I'maBa 1

BBenenue

[To Mepe Hamero MpoOABUKEHNs MO KyPCY TEOPUU BEPOATHOCTEH Tepes Hamu
BO3HHUKAIOT Bce Oosee u Oosee CJIOXKHBIE cJydaiiHble 0o0beKThl. CHavasa 310
cIyJyaiiHble COOBITHS, KOTOPbIE MOYKHO OTOXKIECTBUTH C MX HHIUKATOPAMHI,
npuanmaomumn 3Hadennst 0 u 1. Sarem (aeficTBUTEIBHO3HAYHBIE) CILyYaii-
HBIE BEJMYUHBI, KOTOPHIE MOTYT CBOMMH 3HAYEHHSAMHU OXBATHIBATH BCIO JeH-
cTBUTENbHYI0 NpaMyio. CleoM NOSBASIOTCH KOMILUIEKCHOZHAYHBIC CIIydaii-
HbIE 3JIEMEHTBI, KOHEUHOMEDHBIE CIydajinbie BeKTOpbl. HakoHemn, mpu usy-
YeHUM OCHOBHBIX KOHCTPYKIMH MaTeMaTH4eCKOH CTATUCTUKH, MbI JOXOIUM
JI0 PACCMOTPEHUS CIYYaHBIX 3JIeMEHTOB, TPHHUMAIONINX 3HAYEHUS B OECKO-
HEYHOMEDHOM [POCTPAHCTBE (BBIOOPKH GECKOHEYHOro 00bema, Kak CJIydaii-
Hble BEeKTODPHI). EcTecTBeHHO, 9TO BCe 3TH OOBEKTHl BOBHHKAIOT B PE3yJIbTa-
Te KAaKUX-TO CJYJYaiHbIX SKCIepuMeHTOB. HeTpyaHo npejcraButh cebe Takoi
SKCIIEPUMEHT, Pe3yJIBTATOM KOTOPOro OyJeT OIpejejeHHas KpuBas JIMHUS
i cobcTBeHHO ByHKIMA. Tak MBI MOYKeM MOJIYYUTh CIyIaliHBId SEMEHT,
NPUHUMAIOIIUIA 3HAYEHH B HEKOTOPOM (DY HKIHOHAIHLHOM MPOCTPAHCTBE, U
caydaiinyo ¢ynkmuo. B 3ToM ciiydae roBopaT O TOM, UTO Mepe HAMU CIIy-
JajiHplil mporecc. BerpedyaroTesa B inTeparype Takyke Ha3BaHUs BEPOATHOCT-
HBII POLECC, CTOXACTUYECKUI IIPOIECC, a WHOTIA W IMPOCTO NPOIECC, eC/Iu
3apaHee gCHO, 0 9eM pedb. Jlagum Terepb ompeeeHue.

[Tycrs T - nexoropoe muokecTBO. A(T') - IPOCTPAHCTBO JEHCTBHTENLHO-
sHauHBIX PYHKIMI, onpeaenennbx Ha 1. PaccMoTpuM TakzKe BEPOSATHOCTHOE
npocrparcto < Q, F, P >. Orobpazxkenue £ : T x Q — A(T) HazoBeMm cay-
watinot gynryued eciu Vt € T E(t) = £(t, ) - coayuaiinas seananua. Touka
BMECTO BTOPOIO apryMeHTa O3HAYAeT 3/1eCh U JAJ1ee, YTO Mbl PACCMaTPUBAEM
£(t) kaxk pyukmuo w € ) B 9170M KOHTeKCcTe. Ecmm T' C R u napamerp ¢ uH-
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TEPIPETUPYETCH KAK BPEMSsI, TO CIyUAiHYI0 (DYHKIIUIO HAZBIBAIOT CAY4GTHbIM
npoueccom. [Tpu 3anucu popmyJ1, CBI3aHHBIX CO CJYIaWHBIM ITPOIECCOM, KaK
U IIPU 3aIUCH CJIYYaHbIX BeJIMYUH B TCOPUU BEPOATHOCTEH, CaydailHblil apry-
MEHT w 00BIIHO onyckaeTcst. Eciu T npepcraBisger coboit KJIace MeJIbIX YUCes
Z, win HATYPAJbHBIX ducea IN, TO TOBOPAT O cAy4atinot nociedosamenvHo-
cmu. OTMeTHM, 9TO TOCIeI0BATETbHOCTD CJIYIYANHBIX BEJINIUH — OOBEKT JJIs
HAC OTHOCUTE/IHHO 3HAKOMBIN, TTOITOMY MBI Oy/eM YacTO MPHUB/IEKATH €ro B
KadecTBe MpuMepa.

Ecmn Mp1 dukcupyem w € (), To mosydeHHad HecoaydaiiHad (DYHKINs
¢(w, +) maspiBaeTcs peaausayuetd caydaitnoro mpomecca. Hapsamy ¢ stum Tep-
MUHOM YIIOTPEO/ISIIOTCS TAKZKe HA3BAHUS MPAeKmopus, 6ub0pouHas @yrk-
yusA. DyHkims

K(t,s) = cov((t), &(s)) = ME(H)E(s) — ME(E) Mg(s)
HA3BIBAETCS K08APUGUUOHHOT PyHkyuel caydaitHoro mpomecca &.

Jlemvma 1 Kosapuayuonnas ynryus 2106020 cayuaiinozo npovecca obrada-
em c80tCmeoM HEOMPUUANEALHOT ONPedeNCHHOCTU:

k k
(Vk)(‘v’ Cly..., Ck € R) (th, ,tk € T) ZZCiCjK(ti7tj) 2 0. (11)

i=1 j=1
HoxkazareascrBo. [lycrs m(t) = ME(t). Torpa
i S G K (L) = B, e M((E() — m(t:))(E(t;) —m(t;) =
= S M) — m(t))? = D (Siuek(t) 2 0.

Yenosumes gepes t = t(n) ob03HAIATH KOHEUHBIE MOAMHOMKecTBA T, Ha-
upumep, t = {t1,ts,...,t,} C T. Eciim mopmuoKecTBO £(n) 3adukcupoBaHo,
10 uepe3 R! ycaoBuMcs 0603HAUATE N-MEPHOE €BKJIHI0BO IPOCTPAHCTBO. Bee
TaKue MpPOCTPAHCTBA OyJeM cuuTarh cojepxamumuca 8 RT = {f|f : T —
R} u morosopnmcst npemonarats R° C R npu 5 C £. Beegem maxske 0603Ha-
aernne & = (£(t1), ..., &(t,)) A1 3aJAHHOTO ¢ ¥ IPOM3BOIBHOTO OTOOPAYKEHUSA
¢&:T — R.

[ycrs £(t) - cayuaiinbiii npouecc. Pacnpeaenenust Bekropos &, Korga ¢
npoGEeraeT BCe KOHCUHBIE MOIMHOKECTBA MHOKECTBA, 1, HA3BIBAIOT KOHEUHO-
MePHuLMU pacnpedeacnuamy  Crydaitnoro mpomecca &. Kax Bbl momuunTe n3
KypCa TeOpUH BEPOATHOCTEMH, STH PaCIpeieeHus 33a10TcCa (POPMyIaMu

(VB € B(R')) Py(B) = P(& € B).



[lycrs t C 3, Tis - ecrecTrBennas npoeknusa R’ na R, Torma BO BBeJEHHBIX
0003HAYEHUAX CHPABETUBO

(VA € B(R") Pi(A) = Pi(mis(A)). (1.2)

DTO yCI0BUE HA3BIBACTCA YCJIOBHEM COIVIACOBAHHOCTHU CEeMelCTBa pacirpeje-
sgennit Pj, xorma t mpoberaer KJaacc BceX KOHEYHBIX ITOAMHOXKECTB 1.

Teopema 1 (A.H.Konmoropos ) ITycmos cemeticmso pacnpedenerud yoo-
saemeopaem ycaosuro cozaacosarnocmuy (1.2 ). Tozda natidemes nexomopoe
sepoamuocmuoe npocmpanemeo < Q. F P > u caywatinwd npouyece &(t) wa

Hem, makoti, wmo Pz ecmov pacnpedenenue E 0as npou3cosvHo20 KOHEUWHOZ0
tcT.

JpyruMu cJI0BaMHM, €CJIM CeMeHCTBO paclpeleleHuil YI0BIeTBOPIeT YCIOBUIO
COIJIACOBAHHOCTH, TO OHO SIBJSIETCHA CeMeHCTBOM KOHEIHOMEDHBIX Paclpejie-
JIHHI HEKOTOPOTO CJIYYalHOIrO MPOIecca.

Mznoxkum 31eCh naeio goKazaTeabeTsa. [1oaHoe 10Ka3aTeIheTBO MOKHO
Haiitu B KHHUre Boposkoba A.A. "Teopusa BeposgTHOCcTei", mpuioxkenue 2.

[onoxum Q = RT | £(t,w) = w(t). Muoxkectso B C RT mazoseM numun-
apudeckuM, ecan ono umeer Bun {w|(w(ty), ..., w(t,)) € A} 1 HEKOTOPOro
Habopa ti, ..., t, Touek T' u kakoro-aubyap A € B(R"™). ITycrs C - k1ace Beex
uuuHprudeckux noamuoxkecrs R, F = o(C). Jlna B € C zananum

P(B) = Py(A).

st 3aBepleHnsT JOKA3aTEIbCTBA OCTAIOCH HMPOBEPHUTH YCJIOBHS TEOPEMBI
Kapareogopu 0 NpoIozKeHHH BepOSTHOCTHOR Mepsl. Torma, mpogo/kas mo-
CTPOEHHYIO BEPOATHOCTL Ha, 0-ajarebpy GOPeseBCKHX MOJAMHOKECTB R, MBI
MOMY9IUM, 9TO Ha BEepOSTHOCTHOM mpocrpancTee < Q, F, P > mnporecc £(t)
0b1a1aeT HyKHBIM HaM CeMeCTBOM KOHEYHOMEPHBIX pacIpeleseHni.
IHorja moJIe3HBIM SBJISIETCS BAPHAHT YCJIOBHUs coryacopanHocT (1.2) B

TepMHUHAX XapakTepuctuueckux dbyukuuii. [IycTh, Kak n panbine, t - KOHed-
Hoe moaMuokecTBO 1. Otupemenum

<Az>= Y Atp)z(ty), AzeR"
{k:tp €t}

Torna xapakTepuctudeckasa GpyHKIHS pacipenenaerus Pz - 31o

wi(\) = /RT exp{i < \,z >;}dP;.
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VeioBue corjiacoBAaHHOCTH Paclpe/ie/IeHUuil BO BBEICHHBIX 0D03HAYEHUAX K-
BUBAJIEHTHO TIPH 3TOM

(5Ct) = (ps(N) = we(mis(N)). (1.3)



I'1aBa 2

I'ayccoBckue ciay4daliHble
IIPOIECCHI

Coyuaitabrii mponecc &(t) HA3BIBAETCS 2ayCCOBCKUM, €CTH BCe €10 KOHEYHO-
MepHBIe paclpeeeHnss HOpMaabHbl. TakuM 06pa3oM, XapaKTepucTHIeCKasd
byHKIHS J1I060r0 KOHEYHOMEPHOT'O PACIpeie/IeHsT TayCCOBCKOTO MPOIECcca,
nMeeT BHJ

- - 1 .
©(A\) = exp{i <\, d> —5 < BAMA >}

IJie @ - BEKTOP MaTeMAaTHIECKUX OKHUJIAHUN, a B - KOBapuallnOHHAsT MaTPU-
1A KOOPJMHAT COOTBETCTBYIONIETO BeKTOpa. Kak M3BECTHO M3 KypCa TEOPUH
BEPOATHOCTEH (U CJIelyeT U3 MPUBEJIEHHO Bbiie (hOPMYJIbI), s 3aIaHUsI
HOPMAJILHOTO paclpe/iesieHud B KOHEYHOMEPHOM CJIydae JIOCTaTOYHO 3a]1aTh
a w Marpuiy kKoBapuanuii B. Oka3pIBaeTcsd, /I TayCCOBCKUX CJIYYAWHBIX
IPOIECCOB (COOTBETCTBYIOMIUX HOPMAJBHBIM Dacrpe/ieeHusiM B (DyHKIHO-
HAJIBHBIX MPOCTPAHCTBAX ) UMEeT MeCTO aHATOTHYHBIH Pe3yJIbTaT.

Teopema 2 Jlasa npouseosvho sadannot gynkuyuu a(t) u awbold Gyrryuu
K(t, s), ydosaemeopatoweti ycao6uio neompuyameavhoti onpedesernocmu us3
AeMMBL 1, cywecmsyem 2aycco8ckutl cAyatinmi npoyece ¢ Mamemamuse-
ckum ootcudanuem a(t) u xosapuayuonnol dynryued K(t,s).

Jloka3aTeJabCTBO. 3aMeTHM, 9TO JIOCTATOYHO MOCTPOUTH MPOIECC ¢ TOXKIe-
CTBEHHO HYJIEBBIM MaTeMaTHIeCKAM OXKHJIaHUEM, & 3aTeM TPUOABUTh K HEMY
necayuaiinyo dyukuuo a(t). Babukcupyem t = {t1,...,t,}, u nycrs Py
- HOpMaJibHOE pacipejiesienne B R" ¢ HyJIeBbIM CPEJIHUM U KOBapUAIMOH-
Hoit Marpuneit B = DB, ageMeHTBl KOTOPOIl BBIYUCICHBI 10 IpaBuiIy B; ;
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K(t;,t;). Honyunsmascsa Marpuna Oy1eT HEOTPUIATEILHA ONPEIEICHA, TTO
caepyer u3 Jjemmbl 1. Takum 06pa3om, ONUCAHHOE MOCTPOEHUE BO3IMOXKHO.
YT106bl 3aBEPIIATH JOKA3ATEIBCTBO, JOCTATOYHO 3aMETHTh, ITO

- 1 -
pi(A) = exp{—5 <BAA>} —

XapaKTepucTudeckas (pyHKIUS TOCTPOCHHOTO PACHpeNeIeHUsd U IPOBEPUTH
YCJIOBHSI COTJIACOBAHHOCTH ITOJIY YMBIINXCsL pAcTipe/ieienuii (Hanpumep, B bop-
me (1.3)).

OueHb BaKHBIM IIPUMEPOM JIJIS HAC ABJILETCHI 6UHEPOSCKull npouecc, Ko-
TOPBIH CIIY?KUT MOJEJIBIO OPOYHOBCKOIO JBUKEHUsI. BUHEPOBCKUM IIPOIECCOM
w(t,w) MBI Oy/IeM HA3BIBATH TAYCCOBCKUII MPOIECC ¢ HE3ABUCHMBIMHU TPUPA-
menusaMu Takoif, 9o w(0) = 0, w(t) — w(s) uMeeT HOPMAIBHOE PACIpeIeIe-
e N(0,t —s) mpu t > s

Bhinuimem KOHEYHOMEPHBIE PACIIPEIeIeHNs /s BAHEPOBCKOIO IIPOIIEcca.
s sToro 3acdukcupyem tq, ..., t, Tak, uro 0 < t; < ... < t, H pacCMOTPUM
BeKTOp W = (wr,...wy,), tae w; = w(t;), j = 1,2..n. 3ameTnm, 410 MWIOT-
HOCTb pacupejenenust Bekropa X = (Wi, Wy — Wy, ..., Wy — Wy_1) JIEIKO Bbl-
YUCIUTD, T.K. €r0 KOOPAUHATHI - HE3ABUCHMbBIC HOPMAJILHO PACIPEICICHHbBIe
CIyYalHbIe BEJINYUHDBI:

n

Px (w1, ., xn) = [J([27(t: — ti)] 2 exp{—a?/2(t; — t;_1))}),

=1

riae to = 0. Ipu stom W = AX, e

1 0 0 ... O
A 1 1 0 0
1 1 1 1

Kak u3BecTHO, B 9TOM ClIydae
P—(X)=|det A|7'Px(A7'X).

Jlerko mpoBeputh, uto det A = 1,

1 0 0 0 0
-1 1 0 0 0
Al=]1 0 -1 1 0o o0 |,



—1 o
orkyna A7 X = (21,29 — T1, .0, Ty — Tp_1), W

n

P (21, ... 2y) = [[([27(t; — tio)] Y2 exp{—(z; — zi-1)2/2(t; — ti_1)}),

=1

rae xg = 0. M1ak, KOHeYHOMEpHBbIE PACHpEeAeJeHrs BEHEPOBCKOIO IPOLECCa,
SBJISIOTCS. HOPMAJIbHBIME (PayCCOBCKUMH).

Buneposckuii mporece (GpOyHOBCKOE JBUIKEHHE) SIBJISETCST ayCCOBCKIM
[POLECCOM, BLIXOAAMM 13 0. B IpuioskeHuax MHOIIA BCTpedaeTcd TaK Ha-
3BIBACMBII OPOYHOGCKUTT MOCT - TIPOLECC, 3a1aBAEMbIi PABEHCTBOM

w'(t) = w(t) —tw(t), tecl0,1].

