
Ãëàâà 3.
Äîêàçàòåëüñòâî ïðèíöèïà ìàêñèìóìà

Ïîíòðÿãèíà

1 �9. Âàðèàöèè Ìàêøåéíà. Ìíîæåñòâî M âà-

ðèàöèéÌàêøåéíà. Ïðèðàùåíèå òðàåêòîðèé.

Ãëàâíûé ÷ëåí ïðèðàùåíèÿ. Îòîáðàæåíèå φ(M) :
M 7→ Sn+1

1.1 Íàïîìèíàíèå ïîñòàíîâêè çàäà÷è ÎÓ. Ðîëü âàðèà-

öèéÌàêøåéíà â îáùåé ñõåìå äîêàçàòåëüñòâà òåîðåìû
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1.2 Ïðîñòåéøàÿ îäíî÷ëåííàÿ âàðèàöèÿÌàêøåéíà (ÏÎÂÌ
� îäèí èíòåðâàë âàðüèðîâàíèÿ, îäíà èãîëêà)

Îáîçíà÷åíèå ïðîñòåéøåé îäíî÷ëåííîé âàðèàöèè Ìàêøåéíà:

M

(
τ ; σ
v

; ε
)
. (9.1)

Ðàññìîòðèì äîïóñòèìîå óïðàâëåíèå

u(t), t0 ≤ t ≤ t1, (9.2)

� êóñî÷íî-íåïðåðûâíóþ ôóíêöèþ ñî çíà÷åíèÿìè â îáëàñòè óïðàâëåíèÿ
U ñ êîíå÷íûì ÷èñëîì òî÷åê ðàçðûâà ïåðâîãî ðîäà θ1, . . . , θN ∈ (t0, t1);
íàïîìíèì ñîãëàøåíèå u(θj−0) = u(θj), j = 1, . . . , N, u(t0+0) = u(t0), u(t1−
0) = u(t1).
Âûáåðåì

• ÷èñëî τ ∈ (t0, t1), τ 6= θj , j = 1, . . . , N (ò.å. τ � òî÷êà íåïðåðûâíîñòè
óïðàâëåíèÿ u(t) );

• ÷èñëî σ ≥ 0;

• òî÷êó v ∈ U ;

• ε > 0 � ìàëûé ïàðàìåòð

è îïðåäåëèì ìíîæåñòâî ìîìåíòîâ âðåìåíè

• J(ε) = (τ − εσ, τ ] � ïîëóèíòåðâàë âàðüèðîâàíèÿ.

Äëèíà ýòîãî ïîëóèíòåðâàëà εσ → 0 ïðè ε→ 0.
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Ïîñòðîèì íîâîå óïðàâëåíèå

u∗ε (t) =
{
v, t ∈ J(ε),
u(t), t ∈ [t0, t1] \ J(ε). (9.3)

Ýòî óïðàâëåíèå äîïóñòèìî.
Ãîâîðÿò, ÷òî óïðàâëåíèå (9.3) ïîëó÷åíî èç óïðàâëåíèÿ (9.2) ïðè ïîìîùè

ïðîñòåéøåé îäíî÷ëåííîé âàðèàöèè Ìàêøåéíà (9.1):

u(t)
[t0, t1]

M

(
τ ;
σ
v

;ε

)
−→ u∗ε (t)

[t0, t1]

Óïðàâëåíèÿ (9.2), (9.3) ïîðîæäàþò òðàåêòîðèè x̃(t), x̃∗ε (t), ñîîòâåòñòâåííî,
âûõîäÿùèå â ìîìåíò âðåìåíè t = t0 èç îäíîé è òîé æå íà÷àëüíîé òî÷êè x̃0.
Âûøå óñòàíîâëåíî, ÷òî äëÿ äëÿ ïðèðàùåíèÿ òðàåêòîðèè x̃∗ε (t) − x̃(t) ïðè
ìàëûõ çíà÷åíèÿõ ïàðàìåòðà ε èìååò ìåñòî ñîîòíîøåíèå

x̃∗ε (t)− x̃(t) =


0, t ∈ [t0, τ − εσ], t ñëåâà îò J(ε),
O(ε), t ∈ J(ε),
εξ̃τ + o(ε), t = τ,

εξ̃(t) + ot(ε), t ∈ [τ, t1], t ñïðàâà îò J(ε),

(9.4)

â êîòîðîì (n+ 1)-ìåðíûé âåêòîð ξ̃τ îïðåäåëÿåòñÿ ôîðìóëîé

ξ̃τ = σ[f̃(x̃(τ), v)− f̃(x̃(τ), u(τ)], (9.5)

à (n + 1)-ìåðíàÿ âåêòîðíàÿ ôóíêöèÿ ξ̃(t), τ ≤ t ≤ t1, ÿâëÿåòñÿ ðåøåíèåì
äèôôåðåíöèàëüíîãî óðàâíåíèÿ â âàðèàöèÿõ

˙̃
ξ = F (t)ξ̃, ξ̃(t)|t=τ = ξ̃τ .

Çäåñü F (t) ≡ f̃ ′x̃(x̃, u(t))|x̃=x̃(t) � êâàäðàòíàÿ ìàòðèöà ïîðÿäêà n+1. Ôóíêöèÿ
ξ̃(t), τ ≤ t ≤ t1, äîïóñêàåò ñëåäóþùóþ çàïèñü â òåðìèíàõ ôóíäàìåíòàëüíîé
ìàòðèöû óðàâíåíèÿ â âàðèàöèÿõ:

ξ̃(t) = Φ(t, τ)ξ̃τ . (9.6)

Äëÿ äàëüíåéøåãî îñîáûé èíòåðåñ ïðåäñòàâëÿåò ôîðìóëà äëÿ ïðèðàùåíèÿ
òðàåêòîðèè â êîíå÷íûé ìîìåíò âðåìåíè t = t1:

x̃∗ε (t1)− x̃(t1) = εφ(M) + o(ε), (9.7)

ãäå φ(M) ∈ Sn+1 � âåêòîð, îïðåäåëÿåìûé ðàâåíñòâîì

φ(M) ≡ ξ̃(t1) = Φ(t1, τ)ξ̃τ .

Òàêèì îáðàçîì, äëÿ ïðîñòåéøèõ îäíî÷ëåííûõ âàðèàöèé Ìàêøåéíà äàíî
êîíñòðóêòèâíîå îïèñàíèå îòîáðàæåíèÿ φ(·) : M 7→ φ(M) ôîðìóëîé

φ(M) = Φ(t1, τ)σ
[
f̃(x̃(τ), v)− f̃(x̃(τ), u(τ))

]
. (9.8)
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Îáðàòèì âíèìàíèå íà òî, ÷òî âåêòîð (9.8) íå çàâèñèò îò ε è ÿâíûì îáðàçîì
ïðåäñòàâëåí â òåðìèíàõ ïðàâîé ÷àñòè f̃ óðàâíåíèÿ óïðàâëÿåìîãî äâèæåíèÿ,
âàðüèðóåìîãî ïðîöåññà x̃(t), u(t) è ïàðàìåòðîâ âàðèàöèè Ìàêøåéíà (9.1).

Ñîâîêóïíîñòü âñåõ âàðèàöèé Ìàêøåéíà áóäåì îáîçíà÷àòü ñèìâîëîì

M = {ÏÎÂÌ, ÎÂÌ, ÌÂÌ}. (9.9)

Ýòî ìíîæåñòâî ñîñòîèò èç ïðîñòåéøèõ îäíî÷ëåííûõ âàðèàöèé Ìàêøåéíà
(ÏÎÂÌ), êîòîðûå îïèñàíû âûøå, îíî âêëþ÷àåò â ñåáÿ òàêæå îäíî÷ëåííûå
âàðèàöèè Ìàêøåéíà (ÎÂÌ) è ìíîãî÷ëåííûå âàðèàöèè Ìàêøåéíà (ÌÂÌ),
ðàññìîòðåííûå â ñëåäóþùèõ ïîäðàçäåëàõ. Òàì æå áóäåò äàíî êîíñòðóêòèâíîå
îïèñàíèå îòîáðàæåíèÿ

φ : M 7→ Sn+1. (9.10)

Ýòî áóäåò ñäåëàíî ïîñëåäîâàòåëüíî â íåñêîëüêî ýòàïîâ. Ïîêà îòîáðàæåíèå
(9.10) îïèñàíî òîëüêî äëÿ ïðîñòåéøèõ îäíî÷ëåíûõ âàðèàöèé Ìàêøåéíà
ôîðìóëîé (9.8).

Çàìå÷àíèå 9.1. Â ôîðìóëèðîâêå òåîðåìû 1 ó÷àñòâóåò íåðàâåíñòâî

K(x̃(t), ψ̃(t), u(t)) ≥ K(x̃(t), ψ̃(t), v) ∀v ∈ U, t ∈ [t0, t1]. (9)

Ïîëîæèâ â ýòîì íåðàâåíñòâå t = τ è ïðèíèìàÿ âî âíèìàíèå âèä ôóíêöèè
Ãàìèëüòîíà-Ïîíòðÿãèíà K(x̃, ψ̃, u) = ψ̃f̃(x̃, u), ïåðåïèøåì åãî â âèäå

ψ̃(τ)[f̃(x̃(τ), v)− f̃(x̃(τ), u(τ))] ≤ 0,

èëè, ïîñëå óìíîæåíèÿ íà ÷èñëî σ ≥ 0, ñ ó÷åòîì ôîðìóëû (9.5),

ψ̃(τ)ξ̃τ ≤ 0,

èëè
ψ̃(τ)ξ̃(τ) ≤ 0.

Ïîñëåäíåå íåðàâåíñòâî ìîæíî çàïèñàòü, â ñèëó ñâîéñòâà ðåøåíèé ëèíåé-
íîãî è åìó ñîïðÿæåííîãî óðàâíåíèé ψ̃(t)ξ̃(t) = const, ñì. �6, â âèäå

ψ̃(t1)ξ̃(t1) ≤ 0,

èëè
ψ̃(t1)φ(M) ≤ 0.

Òàêèì îáðàçîì, íà îñíîâå òåõíèêè ïðîñòåéøèõ îäíî÷ëåííûõ âàðèàöèé Ìàê-
øåéíà äîêàçàòåëüñòâî íåðàâåíñòâà (9) ïðèâîäèòñÿ ê ïðîâåðêå ïîñëåäíåãî
çàïèñàííîãî çäåñü íåðàâåíñòâà, èìåþùåãî ïðîçðà÷íóþ ãåîìåòðè÷åñêóþ èíòåð-
ïðåòàöèþ, ñì. �13. Îäíàêî, ïðè ïðîâåäåíèè äîêàçàòåëüñòà òåîðåìû 1 ìû
íå ìîæåì îãðàíè÷èòüñÿ ëèøü ïðîñòåéøèìè îäíî÷ëåííûìè âàðèàöèÿìè
Ìàêøåéíà, è ìíîæåñòâîM âàðèàöèé Ìàêøåéíà áóäåò ïîäõîäÿùèì îáðàçîì
äîïîëíåíî âàðèàöèÿìè Ìàêøåéíà áîëåå ñëîæíîé ñòðóêòóðû (ÎÂÌ, ÌÂÌ).
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1.3 Îäíî÷ëåííàÿ âàðèàöèÿ Ìàêøåéíà (ÎÂÌ � îäèí èí-
òåðâàë âàðüèðîâàíèÿ, s èãîëîê íàä íèì)

Îáîçíà÷åíèå îäíî÷ëåííîé âàðèàöèè Ìàêøåéíà:

M

(
τ ; σ1, . . . , σs

v1, . . . , vs
; ε
)
. (9.11)

Ðàññìîòðèì äîïóñòèìîå óïðàâëåíèå

u(t), t0 ≤ t ≤ t1. (9.12)

Âûáåðåì

• ÷èñëî τ ∈ (t0, t1), τ � òî÷êà íåïðåðûâíîñòè óïðàâëåíèÿ u(t);

• ÷èñëà σ1, . . . , σs ≥ 0;

• òî÷êè v1, . . . , vs ∈ U ;

• ε > 0 � ìàëûé ïàðàìåòð

è îïðåäåëèì ìíîæåñòâî

• J(ε) = (τ − ε(σ1 + . . .+ σs), τ ] � ïîëóèíòåðâàë âàðüèðîâàíèÿ.

