0b6oro v u3 U.

Hasee.

L(u, \) = 1-J(u) + Z Aegi(u) < {NF >0 (yrB. 94)), 95(u) <0 (ue U)} < J(u) Yue U.

Tak Kak u, COAEPKUTCA B JOMYyCTUMOM MHOKecTBe U, TO OTCIOJA MOJyYaeM, uTO U, —
ONTHUMAJIBLHAL TOYKA U JOCTATOYHOCTD JOKA3AHA.

Ynpaowcnenue 19 (5). Jlokazarh Teopemy 00 OTAEIUMOCTH TOYKH OT BBIITYKJIOTO MHO-
JKecTBa B rpoctpancTee R™.

3amMeudaHHne O PeryJaIgpHOCTH

Pacemorpum npumep, B kotopom A = 0. IIyers H = R, J(u) = —u — inf, Uy = R},
gi(u) =u*, U= {ueR!|u*<0}={0} = U.,. Jdokaxem, ato B m060M HaGOpe \* = (A, \})
obgazarenpro A5 = 0. ITo Teopeme 22 naiinérca neorpunaresbubiii Habop (A§, A\}) Takoii, 4ro
Oy/IeT BBIIOJHATLCS yeaoBue 1): —Asu + Aju? > 0 Vu € RL.

Paznenum sto mepasencTso Ha u > 0: —Aj 4+ Aju > 0 Vu > 0, n yeTpeMuM u K HYJIIO.
[Mosryunm —A§ > 0.

Orcrofa ¢ ya9éToM yCJI0BHST HEOTPHUIIATEILHOCTH MHOKHUTE el Jlarpanxka nveem A§ = 0.

JlocTaTogHbIM yCAOBHEM Ha PEryJsdpHOCTD SBIASETCA CyIecTBOBaHue TOYkH ug € Uy Ta-
KOit, aT0 ¢g1(ug) < 0,..., gm(uo) < 0. s mokazaresbcTBa 3m0oro hbakTa MpemoJoKIM, YTO
B HEKOTOPOM (HeHyJeBOM) Habope A* mepBas KOODAMHATA A PaBHa HYJII0, TOrJa (byHKIUs
Jlarpamzka Ha 3TOM HabOpe paBHA:

m
‘C(uov )\*) = Z )\;kgl(uo) <0= E(U*, )‘*)7
=1
U MbI IPUXOJHUM K IIPOTUBOPEYHIO C IPHUHIIUIIOM MI/IHI/IMyMa.
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[TpuBeném anaJsior Teopembl Kyna-Takkepa B HecKoJIbKO nHOHN hopmynuposke. Jljig sToro
CHAUYaJIa BBEJIEM OJTHO

Onpedeaenue. Ilycts X, Y — MHOXKecTBa TPOU3BOILHOIM mpupogsl. f: X x Y — RL
Touka (z.,y") HazbIBaeTCs cedaosoli Toukoi dbyukun f Ha MHOXKecTBe X X Y, eciu

f@wny) < flewy’) < floy") VeeX VyeY.

Teopema 26 (cemnoBas dopma Teopembl Kyna-Takkepa). I[Tycms evinoansatomes ycaosus
Teopemwr 22 u ycaosua pezyaaprocmuy Caetimepa. Toeda mouka u. npuradiestcum mroorce-
emey U, (U, — onmumasvhas mowka) mo2da u moavko mozda, k0206 KAGCCUMECKAA GYHKUUL
Jazpanoica (¢ \o = 1) umeem cedrosyro mouxy (us, \*) na mnoscecmee Uy x R

Zoxazamenvemso.
s Hagasa mepenuiineM ompeieeHne cellIOBON TOUKY (U, A*) a1s dbyukimm Jlarpamxa:

J(u) + Z Xigi(uy) < J(u) + Z Agi(u,) YAERT (a)

J(uy) + Z Negi(u,) < J(u) + Z Negi(u) Yue U (b)

1) HeobxogumMocCTs.

[Iycrs Touka u, € U,. Torma mo Teopeme 22 ¢ yuérom ycaopuii Cieiirepa cymecTByer
rakoil Habop A* = (1,A{,A5,...,\5) = 0, uro yciaosue (b) HEMOCDEJICTBEHHO BBITEKAET W3
VCJIOBHUS 1) STOI TeOpeMbl, a ycaoBue (a) CIeyer W3 CJepyoIIero HepaBeHCTBA:

)\’L 7\ Wx 0= * A* 4 *
DA gi(w) <0 ={iii)} = J(u +Z gi(u
=1 >0 <0

2) 1oCTaTO4YHOCTb.
I[Iyctp B Touke u, € Uy Boinosusiores nepasencTsa (a) u (b).

U3 (a) cremyer, 9to
m

Z(Ai = A)gi(ue) <0 VA >0,
i=1

I[ToncraBus B 910 BBIpazkenue A\ = (A5, A, ..., A, A7 + 6, A7 ,...,A%) (¢ > 0), MBI
nostyauM, 410 £¢;(u,) < 0, 1o ecrb g;(uy) < 0. IMockoabKy 310 BepHO jist Jit06GOroO i, TO
OTCIOJ/Ia CJeayer, 9To uy, € U.

Ecsu mozicraButs B 310 BhIpazkenue A = (A, AT, ..., A, 0, A%, ..., %)), TO Oyem nmerh
—Afgi(us) < 0,50 Af >0, a g;i(us) < 0, TO ecTpb /\;‘gz(u*) = (0. OugaTp e U3 TOro, 4T0 ITO
BEPHO JIJIst JI000TO 4, ToJIydaeM yeaoBue iii) Teopembr 22.

U3 (b) memocpecTBEHHO CIeyeT YCIOBHE 7).

Temepb ocTasoOCh IPUMEHUTH YTBepKIeHHe TeopeMbl 22 OTHOCHTEIBHO JTOCTATOIHOCTH H
TeopeMa J0Ka3aHa. [
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IIpaBuio mHOXKUTEEN JlarpaH>ka Jd rIaaknux 3aaa4

B sTom IIYHKTE€ PaCCMaTPHUBaCTCA 3aJa9a MUHUMU3allUHA C OI'DaHUYCHUAMMU:

Ju) —inf weU={ueH]|g(u)<0,...,gm(u) <O,
gm+1(u) = 07 cee 7gm+8<u) = O}u (1)

e H — ruabbeproBo HPOCTPAHCTBO, C JIONOJHUTEIbHBIMU TPEOOBAHUSAMHU HA TJIAJIKOCTD
¢gyukuit. 376Ch MBI KPATKO PACCMOTPUM JIUITh HEODXOINMOE YCJOBHE JIOKAJILHOTO MITH-
MyMa.

Jnst Hauasta BBEJEM HECKOJBKO MOHATHI (HEKOTODBIE U3 HUX TPUBE/IEHBI JIUIIb B KAYECTBe
HATIOMUHAHUS ).

Onpedenernue. Touka u, HA3BIBACTCS MOUKOU AOKAALHO20 MunuMymae Dyakuuu J(u),
eCJIM CYIeCTBYeT TaKoe MOJOKHTEJhbHOe YHCJIO0 £, u4To st jboit Toukn v € U, N U, rae
U. ={u : |Ju—u| < e}, Bomonnsercs yenosue J(u,) < J(u).

Onpedeaenue. llyctr X — nopmupoBannoe mnpocrpancrso, M C X, xog € M. Bekrop
h € X Ha3BIBAIOT KACAMEAbHBILM KO MHOKECTBY M B TOUKE T(, €CJIH CYIIeCTBYeT 0TOOparKeHne
o(t) : R — X, obuiasaroee csoficTBamu:

1) x0+th+go(t) e M,
2) ¢(t) = o(t), To ecTb w — 0 mpu t — 0.

Boobiie roBops, 11 HAIIUX 1ejeil JoCTaTOIHO CYIIeCTBOBAHUS OTOOPazKeHUs IePEBOIAIIEIO
B X He BCIO JeHCcTBETEbHYIO och R, a mumb kakoil-m6o unrepsan (—¢;€) 18 HEKOTOPOro
e > 0.

Obo3raunM gepes T, M Bce KacaTesbHBIE BEKTOPHI KO MHOKecTBY M B TOUKe .

