
Ëåêöèÿ 1

Ðåàëüíîå ÿâëåíèå Ìàòåìàòè÷åñêàÿ ìîäåëü Âûâîäû â ðàìêàõ ìîäåëè

ñîïîñòàâëåíèå
Ýòàïû ðàçâèòèÿ òåîðèè âåðîÿòíîñòåé

I. P(A) - âåðîÿòíîñòè íåêîòîðûõ ñîáûòèé
II. X=X(ω) - ñëó÷àéíûå âåëè÷èíû
III. Â ìàòåìàòè÷åñêîé ìîäåëè ýêñïåðèìåíòà ââåäåí ôàêòîð âðåìåíè

Èç èñòîðèè òåîðèè âåðîÿòíîñòåé:
1827 Îòêðûòèå Áðîóíà äâèæåíèÿ ÷àñòèö ïûëüöû â êàïëå âîäû
. . .
1900
. . .
1997 Íîáåëåâñêàÿ ïðåìèÿ ïî ýêîíîìèêå âðó÷åíà Ìåðòîíó è Øîóõñó
. . .

Â êóðñå â îñíîâíîì èçó÷àþòÿ íåïðåðûâíûå, íî íèãäå íå äèôôåðåíöèðóåìûå
ôóíêöèè. Íàïðèìåð, òðàåêòîðèÿ áðîóíîâñêîé ÷àñòèöû.
Ìû íàõîäèìñÿ â ðàìêàõ (Ω, F ,P)

Îïð.: Ñëó÷àéíûé ýëåìåíò - ôóíêöèÿ X: Ω → S, êîòîðàÿ ÿâëÿåòñÿ F | B -
èçìåðèìûì. (Ò.å. ∀B∈ B x−1(B) = { ω : X(ω) ∈ B} ∈ F)

Åñëè Ì - íåêîòîðàÿ ñèñòåìà ïîäìíîæåñòâ S, òî σ(M) - ýòî íàèìåíüøàÿ
σ-àëãåáðà (ñ åäèíèöåé S), êîòîðàÿ ñîäåðæèò M.
S - ìåòðè÷åñêîå ïðîñòðàíñòâî. B(S) = σ{îòêðûò. ìí-âà S}

Óïðàæíåíèå. S - ñåïàðàáåëüíîå ìåòðè÷åñêîå ïðîñòðàíñòâî, òîãäà B(S) =
σ(îòêðûòûõ øàðîâ) = σ(çàìêíóòûå øàðû)

Ë Å Ì Ì À. Ïóñòü X: Ω → S. Ïóñòü M - íåêîòîðàÿ ñèòñåìà ïîäìíîæåñòâ
S. Ââåäåì â Ω σ-àëãåáðó A = X−1(σ{M}). Òîãäà X ÿâëÿåòñÿ A|σ{M} -
èçìåðèìûì îòîáðàæåíèåì.

Äîêàçàòåëüñòâî.
◦ D:= { D⊂S : X−1(D)∈ A} - σ - àëãåáðà. M⊂ D •

Ñëåäñòâèå.
Ïóñòü X: Ω → S, B=σ{M}, (X: (Ω, F) → (S, B)), òîãäà X ∈ F | B, åñëè
X−1(M) ⊂ F , ò.å. X−1(B)∈ F ∀B∈M
Òî åñòü äîñòàòî÷íî ïðîâåðèòü íà ìíîæåñòâàõ, ïîðîæäàþùèõ σ-àëãåáðó.
(Ò.å. íà áîëåå "ñêóäíîé"ñîâîêóïíîñòè ìíîæåñòâ.
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Èçìåðèìûå îòîáðàæåíèÿ ïîçâîëÿþò "ïåðåêèíóòü"ìåðó ñ îäíîãî ïðîñòðàíñòâà
íà äðóãîå.

Îïð.: Ðàñïðåäåëåíèåì ñëó÷àéíîãî ýëåìåíòà X: Ω→ S (X ∈ F | B) íàçûâàåòñÿ
ìåðà Px(B):=P(X−1(B)). Ò.å. âîçíèêàåò ìåðà íà (S, B)

Èçó÷åíèå âåðîÿòíîñòíûõ ìåð íà ïðîñòðàíñòâå (S, B) è èçó÷åíèå ðàñïðåäåëåíèé
ñëó÷àéíûõ ýëåìåíòîâ ïî ñóòè îäíî è òîæå.

Ë Å Ì Ì À. Ïóñòü Q - âåðîÿòíîñòíàÿ ìåðà íà (S, B). Òîãäà ∃(Ω, F ,P) è
ñëó÷àéíûé ýëåìåíò X: Ω → S, òàêîé ÷òî Px = Q.

Äîêàçàòåëüñòâî.
◦ Âîçüìåì Ω = S, F = B, P = Q, X = I (òîæäåñòâåííîå) •

Îïð.: Ïóñòü (St, Bt)t∈T - ñåìåéñòâî èçìåðèìûõ ïðîñòðàíñòâ. Ñëó÷àéíîé
ôóíêöèåé [çàäàííîé íà Ω è T] íàçûâàåòñÿ ñåìåéñòâî ñëó÷àéíûõ ýëåìåíòîâ
X={X(t,ω), t∈T, ω ∈ Ω}

Xt : Ω → St, ∀t∈T, ÿâëÿþòñÿ F | B - èçìåðèìûìè

Íàèáîëåå âàæíûé ñëó÷àé, êîãäà St=S, Bt= B

X=X(t,ω), t∈T, ω ∈ Ω

- ïðè êàæäîì ôèêñèðîâàííîì t X - ñëó÷àéíàÿ âåëè÷èíà
- ïî òðàäèöèè àðãóìåíò ω â çàïèñè ñëó÷àéíîãî ïðîöåññà îïóñêàåòñÿ, à ïèøåòñÿ
X(t) èëè Xt
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Xt

Îïð.:Ôóíêöèÿ X(·,ω) ïðè ôèêñèðîâàííîì ω íàçûâàåòñÿòðàåêòîðèåé (ðåàëèçàöèåé
èëè âûáîðî÷íîé ôóíêöèåé).
Åñëè T⊂ Rd, òî ãîâîðÿò î ñëó÷àéíûõ ïîëÿõ

Îïð.: Ñèñòåìû ìíîæåñòâ M1, . . ., Mn ⊂ F íàçûâàþòñÿ íåçàâèñèìûìè (â
ñîâîêóïíîñòè), åñëè âûïîëíÿåòñÿ ∀A1 ∈ M1, . . . , An ∈ Mn P(A1, . . . , An) =
P(A1), . . ., P(An).
Ñåìåéñòâî ïîäìíîæåñòâ Mt, t∈T íàçûâàåòñÿ íåçàâèñèìûì, åñëè ∀n≥2 ∀t1, . . . , tn ∈
T , M1, . . . , Mn - íåçàâèñèìûå ñèñòåìû.
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Îïð.: Ñëó÷àéíûå ýëåìåíòû X1, . . . , Xn íàçûâàþòñÿ íåçàâèñèìûìè (â ñîâîêóïíîñòè),
åñëè íåçàâèñèìû σ-àëãåáðû σ{X1}, . . . , σ{Xn}. (σ{X1} = {X−1(B), B ∈ B1})

X1, X2, . . . íåçàâèñèìûå äåéñòâèòåëüíûå ñëó÷àéíûå âåëè÷èíû. (Ω, F , P).

Îïð.: Ôóíêöèÿìè ðàñïðåäåëåíèÿ Xn íàçûâàåòñÿ FXn(x) = P (ω : Xn(ω) ≤
x). Äàëåå ìû áóäåì îòîæäåñòâëÿòü çàïèñü Px è Fx

Âîçüìåì Ω = [0,1], B= B([0,1]), P=µ (ìåðà Ëåáåãà). µ([a,b]) = b - a.
ω ∈ [0, 1]
Ðàññìîòðèì ω =

∑∝
k=1 ak(ω)2−k, ak=0 èëè 1. Åñëè çàïèñü íåîäíîçíà÷íà, òî

âûáèðàåì áåñêîíå÷íóþ ïîñëåäîâàòåëüíîñòü íóëåé.
Ëåãêî ïðîâåðèòü, ÷òî a1, a2, . . . - íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû P(an=0)=
= P(an=1)=1/2 (∗)
Îáðàòíî. Åñëè a1, a2, . . . - íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû, òàêèå ÷òî
ñïðàâåäëèâî (∗), òî ξ(ω) =

∑∝
k=1 ak(ω)2−k ÿâëÿåòñÿ ðàâíîìåðíî ðàñïðåäåëåííîé

âåëè÷èíîé íà [0,1]. Åñëè F - ôóíêöèÿ ðàñïðåäåëåíèÿ, òî ââåäåì F inv(x)=inf{y :
F (y) > x} ∀x ∈ [0, 1]
Îò ñëîâà invert.
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x

F (x)

1

Ïîëîæèì X(ω) = F inv(ξ(ω)), ãäå ξ - ðàâíîìåðíî ðàñïðåäåëåíà íà [0,1] (ò.å.
∼R[0,1]). Òîãäà P(F inv(ξ) ≤ z) = P (ξ ≤ F (z)) = F (z), ò.ê. ξ - ðàâíîìåðíî
ðàñïðåäåëåíà ∀z ∈ R.
Èòàê, áåðåì ðàçëîæåíèå ω =

∑∝
k=1 ak(ω)2−k, ω ∈ [0, 1]

Çàïèñûâàåì ak â âèäå ìàòðèöû
a1 a3 a4 . . .
a2 a5 a9 . . .
a6 a8 . . .
...

...
... . . .

Îáîçíà÷èì çà bnk ýëåìåíò ñòîÿùèé íà (n,k) ìåñòå

b11 b12 b13 . . .
b11 b12 b13 . . .
b11 b12 b13 . . .
...

...
... . . .

Îáõîäèì áåñêîíå÷íóþ ìàòðèöó îò b11 ê b21, ïîòîì ê b12 ïî äèãîíàëè è ò.ä.,
òàê ìû îáîéäåì âñå ýëåìåíòû ìàòðèöû. Ââåäåì ξn(ω) =

∑∝
k=1 bnk

(ω)2−k

- íåçàâèñèìûå ðàâíîìåðíî-ðàñïðåäåëåííûå ñëó÷àéíûå âåëè÷èíû Xn(ω) =
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F inv
n (ξn(ω))

Óïðàæíåíèå. Xt, t∈T íà [0,1] íåëüçÿ ïîñòðîèòü êîíòèíóàëüíîå ñåìåéñâî
íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí ñ çàäàííûìè ôóíêöèÿìè ðàñïðåäåëåíèÿìè

Ò Å Î Ð Å Ì À. (Ëîìíèöêèé-Óëàì)
Ïóñòü (St, Bt)t∈T - ëþáîå ñåìåéñòâî èçìåðèìûõ ïðîñòðàíñòâ. Ïóñòü Qt -
âåðîÿòíîñòíàÿ ìåðà íà (St, Bt). Òîãäà ∃(Ω, F , P ) è ñåìåéñòâî íåçàâèñèìûõ
ñëó÷àéíûõ ýëåìåíòîâ Xt : Ω → St F| Bt-èçìåðèìî.
Áåç äîêàçàòåëüñòâà.

Ïðèìåðû
1. Ñëó÷àéíîå áëóæäàíèå.
ξ1, . . . - ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ îäèíàêîâî ðàñïðåäåëåííûõ äåéñòâèòåëüíûõ
ñëó÷àéíûõ âåëè÷èí. Sn =

∑n
k=1 ξk, S0 = 0

2. Ïðîöåññ âîññòàíîâëåíèÿ.
ξ1, . . . - í.î.ð.ñ.â. (çäåñü è äàëåå: íåçàâèñèìûå îäèíàêîâî ðàñïðåäåëåííûå
âåëè÷èíû (-à))
X0 = 0 è äëÿ t>0 ïîëîæèì Xt(ω) = max{n :

∑n
k=1 ξk(ω) ≤ t}

-
t

ξ1(ω) ξ2(ω) + ξ1(ω) ξ3(ω) + ξ2(ω) + ξ1(ω)ξi èìåþò ýêñïîíåíöèàëüíûå
ðàñïðåäåëåíèÿ . Ìû âèäèì, ÷òî ìåíüøå t òîëüêî äâå ñëó÷àéíûå âåëè÷èíû,
ò.å. Xt(ω). Íàïðèìåð, âîññòàíîâëåíèå ñãîðåâøèõ ëàìïî÷åê çà âðåìÿ t. Êñòàòè,
Xn(ω) ≤∝ (ñ âåðîÿòíîñòüþ 1). y0 - íà÷àëüíûé êàïèòàë. ct - âçíîñû. {ηi}-
í.î.ð. {ξi} è Xt(ω) - èç ïðîøëîãî ïðèìåðà

3. Ìîäåëü Êðàìåðà-Ëóíäáåðòà.

Yt = y0 + ct−
Xt(ω)∑

j=1

ηj(ω)

t ≥ 0.{ξj} è {ηj} - íåçàâèñèìû. (Ìîäåëü ñòðàõîâàíèÿ)

-
tξ1(ω)

η1I

ξ2(ω) + ξ1(ω)

η2I

ξ3(ω) + ξ2(ω) + ξ1(ω)

η3I ¾ âûïëàòû

ct - âçíîñû

4.Ýìïèðè÷åñêèå ìåðû
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ξ1, . . . - í.î.ð. âåêòîðû â Rm.

P ∗n(B, ω) = 1/n

n∑

k=1

IB(ξk(ω))

B - áîðåëåâñêîå ìíîæåñòâî â Rm. P ∗n(B, ω) - ñëó÷àéíûé ïðîöåññ.

5.Ïóàññîíîâñêèå ñëó÷àéíûå ìåðû.
(S, B), ξ1, . . . - í.î.ð. ñî çíà÷åíèÿìè â S, λ - êîíå÷íàÿ ìåðà íà (S, B). Ââåäåì
ñëó÷àéíûé ïðîöåññ Y ∼ Pois(λ(s)), Y è {ξk} íåçàâèñèìû

Y è ξk ìîãóò ïðèíèìàòü çíà÷åíèÿ â ðàçíûõ ïðîñòðàíñòâàõ

Z(B, ω) :=
Y (ω)∑

k=1

IB(ξk(ω))

- ïóàññîíîâñêàÿ ñëó÷àéíàÿ ìåðà.

Çàäà÷è.

1.Ïîñòðîèòü ãðàôèê ìîäåëè Êðàìåðà-Ëóíäáåðòà.
2.Ïóñòü B1, . . . , Br ⊂ Rm. Bi ∩Bj = ∅
à)Z(B1), . . . , Z(Br) - íåçàâèñèìû
á)Z(·, ω) - öåëî÷èñëåííàÿ ìåðà ïðè ω ôèêñèðîâàííîì
â)Z(B) ∼ Pois(µ(B))
3.ξ = (ξ1, . . . , ξn) ∼ N(aI, C)
m
∀c ∈ Rn, (ξ, ) ∼ N(·, ·)

Ëåêöèÿ 2

Íà (Ω,F , P ) ðàññìîòðèì ñåìåéñòâî ñëó÷àéíûõ âåëè÷èí X={Xt, t ∈ T}
Xt : (Ω,F , P ) → (St,Bt)
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XT (ω)

ω
ω′

︸ ︷︷ ︸
T

Ñëó÷àéíûé ïðöåññ ïîðîæäàåò îòîáðàæåíèå X(ω) : ω → X(·, ω) (X : Ω →
ST , ãäå ST = ⊗t∈T St - ìíîæåñòâî òðàåêòîðèé. X(·, ω) - òðàåêòîðèÿ ïðè
ôèêñèðîâàííîì ω.

ω - ôèêñèðîâàíà⇒ òðàåêòîðèÿ, åñëè ôèêñèðóåì ω′, òî äðóãàÿ òðàåêòîðèÿ.
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Îïð.: CT (t, Bt) = {y ∈ ST : yt ∈ Bt} - ìíîæåñòâî íàçûâàåòñÿ ýëåìåíòàðíûì
öèëèíäðîì. Äðóãèìè ñëîâàìè, ìû ðàññìàòðèâàåì âñå ôóíêöèè, â çàäàííûé
ìîìåíò T, êîòîðûå â ôèêñèðîâàííûé ìîìåíò âðåìåíè t ïðîõîäÿò ÷åðåç
"âîðîòà"Bt.
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XT (ω)

︸ ︷︷ ︸
T

t

Bt Bt ∈ Bt

Ðàñìîòðèì BT := σ{ýëåìåíòàðíûõ öèëèíäðîâ}. Ëåãêî çàìåòèòü, ÷òî îòîáðàæåíèå
X(ω) : Ω → ST ÿâëÿåòñÿ F|BT - èçìåðèìûì. Äîêàæåì ýòîò îòäåëüíûé ôàêò.

Äîêàçàòåëüñòâî.
Âîçüìåì ýëåìåíòàðíûé öèëèíäð CT (t, Bt).
X(ω)−1(CT (t, Bt)) =
{ω : X(ω) ∈ CT (t, Bt)} =
= {ω : Xt(ω) ∈ Bt},
íî Xt(ω) - ñëó÷àéíàÿ âåëè÷èíà ïðè êàæäîì t ⇒ X(ω)−1(CT (t, Bt)) =
= {ω : Xt(ω) ∈ Bt} ∈ F •

Èòàê, ïî ñëåäñòâèþ (èç ëåêöèè 1) ⇒ X(ω) ∈ F|Bt - èçìåðèìî

Ââåäåì îòîáðàæåíèå πT,t : ST → St. Ò.÷. πT,ty = y(t), y ∈ St.
Ëåãêî âèäåòü, ÷òî πT,t ∈ BT |Bt, ò.ê. ïðîîáðàç ∀ ìíîæåñòâà èç Bt áîëüøîãî
åñòü ýëåìåíòàðíûé öèëèíäð. Åñëè X(ω) : Ω → ST ;
X(ω) ∈ F|BT , òî πT,tX(ω) = Xt(ω). Âûâîä: πT,tXt(ω) ÿâëÿåòñÿ F|Bt -
èçìåðèìûì îòîáðàæåíèåì.
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XT (ω)

Èòàê, äîêàçàíà ñëåäóþùàÿ
Ò Å Î Ð Å Ì À. X = {Xt; t ∈ T} ÿâëÿåòñÿ ñåìåéñòâîì F|BT - èçìåðèìûõ
îòîáðàæåíèé ⇔
bfX(ω) ÿâëÿåòñÿ F|Bt - èçìåðèìûì. Ïîëó÷èëè äâà ýêâèâàëåíòíûõ îïðåäåëåíèÿ
ñëó÷àéíîãî ïðîöåññà
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Ìû âèäåëè, ÷òî åñëè ξ : Ω(Ω,F , P ) −→ S(S,B), ξ ∈ F|B, òîãäà âîçíèêàåò
ðàñïðåäåëåíèå ξ : Pξ(B) := P (ξ−1(B)), ãäå B ∈ S
Èòàê, åñëè X = {Xt, t ∈ T} - ñëó÷àéíûé ïðîöåññ, òî âîçíèêàåò ìåðà Px íà
BT (ìåðà ïîðîæäåííàÿ ñëó÷àéíûì ýëåìíòîì X), ò.å. ìû ìîæåì ãîâîðèòü î
âåðîÿòíîñòÿõ, êîòîðûå ïðè ýòîì âîçíèêàþò.