Ouesnnno, aro w’(0) = w’(1) = 0 ¢ BepoaTHOCTBIO 1. Beraucanm koBapua-
MUOHHYI0 (DYHKINIO OpoyHOBCKOro Mocta. [lycTh ¢ > s.

K(t,s) = M(w(t) —tw(1))(w(s) —sw(l)) = Mw(t)w(s) —
— tMw(1)w(s) — sMw(1)w(t) + stMw?(1).

BameTum, 4To /14 npoussoabHoro a Mw?(a) = a, a npu h > u
Muw(h)w(u) = M(w(h) — w(u))w(u) + Mw?(u) = u,

OTKY/Ia
K(t,s) = s—ts—st+st = s(1—t), t>s.
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I'1aBa 3

Ilpoiieccnl ¢ He3aBUCUMbIMU
IIpUpaIleHusIMI

[Iycts T' = [a,b]. Ilpouecc £(t), t € T Ha3bIBACTCA NPOIECCOM C HE3ABUCH-
MBIME TIPUPAIIEHUAMHE, €CJTH JIJIs 106010 k u M00bIX t1, ..., t € T) npupa-
menust &(t1) — &(a), E(ta) — E(t1), ..., €(b) — &(1y) aBASIIOTCST HE3ABUCUMBIMHA
CJIydaiHbIMY BEJNIUHAMH.

O6Goznaunm P® pacupegenenue £(a), wepes Py, pacupenenenune &(t) —
£(s), t > s. 3Hag yKa3aHHBIE PACIPEIEJeHNs, Mbl MOXKEM BOCCTAHOBHTH BCe
KOHEYHOMEPHBIE PACIPEILTICHAA IPOLECCa;

J
(ty) = D _(E(t) — &(timn)),  (to = a),

=1

a 3HAYMT, pacrpeaeneHne & - COBMECTHOE PACIIPEICTCHHE CIyYaiiHbIX Be/TH-
an §o+ 81, So+E&+ 8o, o § 6o, T §o = §(a), & = &(ti) —&(ti-1) npu
i > 1. Ho oka3biBaercst, IpH HEKOTOPBIX JIOMOIHUTEIbHBIX IIPEIIOI0KEeH -
X JIJIS 38JIaHAs] KOHEYHOMEPHBIX PACTIPEICJIHH IPOIECca ¢ He3aBUCHMBIMH
IIPUPALIEHUSIME JIOCTATOUHO 3HATH OPA3J0 MEHBIIEE KOJMIECTBO PACIpPe/ie-
JICHUIA.

Toopar, aro £(t) - cmayuonapnviti npouece, eciv g TPOU3BOTBHBIX
s, t, h pacupenerenns £(t) —&(s) u {(t+h)—&(s+h) conanator. I[Ipomece £(t)
Ha3bIBAETCSL CMOTACTNUNECKU HENPEPLIGHBIM, €CJTH PH S — ¢ CIIPABEJIABO

E(s) = £(8).

Teopema 3 [lycmo caywatinui npouyece £(t) cmozacmuuecky Henpepvicen,
CMAYUOHAPEH U UMEEM He3asucuMmvle npupauwerus. Tozda das 3adanus ezo
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KOHEUHOMEPHULT pacnpedesenuti docmamouwno, kpome P, zadamv mosvko
00HO pacnpedeserue. Imum pacnpedesenuem Moxcem 6vims A000e us pac-
npedenenuti Py ;.

Joka3aTeJabCTBO. 3aMeTuM, YTO B CHIY CTAIIMOHAPHOCTH MOYKHO CUHUTATH,
aro a = 0. Ilycrb @4(\) - xapakrepucrudeckas (byHKIUs PACHpPeTeIeHus
P.o. B cuny npencrasienns

0 -0 = 3 (¢() ¢ ()

i=1

U CTallMOHAPHOCTH CJIy‘I&fIHOI‘O nponecca uMeeT MeCTO COOTHOIIeHue

-3

<Vtvnv )‘) th(/\) = P ()‘> (31)

3

[Mokazkem majiee, 9T0 HU TPU OTHOM A ¢y(\) He obpamaercsa B 0. JleficTBu-
TEJILHO, TIPU 1 — OO CIIPABEJIAEO

£(1) - €0 2o,

n

OTKyJla, II0 OCHOBHOH TeOopeMe O XapaKTePHCTHIECKHX (QYHKIUAX, ©t/n(A)
P N — 00 CTPEMHTCA K TOXKJIECTBEHHOM equnuie. Temepb TpebGyemoe ce-
ayer u3 (3.1).

Takum obpasom, cymectByer dbyukims Vi(A) ¢ yeaopuem

pi(A) = exp{¥;(N)}.

Crenyrolei Hallei meJIbIo SBISIeTCS JIOKA3aTh, YTO

(V£ \) Ty(\) = t0,(\) = tT(N). (3.2)

[ycts cnagana t = =. Bubepem B (3.1) t = 1, oTky/1a

n

p1(A) = @1/, (A) = expU(A) = exp{n¥y(A)},

9TO O3HAYAELT CHPABEINBOCTD (3.2) aist t = % 3aMmernM gajee, 9To

() -0 = 2 (e(0) < ()

Jj=1
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a BHAUAT, Pr/n(A) = @1}, (A), 4TO BiledeT clpaBeIMBOCTD PABEHCTBA

Tu(\) = mUi()) = “B(\).

n n n

Ecnn, nakonen, ¢t > 0 — Tpon3BOIbHOE JIEHCTBUTEIHLHOE UNCJIO0, PACCMOTPUM
MOCJIETOBATEBHOCTD T, PAIIMOHATBHBIX YHCeT, CXOAdMyocd K t. B ety cto-
XaCTUIECKOM HelpepbIBHOCTH

E(rn) — E(0) = £(t) — €(0),

otkyaa @z, (A) — @i(A), u 2, ¥ () — ¥, (N). C apyroii cropoust, z,¥(\) —
tW(\), u mokasbpiBaeMoe COOTHOIIeHNE (3.2) HeMemJeHHO CIeyeT U3 eJuH-
CTBEHHOCTH MPeIeIa.

Urax, mycts Mbl 3HaeM Pg ;. Torma Mbl 3HaeM €ro XapaKTepUCTHIECKYIO
dbyukuo, a 3nauur u W(\). Tlo dopmyse (3.2) u ¢ BoccranaBiuBaem Wy,
3aTeM (¢, a 3Ha4uT, U npoussoiabnoe Pg,. Teopema gokazana.

B zaksiiouenue npusesieM (GOpMyJIy a8 XapaKTePUCTUYECKOH (DyHKIHH
pacnpenenennst Bekropa & = (&(t1),...,&(t,)), BBIBOA KOTOPO# OCTaBJIsieM
YUTATE/NIO B KAUECTBE YIIPAasKHEeHHs, [I0JIE3HOIO JIj1s BOCCTAHOBJICHNS HABBIKOB
B HCIIOIb30BAHUHU CBOMCTB XapaKTepUCTUIeCKUX (DYHKIIUIL.

n

0r(X) = @a(An) - exp {3 (t — ) WAy — Aoy) ¢

=1

rie
e
Ay =D N, A=0,
j=1

Yo — XapakTepucruieckas pynkmus Pe.

OauuM u3 9acTO TPUMEHSIEMBIX 000DIEHHIT TPOIECCOB ¢ HE3aBUCUMBIMUI
MPUPAIIEHUSIME STBJISIETCST MOHSATHE MAPKOBCKOTO TTPOTIECCA. 37€Ch MBI TaIUM
TOJBLKO Ompejiesierne, 3a (HOPMYJIUPOBKAMH U JIOKA3ATEILCTBAME CBOWCTB
MApKOBCKHUX TIPOIECCOB U WX YACTHOTO CJydas — JIUCKPETHBIX OTHOPOTHBIX
neneit Mapkosa orcoiiaem dntaress K kaure A.A.Boposkosa.

[Tycte £(t) — cayuaitubrii mporecc, 0603HATNM

Fa=0({(s), s <t}), Foy=0(&(t)), For=0({&(s), s 2 t}).
[Tporecc £(t) HABBIBAIOT MAPKOBCKUM, €CTH

(Vt)(VB € F>) P(B/F<;) = P(B/F-).
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I'1aBa 4

JluHeliHas Teopud ciiydaiiHbIX
IIPOIECCOB

4.1 I'mapbepTOBO ITPOCTPAHCTBO CJIyYaAHBIX
BEeJINYNH C KOMILJIEKCHBIMU 3HAYEHUAMU

[lycts < ), F, P > — BeposgTHOCTHOE ITpOoCcTpaHCcTBO, & : ) — C — KOMILIEKC-
HO3HAYHBIHN cTydailHbIl 37eMenT, T.e. Ref, Im& — cay4aitnbie BemnauHbl. Be-
JIeM

L2 = LQ(Q7F7P) - {£| M|5|2 < OO}

Ha 3roMm npocrpaHcTBe OIpeaenM CKaasgpHOe TPOU3BEJIeHUE U HOPMY:

<&n>= Méq, |€llf, =< &> = M

O6oznaunm m(t) = ME(t), &(t) = &(t) — m(t). OueBrano, 9To KOBApHU-
annoHHasi (DYHKIUS MPOIECCa JOTKHA OBITh B 9TOH CHTYAIUH ONpeeseHa
CJAeIYIONMM 00pa3oM

K(t,s) = Mg (t)8.(s),
a cBOIICTBO HeoTpHIATEAbHOIT onpeaerentoctr (1.1) mpumer Buz

kook
(VE)(V ¢1,ye € C) (Y, .t € T) DD i K(ti, t;) > 0. (4.1)

i=1j5=1
3aMeTuMm TaK2Ke, 9TO U3 oIpeaejicHud cJaeayeT

(Vs,t) K(t,s) = K(s,t).

13
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[TorHOTA TTOCTPOEHHOIO MPOCTPAHCTBA BO BBEIEHHON HOPME IIPOBEPSIETCS Te-
MU K€ MEeTOJaMu, 9TO JIOKA3bIBAETCH MOJTHOTA MTPOCTPAHCTBA HHTETPUPYEMBIX
¢ KBaJipaToM (pYHKIH B (PyHKIIMOHAJILHOM aHaau3e. Ham nonamodburcs cie-
JYIONIUH JTOBOJBHO IIPOCTON IMPU3HAK CYIIECTBOBAHUS IIPEIEIa;

JIemMma 2 B npocmpancmee Ly cywecmeyem npeden &(t) npu t — to mozda
u MoAvKo mozda, kozda (Im) m(t) — m u

(3K) lim K(t,s) = K.

s,t—to

HoxkazareanscrBo. Heobxomnmocts. Iycrs £(t) L2, ¢. Torpa, BeiGpaB m =
M¢, K = MEE,, e & = £ — m, TOIyIHM
Im(t) —m| < MI§(t) —¢| < yMIE(E) =< — 0,
a TAKKe
[K(t,s) = K| <[M&(E(s) = ME(DE] + [ME(H)E — MEL] <
< YMIEOPMIE(s) = &2+ yMIGPMIE (D) — &2 <
Fe(ll&a(s) = &l + 118() = &dD),

410 cTpemMuTesd K 0 ipu s, — .
JlocTaTouHOCTD. 3aMEeTHM, 9TO

lg(t) = E()I* = Im(t) —m(s)|* + [1€.(t) — &(s)II*.

Ho
1€:(t) = &c(s)llE, = K(t,1) + K(s,s) — 2ReK(t,s),

OTKYJda IIPHU BBIIIOJIHCHUUN yCJIOBI/IfI JIEMMBbI CJIeayeT, 9TO

1€t) —€¢9)llE, — 0

npu (t —s) — 0, 970 O3HAYAET CYIIECTBOBAHUE HYYKHOI'O HpEJesa B CHIY
MOJTHOTHI PACCMATPUBAEMOTO TTPOCTPAHCTRA. JlemMMma jToKa3aHa.

Ormerum, uro B ciaydae cxomumoct &(t) K € B cMbIcae npocTpancTBa Ly
UMeeT MECTO TaKyKe CXOJUMOCTH 110 BEPOSATHOCTH U TI0 PACIPeIeIeHUI0. JTO
HEMEJJICHHO CJIeyeT U3 Pe3yJIbTaTOB KypPca TEOPUHU BEPOSTHOCTEH u Hepa-
Berncrsa [1.JI.Yebbimena:

P(et) ] > =) < MED =8 VIED =&

- € €

J18 TPOU3BOIBHOTO € > ().
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4.2 JIuddepennmpoBanne u THTEIPUPOBAHNIE B
cpeaHeM KBaJApaTmYIecKOM

B i L2
nasbreiimeM, ecan () — &, npu t — a, yCJIOBHMCS THCATH
llmt_)af(t) = S
1 HA3BIBATb TOT NPEIe] npedesom 6 cpediem keadpamuueckom. T1omokum

upu h,a € R
§(a+h) —¢&(a)
Y :

Apéla) =

Ecmm

(ElZ € LQ) z = l.i.m.hﬂoAh£<(Z>,

To £(t) nazpBatoT dudpepenyupyemvim 6 cpednem K6adpamuueckom B TOUKe
a, a z — npou3sodnoti npouecca B IToN Touke. OdO3HAUEHUE — 2 = %(a). s
JIEMMBI 2 CJIEJIyeT, 9TO CIIPABEIIUBHI CJIEIYIOIINe HeOOXOIUMbIE U JOCTATOY-
Hble yCa10Bus Jud@OEPeHIuPYEMOCTH B CPEAHEM KBaJIPATHYECKOM:

JIemma 3 Ilpouece £(t) bydem duddepenyupyemvim 6 cpednem Keadpamu-
YecKOM 6 MouKe a Mo20a U MOALKO M020a, K020a S8bNoAHEeHb 0604 YCAOGUA:

e 6 omoll mouke cywecmsyem npoussoduaa m(t) = ME(t) 6 obvurom
CMBLCAE;

® K08APUAUUOHHAA PYHKUUA NPOUECCE UMEEM 6 Mot mouke 0600uieH-
HYI0 6MOPYI0 NPOUIBOOHYI0, M.€.

DsDtK(ta S) |t:s:a =
K(a+h,a+q)—K(a,a+q)—K (a+h,a)+K(a,a)
nq

limh7q_,0 < Q.

Teopema 4 [Tycmov das npouseosvnozo a € [A, B] onpedenena obobujennas

emopas npou3eoonas DsDiK (t, ) |i—s—a, moeda cayuatinod npoyece &, (t) dudd-

pepenyupyem 6 cpednem ksadpamuueckom na [A, B], cywecmeyiom obviutivie
0K 9K 2K

Yacmmble NPousGOOnbIe 5=, F= U Fo- , NPUMEM OAA TAPAKMEPUCTIUK Npo-

u3600101 npouecca umMerom Mecimo COOMHOWEHUSA

d oK d d. PK
ME() o (s) = Do), M) (s) = &2 (1s).
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JoKa3aTeqbCTBO. Cpa3y Ke CJIeLyerT u3 yCJAOBHI TEOPEMbl W JOKA3AHHBIX
BBIIIIE JIEMM.

I[Iycrs cayuaitnoiit mponece &(t) 3aman na [A, B], A =1, <t; < .. <
m =B, At; = t; — t;_;. Pacemorpum

= Y E(0;)At;, 05 €ti,t;], j=1,.
j=1

ToBopsit, uto npouece &(t) unmezpupyem 6 cpedrem KeaOPAMUYECKOM , eCIII
naitgerca snement I € Ly Takoit, 4To HesaBmCWMO OT BHIOOpA TOYeK tj,0;
CIIPABEIJIHBO

I = lim.a_0S,, A = m]aXAtj.

O6o3Hnavenne, NpuHATOE I WHTErpaja I OT mporecca B CpegHeM KBAJIpa-
THYECKOM COBIa/IaeT ¢ 0003HaAYEHHEM OOBITHOIO WHTErpaJia;

I = A/g(t) dt.

ITpu sTOoM, KOHEYHO Ke, He cjeayeT 3abbiBaTb, YTO [ SABJIsI€TCS MHTEIPUPY-
eMoil ¢ KBajparoMm ciaydaiinoii BeanunHoii. [ToTHOCTBIO aHAJIOTUIHO TIPEIbI-
AyIIei JTOKa3blBaeTCsd CJIeyIoad

Teopema 5 [lycmv m(t) unmezpupyema na [A, B] u onpedesen deotinoti un-
BB

meepan [ [ K(t,s)dtds, mozda npouecc &(t) unmeepupyem 6 cpednem Kea-
AN

OpaMuUMECKOM, NPULEM

Mf*(t)A/g*(t)dt — A/K(t s)ds, M/f A/ A/Z K(t, s)dtds.