T, M

[IpuBeiém 6e3 JI0Ka3aTeILCTBA OJIHY TEOPEMY, KOTOPOil MBI B IIOCJI€/ICTBUH BOCIIOJIb3YEMCS.
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Teopema (JIrocmeprux). [AT®, crp. 171-174] ITycrs X, Y — GaHaxX0OBBI IPOCTPAHCTBA,
orobpaxkenne F : X — Y muddepeniupyevo o @pere, M = {x € X | F(x) = 0}, g € M,
im F'(xy) =Y. Torpa T,, M = ker F"(x).

Ynpasicnenue 20 (4). llycrs X = R% Y = R, F(xy,20) = 22 — 23, MmuoXKecTBO M
nmeer Bust M = {(z1,z2) | F(x1,22) = 0}, 2o = (0,0).

1) Haittu T, ,M;

2) maiiru ker F7(0,0);

3) BBISICHUTD, COBIAIAIOT OHU WJIM HET U TIOYeMYy.

Termreps chopmyaupyem 1 JI0KakKeM OCHOBHYIO TEOPEMY STOI0 MyHKTA.

Teopema 27. ITycms u, — mouka aokasvH020 Munumyma 6 sadaue (1); J(u), g;(u) € CH(U,)
0af HEKOMOpo2o noaoxcumenvrozo €. Toeda cyuwecmeyem nenyaeeol Habop muoxcumened
Jazparowca N = (NS, ..., X5 1,), 0baadarowud credyrouumu ceoticmeamu:

i)
m-+s
L, (e, A7) = NS () + ) Aigi(u.) =0
=1
— yeaosue cmayuoraprocmu gynrkyuu Jlazpansca;

A >0 Vi=0,m — yeaosusa neompuyamenvrocmu mruoscumenet Jlazpanoica;

iii)

Algi(uy) =0 Vi=1,m — ycrosua, donosnarouyue Hesrcécmrocmu.

oxasamenvcmso.

Jlng navajaa JJOrOBOPUMCS O HEKOTOPBIX COTJIAIICHUIX.

Bo-niepBbiX, KaK W B JI0Ka3aTeJLCTBE TeopeMbl 22, He OrpaHUYUBas OOITHOCTH, Oyjem
CYUTATH, YTO

J(uy) =0 (d1).

Bo-Bropbix, OyJieM cuurarb, 4T0O
gi(u,) =0 Vi=1,m (d2).

Ha camom mene, 3T0 He cTOJb CHUIbHOE OrpaHWYeHWe, KaK MOYKET TOKa3aThCs, TaK KakK
[IPY HEBBIIIOJIHEHUU ITOIO YCJOBHSI, MOXKHO PACCMOTPETh JIPYryio okpectHoctb U, 4T0 M-
JIIOCTPUPYET pHCYHOK. [T03TOMY MBI paccMaTpHBaeM JIMIID 33,a9y Ha IPAHUIE. 3AMETHM, 9TO,
NPWHUMAas 3TO COTJIAIeHne, Mbl aBTOMATHIeCKN u30aBisieM cebsi OT JI0Ka3aTeabCTBa MyHKTa,
i41), TAK KaK OH, OYEBU/IHO, BBIOJHICTCS.
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gi(u) <0

B-rperbux, misa ynobersa 0603HaduM depes go(u) camy dynkuuio J(u):
go(u) = J(u) (d3).

Hanee, myctb G(u) = (gmi1(w), - ., gmis(u)) : H — R®. Tlo ycroBuio TeopeMbl B TOUKE
sra pyuknusa guddepernupyema 1mo Pperire, TO €CTh CyIMIECTBYET JUHERHBIN OrpaHUIeHHBIHI
omeparop G'(uy) = (g1 (Us), -, Ghys(us)) € LH — R?).

Bo3moxkubl Tpu ciaydas:

1) im G'(u.) # R?;

2) im G'(u.) = R®, ker G'(u,) = {0} (cocrour u3 oxnoro myns);
3) im G'(u.) = R®, ker G'(u,) # {0}.

PaccMoTpuM BCE TPH 3TUX CJIydas.

1) BeipoxkaeHHsbiii ciaydaii: im G’ (u,) # R®

B 3TOM ciiyuae mMpocTpaHCTBO R® pACKIAIBIBACTCS HA MPSIMYIO CYMMY MOAMPOCTPAHCTB
(em. Vopaxkuenne 18):

R® = im G'(u,) @ ker(G'(uy))* = {R® koneunomepno} = im G'(u,) & ker(G'(u,))*.

Takum obpasom, Haiinérces Henyneoit Bektop \° € ker(G’(uy))*, /g KOTOPOTO CIpaBe-
JINBO BbIPa2KCHUEC!:

m+s
0= (G'(u)" AT = > Agi(u.).
i=m
Tenepn B KavecTBe HCKOMOIro Habopa MHOXKHUTeeH Jlarpanyka J10CTaTO9HO B3ATh:
* * * * 0 * 0
N=(A=0,..., A, =0, 1 ==X, s Amae = —Anas) # 0.

Kaxk HETPYJAHO BUACTD, JAJId 9TOI'O Ha60pa BCE€ yTBEP2KJACHUA TEOPEMbl BbIIIOJIHAIOTCA.

2) “ITonyBBIPOXKAeHHBIR” cayd4aii: im G'(u,) = R®, ker G'(u,) = {0}
AHAIOTUYHO TPeIBIIYINeMy CIydato, uMeeM pasjoxkenne npocrpancrsa H = im (G’ (u,))*
(dimH < s). To ecTsb Haitnérca Takoit Bektop A’ € R, uro

m—+s

J'(u) = (G'(w)) W] = Y Agi(u.).

i=m+1
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B kadecrBe nckomoro nabopa \* 6epém ciieryonuit:

M= N =LA =0,... 0, =0, = =2, A=A ) £0.

3) Hessipoxkaennsiii cay4aii: im G’ (u,) = R®, dim(ker G’ (u,)) > 1
Ob6o3naunm gepe3 V, MHOXKECTBaA CJIEIYIONIEro BUIA:

Vi ={ueH |G (u)|u =0,(g(u),u) <0,i=k,m} k=0m.

Bamernm, uro ycaosue dim(ker G'(u,)) > 1 B 3T0M ciaydae BaXKHO, TaK Kak nHade Bce Vi
ObLIM OBbI IIYCTBIMU.
OueBHIHO, YTO CHPaBE/INBA IEIOYKa BJIOKCHUIA:

VoCVic...CV,.

Hoxkaxkem, aro Vy = @. [Ipeanonoxxkum obparHoe, TO €CTh, UYTO CYIMIECTBYeT HEKHl dJie-
ment v € Vp. Dto ozmadaer, uto v € ker G'(u,) m (g;(us),v) < 0 gz i = 0,m. Tak xak
im G’ (u.) = R®, 10 no Teopeme Jliocrepnuka noyvaem, aro ker G’ (uy) = T, {u | G(u) = 0}
u cymecryer orobpazxenue p(t): (—e,e) — H rakoe, uro u, + tv + ¢(t) € {u | G(u) = 0},
10 ecth G(uy + tv + p(t)) = 0 gyst Jr06oro t u3 uaTepBaia (—¢,¢€).

Takum 00pa3oM, Bce TOUKH BHAA U, + tv + ¢(t) = u(t) ym1oBIeTBOPAIOT OrpaHHIeHHIM
THIA “paBeHCTBO’.

Teneps myist Beex ¢ = 0, m pazaoxuM QYHKIUH ¢; B OKPECTHOCTH TOUKH Uy

gi(u(t)) = gi(us) + (gi(us), tv + o(t)) + o(tv + (1)) =
={(d1), (d2)} =t (gi(u.),v) +o(t) <0 Vt € (0,¢)
Mbi nosyauiu, aro st ¢ w3z uarepsaia (0,¢) roukn u(t) npuHaIeKaT JOLYCTUMOMY
muozkectBy U, u B Toxke Bpemsi J(u(t)) < 0, uro nporusopednt ¢ (dl). 3Hauur Haie npej-

MOJIOYKEHNe HeBEepHO U Vy =
PacemoTpuM caaydait, Koraa Bece V; He comeprkaTr 371eMEHTOB, TO €CTh KOTJa

Vip ={u e H |G (u)u] =0, {g,,(us),u) <0} = 2.
[locTaBuMm 3aaqy MUHAUMEA3AINN DYHKIIMOHAIA HA SJIpe:
Im(u) = (g, (uy),uy — inf, wu € ker G'(uy) (2)
Eciau V,, = &, 1o u = 0 — perenne (2). Pa3iokuM rpaJiueHT B OPTOTOHAIBHYIO CYMMY:

g (w.) = gt + g2, tae g, € ker G'(w,), g2 € (ker(G'(u.))"