Áóäåì ðàññìàòðèâàòü çàâèñèìûå ñëó÷àéíûå âåëè÷èíû.
Ïóñòü ST - ñëó÷àéíûé ïðîöåññ. Äëÿ òî÷åê t1, . . . , tn ∈ T ðàññìàòðèâàåì
"ïðÿìîóãîëüíèê" C = Bt1 × . . . × Btn

- ýòî ìíîæåñòâî â ïðîñòðàíñòâå
St1 , . . . ,Stn

. Îáîçíà÷èì St1...tn
= St1 × . . . × Stn

. (Ñóæåíèå òðàåêòîðèé
îïðåäåëåííûõ íà ìíîæåñòâå {t1, . . . , tn} ⊂ T )
Èìååò ñìûñë ðàññìàòðèâàòü òî÷êè t1, . . . , tn - ðàçëè÷íûå (íå ñîâïàäàþò
äðóã ñ äðóãîì). Âîçüìåì ξ = (Xt1 , . . . , Xtn) è ðàññìîòðèì σ - àëãåáðó:
Bt1,...,tn

= σ{"âñå ïðÿìîóãîëüíèêè"}, òî ξ ∈ F|Bt1,...,tn
, ò.ê. åñëè âçÿòü ∀

ïðÿìîóãîëüíèê C = Bt1 × . . .×Btn è ðàññìîòðåòü ξ−1(C).

ξ−1(C) =
n⋂

k=1

{Xtk
∈ Btk

} ({Xtk
∈ Btk

} ∈ F)

ò.ê. ïðÿìîóãîëüíèêè - ýòî ñèñòåìà ïîðîæäàþùèõ äëÿ Bt1,...,tn , òî ξ ∈ F|Bt1,...,tn .
Íà St1,...,tn âîçíèêàþò ìåðû Pt1,...,tn(D) = P ((Xt1 , . . . , Xtn) ∈ D)

Îïð.: Ìåðû Pt1,...,tn ( íà (St1,...,tn ,Bt1,...,tn)) íàçûâàþòñÿ êîíå÷íîìåðíûìè
ðàñïðåäåëåíèÿìè (ê.-ì.ð.) ïðîöåññà X.

Ñâîéñâà ýòèõ ìåð:

1. Âîçüìåì ïðÿìîóãîëüíèê C = Bt1 × . . . × Btn . Ïóñòü (i1, . . . , in) -
ïåðåñòàíîâêà íàáîðà (1, . . . , n). ×òî ìîæíî ñêàçàòü ïðî (*) Pti1 ,...,tin

(Bti1
×

. . .×Btin
)?

Îäíîâðåìåííî âñå èíäåêñû âíèçó è ââåðõó ïåðåñòàâèëè ⇒ î÷åâèäíî, ÷òî
ôóíêöèÿ íå èçìåíèòñÿ.
(*) = Pti1 ,...,tin

(Bti1
×. . .×Btin

) = P (
⋂n

k=1{Xtk
∈ Btk

}). À
⋂n

k=1{Xtk
∈ Btk

}
= =

n⋂
k=1

{Xtk
∈ Btk

} =
n⋂

k=1

{Xtik
∈ Btik

}) = Bt1 × . . .× Btn

2. Pti1 ,...,tin
(Bti1

× . . .×Btin−1
×Stn) = Pt1,...,tn−1(Bti1

× . . .×Btin−1
), ò.ê.

âûðàæåíèå ýòî ðàâíî

P (
n⋂

k=1

{Xtk
∈ Btk

}
⋂
{Xtn ∈ Stn})

ýòè óñëîâèÿ íàçûâàþòñÿ óñëîâèÿìè ñèììåòðèè (1) è ñîãëàñîâàííîñòè
(2)
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Åñëè èìååòñÿ ñëó÷àéíûé ïðîöåññ, òî åãî ê.-ì.ð. îáëàäàþò ñâîéñòâàìè ñèììåòðèè
è ñîãëàñîâàííîñòè.

Îïð.: Èçìåðèìûå ïðîñòðàíñòâà (S,B) è (V,A) íàçûâàþòñÿ èçîìîðôíûìè
(∼), åñëè ∃ âçàèìíî-îäíîçíà÷íîå îòîáðàæåíèå h : S → V ò,÷ h ∈ B | A - èçì,
à h−1 ∈ A | B - èçì.

Îïð.: Ïðîñòðàíñòâî (S,B) íàçûâàåòñÿ áîðåëåâñêèì, åñëè îíî èçîìîðôíî
áîðåëåâñêîìó ïîäïðîñòðàíñòâó îòðåçêà [0,1].
Õîòÿ ÷òî òàêîå áîðåëåâñêîå ïîäïðîñòðàíñòâî îòðåçêà [0,1] íåÿñíî

∀ ïðîñòðàíñòâî Rm ÿâëÿåòñÿ áîðåëåâñêèì.Ïîëüñêîå - ïîëíîå, ñåïàðàáåëüíîå,
ìåòðè÷åñêîå ïðîñòðàíñòâî. ∀ áîðåëåâñêîå ïîäìíîæåñòâî ïîëüñêîãî ïðîñòðàíñòâà
ÿâëÿåòñÿ áîðåëåâñêèì.

Ò Å Î Ð Å Ì À.(Êîëìîãîðîâ). Ïóñòü (St,Bt)t∈T - ñåìåéñòâî áîðåëåâñêèõ
ïðîñòðàíñòâ. Ïóñòü íà ïðîñòðàíñòâàõ (St1,...,tn ,Bt1,...,tn) (n ∈ N, t1, . . . , tn ∈
T ) çàäàíû ìåðû Pt1,...,tn , óäîâëåòâîðÿþùèå óñëîâèÿì ñèììåòðèè
è ñîãëàñîâàííîñòè (1 è 2), òîãäà ∃ âåðîÿòíîñòíîå ïðîñòðàíñòâî (Ω,F , P )
è ñëó÷àéíûé ïðîöåññ: X = {Xt, t ∈ T} (ò.å. Xt ∈ F|Bt - èçìåðèìû ∀t ∈ T ),
ò.÷. ìåðû Pt1,...,tn ÿâëÿþòñÿ ê-ì.ð.-ìè ïðîöåññà X.

Äîêàçàòåëüñòâî.
◦ åãî íå áóäåò ââèäó åãî ñëîæíîñòè (à çðÿ - çàì.)
Äî ýòîé òåîðåìû Äàíèýëü äîêàçàë äëÿ T-ñ÷åòíîãî ýòó òåîðåìó. •

Âñïîìíèì õàðàêòåðèñòè÷åñêóþ ôóíêöèþ ñëó÷àéíîãî âåêòîðà. ξ = (ξ1, . . . , ξn)-
ñëó÷àéíûé âåêòîð ñî çíà÷åíèÿìè â Rn

Îïð.: Õàðàêòåðèñòè÷åñêîé ôóíêöèåé âåêòîðà ξ íàçûâàåòñÿ ôóíêöèÿ

ϕξ(λ):=E exp{i < λ, ξ >}= Ee
i

n∑
k=1

λkξk

, ãäå λ = (λ1, . . . , λn) ∈ Rn, i2 = −1 -
ìíèìàÿ åäèíèöà, < ·, · > - ñêàëÿðíîå ïðîèçâåäåíèå.

Âñïîìíèì çàìåíó ïåðåìåííûõ â èíòåãðàëå Ëåáåãà. Åñëè åñòü (Ω,F , P )
g∈F|B→

(S,B)
h∈B|B(R)→ (R,B(R)), òî

∫
Ω

h(g(u))dP=
∫
S

h(z)Pg−1(dz). Êàê, ïîëüçóÿñü

ýòèì ñâîéñòâîì, çàïèñàòü õ. ôóíêöèþ ñëó÷àéíîãî âåêòîðà â âèäå
∫

ïî
ïðîñòðàíñòâó R?

=
∫

Rn

ei<λ,z>Pξ(dz)

-ãäå Pξ(dz) - ðàñïðåäåëåíèå ñ.âåêòîðà. Ò.å. ãëàâíûé âûâîä òàêîé: õ.ô. âåêòîðà
≡ õ.ô. ìåðû, ÿâëÿþùåéñÿ åãî ðàñïðåäåëåíèåì.
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Ò.î., åñëè Q - ìåðà íà (Rn,B(Rn)), òî ϕQ(λ) =
∫

Rn

ei<λ,z>Q(dz) - õ.ô. ìåðû
Q =⇒ âûâîä: õ.ô. ñë. âåêòîðà ξ ñîâïàäàåò ñ õ.ô. åãî ðàñïðåäåëåíèÿ Pξ.

Êàê óñëîâèÿ ñèììåòðèè è ñîãëàñîâàííîñòè äëÿ äåéñòâèòåëüíîãî ïðîöåññà
ìîæíî ïåðåïèñàòü â òåðìèíàõ õ.ô.? Ñì. Óïàæíåíèå íèæå. Åñëè åñòü ξ =

(ξ1, . . . , ξn), òî ϕξ(λ) := Ee
i

n∑
k=1

ξkλk

; äàëåå åñëè (j1, . . . , jn) ïåðåñòàíîâêà
íàáîðà (1, . . . , n), òî

(A) ϕPt1,...,tn
(λj1 , . . . , λjn

) = ϕPtσ(1),...,tσ(n)
(λ1, . . . , λn)

(B) ϕPt1,...,tn
(λ1, . . . , λn−1, 0) = ϕPt1,...,tn−1

(λ1, . . . , λn−1)

Â êóðñå Ò.Â. äîêàçûâàåòñÿ, ÷òî ìåæäó ìåðàìè íà åâêëèäîâîì ïðîñòðàíñòâå
è õàðàêòåðèñòè÷åñêèìè ôóíêöèÿìè åñòü áèåêöèÿ.

Îïð.: Ïðîöåññ X = {Xt, t ≥ 0} ñ äåéñòâèòåëüíûìè çíà÷åíèÿìè íàçûâàåòñÿ
ïðîöåññîì ñ íåçàâèñèìûìè ïðèðàùåíèÿìè, åñëè ∀n ∈ N, ∀0 ≤ t0 < t1 <
. . . < tn âåëè÷èíû Xt0 , Xt1 −Xt0 , Xt2 −Xt1 , . . . , Xtn −Xtn−1 - íåçàâèñèìû â
ñîâîêóïíîñòè.

Åñëè åñòü ïðîöåññ {Xt, t ∈ N} ñ íåçàâèñèìûìè ïðèðàùåíèÿìè, òî (Çàïèøåì
âåëè÷èíó Xt òàê: Xt = X+(X1 − X0) + (X2 − X1) + . . . + (Xt − Xt−1) -
âñå ñëàãàåìûå ñóììû íåçàâèñèìû) òîãäà Xt = St - ïðîöåññ ÷àñòíûõ ñóìì
íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí. Çäåñü â êà÷åñòâå tk âçÿëè k, tk = k.

Ò Å Î Ð Å Ì À. Ïóñòü ϕ(s, t, ·) - õàð. ôóíêöèè ìåð Qs,t, ãäå 0 ≤
s < t < ∞. Äëÿ òîãî, ÷òîáû íà íåêîòîðîì âåðîÿòíîñòíîì ïðîñòðàíñòâå
(Ω,F , P ) ∃ -ë äåéñòâèòåëüíûé ïðîöåññ X = {Xt, t ≥ 0} ñ íåçàâèñèìûìè
ïðèðàùåíèÿìè, ò.÷. õ.ô. Xt − Xs åñòü ϕ(s, t, ·); íåîáõîäèìî è äîñòàòî÷íî
âûïîëíåíèå ñëåäóþùåãî óñëîâèÿ:

ϕ(s, t, ·) = ϕ(s, u, ·)ϕ(u, t, ·)
-ïðè âñåõ 0 ≤ s < u < t. Ïðè ýòîì íà÷àëüíîå ðàñïðåäåëåíèå, ò.å. ðàñïðåäåëåíèå
âåëè÷èíû X0 ìîãëî áûòü ñäåëàíî ïðîèçâîëüíûì.

Äîêàçàòåëüñòâî.
◦ íåîáõîäèìîñòü⇒ î÷åâèäíî, ò.ê. õ.ô. ñóììû íåçàâèñèìûõ ñë. âåëè÷èí
≡ ïðîèçâåäåíèå õ.ô. ñëàãàåìûõ, ò.å. Xt −Xs = (Xt −Xu) + (Xu −Xs)
äîñòàòî÷íîñòü⇐ Äîïóñòèì, ÷òî óæå ∃ òðåáóåìûé ïðîöåññ X = {Xt, t ≥ 0}.
Òîãäà õ.ô. âåêòîðà ξ = (Xt0 , Xt1 −Xt0 , . . . , Xtn −Xtn−1) ïðèîáðåòàåò âèä â
ò. (λ0, . . . , λn):

ϕξ(λ0, . . . , λn) = ϕXt0
(λ0)ϕXt1−Xt0

(λ1) · . . . · ϕXt1−Xtn−1
(λn) =

Âîçüìåì t0 = 0, òîãäà ϕXt0(λ0) = ϕQ(λ0)

= ϕQ(λ0) · ϕ(t0, t1, λ1) . . . ϕ(tn−1, tn, λn)
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Òîãäà




Xt0

Xt1
...

Xtn


=




1 0 . . . 0
... . . . . . . ...
... . . . 0
1 . . . . . . 1







Xt0

Xt1 −Xt0
...

Xtn
−Xtn−1


 (y = Aξ)

Åñëè èìååòñÿ ξ è êâàäðàòíàÿ ìàòðèöà A, òî ϕAξ(λ) = Eei<Aξ,λ> = Eei<ξ,A∗λ> =
ϕξ(A∗λ). Ãäå A∗ - òðàíñïîíèðîâàííàÿ ê A ìàòðèöà. Ñëåäîâàòåëüíî, õ.ô.
ϕXt0 ,...,Xtn

(λ0, . . . , λn) = ϕξ(A∗λ). •

Åñëè ïàðàìåòðè÷åñêîå ìíîæåñòâî T ⊂ R è èìåþòñÿ ìåðû Pt1,...,tn
, ãäå

t1 < . . . < tn(tk ∈ T ∀k). È âûïîëíåíî óñëîâèå (3) âìåñòî (2), à èìåííî
:
(3) : Pt1,...,tm,...,tn

(. . .R . . .) = Pt1,...,tm−1,tm+1,...,tn
(. . .R/ . . .)

Òîãäà ïðèìåíèìà òåîðåìà Êîëìîãîðîâà.

(ïî ëåêöèè, çäåñü èäåò óïðàæíåíèå, íî âñå ïîäîáíîãî ðîäà çàäà÷è èíîãäà
áóäóò âûíåñåíû çà ïðåäåëû ëåêöèè - ïðèì.ðåä.)

Îïð.: Ïðîöåññ N = {Nt, t ≥ 0} íàçûâàåòñÿ ïóàññîíîâñêèì, åñëè

1. N0 = 0 ï.í.

2. Ïðîöåññ N èìåååò íåçàâèñèìûå ïðèðàùåíèÿ.

3. Nt − Ns - ïðèðàùåíèå ðàñïðåäåëåíî ∼ πλ(t − s), 0 ≤ s < t. Ãäå π -
ïóàññîíîâñêèé çàêîí.
Ïðîöåññ òàêæå íàçûâàåòñÿ ñòàíäàðòíûì ïóàññîíîâñêèì èíòåíñèâíîñòè
λ.

Ãðàôèê òðàåêòîðèè ïóàññîíîâñêîãî ïðîöåññà (ïðîöåññà âîññòàíîâëåíèÿ).

6

-︸ ︷︷ ︸
ξ1(u)

︸ ︷︷ ︸
ξ2(u)

︸ ︷︷ ︸
ξ3(u)

-

-

-

Çäåñü ξ1(u), ξ2(u), . . . - íåçàâèñèìûå îäèíàêîâî ðàñïðåäåëåííûå ïî ýêñïîíåíöèàëüíîìó
çàêîíó. Äîêàæåì, ÷òî ïóàññîíîâñêèé ïðîöåññ ñóùåñòâóåò.
ζ ∼ π(a)

ϕζ(λ) = Eeiζλ =
∞∑

k=0

eikλP (ξ = k) = e−a
∞∑

k=0

(aeiλ)k

k! = e−aeaeiλ = ea(eiλ−1) -
õ.ô. ïóàññîíîâñêîãî ðàñïðåäåëåíèÿ.
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Óïðàæíåíèÿ.

Óïðàæíåíèå 1. Åñëè äëÿ Pt1,...,tn
(ìåð) èõ õ.ô. îáëàäàþò óñëîâèÿìè (A) È

(B) (ñì.ëåêöèþ 2), òî èìåþò ìåñòî ñâîéñòâà ñèììåòðèè è ñîãëàñîâàííîñòè
äëÿ ìåð Pt1,...,tn

.
Óïðàæíåíèå 2. Ïðîâåðèòü, ÷òî äëÿ õ.ô. ϕXt0,...,tn

(λ0, . . . , λn) âûïîëíåíî
ñâîéñòâî (3)
Óêàçàíèå. Íàäî ïîäñòàâèòü 0 â õ.ô. íà k-îå ìåñòî è óâèäåòü, ÷òî ïîëó÷èëè
õ.ô. óêîðî÷åííîãî ðàíãà. Ïðè ýòîì âîñïîëüçóåìñÿ òåîðåìîé (ϕ(s, t, ·) =
ϕ(s, u, ·)ϕ(u, t, ·)), ò.ê. áóäåò õ.ô.
Óïðàæíåíèå 3. Ïðîâåðèòü, ÷òî âûïîëíåíî óñëîâèå òåîðåìû î ñóùåñòâîâàíèè
ïðîöåññà ñ íåçàâèñèìûìè ïðèðàùåíèÿìè äëÿ ïóàññîíîâñêîãî ïðîöåññà.

Çàäà÷è.

1. Ïóñòü X = {Xt, t ∈ T} ñë. ïðîöåññ ñî çíà÷åíèÿìè â ïîëüñêîì ïðîñòðàíñòâå
S ïðè êàæäîì t. Ïóñòü òðàåêòîðèè íåïðåðûâíû. Òîãäà X ÿâëÿåòñÿ ñë. ýëåìåíòîì
ñî çíà÷åíèÿìè â C(T,S), ò.å. F|B(C(T, S)) - èçì. (Òåïåðü ïî-ðóññêè, S = R,
òðàåêòîðèè íåïðåðûâíû. Òîãäà X- ñë. ýëåìåíò ñî çíà÷åíèÿìè â C[0, 1]).
2. ηn

d→ η
?⇔ ϕηn(λ) → ϕη(λ). (ϕηn(λ) = eianλ− 1

2 σ2
nλ2)

Ëåêöèÿ 3

Îïð.:Ïðîöåññ W = {Wt, t ≥ 0} íàçûâàåòñÿ âèííåðîâñêèì (èëè áðîóíîâñêèì
äâèæåíèåì), åñëè

1. W0 = 0 ï.í.

2. Ïðîöåññ W èìååò íåçàâèñèìûå ïðèðàùåíèÿ.

3. Wt −Ws - ïðèðàùåíèå ðàñïðåäåëåíî ∼ N(0, t− s), t > s ≥ 0

4. Òðàåêòîðèè íåïðåðûâíû.

