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INIPEOACJIOBUE

Teopua o6paTHHX 3a4ay npeacrasager coboik aKTMBHO pa3pif
BaloMeecH HaNpaBJeHMe COBPeMeHHON MaTeMaTHKW. MHTeHCHPRO
uccaezopanne oGPaTHLIX 3ala4 B 3HAUMTENbHON CTeneny obycnoBad
HO HEOOXOMMMOCTBIO Pa3paboTKM MaTEMATHIECKIX MeTonos pemenny
OGIIMPHOro KJIAacCa BAaXKHBIX IPMKNaJHEIX npobaeM, cES3aHHLIX C 0f
paborkoif u uHTepmperaumelt HabniozeHuil. HecMotpa ma 1o 4
IMMpoKoe MccleloBaHMe OOPATHRIX 3aJau HaYasoCK
HelaBHO, B oTolf obracTv nomyyeHo Gonnmoe umcic €CTBEHHbI}
pesyibTaroB. B Teopmm o6parmax samau chopmupoBanta pax naj
npasieHni, 06y CAOBNEHHNIX KaK Pa3NMIHBIMM chepamu, e¢ npunoxes
HUf, TaK ¥ TMIIAMM MATEMaTHYeCKMX IOCTAHOBOK ofparhrx 3aaa4.
Yucao vayunrx nmy6anxamadi no Teopuu 06paTHLIX 33444 i ee IIpuIIo-
KEHUAM OYeHb BeNMKo. MHorue u3 nomyueHnnx pes ATOB HALLIH
CBOE OTpAKeHHE B MOHOIPadUAX, B KOTOPHIX pacCMOTex Kak oSmue
BONPOCKH! TEOPUH, TAK U €€ CllelmabHEle pPas3ziennl, noCBANeRHEE KOH-
KPETHRIM HallpaB/ICHUAM UCCH¢doBaHMi. B To e Bpéiit B yueGHol
JUTEpaType Mo MpUKAAAHON MaTeMaTHke, RocTynHoM% CTYACHTOB
M CHIeUMaIMCTOB U3 APYTUX o6aacTeit Hayku, BrEpBHIe 3 MAIMX CA
¢ Teopueldt o6paTHnIx 3alad, BTH BOIMPOCH OTpaxK ZoctaTouno
cnabo. {

B ocnoBy kumru nonomenn Kypchl Jesimii, KOTOpHI®' aBTOp B Te-
YCHME psaZa JleT YMTaeT CTyAeHTaM bakyabrera BHYUCAMTEMHO’

OCBAIIEHA METONAM pemenua HEKOPPEKTHO nocraanemmq?@@.tm‘l, no-
CKOJIbKY, KaK NpaBuao, o6paTHule 3aauu ABJIAIOTCS HEKOPPEKT .
B Tperseit raase PacCMaTpPHBAIOTCH 06paTHEle 3amault nj
BEHHRIX JM(pepeHIMABbHLIX ypaBHe M, YerpepTas u i
MOCBAUICHL! PAa3/IMYHOTO THNIA O6pPATHLIM 3amayvaM mjis ¥pas
HacCTHBIX MPOM3BOMHEIX. B mecToit raase nafaraiorcs HeXUTOpBIe 06-
PATHEIE 3a[aUM, CBA3AHHKIE C ONpele/ieHMeM §yHKIIM nO’ AHaY eHMAM
e MHTErpaJios. W
Ilpu uznoxemm MaTepuaJjia aBTOp crpeMuNcs c,zxem@xi ero 4ROC-
[YNHEIM AJ1A IIMPOKOTO Kpyra umTaTenel. B cBasm c STUM, 2 THDKe
i
T

> OrpaHWYeHHHIM 06beMOM KmHurm HEKOTOpHe BaXKHHE Pe3yh:
VOMAHYTH NOCTATOYHO KPATKO. Tockonsky xuura npence
:060# yuebHoe nocobue, B Tekcre He BCerig YNOMMHAITCH' o~
Pbl KOHKPETHBIX YTBEPXKAEHMIt, a CIIMCOK AMTEPATYDH, MHBOAMMLIE
} KOHIle KHUI'M, He MpeTeHAyeT Ha 6ubmorpaduueckyss 1 .
?Mecre C TEM OH MOKET CJIYXWUTh ONpEelIeIEHHEIM YKa3a T8 )M HupHU
Yollee ZETANLHOM U3YYeHUM Teopur obpaTHHX 33824 mu?a\ TOPRX
¢ paajenos. i

. Ha CoOnEpXKaHUe KHMIM Goabmoe BJIMAHNE OKa3aJi KMHOIONeTHee
layuHoe obmemme ¢ A.H. TuxoHoBrM, a Takxe MHOPHYHCIICHHRe

Y6cyKaeHMA 3aTparuBaemiix BONIPOCOB ¢ KOJIJIEraMu Iy BayuHo n
lenaroruvecko#t paGore. -

I'naba I

OCHOBHBLIE ITIOHATUSA OB
OBPATHBIX U HEKOPPEKTHO
IIOCTABJIEHHBIX 3AJAYAX

§1. 3SAmAYH HHTEPIIPETAIMH PE3YJILTATOB
9KCHEPVMEHTOB. IPHMEPHI OBPATHEIX
3A0AY

Hem MuoroumcieHRbX SKCIIEpUMEHTOB, NPOBOAMMEIX B pa3ymy
HHIX O6NaCTAX HAYKM M TEXHHKHW, COCTOMT B HM3yYeHMH CBOMKCTB 061
€KTOB WJIM NPOHECCOB, MHTEPECYIONMMX HUCCAeNOBATeNeH. IIpu oTon
BECLM3 PACHPOCTDAHEHHLIMH ABIAIOTCH CUTYauuH, B KOTOPHIX 06bex,
nim fipoece Jmbo NpUHIMIIMAILHO HEAOCTYNMHH AJIA HeNoCpejcTBER
Hore Habmonenns, 6o ono cBA3aHO ¢ oueHs Gonbmmmu 3aTpaTamu
B xavuecrse npumepos moxHO TIPUBECTH ACTPOPU3MIECKUE BKCIEPY:
MEWTH 0 N3YYEHMIO 3BE€3M, MeIMIMHCKUe BKCHEPHUMEHTHI, HallpaBeH-
HEI¢ Ha MCCleJOBAaHWE BHYTDEHHUX OPraHOB YejoBeKa, 9KCePHMMEHTH
BS% TP OBEPKM Ka4yecTBa Pa3MuHbIX U3neanii (nepaapymalomnﬂ KOHT-
POfIb KaUeCTBa), BKCIEPUMEHTHE 1O M3YUYEHUIO BHYTPEHHEro CTPOCHMA
3EMJIM C UETbIO [IOMCKA MOJIE3HBIX MCKOTIAEMBIX M MHOTHE apyrue. Xa-
pamkepnoii ueproik BOSHUKAIOMMX MDY STOM 3a/lay METEPIpeTalHu
Pe3¥ALTATOR BKCMNEPMMENTa ABJAETCA TO, YTO MCCIEHOBATEND Aodt-
K€M clenaTh 3aKilloveHite o cBolicTBax o6bekTa MM nponecca o
M3MEPEHHLIM B De3y/ibTdTe SKCIIEPUMEHTA UX KOCBEHHBLIM MNposABJIe-
Hasm. Hanpumep, onpesenurts mecto u MOIIHOCTE [IpOM30HIeAIEro
3EMAETPACEHUA 1O M3Mf§penmm KoneGannii Ha moBepxXHOCTH 3eMITH.
Tarm o6pazoM, peus waer o 3aja4ax, B Korophix Tpebyerca om-
pwmm APUHHHEI, €C/M M3BECTHHI NOJNyYeHHhle B pe3yjlbTaTe Ha-
1 6MI0aEHMI cieacTBMA. Banauu TaKoro TMma ecTecTBeHHO Ha3LIBaTh
obpa . Pemenne mono6uux sanau, cocrosmmx B o6pamenun
JIPHYHEHG- C/Ie ICTBEHHBIX CBA3el, Kak NPaBUIIO, CBA3AHO C npeogone-
iH®eM C CTBEHHHIX TPY¥AHOCTed, M ycrmemHrii pe3syaAbTaT 3aBHCHT
,BaKR oT 1€CTBAa M KAYECTBa BKCHEPUMEHTANBHOM MH(OpMatiM,
TaK u comeﬂcma. MeTpNoB ee 06paboTku. IlepBulil n3 ykasammnix
Paxrepos ripe,ucraame’r coboif TexHMYecKylo npoGaemy, pemaeMyio
PECIEPMMEHTATOPOM, B TO BpPeMA Kak BTOpoii — oGpaborka pe-
3¥RRTATOB QKCIEDMMEHTa — OJHa M3 OBMIMPHBIX cdep MpHIOKeHWA
MaTEMATHYECKUX METOMO0B.

4 Pemenme o6paThrix 3a1au NPOBOANTCS B PaMKaX HEKOTOpoii MaTe-
MaTHYecKkolt Monesm uccaeayeMoro o6'beKTa UM NPOLEcca U COCTOMT
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B onpeZejIcHUM NapaMeTpPOB MaTeMaTHIeCKoi Mozenu o uMeloleitca
eKcrrepuMeHTaNbHON MHPpopmaimu. ITpusesem npumepriiniicraliopok
o6paTHEIX 3azad.
IIpumep 1. Ilponecc paamoaxTusHOro pacnana o
¢usneckuM 3aKOHOM, 3aKIIOYAIONIMMCA B TOM, YTO CKOPO
IPONOPUHOHAJEHA KONMYECTBY PaAMOAKTMBHOL'O BELIECTH
MycA B naHHE# MoMenT BpeMenu. Kosddpummenr npomop
TH o, SBAMmomMics XapaKkTepHoOH A1 JAaHHOTO BeMECTBA IIOCTO "
HOCMT Ha3BaHMe Kooddummenra pacnana. Taxum oGpasom,
THYECKAA MOfie/ib NPONECCa PAAUOAKTUBHOIO PACHAJa O
3anavet Komm nna o6nxuosennoro mddepenmansaoro ypuﬂym_

¢
¥

@)

dm
T —am(t), t2>t,

m(to) = M s

rae m(t) — KONMMYECTBO BelleCTBA B NAHHEI MOMEHT BpeMend, a M —
KOIMIECTBO PAJMOAKTUBHOTO BEIECTBA B HAUAJBHEI MOMEHT BpeMe-
1. Eciu nocrosmmie a v M uaBectnw, To, pemms 3axauy Komm,
MEL MOKEM ONpENEeNUTH, Kak GydeT M3MEHATHCHA KONMUECTBO PaAMO-
AKTHBHOI'O BEmIECTBA C TedeHMeM Bpemenn. O6paTnas 3amaus mas
MCCIIely eMOro NpoKlecca COCTOMT B CleAylomeM. Bua paamoaxtmnso-
TO BEINecTBa, T.e. NOCTOAHHAA O, ¥ €r'0 NEPBOHAYANLHOE KOAMYSCTBO
M HeuwsBecTHH, HO M3 PKCIEPMMEHTA MOXHO ONpPENCIUTH KOMMYECT-
BO PAJMOaKTMBHOro Belllectsa m(t) ansa t € [t;,f;]. Tpebyerea mo
$ymxmm m(t), 3anannoit ana t € [ty,13], onpeneauts nocrosmmie o
M. Taxum o6pasom, o6paTHas 3a/aua 3aKMOYAETCA B onpeReNeEA
Koepdmmenra o B P pepeHnmanbHoM yparienu (1) u HavanARmoOro
ycnosua M no pemenmio 3anaum Komm m(t) maa ¢ € [t,t5].
PaccmoTpennas o6paTHas 3ajaua MMeeT ecTecTBenHoe o6oGme-
Hue. Wzer npouecc panmoakTMBHOrO pacnaZia HECKOILKAX BEUISCTD:

gg—:— = —aymy(t), t>to, mi(te) = M;, i=1,2,...,N. 2
3necs m;(t) — KoNMYECTBO PAAMOAKTMBHOTO BEIIECTBA ONpEHCHEn-
HOr'0O TMNAa B JaHMHHIZ MOMEHT BpeMeHW, M; — ero Koimuyecrso B
HAYANLHEI MOMEHT BpPeMeHM, &; — Koo (PHUIMEHT paciaga i-ro pa-
AMOAKTMBHOTO BemecTBa. IIpeanonoxuM, YTO BEAMYMHEL & M ng
it = 1,2,...,N, HEeMSBECTHH, HO W3 PKCIIEPUMEHTAa MOKET ﬁt;wrs
AeHa ¢pynKmMA (t) = Zﬁl m;(t), rae my(t) — pemenua sagaum (2). ¢
Hocranopka o6patHolt 3axaun B 8TOM ciiyqae Takopa. Jlan ¢ € [t1,t2)
3amaHa pymxama m(t), TpeGyerca onpeaesutsh nocroamunie o; u M;,
i=1,2,...,N. OrmMerum, uTo y oTolt 06paTHO 3anaumn MoryT GmiTe
ZBe nocTaHOBKU. B mepBolf uMCHIO PAa3sAMYHLIX panMOSKTHBHLX Bé-
mectB N u3BecTHoO, a Bo BTopo#t N HemspectHo. Taxum o6Gpazom, BO
BTOpOM cay4dae TpeGyerca onpeseNMTh KOANYECTBO PafHOMKTHBHLIX

6

BemecTs N, ux koopdunmenTrs Pacnana a; u nepponavanbs
cu M;, ec:u M3BECTHA CyMMapHafd Macca paiMOAKTHBHEIX |
() = Ty mi(t) ana t € [ty t,).

Npumep 2. Mponecc XMMHYECKOH KMHETMKM OmichIBa«
TEMRTHecKol Moe/LIO, IpeacTaBAMIOmek coGoit 3amauy Kc
CHCTeME IMHEHHLIX 06LIKHOBEHHBIX mudpdepermmansHax ypas

de;
& = wet) +apey(t) + - + Gincn(t),
() =&, i=12,... N.

®ymamn c;(t) npeacrapaser cobolt KoHmenTpawMIo i-ro j
Ba, YYACTBYIOMmIEro B npontecce, B MoMeHT Bpememu f. Ilocr
NapAMETPM a;;, onpeaenmomme xon npolecca, xapaxrepusy
BMCMMOCTD CKODOCTM W3MeHeHWs KOHIICHTPAUMK i-T'0 Benec
KOMUENTPAIMM BelIeCTB, y4yacTByIOmmMX B nponecce. Maa a
Ingdepemmannuux YpaBsHenuit (3) moker GurTh chopmynu
caexyloman obpaTHas 3anaua. B TeYeHYe HEKOTOPOTO WE
Ba BpeMenu ¢ € [t),1,] usmepmorca KOHIEHTPAIMM BelecT
i=12,...,N,n TpeSyerca onpenemmts BemTuMHEI napamerp
T-€. o pemennio cucTeMnt Mg depermainLHEx ypasxenuit (3)
ETCR ONpeNe/UTL ee KoopUIMenTH. Dra ob6paTHas 3anaua
PaccMarpuBaThcs B AByX BapmanTax. Hepsriii — Havamm
nomun (4) mspecTHm, T.e. C; 3aJaHBI M M3MEPMOTCA pelenus
€OOTBETICTRYIONWME BTUM &;, BO BTOPOM BapHaHTe &; HEM3BECTHE
HYMHO OnpeneAMTh BMecTe c a;j.

Dpumep 3. Hycms s DPOCTPAHCTBE PACIONOKEHO HeKe
TeJio, KOTOpOe MO TeM MMM MHHM \IPHYMHAM HaM HEJOCTYIHO
HAKO MOEHRO OCBEMATD TEJIO ¢ pa3AUYHLIX CTOPOH M perucTpmp
HNOXYyYaEMYIO [IPH BTOM TeHb Teja,. Mpu onpenenennuix nonym
MBl RPHXQAMM K caeayiomedf MaTeMaTH4YecKodf mocraHoBKe obp
s3agaun. Tpebyerca onpenemmts ¢opMy Tena, eciM M3IBeCTH
OpTOroNagLHble NPOEKUMH HA Pa3MHUuHLIe IJIOCKOCTH.

- Npumep 4. Ieuxenue MaTepHaibHO# ToOuKM Mo mpm
£o0TBeTCTBIY ¢ 3aKx0oHOM HiloTona ONMMCHIBaeTCA Audpepentman

d’z
mﬁ = F,
Te m — Macea Touxu, z(f) — ée monokenue B MOMEHT BpeMe
F — ewna, neticreyromasn na Touky. Hauannnoe nonoxenue Tov
€€ CKOPOCTS U3PeCTHHI z(lg) = zp, 2’ (to) = z,. Tpebyerca onpeae
cuny F, xoropas saBucuT or Nonokenua Toukn F = F(z), ecaw
PARIAWMELIX 3HaueHMY MaccEl 3azano HOJNIOMKEHHe, KOTOPOE 3aHM
TOUKA B onpeleieHHLI! MoMenT Bpemenn ¢ = t; . TakuMm o6pasom
AMYAHA MACCH TOUKM 17 ABJIAegCA napaMerpoM, u o6paTHas 3a,

. Ypashemuenm

7



COCTOMT B onpeJeeHnH GyHKIMM F(€) no peleHio A PepeRImaiL-
soro ypasHenus (5) z(t,m), 3ananHoMy nput =t ume€ [m1, ma).

Mpumep 5. IlelicTBre MHOTMX npu6opoB, PErMCTPUPYIONMX
dusuueckue nosiA, MokeT GHITH OMMACAHO CJEAYIONMM o6pazom. Ha

Bxox npubopa noctynmaer curHan z(t), a Ha BEIXoA€ PETMCTPUpYeT-
ca dymama u(t). Ilpocras, nuHeliHas MoAensb nelicteusa npubopa
onpegenaerca ¢dopmynolt

/ K(t, 7)x(r)ir = u(t), (©)
[1]

rae K(t,7) — uspectHan ¢ymxuma. Taxum obGpasom, o6pd’mu

3afaya, COCTOAMAA B OMpeAe/eHNH BXOIHOr0 CUTHAIA z(t) no permc-
TpHpyeMoii Ha BhIXofe (yHKIMM u(t), npeacraBageT coboit 3azady -

pelleHMA MHTerpajbHoro ypasHenus (6), B koropoM ynxwm K(t,7)
n u(t) samans, a 2(t) HeussectHa. . S

IMpumep 6. OmH U3 KaacCOB o6paTHHIX 3a/ay4 06pasyioT
3ajJauM, B KOTOpHIX TpebyeTcs onpeneiuTh HEU3BECTHYIO byHKImMIO
no ceMeliCTBY MHTerpajioB OT oTOH pyuxiu. [Ipumepom 3azaum
TaKOro THIa ABAAETCA BO3HMKAIOMAA B KOMIbIOTepHOM ToMorpapum
3a/aya onpeneNennsa GpyHKIMHU ABYX NepeMeHHBIX f(z,y) no cemeiicTBY
MHTErpajioB ' '

(=)l

Lopw) |
B3ATHX BAONS pa3iMdHEX npamuix L(p,¢) (p ¢ napamerpi, onpe-
HeAAIONMe NPAMYIO) B MIOCKOCTH Z,¥.

Mpumep 7. Kpaesasa sanaya AnA ypaBHEHUA TenJonpoBo/-
HOCTH )

cuy = (kug)z —qu+.f, 0<z<l, o<t<T, )
u(O,t) - Alu,,-(O, 1) = [l]_(t), 0gtgT,. . (8)
u(l,t) + douz(l,2) = pa(t), 0<t<T, (9
u(z,0) =p(z), 0z, (10)

ABJIAETCA MATEeMATHYECKOA MOe/IbIO MHOTHX PMU3MYECKUX NPOLLECCOB.
KoeddummenTs, BXOAANME B yPaBHEHHE ¥ IPAHMYHEIE yCAOBUA, npe-
NCTaBIAIOT coboli HeKoTOpHEe BPPeKTUBHLIE XaPaKTePUCTHKN HCCIle-
Ayemoro npomecca. B ToM ciyuae, koraa sagaua (7)-(10) omcusaeT
npoluecc pacnpoCcTpaHeHMs Tela B CTepxkHe, koadduimenTH € U k
SABAAIOTCHA COOTBETCTBEHHO K0d(UIMeHTaMN TEIIOEMKOCTH 1 TelJo-

‘ 1
NPpOBOAHOCTHU M XapaKIepHu3yloT MaTepHaJi, U3 KOToporo M3roToBJieH

crepxetb. Tenmodpn3NIecKyio MHTEPIIPETAIMIO MMEIOT TAKKe BCe 0C-
TaNbHbie GYHKUMM, BXofAuMe B ypasHenue (7), Kpaephie ycaosus (8);
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(9) m HauyanbHOE ycJoBMeE (10). - B pamrax nammoif MaTemaTHueckoft
MOLENN TEMIIEpPATypa B CTepKHe B TOUKE £ B MOMEHT BpeMeHn ¢ —
pynKuas u(z,t), ABNAOMAACA pelleHMeM 3aJayn (7)-(10), onpenenn-
eTcA BEIMIMHAMM ¢, k, ¢, f, A1, Az, p1, pi2, Y — XapaKTepPUCTHKAMM
reruio¢U3MIECKOTO TIpoliecca. B ToM cirydae, KOrAa OHM 3ALaHEI, pe-’
gmue npamyio sazady (7)—(10), moxwso HaliTn u(z,t), T.€. ompeae T
xapakTep MpoLecca pacHpoCTPaHeHHA Tenna B crepxie. Omua-
KC BO MHOTHX PeaJibHHIX TenjaoPM3MYeCKMX Mpoleccax Te WK WHBIE
xapaKTePUCTHKN CPeibl He M3BECTHHI, HO M3 DKCHEPMMEHTa MOKHO
[0Ay4UTH JOMONHHTeAbHYIO MHpopMaimio o Temmeparype. Hanpw-
Mep, BCe KoopPNIMEHTH 1 YHKINM, onpelesiAiomMe pellleHne u(z,t),
kpoMe Koadduipenta TemionposoaHocTH k = k(z), uspecTHn. Ha
pKCIIEPUMENTa onpeaenserca Gynxuma g(t) = u(zo,t) — Temneparypa
B %EKOTOPOi BHYTpeHHe! ToUKe CTePKHA — KaK QYHKUMA OT BpeMeHN!.
TakuM 06pa3oM, BO3MKKaeT cleAyloman o6parHas 3ajava: onpeje-
AuTh KoBhdMIMenT TeruonpoBomsocTH k(z), ecim 3azama Pynxaiun
g{t). OueBMIAHO, YTO AHAIOrUYHO MOTYT GHITh MOCTABAEHH! M ApyrHe
o6paTHbIe 3aJauM WA UcxoaHol kpaepol 3asaum (7)~(10), mpudem
3T0 MOTYT OLITb KaK 3a/layM onpeleileHMA KoodPuiMeHTOB ypaBHe-
HWA, TaK M 3a0a49M oTpeneneHus onxolt u3 Gynxumit p1(t), p2(t), ¢(z),
EXOAAIIAX B KpaeBhle M HauaJbHEle yCloBuA. MHoroo6pasue Bo3MOK-
#5IX 06 PATHRIX 3aJ1a4 ONpeAeliAeTcA He TONLKO MHOTUMY BO3MOKHLIMM.
HeW3BECTHLIMM BeMYNHAMM, BXOAAIMMY B Y pABHEHHE U ROTIONHUTE/b-
HBle YCJIOBMA, HO M Da3iMYHLIMM THIAMM 3aJaHMA JONOMHMTeAbHOR
uHdOopMaLMK, T.€. XapaKTePOM NpoBeNeHUA DKCIIEPUMEHTA.

IIpuBenennble NpuMepH He MOTYT JaTh MOJHOrO NPEACTaBICHNUA O
MHOr0o06pa3uy 0GPATHLHIX 33134 U MX MATEMATHYECKUX MOCTAHOBOK.
Crenyeér oco6o BBLAEINTH KiIacC 06paTHHIX 3aJd4 ANA ypaBHeHuit B
YaCTHRIX TNPOU3BONHHIX, MOCKOIBKY BTH ypaBHeHWa Haubojee 4acrTo
yIOTpe6AMOTCA ANA MOCTPOEHMA MATEMATHYECKUX Mozeel caMbix
pasHooGpasHLIX mpoueccoB. B ToM ciayuae, KOrJa Te HIM MHHIE
XapaKTePUCTHKM BTHX MPOLIECCOB HEM3BECTHHI M MX Tpebyerca omnpe-
ZIeaUTh 10 MMelomelica sKCepUMEHTaNbHONK HHPOPMAIMH, BOSHHKAIOT
o6paTHble 3a/lauM JUIA ypaBHeHUIt B YaCTHEIX TIp OM3BOOHKIX.

Bce o6paTHbIe 3a1aun, KOTophie 6LIIM PACCMOTPEHB BHIIIE, MOTYT
6LiTh cBefeHH B o6myio abcTpakTHyio $GopPMYIMPOBKY. O6o3Ha-
UMM Yepe3 z HEN3BECTHYIO XapaKTepPMCTHKY MaTeMaTudecKodt Monenu
MccrnemyeMoro o6bexTa MAM nponecca, a uepes A — omeparop,
CTaBAUMt B COOTBETCIBHE z BeNMYMHY U, KoTopad Habimozaercsa B
peaynbTaTte eKcepuMeHTa. Takum o6pasom, o6paTHad 3a1aya COCTO-
VT B pelleHMU ypaBHeHuA Az = u, rie onepaTop A M npaBas YacTb u
3ajaHul ¥ TpeGyerca onpeaeauts z. Jlaa oGpaTHol 3a1aul, pacCMOT-
PeHHOl B mepBOM npuMepe, z NpeAcTaBiaAeT coboil napy |ucen o M
M, onepatop A onpenenserca 3anaueit Koum, a u = m(t). B cayuae
o6paTHol 3a4auM AJNA yPaBHEHMA TEMJONPOBOMHOCTH, COCTOAmEH B
onpesesieHMM Koo(pUIMEHTa TEMIONPOBOAHOCTH, z = k(z) — Koed-
QMIMEHT TEeNJIoNnpoBOaHOCTH, A — onepa/,:rof, onpezeAeMnlit KpaeBol

o

/
/
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sanavelt (7)~(10), xoTopui#i NpM BCeX PUKCHPOBAHHBIX OCTANLHLIX
OAPAMETPAX 333YM CTABMT B COOTBETCTBHE Pa3JIMIHLIM xooddumm-
enTaM TenAonposBomuocTH k(z) pasiwuHLie pemieHMA 3aJauM (7)~(10)
= u(zo,t), 3aKauHLEe B PHKCHPOBAHHOR TOUKE Zg. AHAJIOrHIHO MO-
ryT GLITH 3ANMCAHH B Buge Az = u M OCTaJbHHE o6paTHHE 3aJa4M.
Baxaioli 0co6eHHOCTBIO OGPATHLX 3a/a4, BO3HMKalomMX npu o6-
paGoTKe Pe3yALTATOB BKCIIEPHUMEHTa, ABAAETCA TO, UTO MCXOAHAA
MHGOPMAIMA B BTHX 3aa4YAX H3IBECTHA MPUGMUKEHHO. 9T10 06BACHS-
erca TeM, 9To NpUGOPH, C TOMOMBIO KOTOPRIX NIPOBOAATCA HabJmoae-
HMS, HMEIOT oNpeNeNeHHIH ypoBeHsb norpemuocTH. Taxum o6pasom,
MeTom pemenns oGPaTHUX 3aNaY AODKHL 06Aa1aThH CBOUCTBOM yC-
TONYMBOCTA K MAJHM H3IMEHEHUAM B MCXODHLIX IAHHBIX.

§2. HIOHATHE O KOPPEKTHO H HEKOPPEKTHO
' HOCTABJIEHHEIX 3ATAYAX

TlonsTHE KOPPEXTHOCTH MOCTAHOBKM MaTeMaTHJecKoll 3azaumn 611
" A0 céopmymuposano K. Anamapom [04, 95] B cBAIM c amHANM30M
PasIMUHKX 33JaY4 KA ypaBHeHul MaTeMaTHUecKod pu3nKM.

Pememe mo6oil xonuuecTBeHHoM 3aa4M COCTOMT B ollpelie/IEHNH
HEKXOTOpPOro saeMeHTa z (pelleHHA 3aAauM) N0 MCXOMHBIM NAaHHLIM U
M MOKeT GHTb 3anMCaHo B BMAE

z2= R(n).. (1)

Mpu aToM OO6WYHO MpeIONAraerTcs, YTO MCXOAHBIE NAHHHIE U HB-
AMOTCA DAEMENTAMH HEKOTOPOro MeTpuyeckoro nmpocrpaucrsa U, a

. pemeHMe z MIIETCA B METPHYECKOM MPOCTpaHCTBe Z, T.€. 2 € Z.
4a (1) Ba3LBaETCA KOPPEKTHO NOCTABJEHHOA Ha Mape MpoCT-

pascts Z, U, ecain BHNOAHMOTCA cleAylomie yCHIOBHA:
1) ana moboro u € U pemenue 3agaum CymecTByeT,
2) ana moGoro u € U pemenmne 3afaum eIMHCTBEHHO,
3) pemenne 328241 z HeNPEPHLIBHO 3aBUCHT OT HCXOMHEIX NAHHLIX U.
3amauM, He YAOBJETBOPMOMME BTHM YCHOBUAM, HAa3LIBAIOTCH He-
KOPPEKTHO NOCTaBJIEHHbIMH. :

Ycaosua 1) ¥ 2) xapakTepusyloT MaTeMATH4eCKYlO onpenenen-

HOCTb PacCMaTpuBaeMolf 3ajauM, a ycioBHe 3) — dusuveckyio ze-
TepMMHMPOBAHHOCTh 3aJauM. JIOCTaTOUYHO €CTECTBEHHO OKMAATH,
YTO 3aJauM, CBABAHHLE C ONpelelieHMeM TeX MJIM MHRIX cAeACTBuiA
no npuumHaM, GyAyT KOpPEKTHHMM, B TO BPeMA KakK 3aJa4uM BOCCTa-
HOB/ICHUA NPHYMH NO MX CJIeACTBUAM GYAYT HEKOPPEKTHBIMM. 10
coobpaskeHue He MMeeT CMBIC/Ia PACCMATPMBATH KaK TOUHOE yTBEpXK-
ZileHMe, BepHoe uiA Mobolt U3 3aay4 Nepporo MJjm BTOpPOro TUMA. Ono
ABAAETCA TONLKO BhHipakeHMeM HEKOTOPHIX TeHZeHIWi, XapaKTepHBIX
INA BTUX THNOB 3aAad. [IpMBeleM HeKOTOPHEe MpUMepPhl KOPPEKTHO
¥ HeKOPPEKTHO MOCTABJEHHBIX 3ajad.

10

Npumep 1 PaccMoTpuM 3334y BHIMHMCHCHMA 3HRNMEHHA
MHTEerpajllbHOTO ONepaTopa .

b
/ K(z,s)u(s)ds = 2(z), c<z< d,‘ R ¢))

B KoTopo# npH 3a4aHHoM aape K(z,s) Tpebyerca ann mobolt pyms-
vu u(s), NpuHALIeKamedt HekoTOpoMy npocTpancTsy U, susmcanTs
$ynxmmo z(z) u3 npocrpancrsa Z. lycrs ¢pymamu K(z,), Ki(z, ),
K,(z,5) nenpepsBun B npamoyroabhuke c < z < d, a < 5 € b, a
U w Z npeacraBamior coGolt MpocTpanCcTBa HENMPEPHBHKIX ymasit
U = Cla,b}, Z=Clc,d]. 3anaua puumchenms ¢pymamm z(z) mo '(‘b;
ABAAeTcA KoppekTHol. JleficTeurensto, ans mobo# u(s) € Cls,
uHTerpaj, cTommmik B aesoit yactu (2), npeacrasaser coGoft Pynx-
1pM0, HeNpepHBHYIO Ha orpeske [c,d], m oTa ymuma onpeaensercs
omHo3Hau#o. Taxum o6Gpa3om, Neppoe M BTOpPoe YCHOBHA KOppexT-
HOCTM 3aJlauy BhIMoNHeHHl. IIokakeM, YTO BHIIONHAEYTCA M TpeThe
yciaosue. QOGosHaumMm 4yepes ‘ : '

Ko = clél‘a‘x‘ |K(z,s)l-
agsgd

Hycrs zi(z) — dynKupm, BENMCHICHHEE 10 ui(s), i = 1,2.  Torza
u3 (2) caeayer, uTo ‘

21 — 22llcre,q < Kollur — u2licrapy-

Taxum o6pasoM, yciopue HeNPepLIBHOA 3aBUCHMOCTH pemieHMA OT
MCXOMHMX NAHHHX 3343a4M TakKe BLINOAHEHO, H 3aA34a KOPPEKTHO
nocrTasiieHa. : o

ODpumep 2. PaccMoTpHM 3aza4y, oGpaTHY0 K Hpeaniay-
mef, T.e. 3aJauy peIleHMA WHTErPaNbHOrO yPaBHEHWA P$pemonsMa
i-ro pona

b
/ K(z, 8)z(s)ds = u(z), c<z<d, 3)

B KoTopolt mpu 3anansom aape K(z,s) Tpebyerca ans moGo#t oyn-
ki u(z) walfitu pemenme 2(s). Kak u B npemsuaymem npumepe,
npemonaraem, uro K(z,s), K:(z,s), K,(z,8) HenpepLBHE B NpAMO-
yromsanke ¢ < z < d, a < 8 < b, u(z) € Cle,d] n 2(s) € Cla, b). 3amaua
pelmeHua sennn (3) sasaserca HexoppextHolt. JleficTBMTENBHO,
nitnﬁinpsbe ycnoBHe, TIOCKONLKY pellieHHe Cy-
mectayer se aaa mo6oi pymamm u(z) € Cle,d]. IIna Toro urobul
LOKa3aTh BT0, AOCTATOUHO B3ATH GYHKIMIO Ug(Z), HENPEPHBHYIO HA
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[¢, d}, HO He sBAMOmYIOCA maddepesimpyemoif Ha DTOM OTPe3Ke. IOna
takoi npaBolft YacTH ug(z) ypaBHeHHe He MOKET MMETh HenmpephIBHOE
pemenne zo(s), MOCKONBKY M3 YCHOBuil Ha AZPO ypaBHEHUA K(z,s)
caexyer, uTo Ans moGolt HenpepuBHON pyHKIMM 2(s) MHTerpas, CTO-
supit B sreso#t wact (3), mpeacTasiaer cobolt pyHKIMIO, HENPEPHBHO
maddepeHuMpy eMyIO.

Hnsa ypasuenus (3) He BHIONHEHO TaloKe YCAOBHe HelpephIBHOA
3aBMCMMOCTH PeIIeHMA 0T MCXOAHBIX JaHHHX. PaccMoTpum mocielo-
BATEALHOCTD 2n(8) = 20(8) + nsin(n?s), n =0,1,2,.... Dru pynxmm
ABAMOTCA pelleHMAMM ypaBHeHuA (3). C NMpaBLIMM YaCTAMM

b
s (z) =/K(z,s)z,.(s)ds, n=0,1,....

OuennM |ju, — uollcr,q- Tax KaK

>
lun(z) — vo(z)| < ‘ / K (z,s)nsin(n?s)ds

ky
S ';$

b
= |- K(z, s)-:-‘- cos(n28)|: + % /K.(z, 8) cos(n?s)ds

rae nocrosHHaa k; He 3aBMUCUT OT 1, TO

k .
lun — vollcre,q < 7‘ n=1,2,...

C npyrofi CTOpOHEI, 3 ONpeneNIeHUA NOCeA0BATEALHOCTH 2q(8) cie-
KyeT, uTo

[lzn = zollciapy = 00 mpHM n — co.

Taxum 06pa3oM, NCXOIHLIE JAHHBIE Up(£) CKONb YTOAHO GAM3KM K
uo(z) npu n — 00, a COOTBETCTBYlONMe PelleHHA Z,(s) He cxoaaTca
K 20(8) mpu n — 00, uTO M O3HaYAET OTCYTCTBME HenpepuBHON
3aBUCHMOCTH.

OTMETHM, YTO eIMHCTBEHHOCTb pelleHMA ypaBHenus (3), T.e. BH-
MONHEHUE BTOPOrO YCJOBMA KOPPEKTHOCTHM pelleHMA oToll 3ajaum
3aBMCUT OT KOHKpeTHoro pmaa aapa K(z,s). Tak kax ypaBHenue
(3) aBaserca muHelinnM, To ero pemenue GyAeT eIMHCTBEHHBIM NPU
moGolt npasoit yacTH u(z) B TOM M TONBKO B TOM Ciy4ae, eCau s
u(z) = 0 ypaBHeHMe MMeeT TojbKe HyAeBoe pemenue. Iloxaxkem B Ka-

YecTBe MpMMepa, uTo B cnyuae K(z,s) = e®=*) pemvime ypaBHeHUA
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(3) meenmucrsenno, a npu K(z,s) = e** — emmucrBeHHo. B nepsom
ciydae ONHODOIHOE YpPaBHEHME MMEET BUX

b
/e""z(s)ds =0, c<z<d,

HIHN
]

/e"'z(s)ds =0, c<z<d,

H, OMEBHUIOHO, UMEeT HEHYNeBO€ DeEHICHHE. Bo BTOPOM CJlydyae OaHO-
poaHOoEe ypaBHCHHME 3ANUCHIBaETCA TakK:

]
/e"z(s)ds =0, eg<z<gd.
YG
Inddepenmupys eTo ypaBHeHHEe n pa3, HONYUUM

b
/e"s"z(s)ds =0, e<z<d 4)

OT0 paBeHCTBO BumIONHeHO npu mobom n = 0,1,... . IMonoxus B (4)
¢ = zo, Tlie o — NPOM3BOJIbLHAA TOUKa OTpe3ka [¢,d], u 06o3nauus
uepes 21(s) ¢yuxwmo e%°°2(s), monyunm

b
/a”z;(s)ds:O, n=0,1,.... 5)

Tak Kak cucrema pymxmit s”, n = 0,1,..., nonHa Ha orpeske [a,d],
To u3 paBeHcTB (5) caeayer, uro 2,(s) = 0 aua s € [a,}], a 3nauuT,
2(s) = 0 nna s € [a,b] M ypaBHenme (3) c AAHHEIM ANPOM MMeeT
eIMHCTBEHHOE pelIeHue.

Hpumep 3. PaccMoTpuM 3aauy pemieHHA CUCTEMBI IMHEHHEIX
aare6panyeckux ypaBHeHMH n-ro MOpAAKa

Az = u, (6)
rze A — xKBaApaTHafd MaTpHLA, a 4 € R u z € R®. Ecau onpeaenn-
Tesh MATPMILI A OT/MUeH OT Hyas, To AJA mo6Goro BeKTopa npaBoi

HacTM u € B" cymecTByeT eIMHCTBEHHOe pemeHue cucTeMul (6) —
BexTOop 2z € R™, XoToprit Mmeer BuA z = A~ lu, rne A~! — martpuna,
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obparHas k A. M3 oTOro mpeAcTaBieHMA LJiAi pemeEHMA CleAyeT
TaKKe ero HelpepLBHAA 3aBHCHMOCTh OT MCXOJHBIX NAHHHIX .

B ToM caydae, KOrAa onpeneanTeab A paBeH HYMIO, CHCTEMa (6)
MMeeT pemeHue He Ajaa moboro u € R®, a ecam aaa HEKOTOPOro Ug
peleHne CymecTByeT, TO OHO Gy/ieT Hee IMHCTBEHHO. CaenoBaTenbHo,
npn det A = 0 3a4a4a ABAAETCA HEKOPPEKTHOM.

Cnelnyer oTMETUTh, YTO KOPPEKTHOCTb WAM HEKOPPEKTHOCTD 33-
Lauy 3aBHCHT He TONBKO OT TOro, KaKoro TWNa ypaBHeHHMEM OHa
onpesensercs, Ho ® ot mpoctpaucre U u Z. MHoscuum 210 HA
cledyloleM npumepe.

Mpumep 4. PaccMOTpuM 3aavdy pemeHMs MHTErpaJbHOrO
ypaBHemna BoasTeppa l-ro poaa

/ K(=z,8)z(s)ds =u(z), 0<z<], (7N
°

B KoTopoi npu 3axaunsom axpe K(z,s) rpebyerca mia mo6olf pyHxmm
u(z) mailiTu pememme z(s). Ilpeanomowarm, uro QyHKIMA K(z,s)
HenpepHBHA, UMeeT HelpepHBHLIE NepBhle YaCTHRE NPOU3BOHEIE NIPH
0<s<z<1uK(zz)=1mmazel0l]

PaccmoTpuM 3a4avy pemenua ypasHenms (7) B NpeANION®KEHHH,
uro z(z) mmerca » npoctpancrse C[0,1], a Hcxomunie AanHbe u(z) €
Col0, 1), rae uepes Cyl0,1] o6osnaueHo MEOKeCTBO HeNpEepHBHLX Ha
[0, 1] dbymmis, Tazux, uro u(0) = 0, c BBeAeHHO Ha HeM pasHoMepHoOl
meTpHKoif. B 2ToM ciiyyae aHAJIOTHYHO TOMY, KaK 8T0 6nino caesnaHo
AnA ypaBHenua $pearonpma 1-ro poaa B npumMepe 2, MOYKHO TIOKa3aTh,
4TO 3aJava pemlema ypasHenHa (7) Gyaer HeKOppeKTHa.

MpemonoxuM Tenepb, 4To QYHKIMHM u(Z) NPUHALIENAT TPOCT-
panctey C}[0,1], T.e. MHwKecTBY HenpephLBHO maddepeRiMpy eMuix
Ha orpeske [0, 1] ¢ymramii, Takux, 4TO u(0) = 0, B xoTOpOM BBeleHa
HOpMa, paBHasf

(4
max [u(z)| + max, [’ (=)l-
Mycrs pemenne z(z), KaK ¥ B NPeALAYIEM Cy4ae, HIIETCA B IPOCT-
panctse C[0,1]. Iudpepenapys (7), umMeem ypasHenne

2(z) + j Ko(z, 8)2(s)ds = v'(2), ®)
4]

ABJIAIOMeecH UHTErpaibHLIM ypaBHenMeM Bonbreppa 2-ro poza. 3a-
Jaya pellleHMs 2TOrO YPaBHEHMA PKBWBAJICHTHAZ 3ajaye pemeHMA
ypasuenus (7). Ilna moGo HempepuiBHOI npaBoit YacTu v/(z) ypas-
Henme (8) MMeeT eAMHCTBEHHOe HelipepLIBHOE pelleHHe

(z) =u'(z)+ / I(z,s)u'(s)ds, 9)
°
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rae I'(z,8) — pesombBenta ypasHemns (8) [22]. Pymxuma I(z,s)
penpepuBHa nip 0 < s < z < 1. M3 npeacrasaenns (9) caenyer, uto

lzllcto,n < const[lullcyo,y-

TaxuM o6pa3oM, B DaHHOM ClydYae 3ajaya pemeHun ypasHenus (7)
KOPPEKTHA.

Caenyer, onHaKO, OTMETHTb, YTO NPH peHICHMM 3akad, CBA3AH-
HHX ¢ 06paboTko#t pe3ynLTATOB PKCIEpUMEHTA, BLIGOP METPHMKM, KaK
NIpaBHIIO, ONpEReNAAeTCA XapaKTEepPOM BKCIIEPHMEHTA.

B xauecTBe nocyeAHEro NpuBeneM NIpUMep HEKOppeKTHOH 3aaaum,
npeIGKeHHEE A namapowm.

Mpumep 5. Tpebyerca naiitu dysxipmo 2(z,y), Takyo,
uro 2(z,y) U zy(z,y), HenpepusEN npu z € (—oc0,00), y € [0,1],
z,,(z,y) n z,,(z,y) HeNpepHBHH NPH T € (—OO,(X)), y€ (O:I]» z(z, y)
yroBJjleTBopser ypasHenmio Jlannaca

Zze+2yy =0, —00<z<00, 0<y<gl|

H yCHOBMAM
2(2,0) =0, zy(z,0)=u(z), —oco<=z<o0.

Byaem npeanonarars, uto ¢yHxumu u(z) orpaHUudYeHH W Hempe-
PHIBHBI TIpH Z € (—00,00). Bpesem Ha MHoKecTBax ¢yHKImMit u(z)
u z(z,y) paBHOMepHHe MeTpHKM. IlokaykeM, UTO pPacCMaTpuUBaeMasd
3allaya ABJNAETCA HEKOPPEKTHOR. PaccMOTPUM NOCHEN0BATENHLHOCTD
un(z) = Lsin(nz), n = 1,2,... u uo(z) = 0. DrumM pynxumam coot-

BETCTBYIOT PemieHMA zn(z,y) = ;I,sin(nz) sh(ny), zo(z,y) = 0. Cae-
NOBAaTeNHHO, MPM N — 0O

LB o) = ()~

su -
R lan(z9) = 50(z,9)| = oo.

ogy€!

Taxum o6pasoM, anA paccMaTpuBaemoit 3afauM He BLINIGJIHEHO
YclioBMe HenpephBHON 3aBUCHMOCTM pelleHMA 0T UCXOAHHIX AaHHHIX,
H oHa ABAAeTCA HEKOPPEKTHOM}.

PaccMoTpuM Bonpoc 0 KOpPEKTHOCTH 3aauM pemieHUA oflepaTop-
HOro ypaBHEHMR

Az = u, (10)

;ﬂ;A — onepatop, oToGpaxkaromuit npocrpanctso Z B U (Z, U — nu-
€¥Hble HOpMMpPOBaHHBEIe TIPOCTPAHCTBA). B cooTBeTcTBMM C KAHHBIM
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BLIIE OTpeAe/eHMEM 3aa4a pellieHHA yPaBHeHNA (10) Gyner xoppeKT-
Ho#t, ecim ana moboro u € U pemenne ypaBHEeHNs (10) cymectsyer,.
€MHCTBEHHO M z HENpepHBHO 33aBUCHMT OT U. W3 etux ycaosuif
cleAyer, YTO 3aJava PelieHMA ypaBHeHWA (10) lene't KOppeKTHOH,
ecan Ha U onpeamenes oGparHeulii omepaTop A~l, asamoumiica He-
npepuisieM Ha U.

Mpusenem Teopemy Banaxa 06 o6paTHoM onepaTope {55].

Teopema 1.21. Ecau auneinnd ozpanusennni onepamop A
omobpancaem ece 6anazroso npocmpancmeo Z ne ece baxazroso npoc-
mpaxcmeo U e3sumnoodnosnauno, mo cyuecmayem auneitnnil ozpa-
nuvennui onepamop A~1, obpamumi onepamopy A, omobpaxcaowui
Una 2.

W3 oTo#f TeopeMBl CAeAyeT, YWTO IUIA AWHEHHOro HEIpepLIBHOIO
onepaTopa, 0ToGpPaXKAIONEro B3AUMHO OIHO3HAUHO TPOCTPAHCTBO Z
wa U, tne Z u U — GanaxoBs! NMpOCTPAHCTBa, 3ajada pemieHuMA
ypasrenua (10) asanerca xoppextHoil. Teopema 1.2.1 noka3piBaeT
TaloKe ONpeNeieHHY10 3aBMCMMOCTb YCAOBHH KOPPEKTHOCTH 3alati
peinenma iuHefiHOro onepaTopHOr'o ypaBHEHWA Az = u B 6aHaAXOBLIX
npocrpascrpax. lleficTBHTeABHO, NPENCAMKUM, YTO ONIEPATOP A He-
npephuiBen U ypabherue Az = ( MMeeT TOIBKO HyJeBoe pelleHue, T.€.
BLITIOJHEHO BTOPOE YC/IOBHE KOPPEKTHOCTH PellleHUA 3ajauM. Torxa,
ecnM pemenue ypaBHeHHMsA Az = u CymeCTBYeT JUIA moGoro u € U
(Brartomieno ycnoBKe 1)), To cymectByer orpaHMJeHHLIE 00paTHLIN
oneparop A~! (sumonsueno ycnosue 3)). Ecau xe yciosue 3) He BHI-
no/nHeHo (HeT HenpepHBHO} 3aBUCHMOCTH PEmICHHA OT npasoit yacTH),
T0 06A3aTENbHO He BhIoMHeHo U ycioBue 1) (ypaBHeHHe pa3pemmMo
pe ana moBoro u € U). .

PaccMOTpUM BOMPOC O KOPPEKTHOCTH PEWICHMA ypaBHEHUA (10)
B ciyvae, Koraa A — mMHelHul BrioMHE HenpepHBHLIL onepaTop,
orobpaxalonmit 6aHaxoBo NMPOCTPAHCTBO Z B 6a#axoBo IPOCTPAHC-
tBo U, npuyeM npocTpaHcTBo Z TakKoBO, UTO Wap B Z He ABNAETCA
KOMIIAKTHEIM MHokecTBoM. IlokaxkeM, ¥To B BTOM cAydae onepaTop
A He uMeeT HempepruiBHOTO oBpaTHOrO A~l. Tipeamoncmm, YTO 8TO
He Tak u oneparop A~! cymecrtByer u HenpepmwBeH. PaccmMorpuM B
npocrparcree Z map S. Tak kak MHOKECTBO S He ABNAETCA KOMITAKT-
HEIM, TO CYMECTBY €T NOCAE0BATENBHOCTD Zn C S, Takaf, YTc U3 Hee
Hellb3S BELAEAMTHL TIOANOCAeAOBATENbHOCT, CXONAMYIOCH K KAKOMY-
Hu6yap enementy. C Apyroit CTOpPOHEI, MHOXKECTBO S orpaHMveHo, a
onepaTop A prionHe HempepuiBHHA. CiefoBaTesbHO, MHOKECTBO AS
ABJISETCH KOMIAKTHEIM B U ¥ M3 NOCAeJ0BaTENLHOCTH Un = Azn C AS
MOKHO BELAE/INTH TOMNOCHEA0BATENBHOCTE! Um = Azp C AS, cxoas-

IEYIOCA K HEKOTODOMY BJEMeHTY ug. TaK Kak, Mo npezmo:mxeﬂno,
onepatop A~! HenpephlBeH, TO MOCHENOBATENBHOCTH Zm = A uy,

‘1 C pgenblo ynpomeHus 3amMcd 34ech ¥ Aajee npu 0GosHaueEHHM
OIOC/eA0BATENLHOCTH, KaK NpaBuio, H3MeHAeTcA Gyksa, o6o3Ha-
YaloWasn HeAOUMCHEHHBI MHIAEKC.
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CXOMMTCA K 871eMeHTY A~ ug, YTO MPOTHBOPEUNT MCXOIHEIM YCAOBUAM
BHI6GOpA ITOCAEAOBATENBHOCTH z,. Taxum obpasom, omepaTop A He
MMeeT HemnpephuBHOro oGpaTHoro oneparopa A~! u sagaua pemenua
ypasuenusa (10) He sBaAeTcA KOppeKTHOM.

Y pasrenue (10) c mMHeAiHLIM BHoJIHE HEMP €pHIBHLIM ONEPATOpOM A
06BIYHO HA3LIBAIOT JIMHEHHEIM ONepaTOPHKIM ypaBHeHMeM l-ro posa,
a ypaBHeHUWe z — Az = u — JMHEelMEIM ONepaTOPHLIM YpaBHeHHeM 2-To
poxa. Kak yke oTmevasioch, 3aaua pemeHua ypaBHeHMA 1-ro pona,
NpH YCIOBUH, YTO HIap B NPOCTPAHCTBE Z HE ABJLACTCA KOMITAKTHHIM
MHOKECTBOM, HEeKOppeKTHa. B To ke Bpema u3 Teopem Ppearonnma
[65] cnemyet, uTo 3aja4a pemieHMA ypaBHEHMA 2-TO poia KOPPeEKTHa,
eCclli eIMHMIIa He ABJIAETCA COGCTBEHHLIM 3HAUEHUEM OlfepaTopa A, u
HEKOPPEKTHa B IPOTHMBHOM CJIydae.

§3. 0 HEKOTOPBIX ACIIEKTAX MOCTAHOBKH M
PEMIEHMA OBPATHBIX 3AIIAY

IlonATHA ¥ NpUMepH], MPUBeleHHNE B NpeALAYIMX naparpadax,
[TOKa3EIBAIOT, YTo obpaTHHe 33JadM, Bo3HMKalomMe npu obGpaborke
pPe3ylibTATOB BKCHEPUMEHTOB, KaK NPaBH/O, ABIMOTCH HEKODPEKTHO
NOCTABNEHHEIMU. B CBA3M ¢ 8THM BONPOCH, CBA3aHHEIE C CYIIECT-
BOBAHMEM ¥ €JMHCTBEHHOCTBHIO peIleHUs BTHX 3alay, a TakKe He-
MpepEIBHOM 3aBHCHMOCTH pellieHMA OT HCXOZHBIX JaHHHIX olGpaTtHoll
3aJauM, TPe6yioT ROMONHUTENLHOrO AHAJM3a. DTOT aHAIM3 MOKHO
nposBoauTh AiA abGcrpaxTHO#t mocTaHoBKM oGpaTHOl 3ajaum B BHIE
3aayM peuleHUA ONepaTOPHOrC YPaBHEHMA Az = u.

Hccnenopanue moboit o6patHolt 3a1aum, cpA3aHHON ¢ H3yUeHHMeM
HEKOTOPOro peajibHOro 06'beKTa MJAM Npollecca, MPOBOAMICA B paM-
KaxX olpeleiieHHo#l MaTeMaTuveckolf momemu. PTo o3HauaeT, WTIO
BHIGpaHKl onepaTop A ¥ Kaacc alleMeHTOB Z, cofiepamuit MCKOMYIO
Heu3BeCTHYIO XapakTepucTuky zZ. Kanacc U, KoTopoMy npHHainexuT
npaBas 4acCTb yYpaBHEHMs u, ONpeZe/IAeTCA THIOM BKCIIepUMEHTAJb-
Ho¥t MHbopMamMM, KoTOopas NpPHMBJAEKaeTCA ANA peweHMsa ob6paTHoif
s3amaun. Ilpu eTom mpemnomaraercs, 4ro B Kaacce U cymecTByer
8JleMeHT % = AZ, KOTOpEIA U MEITAIOTCA U3MEPUTH B pe3yAbTaTe BK-
cnepuMmenta. (OOHaKO, Tak Kak B Mo6GoM PKcnepuMeHTe M3MepeHMA
NNPOBOAATCA C HEKOTOPOU MOrpelHOCThIO, TO BJIEMEHT i HEM3BECTEH,
a 3afaH NpUGIWKeHHBH BJleMeHT @ M BeIWYMHA MOTPEmHOCTH &,
XapaKTepu3ywlana 6imM3ocTs i K 4 B HekoTopoll MeTpuke. Takum
o6pa3oM, B paccmaTpMBaeMol nocraHoBKe 3alJauM ocoboe 3HaueHMe
npuoGpeTaloT BONPOCH E€AMHCTBEHHOCTH M YCTOMYMBOCTH peIlleHHA
o6paTHoif 3anaun. HccnenopaHne eAMHCTBEHHOCTH pellIeHUA oGpaT-
Holt 3ajauH, o CYTH JAena, npelcTasiser cobolt oTBeT Ha Bonpoc o
TOM, AOCTATOYHO AM MMelomeiicA pKcIIepHMeHTAAbLHON MHpOpMaLMH

A1A OFHO3HAYHOrO OINpeXAe/IeHMA MCKOMOU XapaKTEePUCTHMKH HM3y4a-
emoro ob6bexkra M npouecca. [Ipo6Gaema ycroifumBoro pemeHus
o6paTHRIX 3aJa4 CBA3aHA ¢ MOCTPOECHMEM TAKMX METOAOB, KOTOphIe
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NO3BONAIOT ONPEAEAATEL NPUGIIKEHHEe PelleHUA Z, 6aM3KMe K MCKO-
MoMmy Z, Ha ocHoBe uMelomefica, npubmnkeHHo 3aJaHHOH ucxonHoif
unpopMaipm % u 4.

Bnepshie npo6iema ycroliuMBoro pemeHna o6 paTHBIX 3amay4 Gulia
nocrasiena A.H. TuxoHosumM [76]. B aT0ii paGoTe npeasoKeH NOAXOX
K yCTpaHeHMIO Hey cTouMBoCcTH pemeHna o6 paTHoli 3a1aun, KoTophi
OCHOBBLIBAETCA Ha KCIOJAL30BAHUM anpMopHod MHPOpMaLMK O TOUHOM
pelileHHH 3ajlaum Z. AnpuopHadA NHPOPMAIMA O TOYHOM pellleHMH A0C-
TATOYHO YACTO MMeeTCHA MpPH aHajlM3e PAa3NWUYHKIX 0OpaTHHIX 3aJad.
Kak npaBuio, oHa CBA3aHA C T€M, YTO HEM3BECTHAA XaAPAaKTEPUMCTHKA Z
npencTaBiseTr coboif HeKoTOpYIO PHM3KMUECKYIO BellMYMHY, HMEIOIHYIO
onpeleneHHnle ceofictBa. B KavecTBe mpuMepoB noaoGHLIX cBoiicTB
MOKHO MIPMBECTH NOJGKUTEIHLHOCTh, MOHOTOHHOCTE, OT'PaHHMUEHHOCTD
npou3sBoaHo# ¥ MHorue aApyrue. Takoro Tumna anpuopHasa HHGoOpMa-
uMA HO3BOJIAET B pille C/IyYaeB Cy3UTh KIacc BEeMEHTOB Z, KOTOpOMY
NpUHALJAEKAT TOYHOE peleHMe Z, KO HEKOTOPOro MHwKecTBa M, Ha
KoTopoM pemeHue o6parHoldt sanaum 6yner ycrohtumso. ObocHoBa-
HMeM NoJo6HOro NoAXo4a K YCTOWYMBOMY peHeHNIo oOpaTHEIX 3a4a4d
ABJAREICA CHeAyIOmad TeopeMma.
g) Teopema 13.1. IIycms muomcecmeo M mempuuecxozo npoc-

mpancmea Z 636uMx0 00no3NaxNO omobpancaemcs onepamopom A Ha
Muomcecmao N mempuveckozo npocmpancmaa U. Tozda, ecau onepa-
mop A nenpepusen na M u M — xomnaxm, mo obpamuniil onepamop
A~! wnenpepmeen na N.

HokasaTtensbctso. Tak kak MHokectso N = AM ecTs B3a-
MMHO O/IHO3HAYHLIA 06 pa3 MHOKecTBa M, To 0GpaTHHI onepatop A1
Ha MHOKecTBe N cymectsyer. [lokaxem, 4yTo oH HenpephiBeH Ha N.