Äëèíà ýòîãî ïîëóèíòåðâàëà ε(σ1 + . . . + σs) → 0 ïðè ε → 0. Ïðåäñòàâèì
ïîëóèíòåðâàë J(ε) â âèäå îáúåäèíåíèÿ s íåïåðåñåêàþùèõñÿ, ïðèìûêàþùèõ
äðóã ê äðóãó è çàíóìåðîâàííûõ ñëåâà íàïðàâî ïîëóèíòåðâàëîâ J1(ε), . . . , Js(ε),
ñ äëèíàìè εσ1, . . . , εσs, ñîîòâåòñòâåííî:

J(ε) = J1(ε)
⋃
J2(ε)

⋃
. . .
⋃
Js(ε).

Ïîñòðîèì íîâîå óïðàâëåíèå

u∗ε (t) =


v1, t ∈ J1(ε),
. . .
vs, t ∈ Js(ε),
u(t), t ∈ [t0, t1] \ J(ε).

(9.13)

Ýòî óïðàâëåíèå äîïóñòèìî.
Ãîâîðÿò, ÷òî óïðàâëåíèå (9.13) ïîëó÷åíî èç óïðàâëåíèÿ (9.12) ïðè ïîìîùè

îäíî÷ëåííîé âàðèàöèè Ìàêøåéíà (9.11):

u(t)
[t0, t1]

M

(
τ ;
σ1, . . . , σs

v1, . . . , vs
;ε

)
−→ u∗ε (t)

[t0, t1]

Ïðè ìàëûõ çíà÷åíèÿõ ïàðàìåòðà ε äëÿ ïðèðàùåíèÿ òðàåêòîðèè x̃∗ε (t)−
x̃(t), âûçâàííîãî îäíî÷ëåííîé âàðèàöèåé Ìàêøåéíà (9.11), ìîæíî çàïèñàòü
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ñîîòíîøåíèå

x̃∗ε (t)− x̃(t) =


0, t ∈ [t0, τ − εσ, τ ], t ñëåâà îò J(ε),
O(ε), t ∈ J(ε),
εξ̃τ + o(ε), t = τ,

εξ̃(t) + ot(ε), t ∈ [τ, t1], t ñïðàâà îò J(ε),

(9.14)

â êîòîðîì, â îòëè÷èå îò ôîðìóëû (9.4), (n+1)-ìåðíûé âåêòîð ξ̃τ îïðåäåëÿåòñÿ
ôîðìóëîé

ξ̃τ =
s∑

j=1

σj [f̃(x̃(τ), vj)− f̃(x̃(τ), u(τ)], (9.15)

à âåêòîðíàÿ ôóíêöèÿ ξ̃(t) � ôîðìóëîé

ξ̃(t) = Φ(t, τ)ξ̃τ , τ ≤ t ≤ t1,

ñ âåêòîðîì íà÷àëüíûõ óñëîâèé (9.15), òàê ÷òî, â êîíå÷íûé ìîìåíò âðåìåíè
t = t1 èìååì:

ξ̃(t1) = Φ(t1, τ)
s∑

j=1

σj [f̃(x̃(τ), vj)− f̃(x̃(τ), u(τ)]. (9.16)

Íà îñíîâàíèè (9.14) - (9.16) ïðèðàùåíèå òðàåêòîðèè â êîíå÷íûé ìîìåíò
âðåìåíè t = t1 ìîæåò áûòü ïðåäñòàâëåíî â âèäå

x̃∗ε (t1)− x̃(t1) = εφ(M) + o(ε),

ãäå φ(M) ∈ Sn+1 � âåêòîð, îïðåäåëÿåìûé ðàâåíñòâàìè

φ(M) ≡ ξ̃(t1) = Φ(t1, τ)ξ̃τ . (9.17)

Òàêèì îáðàçîì, òåïåðü äëÿ îäíî÷ëåííûõ âàðèàöèé Ìàêøåéíà M äàíî
êîíñòðóêòèâíîå îïèñàíèå îòîáðàæåíèÿ φ(·) : M 7→ φ(M) ôîðìóëîé

φ(M) = Φ(t1, τ)
s∑

j=1

σj

[
f̃(x̃(τ), vj)− f̃(x̃(τ), u(τ))

]
. (9.18)

Îáðàòèì âíèìàíèå íà òî, ÷òî âåêòîð (9.18), êàê è âåêòîð (9.8), íå çàâèñèò
îò ε è ÿâíûì îáðàçîì ïðåäñòàâëåí â òåðìèíàõ ïðàâîé ÷àñòè f̃ óðàâíåíèÿ
óïðàâëÿåìîãî äâèæåíèÿ, âàðüèðóåìîãî ïðîöåññà x̃(t), u(t) è ïàðàìåòðîâ îä-
íî÷ëåííîé âàðèàöèè Ìàêøåéíà (9.11).

Óïðàæíåíèå 9.1.Îáîñíîâàòü ôîðìóëó (9.15). Â ñëó÷àå s = 1 îäíî÷ëåí-
íàÿ âàðèàöèÿ Ìàêøåéíà ïðåâðàùàåòñÿ â ïðîñòåéøóþ îäíî÷ëåííóþ âàðèà-
öèþ Ìàêøåéíà. Âûâîä ôîðìóëû (9.15) ïðè s > 1 ïðîèñõîäèò òàê æå, êàê
è â ñëó÷àå s = 1, ò.å. ïðè îáîñíîâàíèè ôîðìóëû (9.5).
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1.4 Ìíîãî÷ëåííàÿ âàðèàöèÿ Ìàêøåéíà (ÌÂÌ � r èí-
òåðâàëîâ âàðüèðîâàíèÿ, íà êàæäîì èç íèõ ñâîé ïàêåò
èãîëîê)

Îáîçíà÷åíèå ìíîãî÷ëåííîé âàðèàöèè Ìàêøåéíà:

M = {M1, . . . ,Mr}. (9.19)

Çäåñü M1, . . . ,Mr � îäíî÷ëåííûå âàðèàöèè Ìàêøåéíà, r � ÷èñëî ÷ëåíîâ
ìíîãî÷ëåííîé âàðèàöèè Ìàêøåéíà (9.19), r ≥ 1.

Ìíîãî÷ëåííàÿ âàðèàöèÿ Ìàêøåéíà {M1, . . . ,Mr} ðàññìàòðèâàåòñÿ êàê
ðåçóëüòàò ïîñëåäîâàòåëüíîãî ïðèìåíåíèÿ îäíî÷ëåííûõ âàðèàöèé Ìàêøåé-
íà M1, . . . ,Mr � ÷ëåíîâ ìíîãî÷ëåííîé âàðèàöèè M .

Ðàññìîòðèì i-òûé ÷ëåí

Mi = Mi

(
τi;

σi1, . . . , σisi

vi1, . . . , visi

; ε
)
, i = 1, . . . , r,

ìíîãî÷ëåííîé âàðèàöèè (9.19). Ïðåäïîëàãàåòñÿ, ÷òî ïàðàìåòðû τi � òî÷êè
íåïðåðûâíîñòè óïðàâëåíèÿ u(t) � óïîðÿäî÷åíû íåðàâåíñòâàìè τ1 < τ1 <
. . . < τr.

Ñëåäóþùàÿ äèàãðàììà ïîêàçûâàåò äåéñòâèå ìíîãî÷ëåííîé âàðèàöèè Ìàê-
øåéíà (9.19):

u(t)
[t0, t1]

M1−→ · · ·
M2−→ · · · Mr−1−→ · · ·

Mr−→ u∗ε (t)
[t0, t1]

Ïðè r = 1 ìíîãî÷ëåííàÿ âàðèàöèÿ Ìàêøåéíà ÿâëÿåòñÿ îäíî÷ëåííîé
âàðèàöèåé Ìàêøåéíà. Ïðè r = 2 ôîðìóëà äëÿ ïðèðàùåíèÿ òðàåêòîðèè
ïðèíèìàåò âèä
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x̃∗ε (t)−x̃(t) =



0, t ñëåâà îò JM1(ε),
O(ε), t ∈ JM1(ε),
εξ̃τ1 + o(ε), t = τ1,

εΦ(t, τ1)ξ̃τ1 + ot(ε), t ìåæäó JM1(ε) è JM2(ε),
O(ε), t ∈ JM2(ε),
ε[Φ(τ2, τ1)ξ̃τ1 + ξ̃τ2 ] + o(ε), t = τ2,

εΦ(t, τ2)[Φ(τ2, τ1)ξ̃τ1 + ξ̃τ2 ] + o(ε), t > τ2,
(9.20)

ãäå JMi(ε) � èíòåðâàë âàðüèðîâàíèÿ îäíî÷ëåííîé âàðèàöèè Ìàêøåéíà Mi,
i = 1, 2,

ξ̃τ1 =
s1∑

j=1

σ1j [f̃(x̃(τ1), v1j)− f̃(x̃(τ1), u(τ1)], (9.21)

ξ̃τ2 =
s2∑

j=1

σ2j [f̃(x̃(τ2), v2j)− f̃(x̃(τ2), u(τ2)]. (9.22)

Äëÿ ïðèðàùåíèÿ òðàåêòîðèè â êîíå÷íûé ìîìåíò âðåìåíè t = t1 íà îñíîâàíèè
ôîðìóëû (9.20) è ñâîéñòâ ôóíäàìåíòàëüíîé ìàòðèöû Φ ìîæíî çàïèñàòü
ñîîòíîøåíèå

x̃∗ε (t1)− x̃(t1) = εφ(M) + o(ε), (9.23)

ãäå φ(M) ∈ Sn+1 � âåêòîð, îïðåäåëÿåìûé ðàâåíñòâîì

φ(M) = Φ(t1, τ1)ξ̃τ1 + Φ(t1, τ2)ξ̃τ2 , (9.24)

à âåêòîðû ξ̃τ1 , ξ̃τ2 èìåþò âèä (21.21), (9.22).
Àíàëîãè÷íî ïðîâåðÿåòñÿ, ÷òî ïðè ëþáîì r âåêòîð φ(M) â ôîðìóëå (9.23)

èìååò âèä

φ(M) =
r∑

i=1

Φ(t1, τi)ξ̃τi
, (9.25)

ãäå

ξ̃τi =
si∑

j=1

σij [f̃(x̃(τi), vij)− f̃(x̃(τi), u(τi)]. (9.26)

Îòîáðàæåíèå φ äëÿ ìíîãî÷ëåííûõ âàðèàöèé Ìàêøåéíà îïèñûâàåòñÿ ôîð-
ìóëàìè (9.25), (9.26).

1.5 Îòîáðàæåíèå φ : M→ Sn+1: ñâîäêà ôîðìóë

Âûøå ïîñòðîåíî ìíîæåñòâî âàðèàöèé ÌàêøåéíàM è ââåäåíî îòîáðàæåíèå
φ : M → Sn+1. Ñäåëàíî ýòî â íåñêîëüêî ïðèåìîâ, è ñåé÷àñ ìû ñîáåðåì
ðàçáðîñàííûå ïî òåêñòó ðàñ÷åòíûå ôîðìóëû (9.8), (9.18), (9.25), (9.26), îïèñûâàþùèå
ýòî îòîáðàæåíèå:
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a. äëÿ ïðîñòåéøèõ îäíî÷ëåííûõ âàðèàöèé Ìàêøåéíà (9.1):

φ(M) = Φ(t1, τ)ξ̃τ , (9.23)

ξ̃τ = σ
[
f̃(x̃(τ), v)− f̃(x̃(τ), u(τ))

]
; (9.24)

b. äëÿ îäíî÷ëåííûõ âàðèàöèé Ìàêøåéíà (9.11):

φ(M) = Φ(t1, τ)ξ̃τ , (9.25)

ξ̃τ =
s∑

j=1

σj

[
f̃(x̃(τ), vj)− f̃(x̃(τ), u(τ))

]
; (9.26)

c. äëÿ ìíîãî÷ëåííûõ âàðèàöèé Ìàêøåéíà (9.19):

φ(M) =
r∑

i=1

Φ(t1, τi)ξ̃τi
, (9.27)

ξ̃τi
=

si∑
j=1

σij [f̃(x̃(τi), vij)− f̃(x̃(τi), u(τi)]. (9.28)

1.6 Êîíóñ, ïîðîæäàåìûé îòîáðàæåíèåì φ(M)

Ïðèðàùåíèå òðàåêòîðèè â êîíå÷íûé ìîìåíò âðåìåíè t = t1 ïðåäñòàâëåíî â
âèäå:

x̃∗ε (t1)− x̃(t1) = εφ(M) + o(ε), (9.29)

Ãëàâíûé ÷ëåí ïðàâîé ÷àñòè (9.29) èìååò âèä

εφ(M). (9.30)

Ââåäåì ñëåäóþùèå äâà ìíîæåñòâà IK0, IK1 ⊂ Sn+1:

IK0 =
⋃

M∈M
{φ(M)} ≡ φ(M), (9.31)

IK1 = x̃(t1) + IK0. (9.32)

Ýòè ìíîæåñòâà èãðàþò âàæíóþ ðîëü ïðè äîêàçàòåëüñòâå ïðèíöèïà ìàêñè-
ìóìà. Áóäåò ïîêàçàíî, ÷òî ìíîæåñòâî (9.31) ÿâëÿåòñÿ âûïóêëûì êîíóñîì
ñ âåðøèíîé â òî÷êå 0. Ìíîæåñòâî (9.32), ïîëó÷åííîå èç ìíîæåñòâà (9.31)
ïàðàëëåëüíûì ïåðåíîñîì, ÿâëÿåòñÿ âûïóêëûì êîíóñîì ñ âåðøèíîé â òî÷êå
x̃(t1). Äëÿ ïîëó÷åíèÿ ýòèõ ôàêòîâ â ñëåäóþùåì ïàðàãðàôå áóäóò ââåäåíû
îïåðàöèè íàä âàðèàöèÿìè Ìàêøåéíà è óñòàíîâëåíî ñâîéñòâî ëèíåéíîñòè
îòîáðàæåíèÿ φ(M) ïðè íåîòðèöàòåëüíûõ êîýôôèöèåíòàõ.