ξ ∼ N(a, σ2), ϕξ(λ) = Eeiλξ = eiaλ−σ2λ2
2

ϕ(s, t, λ) = ϕ(s, u, λ)ϕ(u, t, λ) - áóäóò âûïîëíåíû, ò.ê. e−λ2(t−s)
2 = e−

λ2
2 (u−s)e−

λ2
2 (t−u),

ïî äîêàçàííîé òåîðåìå ïðîöåññ ñî ñâîéñòâàìè 1o − 3o ñóùåñòâóåò.

Îïð.: Âåêòîð ζ ñî çíà÷åíèÿìè â Rn íàçûâàåòñÿ ãàóññîâñêèì (íîðìàëüíûì),
åñëè ϕζ(λ) := Eei<ζ,λ> = exp{i < a, λ > − 1

2 < Cλ, λ >} = [ïî êîîðäèíàòíî] =
=exp{i

n∑
k=1

akλk − 1
2

n∑
k,l=1

cklλkλl}. ζ ∼ N(a,C), a ∈ Rn, C = {ckl}n
k,l=1

ak = Eζk, ckl = cov(ζk, ζl) = E(ζk − Eζk)E(ζl − Eζl)
C = C∗, C ≥ 0, ò.å. < Cλ, λ >≥ 0∀λ ∈ Rn (ìàòðèöà ÿâëÿåòñÿ íåîòðèöàòåëüíî
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îïðåäåëåííîé). Åñëè C > 0, òî ∃ ïëîòíîñòü, êîòîðàÿ çàäàåòñÿ ôîðìóëîé

pζ(x) = (2π)−
n
2 |C|− 1

2 exp{−1
2

< C−1(x− a), (x− a) >}
n∑
k,l

λkλncov(ζk, ζl) = (≥ 0) = cov(
n∑

l=1

λlζl,
n∑

k=1

λkζk) = cov(η, η) = Dη ≥ 0 -
÷.ò.ä.

Îïð.: Ôóíêöèÿ r(s, t), s, t ∈ T íàçûâàåòñÿ íåîòðèöàòåëüíî îïðåäåëåííîé,
åñëè ∀n ≥ 1, ∀t1, . . . , tn ∈ T ìàòðèöà (r(tk, tl))n

k,l=1 íåîòðèöàòåëüíî îïðåäåëåíà.

Ò Å Î Ð Å Ì À. Ïóñòü a = a(t) ëþáàÿ äåéñòâèòåëüíàÿ ôóíêöèÿ,
îïðåäåëåííàÿ íà ìíîæåñòâå T. Ïóñòü r = r(t, s) = - ñèììåòðè÷íà, ò.å.
r(s, t) = r(t, s) è ∀s, t ∈ T íåîòðèöàòåëüíî îïðåäåëåíà íà T × T . Òîãäà
íà íåêîòîðîì (Ω,F , P ) ∃ ãàóññîâñêèé ïðöåññ X = {Xt, t ∈ T}, ò.÷. a(t) =
EXt, r(s, t) = cov(Xs, Xt)
Çàìå÷àíèå. Âûäåëåííûå óñëîâèÿ ÿâëÿþòñÿ íåîáõîäèìûìè è äîñòàòî÷íûìè.

Äîêàçàòåëüñòâî.
◦ Äëÿ ∀n ≥ 1∀t1, . . . , tn ∈ T ðàññìîòðèì âåêòîð (a(t1), . . . , a(tn)) è ìàòðèöó
(r(tk, tl))n

k,l=1, â ñèëó âûäåëåííûõ óñëîâèé ìû ìîæåì ââåñòè õ.ô.

ϕt1,...,tn(λ1, . . . , λn) := exp{i
n∑

k=1

λka(tk)− 1
2

n∑

k,l=1

λkλlr(tk, tl)}

. Òåïåðü ïðîâåðèì ñîãëàñîâàííîñòü ìåð (ýòî îçíà÷àåò, ÷òî, åñëè ïîäñòàâèòü
0 âìåñòî λn, íàïðèìåð, ìû ïîëó÷èì "óêîðî÷åííóþ"õ.ô. - ïðèì.ðåä.) •

Îïð.:∗ Ïðîöåññ W = {Wt, t ≥ 0} íàçûâàåòñÿ âèííåðîâñêèì (èëè áðîóíîâñêèì
äâèæåíèåì), åñëè

1. EWt = 0 ∀t

2. cov(Wt, Ws) = min(s, t) ∀t, s ≥ 0

3. W - ãàóññîâñêèé ïðîöåññ

4. Òðàåêòîðèè íåïðåðûâíû.

Íàïîìíèì, ãàóññîâîñòü îçíà÷àåò, ÷òî ∀n ≥ 0∀t1, . . . , tn − (Wt1 , . . . , Wtn) -
ãàóññîâñêèé âåêòîð.

Óïðàæíåíèå Ä-òü, ÷òî îïðåäåëåíèÿ ýêâèâàëåíòíû

Äîêàæåì, ÷òî ïðîöåññ ñóùåñòâóåò. Äîñòàòî÷íî ïðîâåðèòü r(s, t) = min(s, t)
- ÿâëÿåòñÿ ñèììåòðè÷íîé è íåîòðèöàòåëüíî îïðåäåëåííîé (ïî Çàìå÷àíèþ
ê òåîðåìå). Ìû óæå âèäåëè, ÷òî ñóùåñòâóåò ïðîöåññ â ñìûñëå èñõîäíîãî
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îïðåäåëåíèÿ (ïðîöåññ ñ íåçàâèñèìûìè ïðèðàùåíèÿìè) cov(Ws,Wt) = cov(Ws,Wt−
Ws + Ws) = cov(Ws,Wt − Ws) + cov(Ws,Ws) = D(Ws − W0) = s, ò.ê. âî-
ïåðâûõ, ïðîöåññ ñ íåçàâèìñèìûìè ïðèðàùåíèÿìè, à âî-âòîðûõ, W0 = 0.
Èòàê, ôóíêöèÿ r(s, t) - ÿâëÿåòñÿ íåîòðèöàòåëüíà îïðåäåëåíà, êàê êîâàðèàöèîííàÿ
ôóíêöèÿ ïðîöåññà ñ íåçàâèñèìûìè ïðèðàùåíèÿìè. Áóäåì ñòðîèòü áðîóíîâñêîå
äâèæåíèå íà [0,1]. Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü íåçàâèñèìûõ ãàóññîâñêèõ
âåëè÷èí íà (Ω,F , P ), ðàñïðåäåëåííûå ïî N(0, 1) ξω

k . Ââåäåì íåñëó÷àéíûå

ôóíêöèèØàóäåðà Sk(t) =
t∫
0

Hk(u)du k = 1, 2, . . .. Ïóñòü WT (ω) :=
∞∑

k=a

ξk(ω)Sk(t), t ∈
[0, 1] - ÿâíàÿ êîíñòðóêöèÿ áðîóíîâñêîãî äâèæåíèÿ

H1(t) ≡ 1, t ∈ [0, 1]
H2(t)
. . .
Hk(t)

H2n+k(t) = 2n/2I[ k−1
2n , k−1

2n + 1
2n+1 ](t)−2n/2I( k−1

2n + 1
2n+1 , k

2n ], 1 ≤ k ≤ 2n

6

-
1
2 1

1

H2(t)
and so on

¾

Ëèðè÷åñêîå îòñòóïëåíèå.Ìîëîäîé àðõèòåêòîð ñäàåò ïðîåêò, íó è ïîíÿòíî,
âîëíóåòñÿ. Áîëåå îïûòíûé ñîâåòóåò åìó óñòàíîâèòü íà ôàñàäå ñîáà÷êó...è
âñå îáñóæäåíèÿ ñâåäóòüñÿ ê òîìó, ÷òîáû óáðàòü ñîáà÷êó. Òàê âîò ìîæíî
áûëî îïðåäåëèòü è íå ÷åðåç ôóíêöèè Øàóäåðà
{Hk}∞k=1 îáðàçóþò ïîëíóþ îðòîíîðìèðîâàííóþ ñèñòåìó â ïðîñòðàíñòâå L2[0, 1]

Óïðàæíåíèå. Ïðîâåðèòü îðòîíîðìèðîâàííîñòü è ïîëíîòó (ä-òü, ÷òî èíäèêàòîðû
ïðîìåæóòêîâ ìîãóò áûòü àïïðîêñèìèðîâàíû â ìåòðèêå ôóíêöèÿìè Õààðà).

Âñïîìíèì ñëåäñòâèå èç ðàâåíñòâà Ïàðñåâàëÿ:

< f, g >=
∞∑

k=1

< f, Hk >< g, Hk >

Ë Å Ì Ì À 1. Ïóñòü ak = O(kε), ãäå ε < 1
2 . Òîãäà

∞∑
k=1

akSk(t), t ∈ [0, 1]

ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé íà îòðåçêå [0,1].
Äîêàçàòåëüñòâî.

◦ Äîñòàòî÷íî óáåäèòüñÿ, ÷òî sup
t∈[0,1]

∑
k>2n

|ak|Sk(t) n→∞−→ 0. Îöåíèì: (∗) =
∑

2n<k≤2n+1
|ak|Sk(t) ≤ 2(n+1)ε2−

n
2−1 = c′2−n( 1

2−ε), ε < 1
2 .
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Sk(t) ≤ 2−
n
2−1, íîñèòåëè ýòèõ ôóíêöèé: 2n < k ≤ 2n+1, íîñèòåëè íå ïåðåñåêàþòñÿ.

(∗) ≤ ∑
n≤m

2−m( 1
2−ε) n→∞−→ 0. Ïî òåîðåìå Âåéåðøòðàññà

∑
k

akSk(t) ÿâëÿåòñÿ

íåïðåðûâíîé ôóíêöèåé (ðÿä ñõîäèòñÿ ðàâíîìåðíî), ÷.ò.ä. •

Ë Å Ì Ì À 2. Ïóñòü ξ1, ξ2,... - ïîñëåäîâàòåëüíîñòü ñòàíäàððòíûõ
ãàóññîâñêèõ âåëè÷èí, ò.å. ξk ∼ N(0, 1), k = 1, 2, ...(íåçàâèñèìîñòü íå ïðåäïîëàãàåòñÿ).
Òîãäà ∀c >

√
2 è ï.â. ω ∈ Ω ∃ N = N(ω, c) : |ξk(ω)| ≤ a

√
logk, ∀k ≥ N, ãäå

a=const.
Äîêàçàòåëüñòâî.

◦ Íà÷èíàÿ ñ íåêîòîðîãî N = N(ω, c), âñå ξk(w) ëåæàò âíóòðè ïîëîñû Y ∈
[−a

√
logk, a

√
logk]. •.

Äîêàçàòåëüñòâî (ëåììû 2).
◦Ïóñòü ξ ∼ N(0, 1). P(ξ > x) = 1√

2π

∞∫
x

e−
u2
2 du=/ïî ÷àñòÿì/= −1√

2π

∞∫
x

1
ud(e−

u2
2 ) =

1
x
√

2π
e−

x2
2 − 1√

2π

∞∫
x

e−u2/2

u2 du ≤ 1
x
√

2π
e−

x2
2 , òàê êàê

∞∫
x

e−u2/2

u2 du ≥ 0 ïðè x > 0.

ïðè x → ∞ ôóíêöèÿ 1
x
√

2π
e−

x2
2 - ÿâëÿåòñÿ àñèìïòîòè÷åñêè ýêâèâàëåíòíîé

èñõîäíîìó èíòåãðàëó (äëÿ ïðîâåðêè íàäî åù¼ ðàç ïðîèíòåãðèðîâàòü ïî
÷àñòÿì).
P(|ξk| > c

√
logk áåñê. ÷àñòî ïî k)

Âñïîìíèì 2-îé êóðñ: P(Ak.) = 0, åñëè
∑
k

P(Ak) < ∞ ïî Áîðåëþ-Êàíòåëëè.
P(Ak áåñê. ÷àñòî)=P(

⋂
n

⋃
k≥n

An).

Òàêèì îáðàçîì,
P(|ξk| > c

√
logk) ≤ ∑

k≥N

1

c
√

logk

1√
2π

e−
c2logk

2 ≤const ∑
k≥N

1√
logk

k
c2u
2 < ∞, åñëè

c >
√

2.
Ñëåäîâàòåëüíî, ïî ëåììå Áîðåëÿ-Êàíòåëëè äëÿ ï.â. ω ∈ Ω |ξk(ω)| ≤ c

√
logk, k ≥

N(c, ω). •

Ëèðè÷åñêîå îòñòóïëåíèå (åùå ïàðà ñîâåòîâ). Ìû äîëæíû ïðèâûêíóòü, ÷òî
èäåé íå òàê ìíîãî, â èíòåãðèðîâàíèè - äâå ãëóáêèõ èäåè: ïî ÷àñòÿì è
ñâåäåíèå êðàòíûõ ê ïîâòîðíûì (åñòü, ïðàâäà, è òðåòüÿ - ïåðåíîñ ìåðû
ñ îäíîãî ïðîñòðàíñòâà íà äðóãîå (çàìåíà òî áèøü - çàìå÷.ðåä.)). Åñëè
íóæíî èìåòü îöåíêó õâîñòîâ, ïîíÿòíîå äåëî - èíòåãðèðóåì ïî ÷àñòÿì.

Ò Å Î Ð Å Ì À. Ïðîöåññ Wt(ω) =
∞∑

k=1

ξk(ω)Sk(t) (*) ÿâëÿåòñÿ âèííåðîâñêèì
ïðîöåññîì íà [0,1].

Äîêàçàòåëüñòâî.
◦ Ïî ëåììå 2 |ξk(ω)| ≤ c

√
logk ≤ c′kε, ε ≤ 1

2 , k ≥ N =⇒ ïî ëåììå 1 ðÿä
(*) ñõîäèòñÿ ðàâíîìåðíî íà îòðåçêå [0,1] äëÿ ï.â. ω ∈ Ω =⇒ ïî òåîðåìå
Âåéåðøòðàññà ýòî íåïðåðûâíàÿ ôóíêöèÿ. Ñëåäîâàòåëüíî, òðàåêòîðèè W
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íåïðåðûâíû ñ âåð 1. Ïðîâåðèì ïóíêòû 1-3 èç Îïð.∗.
1)Ðÿä

∞∑
k=1

ξk(ω)Sk(t) ñõîäèòñÿ â ñðåäíå-êâàäðàòè÷åñêîì ê âåëè÷èíå Wt ∀t ∈
[0, 1]. (Íóæíî ïðîâåðèòü, ÷òî ðÿä ñõîäèòñÿ, ò.å. ïðîâåðèòü ôóíäàìåíòàëüíîñòü,

ò.å. E
N∑
M

|ξkSk|2 −→ 0,M, N −→ 0) [Ïîòîìó, ÷òî è òà è äðóãàÿ ñõîäèìîñòè
âëåêóò ñõîäèìîñòü ïî âåðîÿòíîñòè, à ðàç ïîòî÷å÷íî ðÿä ñõîäèòñÿ ê W (t), òî
ñõîäèòñÿ â ñðåäíåêâàäðàòè÷íîì]. Òîãäà EW (t) = 0: |EW (t)| = |E(W (t) −
Wn(t))| [ò.ê. EWn(t) = 0] ≤ [íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî] ≤
≤

√
|E(W (t)−Wn(t))|2 → 0. Ò.ê. Wn(t) → W (t) â ñðåäíåì êâàäð.

Óïðàæíåíèå. cov(W (s),W (t)) = min(s, t) - ðàâåíñòâî Ïàðñåâàëÿ

Óïðàæíåíèå. ζ = (ζ1, . . . , ζn) - ãàóññîâñêèé ⇔ ∀c1, . . . , ck ∈ R
∑
k

ckζk -
ãàóññîâñêèé ⇒ ∑

ckWk - ãàóññîâñêàÿ âåëè÷èíà •

(Â ëåêöèÿõ ýòîò êóñîê äîêàçàòåëüñòâà äåéñòâèòåëüíî ñêîìêàí - ïðèì.ðåä.)

Çàäà÷è.

1.

-

0 2−n
. . .

T

Wt :
∑
k

|W (tk,n)−W (tk−1,n)|2 −→ T ï.í. - äîêàçàòü
2. N = {Nt, t ≥ 0} - ïóàññîíîâñêèé ïðîöåññ èíòåíñèâíîñòè λ

Nt

t

?−→ ? t →∞

Ëåêöèÿ 4

Ò Å Î Ð Å Ì À.

Ò Å Î Ð Å Ì À. (Âèííåð-Çèãìóíä-Ïýëè). Ñ âåðîÿòíîñòüþ åäèíèöà
òðàåêòîðèè áðîóíîâñêîãî äâèæåíèÿ. W = {Wt, t ≥ 0} íå äèôôåðåíöèðóåìû
íè â îäíîé òî÷êå ïîëóîñè [0, +∞).

Äîêàçàòåëüñòâî.
◦ Ðàññìîòðèì ïðîìåæóòîê [k, k + 1), ãäå k ∈ {0, 1, 2, . . .}. Åñëè Wt(ω)
äèôôåðåíöèðóåìû â òî÷êå s ∈ [k, k + 1), òî |Wt − Ws| ≤ l|t − s|, äëÿ
íåêîòîðîãî l ∈ N è t ∈ [s; s + 1

q ) q ∈ N. Èç äèôôåðåíöèðóåìîñòè ñëåäóåò
äèôôåðåíöèðóåìîñòü ñïðàâà. À l - çàâèñèò îò s è ω è q çàâèñèò îò ω, s è
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l. Ðàññìîòðèì ñîâîêóïíîñòü Al,n,i = {|W (k + j+1
n ) − W (k + 1

n )| ≤ 7l
n } j =

i + 1, i + 2, i + 3. Ïóñòü n>4q. Íàéäåì i=i(s,n)

-

k s 1
n

1
n

1
n k + 1s + 1

q

Åñëè Wt(ω) äèôôåðåíöèðóåìà â òî÷êå s ∈ [k, k + 1), òî
∣∣∣∣W

(
k +

j + 1
n

)
−W

(
k +

j

n

)∣∣∣∣ =
∣∣∣∣
(

W

(
k +

j + 1
n

)
−W (s)

)
−

(
W

(
k +

j

n

)
−W (s)

)∣∣∣∣ ≤

≤
∣∣∣∣W

(
k +

j + 1
n

)
−W (s)

∣∣∣∣ +
∣∣∣∣W

(
k +

j

n

)
−W (s)

∣∣∣∣ ≤
4
n

l +
3
n

l =
7l

4

Ïóñòü Dk - ìíîæåñòâî òàêèõ òî÷åê íà [k; k+1), äëÿ êîòîðûõ Wt - äèôôåðåíöèðóåìà
Òîãäà

Dk ⊂
∞⋃

l=1

∞⋃
q=1

⋂
n>4q

n⋂

i=1

Al,n,i

Äëÿ êàæäûõ l, q ∈ N P (
⋂

n>4q

n⋃
k=l

Al,n,i), P (
∞⋂

n=1
Bn) ≤ lim inf

n
P (Bn).