Jn(uw) = {gp,u) = {min = 0} = g} =0

!/

Takum obpasom, nosydaeM, 910 ¢ (u.) € im(G'(uy)), @ cymecTByer Takoii BEKTOD

A0 € R®, uro

m—+s

1 gm U* Z /\ng U’*
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Torpa B kayecTBe HCKOMOTO HaboOpa MHOXKUTE e Jlarpanzka MOXKHO B3AThb

AN =(A=0,A=0,...,0 ;=0\ =1 Am+1——A2L+1,.. A s = /\B,HS)

Ocraércs paccMOTpeTh cJIydail, Koria
G=Vo=Vi=...=V, CVeir1 CVir1 C...C V.
AHaJIOFI/IqHO HpeﬂblﬂyH_H/IM paccymﬂeHHHM IIOCTaBUM 3&,&3}{}7 MUHUMHU3aOUM:
Ju(w) = (gi(w), u) — inf,  we {uekerG(u)| (g(u.)u) <0, i=k+1,m} (3)

H TTOKazkeM, 910 u = () — pemrenne 3a1a49u (3).

Heobxomumo jokasars, uro inf B (3) neorpunaresen. Ciaenaem 910 METOIOM OT IPOTUB-
woro. [Ipeanosoxnm, aro Ji, < 0, Torga HaiigyTcs JomycTUMBI st (3) BEKTOD U U BEKTOD
w € Viyq Takume, 9T0

(g1 (us),v) <0, (gi(us),v) <O st i =k +1,m, G'(u,)[v] =0,

(g (us), w) <0, (g(us),w) <0 gnst j =k +1,m, G'(u,)[w] = 0.

CIBHHYBIIUCH HA JTOCTATOYHO MAJIOe € U3 ¥ B HAIPABICHUH W, MOJIYIUM
/
(g1 (us), v + ew) <0,

(gh(u.),v+ew) <0 nsti =k + L,m

U, TaK Kak (G JiuHeeH,

G'(uy)[v + ew] = 0.

Mp1 nmostydnan, 9To TOYKA U + €W COJAEPIKUTCSI BO MHOXKeCTBe V), KOTOpOe 10 IIPeJIII0JI0-
KeHuto mycto. lloxydernoe npoTuBopedne nokaspiBaer, 9To v = () — perierne.

Tak kak Vi1 # & 10 3a71a4a (3) SBISETCSA BHIYKJION 3a0a9eil, 115 KOTOPOii BBIIOTHSIOTCSI
yenosust Creiirepa. [Tpumennm x (3) Teopemy 22.

[IycTh kmaccuueckas dyukmus Jlarpanxka

Li(u,\) = 1- {gh(u +ZA g1 (u), w)
i=k+1

yaosaersopsier npunnuiy muaumyMa u3 Teopembst 22 upu A = A0 = (1L, A, ,...,A0) # 0
Torna mias moboro u € ker G'(uy) (= Up) Gyaer BBIIOJHATHCS HEPABEHCTBO

0=1 (g (us),u) + Z M {gh(uy), u) < Ly (u, A%).

i=k+1

Tax Kak MHOXKECTBO TEPIUMbIX OrpaHudeHnii m pynknus Jlarpanzka JUHEHHBI, OTCIOIA
nostyuaem, uro Lp(u, \°) = 0 aaa moboro u € ker G'(u,) (BMeCcTo u MOXKHO B3ATh —U U
IIOJIYYUTh AHAJIOTUYHOE BEPHOE HEPABEHCTBO).
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Mpbr ostyumiu, 910

Lghu) + 3 Nai(u.) € (ker G'(u.))" = im (G'(u.))’

i=k+1
1 cymecTByeT Takoi nabop (A2 NV .) € R® To B KauecTBe MCKOMOTO BEKTOPA MOKHO
ym Y P m~+1s ) Ym+s ’ p
B34Tb
* * 0 _ * * * 0
N=(A=0,... .0 1 =0, =1L 0 =M, A = A
* 0
m+1 - >\m+17 c )\m+s - >\m+s)
Teopema TOTHOCTBIO JOKA3aHA. O

Ynpaotcnenue 21 (5). Hokaszars, uro B cayuae, korjga A € L(H — F), H, F — ruanbep-
TOBBI IPOCTPAHCTBa, CIIpaBEeAJINBBI PA3JI0ZKEHUA:

=1im A & ker A*,
H = im A* @ ker A.

(Bameuanue: B GECKOHEIHOMEPHOM CJIydae 3aMbIKAHUS [MHCATH HEOOXOTIMO. )
OmuieM Teneps J0CTATOYHBIE YCJIOBHSA PEry/IsSPHOCTH B paccMaTpuBaeMoit 3a1a4e. B ciry-
vae korga im G'(u,) = R® u cymectByer Takoit smement h € H, aro

1) G'(u.)[h] = 0;
2) {gi(u.),h) <0 Vi=1m,
TO B J1I060M Habope MuokuTee Jlarpamka Ay # 0.

1 mokazaTeabeTBa TPEIIIOI0KIM, YTO CYIIEeCTBYeT HAboP, B KoTopoM A\g = 0. Torma u3
yrBepzaenust i) Teopembr 24 numeem

m—4+s

> high(u) =
=1

YMHOKHUM 3TO PaBEHCTBO CKaJISIPHO Ha, h:

m+s

Zi\;gzu* Y+ D Aigi(w), h) =0.

i=m+1

=l >0 920 1) = =0

[Tonyuaem, aro \; = 0 jjis oboro ¢ = 1, m u

m—+s

Z Nigi(us) =0 Yu € H.

1=m-+1
CaenoBaTe/bHO,
<(G’(u*))* [(Amtt1y -y Amrs)] ,u> =0 VYueHl

A rak kak im G’ (u,) = R®, MBI osrygaemM, 910 A1 = ... = Apps = 0, TO ecTh BCe \; = 0.

HOHy‘{GHHOG IIpoTuBOpEeUIne NOKa3blBa€T Hallle YTBEPZKIACHHE.
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Teopema 28. [lycmov 6 ycaosusax npedvidyuieli meopemuvl 6ce GYHKUUU 08aHCIbL HENDEPBLEHO-
dugpepenyupyemo. no Ppewe 6 okpecmmocmu U, (uy) u npu X = (1, A}, ..., A5, ) € RvTmH
sepHbl ymeepocdenus i),11),1it). Hyems u, € U, u onepamop L > 0 (6 mom cmvicae, wmo

V heH (L hh)>K|h|?) Toeda u, - moura soxarvrozo munumyma.

Jokasamenvcmeo.
Jast moboro u € U N U (u,) BepHO COOTHOIICHNE:

Ju)=1-J(u)+0+0>
m m+s
u)+ Y Agi(u) + Z A gi(u (u, X) = L(u, X*) = L(uy, N*) + L1y, ) =
= <‘C;(u*v )‘*)7 U — u*> + 5 <£Zu(u*)‘*)’ u = u*> + O(Hu - U*HQ) + ['(u*v /\*)

V4aurbiBasi CBOWCTBO MOJIOKUTEIBHOM OIPEIeIHHOCCTH BTOPOil IPOU3BO/IHON, UMeeM

m—+s
J(u) = L(ue, \*) = Z)\*gl Us) Z Algi(uy) = J(uy),
m=1
i, B ¢ty Tpou3BOJIbHOCTH U € U N U (U ), Uy - TOUKA JTOKATLHOTO MEHHMYMa. O

Ynpaotcnenue 22 (4). Ilycrs H — ruasbeproso mpocrpanctso, A € L(H — H),
A= A* > 0. Pemurb ¢ nomornipio Teopembl 24 3a1a9y MEHAMA3AIUN:

J(u) = (Au,u) — inf, [ullf = 1.

(B caygae 6eckonearnoMepHoro H cylecTBOBaHHEe PeNIeHHsI TPEJIIOIaraeTcs. )

JIBOiCTBEHHBIE YKCTPEMAJbHBIE 331291

B s3ToMm myHkKTe paccMOTpPUM 3aJ[a9y MUHUMHA3AIUN

J(u) — inf, (1)
weU={ueUyCL|gu(w) <0,....0n(u) < 0.guer(u) =0.. ... gusalu) = 0.