Òàê êàê

φ(M) = lim
ε→+0

x̃∗ε (t1)− x̃(t1)
ε

,

òî ìíîæåñòâî (9.32) â ëèíåéíîì ïðèáëèæåíèè õàðàêòåðèçóåò íàïðàâëåíèÿ
ñìåùåíèÿ ïðàâûõ êîíöîâ òðàåêòîðèè ïðè åå âàðüèðîâàíèè ñ ïîìîùüþ âà-
ðèàöèé Ìàêøåéíà M ∈M.
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2 �10. Ñëîæåíèå âàðèàöèé Ìàêøåéíà. Óìíî-

æåíèå âàðèàöèéÌàêøåéíà íà íåîòðèöàòåëüíûå

÷èñëà. Ëèíåéíîñòü îòîáðàæåíèÿ φ(M) ïðè íåîò-
ðèöàòåëüíûõ êîýôôèöèåíòàõ. Âûïóêëîñòü êîíóñà,

ïîðîæäàåìîãî îòîáðàæåíèåì φ(M)

2.1 Êðàòêîå ââåäåíèå, îñíîâíûå öåëè �10

Êîíå÷íàÿ öåëü äàííîãî ïàðàãðàôà � óñòàíîâèòü, ÷òî ìíîæåñòâî (9.31)

IK0 =
⋃

M∈M
{φ(M)}

ÿâëÿåòñÿ âûïóêëûì êîíóñîì ñ âåðøèíîé â íóëå. Äëÿ ïîëó÷åíèÿ ýòîãî ðåçóëüòàòà
â ïðîñòðàíñòâå âàðèàöèé Ìàêøåéíà M ââîäÿòñÿ îïåðàöèè ñëîæåíèÿ è
óìíîæåíèÿ íà íåîòðèöàòåëüíûå ÷èñëà, òàê ÷òî äëÿ îòîáðàæåíèÿ φ âû-
ïîëíÿþòñÿ ñâîéñòâà:

φ(M +M ′) = φ(M) + φ(M ′) ∀M,M ′ ∈M (10.1)

(àääèòèâíîñòü) è

φ(λ ·M) = λ · φ(M) ∀λ ≥ 0,M ∈M (10.2)

(ïîëîæèòåëüíàÿ îäíîðîäíîñòü èçìåðåíèÿ 1). Èç ñâîéñòâ (10.1), (10.2) ñëåäóåò
ñâîéñòâî ëèíåéíîñòè îòîáðàæåíèÿ φ ïðè íåîòðèöàòåëüíûõ êîýôôèöèåí-
òàõ:

φ(λ1M1 + λ2M2) = λ1φ(M1) + λ2φ(M2) ∀λ1, λ2 ≥ 0,M1,M2 ∈M. (10.3)

2.2 Ñëîæåíèå âàðèàöèé Ìàêøåéíà

2.2.1 Ñëîæåíèå ïðîñòåéøèõ îäíî÷ëåííûõ âàðèàöèé Ìàêøåéíà

Ðàññìîòðèì äâå ïðîñòåéøèå îäíî÷ëåííûå âàðèàöèè Ìàêøåéíà

M = M

(
τ ; σ
v

; ε
)
, (10.4)

M ′ = M ′
(
τ ′; σ

′

v′
; ε
)
. (10.5)

Çàìå÷àíèå 10.1.Ïðè îäíîâðåìåííîì ðàññìîòðåíèè íåñêîëüêèõ âàðèàöèé
Ìàêøåéíà ìàëûé ïîëîæèòåëüíûé ïàðàìåòð ε âñåãäà îáùèé.

Ïðè îïðåäåëåíèè îïåðàöèè ñëîæåíèÿ âàðèàöèé (10.4) è (10.5) ðàññìàò-
ðèâàåòñÿ äâà ñëó÷àÿ: à) τ = τ ′ è á) τ 6= τ ′.
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à) τ = τ ′. Îïðåäåëÿåì ñóììó äâóõ ÏÎÂÌ (10.4) è (10.5), ïîëàãàÿ

M

(
τ ; σ
v

; ε
)

+M ′
(
τ ; σ

′

v′
; ε
)

= M

(
τ ; σ σ′

v v′
; ε
)
. (10.6)

Â ïðàâîé ÷àñòè ôîðìóëû (10.6) ñòîèò ÎÂÌ ñ äâóìÿ èãîëêàìè � ýëåìåíò
ìíîæåñòâà M. Äëÿ ââåäåííîé ôîðìóëîé (10.6) îïåðàöèè ñëîæåíèÿ äâóõ
îäíî÷ëåííûõ âàðèàöèé Ìàêøåéíà èìååò ìåñòî ñâîéñòâî àääèòèâíîñòè (10.1).
Äåéñòâèòåëüíî,

φ(M +M ′) = {(10.6)} = φ

(
M

(
τ ; σ σ′

v v′
; ε
))

= {(9.25), (9.26)} =

= Φ(t1, τ){σ[f̃(x̃(τ), v)− f̃(x̃(τ), u(τ))] + σ′[f̃(x̃(τ), v′)− f̃(x̃(τ), u(τ))]} =

= Φ(t1, τ)σ[f̃(x̃(τ), v)− f̃(x̃(τ), u(τ))]+Φ(t1, τ)σ′[f̃(x̃(τ), v′)− f̃(x̃(τ), u(τ))] =

= {(9.23), (9.24)} = φ(M) + φ(M ′).

á) τ 6= τ ′ (ïóñòü, äëÿ îïðåäåëåííîñòè, τ < τ ′). Îïðåäåëÿåì ñóììó äâóõ
ÏÎÂÌ (10.4) è (10.5), ïîëàãàÿ

M +M ′ = {M,M ′}. (10.7)

Â ïðàâîé ÷àñòè ôîðìóëû (10.7) ñòîèò ÌÂÌ ñ äâóìÿ ÷ëåíàìè M è M ′ �
ýëåìåíò ìíîæåñòâàM. Äëÿ ââåäåííîé ôîðìóëîé (10.7) îïåðàöèè ñëîæåíèÿ
äâóõ îäíî÷ëåííûõ âàðèàöèé Ìàêøåéíà èìååò ìåñòî ñâîéñòâî àääèòèâíîñòè
(10.1). Äåéñòâèòåëüíî,

φ(M +M ′) = {(10.7)} = φ({M,M ′}) = {(9.27), (9.28)} =

= Φ(t1, τ)ξ̃τ + Φ(t1, τ ′)ξ̃τ ′ = {(9.23), (9.24)} = φ(M) + φ(M ′).

Â äàëüíåéøåì ïðîâåäåíèå ïîäîáíûõ âûêëàäîê ïðåäîñòàâëÿåòñÿ ÷èòàòåëþ.

2.2.2 Ñëîæåíèå îäíî÷ëåííûõ âàðèàöèé Ìàêøåéíà

Ðàññìîòðèì äâå îäíî÷ëåííûå âàðèàöèè Ìàêøåéíà

M = M

(
τ ; σ1 . . . σs

v1 . . . vs
; ε
)
, (10.8)

M ′ = M ′
(
τ ′; σ

′
1 . . . σ′s′
v′1 . . . v′s′

; ε
)
. (10.9)

Ïðè îïðåäåëåíèè îïåðàöèè ñëîæåíèÿ âàðèàöèé (10.8) è (10.9) îïÿòü ðàññìàòðèâàåòñÿ
äâà ñëó÷àÿ: à) τ = τ ′ è á) τ 6= τ ′.

à) τ = τ ′. Îïðåäåëÿåì ñóììó äâóõ ÎÂÌ (10.8) è (10.9), ïîëàãàÿ

M +M ′ = M

(
τ ; σ1 . . . σs σ′1 . . . σ′s′
v1 . . . vs v′1 . . . v′s′

; ε
)
. (10.10)
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Â ïðàâîé ÷àñòè ôîðìóëû (10.10) ñòîèò ÎÂÌ � ýëåìåíò ìíîæåñòâà M.
Óïðàæíåíèå 10.1. Ïðîâåðèòü, ÷òî äëÿ ââåäåííîé ôîðìóëîé (10.10)

îïåðàöèè ñëîæåíèÿ ÎÂÌ èìååò ìåñòî ñâîéñòâî àääèòèâíîñòè (10.1).
á) τ 6= τ ′ (ïóñòü, äëÿ îïðåäåëåííîñòè, τ < τ ′). Îïðåäåëÿåì ñóììó äâóõ

ÎÂÌ (10.8) è (10.9), ïîëàãàÿ

M +M ′ = {M,M ′}. (10.11)

Â ïðàâîé ÷àñòè ôîðìóëû (10.11) ñòîèò ÌÂÌ ñ äâóìÿ ÷ëåíàìè M è M ′ �
ýëåìåíò ìíîæåñòâà M.

Óïðàæíåíèå 10.2. Ïðîâåðèòü, ÷òî äëÿ ââåäåííîé ôîðìóëîé (10.11)
îïåðàöèè ñëîæåíèÿ äâóõ îäíî÷ëåííûõ âàðèàöèé Ìàêøåéíà èìååò ìåñòî
ñâîéñòâî àääèòèâíîñòè (10.1).

Çàìå÷àíèå 10.2. Ñîãëàñíî äàííûì âûøå îïðåäåëåíèÿì ìíîãî÷ëåííàÿ
âàðèàöèÿ Ìàêøåéíà

M = {M1, . . . ,Mr} (10.12)

ñ r ÷ëåíàìèM1, . . . ,Mr, êàæäûé èç êîòîðûõ � îäíî÷ëåííàÿ âàðèàöèÿ Ìàê-
øåéíà, ÿâëÿåòñÿ ñóììîé ñâîèõ ÷ëåíîâ:

M = M1 + . . .+Mr. (10.13)

Ïàðàìåòðû τi îäíî÷ëåííûõ âàðèàöèé ÌàêøåéíàMi, i = 1, . . . , r, óäîâëåòâîðÿþò
íåðàâåíñòâàì τ1 < τ2 < . . . < τr.

Çàìå÷àíèå 10.3. Íàïîìíèì, ÷òî âñå ïàðàìåòðû σ ≥ 0. Äîáàâëåíèå â
ñóììó (10.13) îäíî÷ëåííîé âàðèàöèè Ìàêøåéíà ñ íóëåâûìè ïàðàìåòðàìè
σ íå ìåíÿåò ýòó âàðèàöèþ, è åå îáðàç ïðè îòîáðàæåíèè φ ïðè ýòîì òàêæå
íå ìåíÿåòñÿ.