4.3 CroxacTUmiecKnii THTerpaJ OT HecaydaiiHoii
byHKININ

Ilycts U — muoxkectBo, A — mekoropsiii mogknace P(U) (cucrembr moj-
MHOZKeCTB MHOXKecTBa U), 1 — KOHedHas HeoTpHuaTe bHas Mepa Ha o(A).
p A — Lo(< QF P >) uaspiBaercsa saemenmaphoti opmozoranvnod
cmozxacmuveckot mepoti co ecmpyrmyprot ynryued m, ecan:
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2. (VA) Mu(A) = 0, MIa(A)P = m(A);
3. Mu(A)u(B) = 0 upu AB = () (ycaoBue opTOroHAJIBLHOCTH).

PacemoTrpuM mpocTpaHCTBO

Lo() — {@Z):U—>C| /Uw(t)mm < oo}.

[Iycts A, ..., Ay € A obpasytor koneuHoe paszdouenue U. Torma
k
p(t) = D_cjla,(t) € Lao(m)-
j=1

npoctas HYHKIWS s TPOU3BOIBLHOTO HAGOPa KOHCTAHT Cy, ..., ¢k (371€Ch 14
— naaukaTop MuoxkecTBa A.) Tlo onpeseneHnio mosoxumm

[ etdn = - cin(4y)

i=1

st mpousBobHON HeorpuiiaTeabHoit dbynkuuu ¢ € Lo(7h) MOKHO 00bIU-
HBIMH CITIOCOOAME MOCTPOUTDH MOCIEeI0BATEIFHOCTh IIPOCTHIX (DYHKITHH, €XO-
JSIMAXCS K B MOTOYETHOM CMBICTe. JIJIst Takoii mocie0BaTeIbHOCTH ToJTa-
raem

/ng(t)du = l.i.m./ljwn(t)d,u.

B obiiem ciry4ae ornpeesienne 3aBepiiaercs: pa3dueHnemM HecIydaiHoi QyHk-
i u3 Lo (1) Ha MOT0KUTESBHYIO H OTPUIIATETBHYO YaCTH.

[Iycte ¢(t), ¥ (t) — mpocteie dbyHnknuu. Bes orpanudenus: OOMHOCTH MOXK-
HO CYHTATD, ITO

p(t) = ijlA]-a Y(t) = Zglej

1te opHoro nHabopa A;, j =1,...,n. Torna

< Jue)dp, Jy#)dp >1, = M [yet)du - [ ¢(t)dp =
= 2k figMu(A;)p(Ar) = Zp frgem(Ar) = < 9,0 >1,0m) -
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Ecimn dbyukuun ¢, € Lo(m) He 6buIu IPOCTHIME, TO MPH ITOMOIIH OYeBU/I-
HBIM 00Pa30M OPraHU30BAHHOIO MPEJIETbLHOTO IMepexo/ia MOYXKeT ObIThH MOJIY-
9YEHO COOTHOIIIEHUE

< /Uw(t)du, /Ulb(t)du >Ly@FP) = < 9,0 >Ly(m) -

Takum obpaszoM, J0Ka3aHa

Teopema 6 Cmozacmuseckutdi Unmezpan OCYUECMBAALT USOMEMPUUECKOE
coomeememeue medcdy Lo(< Q, F, P >) u La(m).



I'taBa 5

CrekTpaJjbHble NpeACTaBJIeHUS 1
3a1a49a IIPOTHO3UMPOBAHUS
CJIY4ailHOI'O Ipollecca

5.1 CunekrpaJjbHada (pyHKITAA

[Tycte £(t) — cranmmoHapHBIil CaydaiiHBI TpOIECe, 3aJaHHBI Ha BeleCTBeH-
HOIi TIPSAMOI, WM Ha KakoM-To ee otpeske [A, B], M{(t) = 0. Kosapuaru-
OHHasl (PYHKIINS B ITON CHTYallnu UMeeT BUT

K(t,s) = MEWE(S) = ME(t— s+ AE(A) = K(t—s),

TO €CTh MOYKET ObITh 3aMeHeHa (PyHKIIIeil 0JTHOTO apryMeHTa. YC/JI0BHE HeOTPH-
naresbHOI onpegenenHocTH (4.1) mepenuiieTcs Tenepb B BUJIE

(VE)(Y c1, ... cx € C) (Y1, ...ty € [A, B)) zk:zk:ciEjK(ti—tj) > 0. (5.1)

i=1j=1
BriBesiem u3 31010 ycjaoBusi HEKOTOPhIE HECJIOXKHbBIE CeICTBHSL.

Jlemma 4 1. K(0) — neompuyamenvnoe deticmeumenvnoe 4ucao;

2. (V) K(t) = K(—1);
3. (V) |K(8)] < K(0).

19



20 I'maBa 5. CnekrpaJibHbIe MpeaCTaBICHUS

Hoxkazareascrso. 1). Baas B (5.1) k=1, ¢, =1, t; = 0, moayunm K (0 —
0) > 0.

2). Tlomarast B yCJIOBUEM HEOTDHIATEJNBHOMN OmpejeseHHocTd k = 2, ¢ =
t, to = 0, BUAWM, 9TO JIsi TPOU3BOJBHBIX KOMILIEKCHBIX KOHCTAHT Cq,Co
BBITIOTHEHO

(’Cl|2 + |C2‘2)K(0) + ClégK(t) + Elch(—t) Z 0. (52)
B cuty npou3Bo/ibHOCTH KOHCTAHT U MyHKTa 1 JIEMMbI OTCIOA CJIEIYeT, 9TO
(Va € C) aK(t)+aK(—-t) € R.

[Iyctb a = aj+ias, K(t) = Ki+iKs, K(—t) = K3+iK,. Torga, noacrasisis
3TH BBIpazKeHUs B POPMYIY

Im(aK(t) +aK(—t)) = 0,

mojgay4daeM, 4TO AJid IIPOU3BOJIbHBIX ,ZLGI'?'ICTBI/ITG.HBHBIX quceJr aip, Gy AO0JIZKHO
BbINIOJIHATHCA

(ll(K2+K4) + a2(K1_K3) = O,

orkyia Ky = —Ky4, Ky = K3, 910 1 TpebOBaI0Ch JIOKA3aTh.
3). Boibepem B (5.1) k=2, t1 =0, ty =t,c; = —K(0), co = K(t). Torna
u3 (5.2) Buaum, 9TO

(K2(0) + [K(®))K(0) — KOE®F* — KO)IK@®)* =0,
9TO HOCJIe PACKPBITUS CKOOOK IIPEBPAIIAETCS B HEPABEHCTBO
K*(0) — |K(@0)]? > 0.
JlemMa noka3aHa.

Teopema 7 (Boxuep-Xununu) Komniexchosnaunad Gyrryui deticmeu-

meavhoz20 apeymernma K (t) ydosaemsopaem ycaosuro neompuyamenvrot neonpe-

deaenrnocmu (5.1) moeda u moavko mozada, ko2da natidemcs Pyrnkyus pac-
npedenenus F(N) maxas, wmo

Kt) T 4
) %) = / FIF(N). (5.3)

—0o0
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DyHKIWMs, CYIMECTBOBAHNE KOTOPOH YTBEP:KIAETCS B TeOPeMe, HOCUT Ha3Ba-
HEE cnekmpanvhotl Pynkyuu, a npeacrabienue (5.3) HA3BIBAIOT CNEKMPAAL-
HoLM npedecmasaeruem KoBapuanuonuoi (pyuknuu. /lokaszaregbcTBO TEOpe-
MbI Boxnepa - Xurumaa MoxkHO HaiiTh B KHure b.B. ['Henenko "Kypce reopun
BeposiTHOCTelt", maparpad 37. 31ech MBI chOPMYIUPYEM U JTOKAZKEM TOIT00-
HYIO TeOpeMy JIjisl CIy4YallHbIX T1OC/Ie0BaATeIbHOCTE.

Teopema 8 K(n), n € Z — neompuuamesvHo onpedeseHnan KOMNAEKCHO-
BHAYHAA NOCACIOBAMENBHOCTL 6 cMbicae (5.1) mozda u moavko mozda, Ko-
2da natidemes maxas Pynkyus pacnpedeaenus F(N), cocpedomouennozo na
UHMEPBAAE [—T, |, Mo 0A% NPOUBBOABHOZ0 U4EA020 N CNPABEIAUBO

K(n) = K(0) ] e dF(N),

—T
npuvem 2ma GyrHKUUA pacnpedeserus onpedesena 00Ho03HAUHO.

okazareabcTBO. MoxkHO cuutarh, uro K (0) = 1 (nHave mepeiinem K pac-
emorpenmio £(n) = &(n)/y/K(0) ). Ecan crmekTpaibHoe mpeIcTaBIeHHe

UMeeTcs, TO

™ T 2
> cieK (nj—ny) = /chékei’\("f”’“)dF()\) = / > c;e?i| dF(N) > 0,
Jk r ok “xld

ITO O3HAYAET 3aBEPIIEeHNE T0KA3ATEIbCTBA HEOOXOIIMOCTH.
O6parno. ITycrs cupasemuso (5.1). Bosemenm p € (0,1). Ilpu u € [—7, 7]

paccMoTpuM

1 .

) = — S K()le

2T ez
Tak kak |K(t)] < K(0) = 1, To no mpusnaky Beifiepmrpacca BhIIHCAHHBIIT
PSLL CXOUTCsT AOCOTIOTHO M PABHOMEPHO OTHOCHTEABHO U. [Ipu 3TOM 13 00bI4-
HbIX (bopmyt Jutsa npeobpasosanuii Pypne nmeem

™

K@ = [ f,(0dA 1 = / fo (N

—Tr

U3 Bropoit yacTu BbIIUCAHHON (DOPMYJIbI CJIeIyeT, 4TO Jijisd HPOBEPKU TOLO,
910 PyHKIMA f, — IIOTHOCTH BEPOATHOCTHOT'O PACTpe/IeeHusd, JOCTATOUHO



22 I'maBa 5. CnekrpaJibHbIe MpeaCTaBICHUS

IPOBEPUTH €€ HEOTPULATEILHOCT. [0ACTABIM IOy 9eHHBIC IPeICTABICHIS
B (5.1).
0 S Z%O:O ZZO:O pneiunpme—iumK(n o m) —
(ano Yom=nt1 T a0 Z%:o) (..) =
(ano Yom=nt1 T Xm0 Zfzm) ptmetm=m K (n — m).

Ob6o3HaYUB M — N 32 Z, OKOHYATEJIbHO MOJYYIaeM, 9TO

0 < Yoo Xeez P e K (2) =

z| piuz [e%s) n 27 fp(u
= Zzezpl Ie K(Z) n:Up2 = %;2)’

OTKyJa H cJiejlyeT, 4To f, — IJI0THOCTh. BBemem

A

FO) = [ fy(wdu,

—T

[Tonarno, ¥To 3Ta (QYHKIHA paCHpEIeSeHus] UMeeT XapaKTePHCTHUIECKYIO
byrkumo pl!l K (t). Ilpu p — 1 sta dbyrknua cxonurea K K (t). [To ocHoBHOI
TeopeMe O XapaKTepucTuieckux ¢ynkmuax, F, — I, rae F' — nexoropas
dbyukung pacopegenenus ¢ xapaktepuctudeckoit dpynkmmeit K (t), T.e.

K(t) = ] dF(N).

—Tr

Tem caMbIM TeopeMa HOJTHOCTBIO JIOKA3aHA.

ByjgeMm 10 KoHma pasfiesa, €clii He OTOBOPEHO HHOE, CYUTATh, 4TO A
— anrebpa OTPE3KOB [—T, 7|, eclin paccMaTpUBAETCS CIyJaliHas MOCIeI0Ba-
TesibHOCTE 1 B R B HenpepoiBaOM ciaydae. O6oznaunm uepe3 He 3ambika-
aue B La(< Q, F, P >) MHOXKecTBa KOHEYHBIX JIHHEHHBIX KOMOMHAIMI BUIA
> a;&(t;), m myeth Pe — Mepa, mopokennas creKTpanbHoil pyrknumei, T.e.
CIIEKTPAJILHOE PACIIPE/IeIeHHUE.

Teopema 9 Cyuwiecmseyem IAeMeEHMAPHaL OPMO2OHANBHAA CIMOTACTNUNECKAA
mepa v A — He co empyxmyproti pynryuet m(A) = K(0)Pe(A) makaa,
wmo

(ve(t) = [ e dp(u), (54)

npusem unmezpan bepemcs no unmepeasy [—m, | 6 cayuae cmayuonaprod
cayuatinot nocaedosamenvrocmu u no (—00, 00) 8 HENPEPLIBHOM CAYUGE.
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HoxkazareabcTsBo. [Tocrponm nzomerpudeckoe orobpazxkenne [ @ Lo(m) —
H;. /Ina nagasa moaoxumm

k k
I ZCjeltju = Zij(tj)
j=1 7=1

OtmernM, 9To M1t PYHKIUN paccMaTpUBAEMOIO BHIA BBINOJTHSIETCS CBOIi-
CTBO M30METPUYHOCTH:

<I(e™), I(e"") >Ly<arps) = ME(H)E(s) = K(t—s),
< eltu gisu >Lo(m) = /emﬁdm(u) = /ei(t_s)“d,u(u) = K(t—s).

OTMeTHM Tenepb, YTO KOHe4YHble JUHelHble KoMOuHanuy pyHknuii e pero-
ay wiotHbl B Lg(m). leifcTBuTeIbHO, B 9TOM MPOCTPAHCTBE BCIOLY MJIOT-
HO MHOKECTBO OTpaHUYIEHHBIX (DYHKIUM, B HEM — ABaKIbl AuddepeHnupye-
MBIX, B IIOCJIETHEM — MEPHOANYECKUX, B KOTOPOM BCIOIY ILJIOTHO MHOYKECTBO
JACTHYHBIX CYMM CXOIAUXCS psiaoB Pypbe, T.e. HMEHHO TaKUX JIHHEHHBIX
KOMOMHAITIH.
[IycTn
W(A) = I(1a), AeA,

TOIIA, MOCKOABKY [ — nuHeliHass MYHKIMS, a I HEMEePEeCeKAIOIUXC s MHO-
xectB A, B cnipasegyinBo 1,5 = 1a4 + 1, TO

WAUB) = pu(A) + u(B).
OueBnIHO TaKKe, 9TO
(VA € A) M|u(A))? = /1?4dm — m(A).
Haxkowrern, 1151 HemrepeceKkaronmxes MHOKeCTB A, B criipaBejinBO

Mu(A)p(B) = < p(A), u(B) >ry<0,r7p>) =
=< 1y4,1p >Lo(m) = J1algdm = m(AﬂB)

Tem cambiMm, p — 3jieMeHTapHAs OPTOIOHAJbHAS CTOXACTUYECKash Mepa Co
cTpykTypHOit (yuknmeir m. CoriacHO camMoMy OmpeneeHuto [, s mpo-
M3BOJIBHOTO T BBITTOJTHEHO

&) = 1te™) = [ e™dp(u)
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Teopema noka3zana.

CaencrBue. Cmoxacmuueckudl unmeepas [ f(u)dp(u) ocywecmsasem
usomempueckoe coomsememeue mescdy npocmparcmeamu Lo(m) u He,
npuuem

ezut — f(t)
OTMeTHM, 9TO BMECTO CTOXAaCTHYECKOH Mepbl B MOCIEAHEM HpeIcTaBe-
HUM MOZKHO MCHOJIb30BATDH CJIy4alHbIA IIpouecc

Z(u) = p((—o0,u)).

[Ipu 5TOM COOTHOIIEHHE MeK/Ty BBEJIEHHBIM DaHee CIeKTPAJIbHBIM IIPeJICTaB-
JIEHHEM CJIy9IaiiHoro mpomecca (5.4) U 3aluChIO

&) = [ emaz)

TaKoe »Ke, KaK COOTHOIIEHNe MeyK Iy OOBbIYHOil 3amuchbio nuarerpasa Jlebera -
CTuabTheca W 3aMuChbi0 ITOr0 WHTErPAIa KaK WHTErpasia 1Mo BEPOATHOCTHOM
Mepe Ha (—00, 00). [Iponece Z(u) B nocenel 3anucu 0b6Ja1aeT 0pmo2oHab-
HOLMU NPUPGUEHUAMU, T.€. TIPH TPOU3BOIBHOM BbIOOpE dnces a < b < ¢ < d
CIIPABEIUBO

M(Z(b) = Z(a))(Z(d) = Z(¢)) = 0.

Ipumep. Tlycts A, n — HEoTpULATEIBHBIE CAyJYailHbIE BEJIUIUHBI, (0 HMEET
paBHOMepHOe pacipejieienne Ha [—m, 7| u He 3aBucut or A, 7. Paccmorpum
CJIy4Ya#HbIiA npouecc

1 ... 1 , .
E(t) = Acos(nt +¢) = éAe”ﬁew + éAe_’”te_W.