Jlist pemenns noMo0HBIX 3a/1a4 MHOIIA JIerde HepeiT K PelleHrIo Tak Ha3bIBaeMbIX d601i-
cmeennor 3aday. Ouuniem sror upouecc. Crpoum dyukiuio Jlarpanxka st 3agaun (1):

m-+s

L(u,\) =1-J(u +ZAng ), u€Up N€Ng={NER™ | N, 20, i=T,m}. (2
Pacemorpum dyHKIHIO

p(u) = sup L(u, A) =

AEAg

J(u), ecim u € U, (3)
+o00, ecm u € Ug\U
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Bazada (1) paBHOCHIBHA 33/ aue MUHUMU3AINE HA DACITHPEHHOM MHOKECTBE:

o(u) — inf, u € U,.

Brogum dyHKImio
P(A) = inf L(u, N).

ueUp

Onpedeaerue. 3agaqa
P(A) —sup, € Ag

Ha3bIBaeTCs deoticmeentoti K ucxonuoit 3amzaqe (1).
Teopema 29. Bcezda seprb, HEPABEHCMEA:
PY(A) <Y< o= Jo < p(u), YAE Ay, Yue U,.

/s mozo, wmobui
V=9, U #9, A" # 2,

neobrodumo u docmamouno, wmobv, L(u, A) umesra cedrosyro mouky na Uy X Ag; Uy x A* —

MHONCECMBO BCET CEONOGHLT MOUEK.

Zloxazamesvemeo.

Yreepxkaenue (7) ciaeayer HEMOCPEICTBEHHO U3 onpeaeaenus o(u) u p(N).
Hokazkem, ato u3 (8) ciegyer cymecTBoOBaHme ceI0Boi Toukn. Bozbmém mrobbie u, € U,,

Ay € A*. JI1g HEX BepHA IEH0YKa HEPABEHCTB:

P =1p(\) = 16115 L(u, \*) < {U, CUp} < L1, A") < sup L, A) = o(us) = s

AEA

Tak kak @, = Y*, BCe HEPABEHCTBA PEBPAIIAIOTCS B PABEHCTBA U Mbl HMEEM:

L(us, A) < sup L(ug, ) = L(ue, \*) = inf L(u, \*) < L(u, A*), VA€ Ay, Vu € U,.

AEAo u€Ug

To ectb (uy, \*) — ceajoBasg TOUYKA.
Wrak Mbl gokaszanu, uto U, X A* comep:KUTCs BO MHOXKECTBE CeIIOBLIX TOYCK.
Teneps mpoBeIEM JTOKA3ATENBCTBO 00PATHOTO BiIOKeHus. Ilyers Touka (u., A*) — cemto-

Bast 171s dbyuknun L. JlokazkeMm, 9T0 BRITOTHIIOTCS yetosus (8). Ham n3ecTHO, 91O

Lty ) < L(ug, \*) < L(u, ") VA € Ay, Vu € Uy.
Bzsas sup mo A\ u inf mo u, moxyanm
pr < {us € Uo} < o(un) < Lu, A7) (A7) <{A" € Ao} <9 <{(7)} < 9

Orcroia mMeeM, 9TO U, — ONTUMAJIbHBIN 3/IeMEHT U A* — onTuMasbHbiil 3ement, U, # O,

AN+ D, v, = Y u Teopema JT0Ka3aHAa. m
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ITpumep. (V* < p., ceana wer)
Pacemorpum dyukimponan J(u) = e~ Ha MHOXKeCTBe

U= {uecR"|g(u)=ue"=0}=1{0}.

Nnmeem,

U, ={0} # 2,
L(u,\) =1-e7 + Aue™ = e “(1 + Au),
0, ectm A =0,
Ao =R p(\) =< —oo, ecam A >0,

e X ecan A < 0.
To ectn p* = 0= (0), A* = {0} # @ u @, > ™.

IIpumep. (V* = ., U, # &, A* = &, cena Her)
Pacemorpum dbyukmmonan J(u) = —u Ha MHOXKECTBE

U= {uecR"|g(u) =u*<0}={0}.

Nmeewm,

0. =0=J,U,={0}£0,

1
L, A) = 1(u) + A’ A€ Ao = 1> 01 o) = { X om0

To ectb ¢* = 0, HO MHO)KecTBO A* 1IycTO.

Bropag aBoiicTBeHHad 3amada

Bsejiém nonstue BTopoil gaBoficTBeHHOM 33 a4u. /Iy 3TOro paccMoTpuM OJUH
ITpumep.

Pacemorpum MuauMu3anuo Gyuknun J(u) = u? Ha MHOZKECTBe

U= {g(u) =v*—-1<0}=[-1,1].
Nnmeem:
Jo=p,=0, U, ={0} # 2,
L(u,\) = u® + M\u? — 1)

[omygaem (X)) = =\, ecaim A > —1 (B mamem caygae A > 0).
Tenepsb mocTaBuM ABONCTBEHHYIO 331247y K ¥(A):

B(A) = =X — sup, ¢ = 0= (0), A* = {0} # .

A>0
Iepeiiaém k 3amaue aa MuraMyM (J(v) = —(v)):

J()=v—inf, v >0, (v:i=2\)
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veV={veR =V]|gk)=-v<0}

Orcrona momydaem dynkmmio Jlarpanxka:

L(v,p) =1v+p(—v), p =0

0, ecmm p =1,

E(,u):{ —00, ecan i # 1

Onpedeaenue. 3anaua makcumusanun bynkuun (p) mpu g > 0 HaspiBaeTcs 6mopoti
dsoticmeennoti 3adauer.

[TpuBeAéHHBI TPUMED TTOKA3BIBAET, YTO BTOPas ABOWCTBEHHAs 3ajlava He BCErJia COBITa-
JaeT ¢ UCXOIHOIA.

Ynpaowcnenue 23 (4). Tokazarb, 9T0 I KAHOHWYECKON 3aa9i JIMHEHHOIO TPOrpaM-
MHPOBaHMA BTOpas JBOHCTBEHHAs 3a7a9a COBIAIAET C HCXOIHOM.

7 Ilpocreiinag 3aada oNTUMAJIBHOTO YIPaBJIEHNUS.
IIpunumun makcumyma IlonTparuna

ITocTaHoBKa 3ama4un

B 310ii raBe Mbl KOCHEMCH 3318491 ONTUMUBAIUN, KOTOPYIO MPUHATO HA3bIBATDH 3aja4eil on-
MuUMaNbHO20 ynpasaehus. Bosee TOAPOOHO 3TOT BOMPOC OCBEITAETCS B COOTBETCTBYIOIIEM
Kypce, MBI 2K€ PACCMOTPHUM €r0, HCXO/Is U3 HAIIIX IOoTpeOHOCTe .

B obimiem Busie paccMarpuBaeMast 3a/1a4a BBITJISIIHT CJIEAYIOIIM 00pa30M:

J(u) = j FO(z(t), u(t),t) dt + o(z(T)) — int

2'(t) = f(x(t),u(t),t) mourw Bcromy mist to < t < T, x(ty) = xo, (1)
u € U = {u(t) — usmepnma 1o Jlebery |wu(t) € V C R" gra nouru Beex ¢}

®Oynknuonan fO NPUHATO HA3BIBATDL UHME2PAHMOM, a (PYHKITHOHAI O — MEPMUHAHIOM.
Bamernm, 9YTO B TaKoii MOCTAHOBKE OTCYTCTBYIOT (ha3oBble orpanmdenus: Ha (i)
(z(t) € G C R™), aro oberdaer HaM HCCJIEIOBAHUE 3aIaH.

[peanonoxum cymecrsosauue [, fo, f0, f ¢, o, ux nenpepuiBocTh 10 ¢, u Jlummmi-
HENPEPBIBHOCTH 110 © 1 u Ha R™ X V' X [to; T']. (B npuunume moxkno obofitucs 6e3 Jlummru-
HEIPEPbIBHOCTH, HO P 9TOM MHOTHE BBIKJIAIKH 3HATUTEIbHO YCIOKHSIOTCH. ) B nampHeiinem
OyJeM CCBLIATHCS HA MOA0OHOE CYIIEeCTBOBAHIE OTMETKOM (2).

Oyukuuda 'amunbroHa-1loaTparuna. Ilpuniiun makcumyma

B stom IIYHKT€e PaCCMOTPUM CI)YHKHI/IIO ciaeayromero Bujaa:
H<I7 Uu, t? Q/}) = fo(xa Uu, t) + <¢7 f(x, u, t))R" )
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HasbiBaeMoit pyukimeii l'amuiabrona-IlorTpsirnna.
Bseném psijt obo3HaueHmiA:

AJ = J(u+h)—J(u),
Ax =x(t,u+ h) —z(t, h),
AfO = fO(x(t,u+h),ut) +h(t),t) — fO(x(t,u),ut),t).