2.2.3 Ñëîæåíèå ìíîãî÷ëåííûõ âàðèàöèé Ìàêøåéíà

Ðàññìîòðèì äâå ìíîãî÷ëåííûå âàðèàöèè Ìàêøåéíà: âàðèàöèþ (10.12) è
âàðèàöèþ

M ′ = {M ′
1, . . . ,M

′
r′}. (10.14)

Â ñèëó Çàìå÷àíèé 10.2, 10.3 ìîæíî ñ÷èòàòü, ÷òî r′ = r, îäíî÷ëåííûå âàðèàöèè
ÌàêøåéíàMi,M

′
i èìåþò îáùèé ïàðàìåòð τi = τ ′i è âàðèàöèÿ (10.14) äîïóñêàåò

ïðåäñòàâëåíèå â âèäå ñóììû

M ′ = M ′
1 + . . .+M ′

r. (10.15)

Ñóììó äâóõ ìíîãî÷ëåííûõ âàðèàöèé Ìàêøåéíà (10.12) è (10.14), çàïè-
ñàííûõ â âèäå (10.13) è (10.15), îïðåäåëÿåì ôîðìóëîé

M +M ′ =
r∑

i=1

(Mi +M ′
i) = {(M1 +M ′

1), . . . , (Mr +M ′
r)} (10.16)

êàê ñóììó ïîïàðíûõ ñóìì (Mi +M ′
i), ãäå Mi, M

′
i � îäíî÷ëåííûå âàðèàöèè

Ìàêøåéíà ñ îáùèì ïàðàìåòðîì τi = τ ′i , êîòîðûå ìû óæå óìååì ñêëàäûâàòü,
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òàê ÷òî (Mi +M ′
i) � îäíî÷ëåííàÿ âàðèàöèÿ Ìàêøåéíà. Â ñèëó Çàìå÷àíèÿ

10.2 ñóììó (10.16) ìîæíî çàïèñàòü â ôîðìå ìíîãî÷ëåííîé âàðèàöèè Ìàê-
øåéíà:

M +M ′ = {(M1 +M ′
1), . . . , (Mr +M ′

r)} (10.17)

ñ ÷ëåíàìè (M1 +M ′
1), . . . , (Mr +M ′

r). Â ïðàâîé ÷àñòè ôîðìóëû (10.17) ñòîèò
ÌÂÌ � ýëåìåíò ìíîæåñòâà M.

Óïðàæíåíèå 10.3. Ïðîâåðèòü, ÷òî äëÿ ââåäåííîé ôîðìóëàìè (10.16),
(10.17) îïåðàöèè ñëîæåíèÿ äâóõ ìíîãî÷ëåííûõ âàðèàöèé Ìàêøåéíà èìååò
ìåñòî ñâîéñòâî àääèòèâíîñòè (10.1).

Èòàê, íà ìíîæåñòâå M ââåäåíà îïåðàöèÿ ñëîæåíèÿ è äëÿ îòîáðàæåíèÿ
φ óñòàíîâëåíî ñâîéñòâî àääèòèâíîñòè (10.1).

2.3 Óìíîæåíèå âàðèàöèéÌàêøåéíà íà íåîòðèöàòåëüíûå

÷èñëà

Ââåäåì íà ìíîæåñòâå M îïåðàöèþ óìíîæåíèÿ íà íåîòðèöàòåëüíûå ÷èñëà
è ïðîâåðèì âûïîëíåíèå äëÿ íåå ñâîéñòâà îäíîðîäíîñòè (10.2) îòîáðàæåíèÿ
φ.

2.3.1 Óìíîæåíèå ïðîñòåéøèõ îäíî÷ëåííûõ âàðèàöèé Ìàêøåéíà
íà íåîòðèöàòåëüíûå ÷èñëà

Ðàññìîòðèì ïðîñòåéøóþ îäíî÷ëåííóþ âàðèàöèþ Ìàêøåéíà

M

(
τ ; σ
v

; ε
)
.

Îïðåäåëèì äëÿ íåå îïåðàöèþ óìíîæåíèÿ íà íåîòðèöàòåëüíîå ÷èñëî λ ñëå-
äóþùåé ôîðìóëîé:

λ ·M
(
τ ; σ
v

; ε
)

= M

(
τ ; λσ

v
; ε
)
. (10.18)

Óïðàæíåíèå 10.4. Ïðîâåðèòü, ÷òî äëÿ ââåäåííîé ôîðìóëîé (10.18)
îïåðàöèè óìíîæåíèÿ ïðîñòåéøåé îäíî÷ëåííîé âàðèàöèé Ìàêøåéíà íà íåîò-
ðèöàòåëüíîå ÷èñëî èìååò ìåñòî ñâîéñòâî îäíîðîäíîñòè (10.2).

2.3.2 Óìíîæåíèå îäíî÷ëåííûõ âàðèàöèé Ìàêøåéíà íà íåîòðè-
öàòåëüíûå ÷èñëà

Ðàññìîòðèì îäíî÷ëåííóþ âàðèàöèþ Ìàêøåéíà

M

(
τ ; σ1 . . . σs

v1 . . . vs
; ε
)
.

Îïðåäåëèì äëÿ íåå îïåðàöèþ óìíîæåíèÿ íà íåîòðèöàòåëüíîå ÷èñëî λ ñëåäóþ-
ùåé ôîðìóëîé:

λ ·M
(
τ ; σ1 . . . σs

v1 . . . vs
; ε
)

= M

(
τ ; λσ1 . . . λσs

v1 . . . vs
; ε
)
. (10.19)
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Óïðàæíåíèå 10.5. Ïðîâåðèòü, ÷òî äëÿ ââåäåííîé ôîðìóëîé (10.19)
îïåðàöèè óìíîæåíèÿ îäíî÷ëåííîé âàðèàöèé Ìàêøåéíà íà íåîòðèöàòåëüíîå
÷èñëî èìååò ìåñòî ñâîéñòâî îäíîðîäíîñòè (10.2).

2.3.3 Óìíîæåíèå ìíîãî÷ëåííûõ âàðèàöèé Ìàêøåéíà íà íåîòðè-
öàòåëüíûå ÷èñëà

Ðàññìîòðèì ìíîãî÷ëåííóþ âàðèàöèþ Ìàêøåéíà

M = {M1, . . . ,Mr},

÷ëåíû êîòîðîéM1, . . . ,Mr � îäíî÷ëåííûå âàðèàöèè Ìàêøåéíà. Îïðåäåëèì
äëÿ íåå îïåðàöèþ óìíîæåíèÿ íà íåîòðèöàòåëüíîå ÷èñëî λ ñëåäóþùåé ôîð-
ìóëîé:

λ · {M1, . . . ,Mr} = {λM1, . . . , λMr}. (10.20)

Óïðàæíåíèå 10.6. Ïðîâåðèòü, ÷òî äëÿ ââåäåííîé ôîðìóëîé (10.20)
îïåðàöèè óìíîæåíèÿ ìíîãî÷ëåííîé âàðèàöèè Ìàêøåéíà íà íåîòðèöàòåëüíîå
÷èñëî èìååò ìåñòî ñâîéñòâî îäíîðîäíîñòè (10.2).

Èòàê, íà ìíîæåñòâåM ââåäåíà îïåðàöèÿ óìíîæåíèÿ íà íåîòðèöàòåëüíûå
÷èñëà è äëÿ îòîáðàæåíèÿ φ óñòàíîâëåíî ñâîéñòâî îäíîðîäíîñòè (10.2).

Òàêèì îáðàçîì, òåïåðü ìîæíî ñ÷èòàòü îáîñíîâàííûì ñâîéñòâî (10.3)
ëèíåéíîñòè îòîáðàæåíèÿ φ ïðè íåîòðèöàòåëüíûõ êîýôôèöèåíòàõ.

2.4 Êîíóñ, ïîðîæäàåìûé îòîáðàæåíèåì φ(M): îñíîâíûå
ñâîéñòâà

Â �9 ââåäåíî ìíîæåñòâî

IK0 =
⋃

M∈M
{φ(M)} ≡ φ(M), (10.21)

ïîðîæäàåìîå îòîáðàæåíèåì

φ(·) : M 7→ Sn+1. (10.22)

Ïîêàæåì ñåé÷àñ, îïèðàÿñü íà ñâîéñòâà (10.1) - (10.3) îòîáðàæåíèÿ (10.22),
÷òî ìíîæåñòâî (10.21) ÿâëÿåòñÿ âûïóêëûì êîíóñîì ñ âåðøèíîé â íóëå.

Äîêàæåì ñíà÷àëà, ÷òî ìíîæåñòâî IK0 � êîíóñ ñ âåðøèíîé â íóëå.
Äëÿ ýòîãî ïðîâåðèì, ÷òî äëÿ ëþáîé òî÷êè c ∈ IK0 èìååò ìåñòî âêëþ÷åíèå
λc ∈ IK0 ∀λ ≥ 0. Óñëîâèå c ∈ IK0 îçíà÷àåò, ÷òî ∃M ∈M: c = φ(M). Îòñþäà,
ïðèâëåêàÿ ñâîéñòâî îäíîðîäíîñòè (10.2), èìååì: λc=λφ(M)=φ(λM) ∈ IK0,
òàê êàê λM ∈M. Ïðîâåðêà îêîí÷åíà.

Äîêàæåì òåïåðü âûïóêëîñòü ìíîæåñòâà IK0. Âîçüìåì ëþáûå äâå òî÷êè
c1, c2 ∈ IK0. Ñîãëàñíî îïðåäåëåíèþ (10.21) èõ ìîæíî çàïèñàòü â âèäå ci =
φ(Mi), ãäå Mi ∈ M,i = 1, 2. Îòñþäà â ñèëó ñâîéñòâà ëèíåéíîñòè (10.3) ïðè
ëþáûõ λ1, λ2 ≥ 0, λ1 + λ2 = 1, èìååì:

λ1c1 + λ2c2 = λ1φ(M1) + λ2φ(M2) = φ(λ1M1 + λ2M2) ∈ IK0,
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òàê êàê λ1M1 + λ2M2 ∈M. Âûïóêëîñòü ìíîæåñòâà IK0 äîêàçàíà.
Ìíîæåñòâî

IK1 = x̃(t1) + IK0

î÷åâèäíî, ÿâëÿåòñÿ âûïóêëûì êîíóñîì ñ âåðøèíîé â êîíöåâîé òî÷êå x̃(t1)
ðàññìàòðèâàåìîé òðàåêòîðèè.

3 �11. Ðàñøèðåíèå êëàññà äîïóñòèìûõ âàðèàöèé

Ìàêøåéíà

3.1 Ââåäåíèå ðàñøèðåííîé âàðèàöèè Ìàêøåéíà.

Îïðåäåëèì ñåé÷àñ ðàñøèðåííóþ âàðèàöèþ Ìàêøåéíà

V (M,α), (11.1)

ãäå M � âàðèàöèÿ Ìàêøåéíà, α � äåéñòâèòåëüíîå ÷èñëî. Ìû çíàåì, ÷òî
îïåðàöèÿ M � âàðèàöèÿ Ìàêøåéíà � ïðåîáðàçóåò ïî îïèñàííûì âûøå
ïðàâèëàì äîïóñòèìîå óïðàâëåíèå u(t), t0 ≤ t ≤ t1, â ïðîâàðüèðîâàííîå
óïðàâëåíèå u∗ε (t), t0 ≤ t ≤ t1 :

u(t)
[t0, t1]

M−→ u∗ε (t)
[t0, t1]

Îáðàòèì âíèìàíèå íà òî, ÷òî îáà óïðàâëåíèÿ � èñõîäíîå è ïðîâàðüèðîâàííîå
� îïðåäåëåíû íà îäíîì è òîì æå îòðåçêå âðåìåíè [t0, t1]. Ïðèìåíåíèå ðàñøèðåííîé
âàðèàöèè Ìàêøåéíà (11.1) èçìåíÿåò ïðàâûé êîíåö ýòîãî îòðåçêà:

t1 −→ t1
∗
ε ≡ t1 + εα. (11.2)

Ïåðåéäåì òåïåðü ê îïðåäåëåíèþ ðàñøèðåííîé âàðèàöèè Ìàêøåéíà (11.1),
ðàññìîòðåâ îòäåëüíî òðè ñëó÷àÿ: α = 0, α < 0 è α < 0.

1: α = 0. Â ýòîì ñëó÷àå ïîëàãàåì:

V (M,α)|α=0 = M,

ò.å. ïðè α = 0 ðàñøèðåííàÿ âàðèàöèÿ Ìàêøåéíà V (M,α) äåéñòâóåò
òî÷íî òàêæå, êàê è âàðèàöèÿ Ìàêøåéíà M .

2: α < 0. Â ýòîì ñëó÷àå ïðîâàðüèðîâàííûé îòðåçîê âðåìåíè [t0, t1∗ε ]
ÿâëÿåòñÿ ÷àñòüþ èñõîäíîãî îòðåçêà [t0, t1], t1∗ε < t1. Íàïîìíèì, ÷òî
ε � ìàëûé ïîëîæèòåëüíûé ïàðàìåòð.

2a. Ïðèìåíÿÿ âàðèàöèþ Ìàêøåéíà M ê óïðàâëåíèþ u(t), ïîñòðîèì
ïðîâàðüèðîâàííîå óïðàâëåíèå ū(t)∗ε , t0 ≤ t ≤ t1:

u(t)
[t0, t1]

M−→ ū∗ε (t)
[t0, t1]
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2b. Ïîëàãàåì
u∗ε (t) = ū∗ε (t), t0 ≤ t ≤ t1

∗
ε .

Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ u∗ε (t), t0 ≤ t ≤ t1
∗
ε , ïîëó÷åíà èç ôóíêöèè

u(t), t0 ≤ t ≤ t1, ïðè ïîìîùè ðàñøèðåííîé âàðèàöèè Ìàêøåéíà (11.1):

u(t)
[t0, t1]

V (M,α)−→ u∗ε (t)
[t0, t1∗ε ]

3: α > 0. Â ýòîì ñëó÷àå èñõîäíûé îòðåçîê [t0, t1] ÿâëÿåòñÿ ÷àñòüþ ïðî-
âàðüèðîâàííîãî îòðåçêà [t0, t1∗ε ], t1 < t1

∗
ε .

3a. Ïðèìåíÿÿ âàðèàöèþ Ìàêøåéíà M ê óïðàâëåíèþ u(t), ïîñòðîèì
ïðîâàðüèðîâàííîå óïðàâëåíèå ū(t)∗ε , t0 ≤ t ≤ t1, òàê æå, êàê ýòî áûëî
ñäåëàíî â 2a.

3b. Ïîëàãàåì

u∗ε (t) =
{
ū∗ε (t), t0 ≤ t ≤ t1

∗
ε ,

u(t1), t1 ≤ t ≤ t1
∗
ε .

(11.3)

Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ (11.3) ïîëó÷åíà èç äîïóñòèìîãî óïðàâ-
ëåíèÿ u(t), t0 ≤ t ≤ t1, ïðè ïîìîùè ðàñøèðåííîé âàðèàöèè Ìàêøåéíà
(11.1).

Ïîä÷åðêíåì, ÷òî âàðüèðîâàíèå äîïóñòèìîãî óïðàâëåíèÿ u(t), t0 ≤ t ≤ t1,
ïðè ïîìîùè ðàñøèðåííîé âàðèàöèè Ìàêøåéíà (11.1) ïðèâîäèò ê äîïóñòèìîìó
óïðàâëåíèþ u∗ε (t), t0 ≤ t ≤ t1

∗
ε . Ôóíêöèÿ (11.3) íåïðåðûâíà â îêðåñòíîñòè

òî÷êè t = t1. Èòàê, ðàñøèðåííàÿ âàðèàöèÿ Ìàêøåéíà

V (M,α), ãäå M ∈M, α ∈ R1,

ïîñòðîåíà. Ñîâîêóïíîñòü âñåõ ðàñøèðåííûõ âàðèàöèé Ìàêøåéíà áóäåì îáî-
çíà÷àòü VM. Î÷åâèäíî, ÷òî M⊂ VM.

3.2 Îïðåäåëåíèå îòîáðàæåíèÿ φ äëÿ ðàñøèðåííûõ âà-

ðèàöèé Ìàêøåéíà

Ïóñòü u(t), t0 ≤ t ≤ t1, � äîïóñòèìîå óïðàâëåíèå, êîòîðîìó îòâå÷àåò òðàåê-
òîðèÿ x̃(t), t0 ≤ t ≤ t1; u∗ε (t), t0 ≤ t ≤ t1

∗
ε , � ïðîâàðüèðîâàííîå ñ ïîìîùüþ

ðàñøèðåííîé âàðèàöèè Ìàêøåéíà (11.1) óïðàâëåíèå, êîòîðîìó îòâå÷àåò
ïðîâàðüèðîâàííàÿ òðàåêòîðèÿ x̃∗ε (t). Ïðè âû÷èñëåíèè ïîñëåäíåé òðàåêòîðèè
óïðàâëåíèå ìîæíî âçÿòü â ôîðìå (11.3) ïðè ëþáîì çíàêå ÷èñëà α, òàê ÷òî
òðàåêòîðèþ x̃∗ε (t) ìîæíî ñ÷èòàòü îïðåäåëåííîé â íåêîòîðîé îêðåñòíîñòè
òî÷êè t1. Ïðè ýòîì, î÷åâèäíî, â ñèëó íåïðåðûâíîñòè ôóíêöèè (11.3) â
îêðåñòíîñòè òî÷êè t = t1, èìååò ìåñòî ñîîòíîøåíèå

x̃∗ε (t1
∗
ε )− x̃∗ε (t1) = εαf̃(x̃∗ε (t1), u(t1)) + o(ε). (11.4)
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Ðàíåå áûëî óñòàíîâëåíî ñîîòíîøåíèå

x̃∗ε (t1)− x̃(t1) = ε · φ(M) + o(ε). (11.5)

Ïîñëå ïî÷ëåííîãî ñëîæåíèÿ ñîîòíîøåíèé (11.4), (11.5) è î÷åâèäíîãî ïðåîá-
ðàçîâàíèÿ ïðàâîé ÷àñòè ñ ïîìîùüþ (11.5) ïîëó÷àåì

x̃∗ε (t1
∗
ε )− x̃(t1) = ε · [φ(M) + αf̃(x̃(t1), u(t1))] + o(ε). (11.6)

Ïîñëåäíÿÿ ôîðìóëà îïèñûâàåò â ÿâíîì âèäå ãëàâíûé ÷ëåí ïðèðàùåíèÿ
òðàåêòîðèè, ïîëó÷åííîé ïðè âàðüèðîâàíèè óïðàâëåíèÿ ñ ïîìîùüþ ðàñøè-
ðåííîé âàðèàöèè Ìàêøåéíà (11.1). Ââîäÿ îáîçíà÷åíèå

φ(V (M,α)) = φ(M) + αf̃(x̃(t1), u(t1)), (11.7)

ïåðåïèøåì ôîðìóëó (11.6) â áîëåå êîìïàêòíîì âèäå

x̃∗ε (t1
∗
ε )− x̃(t1) = ε · φ(V (M,α)) + o(ε). (11.8)

Ôîðìóëà (11.7) îïðåäåëÿåò îòîáðàæåíèå φ : VM 7→ Sn+1 äëÿ ðàñøèðåííûõ
âàðèàöèé Ìàêøåéíà.

3.3 Ñëîæåíèå ðàñøèðåííûõ âàðèàöèéÌàêøåéíà. Óìíî-

æåíèå èõ íà íåîòðèöàòåëüíûå ÷èñëà. Ëèíåéíîñòü

îòîáðàæåíèÿ φ ïðè íåîòðèöàòåëüíûõ êîýôôèöèåíòàõ

Ñëîæåíèå.Äëÿ äâóõ ðàñøèðåííûõ âàðèàöèé Ìàêøåéíà V (M1, α1), V (M2, α2)
∈ VM èõ ñóììà îïðåäåëÿåòñÿ ðàâåíñòâîì

V (M1, α1) + V (M2, α2) = V (M1 +M2, α1 + α2), (11.9)

â ïðàâîé ÷àñòè êîòîðîãî ñòîèò ðàñøèðåííàÿ âàðèàöèÿ Ìàêøåéíà � ýëåìåíò
ìíîæåñòâà VM. Èç ôîðìóë (11.9), (11.7) ñëåäóåò ñâîéñòâî àääèòèâíîñòè
îòîáðàæåíèÿ φ : VM 7→ Sn+1 ïðè ñëîæåíèè ðàñøèðåííûõ âàðèàöèé Ìàêøåéíà:

φ(V (M1, α1) + V (M2, α2)) = φ(V (M1, α1)) + φ(V (M2, α2)). (11.10)

Óìíîæåíèå íà íåîòðèöàòåëüíûå ÷èñëà. Óìíîæåíèå ðàñøèðåííîé âà-
ðèàöèè Ìàêøåéíà V (M,α) ∈ VM íà ÷èñëî λ ≥ 0 îïðåäåëÿåòñÿ ðàâåíñòâîì

λ · V (M,α) = V (λ ·M,λ · α), (11.11)

â ïðàâîé ÷àñòè êîòîðîãî ñòîèò ðàñøèðåííàÿ âàðèàöèÿ Ìàêøåéíà � ýëåìåíò
ìíîæåñòâà VM. Èç ôîðìóë (11.11), (11.7) ñëåäóåò ñâîéñòâî ïîëîæèòåëüíîé
îäíîðîäíîñòè (èçìåðåíèÿ 1) äëÿ îòîáðàæåíèÿ φ : VM 7→ Sn+1:

φ(λ · V (M,α)) = λ · φ(V (M,α)), λ ≥ 0. (11.12)

Ñîîòíîøåíèÿ (11.10), (11.12) âëåêóò ñâîéñòâî ëèíåéíîñòè îòîáðàæåíèÿ φ
ïðè íåîòðèöàòåëüíûõ êîýôôèöèåíòàõ λ1, λ2 ≥ 0:

φ(λ1 · V (M1, α1) + λ2 · V (M2, α2)) = λ1 · φ(V (M1, α1)) + λ2 · φ(V (M2, α2)).
(11.13)

Â äàëüíåéøåì çíàê óìíîæåíèÿ (òî÷êà ·), êàê ïðàâèëî, îïóñêàåòñÿ.
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3.4 Êîíóñû CI0, CI1 , ïîðîæäàåìûå îòîáðàæåíèåì φ

Ââåäåì â ðàññìîòðåíèå ìíîæåñòâà CI0, CI1 ⊂ Sn+1, ïîëàãàÿ

CI0 =
⋃

V (M,α)∈VM

{φ(V (M,α))} ≡
⋃

M∈M,α∈R1

{φ(V (M,α))} ≡ φ(VM), (11.14)

CI1 = x̃(t1) + CI0. (11.15)

Îïèðàÿñü íà ñâîéñòâî (11.13) îòîáðàæåíèÿ φ, ëåãêî ïðîâåðèòü, ÷òî ìíîæåñòâî
(11.14) åñòü âûïóêëûé êîíóñ ñ âåðøèíîé 0, à ìíîæåñòâî (11.15), ïîëó÷åííîå
èç ìíîæåñòâà (11.14) ïàðàëëåëüíûì ïåðåíîñîì, åñòü âûïóêëûé êîíóñ ñ âåðøèíîé
x̃(t1), ñì. �10. Ïîñòðîåííûå êîíóñû, ïîðîæäàåìûå îòîáðàæåíèåì φ, ëåæàò â
îñíîâå äîêàçàòåëüñòâà ïðèíöèïà ìàêñèìóìà. Êîíóñ (11.14) ÿâëÿåòñÿ àëãåáðàè÷åñêîé
ñóììîé âûïóêëîãî êîíóñà IK0 è ïðÿìîé L = {z̃ : z̃ = αf̃(x̃(t1), u(t1)), α ∈
R1}.

4 �12. Óñëîâèå, ïðè êîòîðîì óïðàâëåíèå u(t)
íåîïòèìàëüíî. Îñíîâíàÿ ëåììà è åå ñëåäñòâèå.

Îñíîâíàÿ ëåììà. Åñëè ëó÷ l ïðîõîäèò ïî âíóòðåííîñòè êîíóñà CI ≡
φ(VM), òî óïðàâëåíèå u(t) íåîïòèìàëüíî â ðàññìàòðèâàåìîé çàäà÷å îï-
òèìàëüíîãî óïðàâëåíèÿ.

Ñôîðìóëèðóåì ñðàçó æå Ñëåäñòâèå èç îñíîâíîé ëåììû. Èìåííî îíî
ïîçâîëèò íàì çàâåðøèòü äîêàçàòåëüñòâî Òåîðåìû 1.

Ñëåäñòâèå èç îñíîâíîé ëåììû. Åñëè óïðàâëåíèå u(t) îïòèìàëüíî,
òî ëó÷ l íå ïðîõîäèò ïî âíóòðåííîñòè êîíóñà CI.

Çàìå÷àíèå 12.1.Äàëåå äëÿ îïòèìàëüíîãî óïðàâëåíèÿ u(t) ëó÷ l è êîíóñ
CI â ñèëó òåîðåìû î ðàçäåëåíèè ëó÷à è êîíóñà ðàçäåëÿþòñÿ ãèïåðïëîñêîñòüþ,
ïðîõîäÿùåé ÷åðåç âåðøèíó êîíóñà, è âûâîä ïðèíöèïà ìàêñèìóìà Ïîíòðÿãèíà
çàâåðøàåòñÿ â íåñêîëüêî ñòðîê (ñì. ïàðàãðàô 13).