[Mocnenmue aBa CIaraeMbIX U IPEACTABILIOT OO0 CHEKTpaIbHOE MPEICTAB-
Jerue 3Toro npomecca. COOTBETCTBYIONIHUIT TPOIECC ¢ OPTOTOHATHHBIME TTPH-
paleHnusIMI TOCTOSTHEH Ha KazKJOM U3 HHTepBaIoB (—oo, —n), (—n,n), (1, 00).
B TOUKe —7) OH COBEpIIACT CKAMOK BeamduHbl 3 Ae %, a B Touke 1) — 3 Ae'.
CnekTpasbHast Mepa [ paccMarpuBaeMoro mporecca &(t) cocpenoroyena B
JBYX TOYKAX — 1.

5.2 ®opmyJa KoreabHukoBa - Illennona

B kadecrse mnepBoro npumepa HpUMEHEHHS CIEKTPAJIbHBIX IPe/ICTaB/IeHui
no/IyuuM (POpPMyJIy, HAXOIAILYIO CBOU MPUJIOYKEHUS ITPU OPTraHU3AIMT CHCTEM
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cssu. [ycrs £(t), t € Z — cranumonapHasi ciydaiiHas HOCIeI0BATENIbHOCTb.
[Ipeamosokum, 9TO MPH HEKOTOPOM HATYPAJbHOM @ HOCHTEJIh CIIeKTPAIbHON
s

MEpBI 1 9TOH IOC/TIe0BATEILHOCTH cocpenoToder B [—2, T]. Torma Ha 9T0M
HOCHUTEJIe PABHOMEPHO (i abCOTIOTHO) CXOIUTCST PsIJT

Z&Zezzna — ezut’

z2€Z
rje

o — a
z Tt -
p Tz

sin (”t — 7rz)

kodpdunuent Pypoe. 13 paBHOMEPHON CXOTUMOCTH CJIEIYET CXOIUMOCTD B
Lo, a 3HAYAT mMeeT MecTO TpeJicTaBIeHne

™

£(t) = / edp(u) = Y a. ] e dp(u),

~r 2€Z

OTKY/JIa CJIEJIYET, YTO
£t) = Y aé(az).
z€Z
Dta dpopmyaa u HocuT HazBauue popmyabl Korensnnkona - [Ileanona. Ona,
B 9aCTHOCTH, O3HAYAET, UYTO B dTOH CHUTYAIUHU JIJI BOCCTAHOBJIEHHS JIIOOOTO
3HAYEHUS IOCTIEIOBATEILHOCTH & JIOCTATOYHO 3HATH, KaKHe 3HAYEHHS OHA,
HPUHUMAJA B MOMEHTHI BPEMEHH, KPATHBIE d.

5.3 JlumneitHbIe MpeoOpa30BaHNS CTAIIMOHAP-
HBbIX MIPOIECCOB

3/1ech MBI PACCMOTPUM OJIHO W3 MPUMEHEHU CIeKTPAaJbHON TEOPHH CTAI-
OHAPHBIX CAYYARHBIX MPOIECCOB, YTO TO3BOJUT HAM U3YYaTh WHTETPAJIbI 1
POU3BOJIHBIE OT MPOIECCOB B CPeIHEKBaApaTuIeckoM cMmbicie. [lycte A —
JIMHEHWHBI oneparop, ABIdIonuica Kombunanueil aunefinoix audepenim-
aJILHBIX ONEPaTOpOB W WHTErPAJbHBIX OMEPATOPOB C sJIPAMU, 3aBUCAIIAMHE
JINITb OT PA3HOCTH apryMeHTOB. lIprMeHeHHe TakuxX OmepaToOpoB K CTAIH-
OHAPHBIM CIYYAHBIM TPOIECCaM B pe3yJbTaTe CHOBA JAeT CTAIMOHADHBIN
upotecc. [onyunm popmyity jijisg BblUnUCI€HUS CHEKTPAJIbHON IJIOTHOCTU Pe-
3YJBTHPYIONIETO MPOIECCA.
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Cuauana paccmorpum orneparop auddepennupoBanus. [lycrs

&) = [ ePau(n),

e MHTerpaJl 1o 3aK/JI04YeHHOMY BbIIIE COLIAIICHIIO OepeTcs JIub0 110 0Tpes-
Ky [—7, 7], mu6o o Beeil 4muca0BOI MpAMOii, Toraa
f(t + h) _ f(t) ei(tJrh))\ — eltA

d¢ . :
%(t) = lim., g - = }lzlino Tdu(/\).

[Tocieguuit maTErpast 1Mo JemMMe 2 MEePENuIeM B BHJIE

eIt _ it

. — S\ ItA
Jim —————dy(\) / NP ().

D1a PopMyJia HOKAZBIBAET, YTO JI/Isl MOy IEHHUST CIIEKTPAJBHOIO MPE/ICTABIIE-
HUS TPOM3BOHON CTAIMOHAPHOI'O MPOIECCa JTOCTATOYHO (DOPMATLHO ITPOU3-
BecTH T depeHInpoBaHre CIIEKTPAJILHOTO ITPEICTaBJIeHIA MePBOHAYATLHO-
ro npolecca 1o/1 3HaKOM HHTerpaJa 1o t.

Tenepsb mpeANnoNIOKUM, 4TO

nt) = AL = [ Bl - s)E(s)ds.

Torna

e
g(A\) = /B(—u)e”“du.
Takum obpazom, HaMu (HaKTUIECKH JIOKA3AHA CJIEYIONIAsT

JIemma 5 Cnexmpanvnoe npedcmasaenue n = AE(t), ede A — onepamop
onucaHHn020 sviwe suda aadaemcsa Popmyrod

a0 = [ g du(n),

ede pynryua g(\) ecmpoumes caedyrougum 0bpaszom: npumenum onepamop A
K pynryun e u nodemasum myda t = 0:

g\) = Ae™ |t:0
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[IpogemMoHCTPHpYEM, KaK 9Ta JIEMMa MOXKET ObITh HCIIOIb30BAHA, /s Pe-
HIEHUS CTAIMOHAPHBIX CTOXACTUYeCKUX AupdepeHImajibHbIX YPaBHEHUI.

[Iyctp P — muorowien. Paccmorpum nuddepennuaibioe ypaBaenue, (hop-
MaJIbHO 3aIUCBIBAEMOE B BHIE

P () = <o
TOFILa n3 JIEMMBI BbIT€KaeT, 9YTO DEIleHue ero nMeeT BU /I
it
w0 = [ gy

[Ipy 3TOM JOMKHO BBINOIHATHCS

dm(\)

[P(iA)[?
(m — crpykrypHas dyHKIus Mepbl (). Eciu nocieanee ycioBue Hapylaer-
¢, TO HE OJIHOTO CTAIMOHAPHOIO PEIleHns] PACCMATPUBACMOrO YPABHCHUS HE

CYIIECTBYeT. DTO caeayeT u3 JeMMbl 2. B acTHOCTH, cTallMOHADHOE pellleHne
yPaBHEHUS

dn
—(t) = &(t
e = )
CYHIQCTByeT B TOM U TOJIBKO TOM Cﬂyqae, KOoTr'la
dm(\)
2 < %

IPU 9TOM OHO 3aJaeTcs GpopMyIoi

o) = [du) +

rie (— NpPOM3BOJIbHAS CIydvaiiHas BeJWdnHa, He KoppesanpopanHas ¢ u(C')
(wrm, aro ToO Ke camoe, ¢ Z(N)).

5.4 3agada HMPOTHO3a CTAIMOHAPHOIO CJIydYaii-
HOT'O IIPOIECCA — CUHIYJIAPHBINA Cjry4dai

Haunem ¢ obuedi nocranoBku 3ajadu nporuosuposanus. [lycrs £(t) — ciy-
JallHbIA Ipolece, a caydaiiHad BeJUYNHA 1) HHTerpupyeMa ¢ KBaJaparToM, T.e.
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n € Lao(< Q,F, P >). Tpebyercsi, Habntonast 3Hadenus npomecca &(t), npej-
CKa3aTh 3HAUeHHe He HaO/o1aeMoil Beinaunbl 7). OG03HAINM Yepe3 fj<; Ipo-
rHO3 7) 110 3HaYeHusM (), § < ¢ HAWIYUNIMA B TOM CMBICTIE, ITO

M(t) = Mz — nf*

MHHUMAJIBHO Cpean BCEeX NOIIYCTUMBIX MHTEI'PUPYEMBIX C KBaAPaTOM IIPOTHO-
30B.

[Ipouece £(t) HASBIBACTCA pe2YAAPHBIM CAEEAQ, ECTH
(Vn € La(< Q, F,P >)) Jim M(t) = Dn,

U CUHRYAAPHVLM CAE6a, €CJIT STOT NPeJIe/l PABEH HYJIIO.

CMBICT 3TUX ONpene/IeHnii COCTOMT B TOM, YTO B CHHTYJISAPHOM CIydae
3HAYCHUS JTI000M CIydallHON BeJIMIUHBI IIPEICKA3bIBAIOTCA aOCOTIOTHO TOTHO
110 CKOJIb YTOJIHO YAJEeHHBIM 110 BpEMEHH B IIPOILIOE PE3yJIbTaTaM HaOJII01e-
HUIi, & B PEryJIAPHOM CJIydae HEBO3MOXKHO YKA3aThb 3HAYEHUE 1) ¢ TOYHOCTHIO
GoJjiee BBICOKOM, YeM ee JUCHepPCHs.

[TomobubIM 2Ke 00pa3zoM JAIOTCH ONpPeIe/IeHIs MPOIECCOB, PEeryaapHbIX U
CUHTYJIAPDHBIX CIIpaBa (B 9TOM CJIy4dae IIpedes B OllpedeJIeHUN BbIYUC/IACTCA
npu t — +00), & TaK¥Ke MPOIECCOB, AUHETHO PELYAAPHULEL CAe8G U AUHelHO
CUHYNAPHVULL CAE6G. BCS PASHUIIA B TOM, YTO IIPH ONPEJEJICHUN HAKIY YIIero
nporuosza Muaumu3zanusa M (t) TpoucxoauT cpejin BeeX JTUHEHHBIX MTPOrHO30B
T)<¢. BO3MOXKHBI, KOHETHO 2Ke, I TaKHe MOHATHS, KaK JHHeHHasd PeryIsapHOCTb
(MM CHHTYJASIPHOCTH) CIIpaBa.

[Tyctes Temepnb &(t), t € Z — cranuonapHasi caydaiiHas MOCTeI0BATE b
HOCTB. 3ajady JuHEeHHoro mporuoza 1 = &(m) mo 3nadenusam &(t), ¢ < 0
U3y4uM NOApoOHee. DTy 3a7ady MOKHO Ha3BaTh 3ajadell IPOrHO3a Ha M
maros Brepe. Ilycrh m — crnekTpajibHas Mepa mociegosarenbnocta &(t).
[Mockonbky Lg(m) msomerpuano He — m3omerpus ocymectsisiercss orobpa-
ZKeHnem

I(f) = ]fdu—

TO JIJIs OCYIIEeCTBIEHNS HANIYIIIero JHHEeHHOro IIPOrHo3a Haa0 HAfiTH Takoe
g B L — muneitnoit obonouke dbyuxnmii e**, z < 0 Tax, ITo0bLI

(eim)‘ — g) 1 L,
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T.C.

/ (¢ —g(\) e ™dim(A) = 0, n<o. (5.5)

Jluneinasa CUHTYJIAPHOCTD CJIeBa O3HAYaeT BO3MOZKHOCTD allliPOKCHUMUPOBATH

imA A < 0 CKOTb yTOIHO TOUHO.

e NpPU MOMOIIN JIMHEHHBIX KOMOWHAINI €
[Ipu 5TOM TOYHOCTH MOHUMAaeTCsi B cMbice dbopmyast (5.5).

Teopema 10 3amrnem unmepsas [—m,T) 6 okpyscrocmsv. Ecau nocumenw
cnexmpanvroti mepo, () cocpedomouen wa dyee, sanumaroweld menee no-
A0GUHDL 9MOT OKpYICHOCTIU, Mo nocaedosamenvrocmy E(t) aunetino cuney-
AAPHG CAEBA.

HoxkazatembcrBo. O6ozHadnM depes z amciao e . Ilyers zy — cepeamHa
TOI JIyr'M OKPYZKHOCTH, Ha KOTOPOil cocpenoroder Hocureab m. Torma (9ro
MOZKHO JIETKO JIOKa3aTh, CeIaB COOTBETCTBYIOIINI PHCYHOK) Hall1eTCst TaKoe
N, ato mjs 11060T0 3TeMEHTa, z HOCUTE s CIIEKTPAJIbHON MephI CIIPaBe IJInBO
INzp — z| < N. Ormerunm Tenepb, 910

A 1 _ X (Nzg—e )"
Nzo+ (2 — Nzy) —  (Nzntt

a 3Ha4uT, npuMenss ounom HrioTona, n3BmekaeM orciojia TpedyeMoe pasJio-
JKeHHe TI0 OTPHIATETbHBIM CTeNeHsIM e:

- Ck k —'Lk>\
Z > (- W(Nzo)n

n=0 k=0

Teopema nokazana.

OrMmeTnmM, 9TO B CHHTYJIAPHOM CIyYae Mbl 3a0HO TOIYIHIn (hOPMYJIBI
HAWIYYIIero JUHeHHOro nporuo3a. B gactHocTu, dpopMysia s mporuno3a Ha
OJIMH TIAT BBITVISIUT CJIEIYIONIHM 00Pa30M:

o0

£(1)<o = Z Nz — Z 1)*CF(Nz)" *€(—k).
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5.5 3ajiaua IPOTHO3a CTAIIMOHAPHOTO CJIy4aii-
HOT'O IIPOIIECCA — PEryJJasapHbIi CJIydait

5.5.1 IlocTpoeHne NporHOoCTUIECKUX (POPMY.JI

Ceitqac pacemorpuM ciaydaii, korga E(t), t € Z — pery/sgpHasl CTalmoOHAPHASI
cIydaiiHast mocjeIoBaTeIbHOCTh. OrpaHudauMcs CUTyalueif, B KOTOpOil oHa
UMeeT OrPAHUYEHHYIO CIHEKTPAJbHYIO ILIOTHOCTH. DTO O3HAYAET, 4TO HAii-
AYTCA TaKue IIOJOZKHUTEJIbHbIE ITOCTOAHHBIE Ci1,Co, YTO AJId IIPOU3BOJBHOI'O
A € [—m, 7] mmeeT mecTo HepaBeHCTBO ¢ < f(A) < ¢g. Tem cambim

Lg(m) = LQ[—ﬂ', ’7T].

[Iycts Hey — 3ampikanue £ B Lo[—m7, 7], Hoo — 3aMbIkanne TuHeiiHol 060-
aoukn ™ n > 0 B TOM e npocrpancTse. I3 CylecTBOBAHNS U €1HHCTBEH-
HOCTH pa3/oxkenus (pynknuii B psjg QPypbe ciiepayer, 9To

(Vg € Lg[—ﬂ', 7T]) (E“hl € Hso, hy € H>0) g = hi 4+ ho.

YesioBue IpuHALIEKHOCTH TpocTpancTBY H<( oueBHAHO, COCTOUT B TOM, ITO
k03 punuentol Pypbe C MOJTOKUTEJTbHBIMI HHIEKCAMHU BCe paBHbl (.
[Tepenurrem dbopmyay (5.5) B caeayroneM Buje

/7T (eim)‘ — g(A)) e”Md\ = 0, n<O0.

Tem cambim, HeoOxoamMo HaiiTh Takylo dyrknnio g € H<g, aTobsr

(¢ = 9(N) FN) € Hag, (5.6)

Bsenem eme neckonbko oboznadennit. Yepes Cs( 0003HaINM 3aMbIKAHHE JIH-
HeiiHoit o6ostouku €™, n > 0 B cMblcile PABHOMEDHOMN CXOJMMOCTH, 4epe3
C< — amanormunoe 3ambikanne ¢ n < 0. HerpyaHo HOHSATHL, 9TO BBe-
JIEHHBbIE KJacChl (DYHKIUN dBASIOTCA ajreOpaMu (PyHKIHA, T.e. 3aMKHYTBHI
OTHOCHUTEJILHO CYMMHPOBaHHM U yMHOXKeHuU. Bosee Toro, sicHo, 4To onu 3a-
MKHYTBI H OTHOCHTEJBHO B3ATHS IKCIOHEHT, T.e. ecd, HanpuMep, g € Cc,
10 €9 € C<y. Hurareso B Ka4ecTBe HECJ0KHOIO YIPAXKHEHU [IPEJLIaraeTcst
JIOKA3aTh CJIEYIONIEee YTBEPIKICHUE.
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Jlemma 6 Cnpasedausol caedyroujue ymeeprclenu:

(91 € Heo, g2 € C<o) = g192 € Hey,
(1 € Hog, g2 € C59) = 9192 € Ho.