Ñëåäîâàòåëüíî, P (
⋂

n>4q

n⋃
i=1

Al,n,i) ≤ lim inf
n

P (
n⋃

i=1

Al,n,i) ≤ lim inf
n

n∑
i=1

P (Al,n,i)

P (Al,n,i) =[ò.ê. ïðèðàùåíèÿ íåçàâèñèìû]=
= P 3

(∣∣W (
1
n

)∣∣ < 7l
n

) D=
∣∣W (

k + j+1
n

)−W
(
k + j

n

)∣∣

P

( |W( 1
n )|

1√
n

<
7l
n
1√
n

)
= P (

(
|ξ| < 7l√

n

)
= [ξ ∼ N(0, 1)] = 1√

2π

7l√
n∫

− 7l√
n

e−
x2
2 dx ≤

1√
2π

14l√
n

= c l√
n

Â èòîãå

P (
⋂

n>4q

n⋃

i=1

Al,n,i) ≤ lim inf
n>4q

n

(
c

l√
n

)3

= 0

Ò.å.
P

( ∞⋃

l=1

∞⋃
q=1

⋂
n>4q

∞⋃

i=1

Al,n,i

)
= 0

Âñåãäà ìîæíî ñ÷èòàòü, ÷òî âåðîÿòíîñòíîå ïðîñòðàíñòâî (Ω,F , P ) ïîïîëíåíî.
Ò.å. åñëè P (A) = 0, à B ⊂ A, òî P (B) = 0, èìååì (Ω,F , P )

Ò.î. Dk ⊂ A,P (A) = 0, ò.ê. ïðîñòðàíñòâî ïîëíîå P (Dk) = 0, ò.î. P (
∞⋃

k=1

Pk) =
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0. •

Ñëåäóùàÿ òåîðåìà íàçûâàåòñÿ ÒÅÎÐÅÌÎÉÊàêóòàíè - ëåãêî çàïîìíèòü
"êàê ó Òàíè".

Ò Å Î Ð Å Ì À. (Ìàðêîâñêîå ñâîéñòâî). ∀ ôèêñèðîâàííîãî a > 0 ïðîöåññ
Yt = Wt+a−Wa, t > 0 ÿâëÿåòñÿ áðîóíîâñêèì äâèæåíèåì, ïðè÷åì {Yt, t ≥ 0}
è σ{Ws, s ∈ [0; a]} íåçàâèñèìû.

Äîêàçàòåëüñòâî.
◦

ßñíî, ÷òî Y0 = 0, Yt èìååò íåçàâèñèìûå ïðèðàùåíèÿ, Yt−Ys ∼ N(0, t−s)
è òðàåêòîðèè íåïðåðûâíû.
Äîñòàòî÷íî óáåäèòüñÿ, ÷òî (Ws1 , ..., Wsn) è (Yt1 , ..., Ytn) íåçàâèñèìû, 0 ≤
t1 < ... < tn. Âåêòîð (Ws1 , ..., Wsn

) ïîëó÷àåòñÿ èç âåêòîðà (Ws1 ,Ws2 −
Ws1 , ..., Wsn−Wsn−1) ëèíåéíûì ïðåîáðàçîâàíèåì (äîìíîæåíèåì íà ìàòðèöó).
Âåêòîð (Yt1 , ..., Ytn) ïîëó÷àåòñÿ ëèíåéíûì ïðåîáðàçîâàíèåì èç âåêòîðà (Yt1 , Yt2−
Yt1 , ..., Ytn − Ytn−1).
Òî åñòü äîñòàòî÷íî ïðîâåðèòü íåçàâèñèìîñòü âåêòîðîâ (Ws1 ,Ws2−Ws1 , ...,Wsn−
Wsn−1) è (Yt1 , Yt2 − Yt1 , ..., Ytn − Ytn−1), ÷òî î÷åâèäíî. •

Ìîæíî ëè â óòâåðæäåíèè ïîñëåäíåé òåîðåìû âìåñòî êîíñòàíòû a èñïîëüçîâàòü
ñëó÷àéíóþ âåëè÷èíó τ? Òîãäà Xt = W (t + τ)−W (τ), t ≥ 0.

Îïð.: Ïîòîê σ-àëãåáð F=(Ft)t∈T , T ⊂ R1, íàçûâàåòñÿ ôèëüòðàöèåé, åñëè
Fs ⊂ Ft ∀s < t, s, t ∈ T.

Ïðèìåð: X = Xt, t ∈ T , FX = (FX
t )t∈T - åñòåñòâåííàÿ ôèëüòðàöèÿ, åñëè

FX
t = σ{Xs, s ≤ t}, s ∈ T.

Îïð.: τ : Ω → T ∪ {∞} íàçûâàåòñÿ ìàðêîâñêèì ìîìåíòîì îòíîñèòåëüíî
ôèëüòðàöèè (Ft)t∈T , åñëè {τ ≤ t} ∈ Ft ∀t ∈ T. Åñëè τ < ∞ ï.í., òî τ
íàçûâàåòñÿ ìîìåíòîì îñòàíîâêè.

Ïðèìåð: {Xn, n ∈ N} - ïîñëåäîâàòåëüíîñòü äåéñòâèòåëüíûõ ñëó÷àéíûõ
âåëè÷èí, B - áîðåëåâñêîå ìíîæåñòâî â R1, τ = inf{n : Xn ∈ B }, (τ = ∞,
åñëè Xn ∈ B ∀n).
Â äèñêðåòíîì ñëó÷àå τ - ìàðêîâñêèé ìîìåíò ⇔ {τ = n} ∈ Fn, {τ = n} =
{X1B, X2B, ..., Xn−1B, Xn ∈B} ∈ Fn.

Çàäà÷à íà 5+

Ïóñòü X = {Xt, t ≥ 0} - ïðîöåññ ñ ï.í. íåïðåðûâíûìè òðàåêòîðèÿìè, ïðèíèìàþùèé
∀t çíà÷åíèÿ â ìåòðè÷åñêîì ïðîñòðàíñòâå (S, ρ). Îïðåäåëèì τ = inf{t ≥ 0 :
Xt ∈F}, ãäå F - çàâêíóòîå ïîäìíîæåñòâî S. Òîãäà τ - ìàðêîâñêèé ìîìåíò
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îñòàíîâêè îòíîñèòåëüíî F.
Â ÷àñòíîñòè äëÿ âèííåðîâñêîãî ïðîöåññà W = {Wt, t ≥ 0} è ∀a > 0 τa =
inf{t ≥ 0 : Wt = a} - ìàðêîâñêèé ìîìåíò, ò.ê. {a} - çàìêíóòî.

Óïðàæíåíèå: äîêàçàòü, ÷òî τa - ìîìåíò îñòàíîâêè.

Ëåêöèÿ 5
Ò Å Î Ð Å Ì À. (Ñòðîãî ìàðêîâñêîå ñâîéñòâî áðîóíîâñêîãî äâèæåíèÿ).
Ïóñòü W = {Wt, t ≥ 0} - áðîóíîâñêîå äâèæåíèå. Ïóñòü τ - ìîìåíò îñòàíîâêè
îòíîñèòåëüíî åñòåñòâåííîé ôèëüòðàöèè FW = (FW

t )t≥0. Òîãäà
Xt = W (t + τ) − W (τ), t > 0 ÿâëÿåòñÿ áðîóíîâñêèì äâèæåíèåì, ïðè÷¼ì
X = {Xt, t ≥ 0} è Fτ = {A : A∩{τ ≤ t} ∈ Ft} íåçàâèñèìû.

Äîêàçàòåëüñòâî.
◦ Âîçüìåì ∀A ∈ Fτ è ∀0 ≤ t1 ≤ . . . ≤ tm (m ∈ N). Äëÿ äîêàçàòåëüñòâà
íåçàâèñèìîñòè Fτ è X äîñòàòî÷íî óáåäèòüñÿ, ÷òî P (A∩((X(t1), . . . , X(tm)) ∈
B)) = P (A)P (ξ ∈ B) Çäåñü ξ = (X(t1), . . . , X(tm)), à B ∈ B(Rn).

Óïðàæíåíèå. Åñëè A1 è A2 íåçàâèñèìû ⇒ σ(A1) è σ(A2) íåçàâèñèìû.

Åñëè A - àëãåáðà, òî ∀ε > 0 è ∀A ∈ σ(A) ∃Aε ∈ A : |P (A)− P (Aε)| < ε

X(t, ω) = W (t + τ(ω), ω)−W (τ(ω), ω)
Ñ÷èòàåì, ÷òî åñëè τ(ω) = ∞ (ñ âåðîÿòíîñòüþ 0), òî X(t, ω) = 0
Ðàññìîòðèì tk,n = k2−n, k = 0, 1, . . . . Ïóñòü:

A1,n = {τ ≤ 2−n}
...

Ak,n = {(k − 1)2−n < τ ≤ k2−n}

Ââåäåì τn

∞∑
k=1

k2−nIAk,n
, n = 1, 2, . . . . Î÷åâèäíî, τn → τ ï.í. n →∞

Êðîìå òîãî, τn - ìàðêîâñêèé ìîìåíò, ò.ê. {τn ≤ t} = {τ ≤ k2−n}, ãäå
k = max{l : l2−n ≤}.
Ïîòîìó, ÷òî {τn ≤ t} ∈ FW

k,n ⊂ Ft

W (t+τ(ω), ω) n→∞→ W (t+τ(ω), ω) ï.í. [â ñèëó íåïðåðûâíîñòè ï.í. òðàåêòîðèé
W]. {W (t+τn(ω), ω) ≤ z} =

∞⋃
k=1

{W (t+k2−n, ω) ≤ z, τn = k2−n}. Âûðàæåíèå
â ñêîáêàõ ïðèíàäëåæèò F

Íà âòîðîì êóðñå ìû äîëæíû áûëè óñâîèòü, åñëè åñòü ïîñëåäîâàòåëüíîñòü
ñë.â., áóäåò ëè ïðåäåë èõ ñë.â.?(Ω,F , P ). ηn → η ï.í., ηn ∈ F|B(R), òîãäà
η ∈ F|B(R), åñëè ïðîñòðàíñòâî ïîïîëíåíî, òîãäà ïðåäåë - ñ.â.
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Ìû õîòèì äîêàçàòü, ÷òî P (A ∩ {ξ ∈ B}) = P (A)P (ξ ∈ B),
ãäå ξ = (X(t1), . . . , X(tm)).

E(IAI{ξ∈B}) = EIAEI{ξ∈B} (∗)
Äîñòàòî÷íî ðàññìàòðèâàòü ëèøü çàìêíóòûå B ∈ B(Rn)

Óïðàæíåíèå. (Ñâîéñòâî ðåãóëÿðíîñòè) ∀B (áîðåëåâñêîãî ìíîæåñòâà) â ìåòðè÷åñêîì
ïðîñòðàíñòâå è ∀ε > 0 ∃Fε(çàìêíóòîå), Gε(îòêðûòîå), ò.÷. Fε ⊂ B ⊂ Gε è
P (Gε\Fε) < ε.

Äëÿ ïðîâåðêè (*) äîñòàòî÷íî óñòàíîâèòü, ÷òî

E(IAf(ξ)) = EIAEf(ξ)

Ãäå f íåïðåðûâíà è îãðàíè÷åíà: f : Rn → R
Ïî÷åìó æå ìîæíî èñïîëüçîâàòü f âìåñòî I{ξ∈B}? Ââåäåì ϕ(t):

6

-
@

@

1

1

1− t

t

è ðàññìîòðèì gk(x) = ϕ(kρ(x,B)), ãäå ρ(x, B) = inf{ρ(x, y) : y ∈ B}.
Ðàññòîÿíèå äî çàìêíóòîãî ìíîæåñòâà åñòü íåïðåðûâíàÿ ôóíêöèÿ. g - ÿâëÿåòñÿ
íåïðåðûâíîé è îãðàíè÷åííîé, êðîìå òîãî, î÷åâèäíî, ÷òî gk(x) k→∞→ IA.
(Âñïîìíèì, òó ñàìóþ "øëÿïêó", êîòîðóþ ÷àñòî ðèñóåò ëåêòîð). Ïî òåîðåìå
î ìàæîðèðóåìîé ñõîäèìîñòè Ëåáåãà, èç ñîîòíîøåíèÿ EIAf(ξ) = EIAEf(ξ)
("âðîäå ñêàçêè î Êàùåå: äóá → ñóíäóê . . ..")
IAf(ξ), ââåäåì âåêòîð
ξn = (W (t1 + τn)−W (τn), . . . , W (tm + τn)−W (τn))
ξn → ξ ï.í. â ñèëó íåïðåðûâíîñòè áð.äâ.
Ñíîâà ïî òåîðåìå Ëåáåãà:
EIAf(ξ) = lim

n
EIAf(ξn)

Â ñèëó ñ÷åòíîé àääèòèâíîñòè èíòåãðàëà Ëåáåãà:

EIAf(ξn) =
∞∑

k=1

EIAf(ξn)I{τn=k2−n} =

=
∞∑

k=1

EIA∩{τn=k2−n}f((W (t1+k2−n)−W (k2−n) . . .W (tm+k2−n)−W (k2−n))) =

Ak,n ∈ Fk2n

ïî ìàðêîâñêîìó ñâîéñòâó áðîóíîâñêîãî äâèæåíèÿ:
(W (t1+k2−n)−W (k2−n), . . . , W (tm+k2−n)−w(k2−n)) D= (W (t1), . . . , W (tm))
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íåçàâèñèò îò Fk2−n

Ñëåäîâàòåëüíî

E(f(W (t1), . . . , W (tm)))
∞∑

k=1

EIA∩{τk=k2−n} =

= E(f(W (t1), . . . , W (tm)))EIA

Òàêèì îáðàçîì, ìû äîêàçàëè, ÷òî EIf(ξ) = EIAEf(W (t1) . . .W (tm)). Íåçàâèñèìîñòü:
Fτ è X äîêàçàíà.
Âîçüìåì A = Ω ⇒ ξ

D= (W (t1) . . . W (tm))
Ef(ξ) = Ef(W (t1) . . .W (tm)) •

Ïðèíöèï îòðàæåíèÿ

Ïóñòü τ - ì.î. îòíîñèòåëüíî FW

Ò Å Î Ð Å Ì À. "Îòðàæåííûé ïðîöåññ"{Z = Zt, t ≥ 0} ÿâëÿåòñÿ
áðîóíîâñêèì äâèæåíèåì. Åñëè τ = ∞ (ñ âåð. 0), òî ïîëàãàåì Z(t, ω) =
W (t, ω) (Ò.å. îòðàæåííûé ïðîöåññ ðàâåí ïåðâîíà÷àëüíîìó)

Äîêàçàòåëüñòâî.
◦ Z(t, ω) = W (t, ω)I{τ≥t} + (2W (τ(ω), ω)−W (t))I{τ, t}
Î÷åâèäíî, ÷òî Z(t) ïðè êàæäîì t ÿâëÿåòñÿ ñëó÷àéíîé âåëè÷èíîé. Êðîìå
òîãî, òðàåêòîðèè Z ëåæàò â ïðîñòðàíòñòâå (C0[0,∞), ρ), ÿâëÿþùååñÿ ïîëüñêèì
ïðîñòðàíñòâîì.

Óïðàæíåíèå. Äîêàçàòü, ÷òî, ïîñêîëüêó òðàåêòîðèè Z íåïðåðûâíû, òî Z
ÿâëÿåòñÿ ñë. ýëåìåíòîì ñî çíà÷åíèÿìè â C0[0,∞]
Ââåäåì îòîáðàæåíèå "ñêëåèâàíèÿ"â òî÷êå b ∈ [0,∞) - h(b, f, g), ãäå f, g ∈
C0[0,∞) h(b, f, g) = f(b) + g(t− b), t ≥ b
Îòîáðàæåíèå ÿâëÿåòñÿ íåïðåðûâíûì îòîáðàæåíèåì [0, +∞)× C0[0,+∞)×
C0[0, +∞) → C[0, +∞) Îïðåäåëèì ïðîöåññ U(t) = W (t∧τ) (= W (min(t, τ)))
W = h(τ, U,X)
Z = h(τ, U,−X)

(τ, U,X) D= (τ, U,−X) ← íóæíî äîêàçàòü

Äåëî â òîì, ÷òî (τ, U) ÿâëÿåòñÿ (äîêàçàòü ýòî â êà÷åñòâå Óïðàæíåíèÿ) F -
èçìåðèìûì âåêòîðîì, à ïî ñòðîãî ìàðêîâñêîìó ñâîéñòâó X è Fτ ,−X è Fτ

- íåçàâèñèìû. Ñëåäîâàòåëüíî,
Law(τ, U,X) = Law(τ, U)

⊗
Law(X) (Law(X) = Law(W )).

Àíàëîãè÷íî ðàñêëàäûâàåòñÿ â ñèëó íåçàâèñèìîñòè Law(τ, U,−X).

Ò Å Î Ð Å Ì À. (Áàøåëüå). ∀z > 0 P ( sup
t∈[0,T ]

W (t) > z) = 2P (W (T ) > z)
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Ò Å Î Ð Å Ì À. (Õèí÷èí). Ñ âåðîÿòíîñòüþ 1 :

lim sup
t→∞

W (t)√
2tlnlnt

= 1

lim inf
t→∞

W (t)√
2tlnlnt

= −1

Ëèðè÷åñêîå îòñòóïëåíèå. Ïðîèçîøåë ïîæàðâ áîëüíèöå, ïîòóøèëè åãî
è íà÷àëüíèê ðàñ÷åòà äîêëàäûâàåò: "4 ÷åëîâåêà ïîñòðàäàëî- 2 îòêà÷àëè".
Ãëàââðà÷: "Ñòðàííî, ãîðåëî ïàòàëîãîàíàòîìè÷åñêîå îòäåëåíèå, à ñîòðóäíèêîâ
â íåì íå áûëî..."

Ë Å Ì Ì À. ∀t, x, y ≥ 0 P (W (t) < y − x,M(t) ≥ y) = P (W (t) > Y + x),
ãäå M(t) = max

s∈[0,t]
W (s).

(Äîêàçàòåëüñòâî áóäåò â ñëåäóþùåé ëåêöèè.)

Ëåêöèÿ 6

Äîêàçàòåëüñòâî. (ëåììû)
◦τy = inf{s : W (s) = y}. τy - ìîìåíò ïåðâîãî ïîïàäàíèÿ â çàìêíóòîå
ìíîæåñòâî {y} íåïðåðûâíîãî ïðîöåññà W. τy - ìîìåíò îñòàíîâêè (âîïðîñ
ëåêöèè 4). {M(t) ≥ y} = {τy ≤ t}. Ïóñòü σy = inf{t ≥ 0, Z(t) = y}.
Î÷åâèäíî, τy = σy. Çàìåòèì, ÷òî (τy,W ) D= (σy, Z)
P (τy ≤ t,W ∈ B) = P (M(t) ≥ y, W ∈ B) = P (W ∈ Gt ∩ B). Ñ äðóãîé
ñòîðîíû, P (σy ≤ t, Z ∈ B) = P (Z ∈ Gt ∩B) = P (W ∈ Gt ∩B)
P (τy ≥ t, W (t) < y−x) = P (σy ≤ t, Z(t) < y−x) = P (σy ≤ t,W (t) > y+x) =
= P (τy ≥ t,W (t) > y+x) = P (W (t) > y+x). Çàìåòèì, ÷òî åñëè W (t) > y+x,
òî M(t) ≥ y. À {M(t) ≥ t} ∼ {τy ≥ t} •

Ñëåäñòâèå. (Áàøåëüå) P (M(t) ≥ y) = 2P (W (t) ≥ y)
Äîêàçàòåëüñòâî.