À ñåé÷àñ îáðàòèìñÿ ê äîêàçàòåëüñòâó îñíîâíîé ëåììû.
Äîêàçàòåëüñòâî îñíîâíîé ëåììû. Ïóñòü

u(t), t0 ≤ t ≤ t1, (12.1)

� äîïóñòèìîå óïðàâëåíèå,

x̃(t), t0 ≤ t ≤ t1, (12.2)

� ñîîòâåòñòâóþùàÿ ýòîìó óïðàâëåíèþ òðàåêòîðèÿ, ïðàâûé êîíåö êîòîðîé
óäîâëåòâîðÿåò óñëîâèþ

x̃(t1) ∈ Π. (12.3)

Ââåäåì íîâóþ ñèñòåìó êîîðäèíàò, âûïîëíèâ ïàðàëëåëüíûé ïåðåíîñ îñåé
êîîðäèíàò è ïîìåñòèâ íà÷àëî íîâîé ñèñòåìû êîîðäèíàò â ïðàâûé êîíåö
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x̃(t1) òðàåêòîðèè (12.2); îñè íîâîé ñèñòåìû êîîðäèíàò áóäåì îáîçíà÷àòü
áóêâàìè y0, y1, . . . , yn. Ëó÷ l â íîâîé ñèñòåìå êîîðäèíàò ñîâïàäàåò ñ îòðèöàòåëüíîé
ïîëóîñüþ y0, à ïðÿìàÿ Π � ñ îñüþ y0. Áóäåì çàïèñûâàòü:

ỹ =
(
y0

y

)
∈ Y n+1 ≡ Rn+1, y0 ∈ R1, y =

 y1

. . .
yn

 ∈ Y n ≡ Rn.

Äîêàçàòåëüñòâî îñíîâíîé ëåììû ðàçîáüåì íà ïÿòü ýòàïîâ À, Á, Â, Ã,
Ä. .

À. Èäåÿ äîêàçàòåëüñòâà. Äëÿ äîêàçàòåëüñòâà îñíîâíîé ëåììû
áóäåò ïîêàçàíî, ÷òî ñóùåñòâóåò äîïóñòèìîå óïðàâëåíèå, ëó÷øåå, ÷åì èñõîäíîå
óïðàâëåíèå (12.1). Áîëåå äåòàëüíî: íàéäåòñÿ äîïóñòèìîå óïðàâëåíèå

u∗ε (t), t0 ≤ t ≤ t∗1, (12.4)

è îòâå÷àþùàÿ åìó òðàåêòîðèÿ

x̃∗ε (t), t0 ≤ t ≤ t∗1, (12.5)

óäîâëåòâîðÿþùàÿ óñëîâèþ
x̃∗ε (t

∗
1) ∈ Π, (12.6)

òàêèå, ÷òî
L(u∗ε ) ≡ x0∗

ε (t
∗
1) < x0(t1) ≡ L(u). (12.7)

Çäåñü x0∗
ε (t

∗
1)� íóëåâàÿ êîîðäèíàòà ïðàâîãî êîíöà x̃∗ε (t

∗
1) ïîñòðîåííîé òðàåê-

òîðèè (12.5), x0(t1)� íóëåâàÿ êîîðäèíàòà ïðàâîãî êîíöà èñõîäíîé òðàåêòîðèè
(12.2). Ïîñòðîåíèå "ëó÷øåãî"óïðàâëåíèÿ (12.4) áóäåò âûïîëíåíî ñ ïîìîùüþ
ñïåöèàëüíî ïîäîáðàííîé ðàñøèðåííîé âàðèàöèè Ìàêøåéíà. Îïèñàíèå ýòîãî
ïðîöåññà èçëàãàåòñÿ íèæå â ïðåäïîëîæåíèè Îñíîâíîé ëåììû î òîì, ÷òî
ëó÷ l (èëè îòðèöàòåëüíàÿ ïîëóîñü y0) ïðîõîäèò ïî âíóòðåííîñòè êîíóñà CI.

Âûáîð ñèìïëåêñà Tn. Âîçüìåì â Y n íàáîð èç n+ 1 òî÷åê

a0, a1, . . . , an ∈ Y n (12.8)

òàê, ÷òîáû

c =
a0 + a1 + . . .+ an

n+ 1
= 0Y n , (12.9)

è ñèñòåìà âåêòîðîâ
a1 − a0, a2 − a0, . . . , an − a0 (12.10)

áûëà ëèíåéíî íåçàâèñèìîé. Ïî òî÷êàì (12.8) ïîñòðîèì n−ìåðíûé ñèìïëåêñ
Tn ⊂ Y n ñ âåðøèíàìè a0, a1, . . . , an. Öåíòð ñèìïëåêñà Tn, ïî ïîñòðîåíèþ,
ðàñïîëîæåí â íóëå. Äàëåå âåêòîðû (12.8) ìåíÿòüñÿ íå áóäóò.

Â. Îïåðàòîð ïðîåêòèðîâàíèÿ π : Y n+1 7→ Y n. Ââåäåì îïåðàòîð π :
Y n+1 7→ Y n ïðîåêòèðîâàíèÿ ïàðàëëåëüíî îñè y0. Îïðåäåëèì ýòîò îïåðàòîð
ñîîòíîøåíèåì:

ỹ =
(
y0

y

)
π−→ y, (12.11)
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ỹ ∈ Y n+1, y0 ∈ R1, y ∈ Y n.

Ëåììà 12.1 (îáðàçû ëó÷à è êîíóñà ïðè îòáðàæåíèè π).

π(l) = 0 ∈ Y n, (12.12)

π(CI) = Y n. (12.13)

Ôîðìóëà (12.12) ãîâîðèò î òîì, ÷òî êàæäàÿ òî÷êà ëó÷à l ïðîåêòèðóåòñÿ
â òî÷êó 0 ∈ Y n. Ôîðìóëà (12.13) ñîäåðæèò óòâåðæäåíèå î òîì, ÷òî êîíóñ
ïðîåêòèðóåòñÿ îïåðàòîðîì π íà âñå ïðîñòðàíñòâî Y n â ïðåäïîëîæåíèè Îñ-
íîâíîé ëåììû. Äðóãèìè ñëîâàìè, ïpè îòîápàæåíèè π îáðàç ëó÷à l ñîñòîèò
èç îäíîé òî÷êè 0 ∈ Y n, à îáðàçîì êîíóñà CI ÿâëÿåòñÿ âñå ïðîñòðàíñòâî Y n.

Ã. Ïîñòðîåíèå ñèìïëåêñà T̃n. Ïîñòðîèì òåïåðü n-ìåðíûé ñèìïëåêñ
T̃n ⊂ Y n+1. Ãðóáî ãîâîðÿ, ñèìïëåêñ T̃n ïîëó÷àåòñÿ èç ñèìïëåêñà Tn ïàðàë-
ëåëüíûì ïåðåíîñîì íà íåêîòîðîå ðàññòîÿíèå h "âíèç"âäîëü îñè y0. Íèæå
ñëåäóåò ôîðìàëüíîå îïðåäåëåíèå ñèìïëåêñà T̃n.

Ïðèâëåêàÿ âåðøèíû (12.8) ñèìïëåêñà Tn, ââåäåì íàáîð (n + 1)-ìåðíûõ
òî÷åê

b̃i =
(
−h
ai

)
∈ Y n+1, i = 0, 1, . . . , n, (12.14)

ñ îäèíàêîâîé íóëåâîé êîîðäèíàòîé, ðàâíîé −h, ãäå h > 0 � ïàðàìåòð.
Ëèíåéíàÿ íåçàâèñèìîñòü âåêòîðîâ (12.10) âëå÷åò ëèíåéíóþ íåçàâèñèìîñòü
âåêòîðîâ

b̃1 − b̃0, b̃2 − b̃0, . . . , b̃n − b̃0.

Ïîýòîìó ïî òî÷êàì (12.14) ìîæíî ïîñòðîèòü n-ìåðíûé ñèìïëåêñ T̃n ⊂ Y n+1

ñ âåðøèíàìè b̃0, b̃1, . . . , b̃n. Ýòîò ñèìïëåêñ äîïóñêàåò ñëåäóþùèå ôîðìàëüíûå
îïèñàíèÿ:

T̃n =
{
ỹ =

(
y0

y

)
∈ Y n+1 : y0 = −h

y ∈ Tn

}
è

T̃n =

{
ỹ =

(
y0

y

)
∈ Y n+1 : ỹ =

n∑
i=0

λib̃i,
n∑

i=0

λi = 1, λi ≥ 0, i = 0, 1, . . . , n

}
.

Çäåñü λ0, λ1, . . . , λn � áàðèöåíòðè÷åñêèå êîîðäèíàòû òî÷êè ỹ ∈ T̃n.
Çàìå÷àíèå 12.2. Â ñèëó (12.13) ñóùåñòâóåò òàêîå ÷èñëî h > 0, ÷òî

b̃i ∈ int CI, i = 0, 1, . . . , n,

T̃n ⊂ int CI.

Ïàðàìåòð h > 0 âûáåðåì òàê, ÷òîáû âûïîëíÿëèñü ýòè âêëþ÷åíèÿ; â äàëüíåéøåì
ýòîò ïàðàìåòð ôèêñèðîâàí.

Çàìå÷àíèå 12.3. Èìååò ìåñòî ðàâåíñòâî

π(T̃n) = Tn.
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Çàìå÷àíèå 12.4. Ëþáóþ òî÷êó b̃ ∈ T̃n ìîæíî ïðåäñòàâèòü â âèäå

b̃ =
(
−h
a

)
,

ãäå a ∈ Tn. Òî÷êó a, êàê òî÷êó ñèìïëåêñà Tn, çàïèøåì â âèäå

a =
n∑

i=0

λi(a)ai,
n∑

i=0

λi(a) = 1, λi(a) ≥ 0, i = 0, 1, . . . , n,

ãäå λi(a) � áàðèöåíòðè÷åñêèå êîîðäèíàòû òî÷êè a, íåïðåðûâíî çàâèñÿùèå
îò òî÷êè a ∈ Tn. Îòñþäà ñëåäóåò, ÷òî òî÷êó b̃ ∈ T̃n ìîæíî çàïèñàòü â
ôîðìå

b̃ = b̃(a) =
n∑

i=0

λi(a)b̃i,

ò.å. òî÷êè b̃ ñèìïëåêñà T̃n çàïàðàìåòðèçîâàíû åñòåñòâåííûì îáðàçîì
òî÷êàìè a ñèìïëåêñà Tn òàê, ÷òî

π(b̃(a)) = a.

Çàìå÷àíèå 12.5. Êàæäàÿ èç âåðøèí b̃i ñèìïëåêñà T̃n ïðèíàäëåæèò
(ñì. Çàìå÷àíèå 12.2) êîíóñó

CI ≡
⋃

M∈M, α∈R1

{φ(V (M,α))} .

ïîýòîìó äëÿ êàæäîãî i = 0, 1, . . . , n, íàéäóòñÿ âàðèàöèÿ Ìàêøåéíà Mi ∈
M è ÷èñëî αi ∈ R1 òàêèå, ÷òî

b̃i = φ(V (Mi, αi)), i = 0.1. . . . , n.

Íàïîìíèì, ÷òî ñèìâîëîì M îáîçíà÷àåòñÿ ñîâîêóïíîñòü âñåõ âàpèàöèé
Ìàêøåéíà (ÏÎÂÌ, ÎÂÌ, ÌÂÌ).

Ëåììà 12.2 (î ïðåäñòàâëåíèè òî÷åê b̃(a) ∈ T̃n). Òî÷êè b̃(a) ∈ T̃n

äîïóñêàþò ïðåäñòàâëåíèå

b̃(a) = φ(V (M(a), α(a))), a ∈ Tn,

ãäå â ðàñøèðåííîé âàðèàöèè Ìàêøåéíà V (M(a), α(a)) àðãóìåíòàìè ñëóæàò:
M(a) � âàðèàöèÿ Ìàêøåéíà è
α(a) � äåéñòâèòåëüíîå ÷èñëî,
çàâèñÿùèå îò òî÷êè a ∈ Tn, ïðè÷åì

M(a) =
n∑

i=0

λi(a)Mi,

α(a) =
n∑

i=0

λi(a)αi.
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Çäåñü λi(a) � áàðèöåíòðè÷åñêèå êîîðäèíàòû òî÷êè a ∈ Tn, Mi, αi, i =
0, 1, . . . , n, � âàðèàöèè Ìàêøåéíà è äåéñòâèòåëüíûå ÷èñëà, ñîîòâåòñòâåííî,
ââåäåííûå â Çàìå÷àíèè 12.5.

Äîêàçàòåëüñòâî ëåììû 12.2. Èìååì:

b̃(a) = {Çàìå÷åíèå 12.4} =
n∑

i=0

λi(a)b̃i = {Çàìå÷åíèå 12.5} =

=
n∑

i=0

λi(a)φ(V (Mi, αi)) = {Ëèíåéíîñòü îòîápàæåíèÿ φ } =

= φ

(
n∑

i=0

λi(a)V (Mi, αi)

)
=

= φ

(
V (

n∑
i=0

λi(a)Mi),
n∑

i=0

λi(a)αi)

)
=

= φ(V (M(a), α(a))).