HpemnonoxuM, YTo T0 He Tak. Torga CymecTBYeT dAEMEHT
tig € N ¥4 NocAeRoBaTeILHOCTL JIeMeHTOB u, € N, n = 1,2,...,
Takue, YTo p(tn, o) — 0 NpU 1 — 00, B TO BpeMA Kak

p(zns20) 2€>0 ma n=1,2,..., (1)

rae z, = A" lu,, zg = A lug. Tak Kak NOCHEAOBATENLHOCTE- Zy
NPUHAUISKUT MHOXKecTBY M M M — KoMNakT, TO M3 2, MOXKHO
BBLIEJMTE MOMNOCAEAOBATENBHOCTD Zmy, TaKyIO, YTO p(zm, %) — 0 npu
m — 0o, rae exemedt £ € M. Torxaa us (1) caeayer, uro p(2p,2) 2 €.
Tak Kak oniepatop A HenpephiBed Ha M, a p(zm, 2) — 0 1 p(Um,ug) =
p(Azm,u0) — 0 npu m — oo, 10 p(AZ,u0) = 0. CunenoBarensHo,
Az = Az = ug. Tak Kak oTobpakenMe A B3aMMHO OAHO3HAYHO
Ha M, To # = 2. Ho ®To paBeHCTBO NMPOTHBODEUMUT HEPABEHCTBY
p(2,20) 2 €. Taxum o6pa3oM, UCXOAHOE MPEANOIGKEHUE HEBEPHO M
TeopeMa JOKa3aHa.

Nnen cyrkenma kaacca Bo3MOKHBIX pelleHmii o6paTHo# 3anauy 10
HEKOTOPOr'o MHOXKECTBA, Ha KOTOPOM €€ PellleHue YCTONUMNBO, JIEKUT B
ocHoBe BBeaeHHoro M.M. JlaBpentbensM [44] nonaTna KOppeKTHOCTH
no TuxoHoBY MM ycOBHON KOPPEKTHOCTH 33JaUM.
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3aaya peNIeHHA ypaBHeHMA Az = 4 Ha3LIBAETCA KOPPEKTHO IIo-
crapiensoil o TuxonoBy (ycClIOBHO-KOPPEKTHOM), €CIM BHIIONHEHLI
cAeAyIOUMME YCIOBUA:

1) anpMOpY M3BECTHO, YTO PelleH!e YPABHEHNUS CYIEeCTBY €T H Npy-
HaUIEKMT HEKOTOPOMY 3aJaHHOMY MHOXeCTBY M mpocTpaHCTBa Z;

2) pemenue ypaBHEHMSA €JIMHCTBEHHO Ha MHoXKecTBe M

3) CyIIecTBYeT HeNpepEIBHAA 3aBUCUMOCTD PelIeHMUA Y PaBHEHUA OT
npaBoit YACTH #, KOTla BapUallMy u He BLIBOJAT PellleHne 3a Tpeletl
mHOKECTBa M.

CooTBeTCTBYIOMEe MHOKECTBO M HAa3LIBaeTCHA MHWKECTBOM KO-
PEKTHOCTH. ]

Hycts Z nu U — HekoTophie MHeliHEle HOPMMPOBaHHEIE NPOCT-
paHcTBa. B ToM cayuae, KOrJAa 3aJaya pelieHUA ypPaBHEHWA Az =u
yCII0BHO-KOD PEKTHA ¥ MHOKeCTBO M — KOMNAKT B Z, BOSM®KHO IOC-
TPOEHME OIEHOK YCTOAUMBOCTH penieHMA o6paTHolt 3aauu [44]. OTa
BO3MOMKHOCTE OCHOBaHAa Ha clexyoieii reopeme. -

Teopema 1.32. ITycms onepamop A omobpancaem xomnaxm
M C Z nenpepheno u 83aumno odno3nasno na muoxcecmeo N = AM C
U. Tozda cyuecmayem nenpepuenasy a nyse Pynsyud w(r), w(0) =0,
maxas, Ymo 0ax 4068z 21 4 23 € M eunosnena oyenxa

l21 — 2all < w(ll Az — Az])- ()

NokasaTenbcTno. Mpennonokum, uro GpyHKumK w(r), 06-
Jagalomelf yxka3aHHREIMM cBoMcTBaMH, He CymeCTBYeT. Toraa ana
M1060ro HaTy pajibHOrO 1 HallNyTCA BIIEMEHTH z}), z2 € M, uncnosan
MOC/EeA0BATEIbHOCTD T, — 0 IpM n — 00 M YUCIO € > 0, Takue, 4TO

l|Azp — Az}l < 7o) 3)
llza =22l 2 & (4)

Tak Kak MOCTeNOBATENLHOCTH 2} ¥ z2 TIpMHAUIEKAT KOMIAKTY M,
TO M3 HUX MOKHO BELIEJWUTH IMONOCIEAOBATEbHOCTH 2} u 2%, cxo-
JAIMeCA K TpUHaJyiekanmM M aiieMeHTaM z! 1 2% COOTBETCTBEHHO.
Torxa u3 onenxu (3) caenyer, uto ||Az* — Az?|| = 0 u 3 B3anmHo
onHo3HauHOCTH omeparopa Ha M umeem z! = z2. Ho n3 Hepapen-
ctea (4) creayer, uro ||z — 2?|| 2 e. Tlonyuennoe npoTuBopeume
NOKa3bIBAET TEOPEMY.

OtleHKM yCTOWUMBOCTH THNa (2), MoAy4YeHHbIe B MPEAroNKEHIH,
YTo pellleHye NPMHALIEKUT HEKOTOPOMY MHOKECTBY M, Ha3niBalOTCA
OIleHKAMM yCJIOBHO# ycTodumBocTH. IIpyMepsl TaKOro TUNA OHEHOK
UL HEKOTOPHIX 0BPaTHHIX 3aJay COXepKaTcA B ri. 4.

Tpeasiayimmit TOAXOA K PEIICHHIO HEKOPPEKTHBIX 3alad OCHOBbI
BaJICA Ha MCHOMb30BaHUN aTIPMO PHOM MHPOPMALIMK O IPUHALIEKHOCTH
pellleHNA K HEKOTOpoMy MHokecTBy M. Oamako AnA MHOIMX o6par-
HEIX 3aJay¥ XapaKTepHa CMTyaums, Korja anpvopHas uHopmauus
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O NPMHANNEKHOCTH peHIeHNA MHOKECTBY M, Ha KoTOpoM pelneHMe
paccMaTpuBaemoit 3ajnaun 6s1o OH ycTofuMBO, oTcyTcTIByer. Jlna
NOCTPOEHNA NPUGIAWKEHHLIX pelleHni HEeKOppPEeKTHOR 3aZlayu B BTOM
cly4yae MCNOIb3yeTcA ¢GyHAaMeHTAlbHOE TOHATHE pPeryAAPU3HpPYIO-
mero onepatopa (79, 81].

PaccMoTpuM 3anauy pemenns ypasrenna Az = u, rae A — one-
patop, oro6paxatommit Z B U (Z, U — nuHelinnle HopMHpOBaHHEIE
NpPOCTPAaHCTBa).

Bynem npeanonarats, yro oneparop A, npocrpasctsa Z u U Tako-
Bbl, YTO @Ta 3aJavya HekoppekTHa. IlycTh Ana TouHol npasol yacTH
% CYyINecTByeT eAMHCTBEHHOE pellleHue ypaBHeHuA Z, T.e. AZ = #i. On-
HAKO BJIEMEHT # HeM3BeCTeH, & 3aJaHHl U; M BeJUYUHA TOr PEITHOCTH
6, Taxme, uro |lu; — @j] < 6. Tpebyerca mocTpouth NPUGIMKEH-
HOe pellleHUE YPaBHEHUA — BJIEMEHT zs, KOTOPHIA 611 crpeMuicsa K
TOYHOMY PelIeHHIO Z NPHU CTPEeMJIEHMHM K HYJII0 BEAMYHMHEl MOrpem-
HOCTM 3anaHMA ucxoaHolt madopmaumm §. Tak Kak 3ajaya sABAAETCHA
HEKOPPEKTHOM, TO IS NOCTPOSHUA NPUBAMKEHHOr 0 pelleHus Hellb3A
MCNoNb30BaTh 06paTHLLL onepaTop, T.e. 6paTh B KauecTBe 25 DJIEMEHT
A~lus. D10 06BACHAETCA TEM, YTO 0GpaTHBIA onepaTop MoxeT GHITH
He oNpeZielieH Ha u; M He ABJIATHCA HENPEPHIBHLIM Ha U/,

lna onpenenennsa npubIWKeHHOro pelIeHUA 25 MpeACTABIACTICA
€CTEeCTBEHHbIM UCHONL30BAaTh BCIO MCXOAHYIO MHGOPMALMIO, T.€. Us M
BeJIM4UHY [OT'PENIHOCTH §.

Onpenenenue. Onepamop R(u,6), delicmeyowudl us npocm-
pancmea U 6 npocmpancmeo Z, nasmeaemcs pezyrapusupyouus 0as
ypasnenus Az = u (omuocumeasdno saemenma @), ecau on obaadaem
ceoticmeamu:

1) cywecmeyem wucao 8; > 0, maxoe, xmo onepamop R(u,$) onpe-
deaen dax ecer § € [0,6,] u u; € U, yosremeopavuuzr Hepasencmay
"u5 — ﬁ" <é;

2) das awbozo € > 0 cywecmayem wucao (e, us) < 61, maxoe,
¥mo u3 nepagencmasa

Hus — af] <6< bo

caedyem nepasencmeo ||z5 — 3| < €, 20¢ z5 = R(us,6).

B eToM onpegenenvm xomyckaercs MHOrO3HAYHOCTD omeparopa
R(u,8). Yepes z; o603nauaeTcs NpousBoALHENE BIEMEHT U3 MH®KeEC-
TBa 3Havenuit R(u,§).

Lns Teopum npuGMIKEHHBIX METONOB THIMYHON ABJIAETCA CUTY-
alMs, Korja KOHKPeTHRI# MerTold Npub/mKeHHOro peHmleHMA 3ajaudd
3aBHCHUT OT HEKOTOPOro napaMeTpa. DTO MOKET OLITL INAr CeTKH,
HOMep uucia uTepaumit u T.4. B cBA3m ¢ aTUM wacro ucnonpsyerca
C/eAylomanA CXeMa NOCTPOEHUA PerylIApU3NPYIOLIEro onepaTopa. 3a-
AaeTCA HeKOTopoe ceMeiicTBO omeparopos R(u,a), meficTBylommux us
U B Z n 3apucammx oT HekoToporo napamerpa a. 3aTem napamerp
& BhIbupaerca B 3aBucuMMocTH OT § ¥ us: (a = (b, us)) Tak, uTobH

Pt

R(us,a(8,us)) — %z npu 6§ — 0. Metomu TMOCTPOEHMA KOHKPETHHIX
peryiAapusupyIonMx onepaTopoB PpacCMOTPEHH BO BTOopoif riase.

3anauy npu6amwKeHHOro pemeHuA YpaBHeRMA Az = u MOXHO pac-
cMaTpPHBaTh B Goslee 06meM ciryuae npubAIKEHHOTO 3a1aHNA HMCXOA-
HBIX JAHHBIX, KOrJa HE TOJbKO NpaBad YacCTh u, HO M omeparop A
3aJaHEl C morpemHocTbio. Tak kak ofmme npuHuMM nocTpoenma
NpuGIVDKEHHOr 0 PelleHNA Y paBHEHNA NP TaKo# MOCTaHOBKE 3aJauH,
Kak IPABUIIO, OCTAIOTCA TE€MH XKe, UTO M PM TOYHO 33JaHHOM omepa-
TOpe A, TO B BTOM KHMI'e AJIA IPOCTOTH M3NOKEHHSA paccMarpuBaeTca
TOMbKO CAy4all TOYHO 3aJaHHOTO OMEPaTOpa.

OCTaHOBHMCA Ha B3aMMOCBA3N MEKIY npo6nemoii pemenna o6pat-
HBIX 3a.ad, CBA3AHHREIX C UHTepnpeTaumelt Habaiozenmit ¥ MaTeMaTH-
JeCKUM MoxenmpoBanneM. Kak yxe oTmewasoch, o6paTHule 3axaum
peiialoTCA B paMKax HeKOTopoit npuHAToOR MaTeMaTMuecKod Monenu
uccineyemoro o6mbexra mam npouecca. OnHako NpM MCClieZ0BAHMM
KOHKPETHOTO Ipouecca AOCTATOYHO YacTo BMJA MaTeMaTHueckol Mo-
ZleJin 3apaHee He U3BECTEH, M OHA BRIGMpaeTCH, & 3aTeM yTOYHAECTCH
B nponecce pemieHua o6paTHo#t 3agaum. DTo cBA3AHO C TeM, uUTO
OHMH ¥ TOT K€ NMpOoNecc MoKeT OLITH OMMCAH MAaTEMATUYECKUMHU MO-
ACHAAMA Pa3/IMYHOrO TUNA — Gojlee NPOCTHIMU, He YYHUTHIBAIOMUAMM
ompeleieHHble GaKTOPH, AN Gosiee CAMKHBIMA, KOTOPLIE WX yuu-
THIBAIOT. Cne,zxye'r TaKxKe OTMETHTb, YTO HNPHUHATHEC MaTeMaTHUeC-
Kot MOJleNI ompesiefifeT KAacC, KOTOPOMY NpPUHAATEXKAT BEeJVYHHHEI,
nolyiexKallMe ONpenesieHNIO (IpU pemleHHHM obpaTHoit 3amauu. JHaa
NpOCTO# Mosenu 8T0 MOTYT GHITHL HEKOTOphie MOCTOAHHKIE, MIA Gonee
CHONHOMN — GYHKIMH, 3aBUCALIME OT OAHON MJIM HECKONbKUAX rnepeMes-
Hux. C BospacTanueM KomMuecTBa BKCIepUMeHTaMbHON MHGOpMamMy
U ynydilleHueM ee KayecTBa (MoBbINeHne TOYHOCTH Hab o zennit), kak
IpaBuiIO, VI MHTEPIPETAIMH BKCIIEPUMEHTA HEO6X0AMMO NPUMEHATE
Gonee mosIHEIE MATEMATUYECKME MOZEIIM 1 pemaTh obpaTHbie 3a4auu B
pamkax aTux Mozxenelf. IIpoGaema BriGopa MaTeMaTHueckolt Mozeam
BO3HMKAeT NpH pellleHMH o6paTHBIX 3aJad, CBA3aHHBIX C MHTepIpe-
Tauue#d KOHKpeTHhIX HabGmoaenuii. MaTeMaTuueckoe UccieoBaHue
o6parHoif 3aJaYM NPOBOIMTCA o6LIMHO B paMkax ¢uxcupoBaHHOM
MaTeMaTHYecKoit Moxenu.



Fnasa Il

METO.bI PEINIEHUA
HEKOPPEKTHBIX 3AJIAY

MeTonp! pemenua HEKOP PEKTHEIX 33434, cGOpMY/IMPOBAHHEIX B BU-
Zie OTIepaTOPHLIX ypaBHeHuit 1-To posa, NpeAcTaBAAOT coboil ocHOBY
METONOB NPHUGIMKEHHOTO PelIeHUs Pa3IMUHEIX KOHKPETHHIX 06 paTHBIX
3afauy. B oToli r1aBe KPATKO M3JIOKEHH OCHOBEl METOAOB pellleHMsA
HEKOPPEKTHHIX 3ajay. Dojlee AeTalbHOE U3NGKEHWE TEOPMU HEKOp-
PEKTHHIX 3aJaY¥ M METOlIOB MX DElIeHUA COAEPKMICA B [7, 8, 14, 33,
44, 49, 59, 81, 84, 87].

§1. PEHIEHUE YPABHEHHMI’ 1-TO POJIA HA
KOMIIAKTAX. METOX KBASHPEIIEHM

PaccMoTpuM onepaTopHoe ypaBHeHMe 1-ro poxa
Az = u, €]

rae A — HenpephlBHHIA omepaTop, AecTBYIOUMil U3 METPUIECKOTO
napocTpaHcTBa Z B MeTpudecKoe npocTpancTso U, Takoif, uro 3anava
pemenusa ypapHenus (1) HexkoppeKTHa.

TlpemonokuM, 4To ANA TOYHOMK NpaBoil YacTH ypPaBHEHUA (1) =
CyHIeCTBYeT eIMHCTBEHHOE pellleHue Z, IpMHaUIeXKallee HEKOTOPOMY
kommakty M. OnHako ajieMeHT % HeM3BeCTeH, a 3aJaHbl npubau-
’KeHHad NpaBafd YacTh U; W BEJWYMHA MOTPEMHOCTM §, Takue, UTO
p(us, ) < §. Tpebyerca, 3Hasd us; U §, npennoxuts cnocob mocrpoe-
HMA NpNGIIMKEHHBIX pemernit 25, KOTOPHE 6B CTPEMUINCH K TOUHOMY
pemenuio Z npu § — 0. PaccMoTpuMM MHOKECTBO

Zs = {z: p(Az,u5) < 6}

Tak Kak 3afavda pelieHus ypasHeHuA (1) HeKOPPEKTHA, TO POU3BOJIb-
HBIl ®JIEMEHT BTOr0 MHOKECTBAa HENb3A pPacCMATPHUBATH B KaudecTBe
npubmmwkennoro pemenua. I10cKoIbKY MMeeTCA anpuopHast UHPOpMa-
LA 0 NPUHAMIESKHOCTH TOUHOIO pellleHUA Z KoMnakty M, ecTecTBeH-
HO CY3MTh MHOXeCTBO Zs, B3fiB e€ro nepecedeHue c Kommakrom M, a
umenno ZM = Z; N M. Ormerum, uro ana mo6oro § > 0 mMumkecTsO
Z}" HeIlyCTO, TaK KaK OHO COIAep’UT To4Hoe pemenue Z. [lokakem,
YTO BJEMEHTHl MHWKecTBa Z}M MOXKHO paccMaTpMBaTh B KauecTBe
NPUGAMKEHHEIX pelnenuii ypaBHenusa (1).
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Teopema 2.1.1. IIpu 6§ — 0

sup p(z,z) — 0.
€ZM

IlokasaTtenscrBo. IlIpeamonokuM, 4YTo TeopeMa HeBepHa.
Tornaa cymecTByIOT NOC/I€A0BATENBHOCTH 6, — 0 1 25, € Z,{” , TaKue,
»

uro p(2s,,%) 2 €, rlle € — HEKOTOPaA HONGKUTENLHAA NMOCTOAHHAA.
Tak Kak NOCHeNOBATENLHOCTL 25, C M, TO U3 Hee MWKHO BHIAENWTH
CXOAAMYIOCA MOMIOCHEOBATENLHOCTE 25, — 29. Toria, nepexons K
npeieny B HepaBeHCTBe p(zs,,Z) > €, NONYYNM, YTO

p(z0,%) 2 €. 2)

Tax Kax anement 25, € ZM, 10 p(Azs, ,@ﬁ) < 6. Nlepexonn B aTOM
HepaBEHCTBE K npeney npu 6 — 0, monyuuM, uro p(Azg,u) = 0. Cue-
KoBaTeNbHO, A2o = AZ = il U U3 e IMHCTBEHHOCTU pellleHNA y PaBHEHUA
(1) c mpaBoii yacTeio & uMeeM zg = 2. Ho 8To paBeHCTBO MpPOTHBO-
peunT HepaBeHCTBY (2). Takum o6pasoM, MCXoAHOE MpeANONOKEHUE
HeBEPpHO M TeopeMa JAOKa3aHa.

3ameuvanue. JlokazatenbcrBo Teopemnl 2.1.1 daxruuecku
cosnajlaer C J0Ka3aTeJbCcTBOM Teopemnl 1.3.1 o HenpepuBHocTH 06-
paTHOro oneparopa Ha koMnakre. OQHaKO B OTAMUYME OT TOU TEOPEMEI
34eCh MpeANoNarajach eIMHCTBEHHOCTh pellleHHA ypaBHenus (1) He
Ha BCeM KommakTe M, a ToibKo ANA TouHol MpaBoii yacTH i.

IpuBeaeM mpuMep, MIMOCTPUPYIOMMIi OTCYTCIBHE CXOIMMOCTH
BCeX BJIEMEHTOB MHOXeCTBa Z; K TouHoMy pemenwio z. Ilycts
omepaTtop A aelictByer ms R! B R! u onpenenserca cieaylommm
obpazom: Az = 2/(22 +1). Torma ypaBHemme Az = @ c TouHo#
npaBoif yacTeio @ = (0 uMeer emmHcTBeHHOe pemenme z = 0. Ilycrs
BMeCTO i 3ajaHa NpUGAWKeHHaA MpaBad YacTb Us = §/2 U peauumHa
norpenmoctu 6. MuokecTBO Z5 B 2TOM cayyae GyaeT npeacTaBAATh
co6Goit MHOKECTBO YHMCeJl, YAOBJIETBOPAIONMX HEPABEHCTBY

z 6,'

2241 2

=

B

OueBnaro, yro npu a06oM § > 0 pelieHeM BTOro HepaBEHCTBA
ABAAETCA 4Mcao z5 = 2[/8, He cTpemameeca K z = 0 mpu § — 0.
B To ke Bpema, ecm M — orpesok [~1,1], To muokectBo ZM
(mpu nocTaTouHo MaJjbix §) mpeAcTaBiifgeT coboil MHMKECTBO YMcell,
YAOBAETBOPHIOIIMX HEPABEHCTBY

—1+\/1—_62,< <1*m
6 ~

2 ——m—
36 !

A JAJIA HEro CIpaBedJIMBO yTBEP)KAeHMe Teopemnl 2.1 1.
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Meron xsazupemenmit. B ToM ciayyae, xoraa 3ajaya pemeHUs
ypaBHerus (1) HEKOPPEKTHA, €CTECTBEHHO MOMNBITATLCA TaK M3MEHUTD
MOHATHE pemieHMAs, YTo6LI NpM ONpelesIeHHBIX YCIOBHMAX 3a/a4a €ro
onpenenenus 6uina KoppeKTHOH.

B cBasu ¢ atum B.K. Usanosem [30, 31] 6nino BBeseHo noHsTHe
kBasupenterma. Ilycrs B ypasuenun (1) A — HenpepuBHbilf oniepaTop,
Belfictsylommil M3 JmHeflHOrO0 HOPMMPOBAHHOTO MPOCTPAHCTIBA £ B
JnHeliHoe HOpMMpOBaHHOE HpocTpancTBO U/, 1 M — xommaxkT B Z.

Onpenenenve. Keasupewenuem ypasnenus (1) nasveaemca
aseMenm zg, MunuMusupyowui nesxsxy ||Az — ul| na mroxmcecmse M

2K = argziéx{{ 1Az — ul].

W3 onpenenenna kpasupemenns cieny €T, 4To OHO CyIECTBYeT Al
moboro u € U. IlelicrBurensHo, Tak Kak onepaTop A HellpephiBeH, TO
HeBa3Ka [|Az — u|| ABAsAeTCcA HenpepHBHEIM QYHKIMOHAIOM, KOTOPHIA
JAOCTUraer. cBoedt mkHelt rpamn wa Kommakre M. Ecau u € AM, 10
KBa3upelleHne X COBMalaeT ¢ oOLIYHLIM peillecHMeM, TaK KaK B 3TOM
cay4ae ||Azg — |l = 0.

IokaxeM, YTO NpH BHITOAHEHWH OlpelleieHHHX YCAOBMil KBa3u-
pemeHne ypaBHeHusa (1) cymecTByeT, eIMHCTBEHHO M HENpepPLIBHO
3aBMCHT oT mpasolf wactu u [33].

HokaxxeM npeapapuTebHo HeKoTopuie yTBepxaeaua. O6o3aaunm
uepe3 r{u, N) paccrosuue oT slieMeHTa 4 A0 Komnakra N, npuHa.l-
aexamero U,

r(u, N) = inf |lu— 4.

Memma 1. Jag awbuz uy,uy € U cnpasedause nepasencmeao

Ir(uz, N) = r(u1, N)| € Jluz - ual- &)

Hoxaszareabcrso. Ilycts ¢ — npomsBosbubii anement
n3 N. Torna

r(u1, N) < Jlur ~ gll < ljus — ual| + |juz = il
r(uy, N) = Jluz — gl| < |lu1 — uzl. (4)

Tak kak N — KOMIIaKT, TO CymecTByeT ajieMeHT g2 € N, Takol, uTo
{luz — g2|| = r(u2, N). B3ap B nepaBencrse (4) g = g2, momyunm

r(uy, N) = r(uz, N) < [jlur — wo|.
IloMeHAB B 2TOM HepaBeHCTBe MeCTaMM 4; M Uy, MMeeM
r(uz, N) — r(uy, N) < lluz — w].

24

O61beMHAB ABa NOCHEJHMX HepaBeHCTBa, noayumum (3), Tem cameim
msemMa 1 Hoxa3aHa.

OnpeneneHune. llpoexyueil sanemenma u na Muoxcecmeo N
na3neseMcH aaeMenm g € N, maxod, ymo

llu — gll = r(u, N).

QueBuano, yTo ecim N KOMII3KT, TO AAA Mwboro saemenra u € U
npoeKMA u Ha N cymecTByeT, TaK Kak HenpephIBHuI ¢yHKIMOHAN Ha
KOMIIaKTe ROCTHraeT cBoell TouHolt HibkHel rpaHu.

Onpenenenue. OnepamopoMm npoexmupoeanus P o auned-
HOM HOPMUposanKom npocmpancmae U na Mnoxmcecmao N nasmsaemes
onepamop, cmassuuil 8 coomeemcmsaue ssemewmy u € U ezo npoex-
yuw ¢ = Pu.

B o6mem cayuae oniepaTop NPOEKTUPOBAHKA MOKeT GHITL-ONpene-
nen He xinsA moboro u € U ( mpoexuma He CYymMecTBYeT) U HeoAHO3HAYEH
(anA omHOroO BJIEMEHTA CYymECTBYIOT ABe M Gonee mpoexumit).

JemMma 2. Onepamop npoexmuposanus P ua aunyxand xomnaxm
N a zuasbepmosom npocmpencmee H onpedeaen das avbozo u € H,
001H03HANER U HEnPEPHEEN.

HokaszaTenbcrso. CyllecTROBaHME [IPOEKUMM A4 moboro
u € H cineayetr n3 toro, uro MHekectBo N — Kommnakr. Jlokaxkem,
YTO MPOEKUMA eAUMHCTBeHHa. IIycTp Yy HEKOTOpPOro BjieMEHTa ¥ Cy-
IIECTBYIOT JAB€ TNPOEKUMU §) M g7t

llu = ga1ll = |ju — g2l = r(w, N).

Mokaxem, uro g3 = (91 + g2)/2 Tawke Gyser npoexumeit u Ha N.
IeiicTeuTensHO, Tak Kak N BRmMyKNo, To g3 € N. € apyroit cTropoHH,

9 + g2

U 2

1 1
lu = gsll = < gllu = all + 3llu = gall = r(w, N).

CanenosaTesbHO, g3 — NpPOEKUMSA BJIEMEHTA U.
B ruin6GeproBoM NpOCTPAHCTBE AMA MOOBIX BJAEMEHTOB U; U U3
BBINOJIHAETCA pPaBeHCTBO

llur + uall? + [fur — w2l = 2(llwal? + [fw2ll?)-

3anMceBas 8TO PaBeHCTBO [JIA BJIEMEHTOB %) = U—g) M Uz = U—ga,
NoJxy YyuM

2u = (g1 + g2)II* + llo1 — 2l = 2(Ifw — g |I* + [fu ~ g2®).  (5)

2

cnenyer, uto 4(r(u, N))2 +|lg1 — galf? = 4(r(u, N))?, nma |ig1 ~ g2|* = 0.
CrnenopatelnHo, MpoeKuMa eqUHCTBEHHA U onepaTop P oxHo3HadeH.

Tak xak ||2u ~ (91 + g2)II* = 4"u - muz = 4(r(u,N))?, To u3 (5)
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Hoxaxxem HenpepuHocTh P. IIpemnonoxum, 4ro 8TO HE TaK M
CyImieCTBYeT TOCAEAOBATENLHOCTL ¥, — U, Takad, 4ro Pu, 4 Pu.
Toria CymeCTByeT NOANOCHENOBATEJLHOCTh U — U, TaKaf, UTO
[|Pux — Pu|| > €, raie € — HeKOTOpaA NONGKUTENLHAA MOCTOAHHAA. Tax
Kak TOaIoCAeA0BATeNbHOCTh Puy npuHaANeKUuT Kommakry N, To M3
Hee, B CBOIO OYepe/ib, MOKHO BEUIEIUTH NOMIOCEN0BATENLHOCTE P,
cxonamyioca K eaementy ¢ € N. Tlockoasky ans enementoB Pum
BHIIONHEHO HepaBeHcTBo ||Puy — Pul| > ¢, To, nepexons k mpeneay,

MOAYy4YMM, YTO
llg - Pel| > €. (6)
OnenuM HOpPMY BJIeMEHTA t — {:
llu = all < llu = uml| + |lum — Pum|l +[[Ptim — gl ™

WUz nemmui 1 caenyer, urto

[Hlum — Pum|l — llu — Pulf] < llu — |-

Tornma, nepexoas B HepaBeHcTBe (7) K Hpeneny M Y4MTHBad, §
YTO Upm — U, & Pum — q npu m — oo, noayumm |[ju —gff < [lu— §
Tak kak ¢ € N, T0 M3 ®TOr0 HepaBeHCTBa CleAyeT, 4To ¢ |
Ho ¢
CnenopaTelarHo,

Puj|.
ABNAETCA NpoeKime#t saementa u Ha N, a 3HauMt, ¢ = Pu.
®TO PABEHCTBO NMpPOTHBOPeuMT HepaBeHcTBY (6).
MCXONHOE NpenojcKenMe HeBepHo. JlemMMa Aoka3aHa.

Teopema 212, IIyems A — auneiinnd nenpepuenid onepa- |
mop, omobpaxcavwull auneiinoe nopmuposarroe npocmpancmao Z e}
2ussbepmoso npocmpancmeo U, maxoil, ymo ypasnenue Az =0 umeem |
moAaKo nyresoe pewenue, a M — sunyxand xomnaxm 6 npocmpancmase |

Z. Tozda 045 awbozo u € U xeasupewenue ypasnenus (1) cyuecmeyem, |
edUNCTIBENHO U HENDPEPHENO 3IREUCUM OM U. '

HoxaszateabcrTBo. IlycTh 4 — NPOM3BOJILHEIA BJIEMEHT
npoctpatcrsa U. Ilo onpenenennio Keasupemenus 2

1Az —ul| = inf 14z ull

CymecTBOBaHHe KBa3UpEUIeHUA z; CleAyeT M3 TOro, uTo A Henpeph-
BeH, a M — KoMmakr. BBezeM cieayiomme o6o3HauyeHMA: N = AM,

¢ = Az;. Toraa (8) MekHo 3amMcaTh ciaeayiommm oGpasom:

llg = ull = inf llg - ull,

1.6. ¢ = Pu, rie P — onepaTop NpOEKTAPOBaHWA Ha MHMKECTBO
N. CaenoBaTeNbHO, KBa3upelieHNe z; NPeACTaBUMO B BUIE Zp =
A-1Pu. Tax xak u3 pasenctBa Az = 0 caeayer, uto z = 0, To A]

OCyIIeCTBJIAeT B3aMMHO OJHO3HAYHOe OTOGpakeHNWe KOMIIAKTa M =Ha

kommakr N. Caeznopatennno, no Teopeme 1.3.1 0 HeNnpepLIBHOCTH]

6

®

o6paTHOro omnepaTopa Ha KOMIIAKTe, A~! pa N uenpepmBen. Toraa
¥3 OMHO3HAUHOCTH M HeNPEPLIBHOCTH oniepaTopa Pu, oTo6paxalomero
U ua N, cnenyer, uro onepatop A~'P omHo3HaueH M HenpephiBeH,
YTO ¥ HOKa3hLBaeT TeopeMy. .

PaccMOTPMM BONPOC O NMPUMEHEHWM METOAA KBA3MpPEWIEHWHt AisA
pemeHns ypapHenua (1) c npubmpxenso 3aaanHoli npasolf wacThio.

Nyctb A — HenpepuiBHEI onepaTop, oTobpaxalomuit uueltsHoe
HOPMMPOBaHHOE NPOCTPAHCTBO Z B JiMHelHOe HOPMMPOBaHHOE NMPOCT-
panctBo U. IlycTs AnA TouHoM mpaBolt yactH ii ypaBrenue (1) umeer
eIMHCTBEHHOe pellleHue Z, NpuHaAiexamee komnakty M. IIpeanono-
UM, YTO BJIEMEHT & HEU3BeCTeH, 3 BMECTO Hero 3alaH us. O6o3HauuM
uepes Z{ mMHoKecTBO KBasupemenuit ypasuenna (1) Ha kommakte M,
COOTBETCTBYIOUIMX BJIEMEHTY us.

Teopema 2.1.3. Ecau [lus —ull =0, mo sup,¢zs ||z — z|| —0.

HoxasarenncrBo. [IpemonowxkuMm, uTo yrsepKiecHue He-
pepro. ‘Torja cymecrByeT Takasd MOCA€NOBATEABHOCTbL BJIEMEH-
TOB us,, — % NPH ™M — 0O U NOCAENOBATENLHOCTL KBa3upemeHul
zm = arginf,epm [|Az — us,. ||, uzo |}2m — Z|| > €, r2e € — HexoTOpPOE NO-
NouTeNbHOe uucao. Tak Kak noc/ie I0BATEMLHOCTD Zy, NPHHALNENKUT
KOMIaKTy M, TO M3 Hee MOXHO BHIAEAUTH MOMIOCHENOBATENLHOCTH
2z, — 20 € M, Toraa |lzo — 2] 2 €. Tak xax 2z, — kBasupemenue,
COOTBETCTBYIOIlee BIIEMEHTY Us,, M Z € M, To

1 Azp— ] < Il Azp— g I+ llus, ~ il < llAZ—us, |+ llus, — ] = 2lus, ]

Tlepexona B TOM HepaBeHCTBe K peedy, monydnM, 4to [|Azo—ul| = 0.
CneoBaTelbHO, B CHJIy €RMHCTBEHHOCTH pemeHua ypasHenusa (1) c
npasoif yacTbio # uMeeM 29 = Z. Ho aT0 paBeHCTBO NPOTHUBOPEUNT
HepaBeHCTBY ||zg — Z|| 2 €. Takum o6Gpa3om, UCXomOe NPEANOTOKEHHE
HeBepHO M TeopeMa JOKa3aHa.

Bameuanue. Teopema 2.1.3 6im3ka Kk Teopeme 2.1.1, oanako
B Helt ecThb OmHO CymiecTBeHHoe oTiMume. B Teopeme 2.1.1 MmHo-
KeCTBO NMPUGIAMIKEHHBIX perneHu Z,M CTPOUIIOCH B NP eNONOKEHHH,
YTO M3BECTHH! NPpUGMKEHHO 3aflaHHAA NpaBaf YacTh U5 U BeNUM-
Ha NOTPEIHOCTH 6§, MHOKECTBO K€ KBa3upelleHui Z,f crpourca Ges
MCIIONb30BAHMA WHPOPMALMM O BEJMYHMHE NOTPEntHOCTH §.

Teopemn 2.1.1 u 2.1.3 ABAAIOTCA OCHOBONK ANA MOCTPOEHUA yCTOM-
YUBEIX METONOB pellleHMA MHOrMX obpaTHmx 3ama4. Ouens uacTo,
VCTIONB3Y A alPMOPHYIO MHPOPMALMIO 0 PEIHEHMH 3aLaUM, MOXHO Cle-
NaTh 3aKJAIOUEHME O ero MPUHALNEKHOCTH HEKOTOPOMY Kommakty M.
3atem 3anauya NpuBMKEHHOT 0 pellleHWA ypaBHEHUA CBOAMTCA K MM-
HUMM3aIMM GYHKUMOHANA HeBA3KH ||Az — us|| ma M. IIpu eToM, Kak
310 clieAyeT M3 TeopeMnl 2.1.1, ecan 3aaHa BeJIMUMHA ITOrPEMIHOCTH
§, To mpolleCC MMHMMM3ALMM MOKHO 3aKOHYMTH, KaK TONbKO byxeT
HaiiZeH B/IeMeHT z5, Tako#, uro ||Azs — us}| < 6. Ecam xe Beanunna
4 He U3BeCTHA, TO HY)XHO MPOBOAMTH MPOLECC MMHUMH3ALMMA [0 KOHLA
I toro, yTo6GH HallTu kBasupemeHwue.
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Teopemm 2.1.1 n 2.1.3 6LUTM XOKa3aHH 6e3 MpeoNoKeHNs: O Jm- ~
HellHOCTH onepaTopa A, UTO NO3BOJIAET NMPUMEHATh UX IIA HIMPOKOTO
Kaacca o6paTHHIX 3a7ay, KOTOpPHE CBOAATCA K YPAaBHEHHIO (1) c He-
JVHeMHLIM HenpephIBHLM onepaTopoM A. Baxsoe 3HauyeHne npu
BTOM MMeeT BOMPOC O €INHCTBEHHOCTH pemeﬂml YPaBHEHMA ¢ TOYHOM
npaso#t 4acThblo. j

OCTaHOBMMCA HA ele OJHOM MOMeHTe, CBA3AHHOM C pemermeM

ypasHerus (1) B npeAnonKeHMM, UTO €CTh aNpUOPHAA MHOOPMAIMSA |
0 TPMHAANEKHOCTH TOUHOT'O pelmleHWUs KOoMmakTy M. DTo mpearno-:
JNKEeHNe KAKETCA He OueHh 06peMeHMTeNBHBIM, IOCKOMABKY, AaXe He j
oGnaan NouTH HUKaKoit KonuyecTBeHHo! uHopMalmell 0 TOUHOM pe-- j
ey, MBI, KAK IPaBUJIO, MOKeM B3ATL CToNb Goibmoit komnakr M,
uro on 6yner conepsxaTh TouHoe pemenue. Hanpumep, pemasn 3a.naqy
B MPOCTPAHCTBE uenpepummx dynxmit Z = Cla,b] u npemnonaras, -
yro TouHoe pemenue z € C'la,b], moxuo B KauecTBe KommakTa M
B3ATH 3aMLIKaHMe MHoKecTBa ¢pyHkumit z(z), Takux, 4TO

1'(2)l < e2,

Toraa, He o6afan onpeieNeHHON KoiMyecTBeHHON MHPopMaLKMel o
Z(x), MeKHO NIpeaoNaraThb, YTo, BRI6pas ¢y ¥ €2 AOCTATOYHO 6 OJIb K-
Mu, Gynem umetsb Z € M. Iocie yero ¢ TeopeTHyecKoll TOUKY 3peHNA
Ha ocHoBe TeopeM 2.1.1, 2.1.3 npo6aema ycToliuMmBoro pemennud 3ala-
4 ¢ NpUGAWKEHHO 3aaHHOit npaBolt yacTbio GyaeT pemeHa. Ouanaxo
cAeAyeT OTMETHMTh, YTO TeopeMnl 2.1.1 u 2.1.3 uMeloT acumMnTOTHYEC-
Kvit XapaKTep, T.e. OHM YTBEPKIAAKT, YTO MHOKECTBO rxprnmmenmaxX
pemenuit cxoastca K £ npu |us — i|| — 0. B To ke BpeMa Ha npak-
THKe NPHXONUTCA pemaTh 3alavyy ¢ KOHKpPEeTHHIM us. IIpH oToM ecim:
KoMmakT M “ouetib Gonbmoit”, To MHOKecTBO NpUOAWKEHHBIX peme-
Hmit Z, MOXKeT GLITb BEJMKO M COAEPKATh BJEMEHTH, AaleKue oT Z..
" Toumo Tak e npu Goabmom KoMnakTe M :KBasMpelleHN e, ONpefeieH-:
HOe ANA A3HHOTO Us, MKeT GhITb HOCTATOYHO RAJNEKO 0T TOYHOro
pemenma Z. TakuM o6pa3oM, TOUHOCTb METOAOB, OCHOBAHHBIX Ha
MCHONbL30BaHUKM ANPHOPHONK MHGOPMALMM O NPHHAIEKHOCTH TOYHOI'O
pelleHnA Z KOMNakTy M, cyecTBEHHO 3aBMCHT OT MHWKECTBa M.

J2(z)] < e, z € [a,b].

§2. METOI PET'YJIAPU3ALIMHA THXOHOBA

-Meton perynapusammu A.H. Tuxonosa nmpoko npumeHseTca A
pelleHMA NMHeHHBIX U HeluHedHLIX onepaTopHEIX ypaBHenuit 1-ro po-
Aa. IIpexae yeM NpUCTYNUTHL K M3NOKEHUIO-BTO0 MeTona, IpUBELEM
HEKOTOPpHIe HeoGXomMMEIe CBeleHHA U3 (YHKUMOHANLHOIO aHAIN3a,

Oycts H — cenapaBentHoe ruanbeproBo npocrpancTo. [locie-
AOBAaTENBbHOCTh BJIEMEHTOB I, Ha3hBaeTca cinabo cxonamelica Kk zo,
ecau (zn,y) — (zo,y) Ana moboro y € H.

Crpaseanusnl clieayomue cpoiicTBa ci1abo CXOAAIMXCA MocCkeo-
BatensHoctelt [55):
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1) ecim z, cnabo cxomTeA K Zo, TO ||2o]| < lim ||z l;

2) ecau Ty, cnabo CXODMTCA K Zo M ||za]| — ||zo” 10 |28 — Io" — 0,
1.e. U3 claboif CXOAMMOCTH M CXOAMMOCTH HOPM CIEAYET CHJILHAA
CXOIMMOCTh;

3) ecau mocieROBATENLHOCTL Zy orpammeua 1o HOpMe, TO M3
Hee MOKHO BHUIE/MTH HOATIOCHEAOBATENLHOCTD, c1abo cxoaAmyocs K
HEKOTOPOMY BJIEMEHTY Zg; ‘

4) nuHeltHbIi BrIONMHE HenpepLIBHLIA onepaTop oTobpakaer caabo
CXOAAMYIOCH NOC/IeJOBATENLHOCTh B CHJILHO CXOAAMYIOCA.

CoopMmyampyeM HeobXoaumoe yciioBHe BKCTpeMyMa (YHKIMOHA-
aoB B ruibbeproBom mpocTpancree {15], BBeAda NpeXBapUTEILHO
fIOHATHE TpPalMEeHTa.

®yurkumonan J(z), onpenenenunit aia Bcex aieMeHTSB ruabbep-
TOBa NPOCTPAHCTBA, Ha3kBaercA mubdepeHUMPyeMbIM B g, €CiIM
cymecTByer Takoli muHelHEIA HempepHBHLIA ¢yHKUMOHAN J;o, 4ToO
npupamenme (YHKUMOHAJa HpeJCTABUMO B BHAE

J(zo + h) = J(z0) = J.,(h) + w(2o, h),

rae |w(zo, h)l/||All — 0 mpm |jh)] — 0. Pymxamonan J, HasmBaercs
nepBoif npousBommol, unu rpammentom J(z) B zo.

Ilo Teopeme 06 obuniemM Buiae AUHEHHOr0 HENPEPHIBHOTO (GYHKLM-
oHana B ruabGeproBoM mpoctpancree [55] dymxmmonany JI  coor-
Berc'rsye'r eIMHCTBeHHLIA snement ¢ € H, Takoit, uro J; (h) = (¢, h)

n |7z |l = llell. B ceasu ¢ eTuM mna sreMeHTa ¢ MOKHO TaloKe
HCIIOJIBBOBaTB TO e obosHauenme, UTO M JJIA rpazmeu'ra Toraa

Tiy(B) = (Ji,.h).

llna GpyHKiuMoHANOB CcNIpaBeAMBO cnenyxomee HeobOxonmMMoe yciio-
BUe oKcTpeMyMa. IlycTb

J(zo) = zlg;[ J(z)

u J(z) mbdepemmpyem B Touke zo. Torma J; = 0. B

IlepeiineM Tenepb K MeTony perynsapusaumu TyuxoHoBa. Paccww'r-7
PMM ero BHauajle JUIA 3aJa4y pellleHWA ONEePATOPHOr0 ypaBHEHUA
l-ro pona

Az = u, (1)

rae A — nuHeltHwl BrioNHe Henp epLIBHEIN onepaTop, 0To6 paxKalomit
Z2BU (Z nU — cenapabenbuuie runn6eproBrl npoctpancrba). Tak
Kak ofniepaTop A Bno/iHe HenpepnBeH, TO 3aJaya PelIeHMA peIleHWA
ypasHenna (1) HekoppekTHa.

IllpeanonokuM, YTo AMA TouHoM mpasoit yacTu & ypasHenue (1)
MeeT eaMHCTBeHHoe pemienue 7. (MHAKO BJEMEHT i HEM3BECTEH, 3
BMECTO Herg 3ajaHnl NpuGiwkenHas MpaBaf YacTh u; M BeJIHYUHA
norpemHocty 6: |lus — @)] < 6. TpeGyeTca, 3Han us; u §, NOCTPOUTH

i
u
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npubaMmikeHHoe pellleHWe yPpaBHEHUA (1) z;, xoropoe 6n cxommiuoCHL
K Z npu § — 0.
PaccMoTpuM GYHKUMOHAJ

M°(z) = l|Az - ulf” +all2l",

rae a — MONGKATENbHBIA apaMeTp.

Teopema 22.1. Jax avbtiz u € U u a > 0 fynxyuonas Me(z2)
docmuzaem ceoed nudcKedl 2pany ua €JUNCMBENNOM BieMenmeE.

NlokazaTeasbcTBo. Tak xkak M?(z) BeoTpuitaTeNbHLIA, TO
Ha Z cymecTsyeT ero Hmmaa rpaib Mo > 00 Paccmorpum MaHW-
MM3UPYIOMYIO NOCHENOBATENBHOCTL 2n, M*(2zn) — Mo npu n — co.
IMocReNOBATENBHOCTD Zn MMKHO CUMTATH YAODAZOUEHHOH TakK, YTO
M*(2n41) < M?(2a), Torma M%(2,) = IIAzu—"||’+aI|znl|’ < M*(z) =
M. Cnenosatensso, ||za]| < (M1/a)/?. Tax kax mocnexosaTemn-
HOCTh Z, OTPaHMYcHA N0 HOpMe, TO M3 Hee MOKHO BHIEJNTL MOA-
HOCNER0BATENbHOCTh 2§, CNaGo cXomamylocaA K zo. JlokaxeM, 4To
Ha zp HOCTHTAeTCA HiKHAA rpamb M®(z), T.e. M®(z) = Mo. M3
cnabolt CXOAMMOCTH 2z K zg M BIIOJIHE HENpepepHBHOCTM oMepaTopa
A cnenyet, uro ||zo)| < lim|lzil| u |Aze — ull — ||Az0 — ul|. M3 eTux
CBOUCTB NOCACAOBATEALHOCTH 2, & TaloKe U3 TOr0, YTO OHA ABJIACTCA
MMHMMM3MpYOmeil, cieayeT, 4To MIA yuoboro € > 0 naligerca ko,
Takoe, uro AAA k > ko BHHIONHEHH HepaBEHCTBA

aljzo|l? < allzl? +e¢,
HAzo — ul? < |4z — ul? +¢, M*(z) < Mo+

M3 oT¥X HepaBeHCTB cleayer, YTO

M*(z0) = ||Azo — ul|? + allzoll* <
< Az — ull® + af|ze||® + 26 = M*(2:) + 26 < Mo + 3¢.

Tak kak My ecTb HIWKHAA rpaib M *(2) Ha Z, a YKCJIO € NPOU3BUIIBHO,
To M%(z0) = Mp.

IlokarkeM, 4TO BJIEMEHT Zg, Ha KOTOPOM IOCTMIAeTCA HWKHAA
rpaHb, emMHCTBeH. [IloKakeM, 4T0 (YHKIMOHAJ M°(z) sBnaerca
mboeperumpyemuiM. Ero npupamieHne MOKeT 6LITL NpeAcCTaBAEHO
B BHle

M®(z+h)-M*(2)=
=(A(z+h)—u, A(z+h)—u)+a(z+h, z4+h)—(Az—u, Az—u)—a(z,2)=
=2(Az—u, Ah)+2a(z, h)+(Ah, Ah)+a(h, h)=
=2(A* Az—A"u, h)+20(z, h)+(Ah, Ah)+a(h, h)=
=2(A* Az—A*u+az, h)+(Ah, Ah)+a(h,h),
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rae A* — oneparop, conpmxenunit ¢ A. Tak kak
|(Ah, Ak) + a(h, b)} < ([l AN1? + a)lA]1?,

TO U3 BTOT0 NPEJCTABIEHMA CAeAyeT, YTo M?*(z) ABnserca nuddepen-
IMPY€EMBIM 1A J06oro z u ero rpaamMeHt paseH 2(A*Az — A*u + az).
Toraa, ucnonb3ya Heo6xoaMMoe yClloBMe eKCTpeMyMa (YHKLMOHATA,
NONYYMM, UTO €CJM Ha Zo JNOCTUTaeTCAd HWKHAA rpamb M%(z), To
A*Azg — A*u + azg = 0, T.e. 2¢ ABNACTCA pellleHUEM ypPaBHEHUA

az+ A*Az = A'u. 2)

TakuMm ofpa3zoM, anA Toro, uTobH AOKA3ATH, UTO BJIEMEHT 25, Ha
KOTOPOM JOCTHUIaeTCA HWKHAA rpaHb M *(z), eMHCTBEH, ROCTATOUYHO
TIOKa3aTh, YTO ypaBHeHHe (2) MMeeT ToNbKO OfHO pemienne. Tak Kak
®TO ypaBHEHMe JIMHel{HOE, TO JOCTATOUHO MOKA3aTh, UTO ypaBHEHHE
az + A*Az = 0 MMeeT TONBLKO HyleBoOe pPelieHME  "EIIONIGKHM, YTO
BTO He TAaK M cymecTByeT z; # 0, Takolf, uTo az; + A°Az; = 0. Toraa
(az1 + A*Az;,a21 + A*Az;) = 0, HO 8TO PABEHCTBO MOXKHO IEPENMCATh
caenyommM obpasom:

o®(21,7) + 20(Azy, Az;) + (A" Azy, A* Az)) = 0.

Tax xak mepsoe ciaraemoe a?(z1,z;) > 0, a BTopoe M TpeTbe He-
OTPHIATENbHE, TO ®TO DPaBEHCTBO HeBo3MokHo. Takum oGpasoMm,
ypaBHeHue (2) MMeeT ToxbKo HyneBoe pemenue. Teopema Jokasana.
IMokaxkeM, UTO NpM oNpelesIeHHKIX YCIOBUAX BIEMEHTH, Ha KOTO-
PHIX ROCTHraeTCsi HWXHAR IpaHb QyHkuMoHalsa M*(z), MokHO pac-
CMATPHMBATL B KauecTBe npubmixenHoro pemeHua ypasuenus (1) c
HeTOYHO 3aJjaHHO#! npaBoit yacreio. O603HaunMM Uepe3 Zg(5) BIIEMENHT,
Ha KOTOPOM HOCTMraeTCA HWKHAA I'paHb GpyHKIMOHANA
b

M>E)(z) = || Az — ws|* + a(B)l12I%,

rae a(f) > 0 npu § > 0. U3 reopemm 2.2.1 crenyer, UTO ®JeMEHT
Za(5) CYIECTBYeT M €IMHCTBEH.

Teopema 22.2. Ecauab) >0 npué >0, a(6) — 0 u 62/a(6) —
0 npu 6 — 0, mo ||za(s) — 2|l — O npu 6 — 0.
IIokasatTensbctBo. [Ipeanonexum, YTo TeopeMa HeBepHa.
Torama cymecrsyer € > 0 u nocnenopateabHocTh 6 — 0, Takue, 41O
Nzaqa) — 2l > €. 3

Tak Kak Ha Z4(s,) MAOCTHraeTcA HWKHAA TIDaHb MeG)(z), 10
M) (24(5,)) € M*C¥)(z). CaenoratemsHo,

a(8e)l|zaqsn)lI? < I1AZ = us,|I? + a(8)llI.
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Tak Kak ||AZ — ug, || = ||t — us, || < 6, To
zaonll® < 62/a(6e) + lIZ11*. (4)

Tak Kak [0 ycCHIOBMIO Teopemnl Beinumnua 62 /a(6;) orpawuyena, To
TOCNIeA0BATENLHOCTD Zq(s,) OTPAHMUEHa YO HOPME M M3 Hee MOK-
HO BHIEAUTH NOMNOCHEIOBATENLHOCTD Zo(s,), CHabo cxépmmyrocs K
HEKOTOpPOMYy ®JieMeHTY zo. M3 cBolicTBa cnaGolt cxomumocTi ¥ He-
paBeHcTBa [*) caenyer, 4To

Nzoll < tim llzags,)ll < Bm [lzags,)ll < Il (6).

TaK Kak Mo yclosuio Teopemul 82, /a(8m) — 0.
Tak kak MCm)(z,;.)) € M*U=)(2), 10

1/2
I Aza(em) — U1l < (6% + a(Gm)lIZIR) -

OuennM HOpMY

1/2
NAzasy— 3l < A zagomy—smlHlusn =l < (B +a(EmIEIF)  +8m.

YuuTHBadA C1a6yI0 CXOIMMOCTD Zg(5,,) K 20, BIIO/HE HENPEPLIBHOCTh
onepaTopa A, yCNIOBAA TeopeMbl M Nepexolis K npeneny npu &, — 0,
MOy YHM

JAzo — @lj = 0.

CnenosaTeNbHo, B CAIY €OMHCTBEHHOCTH pemenus ypasHenmua (1)
zp = 2. Toraa ms mepasenctsa (5) caemyer, uro ||zqs,)ll — lIZl|-
* CllenoBaTeNbHO, MOCHEKOBATENBHOCTh Z4(5,) C/abo CXomMTCA K Zp
u |[zais)ll = ll20ll.  Torma ||zas,) — Elﬁ — 0 nmpu 65 — 0, uTO
NpOTUBOPEYMT HepaBeHCTBY (3), M TeopeMa ZoKa3aHa.

IlpuseneM npumep, NoKa3uBaloWki HeOGXOMMMOCTL YCJIOBUA
§2/a(6) — 0 npu 6§ — 0 anA CXOMAMOCTH MPUGIIDKEHHOrO peIleHMA
Za(s) K TOUHOMY pemenwio Z mpu § — 0. '

Onepatop A*A — sauHeltHnii, BrolHe HeNnpephIBHLIA, camocon-
PAKEHHEI NONOKUTENbHLIA oneparop. CreloBaTeNbHO, IO Teope-
Mme I'uanGepra~IHImuara [37] cymectsyer opToHOopMupoBaHHEI Ga-
3UC coGCTBEHHHIX ©JIEMEHTOB ¢, olepaTopa A’A ¢ nonoxuTennb-
HBIMM COGCTBEHHLIMM 3HAYEHHWAMM A,, CTPEMANMMMMCA K HYMO MPH
n — co. O6osznauum uepes wy = Yn/ll¥nll, rae ¥, = Ap,. Tak
Kak (¥n,¥n) = (Apn,Apn) = (A*A¢n,0n) = An(@n,Pn) = An, TO
1¥nll = VAs. PaccmoTpum nocsieioBaTebHOCTS NPUGAMIKEHHBIX Npa-
BLIX yacrelt ypaBuenua (1) us, = @+ dpwn, e & = /A, — 0 mpu
n — oo. Tak Kak ||w,,|i =1, 1o |lus, ~ ﬁll = b,. Hycrs pynxuma a(f)
TakoBa, uTo off) = 8%, 1.e. ycnosue §°/a(6) — 0 He BrmoOAHAETCA.
TokaxeM, 4To B BTOM Cyyae BIEMEHTHI Z4(s5,) HEe GYAYT CXOAMTLCA K
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# npH 6, — 0. Dnement Zu(5,) PeANU3yomuit MUHUMYM yHKUMOHATIA
Me(»)(z2), sBnserca pemenueM ypapHenns

0(6,.)20,(5.) <+ A.Aza(ﬁ.) = A'u;n.

B aanbHeltmeM A ynpomenua samcu, a(8,) = §2 6ynem o6o3nauats
yepe3 an.

TouHoe pemenne 7 ypaBHenua AZ = i npenCTaBMMO B BHAE pa3-
acxeud B pan ®ypre no snemenram o,

o0
zZ= E(Ey ¢k)¢k~

k=1

I'ona.meu, YTO IJIA BJIEMEHTOB 2o, CHpaBeXJMBO npencraBpjieHue

)
(E,‘ok)xk An
2o = ¢ ¢
- l;l an + Ak Pt an+t\n¢"'

IlelictBuTennHO,

ap A
Pk + ———pn+

—  (Ze)A
anza.+A'Aza,.=Ean » Pr)AE
k=1

an + A an + An "
00
(2, 01) 22 A2
+ [ B =
;_l an+Ak ’Ok+ a"_’_,\"‘Pﬂ

oo
= Y (Eo0)Nes + dnpn = A0+ A%Bpiiy = A'u,.
k=1

Hoxkaxewm, uro z,, He cTpeMUTCA K Z nIpH n — 00. PacemoTpum

2

00
_ z Ak A
Iz ‘_z 2= [(z’(Pk) — —) ] n
| @ “ f:_:l om + Ar (z ¢k) ek + an+/\"‘Pn
oo
_ (3, ¢1)an An 2
—l );2_—.:10'11‘?'/\1: ‘pk+an+/\n¢n

— i Gor)® 2 @n)andn A2
"L Tan ¥ WP (ant A | (ant A

Tak kak o = 62 = An — 0 npu n — oo u (Z,9,) — 0 1py n — oo,
T0 nepBoe M BTOpoOe cjaraeMele B aTOH CyMMe CTPEMATCA K HYJIIO
Ipu n — co. B T0 e BpeMa TpeTbe caaraemoe A2(a, + A,)"% = 1/4.
Cnenoarensno, ||za, — || + 0 npu n — oo.
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PaccmoTpum metTon perynapusanuu TuxoHoBa [A pemeHns HeJlM-
HeltHEIX ypaBHemmit 1-ro pona. Ilycrs A — HenpepuBHBIA onepaTop,
oto6paxatommit Z B U (Z, U — nuHelinnie HopMupOBaHHbIE npocr-
pasctBa). I[Iycts V — Baaummo onHosHauHbi, MMHeHHEIH, BronHe He- |
npepHIBHLIL ontepaTop, oTo6parkalonmit cenapabensHoe rmn;ﬁep’rono
npocTpadcTBo F B npocrpaHcteo Z. Ilpeanonokum, uro ypaBHenue )

(1) nMeer mns Tounoi npasoi yactu & € U emMHCTBeHHOe pemeHue |

z2e€Z, npuuem z = Vf. Tpebyerca nalitu npubiwkenHoe peite-§
HMe BTOro ypaBHEHWA, €C/M TOYHAad NpaBad YacTh U He H3BECTHA, a ]

3ajfaHHl u; M §, Takme, uTO ||lus — f] < 6.
Paccmorpum Ha npoctpancree F dpynxumonan

M2(f) = |AVS - ol + allf].

Teopema 2.23. Jax awbuz a >0 v u € U cyyecmayem aae-
smenm fo, na xomopom Pynxyuonas M®(f) docmuzaem ceoed numcued |

zpanu ua F.
IJoxazaTeabcTBO 5TOl TEOpeMEl NPOBOAUTCA AaHAJIOTHUHO

JIOKA3aTeNLCTBY NepBoif yacTH Teopemm 2.2.1, B KoTopo#i JOKa3k:-
BAaeTCA CYMECTBOBaHME DJIEMEHTA, Ha KOTOPOM AOCTMIaeTCA HWKHASM §

rpaib M%(z).

OrMernm, uTo B Teopeme 2.2.3 eaMHCTBEHHOCThL BAEMEHTa [, He {

HOKa3bIBaeTCA.