◦ P (M(t) ≥ y,W (t) < y − x) = P (W (t) > y + x)
Ïîëîæèì x = 0
P (M(t) ≥ y,W (T ) < y) = P (W (t) > y)
Äàëåå
P (M(t) ≤ y) = P (M(t) ≥ y, W (T ) < y) + P (M(t) ≥ y, W (T ) ≥ y) =
= P (W (t) > y) + P (W (t) ≥ y) = 2(W (t) ≥ y) •

Ñëàáàÿ ñõîäèìîñòü âåðîÿòíîñòíûõ ìåð.

Îïð.: Ïîñëåäîâàòåëüíîñòü ìåð Qn, çàäàííûõ íà ìåòðè÷åñêîì ïðîñòðàíñòâå
(S, ρ) ñ áîðåëåâñêîé σ-àëãåáðîé B(S), íàçûâàåòñÿ ñëàáî ñõîäÿùåéñÿ ê ìåðå
Q (íà (S, B(S))), åñëè

∫
S

fdQN → ∫
fdQ (*)
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∀f ∈ Cb(S,R) (ìîæíî C), ò.å. äëÿ ëþáîé íåïðåðûâíîé è îãðàíè÷åííîé
ôóíêöèè f : S → R
×àñòî ïèøóò 〈f, Q〉 âìåñòî ∫

S

fdQ.

Ë Å Ì Ì À. Åñëè Qn ⇒ Q è Qn ⇒ Q′, òî Q = Q′

Äîêàçàòåëüñòâî.
◦ èç (*) âûòåêàåò, ÷òî

∫

S

fdQ =
∫

S

fdQ′ ∀f ∈ Cb(S,R)

Ñëåäîâàòåëüíî, ∫

S

IF dQ =
∫

S

IF dQ′

Äëÿ ëþáîãî çàìêíóòîãî F. Îòñþäà âûòåêàåò, ÷òî Q(B) = Q′(B) ∀B ∈ B(S).

Ò Å Î Ð Å Ì À. (À.Ä. Àëåêñàíäðîâ). Qn ⇒ Q òîãäà è òîëüêî òîãäà,
êîãäà âûïîëíåíî ëþáîå èç ñëåäóþùèõ óñëîâèé:
1o lim sup

n
Qn(F ) ≤ Q(F ) ∀ çàìêíóòîãî F

2o lim inf
n

Qn(F ) ≥ Q(F ) ∀ îòêðûòîãî G
3o lim

n
Qn(B) = Q(B) ∀B ∈ B(S) : Q(∂B) = 0

Äîêàçàòåëüñòâî.
◦ Çàìåòèì, ÷òî èñõîäíîå îïðåäëåíèå (*) ðàâíîñèëüíî ñëåäóþùåìó

lim sup
n

< f, Qn >≤< f, Q > ∀f ∈ Cb(S,R)

Äîñòàòî÷íî âçÿòü (−f) ∈ Cb(S,R).
lim sup

n
〈−f,Qn〉 ≤ 〈−f, Q〉

lim inf
n

〈−f,Qn〉 ≥ 〈−f,Q〉
Ïîêàæåì, ÷òî (*)⇒ 1o. Ïóñòü F - çàìêíóòîå ìíîæåñòâî â S. Ââåäåì ôèêñèðîâàííûå
fε

F (x) = ϕ(ερ(x, F )). fε
F (x) - íåïðåð. è îãð. IF (x) ≤ fε

F (x), ∀x ∈ S ∀ε > 0
Òîãäà 〈IF , Qn〉 ≤ 〈fε

F (x), Qn〉. Ïîýòîìó lim sup
n

Qn(F ) ≤ lim sup
n

〈fε
F (x), Qn〉 ≤

〈fε
F (x), Q〉

Ïî òåîðåìå Ëåáåãà 〈fε
F (x), Q〉 ε↓0→ 〈If , Q〉 = Q(F ).

Èòàê, lim sup
n

Qn(F ) ≤ Q(F ) ∀ çàìêíóòûõ F. Äîêàæåì òåïåðü, ÷òî 1o ⇒ (∗).
Äîñòàòî÷íî óáåäèòüñÿ, ÷òî

lim sup
n

〈f, Qn〉 ≤ 〈f, Q〉

∀ íåïðåðûâíîé ô. f, òàêîé ÷òî 0 < f(x) < 1 ∀x ∈ S. Äëÿ äðóãèõ f ïîëó÷àåì
ëèíåéíûì ïðåîáðàçîâàíèåì af+b.
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Ââåäåì äëÿ k ∈ N ìíîæåñòâà Fi = {x : f(x) ≥ i
k} i = 0, 1, . . . , k.. Fi-

çàìêíóò êàê ïðîîáðàç çàìêíóòîãî ïðè íåïðåðûâíîì îòîáðàæåíèè. Ïîëîæèì
Ci = Fi−1 \ Fi i = 1, . . . , k
Íà ìíîæåñòâå Ci

i−1
k ≤ f(x) < i

k

k∑

i=1

i− 1
k

Q(ci) ≤
∫

S

fdQ ≤
k∑

i=1

i

k
Q(ci)

Q(ci) = Q(Fi−1)−Q(Fi), òîãäà

1
k

k∑

i=1

Q(Fi) ≤
∫

S

fdQ ≤ 1
k

+
1
k

∑
i = 1kQ(Fi)

Àíàëîãè÷íî ìîæíî íàïèñàòü

1
k

k∑

i=1

Qn(Fi) ≤
∫

S

fdQn ≤ 1
k

+
1
k

k∑

i=1

Qn(Fi)

Ñëåäîâàòåëüíî, 〈f,Qn〉 ≤ 1
k + 1

k

k∑
i=1

Qn(Fi), ò.å. lim sup
n

〈f,Qn〉 ≤ lim sup
n

(. . .) è

â ñèëó 1o ≤ 1
k + 1

k

k∑
i=1

Q(Fi) ≤ 1
k +〈f, Q〉, ò.ê. F çàìêíóòî. Îñòàëîñü óñòðåìèòü

k â áåñêîíå÷íîñòü. Â èòîãå

lim sup
n

〈f, Qn〉 ≤ 〈f, Q〉

∀ íåïðåð. f ∈ (0, 1).
(∗)
l
1o ↔ 2o

Èìïëèêàöèÿ èç 1 â 2 è îáðàòíî î÷åâèäíà.

Äîêàæåì, ÷òî 1o(2o) 7→ 3o

Ïóñòü [B] - çàìûêàíèå B
Bo - âíóòðåííîñòü B
Bo ⊂ B ⊂ [B]
Â ñèëó 1o è 2o èìååì äëÿ ∀B ∈ B(S)

Q(Bo) ≤ lim inf
n

Qn(Bo) ≤ lim inf
n

Qn(B) ≤ lim sup
n

Qn(B) ≤ lim sup
n

Qn([B]) ≤ Q([B])

Åñëè Q(∂B) = 0, òî Q(Bo) = Q([B]). Ñëåäîâàòåëüíî ∃ lim
n

Qn(B) = Q(B).
Èòàê, 3o äîêàçàíî. Ïîêàæåì 3o 7→ 1o. Ïóñòü F- çàìêíóòîå ìíîæåñòâî â S.
Ðàññìîòðèì F (ε) = {x ∈ S : ρ(X, F ) < ε}. ∂F (ε) ∩ ∂F (δ) = ∅ ε 6= δ.
Ñëåäîâàòåëüíî ñóùåñòâóåò íå áîëåå ñ÷åòíîå ìíîæåñòâî εn : Q(∂F (εn)) > 0
Âîçüìåì {νn} ν ↓ 0 Q(∂F (νm)) 6= 0 Ïî ñâîéñòâó 3o, Qn(F (νm) → Q(F (νm))

lim sup
n

Qn(F ) ≤ lim sup
n

Qn(F (νm)) = Q(F (νm))
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Óñòðåìèì m → ∞. Òîãäà Q(F (νm)) → Q(F ). Â ñèëó íåïðåðûâíîñòè ìåðû,
ò.ê. F (νm) → F .

Îïð.: {Qα}α∈Λ íàçûâàåòñÿ ñëàáî îòíîñèòåëüíî êîìïàêòíûì, åñëè èç ëþáîé
ïîñëåäîâàòåëüíîñòè {Qn} ìîæíî èçâëå÷ü ñëàáî ñõîäÿùóþñþ ïîäïîñëåäîâàòåëüíîñòü.

Óïðàæíåíèå. Qn ⇒ Q òîãäà è òîëüêî òîãäà, êîãäà
1. {Qn} ñëàáî îòíîñèòåëüíî êîìïàêòíûì.
2. ñóù. H ⊂ Cb(S,R)
2.a. ∀h ∈ H ñóù. lim

n
〈h, Qn〉

2.b. åñëè 〈Q,h〉 = 〈Q′, h〉
∀h ∈ H, òî Q = Q′ íà B(S).

Îïð.: Ñåìåéñòâî ìåð {Qα}α∈Λ íàçûâàåòñÿ ïëîòíûì, åñëè ∀ε > 0, ∃ êîìïàêò
Kε ⊂ S, òàêîé ÷òî Qα(Kε) > 1− ε ∀α ∈ Λ.

Ò Å Î Ð Å Ì À. (Ïðîõîðîâ). Åñëè {Qα}α∈Λ ïëîòíî, òî {Qα}α∈Λ

ÿâëÿåòñÿ ñëàáûì îòíîñèòåëüíî êîìïàêòíûì. È íàîáîðîò, åñëè ñåìåéñòâî
ìåð {Qα}α∈Λ ñëàáî îòíîñèòåëüíî êîìïàêòíîå è ïðîñòðàíñòâî (S, ρ) - ïîëüñêîå,
òî {Qα}α∈Λ - ïëîòíî.

Îïð.: Ñ.ý. Xn (Xn : Ωn → S) íàçûâàåòñÿ ñõ-ñÿ ïî ðàñïðåäåëåíèþ ê ñë.
ýëåìåíòó X (X : Ω → S), åñëè

PnX−1
n ⇒ PX−1

ò.å. ðàñïðåäåëåíèå Xn ñëàáî ñõîäèòñÿ ê ðàñïðåäåëåíèþ X. Èíà÷å ãîâîðÿ
Xn

D→ X, åñëè Enf(Xn) → Ef(x) n →∞ ∀f ∈ Cb(S,R).

Óïðàæíåíèå. Ïóñòü Xn
D→ X è h : S → R - íåïðåðûâíîå îòîáðàæåíèå.

Òîãäà h(Xn) D→ h(X)
Ýêâèâàëåíòíàÿ ôîðìóëèðîâêà. Qn ⇒ Q, òîãäà Qnh−1 ⇒ Qh−1. Îá ýòîì
ãîâîðèëè íà ïåðâîé ëåêöèè: X = {Xt, t ∈ T} : ω 7→ X(ω). Âîçíèêàåò ìåðà
Px íà BT . Âñÿ òåîðèÿ "ñòðîéíî"ðàáîòàåò, åñëè BT = áîðåëåâñêîé σ-àëãåáðå
â ïðîñòðàíñòâå (ST ,B(ST ).
Óïðàæíåíèå. Â ïðîñòðàíñòâå C[0, 1] âûïîëíåíî BT = B(ST ).

Óïðàæíåíèå. Qn ⇒ Q â ïðîñòðàíñòâå C[0, 1] òîãäà è òîëüêî òîãäà, êîãäà
1). {Qn} ïëîòíî (ïî ò. Ïðîõîðîâà ýòî ðàâíîñèëüíî ñëàáîé îòíîñèòåëüíîé
êîìïàêòíîñòè)
2). Ñëàáî ñõ-ñÿ âñå êîíå÷íîìåðíûå ðàñïðåäåëåíèÿ ìåð Qn ê ê.ì.ð. Q, ò.å.
Qnπ−1

t1,...,tk
⇒ Qπ−1

t1,...,tk
, ãäå πt1,...,tk

(x) = (x(t1), . . . , x(tk)) - íåïðåðûâíîå
îòîáðàæåíèå C[0, 1] â Rk, à x ∈ C[0, 1].

Äëÿ ïðîöåññîâ X(n) = {X(n)
t , t ∈ [0, 1]} ñ íåïðåðûâíûìè òðàåêòîðèÿìè
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X(n) D→ X
1. Ñåìåéñòâî ðàñïðåäåëåíèé X(n) ïëîòíî.
2. (X(n)

t1 , . . . , X
(n)
tk

) D→ (Xt1 , . . . , Xtk
) ∀t1, . . . , tk ∈ [0, 1] ∀k ∈ Λ.

Ó íàñ åñòü ïîñëåäîâàòåëüíîñòü ξ1, ξ2, ... - í.î.ð.ñ.â., Eξ1 = 0, Eξ2
1 = 1.

Ðàçäåëèì îòðåçîê [0,1] íà n ðàâíûõ ÷àñòåé. Sk(w) = ξ1(w) + ... + ξk(w).
Ñ ïîìîùüþ ëèíåéíîé èíòåðïîëÿöèè ïîñòðîèì ãðàôèê ôóíêöèè Sk(w)/

√
n.

Ïîëó÷àåì ñëó÷àéíóþ ëîìàííóþ S(n)(t, w).

ãðàôèê ãðàôèê ãðàôèê ãðàôèê ãðàôèê ãðàôèê ãðàôèê ãðàôèê ãðàôèê

PS(n) ⇒W, S(n) D→ {Wt, t ∈ [0, 1]} (ïðèíöèï èíâàðèàíòíîñòè).
Ïðè êàæäîì t òðàåêòîðèÿ S(n) - íåïðåðûôâíûå ôóíêöèè → S(n) ÿâëÿåòñÿ
ñëó÷àéíûì ýëåìåíòîì ñî çíà÷åíèÿìè â ïðîñòðàíñòâå C[0, 1] (ïîëüñêîå).
ρ(x(t), y(t)) = sup

t∈[0,1]

|x(t) − y(t)|, - ìåòðèêà. Îáîçíà÷åíèå: Pn = Law(S(n)) -

ðàñïðåäåëåíèå íà B(C[0, 1]).

Ëåêöèÿ 7

Ò Å Î Ð Å Ì À. (Äîíñêåð). Pn ⇒W ïðè n →∞,
ãäåW = Law({Wt, t ∈ [0, 1]}) - ìåðà Âèííåðà, ò.å. ðàñïðåäåëåíèå áðîóíîâñêîãî
äâèæåíèÿ.

Íàïîìèíàíèå: Pn ⇒ P íà (S, ρ), åñëè
∫
S

fdPn →
∫
s

fdP, ∀ f : S → R, f -
íåïðåð. è îãð.
ξn

D→ ξ (ñëó÷àéíûé ýëåìåíò), åñëè Pξn ⇒ Pξ, ò.å. Enf(ξn) → Ef(ξ), n →∞.
Çäåñü En - óñðåäíåíèå ïî Pn íà òîì âåðîÿòíîñòíîì ïðîñòðàíñòâå, ãäå çàäàíû
ξn. E - óñðåäíåíèå ïî P íà òîì âåðîÿòíîñòíîì ïðîñòðàíñòâå, ãäå çàäàíû ξ.

Òàêèì îáðàçîì, äëÿ ëþáîãî íåïðåðûâíîãî ôóíêöèîíàëà h : C[0, 1] → R

âûïîëíåíî h(S(n)) D→ h({Wt, t ∈ [0, 1]}).

Ïðè ïîñòðîåíèè S(n) ìû ðàññìàòðèâàëè X1, X2, ... -í.î.ð.; EX1 = 0, EX2
1 =

1 (*). Çàêîí ðàñïðåäåëåíèÿ Xi ìîæåò áûòü ëþáûì, óäîâëåòâîðÿþùèì óñëîâèÿì
(*). Òîãäà äëÿ ëþáîãî íåïðåð. ôóíêöèîíàëà h âåðíî h(S(n)) D→ h({Wt, t ∈
[0, 1]}).
Â ýòîì è ñîñòîèò èíâàðèàíòíîñòü.

Ýòîò ðåçóëüòàò ñîäåðæèò ÖÏÒ.
Äëÿ òàêèõ Xi ÖÏÒ óòâåðæäàåò: Sn√

n

D→ Z ∼ N(0, 1). Ïî÷åìó òîãäà ÖÏÒ
ÿâëÿåòñÿ ñëåäñòâèåì ïðèíöèïà èíâàðèàíòíîñòè? Âîçüì¼ì ôóíêöèîíàë h :
h(x(·)) = x(1), ãäå x ∈ C[0, 1]. Î÷åâèäíî, ÷òî h - íåïðåðûâíûé ôóíêöèîíàë.
Èòàê, åñëè ìû ðàññìîòðèì h(S(n)) D→ h(W) = W (1),W = {Wt, t ∈ [0, 1]}, S(n)
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- ëîìàííàÿ. Çíà÷èò, òàê êàê
h(S(n)) = Sn√

n
è W (1) ∼ N(0, 1) , òî =⇒ ÖÏÒ.

Ýòîò ïîäõîä ïîçâîëÿåò íàõîäèòü ðàñïðåäåëåíèå h(W ), îòïðàâëÿÿñü îò ðàñïðåäåëåíèÿ
h(S(n)).

Ò.å. èìååòñÿ ïðèíöèï èíâàðèàíòíîñòè è ìû ìîæåì ðàññìîòðåòü ëþáûå
ëîìàííûå, òîãäà âûáåðåì X1, X2, ... - ïðîñòûìè, à èìåííî: P (Xk = 1) =
P (Xk = −1) = 1/2, EXk = 0, EX2

k = 1.

Ïî ýòîé ñõåìå ìîæíî íàéòè sup
t∈[0,1]

S(n)(t), òîãäà ïî ïðèíöèïó èíâàðèàíòíîñòè

sup
t∈[0,1]

S(n)(t) D→ sup
t∈[0,1]

Wt è sup
t∈[0,1]

S(n)(t) =
max

0≤k≤n
Sk

√
n

.

Óïðàæíåíèå. Ïîêàçàòü, ÷òî
max

0≤k≤n
Sk

√
n

D→ sup
t∈[0,1]

Wt.

Ïóñòü Xn,i, i = 1, ..., mn - íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû ò.,÷. EXn,i =

0, EX2
n,i = σ2

n,i > 0. Ïóñòü
mn∑
i=1

σ2
n,i = 1 - óñëîâèå íîðìðèîâêè (åñëè ýòî

íå âûïîëíåíî, òî áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ðàçäåëèòü âñå ñ.â. íà
êîíñòàíòó). Îïðåäåëèì ñëó÷àéíóþ ëîìàííóþ áîëåå îáùèì ñïîñîáîì:

Çàìå÷àíèå: åñëè X1, X2, ... - ïîñëåäîâàòåëüíîñòü, òî Xn,i = Xi√
n
, i = 1, ..., n, =⇒

ýòî äåéñòâèòåëüíî áîëåå îáùàÿ ñõåìà.