Çäåñü ìû âîñïîëüçîâàëèñü ñâîéñòâàìè pàñøèpåííûõ âàpèàöèé Ìàêøåéíà è
îòîápàæåíèÿ φ. Ëåììà 12.2 äîêàçàíà.

Ä. Çàêëþ÷èòåëüíàÿ ÷àñòü. Îáðàòèìñÿ ê ðåàëèçàöèè ïëàíà, íàìå÷åííîãî
â ïóíêòå À. Äîêàæåì ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 12.3. Ñóùåñòâóåò ðàñøèðåííàÿ âàðèàöèÿ Ìàêøåéíà V (M,α),
ïåðåâîäÿùàÿ óïðàâëåíèå (12.1) â óïðàâëåíèå (12.4) òàêàÿ, ÷òî ïðè äîñòàòî÷íî
ìàëûõ ε > 0 òðàåêòîðèÿ (12.5) óäîâëåòâîðÿåò óñëîâèÿì (12.6), (12.7).

Äîêàçàòåëüñòâî Ëåììû 12.3. Óñëîâèå (12.6)

x̃∗ε (t
∗
1) ∈ Π

ðàâíîñèëüíî óñëîâèþ

π [x̃∗ε (t
∗
1)− x̃(t1)] = 0 ∈ Y n. (12.15)

Ðàíåå óñòàíîâëåíî, ÷òî ïðè ìàëûõ ε èìååò ìåñòî ñîîòíîøåíèå

x̃∗ε (t
∗
1)− x̃(t1) = εφ(V (M,α)) + o(ε). (12.16)

Ïðèìåíÿÿ îïåðàòîð ïðîåêòèðîâàíèÿ π ê (12.16) è ðàçäåëèâ îáå ÷àñòè ïîëó÷åííîãî
ðàâåíñòâà íà ε > 0, ïîëó÷àåì:

π[x̃∗ε (t
∗
1)− x̃(t1)]
ε

= π(φ(V (M,α))) +
o(ε)
ε
. (12.17)

Â ñèëó (12.17) óñëîâèå (12.15) ðàâíîñèëüíî ñëåäóþùåìó:

0Y n = π(φ(V (M,α))) + oε(1). (12.18)
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Çäåñü

oε(1) =
o(ε)
ε

→ 0 ïpè ε→ 0.

Òàêèì îáðàçîì, äîêàçàòåëüñòâî Ëåììû 12.3 ñâîäèòñÿ ê ïðîâåðêå ðàçðåøèìîñòè
óðàâíåíèÿ (12.18) îòíîñèòåëüíî âàðèàöèè Ìàêøåéíà M è äåéñòâèòåëüíîãî
÷èñëà α ïðè äîñòàòî÷íî ìàëûõ ε > 0. Áóäåì èñêàòü ðåøåíèå óðàâíåíèå
(12.18) â ñëåäóþùåì âèäå:

M = M(a), α = α(a), a ∈ Tn. (12.19)

Ïîäñòàíîâêà (12.19) â (12.18) ïðèâîäèò ê óðàâíåíèþ

π(φ(V (M(a), α(a)))) + oε(1) = 0Y n (12.20)

îòíîñèòåëüíî a ∈ Tn; â ýòîì óðàâíåíèè îñòàòî÷íûé ÷ëåí çàâèñèò îò a è îò
ε > 0. Â ñèëó Ëåììû 12.2 è Çàìå÷àíèÿ 12.4 π(φ(V (M(a), α(a)))) = π(b̃(a)) =
a, ïîýòîìó óðàâíåíèå (12.20) ïðèíèìàåò âèä

ϕε(a) ≡ a+ o(1) = 0, ϕε(a)|ε=0 = a. (12.21)

Â ñèëó Óòâåðæäåíèÿ î ìàëûõ äåôîðìàöèÿõ ñèìïëåêñà óðàâíåíèå
(12.21) ðàçðåøèìî ïðè äîñòàòî÷íî ìàëûõ ε: ñóùåñòâóåò òàêîå ε0 > 0, ÷òî
óðàâíåíèå (12.21) ïðè ëþáîì ε ∈ (0, ε0] èìååò ðåøåíèå aε ∈ Tn. Ýòî ðåøåíèå
îïðåäåëÿåò âàðèàöèþ ÌàêøåéíàM(aε) è äåéñòâèòåëüíîå ÷èñëî α(aε) òàêèå,
÷òî ðàñøèðåííàÿ âàðèàöèÿ Ìàêøåéíà V (M(aε), α(aε)) ïîðîæäàåò óïðàâëåíèå
(12.4) è îòâå÷àþùóþ åìó òðàåêòîðèþ (12.5) ñî ñâîéñòâîì (12.6), (12.7) ïðè
ìàëûõ ε. Äåéñòâèòåëüíî, çàïèøåì âåêòîðíîå ñîîòíîøåíèå (12.16) äëÿ íóëåâûõ
êîîðäèíàò:

x0∗
ε (t

∗
1)− x0(t1) = −εh+ o(ε). (12.22)

Çäåñü ôèêñèpîâàííîå ÷èñëî h > 0 íå çàâèñèò îò ε > 0, ïîýòîìó ïðè ìàëûõ
ε çíàê ïpàâîé ÷àñòè (12.22) îïpåäåëÿåòñÿ çíàêîì ãëàâíîãî ÷ëåíà. Òàê êàê
ýòîò ãëàâíûé ÷ëåí îòpèöàòåëåí, òî ïðè äîñòàòî÷íî ìàëûõ ε > 0 ñïpàâåäëèâî
íåðàâåíñòâî

L(u∗ε ) ≡ x0∗
ε (t

∗
1) < x0(t1) ≡ L(u).

Òàêèì îápàçîì, òpåáóåìîå íåpàâåíñòâî (12.7) óñòàíîâëåíî, Ëåììà 12.3 äî-
êàçàíà, è òåì ñàìûì äîêàçàòåëüñòâî Îñíîâíîé ëåììû çàêîí÷åíî.

5 �13. Âûâîä óñëîâèÿ ìàêñèìóìà

Íàïîìíèì, ÷òî â òåîðåìå 1 î íåîáõîäèìûõ óñëîâèÿõ îïòèìàëüíîñòè óò-
âåpæäàåòñÿ, ÷òî èç îïòèìàëüíîñòè ïàðû x̃(t), u(t), t0 ≤ t ≤ t1, âûòåêàåò
ñóùåñòâîâàíèå ñîïðÿæåííîé ïåðåìåííîé ψ̃(t), t0 ≤ t ≤ t1,, òàêîé, ÷òî óäîâëåòâîpÿþòñÿ
äèôôåpåíöèàëüíûå ópàâíåíèÿ: (7) � ópàâíåíèå óïpàâëÿåìîãî äâèæåíèÿ,
(8) � ñîïpÿæåííîå ópàâíåíèå è óñëîâèå ìàêñèìóìà

K(x̃(t), ψ̃(t), u(t)) ≥ K(x̃(t), ψ̃(t), v) ∀v ∈ U, t ∈ [t0, t1], (9)
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ãäå K(x̃, ψ̃, u) = ψ̃f̃(x̃, u) � ôóíêöèÿ Ãàìèëüòîíà-Ïîíòðÿãèíà.
Èç îïòèìàëüíîñòè óïðàâëåíèÿ u(t), t0 ≤ t ≤ t1, â ñèëó Ñëåäñòâèÿ èç

îñíîâíîé ëåììû âûòåêàåò, ÷òî ëó÷ l íå ïðîõîäèò ïî âíóòðåííîñòè êîíóñà
CI. Ïîýòîìó ëó÷ è êîíóñ ðàçäåëÿþòñÿ ïðîõîäÿùåé ÷åðåç âåðøèíó êîíóñà
ãèïåðïëîñêîñòüþ Γñ ñ íåíóëåâûì âåêòîðîì íîðìàëè ñ ∈ Y n+1:

l ⊂ Π+
ñ , (13.1)

CI ⊂ Π−ñ . (13.2)

Äàëåå ìû ïîêàæåì, ÷òî âåêòîð íîðìàëè ñ ðàçäåëÿþùåé ãèïåðïëîñêîñòè
ñëóæèò ãðàíè÷íûì çíà÷åíèåì èñêîìîé ñîïðÿæåííîé ïåðåìåííîé:

ψ̃(t)|t=t1 = ñ. (13.3)

Ãåîìåòðè÷åñêîå óñëîâèå (13.1) ðàâíîñèëüíî óñëîâèþ

(ñ, ỹ) ≥ 0 ∀ỹ ∈ l, (13.4)

à ãåîìåòðè÷åñêîå óñëîâèå (13.2) � óñëîâèþ

(ñ, c) ≤ 0 ∀c ∈ CI. (13.5)

Åñëè òî÷êà ỹ ñ êîîðäèíàòàìè y0, y1, . . . , yn ïðèíàäëåæèò ëó÷ó l, òî òî y0 ≤
0, y1 = 0, . . . , yn = 0, è óñëîâèå (13.4) ïðèíèìàåò âèä

ψ0 · y0 ≥ 0 ∀y0 ≤ 0.

Ïîëàãàÿ â íåì y0 = −1, ïîëó÷àåì: ψ0 · (−1) ≥ 0, îòêóäà ñëåäóåò íåðàâåíñòâî
ψ0 ≤ 0, ãäå ψ0 � íóëåâàÿ êîîpäèíàòà âåêòîpà ñ = ψ̃(t1). Òàêèì îáðàçîì,
Äîïîëíåíèå 1 ê òåîðåìå 1 äîêàçàíî ïîëíîñòüþ (pàíüøå ìû îòìå÷àëè ñâîéñòâî
ïîñòîÿíñòâà íóëåâîé êîîpäèíàòû ñîïpÿæåííîé ïåpåìåííîé: ψ̇0(t) = 0, ψ0(t) ≡
const; òåïåpü óñòàíîâëåíà åå íåïîëîæèòåëüíîñòü.)

Ïåðåïèøåì íåðàâåíñòâî (13.5) â âèäå

ñc ≤ 0 ∀c ∈ CI ≡
⋃
M,α

{φ(V (M,α))}

èëè
ñφ(V (M,α)) ≤ 0 ∀M ∈M, α ∈ R1.

Ïîëàãàÿ çäåñü α = 0, è ïðèíèìàÿ âî âíèìàíèå, ÷òî ðàñøèðåííàÿ âàðèàöèÿ
Ìàêøåéíà V (M,α) ïðè α = 0 ñîâïàäàåò ñ âàðèàöèåé ÌàêøåéíàM , ïîëó÷àåì:

ñφ(M) ≤ 0 ∀M ∈M. (13.6)

Âûáåðåì â êà÷åñòâå âàðèàöèè Ìàêøåéíà M ïðîñòåéøóþ îäíî÷ëåííóþ âà-
ðèàöèþ Ìàêøåéíà

M(t; σ v ; ε). (13.7)
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Çäåñü t� òî÷êà íåïðåðûâíîñòè óïðàâëåíèÿ u(t), σ � íåîòðèöàòåëüíîå ÷èñëî,
v � ëþáàÿ òî÷êà èç îáëàñòè óïðàâëåíèÿ U , ε > 0 � ìàëûé ïàðàìåòð.
Íàïîìíèì ôîðìóëó äëÿ âû÷èñëåíèÿ îòîáðàæåíèÿ φ â ñëó÷àå ïðîñòåéøåé
îäíî÷ëåííîé âàðèàöèè Ìàêøåéíà (13.7):

φ(M) = Φ(t1, t) σ [f̃(x̃(t), v)− f̃(x̃(t), u(t))]. (13.8)

Â ñèëó (13.8) íåðàâåíñòâî (13.7) ïðèíèìàåò âèä

ñΦ(t1, t) σ [f̃(x̃(t), v)− f̃(x̃(t), u(t))] ≤ 0.