O6o3naumum yepes Fo(5) MHOKECTBO BJIEMEHTOB, Ha KOTOPHIX J0C- |

THUraeTCA HWOKHAA rpaHb q)ymumona.na

M) f) = |AV £ = us|? + a(S)IFI1%.

JlokakeM, YTO BJIEMEHTH MHOKECTBA VFa(s) npn onpeneseHHEIX |

ycnoBuax Ha a(§) MOKHO paccMaTpHBATL B KaYeCTBe MPUGAMIKEHHBIX
pemenuit ypapaenmsa (1).

Teopema 2.24. Ecaua(8) > 0 npub >0, a(8) — 0 u 6% < Ca(b) |

npu § — 0, zde C — nosoxcumeasnas nocmosxnas, mo

sup lVf-zl|—0 npu 6§ —0.

a(s)

T HokasarenbcTBo. lpemonmxuM, YTo TeopeMa HeBepHa. |
orja CymecTBYIOT £ > 0, uucyioBas Nocnea0BaTeNbLHOCTL 6, — 0 ¥ |}

MOC/AEAOBATENLHOCTL BAEMEHTOB fo(s,) € Fa(s,), Takue, uTo

NV fagsn) — 2l > €.

MEGR)(f), 70

WAV fagsn) = usull® + alb)l fasnll® < WAV F = us, IIP + a(éa)IFII” <
< 82 + a8,
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(6) |

Tak Kak Ha fa(s,) JHAOCTMraeTCA HWXKHAA TrpaHb (YHKIMOHAJA

7 |

_ \1/2 - \1/2
cnemonaremsmo, [lfasll € (82/a(6n) +1AIR) " < (C+NAR)
TakuM 06pa3oM, OCAEXOBATENBHOCTD fo(5,) OTPaHNYEHA MO HOP-
e ¥ M3 Hee MOXKHO BHUIE/IUTD TIOMIOCAeA0BATENBHOCTE fa(s,.)) crabo
cxomamyioca Kk fo € F. Toraa ||V fas.) — Vfol| = 0 npu 6, — 0 1
w3 HepasenctBa (6) cmenyer, 4To

IV fo— 2l 2 e

Hcronipaysa HepaBeHCcTBO (7), MONyuMM, YTO

(8)

AV fagsm) = 8ll € IAV fa(sn) = tsall + llus. — 8ll <
< (82 +amllAIF) " +6m
Mepexoma K npefeny npu bm — 0, umeem
AV fo - il = 0.

Cle0oBATEeNLHO, B CMILY €AMHCTBEHHOCTH pelleHWs ypPaBHeHUsA (1)
¢ TouHolt npaBolt yacrTrio & uMeeM V fo = V f = Z. Tak kak eTo paBes-
¢TBO TIPOTMBOPEYMT HepaBeHCTBY (8), TO MCXOIHOE NpelnoimKeHHe
HEBEPHO M TeopeMa JIOKa3aHa. _

W3 Teopem 2.2.2 v 2.2.4 cienyeT, YTO 3a1a4a npubavKeHHOTO pe-
nienus ypasaenns (1) CBOMMTCA K 3a/1a4e MUHNMM3AIMM (Y HKIMOHAIA
M®, 3aBUCAIero OT NOJOKMTENLHOro NapaMerpa a, Ha3LIBAEMOr'O
napaMeTpoM peryiasapusammy. Ecau omepaTop A nvueltarit, To AnA
onpeNeNeHUs BIEMEHTOB Z,(s) MOKHO AMGO MCHONB3OBATD METOILI

MUHMMM3aIMM QyHKiMoHaa M o(?)(z), 1160 HAXGMMTD Zq(s) M3 YPaB-
uenma (2). B ToM cayuae, Koraa oneparop A He ABAAETCA NMHENRHBIM,
B KOHKDETHHIX CHUTYaIMAX MOKHO 3alMCATh yPaBHeHHE, ABJIAIOMEECH
#e06XO/MMEIM YCJIOBMEM PKCTPEMYMa, OZHAKO aHAIM3 CBOHCTB BTO-
ro ypasHeHust Tpe6Gyer IONOTHUTENbHLIX uccnegopaumit. IlosroMy
o GLUIMMIM METOAAMM TOCTPOEHNA NPUGIIKEHHOT0 pellieHHA Y paBHeHUA
(1) ¢ HenuHeAHBM ONEPATOPOM A ABIMOTCA METOXH, OCHOBAHHKIE HA
MHHAMM3aLMK PyHKUMOHANIS Mo®),

Meron peryaspusaumu paspaGoran A.H. THUXOHOBEIM B IMKJIE
crarelt [78-80]. B Gomee qfimem BUAE OH M3OKEH B (81).

§3. BHIBOP NAPAMETPA PET'YJIAPH3AIIMMA IIO
HEBSA3KE

B npeasiaymeM naparpade 6o Aoka3aHo, YTO NpU cornacoBa-
HMM CKOPOCTHM CTPeMJIeHMA K HYJIO NapaMeTpa peryiapu3aliv a(b) c
BesumMHON TorpemHocTH § NpubaKeHHoe pelieHUe Zq(5) CXOOUTCA K
Toynomy Z npu 6 — 0. Tak xak npu peilleHHMH MpaKTHYECKHUX 3azad
NPYUXOAMTCA PEIIaTh 33434y MPY KOHKPETHO/ BeNUUMHE NOrpellHoCTH
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6, BAXHO yka3aTh cmocob BriGopa a(6) npu s3axammo#t Beauumme §, 1
KoTophlli 6ul, B To e BpeMs, oBecleunBal CXOMMMOCTS Za(s) K Z nipn |
6 = 0. Ileas aToro naparpaga cocrour B TOM, UTOGH IIOKa3aTh, |
|4TO NapaMeTp perynapusaumu a(f) MOKHO ONHOZHAMHO ONpeNE UTH ]

KaK KopeHb YpaBHEHMA :
l42a — us|l =8,

THe Zo — BJIEMEHT, HA KOTODOM JOCTHIAEeTCA HMNEHMS rpaHb QyHk-
LMOHaMA

Az — us||? + o - [J2|>.

Hyc’rs A — nunettuuiit, Brionme HenlpepLIBHLIN onepaTop, oTo6pa- ;

waomuii Z B U (Z u U — cenapabenurie runAbL6epTOBLI NPOCTpaHCT-
Ba), ypaBHenue Az = ( umeer TOJIbKO HyJIeBO€e pelleRMe M 3aMLIKaHue
o6nacTH 3HayYeHMit oneparopa A cosnmamaer ¢ U.-

Paccmorpum s a > 0uu e U $yHKIMOHAN

M®(z) = |4z — ul? + a - |22,
Npn caenanmux npemonoxennax ana moboro a >0 m uelU

CYIMECIBYET ENMHCTBCHHHA BJIEMEHT z,, HA KOTOPOM HOCTMraeTcs
HWHKHAAR rpab M*(z) (Teopema 2.2.1) :

JTemma 1. Ecauu#0 v oy # ay, mo 2o, ¥ 24y, 20€ 2, — sae- |

MERM, Ha XOMOPOM docmuUzZaemcs KUNCKAT zpans gynxyuonaaa M°(z),
ldokaszateancrno. B Cuny HeoGXoMUMMOTo YCJIOBMA BKCT-
PEMyMa 2JNIeMEHTH Za, U Zo, ABJIAIOTCA PENICHNAMM ypaBHEHMIA

Q1za, + A*Azy, = A*u,
0322a; + A% A2y, = A'u

coorsercTseHHo. IIpeanonakum, uto a; # a3, & 24, = 2,,. Brolunras
M3 nepBoro ypasHEHMA BTOpPOe, MOLYYUM (a1 — a2)zq, = 0. Cuaeno-
BATENBHO, 24, = 0 U A*u = 0. W3 nocnensero paBeHCTBa cienyerT,
UTo A4 moboro z € Z ckanapuoe npomsseneHme (2,A%u) = 0. " Ho
Toraa (Az,u) = 0 ana moboro z € Z. Tak KaK 3aMbKaHMe obGjactu
3Ha4eHWii oneparopa A coBnagaer c U, 10 u3 paBenctBa (Az,u) =0,
BbIIONHEHHOr o 1A moboro z € Z, caenyer, yro u = 0. Tak Kak
oTO NMPOTMBOPEYMUT YCJIOBMIO JIeMMbl, TO KHCXONHOE peancioKeHHe
HEBEPHO M JieMMa JOKa3aHa.
’ Beenem npu a > 0 ¢yuximn

m(@) = [|Aza ~ | + aljza]?,
#(@) = 14z — ull?, (@) = llzalf?,

TAe zy — BIIEMEHT, HA KOTOPOM AOCTHTAETCA HIKHAN rpaHb ¢yHK-
umoHana M<(z).
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JMemma 2. [Iyems u # 0, moz2da dax awbuz a1, az, maxuz,
wmo 0 < ay < a3, cnpasedanan uepasencmea m(ay) < m(az), p(a;) <
plaz), Y(a1) > P(az). :

OKa3aTenbcTBo. Crporagd MOHOTOHHOCTD bynxumm m(a)
CleAyeT U3 HepaBEeHCTB

m(2) = | 4za, = ull® + |20, | > || Azay — ull? + ]|z, 2 >
2 lAza, — ul? + a1 - [|z0, |1 = m(en).

IloxaxkeM cTPOryio MOHOTOHHOCTE ¥(a). U3 aemmur 1 caeayer, uro
Za, # Za,. Torma B cuny emmncrsenmocts B€EMEHTa, Ha KOTOpPOM
AOCTHTAEeTCA HWXHAA CPaHb, .

M (z4,) < M (z4,),

WA '
Plar) + a19(a) < p(az) + er9(az).

Tlomensan wnznexch, nonyuum p(ay) + oz¥(az) < p(e1) + azyp(ay). M3
ABYX TIOC/I€NHUX HEPABEHCTB CJEAyeT, 4TO- (a1 — a2)¥(e) < (o1 —
a2)P(az). Toraa npu a1 < az umeeM Y(ag) > P(as).

JlokaxeM CTPOryio MOHOTOHHOCTE p(a). Takkak p(ay)+ar1p(a;) <
#(az) +a19(az), 10 p(ay) < p(as)+ ey (#{az) - ¥(a1)). Ecnm oy < a2,
10 P(az) < P(ay), a 3HaUMT, p(a;) < p(as). Jlemma nokasana.

O6o3naunum vepes B, onepaTtop ak + A*A.

NTemma 3. Mpua >0 onepamop B, omobpancaem npocmpax-
cmeo Z wua Z u umeem, onpedeacnnni wa acem Z ozpaxuvenund
obpamuwd Bl

dokasatenscrTno. Hoxaxkem, yro ana moboro z € Z
BLITOJIHEHO HepaBeHCTBo ||B,z)| > allz]|. NeitcrBurensro, Tak Kak

(Baz, Boz) = (az + A*Az,02 + ATAzZ) =
= a*(2,2) + 2a(Az, Az) + (A" Az, A" Az) 2 a®(2,2),

70 ||Baz| > aflz|l.
Gosnaunm yepes R(B,) ob6racTy 3HaveHmi onepatopa B,. Ilo-

kKaxem, yto R(B,) = R(B,). llycTs nocnenoBaTenbHOCTD Yn € R(B,)
M U — y. TlokakeMm, uto y € R(B,). Tak kak y, € R(B,),
TO Yo = Baz,. U3 cxomumoctu [0CJI€HOBATEIBHOCTH Y, CIHEAYy-
€T, YTo OHa ¢yHAAMEHTaIbLHA, Ho NOCKONMbKY IJA MOOBIX T, M
Tn, TAaKMX, u4T0 Baz, = y,, Bazm, = Ym, BBIIOJIHEHO HepPaBEHCTBO
llom ~Ym|l = |Ba(zn —zm)|| 2 allz,, —Zm||, TOo NocnenoBareabnoOCTS 2,
Takke ABNAETCA QyHAAMEHTANBHOR U B CHJIY MOJIHOTHI MPOCTpaHCcIBa
Z cxomATcA K HEKOTOpOMY aJsieMeHTy zg € Z. Toraa us3 cxoammocTu
In ~ yo, 2y — 2o M HellpepuBHOCTH. B, ciexyer, uto B,z = yo
M R(B,) = R(B,). O6o3Haumm uepes Q NOANPOCTPAHCTBO, OPTOro-
Haneuce k R(Bg). IMMokaxem, uro Q=0 Mycre y#0uvygeqQ.
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Toraa nas moboro z € R(B,) umeem (z,y) = 0, T.e. ana moGoro
z € Z (az + A*Az,y) = 0. B3as B oTOM paBeHCTBE 2 = Y, TIONy4YMM
a(y,y) + (Ay, Ay) = 0, 4To POTHBOPEUMT yCJHOBUIO Y # 0. Cneno-
patensuo, Q = 0 u R(B,) = Z. Takum obpa3om, B, oto6Gpaxkaer Z -
Ha Z. W3 nepasenctsa ||Bazl| > allzl| cnenyer, uro oToGpaenne B,
B3aMMHO OMHO3HAYHO M CyimecTByeT obGpaTHuii omepaTop B;l. M3
nepapeHcTBa ||Bqz|| 2 allz|| cneayer orpanudenHocTh BZl. Jlemma
JIOKa32aHa. : :
Cdopmynupyem Teopemy o6 omeparope, 6/M3KOM K ONepaTopy, -
umelomemy o6paTHbif- [55]. S
MycTs nuHelnbt HenpepLIBHEIL OnepaToOp K, oTo6paxaommit E;
B E, (E;, E; — nuueiiHsle HOpMUP OBAaHHEIE NpOCTPaHCTBA), MMEET
o6parHuit K~ u nuneliHnill HenpephIBHELE onepaTop Ky (Ky:Ex —
E,), Takoit, uro ||Ki|l < IK~*||!, Torna omeparop K + K, wMeer
obpaTHul ¥ :

K _ :
“ l“ "K 1“2 (1) |

K+K) ' -k < =
ICK + K1) U< T

N emma 4. Synxyuy m(a), p(a), ¥(a) npu a > 0 nenpepusnst.

NokazateabcTBo. Ipuu=0, 2, =0 ana mo6oro a > 0
u m(a) = p(a) = ¥(a) = 0 ana a > 0.

Hycts u # 0. IMoxaxem, 4TO ¥(c) orpanMuena And o 2 &g > 0.
Tak kak M*(z4) < M*(0), 10 allzall® < llull® u ¥(a) < ag |jul|? npu
a2z o >0 - . . .

" Jlokasxem nenpepuBHocTh m(a). Tak xak m(a) < M *1(zq,), TO,
BLIMHTAA U3 BTOrO HepaBeHCIBa m(az), MOAYUMM

m(an) — m(az) € (a1 — ag)llze |’
TloMeHAB MHAEKCH, MOMYYUM ABYXCTOPOHHEe HEepaBEHCTBO
(a1 — a2)|fzay I € m(a1) — m(az) < (a1 - aa)l|za, |-
QT1cioa, yYMTHBaA OT pARHWYEHHOCTh llzall® npy @ 2> ag, nonyunM, 4TO
m(a) HenpepuBHa npy a > ao > 0. Tak kak ag 6LII0 NPOW3BOJILHO,
‘1o m(a) HenpepuiBHa npu a > 0.
Iloxakem nenpepuiBHocTs Y(a) mpu a > 0. Tak kak
|eat aall = llzall| < lleasaa = zall =
=|(e+anE+ 4 )T A 0B+ aa)” 4] <
<[+ BB+ A7) — (@B + 4°4) 7 | anull
ll(a + Aa)E + A™A — aE — A A|| = |Aal,
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0, npuMeran npu |Aa| < [[(aE+A*A)7}||~! ouenxy (1), moayunm, dto

l(aE + A*4)~"|”|Aa]
1-[Aaf[[(aE + A*A)~T]]

llza+aall = llzall | < lA* ull.

CnenoBarensHo, yYUTHBAA OT '
PaHMYEHHOCTD ||2,|| mpH a 2 ag > 0,
noly4nM, uro Y(a) HenpephBHa mpu a > 0. el mpi o > 2o
Tak kak p(a) = m(a) - ap(a), T0 U3 HenpepmBHOCTH M(a) M
¥(a) npu a > 0 caeayer, uro ¢(a) HenpepuBHa mpu a > 0. Jlemma
[oKa3aHa.

Jlemma 5. Ilyems u # 0, mozda

Jmop(@) =0, lim e(a) = |lul*

OdokxasaTensctso. Tak kak 3aMeKanue o6aacTu 3sHaveHNH
oneparopa A cosnanaer c U, To HwkHAA rPaHb GYHKIMOHANA HEBAKH
Az — u|| Ha mpoctpancTse Z paBna mymo. CnemoBaTenpHo, A
mo6oro € > 0 HalifeTCA BIEMeNT z,, Takoll, uto || Az —ul|? < e. T,oraa

1420 ~ ull? + allzall” < [l Az, — ull? + ojz|I%,
ll4za — ull? < € + aflz%.

I'Ie'pexolm B 9TOM HepaBeHCTBe K npeneny npu a — +0, nonyunm,
uto limg—.4op(a) < €. Tak Kak € — MPoOM3BOIBLHOE MOIOKHATENBHOE
qnc&w u p(a) > 0 npu a > 0, To lim,_. 4o ¢(a) = 0. '

OKAYKEM BT ' :
. ’opoe yTBepxaenne nemmul. Tak kak M*(zq4) < M*(0),
1420 — ull® + alfzall® < |lul?,

CleNoBATENbHO, [[zall? € a~!jul[2. Torma |z4]] — 0 npm a — +oo.

Takum 06pazoM, limy.. 400 9(@) = liMg— 400 [|Aza—ul? = |Jul|? n neMma
ZOoKa3aHa. ‘
Hepelinem x ¢popmyauposke urorosoro pesyabrara. Hrax, pac-
CMOTPHMM 3aJauy pelleHHsA OIePATOPHOro ypaBHeHMA Az = u, rae
g — nMHeHHEIH BONAHE HenpepIBHLIA onepaTop, oTo6paskatonmii Z B
(2, U — cenapabenbHbie ruL6epToBH MPOCTPAHCTBA), TaKoM, UTO
3aMblKaHue o6iacTH ero 3HaueHmit cosnanaer c U. Hpezlnono;xnm
4To naA TouHoll nmpaBoif YacTH @ ypaBHeHMe Az = §i UMeeT emmc-’
::Benﬂoe: pemenye Z, oAHAKO U HEM3BECTHO, a 3aJaHbl u; ¥ §, Takue, -
To Jjus'— @l < 6 M 0 < 6 < [jugl]. e
. O6o3nauum uepes 2, @JeMEHT, Ha KOTOPOM JOCTHUIAETCA HH)KHH.ﬂ\::
Paib pymamonana |[Az — us)|? + af|z||%.
. Teopema 231. Zaxs awbozo § € (0,]|us]]) cywecmeyem edun-
CMeennnil xopens ypaenenus

$(a) = ||Aza — us|* = &2
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a(8) u l|Za — Zl| — 0 npu 6 — 0. -

NoxasarenscTso. Pacemorpum dpynxumio @(a) = {|AZ, —
ug||2. Mz nemmmr 5 umeem limg— 40 @(a) = 0, limg_ 40p(a) = [jusg)?,
a u3 nemM 2 ¥ 4, yTto P() CTporo BO3pacTaeT M HempepuiBHA NpPHU
a > 0. U3 eTux cBoiicTB $(a) creayer, uro ana moboro & € (0, ||us|)
ypasuenne @(a) = 62 nMeeT esmHCTBeHHOe pemenue a(f).

DokaxeM, uTo Z4(5) — Z nput § — 0. Tak Kax Ha Z,(5) HocTUTaETCA
HWKHAA FpaHbk (YHKUMOHaJa, TO

Aza(s) = usll® + a(B)liza()ll” < 1142 — uel® + a(8)]|2]1%.

B cuay Toro uto ||AZa(sy — usll = 6, a || — usl| < 8, u3 aTOrO’
HEPaBEHCTBA CleAyeT, YTO Ifia(g)" < izl _
Taknm obpasoM, |[AZ.is) — us|| = 6, lZa)ll < ||2]]. M3 e1ux pa-

BEHCTBA U HEPABEHCTBA AHAJIOTMUYHO JOKa3aTelbCTBY Teopemsl 2.2.2,
umeeM ||24(s) — Z|| — 0 mpu § — 0, u Teopema 2.3.1 mokasana.

§4. METO.I HEBA3KH
PaccemoTpuM 3amauy pemeHus ypaBHeHus l-ro pona
Az =y, (1)

rie A — HenpephBHBI onepatop, oTobpakalommit Z 8 U (2, U —

nuHeliHLle HOPMUpPOBaHHEIE NpocTpaHcTBa). Ilpeamonaraercs, 4To

HellpepbIBHON 3aBUCUMOCTHM z OT U HeT, TaK YTO 3aJayva pelIeHHA
ypaBuenus (1) HekoppekTHo nocrasieHa. OTMeTHM, YTO JMHelHOCTD
oneparopa A He mpexamonaraeTcd.

TIycre ans TouHoit npaBoit yacTH & CylIeCTBYET €AMHCTBEHHOE pe-
urenue ypapuenusn (1) Z, npuuem Z = V f, rae V — junefinsiit, snoaue
HelpephLBHLIA, B3aMMOOJHO3HAYHLIA onepaTop, oTobpaxkalonmit ce-
napabeabHoe rnabGepToBo npoctpancTso F B Z, a f # 0. Tpebyerca
HaiiTh npuGaMKeHHOe pelleHue ypaBHenua (1), ecau TouHas npasas
yacTbh # HeM3BeCTHa, a 3aJaHhl us U §, Takue, uto |jus — || < 6.

PaccMoTpuM B ripocTpaHcTBe Z MHOKECTBO BJIEMEHTOB

Zs={2=V/f, f€F;||AVf - us|| < 6}.

B cuay onpeneneHna aToro MHoKecTBa JUlA Ai06oro z € Z; BuINON-
HeHo HepaBeHCTBO ||Az — us|] < 6. Oanako, Tak Kak 3afava pelneHUA
ypaBHennsa (1) HexkoppeKTHa, TO NMPOM3BOJLHBIA BIEMEHT MHOMKECT-
Ba Z5 HeMb3A paccCMATPHMBaTh B KauecTBe MPUGINKEHHOro pelieHus
ypapHenus (1). IlokaxeM, uTo MeTON HeBA3KH, OCHOBAHHHIA Ha Bhlie-
NeHUM K3 MHOXKECTBa Z; BJIEMEHTOB, MMEIOIMX MMHUMabHYIO HOpMY,
oGecneynBaeT CXOAMMOCTbL NPUGIMKEHHEIX pelleHUi K TOYHOMY .
O6o03Haunm uepes Fs MHOXKECTBO 2JeMEHTOB NpocTpaHcTBa F,
takux, uro ||AVf — us)| < 6. Ormernm, uto ans moboro § > 0
MHOKECTBO Fj HeMmyCTo, TaK KaK eMy NpUHaIJVIEKUT plieMeHT f.
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Teopema 24.1. Jax awbozo § > 0 so mnoncecmae Fs cywecm-
ayem SACMEN, UMEVUWUT MUNUMBAINYD KOPMY. :

lokaszaTeabcTso. Tak kak xaa moboro § > 0 cnpaBennn-
o ||AVS — us]| = |l& — us}] < &, 10 Ana moboro § > 0 Muaxecrso Fj
HeNyCTO, IOCKOIbKY COlePXXMT aiieMeHT f. PaccMoTpuM Ha MumkecT-
e F5 ¢pynxmmonad ||ff|. Tax xax eTor pysxamonan orpamuyen cuusy,
TO €ro HWKHAA rpaHb Ha MHaKecTBe F; koHeuna.. Q6o3HauuMm ee
yepe3 J. PaccMOTpMM MMHMMMIMPYIOMYIO MOCHENOBATENLHOCTS fp,
1aKy10, 40 f, € Fs n ||fo|| = J mpu n — co. Mocnenosaremuocts f,
MQKHO CUMTATh YNOPAXOYEHHOM TaK, uTo ||fa| € [|fn-1|| A%7 Mo6oro
n. Toraa ana Bcex n > 1 cnpasemmBo Hepasenctso ||fa|l < |If1ll-
Tak KakK MNOC/AeR0BATeNbHOCTh f, OrpaHMyeHa 1O HOPMe, TO M3 Hee
MOKHO BHUAEAMTD MOANOCHENOBATENLHOCTD fm, CNab0o cXomAmyIoca K
HekoTOpoMy aneMmeHTy fo. ITockomsky oneparop V asasercs Bnomse
enpepsBHEM, ||V fin — V fo|| — 0 npu m — co. Toraa, yumreBas ne-
npepuIBHOCTS oneparopa A, monyumM, 4to [|AV fm — AV £5]| — 0 npn
m — oo. Tak kak saemenrtnt f, € Fj;, To ANA HUX BLNONHEHO Hepa-
BeHCTBO ||AV fr, — usl| < 8. Cnenoparensuo, nepexona k npenesny npu
m — 0o, umeeM [{AV fo — us]] < 6. Taxum o6pasom, dnemenr f, € Fj.

U3 cnabolt cxomumocTn mommocnenoBaTenbHocTH fm K fo caeny-
eT, 4ToO

foll-< lim || fm I- )

TaK Kak fn ABJIACTCA MOMNOCHENOBATELHOCTEIO, MUHUMM3UpYIomel
NOC/IeAOBATENLHOCTH fr, TO liMm—oo [|fm|l = J ¥ u3 HepaBencTma
(2) cnenyet, uro ||fo]| < J. Ho saemenr fo € Fj, a J — mnxuan

rpasb pymxamonana ||fi| na mmoxecrse Fs. 3naumr, ||fol| = J u

TeopemMa JAOKa3aHa. _ .

PaccmoTpum MHOxkecTBO Fj, cocTosmee U3 3/1eMeHTOR MHOKECTBA
Fy, Ha xoTOpRIX HocTHraercAa MuHUMYM [|f]| Ha MHoKecTBe F;. H3
Teopemu! 2.4.1 cneayer, uro MHoKecTBo Fj5 He mycro. [Ilokakem,
YTO BJIEMEHTHl MHokecTBa V F; MoKHO paccMaTpMBATE B KadecTpe
HpuO/MKeHHRIX pemeHuiit ypasHenua (1).

Teopema 242 Ipué— 0 sup,cyp, llz— 2| — 0.

HdokasarensbcrTso. [IpeamonakuM, 4To yTBepKIaeHHE Teo-
PeMu HeBepHO. Toraa HadfiAyTcA NONOKUTENLHOE YUCHO £, YMCAOBAA
Hocnenona‘rem:l{ocgb 671 g 0 npuy n — 0O M MNocaenoBaTENILHOCTDb
dlemenroB f;, € F;, Takue, urto

Wi =2 ®

Tax kax npu mo6om é, fs, € F;,+C F;_ w f € F;,, To ana mo6oro 6,
CnpasexmmBeo HepaBeHCTBO || f5, || < ||f]l, nockonbky f5, MusmMuanpyet
I71| na MuoKecTBE Fs,. Tax kak nocnenoBaTenbHOCTD f5, OrpaHUYEHa
0 HopMe, TO M3 Hee MQKHO BLLIENMTL NMONOC/ENOBATENLHOCTD fs_,
¢1a6o cxoasuyIoca NPy 11t — 0O K HeKoTopoMy aiieMenTy f*. Tak Kak
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onepatop V srionne nenpepmsen, 1o ||V f5, — Vf*|| = 0 npn m — oo,
Torna. u3 Hepasencrpa (3) crenyer, uro

WV -z 2 ' (4)

DneMenTH f5, NpuHaanexaT MHOKecTBaMm Fy_, cne.nosa:renbno,
AV fs,. — us |l € 6m. CaenosarenbHo,
AV fs.. = all 1AV fs,, = ws, |l + s — i €

Hepexolm B 9TOM Hepaneac'me K npeneay npu m — o0 n YUHTEIBaA

HenpepuIBHOCTH omepartopa A, mmeeM ||[AVf* - i|| = Tak Kak

ypaBHeHMe Az = U MMeeT eIMHCTBEHHOE pellenue Z, TO V f*=%. Ho

®TO HEPAaBEHCTBO NPOTHBOpeuMT HepaBencTBy (4). CnenoBarenbHo;

MCXOQHOE NMpeamolickenne GLIZI0 HEBEPHO M TeOpPeMa JoKa3aHa.
Bonee nonpo6uo MeTox HeBA3KM u3anoxen B [32, 33].

§5. MTEPAIIMOHHEIA METOX PEINEHASA
yPABnmmﬁ 1-TO PO.JIA

Utepaimonnuie MeToOIsI NMPUMEHAIOTCA ANA PelICHAA mnpoxoroz
KJIacCa PasAuYHEIX 3afay. VX MOKHO MCIONL30BATH M NpHU pelleHMM,
ornepaTopHEIX ypaBternuit 1-ro poaa ¢ npubmwxenno 3aaaHHoK npa.nohj
YacThIo, OHAKO NPH BTOM HeoGXOMMMO YUUTHIBATH CIIEHMOUKY DTHX.
ypaBHeHuil, CBA3aHHYI0 C MX HEKOPPEKTHOCTHIO. ;

Mycte A — nvHelHLIN, BriONIHe HenpepuIBHLIA onepaTop, oTob6pa-
xajommit npoctpanctso Z B U (Z, U — cenapabenbinie runsbepToBht
npocrpaHcTBa). Ilpeanonoxkum, uro nnsa TouHoll npasoit yacTH @
ypaBHeHne ' ‘

Az=1u . (1)

MMeeT eAMHCTBEHHOE PellleHMe £, HO DJIEMEHT # He U3BECTeH, a 3a/laHhbl
npubmoxenHan npaaa.n MACTL s W BEAWSHHA MOTPEMHOCTH § Tak,
yto |lus — 8} <

PaccmorpuM wrepaxmomxuﬁ nponecc

Zn = zp-1 + p(A'u— A"Az,_y), n=12,..., (2)

% -I‘A u,

rae A* — onepatop, conpmkennmit ¢ A, B — DONGKUTENbHHIR uMc-
JnoBol#t mapamerp.

Tokaskem, ucrnonbayn MeTon MaTeMaTHUYeCcKO! MHAYKLMU, UTO BJie-
MEHT 2y, onpeneiseMbliii HAa n-M IHare WTEPalMOHHOTO NpoLecca,
NpencTaBu¥M B BuAe 2, = R,u, rae oneparop R, onpenenserca cie-
Aytoumm o6pasom:

Ra=pY (E-pd"A)A, ®)

i=0

@ %

i

E — elMHW4HEIA onepaTop. JleiicTBuTenbHO, npu'n =1ms (2) mmeem

= pA*u+(E - pA*A)zo = A+ (E - yA*A)pA‘u = Ryu..

[IycTs 2z, = Rau. Toraa us (2) caenyer, uro

zni1 = pA’u+ (B = pA"A)Rpu = #A‘u + pZ(E pA AYF A" =
i=0
n+1
=pA*utp Z(E pA*A) A%y = Rpq1u.

i=1

TaxiMm 06pa3oM, NpeaCcTaBNEHNE z, = R,u clipaBeanuBo Al Jio-
60ro n M'n MAaros UTEPaIMOHHOr 0 Mpouecca (2) KBMBANEHTHEE npume-
HEHMIO K BJIeMeHTY u ofnepaTopa R,, onpeaeasemoro ¢popmyioit (3).

HccneayeMm ycnoBuA CXOMMMOCTM WTepauMoHHOro mponecca (2)
K TOYHOMY pemeHuio ypasHeHna (1) Z, ecaM B KavecTBe Haualdb-
Horo npubmuokxenns Gepercs sreMeHT, onpenenAeMuli npnﬁnmxermo
3aJaHHOM mpaBofi uacTeio 2p .= uAu;.

Tak xkak A™A BrHoNHe HerpephLIBHEIIA, cauoconpmxemmﬁ HOJICKK-
Te/bHBIA omepatop, To U3 TeopeMul ['nabbepra-IIMuara {37] cneny-

' €T, YTO B NPOCTPaHCTBe Z CYHIeCTBYET OPTOHOPMHMPOBaHHLIA Gasuc

co6cTBeHHBIX BaementoB {yp;} onepaTopa A*A, npuuem cobcTBeHHbBIE
sHavyernA A; (A*Ap; = )jp;) NOAGKUTENLHB U CTPEMATCA K HYIO npu
j—o00. B nanbneﬁmeu Gyaem cumrats, uro Gasuc {g;} ynopanouen
no y6uiBaHmio co6cTBeHHbIX 3HaveHuit, T.e. Aj41 £ Aj AnA Beex j 2> 1.

Y cnoBNA €X0AMMOCTYM NTEPALMOHHOr'O npouecca. (2) yCTaHaBJINBa-
10TCA caeaylomeil reopemoii. v

Teopema 2.5.1. Jycme napamemp yu nosoxcumenen u MendpuLe,
vem 2(]]A*A|])~1. Ecau yeaonucaennas nosoncumeasnas fynxyus n(6)
maxoea, ¥mo n(8) — +o0o u n(8)6 — 0 npu § —~ 0, mo

[|Rncsyus — 2|| = 0 mpu 6§ —0.

Hokasarteasctso. PaccmorpuMm npoussonesoe n > 0. Tax
Kak

{Rnus — Z|| < |{Rnus — Rat@ll] + [|Rnt - 2], (4)

TO JNA OUEHKH HOPMHI |[[Rnts — Z|| AOCTATOMHO OLEHMTH BEAMIMHEL,
CToflMe B NpaBoi YacTH HepaBeHCTBa (4).

OuenuM HopMy onepatopa R,. [Ilo ycaosuio TeopeMml g €
(0,2(J|A*A])~t). H3 sroro ycaosua caemyer, uto |1 — pAj| < 1
ana Bcex j 2 1. IllelicTBMTENbHO, TaK KakK
4™ Awj | w5l

Aillgill? = Ay, #5) = (A" Apj, 05) < < 4 All s,
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TO AnA BCex.j 2> 1 cnpaseaymso HepasencrBo A; < |[A*A||. Torxa
ana p € (0,2(]]A°AJ])~") 0 < A\ju < 2 u nna Bcex j > 1 BrmonHena
HepaBeHcTBO |1 — pd;j| < 1. okakem, uro [|E — uA*Al| = 1. Mycts
Z — npousBoMLHEIL aieMent M3 Z. Tak kak {p;} 6asuc co6crennmx
eaeMeHTOB omlepatopa A'A, 1o z = }2, zjp; n (E - pA*A)r =

j=1(1 — #Aj)zipj, rae zj = (z,9;). CnenoratemHo,

o0 [--]
(E - pA* )=l = 3 (1 - u2;)22 < 322 = I«
i=1 j=1

a 3HaumT, ||E — pA* A|| < 1. Mpeanonoxum, uro ||E ~ pA*All =a < 1
Tak xax Aj — 0 npu j — o0, TO cymectByeT uucno k, rakoe, 4r

(1 = pAi) > a. Bosbmem anement zi = ;. Toraa H(E — pA* A)zi|| =§
(1~ pAe)llzal| > affze]]. Tak xax aro mepamencrso mpoTMBOpeun

ToMy, 4T0 ||E — puA*All = a < 1, 10 ||E ~ pA*A|| = 1. Mcnomsya
paBeHCTBO [[E — pA*A|| = 1, umeem

IBall S Y NIE ~ uA* AIFIIA® ]} = p(n + 1)]|A%)).
$=0
CaenopaTtemno,
l|Rntts — Ral| = ||Rn(us — B)|| < [|Rall lus - a)] < p(n + 1)) A°|I5. (5)

OlleﬂﬂM Tenepb BTOpPoOE claraeMoe B npanoﬁ YacTM HEpaBEHCTBa
(4). Tak kak @ = Az, 1o

n
Rai~2=p) (E-pA"AYA"Az - i =
i=0

n . o0 00
=p) (E-pA*A) ZE,’A,-%' - ij%' =
i=0 j=1 i=1
o0 n . o0
=uY 752 Y (1-pjYp; - pIETIE
i=1 i=0 j=1

rae z, = (#,p;). Tak kak

(=AY = [1= (1= pdi 1) (ury)"Y,

i=0
TO

o0

oo o0
Raii—2= z;[1—(1—pudj)"*]g; =Y 50 =~ 3 (1—pX)"*zjp;
1=1

j=1 i=1

o

CnenoBaTenuHo,

o0 1/2
Rni 3l = (300 - a0z

j=1

IloxaxeM, uro ||Rait — 2| — 0 npu n — co. IokameM, uTo maa
moboro ¢ > 0 cymecTyer umcao N > 0, Takoe, uro npu n > N
BLIIOJHEHO HepaBeHCTBO ||[R,é — z||2 < €. Tak kak

o0
lzl? ="z,
i=1
To cymecTByer N; > 0, takoe, uro

0o
> I<s
j=N1+1

Toraa, yunrnBaa To, yro |1 - #A;j| < 1 ana Beex j 2 1, nomyuum

N, oo
IBnti = 27 = 3 (1 - w2022 4 5 (1 puy)2n+0032
j=1 i=N1+1
N, oo N,
<Y (1 =p); )An+nz2 4 > g 3 (1—ux;)X 4052 4 gfa,
j=1 j=Ni+1 j=1

Tax kak |1 — pXj| < 1, TO, BhbMpas socTaTrouHo 6omsmoe N,
MBI OYMHM, 4TO AAA n > N [|R,ii — 2|2 < . Tarxum o6pasom,
|[Rati — 2||> = 0 npu n — o0, a 3HauMT, u |[|Raii — || — 0 npu n — oo.
O6o3naunm uepes w(n) = ||Rya — z||. M3 nepaBencrs (4), (5) caenyer,
4to ana moboro uesoro n > 1

IRaus = 2| < p(n + 1)) A" (16 + w(n), (6)

rae w(n) — 0 npu n — oo.

Mycrs dyHkuma n(s) YAOBNEeTBOPAET YCHOBMIO TEOPEMLI, TOrAa U3
ouerku (6), cnenyer, uto ||Rusyus —2)| — O npn § — 0 u TeopeMma
ZNoKa3aHa.

U3 Teopemmt 2.5.1 ClleayeT, 4YTo €CAM 4YMcilo Hrepaumifi n cor-
TACOBAHO C TOYHOCTHIO 3ajaHMA MpaBodk uyacTM 6, To npu 6§ — 0
“TepalmMoHHuIit npouecc (2) ¢ zg = #A U5 CXODATCA K TOYHOMY pe-
Wennio ypapHenma (1) z.

lipusenem npumep, nokasmmalommii, uro ecam umco nrepaumii
N CTpeMMTCA K 6ecKoOHeYHOCTH Rpou3BoJbHO, Ge3 corsacoBaHus ¢ §.
TO CXONMMOCTM Her.
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Hycte A — nmunelineil, BIONIHe HellpEePHBHEI, CaMO COTIPAKEHHBIN,
NONOKATENLHEEE oIlepaTop, oToGpaxalonmit cenapaGebHoOe I'MIb-
GepToBo mpocTpaHcTBO B cebs, mpuuem ypaBHenne Az = 0 mMmeer
TOMbKO HyNeBoe pemenue. O6o3naunum yepes {p;} oproHOpMUpOBaH-
HEIA 6a3MC COGCTBEHHLIX BJIEMEHTOB omepaTopa A, yHopANOveHHEI
110 HEBO3PaCTAHMIO COBCTBEHHEIX 3HaueHMt A;j.

MycTs anA TouHo# mpasoif wacTu & ypaBHeHMe Az = @ ume-
eT pememme 7. PaccMOTPMM NOCAeAOBATENLHOCTH HMPMOIMKEHHBIX
npasrIx vacre#t us, = @ — /2, rae b = VAe. Ouesnmmo, yTo
llus, — @l < 6 = VA& — 0 npu k — oo.

PaccMoTpUM HOPMY Pa3HOCTH npuGinnkeHHoro pemieHusa Rnus, ¥.
TOYHOro Z

Rnus, — 2| = | Rni — 8 Rnipe /2 - 2| >
2 {lIRnti — 2l — VAl B |l/2]-
B Teopeme 2.5.1 6muto nokasamo, uro |Rni — 2| — O npu n — oo.

Bruvcavm semaumny ||Rapil]. A3 dopmynn (3) ans omeparopa R,
-caemyer, YTo

™

’ n .. v : n . '
Rogr = y_E(E ‘—‘uA'A)"A"'Pk = #Z(l — A} Aepr =

i=0 i=0

' n . 1-(1= ’\2n+l '
= perde 3_(1— uAd) = phig ( w\,:’, Dl

=0

CuenopatensHo,

1-(1—pA2)r+t ' | R
IRnpall=t U s /R Ragll= (1)) 02

Mycts n — oo u k — oo Tak, uTo (1 - pA2)*t! — 0, Hanpumep,
4
n= [3&] , roie [£] — nenas wacts uucaa z. Toraa vAi||Rapill — oo
npu n — oo M k — 0o. Crenosatensno, u3 (7) nmeem ||Ryus, —2|| — oo
npu n — 0o u k — 00, B To Bpema Kax |Jus, —@t]| — 0 mpu k — oo.

§6. IPOEKIIMOHHEI METOX PEMEHMS
YPABHEHHI 1-TO POOA :

T poeKiMOHKEIe METOAL NPUGWKEHHOr0 pellieHuA Pa3MYHLIX 3a-
Jay OCHOBaHEl Ha TOM, YTO NpubikenHoe pellieHue MIIETCA B BUIe
KOHeuHOMepHOt nuHeiiHo# KOMOGMHAILMM HEKOTOPOH cHMCTeMB (YHK-
wuit.  IIpm ucnonb3oBaHMM NPOEKUMMOHHHIX METONOB JJIA PpeilleHUA
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OTEPAaTOPHEIX ypaBHeHMi! 1-ro pozia c BIOJIHe HENPEPHIBHEIM onepaTo-
poM HeoGX0oaMMO HAKJIAALIBATE CYHIECTBEHHO GoJlee CHAbHEIE YCAOBUSA
Ha CUCTeMy ¢yHKuMit, C HOMOMILIO KOTOPO# CTPOMTCA NPHGMLKEHHOE
pemtenre. CymmecTBEHHO Takke HajM4yde anpMOPHOM vHpopMaiM o

TOYHOM PpPeHIeHUM. el

Ilycts A — smneiinniit HenpepLBHELA onepaTop, oro6paxalo
ZB8U (Z,U — cenapabennunte runpbepTonst NpOCTPaHCTBA), TaKo, ™
4YTO ypaBHeHHe Az = ( MMeeT ToNBKO HyNeBoe pelIeHUe. Ilpeano-
JA®KHMM, YTO AAA TOYHON mpaBoit 4YacTHM 4 CymecTByeT pellleHMe Z
ypaBHeHnA 4

Az =4, | (1)
npeacTaBuMoe B Buneb
N
Z= E aipi, o #0, . (2)
i=1 B
rae ¢; — HU3BeCTHadA JnHelino He3aBMCHUMas CHCTEMa 9JIEMEHTOB B

Z. B npencrasnemun (2) HeM3BECTHHIMM SBJAIOTCA YMCIAO YJIEHOB
B cymme N U Koapduuments o;. HudopMmauma o mpeacrapieHum
TOYHOro pelleHMs ypasHenua (1) Z B suae (2) npencrasaser co6oit
CYUWIECTBEHHYIO APMOPHYIO MHPOPMALMIO O TOYHOM pPemeHnH Z.
PaccMoTpuM MeTon mpUGMIDKEHHOro pellleHMA ypaBHeHWA 1) ¢
HETOYHO 3aJlaHHO# NpaBolt YacThlo, T.e. BJIEMEHT i HEM3BECTEH, a
3a1aHbl us U 6, Takme, uro [lu; — @|| < 6. Onpeneanm aaa n > 1
MHOMKECTBA

e
2= {z= Y ll42 - wll < o5}, )

f=1

Thne ¢; — NeHCTBMTENbHHEe uYucla, a 3aAaHHAA NOCTOAHHaA ¢ > 1.
O6o3naunm yepes n(§) nonoxutespHoe Lesoe YnCIIo, TaKoe, 4To

Zayiy-1=9, Zipn#o. (C)]

Teopema 26.1. Cywyecmayem 6 > 0, maxoe, ¥mo n(é) = N
Oax 0 < 6§ < & u :

sup [l2—2| =0 npu 6 —0. | 5
oo, I I p (%)

NMoxasaTenbcTBo. PaccmorpmMm B nmpoctpanctee U aie-

MeHTH Ap;, i = 1,...,N. Tak kak ¢;, { = 1,...,N nuneiino nesa-

BUCHMMEI M ypaBHeHMe Az = 0 MMeeT TONBKO HyNeBoe pellleHue, TO

dieMeHTH Ap;, i = 1,..., N Takke aunelino HesaBucumbl. O6o03HauNM
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yepes d;j, j = 1,...,N OpPTOHOPMHMPOBaHHYIO CHCTEMY, NOJNYy4eHHYIO
u3 Ap; B pe3ynbTaTe IpollecCa OPTOrCHAIM3AIMM:

> j—l
dj = —w—"-, w;j = Apj — E(ASOj,dk)dk- (6)
el k=1

N
PaccMoTpuM npoM3BoJbHEIL BlIeMeHT 2z, Takoil, 4To z = Z,-=l Cip;.
Iycrs u = Az, roraa

N
u= Z(u,dj)d'.
J=1

Haitaem Bupakenua ansa senmums (u,d;). M3 dopmymn (6) ana

siemenToB d; ciiemyer, uTO

(u,d;) = (Az,d;) = (Aic.-w,d,-) -

i=1

N N .
=Y c(Api,d) =) ci(Api,dj), (Apj,dj) > 0. (7)

i=1 i=j

Mpemonoxum, UTo NepBoe yTBepP)KIAeHMe TeopeMH HeBepHo. Toria
TaK KakK Z € Z,‘v ana moboro §, T0 CymecTBYIOT NOC/HeA0BATEALHOCTE
6 — 0 npu k — 00 ¥ HOCHAENOBATENLHOCTL BJIEMEHTOB

i
25, = Zc,'(csk)(p,', O0<I<N,

f=1

TakKue, 4TO

2 . 242

HAzs, — us,|I° < ¢°65. (8)

O6o3naumm yepes U} nompocrpancteo B U, nopaxnaemoe aJe-
mentamu dy,...,d;, a uepes U7 — oproronanpHoe gononxenue Ul

Toraa us, = uj, +uf,, rae u}, € U}, u}, € U}. Hepasencrso (8) c
yyeToM (7) MOKHO 3amMcaTh CleAylommMM oGpa3soMm:

2
+|lud, Ii? < ¢%6%.

1 1 1
| YN cil6)(Awi, dj)dj ~ D (ud, . d;)d;
j i=1

j=li=j
YuYNTLIBaA OPTOHOPMMPOBAHHOCTh ajemeHToB d;, j = 1,...,I, mo-
Y UM
1 1 2
5 (L ctbe)aend) - (hd)) <6t ©
j=1 Mi=j
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/I3 ®TOro HepaBeHCTBA CJEAYyeT, YTO ZLI ¢?(8x) orpammuena npu
6x — 0 ¥ M3 noclle10BaTENLHOCTH BIIEMEHTOB c(8e)=(c1(8k), - .., c(éx))
€ R’ MOKHO BHLIENUTH NMOANOCTENOBATENLHOCTD c(bm), cxomamyrocs
k ¢ = (é1,...,¢).. Torma, mepexoas kK npemeny npu 6, — 0 B
uepaBeHCTBe (9), nonyuum

i (iéi(Aw,d,-) - (ﬁ,dj))2 =0.

j=1 Mj=j

CrneloBaTeNbHO, DJIEMEHT £ = Z:=1 Cip; ABNAETCA pellleHWeM ypaB-
nenmA Az = @&. B cuay npeanonmkeHMA o eAMHCTBEHHOCTHM pemIEHMA
aTOro ypaBHeHMA £ = 7. Ho aTo paBeHCTBO NPOTHBOpPEYMT MpesCTaB-
nenwio (2), rak kak | < N. Cnenosarensto, ucxomtoe npeoNoKeHue
6rimo HeBepHO M cymiectByer ég > 0, Takoe, yro ans & € (0,6)
n(6) = N. )
AHaJIOrMYHO MpeAAYIeMy MOKHO JOKa3aTh, YTO NMpH & € (0,6)
MHOXKECTBa, Z,‘;(a) = Z,‘;, OrpaHM4yeHbl. YJYUTHIBaA TaKke To, YTO IJIA

moGoro z € Z£(6) BBIIOIHEHO HepaBeHCTBO || Az—u;|| < ¢6, ananornuno

NpeRAymieMy MOKHO NOKAa3aTh CHpPaBeJNMBOCTh yTBepxkaems (5).
Teopema nmoKa3aHa. e '

IIpu nokasatemscree Teopembt 2.6.1 Ha onepaTop He HaKJa qbipa-
UCh Kakue-JInGo yciaoBmua, obGecreyMBalonMe KOPPEKTHOCTh 3afauy
pemeHun ypaBHenua (1). OCHOBHHIM ycioBMeM, I'apaHTHPYIOMMM
CXOMMOCTb MHOXKECTBa NPHGIMKEHHBIX pelieHuii K TOYHOMY, GhiI0
ycnoBue (2), npeacTaBasAplLiee coboif OUeHb CYMECTBEHHYIO alpUop-
HYI0 MHOOPMALUMIO O TOYHOM pemenuyu ypasHenus (1). B cBasu c rem,
4TO anpuopHafd MHGOPMALMA O TOYHOM pelieHUM " paBHEHMA GLiBaeT
M3BECTHa JaJleKO He BCerza,: BO3HMKaeT clielyiommii Bompoc: npu
KaKUX YCJI0BUAX MOKHO MCHONb30BAaTh MpPeAJMKEHHYIO CXeMy NoCTpo-
eHUA NPUGIVOKEHHBIX pellleHnit, ec/iv ‘3aJaya pemieHHa ypasuenusa (1)
HEKOpPEKTHa, a ampHopHad MHPOPMALMA O TOYHOM PEMIEHHH OTCYT-
creyer? IlokaxkeM, 4To cxoaMMocTh NpHGJIMKeHHBIX pemenmii Gyaer
MMeTb MeCTO IIPH CNeLMaJbHOM BhIGope cucTeMnl {p;}.

Mycte A — nunelinniif, BnonHe HenpepuiBHLI onepaTop, otobpa-
waoumit Z B U (Z, U — cenapa6enbHble runb6epToBRI MPOCTPAHCT-
Ba), TaKoif, 4To ypasHenne Az = 0 MMeeT TONBKO HyJleBoe pellieHHe, a
3aMpikanue obGnactu 3Havenmit A copnanaer ¢ U. Ilpeanonosum, uto
A% = i, Ho { HeM3BeCTHa, a 3aJaHHl u; U §, Takue, uTo |jus — ]| < 6.

Taxk xak onepatop A*A ABAAETCA BNojiHe HeNpePLIBHLIM, CAMOCOT-
PAKeHHBIM U MOJIGKUTEJILHBIM, TO Nno Teopeme 'man6epra-lImuara
CyuecTBYyeT OPTOHOPMMPOBaHHLIA 6a3Uc COGCTBEHHBIX BJIEMEHTOB
oneparopa A*A {p;}, A*Api = hipi, \i >0,i=1,2,....

Onpenenum MHKeCTBA NPUGAWKEHHBIX pelIeHMA Zf,(,,) B COOTBET-

¢Teum c (3) u (4), B3AB B KadecTBe ; 6a3uc cOGCTBEHHBIX BIEMEHTOB
A*4, a nocroauuyio ¢ > 1. Toraa ana mo6oro § > 0 MHoxecTBa Z¢
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IpH JOCTATOUHO GOMBIIOM N HEMYCTH M, ClIeNOBATeNbLHO, HOMEp n(6),

onpenenseMuit yciosueM (4), cymecTsyer. .
Teopema 262 Ecau 6asuc cobcmsennnz asemenmos A*A

ynopadouen no Neeo3pacmanuw cobcmeennnz navenud, mo npu §—0

sup ||z —z|| —0.

:ez:(,)

Hoxa3saTenbcTso. Paccmorpum B npocrpanctse U cucre-
My aaementoB ¥; = Api/lldpill, i =1,2,.... O1a cucrema obpasyer
opToHOpMMpOBaHHH Gasuc B U. OpTOroHaNLHOCTh ¥; M ¥; NPH
i # j caeayer m3 Toro, uro (¥i,%;) = (Api, Ap;)/llApillllA¢;ll =
Xi(pi, o)l Awill lA;ll = 0, a nomiora cucremmt {¥;} crenyer ms
coBnaJieHUA 3aMEIKaHMA o6GnacTu 3Hayennit onepatopa A c U.

BO3MOKHE JBa CAy4Yas Pa3JiGKeHWs TOYHOrO pellieHMs Z Ho oJe-
Menram Gasuca {p;}:

=Y (%0 (10)
z= E(E’ Pi)pi- (1)

B cayuae (10) nokazaTenbcTBO TeopeMbl NMPOBOAMTCA aHAJIOTUUYHO
IoKa3aTenbcTBY Teopemst 2.6.1. Paccmorpum cayuaii (11). Beanunua

n n n 2
Ay cipi— us S cidei =Y (us, 'I’i)!/)s“‘ +

2 2

i (us, ¥i)¥i

i=1

i=1 f=1 i=n4l
(12)
npmmmae'r CBO€ HaMMEHblIEEe 3HAUYECHHuEe leﬂ
e = (us, vi)/|lAwill = (us, )/ VA, i=1,2,...,m,
M 2TO0 3HaAUYEHHUE paB}lo
o0 2 00
“ S (st = 3 (s i) (13)

i=n41 i=n+1

U3 (12) u (13) caeayer, uro umciao n(é), onpenenseMoe yCAOBUAMMA
(4); TakoBO, uTO
00 o0
3 (us, i) > %, D (us,¥i)’ < g7 (14)
i=n($) i=n(§)+1
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PaccMOTpUM QYHKIMIO LIEIOUMCIIEHHOTO APryMEHTa
oo 1/4
a() = Vi ( L6507
=n
Ora ¢ynxuma He Bo3pacTaer, M a(n) — 0 mpu n — co. Cae-

nopaTenbHo, axa moGoro & € (0,a(l)) cymecrsyer emmHCTBeHHOE
noNGKUTeNbHOE Nejoe uucno m(5), Takoe, uro

v Ames) ( . f: (z, ‘Pi)z) " >4, (15)

i=m($)
00 . 1/4 .
\/v\m(a)+1( pIRN 2 ‘P-')’) <4, (16)
i=m(§)41 :
H3 (11) u (16) caeayer, uro m(§) — oo npu § — 0.
Tak Kak (ﬁ) d’l) = (Aiy'bi') = (i) A.¢i) = \/X-(EHP-), TO

Y )= ) [\/X: Z,pi) - [(ﬁ,'/’i)—(“dv¢i)]]2~
i=m(§)+1 i=m(8)+1

Torxaa, ucnons3y s HepasencTso Komm-ByHaKoBcKoro, HeBo3pacTaHue
Ai{ M HepaBEeHCTBO

D (us - a,9:)* < 82,

=1
MOJYYMUM, YTO
o o0
E (us,%3)* < Z Xi(Z, i)+
i=m(§)+1 i=m(8)+1
o0 00
+2 Y VNIGe)E-usdi)l+ Y (B-us i)’ <
i=m(8)+41 i=m(§)+1
oo 00 1/2
< Mm(s)+1 z (2)¢i)2+2\/'\m(6)+1( Z (Z‘P-‘)z) x
i=m(5)+1 i=m(5)+1

00 1/2 (]
E (ﬁ—uo,'/’i)z) + Z (us - @,9%:)* €

d
i=m(8)+1 i=m(§)+1

oo
< '\m(6)+1 Z (z, Soi)z + 26\/ '\m(‘)+16(

i=m(8)+1

oo 1/2
Z (z, ‘P")z) +8.

i=m(8§)+1
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YuynTeiBaa HepaBeHcTBo (16), MMmeeM

i (u5 ) ¢i)2$

i=m(6)+1

o 1/2 ) 1/4 ) e
o3 er) s 2 Gar) =500,
i=m(3)4+1 i=m(8)+1 (17)
rae

o 1/4
Z (2: ‘Pl')z) -0

i=m(5)41

7(6)=( i (i,sps)z)ll2+2(

i=m(8)+1

npu § — 0, nockonbky m(6) — oo npu § — 0. Toraa M3 HepaBeHCTB |

q > 1, (14) u (17) caeayer, uro cymectByer &; > 0, Takoe, 4To
npu 6 € (Ov 61)

o0 o0
Y (u i) <8< Y (us i)’
i=m(§)4+1 i=n(d)

Takum o6pasom, npu 6 € (0, §;) Bumonneno nepasencTso n(8) < m(8). |

M3 aToro HepaBencTBa, Hepo3pacTanma GyHKUMHU on) U HepaBeHCTBa
(15) caeayet, uro

1/4 {'
\/—"(_5-( Z (z, ‘Pl)z) >4 (18)

i=n(é)

MuoxectBo 26(6) npeacraBiAeT co6oit COBOKYNHOCTHL 3J1EMEHTOB |

"(6) L CiYi, TOe MOCTOAHHMe c¢;, i = 1,2,.

HepaBeHcray
n(é) 2 yn(9)
AZQ“P:’“’"J Zc;\/—lb.—“o =
i=1
n(é) '
Z (v = (us¥))? + Z (us, ¥3)? < ¢%8%. (19) |

i=n(é)

Muoxectso anemenron (c,.

3TOMy HepaBeHCTBY, npenc-raanﬂe'r coboii orpanwaeuuoe 3aMKHY-
Toe MHoxkecTBo B R™MY),

(¢y,.. 1€n(5)), Takoi, 4To

sup [jz - 2|l =

n(§)
ze2 |

Zé:‘t’i-i ’
=1

n(é)

157

..,n(8), ynoBneTBOpPAIOT |

.y Cn(s)) € R™®) | ynosnersopsaiommx ‘

Cnenoaa'renbno, cymieCTByeT 33JEMEHT ‘

npy¥ BTOM
n(é8) n(5) 0o
S am-1] <[ L e +] > Gesnl a0

i=n(§)+1

OueHnM nepByio HOPMy B NpaBoif YacCTH BTOro HepaBeHCTBa:

l :\(f)[& = (Z,9i)le: "

i=1

c,-

"()

s

1

<SR St

i=1

< \/»\ln_m [("\S(a,.\/,\_,. - (us, ¢e))’) v + ( "Z(J:)(ua -4, r/a.')’)m].

i=1 i=1
Caenosatenbto, yunthiBan HepaBenctsa (19), |lus — il| < 6, nmeem

- G « 022

i=1 n(6

Ucnonb3ys aTy ouenky B mepabencrse (20), nonyumm

"'g;)fi%'—f S(‘I—‘F\/x‘—%-;'i-(' f: (E’pi)_})l/?.

i=n(é)+1
Takum o6Gpa3om,

/2
- (q+l)5 ( )1

sup ||z - Zj} € —==— Z,pi) .

A<l (3 ¢

n(8) i=n(8)+1

YunuteiBas HepaBencTBo (18), umeem

wp f-s< @) 3 (o) ) +( 3 (f,w)’)l/z. (21)

1€Z u(G) i=n($) i=n()+1

M3 (11) u BTOoporo Hepapenctsa B (14) caeayer, uto n(é) — x
npu § — 0. Toraa us (21) umeem

sup flz—Z2]| -0 npum 6§ —0

z Z.(O)
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M TeopeMa JOKa3aHAa.