Ò Å Î Ð Å Ì À. (Ïðîõîðîâ). Ïóñòü ñåðèè íåçàâèñèìûõ ñëó÷àéíûõ
âåëè÷èí Xn,i, i = 1, 2, ...òàêîâû, ÷òî âûïîëíåíî óñëîâèå Ëèíäåáåðãà:
∀ε > 0

mn∑
k=1

E|Xn,k|2I{|Xn,k| > ε} → 0 (n →∞), òîãäà

Un
D→ W = {Wt, t ∈ [0, 1]} - áðîóíîâñêîå äâèæåíèå.

Èç ýòîé òåîðåìû òàêæå âûòåêàåò ÖÏÒ (îïÿòü áåð¼ì h(x(·)) = x(1)).

Ýòè óñëîâèÿ (Ëèíäåáåðãà) îïòèìàëüíû: îíè ÿâëÿþòñÿ íåîáõîäèìûìè è
äîñòàòî÷íûìè, åñëè ñëàãàåìûå óäîâëåòâîðÿþò óñëîâèþ ðàâíîìåðíîé ìàëîñòè:

max
1≤k≤mn

σ2
n,k → 0, n →∞. (Ýòî óñëîâèå Ôåëëåðà)

Ââåä¼ì ìåòðèêó Ëåâè-Ïðîõîðîâà:
π(P, Q) := inf{ε > 0 : P (B) < Q(Bε) + ε è Q(B) < P (Bε) + ε, ∀B ∈
B(S)}, ãäå (S, ρ) - ïîëüñêîå ïðîñòðàíñòâî, à Bε = {x ∈ S : ρ(x,B) <
ε}, ρ(x, B) = inf

y∈B
ρ(x, y).

Ò Å Î Ð Å Ì À. Pn ⇒ P òîãäà è òîëüêî òîãäà, êîãäà π(PN , P ) n→∞−→ 0.
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Ò Å Î Ð Å Ì À (Áîðîâêîâ). Ïóñòü E|Xn,i|s < ∞ äëÿ íåêîò. s ∈ (2, 3].
Äëÿ ñåðèé Xn,i, i = 1, ...,mn - íåç. è EXn,i = 0, E|Xn,i|s < ∞ ââåä¼ì äðîáü
Ëÿïóíîâà: Ln,s :=

mn∑
k=1

E|Xn,k|s. (Ïî÷åìó äðîáü? Òàê êàê åñëè áû ñóììà
mn∑
k=1

σ2
n,k = 1, èíà÷å áû ïîäåëèëè.) Èòàê, òåîðåìà:

π(Law(Un),W) ≤ CL
1/(s+1)
n,s .

Îöåíêà ñêîðîñòè ñõîäèìîñòè. Óëó÷øåíèå ìîæíî ïîëó÷èòü, òîëüêî óëó÷øèâ
const, à òàê ñêîðîñòü ïðàâèëüíàÿ, â ñìûñëå, ÷òî ïðàâèëüíûé ïîðÿäîê.

Ò Å Î Ð Å Ì À (Ñêîðîõîä). Ïóñòü X1, X2, ... - íåç. è EXi = 0, E|Xi|2 = 1.
Òîãäà íà íåêîòîðîì âåðîÿòíîñòíîì ïðîñòðàíñòâå (Ω, F, P ) ìîæíî ïîñòðîèòü
íîâóþ ïîñëåäîâàòåëüíîñòü Y1, Y2, ... òàêóþ, ÷òî Law(X1, X2, ...) = Law(Y1, Y2, ...)
è ïîñòðîèòü áðîóíîâñêîå äâèæåíèå W = {Wt, t ≥ 0} òàêèì îáðàçîì, ÷òî

n∑
k=1

Yk = Sn = W (
n∑

k=1

Tk), ãäå ñë. âåë. Tk ≥ 0, ETk = EX2
k .

(Ñóììû íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí ìîæíî ðàññìàòðèâàòü êàê áðîóíîâñêîå
äâèæåíèå, îñòàíîâëåííîå â ñëó÷àéíûé ìîìåíò âðåìåíè.)

Ò Å Î Ð Å Ì À (Øòðàññåí). Sn−W (n) = O(
√

n ln ln n) ï.í. ïðè n →∞.
(Ñóììó íåçàâèñèìûõ ñëó÷àéíûõ âåëè÷èí ìîæíî ïðèáëèçèòü ãàóññîâñêèì
çàêîíîì, ñèëüíûé ïðèíöèï èíâàðèàíòíîñòè.)

Ò Å Î Ð Å Ì À (Øòðàññåí, ôóíêöèîíàëüíûé çàêîí ïîâòîðíîãî
ëîãàðèôìà). Ïóñòü X1, X2, ... - íåç. è EXi = 0, E|Xi|2 = 1. ÐÈÑÓÍÎÊ!!!

Ñ âåðîÿòíîñòüþ 1 ìíîæåñòâî {Vn(t)} ïðåäêîìïàêòíî â C[0, 1] è ìíîæåñòâî
ïðåäåëüíûõ òî÷åê ýòîãî ñåìåéñòâà ñîâïàäàåò ñ "øàðîì Øòðàññåíà", ò.å.
ìíîæåñòâîì K = {x(t) =

t∫
0

y(s)ds,
1∫
0

y2(s)ds ≤ 1, t ∈ [0, 1]}.
Èç ýòîé òåîðåìû ëåãêî âûâåñòè îáû÷íûé çàêîí ïîâòîðíîãî ëîãàðèôìà.

ÌÀÐÒÈÍÃÀËÛ.

Ïóñòü åñòü ïðîñòðàíñòâî (Ω, F, P ), ξ− ñëó÷. âåë. A−σ−àëãåáðà è A ⊂ F.

Îïð.: η = E(ξ|A) - óñëîâíîå ìàòåìàòè÷åñêîå îæèäàíèå, åñëè
1) η ∈ A/B(R) - èçìåðèìà îòíîñèòåëüíî σ−àëãåáðû A;
2) ∀G ∈ A : EηI{G} = EξI{G}.

Åñëè E|ξ| < ∞, òî η = E(ξ|A)∃ è îïðåäåëåíà îäíîçíà÷íî ñ òî÷íîñòüþ äî
çíà÷åíèé íà ìíîæåñòâå ìåðû 0.
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Îïð.: ïóñòü F=(Ft)t∈T - íåêîòîðàÿ ôèëüòðàöèÿ â (Ω, F, P ). Ïðîöåññ {Xt, t ∈
T} íàçûâàåòñÿ ìàðòèíãàëîì (îòíîñèòåëüíî ôèëüòðàöèè), åñëè
1. Xt ∈ Ft/B(R), t ∈ T - èçì. îòí. Ft;
2. E|Xt| < ∞ (èíòåãðèðóåìîñòü âñåõ ñ.â.);
3. E(Xt|Fs) = Xs ï.í., ∀ s ≤ t; s, t ∈ T.

Óïðàæíåíèå. Ïóñòü Eξ2 < ∞. Òîãäà E(ξ|A) = ProjL2(Ω,A,P )ξ.

×àñòî ïèøóò (Xt, Ft)t∈T , ïîä÷¼ðêèâàÿ ðîëü ôèëüòðàöèè â îïðåäåëåíèè
ìàðòèíãàëà.

Îïð.: FX
t = σ{Xs, s ≤ t, s ∈ T} - ïîðîæäåíà òå÷åíèåì ïðîöåññà X äî

ìîìåíòà âðåìåíè t. FX
t - åñòåñòâåííàÿ ôèëüòðàöèÿ.

Ïðèìåðû.

1) Ïóñòü {Xt, t ≤ 0} - ïðîöåññ ñ íåç. ïðèðàùåíèÿìè. Ïóñòü EXt = a ∀t.
Òîãäà (Xt, F

X
t )t≥0 - ìàðòèíãàë.

Ïðîâåðêà. Ïåðâûå äâà óñëîâèÿ, î÷åâèäíî, âûïîëíåíû. Ïðîâåðèì òðåòüå:
E(Xt|FX

t ) = E(Xt −Xs + Xs|FX
s ) = E(Xt −Xs|FX

s ) + E(Xs|FX
s ).(*)

Âñïîìíèì, ÷òî E(ξ|A) = ξ, åñëè ξ - èçì. îòí. A ; E(ξ|A) = Eξ, åñëè ξ íå
çàâèñèò îò A, E|ξ| < ∞. Òàêèì îáðàçîì, âòîðîå ñëàãàåìîå â (*) E(Xs|FX

s ) =
Xs, à ïåðâîå E(Xt − Xs|FX

s ) = EXt − Xs = a − a = 0, ò.ê. ïðîöåññ - ñ
íåçàâèñèìûìè ïðèðàùåíèÿìè, ò.å. Xt −Xs íå çàâèñèò îò FX

S .
Îòñþäà âèäíî, ÷òî áðîóíîâñêîå äâèæåíèå - ìàðòèíãàë, à ïóàññîíîâñêèé
ïðîöåññ - íåò, ò.ê. E() çàâèñèò îò t.

Åñëè (Xt, Ft)t∈T - ìàðòèíãàë, òî EXt = E(E(Xt|Fs)) = EXs, ∀s, t ∈ T.

Sn = ξ1 + ...+ ξn - ñóììà íåç. ñë.â.; Fn = σ{ξ1, ..., ξn}, E|ξk| < ∞. Ñóììû
íåçàâèñèìûõ ñë. âåëè÷èí. îáðàçóþò ìàðòèíãàë ⇐⇒ öåíòðèðîâàíû.

2) Ïóñòü P è Q - ìåðû íà (Ω, F ). Ïóñòü (Ft)t∈T - íåêîòîðàÿ ôèëüòðàöèÿ.
Ïðåäïîëàãàåì, ÷òî ∃Xt = dPt

dQt
- ïðîèçâîäíàÿ Ðàäîíà-Íèêîäèìà, ãäå Pt =

P |Ft , Qt = Q|Ft . Òîãäà (Xt, Ft) - ìàðòèíãàë, ò.ê.
∀s ≤ t; s, t ∈ T, E(Xt|Fs) = Xs ⇐⇒

∫
A

XtdP =
∫
A

XsdP.

3) Ïóñòü ξ1, ξ2, ... - íåç.ñë.âåë; Eξk = 1, k ≥ 1. Ïîëîæèì Xn =
n∏

k=1

ξk.

Òîãäà (Xn, Fn)n≥1 - ìàðòèíãàë, ãäå Fn = {ξ1, ..., ξn}.

4) Ìàðòèíãàë Ëåâè. Ïóñòü (Ft)t∈T - íåêîòîðàÿ ôèëüòðàöèÿ. Ïóñòü ξ
- ñë.âåë. ò.,÷. E|ξ| < ∞. Ïîëîæèì Xt = E(ξ|Ft), t ∈ T . Òîãäà (Xt, Ft) -
ìàðòèíãàë.

Óïðàæíåíèå. Äîêàçàòü, ÷òî íå êàæäûé ìàðòèíãàë ìîæíî ïðåäñòàâèòü â
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âèäå ìàðòèíãàëà Ëåâè.

Îïð.: Ñåìåéñòâî ñëó÷. âåëè÷èí {ξα, α ∈ Λ} íàçûâàåòñÿ ðàâíîìåðíî èíòåãðèðóåìûì,
åñëè lim

c→∞
sup

α
{ E |ξα|I{|ξα| > c} } = 0.

Â âèäå ìàðòèíãàëà Ëåâè ïðåäñòàâëÿþòñÿ òå è òîëüêî òå ìàðòèíãàëû,
êîòîðûå ðàâíîìåðíî èíòåãðèðóþòñÿ.

Îïð.: (Xt, Ft)t∈T - ñóáìàðòèíãàë, åñëè:
1. Xt ∈ Ft/B(R), t ∈ T - èçì. îòí. Ft;
2. E|Xt| < ∞;
3. E(Xt|Fs) ≥ Xs, ∀ s ≤ t; s, t ∈ T.

Îïð.: (Xt, Ft)t∈T - ñóïåðìàðòèíãàë, åñëè:
1. Xt ∈ Ft/B(R), t ∈ T - èçì. îòí. Ft;
2. E|Xt| < ∞;
3. E(Xt|Fs) ≤ Xs, ∀ s ≤ t; s, t ∈ T.

Åñëè (Xs, Fs) - ñóïåðìàðòèíãàë, òî (−Xs, Fs) - ñóáìàðòèíãàë.

Ïðèìåð. Ïóñòü (Xt, Ft)t∈T - ìàðòèíãàë è h - âûïóêëàÿ ôóíêöèÿ, òîãäà
(h(Xt), Ft)t∈T - ñóáìàðòèíãàë.

Îïð.: ïîñëåäîâàòåëüíîñòü (ξn, Fn)n≥0 íàçûâàåòñÿ ìàðòèíãàë-ðàçíîñòüþ,
åñëè E(ξn|Fn−1) = 0 ï.í.
(Ïðîèñõ. íàçâàíèÿ. Åñëè (ξn, Fn)n≥0 - ìàðòèíãàë, òî ξn = 4Xn = Xn −
Xn−1,4X0 = 0. Íàäî ïðîâåðèòü, ÷òî E(Xn|Fm) = Xm ⇐⇒ E(4Xn|Fn−1) =
0.)

Îïð.: ïðîöåññ {An, n ≥ 0} -íàçûâàåòñÿ ïðåäñêàçóåìûì, åñëè An ∈ Fn−1/B(R).
(Ïèøóò (An, Fn−1).)

Ò Å Î Ð Å Ì À (Äóá). Ïóñòü (Xn, Fn) - íåêîòîðûé ñëó÷. ïðîöåññ,
E|Xn| < ∞. Òîãäà Xn = Mn + An, ãäå Mn - ìàðòèíãàë, An - ïðåäñêàçóåìûé
ïðîöåññ è A0 ≡ 0, F−1 = {∅, Ω}. Òàêîå ðàçëîæåíèå åäèíñòâåííî.

Óïðàæíåíèå. P (εk = 1) = P (εk = −1) = 1/2 , Sn = ε1 + ... + εn, S0 = 0.

Äîêàçàòü, ÷òî |Sn| =
n∑

k=1

sgn(Sk−1)4Sk + Ln(0), ãäå Ln(0) - ÷èñëî íóëåé,
{k = {1, ..., n}, Sk−1 = 0}. Ýòî äèñêðåòíûé âàðèàíò ôîðìóëû Òàíàêà.

Ëåêöèÿ 8
Äîêàçàòåëüñòâî:(òåîðåìû Äóáà)

◦Ïóñòü (*) ðàçëîæåíèå ñïðàâåäëèâî. Òîãäà4Xn = 4Mn+4An. E(4Xn|Fn−1) =
E(4Mn|Fn−1) + E(4An|Fn−1) = 4An, ò.ê.
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âî-ïåðâûõ E(4Mn|Fn−1) = 0, ò.ê. ýòî ìàðòèíãàë-ðàçíîñòü.

âî-âòîðûõ A - ïðåäñêàçóåìàÿ, à çíà÷èò Fn−1-èçìåðèìà.

Èòàê,4An = E(4Xn|Fn−1), ò.ê. A0 = 0, òî An =
∑

E(4Xn|Fn−1). Åäèíñòâåííîñòü
äîêàçàíà.
Îáðàòíî. Ïîëîæèì A0 ≡ 0

An =
n∑

k=1

E(4Xk|Fk−1) - ïðåäñêàç. Ïóñòü Mn = Xn − An, òîãäà 4Mn =

4Xn −4An = 4Xn − E(4Xn|Fn−1)
E(4Mn|Fn−1) = 0, •
Çàìå÷àíèå. Èç äîêàçàòåëüñòâà âèäíî, ÷òî
X -ñóáìàðòèíãàë [E(Xn+1|Fn) ≥ Xn]
m
A - íå óáûâàåò [4An ≥ 0]

Ïðèìåð. Ïóñòü ε1, ε2, . . . - í.î.ð.ñ.â. εk = ±1 ñ âåð. 1
2

S0 = 0, Sn = ε1 + . . . + εn. Ïðîöåññ Xn = |Sn| ñ h(x) = |x| âûïóêëà âíèç. À
ïðîöåññ Xn - ñóáìàðòèíãàë.

4An = E(4Xn|Fn−1) = E(Xn|Fn−1)−Xn−1

Xn = |Sn|
E(|Sn| | Fn−1) = E(|Sn−1 + εn| | Fn−1)
Çàïèøåì áåç ìîäóëÿ |Sn−1+εn| = (Sn−1+εn)I{Sn−1 > 0}+|εn|I{Sn−1 = 0}−
− (Sn−1 + εn)I{Sn−1 < 0}.
|εn| = 1
E(|Sn| | Fn−1) = E(Sn−1I{Sn−1 > 0} | Fn−1) +
+ E(εnI{Sn−1 > 0} | Fn−1) + E(I{Sn−1 = 0} | Fn−1 −
− E(Sn−1I{Sn−1 < 0} | Fn−1)− E(εn−1I{Sn−1 < 0} | Fn)
Â ýòîì âûðàæåíèè E(εnI{Sn−1 > 0} | Fn−1) = 0 è E(εn−1I{Sn−1 < 0} |
Fn) = 0. Ò.ê.

1.E(ξη|A) = ηE(ξ|A), åñëè η - èçìåðèìà îòíîñèòåëüíî A è E|ξη| < ∞ E|ξ| <
∞.
2. Åñëè ξ è A íåçàâèñèìû, òî E(ξ|A) = Eξ.

Ïî ýòèì ñâîéñòâàì, E(εnI{Sn−1 < 0} | Fn−1) =
= I{Sn−1 > 0} E(εn|Fn−1)

‖
Eεn = 0

Òàêèì îáðàçîì,

E(|Sn| | Fn−1) = Sn−1I{Sn−1 > 0}+ I{Sn = 0} − Sn−1I{Sn−1 < 0}
|Sn| = (Sn−1 + εn)I{Sn−1 > 0}+ I{Sn−1 = 0} − (Sn−1 + εn)I{Sn−1 < 0}
4An = |Sn| − E(|Sn| | Fn−1) = εnI{Sn−1 > 0} − εnI{Sn−1 < 0} =
= (4Sn)sgn(Sn−1)

An =
n∑

k=1

4Sksgn(Sk−1) (A0 = |Sn| = 0)
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Mn = Ln(0) =
n∑

k=1

I{Sk−1 = 0} =

=êîëè÷åñòâî{k ∈ {0; . . . ; k − 1}, Sk = 0}
Äîêàçàíà ôîðìóëà (äèñêðåòíûé âàðèàíò ôóðìóëû Òàíàêà)
|Sn| =

n∑
k=1

4Sksgn(Sk−1) + Ln(0)

E|Sn| = ELn(0) ELn(0) n→∞∼
√

2
π n

Ïî ÖÏÒ Sn√
n

D→ Z ∼ N(0, 1)

Âñïîìíèì ËÅÌÌÓ Yn
D→ Y.h -íåïðåðûâíîå îòîáðàæåíèå. Òîãäà

h(Yn) D→ h(Y ). Âîçüìåì â êà÷åñòâå h(x) = |x| ⇒
|Sn|√

n

D→ |Z|
À ÷òî çíà÷èò D→:
Ef(Yn) → Ef(Y ) ∀f íåïðåðûâíîé è îãðàíè÷åííîé.
Åñëè ξn

D→ ξ è {ξn} - ðàâíîìåðíî èíòåãðèðóåìû, òî
Eξn → Eξ, ÷òî æå çíà÷èò ðàâíîìåðíàÿ èíòåãðèðóåìîñòü:
lim sup

k→∞
E(|ξn|I{|ξn| > c}) = 0. Ðàññìîòðèì åùå äîñòàòî÷íîå óñëîâèå ðàâíîìåðíîé

èíòåãðèðóåìîñòè (ð.è.):
sup

n
E|ξn|1+δ < ∞ äëÿ íåêîòðîãî δ > 0, ò.ê.