[Tpeobpaszyem AJ(u) Tak, 9TOOBI MOIYIUTH TPUHITAI MAKCHMYMA.

AT = [Afdt+Ap. (3)

to

[Tpumensis popMyTy KOHEUHBIX MPUPAIIEHUI, TMeeM
Ap = (px (2(T) + 0Az(T)) £ o (2(T)), Az(T))po = (@2 (2(T)) , Az(T)) g + R,

rae 6 € [0,1], R, — HEKOTOPBIiT OCTATOK.
Taxum obpa3oM, mOTydaeM

AT = [ Af2dt+ (g, (2(T)), Ax(T))gn + Ry (4)

to

Baeném obosnaueHme
W(T) = o (x(T)) - (5)
Torna

-J 00, A (e) de = J w0, data)) de+ [ o), 2o
Taxum obpazom, nmeem
AJ = [ AHdt+ [ (¢/(t), Ax(t) dt + R, (6)

to to

Tenepb, ucmonb3ysa GOpMYIy KOHEUHBIX MPUPAIIEHUNR U dJIeMeHTapHbIe TPeodpa30BAHMUSI,
npeacraBuM AH B HECKOJIBKO WHOM BH/IE:

AH = (H (z(t,u+ h),u+ h,t,) — H (z(t,u),u+ h,t,9)) +
+ (H (z(t,u),u+ h,t,) — H (z(t,u),u, t, 1)) =
= (H, (z(t) + 0(t)Ax(t),u+t, t, ), Ax(t)) + A H,

rie 6 € [0;1], a gepe3 A, H 0603HAUEHO BTOPOE CJIaraeMoe.
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HpO,ZLO.H}KaH IEIIOYKY paBE€HCTB, IIOJYy4YaeM

rie Ry (t) — wexnii ocratok, ceazanubiii ¢ H(...). meem:

T T T
AJ = [AyHdt+ [0+ He, Az) di+ [ Ru(t)di+ R,

to to to

[Torpebyem, 4TOOBI BBITIOJTHSIOCH PABEHCTBO

[Tpu BHITTOJHEHHN 3TOTO yCI0BHs Bhipaykenue (7) mpeobpasyercs B

T T
AT = [ AHdt+ [ Ru(t)dt+ R,

to to

(9)

OrmennM OCTaTKX B 3TOM BbIpaKeHun. /1151 3TOT0 paccMOTpuUM CHAYAJIA, TIPON3BOIHY IO TPHU-

pallenus x:
AZ(t) = Af(t), to<t<T;

[lepeiiném K KBUBaJIEHTHON HHTerpabHON dopme:
¢
Ax(t) = jAf(T) dr.
to
Toryma u3 ycaosuga Jlunmmia nosydanm:

t t
1Az g < L [ 1A2(7) lzn dr + L [ || h(7) [lor dr <
~—~

to to =Au(T)

t T
<L [ az(7) [z dr + L [ [(7)|e- dr.

to to

[TIo nemme ['poryosta-bamivana nmeem:
|Az(#) |l < Li[2l|wrtoir) exp { L — o)} .
BoszbméM MakcumMyM 10 ¢ 0T 000uX YacTeil 9TOro HepaBeHCTBA:

1Az (#) ey < constl|lL o) = O ([Pl -

Torna n1s ocrarka Ry, UCIIONb3yd ycaoBUs JInnmmmna u npumendasa HepapeHcTso Kormm-

ByHSKOBCKOIO, 1OJIy4aeM CJIEAYIONLYIO OIEHKY:

Rl = [{r (#(T) + 082(T)) = o (2(T)) , A2(T))gn| <
< {0 € [0;1]} < Lf|Az(T)]

wn = O ([IP]l2)



Ouennm octarok Ry (t).
Ru(t) = (He (x(t) + 0()Ax(t), ut) + h(t),t, (1)) — He (2(t), u(t) + h(t), t, (1)) , Ax(t)) g

B cmy nepapencra Kommu-ByrgakoBekoro n yeaopuit (2) nosydaem

< Lf 10(8) Az ()] (1 + 1]lc) [|Az(#)]|rn dt.

to

fRMﬂﬁ

to

N Tak Kak 1) HenpepbIBHA U TPOMEXKYTOK OT'PaHUYIEH, TO

T
[ Ru()dt] = 0 (Inl) -
to
N3 ornenok ocTaTkoB moJiydaem (popmyiry
T
AJ:IAJL#+OQWMWMQ. (10)
to

Tenepsb chopmymupyeM OCHOBHYIO TEOPEMY MTYHKTA.

Teopema 30 (upunnun maxcumyma [lontpsiruna). ITyemo daa zadawu (1) ewnoanaromes
yeaosus (2), u(t) — onmumanvroe ynpasaenue, x(t) — coomeemcemeyowas ONMUMAIALHAA
mpaekmopus, P(t) — pewenue conpasicénnot sadavu (5), (8). Toeda

H (x(t),u(t), t,¢(t)) = min H (z(t),v,t,9(t)) (11)

veVCR"
daa nowmu ecex t.

Zoxazameavcmso.
U3 Toro, uto u(t) — onTUMAaIBHOE YIPABICHHE, CIEAYET, ITO I BCEX JOMYCTUMBIX h

AJ=Ju+h)—Ju) =0,
OTCIOA

T
jAuH(t) dt+ 0 (|hl2) >0, Vhel': u+heU

to

HpI/IMeHHM METOd UI'0JIbYaTbIX BapI/IaHI/H'?I7 3aME€HUB OlITUMaJIbHOE YIIPABJICHUE Ha HEKOTO-
pom orpeske [t — €;t + €] mocTosHHON v (cM. pHC.)

B [ v, ecmmset—et+e,
u(s) + hls) = uels) = { u($) It OCTAJIBHBIX S.
Torna pasnocts A, H(s) Gyaer HeHYJIeBOH TOMBKO HA STOM OTPE3KE:

t+e
ij@m+OWMJ>o

t—e
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3aMeHa,
KOHCTAHTOMH

to t T S

Mpr mozem ckasatb, ato O (||h|2,) = O(e?), Tak kak

t+e
Ihlls = [ lu(s) = v| ds = O(e).
t—e

PazneiuB mostydenHoe BhIpazKeHHe HA £ W YCTPEMUB € K HYJII0, B IIpeJiese JJIst MOYTH BCeX
t u3 unrepsasa (to, 1) nmoayqaem (11). O

O6 ucrnosib30BaHNY MPUHITAIIA MAKCUMYMa

3aMeTuM, YTO HCIIOJb3Yd IIPUHIUAI MAKCUMYMa, MBI, II0 CYTH, IIePEXO/IIM OT HeCKOHEeTHOMEe]-
HOM 3a/1a4M K KOHTMHYYMY KOHEYHOMepHbIX 3ajad. ([Tapamerp ¢ MOXKHO CUHTATH TPH ITOM
“Homepom” 3aj1aun.) THODIA 9TO MO3BOJISIET YIIPOCTUTH PEIleHne, HHOTIA HeT. [IpUHIUI MaK-
CUMYyMa JIAET HaM JIUIIb HEOOXOIMMbIE YCJIOBHUS HA ONTUMAJbHOCTD, TO €CTh YIIPAB/JICHUS, My
YJIOBJIETBOPSIOITNE, HA CAMOM JI€/I€ €CTh JIUIIb “MOM03PUTEbHbIE” HA ONTUMAIBHOCTD YIIPAB-
JICHU .

[Ipeamonoxkum, ato u(t, x,1)) — ONTUMAIBHOE YIPABICHEEe, HA KOTOPOM mocturaercs (11).
TOF,ZLa, OJCTaBJIdd €I'0 B HAlllU yCJIOBUA, UMEeM CUCTEMY:

[Tonyyaem KpaeBylo 3a/a4dy HPHHIUIA MAKCHUMyMa, B KOTOPOW 2n jguddepeHiuaibHbIX
ypaBHeHuii 1 2n KpaeBbIX ycjaoBuii. K coxkaiennio, 310 MMEHHO KpaeBas 3a/1a4a, ¢ yCJIOBUSIMHU
He B fp, a B T, K TOMY Ke OHa HeJMHEeHHO 3aBUCHUT OT TpaekTopuu x(t).