OTMeTHM, uTO MOXHO CHOpMYyIMpOBATH 6onee cnabrle npemmo-
JIKEHUST OTHOCMTENbHO CMCTEMHI BJIEMEHTOB (i, MPU KOTOPHIX COX-
paHAETCH CXONMMOCThL NPUGIUKEHHEX pemenuil, IOCTPOEHHHX HpU
IOMOIDA PaccMOTpeHHoro Meroxa [25].

§7. METO(H PEIIEHAS HHTETPAJIBHBIX
YPABHEHHH 1-TO POOA

3amauM peleHus MHTErPaAbHLIX ypaBHeHNi 1-ro pona BO3HMKAIOT

IpH MCCIeAOBAHMM MHOTHMX o6paTHnx 3a134. B eToM naparpade ]

PacCMOTPECHB HEKOTOpHIE BONPOCH, cBfA3aHHEE C NpMMEHEHMEM W3-

JOKEHHHX paHee 06MMX METOROB pelleHHSA ONEPaTOPHHIX ypasuennit |

ANA pelllcHNA METerpalbHEX ypassenuit 1-ro pona.
TlycTs naHO MHTerpaJjibHOE ypaBHeHUe ®penronbma 1-ro posa

® .
Az = /K(z,s)z(s)ds =u(z), e<z<4d, (1) |

rae K(z,s) — ¢yHKIMA C MHTErpUpPYEeMbHIM KBALPATOM. Hnrerpans- |

et onmepaTop A MOKHO PaccMaTpUBAaTh ne#cTByIONMM M3 NPOCT-

parctBa Lafa,b] B Lzlc,d], npudem ox 6yneT BroaHe HENpepHBHEIM |

[37). Ipemnoncxum, uTO MIA TOUHOM npaBoit YacTM YpPaBHEHMA (1)

ii(z) € L2, d] cymectsyeT ezMHCTBeRHOe pemenue #(z) € La[a,b], on- |
HaKo #i(z) HaM He M3BECTHO, a 3aJaHa GYRKIMA us(z) M BemMuMHA |

TIOFpEemHOCTH §, TaKue, 4TO

4 1/2
s = ot = ( [ Cwste) - weie) <

TpeGyeTca NOCTPOMTH NpUGMDKeHHOE pemenue ypasnenua (1) |

z5(8), Takoe, uTro

b 1/2
lizs.— ZliLs(a,9) = ( / (zs(8) - i(s))’ds) " —0 opu §—0.

B panpHelimem GyaeM Tawke mnpemionaraTb, 4To JUlAd $ymamm ;
us(z) semonnserca ycuosue |lusllz,f,q > § M samuKanue o6nactu

‘3Hauenuit omepaTopa A COBNajaer C Lafc, d].

PaccMOTpUM NpMMeHEHUE METOAA Peryiaspu3aliin A.H. TuxoHo- |
Ba U NpUGIKEHHOro pellleNMs ypaBHEHWHA (1). Onpenennm Ha |
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npocrpancree Li[a,b] dymxmmonan

M°(2) = ||Az — usll},fo.q + ollzliE o) =
d b 2 ’ )
= / ( / K(z, s)z(s)ds—ua(z)) dz+a / 2%(s)ds. (2)

M3 Teopemu 2.2.1 caenyer, uro ana mobGoro a > 0 cymecrsyer
e IMHCTBeHHaA QYHKIUMA 24(8), Ha KoTopoii AOCTUraeTCA HWKHAA I'PaHb
dymxamonana (2). Jlaa nocTpoenma GyHKuMHM Z,(S) MOXHO MCTIONDL-
30BaTh NMPAMEIE METOMH MUHMMM3AIMN byuxumonana (2) mbo onpe-
IEeNATh ,(8) M3 ypaBHEeHMA, ABAAIONIEroCA HEOGXOMMMBIM yCHOBHEM
PKCTpeMyMa. DTo ypaBHeHMe, NodyJyeHHoe B Il 2, §2, B onepaTopHoM
B 3alMCHIBAETCA CAEAYIONMM o6pazoM: afy+ A* Az, = A®us. One-
paTop A*, CONpMKeHHH WHTerpaibHOMy onepaTopy A, ZAeficTByer
n3 Lyfc,d] B Lofa,b] u nMeer Bun

d
Af= / K(z,)f(z)dz, a<t<b.

CrnenoBaTelIbHO, ypaBHeHMe, NpeacTasismomee coboit Heobxomm-
Moe yclioBHe MMHMMYMa (yHKuMoHaJa (2), MMeeT BUA

d ) d
ai(.(t)+/K(z,t)/K(r,s)éa(s)dsdz = /K(r,t)uo(z)dz,
nam

b d
aia(t)+/K1(t,s)25(s)ds=/K(z,t)u6(z)dz, 3)

rae aapo Ki(t,s) onpenenserca ¢opmynoit

d
Ki(t,s) = /K(a:,t)K(z, s)dz. 4)

Pdyuxuma Ky(t,s) aBaaerca cummeTpuuHolt ¢yHkumeil cBOMX ap-
rymentoB Ki(t,s) = Ki(s,). Ypasuenue (3) npeacrasaser coboit
UHTerpanbHoe ypaBHenne $pearonsma 2-ro pona. U3 nonaydeHHHIX B
§2,3 ra. 2 pe3yaAbTaTOB CllelyeT, YTC dTO ypaBHeHMe MMeeT €AMHCT-
BeHHOe pelieHne npyu moGoii ¢pyuxummu us(z) € Lq[c,d] m napamerpe
a > 0. W3 teopemnt 2.2.2 cneayer, YTO NpH AOHKHOM COrjacoBa-
HMM apaMeTpa a C BeJaWunHoli morpeummoctu § (a = af$)) pemenne
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ypasHenus (3) 6yleT CXOMMTHCA K TOUHOMY pemrenmio 3(s) B MeTpuKel

Lafa, 8], ecin norpemmocts § Gyner cTpeMHTLCA K HY/HO.

Ilpn 3ajnanHoOl BeaMMMHe NOrpemHOCTH § MOKHO BHIGMpaThL map
MeTp pEryiaapu3saiMm o, OCHOBLIBaACh Ha Teopeme 2.3.1. YpaBHenm
ANA onpenesicHHA NapaMerpa o UMeeT clenylommi BUA:

pla) = j ( j K(z,8)zq(s)ds — u;(z)) 2d¢ = 6%,

rae 2,(s) — pemenve nurerpajibHoro ypasuenma (3). Ina peme
HeXuHeHOro ypasuenus (5) M®KHO MClOAb30BaTL MI0GHEe MeTOM
oripesefieuns Kopuelt ymammn omxoft nepemenHolt, HanpuMep wre
paumonnnie. Ipu aTom Ha KaXKIOM mare MTEPALMOHHOrO HPOIe

AR BHYNCACHUA 3Havenns ¢(dy-1) HEOGXOMMO PENNTDL ypaBHEHME]

3) ¢c a = ap-;.

M3 ckasammoro muume cieayer, YTo NpW NpUMEHEHMN METOAa pe-)
rynapusaimmu A.H. Tuxonosa mna perrenus ypasuenns (1) c HeTouHo]
3alanHoif nMpaBoll YacThIO B KauecTBe NPUGMDKEHHOTO peieHus Mo-|

*eT GHITL B3ATO pelleHME MHTerpanbHoro ypabuenua Ppearoasm
2-ro poaa (3).
Aocrarouno nmoapobHo (cMm., Hanpumep, [10, 16]).

PH pelliéiii ypabsenis (1) ¢ NOMOHIBIO HTEPAUMOHHOTO METOAA, |
u3nokeHHoro B §5, NpUGMHKeHHOe pemieHNe ONpedeRAeTCH KTepaly- |

OHHBIM HPOLIECCOM

d d 4 :
ta(t)=2n_1 ()41 j K(z,tyus(z)dz—p ] K(z,1) / K(2,)20-1(s)dsdz, |

n=1,2 ...,

unm

d [ 3
) A / K(z, tyus(z)dz—p / Ky(t, 8)2a-1(s)ds,

n=12,...,

rae anpo K,(t,s) onpeaenserca ¢opmynoit (4), a

d
2olt) = g / K (=, t)us(c)dz.

Ecau napamerp p u umncno urepaunit n(5) yaosaersopmor ycao- |
BMAM TeopeMul 2.5.1, To pymxama z,:5)(t) npu § — 0 cxommrca k (t) ;_'

B MeTpHKe npocrpaHcTBa Lla,d].
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Meroau pemenma Takux ypaBHenudl paspaborasnt

PaccMOTpHM cXeMY NPUMEHEHMA MPOEKIMOHHOT 0 METOAA.,, KOTOPBIA
gpi1 M3ydeH B §6, nna pemennsa mHTerpasibHoro ypasHemusa (1). B
aTOM MeTojie NpUGAWKEHHOe pellieHde MIleTCA B BUule auHelHOM KoM-
fUHALMM KOHEYHOT'o 4MCa cobcrBeHnbix ¢yHxumit oreparopa A*A.
TaxuM 06pa3oM, 14 pea/M3auMi JaHHOTO MeTona Heobxoaumo HaltTu
pyHKIMM Pn(s) U umncia A,, Taxue, uTO

d b
/ K(z,t) / K(z,5)pn(s)dsdz = Aapn(t),

Hian

b
/Kl(t, 8)pn(s)ds = Appn(t),

rae dynxuma K,(t,s) onpesenserca popmynoht (4).

Jlna pemeHna 3afauu NoCTpoeHUs coGCTBEHHBIX GYHKIMHA @,(5) ¥
co6CTBEHHBIX 3HaUeHMH )\, MOKHO MCHOAbL30BATH KAaK MIEpPAIMOHHBIE
MeToAbl, TaK U MeETOoAbl, OCHOBaHHbIe Ha JAHCKpEeTU3aALMM 3aXaudy U
pelleHMM anrebpandeckoli 3amauM Ha coGcTBeHHble 3HadeHMA. ITH
MeTobl, KAK MPaBuUJIo, onpeleAmoT cobcTBeHHble QYHKIMHM B TOpAAKe
y6uBanus cobcrpeHHbIx 3HaueHnit. Ecau co6crpenntie GyHKuMM @, (5)

| HaliZeHBs, TO 3aRaua NOCTPOEHUA NMPUGIMKEHHEIX P elleluit cBOMMTCA

K KOHEUHOMepHOH 3a.8aue OTHICKAHUA YUCEJ C1,. . .,Cpn(s), TAKHX, YTO

4,4 n(s) 2
/ (/ K(z,s) Ec.-cp,-(s)ds - u.s(z)) dr < ¢°8°,
¢ a n=1
uin
d n(6)

/ (Zc.’/’i(f) - ug(z)) 24,_. < ¢%62,

e n=1

e

b
Yi(z) = / K(z,s)p,(s)ds.

Synxwan Y;(x) Nerko MoryT GuITh BBIMMC/EHB MOCJE TOTO, Kak
Halinennl cobcrpennbte ¢pyHKwau ¢i(s). Tak wak B ocHoBe MeTo-
A3 npUGAMIKEHHOTO PElllcHUA YPaBHEHNA NESKUT MAEA UCTIONB30BaHUA
MunMMasabHOrO UMcaa cobcrBennbx ¢ynramit n(§), To npouece mocT-
Poenna coGcTBEHHBLIX GYHKUMI MOKHO COBMelaThb € NMpUEAKEHHLIM
Pemenuem ypasuenna (1). Ouenano, uto B obuleM cayyae 4MCHO
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coScrmennuix pymapilt, HeoGXONMMMX AAA IOCTPOEHMA HpMGIIOKen- §
HOr'0 pemenMsA, PACTET C yBENMYCHHEM TOYHOCTH 3aJAHMA MCXOMHOMN |
mugopmamm (n(é) — oo npu § — 0).

Oruaernn, uTO B pafe NpocTHX cayuaes oGpaTHEe 3aqauM CBO-
ARTCA K UHTer paibtomy ypasnemmio (1) ¢ aapom K(z,1), Taimm, uTo |
328342 OTHICKAHMA cobcrBeMHLIX PyHKUME CTaHOBMTCA OdYeBMAHOM. |
Hanpuuep, nepsan xpaesas 3anaua 418 ypaBHEHUA TeN/IONpPOBOAHOC- |
™ ¢ o6paThEM HanpaBaenuem Bpesmesm cBomurcs (eM. T 4, §1) k)
ypanaemuo (1) ¢ aapom '

> ' 2
2. xnx . xns = :
K - > ——— — —— —— =2 i
(z,8) 'Zg:llnn 7 sin — exp{ (')aT} (6)
ma=c=0,b=d=1I Taxxakcucrema pymanth p,(s) = /2/Tsin 22,
n=12..., o6pasyer opronopmupopannuiii 6aznc B npocTpaHcTBe |
La2f0,1], 1o w> popmyans (6) caenyer, uro unTerpanbmmii onepatop )
A c anpom, onpeseamemuiv oTolt $popmMynod, Mmeer coGcTpennsie

Pymammn ¢u(s) = /2fisin T, n = 1,2,..., u coGcTBeHH e 3HAMEHMA |

8 3
Ap = exp{— (E,&) &’T}, n=12.... Tax xax u3s dpopmym (6)
caeayer, 4ro A® = A, To cobcrBeHEMe (YHKUMM MHTErpanbHOrO
oneparopa A*A COBNAMAIOT C COGCTBEHHLIMM HyHIMAMY A. :

B paccMoTpeHHHX MeTo4ax Npeanoiaralioch, 4IO0 TOuHOe pemte-§
HIfe MHTer PafbHOro ypasherna (1) £(s) NpMHALACKHT MPOCTPAHCTBY |
Lzfa,8]. Ilpu arom npuGmoxennoe pemenue, MIOCTPOEHHOE € FIOMO- |
mL10 OTHX METOROB, CXOMMTICA Npu § — 0 K TOUHOMY B MeTpHKe |
npocrpascrea Lia,b]. Ecam umeomancs anpuopHan MHPoOpMaLMA O
TOMHOM pemeniy ypapHenua (1), mosponser clenats 3akilodeHne o |
€ro NPpHHALNEKHOCTH K npocTpasctsy Gonee raaaxux ¢ymxapadt, To |
CXOZMMOCTH NPUGAIKEHHOrO PelieHnA K TOYHOMY MOKHO TIONYYMTh B

, MeTpuke Gonce cunniolt, uem Lofa,b]. Tax, ecan uspectno, uto To4- |§
Hoe pemesie (s) — HenpepuiBHO MdPepemmpyeMan GyHKMA, T
z(:‘) MOKHO PACCMATPHBATL Kak 2/1eMEHT MMAbLGEPTOBA NIpOCTpPaHCTHA
W3la, 8] [74). B e1om cyuae, pasm B xavecTre NpoOCTpancTBa Z npoc-
Tpasctso W;la,b], 2 B wauectne U npoctpanctso Ly€, d] u npumess |
MeToR peryasapuzammn A.H. Tuxonosa, nonyuum, 4T0o npubmukennoe §

_pemiertie z,(5)(s) onpelesnseIca Kak a/leMeHT, peaaM3yOUm# MMHMK- |
MyM dyuxumoHana

M®)(z) = ||Az - sl pe.q + '—'%(5)"2"37;5..,51 =

= ] (j K(z,8)z(s)ds — ug(z)) zdz + a(é) j(:z(a) + (z'(8))*)ds.

Ecim napamerp a(§) nomxaum 06pasom cornacopan ¢ semtumHol f‘
norpeumocTn § (Teopema 2.2.2), To ipn § — 0 npuGmnkeHHoe pemenye |
Za(5)(8) cxomTeA K TouHOMY Z(S) B MeTpUKe MpocTpaHcTBa Wila,b]. 1

R

OcTanoBMMCH KPATKO Ha IpobiieMe penlcHMA HenMHCHHEX MHTer-
paJbHHX ypasHennit 1-ro poma. D10t KIacc ypasrenwit cymecreano
pmMpe M MeHee (opManM3yeM, deM Kiacc AmEefRHIX MRTerpalnbHBIX
ypasHemuit ®pexromima l-ro pona. Pasauunme oGparHibie saza-
y# MOTYT CBONMTECH K pasHooGpa3umiM pemmHelimniM MHTErpaibHLIM
ypaBHeHMAM l-ro posa. Hexoroprie 3 HMX MOKHO BCTPETHTH B Clle-
ayommx raasax. Harp obmyso dopmy 3anmck and oTHX ypapnemwit
BpAX 1M Bo3MekHO. Kak mpasuno, mccienopalmMe 8THX ypabHesmill
[IPUXOMMTCA TIPOBOAMTL AAA KAKIOT0 KOHKPETHOrQ Clydad.

OmE M3 AOCTATOMHO MPOCTHX Kiaccop HeauHelnbix ypasHemmil
06pa3yIoT ypaBHEHMA BAJa A

Ar= / K(z,s,5(s))ds = u(z), @)

rae K(z,s,p) u u(z) — sajamnnie pynxuvm, a pynxpsa z(s) nemy
sectHa. Ilycrs ¢ymxuma K(z,s,p) onpeleneHa M HenpepHBHA Ha
MH@KeCTBe

D ={(z,8,p): z€l[e,dl, s€fa,b], p€(—o0,+)} .

! MMeeT Ha BTOM MHOWKECTBe HeNpepHBHEE, PABHOMEPHO OI'PaHHJeH-
HEle YACTHRIE NpoM3Boanke 1-ro nopsaaxa. HHTerpanbuyiiz oneparop
Ay, croammit B nepok yacTit ypaprenns (7), ecAM ero paccMaTpUBATbL
neficrBylommam m3 npoctpaucrea Cla,b] 8 Laofe, d} (wmm Cle, d]), Gyxer
HenpepHIBHEM. 3ajiaua pemenua ypapHenus (7) nexoppextna. Hpea-
TIOZIGPKMM, YTO JUIA TouHoM npasoit uactu #(z) € L.[c, d] ypanuenne (7}
umeer B npocrpancree Cla,b] exmusicrsennoe p e 3(s), npudem
#(s) € Wi[a,b}. Toraa, ecan Bmecro pynKmm #(z) 3anau us(z) u
6, Takue, uto |ltus — UL e,q) € 8, To AN NPUGMOKEHHOTO pellCHUNA
YyDaBHEHMA MOKHO MCHONH30BATH METOXH NPUGIMKERHOro pelleHun
HeIMHeMHEIX OMEepaTOPHEX ypaBHenuit, onucannnie B §2, 4 aToi ria-
Br. IIpumenas meron perynspusams A.H. Tuxonosa mim Merox
HeBASKM ANA pemenmsn ypapmenua (7) U paccMaTpuBas B KadecTse
npocrpascrs Z, F, U npocrpanctsa Cla,b), W[a,b] u L3[c,d] coor-
BeTCTBeHHO, & B KauyecTBe V — omepaTop BackeHus [74], monyuum,
uTo npubIMMKeHHNeE pemeHna ypasHenus (7), NOCTpoeHHEE N0 u4(Z)
M §, 6yayT cxommrhca nipu § — 0 k Z(s) B paBHOMepHON MeTpHKe.

Msuorue o6paTHsie 3aaauM CBOAATCA K AMHEHHEIM U HeIMHelHRIM
MHTerpaJibHEIM ypaBHenusaMm Bonasteppa 1-ro pona. JluxeitHoe uuTer-
PanrHoe ypaBHenme BoabTeppa l-ro poma mmeer BUA

Agz = /K(z,s)z(s)ds =u(z), ag<z<b 8)
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Tak KaK ®TO YpaBHEHHME HBAAETCA 4YaCTHBIM cllydyaeM YypaB ;
uvs ®pearonrma 1-ro poga, TO ANA ero pemIeHNA MOKHO nNpUMeHAH
MeTolbl, pa3paboTanHble ANIA pelicHUA DTHX ypaBHenmit. OaHam

ypasHeHHe (8) MMeeT cymecTBeHHOe OTAMUME OT (1). Pemenne aTory
ypaBHeHUA Ha oTpeske [a, 7o), rae o — npou3BomLHaA Touka oTp el

Ka [a,b], onpenenserca Tonbko 3HayeHMAMM npaBoit yacTH u(z) 4
orpeske [a, zo] u He 3aBUCHT oT 3HAUeHMHt BTOM dyHKIM Ha (%o, b].

IIpumenenne ana pemenns ypasuenns (8) MeTonos, pa3paborail
HBIX InA ypaBHeHuA ®pearonbma 1-ro poma, Kak mpaBHIIO, TIPUBOA
K ToMy, 4To npubimkennoe peiierne He 06/1a1aeT yKa3aHHBIM Bb

cpoiicTBoM. lleiicTBUTe/bHO, 3anMuIeM 1NIA Y paBHEHUA (8) ypaBueny|
aZs + A3A2%, = Ajus Ana onpeneseHna NpUGTMIKEHHOTO pereHnMs §
NpeTIoNIOKEHUH, UTO oftepaTop A; paccmaTpuBaeTcA AeHCTBYIOMAY
u3 Ly[a,b] B Lya,b]. Tak xak conpsxennriii onepatop A} MMeer By

b
s f = / K(z.0)f(z)dz,

TO ypaBHEHHME ANAA onpenejeHUA ﬂpMﬁJIH)'KEHHOFO peweHua 3anuc

BaeTcA Tak:

b r b
aia(t) + / K(z,1) / K (2, 8)3a(s)dsdz = / K(z, tyus(z)dz
t a t

M He ABJAETCA ypaBHeHueM BoabTeppa 2-ro pona.

Ilnn wnrer panbHeIx ypapHenuli Bonbreppa 1-ro posa MOXHO CTPOy
MTh METOABI MPUGIMIKEHHOTO pellleHUA, B KOTOPHIX NPUBAMKEHHO!
PellieHne ABNAETCA pellleHUeM MHTErpabHOro y paBHeHNA BosbTep pi
2-ro pona Meromt Takoro Tuna paccMoTpeHRl, HanpuMep, B [23, 72

Tnaspa IIT

OBPATHBIE 3ATIAYU JIA
OBBIKHOBEHHLIX
lIPI{NI'EPEHIéPIAJIBHI:IX ‘
YPABHEHHMN

B oToli rnase paccmaTpMBaloTcA mBa Kiacca o6paTHEIX 3agay
A OGBIKHOBEHHHIX MM PepeHUMaNbHEIX ypaBHeHMHt. K nepBoMy
KJIaCCy OTHOCATCSH oGpaTHEie 3aKault, B KOTOpHX TpebyeTcs onpene-
nuTk 60 npasylo YacTb, 60 KoadpPULKEHTH mddeperimanrHoro
ypasHeHHs, aM60 TO M Npyroe oAHOBPEMEHHO, €CJIM M3BECTHH OHO
MM HECKOALKO pemeHuit 8Toro mddepeHIMalLHOro ypaBHeHus. DTH
obpaTHEIE 3aJauM, ABJAAACH AOCTATOYHO MPOCTHIMH, TeM He MeHee
cofepaT B ceGe HEKOTOpHle XapaKTepHHEe OCOBEHHOCTH, Kak npa-
BUJIO, MpUCymMe BceM obpaTHrM 3agauam Zns aud dep eHIMAIBLHEIX
ypaBHeHmii. Bropoit knacc o6pasylor o6paTHre 3anauM AnA OOLIK-
HOBEHHEIX JM¢depeHIMaNILHEIX Y paBHeHUH), ConepKaumX napamerp A.
Hcxonnoit mundpopmammeit B oTx o6paTHHX 3axayax ABAAETCA oyn-
KUMsA MTapaMeTpa A, onpenesicHHLIM 06pa3oM CBA3AHHAA C pelIeHMeM
AuddepeHUMANBHOrO YpaBHEHUA, a MCKOMOR — Koa(GOUIMEHT 2TOr0
a1 epeHUMANBHOTO ypaBHEHMA.

§1. 3ATAYM ONPENENEHMSA NNPABOM yACTH
JIMHENHOrO NU#$EPEHUMAJLHOIO
YPABHEHUSA

WUccnenopanne o6paTHHX 3amau IIA JMHEHHBIX 0OGBIKHOBEHHEIX
Anpdep eHIMANBHEIX Y pABHEHUH HAUHEM C NPOCTOro Kiacca o6 paTHHIX
327a4, a MMEHHO C 3a]ay¥ onpenejieHUA NpaBoll YacTH JuHelHOro
o6nikHOBeHHOTO AM$DepeHLManLHOTO YPAaBHEHHS 110 pEUIEHUIO B3TOTrO
YpaBHenus. IIpuBenem npumepn nonoGHHX 3a1ay.

[lycts mo npamoit apwkercsa yacTuua eamuuunoit Maccrr pmxke-
Hie oGycnoBieHo TeM, UTO Ha YacTMILy nefictByet cuaa f(t), koropaa
MeHAeTcs Bo Bpemenn. Ecau B HauaibHIE MOMEHT BpeMeHM t=0)
HaCTHIa HaXOmMMACH B Haualle KOOpPANHAT (z = 0) u umena Hyaesyio
CKopocTs, To B cooTBEeTCTBMM C 3aKoHOM HbloToHa ABMKenue YacTHILE
Syner onmcraThes caenyiomelt sanaveit Kowm:

(t) = f(t), telo,T], (1
2(0)=0, £(0)=0, (2)

Te z(t) — ponokeHue yacTHil B MoMeHT Bpemenn ¢ T peanonoxum

Tenepr, uto cuaa, neiicreyloman Ha vactuuny (Pymuxkuma f(1)), nam

/1

o

o= 0% 3~



He M3BECTHA, HO MBI MOKEM B KaKIhilt MOMEHT BPeMeHM U3MepATS |
nonGxenme yactTHimd (pymamio z(t)) m xormm no z(f) onpereurs ]
f(t). Takum o6pasom, Mu NPUXOAMM K CleAylomeit oGpaTHoit 3anaue.
Tpebyerca onpeAesuTs npaBylo 4acTh ypapHemua (1) — ¢ymxaumio;
F(t), eciv n3BectHo pemenme 3axaum (1), (2) — dymama z(t).
PaccMoTpum 3a1a4y 06 onpeereHuy NJIOTHOCTH TENJIOBHIX HCTOY- ]
amion. CralMoHapHoe pacnpelesienme TeMnepaTypH u(z) B TOHKOM §

¢ CTepiHe, Ha KOHIIAX KOTOPOTrO IOMAEPAMBAETCA Hy/ieBasd TeMIepaTy-|
‘' pa, onpeneiserca Kpaesof zanaueit |

(k(z)v'(2)) - g(z)u(z) = f(=),
u(0)=0, u(l)= 0,

0<z<l,

asech k(z) — roapduument TennonposomHocTH, ¢(z) — xoa(bcbmm-‘
enT Temnoobmena, —f(z) — NJAOTHOCTL pacnpeneieHMA TEMNJOBHIX |
UcTounMKoB. PaccmoTpum caeayomyio o6patHyso 3anauy. Wamec-
THH Koapdumments k(z), ¢(2) u pemenme 3amaum (3), (4) u(z), T.e.]
pacnpejiesiense TemuepaTypsl B CTepxHe, a TpeGyerca onpelaesMTD |
=~TJOTHOCTh TENJOBHX McTounMKOB —f(z).
IIpuBenenmnie NpUMepH ABAMOTCA YACTHLIMM CAYYaAMHA CleAyIo-

meidt o6melk nocraHoskn. PaccMorpuM Ha otpeske [a,b] mudpdepenipr|
WK‘l‘sme ypaBuenue n-ro nopaixa (n > 1) . '

an(2)y™(2) +ap_1 (2)y"D(2)+- -+a1(z)s/(:)+ao(f)y(=) = f(z) (5)]

€ KpacBhIMM YCJ/JOBUAMH

¥@) =0, y(a) =0, ..., y*V(a) =0,
y®) =0, y(¥) =0, ..., ¥ V(E) =0,

rae xoapdummmentt aj{z), j = 0,1,...,n, — 3azaHHLIe HeNmpepLIBHLIE
Ha [a,b] dymaom, |a,(z)| > 0 npu z € [a,b], a ueme uucna k uj
m ynopaersopmor yciaosuam: k£ > 0, m > 0, k+m = n. Popmy-|
aMpoBKa oGpaTHOM 3aZauM TakoBa. 3alaHn kooddmmeHTH ¢;(z),]
j = 0,1,...,n, v ana = € [a,b] ussectno pemenne 3anmaum (5)—(7);
y(z). Tpebyerca onpenenuTs NpaBylo YacTh ypasHenus (5) ¢yHkumio]
f(z) ana z € [a,}]. -

HccnenoBanne cpopmymmpoBansoli o6parHolt 3anaum B cayvael
TOYHO M3BECTHBHIX JaHHLIX He NMpeACTaBjAeT KakMx-aubo TpymocTeif
Ee pemenve f(z) € Cla,b] cymectsyer ana mo6olt dymapm j(z) €]
C"[a,b)], ynosnersopsmomei ycaosuam (6), (7). HeticTaurensso, ecm;
#(z) € C™[a,b] n ynosnersopser (6), (7), 1o ana ornickammua f(z)j
AOCTATOYHO MOACTaBUTH H(z) B JNeByIo yacTb ypasHenud (5), Takumj
o6pa3som, uckoMaa ynKIMA

f(@) = an (@)™ (2) + 0a-1(2)F" " (2) + - + 012 (2) + 00(2)F(2)- A:
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M3 ypasuenns (5} cneayer rawoxe, uro pemenue o6paTHoit 3anaun
emaHcTBeHHO. Ecnm mur paccmatpmsaem ¥(z) € C*[a,b], 0 BEmON-
HeHa Taloke oueHka ycroiumsocrH. IleficTBnrensno, mycts fy(z) n
f2(z) — pememna o6paTHo# 3amaum, COOTBETCTBYIONME (GYHKUMAM
y1(2z) n y(z), rae yi(z) € C*a, b}, i = 1,2. Torma us YPaBHeHUs
(5) caenyer, uro

1 = falletsyy < Alln — wallcagay,

rjie KOHCTaHTa A 3aBUCHMT TONBKO OT llajllictasy, 3 =0,1,...,n.

OcnoBHas npo6nema, cBA3aHHas ¢ paccmaTpuBaemoll obparHoit
3ajavelf, COCTOMT B TOM, YTO NPH pellleHMM NPAKTUHECKHX 3anay
TouHoe pemenne 3anaun (5)~(7) j(z) € C"[a,b], xak npasmwio, uamepe-
HO GRITH He MmKeT, BMeCTO ¥(z) sapanmu. dysxkuma ys(z) u Benuumna
norpemmocTy §, ompeAenmomas crenenb Gausoctu y;(z) #(z) B
Tolt MAM mHOK HopMe, o6ycioBrennoi XapaKTepOM BRCIEpUMENTA.
Tomrumave curyamiamu seamorca Te, B KoTophix ys(z) € Cla, ] u
llvs — #llc < &8, wm ys(z) € Lyfa,b] u [lys — glle, < 6.

3anaua onpenenenna HenpepuBHo# npasolt YacTH ypabtennsn (5)
no pemenuio 3ataumn (5)(7) y(z) mBAReTCA HekoppeKTHOH, ecqm
Mbl CYMTaeM, 4YTo MCXoaHas mudopmamma y(z) € Cla,b]. Ouenun
HO, YTO HelpepLIBHOE pemenMe 3anauu f(z) He cymecTmyer, ecom
¥(z) € Cla, b], o ne umeer HenpepuBHOll RpoM3BOmOH N-ro nopaaxa.
ITokaxkem neycToliumBocTh 2Tok 3anaum Ha npuMepe 3aaavm (D)—2).
PaccMoTpum 1pa pemenns sanaum (1), (2)

1 1
z(t) =0 n z,(t) = ;cos(nt) -
KOTOPLIM COOTBETICTBYIOT NpaBhie YacCTH
J@)=0 u fo(t) = —ncos(nt).

Caenosaremno, |lzn—zllcior—0 npu n—oo, a Il fa=filctomy—o0
npu n—oo. Taxmm obpasom, zamaua onpemenenma npasoii wactu
nuHeHOro MM pepenIManbLHOro ypaBHEHHA Ho ero PellIeHMIO HeyC-
ToliuuBa.

Mloxaxxem, uro paccmaTpuBaemas obparTHas 3asada, cocTosaman B
Onpenenenuy npaBodt yacT nMHelHoro AudpdepeHLMaNbHOTO YpaB-
HEHHA 10 PLIIEHMIO 9TOr0 YPaBHEHHA, CBOIMTCA K JMHellHOMY MHTer-
PanbHoMy ypaBHenuio ®pearomsma 1-ro poaa. Jlna sroro Bocmoab-
3yeMcCA M3BECTHLIM M3 TeopuM AMHeHHBIX 06BIKHOBEHHBIX anddepen-
InaibHBIX ypaBHeHuit nonaTvem ¢yuximm [puna [61].

Pymathelt [puna nasa kpaesoit 3agaun (5)~(7) Ha3biBaeTcA QyHK-
wa G(z,£), yaosierBopmoman CHEAYIOMMNM YCHOBHAM:

1) G(z,£) HenpepbiBHA 1 MeeT HeMpepbIBHbIE MPOU3BOAHEIE MO Z 10
N — 2)-ro MopAlKa BKIIOYNTENBHO ANA BCEX 3HAUeHU z u & U3 fa, b]:

R



2) npu moGom £ € [a,8] dymrma G(z,£) umeer HenmpepHIBHEIE
npousBoaHkle (11— 1)-ro # n-ro flopsaiKa no r B KAXKIAOM U3 UHTEPBAJOB
[a,€) n (&,8], npuyem

n-1 an-l 1

0
ng_lG(E +0,§) - é'z,,—_,G(f -0, = o’ (®)

3) B kaxkaoM n3 unTepBaioB [a,€) u (§,b] dymxmn G(z,£), pac-
cMaTpMBaeMad KaKk GYHKIMS OT Z, yaoBiieTBopser ypasHenmio (5) c
f(z) = 0 u kpaeBum ycaosuam (6), (7).

Cnpasennussi creayiomme Teopemsl [61].

Teopema 3.1.1. Ecau xpaesas sadava (5)«(7) npu f(z) =0

0ax z € [a,b] umeem mossxo nyresoe pewenue, mo Pynxyus puna dax |

sadaxu (5)«(7) cywecmeyem u edumcmeenna.

Teopema 3.1.2. Ecau xpaesas 3adaxa (5)(7) npu f(z) =0 das
z € [a,b] umeem mossxo nyreaoe pewenve, mo daxs avboit f(z) € Cla,b]
cywecmeyem eduncmeennoe pewenue sadavu (5)—(7)

b
W= = [ e s, ©)

2de G(z,£) pynxyus Ipuna 3adavh (5)—(7).

Taxum oGpasom, ua Teopem 3.1:1, 3.1.2 caenyer, uro ecnm kpaeBas
sanava (5)-(7) B cnyvae f(z) = 0 uMeeT TONLKO HyNeBoe peleHUe, TO
o6paTHasA 3a/laya onpefesienus npapoit yacru f(z) no pemermio y(z)
CBOIMTCA K 3aJaye.pellieHMA JNHEHHOr0 MHTErpajibHOTO ypaBHEHMA
Ppearonsma 1-ro poaa

b
Gf = ] G(z,)f(E)dE = y(z), = € [a,b]. (10)

[IpuBenem uurTerpaiLHble ypaBHeHMA, K KOTOPHIM CBOAATCA pPac-
CMOTpeHHHle B HawaJjie maparpada obpaTHsle 3asaun. Paccmorpum
3anauy (1), (2). Uurerpupya (1) c ycaouavu (2), nonyumm

z(t) = j ] £(€)de do.
00

Menssa nopANoK MHTEr pUpOBaHMA, MMeeM
, :
/ (¢~ FE)dE = 2(t), 0<t<T (11)
4]
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910 ypaBHeHMe ABNAEICA MHTETpajbHLIM ypaBHemueM BoabTeppa
NepBOro pola OTHOCHTeAbHO HemsBecTHOH ¢ymxumu f(£). Bseas
PyrKIDNO

t=§ 0<E{stT,

G°(t’€)={o, 0<t<ELT,

ypaBHenne (11) makso 3amucats B Buze (10):

T
/ Golt, )£ (6)dé = =(1).
1]

Hoxaxem, yro pynxima I'puna ana sazaum (3), (4) cymecrnyer 1
emaHcTBenHa, ecm k(z) € C0,1], ¢(z) € C[0,]] n k(z) > 0, ¢(z) > 0
ana z € [0,{]. U3 Teopesmmt 3.1.1 cneayer, uro Ana eToro AoctaToyHO
MoKa3aTh, 4To 3aZava (3), (4) mMeer TombKo HyneBoe pemexue B
cayvae, xorga f(z) =0 amnze0l) ==~ ——

Moxaxkem, uTo ¢yHKima ug(z) — pemenme 3amauv (3), (4) ¢
f(2) = 0 — He Moxer umeth Ha [0,[] nonokUTenLHOrO MaKCUMyMa.
ycrs B Touke zo € (0,I) mocTMraercs HONGKUTENLHBINA MaKCHMyM
ug(z) Ha [0,f]. Torama ug(zg) > 0, uj(zo) = 0 u ufj(zo) < 0. Caeno-
BaTesbHO, k(zo)ug(zo) + k'(z0)ug(zo) — ¢(z0)ue(z0) < 0, uro MPOTUBO-
peuMT ToMy, uTo ug(z) ecth pemenme (3) ¢ f(z) =0 ana z € [0,1].
AHaJIOTHYHO MOKHO TOKa3aTb, 4TO ug(z) He mmeer Ha [0,[] orpuua-
TeJLHOr0O MMHMMYMa, a 3HauMT, ug(z) = 0 ana z € [0,!] u pyuxuma
I'puna nns sanauu (3), (4) cymecrsyer u eamncrsenna. Takum o6pa-
30M, MBI MOKa3aJ¥ NPUHUMIMAILHYIO BO3MOKHOCTD CBEJCHMA 3alauM
onpeneseHna npapolt yacTy (3) K UHTerpasibHOMY YpPaBHEHHIO THUMA
(10), omrako 3anucaTh B ABHOM Buae G(z,£) 1pM NPOM3BONbLHLIX M0N0~
xurenabHsix k(z) u ¢(z) nenszs. lpusenem Boiparkenne ANA GyHKIMM
Ipuna B cayvae nocrosuuux k(z) = kZ u g(z) = ¢

-1
goko sh 29—1) sh¥esh L1, o0grgeg,
ko ko o ko
Go('—’,f) =

-1
dokosh 1) sh¥eshL(z-1), o0gegz<
ko koo ko

Taxum oGpazom, npu k(z) = kZ > 0 u ¢(z) = ¢3 > 0 3anar
onpeneieHns npapoit yacTu ypasHenua (3) no pemeHMIO Kpaer
3anaum (3), (4) u(z) cBOAMTCA K pelieHMIO MHTErPaJILHOTO y PaBHEH)'
®pearoasma 1-ro poaa

{
/ Go(z, E)F(E)E = u(z).
]
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ME noKa3aIM, YTO OMHMM U3 BOSMOMKHLIX METOAOB PellleHy 331a4H |
onpenenenna npasoit uactu f(z) ypasnemus (5) no pemenmo y(z) |
xpaenott 3anauu (5)-(7) aBnaserca meron cBenenma ee K aMHEHHOMY |
HHTerpasbHOMy ypaBHenmio ®pearomsma l-ro pona (10) ¢ sapom, ]
npeactTasamonmm coboit pynxmpaio I'puna. IIpeumymecrsom AaHHOTO |
METOAR ABAAETCA TO, MTO OH CBONMT 3aJauy K XOPOINO M3ydeHHOMH
3anave pemenuda sunelinoro ypasuenua l-ro poaa. Hemocrarox ero |
3aKMOYaeTCA B TOM, uro bymkumio I'puHa P ABHOM BMJle MOKHO |

BEIMCATE JAJICKO HE BCerzaa.

Ipyro#t Merox onpeneiietina npasol YacTH ypaBHEHUA (5) ocuo- §
BaH Ha pemreHuM 3anauM zudpdepertmponanus. JeitcTBurensHo, A §
TOro, 4yro6ul onpeaeauts pynxpio f(z), KocTaTouHo HalTH BCe MpoO- |
usBomEle y(z) M0 N-TO NOPANKA U BHUMCIMTL BHIPAXKEHHe, CTOMINEE |
B aepolt yacT® ypaBHeHna (). OcHoBHAA TPYAHOCTH, BO3HMKAIOINAA
NIPM PeANM3alliM BTOI'0 METOAA, 3aKJIOYAETCA B TOM, UTO 3a4aya AU- |
$epemmpopanusa dpynkumMy, saganHo#t npuGmoKenHo, B paBHOMEpPHOM |

MeTpMKe aBagercs nexoppexmloﬁ.

Ommnu n3 HanGonee npocTIX MeTOnOB MMpPep eHIMPpOBAHUA dyn- |
KuMu, 3aJaHHON HpuGAMWKEeHHO, OCHOBaH Ha MCNONL30BAHWM METOAA
KoHeuHBIx pasHocTelf. IlycTs Ha orpeske [a,b+¢€],a < b, € > 0, 3azana |
dymamsa §(z) € C'{a,b+¢]. TpeGyerca nocTponts MeTox NPUG IMKeH- |
HOTO BHIYMCIIEHMA npoussonnoit §'(z) mo dpymamu y;(z) € Cla, b + €] |

M BeAMUMHE NOrPEMHOCTH §, TAKMM, YTO

ez dte

max _|us(2) - #(z)| < 6. (12)

Pacemorpum Ha orpesxe [a,b] yuxmmo

rae napamerp h € (0,6). IMoxaxem, uto ¢pynkmmsa 25 (z), npu Bul- |
NOJIHEHUM olpeneNeHHLIX yciaopuli Gyaer B paBHoMmepHoii Me'rgmce

cTpeMuThCR K §(z).
Ias moGoro z € [a,b] u h € (0,¢) cnpaBeanmBo HepaBeHCTBO

lzan(z) — 7' ()1 €

vz +h) ~us(z) _dz+h)-9=)|,
h

h

+

Het W)= 3()
Aot D30 _ ).

Rs ycaosua (12) u ¢opmyan Jlarpamwxa caeayer, uro

l26r (@) = F(@)] < 7+ 1962, ) - (=),
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raeé(z,h) € [z, z+h]. O6osnauus uepes w (h) Moayss HenpeprBHOCTH
dynxpu ' (z) ma orpeske [a,b + €], nonyuum

leon(2) = 7 @Mlctens < 3 +wr(h). (13)

W3 oToit onenxu cneayer, 4To ecam mapaMerp MeToaa h Tak 3aBW-
CUT OT TOYHOCTM 3aJaHMA MCXOmHON MH$opMammu §, uTo npu § — 0
h(8) — 0, §/h(6) — 0, To ||zsn(s)(z) — ¥ (z)lictasy — O mpu 6 — 0. B
PTOM ClIyYae QYHKUMIO 255(5) MOKHO CUMTATh NMPHG/NDKEHHLIM perie-
HMEM paceMaTpuBaeMol sajaun mudpdepemmposasun. B xauecrpe
npumMepa ¢yuxian h(6), Taxoih, uro h(8) = 0 u §/h(6) - 0O npu é — 0
MoKHO BaATh h(0) = cb?, rae ¢, ¢ — nonoNMATeNLHLIE MOCTOSHHLIE
nmg<l )

Has Burquchenns NpoM3BOMHEX Gollee BHICOKOro NOPANKA 0T QYHK-
MM, 3aaanHoll NpubMnKeHHo B paBHOMEPHOMN MeTPHKe, MOKHO TMQKe
HCNONIb30BaTh pasHocTHHE dopmymsl. [Ipusenem dopMmyay m ouen-
Ky Ana npubmoxeHHoro onpelilenenna sropodt npowmasommod. IIycrs
dynramsa §(z) € C?la —¢,b+ ¢}, € > 0, HO oTa PpyHKUMA He H3BeCT-
Ha, a 3ajanHnb ¢ymxuma y;(z) € Cla —¢€,b +¢€] u 6§ > 0, rakme, uro
“g - y&(z)"C[a—t,H-t] <4 Pacemorpum ana h € (0’5)) z € [avb]
$yHxpmIo

vpr(z) = LEH B = 2v;§=) tu(z=h)

Anajoruyso ToMy, Kak Gmina nonydeHa ouenka (13), mMokio no-
Ka3aTb, YTO

46
llvan(z) — 7" (2)lictay < 77 +walh),

rae wz(h) — monynb HenpepmBHoctH §'(z) Ha ga - &,b+¢e]. Takmm
o6pasom, ecau h(8) — 0 npu § — 0 Tak, uro §/h*(8) — 0, To vs(s)(2)
npu § — 0 cxoamTcA paBHoMepHO K §(z) Ha oTpeake [a, b].

3anaua BHUMCAEHHA NPOU3BONHON MokeT GHTH CBEACHA K 3ajaye
PellleHMA MHTerpaibHOro ypasuenma 1-ro poma. Ilycrs Ha orpeske
[0,1] sanana dymama y(z) € C*[0,1], rakas, uro

y(-‘)(o)=o, i=01...,n-1L (14)

O6o3naunm uepes z(z) HenpepuBHOE pemeHne HHTErpaibHOro ypas-
Henma BomsTeppa 1-ro poaa

[ E(rn--f_):)’!lz(t)ﬂ't =y(z), =€[0,l], (15)

Torma z(z) = y*)(z). Hns roro yTo6u yGeMTHCA B DTOM, AOCTATOUHO
Npomdpdepenmponars (15) n pas. ¥Ycaosusa (14) HeoGxomuMLl AAA
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CyIeCTBOBAHUA HeNpepIBHOrO pemennsa z(t) ypasmemma (15). Dro |
C/lelyeT U3 TOro, YTOo BHIpAXKEHWe,CToAmMee B Npasoit uactu (15), u |

BCe ero mpoussozHulie o (n — 1)-ro mopamxa o6pamaioTca B HOML

npu z = 0. Ecan Bmecro ycnosumit (14) usBectro, uro y()(0) = q;, }

i=0,1,...,n — 1, To MBI MOKEM PACCMOTPETh HOBYIO (YHKUMIO

n-1 k
!

wn(z) = y(z) - E ak%"
k=0 -

\

___¥ CHECTH 3ajavy K NpeAslRymeld.

H

OtMeTyM, uTO 3ajava BHIYMCIEHMA MPOM3BOAHOM n-ro MopAzKa |
(z) = y(™(z) or dymamu y(z) » npemmonoxemm, uro y(z) yaos- |
nersopaer ycnosuam (14), npeacrasaser co6o# 3anauy BRUMCIEHUA 4
npasoit yactu z(z) mddepermantoro ypasnenus y™)(z) = z(z), |
€CJIM H3BECTHO ero pellienue Y(z), yaoBaeTBopAOmee ycaoumm (14). §

OTo 06CTOATENBCTBO ellle Pa3 NOAYEPKUBAET TECHYI0 B3aMMOCBSHA3b
MexXay 3anadell onpenenerMa npanoit YacTH JMHeliHOro 06GLIKHOBEH-
Horo md¢epeHuManbHOIO ypaBHEHMA 1O €r0 PemleHMIo M 3ajavelt
anddepeHmpoBanmA.

§2. 3AHAYM ONPENEJEHNSA KOB#3MIMEHTOB
an HBEIX NASSEPEHIHAJIBHEIX
YPABHEHMH’ W CHCTEM

Baxaimil xnacc o6paTHHX 3amay INA AMHEMHHX 0GLIKHOBEHHBIX
anddepeHumMaNLHLIX ypaBHeHuit o6pasyior 3a/aMM olIpeNeJIeHUA KO-
sdpuimentop imddepeHimaibHoroe ypasueHua no ero pemenuio. C
npuKAagHON TOUKM 3peHNA BTH 3a0auM NPEACTABAMOT coboit 3anaum
onpeneneHua TeX MAN WHEIX XapaKTEPUCTUR BeIleCTBa UM NpoLecca.
Ipumepom Takolt 3amauM sBIAETCA 3a4ava ONpENeCHUA CKOPOCTH
PaIMOAKTHBHOrO PacHalia BEMECTBA N0 U3MEPTHHUIO KOMUUECTBA BTO-
To BemecTBa BO BPEMEHM, T.€. 3allaya ofipelesieHns Koapduumenya o

S, B ypapHenmu 9(t) + ay(t) = 0 no y(r).

CccaeoBaHKe HAUHEM C IIPOCTOro CAyvasn 'OQpa'rﬂoﬁ 3azaun ais
oaHoponnoro mmddepenimansHoro ypasHeHMA Bropofo nopaAnmKa ¢
NOCTOAHHEIMU KoBdduimenTamu. MTak, nycTh Aano ypanhenue

¥'(z) + iy (z) + aoy(z) = 0 (1)

n TpebyeTca, 3Haa Kakoe-TO pelneHME BTOTO YPaBHeHHA, onpeNenuTh
aBa umciia a3, ap. Jlerko BMAeTh, UTO Takaf o6mas MOCTAHOBKA
HE ABJIACTCA AOCTATOYHO Co/lepKaTeNbHON U Tpebyer onpenesnentoro
yTouHenmsa. JleficTBuTenbHO, CTABATH 3ajsavy oNipefiesicHUA umMced G,
ag no KakoMy-HMGyanL pemenmio ypabHenua (1) GeceMpiciienno, Tak
Kak pewieHueM ypaBHenus (1) ais mo6ux ay, 6y apnserca y(z) = 0.
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CaenoBaTesibHO, YTOGH NMONLITATHCA CHENATH 3aJady CONEpPKaTelNb-
Hol, Heo6X0/MMO 106aBUTh B MOCTAHOBKY YCJIOBUE HETPUBUAILHOCTH
pelIeHus, T.e. cGopMyAupoBaTh o6paTHylo 3a1auy Tak. Onpeaeants
K02 PMIMEHTH a1, ag, €CJIM 3a11aHO HeTPUBHAJIbHOE pellicHUe Y paBHe-
s (1) y(z) # 0. Oanaxo 8To yTouHeHHE He MO3BONAET ONHOIHAWHO
onpeReANTs ay, @y no pemienuio. JlelicrBuTenvHo, ecim a9 = 0, 1O
ans moboro a; pemenuem ypasuenus (1) ABAAeTcs NpousBoMLHAS
NOCTOAHHAA.

YunTeiBas npesiAymme TPYMHOCTH, cHOpPMyaMpyeM oGpaTHyIo
samauy Tak. Ha orpeske [c,d] sazano pemenme ypasuemna (1) y(z),
TaKoe, 4To Y(z) # const ana z € [c,d], Tpebyerca onpeaenuTL YKCHA
a; v ap. IlokakeM, yTo »Ta 3aJaua TaloKe MMeeT HeeQMHCTBEHHOE
pemenne. Ilpusenem npumep. Ilycrs a3 = p, ag = —(p + 1), rae
p — TOPOM3BONbHOE JelicTBUTeNbHOe umuciao. Toraa ana moboro
p pemenneM ypasHenna (1) ¢ Takumm KospduuMeHTaMM ABLAETCA
byuruma y(z) = e*. CaenosatesnbHo, eCiM MBI B KaUeCTBE MCXOAHOM
MHpOpMaIMM 3a437MM pemeHve y(z) = €7, To pemenue o6paTHoIk
3ana.tm5(6yne'r HeeAMHCTBeHHo. Q6 BACHUTL BTOT (PAKT JOCTATOUHO
npocro. O6mee pemenue ypasuenua (1) ¢ xoodpduumentamm a; = p,
ao = —(p+ 1) pasHo cie® + cze‘(’“)’ . Basas B KauecTBe McxoaHoH
uHpopMaiMH €, Mbl BHIGpaaM Takoe pellieHne, KOTOpoe ofnpeaesAeTcA
TONLKO ONHMM KOPHEM XapaKTepMCTHUYeCKoro ypaBHewMa A2 4 p) —
(p+1) =0, a umenso X; = 1 u He 3aBUCUT OT BTOpOro A = —(p+
1). CdopmynupyeM npocToe yciioBHE ONHO3HAYHOTO ONpeNeNeHHA
koapdumenTon ypasHenua (1) mo ero pemenuo.

MycTs nHa oTpeske [c,d] 3sanano pemenne ypapuenus (1) #(z) n na
oTpeske [c,d] cCymecTBYIOT ToukM Z;, T2, TaKie, YTO

#(=1)¥ (22) — §(22)¥ (1) # 0. )

Toraa a;, ap onpeaensiorcs no H(z) oanosnauo.

[okaxkem 10 yTBepaenme. Tak kak §(z) 3alaHa Ha OTpeske
[c,d], To MoXHO onpeleauTh B TOuKax z;, i = 1,2, 3navenna y(z;),
U.(z), #/(z), i = 1,2. Torma, paccmarpmBas ypasHeuue (1) B aTux
TOYKaX, MOMY4YHM CHCTEMY AMHeHHRIX ypaBHeHWIi Ada ) M dg

a17'(21) + ao¥(z1) = —§"(21),
a1 (22) + aoi(z2) = —§"(x2).

U3 ycaosusa (2) caeayer, uro onpesenurens o910l cHcTeMbl He
PaBeH HyNIO, a 3HaYMT, OHA MMEeT eAMHCTBEHHOe peineHue.}

PaccMmoTpenHaa o6paTHas 3aaaua, HECMOTPA Ha CBOIO HpPOCTO-
Ty, ABNAeTcA nillocTpauMeil BaxkHoro ¢pakra. 3adava onpelnesyeHud
ABYX NOCTOAHHBLIX KOB(PUUUEHTOB, T.e. ABYX UMCEJl, MOKET MMeTh
He eIMHCTBEHHOE pellleHMe AaXKe B TOM cJiydae, KOrJa MCXOAHAA UH-
bopmaims npencrasaser coboil GyHKIMIO, OTIUUHYIO OT MOCTOAHHOM
(T.e. u3MepaeTca GeckoHEYHO MHOTO Pa3JIMYHLIX 3HAYEHUH pelieHnA).
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PaccMoTpUM Tenepb MocTaHOBKY o6paTHo# 3alauM AnA ypabHe-
Hua (1), HeckonbKo oTIMUHYIO OT mpemnaymedi. Chopmynupyem ee |

TaK. 3ajaHbl JBa pemienns ypasHennus (1) yi1(z) u y2(z), orBevalonme

Pa3IMYHEIM HaYaJbLHLIM ycAOBUSM, TpebyeTca onpeleanTh a3 M dg. |
Takaa mocTaHOBKa C MPUKIAAHON TOUKM 3peHMS MOKET MHTEPIpeTH- |
POBaTHCA KaK 3a/laya NNAHMPOBaHUA SKCNIePHMEHTa NI onipeie/IeHNA |

XapaKkTepHCTHK @) ¥ ag. lelicTBuremuo, ecsm B npouecce akcnepu-

MEeHTa MOKHO peayM30BaTh M M3MepATh pemenmsn (1) ¢ pasmmunnivmu |
HAaYaJbHLIMU YCHOBMAMM, TO BONPOC COCTOMT B cheayiomeM. Kakue |
HavaJibHble YCJIOBHMA HY)HO BHIGpaTh, YTOGH 3HaHME COOTBETCTBYIO-
OMX MM pemenuii obGecneumBano GH OAHO3HAUHOE oNpeEle/ieHNE G) )

H ag?

Ilycrs na orpeske [c,d] uspecTunt pemenna ypanuermus (1) yy(z) n

¥2(z), yroBnerBopalomme HavanbHEM ycaosumm y1(0) = 0, y)(0) = 1,

¥2(0) = 1, 5(0) = 0. Toraa KoedpdMiMenRTH ONpeneNMOTCA OAHOI- |

HaYHoO.

Dlokaxxem aT0 yrBepmaenme. Tax kak y1(z) u y(z) pemenns

ypasHaenus (1), To onpesenurem Bporckoro Wy, y2) = mi(z)v(z) -
¥2()yi(z) mbo TaxaecTBenHo paBen Hymo, 6o He paBeH HYJIO HU B
omHolt Touxe. U3 ycnosuii Teopemm cnenyer, uro W(y1,y2)le=0 = ~1.
Taxum obpazom, W(y;,y) # 0 ana mobux z. Buibpas na [c,d]
NPOM3BONLHYIO TOYKY To, BHYMCIMB B Helt y(zo), y/'(20), i = 1,2, &
NOACTaBMB BTH 3HavYeHus B (1), momyuum

a1, (z0) + aoyy(20) = —4}(z0),
a135(z0) + aoy2(z0) = —y3(z0).

BD1a cucrema ANA OoNpeieicHUA a1 U ag MMEET OlIpeAeuTENDb, He

pasHuilf Hymo. CneaoBaTenbHo, d) ¥ dy ONPEAENMOTCA OTHOSHAUHO.

lloxasanHoe yTBepxKAckHe ABNAETCA YaCTHRIM ciaydaem Gonee 06-
meii Teopemii 06 onpeneseHuN Gy HKUMOHANLHEIX KOBGGUIMEHT OB K-
HeitHoro muddepeHIMaNLHOrO YPABHEHHA N-IO MOPAIKA.

Paccmorpum mmneiinoe o6nikHoBennoe mpdepeHimanLHOe ypas-
HEHMe

¥(@) + an_1 ()Y (2) + an-a(2)y " D2) + -+
+a1(2)y/(z) + ao(2)y(z) = f(=). @)

lIpemmonosam, uro xoopduumentw a;(z),i=0,1,...,n — 1, u npa-

BaA yacTh f(x) — HempepuBHbIe Ha orpesxe [c,d] dymanm. Iycrs 1

ai(z), i = 0,1,...,n ~ 1, u npaBas vacte f(z) Hemspectunl. Kakylo
MHpOpMAIMIO 0 pemeHMAx ypaBHenus (3) Hyxmo 3anaTh, YTOGH om-
pelennTe oTM GyHKUMM omHO3HAUHO. OTBeT Ha PTOT BONPOC AAET
TeopeMa, ABJMIOIIAACA CHEACTBHEM obmell Teopun AMHelHHX OGHIK-
HOBeHHHIX IM{depeHUHANbHBIX ypaBHeHnit [83].
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Teopema 3.2.1. ycms ua ompesxe [c,d] sadann pewenus ypao-
nenus (3) y;(z), i=0,1,...,n, maxue, ymo onpedeaumers Bponcxozo

W(ﬁl»yz, e nyn)li-‘:c ¢ 0! (4)
1) =0, i=0,1,...,(n-1). (5)

Tozda gynxyuu ai(z) i = 0,1,...,.n—1, u f(z) na ompesxe [c,d]
onpedeasomcs 00NO3NAYNO.

dokasateabcrpo. PaccMorpum ¢ynxmmm vi(z) = yi(z) -
yo(2),§=1,2,...,n. OHK ABAAIOTCA PemeHMAMM OMHOPOAHOTO y PaBHe-
mua (f(z) = 0), cooTBercTByI0omero ypassemno (3). CnenopatensHo,
onpenemarems Bponckoro W(vy,v,,...,v,) m6o ne paBen Hymo Ha
[c, d] rm B ool TOuKe, MIGO TOXKAECTBERHO paBeH Hymo Ha [c,d]. Ho
n3 ycnopuit (4) u (5) caeayer, uro

W(vlo v2,... a”n)ls:c = W(!Il,!lz, o 1yn)lt=c # 0:

cnenopatenbno, W(vy,va,...,v,) # 0 Ba [c,d]. 3amucas B xaxuoit
TOUYKe OTpe3Ka [c,d] ypasuenna ana ¢ymxmait vi(z), i = 1,2,...,n,
NoNyYnM

ao(2)vi(2) + a1(2)vi(z) + - - + aaa (2)0{"(2) = —o{(z).  (6)

B xaxpolt Touke orpeska [c,d] 8To cucrema amneltunx anre6pau-
YECKMX Yy PaBHEHH OTHOCUTENLHO HEM3BECTHHIX ao(z), 81(Z), ..., @n-1(Z)
C ompeneimTeneM, He paBHMM Hymo. ‘Tak xak ¢ymxm y;(z),
i =49,1,...,n, 3agaHu, To B cAcTeMe (4) M3BecTHH Bce Koaddu-
IMEHTH MAaTPHUOL M BEKTOp NpaBhIX uacTei. CunenoparenbHo, us (6)
ONHO3HAYHO onpenenmorca pynxumu a;(z),i = 0,1,...,n—1, Ha oTpe3-
ke [c,d]. 3Haa oTH Koo PUIMERTH U KaKoe- Mo pemreHne ypaBHEHUA
(3), ME nerko MokeM onpesenurs mpasyio yacyh f(z), noacrasus
pemenue B ypasHenne (3). Teopema notca:sa.na;jr

B reopeme 3.2.1 chopmympoBannl ycaoBus onpeneneHus BCex Ko-
edduumenToB suuelinoro mddepenumansuoro ypasnenus. Bmecre ¢
TGL%OBMOOKHH TaKHe CHTyauMM, KOTrAa YacTh KoepduumeHTOB ypaB-
HEeHWJf M3BECTHA, & YACTh HET M NIPM BTOM 3aJaHO KaK0OE-TO KONTMUECTBO
pemenuit aToro ypasHeama. UTo MOKHO CKa3aTh 0 BO3MOKHOCTH Of-
HO3HAYHOT'O ONpeelleHK A Koo PUIMEHTOB YPaBHEHUA B BTOM caydae?
CaMuIM npocThIM ABAAETCA TOT Cayyailf, KOrla HEM3BECTEH OJMH Koo -
pumenT a,(z) u 3anano onno pemenme ypasuenus j(z). Ioacrasus
®TO pemneHne B ypaBHenue (3), nonyumm

ap(@)I?(2) = - (@) - - - ~ apra )T+ ()~
~ap-1(2)7*~D(2) - - — aol2)il2) + £ (2).