E(|ξn|I{|ξn| > c}) ≤ E|ξn|1+δ

Cδ - ïî íåðàâåíñòâó ×åáûøåâà.

E

( |Sn|√
n

)2

=
ES2

n

n
=

DSn

n
=

Dε1 + . . . + Dεn

n
=

1 + . . . + 1
n

= 1

Ñëåäîâàòåëüíî, E
(
|Sn|√

n

)
→ E|Z| =

√
2
π

Ë Å Ì Ì À. Ïóñòü Y = {Yt, t ≥ 0}- ïðîöåññ ñ íåçàâèñèìûìè ïðèðàùåíèÿìè,
ò.÷. EeαYt < ∞ è Eeα(Yt−Ys) < ∞ äëÿ íåêîòîðîé α ∈ R è âñåõ s, t ∈ [0;+∞)
Îïðåäåëèì Zt = eαYt

EeαYt
, t ≥ 0.

Ïðîöåññ Z = {Zt, t ≥ 0} ÿâëÿåòñÿ ìàðòèíãàë-ðàçíîñòüþ òîãäà è òîëüêî
òîãäà, êîãäà

E

(
eαYt

eαYs

)
=

EeαYt

EeαYs

Äîêàçàòåëüñòâî.
◦ E(Zt|FS) = Zs s ≤ t

E(Zt|Fs) =
E

(
eαYt |Fs

)

EeαYt
=

E
(
eαYseα(Yt−Ys)|Fs

)

EeαYt
=

=
eαYs

EeαYt
E

(
eαYt

eαYs

)
?= Zs
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À òàê êàê Yt − Ys è F íåçàâèñèìû, òî E
(

eαYt

eαYs

)
= EeαYt

EeαYs
•

Çäåñü îïÿòü äàåòñÿ îïðåäåëåíèå ìîäåëè Êðàìåðà-Ëóíäáåðòà.

Yt = y0 + ct−
Xt(ω)∑

j=1

ηj(ω)

t ≥ 0.{ξj} è {ηj} - íåçàâèñèìû. (Ìîäåëü ñòðàõîâàíèÿ)

-
t

ξ1(ω)

η1I

ξ2(ω)

η2I

ξ3(ω)

η3I ¾ âûïëàòû

ct - âçíîñû

Ìîìåíò ðàçîðåíèÿ τ = inf{t : Yt < 0}. Âîïðîñ òàêîé: îöåíèòü P (τ < ∞) ≤?

Äîêàæåì, ÷òî Y = {Yt, t ≥ 0} - ïðîöåññ ñ íåçàâèñèìûìè ïðèðàùåíèÿìè:
Yt1 Yt2 − Yt1 . . . Ytm − Ytm−1

‖ ‖
ξ1 ξ2

ξ1, . . . , ξm- íåçàâèñèìû ⇔ Eeiν1ξ1+...+iνmξm =
m∏

k=1

eiνkξk

∀νk ∈ R k = 1, . . . ,m
Eeiξk = Eeiνk(Ytk

−Ytk−1 ) =

[áåç îãðàíè÷åíèÿ îáùíîñòè Yt =
Nt∑
j=0

ηj ]

=
∞∑

r=o

∞∑
j=o

Eeiνk(Ntk
−Ntk−1 )I{Ntk−1 = j}I{Ytk

− Ytk−1 = r} =

=
∞∑

r=o

∞∑
j=o

Ee
iνk

j+r∑
l=j+1

ηl

I{Ntk−1 = j}I{Ytk
− Ytk−1 = r} =

[åñëè ηj è ξj íåçàâèñèìû]

=
∞∑

r=o

∞∑
j=o

Ee
iνk

j+r∑
l=j+1

ηl
(λtk−1)

j

j! e−λtk−1 λr(tk−tk−1)
r

r! e−λ(tk−tk−1) =

=
∞∑

r=0
(Eeνkη1)r (λ(tk−tk−1))

r

k! e−λ(tk−tk−1) =

= e−λ(tk−tk−1)+λ(tk−tk−1)Eeiνkη1 = eλ(tk−tk−1)(Eeiνkη1−1).
Íî ëó÷øå ïðîâåðèòü âûêëàäêè çäåñü ↖
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Óïðàæíåíèå. Âû÷èñëèòü

E

(
eαYt

eαYs

)
= Eeα(Yt−Ys)

Zt = eαYt

EeαYt
, a = const, t ≥ 0

Ë Å Ì Ì À. {Xt, t ≥ 0} - ìàðò., èìåþùèé ï.í. íåïðåðûâíûå ñïðàâà
òðàåêòîðèè. Òîãäà äëÿ ëþáûõ îãðàíè÷åííûõ îïöèîíàëüíûõ ìîìåíòîâ (îòíîñèòåëüíî
(Ft)t≥0) τ è σ:

EXτ = EXσ

ëåììà áóäåò åùå ðàç ñôîðìóëèðîâàííà è äîêàçàííà íà ñëåäóþùåé ëåêöèè.

Óïðàæíåíèå. X - èìååò ï.í. íåïðåðûâíûå ñïðàâà òðàåêòîðèè, G - îòêðûòîå.
Òîãäà τG = inf{t ≥ 0 : Xt ≤ G} - îïöèîíàëüíûé ìîìåíò îòíîñèòåëüíî
(FX

t )t≥0.

Ñëåäñòâèå. τ = inf{t ≥ 0, Yt < 0} = inf{t ≥ 0, Yt ∈ (−∞; 0)} - îïöèîíàëüíûé
ìîìåíò. (Ñì. "Ïîñëåäîâàòåëüíûé ñòàòèñòè÷åñêèé àíàëèç"Øèðÿåâ)

Ëåêöèÿ 9

Ïðåäïîëîæåíèå. (*) ψ(v) = Eevη1 < ∞∀v ∈ R(ηi ≥ 0). Óñëîâèå ñïðàâåäëèâî,
åñëè |ηi| < const

Ïðîïóùåíî íåìíîãî. Íóæíî äîïå÷àòàòü.

Ñëåäîâàòåëüíî, evYt = etg(v)−vy0

Ee−vYs = esg(v)−vy0

E

(
e−vYt

e−vYs

)
= e(t−s)g(v) =

Ee−vYt

Ee−vYs

Èòàê, Zt = e−vYt

Ee−vYT
= e−vYt−tg(v)+vy0

Åñëè Zt ìàòðèíãàë, òî constZt - òîæå ìàðò. Òàêèì îáðàçîì, Xt = e−vYt−tg(v), t ≥
0 - ìàðòèíãàë.
τ = inf{t > 0, Yt < 0} = inf{t > 0, Yt ∈ (−∞; 0)}. Çàìåòè, ÷òî Yt- ïðîöåññ,
èìåþùèé íåïðåðûâíûå ñïðàâà òðàåêòîðèè. Ïîýòîìó {τ < t} ∈ Ft - ò.å.
îïöèîíàëüíûé ìîìåíò.

Ë Å Ì Ì À. {Xt, t ≥ 0} - ìàðò., èìåþùèé ï.í. íåïðåðûâíûå ñïðàâà
òðàåêòîðèè. Òîãäà äëÿ ëþáûõ îãðàíè÷åííûõ îïöèîíàëüíûõ ìîìåíòîâ (îòíîñèòåëüíî
(Ft)t≥0) τ è σ:

EXτ = EXσ

åñëè τ ≤ c è σ ≤ c (îãðàíè÷åííûå ìîìåíòû).
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Äîêàçàòåëüñòâî.
◦ 0 ≤ τ ∧ t ≤ t. Ñëåäîâàòåëüíî, EX0 = EXτ∧t

Xt = e−vYt−tg(v) t ≥ 0
Yt -íåïðåð. ñïðàâà., à tg(v) - íåïðåð.
EX0 = e−vy0

EXτ∧t = Ee−vYτ∧t−(τ∧t)g(v) ≥
≥ Ee−vYτ∧t−(τ∧t)g(v)I{τ ≤ t} =
= Ee−vYτ−τg(v)I{τ ≤ t} ≥

[−vYτ ≥ 0, ò.ê. v > 0, Yτ < 0, ò.ê. τ - ìîìåíò âûõîäà ê îòðèö. çíà÷åíèÿì.]

≥ Ee−τg(v)I{τ ≤ t} ≥ inf
0≤s≤t

e−τsEI{τ ≤}.

[EI{τ ≤ t} = P ({τ ≤ t}) ≤ e−vy0 sup
0≤s≤t

esg(v), e−vy0 = EX0]

Âûáåðåì v = v0 òàê, ÷òîáû g(v0) = 0. Âñïîìíèì óñòðîéñòâî ôóíêöèè
g(v) = λ(ψ(v)− 1)− vc
×òî òàêîå ψ(v) = Eevη1 , ψ(0) = 1, ψ′(v) = Eη1e

vη1 , ψ′(0) = Eη1 = a > 0 -
ïðåäïîëîæèì, ÷òî g′(v) = λψ′(v)− c, g′(0) = λa− c < 0
Âîçíèêàåò c > λa
Eη1 - ìàò. îæèäàíèå âûïëàò. λ - ïëîòíîñòü ïóàñ. ïîòîêà. ψ′′(v) = E(η2

1evη1) >
0
∃!v0 íà (0;+∞).

Èòàê, ñóùåñòâóåò åäèíñòâåííàÿ òî÷êà, ò.÷. g(v0) = 0. Òîãäà P{τ ≤ t} ≤
e−v0y0

Â èòîãå
P{τ ≤ ∞} ≤ e−v0y0

-ýòî íàçûâàåòñÿ îñíîâíîé òåîðåìà ñòðàõîâîé ìàòåìàòèêè. Îñòàëàñü ËÅÌÌÀ:

Ò Å Î Ð Å Ì À (Äóá) Ïóñòü (Xn)n≥0 - ìàðòèíãàë. Ïóñòü τ è σ -
ìàðêîâñêèå ìîìåíòû, òàêèå ÷òî σ ≥ τ ≥ const. Òîãäà

E(Xτ |Fσ) = Xσ

Ïóñòü {Xt, t ≥ 0} - ìàðòèíãàë, èìåþùèé íåïðåðûâíûå ñïðàâà òðàåêòîðèè.
Ïóñòü τ è σ - îãðàíè÷åííûå îïöèîíàëüíûå ìîìåíòû. Òîãäà

EXσ = EXτ

Ââåäåì τ(n) = 2−n[2nτ + 1]
σ(n) = 2−n[2nσ + 1]
Òîãäà τ è σ - ìàðêîâñêèå ìîìåíòû îòíîñèòåëüíî ôèëüòðàöèè Fk2−n , k =
0, 1, . . .
{τ(n) ≤ k2−n} = {τ < k2−n} inFk2−n

τ(n) ↓ τ σ(n) ↓ σ
Â ñèëó íåïðåðûâíîñòè ñïðàâà òðàåêòîðèé {Xt, t ≥ 0} èìååì Xτ(n) → Xτ è

34



Xσ(n) → Xσ. Çàìåòèì, ÷òî σ(n) < τ(n). Ïî ò. Äóáà E(Xτ(n)|Fσ(N)) = Xσ(n)

Â ñèëó ñêàçàííîãî {Xσ(n)} - ÿâë. ðàâí. èíòåãð. Ïîýòîìó Xσ(n) áóäåò èçìåðèìî
îòíîñèòåëüíî Fσ(m) ïðè n ≥ m. Òàêèì îáðàçîì, Xσ - áóäåò èçì. îòíîñèòåëüíî
G =

⋂
n
Fσ(n). Åñëè Yn ∈ A|B(R) è Yn → Y ï.í. è Y ∈ A|B(R)

E(Xτ |G) = Xσ

⇒ EXτ = EXσ

Xσ ÿâëÿåòñÿ G-èçìåðèìîé âåëè÷èíîé. Ñëåäîâàòåëüíî òðåáóåòñÿ ïðîâåðèòü:

EXτ IA = EXσIA ∀A ∈ G
- ýòî âûòåêàåò èç òîãî, ÷òî Xτ(n) → Xτ ï.í. è â L1

Xσ(n) → Xσ ï.í. è â L1

E(Xτ(n)|Fσ(n)) = Xσ(n) •

ÌÀÐÊÎÂÑÊÈÅ ÏÐÎÖÅÑÑÛ.

(Àíäðåé Àíäðååâè÷ Ìàðêîâ)

Ïóñòü X + {Xt, t ∈ T}, T ⊂ R
Xt : Ω rightarrowSt, F≥t = σ{Xs, s ≥ t, s ∈ T}
Ïóñòü èìååòñÿ ôèëüòðàöèÿ F = (Ft)t∈T , ò.÷. X = {Xt, t ∈ T} ñîãëàñîâàíà
ñ F.
Îïð.: X - ìàðêîâñêèé ïðîöåññ, åñëè ∀c ∈ F≥t P (C|Ft) = P (C|Xt).

Óïðàæíåíèå. Åñëè St, t ∈ T - áîðåëåâñêîå ïðîñòðàíñòâî, òî

E(h(X)|XS1 . . . XSm , Xt) = E(h(X)|Xt)(∗∗)
∀s1 < . . . < sm < t < u, ãäå s,t,u ∈ T è h - ïðîèçâîëüíàÿ îãð. è èçì. Îáû÷íî

T = R+ èëè T = Z+

Îïð.: Ìàðêîâñêèé ïðöåññ íàçûâàåòñÿ öåïüþ Ìàðêîâà, åñëè âñå St = S è
δ í.á.÷.ñ. (íå áîëåå, ÷åì ñ÷åòíî), ò.÷. S èëè {0, 1, . . . , r}, èëè Z+.
Äëÿ öåïåé Ìàðêîâà îïðåäåëåíèå (**) ⇔ P (Xn = j|XS1 = i1, . . . , XSm =
im, Xt = i) =
= P (Xn = j|Xt = i), åñëè P (XS1 = i1, . . . , XSm = im, Xt = i) 6= 0

Ò Å Î Ð Å Ì À. Ïóñòü {Xt, t ≥ 0} - ïðîöåññ ñ íåçàâèñèìûìè
ïðèðàùåíèÿìè (ñî çíà÷åíèÿìè â Rk). Òîãäà X - ìàðêîâñêèé ïðîöåññ (îòíîñèòåëüíî
åñòåòñòâåííîé ôèëüòðàöèè).

Ñëåäñòâèå. Âèííåðîâñêèé ïðîöåññ ÿâëÿåòñÿ ìàðêîâñêèì. Ïóàññîíîâñêèé ïðîöåññ
- ìàðêîâñêèé.
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Äîêàçàòåëüñòâî.(òåîðåìà)
◦ Ðàññìîòðèì s1 < . . . < sm < t < u, σ{XS1 , . . . , XSm , Xt} = σ{XS1 , XS2 −
XS1 , . . . , XSm

−XSm−1 , Xt −XSm}

Òðåáóåòñÿ ïðîâåðèòü, ÷òî
E(h(Xn)|XS1 , ..., XSn

, Xt) = E(h(Xn)|Xt), òî åñòü ïî÷åìó âûïîëíåíî ðàâåíñòâî
E(h(Xn)|ξ1, ..., ξm, ξ) = E(h(Xn)|Xt)? Ñî âòîðîãî êóðñà íàì èçâåñòíî: åñëè
ξ, η - íåçàâèñèìûå ñëó÷àéíûå âåêòîðà â Rk è R1 è g - îãðàíè÷åííàÿ èçìåðèìàÿ
ôóíêöèÿ, g : Rk+1 → R, òî E(g(ξ, η)|η = x) = Eg(ξ, x). Òàêæå

E(Z|Y = x) = φ(x)

è
E(Z|Y ) = φ(Y ),

ãäå φ - áîðåëåâñêàÿ. Òîãäà â íàøåì ñëó÷àå

E(h(Xn)|ξ1 = x1, ..., ξm = xm, ξ = x) = Eh(Xn −Xt + X1 + ... + Xm+1) =

= ψ(X1 + ... + Xm+1),

ãäå ψ - áîðåëåâñêàÿ ôóíêöèÿ, à ξ1 = Xs1 , ξ2 = XS2 − XS1 , ..., ξm = XSm −
XSm−1 , ξ = Xt−Xm; Xn = Xn−Xt + (Xt−Xm) + ... + XS1 . Ýòî íåîáõîäèìî
ïîÿñíèòü: ñòðîèì àïïðîêñèìàöèþ

E(h(Xn)|Xt) = E(E(h(Xn)|XS1 , ..., XSm+1 , Xt)|Xt)

Èñïîëüçóÿ òåëåñêîïè÷åñêîå ñâîéñòâî, ïîëó÷èì: åñëè A2 ⊂ A1, òî

E(E(ξ|A1)|A2) = E(ξ|A2) =

= E(ψ(
m+1∑

k=1

ξk)|
m+1∑

k=1

ξk) = ψ(ξ1 + ... + ξm+1),

÷.ò.ä.•

Ëåêöèÿ 10

(Xt,F)t∈T X : Ω → St (St, Bt)
T ⊂ R, (Ω,F , P )

P (C|Ft) = P (C|Xt) (∗)
C ∈ F≥t = σ{Xu, u ≥ t, u ∈ T} E(IC |A) = P (C|A)
FX

t - åñòåòñòâåííàÿ ôèëüòðàöèÿ. Åñëè (St,Bt) - áîðåëåâñêîå ïðîñòðàíñòâî,
òî (*) ⇔ E(f(Xt)|Xs1 , . . . , Xsm , Xs) = E(f(Xt)|Xs),
ãäå s1 < . . . < sM < s ≥ t f - ëþáàÿ èçìåðèìàÿ : St → R.
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Ïðèìåð. Ïóñòü X0, ξ1, xi2, . . . - íåçàâèñèìûå ñë. âåëè÷èíû.

X0 : Ω → Rm

ξk : Ω → Rm, k = 1, 2, . . .

Ïîëîæèì Xn+1 = hn+1(Xn, ξn+1), n = 0, 1, . . ., ãäå h(èçì.):Rm ×Rq → Rm

Òîãäà {Xn} - ìàðêîâñêèé ïðîöåññ (Âåðíî è äëÿ íåïðåðûâíîãî âðåìåíè)

Äîêàçàòåëüñòâî.
◦

E(f(Xn+1|Xn = xn, . . . , X0 = x0) =

E(ξ|η) = φ(η), E(ξ|η = x) = φ(x)

= E(f(hn+1(Xn, ξn+1))|Xn = xn, . . . , X0 = x0) =

E(g(ξ, η)|η = x) = Eg(ξ, x) åñëè ξ è eta - íåçàâèñèìû.

= E(f(hn+1(xn, ξn+1) =

= E(f(Xn+1)|Xn = xn)

Ñëåäîâàòåëüíî, {Xn} - Ìàðêîâñêèé ïðîöåññ. •
Ðàññìîòðèì ñëó÷àé, êîãäà St ⊂ Sn. S - êîíå÷íîå è ñ÷åòíîå ìíîæåñòâî S =
{0, 1, . . . , r} èëè S = {0, 1, . . .}. Ââåäåì â S ìåòðèêó:

ρ(x, y) =
{

0, x = y;
1, x 6= y.