[Ipeuosozxum, uro x(t),1)(t) — pewenue 1oit cucremsr. Torpa yupasienue u(t, z(t), ¥(t))
OyaeT aBAATHCH “TOJ03PUTENbHBIM HA ONMTHMAJJIHLHOCTD.

ITpumep. (Ha mpuMeHeHHE TIPUHITANA MAKCHMYMA)
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DTOT IpUMEp yzKe TPUBOAMICS HAMH KaK KoMMeHTapuii K Teopeme 9, Termepb Mbl BOCIIOIb-
3yeMcs JIDYTUM CIiocoDOM periienus. PaccMOTpuM 3a1a9y MUHUMUBAIUT

J(u) = J (z(t) +w*(t)) dt — min,
T'(t) =

V=[-1,1], { (0] :g

st 3TOl 33129 B HAITUX 00O3HAYCHUSX

(1), 0<t<4,

fP=x+4 f=u, ¢o=0, H=(z+u?) +u,
rie 1(t) yaoBrerBopsier ciaeayornieMy auddepeHuaTbHOMy Y PaBHEHHIO

{ V() =1,
¥(4) = 0.

Pentas s10 ypashenue, nojydaem ¥(t) = 4 — t. Orcioga u3 (11) caegyer, 4ro “nopo3pu-
TeJIbHBIM YIPABICHUEM SBJISIETCS

u=u(t,r,) = argmin(z + v* + Yv) =
—1<v<1

—1, ecin t € [0, 2),
L—2 ecmt e [24]

Ha camoM Jesie MOXKHO JOKa3aTh, YTO IIOJY49eHHOE YIPABICHUE ABJIACTCA ONTHMAILHBIM
(u3 Teopembl Beiieprrpacca).

JIlmHeapw30BaHHBIN TPUHINN MakcuMyMa. I'pagueHT (pyHKITMOHAIA

Jlo6asum B 3a1a4e (1) K ycaosusim (2) ycaoBust Ha TIaAKOCTE: fo,, fO — JIunmui-nenpepbiBHb
10 U U HENPEPbIBHBI [0 COBOKYMHOCTH MepeMeHHbIX (z,u,t). Ofo3nauum 311 yeaosus (2u).
Torga aHAIOIMYHO IIPEIBIIYIIUM BBIKJIAIKAM MOXKHO HOKA3aTh, YTO

AH () = H (x(t), u(t) + h(t),t,4(t) — H (x(t),u(t),t,1(1))
= <Hu ($(t)> U(t), t, @D(t)) ) h(t»ﬂv + Ru.

Jnig R, B cuiy HAIMUX TTPEJINOJIOKEHNI CIIPaBe/JINBa, OIEHKA:
LARSAVIG]
U s (10) MBI TIOJTydaeM BbhIpazKeHue:
T T
J(u+h)—J(u) = f (Hy (z(t), u(t), t, (), h(t))ge dt + O (||R]|1:) + LI \h(t)| dt.
to to

TTocennee caaraemoe B 3Toii cymmMe ecTh HOpMa h B ipoctpancTe L2 B KBagpare, yMHO-
KeHHas Ha KoHcTanty L, 1o ectb O (||h[3,) .
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Bropoe craraemoe rakxke moxuo cunrars O (||h)3,) , Tak kak

Il = ( J 1n) dt) < ( f 1dt> - ( Jinwp dt)

J/ J/

~
=const :||h||i2

1 wo onpegpenenuto J'(u) = Hy, (x(t),u(t),t,9(t)) (oroxaecrsiaenue no Puccy).

Teopema 31.
Ilycmo evinoanenv yeaosus Teopemv, 26 u ycaosusa (2u). Tozda J(u) duddepernyupyema
no @pewe 6 L? u eé npoussodnas umeem 6uo

J'(u) = Hy (2(t), u(t), t,4(t)) .

FEcau, kpome mozo, u(t) — onmumarvhoe ynpasasenue 6 adaue (1), mo neobrodumo 6vinon-
HAEMCA AUHEGPUIOBAHHBLT NPUHUUN MAKCUMYMGO:

(Hy (2(1),u(t), £, 4()) , u(t))gr = min (Hy (2(), ult), t,9(t)), v)gs (15)

veV

Ynpaostcnenue 24 (4). Jokasars JuHeapu30BaHHBIH TpuHIUI MakcumyMa (15).

8 Peryindpu3anusg HEKOPPEKTHO IIOCTABJIEHHbIX
9KCTPEMAJbHBIX 3aJ1a4 110 TUXOHOBY

HamomunM, 910 9KCTpemasibHas 3a1ada MuHUME3amn GbyHKinonana J(u) Ha3bBaeTcst Kop-
PEKTHO TIOCTaBJIEHHON B cayvae, KOrjaa

1) J. cymecrByer (KOHEUHO);
2) MHOXKeCTBO onTuMasbHbIX pemenuii U, He mycro;

3) U3 TOro, 4TO MOCIEAOBATEABHOCTD J(uy) (U JOMYCTHMBI) CXOAUTCS K Jy CJIEJyer, 9To
COOTBETCTBYIOMAS TTOCTEAOBATETLHOCTD Uy, CXOIUTCH K Uy

B 3aBHCHMOCTH OT THIIA CXOJIUMOCTH Ug, — Uy KOPPEKTHOCTD 3312491 MOXKET OBIThH, COOTBET-
CTBEHHO, CHJIbHOM u ciraboit. Ciaeaytonuit npuMep MOKa3bIBAET, 9YTO 3TU TUIBI KOPPEKTHOCTH
HE KBUBAJEHTHBI.

ITpumep. (c1abo KOppeKkTHast 3a/1a4a, He SBJISIONIASACT CHJILHO KOPPEKTHOM )

PacemorpuM ciemytontyto 3ajaqy MUHAMA3AIIAN:

J(u) = IazQ(t) dt —inf, 2'(t) =u(t), 0<t<T, z(0)=0,

u€ U= {uel?0,T) |u(t) € [~1;1] nourn Beromy}
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Panee GbL10 qokazano, uto Muoxkectso U (“napasesenunes’ B L?) — ciabbiii KoMIaxT,
a dyukmmonas J(u) caabo nogsyHenpepbiBeH cHu3y. MOKHO Tak:Ke MOKa3aTh, 4To J, > —00
(J. = 0), onrumanbHOil gBjsieTcst Touka u, = 0 u, Gosee Toro, U cocTout u3 ofHON 3TOi
roukn: U = {0} # @. Takum 006pa3oMm, OyHKTHL 1) u 2) B ONpPEeIeJIeHUH KOPPEKTHOCTH BhbI-
nostHsoTcd. [To Teopeme 2 morydaeMm, 9To 3aa4a SIBJIAETCA C1a00 KOPPEKTHO MOCTABICHHOM.
JlokazkeMm, 9TO OHA HE CHUJIBHO KOPPEKTHO MOCTAB/ICHA.

Bepém nocsieqoBaTeibHOCTH

kt
uk(t) = sin (%) € COO[O,T] C L2(O,T) = u € U.

Torna coorBeTcTBYONHNE X)) cXOAaTcd K (:

(1) = T ] wkt k;wo
ri(t) = — cos T )

-~

<2
To ectn, J(ug) — 0 = J,, HO B TOXKe BpeMsl CXOAUMOCTH TIO Uy HET:

T -
lx = wellgz = flux = Ollz = 5 "= 0.

1 zagava He gaBasSeTCS CUJIHHO KOPPEKTHO MOCTABJICHHOI.
[lepeitném Kk Teme mynkTa. [lycTh, Kak 0OBIYHO, TPpeOYeTCHd PEIINTh 3329y MUHUMU3AIUN

J(u) — inf, weUCH, (1)

HO [IPU 9TOM MbI OYJIeM CYMTATh, YTO H3BECTHO JIUINb TPUOIUzKeHHOe 3HaueHne hyukmm J(u)
(U zamano touno). [To10KMM, 9TO OTJIMYHE W3BECTHOIO 3HAYEHHs (DYHKIUU OT HCTHHHOTO
YAOBJIETBOPSET HEPABEHCTBY

|J(u) = J(u)] <6 (14 |lullf), §=0, Vuel. 2

DTO 03HAYAET, YTO OMIMOKA MOZKET OBbITH JIOBOJILHO 00JibIIOi Ha “nepudepun’, HO jg0CTa-
TOYHA MaJia, ecyu u 6sm3ko K 0.