CnenosaremsHo, ecau pemenue §(z) 3anaHo Ha uuteppaie (c,d) u
¥(z) TakoBo, uro Ha mo6om untepsane (c1,d;) € (c,d) cymecrsyer
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z € (c1,d,), Takoe, uro FP)(2) £ 0, To KoRdPUmMenT ay(z) Ha [c,d]

onpenenaercCA OAHO3IHAYHO.

IIycre B ypaBuenmmu (3) HemspecTHH nBa Koadduimenra a;(z), ‘:
a;{z), a oCTaJibHEIE 3alaHK ¥ NYCTH 3aJaHH ABa pemenua y(z), z(z) |
ypasuenns (3). Torxa, HOACTaBNAA ©TH pemieHuMsa B ypapHenue (3) |

U NepeHoCcA B NPaBYI0 YacTh M3BECTHHIE QYHKIMH, ITONYYUM CHCTEMY
JJIA omipejieNieHNs] HeU3BeCTHLIX KosdduumeHToR

ai(2)y(z) + aj(z)y)(z) = Fi(z),
ai(z)z9(2) + aj(z)z9)(z) = Fa(z),

rae Fi(z), F(z) — ussectime ¢pynxumu. Ecxm onpenennrens otoif |
cucremst W(z) = y)(z)z0)(z) - 20)(2)yU)(x) ne pasen ToxnecTBenno g
Hymo Ha moGom umrepsate (c1,d;) € [¢,d], To Koadpumentn a;(z)

u aj(z) Ha [c,d] onpenenmorca omiosmauyno. Iipusemem npumep,

NOKa3HBAIONMH, YTO B TOM Ciiydae, KOrXa onpesemutens W(z) = 0 §
Ha [c,d], omHo3HauHO HaliTH Kospduumentsi a;(zr) M a;(z) Hemb3s. §

PaccmoTpuMm ypaBHenue

™ 4+ az(z)y" +ao(z)y=0 Q)

C M3BeCTHLIMHU Koauimenramu az(z) = 0 u a1(z) = 0. Iycrs 330281 §
ABa AVHe#HO He3aBMCHMBIX PElIeHNA STOro ypaBHeHMA M Tpebyercs }
onpefeauTh KoohduumeHTH ax(z), ap(z). IlycTh 3amanBl pemeHus |
y(z) = €® m 2(x) = e7*. DT PYHKUMM ABNAIOTCA PeINECHUAMM YpaB- |
uenna (7), ecim az(z) = —(1 + p) u ag(z) = p, rae p — npoussonbHoe §
AelictBuTenbHOe uMcno. CregoBaTesbHO, 3ajaHMe RBYX JuHEHHO §

HE3aBHCHMMBIX pememm YpaBHeHNA He MO3BONAECT ONHO3HAYHO onpe-

AeauTh KoodpduumeHTH az(z) U ap(z). 3amernM, 4TO ompeseAMTEND |

W(z) = y'(z)z(z) — 2"(z)i(z) = eTe~% — e~%e* = 0.

PaccMoTpum 3azauy onpeieneHMA HEH3BECTHHX KOa(QMUMEHTOB |

CHCTEeMH JMHEHHBIX 0OLIKHOBEHHBIX JM$pPepeHIMaNLHbIX YpaBHeHuit ¢

NOCTOAHHBIMM KooddmimeHTaMM. 3adavM TAaKOTO THMIIA BO3HMKAIOT, |

Hanpumep, Mpy NCCIEAOBAHAN NPOLIECCOB XMMMYeckol xuneTnku [64].
Om1a M3 ocHOBHHX Mpo6ieM, BOHMKAIOUMX TpPH NCCIeXOBAHUM

cpopMmyaupoBanHoli 3amaum, cocTour B caeayiomeM. JlocraTouHo |

AN 3aaTh AJAA BcexX 3HaueHMU HesaBucuMmolt nepementoli HeTpuBH-
aNbLHEIL BeKTOp-pelleHMe CHCTeMBbl, YTOOH ONpenesMTb NMOCTOAHHEIE

koapdpuumenta a2Toli cucremun? Ilpusesem npumep, nokaskiBalommii, |

4YTo B obllleM cilyyae 0OTBET Ha ®TOT BONPOC OTPHLATE]EH.
Paccmorpum cuctemy msyx ypasuenmit

dz
—dti(t) = auzl(t) <+ algzz(t),

7! (t) = a21z:1(t) + azza(t).
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dez ® ]

[lycTs AAA Bcex { HaM M3BECTEH BEKTOp-pelieHMe BTOM CUCTEeMEl
@) = {23(t),z%(t)} = {3¢*,e*}. Moxao sm, 3maa x°(t), onpe-
gennTh Kooddmmentn a;, 4,5 = 1,2. Iloacrasus z{(t) = 3% u
z3(t) = e** B cucremy (8), nonyumm cucremy ypapHenud ana MCKOMBIX
ko PuUIEeHTOB

da11 + a2 =6,
daz +a22 = 2.

OueBHAHO, YTO B8TA CUCTEMA ABYX YPAaBHEHMt OTHOCUTEIILHO YeTHIpeX
HeU3BECTHHIX uMeeT GecKkoHeuyHo MHOI'0 pemenmii.

PaccMOTpMM CHCTeMy JMHeHHHX MMpdepeHnManbHEX ypaBHeHHH
n-ro MOPAIKa

dx

rae A — MaTpHMIla C NOCTOAHHLIMM Koo dimentamu a;, i, i =1,...,n.
ChopMysmpyem ycloBusa, NO3BNIAICNME OAHOIHAUHO ONMpeAeMTh KO-
s GUIMEeHTH cHcTeMH (9) a;; Mo MHpopMaIAM O ee pemleHHK.

Teopema 322 Ecau ua ompesxe [c,d] sadano pewenue cuc-
memn (9) x%(t), maxoe, ymo na ompeaxe [c,d] uaddymes movuxu t;,
k=1,2,...,n, maxue, ymo sexmopn x°(tx), k = 1,2,...,n, aunedino
HE3RGUCUMB, MO KoPPuyUEHMY aij ONPEIEATIOMES 00KOINANNO.

HokaszaTenbcTro. Tax kax pememme x°(t) = {z}(f),
23(t),..., z%(t)} u3mectHo, TO, moacTaBaAA ¢yHxkuwMM z{(l) B cuc-
Temy (9) u monarasa t = t;, k = 1,2,...,n, MB NoAyuMM CHCTEMY
IuHelHEIX aareGpauveckux ypaBHemuil

dz$

anzd(te) + arzed(te) + -+ + a1a2(t) = 'z.l(‘k)v (10)
d 0

anzd(ts) + aned(te) + - + a0 (te) = 2(t), (11)

dt

............................................

dzo
an123(te) + an2z3(te) + - - + annz2(ts) = -‘-E'L(tk)

OTHOCHUTEJIbHO HEHM3BECTHRIX a;j. PaccMoTpHMM cHcTemy AnfA onpexe-
NeHua KoadpuLMeHTOB 415, j = 1,...,n. DTa cucTeMa NpeACTaBAAET
coboit ypapHenme (10), 3armcannoe mpy n 3HAYEHMAX He3aBUCHMOMH
nNepemennoit t;, k = 1,2,...,n. CrpokaMn kBaspaTHOR MaTpHUL 2TOH
CHCTeMbi ABAAIOTCA Bexropul X°(t), & = 1,2,...,n. Caenosarem-
HO, B CHMJY yCJOBRif TeopeMsl, »Ta MaTpHUa HeBhipokIAeHa. Taxum
o6pasom, koodduuientnl aij, j = 1,2,...,n, u3 cucremut (10) on-
PenensAIoOTCA ORHOIHAMHO. accmaTpuBaa ypasuenmue (11) mpwm #,
k=1,2,...,n, nonydmm cucTeMy ¢ onpejesMTesieM, HE PaBHLIM HYJIO,
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Ana xospdunmentos az;, j = 1,2,...,n. Cnenosarennuo, Koodhdus
IMEHTH az; TakKe ONPEeNeNAIOTCA ONHO3HAYHO. AHAJIOTWYHO MOWKHE
HOKA3ATE, YTO G3j,...,0n5, j = 1,2,...,n, onpeaeAmIoTcA 0AHOZHAYHO]
Teopema aokazaHa.
n&z;;mo;:,um 3aZa%y OomNpeAeNieHUA KOo()PUIMEHTOB CHCTEMH JH
ANQ@EPEeHIMANLHLIX YpaBHEMM B cay4ae, KOT. '

Aa 8TH KoadH

PMInieHTHl 3aBHCAT OT . ’ ]
ycts nama cucrema

p = A(t)x

¢ xoeddumentamu a;;(t), i,j = 1,2,...,n, Henpeprsunnm Ha oTpe3kd
[e,d]. Chopmymupyem YCAOBMA, NO3BONMIONMME OAHOIHAUHO onpesed
m; ::a:tl:melgrzza.-ig) IO peleRusM oTolf CHCTeMEl.
a 3.23. Iycms ua ompesxe [c,d] sadans n sexmopoesy

peuwtensd cacmm&: (12) x{(t), k= 1,2,...,[n,d]yaouemaop:muzpy:
aceuw x*(c) = b*, k'=1,2,....n, 20¢ b¥® — zadanume eexmopu]
Z":»::;; ecau aexmopu-b"‘, k=1,2,...,n, auneiino nesssucumu, md
$n ::::.mu a;(t), i,5 =1,2,...,n, na ompeaxe [c,d] onpedeasiom
Hdoxasarteabcrpo. Jdokasateasctso aroli Teope :‘
::'mae'rcn Ha M3BECTHOM (aKTe TEOPUM CHCTEM AMHERHRIX gﬁ::;;g
Jm:e :?epeamcansnux ypasueunii [83]. IlelicrBurensno, onpened
Ry POHCKOr0, cocTaBaenuuill U3 n BekTOpOB-pemennii cUCTeMDY
x*(t), 6o TxARECTBENHO paBen Hymo Ha [c,d], :m60 He o6pa-]
miaerca Ha [¢,d] B HOML HM B omHOM Touxe, Cnenosarteasno, B cunyi
Muueltnofl wesaBucHMOCTH BexTopos b, k =1,2,.. ., n, onpenemTems]
Bponckoro, cocraBaennnit us x* (t), He paBen Hymo HU B omHolt Toux o
oTpeska [c,d]. 3anumem nepBoe ypasnenme cucremm: (12) ‘

(12}

a11(t)21(t) + a1225(t) + - - + Ay za(t) = %(‘)-

{!o:c'lra;us ana-ro YpaBHEHHE 32aHMble HAM BEKTOPh! pelleHMA x"(t),
F=12...m, nonyuum npu kaxaom t € [c,d] cucremy munetinraxy
pauuecknx ypasHenuil ana onpeaenenma a1;(t),i=1,2,...,n, c}
:::e:enurenem, PaBHLIM onpexeantemo Bpomckoro ana x*(t). Takj
o TOT ONpEAe/NTENh He PaBEH HY/AI0 HU B OOHOM Touke OTpe3Ka;
m,m,xl;,q, gemus COOTBETCTBYIOINYIO0 CHCTEMY, ONHO3HAYHO oONpene-)
capony c:l::::l'l‘(bll2alj(t). Auanormo, PACCMATPMBaAA BTOPYIO]
o ), malinem a;(t), j = 1,2,. .,N, Ha OTpe3Ke
6, ¢]. 1loBTOpPAA BTOT Mpouecce, onpeaenum Bce KopGGUUMEHTH a; i(t)
,j =12,...,n, Ha oTpeske [c,d]. Teopema mokazama. N
Ilocne Toro kak 6uau PacCMOTpEHH! y CJIOBMA, TO3BOJIAK IMe onpe—

:lxe;x:cr: HEM3BECTHEIC KOBYPUUMEHTH M PePeHINAALHLIX Y DaBHEHNH]
€M 110 MX pEIIeHNIO, OCTAHOBMMCA KPaTKO Ha Tex mpobaemax,]
'y
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KOTOPHE BO3HHMKAIOT B TOM CJIy4ae, KOTZa MCXonHad uHPOpMAIMA O
peileHWH M3BECTHA MPHUGIIDKEHHO. B npupeseHHHIX N0OKA3ATENLCT-
pax IPeaoNarajioch, YT0 pemieHHe YPaBHEHMA MM CHCTEMBbI 3a0aHO
[OYHO M MGKHO TOYHO ONpelJeNMTh ero Mpomssoauie. PaccmoTpum
HEKOTOPhle NMpoGiieMbl, BO3HMKaIONUME MPH NpUGIMIKEHHOM 331AMHM
pelleHHA YPaBHEHMA, Ha POCTOM NPUMEPE 3aJaK Koum ann ypas-
HeHMA BTOPOro MOPARKA

V'(z) + a1(2)y'(z) + do(2)(z) =0, z €[0,1], (13)
y0) =, VY(0O)=mn (14)

¢ M3BECTHRIM K0ahGUIMEHTOM adg(Z), HAYANBHLIMU Y COBUAMH Yo, Y1 M
HeM3BeCTHM KoaddummenroM a;(z). Ecim BMectro TouHOro pemesus
sagam (13), (14) y(z) sanama dymxmn ys(z) € C[0,1] u meno
6, Taime, uro |ly(z) — ¥s(z)llcp,; € §, TO Heaban HemocCpeACTBEHHO
BOCIIONIb30BaTbCA ABHOM PopMmynolt Ana onpeneneHMA a;(z):

_ao(@)ylz) + v/(z)
v@

Jins Toro uro6H MCHONbL30BATH BTy QopMyny, Heobxomumo mpe-
[BapUTEJbHO HAiTH, OCHOBHIBAACH Ha 3afaHHONA MHQpopMALMK ys(z)
M 6, IpUGIDKeHHbIe 3HadeHMA MpoM3BoMHMX y'(z) M ¥'(z) M 3azeM
noacrapuTh Ux B popmyny (15). U3 dpopmymm (15) u HeycTofumBOCTH
3a/layM BBIUMCJIEHMA NMPOM3BONHHIX CleAyeT, WTO 3ajada Haxomle-
HAA HeNpephIBHOrO KoodduuMeHTa a1(Z) MO pemIeHMIO 3aJauH (13),
(14), 3azannoMy Npu6MOKEeHHO B PaBHOMEDHOH MeTpHKe WIIH MeTpH-
ke L,[0,1], ABnAerca neycroiumpoit. Ipyrasa npoGaema, CBA3aHHAA
¢ ucnonb3oBannem (popMmyin (15), cocTouT B TOM, uTO ¥'(z) Moker
o6pamaThca B HOML Ha oTpeske [0,1]. OTo o3navaer, uTo MPHUGIM-
KeHHOe 3HaYeHMe MPOW3BOMHON, BLIYMCIeHHoe no pyHmamy ys(z), B
COOTBETCTBYIOIMX TouKkax Gyaer 6imsko k mymo. B pesymsrare
MOr'YT BO3HMKHYTb CyIIECTBEHHEIE MIOrPENIHOCTH B pelleHuHy B Okpec-
THOCTH Hyne#t dynxwan y'(z). Jlerko BHAETH, YTO UMCIO noxoBHoro
Tina NpobieM CyNIECTBEHHO YBEIMYMBAETCA B TOM CAy'dae, KOra Mbl
paccMaTpHBaeM 3alauy ONHOBPEMEHHOro ONpeNeficHMA HECKOIbLKUX
HEU3BECTHRIX K02(HMIMEHTOB.

3anmauy ofpeleneHnsa KooddUIMeHTa a;{z) no npubmpkeHHO 3a-
nanHoMy pemenmio 3amaum (13), (14) MoxHO pemaTh, He MCHOAb3YA
apHy1o dopmyay (15). 3anaua (13), (14) onpexnenser HeJIMHeHEIA
oneparop A, CTaBAIMA B COOTBETCTBHE KoodUUMEHTY ay(z) peme-
nue y(z). Takum o6pa3oMm, MOKHO PaCCMATPHMBATL Hccaeny eMy 1o
06paTHyIo 3aRady Kak 3a4auy pelleHus HeluHelfHoro onepaTopHoro
ypasuemus Aa(z) = y(z) c npubmnxenno 3ananHol NpaBoi YACTLIO
¥ MPUMEHATH JUIA ee PelIeHHA METOLl, M3JIOKeHHEIE BO BTOpo# ria-
Be. Ilono6Hylo CXeMy pelieHHA MOKHO NPUMEHATbL M ANA APyruX
oGpaTHBIX 3ajay TAKOTO KE€ THIIA.

(15)

a(z) =
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§3. OBPATHHRIE 3ADAYM JUIA JAHEKHEIX
OBHIKHOBEHHHIX NMHA$$EPEHIMANBHBIX
YPABHEHHMHM C NAPAMETPOM

O6paTHrie 3aauM AMA JMHEMHBIX OGLIKHOBEHHRIX mddepenm-
JBHHX YypaBHeHul, coep)KamMX NMapaMerp, NpeAcTaBAmioT coboif |
Baxaull knacc o6parHeix sazau. Marepec k muM o6ycaosien, c |
ONHOM CTOPOHHI, TeM, YTO MHOTME M3 BTHX 3aJa4 WMEIOT HeNoCpel-
CTBEHHOE NPAKTHYECKOE 3HaveHHe, C APYIro#f CTOPOHKI, TeM, YTO OHM |
BO3HMKAlOT NPHM MCCAENOBaHMM OGPATHHIX 3afay AJis ypaBHenmit B
YaCTHBIX NPOM3BOAHKIX. THMMYHAA MOCTaHOBKa OGPATHHIX 3343y AAA
AUHENHBIX 0OLKHOBEHHEIX AN(PePEHIMAILHLIX ypaBHeHHIt ¢ MapaMeT-
poM A cocTouT B crenyiomem. TpeGyerca onpeneants koo puiment j
M depeHIMATLHOrO ypaBHEHMA, 3aBACAINMIL OT nepeMeHHo# T, Mo 40~ §
NonHUTENbHOA MHGOPMALMM O PelleHMH 8TOro ypABHEHUA, NPEACTAB- )
amome#t coGoit pynripno napamerpa A. OTmeTuM, UTO CymecTBeHHOE
OTAMYME BTOH MOCTAHOBKM OT OGPAaTHHIX 3aja4, PaCCMOTPEHHLIX B
ABYX NpEILIAYIMX [aBaX, COCTOUT B TOM, YTO MCKOMAA U 3aJaHHAA |
GyHKUMM 3aBMCAT OT PasHLIX MepeMeHHBIX.

O6parnan sanaua ;s ypasmemmus nepmoro nopaaka. Mccae- |
AoBaHue ofpaTHLIX 3a4au A IMHeRHEIX anddepeHIManbHBIX ypaB- |

HeHuil ¢ napameTpoM HauHeM ¢ HauGosee NpocToro ciayydas o6paTHoOM |

3a/ayiM AnA ypaBHEHMA NepBoOro NnopAIKa. Pa.cho'rpnM YpaBHEHHe

V(@A) +da(2)y(z, )= fo, 0gz<1, (1)

C HavaJZIbHEIM YCJIOBHEM

9(0,3) = g, @ |

rae fo, yo — mocTommHie, 8 A — napamerp. CgopMmympyeM 06- |
paTHylo 3anauy. Tpebyerca onpeneants $pymapmo af(z) € C[0,1], |
€CJIM NOCTOAHHKIE fo, Yo M3BECTHH M ANA A € [A1, A2) 3anana pynxuma |

#(A) = y(1,1), rae y(z,)) — pemerme 3anaun (1), (2). Mccaenyem |
BONIPOC 0 €AMHCTBEHHOCTH pemeHus oToll o6paTHolt 3amaun. '
Pemerme 3anaun (1), (2) umeer Bux

v = yoexp{ - A/""(")‘w} + ijexP{ - "/:a(o)dﬂ}df. (3)
0 4 ] |

M3 eroro mpeacrasaemma caemyer, uro B cnyvae fo = 0 pemenme |
o6paTHo#t 3anauM Hee MHCTBENNHO. UestcrBurenso, ecam fo = 0, To U3 |
npeacrabnenus (3) moayuum creayioiee ypasnenue ans onpenenenun |

a(z) no p(A):

yoexp{ - A /l a(())dﬂ} =p(A), Xe A1, A2). 4)

7%

Taxum oGpazoMm, ecim ypasHenme (4) nmeer pememme a(z) €
C[0,1}, To ero pemenmem 6ymer mBaATBCA Takke mMoGas bymama
&(z) € C[0,1], Takas, uro

1 1
0/ &(0)d8 = 0/ a(0)d8.

Hanpumep, B kauecrse @(z) moxso BaATb crenyiomee cemelicTBo
$yskmmit: &(z) = &(z)+C cos 7z, rae C — npons3BoabHAA NOCTOAHHAR.

Hccnenyem emmcrpennocts pemenun 3aaaun onpenenems a(z)
1o p(A) B ciyuae HeoxHOpOMHOro ypaBHenus fo # 0 ¥ onHopoaroro Ha-
HaJibHoOro ycmosus yo = (. U3 mpexncraBnenns (3) umeem crenyromee
ypaBHenme aaa pynkimu ofz):

jezp{ - z\!a(O)dO}d{ =3(A), A€M, )

rze $(A) = p(A)/ fo - mspecrnan pymama. Mokaxem, uTo ypasHenue
(5) B knacce HenpeprBHEIX GyHKI MMeeT He eMUHCTBEHHOE pemenue.
MTpuseaem npumep. Mycrs ay(z) = 22—322, az(z) = 1—-4z+4322, toraa

j exp{ -\ j a,(a)do}ds - j exp{A€2(1 — )} .
0 £ (1]

Caenas B uuTerpase 3aMeny mepemennnx £ = 1 — z, nonyqmm

b/lexp{ - z\.e/lal(e)dﬂ}d{ = jexp{,\z(l - 2)?)dz =

1 1

= / exp{ -2 / az(ﬂ)d0}dz.

(1]

Taxum o6pasom, a;(z) # az(z) Ha orpeske [0,1], a

p(A) = jexp{ - Ajal(ﬂ)dﬂ}df = /lexp{ - A/laz(e)dﬁ}d{
o € o 4

M o6paTHaa 3ajava MMeeT He eIMHCTBEHHOE pelIeHMeE.
IIpu mccaenoBanun oGpaTHRIX 3aJa4 M3 TEX MMM MHBIX coobpa-
Keuuh MOI'YT BO3HMKATHL Or'PpaHMYUEHUA HA paccmarpunaemuﬁfknacc
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pymiamit. OxauM u3 Hanbonee pacHpoOCTPaHEHHBIX orpasnyeHuit Ha
ulacc, KOTOPOMY MPHHAIEKNT UCKOMAsA (YHKIAA, ABJIAETCA NMONOIM-
resHOCTh GYHKUMA M3 DTOTO Kiacca, o6ycnoBaeRHan MONIOKATENL-
1OCTHIO MHOTHMX XapPaKTePHCTHK QUINUECKHX IPOLecCOB M 061eKTOB.
IlokaxeM, 4To oGpaTHaA 3a4aua onpeleleHHa yHiman a(z) no o(A)
3 cryuae yo = 0, fo # 0 MMeeT eamHCIBeHHOE pelIeHKME B KJlacCe Herpe-
PLIBHHIX MONKHTEAbHRIX GynKunil. Tak kKak eMHCTBEHHOCTE PEmICHUN
»Tolk 33424} PKBMBANEHTHA e IMHCTBEHHOCTH pemmenns ypasnenus (5),
IO TeopeMy eAMHCTBEHHOCTH CHOPMyAMPYeM AAA BTOro ypaBHEHHA.
Teopema 33.1. Cywecmeyem ue Goace 0dnozo pewsenus ypas-
nexus (5), maxozo, ymo a(z) € C[0,1] u a(z) > 0 dax z €0, 1].
HokaszaTeabcTBO. lIpemonaxuM, YTO CYMIECTBYIOT ABe
HenpephLBHEE M MONMKATEAbHEE Ha OTpe3ke [0,1] dymxumn a)(z) u
az(z), ABAMONIAECA PeleHeM YPaBHEHUA (5). PaccmoTpum pyHxumm

1
ﬂ‘(f) = —/05(9)(’0, i=12 (6)
13

D1i pymamm obnanaioT crenyonpmu ceolicrsamu: fi(z) € C'[0,1],
Bi(z) > 0 ana z € [0,1]. Tak Kak a1(z) ¥ azx(z) ABAMOTCA pelIeHUAMH
ypasrenusa (5), To 4aa A € [A1, A;] pemonneHo paBeHCTBO

e

1 1
’ / exp{ABi(€)}dE = [ exp{ABa(£)}de.
0 0

CenaB B 9THX MHTerpajiaX 3aMeHy nepeMenHux t = §;(€) n yuntnBas,
uro Bi(1) = 0, moayumm

0 0

[ eetrmmoa= /

£1(0) 82(0)

rae %(t) = 1/8/(87(¢t)), a B;)(t) — ¢ymams, obparHas x fi((). |
Tokaxem, uto u3 pasenctsa (7) caeayer, uro £1(0) = $2(0). Py |
xumua exp{zt} Kak ¢QyHKUMA KOMILUIEKCHOH NepeMeHHOH 2z ABAAETCA |

aHAJIMTHMeCKol Bo Bcell KOMMEKCHONR INIOCKOCTH AJIA BCeX 3HaueHwit

neficteuTensHoro mapamerpa t. Pymxipmm 71(t) ¥ 72(t) HempepHIBHL |

Ha otpeskax [$1(0),0] u [B(0),0] coorBercrBento. CienosaTenbro,

UCIONb3Y 5l TEOpeMy 006 AHAMMTUYHOCTH MHTErpajia OT QYHKIMA KOM-
IleKcHOro nepeMensoro [42], moayunM, YTo MHTErpasH, BXO/MIME B
pasenctBo (7), ABAMIOTCA aHAINTUYECKUMM GYHKUMAMM Mapamerpa :
). Toraa 3 TeopeMsl eMHCTBEHHOCTH IS aHAJMMTHYECCKUX bYHKUMA £
cllenyet, 4To paBeHCTBO (7) BHINONHACTCA MM BCEX KOMIUIEKCHLIX 3Ha- |
YeHuit \, B YACTHOCTM AnA Bcex AelicTBuTeabHHX A. [Ipeanoncxum, |
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(Mm@, AebPurl (D) |

:31'0( .}73)1(’(2‘ Zée 52531)3 Ijzoc'r: l;mé zx;peneneimocm B1(0) < B2(0), Torna

ﬂa(o)‘ o
pOn@it= [ e -nOle. @
$1(0) 82(0)
Beenem o6osnavenusa
™= poreseo
[r2(t) — ma ().

= max
B2(0)<tg0

M3 nonosmrensuoct# 7, (t)
1{l) caeayet, yuro m > 0. U3 (8) nonyuum, uto
ANA BCEX NeHCTBUTENLHLIX A CIIpABEAAMBO nepaseut(:'rz;o vt

Ba(0) 0

M
/ exp{At}dt < X / exp{A}dt,
B1(0) 82(0)

28,11

1
X80} — exp{BON] < 1~ exp{B ()]

?uenmmo, UTO BTO HEPaBEeHCTBO He BLUIONHAETCHA NPH AOCTATOMHO
no.::mnx N0 MOAY/IO OTPMUATENbHBIX 3HaueHUAX A. M3 nonyuensoro
POTHBOpeuMA chelyer, uto §;(0) = £5(0) = . To
= = . Toraa u3 pasencTsa
(7) w1 monyumm, uro P

0

/ exp{M}5(t)dt =0, —oo < A < oo, 9
I

rae ¥(t) = 71(t)—72(t). Tax xak cucrema dymxumii exp{it} (—oco < A <
o) nonHa B npocrpancTse Ly[8,0], To u3 (9) caenyet, uro ¥(t) = 0,
a 3HaumT, # 71(t) =72(t) ann t € [3,0]. ynxkumu v;(t) npeacrasamoT
coth)ﬁ n?oussomme or dpymait 5 (t). Taxum o6pazom, (A7'(2)) =
(B7'®)" mnat ? [8,0] m B7(0) = B;'(0) = 1. M3 o1ux pabencts
gnenge'r, aro By 1(t) = B7 (1) ana t € [8,0), a snaunt, u §;(€) = B(€),
€ [0,1]. Yuurnmas (6), oxonuatemsHo nonyuum a;(z) = az(z) ann
z € [0,1]. Teopema 3.3.1 AOKAIAHA, _ e
Pacicyor?emxaa oﬁparx{aﬁ'3anaqa ABAAETCA NpuMepoM obpaTHoili
3aJavM, M KOTOPOH eIMHCTBEHHOCTb WJIN HeeIMHCTBEHHOCTDh ee pe-
IieHMA MoKeT GLITh CBA3aHa KaK C MoCTaHOBKo# By xoxuoll 3a1aum (He-

C€IUHCTBEHHOCTH B ciy4ae fo = 0), TaK U ¢ paccMaTPUBAEMBIM KAACCOM
dyHKkmit (€ AMHCTBEHHOCTD B KJIACCEe NONOKUTENBHbBIX GyHKumit).
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HMccaenopasHas o6paTHad 3ana4a B cayydae yo = 0, fo # 0 comar-
cA X HeAMHENHOMY MHTerpaabHoMy ypasrenuio (5) Aia onpeaeneHsus
$ynxinm ofz) no 3amammodt B(A). ITokaxem, uro ypasuenme (5)
npeAcTaBiAeT coGolf HEKOpPeKTHYl0 3aJadyy Kak B CiAy4ae, KOria
HesnmueliHEE onepaTop, oToGpaxaomii pynxkmmo a(z) B $(A), pac-
cMaTpuBaerca aelicreyiompm us C[0,1] 8 C[\,As], Tax u B ciyvae,
KOT ia OH paccMaTpuBaeTca aeficryiommm u3 L[0, 1] B La[As, _)\z] Ian
BTOr0 AOCTATOMHO NpMBecTH chaeayiommit mpumep. Ilycrs a(z) = 2,
an(z) = 2+ cosanz ana z € [0,1]. Toraa ana moGoron > 1

la —anllcpy =1, 1|& — anllzon = 1/V2.
C apyro#t croponm,

ﬂA)—¢n(A)=jem{-—A]&(O)«M}df—]exp{-A]a,&ﬂ)dﬂ}df:
[} € [ 4

=] exp{—zx(l—s)}de'j e""{"‘”‘(l“"’“ﬁl%ns}“'
0 0

ChnenosatensHo,
"lﬁ(l) - ‘Pu('\)"C[M,Az] —0

OpH B — 00, OTKYa M CAeAyeT HEKOPPEKTHOCTH paccMaTpuBaeMoit
oGpaTHoOlt 3amaum, xorsa oneparop AelicTByer B YKa3saHHRIX BHIlle
NPOCTPpaHCTBAX. i

Penterme o6paTHolt 3agauu CBOAMTICA K pemIeHHIO HejuHelnoro
ypaBHenns (5). B pesynbTaTe 3aMeHbl HeusBecTHON YHKIDAM, Clesan-
HOM NpH RoKa3aTeAbCTBe TeopeMul 3.3.1, MokHO MONYYUTh JMHeliHoe
MHTerpaJjibHoe ypaBHenne' nisa ¢ynxumm (1), ecim npeyionarathb, 4To
anauenme ((0) misecrno. Oxmnaxo B3aumoceasb Mexay 7(t) u a(z)
fABNAercA HeauHelnolk.

O6GpaTaan 3a85a49a, BO3HMEAIOMAA B daexTpopassemue. Mccae-
JoBaHue OOpaTHEIX 3243y JUIA JMHelHLIX JMPepeHmMabHLEIX ypas-
HEHMA BTOPOro MOPANKA, COLNEPKAUMX MapaMeTp, HAUHEM C 3alayH,
KOTOpasA BO3HMKaeT NPU NPHMEHEHUM METOLOB BJIEKTPOPA3BEAKHU I10-
CTOAHHLIM TOKOM JUIA MOMCKAa MOJIE3HLIX UCKONMaeMbIX. OTa oGpaTHAA
3ajava, nocraBjieHHana u uayuennaa A.H. Tuxonosum [77], coctout B
cneayomem. Tpebyercs onpeaemmTs koeddmument o2(z) Aumeitnoro
mnddepeHuManbHOro ypaBHeHHsi BTOPOTO TIOPAIKA

A

¥'(2,2) - ——u(z,A) =0, 0 z<o0, A>0, (10)

2
o*(z)

€CnM M3BecTHa (QYHKIMA

on

PA)=7(0,)), () §

rae §(z,A) — pemenue ypaBmenvsa (10) ¢ ycnopmamu

#0,2) =g, (12)
Jim §(z,3) =0, (13)

¢ — 3aJaHHAA IOJNICKMTENbHAS [TOCTOAHHAL.
B nannueliineM xpaesoe yciaosue (13) ana xpatkocTu Gynem 3a-
NMCHIBATL CAeAylomMM oGpasoM;

#(o0,A) = 0.

Ilo uccnenosanma o6paTHoM 3aaauM AOKAKEM HEeKOTOPhIE BCIIOMO-
raTeJbHHE yTBepkAeHMA. Byaem npemmonarats, uro dpymxuma o(z)
YAOBAETBOPAET CACAYIONAM YCIOBHAM:

o(z) € C[0,), o(z)>5>0 ana z€0,00), (i4)

o(z)=09 ana z>29>0.

Hemma 3.3.1. Ypasnenue (10) ¢ xpacosnmu ycaosusmu
¥(0,A) = yo, y(o0,7) =0, (15)

umeem ne bosee 00MO0zo pewsenus, npuvem, ecau y(z,A) — pewenue
sadavs (10), (15)  yo > 0, mo y'(z,)) < 0 dax z € [0,00) u A > 0.
HoxrasaTeanbcTBo. Jlna AOKA3ATENLCTBA €AMHCTBEHHOCTH

pemenma 3anaun (10), (15) mocraTouHO MOKa3aTh, YTO OHA MMeer
TOJIbKO HyJeBOe | :MIEHWEe B chy4dae, Korza yo = 0. IIpemmomommm,
UTO BTO He TaK U CyIeCTBYeT pemlenue ypabaemus (10) y(z,A), ra-
koe, uro yi(z,A) # 0 ana z € [0,00) u (0,1) = 0, yi(c0,A) = 0.
U3 eroro mpeamonwkenua cneayer, uro y,(0,A) # 0, Tak xak au-
HeliHoe onHOpomHOe AMpdepenimansHoe ypasnenne (10) ¢ ycnouammu
%1(0,2) = 41(0,)) = 0 uMeeT ToKAECTBEHHO paBHOE HyMIO pelIeHMe.
llycrs ana onpenenennoctn y}(0,)) > 0. IlokaxeM, uTo M3 8TOrO
crenyet, 4T yi(z,A) > 0 ana z € [0,00). HelicTeurenso, npemnoio-
UM, uTO yi(Z,)) MoKeT 06pamaThCa B HOMb Ha moAynpaMoi z > 0.

Go3HauUM uepes z; MUHMMAJBHLIR KopeHs ypaBmemus y}(z,)) = 0.
Torna ana z € [0,2,) yi(z,)) > 0 u u3 ycaosua y,(0,)) = 0 caenyer,
uro yi(z,A) > 0 ana z € (0,z;). Toraa us ypasuenns (10) caenyer,
uro yi(z,A) > 0 ana z € (0, z;]. Taxum o6pasom, pynxms ¥} (z, \) Ha
MuokecTse (0, 2] ABAsAeTCA cTporo Bospacraomeit u ) (21,A) > 0. U3
lony4eHHOro NPOTUBOPEUM CREAyeT, uto (2, A) > 0 ana z € [0, o0),
A > 0. Ho B eToM cayyae y;(z,)) AB/IAETCA MONQKUTENLHON, MOHO-
TOHHO Bo3pacralomeil pyHKIMeH U He MOKET YAOBJETBOPATD Y CIOBUIO
¥1(00,A) = 0. Caenosaremsno, y(z,)) = 0 ana z € [0,00) u Kpaepas
3anava (10), (15) umeer esmHCTBeHHOE pelmeHMe.

Jloxaxem BTOpOe yTBepskaenmne nemmul. Ilycrts yo(z, ) — pelenne

3anaum (10), (15} c yo > 0. Hoxraxkem, uto yh(z,A) < 0 ansa z € (0, cc).
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Ecau (0,1) > 0, To aHAZOrHUHO MpeLAYEMY MOKHO 0Ka3aTh, YTO |
¥2(z,A) > 0 u yh(x,A) > 0 ana z € (0,00), a 3HAUMT, ¥2(2, ) He MaKeT §
YAOBNETBOPATH yCA0BHIO Y2(00,A) = 0. CaenoBaremsHo, y3(0,2) < 0. {
HNpemoackum, uTo B HeKoTopolk Touke zz y3(2,A) = 0. Torxa |
¥2(z,)) sBaserca npu z > z; pemennen ypasnenns (10) ¢ xpaeBnvu |

ycnosummm ¥5(z2,A) = 0, y2(00,A) = 0. Amanoruuno mpemiaymeMy {

MOKHO NOKa3aTh, 4T0 Y2(2,A) = 0 ma z 2> z3. Toras Tak m
y2(z, ) ectp pemenne ypasrenua (10) ana z 2 0, 1o y2(z,A) =0 ana |
z 2 0. CnexopaTenbHo, NpeANONQKEHHE O TOM, YTO Yj(z,A) Moxer

o6pamaThca B HOMb, HeBepHO M Y5(2,A) < 0 ana z € [0,00), A > 0, }

4TO M HoKa3miBaeT nemmy 3.3.1.

B nemme 3.3.1 ycranosaeno, uro xpaesas samada (10), (15) Bﬂ
cllyyae OXHOPOAHHIX KpaeBnix yciuosuii (yo = 0) MMeeT ToMbKoO HyNeBOE
pemenne. CiemoBatensuo, A moboii menpeprmHol npu z 2> 0§

¢ynxapm f(z), yaosneTsopmomell ycaoBHIo

/ |f(2)ldz < oo,
0
xpaeBa.n 3anada
,\2
V'@ - e ) = -f(), (16) |
¥(0,2) =0, y(oo,2)=0 (17)4

HMeeT €AMHCTBEHHOE pellleHne, KoTopoe NpeiacTraBUMO B B1Ae
00
Wz ) = [ Gleg VA,
0

rae G(z,§;1) — dymxama I'puna.

Ycranosum HexoTophie cBolicrBa ¢yHxumu [puna szagaunm (16),§

(17).

JTemma 3.3.2. Pynxyus I'puna xpaesodt 3adaxu (16), (17) o&ca-

daem caedyowusmy ceoficmaamyu:
1) G(2,6;2) 2 0 045 0 < 2,§ < 00, A > 0;

2) Ecax Gi(z,£; ) gynsyuu lpuna, coomsemcmeyouue xoafduyu-
enmant 0i(z), i = 1,2, mo u3 nepasencmea 0y(z) > 03(z) das z € [0,00)

cacdyem, xmo G1(z,£; 1) > Go(z,€;)) dax 0 < 2,6 < 00, A > 0.
ldoxasareanscrBo. Ina dysxumm ['puHa cnpaBeAnuBo|
caeayloniee NpeACTaBJIeHKE: '

yl(zah)yZ(£9A)/VV9 0 $ z € f < oo,
(€, Nya(z,A)/W, 0<E<z <oo,
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6= = {

(18)]

rae W = ya(z, Myi(z, A) = (z, N)pa(z, d), a y1(z, ) u yo(z, A) mumetizo
He3aBMCHMMEIe pemmenus ypanrenus (10), yrosaersopsmiomue ycnoBuam
y1(0,A) = 0, ya(o00,A) = 0. ]

Bosbmem B kauecTBe y)(z,)) pemenue (10) c ycnosumm y;3(0,)) =
0, 51(0,)) = 1, a B xauecrse yz(z,)\) pemenme (10), Takoe, uro
y2(z,A) = exp{—Az/oo} ana z > 2o. IlpoBena paccyxnenus, anaso-
THYHble CAENAHHBIM B femMe 3.3.1, MoxHO mOKa3aTh, uTo ¥1(2,1) > 0,
y2(2,A) > 0 ana z > 0, X > 0. Kpome Toro, W He 3aBHCHT OT z, &
snaunt, W = y(0,A) > 0 ann A >'0. Toraa us dpopmym (18) caenyer,
uto G(2,§;0) 20 ana 0 < z,§ < o0, A > 0.

llokaxkem BTOpoe yrBepaeHMe aemmil. Ilycrs o0y(z) 2 o3(z)
ans z € [0,00) u Gyi(z,&;)), Ga(z,€;)) — cooTsercrayionme oTHM
kosdpdummentam ¢pymxom 'puma. PaccMoTpuM mpouasomsunie pux-
cuposanntie § > 0, A > 0. Tax xak ¢pymapm I'puna G;(z,£;)) npu
z # £ KaKk QyHKUMH z ABAAOTCA pelieHWAMY ypapHeHm

o X2 .
GY(z,&) - ;;\(-—z)G;(z,E; 3)=0

U yaoBaerBopaioT ycnosuaM (17), To ux pasmnocTs
z(z) = Gy(z,& X) — Ga(z,§; ))

ABJAACTCA PpEmICHMEM 3axauu

(z) - _,_\_2_2 z)= __'v_ - _3_2__ 5 5
z (3) ag(z) ( )" (Uf(Z) ‘g(:))Gl(z,f,,\), (19)
2(0) = z(m) =0.

Tak kak dyuximn Gi(z, §; A) Kak pyHxumn z B Touke § HelpepPLIBHBI,
a MX IPOM3BOHEIE MMEIOT O/MH M TOT XKe Pa3pLIB, To z(z) HenpepLBHA
M MMeeT HenpepmBHYyIo npomssomuylo. U3 ycaosua oi(z) > oaz) n
HeoTpuuarensHoctu Gy(z,£;)) creayer, UTo npaBas 4acTh ypaBHe-
Hua (19) Henonowmrenvna mna z € [0,00). Iokaxem, uro z(z) 2 0
ans z € [0,00). Ipeanonoxum, uro B Touke zg > 0 AocTMraerca
oTpMuATeAbHEIA MurMMYM dynxumu 2(z). Toraa 2(ze) < 0, 2'(z0) = 0
M cymecTsyer € > 0, Takoe, uro z(z) < 0 aan z € (2o — €, 20). Yum-
THIBAA HENOJIWKUTENLHOCTh npasoit yactu ypapuenun (19), nomywnm,
uro z”(z) < 0 ana z € (zo — €,20). CaexosareasHo, 2'(z) > 0 ana
z € (z9 — €,z9). Ho T0 HepaBeHCTBO NPOTHBOPEHMT NPEANONGHKE-
HUIO O TOM, YTO B TOUYKEe Zg JOCTHIaeTCA OTPHMUATEAbHLIN MUHMMYM
z(z). Takum oGpa3som, ucxomHoe mpeinoncKenue GLUIO HeBEPHO M
z(z) 2 0 ana z € [0,00). Tak kak 3HaueHus §, A GLIAIM NPOM3BONLHH,
To Gy(z,&;0) > Ga(=,&;0) mna 2, € [0,00), A > 0. Jlemma 33.2
ZIOKa3aHa.

Haftaem sripaxenne ana dpynxuym [puna ana 3azaum (16), (17)
B cayyae MOCTOAHHO# Ha noaynpaMoi z > 0 dymxumm o(z) = o°.
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dyunamenTanbHaA CUCTeMa pemleHmit ypabHenus (16) B erom caydae 3

exp{—Az/c*}, exp{\z/c*}. Bubupan B dpopmyne (18)
u(z,)) =sh(Az/s*), yi(z, ) =exp(-Az/s*),
nonyunm W = Afo* n

o* sh(Az/o*)exp(=M/o*)/A, 0Lz <€ <0,

G(z:E;A) = { o' sh(x{/a.‘)exp(—,\z/d‘)/x, . 0 gf gz <oo.

Ilepefintem Teneps k mccaenoBanmio o6parnoit 3anaun. Pacemor-
PMM HecKONIbKO Gosee o6mylo mOCTaHOBKY o6pa,;goﬁ"”3ana.w ana
ypasHemma (10), a mmenno Tpebyerca ompesesmrs o(z), ecau npu |
A > 0 uspectna dynxuma $(X) = y'(0,1)/y(0,)), rae y(z,)) — ne- 3
TPMBHaJILHOe pemenue ypasHenus (10), yaoBaerpopsmomee ycnosuio 1
y(o0,A) = 0. OTMeTHM, UTO PTa NMOCTAHOBKA cofiep*MT B cebe npe- |
Auaymyio dbopMyampoBky obparHoit 3asauu gna ypasuenna (10), |
NOCKOALKY B Caiyuyae, Korza mssectHH §(0,)) = ¢ u #(0,)) = p(2), |

bymama &(2) = @(A)/q.
PaccMoTpuM BOnpocC 0 eMHCTBEHHOCTH PemenKs c$oPMYITHPOBAH-

Holi ofpaTHol 3azaun. O6o3Haumm 4epe3 L kaacc MOMOKUTENBHEIX |

npu z 2 0 dymxumait o(z), Taxmx, uro

a_(t)___{&(z)’ Oszszor
oo, z 2 zy,

rie &§(z) — GyHKUMA, aHAMMTHMECKAS HA MHTepBaJle, COACPHKAIIEM |

otpesok [0, zo], Taxas, uro F(zg) = op.

Jokaxxem TEOpEMY € IMHCTBEHHOCTH PellleHus - aadm onpeneneHnUs

o(z) mo pymawm (0, A)/y(0, )), 3anaunolk npu A > 0 [77].

Teopema 33.2. IHycms y(z,)) u y(z,\) nempusuaasnse
pewenux (10) dax gynxyuil 01(2) u 02(z) (01(2),05(z) € ) coomeem- ]

cmaenno, ylossemaopIouLue YCAOBUD

1(00,2) =0, yz(c0,A)=0. 21

Tozda ecau 0ax scez A > 0

%1(0,2) _ (0,))

0n(0,%) ~ 320, %)’ (22) §

mo 0y(z) = o2(z) dax z € [0,00).

Hokxasareanbcrbo. Tak xak yi(z,)), i = 1,2, seamorca |
pesleHMAMM onHopomHoro ypasHenuaA (10) ¢ onmopomumM ycnobmem |
(21), T0 oHM onpeAeneHb C TOYHOCTHIO O NOCTOAHHOI'O COMHOKUTENS. |

U3 nemmer 3.3.1 creayer, uro 1(0,1) # 0 ana Bcex A > 0. Taxum f

eﬁpa;ogi, $ymamm yi(z, ) MaxHO HOPMUPOBaTE ycnosneMm yi(0, A) = 1, ]
t = 1,2. 1
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Tak kak y;(z,\) ApamoTca pemenuamm ypasnennusa (10) ¢ xoaddu-
IMEeRTaMM 0i(Z) COOTBETCTBEHHO, TO

A2 A2
yi'(t: A) - !/2’(:: '\) - a,z(z)yl(zr A) + az(z)m(sz)"
1 1

A2 A2
"';?'(;5”2(2’ A) + ;gmyz(zr A) =0.

CneznoBartesnnuo, $pyHkuus 2(z,X) = yi(z, ) — ya(2, A) ynosaerso-
pAeT ypaBHEHHMIO

2
2"(z,2) - ;.?(—ijz(z, A) = —F(z,\), (23)

rae
1 1
F(z,A) = | — — ——— s A :\2,
(=) [a%(z) af(z)]”'-’“ )
M KpaeBhM YCJIOBMAM

2(0,A) =0, z(oo0,A)=0. (24)

HMcnonbaya npencrasnenme pemenms 3anaun (23), (24) uepes dyn-
xpoo puna, noayumm

e =¥ [ Gi(e63) [E;ITE)‘ - ;%5]!!2(&3)45- (25)
[¢]

Tax xax ¢ymxam o1(z) n ox(z) npunagaexar kiaccy I, 10 0)(z) =
oi(z) ana z € [0,201] u 02(x) = 7x(z) ana z € [0,202], rae &(z),
G2(z) — dynxumm, aHanmTHueckue Ha orpeskax [0,zo1), [0,z02] co-
orBercTBenno. OGosHaumM uepe3 z3 = min{zg;,zo2}. Ha oTpeske
[0, 23] pymama a(z) = 1/03(z) — 1/0}(z) aBaserca aHaAMTHYECKOH.
M3 TeopeMbl eAMHCTBEHHOCTH AUl AHANMTUYECKNX $yHKUMIA crenyer,
uyro mmbo a(z) = 0 Ha [0,z3], m6o a(z) uMeer Ha @TOM OTpesKe
KoHeyHoe umciio Hydeii. Taxkum o6pa3oM, BOIMOKHE ABA CAyYan:
1) a(z) = 0 ana z € [0,z3}; 2) cymecrByer z4 € (0,z3], Takoe, uTO
a(z) # 0 ana z € (0,z4].

ITokaxkeMm, uro Bropoif ciyuait Hepoamoxen. IlpeanonokuM, UTO
OH pealM3yeTcd, U IpUMEM INA ompeleNicHHOCTH, 4dto a(z) > 0
ansg z € (0,z4]. M3 ycnosmit ma xnace pyuxamit L caenyer, uro
CYHIECTBYIOT NOAGKUTENbHEIE IOCTOAHHBIE 0y, U O)f, TAKUE, YTO

om < 01(z) S om (26)
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ana z € [0,00). OnpenemmM z5 = 240m/20y. Tax xak zg > 0,

10 cymectByeT ap > 0, Takoe, uro a(z) = ap > 0 ana z € [zs,z4).
3amamem npeactasienue (25) caexyommm oGpasom:

(2, )=? / Gr(2, 6 N)a(E)a(, NdE+)? ] G2, & Na(€)a(E, N)de.
0 E

AGKUTEeNLHAR MOHOTOHHO YOmBaloman ¢ymxma u Gi(z,&)) 2 0
YuureBan ero, u3 (27) nonyumm, uro maa z € (0,zs)

(2, 023" [61(2,6 Va(@)dem(en M-V a(ze, ) [ers.e 00001
" . (28)

Obosmaume A = maxogecoo [a(@)], & Com(e:E:2), Garle, &) — |
dymxpm Tpuna sanaum (16), (17) ana o(z) = om u o(z) = on |

coorBercrpenno. W3 Hepasencrsa (26) u nemmux 3.3.2 caenyer, uro
ama0gzé<oouni>0

Gm(tvs; A) <€ Gl(z’t; A) <€ GM(z,f; A)‘
YuntHBaa eTo HepaBeHcTBO, M3 (28) noayumM, uro aaa z € (0,zs)
MmA>0
#2,2) > Aya(z4, ) [ao / Gm(z,& M) — A / Gu(z.e;x)de].

HMcnonsays aTo HepaBeHcTBo M npenctanaenue (20) ana ¢yHxuam
I'puna B cayuae nocroaunoi o(z), umeem 1 z € (0,z5) m A > 0

z(z,2) = A2ya(z4,N) [ao / gi"—sh(z\a:/a,,.)«mp(—,\.f/cr,,?)df—

-4 / 2 sh(\z/ow)exp(-D¢ o)k =

= yg(u,/\){cm sh(Az/op,) [exp(—Azslam) - ezp(— o\m/a,,.)] -
~AZH b0z o) expl-Daf o)}
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(2) |
M3 aemm 3.3.1, 3.3.2 caeayer, uto y(z,)) mpu z € [0,00) — mo- §

Taxum oGpasoM, ana z € (0,z5) u A > 0
2(z,A) 2 P(z,A), (29)

rae

P(z,A)=y2(z4, ) {aoa'f,, sh(Az/op) { exp(—Azs5/om)—ezp(—Az4/0m)] -
—Acd sh(Az/op) exp(—Az4 /au)}.

Taxk xak z(0,)) = P(0,X) = 0 ana A > 0, 1o u3 (29) caenyer, uro
2(0,2) > P'(0,)\) amna A >0. (30)

W3 onpenenenma pyuxumm P(z,)) noayumm, uto

P'(0,)) = ya(24, A) [aoom A exp(—Azs /o)~
—agomAexp(—Azs/om) — Aoy Aexp(—Azsfon)).

Tak Kak z5/0m < z4/0Mm, TO cymecTByer Ag > 0, Takoe, uTo
P'(0,A) > 0 mna A > M. Toraa ns Hepapencrsa (30) nonyumm,
uro 2'(0,A) > 0 ana A > Xo. Ho m3 ycnosma (22) m ychosuit
HopmupoBkn ¥i(0,A) = 1, i = 1,2, caeayer, uro 2’(0,A) = 0 aan Bcex
A > 0. IlonyueHHOe NpoTHBOpEUME NOKALIBAET, YTO BTOpod cayuai
HeBo3MaxkeH M a(z) = 0 ana z € [0,z3).

Htak, nokasano, uro 0y(z) = os(z) ann z € [0,z3]. Torma u3
ycnosuit Hopmuposku ¥, (0, A) = 12(0, ) = 1 u ycnosusa (22) nonyuum,
yre y1(2,A) = y(x,)) ana z € [0,z3] ¥ A > 0. CnenosatenbHo,
mpu A > 0

vi(z3, ) _ yo(zs,A)
yl(z& A) - y2(33)'\) ’

PaccmoTpum oTpesok [z3,zg), rae z¢ = max{zo;,zo2}. Ha aToM
oTpeske onHa M3 ¢ynximit oy(z), o2(z) nocrosmHa, a Apyrad paBHA
bynxumM, aHaJMTHYecKoli Ha [r3,zg]. AHazoru4HO NpeabLIYHIEMY,
us (31) noayumm, uro oy(z) = o2(z) npu z € [rs3,ze], a 3Haumr,
01(z) = o2(z) npu z > 0. Teopema 3.3.2 nokasana.

3ameuanue 3.3.1. Ycnosue anasuTUuHOCTH PYHKIWMM o(ZT)
Ha otpeske [0,z¢] MCNOABb30BaNOCH NPH AOKA3ATENLCTBE TONBKO JJIA
Toro, 4TOGH CHeNaTL yTBepxaeHme o ToM, 4To afz) = l/oi(z) —
1/03(z) au6o ToKAECTBEHHO PAaBHO Hy/HO, MG0 MMEET KOHEYHOE YMCIIO
uyneit. CnenoBarenbHo, Teopemy 3.3.2 MokHO nepegopMyInpoBaTh
ANA Khacca q:ynxmm TaKMX, YTO AJIA IoOhIX ABYX PYHKLMIT U3 BTOrO
Knacca dymiamsa 1/03(z) — 1/0’2 (z) 6o ToKZECTBEHHO paBHa HYJIO,
au6o UMeeT KOHEUHOe YMCHIO Hyleit.

31
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3ameuvanue 33.2. Ipn AOKa3aTesberBe  TEOpeMu 3.3.2 ¢ |
Ueblo TeXHUYECKOro YNPOIICHMA ROKA3aTeNhCcTBa Npeanoiaraioch, )
uTo 0(z) MenpepuiBHa mpu z > 0. Bes npummMMamLHEBIX M3MeHe- |
Hult B NokasaTenanbcTBe, TeopeMa 3.3.2 Moker GrTH XOKa3aHA JULA |
KJaCCa KYCOYHO-aHANUTUYECKUX lbym [77], Koropuﬁ Oonee ectec- |
TBEH C TOYKH 3DEHMA reoPU3udecKuX NpUAGKeHuik paccmarpuBaemoil |

oGpaTHo#l 3amaum.

Paccmorpum gonpoc 06 ycrolumBocTH oGparHol 3amaum (10)- |

(10) c xpaessnn yciosumm (12), (13) onpese- §
nfAer onepa'rop_ A, crapmmumit B COOTBETCTBHe (yHKIAM g(,,-) dyn- |
ko (A) = #(0,}), rae §(z,)) — pemenme samaum (10), (12), |
(13). PaccmarpuBaemas ofpaTHan 3alaua maxer GLTh chopmy-

(13). Ypasuemm

JIMPpOBaHa KaK 3aJaya peHIeHUs onepaToproro YDpaBHeHMA Ao = 7]
Hoxamem, 4YTO BTa 3ajkava neycroﬁ'mna. B caydyae, KOrTa ANA OI

SUPg¢ Acoo 90 (A) — @o(A)] — 0 mipu n — x, rae Ao, = ¢, u Apg = 0y.

202\ — 4

Ilycts 0§(x) = 0f, rae oo — noneruTenshan nocrosmmas. Pac- |
CMOTPUM NOC/eN0BATENLHOCTh MONOKUTeNbHLX (yHKMik oa(z), T2~ |}
1 b

Ky1I0, 4YTO
2
az(x)={"°’ 0<z< 2, 2941/ngz< oo,
n
o5 — gn(2), ZoSZT< 2o+ 1/n,
rae gn(r) — HenpepuBHaA HeOTPMUATeNLHaA Ha oOTpe3Ke |

[zo,z0 + 1/n] $yuxima, Takan, uro In(z0) =

) ) s = ga(zo+1/n) =0 m
MaXy, <r<rot1/n In(Z) = 0’3/ 2. Ouesnano, yro r';;guo ram{M)nuGope
on(z) 1 oo(z) mMaXogr<oo 0n(z) — o0(x)] 4 0 1pu n — co. PaccmoTpum
pasnocts gn(A) — go(A) = 1,(0,3) ~ 14(0,1), rae yo(z,A), yo(z, A) —

pemenna 3amaum (10), (12), (13) ¢ xoodduimenTanm oa(z) m oo(z)
CooTBeTCIBEHHO. BBemeM $yuxipmo

Wa(z,X) = po(z, X) - Un(z,)).