[Ipexmonoxxum, HaMm yaanock HaiiTn Takue Gyakunu f1 € Coo, fo € Cs,
ITO % € C, 712 € Csom

(VA) A = AN

Takoe npeacTaBIeHne MBI YCIOBAMCA HA3BIBATD (PaKMOPU3AUUET CNEKmpan-
noti naommnocmu. Huzxke Mbl gokazkeM, 9r0o haKTOPU3AIUsA B PACCMATPHBA~
eMOM CJIydae BO3MOZKHA M yKarKeM HEKOTOPBIE aJTOPUTMBI ee HOJIyYeHHUs.
Howmuoxkas obe wactn (5.6) Ha 1/ fo, monydaem SKBUBaJIEHTHYIO HOPMY 3TO-
IO YCJIOBHS:

(e = g(N) fi(A) = h()) € Hay,
OTKYJd '
e (N = g\ fi(N) + h(N).

[Ipubernem K pasznoxennio Pypoe. IlycTh
A = o+ > cjemM
j=1

Otciona
m [ee]
imA _ i(m+k)X —ijA
e fi(A) = Zc_ke( Lt D e
k=0 j=1
YUuThiBasg, 9TO MepBas TPYIIA CIaraeMbIX 3/1eCh UMEET HeOTPUIATEebHbIE

K03 pUnrenTs Tpu MHAMOI €JIHHUIIE B TOKA3aTEAsIX SKCIIOHEHT: a BTOPAast
— OTpHUIATE/IbHBIE, MOYKHO BbIOPATDH

00 —ijA
Com + Zj:l Com—je

fi(A)

[Ipenmonokum, MOCTpOEHHAsT TOJBKO UTO (DYHKIHUs ¢ pasyoxKeHa B psam Py-
pbe

g\ =

gA) = by + Y b_je

i=1
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TOrJa HAWJIYYIINA JIMHEAHBI NMPOTHO3 HA M IMAroB 33JaeTCd CJIE Iy IOIM
obpa3zom:

€0 = i b_;&(—7)-
=0

Boraucanm cpeHeKBaIPATHYECKYIO ONMMOKY TPOTHO3a 33 1M TIaroB

—T

B cuy cuenanubix Boie ponyienuii f(A) = fi1(A) fi(A), a 3naanr,

o*(m) = [|(e" = g) A dx = [P

Orciofa, ¢ y9eToM OpTOHOPMUPOBAHHOCTH B Lo|[—m, 7] 6aszuca \/%em)‘, n e
7, nonydaem

T , , 12 i
o?(m) = /‘coe””’\%—clel(m_l)A —|—...+c_m+lem‘ dA = 21 Jeomiil®.
j=1

—T

IIpr m — oo BHAUM, YTO
o¥m) =2} le ) = [ IAPAA = K(0)
j=1 n

T.e. TUCIEPCUH CIy9aiiHOi Bemauubl (M), 94T0 elie pa3 MOATBEPK IALT, 9TO
B 9TOH CUTyalluu UMEETCH PEeryJdpHbId cay4dai.

5.5.2 Kak ocymecTBuTh (hakTOpPU3aIAIO

Cuauaga — obmue pekoMengamnun. [IycTsh crekTpaabHast MIOTHOCTH f J10CTa-
TOYHO IIajKast. Pacemorpum

Inf(A) = Y ae™
2€7Z
[Ipu Bcex 3HAYEHUSAX aPIyMeHTa STOT JIorapudM fABJIAeTCd JAefiCTBUTEIbHBIM

quCIoM, T.K. f(\) NpHHEMAET TOMHKO NOJOKHTEJNbHDbIE 3Hadenus. OTcioa

ap >0, (Vz)a_,=a,.
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Bribepem
Ri()) = % + 3 0™ By(N) = 24 Y a.e
2<0

TOF,ZLa Rl € Cgo, RQ S ng, E = RQ. TTonoxkum
fitA) = expRi(A),  foa(A) = exp Ra(N).

HeTpyao nOoHATH, 4TO 3TH DYHKIMH W OCYIIECTBISIOT HYKHYIO (paKTOpU3a-
o, Vlemonb3ys pa3nokenne IKCIMOHEHTHI B CTEEHHOM PSIT, MOXKHO ONpe/Ie-
JinTh KopdummenTor paznoxkenns Oypbe Qyukmun fi; depe3 cOOTBETCTBY-
forre Ko dummentor Ry:

< RI(\ s a .
o e PP ¢ 20
J= ’ J=1s"

z<0

J

B wacrrocTH, orciona
- :
ap\’ ao/2
co = 1 — = = e™
0 + Z 4! ( 2 ) ’
Jj=17"
a CcJIeJIoBaTe/IbHO, CPeIHEeKBAIpATHIeCKasd OIMIUOKA MPOTHO3a 3a OJMH IIar
o*(1) = 27|co|* = 2me™,
nJjin

17'{'
2(1) = 2 —/1 A)dA
1) = 2resp o [n g0y

B konie pasjesa paccMOTPUM HaCTHBINA cjydail, KOrja CIeKTpaibHas
IIJIOTHOCTD IIpeacTaBJIdeTCd B BUAe OTHOIICHHUA ABYX MHOT'OYJICHOB, T.€.

P ( eiA)

Q(e™)’

P, () — muOTOUTeHbI. EC/In KOMILIEKCHOE IHCIO 2 JIEXKUT HA e TUHUTHON OKPY 7K-
HOCTHU C IEHTPOM B HadaJie KOOpJAUHAaT, TO U3 Halller'o IpeacTaBJIeHUA CJICIYET,

aro P(z)/Q(z) — neiicTBUTEIbHOE YHUCI0, & 3HAYUT KayKJIOMY KODHIO 2; OJl-
1
HOT'O W3 MHOTOWIEHOB, OTIHYHOMY OT 0, COOTBETCTBYET KOPeHb (Z;)  , CHM-

f)

METPUYHbIN Z; OTHOCUTEJbHO €JIMHUYHOI OKpyzkHocTU. Torja Haiia JpoOb
MOZKeT OBbITH 3alucana B BUJIE

PR) o ma)— )= )= Y

Q(2) (2 —wi)(z — o 1) (2 — wn) (2 — w})
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rje ¢ — KOMILIEKCHas HOCTOAHHAdA, k — pa3HocTh KparHocreil Kopas (0 y MHO-
rounenos P u (). YcnoBumces canTaTh, 9TO KOPHA Z;, W; 110 MOJYJIIO OOJIBIIE
1, a conpszkeHHBIe UX 00pPATHLIM, COOTBETCTBEHHO, MeHbIIe 1. 3aMeTumM, 9To

(2 — 2)(z — z‘l).

(z—z)(z—7%") =

—Z2iZ;
B pesyabrare nomyunnn
P(z) R — (21— 2)(z1 — 27 1)z — 2) (2, — 271) .
Q(2) (wy — 2) (w1 — 27 ). (wy, — 2) (W, — 271)
Ecmz=e?Tm02 =21
(25— 2)(Z—27) = [ —2* > 0.

CrenoBaresnbHO, ¢ — IeHCTBUTEIbHASA MOCTOsTHHAS, kK + n — m = 0 U MOXKHO
BbIOpaTh
(z1 — e ™). (2, — ™)

(w1 — e ). (W, — e7)

f1(>\) - \/E (5-7)

Haso b yoeaurbes, uro fi, fit € Ceg. Jjast 91010 10CTATOMHO HOKA3ATh,
9TO /ST TPOM3BOIBLHOTO KOMILIEKCHOTO @, O MOY/II0 GombIrero 1, cnpase-

o\ 1
JIHBO (a — e”) € C<p. Sanumem

1 1 [e%) —i\ J
a 1+5 (S
=1\ @

a — e*i)\ 1 . e—iA

Q|

a

Iocnegnasa cymma ouesuano jeknuT B C<p. IIpn BeIBOmE MBI BOCTIOIB30Ba-
smuch popmyioit Teittopa u Tem (bakKTOM, 9TO B CHJIy BHIOOpA KOpHEi
o~

— < L
a

[Tonenem utor. ng momydenuss hakKTOPU3AIUU CIEKTPATBHOW TIOTHOCTH
B YACTHOM CJIy4ae JOCTATOTHO PA3JIOXKUTH YHCIUTENb U 3HAMEHATETh Tpo0n
Ha JIMHEHHble MHOXKUTEJIM, BbIOPATH KOPHU, 110 MOJLYJII0 OoJibliine 1, u 3a/1aTb

J1 no dopmy.e (5-7)7 Jo = f/f1-
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5.5.3 Opgun npumep

HYCTB CHHEeKTpaJibHasA IMJIOTHOCTH UMEET BUJ
f(A) = 5+4cosA.
Torna crnekTpaJIbHBIM IpecTaBaeHueM OyaeT
fO) = 542 427

3aMeTuM, UTO KOBapHaluOHHAas (PYHKIUS COOTBETCTBYIONIEH CTAIMOHAPHON
ITOCJIE/IOBATELHOCTH UMEET BHJ

™

lﬂw:‘/ﬂﬁQMA:

—Tr

10sin 7t N dsinm(t+1) 4sinw(t—1)
t t+1 t—1

[Ipu Beex t ormmuanbix or 0 u £1 9710 Beipaxkenne pano 0, K(0) = 10m,
K(£1) = 47. Banumem

2e% 4 5t 2 P(e?)

PaSJIaFaH YUCJINUTEJIb Ha MHO)KI/ITQJII/I7 HOJIy‘II/IM
i1 i\
PR G I G SR YRS

9TO0 03HAYAET, UYTO MOKHO BHIOPATH
AN =24 fH(A) =€ +2,

1, B 0003HAYEHUAX TPE/IbIIYINEro mojapazjieia, cg =2, c_1 = 1, c_p = 0 npu
k> 4.

Beinuiem dopmysty nporuosa Ha 1 mar (m = 1).
1 1
A = e fY N = =
9N = e f) = i

CJIeI0BATEJILHO, ITpUMeHdas (POPMYIYy CyMMBbl OGecKoHeYHO yObIBaloIieit reo-
METPUIECKON MPOTPECCUH, TOTY THM:
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OkoHuaTe/IbHO, HAUIY YN JUHEHHBIN IPOTHO3 38 OJMH TIar 3a1aH POpMy-

JIoi - _
0 = 560 + S
Brrauceinm BEJIMYHUHY OHII/I6KI/I IIPpOTrHoO3a:
o*(1) = 2mey = 8m,

YTO YKa3bIBaeT HAa HU3KYI0 HAJIe’KHOCTH MPOTHO3a. Ecam Obl MBI B3AIUCH
HPOTIHO3UPOBATDH HA 2 IIara, TO MOJy4Yuan Obl, 4TO

0*(2) = 27m(ci+c*,) = 107 = DE(0),

YTO TIOATBEPKIAET PETYASIPHOCTH PACCMATPUBAEMOIT TTOC/IETOBATETHHOCTH —
HEBO3MOKHO JIaTh ITPOTHO3 TOYHEe, YeM C TOYHOCTBIO 710 AUCHepcur. Takum
00pa3oM, MpHU MPOrHo3e Ha JiBa U Oojee MAaroB HAWIYYIIIM IIPOIHO30M CJie-
JIyeT IpHU3HATH MaTeMaTHIecKoe ouaanue (t), WIn ero oueHKy

o E(—N) + ... +&(0)
N +1 '

5.5.4 3agadva CTATUCTUYIECKOTO OIEHWBAHUA CIIEKTPAJIb-
HOH IIJIOTHOCTU

N3 npeablayniux moapa3aeioB CTAHOBUTCS sICHO, UTO 3HAHUE CIEeKTPaIbHOM
MJIOTHOCTHU HAOJII0IAaeMOro CJAyJaifHOTO MPOoIecca SBASeTCA KpaiiHe BayKHbIM
JIJIS pellleHud 33jad Iporuo3a. C MOMOIIbIO CIEKTPAJIbHON IJIOTHOCTH pe-
MIAIOTCS TaKyKe MHOTHE JIDYIMe HHTEePECHbIe 3aj1a9u (HampuMep, 3ajada pe-
HIEHUST CTAIMOHAPHBIX U DepeHInaibHbIX yPaBHEHUN U3 YuCIa PaCcCMO-
TPEeHHBIX HaMu). [109TOMY HaIuM PEKOMEH/JAIMH 110 ee OIEHKe 10 JAHHBIM
HaOJIFOAEHN HAJT CyYaiTHBIM TTPOIECCOM.
Baxknoe 3HadeHne Ipu 3TOM UMeeT CTATHUCTHKA

Zr(X) = |Z e"*E(s),

KOTOPYIO MOYKHO TIPEJICTABATHL B BHJIE
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rJe [t — OPTOTOHAJIbHAS JEMEHTAPHAS CTOXACTUYECKAS MEPa U3 CHeKTPAJIb-
HOTO MpPeJICTABIEHHs CIydaiiHoii mocrenoarenbroctu (1), a

gT(U) a ;Te - ° sin u2
Crarucruka 1
X) = — — 5:(X)]

HA3BIBAETCS Nepuodozpammoti 1 OOBITHO TPUHUMAETCS 38 OIEHKY CIeKTPaIb-
HOI ILIOTHOCTH.

[Tokazkem, 910 npu t — +00 MEPHOIOTPAMMA, ABIAECTCA ACHMIITOTHIECKHT
HECMEIeHHO ONEHKOM’, eC/iu TOJbKO f ()\) HeIlpepbIiBHA. 3aMeTHM, UTO

™

Myr(X) = [ nr(X =Y)f(¥)ay,

rIe

2
_ 97 (u) _
m() = S
sapo Peitepa. OdeBuIHO, ITO
nr(u)du = 7/ e ™ du = 1.
_{ 2w (2T + 1)_7r lsle:T

B kypce byHKIHOHAIBHOIO aHaAIN3a JOKA3BIBACTCH, YTO B C/Lydae IPeICTaB-
JleHusi HeKOTOpoit ¢yukiun [ B Buge mHTerpana ¢ syipom Deitepa nmeer
mecto Mor(X) — f(X) npn T — +o0.
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I''1aBa 6

Ilpoiiecenbl pasmMHoOKeHUd 1
rnoesin

6.1 OcHOBHBIE TIPEANOJI0XKEHNA

[IycTb B HEKOTOPO# 00/1aCTH UMEIOTCH YacTUIlbl. By/IeM cYuTaTh, 4T0 UX KO-
JMYECTBO B 9TOH 00JACTH CAy9aiiHO U 0003HAYNM P, (1) BEPOSITHOCTH TOTO,
9TO B MOMEHT BPEMEHH t MMEJOCTb POBHO 7 YaCTHI[. YCIOBHMCS CUUTATH,
9TO KOJIMYIECTBO YaCTHIL B 06siacTi o0pasyer Henb MapKoBa ¢ COCTOSHUSIMU
0,1, ... a BEPOATHOCTH MEPEXO/A VIOBIETBOPSIOT CACAYIOMINM YCIOBUAM

1. Poppr(At) = A AE + o( Ab);
3. Pun(At) =1 — (Ay + pn) At + o(At);

4. P;;(0) = 0,4, tae 0; j— cumBos KpoHekepa, paBHBIIl HYJIIO IPU HECOB-
aJICHAN HHICKCOB M ¢JUHUIC IIPH COBIIAICHUN.

M3BecTHYIO MOCTENOBATETHHOCTD YUCET )\, €CTECTBEHHO HA3BATh MHTEHCHB-
HOCTSIMHM PA3MHOYKEHUsI, a ITOCIe/I0BATEIbHOCTD [, — MHTEHCUBHOCTAMH rube-
. Ecn (Vn)p, = 0, T0o ToBOpAT 0 wncToM pazmuoxennu, eciau xe (Vn)\, =
0, To 0 umcroit rubesm. 3amMeTuM, 9TO U3 C(HOPMYIUPOBAHHBIX JTOMYIIEHUH
CJIEJIYET, 9TO BePOSITHOCTD POXKICHUS WU rubesn 3a BpeMst At 0IHOBPEMEHHO
IBYX Wyn Gostee dacTurl ecTh o At).

YKazkeM 0jinH HaOOP JIOCTATOUHbBIX YCJIOBUM J1j1d TOT'O, 4TOObI ObLJIN ClIpa-
BeJTUBLI BCe (bopMyJibl, BhICAHHbIE BbIle. [IycTh YacTHIIB PA3MHOKAIOTCS

39
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u TUOHYT HE3aBUCUMO JPYT' OT Jpyra, IPUYeM KaKIas U3 HUX 33 TPOMEKY-
TOK At TOPOZXKIaeT HOBYIO C BEPOSTHOCTHIO b Wan THOHET ¢ BEPOSITHOCTHIO
d (b+ d < 1). [Ipennono:kum, 910

b= AAt+ o(At), d= pAt+ o(At).