Â ïîñëåäíåì íåðàâåíñòâå (n+ 1)-ìåðíàÿ ñòðîêà

ñΦ(t1, t) = ψ̃(t1)Φ(t1, t) ≡ ψ̃(t) (13.9)

ÿâëÿåòñÿ ñîïðÿæåííîé ïåðåìåííîé, óäîâëåòâîðÿþùåé ñîïðÿæåííîìó óðàâíåíèþ
(8) è íà÷àëüíîìó óñëîâèþ ψ̃(t1) = ñ 6= 0. Ïîëàãàÿ â ýòîì íåðàâåíñòâå σ = 1,
èìååì:

ψ̃(t)f̃(x̃(t), v) ≤ ψ̃(t)f̃(x̃(t), u(t)) ∀v ∈ U, t ∈ [t0, t1],

èëè, â òåðìèíàõ ôóíêöèè Ãàìèëüòîíà-Ïîíòðÿãèíà,

K(x̃(t), ψ̃(t), u(t)) ≥ K(x̃(t), ψ̃(t), v) ∀v ∈ U, t ∈ [t0, t1]. (9)

Óñëîâèå ìàêñèìóìà (9) äîêàçàíî.
Íåðàâåíñòâî (9), äîêàçàííîå äëÿ òî÷åê íåïðåðûâíîñòè óïðàâëåíèÿ u(t),

ïðåäåëüíûì ïåðåõîäîì ïðîâåðÿåòñÿ äëÿ âñåõ îñòàëüíûõ òî÷åê îòðåçêà [t0, t1].
Äåéñòâèòåëüíî, ïóñòü τ ∈ (t0, t1) � òî÷êà ðàçðûâà êóñî÷íî-íåïðåðûâíîãî
óïðàâëåíèÿ u(t). Ïî ïðèíÿòîìó ñîãëàøåíèþ u(τ−0) = u(τ), ïðè÷åì íàéäåòñÿ
÷èñëî δ > 0 òàêîå, ÷òî ïðè t ∈ (τ−δ, τ ] óïðàâëåíèå u(t) íåïðåðûâíî. Ñ÷èòàÿ
t ∈ (τ−δ, τ) è âûïîëíÿÿ ïðåäåëüíûé ïåðåõîä â íåðàâåíñòâå (9) ïðè t→ τ−0,
óáåæäàåìñÿ â ñïðàâåäëèâîñòè íåðàâåíñòâà (9) â òî÷êå τ .

Òåîðåìà 1 äîêàçàíà âìåñòå ñÄîïîëíåíèåì 1.Äîïîëíåíèå 2 ê òåîðåìå
1 äîêàçûâàåòñÿ íèæå.

6 �14. Îáîñíîâàíèå Äîïîëíåíèÿ 2 ê òåîðåìå 1

Íàïîìíèì ôîðìóëèðîâêó ýòîãî äîïîëíåíèÿ.
Äîïîëíåíèå 2 ê òåîðåìå 1 (t1 � ñâîáîäíî):

K(t) ≡ K(x̃(t), ψ̃(t), u(t)) = 0 ∀t ∈ [t0, t1]. (14.1)

ÔóíêöèÿK(t), î÷åâèäíî, íåïðåðûâíà íà ëþáîì èíòåðâàëå íåïðåðûâíîñòè
óïðàâëåíèÿ u(t). Äëÿ äîêàçàòåëüñòâà (14.1) äîñòàòî÷íî óñòàíîâèòü ñëåäóþùèå
òðè óòâåðæäåíèÿ:

©à K(t1) = 0
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©á Ôóíêöèÿ K(t) ñîõðàíÿåò ïîñòîÿííîå çíà÷åíèå íà ëþáîì èíòåðâàëå
íåïðåðûâíîñòè óïðàâëåíèÿ u(t)

©â Ôóíêöèÿ K(t) íåïðåðûâíà â ëþáîé òî÷êå τ ðàçðûâà óïðàâëåíèÿ u(t):

K(τ − 0) = K(τ) = K(τ + 0) (14.2)

Äîêàçàòåëüñòâî óòâåðæäåíèÿ ©à . Óñòàíîâëåííîå âûøå âêëþ÷åíèå
(13.2) CI ⊂ Π−ñ ðàâíîñèëüíî óñëîâèþ

ñc ≤ 0 ∀c ∈ CI ≡
⋃
M,α

{φ(V (M,α))}, (14.3)

ãäå ñ = ψ̃(t1). Òàê êàê

φ(V (M,α)) = φ(M) + αf̃(x̃(t1), u(t1)),

òî óñëîâèå (14.3) ìîæíî çàïèñàòü â âèäå

ψ̃(t1)φ(V (M,α)) ≤ 0 ∀M ∈M, α ∈ R1. (14.4)

Âîçüìåì â (14.4) âàðèàöèþ ÌàêøåéíàM ñ íóëåâûìè ïàðàìåòðàìè σ; òîãäà
φ(M) = 0, è óñëîâèå (14.4) ïðèíèìàåò âèä

ψ̃(t1)αf̃(x̃(t1), u(t1)) ≤ 0 ∀α ∈ R1,

èëè
α · K(t1) ≤ 0 ∀α ∈ R1. (14.5)

Ïîëîæèâ â (14.5) ñíà÷àëà α = 1, à çàòåì α = −1, ïîëó÷àåì:

K(t1) ≤ 0, K(t1) ≥ 0,

÷òî âëå÷åò ðàâåíñòâî
K(t1) = 0.

Óòâåðæäåíèå ©à äîêàçàíî.
Äîêàçàòåëüñòâî óòâåðæäåíèÿ ©á . Ïóñòü óïðàâëåíèå u(t) íåïðåðûâíî

íà ïîëóèíòåðâàëå (t2, t3] ⊂ (t0, t1). Äîêàæåì, ÷òî

K̇(t) = 0, t ∈ (t2, t3], (14.6)

îòêóäà ñëåäóåò ïîñòîÿíñòâî ôóíêöèè K(t) íà ýòîì ìíîæåñòâå. Äëÿ ýòîãî
âîçüìåì äâå ðàçëè÷íûå òî÷êè τ0, τ1 íà ïîëóèíòåðâàëå (t2, t3] è ïîêàæåì,
÷òî ðàçäåëåííàÿ ðàçíîñòü ôóíêöèè K óäîâëåòâîðÿåò óñëîâèþ

K(τ1)−K(τ0)
τ1 − τ0

→ 0 ïðè τ1 − τ0 → 0. (?)

Ïðè ýòîì
K̇(τ0) = 0 ∀τ0 ∈ (t2, t3],
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÷òî âëå÷åò ïîñòîÿíñòâî ôóíêöèè K.
Îáðàòèìñÿ ñåé÷àñ ê äîêàçàòåëüñòâó ñîîòíîøåíèÿ (?). Ïðèâëåêàÿ óñëîâèå

(9), çàïèøåì ñëåäóþùèå íåðàâåíñòâà:

K(τ1) ≡ K(x̃(τ1), ψ̃(τ1), u(τ1)) ≥ K(x̃(τ1), ψ̃(τ1), u(τ0)), (14.7)

K(τ0) ≡ K(x̃(τ0), ψ̃(τ0), u(τ0)) ≥ K(x̃(τ0), ψ̃(τ0), u(τ1)). (14.8)

Óìíîæèâ íåðàâåíñòâî (14.8) íà −1, ïåðåïèøåì åãî â âèäå

−K(τ0) ≤ −K(x̃(τ0), ψ̃(τ0), u(τ1)). (14.9)

Ýòè íåðàâåíñòâà èñïîëüçóåì äëÿ îöåíêè ïðèðàùåíèÿ ôóíêöèèK. Ïðèâëåêàÿ
íåðàâåíñòâà (14.7), (14.9), îöåíèâàåì ýòî ïðèðàùåíèå ñíà÷àëà ñâåðõó:

K(τ1)−K(τ0) ≤ K(x̃(τ1), ψ̃(τ1), u(τ1))−K(x̃(τ0), ψ̃(τ0), u(τ1)), (14.10)

à çàòåì ñíèçó:

K(τ1)−K(τ0) ≥ K(x̃(τ1), ψ̃(τ1), u(τ0))−K(x̃(τ0), ψ̃(τ0), u(τ0)). (14.11)

Ââåäåì â ðàññìîòðåíèå âñïîìîãàòåëüíóþ ôóíêöèþ

g(t, τ) = K(x̃(t), ψ̃(t), u(τ)) ≡ ψ̃(t)f̃(x̃(t), u(τ)). (14.12)

Äëÿ ïðèðàùåíèÿ ôóíêöèè K òåïåðü â ñèëó (14.10) - (14.12) ìîæíî çàïèñàòü
ñëåäóþùåå äâîéíîå íåðàâåíñòâî:

g(τ1, τ0)− g(τ0, τ0) ≤ K(τ1)−K(τ0) ≤ g(τ1, τ1)− g(τ0, τ1). (14.13)

Â ëåâîé è ïðàâîé ÷àñòÿõ ïîñëåäíåãî íåðàâåíñòâà ñòîÿò ïðèðàùåíèÿ ôóíêöèè
(14.12) ïî ïåðâîìó àðãóìåíòó. Äëÿ îöåíêè ýòèõ ïðèðàùåíèé âû÷èñëèì ÷àñòíóþ
ïðîèçâîäíóþ ôóíêöèè g ïî ïåðâîìó àðãóìåíòó. Èìååì:

∂

∂t
g(t, τ) =

∂

∂t
[ψ̃(t)f̃(x̃(t), u(τ))] =

= ˙̃
ψ(t)f̃(x̃(t), u(τ)) + ψ̃(t)f̃ ′x̃(x̃(t), u(τ)) ˙̃x(t) =

= −ψ̃(t)f̃ ′x̃(x̃(t), u(t))f̃(x̃(t), u(τ)) + ψ̃(t)f̃ ′x̃(x̃(t), u(τ))f̃(x̃(t), u(t)), (14.15)

òàê êàê
˙̃x(t) = f̃(x̃(t), u(t)), ˙̃

ψ(t) = −ψ̃(t)f̃ ′x̃(x̃(t), u(t)).

×àñòíàÿ ïðîèçâîäíàÿ g′t(t, τ) íåïðåðûâíà ïî ïåðâîìó àðãóìåíòó, ïðè÷åì èç
ôîðìóëû (14.15) ñëåäóåò

g′t(t, τ)|t=τ = 0. (14.16)

Ïðèìåíåíèå ôîðìóëû êîíå÷íûõ ïðèðàùåíèé è ðàâåíñòâà (14.16) äàåò:

g(τ1, τ1)− g(τ0, τ1) = g′t(ξ, τ1)(τ1 − τ0) = o(|τ1 − τ0|). (14.17)
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Çäåñü ξ � íåêîòîðàÿ ïðîìåæóòî÷íàÿ òî÷êà, ëåæàùàÿ ìåæäó òî÷êàìè τ0 è
τ1. Àíàëîãè÷íûì îáðàçîì ïîëó÷àåì ñîîòíîøåíèå

g(τ1, τ1)− g(τ0, τ1) = o(|τ1 − τ0|). (14.18)

Äâîéíîå íåðàâåíñòâî (14.13) âìåñòå ñ ñîîòíîøåíèÿìè (14.17), (14.18) ïðèâîäèò
ê îáîñíîâàíèþ (?). Óòâåðæäåíèå ©á äîêàçàíî.

Äîêàçàòåëüñòâî óòâåðæäåíèÿ©â . Ïóñòü τ � òî÷êà ðàçðûâà óïðàâëåíèÿ
u(t):

u(τ − 0) = u(τ), u(τ) 6= u(τ + 0). (14.19)

Äîêàæåì íåïðåðûâíîñòü ôóíêöèè K(t) â òî÷êå t = τ , ïðîâåðèâ ðàâåíñòâà
(14.2):

K(τ − 0) = K(τ) = K(τ + 0) (14.2)

Â ñèëó (14.19) èìååì: K(τ − 0) = K(τ). Òàêèì îáðàçîì, îñòàåòñÿ óñòàíîâèòü
ðàâåíñòâî

K(τ) = K(τ + 0). (14.20)

Ïðèâëåêàÿ óñëîâèå ìàêñèìóìà (9), èìååì:

K(τ) ≡ K(x̃(τ), ψ̃(τ), u(τ)) ≥ K(x̃(τ), ψ̃(τ), u(τ + 0)) ≡ K(τ + 0),

ò.å. äîêàçàíî íåðàâåíñòâî

K(τ) ≥ K(τ + 0). (14.21)

Ñ äðóãîé ñòîðîíû, âûáðàâ òî÷êó τ ′ > τ è èñïîëüçóÿ óñëîâèå ìàêñèìóìà (9),
çàïèøåì íåðàâåíñòâî

K(τ ′) ≡ K(x̃(τ ′), ψ̃(τ ′), u(τ ′)) ≥ K(x̃(τ ′), ψ̃(τ ′), u(τ)),

è ïðåäåëüíûé ïåðåõîä â íåì ïðè τ ′ → τ + 0 äàåò:

K(τ + 0) ≥ K(τ). (14.22)

Ñðàâíåíèå íåðàâåíñòâ (14.21) è (14.22) äîêàçûâàåò ðàâåíñòâî (14.20). Íåïðåðûâíîñòü
ôóíêöèè K(t) óñòàíîâëåíà. Óòâåðæäåíèå ©â äîêàçàíî.

Îáîñíîâàíèå Äîïîëíåíèÿ 2 ê òåîðåìå 1 çàêîí÷åíî.
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