(25)11.113 9TOfl GYHKIMM CHPABE/UIMBO NpeicTaBieHMe, aHANOTMYHOE

7 1
W(e,3) = 27 0/ oo, 3 - T mENE 6

rae Go(z,£;2) — fymama puna, ONpenenseman KxooddummenTom
oo(z). Us nemmmr 3.3.1, HEOTPUUATENLHOCTH Go(z, ¢; A) u npeacras-
newua (32) caenyer, uto aaA 0 < z < 00, A >0 ,n ’> 1 BumONHEHE
Hepasencrsa 0 < yn(z,2) < vo(z,)). Yuurnmag ar; HepaBEeHCTBO,
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g

K Gamsoctu o(r) BHGHMpaeTcA paBHOMEpHas MeTpHMKA, a MCXOh- |
Hble faHHble @()) 3aJa10TCA C MOrPENOCTLIO TaloKe B paBHOMep-
Holt Merpuke. IIpuBemem npuMep -nociienopatTenpHOCTH dymxmit
on(2), Takol, uTo MaXpgr<oo |0n(Z) —oo(z)| /> 0 mpu n — oo, a §

a TalKe onpeleiieane QYHKIMU 0n(€), NONYUNM OUERKY ANA npoMs-
ponsolt W,(z,)) B myne

zo+1/n
1 1

[W.(0, M) < A? / legf(O,E;'\)“;z@'):“;‘g(;—)

Tax kak yo(§, A)=g exp(~M/aq), & Go(z,§; A)=22 sh(Az/oq) exp(~Af /o)
amz <€ 10 anal>0

vo(€, A)de.

zotl/n

IW(0,\)] < A% exp(—zae/co)‘-}gde =

oo

= 5ok [exp(~2hzo/o0) ~ exp(~2A(so + 1/n)/ov)].

W3 oToit ouenku ciemyer, HTO SupPpyg W,;(ﬂ, X;' — 0 npu n — oo.
Tax kak 8UPxs0 '¢u('\) - 9’0(A)l = SuPyso Wn(o»" '» TO 8UPy 3o '(p,.(A) -
#o(A)] — 0 npu n — oo. Cnenobareanno, paccMoTpennas obpaTHas,
3a484a HeycTolfiuMBa B YyK43aHHOM BLille CMLICJE. (2!

O6parnaa 3apaua [Irypma—JImysmaan. Paccmorpum Ha o'r-\w
pezke [0,7] mddeperumanroe ypanHeuye

=¥"(2,2) + ¢(2)u(=, A) = dp(=, A) (33)
) WMH(A*‘%{X})‘A(L)) =0

C KPacBbIMHM YCAOBHAMM

¥(0,2) cosa + (0, M) sina = 0, (34)
y(m,A) cos B+ (7, \)sin B = 0, (35)

rae dysxuma ¢(z) neficTBuTenbHA M HenpepwBHa Ha oTpeske [0, 7],
a U f — peficTBUTENbHEIE YHCAR, 3 A — KOMIIJIEKCHBIA napamerp.
Kpaesas 3anaua (33)-(35) uasusaerca sazaueit lltypma-Jlnysunna.
3anauy IHrypma-Jluysmana o6nLiuHO PaccMaTPMBAIOT Ha OTpe3ke
[0, x], nockonbKy npu 3amene nepementolt z’ = (z—a)x/(b—a) orpesok
[a,b] npeoBpasyerca B [0,x}, a2 ypabHenume M KpaeBble yc/loBUA He
H3MEHAIOTCA.

IIpexkae yeM pacCMaTpHBATh MOCTAHOBKY oGpaTHOM 3amauM, M3-
NOKMM HEKOTOpHE MOHATHA M Pe3yAbTATH, CBA3aHHEIE C 3ajayvel
HIty pma-JInysuana.

Yucno A HasmBaerca cobcrBeHHEM 3HavueHMeM 3anaum (33)—(35),
ecau npu A = A 8Ta KpaeBad 331343 MMeeT HeTPUBMAJIbHOE PellleHHe
y(z,A). Pemenne y(z,A) Ha3uBaeTca co6cTBeHHOM pyHKimeit kpaesolt
sanaun (33)~(35). OueBuano, 4To cobcTBeHHAA QYHKIMA ONPEAEICHE
C TOYHOCTBIO A0 NMOCTOAHHOI'O MHOXHTEJA.
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Coopmynmpyem HekoTophie cBoMicTBa co6CTBEHHHX ¢yHKIAHK
cob6cTBeHHbIX 3Hauenuit sanaum [Ty pma-JInysunna [54]: v‘
1) co6crBennnie pynxumu y(z, M) m y(z, A2), oTBevaloUMe pa3MNY-]
HBbIM COGCTBEHHBIM 3HAUEHMAM, OPTOrOHAJLHLI !

x

f ¥(z, \1)y(z, Ag)dz = 0;
0

2) co6cTBeHHBIE 3HAYECHUA AeHCTBUTENbHHI, 1
3) cymecTByeT HeorpaHWYeHHO BO3pacTalollad MOC/]eAOBATENb-]
HOCTb COGCTBEHHBIX 3HaueHMH# Ag, A1, Ay,.... [Ipn oeToM cobcTBeHHAR]
dymama y(z, Am) nmeer B unTepBane (0,7) m Hyneii. !
BaxxHoe 3HaueHMe UMeeT CBOICTBO NOMHOTH CMCTEMBI CO6CTBEHHBIX |
$ymxumit sagaun Ultypma-Jinyemnna. Beenem obo3navyenma

v(z, /\n) = y(z’ ’\ﬂ)/"y(z! Aﬂ)”la[‘)."]’

fa = | f(@)v(z, An)dz.
/

CrnpaBennusul crenyioume teopemsi [54):

Teopema 333. Ecau fynxyus f(z) unmezpupyema ¢ xeadpa-|
mox na [0, 7], mo umeem mecmo pasencmao Mapceagas ’

. /fz(z)dz = i_f:.
0 n=0

Teop eMma 334. Ecau gynxyus f(z) nenpepuena na ompe:me
[0,7] u pad 3°04 fav(z, An) czodumcs ua [0, 7] pasnosepno. mo |

f(2) =3 far(z, ).
n=0

DTH TeopeMul HaXOAAT LWIMPOKOE NpUMeHeHMe PN UCCIIe10BaHMM |
yPaBHEHU# B YACTHBIX NPON3BOAHBIX C NOMOIIBLIO METOAA pa3eeHUA |
nepemeHHbix. W3 Teopempr 3.3.3 cieayer noamora B Lo[0, 7] Mmo-]
TUX XOpOUIO U3BECTHLIX cucTeM OyHxumit. Hanpumep, npu ¢(x) = 0,§
a = 3 = 0 cobcTBeHHbIe 3HAYEHUA A, = (n+1)2% n=0,1,.... cobcr-
BetHble GyHKUMM Y(T,An) = sin(n + 1)z, a npu ¢(z) =0, a = 3 = 7/2)
cOGCTBeHHBIC 3HAUEHMA A, = n°, n = 0,1,..., cobcrBennble ¢byHKUMHU]
y(z,A\n) = cosnz.

llepelinem Tenepe k nocraHoBke oBpaTHolt 3amaum Hltypma—y
JHuysnnna.  Ilycte dymama q(z) s ypasuenun (23) ue u3BeCTHaY

an

# TpebyeTcA ompeneauTh €€, 3HAA COBOKYIHOCTb COGCTBEHHHX 3Ha-
yenwit 3azaum (33)—(35). IlepBubi pesyabTaT B McCaenoBaHMM BTOMH
ob6paTHo¥ 3azaum G noxyden B.A. AmMGapuymanom [91] u cocrour
B ciaenyiomeM. Ecm a = f = 7/2 m u3pectHo, uTo cobcTBen-
Hele 3HavenmA 3agaum (33)-(35) A\ = 0%, n =0,1,..., T0 ¢(z) = 0
ana z € [0,7). Ouamako TOT Pe3yAbTAT He ABAACTCA THNMYHHIM B
TOM CMEICJIE, YTO OMHOW NoC/eNOBATESBLHOCTH COBCTBEHHHIX 3Haye-
HHMIA He ZIOCTATOYHO IJIA OJHO3HAYHOIO ONpelesIcHWA NPOU3BONBHOM
bymxkimm g(z). O6maa Teopema e MHCTBEHHOCTH ONpeneneHHA QyH-
xkumu ¢(z) 6wina mokasana I'. Boprom [93], xoTopwrit mokasax, uto
q(z) onHO3HAUHO ONpENENAETCH, €C/M 3a]aHbl COGCTBEHHBIE 3HAYEHUA
An, = 0,1,2,..., 3amaumn (33)-(35) u cobcrTBenHnle 3HaYeHMA Yy,
n=0,12,..., sanaun (33), (34)

y(m,A) cosy + y'(, A)siny = 0, (36)

rZie YHCJIo ¥ TaKoBo, uTo sin(y — ) # 0. I'. Bopr nokasan Teopemy
eIMHCTBEHHOCTH penteHyna o6partHolt sanaun Hlry pma-Jinysunna npu
HEKOTOPLIX OT'PAaHMYEHUAX Ha IOCTOAHHHEE a, [, ¥. DTH OrpaHUYEHUA
Gulm 3aTeM CHATH B pabotax [89, 98].

IIpuBeneM TouHyio GOpMYAMPOBKY Te€OpEMH €MMHCTBEHHOCTH De-
menua oGpaTHoit 3axaun Hltypma-JInysunna [98].

Teopema 335. IHycms qi(z) u g2(x) — nenpepriansie na
ompesxe [0,7] dynxyuu, a AL, i = 1,2, — cobcmeennne amavenus
sadavu (33)—(35) u pi, i = 1,2, cobcmeennvie smavenus zadavu (33),
(34), (36) 0as pynxyud q;(z), i = 1,2 coomeemcmeenno. Tozda, ecau
AL =22, pl =p2 0arn=0,1,2,..., mo q1(z) = g2(z) das z €[0,n].

Caenyer oTMeTHTh, 4T0 006paTHad 3ajada Hlrypma-Jlnyeunna
61M3Ka TO NMOCTAHOBKe K o6GpaTHBIM 3ajayaM, pPacCMOTPEHHEIM B
NpeALIAYLIIMX NYHKTaX, U MoKeT GHITh CBelleHa K 3ajJlaue ONpeaejeHnA
¢(z) Mo mononHMTEeNbHO! MHPOPMALMM O pellieHMM ypaBHeHua (33),
npeacrapaAiomeil coboit dyuximio napamerpa A. IelicTBUTeNBHO,
nycTs v(z,A) — pemeHune y paBHeHna (33) ¢ HaYaJIbHEIMM Y CIOBUAMM

(37)

Pemenne 3anaum Koum (33), (37) v(z,A) cymecrByer mpmu mobGom
KOMIIJIEKCHOM A W NpM (UKCUDOBaHHOM z KakK QYHKIMA A mipe-
AcTaBaseT co60il GyHKUMIO, aHAJIUTUYECKYIO BO BCe KOMILAEKCHOM
IJIOCKOCTH. PaccMOTPMM (YHKIAIO KOMILJIEKCHOTO MEPEMEHHOTO A
9(A) = v(7,A)cos B + v'(w, A)sin B.

U3 onpenenenvsa ¢yuxumit g(A) m v(z,A) creayer, uTO Kaxk-
AbIA Honb GyHKIMHU g(A) ABAAETCA COGCTBEHHBIM 3HaUEHMEM 3aJaUM
(33)~(35) M o6paTHo kaxaoe cobcrTBeHHOe 3HauenMe 3azauM (33)-
(35) saBamerca mynem dyukumm g(A). Hcnonbaysa pesynbTaThl Te-
OPUM QYHKIIMM KOMIJIEKCHOT'G NEPEMEHHOTO MW CBOMCTBa $yHKUMM
v(z,)), MoKHO noka3aTh [98], uTO aHaIUTHUYecKas BO BCceil Komm-
TekcHOi maockocTM ¢yHKuMA ¢(A) OMHO3HAUHO ONMpENeNAeTCHs CBO-
MMM HyaamMu. TakuM o6pa3oM, COBOKYMHOCTb BceX COBCTBEHHBIX

v(0,)) =sina, v'(0,A) = —cosa.
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sHavyenuit samaum (33)-(35) A,, n = 0,1,2,..., omHosHawmo ompe- §
Aenfer QYHKIMIO KOMIJIEKCHOro nepemensoro g(A). AHaJOrudHO, |
COBOKYNHOCTb BCeX cOGCTBeHHMIX 3Hauenmit sazaum (33), (34), (36) 1}
#n, n = 0,1,2,..., oZHO3HAYHO oNpeAeNsieT (YHKIMIO KOMILIEKCHO-
ro nepemensioro p(A) = v(w,A)cosy + v'(r,A)siny. Takum oGpa3om, |
MOKHO TOBOPHATH O TOM, 4To obpaTHas 3axaua HIrypma-Jinysunns,
cocToAmlaf B onpeneleHMM QyHKuMM ¢(z) mO ABYM COBOKYINHOCTAM |
cobGcrperHbIx 3HaueHMit A, M p,, n = 0,1,2,..., MokeT GHTH CBeAeHa :
K 3azave onpelenenns GpyHxumnu ¢(z)no Apym (GyHKUMAM MapaMeTpa

A 9(2) n p(2).

BepHeMcsa k TeopeMe 3.3.5 0 exuucTBenHOCTH pemenma oGpaTHOH |
sanauy Hrypma-Jinysuans. W3 nee chenyer, 4To MpoM3BoNbHAA §
HenpepuBHaA GyHKIMA ¢(z) onHO3HAUHO ONpesenAeTCA B TOM Cilydae,
KOTJia 3a/iaHbl JBe COBOKYNHOCTH colcTBeHHBLIx 3naveHuit A, M j,,
n=01,2,.... B cBA3u c 8TUM BO3HMKAET CJIEAYIONMA BOIPOC: BO3~
MGKHO JIM TaKoe Cy)KeHMe kiacca PpyHximit ¢(z), KoTopoe MO3BOMAET |
OIHO3HAYHO onpeZfenars $yHxumu ¢(z) M3 eroro Kiacca mo omHol |

COBOKYIHOCTU COGCTBEHHEIX 3HadeHwMi?

PaccMoTpuM kinacc HenpephiBHBIX Ha oTpeske [0, ] dyuxumit ¢(z), |
Takux, uTo ¢(* — z) = ¢(z) ana moboro z € [0,7]. Obosnaunm sTOT
Kaacc ¢pyHkumit vepes Q. Ina ¢ywxumil, npuHAANEKAUMX Kiac-
¢y Q, cpaBeANMBa CREAYIOMAA TeOPeMa €IMHCTBEHHOCTH PelleHus |

o6partHoit s3anaun Irypma-JInysuana [98).

Teopema 3.3.6. Mycms ucaa a u B e xpaeanr ycaosuszr (34),
(35) maxosn, ymo a + f = x, a Fynryuu ¢1(z) u gy(z) npunadscacam |
wsaaccy Q. Tozda ecau A, = AL daxn=0,1,2,..., 2de AL u A2 cobe- |
meenume navenus aadany [Imypma-Jluysusss (33)—(35) dax gynryuil |

91(z) 8 q2(z) coomsememeenno, mo q)(z) = ¢(z) das z € [0,7].

B ¢opmynuposky Teopemn 3.3.6 BXOQMT He TONLKO yCJOBMe NpPH- |
HaJUIeKHOCTH ¢i(z) kinaccy Q, Ho u cooTHomenme a + 8 = r. Takum !
o6pasoM, Tpebyercs, 4To6M He ToMbko GymKmMA g¢(z) Guna cuM- |
MEeTPM4Ha OTHOCUTE/ILHO CepeamHL orpeska [0,7], Ho ¥ rpamuunbe }

ycaosua (34), (35) o6nanamu ceoficTBOM CHMMeTpPHH.

Cnenyer oTMeTHTh, uTO TaK Kak Kaioe COGCTBEHHOe 3Haue- !
sue sazaun (33)—(35) apmserca Touxoi cnexrpa mddepeHimaim-
HOTO ONEPATOPA, MOPGKAAEMOro IM(QepeHUMANLHBIM BhIpAXKEHHEM |
~y¥'(z) + ¢(z)y(z) u xpaesbMu ycroBumamu (34), (35), To o6parHyio
sanauy Hitypma-Jinysusnns oTHOCAT K KAaccy 06paTHHIX CIEKTPab- 3

HEIX 3anad.

Mu paccMoTpesm onMm M3 BapHRHTOB MOCTAHOBKH obpaTHoit 3a- 1§
Aaun [itypma-Jluysnana u npusenu Teopemnl eAMHCTBEHHOCTH ee |
PemeHns, KoToprle 6LAN QOKa3aHK B NMEPBLIA NepPHOA MCCIlefOBAHMA i
oTolf 3anaun. 3aTeM yCHAMAMM MHOTMX AaBTopoB o6paTHad 3ajaua ;

Hitypma-Jinysunas 6una uayuena BechbMa AEeTaJLHO, B YACTHOCTH
HUCCAeROBAHM BONMPpPOCH CymeCTBOBaAHMA ee penieHMA, a TaKke GHJIH

PAcCMOTpeHs! M MCCAeROBAHH APYIMe BAPHAHTHM NOCTAHOROK BTOY ]
obparHolt zamaum. OsuwakomMmurThea ¢ pe3ynbTaTaMy, MNoJydYeHHBIMM |

9

B 2TOM HamnpaBJieHNM, MoKHO No Kumre [53] u npuBenensoli B Helt
JIMTEepaType.

OGparanie 3anaun xBanTOBOR Teopmm paccemmma. Omuoll u3
KJaCCHYECKMX 33a]a4¥ KBAHTOBON MeXaHMKM ABJAAETICA 3a4ava O JBU-
EHUM YACTHUUEI B NOJle C UCHTPaJLHLIM noTeHiMatoM v(z). Mccae-

AoBaHMe BTOH 3a/lauM MPUBOAMT K JMHelHOMY mmddepenumaisHOMY
Y PaBHERMIO

(=, A) + (1\2 - L(—I—:;—ll - v(z)) wi(z,2) =0, (38)

paccMaTpuBaeMoMy Ha monynpsmoit z > 0. Ypasuenue (38) Hasm:-

BaeTcA palMaJibHbiM ypapHenmeM Illpexunrepa, HeoTpumaTensuuui

LeNoUMCIIeHHEI MapameTp | — yrioBHM MoMeHToMm [50].
Paccmorpum ypasnernue (38) B cayqae [ = 0:

¢"(@ ) + (0 - v(2)p(z,) =0, z>0, (39)

C HaYaJbHhIM YCJOBHEM

#(0,2) =0. (40)

Byznem npeanonarats, uro noremman v(z) — KY COYHO-HEIIp ephiB-
Had npu ¢ 2 0 GyHKUMA, yOOBJIETBOPAIOMIAA YCIOBHIO

oo

/ 2|v(2)|dz < co. (a1)

0

B oToM cayuae MokHO mokasath [57], uTo AnA Beex AeficTBUTEN-

HHIX 3HaveHui Mapamerpa A = k pemenme 3agaum (39), (40) npm
T — 00 MMEeT ACHMMIITOTHMKY

o(z, k) = A(k)sin(kz + (k) + o(1). (42)

Pyniama 6(k) HaznBaeTCA pa3oBEM cABMroM, MK Ba3oil pacceAHMA.

Breenem ¢opmyny (42) ana npoctoro, Ho BaxHOTO ¢ npakTHJec-
KOM TOUYKM 3peHMA CIydas MOTeHUMaNa v(Z), TOKAECTBEHHO PABHOIO
Hymio npu = > a > 0. B aTom cayuyae ofmee pemenme ypaBHEHUA
(39) npu = > a umeer BHA

p(z, k) = c1(k)sin(kz) + c(k) cos(kz).
U3 ycnosua HenmpeprBHocTH dymxumit p(z, k) u ¢'(z, k) B Touke

I = @ Mbl MOAYYMM CMCTEMY AAA ONpenefeHNMA NOCTOAHHHX c;(k)

" CQ(k)

c1(k) sin(ka) + c2(k) cos(ka) = (a, k),
kec1 (k) cos(ka) — kca(k) sin(ka) = ¢'(a, k).
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CnenoBaTelibHO, TIPU T 2 @

VE2p2(a, k) + (¢'(a, F))?
k

sin(kz + 6(k)),

p(z, k) =

—~¢'(a,k)sin(k

exe tg6(k) = 2 = ECHEa TG

TakuM o6pa3oM, B paccCMaTpPUBAEMOM HaMu Cly4yae aCHMIITOTH-
yeckaa popMyaa (42) nepexoauT B TOYHOE paBeHCTBO NpH Z > a.

PaccMOTpMM MOCTaHOBKY o6paTHO# 3angaum KBAHTOBOM Teopmu
paccesnus. VI3 aKCIIepUMEHTOB N0 PACCEAHMIO YACTMIl MOXKHO ofpe-
nennTh pasy pacceanus 6(k). O6paTHas 3amavya KBaAHTOBOM Teopuu
paccesHuA COCTOMT B ONpeJesieHUM NOTeHlIMa/a B3aUMOAECTBUA v(z)
o pase pacceanus 8(k). UnTencusHOE UcCnenoBanue aToi 06paTHOM
3ajauy oGyC0BAEHO KaK TeOPETHMUECKMMM npobieMaMM KBAHTOBOM
MeXaHMKHM, TaK M 3aJavyamMH oO6paboTKM pesyibTaToB SKCIIePUMEHTOB
no pacceannio yactuil. OJHMM U3 NEPBLIX pesyabTaToB N0 06parTHOi
3a/1auyM KBaHTOBOM TeopHu paccesHuA 6uina nonyyennas JleBuncoHOM
TeopeMma eamHcTBenHocTH [99]. B aToit Teopeme Ghio moOKa3aHO, UTO
ecan dasa paccesuus §(k) 3anaHa npu k > 0 u BbINONHEHO ycJlOBUE

16(0) — 6(o0)| < =, (43)

to moTeniman v(z) npu z > 0 onpeneaserca oaHosxauHo. OaHako
B oblleM cay4ae OJHO3ZHAYHO ONpeAeNNTb moTeHuman v(z) mo dase
paccesnus §(k), sanannoit npu k > 0, HeBoamakHo. Bhiio mocTpoeHo
ceMelicTBO NOTEHIIMANOB, UMEIOIIINX OIHY M Ty Ke ¢da3y paccesHUA NpHU
k > 0. D1a HeogHO3HAYHOCTb CBA3AHA C TEM, UTO MOKET cyllecTBOBATH
KoHe4Hoe umcio N > 0 YMCTO MHUMBLIX 3HaveHuit A; = iuj, u;j > 0,
j=12,...,N, takmx, 4TtoO

im @(x,Aj)e"" =1, (44)
IO

rae p(z,),) — pemenue 3anaum (39), (40) ¢ A = Aj = iy;. 3amerum,
yrto npu N > 0 ycnosmue (43) He BeonHAercA. B aToM cayuvae

noreniman v(z) oAHO3HAUHO onpejeliseTca, ecau npu k > 0 3ajnana

da3za pacceanun 6(k), sHavenma Aj, j = 1,.. . N, u m;, Takue, 4T0

rn,.'2 =

f] l(,D(I,Xj)lzd:t, J=1,...,N,

O\S

rae ¢(z,);) — pemenne 3anaum (39), (40), yrosaersopsiomee ycno-
suio (44). D1a obmas TeopeMa €IMHCTIBEHHOCTM pemeHUs obpatHoi §
3a/lauM KBaHTOBOI TeopuM paccedAHuMs Obuina aokaszana B.A. Map- |
yenko [56], 3aTeM UM Gblila NpeasioKeHa Npouedy pa BOCCTaHOBJIECHUA
noteHunana no 3agauHeM 8(k), k > 0. Ay um;. j=1,2..., N, koTopas |
coctonT B caeayiomem [57). Tlo dase pacceanma é(k) onpeneaserca s
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byuxuma S(k) = exp{2i6(k)}, o6nanaoman ceoiicTBOM S(—k) = S(k)
(S(k) — @yHruma, KommnekcHo-conpmwKeHHAn K S(k)). 3arem aas
z 2 0 BBoaMTCs $yHKUUA

N 00 .
F(z) =) mlew® 4 -23; / (1= S(k))e™*= dk
i=t -

U c aTolt dyHkumedht aia ¢ > 0 pemaerca ypaBHeHUe ANA PYHKUMM
K(z,y)

oc
F(z+y)+ K(z,3) + / K@ OF(y+0)d =0, y>z.

llocne Toro kak waiinena ¢ymuma K(z,y), norenuman v(z) on-
peaenserca dopmyaoii

v(z) = —2%1{(1, z).

PaspaGoraunas B.A. Mapuenko fnpoleay pa BOCCTaHOBACHUA NoO-
TeHUMana v(r) uMeer GoibIloe 3HAYEHHE ANA TEOPETHHUECKOTO MCCTe-
AoBaHUA 06paTHOl 3aKauM pacceAHMA. HANPMMepP IUIA AOKA3ATeNdbCT-
Ba TeopeMbl CYIECTBOBAHUA pellleHNs oGpaTHOM 3a1a4M MM onpede-
JIeHMA NCXOLHBLIX JaHHBIX 06paTHOM 3a1ayuM, LA KOTOPHIX ee pelleHue
MOXKeT OLITh MOAYUYEHO B ABHOM (aHaiuTHueckom) Buge. CyluecTmy-
€T Tak¥e Apyras 4acTo NpHUMeHsAeMad NpoUeldypa BOCCTaAHOBJIEHMA
noTeHUMasa v(r) MO TOYHO 3aJaHHBEIM MCXOAHBLIM AAHHBLIM 06paTHOI
3ajauM, OCHOBaHHaA Ha ypaBHewun [esbpania-Jlesntana [19).

OctaHoBuUMCA Ha Bompoce ycrohuuBocT obpaTHoit 3azaum pac-
CEeAHWUA, MOCKONbLKY MPHU DEMIEHMM NpaKTUYecKUX 3aaay Heobxoaumo
YUHTBIBATh, YTO MUCXOAHBIE NaHHbIe, MOAYyYeHHblE U3 BKCTIEPUMEHTOB
A0 paccesHUI0 YacTHL, U3BECTHRI C MOTpelHoCcTbio. [IAA ApoCcTOoTH
paccMOTpUM NOCTATOYHO YACTO BCTpevaloumiica B IpakTUKe cayudaif,
Koraa ampuopu u3BecTHo., 4To N = 0. OaHa M3 raaBHbIX Opob-
JIeM, BO3HMKAIOWMX [PM NPaKTHYeCKOM peileHuu oGpaTHoil 3axaum
paccesHUA, COCTOMT B ToM. 4To ¢a3za paccesnua (k) mssecTHa C
NOTPELHOCTLIO. MPUYEM TOJAbKO Ha KOHEYHOM WMHTepBaJje 3Ha4eHMI
nepeMeHHoi k, a umenHo k € [ky. ky]. rae 0 < by < k» < . D10 06C-
TOATENbCTBO CYHIECTBEHHO 3ATPYAHAET NPUMEHEHUEe YKa3aHHOM Bolle
npouelyprl ANAA BOCCTAaHOBJIEHUA MOTeHUMada. DBakHoe 3HaudeHne
MMeEeT TakkKe T0, 4To ofpaTHaA 3ajadya paccedHUA ABJAETCA Heyc-
ToiuuBo#i. /1A Toro 4106l y6€AUTHCA B 3TOM. BOCIIONB3Y CMCA YACTO
ynoTpeGaAeMbIM B KBAHTOBON MeXaHMKN MeToA0M ofnpedeneHna dasbl
paccesHMA Mo noTeHuMasy v(r), KOTOpbIl HOCHMT HalBaHHe MeTola
$azoseIx dyHrUM [6].
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B eToM MeTone pemenue sanauu (39), (40) mmerca 8 suze
¢(z, k) = A(z, k) sin(kz + 2(z, k))-

B pesyanrate ana pynxumm 2(z,k) nonyuaem sanaqdy Koum

(2, k)= —P(—:lsinz(kz +2(z,k)), >0, (45) i
z(0,k) =0, (46) |

a ¢a3a paccesmnsa §(k) onpenenserca cieAyOmMM oGpa3oM:

§(k) = 'l_i’x{.ao z(z, k). 47)

3anaua Komm (45), (46) Bmecte c (47) onpemeaser oneparop A, }
cTaBAUMA B COOTBeTCTBME MoTeHuMaly v(z) ¢a3y paccemmsa (k). |
Taxum obpa3zom, o6paTHad 3asa4a pacceaHus Moker GuTh chopmy- 7§
AMpOBaHA KaK 3ajava pelleHNnsA OfepaTopHOro ypapHemua Av = 6 c 7
npubmnxenno 3aanHoli npapoit yacrso. IlokakeMm, yro ofparHas |
3ajaya pacCefiHMA HeyCToluMBa, ecaM onepaTop A paccMaTpMBaTh
Reifcrayionmm u3 npoctpanctsa C[0,a] B Clky, k2], npn oTom npeano- §
Naraercs, YTO BCe MOTEHUMAJL! TakoBH, uro v(z) =0 Ana z 2> a. U3 j

(45), (47) cnenyer, uro npu v(z) = 0 xna z > a pasa pacceanns

5(k) = =(a, ). (48)

Paccmorpum pemenna 3azaun (45), (46) z1(z,k) u zo(z, k), co- |
oTBercTByIOWMe MoTermanaM vi(z) U va(z). O6osnaumm h(z,k) = |

z1(z, k) — zo(z, k). ®ynxuma h(z,k) aBnAerca pemenueM 3ana4M

|
Wiz k) = =20 2990 o2k 1) — Lhia, ke, ),
h(0, k) = 0,

rae ¢ysxuua
1
Pz, k) = va(2) / sin 2(Ez + 72(z, k) + 8(z1(z, k) — 2a(z, k)))do.
J

CaenobaTtensHo,

h(z, ky=— / ﬂ(s_):')z_(f)sin?(kf+zl(£,k))exp {—% / s, h)ds}d&.
¢

0

(“9) §

HpuseneM nmpumep, NoKasmBalommMi HeycToWuMBoCTh 06GpaTHOM
3aJauM paccesHMA. PaccMoTpuM moTeHmMainl v(z) ¥ va(z), n =
1,2,..., Takue, uto v(z) > 0, v,(z2) 2 0 A z 2 0; v(z) = va(z) = 0
ana z 2 a > 0; v(z) = va(z) ana z € [0,a — 1/n}; v(z), va(z) € C[0, a);

oBax [v(z) —vafz)| =V,

rae V — npousBonbHOe PUKCHPOBAHHOE NONOKUTENLHOE YHCIIO.

pumenna dopmyny (49) ana npeiAcraBieHMA Pa3HOCTH pele-
HUA 3ala4 (45), (46) c pasHBIMM MoTeHiManaMM M yuuThBas (48),
[MOAy4YUM, YTO

16n (k) — 8(E)| <

1 f . . N
<3 0/ |va (€) — v(€)]sin?(kE + 2o (£, k)) exp{ -z J pu(s,k)ds}df(,so)

rzae 8,(k), 6(k) — da3m pacceaumus, zn(z,k), z(z, k) — pemwenua 3ana-
uu (45), (46) ana noTeHimanos vy (z), v(z) coorBercTBenHo. PyHKuMA
pn(z, k) onpenenserca pemeHnaMm z,(z, k) n 2(z, k) ananornuso pys-
kumn p(z, k). Tak kak pyHkumA p,(z, k) orpatiMueHa no MOLY/mO A
Bcex s M k, To 13 (50) u ycaosnit Ha pyHkumu v(z) n v, (z) cneayer, uTo

"6" - 6||C[h,k2] —0

npu n — 0o. Taxum obpasom, |[vs — vllcio,e) = V, 2 |[6n ~ bllcpe, k) — O
npu n — oo. Cirenosareabno, o6paTHasa 3azava paccesHMA HeyC-
ToliumBa.

MocTpoeHnnlii npuMep nokasbiBaeT HeycTounBoCTL 06paTHOlL 3a-
[aud pacCefsHMA B Ciydae, Korla onepatop A, onpedensemulil ypas-
Henuamu (45), (46), (48) paccMaTpuBaeTca aeticteyroumm u3 C[0,a]
B C[k,,k;]. MoxHo nokasath, uro o6paTHad 3a/auya PacCesHMA AB-
NAeTCA HeycToluMBoil U B pALe APYrMX ciydyaeB, HalpMMmep Koria
onepaTop A paccMaTpuBaercs AefictBylommMm u3 L[0, a] B Clky, k2.

Mni paccMoTpenu o6paTHyio 3asady Ann ypasuenus (39). dpyrue
MIOCTAaHOBKM OGpPATHLIX 3a1ay CBA3aHH ¢ Gojllee o6UMM ypaBHEHHMEM
(38). MwkHO noka3aTh, YTo NpH BHMOAHeHMM ycioBus (41) pemenite
samaum (38), (40), ¢i(z,A) ana neicTBuTenbHBIX A = k UMeeT npm
z — 00 ACMMIITOTHMKY

ei(z, k) = Ai(z,k)sin (k:r - !21 + 8i(k)) + o(1).

B cBA3M c aTMM MOXHO cPOpPMYyAMpPOBaThL OBa THNa ob6paTHBIX
3ajau KBaHTOBOIl TeopuM pacCeAHUA:
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1) da3a paccesuma (k) 3anaerca npy GpuUKCUPOBAHHOM 3HAYECHUH |
Il = lo ana Bcex 3nauenmit k, u Tpebyerca ompenenuTh MOTEHLMAN |
p3anumoneficteua v(z); .

2) dasa paccesaHMA 3a4aeTCA NPU $ukcMpoBaHHOM 3HaueHuM k =
ko, Ho AnA Bcex 3HaueHut yraosoro MoMenta ! = 0,1, ..., ¥ TpebGyerca §
onpesenuTs moTeHman v(z).

YKa3aHHBle IBa THNIA OGDATHHIX 33aJay KBAHTOBOM TEOPHHM pacces- |
HMA AN1A pasmanbHoro ypasHenusa HIpemymrepa (38) 6nam npeamerom §
uccaenopanuit nesoro psana asropos. HoapoGroe nanowkenue Teopus §
o6paTHMX 3aJa4 KBAaHTOBOU TeopUH Paccesnus CONEPIKUTCA B [9()], '_

B 3akmouenue OTMETHM, 4YTO Oﬁpa'l‘lme 3a a4 KBARHTOBOM TeopuH §
pacCceAHMA MOXKHO CTaBHTb He TOJBKO jng paaMaIbHOrO ypaBHEHMA
Ilpemmrepa (38), Ho ¥ AnA pAna Apyrux ypasHenuit. Omuolt u3
BRXKHRIX oSpa.'mmx 3aj/ay ABJIAETCA 3alaya IUIA ypPaBHEHHUA (39), pac- |
cMaTpHBaeMoro Ha Bcei npamolf. B Helt taixe Tpe6Gyerca BoccTaHo- §
BUTb NOTEHIMAJ v(Z) MO JAHHLIM O NOBEJeHUM pelIeHNA Y PaBHEHNS Ha §
6GeCKOHEYHOCTH NPY Pa3NHMYHHIX 3HAYEHygx napaMeTpa [53, 86], A71a §
o6paTHanA 3a1a4a MMeeT GoabIIoe 3HaYeHye MR MCCIIENOBAHUA PAIA ]
HelMHe/HEIX ypaBHeHMit MaTeMaTHYeCkoi ¢pusuxu [58]. 1

§4. OBPATHBIE 3A MAYMY JyIg HEJIMHERHBIX

OBBIKHOBEHHLIX IN¢$HEPEHIMAJNBHBIX
YPABHEHHUH

Knacc HenuHelHuIX 0GHLIKHOBEHHBIX ¢ depeHIMANbHBIX ypaBHe-
HM# cyllecTBeHHO HMpe KJjacca NAHeRyRIx ypa,sne“nﬁ. B cBazu
?THUM IOCTAHOBKH oGpa.‘rnux 3anav IR HeMHEeNHBIX ypune}{"ﬁ MO-
ryT G6uiTh Gonee pa3HooGpasHbIMH. OcramoBMMcsA BHauYale KPATKO |
Ha o6GpaTHBIX 3ajauax,B KOTOPRIX HUCXoqnoik HHbopMaimeit mnﬂercﬂ
peiienMe aMpgepeHIMANILHOrO yPaBHE Ua Kak YHKUMA He3aBUCUMOM ]
nepeMeHHON. ‘

Paccmorpum mipdepenumanbioe ypapnenue nepsoro nopsaaka |
¥ (2) = f(z,a(2),y(2)), (1)

rae f(z,a,y) — 3anaHHan GYHKUMA Tpex nepemennnx. llna ypapHe-}
nuua (1) chopmyampyem caeayiomyio ofparnyso sanauy. Ha oTpeske
[a,] 3anaHo HekoTopoe pemenue Ypanyenus (1) §(z) m Tpebyercsy
onpenesuTh HEU3BeCTHHIX Kodpdulmeyr a(z). Bonpoc o cyuiect-]
BOBAaHWM ¥ eAVHCTBEHHOCTM DEIICHMA broli o6paTHOM 32434y TECHO
CBfi3aH C ONHO3HAUHON Pa3pemMMOCTbly QTHOCUTENILHO O YPpaBHeHM ol
n.= f(z,a,y). TMycts ana mobuix T,Y,y1 9TO ypaBHeHUe HMee y
eIMHCTBEHHOe pemmenue a = F(z,y,41) rpe F(z,y,y1) — HenpepnB4
HaA ¢ymkuma. Torma ana moGo#t dyuxymu #(z) € C[a,b] cymect
ByeT eIMHCTBeHHOe pelleHne cHopMympopanuoit o6paTHoli 3anauM
a(z) € Cla, b], onpenennemoe dopmynoh a(z) = F(z, i(z), #'(z)).

.
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Hpumepamit mupdepeHumaibHEIX ypaBHeHH:, XA KOTOPHX chop-
MyaupoBaHHas o6paTHasa 3afaua MMeeT TaKoe NPOCTOe pelleHwe, AB-
amotca cenylonme: y'(z) = f(z,y)+a(z); ¥'(z) = f(z,y)+a(z)[y’+1].
B o6mem ciyHae oMHO3HaYHAA Pa3pemMMOCTh paccMaTpuBaenoit 06-
paTHoOM 3ajauM MOKET 3aBMCETh OT TOTO, KAKO€ pelleHHe ypPaBHeHHA
(1) samano B KavecTBe ucxomHo#t mMHpopmammu. PaccMoTpuM, Ha-
npumep, ypasHenne ¥ (z) = a(z)y?. Ecim ncxommoit mndopmammedt
aBnserca pemenne §(z) = 0 Ha oTpeske [a,d], To pemmensiem o6paTHot
sagaumu 6yzer mobas ¢ynxuma a(z). B ro e Bpema, ecau 3ana-
Ho peinenme §(z), He obpamalomeeca B Hyab Ha orpeske [a,b], To
koo puumMenT az) onpenenserca OMHOIHAMHO. '

PaccmoTpuM npuMep nocraHosky obpaTHolt 3a4aum ANA ypaBHe-
HHA BTOPOTO MOPANKA, COAEP)KAIEro ABa HEM3IBECTHHIX Koadduumen-
ra. [lycTs maHO ypabHeHHe

v'(z) = f(z,a(z), B(z), y(2), ¥/ (z)), @)

rae f(z,a,B,y,2) — 3asanHan pysxuusa. O6GpaTHan 3a7aya COCTOMT
B caeayiomeM. Ha orpeske [a,)] 3amaHm mBa pemieHMA ypaBHeHMA
(2) y1(z) n y2(z), Tpebyerca onpelneUTL Ha BTOM OTpe3ke Kooddu-
uveHTH a(z) u f(z). Dra 3amaya CBOAMTCA K CHCTeMe ypaBHenuit
oTHocuTesnbHO a(z) u B(z):

f(z,a(z), B(z), (), (=) = yi(z),
f(.‘t, a(:)’ B(t))y2(z)1 y&(a:)) = yé’(:r:).

OaHo3HaYHAA Pa3pelIMMOCTh BTOM CHCTEMBI .OTHOCHTENBHO a(Z)
n fB(z) sasucur or ceolicts $ymxmm f(z,a,B,y. 2) u TOro, Kakue
pemennsa ¥ (z) u ya(z) 3aaann B KauecTBe McxomHolt nHpopmalmH.

OTMeTHM, YTO NPUGIMIKEHHOE pellleHMe PACCMOTpeHHBIX obpart-
HREIX 3234 A ypasHenutt (1) u (2) cBomuTca K 3a4a4aM BEIYUCACHHA
npoussomHoll oT QyHKIMM, 3akaHHOU NPHUGIINKEHHO, M pelleHHIO He-
JIMHeHHOro YPaBHEHNA UM CHCTeMhl TAKMX ypaBHeHM.

Ilna HenvmeltHLIX 06HIKHOBEHHEIX MPPepEeHIMANLHEIX YpaBHeHHR
MOKHO NOCTaBUTh o6paTHYIO 3ajady oNpelesleHHA 3aBUCAINErO OT
pellleHuA KoodpHIMEHTa yPaBHEHNA MO PelIeHUIo BTOro ypaBHEHHA.
PaccMoTpuM npuMep NMOCTaHOBKM Tako#f 3aJaun. 3asaHo ypaBHeHHe

Y(z) = f(y(2)) @)

¢ HeusBecTHHM Kooddummentom f(¢). Tpebyerca onpeaennts f(§),
ecaM 3aJaHO HEKOTOpOe pemenue aroro ypasHenua j(z). Ocobes-
HOCTb BTOM 3aJauyy COCTOMT B TOM, YTO OGNAacCThb onpele/leHUA He-
u3BecTHO# (YHKUMM 3aBUCMT OT McXomHo#t undopmaiy, a MMeEHHO
or ¢ynkumm H(z). Ecau pemenve ypasuenma (3) 7(z) sanaHo Ha
orpeske [a,b], To f(£) Moxaio onpexenuts Ha orpeake [c,d], rae ¢
u d COOTBETCTBEHHO HaMMeHbllee ¥ HauGonbimee 3Hadenua (z) Ha
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ngonsaomoﬁ.

orpeske [a,b]. B ToM cayuae, korna ¢ymximsa H(z) 3amaHa nNpuU-
6/moKeHHO B paBHOMEPHO MeTpHMKe, MBI MMKEM pDemMThL OGpaTHYIO|
3aayvyy, MCHOABL3YA ycroliuMBhili MeToX BLIUMCIEHNSA NPOMU3BOAHON), HO Y
o6sacTh 3nauenna pyuxumu f(§) Gyaer M3BeCTHA TONBKO NPHUGIKEH- |
Ho. OueBMIMHO, YTO CHTYaIMA YCAOKHAECTCA, €CIIM MBl PACCMATpPUBaeM ]
3azady onpenenenna dyuxummn f(€) no pemenuso §(z) HemuHeitHOrO
ypaBHenus BToporo nopamka y'(z) = f(y(z)). B arom caywae npu]
NpuGIMKeHHOM 3aJaHWM DelIeHNA ypaBHeHnA §(z) ANA onpeneieHUA]
o6nacru onpenenenmsa f(£) Heo6xoaMMO penMTh 3allauy BEIMHCIACHUA

PaccMoTpuM ofpaTHHe 33Maui ANA HeAMHeHHHIX OGLIKHOBEHHBIX §
mnddepentmaibHLX ypaBHeHMH, coaep>kammx napamerp. Hccrneno-}
BaHMe ®THMX 3a/laU HayHeM C NPOCTOro CAy4yad ypaBHEHMA NEPBOro ]
MnmopanKa '

Ve =M, 0<z<], 0<A<h, ()]

C HAYaJIbHRIM YCJIOBUEM

¥(0,2) =0, 0<A< Ao (5

OGpaTHaa 3alaua cocTOMT B cienyomeM. M3BecTHo penleHne §

3anauu (4), (5) B Touke z = 1 (kak pynkuma napamerpa A):

ML) = a(h), 0<A< . ©)]

Tpebyerca onpenenuts f(£). ¥YTouHMM mocTaHoBKY aToli o6paTHol

3aauM. Tax kak HemsBecTeH He ToALKO KOPGPMIMEHT ypaBHEHMA,)
HO M pemeHHe yPaBHEHHMA, OT KOTOPOro 3aBHCHUT ®TOT Koadduiment,]

TO €CTECTBEHHO CTAaBHTb 3aJauy onpefejieHNA napsl GpyHxumii f(£) n}

y(x,)), ynosnersopsioumx ypasnenmio (4) n ycaosuam (5), (6).
[peanonmxum, uro 3asaunan GpyHKuMA a(}), Takosa, uTo

a(A) € C'[0,X0], a'(A)>0 npu A€o, Ao}, a(0) =0. (7)

lammm onpenenenne pemenus o6patHol 3anaum (4)-(6). ;'
Onpenenenwve. Ilapa dynxyui F(€),y(z,A) nasvieaemes pe-i
wenueM obpamuoil 3adavu (4)—(6), ecau: ]
f(f) € C[Or G(AO)]: f(E) >0 np { € [0,(1()0)],' (8)
y(z,2) € C'[0,1] da5 acez A € [0, Ao]; (9)
0 < y(2,2) C a(X) das z € [0,1], X € [0, Ao); (10);
f(y(z,2)),y(z,)) Wosremeopsom (4)-(6). 3
.JlokaxeM TeopeMy CymIeCTBOBAHWA M €IMHCTBEHHOCTM peMIeHMHA)
ob6parHo#t 3amaum (4)-(6). ,
Teopema 34.1. Ecau $yuxyus a(A) wossemsopsem ycaoousm)

(7), mo pewenue obpammnoit zadavu (4)-(6) cywecmeyem u eduncm-
8enKoO.

1680

llokasarennbctro. [Ipemmonokum, uro napa pynxumis f(£)
u y(r,]) ABAAercA pemenveM obpatHoit 3amaum (4)-(6). Toraa us3
(4) cnenyer, uro y'(z,A) > 0 mpu = € [0,1], X € (0,A]. MNonenus
ypaBHenue (4) Ha f(y(z,A)) u npounterpuposas ot 0 a0 1, uMeem

[ v(z,\)dz
/ Ttz

Caenap B mHTerpase 3aMeHy nepemennoif t = y(z,)) U ucnonb3oBan

ycaosus (5), (6), nonyunm ypasHenue ans dpynxumm f(t)

a(A)

ludppepenimpysa ato ypabHenue no A, umeem f(a(d)) = a’(A), A €
[0, Ao]. CnenoBatembro, ana f(€) cnpaBeanmpo npencraBiaenue

f(©) =d'(@™'(¢)), €€[0,a(X)], (11)

rae a~(§) — ¢ymrxuma, o6partnaa k a()\). Ioacrasus HaiizenHoe
Beipakenne ana f(§) B ypasuenue (4), nonyuum

b _
@(a”l(y)) ~

/
Yuntheas dopmyay ‘ans npomssogHo#t ot obpaTHod yHKIDM
(a=1(&)) = ?'(a—-}TTﬁS u ycaosua (5), (7), umeem a~1(y) = Az. Cuae-

ROBaTENLHO,

Adz.

y(z,2) =a(Az), z€[0,1], X€[0,X) (12)

TakuMm o6pasom, eciiu f(€) u y(z,)) aBasiorca pemennamn oGpat-
Hoit 3anauu (4)-(6), To ana HMx cnpaBemvBel npeacrasiaeHua (11)
n (12) coorBercTBento. CnenopaTennHo, peienne obpaTHoil 3axaun
eavHcTBeHHo. CymecTBoBaHUe pellleHMA obpaTHoif 3afauu Takke
cnenyet n3 popmyn (11), (12). HenocpeacTBeHHO# NpoBepKoOi MOKHO
ybeauThcst B TOM, YTO npM BhInojiHewun yciaosuii (7) mapa ¢yHkumii
f(&) = d'(a"1(£)) m y(z,A) = a(Az) ynosnerBopser ycaouam (8)—(10)
n f(y(z, 7)), y(z,A) yaosaerBopatot (4)—(6) npu z € [0,1], A € [0, Ao].
Takum o6pa3om, Teopema 3.4.1 goka3saHa.

B nanHoe onpejenieHne peuieHUA o6paTHol 3aaaun 6ulslo BKIIOYe-
Ho ycaosue (10), npeacrapnmomee coboil anpHOPHYIO OLlEHKY GYHK-
wn y(z,X). Do ycaosne norpebosanoch ans Toro, urobet obnacrh
onpeneaenns pyuxumn f(€) coBmanana ¢ o6nactbio 3Havennii y(z, )
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npu z € [0,1], A € [0,Aq]. Boamoxen npyroii Bapumant onpeneneHus
pemenus obpatHoi 3anaum (4)—(6).

Onpenenenune. IHapa dynxyudt f(£), y(z,A) nasweaemcs
pewenuem obpamuodl 3adavnu (4)-(6), ecau f(§) nenpepwona npu § €
(—00,00), f(€) > 0 npx & € [0,a(X)]; y(z,A) € C[0,1] das eces
A€ [([), ,\g],i f(y(z,A)) u y(z,)) wosaemeopsrom (4)—(6) npu z € [0,1]§
A € [0, Ao].

Tpu Takom onpenenenun pemenns o6parHolt 3anaum (4)—(6) names
HAETCA YTBEPXKAEHUE O €IMHCTBEHHOCTH ee pemleHUA. JleficTBUTE/NY
Ho, Tak Kak f(§) onpenenena ans Bcex £, TO MOXHO PACCMATPHUBATH
dyuxmwmo f(y(z, X)) npu ao6uix 3nauvenmax y(z,)). Onmako w3 (4),
(5) u nonoxureasHoctu f(§) npm § € [0,a(A)] nmeem y'(z,2) > @
npu z € [0,1], A € (0,)]. HanpHeMee A0KAa3aTENLCTBO NPOBOIMTCH
aHajoruyHo npeasiaymemy. Ho dynxuma f(€) onpenenserca ¢opm,
noit (11) Tomeko nas € € [0,a(A)]. Taxum 06pa3oM, eaMHCTBEHHOCTH,
onpenenenmna Gynxumn f(§) MokHo HoKa3aTh Tonbko 4a4 € € [0, a(Ao)];
T.e. Ha o6macTv 3Hauenuit y(z,A) npu z € [0,1], A € [0, o). '
ZAOKa3aTeNbCTBa CYUIeCTBOBAHMA HenpepuBHol Ha Bcelt npsamoit dy
ki f(§) mocrarouno moompeaennts f(€) = a'(a"!(£)) c orpes
£ € [0,a(Xo)] Ha BClIo NpsaMyI0 Tak, YTO6H MOAyYeHHas TpPU BTOM
dysxuma Geina HempepriBHo#. OueBHAHO, YTO TaKoe JOONPpee/eHME]
HEOMHO3HAYHO. A

PaccmoTpuMm o6paTHEIe 3aKaum ANIA HEJAMHEAHLIX ypaBHeHM) BTO-
POro MOPAAKa,CONEPKallMX NapaMerp. 3akauu TAKOro THIIA BO3HM-§
KalOT NPM MCCIENOBAHMM HEKOTOPHX (U3NUecKUX npoueccos [97] w
o6GpaTHEIX 3384 ANA ypaBHEHUN B YACTHHIX NPOM3BOMHBIX [3].

Paccmorpum 3anauy onpenenenna ¢ynxumit f(t) m y(z, ), yaon-|
NETBOPAIOMMX yPaBHEHHUIO

y”(z’ A) = ,\zf(y(z, A,

M YCHOBUAM

&

0$3€1y OQI\SAO,

(13)}
¥(0,2) =0, y'(0,) =b(}), (14);

y(l,/\) = a(’\)r 0< A <€ '\0; (15)

rae b(A) u a()\) — 3ananHnie dpynxkumn. B nocranoske 8Tolt 0GpaTHOM |
3a/lauM He BhLIEJIEHO ABHO JONONHUTENbHOE yCIOBHE, WM MGKET GLITD )
m6o y'(0,A) = b(A), aubo y(1,A) = a(Ar). 4
Ipemnonoxum, uro pynkumu a(A) n §(\) yaosaerBopsoT cieny- |
I00MM Y CHOBMAM: 4
a(X) € C'[0, A,

b(Y) = Ag(),

0$A<A01

a(0)=0, da'(A)>0 nmpu A€ [0,X)], (16)
9(A) € C1[0, Aol, ﬂn>0mmhemdd( f
17) §

Onpenenenune. Pewenuem obpamuot zadaxu (13)-(15) na-
3osem napy Pynxyull f(t) v y(z,)), maxuz, wmo f(t) € C(—00,00), }
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f(®) € C0,a(Xo)}, f(t) > 0 npu t € [0,a(Xo)]); 947 awbozo A € {0, Ao]
fynxyus y(z,A) € C*[0,1]; y(z,)) u f(y(z,])) Wosaemsopsom (13)-
(15) npu T € [07 1]: A€ [O)A(’]'

Jlna o6paTtHoit 3agaum (13)—(15) cnpaBennMBa cilieAyIODIan Teope-
Ma €IMHCTBEHHOCTH pemenus [26].

Teopema 3.4.2. Iycms gynxyuu a(X) u b(A) woesemeopsom
yeaosusm (16) u (17) coomeemcmaenno. Tozda ecau fi(t), yi(z,A) u
f2(t), ya(z,A) — pewenus obpamuoi sadavu (13)(15), mo fi(t) = fa(t)
dax t € [0,a(Xo)] u y1(z,A) = wa(z,A) npr z €[0,1], A €0, Aq].

HokasaTeanwnctBo. llycrs f(t) u y(z,A) — HexoTopoe
pemenue o6patHoit 3aaaum (13)-(15). Toraa us (13), (14) u noxoxu-
temsHoctu f(t) npu t € [0, a()o)] cneayer, uro mpu A € (0,

0 < y(z,2) <a(}), ¥(z,A)>0 ana z€(0,1].

Ymuoxus ypasrenue (13) na y'(z,)) u npounrerpupopas or 0 a0
z, NOJIYYNM

y(z,2)
W(2,N)" = (Y(O,N) =22 j F(e)de.

(0,2)
Yuuthsaa ycaosue (14), nmeem

y(z,A)

/ f(:s)ws)—ll2 -1

0

y'(z, ) (bz(z\) +2X?

IlpounterpupoBaB sTo paBeHcTBO oT § a0 1 ¥ clienaB B MHTerpane
3aMeHy nepemenHolt t = y(z,A), noayuum
y(1,A) t -1/2
(wuy+n{/ﬂ0&) dt=1.
o

y(0,2)
Yuutnsaa ycaosusa (14), (15), (17), nmeem

y) (gz(x) +2 / f(£)d€>—l/2dt Y
1] V]

TaxkuM o6pasom, ecim pyHkuwm f(t) v y(z,A) asnmorca peite-
uueM obpaTHo# 3amaum (13)-(15), To dymxuma f(t) ymosaersopser
HeAMHeHMHOMY MHTerpajbHoMy ypasHeuuio (18).

Oycts fi(t), yi(z, A) u f2(t), y2(z, A) — pemerna o6paTHol 3ama4n
(13)-(15). Torama ¢yuxumu fi(t) m f2(t) yaosnerBopAIOT ypaBHEHHIO

0< A< A

(18)
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(18). IlokaskeM, 4TO 2TO ypaBHEHME MMeeT €JMHCTBEHHOe pelllcHUeE.
O6o3naunm

Bi(t) =2 / fi(6)d¢, i=1,2. (19)
0

®yuxumm (;(t) yAOBIETBOPAIOT MHTET PaNbHOMY YpPaBHEHHMIO

a(A)
/ @O +B0) Pat =2, 0<A< .
0

CaenaB B 9T0M ypaBHeHUMM 3aMeHy nepemensolt u = a()), umeem

u
[ @) +50) =), 0 < a0,
4]

rae a” () — ¢ynxima, ob6parHas K a(}).
Honyuum ypapnenue ansa pasnocrn f(t) = fi(t) — fa(t). Tax kak

J{6 a0+ m0) ™ - (P + ) et =0,
0 < u < a(Ao),

To B(t) ymoBneTBOpAeT ypaBHEHMIO
L4 .
[ Gt =0, 0<u<apa), (20)
0

rae ¢yHKUMUA

G, t) = [W1 (e, )2, )] ™ [, ) + 2, 1)]
vi(u, 1) = (W) + K1), i=1,2.

Y pabrenne (20) ana dymxumu B(t) aBasercAa MMHeHHBHIM MHTer-
paibHBIM ypaBHeHuMeM BonbTeppa l-ro poaa. ITokaxem, uTo oHo
nMeeT TonbKo Hyinesoe pemenne. M3 onpenenemma dpymamit G(u,t),
Bi(t) m ycnommit (17) caeayer, uto mpu 0 < p < a()g) BumonHe-
Ho nepaBeHcTBO G(p,p) > 0. Kpome Toro, dpymxuma G(u,t) wmeer
HempepniBHylo npu 0 < t < p°< a(Xg) yacTHyio npoM3BomHYyIO 1O
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#. Caenosarensno, npomiddepenumponasn ypabrenue (20) no u u
noxesmB Ha G(u,u), nonyuum

I
B+ [ Gi(w 0Bt =0, 0< u<a() (1)
0

rae Gy(u,t) = %%(p,t)/G(p, #). ¥YpasHenue (21) aBnseTca nMuHeHHEM

MHTerpajbHEIM ypaBHenueM BomTeppa 2-ro posa ¢ HenpepmiBHbIM
anpom. Crenosarennno, B(u) = 0 ana0 < i < a(Ag), a 3naumT, Bi(t) =
Ba(t) mpu t € [0,a(Ag)]. M3 aToro pasencrsa u (19) noayunm fHt) =
fo(t) ana t € [0,a(Xo)]. Pamencrso y(z,)) = yo(z,)) npu z € [0, 1],
A € [0, Ao] cneayer u3 roro, uto dyHKmM vz, A), y2(z,\) sBamoTca
pemenwem 3anaum Komm (13), (14) c omiolt u Toit xe dyuximelt
f(t) = fi(t) = fa(t), Takoih, uro f(t) € C![0,a(Ao)]. Teopema 3.4.2
JOKa3aHa. .

OcTaHoBUMCA Ha BOMPpOCe CyIeCTBOBaHMA pemeHWs oGpaTHoH
sagaun (13)-(15). B obwmeM ciayyae ero mccieqoBaHMe JOCTATOYHO
caoxso. OnHako HpH cremMaibHOM Bule byuxumu b(\) pémenme
MokeT GhITb MOJyYeHO B ABHOM BHIE.

lIpeanonaxum, uro a(A) € C3[0,Aq], a“(A) > 0 npu A € [0, Ao],
a(0) = 0, a’(0) > 0, a b(A) = a’(0)A. Toraa napa dyHxum

a’(a”(t)), te€[0,a(N)],
fy=4 a"(0), t<o, (22)
a"(Ag), t > a(Ag),

u j(z,)) = a(Az) aBnserca pemenmneM oGpaTHol 3amaun. IleiicTBu-
TeJIbHO, BCe cBoiictBa dyrxumit f(t) u y(z,)), cd- pmyauposanunle B
onpenenennu, ciaeayior us cpoicts a(A). To, uro dynkwm g(z,))
u f(§(z,))) yaosnerBopsior (13)—(15) npu z € [0,1], X € [0, Ao], mpo-
BEPAECTCA MOACTAHOBKOM.