[Ipu 9TOM OYEBHIHO, UTO BEPOATHOCTD 3a BpeMst At POIUTHCS UK TTIOTUOHY Th
JABYM ujin 0ojibleMy KojamdecrBy wacrul, Oyaer pasHa o(At) nesaBucumo
OT TOrO, CKOJBKO B 00JIACTH MMEJOCh K TOMY MOMEHTY 4acTul. Temeps,
obosHauast by, (At), d,(At) 9ucna poAMBIIUXCS ¥ TOTHONINX YACTHIL, TOTYIHM

P(b,(At) =1) = nAAt +o(At), P(d,(At) =1) = nuAt+ o(At),
a 3HAYUT,

Poni1(At) = P(by(At) = 1,d,(At) =0) + o(At) =
= (RAAL + o(At))(1 — nuAt + o(At)) + o(At) = nAAL + o(At);
P, n1(At) = nulAt + o(At);
P, (At) =P (b,(At) = 0,d,,(At) = 0) + P(b,(At) = 1,d,(At) = 1)+
+o(At) = = 1 — (A + p)At + o(At).

Tem CaMbIM, B 9TOM CJIyda€ BCE€ IIPEAIIOJIOZKEHU A OKa3bIBalOTCA BbIIIOJIHEHHDbI-
MH.

6.2 OpgHOMEpHbIE paciIpeaeIeHud

[Tosryaum audpdepeHnnanbable YpaBHEHHUsI, OIMMCHIBAIOIINE TPOIIECC PA3MHO-
Kenust u rubenun. Ilo dbopmysie moHON BEpOATHOCTH

pu(t + At) = p(6)(1 — nAAL 4 o(At)) (1 — nuAt + o(At))+

+pn1(B)((n — DAAEL + o(AL))(1 — (n — 1)puAt + o(At))+
+ns1 () ((n+ D pAt + o(At))(1 — (n+ 1)AAL + o(At)).

OTcroa HETPYIHO MOy YIUTh

pa(t + At) — pu(t)
At

= —n(A+ @)pa(t) + (n — DAprn — 1)(t)+

+(n+ Dpppsa(t) + o(1).
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[Tepexomns K npejiey, nuMeeMm

Po(t) = =n(A + @)pn(t) + (0 = DApn-a () + (0 + 1)ppnia (£).

3jech mpeganoaaragochk, 9ro n > 1. Ecan xe n = 0, To aHAJOTUIHBIMEA Pac-
CYKJIEHUSIMU BBIBOTUM

po(t) = upi(t).

YMHOXKUM N-HOE ypaBHEHHUE MOy YeHHOH CUCTeMbl Ha X' W, CKJIaJbIBasd, 1O~
JIYYAM

Yo ()a" = p Y pa(H)a" I+ Aa? Yy pa(t)a T n—
n=0

n=1 n=1

—O+ 1) Y palt)n.

n=0

Ecau mb1 Tenepb 0603HaYNM

Frt) = i pult)a”

TO IIOJIYYE€HHOE BbIIIIE YpaBHEHHE MOXKHO II€pellucaTb B BH/E

(p— A+ p)x+ /\IQ)aa—];.

oF

ot
[Tpennonoxum a7st mpoctorhl, 9to pi(0) = 1, T.e. B HAYAABHBI MOMEHT Bpe-
MeHH B 00JIACTH HAXOAMJIACh OnHa dacTuna. OTcoga, B YaCTHOCTH, CIeIyerT,

910 p,(0) = 0 mpu n > 1. UTo0bI pemuTh ypaBHeHnEe B YACTHBIX TPOM3BOJI-
HBIX, COCTaBUM OObIKHOBEHHOE jindDepeHInaibHOe ypaBHEeHKE.

—dz

dt = ,
p— (A + p)x + Aa?

OTKY/Ia

—t—/ dz 1/(1—)\)d
cTr p—AN+pzr+r2 p—AJ)1—2 pu—Ar T

1
= In

1 — Ax
= A '

11—z
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Ob1iee perienne ypaBHEHUsI B 9aCTHBIX TPOU3BOIHBIX, T.0., Oyger

1 W — Az
F t, - R 1 + t )
(t,2) ( pw—A i >
riae R - npousBonbHas quddepennupyemast byukmus. [lpu t =0 F(z,t) =
X, WK
1 —A
R ( In a ‘ + t) =z,

= A 1—=z

n R ectv obparHas GyHKIM Jd U = ﬁ In ‘% . CrleioBaTeIbHO,

lu — e(.u_)‘)u
X — elb—Nu’

R(u) =

[ToncTaBngg B 9TO BeIpakeHHe BMECTO U apryMeHT R, nMeem

p(d — V) + (et V0 — p)
A — pe=Vt 4 Ag(eln=Muw — 1)

F(z,t) =

Pazytarasg F' B psii 110 cTenensM &, HETPY/AHO HMOJIYYUTb, YTO

n—1

(,LL _ )\)26(“7)\)15 (1 _ 6(,uf/\)t) Pt

pn(t) o ()\ — Iue(#*/\)t)nJrl Nz 1’
/’L ]_ — e(u_)‘)t )\ _
po(t) = ( ) m\) = —
)\ — Me(ﬂ_)‘)t )\ — ue(#‘A)t

IIycts 1 < A. Torma mpu t — 00
1
po(t) — Y\ nt) —1-
a ecjim, HAo0OPOT, [t > A, TO

po(t) — 1, pi(t) — 0.

BuiBoanl cuenaiire camvu!
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6.3 Bpemsa nmpebbiBanus 1 ypaBHeHHda Koumo-
ropoBa

Oboznauum uepe3 1), BpeMs, B TedeHHE KOTOPOTO OOIee UUCI0 YaCTHI] B
00JTaCTH OCTAeTCS HEM3MEHHBIM U DABHBIM 7 (BpeMsi peObIBaHUS IPOLECcCa
B cocroguun n), F,(T) = P(Tx > t). Torga MOXKHO ¢ y4eToM CIeaHHbIX
paHee IIPEeINOJOKEeHHI CINTaTh, ITO

Fo(t+ At) = F,(t)Pun(At) + o(At) = F,(t) — Fu(t) (A + pn) + o(At),
oA F.(t+ At) — F,(t
n(t + Ai_ nt) _ (A + ) En(t) + o(1).

[Mepeitnem k npemeny npu At — 0 u pemum moxydusineecs auddepeHim-
asnbHOe ypapaenune. C ydyerom yciaosusi Fy,(0) = 1 motyuum

Fu(t) = exp{=(An + pn)t},

YTO O3HAYAET, YTO BpeMs IPeObIBAHKUA UMEeT SKCIOHEHIIUAIbHOE pPacIpe/ie-
JIEHHE ¢ TapaMeTpoM A, + [, :

P(T, <t) = 1—¢ (Gntmlt ¢ >

BriBesiem TakzKe n ypaBHEHU S, CBA3BIBAIOIINE BEPOITHOCTH TEPEX0a MPO-
1ecca U3 OJHOro cocTossHus B apyroe. ITo bopmyiie ool BeposTHOCTH

Pn,k<t —|— h) — Pn,nfl(h)Pnfl,k(t) —|— an(h)Pn,k(t)‘i‘
4Pt (h) Poyr o (t) + o(h), n>0,
PO,k<t + h) = PO’O(]Z)P()’k(t) + P()J(h)PLk(t) + O(h)

Hena wa h un ycrpemnsig ero K 0, moayauMm cucrtemy audpepeHInatbHbIX
YPaBHEHUI:

0k(t) = AoPo(t),
Py (t) = pnPo1p(t) — (A + ) Pa(t) + An Py p(t), n>0.
DTa cucTeMa HOCUT HA3BaHUE CUCMEMbL 06pamHby uddeperyuaibrHulT Ypas-

nenut Koamozoposa. AHAIOTHYHBIM O00PA30M MOXKHO MOJIYUUTH CUCIEMY
npamulx duddepenyuarviunr ypasnenuti Koamozoposa :

Prot) = —AoPao(t) + i Pra(t),
k() =t 1 Pogyr (B) — (M + i) Pog(t) + A1 Poa(t), no> 0.
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Pazuuma B Ha3BaHUSIX U CIIOCODAX MOIYUYEHUSA ITUX CUCTEM OObSICHIETCS TEM,
9T0 77151 OOPATHON CHCTEMBI Y HAC N3ydaeTcs Kak Obl "mpenpicTopus’ monananms
B cocTostHEe k, a 115 IPAMOI CHCTeMbI Hac HHTepecytoT ''mocteacTBus " BBIX01a
CHCTEMBI U3 COCTOSTHHS 7.

Ecim, He3aBuCHMO OT BBIOOpA i JJIS KazKIOrO j OIPEeIeIeHbI

p; = lim F;(t),
npuiem - ; p; = 1, TO TOBOPAT, UTO YUCIAA Py, P1, ... OOPABYIOT CMAYUOHAPHOE
pacnpedesenue COOTBETCTBYIOMIEIO MPOIECCa Pa3MHOXKEHUS W THOeIu. DTH
YUCIa, OYEBUIHO, MOKHO HHTEPIPETHPOBATH, KAK BEPOSTHOCTH OOHAPY KU Th
B 00JIaCTH j 9aCTHUIL YePe3 JOCTATOYHO TPOAOIKUTETHHOE BPEMSI.
Eciu crammonaproe pacupesesieHne CyIecTBYeT, TO U3 CHCTEMbI TPSIMBIX

ypasuenuii Kosmoroposa, nepexojisi B HUX K Ipejeay npu t — oo, MoayduM
CACTEMY JJId UX OIPEJCTCHU:

—Xopo + pup1 = 0,

Aker1Pk1 — (Ak + pe)pe + praprer = 0, k> 0. (6.1)
IIycrb
Ao A
7T0:1, Wj:M,jZL
M-l

[TokazkeM npyu OMOIIM MATEMATHYECKOR MHAYKIUHU, YTO PEIIeHHe CUCTeMbL
(6.1) mveror Bu

7Tj 3
pp = < J=20. 6.2
J Zk; T ( )
JeiicTBurenbHO, 13 nepBoro ypasHenus B (6.1) ciemyer
Ao
P1 = —Po = TiPo-
M1

[Iycts npu k£ < j nokazana dopmysia pp = Trpo. 1Orja, BHOBL MPUBJIEKAS
CHCTEMY, MOJIydaeM
AT
Pj+1 = Do,

Hj+1
OTKYJla Cpa3y zKe UMeeM Dji1 = Tj41Po. CJI0KHUM BCe MOy IUBLINecs COOTHO-
MMeHnd | yaTeM, 9T0 » . pr = 1. Torma

o

1 = po T = Po= -
Xk: >k Tk

Orcrona HemeerHo caenyer dopmyta (6.2).
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6.4 Ilpumepnl

6.4.1 JluHeiiHbIili pOCT C UMMUTrPAaIAeit

[IycTh B MO M Mpolecca pa3sMHOXKEHU U THOen N\, = An-+a, [, = un,
YTO MOYKHO HHTE€PIPETHPOBATH KAK HAJIMINE TOCTOSHHON MHTeHCHBHOCTH PO-
¢Ta U rudeJid IpU HAJIMIUH HEM3MEHHON OTHOCHTEIbHO OOIIEro IrCJIa, YaCTHIL
COCTABJISIIONIEH POCTA @. DTY COCTABSIONIYIO YA00HO HHTEPIPETHPOBATEH KAK
UMMHUTPpaluio, HEe CBA3aHHYIO C KOJIMYECTBOM YaCTHIL B O6.HaCTI/I. HpI/IBJIeKaﬂ
CHCTeMY NpsIMBIX ypaBHeHHit KomMoroposa, mosyanm

PAO(t) = —CLPLO + /J,Plyl(t%
Pli(t) = (a+Aj—1))P,;(t)—
(A +p)j+a)P(t) +p(j+1)Pjn(t), j>1.

YMHOXKUM j-e ypaBHeHWe Ha j u cymmmpyem. O6osnaunm M (t) maremarn-
Jeckoe OXkuJaHue mpouecca u gonycrum, ato £(0) = 1 ¢ BeposTHOCTBIO 1.
Torma moryanm

M'(t) = a+ (A—p)M(t).
Ecim A # 1, TO, IPONHTErPUPOBAB 3TO YPABHEHUE, TTOJTYIUM

Ine(a+ (A—p)M)

- = t.
[loncrapnss ciona t = 0, HAXOIUM
1
c = m.
OkoHYaTEIHHO,
M(t) = ﬁ (A —1) + qenr,

Ormernm, ato pu A > p1 M (t) HEOrpaHWYEHHO YBEJINYIHBALTCH € T€YEHUEM
BPEMeHH, eCH Ke A < [, TO, MOHOTOHHO yObIBag, cTpeMutcs K A/ (1 — A).
Ecmm ke A = 1, TO

M(t) = at+1, M(t) — oo.
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6.4.2 (OOpa3oBaHme o4depeau B CHUCTEME MaCCOBOTO 00-
CJIY>KVBAHUSA

Paccmorpum obctykuBanre KJINEHTOB HEKOTOPOIT CUCTEMOIl — HAITPUMED, Bbl-
OuBaHMe YeKOB Kaccoil WM CTPpUIKKa B mapnkMaxepckoii. [Tycrs £(t) — uncio
KJIHEHTOB B 30He OOCHyKUBaHUsI (CUUTAsd TeX, KTO OXKUIAET CBOEH ouepe-
JIM U TeX, KTO yzKe ODCAY’KHBAETCs1) B MOMEHT BpeMeHu t. Byjaem cumtars,
9T0, HE3ABUCUMO OT YUC/IA YZKE MMEIOIIUXCsl KJTUEHTOB, YUC/I0 TPUOBIBAIOIIIX
KJINEHTOB UMeeT OJIHY W TY K€ WHTEHCUBHOCTH, HHTEHCHBHOCTH OOC/TY KIBa-
HUsI KJINEHTOB TaK:Ke MOCTOsSHHA. ECan KaHaa OOCTy>KUBaHUST TOJBKO OIUH
(T.e. OHOBPEMEHHO He MOXKET 0OCJYKUBATHCs GoJIee OIHOTO KJIMEHTA), TO B
paMKax MPUHATON Mojean orcioga creayer, ato (Vn) A, = A, u, = p. Obo-
3HA4YUM 4epes3 T; BpeMs 00C/IyKuBaHusd J-ro KaueHTa. Panee Obl10 nokasaHo,
4TO CIydaiiHble BeJIMYNHBI T; HMEIOT SKCIIOHEHIINAIbHbIEe pacupe/eienns, 60-

Jiee TOYHO
(Vi >0) P(r; >t) = e .

Ecam Bcero nveercst n KaHAJIOB 00CTY KHBaHHS (KACC, TADHKMAXEPCKUX UJIH
CTOMATONIOMMYECKIX KPeces | T.I1.), TO OJTHO W3 HUX OCBODOUTCS Yepe3 BpeMst
T — MUHAMYM U3 BeJIUYUH Ti, ..., T,. HETPYJAHO BUIETH, YTO

P(r>1t) = [[P(r; >¢t) = e,
j=1

YTO 03HAYAET, YTO BPEMs OKHUJIAHUs MEPBOr0 OCBOOOIMBIIETOCA KaHAIA 00-
CJIYKMBAHUS TAK2Ke UMEET SKCIOHEHIMAIbHOe pachpeaenenne. Takum obpa-
30M, €CJII UMeeTcs 1 KaHaJoB OOCAYKHBAHUS, TO [t = jiU IPH j < N H
[j = ML TpH J > n.

Bepuemcst K cucreMe ¢ OJIHAM KaHAJIOM OOCTyKUBaHUs. BO BBeIeHHBIX
BhIIIe obo3HadeHusx (e (6.2)):

A\ > 0
T, = — , T, = —
J U ]2:1 J ,u_)\

(KOHEYHO Ke, TOJNBKO JJIs f1 > A, WHAUYe OYepejib PACTeT, U HU O KAKUX
CTAIMOHAPHBIX DACHPE/IEICHUIX TOBOPHTH He HMeeT CMbicia). [IpuBiekast
(6.2), BUIIM, 9TO
n
w—A [ A
Pn = — (= , n=>0.
po \p
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OTH YHCIAa PABHBI BEPOSTHOCTSM TOI'O, U9TO Y€Pe3 MPOIOJZKUTETHHOE BPEMSI
¢ Hadata oOCTyKUBAHUS JJIMHA odepenu Oyaer paBHa n — 1 (OQUH KJIMEHT
0BOCTY ZKUBAETCS ).