Buibop Takoro poja orpanmdeHusi 0OYCJIOBJIEH CJIEIYIONMMU Paccykaenusamu. Paccmor-
pum dbynkuuonan J(u) = ||Au— f||% (A € L(H — F), f € F). Ecoiu nopozx natomuii oneparop
3aJ1aH HETOYHO ¢ HeKOTOpoit onmbkoit ||A — Al| < h, J(u) = ||Au — f||3, To g5 coorBercTBy-
IOMHUX KBAIPATHYHBIX (DYHKITHOHAIOB OMMUOKA TPHHUMAET BHJT

[ (u) = J(u)| < hemax {[| fI5, 142+ 20| AN} - (14 [full) <0 (L [full) .

TO ecTh nostydaeM (2) (3Ty OleHKY MOXKHO HOJLy9uThb u3 Toro, 4ro | Au—Au|lp < [|[A—Al-[|ul]).

A. H. Tuxonos B 1960-x rogax mpeaaozKuI METO I, TO3BOJIAIONINI perraTh mog00HOr0 poaa
sagaqn. CyTh METOA B TOM, 9TO OT HCXOJHOMN 3a1a4¥ Mbl IEPEXOUM K IKCTPEMAJbHOI 3a1ate
CJIETYIONIErO BUA:

To(u) = J(u) + a-|lul|?> = inf, a>0, weU. (3)
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OyuknuoHaa 1, Ha3BIBAOT Gyrkyuonarom Turonoea. o — HEKHil CTAOUIA3UDYIOIIHIT
GYHKITHOHAT.
[Tpu nepexojie K Takoil 3aja4de HaM JIOCTaTOYHO HaiiTu Takoe U € U, 410

To(u) < inf T,(u) +¢, e>0. (4)
ueU
Teopema 32. ITycmo 6 3adaue (1) J, > —o0, U # &, muoocecmso U eunykio u 3aMKEHYMO
6 2uavbepmosom npocmpancmese H, gynxyuonan J(u) swnyks u noaynenpepwvieer cHu3y, vi-
noansemes yeaosue (2), u ewbupaemes no npasusy (4), napamempo, d, a, € ecmpemames x 0,
NPUYEM % — 0. Tozda
J@) — Joy  ||T— uillmg — 0,
ede u, = argmin ||ullg — Hopmasvroe pewenue zadawu (1).
ueUx

Jloxazamenvemeo.

N3 ycoBuit Teopembl ciepyer, o MHOkKecTBO U, BbINyKJIO U 3aMKHYTO B H, oTciona mo
Teopeme 10 mosydaem, 9T0 u, CyIIECTBYeT U eAuHCTBeHHA (U, = pry, (0)).

Hokazkem, 4To y 3agaun (4) cyiiecrByer perieHue i, TO eCTh inIfJ To(u) > —o0:
ue

To(w) = J(u) +aflul® = J(u) + aflul® £ J(u) > {(2)} >

{
> =0 (1+|Jull®) + J(w) + allul®* = Jo — 6 + (o = O)||ul|* = J. — 6 > —o0,

9TO U TpebOBAIOCH.
g nokazareabeTBa CXOAUMOCTH 1O (DYHKITUN 3AIHUINEM IETIOYKY HEPABEHCTB:

Jo=J(u.) < J(@) < J(a) +allal]* < {(2)} < T(@) + 6 (1+ [[a]*) < {(4)} <
< inf To(u) +¢ 46 (1+ [al?).

[To ornomennio K T, TOUKA U, ABALETCS “PATOBOI, IO3TOMY inlfJ To(u) < T, (uy). Orcrona
ue
HOJIyYEHHOE BLIPAZKEHHE HEe MPEBOCXOIUT

J(u) + 0 (14 Jul?) + aflud® + e+ 6 (1+[|af*) = Jo+ (20 + ) + (6 + a)[Ju]]* + ]| a.
U3 310t nenouku HepaBeHCTB UMeeM
(a —8)|a]]* < Jp — J(@) + (26 +¢) + (6 + a)||u.|.

Torma, B3dB BepxHHii Ipejies 0T 00euX dYacTell HepaBeHCTBA M NPHHUMAs BO BHUMAHHE,

uro 25— 0, mosyvaem
o

lim |a]]* < 1] | (5)

[Tepexo/ist K Mpejiesty B BBIIENPUBEIEHHOMN Nermovke u yuauThiBast (5) (B MOCTIEHEM PABEH-
CTBE), HOJIydaeM CXOAUMOCTD 110 (DYHKIUH:

lim J (@) = lim J (@) = J,. (6)
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JlokazkeM Tenepb CXOAUMOCTH 1Mo aprymenty. 3 (5) ciefyer, 4T0 CyIiecTByer MOANO-
CJIeIOBATEBHOCTh U, KOTOpasi cjaabo cxomuTcst K Hekoit Touke ug B H. M3 ycioBus Teo-
peMbl BHJHO, 4TO (pyHKmuonana .J cjaabo IMOJyHeNpepbiBeH CHU3Y, OTKY/a IIOJIydaeM, 4YTO
J(up) < lim J(a) = {(6)} = J.. MuoxecrBo U BBIIYKJIO ¥ 3aMKHYTO, CJIeTOBATEIBHO, OHO
c1ab0 3aMKHYTO. M3 3Toro mosaydaem, uto ug € U, HO Torma ug € U,, TO €cTh uy — ONTH-
MaJbHOE PeIleHue.

®ynkuus ||ul|? crabo nomynenpepsBHa causy, sHadnT ||ugl|? < lim ||a]|? < {(5)} < ||u.
OTCIONIA Uy = Uy (TAK KAK U, €JMHCTBEHHA).

W3 npuBeJEHHBIX pacCyzKIeHUH Je/aeM BBIBOI, YTO BCE ceMelcTBO U €JIabO CXOIUTCA K
Uy. st MoKazaTeIbcTBa CHIBHON CXOAUMOCTH TIepeiiIéM B paBEeHCTBE

[

I = wl* = Jlall* — 2@, u.) + [l
K BepxHeMy mupeneay. Torma, yduTbiBasg caabyio CXOIUMOCTb U — Uy U TO, 4UYTO

lim [|@]|? < |Jug||?, momyuaem cymecrosanue npeaeta lim ||@ — u.||* = 0, uro u TpeboBasoch.
Teopema IOMHOCTBIO JIOKA3AHA. O
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A

1.

10.

11.

12.

13.

ITporpamma Kypca 2002/2003 y4ye6HOTO TO/1a

MeTtpudeckuii BapuanT TeopeMbl BeiiepmTpacca 0 cuavH0ti KOPPEKTHOCTH 3a/Ia9d MU-
HUMH3AIUK TOJYHEIPEPBIBHOTO CHHU3Y (DYHKIMOHAIA HA KOMIIAKTHOM MHOYKECTBE.
Heocrarounoctsb ycjioBuit OrpaHu4e€HHOCTH U 3aMKHYTOCTH.

Bapuant Teopemnl BeitepmTpacca o ¢4a60t KOPPpeKTHOCTH 3aJa91 MUHUMUBAIIHT CAGOO
[IOJIy HEITPEPBIBHOTO CHU3Y (DYyHKIIMOHAJA Ha cJ1ab0 KOMITaKTHOM MHOXKecTBe. JlocTtaTou-
Hble yeaoBus (6e3 JokasaresabeTa) caaboil MOJTyHePePbIBHOCTH U CJIa00H KOMITAKTHO-
cru. Cnabag MoJyHeIpepbIBHOCTh CHU3Y KBaJpaTUIHOro ¢gpynkiumonasa. Cnadas KOM-
makTHOCTD “napasierenunena’ B L2 (a,b).

CyimecTBoBaHHEe PeIIeHUs 33Ja9d MUHHMHUBAIMUH  MEPMUHAALHO20 KBAIPATHUIHOIO
bYHKIIMOHAIA HA PEIIeHUuIX JUHEHHON TUHAMHYIECKONR CHCTEMBI.

Cy1imecTBoBaHUE PeIICHUS 3a1a91 MUHUMH3AINNA UHME2PAAbH020 KBAIPATHIHOIO (DyHK-
AOHAJA HA PENIeHUAX JUHEUHONU JTUHAMHUYECKOU CUCTEMBI.