3ameuyanue. B onpeaenenume pemenus o6paTHoit 3amaum
(13)-(15) me BkmIOYeHa ampMOpHAaA olleHKa Ha pemenue ¥(z,)), a
bynkuma f(t) cuuraerca sananHolt u HenpepuIBHOK Ha Beel nmpamoid.
B cBasu c etum B ¢opmyne (22) ana dyuxumu f(t) Be6pano omHO
M3 BO3MOKHEIX HEMPpPepLIBHBIX npoAoikenuit ¢pynxkumu f(t) ¢ orpeska
[0,a(X0)] Ha BCio npamyio t € (—oo0, ).

PaccmoTpum o6patHyio 3aauy, COCTOAILYIO B ONpele/IeHUM 3aBH-
CAIlero OT pellleHHA KoeddHLUMEHTa MPU CTApHMX NPOU3BOAHKLIX [26].
Tpebyerca onpenesmtes ¢pyHkumu k(t) u y(z,)), yaosrersopsmomme
YPaBHeHUIO

[k(y(z, )y (z,N)]" = X2y(z,)), 0<z<1, 0KA<Ah,  (23)

M YCHOBHAM

y(0,A) =0, ¥(0,)) = b(A), 0 A< A, (24)
¥(1,A) =a(d), 0<A<h, (25)
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rae a()) u b(A) — 3anauHIe GYHKUMM, YROBAETBOPSIOMME YCAOBIAMM ]
(16) u (17) coorBercTBeHHO.

Onpenenenne. Pewensem obpamuoid sadaxu (23)«(25) naso-]
sem gynxyuu k(t) v y(z,)), maxue, ymo k(t) € C'[—o0,00], k(t) > 0]
npu t € [0,a(Ao)]; dax awbozo A € [0,)] $ynxyus y(z,)) € C?[0,1],3
y(z,2) w k(y(z,))) wosaemeopaom (23)—(25) npu z € [0,1], A € [0, A]. |

IlokaxxeM TeopeMy eAMHCTBEHHOCTM pemeHMs obpaTHoit 3anaum)
(23)—(25).

Teopema 343. ITycms $ynxyxx a()) u b()) ydosaemeopsrom
ycaosusm (16) u (17) coomeemcmeenno. Tozda, ecau ky(t), yi(z,)) »§
kx(t), 12(z,X) — pewenus obpammuok 3adaxu (23)—(25) » k1(0) = k2(0),4
mo ky(t) = kz(t) dax t € [0,a(Xo)] ® 1i(z,)) = y2(z,A) npu z € [0,1],

lNokasareanncrso. Ilycts k(t) n y(z,)) — pemenue 06-§
paTtHoit 3amaum (23)—(25). Ilonyumm umrerpamLHOe ypaBHeHMe RAA]
dymapm k(t). Uurerpupysa (23), vmeem .

(e W (2,) = KO Y O,) + 32 [ o(6, 3.

0
U3 aroro cooTHomenua u noncwmutenbhoct y'(0,A) mpu A € (0, A
caenyet, uyro npu A € (0,X0] 0< y(x,2) < a(X), ¥(z,2) >0 z€l0,1].4

Ymuoxum ypasnenue (23) na k(y(z, A))y'(z, )) u npounterpupyem ot
0 mo z, Torma

/ [k(u(e, )y (€, V)] B(w(E, W)/ (€, A)dg=12 / (§: MY(€: Mk(Y(€, 2))de.
0 0 :‘\

Caenap B uHTerpazne, crosiem B NpaBoli YacTH 3TOro pasenc'ma,)
3ameny nepemento#t 6 = y({, A) u BuruMc/IUMB MHTErpan B NeBolt YacTH |

paBeHCTBa, HMeeM
y(z,2)
/ k(0)ado.
¥(0,2)

[k(y(z, )y (2. 0] = [k((0, M)y (0,1)]? + 222

YunteBan nonosutensuocts k(y(z, 1)), y'(z, 1), a TaKe, HCMIOAL3YA]
ycaosusa (24), noayuum ]

’(:'A) 1/2
[ k(o)m] .
0

(2, Mk(y(z, X)) = [k’(ow(x) o2
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Passenum 810 paBeRCTBO Ha BHpaXKeHHe, CTOANmICE B MpaBolf YacTHh,
U npountrerpupyeM ot 0 xo 1, Toraa nomyumm
y(x,2)

1
/ (2 \k(y(z, 1)) [I:’(O)b’(A) +2)? /
[{] 0

-1/2
k()0ds|  dz=1.

Chaenas B uHTerpaje 3ameny nepemenso#t t = y(z,\) u ucromb3o-
BaB ycnosua (17), (24), (25), nonyuum memumeiimoe MHTerpanbHOe
ypasuenue ana ¢yuxumm k(t)

a(x) t

-1/2
/ k()| E2(0)a2(0) + 2 / k(o)ado] dt =),
0 0

0< A< o

Beena nepemennyio g = a()), 3amumieM 8T0 ypaBHeHME B CAeAYiO-
meM BHAe:

u t —1/2
[ro [k’m)yz(a-‘(p»w / k(owo] dt=a~'(s), 0<u<a(o).
0 0

(26)

Iycre ki(t), yi(z,)), i = 1,2, — pemenua oGpatHoif 3amaum

(23)-(25), Taxme, uro ky(0) = k2(0) = ko. Toraa ki(t), i = 1,2,

ABJNSIOTCA pelleHHeM MHTerpaabHoro ypasienua (26) c k(0) = ko.

Iokaxkem, YTO 2To ypaBHeHMe MMeeT €OMHCTBEHHOE DPEIICHME, T..

k1(t) = k2(t) ana t € [0,a(Ao)]. M3 Toro, uro ki(t) u kax(t) ynosner-
Bopsot (26), caeayer, uro

-1/2

/“ {kx(t) [kggz(a-l(p))+2 j k1(0)6d0] _

! ~1/2
~0)[Ei°a ) +2 [ 100t }dt =0, 0<u<a().
! (@)

Bsenem ¢ymamn

t 1/2
wi(t,p) = [kgf(a-l(p)) +2 / k.-(o)oda] , i=12
0

Toraa (27) moiao 3a/mMcaTh clexyoumM obGpasom:

(28)

[ ki(t)ea(t, p) — k2(en(t.p) , .
0/ w1(t, p)ea(t, ) dt=0, 0<u<a(do)
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O6o3nauum _k(t) = k) (t) — k2(t) u npeoGpasyem (28)

k2(t)[3(2, 1) — £3(t, )]

k(t)pa(t, 1) } ¢ =
e1(t, m)ea(t, p)ea(t, 1) + ¢1(t, 1))

0/ {Sax(t,#)#’z(t, )

e

Beoaa o6o3naueHus

Gi(m,t) = (pr(t,p))"",
Gap,t) = 2k2(t) {1 (t, W)@a(t, w2t ) + 1 (8, )]}

M YUMTHIBasA, 4TO
t

w3t 1) — it p) = =2 / k(0)0do,
0

TOyYMM MHTerpajibHOe ypaBHeHne ana k(t)

/ Gi(p, t)k(t)dt — / Ga(p,t) / k(0)8dodt =0, 0< p < a(ho).
(4 0 0

TlepecTaBuB NOPALOK UHTErPUPOBAHUA BO BTOPOM MHTErpaie, nodiy-|
unM aaa k(t) uurerpansHoe ypapHenue BonnTeppa 1-ro poaa

m
[wornd =0, 0<us<ao)
[1]

C AnpoMm
m
Glpt) = Gy(u,t) ~ t / Gals, 6)d0.
t

W3 onpenenenua ymxumit p;(t, u) u Gi(u,t), i = 1,2, cneayer, uto)
Gl 1) = Ga( ) > 0 212 0 < 1 < a(ha) 1 3% (s, 1) menpepsimma np)
0 <t < p<a(r). Mpomddepernmposan (29) no u v passeans Haj
G(p, ), nonyumm nnn k(t) unterpanbHoe ypasienue Bombreppa 2-ro§
poaa c npaBo#f YacThbio, paBHo#t Hymo. CaenoBaTennbHo, k(t) = 0 anaf
t € [0,a(Xo)] m ki(t) = ka(t) ana t € [0,a(N)]. (

Dlokaxem, uro yy(z,r) = y2(z,A) mpu z € [0, 1], A € [0, Ao}. Tax kax
¥i(z,2), i = 1,2, — pemenna (23), (24) c ki(t) = kq(t) = k(t), To

(k1 (2, )i (2, V)" = (k(y2(z, M)z, N)" = A2(51(7, A) — 92(2, 1)) |

198

WUnrerpupysa »To paBeHCTBO M yuMTHBaA ycioBua (24), umeem
(e, (=) ~ k(e D)eie, ) =22 [ (6,3 ~ vale, V).
0

[Ipn6aBnas u BeraMTan B NeBoit yacTu ypaBHenns k(y1(z,2))ys(z, A) u
o6o3Hauvan 2(x,A) = y;(z,A)—y2(z, A), monyuum ypapuenne ann z(z, A)

z

(0 (2, 2)2/(2, ) + (2 Nz, V(a2 = N [ 26, ),
0
z€[0,1],

A€ {0’ ’\0]7 (30)

cze p(z, A) = jk’(yz(z, X) + 0(3s(2, A) — yalz, A)))do.

MNurerpupys ypasHenue (30) ¢ HauaabubM ycioBueM z(0,A) = 0,

MOAYYUM
zr

o(z,)) = / B(z.5,)) / 2(€, \)déds, (31)
0 0

- A% T yh(0.0)p(8,A
rae B(z,s,)) = @ Gn) €XP (— IJL_—LLTHk(yI(:,A) dﬂ).
3
IepectaBuB B (31) nopAAOK MHTer pupOBaHMA, NONYYUM OAHOPOA-

HOe MHTerpaJibHoe ypaBHenue BoabTeppa 2-ro poaa ajasa ¢yHKUMM
2(z,A)

z(z.)) = /Bl(z,f,/\)z(f,z\)df, z€[0,1], A€[0,A), (32)
0

c AapoMm

Bl(x,f,A)sz(z,s,A)ds.
3

Y paBuenne (32) umeet ana Bcex A € [0, \g] Tonbko HyneBoe pemienue
z(z,A) = 0 npu z € [0,1], caemoBarembHo, yi(z,A) = y2(z.)) ana
z € [0,1], A € [0,)). Teopema 3.4.3 moka3zana.

PaccMoTpuM Bonpoc o cylecTBoBaHMM penleHUA 06 paTHOM 3a1a4umn
(23)~(25) B cayuae cneumansHoro suaa Gpyurumii b(A). Ipeanonoxum,
uto a(A) € C?[0, Ao}, a(0) = 0, a’(A) > 0 mpu A € [0, A). a b(A) = a’(0)A.
llycTh ¢ — npousBoNbHAA HMOIOKUTENLHAR IOCTOAHHAA.
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PaccMorpumMm ¢ysxmmio

a=i(1)

() = gy o+ o/ a(f)dt’],

I0JIOKMTENLHYIO M HempephBHO MupPepeHIMpyeMylo Ha OTpe3Ke
0,a(o)]. Toraa ¢ymwamm §(z,)) = a(Az) u k(§(z,))) yaosaer-
sopmioT (23)-(25) npu z € [0,1], A € [0, ). HeitcTBUTeNBHO,

(Eg(u(z, )Y (2, 1))’ = (ke(a(Az))ra'(A2))’ =

- (a(%)- [q + ja(e)a] ;\a'(/\z))' = Aa(Az) = \%§(z, A).

Crenosatensio, §(z,) u k(#(z,))) yroBaersopsmor ypasHenmo
23). Bumonnenue ycnosuii (24), (25) ouesnmio. dynxamio k (t) Mok-
10 IPOAGJDKUTH Ha BCIO NPAMYIO TaK, YTOGHI NOJIyyeHHasn B pe3yabTaTe
tg(t) € C'(~00,00). Toraa mapa k,(t) u j(z,)) Gyzer apasrbca pe-
nenmem o6parnolt 3anaun (23)—(25) B cMuicae AaHHOrO onpeneeHNUA.
OTMETHM, YTO HaJIMYMe NMPOM3BOJILHOM MOCTOAHHOM ¢ B ONMpenele-
o k,(t) noxasuBaer HeoGxoaMMOCTh 3ajanua 3Havenua k(0) ana
>aHo3HauHOro onpeaenenma ¢yrximu k(t) Ha orpeske [0,a(Ao)].

I'nasa IV

JIMHEAHBLIE OBPATHBIE 3A TAUM
IJIs1 YPABHEHUW B YACTHBIX
MMPOM3BOIHEIX

B aToit rnaBe paccmaTpuBaloTcA 06paTHEIE 3ajauM INIA JMHel-
HBIX ypaBHeHMii B YaCTHHIX NPOM3BOAHKIX, COCTOAIIME B ONpeAeCHHH
aubo HavambHoro, auGo rpaHMuHoro ycioeus, aubo npasoit uacTu
YpaBHeHMA MO HeKoTopol AonosHuTeNbHON MHPOPMAIMH O pemeHMH
ypaBHenma. Takoro Tna 3ajaud, Kak NpaBMIO, ABNAIOTCA HEKOp-
PEKTHHIMM M CBONATCA K JMHEeAHLIM ONepaTOPHEIM ypaBHEHMAM' 1-ro
poaa. C uenbio ynpolmeHUA U3NOKeHMA o6paTHble 3aJauM paccMaT-
PHBAIOTCA ANA ypaBHEHMH ¢ MOCTOAHHRIMM KoopouimeHramu. B
6osee obmem BuAe MccnenoBaHMA MOAOOGHHIX 3ajay AAA ypaBHeHMH
B UYACTHHIX NPOM3BOAHLIX NPOBOIAMJINCH LEJNBLIM PSAAOM aBTOPOB {cM.,
HanpuMmep, 43, 49, 51, 67, 88, 92, 96, 101, 102].

§1. OBPATHEHIE 3ANAYH JIJIS YPABHEHMSA
TEIJIONNPOBOMHOCTH

B aTom naparpade 6yayT paccMoTpeHW o6paTHBle 3ajaud 1A
YPaBHeHMA TeMJIONpOBOAHOCTH, NpelAcTaBiisgomye coboli 3axauu on-
penenenus nU60 HauasNbHOTO ycjloBMA, MMEO FPaHMYHOrO yCHOBMA,
nubo ¢yHkiMM, XapakTepusyiomeih deliCTBHE MCTOUHMKOB Temja Mo
HOIIOIHNTEILHOMN MH$OopMaLIMM O pelleHUH KpacBoi 3a1ayM IJA ypaB-
HeHuA TemsnonpoBogHocTh. O6GpaTHEle 3aJa4M TAKOTO THUMNA BO3HHMKa-
I0T NPH MCCIENOBAHUH TenoPHU3NYECKUX U pAda APYTHX MPOUECCOB.

3amaua ¢ oGparaniM BanpasiemueM Bpemenn. OaHoil U3 Hau-
6osiee U3BECTHLIX 06pa'mmx 3a4ay4 nJis ypaBHEHMA TENJIONIDOBOOJHOCTH
ABJIfieTCA 3ajayva ¢ o6paTHHIM HanpaBjeHueM BpeMeHH. PaccMoTpuM
€€ MOCTaHOBKY B cllydae nepBoii kpaeBo#l 3afauu.

Ileppas kpaeBasA 3ajavya AJiA YpaBHEHMA TEMNJONPOBOAHOCTH C
HY/IEBBIMM KPaeBhLIMM YCJIOBUAMM COCTOMT B ONpeheleHMHM YHKUMH
u(z,t), yaosieTBopAomeii ypaBHEeHNIO

u =auy, 0<z<l, to<tgT, (1)
KpPaeBhIM YCJIOBMAM
u(0,8) =u(l,t) =0, t, <t <T, (2)
HAYaJBHOMY Y CJIOBHIO
u(z,to) =p(z), 0Kz 3
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DTy 3a8a4y MOKHO MHTEPIPETUPOBATH ClIeAYIOmMM o6pasom. M3~
BECTHO pacnpejesieHMe TeMIIePaTyphl B TOHKOM CTepxHe aymuol [ B }
HadaJIbHEIH MOMEHT BpeMen t =ty u(z,to) = ¢(z). Tpebyerca nalith
pacnpelefieHUe TEMIIEPATYPH B cTepiHe B NOCHeAyIONMe MOMEHTH 4

Bpemenn tyg < t < T.

3anmava ¢ 06GpaTHBIM HalpaBlicHMeM BpeMeHM MokeT GbiTh cdop- |
MyJupoBaHa Tak. VI3BecTHO pacnpejesieHHe TeMIIEpATYPH B CTepxde |
B MoMeHT BpeMenu £ = 7. Tpebyercsa onpesenuss pacnpeleieHue |
TeMIepaTyphl B MpebLAYIMe MoMeHTH Bpemenn fo < t < T. Ilaa §
onpeJlejieHHOCTHU MOCTaBUM 3adavuy Gonee KOHKpETHO. Hseecmuo pac-

npedesenue memnepamypu u(z,t) 8 momenm apemenut =T

u(z,T)=g(z), 0<z<], 4) 4

mpebyemca onpedeaums pacnpedesenue p(z) = u(z,lp) 8 navaasnni

Momenm gpemenu L = 1.

TIpuctymMM K HcclieoBaHMIO mocTaBAeHHOM o6paTHON 3amauM.
Kak m3BecTHO, NpU ONpejesIeHHHIX RPEANOAGKEHNAX OTHOCHTENBHO |
¢yuxwan (z) pemenne 3anaum (1)—(3) MokeT GBITH MOAYYEHO C IOMO- |

HIBIO MeTo/la pa3ZielleHMA NMepeMeHHBIX M MMeeT clieAylonmii Bua [85):
o~ 2 l wn an)? ™
—_ z 3 kg I B 205 i -
u(:n:,t)_Z1 7 /<p(£)sm( 7 E)d&exp{ [ 7 ] a’(t to)}sm< 7 :c).
n=l 0
Monoxus t = T u yuntsBaa (4), umeem

SEY T G0 PO L e P R

n=1

0zl (5) ¥

Taxum o6pazoMm, obpaTHas 3ajnaga cpenach K ypasaenuio (5)
OTHOCHUTENIbHO HEM3BECTHOM QyHkmm ¢(z).

[Mokaxem, 4To ypasHemme (5) MMeeT eIVMHCTBEHHOe pelleHue B ]

npocrpanctse L2[0,]]. Tak kak aTo ypaBHeHMe ABIAETCH JMHEHHLIM,
TO I/ JOKa3aTe/lbCTBA €AUHCTBEHHOCTHM €ro pelleHMs NOCTATOYHO
1I0Ka3aTh, YTO OHO MMeeT TONIbKO HyleBoe pemenue npu g(z) = 0.

Urak, nycrs B (5) 9(z) = Onpu z € [0,1]. Tak xak cucrema pyuKumit

. x 3
{sm Tz)r,n=12,..., ABlsercs opToroHaAbHOM B IPOCTPAHCTRE |

L,[0,0, a exp{ - [-',—"]2a2(T - to)} #0anan=12,..., To, yMHOKUB

: xk
(5) na sin (Tz) Y npouHTerpuposas ot 0 xo I, moayymm, 4ro

l
/so(f)sm (-",—k£>d£= 0, k=1,2,.... ®) §
J .
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Tak kak cucrema OGyHKuMHi {sin (',—":c)}, k=12..., noma B

L»[0,1], 10 u3 (6) caeayer, uro ¢(z) = 0 u ypaBHenne (5) umeer
€IMHCTBECHHOE DpelIcHHUE.

PaccMOTpPUM BOMPOG O CYIECTBOBaHMM peleHus ypasHenus (5).
O6o3nauum yepes (h,p) ckaaapHoe npouspeieHue PyHxumit h(z) u

pi{z) B npoctpancree L2[0,[]. Cucrema $pynxinait 'ﬁk(z):\/g sin (!T"-:t),
k = 1,2,..., AaBnAerca mnonHo#i* opToHOpMMpoBaHHO# cucTemoii B
L[0,1]. Mycte ypashenue (5) ¢ npaso#t yacTsio g(z) € L,[0,1] umeer
pemenme p(z) € L2[0,l]. O6o3naumm uepes ¢p u gp KoapPHUMEHTH!

®ypoe (¢, ¥r) ¥ (9, ¥r) dynxumit p(z) u g(z) coorBercTBenHo. Toraa
u3 (5) nomyumm, uto mpu k = 1,2,...,

(p,tr) = \/g/lv(f)sin (r,—kf)d{ =
0
-2 j s(€)sin (¢ ) acexn { [ 7] ar - )} =

= (g, ¥x) exp { {T—Ik-] 2a2(T - to)}.

3anucemasa ana pyuxumm o(z) pasencrso Ilapcepans, umeem
- 2 k]’ 2
2 _ _
lellz o = 2_1:(9»'/’1:) exp {2['—1 ] a“(T to)} (7

Taxum o6pa3oM, ANA CYHMECTBOBAHMA pellleHna ypaBHenus (5) B
npocrpanctse L;[0,l] Heo6xomumo, utobm dymxuma g(z) € L2[0,]
6bisa TakoBa, YTO pAl, CToAIMIA B mpaBoif yacT pasencTsa (7), cxo-
annca. Tak Kak Y/IeHsl 8TOr0 pAla COAepkaT GHICTPO Bo3pacTaloumit

2
MHOKMTENDb €Xp {2 [1,'5] a*(T - to)}, To TpeboBaHMe CXOAMMOCTH pAAa

HaJlaraeT CHJIbHOE YCJIOBME Ha Xapakrep yGhiBaHMA K02 PUUMEHTOB
®ypoe (g, ¥r) dyuxumu g(z). Odvesmmno, UTO BTH YCJIOBMA BHINO/HE-
Hel He ana Bcex g(z) € L2[0,l]. B kauectBe npuMepa paccMOTPHUM
6eckoHeuHo aMddepeHimpyemylo Ha otpeske [0,1] ¢pyuxumio

oG

3(2) = 3 exp(—k)y/ % sin (E;.x)

k=1
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Pan, croaum# B npasoit uactu pasencrsa (7), ana oTol GyHKuMM §

PACXOOMTCA, TaK Kak
PR LI
(9, ¥x) exp {2 T (T -t)r =
£12
=exp{2[zr-1-—] a2(T—to)—-2k}—ooo npu k — oo.

CaeanoBatennHo, ypaBrenue (5) ana g(z) = j(z) pemeHua He umeer.

3anaua pemenus ypaBHenna (5) sBasercA HeycTolumsoit mpw §
9(z) € La[0,l] m ¢(z) € Lo[0,]. IHna Toro urobm yGemirhes §
B 3TOM, JOCTAaTOYHO B3ATh MOCAEAOBATENLHOCTH OyHKuMH ¢i(z) = 4

2 g k
k\/; sin ('T:c), ABJIAIOIMXCA pellleHMAMHU ypaBHenusa (5) npu

ge(z) = kexp { - [”Tk] 2a2(T - to)}\/g sin (11'-‘-1)

Toraa llgxllg0,n — 0, a ll@ell,f0,) — o0 npu k — 00, uro u noKasmiBaer

HeyCTOWUNBOCTR 3alauyu.

Paccmarpusaeman o6patHan 3anaua MoxeT GLITh CBeIeHa K MHTer- §
panbHoMy ypaBHenmio ®pearonsma l-ro posa. JelicTBUTenbHO, TMo- |
MEHAB MECTaMM MOPANOK CYMMMPOBAHMA M MHTErpPUPOBaHUA B JieBoii

4YacTH ypasHeHMs (5), noayuum ypasHenue $pearonnma l-ro pona:

i
Ke= / K(z, )p(€) = g(z), 0<z <, ()
0

¢ AXpOM

K(z.6) = g:l %sin (flﬁz) sin (3'7’15) exp { - F—F]zaz(T - to)}.

Tak kak kax bt ueH oToro paaa conepxut SrcTpo yErIBalomMit npu
n - 00 MHOXHTENb, To K(x,£) sABAAETCA HempephBHOIM B KBajApaTe
0 < z,§ <! dpyuxumeir. CnenoBarenbto, WHTerpaJibHuii oneparop
K, onpenensemiit anpom K(z,£), sBaserca snomue HENp ePLIBHLIM,
€Ciu ero paccMaTpuBaTh AefictByiloumm u3 Lo[0,{] B L0, A
3HAYUT, 3a]aya pelleHUA ypaBHeHuA (8) B aToli mape mpocTpaHCTB
HEKOp peKTHa.

Tak kak anpo K(z,£) uMeeT HenpepLiBHEIe YacTHbIE MPOU3BOAHKIE
moboro nopanka HenpepsiBHble B KBaapaTe 0 < z,§ < I, To unrer-
PanibHbLIi onepaTop K MoHO paccMaTpuBaTh AeiicTBytoumm u3 C0, []
8 CP(0,1], rae p — npoussonbHoe pukcupopanHoe HAaTypaJibHOE qv;c-

no B atom cayvae 3anauya peumteHusa ypasHenma (8) Takke GymeT |
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HeycToliumBoii. [lna A0Ka3aTeNbLCTBA HeyCTOWUUBOCTM HOCTATOUHO
B3fTh NOCJeI0BATEAbHOCTD

er(z) = k\/gsin (#x), k=12,...,

i@rlicro — o0, a l|K@kllceoy — 0 mpu & — oo,

Torga

YTO Y JOKa3biBaeT HeKOPPEKTHOCTh 3alau¥ pellleHus ypaBHeHus (8)
B paccMaTpuBaemoif Mmape NPOCTPAaHCTB. o

MonyunM OLEHKY YCTOMUMBOCTH pellleHMA 3a/lauM TemAonposol- § 7
HOCTM ¢ OOGpaTHEIM TeUeHUEM BpeMEHM B cllyuyae, KOrJa HMMeeTcs -
JOMONMHMTENbHAA MHGOPMALMA O pElleHHMM 3aJaun. B

ByneM Ana ynpolleHNA 3allACHM CUMTATh Jajiee, YTo a? = 1. Mlpen-
noneKUM, uTo ¢yHKuMA u(Z,l) HenpephiBHA, KWMeeT HeNpepbIBHLIE
npoussonHble us(z,t), ure(x,t) ¥ yaoBaeTBOPAET ypaBHEHUIO (1) mpn
0z, tg—¢ €t T, rae € — npousBoibHOEe (PUKCUPOBAHHOE
HonGKUTeNAbHoe unciao: Ilpemnonokum Tawke, uro u(z,t) yrosser-
BOpAET FPaHMUHLIM yciaosuam (2) mpu tg —¢ < t < T m He paBHa
TOXKAECTBEHHO HYMIO.

PaccmoTpum npu t € [to — €, T] dpyHxumo

I
g(t) = /u2(z,t)dz.
o

IInddepenunpyn, uMmeeMm

1
g () =2 [ u(z,t)u(z,t)dz,
/
!

i
g”(t) =2 u(z,t)u“(z,t)dz + 2 (Ug(l’,t))zdx.
‘0/ !

Tak kakx
(ue(z, ) = (urz(z,t)) = (w(z,8))rr = Urrre(T.1),

TO

{ {
80 =2 [z, users(z. 0z +2 [tuta o
0 4]
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rae C — nonoxurenbHaa nocroanHan. O6o3HauuB u(z,t) = u;(z,t) —
uz(z,t), u3 HepasencTBa (9) c yueToMm onpelenenua ¢yuxwm g(t)
TIOJLY UMM

UnTerpupysa nepBoe ciaraeMoe MO YacTAM W YUMTHIBAA KpaeBhIE]
ycnosua (2), momyunm '

! 1
1

, uz‘zt:l:( yt)dz = (zlt) Itl‘(z’t) - z(x’t) t,,(z,t)dﬂ!= ‘ l
[ et = st 0], [ et Jonte ceae <
1 ]
i
:—uz(Z,t)“u(l‘,t) + (u,,(z,t))zd:c: (ut(z’t))zdx'
Ry —

0

[/("1(1‘ to — €) — ux(z,to — £))%dz X

X [/(ul(z,T) - uz(z,T))zdz] %
0

CnenosaTtennLHo,

I
g'(t) = 4‘/(ut(:,t))2dz.
0

Monwxue t = ty, ucnonssya oBo3HayeHHMe HOPMBI B MPOCTPaHCTRE

Paccmorpum dynkinmio h(t) = In(g(t)). IMoxaxem, uro A”(t) > 0 npn
{ L2[0,1] n nepaBenctso (10), umeem

t € [to —¢,T). IHeitcrBuTensHo,

w0 = G20 = Sl - (O] =

2(0[ / (us(z, 1)) 2dz / (u(z, £))?dz — 4( / w (2, t)u(z, t)d:c) ]

CanenosarenbHo, ucnonsaya nepasenctso Koum-Bymnakosckoro, mo- |

nyuum, uro h”(t) > 0 nnat € [to — ¢, T). Ua nHeorpunatensnoctu h”(t) 4

Ha oTpeske [to — €, T] cnenyer, uro npu t € [to — ¢, T} !
T-t t—(to—¢)

h(T .

)T—-(to-—e) +h( )T—(to—E)

M3 aToro HepaBeHCTBa MMeeM

In(9(1)) < gy (0t = ) + 7= > n(a(),

fur(z,to) — u2(z,to)llL 0,y <

< (20) T2 |juy (2, T) — uz(z T)n{,[:;';]" . 1)

DT0 HepaBeHCTBO npencraanne*r coﬁoﬁ OlLIEHKY ycoBHOM ycroii-
YMBOCTH PellleHNA 3a/a¥y TENNONPOBOAHOCTH C o6paTHHIM Hampas- ...
nenneM Bpemeny. OHa molyueHa B NPEANONOKEHUH, UTO GYHKUMH
u,(z,t), i = 1,2, ynosaersopmor nepasenctsy (10), T.e. Mx Hop-
MuI B mpocTpaHcrBe Lj[0,/] npu t = ty — ¢ orpaHMueHbl 3amaHHOM
MOCTOAHHONK. DTa OLleHKA MaKeT MOKa3aThCA HECKOIbKO CTpaHHOIA,
MOCKOJIbKY OHa TMOJy4YeHa AJIA pellleHHA HEKOPPEKTHOM 3alaud TolNb-
Ko B nmpeanonoxkenun (10) o6 orpaHMYeHHOCTH pelleHMs, KOTOpoe He
obecrieyuBaeT KOMIAKTHOCTb MHGKecTBa B L2[0,[]. PaccMoTpum atot
Bonpoc Gojlee AeTaljibHO. .

B ouenke (11) pa3HocTs pemennii B MOMEHT BpeMeHHM £y OLIEHUBaeT-
CAl Yepe3 pa3HOCTb pellleHuit B MoMeHT BpeMeHn T. OrpaHnueHHOCTD
e PTUX pellleHHii — HepaBeHcTBo (10) — npexamonaraercsa He nmpH

h(t) < h(to — €

cie0BATENbLHO, : t=tyg,anput=1;—¢, >0 Obosnauum yepes U;,_, MHOKECTBO
T ’ t(tg—e
9(t) < [g(to — €)] Tl [9(T)] T=lo=e) 9) 3 Utg-e = {u(z,t0 — €), llu(z,t0 - lLago,n < <C}
npu t € [ty —¢,T). . Ilepexon ot pewenns u(z,to —€) npu t = ty — £ Kk pemenuio u{z, ) nNpu

t = {9 MOKHO pPaCcCMATPHUBAaTh KaK pe3yAbTaT AeHCTBUA MHTEr PaIbHOrO

PaccmoTpum dyHKimM uy(z,t) u up(z,t), yaosaerBophionme TeM §
: onepatopa K,

xKe yciosuaMm, uTo u(z,t), U Takue, 4TO

| 1/2 !
[/(ut(zsto - 5))2dz] $ C) i= 172) (10) : ' /A’l(t,f)u(f,to —S)df = u(l‘,to)
0 4 0
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c Axpom
Ky(z,8) = "Z_:l = sin ( ) sin (-’%{) exp{ - [-”I—n] 2a25}.

Tak kak aapo K;(z,¢) uenpepuro npu 0 € z,§ < !, To oneparop
K;, paccMaTpuBaeMblii ZelicTBYIONMM U3 Lz[O l] B Lz[O {], apanerca §

.
BIIOJIHE HeNpephIBHBIM. CJIQAOBa.TeJ“:HO, OrpaHH4Y€HHOE MHOXKECTBO |

Ui,—c B pesynbTaTe AeiicTBuA onepaTopa K; mepeiifieT B MH®KECTBO |
Uy = K1Uty—e, xomnaxtHOe B npocTpanctse Lo[0,]. Takum o6pa- §
30M, HepaBenctBo (11) npeacrasaser coGoil onenky ycrToiumBoCTH 1
3a/lauM TeIIONPOBOJHOCTH ¢ O6pPAaTHRIM HanpaBieHMeM BpeMeHH Ha }
kxomriaktHoM B L2[0,!] MuakectBe Uy, .

IipuBesieHHaA OllEHKA YCTOWYMBOCTH 3a1auM TEMJIONPOBOAHOCTH HE
c o6paTHHM HAalpaB/iecHWeM BpeMeHH ABJIACTCA YACTHLIM caydaeM B
oleHKM pemenMaA 3axauM Komm ana spomoiumoHHoro oneparopHoro S

ypaBHeHMa NepBoro mnopsaaxa [40, 45].

w— ~ 3anaqa ONPEJENICHRA HAYANBLHOrO pacHpeleleHHMA TeMnepa- |

TYpH IO M3MepPEeHMIO TEMOEpPaTYPH B Touke. PaccMorpum nocra-
HOBKY ®Toli o6paTHOl 3anauM Ha npuMmepe BTopoil KpaeBoit 3anaum
VI YPaBHEHUs TenJioNnpOoBOAHOCTHU

*

u = a’u;,, O0<z<l, 0<tgT, (12)
u(0,t) = u([,t) =0, 0<<tgT, (13)
u(z,0)=¢(z), 02 (14)

O6paTtHas 3afaua craBuTca Tak. Ilpu t € [to,t1], to > 0 3anana §
pyuxuma g(t) = u(zg,t), rie o — HeKOTOpaA PUKCMPOBAHHAA TOUKA }
orpeska [0,{], a u(z,t) — pemenme samaum (12)-(14). Tpebyercsa |
onpeneauts p(z) Ha orpeske [0,[]. Pusuueckan MHTepnperaima aToi |
o6paTHolt 3a1aun TakoBa. B TeueHMe HeKOTOpOro MHTEpBaja Bpeme- |

HM B PMKCHPOBAHHON TOUKE CTEPKHA U3MepAETCA TEMIIEPATYpa, M o N

2TUM M3MepeHNAM TpebyeTcH onpelleMTh HayaldbHoe pacnpelelieHue |
TeMIepaTypHl.

Pemenne 3anaun (12)-(14) MoKeT GHITH NoJIyYEHO METOIOM pasjie- |
JIeHNA NepeMeHHBIX K MMeeT BMI

i

u(z, t)-‘/‘i’(f)df'l*i%/lqo (€) cos ( E)d{*

0 n=1

o2 ]}( )

Ilono#us B 9TOM paBeHCIBE Z = Iy, NOAYUNM ypaBHeHMe miA $yH-
xkumu p(z) :

1 j o+ 302 j (@) os (7€) des
] 0

n=1

*exp { - [Ilﬁ] 2a2t} co;(-'—;lzo) = g(t), ’ (15)

rae t € [to,tl].

Uccnenyem Bonpoc o eIMHCTBEeHHOCTH. petnenna ypapHenus (15) B
ciiydae, KOrlia TOYKa M3MepPEeHHs T9 HaXOAUTCA Ha KOHIle OTPe3Ka.

Teopema 4.1.1. FEcau zo = 0, mo pewenue ypasuenus (15)
eduncmaenno & npocmpancmae L2[0,1].

NoxaszarteabcTrBo. W3 auneltHocTn ypasHenus (15) ciae-
ayet, YTo MJIA AOKa3aTelbCTBa €AMHCTBEHHOCTH pemenusa B L2[0,]]
AOCTATOYHO M0Ka3aTh, YTO OHO MMeeT TOJLKO HyJleBoe pellleHHMe NpH
g(t) = 0. Tonoxus B (15) g(t) = 0 m zo = 0, monyumm, yTOo mpH
t € [to, ]

j P+ 32 / ol6)cos (6 deoxp { - [ 2] w1} =0. (9

n=1

PaccmoTpum B KommyiekcHoit nonynaockocty Re z 2 a, rae nocro-
annan a € (0,%0), pyHkmO KoMNIEKCHON nepemelmoﬁ

8(x) = / P+ 2 / (€00 (T )dcexp { - (7] e} am

n=1

Tak kak npu Rez > a

(- [5] v} <on{- [7] #=}

exp —--—I——az < exp l e a‘ap,

TO B ®TOH MONYIJIOCKOCTH PAd, CTOAIMIA B npasoit vactu (17), cxo-
OMTCA PaBHOMEPHO. YUYHUTLIBasf TO, UYTO KaKAbIA 4jieH aTOro pAda
ABAAETCA aHaJUTHUecKoil dyHkumeli npu Rez 2> a, u npuMeHas teo-
pemy Beliepmirpacca [42]. noayuaem, uro ¢ymHxuma P(z) ssaserca
aHaJsuTHYecKoil npu Re z > a. Tak kak u3 (16) caenyert, uro $(z) =
#Ha oTpe3ke AelicTBUTeNbHOMN ocH (tg,t], Nekamem B ofaacTv aHanAM-

TuuHocTh P(z), To U3 Teopembl EAMHCTBEHHOCTM AJIA aHaJIHTHUECKMX
pyHrkumit cnenyer, uro ®(z) = 0 ana Bcex z, Takux, 4To Rez 2 a.
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Taxum o6pa3oMm, paBeHcTBo (16) BHIIONHEHO MJIA BCeX AelicTBHUTEb-
HEIX t > to. Ilepexona B ®TOM paBeHCTBe K mpeaeay npu t — +00,
MOJAYyYMM NocieNoBaTeNbHO, YTO

1 {
[o©ces (Se)de=0. n=012,.... 19) |

Tax kax cucrema ¢ym«mﬁ cos (I{.‘.z)’ n= 0) 11 21 ..., ABAAETCA nonHo#k @

B npocrpanctBe Ly[0,l], To u3 pasencts (18) caeayer, uto p(z) = 0.
Teopema 4.1.1 noxasana.

TlokaxkeM, uUTO NpU W3MepeHUM TEMIEPATYpPhHl BHYTPH CTEPXHA
(zo € (0,1)), exmHCTBenHOCTH pemenna o6paTHOM 3a4auM 3aBUCUT OT

BHGOpa ToukM Habmojenua zo. IeiicrButensHo, nycTs zo = /2.
BosbMeM p(z) = cos (Fz). Pemenue 3amaun (12)-(14) nmeer sua

(e, = con (%) g { - [7] a2,

CnenoBarembo, g(t) = u(zo,t) = u(l/2,t) = 0 npu ¢t > 0 u pemenue
o6paTHOM 3aMaun HeeamHcTBeHHO. IlycTh Temeph zo = I/7. B sToM

cny4ae
cos (I;-zo) =cos(n)#0, n=12,....

Toraa, npoBoas paccykAeHWUA, aHaJOTMYHBIE JOKa3aTE/bCTBY Teope-

Mbt 4.1.1, nosryunm, yTo peiueHue ypasHeHusa (15) emmHcTBeHHO.
PaccmarpuBaeMas o6paTHas 3aZavda MoXeT OHITh cBeleHa K MH-

TerpaibHoMy ypaBHenuio ®pearonpma 1-ro poma. IHelicTeutenbuo,

NOMEHAB MECTaMM NOPANOK MHTErPUPOBAaHUA ¥ CYMMHMPOBAHMA B Jie- ||

Bolt yacTu ypasHenus (15), monyumm ypapHenume Ppearosbma l-ro
poaa

1
Go= ] Gt €)p(6)de = g(t), to<t<H, (19)

Cc AnpoM

-] 2
G(t,¢) = % + E %cos (ZIEE) exp { - [1;—1—] a2t} cos (1{-.—1:0),
n=1 .

HenpepLIBHLIM B ipaAMoyroibHuke {p <t < £, 0 € £ < I. Crnenosarens-

HO, MHTEr pajLHLLi onepaTop G, paccMaTpUBaeMblii AeHCTBYIOMMM U3
L2[0,1] B Lofto,t;], Bnonne nenpepusen. Takum obpasoM, 3amaua
pemienus ypasuenus (19) B aToil nape NpocTpaHCTB HEKOPPEKTHa.

anaya oOUpeNeNICHMA KPaeBoro yciaosua. Paccmorpum o6- #
PaTHYIO 3aJayy, COCTOAINYIO B oNpelelieHMHA 3aBHUCsAIleil oT BpeMeHM |
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¢ynxwmm, Bxonameli B KpaeBoe ycCJIOBHeE, 110 JOMONHHTeNbHON uadop-
MallMi O pelleHMM KpaeBoif 3ajauM JUIA yPABHEHMA TeNJIONpOBOX-
HOCTH, npeAcTasismomel cobolt ¢yHxumio, 3apMCAMYIO OT BPEMEHM.
Iycts pynxuma u(z,t) ABIAETCA pelleHMEM KpaeBoi 3aaum

U =a’ug,, 0<z<l0<t<T, (20)
u(0,8) = p(t), 0<t<T, (21)
u(L,)=w(t), 0t T, (22)
u(z,0)=0, 0<z<<L (23)

Tpemmonokum, uTo pyHKma ¥(t) 3aaana, a Gymama p(t) Henssec-
THa, M TpebyeTcsa onpenesntsb pu(t), ecny M3BECTHA RONONHMTENLHAN
uBEpopMamMa o pemenmn 3amaum (20)-(23)

u(l,t)=g(t), 0<t<T, (24)

rae g(t) — 3amamHas QyHKIMA. i

PaccMOoTpMM BOHPOC O €AMHCTBEHHOCTM NOCTAaBJIEHHON o6GparHo¥it
3azauM. EIMHCTBEHHOCThL pemieHMA BTOM 3aKauM HMCCIeN0BANaCh B
Gonee obmeit mocTaHOBKe meanM pasoMm asropon. IlpuBenem ommu
M3 pe3yALTATOB, NONYYEHHEX B 6TOM Hanpasaemmn (51], chopmympo-
BaB ero A/ cAy4Yas yPaBHEHUA TEIIONPOBOAHOCTH C NMOCTOAHHEIMM
xoodppummentamm (20). OGosmaumm

Qr={(zt): 0=z, 0<t<T}

Teopema 4.1.2. Mycms fynxyus i(z,t) € C>'(Qir) u Wossem-
sopaem 8 Qi ypaexenuw (20). Tozda ecaw u(l,t) = tg(1,t) = 0 Oax
0<t< T, mo ii(z,t) =0 6 Qir.

W3 270l TeopeMsl ClleAyeT eAMHCTBEHHOCTh 3aJIa4M ONpeacNeHns
ymapmm p(t) w3 (20)~(24) npu 3aMaHHLIX QyHKIMAX v(t) n g(t).
Ileficreutennuo, nycts uy(z,t), uz(z,t) € C**(Qir) yaosaersopmoT
B Qir ypasnemmio (20) ¥ TaKoBH, YTO

u1(0,t) = m(t), uy(0,t) = pa(t), 0t T,

a) = w0 =ot), F2(h)= B0, =ur), 0<tT

Paccmorpum ¢ymkpmo @(z,t) = u(z,t) — uz(z,t). Ora ¢ymxuma
yaoBieTBOpAET ycaoBuAM Teopemul 4.1.2. CaenopareanHo, #(z,t)=0
B Qir, a 3HaumT, p1(t) = pa(t) npu t € {0, T1.

OT1MeTHM, uTO B Teopeme 4.1.2 HauanbHOe yclaoBMe A $yHKIMM
i(z,t) He 3anmaercs.

PaccMOTpMM APYrylo MOCTaHOBKY o6paTHO# 3anauM A Kpaesoit
sagaum (20)-(23). Ipeanonwxum, 4ro PyHKUMA v(t) sanana, a p(t)
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HeusBecTHa M Tpe6yeTca onpenesuts p(t), eciM M3BECTHA NOTIONHY-
TebHAA MHGOPMAIMA O pemenuM 3anaun (20)-(23) creaylomero Buaa: 4

u(zo,t) =g(t), 0t T,

rae g(t) — 3ananHaa ¢ynkima, a zo € (0,1). Mccaenopanme eamrct-
BEHHOCTH pemeHMA aTol#t o6paTHON 3aJauM TaloKe MQKHO NMPOBECTH, {f
ncronb3ys Teopemy 4.1.2. 4
Teopema 4.13. Ecau gynxyuu uy(z,t), uy(z,t) € C*(Qir), |
Wosaemeopsom e Qi ypasxenuw (20), ycaosusm (22), (23), (25) u
maxoss, ymo “i(or t) = I‘i(t)i i=1,2 npute [O’T]’ mo l‘l(t) = “2“)
npu t € [0,T]. -
HokasatenwcTBo. Paccmorpum dymxmmo i(z,t) = S
ui(z,1) — uz(z,t), ABAMIOmMYIOCA pelenneM KpaeBo# 3anaun

. g =@y, zo<z<l, 0<tgT,
#(z0,t) =0, 0<t<T,
ﬁ’(’r‘) = 09 0 S t S T’
4(z,0)=0, zo<zgl

Hoxaxem, uro #(z,t) = 0 ana z € [20,{], t € [0,T). Ymuosus .
ypaBHeHMe Ha ii(z,t) M NMPOMHTEr pUpPOBaB, MOLYHUHM i

1 .
‘[ ‘0/ #(€, T)a(€, 7)dr df = a? a/ ;[ iz (€, T)G(E, T)dE dr.

BLIuMCAAR MHTErpaJiki M MCTIONB3YA KpaeBhie M HavaibHue ycaosus, SR
nmeem aaa t € [0,T] 1

t

] 1
:i; / (5(€,1))°d¢ + a? / / (e(€, 7))%dEdr = 0.

0

Cnenosatensho, i(z,t) = 0 npu z € [2o,1], t € [0,T), Torna ii.(zo,t) = |
0 anat € 0,7]. Taxum o6pazom, pymams @(z,t) ynoneropser JE
ypastenuio (20) npu z € [0,zo), t € [0,T] u @(zo,t) = -(20,t) = 0 ann P
t € [0,T]. Mpumenan teopemy 4.1.2 ana npamoyromsunka 0 < z € zo, B
0 <t <T, nonyuum, uro u;(0,t) = ux(0,t) npu t € [0,7], Te .
p1(t) = pa(t). Teopema 4.1.3 nokasana.

Iipusenem npumep cesenma 3amaum onpenenenua rpanmusoro g
YCNOBMA K 3ajauye pellleHHA MHTErpajbHOrO ypaBHeHMA l-ro posa.
PaccmoTpum xpaenyio 3anauy ana ypaBHeHUA TemonpoBoaHocTH Ha fk

noaynpamMon
(26) |
(27) §
(28) |

Ue = Ugzs, 0<z<oo,0<t$T,
w0,0) = u(t), 0<t<T,
u(z,0) = 0, 0<z<o0.
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Tpebyercs onpenenuts Gyskumio p(t), ecim 3a1aHa JONOAHATENb-
Haa mHGopMaimMs o pemenuu 3azaum (26)-(28)

u(zo,t) =g(t), 0StT, 2>0.
Pemenme 3anaun (26)-(28) umeer sux [85]

(29)

t ,,-2
)= [ sz agmese{ - g o
J .

CaenopaTenbio, B RaHHOM ciydae oGpaTHaA 3alava CBOMATCA K
MHTerpajbHoMy ypaBHeruio Bombreppa l-ro pona

[reueur=g0, o0<t<T,
]

¢ aapoMm
o[
KN = s ] - e }

3amaum onpenesieHMs MCTOYHMEA Temaa. PaccmoTpum Heoamo-
poAHOe ypaBHEHME TeMNJONpPOBOJHOCTH

uy = a’uyz + F(t,2).

®yuxuma F(t,z) onpelieliAeT MAOTHOCTh TEMAOBHIX MCTOYHMKOB.
OIMH #3 KlaccoB 06 paTHEIX 3a1a4 ANA yPaBHEHUA TENJIONPOBOAHOCTH
06pa3yloT 3aJauM, COCTOSIIME B ONpelesieHNH MIIOTHOCTH TEeNJIOBIX
MCTOUHMKOB MO XOTONHMTENLHON MHPOPMALIMH O pelieHHH yPaBHEHHA.
Byzaem npeanonaraTh, yro pyuxuma F(z,t) = f(z)g(t). Paccmorpum
o6paTHLIe 3ajauy, COCTOAMME B ONMpelejeHUM LIHON M3 GyHKIMIA,
BXoAfIIel B 2TO NpoM3BeAeHne, B NPEANOIMKEHMM, YTO APYrad GpyHK-
uma nisectHa. ChopMyaupyeM cooTBeTCTBYloume obpaTHuie 3a1a4H
B cAy4ae BTOpoil KpaeBoii 3aauM A y paBHEHNA TENJONPOBOIHOCTH

ug = a’ug. + f(z)9(t), O0<z<l!, 0<t<T, (30)
u (0,t) = u(,t)=0, 0<t<KT, (31)
u(z,0) = 0,=¢1¥) 0<zgl. (32)

Pemenne aroif 3aflauM Npu onpenefeHHHIX NpemIONOKEHHAX OT-
HocuTenbHo f(z) u g(t) MokeT GLITH MONyUeHO METOAOM pa3liefleHHA
NepeMeHHBIX M MMeeT BHA

t

wet) =] j it [ o(rrar+ 32 j £ cos (¢ )t
0 "0 n [

=1

* /y(r) exp{ - [?]:’(t - r)}drcos (1;&:) (33)
0
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YuuTHBaA ®TH HEPABEHCTBa, HOJNYYMM, YTO AAPO ypasHeHus (35)
K(t,7) HenpepHBHO M MMeeT HelpepHBHYI0 npoussomuyio Ki(t,7)
npn 0 < 7 £ t < T. IInddpepermmmpyn ypasnenne (35) no ¢, umeem

PaccmoTpum craeayomyio o6parryio 3anauy. Pywrama f(z)
BECTHa, M 3alaHa QyHKIMA :

h(t) = u(zo,t), 0<t<T, (39)

4 t
rAe 2o — HeKoTopaa PpuKcupoBanHan Touka orpesxa [0,l]. Tpebyerca; R _
onpeseauts pyHxumio g(t) npu t € [0,T). , K(t,t)g(t)+ | Ke(t,r)g(r)dr=NH'(t), 0<tT. (37)
Hccaenyem o1y o6paThyto 3agauy. onaxus B (33) z = 2o, umeem 0

1 1 o . | Nonoxws B (36) t = v, nomyunm
'}'ojf(f)dfo/ﬂ(f)df+z:%o/,f(£)cos (1;'-().1(,.

1 1
n=1 _1 o2 M ™
‘ ) Ke=1 o/ s+ ] o/ ycon () oo (T20)-
* / g(f)exp{ - [ll’i] a®(t - r)}dfcos (%Ezo) = h(t),
2 Ilpasaa yacTb ®TOro paBeHCTBa mpeAcTaBiaeT cobolt pasnckenme
0<t<T. B pan ¢ymxmvm f(z), 3ammcanHoe npu £ = zg. CrenosaTtensHo,

K(t,t) = f(=0) # 0. Taxum o6pasom, ypasmenwe (37) npeacras-
nser coboil murerpanpHoe ypasHenme BombTeppa BTOporo poza ¢
HeNnpepLBHEIMM AIPOM M NPaBoif YacTbIo, a 3HAUMT, OHO HMeeT eIMH-
crBenHoe pemenme g(t) € C[0,T]. Hnrerpmpysa (37), nonyumm, yro
g(t) aBnrerca pemenuem (35). Teopema nokazama.

Npemonoxum, uto f(z) € C?[0,1] u g(t) € C[0,T]. Tomensn;
MeCTaMM [OPANOK MHTEIPMPOBAHMA M CYyMMMpPOBAHMA, MONYUMM LA
$ymanm g(t) vmrerpanbHoe ypasnenue BoabTeppa 1-ro poma

t ] IIpuBenem nmpumep ¢pynxumu f(z) u TouKM z¢, ANA KOTOPHX ypas-
[ K@ numar=h), 0<esr, IR ocrsemos pemesme. Tyon 2oL 12 2 T S
0 ! z € [0,]]. Hna Bcex uyerHmx n
¢ Anpom
1 1
1 - ™ m
f(€) cos (F{)df = [ f(l-0)cos (-—(l ~8))do =
Kt =7 [ e+ 0 g / ' / )
0 i 1
o o | 2 =— [ 10 (’—'ﬁa)do=_ £(0) cos(Z20)do.
+Z%/f(£)cos (-T—;:f)d{exp{ - [EIP.] a’(t—r)} cos (ll'izo), 6/ () cos(xn)cos 7 o/ (@) cos( 7 )
n=1l 3

Cnenosa:rem,no, ARA YeTHhIX n

j F(€) cos (f,ﬁe)de =0.
1]

YuuTHIBas ®TH pPaBEHCTBA, a TakkKe TO, YTO AJAA HEYETHHX n
cos (!,ﬂzo) = cos ('T") = 0, u ompenenenme (36) dpymxmmmn K(t,1),

monyunm, uro K(t,7) =0 ana 0 € 7 € t < T. CaexnosatesbHO, B 9TOM
ciy4ae pemieHMeM ypaBHeHus (35) c npaBoit wacibio h(t) = 0 6yaer
no6Gad HenpepwiBHas Gynkuma g(t).

ldccnéwem BONPOC O CYIECTBOBAHMM M €AMHCTBEHHOCTH PemeHuA S
ypasuenus (35) B npocrpauncree C[0,T].
! Teopema 4.14. Ipednasoxcum, xmo f(z) € C*[0,1] u £'(0) =1
f'() = 0. Tozda, ecau f(zo) # 0 u h(t) € C'[0,T], h(0) = 0, mo
ypaenenue (35) umeem eduncmeennoe pewenue g(t) € C[0, T1. ;

HNoxasateanctso. Wsycnosuht na dynximio f(z) crenyer,
uro npu n = 1,2,... 4

j £(€) cos ("'T"e)ds
0
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C
€3> C=const.
n
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%

PaccMoTpuM Tenepb 3a4avy onpeneieHMaA GyHKIMH f(z) B mpexn-

noncKenun, uro g(t) u3BecTHa U paBHA 1, T.e. IIIOTHOCTh UCTOUHHKORB " |

He MeHseTca Bo Bpemenu. Mrax, TpeGyerca onpeaeauTs GYHKIMIO
f(z), ecam g(t) = 1 u U3BecTHa AONOAHMTENALHAA HHGOPMAIMA (34) o
pemennu Kpaesoit 3amaum (30)—(32).

Monosme B (33) z = 2o, g(t) = 1 u ucnons3onas (34), moxyunm
ypaBHeHne mia onpegnenenus f(z)

] o |
L[ e+ 3 [ s0rcos (T e
0

n=1 °

.(—;?;)7(1 — exp { - [IF]za’t}) cos (il'izo) =h(t), 0<t<T

9710 ypaBHenMe aHajoruuso ypasuewnmo (15). IIpumensa meron ao-
Ka3aTe/LCTBA eIMHCTBEHHOCTH pemenua ypasuemms (15) npu zo = 0,

(38)

KOTOphIM 6L Mcnonb3oBaH B TeopeMe 4.1.1, MoKHO NoOKas3aTh, YTO

npu zo = 0 pemenMe ypasnerna (38) eamHcTBeHHO B KiIacce L.f0,1]. B

TOM ClIy4ae, KOrZla U3MEpEHUA NPOBORATCA BHYTPH CTEPKHA, €XUHCT-

BEHHOCTb pemenna ypasnenns (38) saBucuT or BEIGOpa TOMKM Zo.
Tomensns B neoit yacTy (38) MecTamMmu NOPALOK UHTET PUPOBAHMSA U

CYMMMpOBaHMA, NONYYMM UHTErpajbHoe ypaBHehne Ppearoanma 1-ro

pona ana ¢ymamm f(z):

H
[Be.on@de=no, o<esT,
0

¢ Aapom

§2. METOXX KBASHOBPAIEHHU A

PaccMOTpUM OIMH M3 METOAOB pemieHMA oGpaTHHX 3ajzau IANA |
YPaBHEHNA B YaCTHBIX MPOM3BONHEIX — MeTOA KBasnoGpamenns [52]. 3
On ocHoBaH Ha 3aMeHe WCXONHOTO YPaBHeHMA B YaCTHLIX NpOM3- |
BOIMLIX Ha ApYroe, Cofiepkailiee MaJbift mapamerp. MWsznoxmm ero §
JUIA pelieHnA 3a1a4M JJiA yPaBHEHNA TEeIIONPOBOAHOCTH C OGpaTHLIM

narlgmnemm BpEMEHM.

BOIAHOCTH

Ut = Ugrs, 0<z< OstsT,
u(0,t) = u(r,t)=0, 0Kt T,
u(z,0) = ¢(z), 0z
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B 5 2 (22 () (o (-] )

PaccMOTpMM NepBYIo KpaeByio 3alavy A yPaBHEeHMA TERJIONpo-

M
2)
(3) §

Jllna ynpomenus 3amucu pana AanbHedmmx ¢opMya npemnonaraercs,
4yTo Koaddument 'Qm;epuyponpoammocrn a’ = 1, a umHa or-
peska | = x. 3anaua“c oGpaTHLIM HanpaBieHHEeM BpPeMEeHH COCTOMT
B onpenejiecHMM HA4aJBLHOrO pacnpejejleHMs TeMmmnepaTypu ¢(z) mo
pacnpeneneHHIo TeMIiepaTyps B MOMeHT Bpemenu T

u(z,T) = 9(=),
Tipumennan MeTon pasdesieHMA NepeMeHHRIX IUIA PeeHMA 3aJa-

un (1)~(3), nonyunm ¢opmyny ana swrumucaemmn u(z,T) = g(z) npu
3anauHo#t ¢(z)

0z r. @)

L4

52)= 3 7 [ O sin(neM exp{-n*T}sin(rz). ()

n=1 °

O6parHan 3ana4a, cocTosmasn B onpeneneHuu ¢(z) mo 3aganHoH
bymapm g(z), npeacrasaser coboit sagauy pemienus ypasuenus (1)
€ KpaeBbiMM ychiopusmu (2) u ycnosuem (4). Caenas B (1), (2), (4)
3aMeHy nepementolt 7 = T — ¢, noayuum !