Paccmorpum sipyro#t kpaitHuit ciaydait — Haandue O€CKOHEYHOI'O THCIA
KaHAJIOB OOC/IY>KUBAHUS. DTO O3HAYAET, UTO KaXKJIbI MOSIBJISIONINIICA B 30HE
o0CIyKUBaHUsT KJIAUEHT HEMeJIJIEHHO HadMHAeT ODCIy:KMBaThCA. TaKylo MO-
JieJTb CHCTEMbBI MAaCCOBOIO OOC/IYKHUBAHUSI MHOIAA HA3BIBAIOT MOJIEJIHIO TejTe-
donnoro yaia. 3mech

An = >\7 Hn = N,

a ¢cJaeJ0BaTeJIbHO,

N > Y
— — A
T, = —=, T; = €
J j!u] jzz:l J
/A"
pn = — — 6_%, nzo
n! \ u

DTO — BEPOATHOCTH TOTO, YTO OJJTHOBPEMEHHO depe3 TeteDOHHBIN y3e/T Be Iy T-
¢ n pa3roBOpoB. Kak MBI BUJIMM, YUCJIO OJHOBPEMEHHO BeIYIIUXCS pPa3ro-
BOPOB UMeeT TTyacCOHOBCKOE paclipejie/ieHne.
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I'maBa 7

HenpepniBHOCTL peajim3alinii

B aroif riase GyeM cauTaTh, 9TO BCE pacCMaTpPUBaeMble CIyJaiiHble Mporec-
cbl 3ajaubl mpH t € [a,b]. Haunem co caemyromero onpenenenus. Ipa ciry-
Jaitaeix nporecca £(t), n(t) HABBIBAIOTCS CMOTACMUNECKU IKGUBAACHITIHBLML,
eciIn

(ve) P(&(t) =n(t)) = L.
JIioboit mporece, CTOXacTHIeCKH SKBUBATCHTHBIN £(t) OyaeM HA3BIBATDL MO-
dupuranyued &(t).
CymecrBoBanune MoauduKanuii mporecca, 00J1a/Ial0uX HellpepblBHBIMA
MOTPUKAIIAME, BecbMa ya00HO. [J1g TaKuX IpoIeccoB Mbl IMEeM BO3MOK-
HOCTb MCCJIEJ0BATDH, HAIPUMED, HAUOOIbIINEe U HAUMEHBIINEe 3HAUCHUS U UX

pacnpejesenns Kak ciaydaitapix Besmmann. ChopmyaupyeM jBe TeOpembl, B
KOTOPBIX JAHBI YCJIOBHASA JJIsl CYIIECTBOBAHNS HEIPEPBIBHBIX peaIn3alinii.

Teopema 11 Ilycmv npu nexomopwvix r,a > 0
(Vs,t) Mlz(t) — 2(s)[" < cft — s,

moezda natidemea modugurayus &(t) cayuatinozo npoyecca x(t), obaadarowan
HENPEPLLEHBLMU PEANUSAUUAMU.

Teopema 12 [lycmv nawaucy makue MOHOMOHHO 803PACMAIOWUE TPU TO-
AOAHCUMENOHLT SHAYEHUAL AP2YMEHMO8 PYHKUUY §, ¢, MO

(Vt,h > 0) P(lx(t + h) —z(t)| = g(h)) < q(h),

49
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u, 6000060K,

izn b—a - = b—a -
00 00.
P q on ’ og on

n=

Tozda natidemes modupurayua &(t) cayuatinozo npouecca x(t), obaadarouasn
HENPEPLLEHBLMU DEANUSAYUUAMU.

HoxkaxkeMm, uTo TeopeMa 11 crmeayer m3 Teopembl 12 . [leiicrBuTenbHO, U3
YCJIOBUiT MIePBOI TEOPEMBI CJIe/IyeT, YTO MOXKHO HalTh Takoe v > 0, 410 v —
rvy > 0. [omoxkum

g(h) = K", q(h) = ch't*,

r7le TOCTOSHHAA ¢ TaKxKe U3 ycaoBust TeopeMbl 11 . W3 mepapencTBa YeObI-
1eBa ¢ 7-M MOMEHTOM CJIe/IyeT, ITO

Chl-i-a
P(lz(t+h) —z(t)] 2 g(h) < ——~ = q(h).
g"(h)
Ocrayioch TpOBEPUTH CXOIUMOCTD PIJIOB B YCJIOBHHU TEOPEMBI 12 , UTO caeaaTh
COBCEM HECJIOXKHO.

Jlnst jlokazaresibCTBA TeOpeMbl 12 HaM MOHAI00UTCH CIeLYIOINi BCIIO-
MoOTaTeJIbHBIHI Pe3yJIbTaT, OK&SBIBaIOH.[HfICH NMOJE3HBIM W BO MHOTI'UX JAPYTUX
3aJa9ax TEOPHH BEPOSITHOCTel, 0COOEHHO CBSI3AHHBIX CO CXOAUMOCTBIO MOUTH
HaBepHOE.

JIemMma 7 (Bopeas - Kauresnu) Ilyemo das cobwmutd A, As, ... cnpa-
6€0AUBO

i P(4,) < oo.

Tozda ¢ sepoammnocmvro 1 00HOBPEMEHHO MOHCEM NPOUSOTIMU NUULD KOHEY-
HOE YUCAO U3 IMUT cobbmul.

JokazarenabcTBo. Vcnoab3yst HHTEPIPETAIIMI0 KBAHTOPOB CYIIECTBOBAHUS
U BCEOOITHOCTH Yepe3 TeOPEeTHKO-MHOYKECTBEHHBIE OTEPAINU, 3aMETHM, UTO
eCJIM MPOU30ILI0 DECKOHEYHOE YUCI0 U3 COOBITHH, TO IIPOU3OILIO

A= N2, U2, A,



ol

Beegem B paccMOTpeHHEe MOHOTOHHO YOBIBAIOIIYIO MOCJIEI0BATEIBHOCTH CO-
Opitnit By, = U,>rA,. [Ipu aTom

n=k

[Ipumensis akCHOMY HEIPEPLIBHOCTH BEPOSITHOCTH, IMOJIYYaeM, 9TO
P(A) = lim P(By) = 0.
k—o0

JlemMa nokasaHa.
JokazareabcTBO Teopembl 12. Jlng yuporienus ¢dopmyn OyjieMm cuu-
TaTh, 9TO nMporecchl 3aaanbl Ha [0,1]. Pacemorpuwm caydaitasiii mporece

X)) = 2" (@(tpr) tngsr — ) + 2(tngs1)(E = o)), t € [ty tnkil,
rae t,p = 2%, k=0,...,2" 3amerum, 4TO
(Vn, k) X (tr) = z(tns)

10 IoCTpoerHuI0. MakcuMambHoe 3Hauenme Moxyas pasnocta | X ™ (1) — X+ (4|

JocTuraercd B OJHOU U3 TOYEK BU/IA ?Zﬂ ITpusjiekasi Tor dakt, 4TO0 BEPO-

ATHOCTH OObeIUHEHUS COOBITHI HE MPEBOCXOJUT CYMMBI UX BEPOATHOCTEI,

BIJIUM, 9TO
P,=P (maX|X(”) — X(”+1)| > g(2_(”+1))) < 2"+1q(2_("+1)).

13 sTOr0 HEpaBeHCTBA U YCJIOBHIl TEOPEMBI CJIELYET, 9TO paf, . > | P, cxoqut-
ca. VTak, npuB/IeKas JleMMy, BUJIEM, YTO TPOM3OILIO JUIIL KOHCYHOE YHCIO
cobprTmit Buga {max |X™ — X+ > 2=+l e, maumnaa ¢ HeKOTO-
POro, KOHEYHOTO ¢ BepOATHOCTBIO 1, N 3T cOOBITHS He IPOUCXOIAT, 9TO, B
cuty cxopaumoct psga .00, g(27 ")) o3nauaer pasnomepHyIo cXoaUMOCTD
paga >.°° (X(") (t) — X(”“)(t)) . U3 coornomenus

cJIeJlyer, 4TO CYLIEeCTBYeT HellPePbIBHbIA
X(t) = lim X™ ().
n—oo
ILHH 3aBepHIeHudA JO0Ka3aTeJIbCTBa OCTaJIOCHh MOJOZKUTH

0 - 0 VIT
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I'1aBa 8

YcioBHBIE MaTeMaTndecKue
02K TaHU S

3n0KkeHne 9TOf TeMbl MOXKHO HAflTH BO MHOTUX Y4YeOHHKAX, HO C IIEJIbIO
GoJIbIIeH TTOTHOTH COOPAHHOIO B 9TOM KOHCIEKTe MaTepHaJia Mbl IPUBEIEM
HEKOTOPbIe CBOMCTBA M OIpeIeIeHId 31eCh. HallOMHIM, 9TO YCIOBHON BEPO-
ATHOCTBIO cOObITUs A 1ipu ycnosuu B, eciiu P(B) # 0 nazsiBaercst

P(AB)

P(A/B) = B

Onpenennm s TakKuX B 7 caydallHBIX BeJIHIHH &

M(¢/B) = [ &dP(/B).

Torja 1o onpejie/ieHUI0 MHTErPAJIa 110 BEPOATHOCTH JJIsi IPOU3BOJIBHBIX CO-
ovbrtuit A, B u caydaiiHoit BetuauHbl £

M(L4/B) = P(4/B), M(¢/B)-P(B) = [ ¢dP.

[ycte < Q, F,P > — BeposrHocTHoe ipoctpanctBo, U = {By, B, ...} —
pasbuenue (), T.e.

Uij:Q, Z7éj:>BzﬂBj :Q), (VJ)B] c F, P(Bj>7£0
CioyuaitHasg BesmanHA

= S M(E/B)1s

23
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Ha3bIBAETCH YCJIOBHBIM MaTeMaTHYECKMM OXKUJanueMm ¢ npu yciaosuun U u
obozuagaercs M(E/U).

[Iycte B € o(U). Toraa mo onpeejieHnio CurMa-aaredpbl MOZKHO BblIe-
JIUTD TaKyIo MOJANENOUKY U3 pasduennd, uto B = UiB;, = UCj. Otmerny,

qT0
/BgdP _ Xk:/ckgdp,

WHAYe TOBODPS, /I POou3BoAbHOrO B € o(U) cripaBeyinBo

/B ¢dP = /B M(¢ /U)dP

(aa B Bce "nmuniane"uHaukaTopsl obpamaiorces B 0). OTMeTuM, 9To ecau 1) —
o(U)-m3mepumast ciydaifnast BeJIMINHA 1

(VB € o(Ud)) /BndP — /bM(g/u)dP,

Ton = M(/U) (modP). Tagnm Teneps onpeesexue.

[lycte G — o-anrebpa. G-u3mepnmas ciaydaiinas peinunna M(E/G) na-
BBIBACTCS YCAOGHBLM MATMEMAMUYECKUM 0HCUIGHUEM CTYIARHON BeTMIHMHBI
& OTHOCHTEILHO 3TOH o-aJreOphl, ecau I/ TPpOU3BOAbHOrO B € G cupape-
JIUBO

/deP - /BM(g/g)dP.

PagencrBo u3 onpeaeseHnd ¢ y9eTOM OIlIpeaeJICHUA CKAJIAPHOT'O IIPOU3Be-
JCHUA B LQ MOXKHO TiepenmucaTtb B BUIE

<& 1 >ppcarps) = < M(E/G), 1 >12(<cor P>,

YTO MOXKHO HHTEPIPETUPOBATH, KAK PABEHCTBO YIJIOB, 00pa3yeMbIX CJIyYaii-
HOU BEJIMYMHON M €€ YCJIIOBHBIM MaTeMaTUYeCKUM OXKUJAHUEM C HOPOXK/Ia-
fornuvu G. CylmecTBoBaHne YCIOBHONO MaTEMaTHYeCKOrO MaTeMaTHIECKOTO
oxumaHusi (B 9TOM KOHTEKCTe Ha3bIBAeMOI'0 MHOTA MPOW3BOIHON CHTMa-
AJIATHBHOM (DYHKIMHU [0 Mepe) CIeyeT U3 TeopeMbl (DY HKIIMOHAIBHOTO aHA~
Jn3a, (bopMyJIHPYyeMOil HUZKe.

Teopema 13 (Pagon - Hukogum) Feau g(B) — o-addumushas dyrkyus
na F, p — mepa va < Q. F >, mo natidemcsa eduncmeennas mod P neompu-
YAMEALHAA [L-USMEPUMa dyrryus [ makas, 4mo

(VB e F) g(B) = [ f)p.
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[Tepeitnem Tenephb K poOpMyJIMPOBKAM U JIOKA3ATEIHCTBAM CBOWCTB YCIOBHBIX
MATEMATUYECKUX OKUJIAHUI.

1. Ecau & - F-uamepuma, mo M({/F) = &.
HeiicTBuTeIBHO,
(VB € F) /Bgdp — /BM(g/f)dP
110 OIPEJIEICHUIO YCIOBHOIO MATEMATHIECKOIO OKUIAHNUS.
2. MM(¢/F) = ME.

Jlast 1oKa3aTe/hCTBa 3TOrO CBOMCTBA JIOCTATOYHO BHIOpATH B ONpejie-
Jgeaun B =

M M(¢/F) /M ¢/ F)dP /gdP -

3. M(ag + fn/F) = aM(§/F) + fM(n/F).
Badukcupyem B € F. 3amerum, 910 IpaBas 9acTh JOKA3LIBAEMOTO Pa-
BEHCTBa J-n3MepnMa Kak KOMOWHAIMSA U3MepUMbIX BesinanH. OTCoza,
[IPUBJIEKasi CBONCTBO JIMHEHHOCTH HHTETPAJIA IO BEPOSITHOCTH, HMeeM

Jp (a@M(§/F) + SM(n/F)) dP = a [p&dP + 5 [zndP =
= a[p&dP + 3 [gndP = [g(ag + Bn)dP,
410 U TPebOBAJIOCH JIOKA3ATD.
4. Ecau & ne 3asucum om F, mo M({/F) = ME.

[Tougruo, uro (VB € F)(Vz) P({ <z, B) = P <2)P(B), re. {n
15 HezaBucumel. OTciona

/ £dP — Mély — MEMI, — Mg/ P :/ MEdP,

B B B
ITO 3aBEPUIACT JOKAZATENHCTEO.

5. Ecaun - F-usmepuma, mo daa npoussoavroti € M(En/F) = nM(E/F).
[Tycte n = 1¢, C € F. Torna nna B € F

J,m/Fap = [ mg/Fap = [ e = [ endp,

T.e. B 9TOH cuTyanuu Bce nokazano. Coydail JMHeHHBIX KOMOWHAIMIA
UH/IMKATOPOB OYEBUJIEH, OOIIMI Cydail 1oJIydaeTcs Hpeje/ibHbIM Iie-
pexoIoM.
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6. Iycmv F C F| — cuema-aneebpo. Toeda M (M(E/F)/F) = M(E/F).

HeiictBurebio, npu B € F crupaBejinBo
[ Moae/F)Frap = [ Mg/Fap — [ eap — [ M(g/P),
YTO W 3aKAHIUBAET JOKA3ATEIbCTBO.

7. Ecau F C Fi, n — F-usmepuma, mo M(En/F) = M (nM(E/F)/F) .

JlokazaTenbCTBO caeyeT m3 CBOUCTB 6 1 5.



I'taBa 9

MapTuHraanl

9.1 Omnpenesenns

B nocenaem paznese Kypca pacCMOTPUM IIPOIECCH, YCTPOEHHBIE DoJlee CI0K-
HO, YeM TIPOTIECCH C He3aBUCUMBIME MPUPAIIEHUSIME. ByieM cauTaTh, 4To BCe
paccMaTprBaeMble HUZKe TIPOIECCHl 3aanbl Ha noayuarepsane 1 = [a,b), ero
3aMbIKaHU WJIN KaKOM—.HI/I6O AUCKPETHOM HOAMHOXKECTBE 3TOI'O IMOJyuHTep-
BaJIA.

Byaem ropoputh, uTo cemeiictBo o—anaredbp Fi,t € T obpasyer nomox,
ecyim 1ipu s < t cupaseyiuBo Fy C Fy. [Torok Oyiem Ha3bIBATH HENPEPHIBHLIM
crpaBa B TOUKe a, eciu 0 —anredpol F, u Foyp = N{F;, t > a} coBmagaior. Sa-
MeTHM, 4T0 o—ajredpol F;., t € T 00pa3yloT MOTOK, HEIPEPBIBHLIN CIIpaBa
B J11060i Touke T

Yeaopumest ToT (DaKT, 9TO MpH KazkaoM ¢ caydaiinas Bennanna ()
JF—u3mMepuma, Ha3blBaTh CO2AACOBAHHOCTVIO CAywalinozo npoyecca E(t) ¢ no-
moxom. O4eBHIHO, ITO JII0OOH cirydaiinplil mpomece £(t) cormacoBam ¢ MOTO-
koM Fr = o(&(s), s < t).

Citygaiiublii mporece Ha3bIBACTCS MAPMUH2AAOM OTHOCUTETBHO TOTOKA
curMa-aaredp, ecim OH COTVIACOBAH C 3TUM MOTOKOM, HMEET KOHEYHOe MAaTe-
MaTHYeCKOe OKUJIAHUe, I

(Vt,s €T) (s <t) = M(£(t)/Fs) =&(s)

¢ BeposTHOCTRIO 1. Ecoim M (£(t)/Fs) > £(s) anst npon3BOTIBHBIX AP apry-
MEHTOB € YCJIOBHEM S < t, TO IIPOLECC HA3BIBACTCHA CYOMAPMUHLAAOM, €CITH JKe
B MOC/JIE/THEM ONpPEJIeeHHH 3HAK > W3MeHeH Ha <, To mporecc &(f) Ha3biBa-

57
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10T cynepmapmunzasom. OODOOIIAIOIUM TOHSITHEM CIIYKUT NOAYMGPMUH2AN
—3T0 Winu cCyOMapTHHTAJ, WK CyHePMapTHHTAJI.
[IpuBesem 31eck Tpu IpruMepa MAapPTUHTAJIOB.