DueMenTH 1uddEePeHIUIATLHOrO HCIUCICHAS B HOPMAPOBAHHBIX IPOCTpaHcTBax. Ilep-
Bag M BTOpas NMPOU3BOIHBIC KBaJPATHYHOrO (PYHKIMOHATa. Teopema O NMPOM3BOIHOl
caoKHOM DyHKIMK (6€3 T0KA3aTeIhCTBA).

[IepBasi u BrOpast MPOU3BO/HBIE MEPMUHAALHO20 KBAAPATHIHOIO (DYyHKIIMOHAIA HA Pe-
MMEHNIX JIHTHENHON TUHAMUYECKON CUCTEMHI.

[lIepBasi 1 BTOpasi NIPOU3BO/IHBIE UHME2PAALHO20 KBAJIPATUIHOTO (DYHKITMOHAJIA HA pe-
MMIEHNUIX JINHEHNHOW TUHAMUYECKON CUCTEMHI.

Broimykabie dyukiuu. Teopema 0 JIOKaJbHOM MUHUMYMe. KpuTepuu BBITYKJIOCTH JIJIS
GYHKIHU, UMEIOIUX MEePBbIe U BTOPHIE TPOU3BOIHBIE.

CubHO BhIyKJBIe (pyHKIUU. Kpurepuii CHILHOW BBIMTYKJIOCTH /s (DYHKITHI, HME0O-
IUX HepBble U BTOPbIE MPOW3BO/IHBIE. YCJIOBUS CHJIBHON BBIIYKIOCTA KBaIPATHIHOTO
dpyHKIHOHAIA.

BapuanT Teopembl BeftepmTpacca 0 cuabHol KOPPEKTHOCTH 3aJa9W MUHHMU3AIHAH
CUABHO BBIIIYKJIOTO CAGOO TOJYHEIIPEPBIBHOIO CHU3Y (PYHKIIMOHAIA HA BBINIYKJIOM 3a-
MKHYTOM MHOYKECTRE.

YesioBre onTUMaIbHOCTH i auddepennupyeMoro byHknnoHata B bopMe Bapualu-
OHHOI'O HEpaBE€HCTBA. HpI/IMeHeHI/Ie K MOﬂeﬂbHOﬁ 3a/a4€ OIITUMaJIbHOI'O YIIpaBJICHUA.

[Ipoeknuga Toukn Ha MHOXKecTBO. CylecTBOBAHUE W €IMHCTBEHHOCTDH MPOEKIINN Ha BbI-
IYKJIO€ 3aMKHYTO€ MHOYKECTBO B I'MJILOEPTOBOM IIPOCTPAHCTBE. XapaKTePHU3aIHsl 11PO-
eKINA BapPHAIMOHHBIM HepaBeHCTBOM. CBOMCTBO HECTPOroil CXKMMaeMOCTH OIepaTopa,
npoekTupoBanud. [Ipoeknuonnas gpopMa KpuTepus ONTHMAJTLHOCTH.

Meton ckopeiiiero cmycka. OmeHKa CKOPOCTH CXOAUMOCTH JIIsl CHJIBHO BBITIYKJIBIX
bYyHKIHI.
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Meto, ckopeiitirero crycka jiasd KBaJApaTudHbix (DyHKIHOHAIOB. fIBHBIE pacuéThbie (hop-
MyJIBI JIJIsI Trara crnycka. HempepwiBHBII aHAJOr MeToa cKopeiimero crycka. OreHka
CKOPOCTH CXOJIMMOCTH JJIS CUJIBHO BBIMYKJIBIX (DYHKIAH.

Merox npoekmuu rpagaueaTa. OmeHKa CKOPOCTH CXOAUMOCTH METOIA IPOEKIIMU I'PaIu-
€HTa C TOCTOSHHBIM IITAarOM JIJIS CHJIBHO BBINYKJIBIX (DYHKITHH.

Meton yciaosHOTO TpaaumeHTa. ONeHKA CKOPOCTH CXOAWUMOCTH JIJIS CHJIBHO BBIMYKJIBIX
byHKIHI.

Meton HeroTona. OrieHka CKOPOCTH CXOIUMOCTH JIJIsT CHJTBHO BBITTYKJIBIX (DYHKITHIA.

MeTos1 conpsizKEHHBIX HATpaBIeHu B R™ JIst KBaAPATHIHBIX CUIBHO BBIMYKJIBIX (DYHK-
IHOHAJIOB; CXOJMMOCTb 33 KOHe4YHOe 4ucjo maros. O peajau3aluun METOJA B CJydae
dYHKIIMOHAIOB OOIETO BHJIA.

Metom nokoopaunaTaoro ciycka B R"™. CxoauMocTh /1 BBIIYKJIBIX jJguddepennupye-
MBIX hyuknuit. CymecTBeHHOCTD Yea0BUua IuddepeHIupyeMOoCTH.

Kanonnueckas 3ajada JUHEHTHOTO TPOrpaMMHPOBaHUS; €€ SKBUBAJIEHTHOCTH 001Ieil 3a-
Jade JUHEWHOTO MporpaMMHupoBaHnd. Kputepnil yriioBo#t TOUKHU 11 KAHOHUIECKOH 3a-
Ja4d.

CuMILIEKC-MEeTO/, J/TsT KAHOHUYIECKOH 3aa49u JTHHEIHOTO TPOrPaMMHPOBAHMUS.

Metoma mrpadHbx (GYHKIHHA 11 331890 MUHEMU3AIUA C OIPAHHYCHUSIMHA BHIA

ue Uy CH, ¢1(u) <0,...,9m(u) <0, gmi1(u) =0,...,gmes(u) =0.
CxomuMocThb 11 ¢1ab0 MOTYHENPEPBIBHBIX CHU3Y (DYHKITMOHAJIOB.

HpaBI/I.HO MHOZKHUTeJIel ﬂanaHH(a AJId BBIIIYKJIBIX 3aJa41 MUHUMHU3aIlUK C OI'PaHUYI€HU-
AMH BUJIA

Teopema Kyna-Takkepa.

Jlocrarounoe ycaoBue peryasproctu CreifiTepa /s BRIIYKIBIX 33129 MUHUMI3AIAA C
OlpAHUYEHUSMU BUJIA

CemyioBas popma Teopembl Kyna-Takkypa mist peryiasproro caydas. [Ipumep mepery-
JAAPHOU 3a/1a49n.

[TpaBusio MuoxuTeeit Jlarpanzxa st IIaKUX 38129 MEHUMU3AIMN ¢ OlPAHUYCHUSIMU
BHJA
g1(u) <0,...,9m(u) <0, gmi1(u) =0,..., gnis(u) =0.

JlokazaTebCcTBO JId 8uipostcdennoz2o ciaydasd. /loctaTodnbie YCI0BUS PEryIspHOCTH.
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[TpaBuio MHOKUTEel JlarpanzKa Jyis IIaJAKUX 33129 MUHIMU3AINA ¢ OTDAHUYEHUSAME
BUJIA
g1(u) <0,...,gm(u) <0, gmi1(u) =0,..., gmis(u) =0.

JloKazaTebeTBO I Hesbipocdennozo caydas. Teopema Jliocrepruka (6e3 mokasa-
TEJILCTBA).

I poiicTBeHHBIE KCTpeMaJIbHbIe 3a1a49u. TeopeMa o cBoficTBax pellleHn#l ABONCTBEHHBIX
zagad. [Ipumepwr.

[Tpocreiimag HesuHelinag 3a1a4a ONTUMAJILHOIO YIPABICHAS CO CBOOOIHBIM IIPABBIM
KOHIIOM. BuIBoa (popMy/bl npupamennd (pyHKIUMOHAIA ¢ OLEHKOH OCTATOYHBIX 4ICHOB
B Ll (to, T). [Tpunnun MakcumyMma [ToRTparuna.

lIpocTetiirag HesquHeltHAS 3a/1a9a ONTHMAJIBHOTO YIPABJEHHA CO CBOOOTHBIM ITPABBIM
KoHIIOM. BrIBO (bopMysbl mpupaltenus (pyHKIIMOHATA ¢ OIMEHKOW OCTATOYHBIX WIEHOB
B L%(to, T). Tpasuent pyuxunonasia. JIuneapuszoBanHblii IPUHIUI MAKCUMYMA.

[Ipumep caabo, HO He cusbHO KOPPEKTHON 3aa9u MUHIMU3AIUH. CHIbHAS CXOJIUMOCTD
MeTOJIa peryaspu3ainui TUXoHOBa B I'JILOEPTOBOM IIPOCTPAHCTBE.
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