Òîãäà S - ïîëüñêîå ïðîñòðàíñòâî. Â ýòîì ñëó÷àå {Xt}t∈T - ìàðê. ïðîöåññ.
⇔ P (Xt = j|Xs1 , . . . , Xsm = im, Xs = i) = P (Xt = j|Xs = i) äëÿ
∀s1 < . . . < sm < s ≥ t (âñå ∈ T ) è ∀i1, . . . , im, i, ò.÷. P (. . .) 6= 0.
Ââåäåì Ss = {i ∈ S : P (Xs = i) 6= 0}, òîãäà îïðåäåëåíû ôîðìóëû

pij(s, t) := P (Xt = j|Xs = i) s ≤ t, s, t ∈ T. i ∈ Ss, j ∈ St

Î÷åâèäíî, ôóíêöèè pij , íàçûâàåìûå ïåðåõîäíûìè âåðîÿòíîñòÿìè, îáëàäàþò
ñëåäóþùèìè ñâîéñòâàìè:
1).pij(s, t) ≥ 0 ∀i ∈ Ss, j ∈ St s ≥ t
2).

∑
j

pij(s, t) = 1

3).pij(s, s) = δij

4).pij(s, t) =
∑

k∈Su

pik(s, u)pkj(u, t) ∀s < u < t -óð-å Êîëìîãîðîâà-×åïìåíà.

Çàìå÷àíèå. Ëåãêî îïðåäåëèòü pij(s, t) ∀i, j ∈ S s ≤ t, òàê ÷òîáû âûïîëíÿëèñü
1)-4). À èìåííî, ïîëîæèì:

pij(s; t) = 0, åñëè i ∈ Ss è j ∈ St
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pij(s; t) = pi0(s),j(s; t), j ∈ S, ãäå i0 = i0(s) ∈ S
Ïîýòîìó äàëåå áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàåì, ÷òî pij(s; t) çàäàíû äëÿ
s ≤ t (s, t ∈ T ) è âñåõ i, j ∈ S.
Ïîñ÷èòàåì P (Xt1 = j1, . . . , Xtn = jn) = P (Xtn = jn|Xtn−1 = jn−1)P (Xt1 =
j1, . . . , Xtn−1 = jn−1) = [ â ñèëó ìàðêîâîñòè ìîæíî âûêèíóòü âñþ ïðåäûñòîðèþ,
ïîëó÷èì ] = pjn−1,jn(tn−1, tn)P (Xt1 = j1, . . . , Xtn−1 = jn−1) = [ ýòè ôîðìóëû
âåðíû ïðè âåðîÿòíîñòè óñëîâèÿ íå ðàâíîé íóëþ, àíàëîãè÷íûì îáðàçîì
ïîëó÷àåì] = pjn−1,jn

(tn−1, tn)(tn−2, tn−1) · . . . · pj1,j2(t1; t2)P (Xt1 = j1) =

= P (Xt1) · pj1,j2(t1; t2) · . . . · pjn−1,jn(tn−1; tn)

Ðàññìîòðèì T = [0,∞) èëè T = Z+

P (Xt1 = j1) =[ïî ôîðìóëå ïîëíîé âåðîÿòíîñòè] =
∑
i

pi(0) · pij1(0; t1), ãäå
pi(0) = P (X0 = i), i ∈ S - íà÷àëüíîå ðàñïðåäåëåíèå. Òîãäà

P ((Xt1 , . . . , Xtn
) ∈ B) =

∑

i

∑

(j1,...,jn)∈B

pi(0)pij1(0; t1) · . . . · pjn−1,jn(tn−1; tn)

Ò Å Î Ð Å Ì À Ïóñòü S - äèñêðåòíîå ïðîñòðàíñòâî. Ïóñòü äëÿ ìí-
â St ⊂ S, t ∈ T (íåïóñòûõ) çàäàíû ôóíêöèè pij(s; t), s ≤ t, i ∈ Ss, j ∈ St,
óäîâëåòâîðÿþùèå óñëîâèÿì 1)-4). Ïóñòü pi(0) ≥ 0 è

∑
i

pi(0) = 1. Òîãäà íà
íåêîòîðîì ïðîñòðàíñòâå (Ω,F , P )∃ ìàðêîâñêèé ïðîöåññ {Xt}t∈T (t = [0,∞)
èëè T = Z+), ò.÷. pi(0) = P (X0 = i), pij(s; t) = P (Xt = j|Xs = i).
Èòàê, ìàðêîâñêàÿ öåïü ìîæåò áûòü ïîñòðîåíà ñ ïîìîùüþ ïåðåõîäíûõ âåðîÿòíîñòåé;
íåîáõîäèìî òîëüêî âûïîëíåíèå óñëîâèé 1)-4).
Ïðèìå÷àíèå. (ïóàññîíîâñêèé ïðîöåññ) Ïóñòü m(B), B ∈ B(R+) - ëîêàëüíî
êîíå÷íàÿ ìåðà, ò.å. m(B) < ∞ äëÿ îãðàíè÷åííûõ ìíîæåñòâ B S = {0, 1, 2, . . .}.
Îïðåäåëèì :

pij(s; t) =

{
m((s;t])j−i

(j−i)! e−m((s;t]), j ≥ i;
0 j < i.

Ïóñòü pij(s; s) = δij

Ëåãêî âèäåòü, ÷òî 1),2),3) î÷åâèäíî âûïîëíÿþòñÿ (ðàçëîæåíèå ýêñïîíåíòû
â ðÿä). Ïðîâåðèì 4):
pij(s; t) =

∑
k

pik(s; u)pkj(u; t), s < u < t. ×òî ïîëó÷àåòñÿ:

∑

i≤k≤j

m ((s; u])k−i

(k − i)!
e−m((s;u]) · m ((u; t])j−k

(j − k)!
e−m((u;t]) =

= e−m((s,t])

∑
i≤k≤j

(j−i)!
(k−i)!(j−k)!

(j − i)!
m((s;u])k−im((u; t])j−k

Èñïîëüçóåì :
N∑

l=0

Cl
NalbN−l = (a + b)N

Òåïåðü, åñëè âçÿòü pi(0) = δi0, òî ýêâèâàëåíòíîå îïðåäåëåíèå ïóàññîíîâñêîãî
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ïðîöåññà òàêîå: {Nt, t ≥ 0} - ìàðêîâñêèé ïðîöåññ (öåïü Ìàðêîâà ñî çíà÷åíèÿìè
â S = {0, 1, . . .}, èìåþùèé pi(o) = δi0 è pij(s; t) = {. . . (m íàçûâàåòñÿ
âåäóùåé ìåðîé). Â ÷àñòíîñòè, ïðè m ((s; t]) = (t − s)λ, λ = const > 0
ïîëó÷àåòñÿ ñòàíäàðòíûé ïóàññîíîâñêèé ïðîöåññ èíòåíñèâíîñòè λ.

Óïðàæíåíèå. Äîêàçàòü ýêâèâàëåíòíîñòü îïðåäåëåíèé ïóàññîíîâñêîãî ïðîöåññà:
1. N0 = 0
2. N - èìååò íåçàâèñèìûå ïðèðàùåíèÿ.
3. Nt −Ns ∼ π(m(s; t]), s ≤ t è òîãî îïðåäåëåíèÿ, êîòîðîå áûëî ðàíüøå.

Çàìå÷àíèå. Ïðåäûäóùàÿ òåîðåìà ÿâëÿåòñÿ ñëåäñòâèåì òåîðåìû Êîëìîãîðîâà.

Îïð.:Ôóíêöèÿ P (s, x, t, B) íàçûâàåòñÿ ïåðåõîäíîé ôóíêöèåé, åñëè âûïîëíåíû
óñëîâèÿ (s, t ∈ T ⊂ R, x ∈ Ss, B ∈ Bt, ò.å. èìååòñÿ ñåìåéñòâî èçìåðèìûõ
ïðîñòðàíñòâ (St,Bt)t∈T

1). P (s, x, t, ·) ÿâëÿåòñÿ ìåðîé íà Bt

2). P (s, ·, t, B) ∈ Bs|B(R)

3). P (s, x, s,B) = δx(B) =
{

1, x ∈ B
0, xnotinB

4). äëÿ ∀s < u < t :
P (s, x, t, B) =

∫
Su

P (s, x, u, dy)P (u, y, t, B) (óðàâíåíèå Êîëìîãîðîâà-×åïìåíà,

èíòåãðèðóåì ïî âñåì ïðîìåæóòî÷íûì çíà÷åíèÿì y)

Îïð.:Ìàðêîâñêèé ïðîöåññ {Xt, t ∈ T} îáëàäàåò ïåðåõîäíîé ôóíêöèåé,
åñëè:

P (s, x, t, B) = P (Xt ∈ B|Xs = x)

èëè òàê P (s,Xs, t, B) = P (Xt ∈ B|Xs)

Óïðàæíåíèå. Íàéòè ïåðåõîäíûå ôóíêöèè âèííåðîâñêîãî ïðîöåññà ñî
çíà÷åíèÿìè â Rm.

Â äèñêðåòíîì ñëó÷àå P (s, i, t, B) =
∑

j∈B

pij(s; t).

Ò Å Î Ð Å Ì À. (Ýðãîäè÷åñêàÿ). Ïóñòü ∃j0 ∈ S è h, δ > 0, òàêèå ÷òî
pij0(h) ≥ δ äëÿ ∀i ∈ S. Òîãäà äëÿ ∀i, j ∈ S ñóùåñòâóåò:

lim
t→∞

pij(t) = p̃j (∗)

×òî òàêîå pij0(h) -?
Îïð.: Ìàðêîâñêàÿ öåïü íàçûâàåòñÿ îäíîðîäíîé, åñëè pij(s; t) = pij(t −
s) t ≥ s.

Ñìûñë îïðåäåëåíèÿ ñîñòîèò â òîì, ÷òî ñèñòåìà îñóùåñòâëÿåò ïåðåõîä èç i
â j çà t-s. Ñìûñë (*) ñîñòîèò â òîì, ÷òî ñèñòåìà, êàê áû, çàáûâàåò èç êàêîãî
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ñîñòîÿíèÿ îíà ñòàðòîâàëà.

Äîêàçàòåëüñòâî. (òåîðåìû)
◦ Îáîçíà÷èì mj(t) = inf

i
pij(t),Mj(t) = sup

i
pij(t). Î÷åâèäíî, ÷òî mj(t) ≤

pij(t) ≤ Mj(t). Äîêàæåì, ÷òî ó íèõ îáùèé ïðåäåë. Çàìåòèì, ÷òî mj(t) íå
óáûâàåò è Mj(t) íå âîçðàñòàåò ñ ðîñòîì t. Òîãäà mj(s + t) = inf

i
pij(s + t).

Äëÿ îäíîðîäíîé öåïè óðàâíåíèå Êîëìîãîðîâà-×åìïåíà äàåò:
pij(s + t) =

∑
k

pik(s)Pkj(t)

ïîýòîìó mj(s + t) = inf
i

∑
k

pik(s)pkj(t) ≥ mj(t) inf
i

∑
k

pik(s) = mj(t)

Àíàëîãè÷íî äëÿ Mj(t).
Îñòàëîñü óáåäèòüñÿ, ÷òî Mj(t)−mj(t) → 0, t →∞ :

Mj(t)−mj(t) = sup
a

paj(t)− inf
b

pbj(t) = sup
a,b

(pa,j(t)− pb,j(t)) =

Óðàâíåíèå Êîëì.-×åïì. :

= sup
a,b
{
∑

K

pak(h)pkj(t− h)−
∑

k

pbk(h)− pkj(t− h)} =

t > h

sup
a,b

∑

k

(pak(h)− pbk(h))pkj(t− h) = sup
a,b

(
∑

a+ +
−∑

) ≤

[
∑+ áåðåòñÿ ïî k, ò.÷. pak(h)− pbk(h) ≥ 0 (ýòî ìíîæåñòâî èíäåêñîâ çàâèñèò
îò à è b). Çàìåòèì, ÷òî

∑
k

pak(h) =
∑
k

pbk(h) = 1, ïîýòîìó
∑+(pak(h)− pbk(h)) +

∑−(pak(h)− pbk(h)) = 0]

≤ sup
a,b

(
+∑

(pak(h)− pbk(h))Mj(t− h) +
−∑

(pak(h)− pbk(h))mj(t− h)) =

Ïî çàìå÷àíèþ âûøå

sup
a,b

+∑
(pak(h)− pbk(h))(Mj(t− h)−mj(t− h))

Èòàê,

Mj(t)−mj(t) ≤ [Mj(t− h)−mj(t− h)]
+∑

a,b

(pak(h)− pbk(h))

Åñëè j0 íå ïðèíàäëåæèòJa,b (
∑+ =

∑
Ja,b

), òî

+∑

k

pak(h)− pbk(h) ≤
+∑

k

pak(h) ≤ 1− pkj0 ≤ 1− δ
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Åñëè j0 ∈ Ja,b, òî
∑+

< 1− δ :
+∑
k

pak(h)− pbk(h) ≤ ∑+
pak(h)− pbj0 ≤ 1− δ. Â èòîãå

Mj(t)−mj(t) ≤ (1− δ)[Mj(t− h)−mj(t− h)] ≤

≤ (1− δ)[
t
h ][Mj(u)−mj(u)]

u = t− h
[

t
h

]
0 < u < t

Çàìå÷àíèå. Â óñëîâèÿõ ýðãîäè÷åñêîé òåîðåìû: |pij(t) − p̃j | ≤ (1 − δ)[
t
h ].

Ò.å. ñêîðîñòü ñõîäèìîñòè ýêñïîíåíöèàëüíî áûñòðàÿ.

Ëåêöèÿ 11

pij(s, t) = P (Xt = j|Xs = i) - ïåðåõîäíûå âåðîÿòíîñòè.

Îïð.: Öåïü îäíîðîäíàÿ, åñëè Pij(s, t) = pij(t− s)
Äëÿ îäíîðîäíûõ öåïåé óðàâíåíèå Êîëìîãîðîâà-×åïìåíà çàïèñûâàåòñÿ ïðîñòî:

pij(s + t) =
∑

k

pik(s)pkj(t) ∀i, js, t ≥ 0

P (s + t) = P (s)P (t) - ïîëóãðóïïîâîå ñâîéñòâî. P (t) = (pij(t)) - ìàòðèöà.
(P (t))t≥0 - ïîëóãðóïïà (ñòîõàñòè÷åñêàÿ)
[pij(t) ≥ 0,

∑
j

pij(t) = 1, pij(0) = δij ⇔ P (O) = I]

pij(t) è pi(0) - ïîçâîëÿþò ñòðîèòü ìàðêîâñêóþ öåïü.

P (t) - ñòàíäàðòíàÿ ñòîõàñòè÷åñêàÿ ïîëóãðóïïà ⇒
∃Q = d+

dt |t=0P (t) - èòåðàòîð ïîëóãðóïïû. Ò.å. ∃qij = d+
dt |t=0pij(t)

Af =
T tf − f

t

Ìàòðèöà Q íàçûâàåòñÿ èíôèíèòèçåìàëüíîé.

Ò Å Î Ð Å Ì À. Åñëè ñòîõàñòè÷åñêàÿ ïîëóãðóïïà ñòàíäàðòíà (ò.å.
p(t) → I ïðè t → 0+), òî ∀i 6= j ∃ êîíå÷íûå qij ≤ 0 è ∀i ∃qi = qii ∈ [0,∞]

Áåç äîêàçàòåëüñòâà.
Ýðãîäè÷åñêàÿ òåîðåìà: (*) pij(t) → p̃j ∀j ïðè t →∞⇒ P (Xt = j) → p̃j , t →
∞, ò.ê. pj(t) =

∑
i

pi(0)pij(t)

|pj(t)− p̃j | = |
∑

i

pi(0)(pij(t)− p̃j)| → 0

â ñèëó (*).
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Ñèñòåìû ìàññîâîãî îáñëóæèâàíèÿ. Ïîñòóïàåò ïîòîê çàÿâîê íà îáñëóæèâàíèå.
n - ïðèáîðîâ, "ñèñòåìà ñ îòêàçîì", çàÿâêè îáðàçóþò ïóàñ. ïîòîê. η ∼ exp(µ)

pη(z) =
{

µe−µz, z ≥ 0;
0, z < 0.

Xt -÷èñëî çàíÿòûõ ïðèáîðîâ. P (Xt = j) ?→ p̃j

Ôîðìóëû Ýðëàíãà..Îïèñûâàþò â ýòîé ìîäåëè ñòàöèîíàðíîå ðàñïðåäåëåíèå.

p̃j =
ρj

j!
n∑

k=0

ρk

k!

, j = 0, 1, . . . , n

ρ = λ
µ Äîêàæåì êðóïíî-áëî÷íî.

Óïðàæíåíèå. p̃ = (p̃1, . . .) ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîì ìàòðèöû P ∗(t) ∀t
(îòâå÷àþùèé ñîáñòâ. çíà÷åíèþ 1). Ïóñòü âûïîëíåíû óñëîâèÿ ýðãîäè÷åñêîé
òåîðåìû, òîãäà ∃p̃

Ë Å Ì Ì À. Ïóñòü âûïîëíåíî óñëîâèå ýðãîäè÷åñêîé òåîðåìû, òîãäà∑
j

p̃j = 0 èëè
∑
j

p̃j = 1

Åñëè
∑
j

p̃j = 1, òî p̃ íàçûâàåòñÿ ñòàöèîíàðíî ðàñïðåäåëåííûì.

Îïð.:Ïðîöåññ {Xt, t ∈ T} íàçûâàåòñÿ ñòàöèîíàðíûì (ñòàöèîíàðíûì â
óçêîì ñìûñëå), åñëè ∀n, ∀t1, . . . , tn ∈ T ∀h t1 + h . . . tn + h ∈ T
Law(Xt1 , dots, Xtn) = Law(Xt1+h . . . Xtn+h)

Ò Å Î Ð Å Ì À.Åñëè ó îäíîðîäíîé ìàðêîâñêîé öåïè {Xt, t ≥ 0} ∃
ñòàöèîíàðí. ðàñïðåäåëåíèå p̃, òî Ì.Ö. Y − {Yt, t ≥ 0} èìåþùàÿ íà÷àëüíîå
ðàñïðåäåëåíèå p̃ è òå æå ïåðåõîäíûå âåðîÿòíîñòè pij , ÷òî è öåïü X, ÿâëÿåòñÿ
ñòàöèîíàðíûì ïðîöåññîì.
Ìû äîêàæåì, ÷òî ∃ ïðîöåññ Y

Äîêàçàòåëüñòâî.
◦

P ((Yt1 . . . Ytn) ∈ B) ?= P ((Yt1+h . . . Ytn+h) ∈ B)
∑

i

pi(0)
∑

(j1...jn)∈B

pij1(t1) . . . pjn−1jn(tn−1, tn) ?=
∑

i

∑

j1...jn∈B

P (Xt1 = i) . . .

Çàìåòèì, ÷òî pij(s, t) = pij(t − s) = pij(s + h, t + h). Åñëè âçÿòü pi(0) =
p̃j = pj(t). Òîãäà ðàâåíñòâî (ïåðâîå) âåðíî. p̃ - ñîáñòâåííûé âåêòîð p∗(t) •
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