1. Tycrs £(t) — nporece ¢ HE3aBUCHMBIMH TPUPAIIEHUSIMA W TOCTOSTHHBIM
MaTeMaTndIecKuM OxKumanueM. Torga 3To — MapTHHTAT OTHOCHTETHHO
]:f t € T. [lefictBuTebHO, IpU S < ¢

M(E(1)/FE) = M(E() = £(5))/F) + M(E(s)/F),

HO, COITaCHO CBOMCTBAM U3MEPpHUMOCTH, IEPBOE ClaraeMoe 31eCb paBHO

M(£(t) = &(s)) = 0, a Bropoe — {(s).

2. Ilyctb & — ciyuaitnas BeJIMIuHA, W 33JaH MOTOK o—aJnredop Fy, t € T.
Torna X (t) = M({/F;) — Mmaprunran. D10 cIeayer U3 cJaeayiomei
HETOYKN PABEHCTB:

M(X(8)/Fs) = M(M((/F)/Fs) = M(E/Fs) = X(s).

3. TMocyietoBaTe/ILHOCTH CyMM HE3aBUCUMBIX OJUHAKOBO PACIIPE/ICICHHBIX
CIy9IAlHBIX BEJIMYMH TaK:Ke 00pas3yeT MapTUHTa (C JUCKPETHBIM Bpe-
MeHeM). DTO HEMeJJIEHHO MOJYUYaeTCsl U3 PACCYXKICHUI MepBoro mpu-
Mepa M yzKe OTMEeYaBIIerocs paHee Toro pakra, 4To TaKue CyMMbl 00-
Pa3yloT MPOIECC ¢ HE3ABUCUMBIME IIPUPAITEHUSIMH.

OueBu1HO, 9TO OHpeje/ieHne CyOMapTUHTAIa MOYKHO MEPEIUCATh B CJIe/IyIO-
eM BHU/Ie

(Vs, ) (VB € F,) (s < t) = /B £(s)dP < /B £(1)dP. (9.1)

Teopema 14 ITycmo &(t) — mapmunzan, f(-) — usmepumas PyHKyuA, 6oi-
nykaas 6nus u makas, wmo Mf(E(t)) < oo. Tozda f(E(L)) — cybmapmunzan.

HoxkazareabcTBo. CoryiacoBannocTb ¢ motokoMm Fi, t € T oueuana. [Ipose-
pum yerosue (9.1) s f(£(t)). U3 BRIMYKJIOCTH BHA3 CJIEIYET CYIIECTBOBAHNE
B Ka:KJ10i Touke rpaduka (pyHKINNT OMOPHOIN MPsIMOH, T.e.

(Vo) (3C)(Vz) f(z) = f(zo) + C(20) - (x — o).
®ukcupyem N € N, B € F; u Beeniem By = BN {|C(£(s))] < N}. Torma

[, fe@nap = [ feaP+ [ e — g (02)

By
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Bamerum, uyro By € Fy u

M(C(&(s) - (€(F) = £(5))/Fs) = C(E(s))M((E(F) = &(s))/Fe) = 0,

OTKyJIa cJiejiyet, 910 BTopoil uarerpas B (9.2) pasen (. Takum obpasom,

[, femap > [ fes)ap.

By

JlokazaTeabCcTBO TeopeMbl HEMeJIEHHO CJIeyeT U3 TOr0 HepaBEeHCTBA IIpe-
JleTTbHBIM TiepexoJioM npu N — 00.

[IpocTbiM C1eJICTBUEM TEOPEMbI SBJISETCS BO3MOXKHOCTH CTPOUTH MHOI'O-
Jquc/IeHHble TpuMephl cyomaprunranos. Hanpumep, ecim £(t) — maprunral,
To |E(t)], £2(t), ef® — cyGmapTuHTATLI.

Hekotopsie nonesnble hakThl 0 TOTyMAapTHHTAIAX MOXKHO HAfiTH B KHU-
rax Benruesnst n Imxmana - Crkopoxoga (cM. cnucok Jureparypsi). Tam, B
YACTHOCTH, JIOKA3aHO, YTO MOYTHU BCE PeaU3aliy OJIyMaPTUHIAJIOB HE UMe-
10T pa3pbIBOB BTOPOTo poja. Ham norpedyroTes ciaeyioniue 1Ba HepaBeHCTBA
(wacTHbIii caydait Teopembr dyba qis cybmapruaranos). [lycts

m = sup &(t).

a<t<b

Teopema 15 Henpepusnuiii cnpasa neompuyamenvrod cyomapmunean &(t)
ydosaemasopaem HepaseHcmeam

P(n, > b) < Mi(b)’
My < (%) ME (), p > 1.

9.2 IlomnoTra rumjbbepTOBa MPOCTPAHCTBA Map-
TUHTAJIOB

[Iyctp < 2, F,P > — BeposdTHOCTHOE NpocTpaHcTBO, Fy, t € T — Hempe-
PBHIBHBI B KaKJI0# TOYKE CIpaBa IIOTOK o—anrebp. IlpemmonoxkuM Takxke,
4TO BCE 0—aJredphl, BXOJISIIIME B IOTOK, ITOJHbI oTHOCHTE AbHO P, T.e. coaep-
7KaT BCE€ BO3MOZKHDBIC IIOIMHOZKECTBa CBOHUX CO6bITI/II71 HyJIeBOIU/I BEPOATHOCTH.
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Beenem B pacemorpenne kiace M(T') Bcex MApTHHIATIOB OTHOCHTEILHO 9TO-
0 MOTOKA, Y KOTOPBIX PEATH3AIMU ¢ BEPOSITHOCTHIO 1 He MMEIT Pa3phIBOB
BTOPOTrO POJIa U

ME*(t) < oo, teT.

[Tycte M (T) — nogkiace maprunaranos u3 M(T), obraJaomumx HerpepbiB-
HBIME PEATU3aliaMi ¢ BePOATHOCTEIO 1.

Bce 3nauenust maprunrana soccranasuBaorcs no £(b). Tlosromy ecre-
crBerto Bectu B M (T') ckasnspHoe npoussegeHne 1o (opmyie

<& n>r = MEb)n(b).

Teopema 16 M(T) ¢ ssedernvim CKaAAPHBIM NPOU3GEIEHUEM ACAACTNCA 2UND-
bepmosvim npocmparcmeom, a Mco(T) — samrrymoe nodnpocmparcmeo smo-
20 NPOCMPAHCMEQ.

Hoxkazareabcro. [Tycrs &, (1) — dyngamenTanibHas 10CIEI0BATEIBHOCTD
B M(T). Toraa nocienoarebunocts &, (b) B nupocrpancree L?(< Q, F, P >)
CXO/TUTC K HEKOTOPO# caydaitnoit Besmmaune p. [lomoxkum

p(t) = M(p/Fi).

DTOT cIydaiiHblil TPOLECC ABISIETCS MAPTUHIATIOM, ODAHNYEHH, HATOKEH-
Hble Ha NOTOK JFt, t € T’ B Hadase MIaBbl MO3BO/IAIOT BEIOPATH MOAN(DHUKAIHIO
9TOTO CIIyIafHOrO MPOIECCa, He HMEIOIIYI0 PAa3PhIBOB BTOPOTO POga. JTO 10~
Ka3bIBAET II€PBOE yTBEPIK/IEHNE TEOPEMBL.

Kak mbt 3maem, |€,(t) — p(t)| — cybmaprunran. 113 nepaBeHcTB TeOpeMBL
15 crenyer

M (suplé(t) — u(0)]) < AM(E() — ) — 0.

MozKHO Tak MOCTPOUTD TOANOCIEI0BATEIBLHOCTE N(k), 4TO
> Msup £y () — u(t)] = MY sup [§u — u(t)| < oo
k=1 k=1

Ucnonb3yst kpurepuit ¢XOJAUMOCTH [IOYTH HABEPHOE, BUJIUM, YTO C BEPOLAT-
HOCTBIO 1 peasusarun &,y cxonarcs K peamsanusm (i(t). CremosaTesbHo,
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€CJ/IM MEePBOHAYAIbHO BLIOUPAINCH MAPTUHIAJIbBI C HEIPEPHIBHBIMU pPeasn3a-
UdaMHA, TO U IMMOYTHU BCE DEaJIn3alun (U HEIIPEPbIBHDBI. ECJ'H/I 3aMEHUTDH BCE pa3-
PBIBHBIE PeATH3AIMH TPEJIeJTHHOI0 MAPTUHTAIA HEIIPEPBIBHBIMU (DY HKITHAMI
(a9TO He HAPYIIIAET €ro CONIACOBAHHOCTH € TIOTOKOM, TaK KaK BCe 0 —aJjreGpbl
IIOTOKA TIOJTHBI), TO TIOJIYYaeTCsl HelpepbiBHAs MouduKanus npomecca fi(t).
Teopema nokazana.

9.3 CroxacTuieckuii MHTETPaJ 10 MAaPTUHTAJIY

[IycTh, KaK ¥ paHblle, y HAC IMEETCsI ITIOTOK 0 —aJre0p U CIydailHblil TPoIece.
[Ipouecce &(t) : [a,b] — R nazbiBaeM npozpeccusHo UsMepumbviM OTHOCH-
TeJbHO TOTOKA Fy, t € [a, b, ecim npu 11060M ¢ Cy’KeHHe ero Ha MHOYKECTBO
[a, t] m3mepumo otHocuTenbHo o(F X Bla,t]).

[TporpeccuBHO M3MEPUMBIH IPOIECC 00JaJAeT TeM CBOHCTBOM, 4TO JJId
aroboro t caydaiinas Bennanua £(t) m3aMepuMa oTHOCHTETBHO Fi. Jlokazkem
YTBEPZKJICHHE, SABJISIONIEeCs] B HEKOTOPOM CMBIC/IE OOPATHBIM K 3TOMY.

Teopema 17 Ilyemo (Vi) £(t) — cayuatinas seauduna, UsMeEPUMaA OMHO-
cumenavno Fy. Ecau npouece () umeem nenpepuiérvie cnpasa (usu ciesa)

PEAAUZAUUY, TO OH NPOZPECCUBHO USMEPUM 0OMNHOCUMENLHO nomoka Fy, t €
[a,b].

JlokazaTeabcTBO. /lokazkem Teopemy JIjisl Cydasi, KOT/Aa peaan3aiun Herpe-
PBIBHBI clipaBa. BerbepeM moc/ie0BaTe IbHOCTh pa3OneHnil HAIlero orpeska

a=ty < ti(n) <..<ty(n) = b

TaK, 9TO MaKCUMaJbHasd JJINHA OTPE3Ka pasOueHus CTPEMHUTCA K HYJIIO TPU

n — oo. Ilycrs
n

Ealt) = D&)<ty (-
j=1

Torma mpu n — o0 u J0OLIX t,w BBIMOIHEHO &, () — £(t). [lockombky Bee
dyuxmn &, (t, w) m3mepumbl otHOCHTEABHO 0(F; X Bla, b)), TO 310 *Ke oTHO-
cuTCd M K UX 1npejeny. Teopema Jloka3aHa.

[Iycte u(t), t € [0,b] — KBAIPATHYIHO UHTErPUPYEMBIl MapTHHTAT. Bymem
IOBOPUTD, U4TO OT UMEET GOCOANOMHO HENPEPUEHYI0 Tapakmepucmury A, ec-
JIM CYIIECTBYET MPOIPECCHBHO M3MEPHMBIH HeoTpunaresbHbiil mpomecce a(t),
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takoit, uro p*(t) — A(t) — maprunran ornocutennno noroka Fy, t € T, rie

Ay = | "a(s) ds.

Byaem paccmarpuBaTh KBapaTHIHO HHTEIPUPYEMBII MapTHHTA ¢ abCo-
JIIOTHO HEIPEePBHIBHOI XapaKTepUCTUKOW OTHOCHUTENBHO HEIIPEPBIBHOTO CIIPa-
Ba IOTOKA 0—aJiredp, COCTABJILAIONIAE KOTOPOI'O MOJHBI. JIOMOJHHTEILHO TO-
TpebyeM, 9TOOBI MOUYTH BCE PeaTU3alni MAPTHHTAIA ObLIN Obl HEIPepPBhIBHEI.
JIerko BUJETH, 4TO 1ipu t > §

M((u(t) = p())*/Fs) = M(p*(t)/F,) — p*(s) = M((A(t) — A(s))/F).

CHauaja oOnpeaeuM WHTErpaj M0 MAPTUHTAIY JIJIsl MPOCTHIX CJIydailHBIX
nporeccoB. Pa3obbem Halll 0OTpe30K Hec/aydaitHbIMU TOYKaAMU

0=t0) < t(1) <..<t(N)=b
A PacCMOTPUM IIPOCTON CJIy4dailHBIA IIpoLece
N
n(t) = 2 nilug-n<sio)
j=1

rje clyvailHble BeJMYUHbL 7); U3MEepUMblL oTHOCUTeIbHO Fyj), j=1,...,N n
orpaHuveHbl ¢ BepodTHOCTbIO 1. Torma, mo ompeaeaeHuio,

nou(t) = fyn(t)du(t) =
= Zk<m Mtk +1)) = p(t(k))) + N (1) — pt(m(t))),
riae m(t) = max{k| t(k) < t}.
Caryuaitnbiit nponecc 7 o p(t) uMeer HenpepbiBHbIE PEANU3AIUE U ABJIsI-

€TCd KBaJApPaTUYIHO MHTEIPUPYEMBIM MapPTHHITAJIOM TOr'O 2Ke THIIa, 9TO U ILL
HeiicrBurenso, ecan t(k) > s, 1o

M (a(t(k + 1)) = p(t(k))/F.) =
= MM (a(t(k + 1)) = pu(t(R))/ Foy)/F.) =
= MMtk + 1)) — u(t(k))/Fu)/F2) = 0.

AnasoruaHbIM 06pa30M MOXKHO MPOBEpHUTh, uTo npu t(k) < s <t

M (e (u(t(k + 1)) = p(t(k)))/ Fs) = m(p(s) — p(t(k)).
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[ToaTomy W3 ompejiesieHrs UHTEIPa/Ia OT IPOCTOrO MPOIECCa CJIELYET PABEH-
CTBO

M(nop(t)/Fs) = nouls), s <t.
[lycth s < t < u < v, ) ©3MEPUMa, OTHOCUTETBHO Fy, 7] — OTHOCUTEIBHO
F., TOTIA,

3 370it hopmyJibl ciaepyer, 9To

M((no(t)?/7) - (non() = M( [ mwa(u) du/7 ).

T.e., 9YTO MapPTHHTAJ 1) O i TaKzKe 00J1a/1aeT adCOTIOTHO HEIPePhIBHON Xapak-
TEPUCTUKOM.

Ec/u peasuzanuu npouecca 7)(t) HelpepbIBHbI CJIEBA U O'PAHUYEHbI HECILY-
Y4aflHOI IMOCTOAHHOI, TO MHTErpaJl OT HEro MOXKHO OLPEAE/JUTh ¢ IIOMOIIbLIO
npeJIe/IHOrO nepexoja. Todnee, MycThb

n—I1
bk
mt) = :U(;)l{bk/n <t < b(k+1)/n}>
k=0

TOT/AQ, TI0 OIPEIeJEeHNIO,
nou(t) = lim 7, o pu(t).

Teopema 16 mo3BoOJIsIET TOHUMATD ITOT NIPEIEJIBHBIN IepeXo/] KaK paBHOMED-
HYIO TI0 ¢ CXOJMMOCTD MOYTH BCeX peasm3anuii 1, o u(t). deficrBurensuo,

2 2
M1 © f1(b) = 1 © pu(b))” = M((1 = nm) © (b)) =
= M [5(n(m) — 1 ())’a(u) du — 0.
AHaJIOrTIHBIM 00pa30M, ¢ IMOMOIIBIO MPEIeTLHOIO IMepexoIa, OIpeaes-
eTcs CTOXACTHYCCKUIT WHTErpas MO MAPTHHTATY It BeeX TporieccoB 1)(t),

KOTOpBIE ABAFIOTCA MPEeJeJaMi MOCIeT0BATEIbHOCTEH HENPEPBIBHBIX CIEBa
OTPAHUYEHHBIX NMPOTrPECCHBHO U3MEPUMBIX MPOIECCOB B TOM CMBICAE, 9TO

M [ () = (1) *a(u) duc — 0.
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Kitacec Takux mporeccoB cOBHAIAET € KJIACCOM IPOIPECCUBHO M3MEPUMbBIX
MPOIECCOB, /I KOTOPBIX

b
M/ Pa(t) dt < oo.
0
[Tpu sTom nosiararor
nopu(t) = lim lim 7., 0 pu(t),

rie
Nnu(t) = /0 max{n(s),u} exp{—(s — t)n}n ds.
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