(K Ue? ’“{‘é‘q‘, AT, L e Uy

Uy = —Usg, 0<z<7® 0<7<T, (6)

u(0,7) =u(x,7)=0, 0<7<T, (M

u(z,0) = g(z), 0z 8)

IIpumennn Ana pemenus aToll 3asaumM MeToA pa3deneHua nepe-
MEeHHLIX, MMeeM

u(z,7) = Z % / 9(€) sin(n€)dE exp{n®r} sin(nz).

n=1 °

Nonoxus r = T, nonyuum

#0) =Y 2 [ o sinne)g xp{n’Thsin(nz). (@)
1]

n=1

ITa hopMyna JaeT pellleHHe 3a4ayM TEIIONPOBOAHOCTH C 06pPaTHLIM
HanpabjieHMem Bpemewn. OaHako ee Helb3A NPUMEHATH Ha NPaKTIH-
Ke, MOCKONbKY pellleHHe, onpenenaemoe dpopmynoit (9), cymecrsyer
He aAna sBcex ¢yuxkumiéh g(z) M HeyctToUMBO Mo OTHOMIEHMIO K Ma-
AblM u3MeHeHuAM g¢(z). D10 cieayer u3 Toro, uro obmmii ugen
pana B popmyne (9) comepxur GnicTpo BospacTaloumii Ipu n — 0O
coMHoxuTens exp{n3T}.

3anumem popmyny (5) caeayiommm obpazom: g = K. rae ome-
patop K onpenensercs pbipaxeHMeM, CTOANMM B npaBoif yactu (5).
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dopmyny (9) Moo 3amucaTh Tak: p = K —1lg. rne o6paTHuit K one-

paTtopy K oneparop K -1 onpenensercs BHPANKEHMEM, CTOANMM B-

npasoit yactu (9). OcnoBHAA NpoGaeMa,BOHHKAIONIAA IPH PENICHHH
o6patHoli 3afauM, COCTOMT B TOM, YTO ONEpaTOp K~} onmpeaenen ne
ana Beex gpymxamii g(z) M He ABAACTCA HeNpePHIBHEIM.

Meron kBa3noGpaiienus ocHopaH Ha mepexose oT 3amaum (6)-
(8), onpenenmomeit oneparop K -1k aagave ana ypaBHenus Gonee
BHICOKOT'0 MOPAJKA, COAEPIKAIMEro MaiLiil mapaMerp.

PaccMoTpuM KpaeByio 3aaavy

Uy = —VUps — QUggss, 0 <z<L x, 0 g T s T, (10)
v(0,7) = v(x,7) =0, 07T, (11)
Ve2(0,7) = vee(x,7) =0, 0K 7T, (12)

v(z,0) = g(z), 0z, (13)

rie a — NONGKMTeAbHWH mapamerp. Pememme samaum (10)-(13)
MoXKeT 6LITh HONMY4YeHO C MOMONIBIO METOAA Pa3fefieHNA MepeMEHHLIX
M MMeeT BMA

wer)= 3o 2 [ (@) sn(ne)de explnr(t - an®Nsintns). (19

n=1 o

O6o3naumM yepes po(z) = v(z, T). Moxkaxem, YTo NpH ONpeAeACHHLIX
NpeanoNoKeHHAX GYHKIMIO Qo(Z) MOKHO PACcCCMATPHBATL B KauecTBe
NpuGMKEeHHOro penleHUA 3aJa4M ¢ 06paTHLIM HanpaBJeHHeM BpeMe-
oM. DTa 3ana4a npeacrasaser cobolt 3anavy peleHns ypaBHeHUA

Ke=g. (15)

Byzem cumrath, uto omepatop K neftcryer u3s L,[0,7] B L2[0, x].
PaccMoTpuM 33434y pemenus ypastenns (15) B cayyae npubanwxenso
3ananHOli mpasoft yacTu ¢(z).

Npemononum, uro ana pymxpm §(z) € L2[0,x] cymecreyer pe-
menme ypasenma (15) @(z) € L2[0,7]. Ommako §(z) HesaBecTHa, a
BMecTo Hee 3ajaHul ¢ymxama gs(z) € Lo[0,x] m Besmuuna morpem-
HOCTH §, Taxue, uTO

llgs — GllLao, < < 8- (16)
B aToM ciyyae MCHOAbL30BATH B KauecTBe NpUGMOKEHHOro peleHMA
sagaun ymxmao ¢s(z) = K~1g5(z) (1.e. npumenats dopmyny (9))
HeBO3MOWKHO, MockoabKy K~!, Bo-mepBhiX, ompeleNieH He AiA Bcex
95(z) € L3[0,7], a, Bo-BTOpHIX, He ABAAETCA HETIPEPHIBHELIM.
PaccMoTpuM cemelicTBO JMHelHHIX oneparopoB R,, onpenense-
MEX gopmynoii (14), a umemno R.g = v(z,T). M3 ¢popmymu (14)
chexyer, 4ro

L

Rag = i -2; / 9(€) sin(n€)d€ exp{n?T(1 — an?)} sin(nz). (17)
n=1 °
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Ina moboro a > 0 oneparop R, onpeaeineH Ha BceM NPoCTPaHCTBe
L,[0, x] u HenpephiBeH, ecim ero paccMaTpMBaTh AeHCTBYIONMAM M3
L2{0, %] B L2[0, x]. Mokaxkem, uto dymamio pa(z) = Rogs MoxHO pac-
CMaTpHBaTh B KayecTBe NpuGIwKeHHOro pemieHMa ypasHeHus (15).
Teopema 421 [ycms ynxyus a(é) mexoea, ymo a(f) >

0 npu 6§ >0, a(é) - 0 u exp{z(ra-y}é — 0 npu 6§ —» 0. Tozda

[|#a(s) = PllLafo,x) — O npu 8 — 0, 20¢ a(s) = Ra(s)9s-
HoxazaTtenbcTBo. PaccMorpum aaement Rags, rae a > 0,

u onennM ||Rags — Pl [0,x)- W3 HepaBencTBa Tpeyronsmka cieny-
eT, uTo

”RaQJ - ¢"L:[0,t] < "Ragd - Roiut.,[o,s] + "Rag - ¢"i,[o,q. (18)

Ouenum nepBoe ciraraeMoe B IpaBoii YaCTH 2TOr0 HePaBEHCTBA. Y UM~
ThiBaA JMHeliHoCTL onepaTopa R. u HepasencTso (16), nonyunm, uro

”R096 - Rai"l:z[ﬂ,f] < "Ra” "96 - §"L:[0,I] < "Rall6v (19)

rae ||R,|| — HopMma onepatopa R,, paccMaTpuBaeMoro AefcTBYIOMMM
us L,[0,7] 8 L[0,7].
OuennM [|Rq}|. Tak kak cucrema ¢ymmami \/gsin(nz), n =

1,2,..., ABAsAeTcA noiHo# opToHOpMMpOBaHHON cucTeMoit B L[0, 7],
TO, UCNoNb3y s paBeHcTBO IlapceBana u ¢opmyay (17}, nonyumum, uto
ana moboii dymximmu g(z) € Lo[0,7]

00 bt 2
IRaglB oy = 3 %( / g(f)sin(n{)df) exp{2n?T(1 — an?)}.
n=1 °

Tak kak ana moboro HATYpaJbHOIO n cnpaseljMBO HEpaBeHCTIBO

n?T(1-an?) < £, 10

IRagl1} 10,0 < exP {21&} i %( ] 9(8) sin(nf)d£)2
0

n=1

N3 pasencrsa Ilapcesansn cneayer, uro pan, croamuifi B npasoit
YACTH 3TOro HEpaBeHCTBA, paBeH []_«,1||£_[0 ) CnenoBaTennHo,

T
IRagl1Z 10 ) < exp {Eg}”.ﬂﬁ,[o,rp

a 3HaYMT,

IRl < exp { .
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Yuurrisan Hepapencrso (19), nonyumm, uro

_ T
MRt = Rudllste) < exp{ 3z} 20) §

OuennM BTOpOe CjaraeMoe B fipaBoif UacTH HepaBeHCTBA (18).

Taxk kak § = K@, 10

5e) =3 2 [ ol sin(ng)d exp{-n’Tsin(ne).
0

n=1

CaenoBaTeibio, Ana Bcex n = 1,2,...

L3

/ §(6) sin(né)d = / 3(€)sin(né)d exp{—n’T}.
0

0

Hcnonbaya a1u GOpMylibl, MORYYHUM, YTO

Rag

Y- 2 [ e sin(ne)dg exp{-an*Tsin(na),
0

n=1

Rai~#=3 > [ @le)sin(n)dclezp{-an'T) = t)sin(nz)
[}]

n=1

YunreiBag @10 npeacraBienne u paseHcTBo I[lapceBans, nonyyum,

YTO
) A 2
IRt = Gl = 3 = ([ P@)sin(ng)a ) 11 - expl-anT)T"
n=l 0

Mokaxem, uto pyuxuma p(a) = ||Ra§ - 95"%2[0,'1 — 0 npu a — 0.

IHleficTBUTenbHO, Tak Kak pAAd

% 5/ % 2
S ;( / ;:({)sin(nﬁ)d«f) = 18WL p0.m
0

n=l

CXOAMTCA. To ANA Mmoboro £ > 0 cymectByer N > 0, Takoe, uTo

= 2( h . 2 €
2( [ p@sintn)de) 11 - expt-on*Th < 5
([0 :
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ana Beex a > 0. C apyroit croponn, Tak Kak 1 — exp{—an'T} — 0
npu a — 0, To cymecTByeT Takoe a(e), uto npu 0 < a < a(e)

'.Nz:; 'i_(j p(§) sin(n{)d{) 2[1 — exp{-an'T}})® € %

Caenosarenvto, p(a) — 0 npu a — 0.
U3 nepasencrs (18) u (20) wmeem

_ T
[IRags — @llL.f0,x) < €XP {z‘;}" + V(o).

Taxum o6Gpa3zoMm, ecan $ynxuma a(é) yaoeaersopseT YCAOBAAM

TeopeMH, TO exp{zﬁﬂ}é — 0 u \/p(a(6)) — 0 npu 6§ — 0, a 3naumt,

# ||Ra(s5)95 — PllL,to,x) — O npu 6 — 0, 4TO ¥ NOKA3LIBAET TEOPEMY, . . cum

B aToM naparpade 6na paccMoTpeH Hanbonee NpocToil BapuaHT
MeTola KBa3MoOGpamieHMA Mif 3ajauM ¢ o6paTHHIM HanpaBjieHMEM
ppemenn. Iloapobnoe m3jickeHMe MeETOAA xBa3uo6palleHHA M ero
Pa3jiMYHBIX NPUMEHEHHA COAEePKUTCA B [52].

$3. OBPATHBIE 3AJIAYM JUJ1 YPABHEHU
JIATIJIACA. OBPATHHIE 3AJAYHM TEOPHH
NOTEHIIMAIJIA

B artom nmaparpade paccMOTpeHHl HeKoTopaie o6paTHEIE 3ajauM, -
CBA3aHHBIE C MCCJEAOBAHMEM CTALMOHAPHHIX noneil. /ffC

O6paTHme 3agaum gy ypasmemna Jlammaca. lipn uceaeno-
BaHMM Pa3JIMUHLIX Npo6jieM, CBA3aHHBLIX C U3YyYeLAeM CTalMOHAPHBIX
fofeil, HaNpUMMep rPABMTALMOHHOrC WM MATHUTHOrO, C Lielbio No-
MCKa TOJIe3HBIX MCKOMAEMbIX, BOSHMKAIOT 3alauM NMPOAODKEHNA 2THX
noxneit [21].

PaccMoTpMM NpMMep MOCTAHOBKM MofobHOM 3alauw. TpebyeT-
cA Haiitv OyHKuMIO u(Z,y), YAOBJETBOPHAIOHIYI0 B NPAMOYrOJLHMKE
ypasHenmio Jlamnaca

Au=0, 0<z<a, O0<y<d, (1)
#M AONOJHUTEABHBIM ycnoame

u(0,y) = u(a,y) =0, 0<y<H, (2)

u(z,0) = ¢(z), 0<z<a, (3)

uy(z,0) = ¥(z), 0<zr<a 4)

Dry 3a4auyy MOKHO PAcCMaTpHBaTh Kak o6paTHylo mo oTHolle-
HMIO K Kjaaccuueckoll 3alade Ilupuxie nif ypaBHEHMA Jlanaaca B
npamoyronbHuke. JleicTBUTeNbHO, 321343 ONpeAEACHUA &y HKUMM

u(z,d)=h(z), 0<z<aq, (3) |
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roe d — ¢uxcHpoBaHHaA Touka, Takaa, 4uro d € (0,8}, mo ¢ymc-’
wm $(z) = uy(z,0) npeacranaser coboil 3axa4y ofpeleNeHMA JACTH §

ycaosuit 3anaun [lupuxne h(z) = u(z,d) na ommoit u3 cropon npsmo- §
yromuanka 0 < » < @, 0 £ y € d, no AonoAEUTeNbHOK MHPOPMALK O

pemenmn 3anaun Jupuxne uy(z,0) = y(z).

Pemenne 3agauu HAupuxne ansa ypabHenmsa Jlamsaca B npsamo-
yromiuxe 0 < z < @, 0 < y < d ¢ ycnosuamu (2), (3), (5) Moxer GriTs |

MONy4YeHO METOAOM pa3fieNIecHHA MepeMEHHEIX U MMeeT BUI

u(z,y) = Z_:l / @(£) sin Iaﬁf d§ %}y—) sin '?'H
+”2_:1 / he)sin e 2Y .nj’, sin
CnenosatesnsHo,
uy(z,0) = -g 2—:;'1 j¢(§) sin ?fd{cth -w—gisin 1'&2:+
:l 2’"' j h(£)sin ——c dt (sh md\ " gin f;'iz

0

Takum o6pasom, ecom pymapm u(z,0) = p(z) u uy(z,0) = ¥(z)
M3BECTHH, o6paTHad 3ajava CBOAMTCA K 3ajade onpeseneHusa h(z)

M3 ypaBHeHMSA

o0

n=1 3
rae

n=1

9(z) = ¢(2)02/21+Zn/¢(£)sm —£d{ thmsm f—;—:
0

— 3alaHHaA ¢yHKuMA. EammcTsensocts onpeaenenus pyuxumm h(z)
U3 ypaBHeHMA (6) B npoc‘tpanc'rne L[0,a) caenyer us nonnoThi cumc-

TeMul pyHKumi sin 2z, n = 1,2,..., 8 npocTpancree L,[0,a].

Tlomensas B (6) Mectaw nopmox MHTEr pUpOBaHUA U CYMMHpOBa-
HUA, MONYUNM ANA HeusBecTHOR dymamm h(z) uuTerpasbHoe ypas- §

Henue Ppearonbma l-ro poaa

Gh= / G(z,)h(€)de = g(z), 0<z<a, ™
° A
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Z /h({)sm —"fdf( "ld) sin -’-Z—'—z =g(z), 0<z<a, (6)

Cc AxpoMm

-1
G(z,8) = Znsmm——-sm {[shﬂ (

n=l

Tak KaKk 8TOT pAA CXOMMTCA PaBHOMEpPHO B npaAMoyroabauke 0 <
z,§ < @, a TaloKe PAaBHOMEPHO CXOLATCA PANH U3 NPOM3BOMHHIX TI0 I
u €, To dynxma G(z,£) venpeprBHO mMdPepeHUpyeMa B KBaapaTe
0 < z,§ < a. CuenoBaTensHo, 3a1aua pemenua ypasHemma (7) Gyaet
HEKOPPEKTHa KaK B TOM Cjlyyae, KOrlla MHTerpaibHuii omepatop G
paccmaTpuBaeTca aelictByiommM u3 L2[0,a] B L3[0,q], Tak u B TOM
ciyuae, KOrZa oH paccMaTpuBaerca aAeficteyommm u3 C[0,a] 8 C[0,a].

Tonyuum omeHky ycioBHoi ycroftumBocTH pemenusa 3agaum (1)-
(4). Mycrs dynxuma u(z,y) Takosa, uTo u(z,y), Usz(2,9), uzy(z,y),
tyy(z, y) HenpephBHE B npsamoyronbimke 0 < z < a, 0 < ¥y < &; u(z,y)
yaosiersopser ypaBHenmio Jlamaca mpu 0 € z € a, 0 € ¥y < §,
ycnopuaM (2)-(4) u He paBHa HYMIO TOXKIECTBEHHO.

Paccmorpum ans y € [0,b] dymamio

Pp(y) = [ (u(z.9)) dz.
/
Iudpdepenimpys, mmeem
Py = 2/u(z,y)u,(z,y)d¢,
0
a a 2
p(y) =2 u(z, y)uyy(z, y)dz + 2/ (uy(z, y)) dz.
o o

Ilpeo6GpasyeM nepBrii MHTerpaJj, BXOAAmMI B BBIpa’KeHMe /A
BTOpOit npousBoaHoOH

a a

/u(z,y)uw(z,y)d: = —/u(z,y)u,,(z,y)dr =

0 0

= -—u(z,y)u,(:.y)lg+/(u,(x,y))2dz:/(u,(z:,y))zd.r (8)
o 0
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Tak Kak

;;o/(u:(z,!l))zdz = 2‘0/ uz(z, Y)usy(z,y)dz =
= 2uz;(2,!l)“v(3,y)|: -2 / uze(z, Y)uy(z, y)dz =
0

a d a )
=2 [ uyy(z,y)uy(z,y)dz = — (uy(z,y)) dz,
o/ vy y dy ! y

TO

/(u,(z,y))zdz=/(u,(z,y))2d2+
0 0

+/ [(us(.z-,o))z — (uy(z, 0))2]‘&.

HoacraBnas a10 paseHcTBO B (8), MMeeM

JECOCOTE [ oot [ [nte.0 e, 00 ]
0 0 0

CnenoBateibHo,

p'(y) = 4/ (uy(z, y))zda: +4q,
0

rae q = %{ [(u,(z,O))2 - (u,(z,O))zldz.
Paccmorpum pynxumio k(y) = In(p(y) + l¢l). Tax kak

wi(y) = Pt )P () - ')’

(p(y) + lg1)? '
TO, UCIIONL3YA BhIpaskeHMA LJIA NPOU3BOAHHX p(y), HMeeM

F'(y) = m{ / (y (=, y)) dz / (u(z,v)) dz+

+4q/(u(z,y))zdz+4/(u,(:c,y))2d:|q|+
0 0

+4q|q|—4(/au(z,y)u,,(:c,y)dz)2}.
°
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CanenoparensHo,

" 4lap(y) + glall _ _
FO2 G0 bt >

PaccmoTpum ¢pymamio w(y) = k(y) + 2y(y — ). Tak kak v''(y) =
k"(y) + 4, To w”(y) > 0 npu y € [0,b]. CnemoBaremHo,

w(y) < w(0)(d — y)/b + w(b)y/b.
M3 oToro HepaBeHcTBa, yuuTHIBaA onpenenchue w(y), uMeem
k(y) < k(0)(b — )/b+ k(b)y/b - 2y(y - B).

CnenoBaTensho,

In(p(y) + lal) < =52 In(p(0) + lg) + 3 In(p(8) + lai) + 296~ »)
u okoHuaTenbHo mia y € [0,b)

P(y) < (P(0) + la)®~*(p() + laly*/* exp{20(b - 1)} — lal.  (9)

Honyunm Teneph OUEHKY YCHOBHOM yCTOWYMBOCTA LA pelleHHUA
sagaun (1)-(4). Hycrs dymxumm u,(z,y) m uz(z,y) ymoBnerBops-
10T TeM e YCJOBMAM TJaAKOCTH, 4TO M u(z,y), YAOBAETBOPAIOT
ypasuenmio Jlannaca npn 0 < z < a, 0 € y < b, ycnosuam (2) npu
y € [0.8], ycaosuam u;(z,0) = p1(z), u1y(z,0) = ¥1(z), u2(z,0) = p2(z),
ugy(2,0) = ¥2(2z), 0 < = < a, ¥ TakoBH, uTO

/(u.'(z, b))’dz < C?, C = const.
0

O6o3nauus u(z,y) = u;(z,y) — ux(z,y), ureem "“("-b)"i,[o,aj <
1C?.

IIpnmenus nepaBecTBo (9) K u(z,y) M yuuThHBaA ompeleseHue
¢yuxumn p(y), nonyumm, uro aaa y € [0,5] cnpaBeanuBa oueHka

Hur(z, y) = u2(z, Y)lI710.0) € (ler(2) = 2(DIT 00 o) + lal) =
+(4C + |q1)*" exp (20(b - »)) - lal.
rae ¢ = %of (¢1(2) = 5(2)* = (¥i(2) = v2(2))’]dz n lg) < Llivh -
iP'z"L,[o,a] + 3ivs - 'l’z"i,(o,a]-
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Honyuennan oneHka npeacraBaser coboit yacTHL ciiyqail omeHKH
pemenua 3azauy Komm s 2BOMOLMOHHOIO ONEPATOPHOTO ypaBHe-

HMA BTOporo mopaaka [40, 45].

O6paTtHnle 3aMaun 1A ypaBHeHua Jlansaca, cBsAi3aHHbEe C 33a1a- |
YaMH NPOJOJDKEHHA CTALMOHADHHIX GU3NUEeCcKUX moneil, MCCleAyIoTCA |
Ans pasmuuHoro tuna o6nacrelt. Ilpusesem nocranosky oGpartHoii §

3afauM AnA 3axavm Jlnpuxiie B Koablte.

Tpebyerca onpenemmre pynxmio u(a,¢) = f(p), ecan ussecTHo,

uTo u(p,p) ABNAETCA pemenneM 3anauu Jupuxie

Au=1LE(p3e)+ 558 =0, 0<agp<h, 0<p<om,

u(a,p) = f(p), 0< < 2n,
u(d, ¢) = 9(p), 0< ¢ <27,

rae g(p) — 3anaHHas QYHKUMA, M 3a43Ha JONONHMUTENLHAA uHbop-

Mal¥fi O pelleHUM 3aJayun

u,(b, ) = h(yp),
rae ¢ymama h(p) ussecTHa.

0<p<2n,

Hccnenosanue aroifi obparHoli 3amaum MaxeT GHTH NpoBeneHo |
aHasioruuHo 3ajmade (1)-(4) ¢ Mcnonb3oBaHMeM MeTona pa3lefieHMA |

nepeMeHHKIX.

e Ilyaccona B mpocrpancrse

}mﬁﬁ\;ﬁnme 3afauyM TeopHMH DoTeENMana. PaccMorpum ypashe-

BN M—ﬂ ML

} Au = —4xp(z,y,2). (10)
IIpu onpeneneHHbIX NpeMIOAOKEHMAX OTHOCHTENbHO ¢YHKIMM

p(z,y,2) monao mokasaty (73], uro ypasnenue (10) umeer emmMHCT-

BeHHOe, CTpeMseeca Ha GECKOHEYHOCTH K HY/MIO pelleHue, KOTOpoe
onpenenserca ¢GpopMyaon

z,y,z)= i P&, n,C)dE dnd(
u(z,y,2) ‘///\/(3—6)2*'(9"1)24'(2-—()2' (11)

—=00 =00 «00

Uurerpan, croammit B npasolt uacTM aToro paBeHCTBa, Ha3n-
BaeTCA HBIOTOHOBCKMM, MJIM 00beMHBLIM, IIOTEHIMaloM, a (YHKIMA
p(z,y,2) — ero naoTHocThio. PusMuecKuit CMBIC 06bEMHOr0O NMOTEH-
LIMajia COCTOMT B TOM, YTO OH (B onpele/ieHHOli cUCTeMe PHM3MYECKUX
€IMHMIl) npeACTaBAAeT coGOM MOTEHIMAJ CHJIM TAKECTH, CO3LaBa-
eMolf B NpocTpaHCTBe TeJIOM C MJIOTHOCTLIO paclpenesieHMA Macc
p(z,y,2).

Paccmorpum ofpatnyo 3azauy, umelomylo 6onbmoe 3Hauenue
AnA pa3paboTku reoPusmUECKMX METONOB MOMUCKA MONE3HBIX MCKONae-
MbIx. IIpeanonmxum, 4To Tesno ¢ HEKOTOPOI MAOTHOCTHIO MACC 3aHM-

| MaeT orpanuuennyio 061acTb MPOCTPAHCTBA, T.e. dyHxumna p(z,y, z)
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OTJMYHA OT HYJA TONbKO B orpanwdenHolt oéaactn I'. B.HexoTopoi
o6nacru T, He mmeromelt o6mmx Touek ¢ T, usmepsaerca 06bemundt
noTeHuman, cospasaemuit renom. Tpebyerca, 3mas oToT BHeummit
ob6beMuRlll noTeHuMan, onpeaenuTs $ymxumio p(z,y,z). Ouesun-
HO, YTO 3Ta o6paTHad 3ajava CBOIMTCHA K PElICHMIO WHTErPaibHOrO
ypaBHeHMA

e Qdednde - _
'[T/‘/ (z-¢) +(y-—1,) +(z-0) wz,y,2), (2,4 JET.
' (12)

CdopmymmpoBauHyIo o6paTHYIO 3ana4y MOXKHO MCCHeZOBATHL M B
pamkax Gopmyanl (11), paccMaTpuBas ee Kak mHeHOe MHTEr PajbHOE
ypaBHeHHMe 1-ro polia OTHOCHTeNbHO HeusBecTHol $yHxumu p(z,y, z),
npu 3azauuoit B obnactu T} ¢pymavm u(z,y,z).

PaccMmoTpum uccaenyemyio o6paTHyIo 331a4y B PaMKax YpasHe-
uus (12). Baxmolt ocoGeHHOCTBIO BTOM 3afauM ABAAETCA TO, HTO
HEN3BECTHLIMM B Helt ABAMOTCA Kak oGnacte T, B xoTopoit ¢pyHKumMA
p(z,y,2) oTnmuHa oT Hyasa (T.e. Mpesesbl MHTETPUPOBAHUA B TPOik-
HOM HWHTerpajie), Tak M ¢ysxuma p(z,y,z) B obmactu T. Tawum
oGpa3oM, B o6meil nocraHoBke o6paTHaA 3ajaua 06beMHOro NoTeH-
IMaja npeAcTaBideT coboll 3amauy oaHOBpeMeHHOr'o onpenesieHUA
Kak o6aactu T, Tak ¥ IoTHocT! p(Z,y, z), 3anaHHo# B aToli obnac-
™. Ilna aHann3a eNMHCIBEHHOCTM pemieHMA oTol obpaTHoli 3aaun
HalineM oGbeMHEI NoTeHUMaJ mapa co cdepudecKU-CMMMETpHUHOMN
NJAOTHOCTBIO pacnpelie/leHUA Macc.

Ifycte oGnacte T — map paamyca a ¢ UEHTPOM B HauaJjie KOOpP-
IMHAT, a onpeasenennaa B T dynxuma p(z,y,2) = p(\/22 + y? + 22),
T.e. 3aBHCHUT TONBKO OT PacCCTOAHMA OT Touxu (z,y,2) A0 Hayana
koopaunar. Torzaa

_ p(VE + 2 + (F)dE dnd(
Haa) = /r// V-2 + -0 +(=-0*

B cuny cdepudeckoit cummerpuuHocTH GyHKIMK p(Z,Y,2) DOTEH-
uman u(z,y,z) 3aBUCHT TOABKO OT paccTosHusA R or Touku (z,y,2)

o Hauvaja KoopauHat R = \/z2 + y? + z2. YuurnBsad 2TO M fiepe-
xollfi K chepuueckuM KoopiuHatam & = rsinpcosf, § = rsinpsind,
¢ = rcosyp, noayunm ans R > a

a w 2y 2 . a x 5.
u(R)= / / / p(r)r?sin pdf dp dr —or / / p(r)r?sin pdp dr

- - 7_ 7
A V/R%:—2Rr cos p+r? ) J VR?=2Rr cos p+r

Beoas nepemennyio t = \/R? — 2Rr cosp + r2, umeem ana R > a

u(R) = g—% ] ( 7rp(r)r dt) dr.

1} R—r
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OxoHuaTenbHan GpopMyNa IANA NOTEHIMANA MMeeT BUA

«(R) = %‘ / pr)ridr, R>a. 13) |

— — 0

Hpoaaanusnpyem C NOMOUBIO BHMHCJICHHOr 0O IoTEeHIMaJda apa Xf_‘v

co cepuyiecku CUMMETPHUYHOM MIIOTHOCTHIO 06paTHYIO 3aKauy B 06-

mell MOCTaHOBKe, T.e. 3alady onpelelleHUs ¥ POpMH Tejla, M ero 4

MIJIOTHOCTH. l'loxaaxeM, YTO pemieHHe dToi 3alauM HeeAMHCTBEHHO.

IleitcTBUTENLHO, YCTHL BCE Tena npeAcrasafaioTr cobolf mapH ¢ ueH-
TPOM B Hyne W pamuycom, MenbumM A. Ilycts moremmman u(z,y,z),

co3/aBaeMEllf 5TUMHU TellaMM, M3BeCTeH JJIA BCeX To4YeK POCTPaHCTBa,
AexammMx BHe mapa paauyca A. Tpébyerca no o6beMHOMY noTeHIM-
ajly onpele/MTL PaAMyC INapa U ero MIOTHOCTL. PaccMoTpum map

pamMyca a c MOCTOAHHON MAOTHOCTBIO po. Torama 3 dpopmym (13) *

cnenyer, uto npu R > A

47 pya®
u(R) = ;’;". (14)

Chnenosatensuo, norenuman u( R) He MBMEHMTCA, eC/M M3MEHUTD NAOT-
HOCTh M paJMyc WIapa Tak, 4ToGhl MpoM3BeaeHMe poa> oCTaNOCh MO-
cromuuuiM. Taxum o6pasom, us dpopmynn (14) creayer, uro 3anaua
ONHOBPEMEHHOI'0 onpeaeeHn GopMEI Tesa M ero MAOTHOCTM MMeeT
Heé eIMHCTBEHHOE pellleHHe AayKe B TOM LJjIy4ae, KOr/Ja IJIOTHOCTh Mo-
CTOANHa, HO Hen3pecTHa| OTMeTHM, uro Ppopmyna (14) u caenyomasn
M3 Hee HEeIMHCTBEHHOCTb ob6paTHo#t 3amaum MMelOT npocroit Ppuau-
ueckuit cmpicn. IlefictBuTennHo, Bennumua 47poa®/3 paBHa Macce
wapa M, T.e. noTeniman mapa u(R) = M/R. CnenopaTensho, mapu
pa3Horo pasMepa u IJIOTHOCTH, HO C OAMHAKOBol Maccoit 6yayT umeTn
OAMH M TOT )Xe MoTeHIMaJa npu R > A.

@ CBA3M C Hee IMHCTBEHHOCTLIO penieHUs o6paTHOM 3anaumn o6bem-
HOT'0 MoTeHUMata B obiielt MOCTaHOBKe €CTECTBEHHO BO3HMKAIOT ABe
Apyrue obpatHbie 3anaun. Ilepsyio mMokHO chopmynmposath Tak.
Tpebyerca onpenenMTh NNOTHOCTH pacrpeneneHMA Macc p(z,y,2) B
TeJe 3afaHHON GopMbl, ecaM M3BecTeH BHeWHW o6bemHbIl MoTeH-
LMaJl TOro TeJsa, T.e. HY)XKHO ONpeleNUTh MAOTHOCTh Tela B Npel-
NOJIKEHUH, YTO M3BeCTHa ero ¢gopma. BTopaa 3amauya cocTouT B
ONpenejleHMM Mo BHelllHEMY MOTeHUMaNy (GOPMHI Tesla B TPEANoNo-
’KEHMM, YTO pacnipelie/ieHMe IUIOTHOCTH B HEM M3BECTHO, HampuMep
MJIOTHOCTHL MOCTOAHHA.

Paccmorpum nepsyio 3anauy, T.e. 3a4a4y onpemenenus naoTHoC-
TH npy u3BecTHoli dopme Tena. Jlerko BUAETh, UTO OHa TaKkKe
MMeeT HeeAMHCTBeHHOe peiueHue. JlelicTBUTENLHO, BOCMOMb3yeMCA
$opmyinoit (13) ana o6bemuoro noreHumasa mapa co chepuyeckn-
CUMMeTpUUHON MIoTHOCTbIO. Ecam npm R > a 32 1nan noremuman
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aroro mapa u(R), To u3 Gopmyars (13) umeem
a
/p(r)rzdr = -'-‘%E = const, R >a.
0

Taxum o6pa3oM, BcA HHPOPMALIMA OTHOCHTENLHO ¢ynxwm p(r), no-
JIiyYeHHas Y3 UCXOOHHIX NaHHHX o6paTHoll 3agauM, COCTOMUT B ToM,
YTO 3aJ1aHO 3HaUYEeHWEe UHTerpana

: a

/ p(r)rdr = G. (15)

0

Ouesuaro, YTO OAHOIHAUHO ONpeleauTh ¢QyHIamio p(r) M3 sToro
ycnosus HesosMaxHo. Hanpumep, npw ¢ = 1 mobaa dpymxams p(r) =
cr+d, rae ¢ ¥ d — NOAGKUTENbHbIE MOCTOAHHBIE, Takue, uTo ¢/4+df3 =
G, ynosnerBopser ycnosmio (15).

Uccnenosanmo o6paTHoii 3amauM onpeneneHMa GopMH Tesia B
NPEeNOJIOKEHNH, YTO €ro MAOTHOCTL U3BECTHA U 3aJIaH BHelHul 0615-
eMHbIIf MoTeHMalJ, noceAmeHo Goablioe uucao paGor. Bnepsrule
€IMHCTBEHHOCTb pemeHHusa oTofl o6paTHol 3amaum Gnisa M3yyeHa B
pabore I1.C. HosuxoBa [63], a 3aTeM mccienoBanus B oToM Hampas-
NeHuy GbLIM MPOAOILKEHBI LieLIM PALOM aBTOpOB [29, 65, 66, 75].

3anaya onpeaeseHMsa GopMH Tejla MO €ro BHEMIHEMY MOTeHLMa-
Jy NPU M3BECTHOH MIOTHOCTHM Telja, ABAAETCA HenuHeitHo#. Ipm
onpelileleHHLIX NPEeANONGKEHNAX 8Ta 3aAada MOKET GHTb CBeaeHa K
3ajave pelleHMA HeMHeAHOro MHTerpaJjbLHoro ypasHenus. I[Ipeamo- -
N0KUM, 4YTo Teao T ABNAETCA 3Be3AHLIM OTHOCHTENLHO HEKOTOopo#
u3BecTHoli Touxkum M, T.e. moGoit Ayu, nposeldeHawi#t U3 M, nepe-
CeKaeT MOBEPXHOCTh ¥, orpaHuuMBalonmyio teno T, Tonbko B onHo#
Touke. JlonmycTHM TakkKe, YTO IVIOTHOCTD TeJa U3BECTHA M MIOCTOAHHA
p(z,y,2) = po. B3saB Touky M B KauecTBe Hayajla KOODJMHAT, MOJNY-
UMM, YTO ypaBHeHUE MIOBEPXHOCTH X MoKeT GHTH 3a/laHO CIEeAYIOUMM
obpazom: r = g(p,8), ¢ € [0,7], 8 € [0,27]. Toraa dopmyna ana
AOTEeHLMAJa UMeeT BUJI

u(z,y,2)=

_// por? sin @dr ]da do
- J V/(z—r sin ¢ cos 6)?+(y—r sin @ sin 0)?+(z—r cos p)?

Ecm ¢ynxuma u(z,y,z) ussecTHa B HexoTopoili o6nactw, He co-
nepxkameél Teno T, To ara dopmyna onpeaesiser HeqMHelfHoe MH-
TerpajbHoe ypaBHeHNe OTHOCHUTENIbHO Heu3BecTHol ¢yHkumm o(p, 0),
3azaomieli nopepxHocTh X, orpaHMumsalomyio Teno T..
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§4. OBPATHRIE 3AJIAYM JUJIS YPABHEHMSA
KOJIEBAHR M’

PaccMoTpuM nepByio xpaeByio 3asauy Ans ypaBHeHHA KoseGanmil

Uge = aPtigy, 0<z<l, 0<tgT, (1)
u(0,t)=u(l,t)=0, 0K<tLT, )%
u(z,0) = p(z), 0<zg], (3)
u(z,0) = y(z), 0<z<g,

KoTOopas oImMChHIBaeT Mpouecc KoneGanuit ynpyro#i crpyHml, 3aKper-
eHHo# Ha oGoux komuax. ®Pymamu ¢(z) u ¥(z) onpesenmor Ha-§
YanbHOE NojoKeHHe CTPYHH M HauaJbHOe pacnpeZefienue cKopocTelf |
COOTBETCTBEHHO. :

Pemenne 3azauu (1)-(4) Moker 6uTL NonyueHo MeTonoM pasze-']
JIEHMA MepeMeHHBIX M MMeeT BMA

]

u(z,t) = Z [-?—/go(f) sin -wl—n-fdecos lr-lrlat+

n=1 °
1 .
2 . . , .
+;7;; /1/)({) sin -tl—nfdfsm ?at] sin IFz. (5)
2 ‘

Pacemorpum creaylomyio o6patnyio 3axauy. Ipemnoncxum, uro |
HauvajpHOE pacnpelnesieHue ckopocrelt Y(z) = 0, a dymama o(z), ¥
onpenesioman HaYalbHOE MONOKEHNe CTPYHLI, HeussecTHa. TpeGy- |
€TCA ONpeseauTh (z), €CIM 3alaHO IMONMKEHME CTPYHHI B MOMEHT
Bpemenu ty € (0,T)

u(z,to) =g(z), 0<z<], (6) 1

rae g(z) — sanannasn pyuxuma. Monoxus B popmyne (5) P(z) =0 u |
t = o, nonyunm ypasuenue ana dynkumu o(z)

>

n=1 0

i

/ #(§)sin anE d§ cos —?ato sin ?3 = g(x). M

-~ N

970 ypaBHeHue ABAACTCA AMHeRHEIM YpaBHEHHEM OTHOCHTENbHO }
bysxunn o(z) suaa A p = g, rae aumeltuuit onepatop A, on- }
PENENIACTCA BEIpAXKEHUEM, CTOAIMM B NeBolt uacTv ypasuenus (7). |
Paccmorpum BOTIPOC 0 KOPPEKTHOCTH 3a0a4M PEIIEHUA 3TOro Y paBHe-
HUA B CAy4ae, Korfa oneparop A,, paccMaTpuBaerca AeliCTBYIOmMMM
n3 npocrpanctsa Ly[0,{] 8 £,[0,1]. 4
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IlokasxeM, 4TO KOPPEKTHOCTD MCCAERyeMO 3a.0aUM CYMECTBEHHEIM
ob6pa3om 3aBUCHT oT BHIGopa MoMenTa HaGimoaemnsa to. Ilycts tp =
2l/a, Torna ms (7) nonyumm

00 1
) % / @(€)sin -”-l-'igdf sin 1;1: = g(z). ®
0

n=1

Tax kax BHpayeHWe, cToslllee B JI€BOl YACTHM BTOrO PaBEHCTBA,
ecTb pasnoxenue pynxummu @(z) B pan Bypse no cucreme ¢yuxumit

{\/2/l sin le}, To (8) MakHO mepemncars Tak: p(z) = g(z), T.e. mpu
to = 2l/a onepatop A;, paBeH eIMHUMHOMY M, OYEBUIHO, YTO B BTOM
cayvae 3ajavya pemenua ypasHehus (7) koppexrna. Dror addekt
MOHATEH M ¢ ¢u3ndeckoit Touxu 3penns. Ilpouecc konebanua cTpyHn
HOCMT nepuoavveckuit xapakTep, u uepe3 Bpems tp = 2l/a cTpyna
3aliMeT TO ke MOAWKEHHEe, KOTOPOEe OHA 3aHWMala B Ha4ajLHLIA
MOMEHT BpemeHu. SIBiAeTca s 3Hauenme tp = 2//a e mHCTBeHHBIM
(6e3 yueTa nepmosa xonebammit) smauemmeMm, mpH KOTOpPOM 3aKada
KoppekTHa?

Teopema 44.1. Ecauty = (2_3-%73’ 20¢ p u k — namypassnne

sucaa, mo dax awboi g(z) € L,[0,1] cywecmeyem eduncmeennoe pewse-
nue p(§) € L2[0,1] ypasuenus (7) u eunoanena oyenxa ycmoiinusocmu
lellzaon < Cilgllzso, € = const. (9

-

dokaszatenncTBo. PaccMoTpuM GyHKIMIO HATYpPaNBLHOTO

aprymenta n cos 2222 = cos 2®2. Tak kak npu np = n; + 2k — 1

BHITONHEHO PaBeHCTBO cos XM3%e = cog XM 1o Pymxumn cos%f—f{-

npunnMaer He Gonee uem 2k — 1 pasmmunbix 3Havemnit. ITokamewm,
yro npu n = 1,2,...,2k — 1 ¢pynkuna cos %ﬁ{- # 0. HelicTBuTenbHO,

NpPeaNoNIoKUM, YTO AJA HEKOTOPOro n = np cos%'—',—}';‘f = 0. Torma

2xnop/(2k — 1) = /2 + =q, rae ¢ — uenoe uncno. CrenosaTensHo,
JO/PKHO BLIIONHATLCA paBeHCTBO 4ngp = (2¢9 + 1)(2k — 1). Ho a10
PaBeHCTBO HEBO3MOXHO, TakK KaK B €ro JieBoit 4acCTM CTOMT YeTHoe
yncno, a B npasoli — HeuetHoe. Tamum oGpasom, cos:;'—k"—:-?l- He
obpamaeTcsi B HONb NMPH HATYPAJBHRIX 3HAUEHUAX N U NPUHHUMAeT
KOHe4YHOe 4YMcAo 3Hadenmit. CrnenoBaTesbHo,

. 2xnp
l:l;ltll COS2T_-T =c¢; >0. (10)

Honoxam B (7) ty = ﬁf{'ﬁ;, Toraa

o i
2 v

. 27np . @n
@(€) sin IP—Edfcos = sin —z = g(z). (11
& o/ 1 k-1 1

~f N
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O6o3naunm uepes ¢, U g, Koodpdmmentnl Pyphe

i

i
o= [l€)/ETisin Tedt, gn= [ st©rv/2tsin e e.
1]

o

Tax xak cucrema pynxmmit /2/lsin ¢, n = 1,2,..., seaserca
nonHoit opToHOpMMpoBaHHOH cucTemolt B npoctpancree L,[0,l], To
n3 (11) caeayer, uro

2xnp

P e g g =

n=12....

Yuutmman nepaBencrso (10), moayumm, uto ana moboit ¢yHKummM
9(z) € La[0,] ypasnenue (11). umeer emmucTBennoe pemenme @(z) €
L[0,1], onpenennemoe popmynoi

o 2xnp \ ! . wn
p(z) = Zg,, (cos 2—,3_—’1) V2/lsin T

n=1

Hs aroit popmyns, HepaBencrsa (10) u pasencrpa Ilapceans
cnenyer oueska ycrotumsoctu (9) c komcranroét C = 1/¢;, m Teo-
pema 4.4.1 npokasama.

W3 reopemnt 4.4.1 cneayer, uro npu tp = (Tﬁixjaﬂ rae p, k — mo6eie

HaTypasibHble YMCla, 3ajaya pemeHuA ypaBHeHuA (7) KoppeKkTha.
llokaxem Tenepn, 4To cymecTByeT GeckoHeUHOE MHOKECTBO 3HAYHMH
tp, IpM KOTOPHIX @Ta 3ajaua ABAAETCA HekoppekTHo#h. IlycThb ty =
Qg;_:)i’ rae p, k — waTypasbHbie uucna. B aToMm cayvae cos ZofA =
cos-'—'—'%%’-‘-ﬂ u npu n = k cos™%e = (. Toraa pemenueM ypaBHeHUA
(7) c nynesoit npasoi uactbio g(z) Gyser mBaAATLCA pyHKIMA P(£) =
sin 1%{ CaenosatentHo, peinenue ypasuenua (7) HeeIMHCTBEHHO W
3a/la¥a HEKOPPEKTHA.

B cpasu ¢ npuBeneHHHIM aHAAM30M KOpPEKTHOCTH PacCMOTpeH-
Holt ob6parHo#f 3amauM BosHMKaeT cienylommii BONPOC: YeM MOKHO
OGBACHMTL TOT BAKT, UTO JUIA KAKMX-TO ToueK Habimoaemua fp 3a-
Aava ABAACTCA KOPPEKTHON’, a ANA CKOIbL YromHo OJIM3KMX K HUM —
HEKOppeKTHOH?

Mycts to = 21/a. Toraa oneparop Ay,, onpenensieMuiii BulpaxKeH!-
€M, CTOAIMM B NeBoit yacTy (7), ¥ paccMaTpHBaeMblll AelicTBYIOMMM
u3 Ly[0,1] 8 L,[0,1], paBen emuuuunomy u 3anaua pemenun y paBHeHUsA

to = g KOppeKkTHa. B3sAB nocaenosarensHOCTb TOUeK Ha 6O xeHUsA

tor = (4k—-1)1

2ka > NonyuMM, urto fop — io npu k — oco. Ho npu Bcex
HaTypaNbHuX k 3ajaya pelleHMA ypaBHEHUA A¢,p = g HEKODPEKT-
Ha. DTOT CTpaHHLI/l Ha NMepBhIf Baraan $akT 06bACHACTCA TeM, YTO
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lAto, — A, ]| He cTpemuTca K Hymo npu tor — tg. HelictBuremsuo,
lAter — Awell = sup  |(Ator = E)pllLypo,q =

Ielle o<t
. _ 2\ 1/2
= sup (E P2 (cos ——-——1(4‘7 n - l) ) .
Nellestongt \ 2

Tak xak ana mo6oro HaTypaabhoro k npun =k cos = 4;"1 =0,

10 [[Ato, — Ag]l > 1 ana Bcex marypamemmx k. Takum o6pasom,
pa3nnyHbie (C TOUKM 3peHNA KOPPEKTHOCTH) CBOHCTBA ONEPaTOpPHOrO
ypaBHeHMA Ay p = g ana 6imskux Mexay coboit Touek HabmoaeHna
to OGBLACHAOTCA TeM, YTO ceMeiicTBO omepaTopoB A, He ABIBTETCA
HeMpepHBHEIM [0 MapaMeTpy to.

PaccmoTpum apyryio noctanosky oGpaTHoi 3a1aum AN KpaeBoit
sanaum (1)-(4). Ipemnonowum, uto pynxums ¢(r) MsBecTHa U Tpe-
GyeTcsa onpeneanTs (), eciM 3a1aHa JONOAHUTENLHAA HHPOPMALAA
o pemenum 3anaum (1)-(4) Buaa (6). Jlna ynpomenus 3amucu npen-
NONOXUM, 4YTO M3BecTHaA QyHKimA ¢(z) = 0. Ionoxus B (5) t = 1o,
TIOIyYM ypaBHeHMe IUIA HeM3BeCTHOM pyHKuwau v(z)

1
o0
2 . ™ . ™ . ™
z: P /'P(f) sin —I—fdfsm ~atosin -z = 9(z), 0zl (12)
0

n=1

3anaya pemeHus 3Toro ypaBHeHMs B ciydae, xorma g(z) € L,[0,]]
u pemienne Y(z) mmerca Tawke B L;[0,1], 6yner nekoppekTHo#t npm
mo6om £y > 0. IleiicTBUTEIBHO, € AMHCTBEHHOCTh PelleHMA Y PaBHEHNA
(12) B npocrpancrse L,[0, [] saBucut ot snauenns ty. Ecim ¢, Takoso,
uro sin Paty # 0 ana Bcex n > 1, nanpumep to = I/7a, To pemenue
ypasHenus (12) emmncrBento. Ecam xe ty TakoBo, YTo cymecTByeT
n, npu KoTopoMm sin Ztat, = 0, nHanpumep ¢, = [/2a, To pemeHue
ypabHenns (12) meemmnctBenno. Ommako npu Bcex o > 0 pemnenue
(12) cymecrByer He mna moboit g(z) € L2[0,1]. HdelictButensro, ecm
ana g(z) € L2[0,1] ypasnenue (12) unmeer pemenne y(z) € L3[0,1], To

o0 -2 2
. #nat na
"'l’”i;[o,t] = § :gz (Sln ! 0) ( 1 ) .

U3 aToro mpeacTaBieHMa ANA peleHMA cleyeT, YTO MpH 0GBIX
to > 0 ypaBHenme (12) He GyneT uMeTh pellleHMe, HaNpUMep, ANA
[o 2]
1 . mnz
9(z) = Z —sin ——.
n l
n=1
Takum o6pasom, 3amaua pemenus ypasuemma (12) mam, 4To To
e camoe, TMHEHHOro onepaTopHoOro ypasHeHus By ¢ = g, rae By, —
oniepaTop, onpeneiseMblii BbIpaKeHMEM, CTOAMMM B JeBo#l 4acTu
(12), n aeiictByrloumit 3 L,[0,1] B Ly[0,!], aBaseTca HekoppeKTHO#
ana moboro tyg > 0



T'nasa V

OBPATHBLIE KO3 ®8UIIMEHTHLIE
3AIIAYM IIJISI YPABHEHUM B
YACTHBIX ITPOU3BOIHLIX

£

B eroit rnape paccmoTpent o6paTHne sazaun ana YPaBHenMil B .

HaCTHHX NPOM3BOAHKIX, COCTOAUIME B ONPENEIEHHN HEUIBECTHOTO KO-

a¢pdmmMeHTa ypaBHEHNA IO AONIONHUTENLHOM MHGOPMAIMHK O pellleHUH

HEKOTOpOli 3afauM IS ®TOr0 ypaBHeHMA. 3ajauM nomoGHoOro poAa
BO3HMKAIOT IIPH NPOBENEHMM PA3NWYHHIX HAYUYHHX MCCHeNOBaHW B
CBA3M C HeoGXONMMOCTLIO onpeneseHns XapaKTEPUCTHK BemlecTBa, B
KOTOPOM NPOMCXOAMT M3yuaeMElt npolecc, No pesyabTaTaM Habmo-
nennit. HecMoTps Ha pasnuume uaiokeHHLIx B aTolt riaBe o6parBIx
3334, UX 06 beAMHAET TO, YTO AOMIOIHMTENbHAR MHGOPMAIMA B KaXK-
Roif u3 oGpaTHHIX 3anau, npenacTasaser coGolt dyHKIMIO, 3aBUCAIRY IO
oT BpeMend. Takoit Tn monommrennuoik UHGOpPMAIMM XapaKTepeH
A1l MHOT'OYMCIIEHHHIX BKCIIEPUMEHTOB B PA3NUUHLIX 061aCTAX HayKu
M TEeXHMKMH.

PaccmoTpennsie B sToif raase ofpaTHEIe 3ajauu ABNAIOTCA NpPU-
Mepamu BecbMa 6 onbinoif ¥ MHTEHCUBHO Mccaleny eMolt o6aacty o6par-
HBIX KOB(QPMIMEHTHHX 3alay AJIA yPaBHEHMH B YACTHHIX Npon3BoOA-
HeIX. Bonee nonpo6uoe npeacrasnenue o pe3yabTaTax, JOCTHIHY THIX

B 5TOM HAaNpaBJICHMH, MOKHO HOJYUMTH, O3HAKOMUBIACH C MOHOTpa-
duamu [4, 13, 47-49, 69, 70). .

§1. 3AIAYA ONPEAEJIEHMA KO2$#MIIMEHTA
TENJIONPOBOIAHOCTH, 3ABUCANIETO OT
BPEMEHHM

Paccmorpum nepsyio kpaeByio 3anauy ana ypassenus TeIIonpo-
BOZHOCTH C Koo ¢uumeHTOM Temaonposoanocty k(t), 3aBucAmmM ot
BPEMeHHU

U = k(t)u,,, (3»t) €Qr, (1)
u(0,t) = u(x,t) =0, 0<t<T, (2)
u(z,0) = p(z), 0z, 3)

rae mHokectBo Qr = {(z,t) : 0 <z <7 0<t<T) Byaem

npeanonaraTs, Yro pynkwmm k(t) u p(z) yronersopaioT crenyiommm
YCHIOBMAM:

k(t) € C{0,T}; k(t)>0 npu teo,T), 4)
p(z) € C*0,7], ¢(0) = p(7) = " (0) = ¢"(x) = 0. 5
144

Pemenviem 3anaum (1)~(3) 6ynem masumBars $pymamio u(z,t), Ta-
Kyio, uto u(z,t) € C[@Qr], u(z,t) € C*'[Qr] u u(z,t) yaosaerpopsaer
1)-(3).
( )_i(lp)exme 4eM CTABMTDb M MCCNIeR0BaTh 0GpaTHYIO 3a0a4y A/IA Kpae-
Boii 3anaum (1)-(3), noxkaxxeM, uTo 3anaua (1)-(3) nmeer exuncreenmoe
pemesnme.

Teopema 5.1.1: Ecas sunoaxenn ycaosus (4), (5), mo cywyec-
meyem eduncmeennoe pewense u(z,t) sedavw (1)(3).

Hdokxaszarteansncrtso. [Jlokaxem, uro pemenue 3azaun (1)—3)
cymecrByeTr. Paccmorpum B Qr $ymxumio

u(z,t) = 3 nexp{ —n? [ k(r)dr } sin(nz), (6)
(z,1) ..Z=:1¢ xp{ o/ }
rae .
on =2 [ ol@sin(ng) d. ™

]
HuTerpupya no wactaM u yunrsisas (5), nosyuum, uro

L 4

Pn = """ (£)sin(n§) d.

ant

CanenoBaTenbHo, ANA BCeX HATYPAJLHBIX N CHPABEAMBA OLEHKA
lpnl € C/n*, rae C = const. M3 aroit ouenxu cnaexyer, uro $yn-
xuma u(z,t), onpeaenseman pasercrBoM (6), HestpepniBHa B Qr M
yaoBaeTBopsaer yciouaM (2), (3). Ha muokecTe Qr pax

i #nn? exp { -n? j k(r) dr} sin(nz)
0

n=1

cXomuTca paBHoMepHo. CneaoBaTensHo, u(z,t) € C*![Qr]. Borumc-
asA npoussomsle ui(z,t) U ug (z,t) (cM. (6)), nonyunm, uro u(z,t)
yaoByerBopaAer ypabHemuio (1) B Qr H, clleA0BATENbHO, ABJIAETCA
pemenueM 3axauu (1)-(3).

Ilna noka3aTenhCTBa €ZMHCTBEHHOCTM pemenma 3agaum (1)-(3)
ROCTATOYHO [IOKA3aTh, YTO OHA MMeeT TOJNbKO Hy/NeBOe peleHue npu
¢(z) = 0. NMycs v(z,t) — pemenme 3anaum (1)-(3) c p(z) = 0. Ymuo-
#uB ypapHenue (1) na v(z,1) u unrerpupys, mmeem ana 0 <t T

x 1 [ 4
v(z, T)v(z,7)drdz = [ k(7) | vee(z,T)v(2,7)dzdr,
/] [r]
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OTKyRA
1 : 4
3 [ [60)? - (v(e,0))az =
0
= | k() |ve(z, )v(z, D)} = [ (velz, 7)) dz)dr.
! [ Io o/ ( (= "')) ]
Tax xak v(z,t) yaomaersopser ycnommam (2) u ycaosuio (3)

P(z) =0, 70

1 L 4 k4 L ¢
3 / (v(z,0)dz + / k(r) / (ve(z,7))’dzdr = 0.
0 0 0

M3 eToro pasen :
p CTBa ¥ NofickuTenbHocTH k(t) craexyer, uro ann @R

Beex 0Kz <Inm 0t ST “(z,t)=0. T oBbas
! - M, pemni e
3anaum (1)-(3) emuncrsenno. Teopema 5_1'13';”‘0 Pa. pemenue |

aMeuyanue. JlokasaTenscrpo Teopesm 5.1.1 Movkao nposec- ‘

T npu Gonee ciabuix npemionokenus
oy X OTHOCHTebHO $yHKIMM (),

Mepeiinem Tenephb K NocTaHoBKe 06 |

paTHoli saaaun. IIpeanonoxum, |
To B xpaesoit 3anaue (1)~(3) wasectna pymamsa ¢(z) n neuspecren JB
xospduument k(t). Tpebyerca onpenenuts k(t), ecnu 3anana nonon- 4

HHTEALHAA MHPOPMAIMA O pemenywn 3axaum (1)-(3)

uzo) = eft), 0<tET, ®)]

rae g(t) — wssecrHan dymxms, a Touxa z, € (0, =).

Hccuezgeu BOTIPOC O €MHCTBEHHOCTH pemieHua oTodf obpaTHol i
3anaum. UEBMAHO, UTO ANA €AMHCTBEHHOCTH pemeHMA obpatHot =

3afayuu Heo6xomumo, uTobu ¢(z) M, :
He DaBHAJIACH T ecTBe :
Ha oOTpe3ke e samu |

(1)-3) u(z,t) = 0 B Qr ana mobok byuxumn k(t). Hocrarouno |

AN BTOrO yCAOBUA ANA €AMHCTBEHHOCTH pellleHUA paccMaTpiuBaeMoit '

Jlerko Buaers, uto 06
, PaTHaA 3ajaya MoKeT |
UMETL HeeIMHCTBEHHOe pemenme W npu (z) # 0 Ha oTpesxe [0, 7]. |

ellleHNeM 3alayn '

obpaTHoli 3anaun?

Deticteutentno, nycrs w(z) = sin2s u z, = 7/2. P
(1)~(3) 6yner dymxama o=/

t

u(z,t) = sin(2r) exp{ —4/k(r)dr}.
0

Chnenosatemno, u(zo,t) =0 npu t € [0,T]) nna mo6o#t dynxumm k(t) j

¥ pemienne o6paTHO! 3amaun HeeAMHCTBEHHO.
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[0,%], Tak_xax B nmpormBHOM Cly4Yae pellleHMe 3aiaym =

CéopmynupyeM yciopua Ha dyHnummo ¢(z), obecneumsaromme
eMHCTBEHHOCTh pemleEna oGparHolt sazaum.

Teopema 512, Ipednosowcum, smo $yuxyusr p(z) yoe-
aemaopsem ycaosusm (5), ¢"'(z) > 0 npu z € (0,%). Toeda, ecax
ky (1), k2(t) € C[0,T], ki(t) v kx(t) mosomcumessnn ua [0,T] x maxosn,
wmo u,(z,t), i = 1,2, ylossemsopsom (8) npu t € [0, T], 20¢ ui(z,t) —
pewenus 3adavu (1)«(3) dax ki(t), i = 1,2, coomeemcmaenxo, mo
ki(t) = kx(t) npu t € [0,T).

Hoxka3zaTeancrTts o. Jokaxem BHaualie, YTO NPU CACNAHHBIX
fnpexmonckeHuax pemenne 3axauu (1)-(3) TakoBo, YTO urc(z,t) > 0
npu 0 < z < 7,0 <t < T. U3 ycaosnit (5) caeayer, uro pan

- Z ©nn? exp { —n? ! k(r)dr} sin(nz) = vz (1)

n=

cxomurca B Qr paBHOMeEpHO, a 3HAUMT, Y. B Qr Henpepusra. Touno
TaK YK€ MOKHO NOKa3aTh, YTO u; HenpepusHa B Qr. Paccmarpusas
pAax (6), onpenenmoumii pemenue u(z,t), npu t € [to, T}, rae to —
NpOM3BO/bHAA IONGKUTEALHAA IOCTOAHHAA, H YYHTHBAA ycobus (5),
nonyumm, yro npu 0 <t < T n 0 € 2 < ¥ CymeCTBYIOT HellpephiBHLIE
NPOU3BOMHKEE Ugri(Z,1) M uy(z,1).

O6o3snaunm uepes w(z,t) = w(z,t). Pymama w(z,t) ssaserca
peleHMeM cieAylomed 3aqasin: :

w = k(t)wes + 5Pw, 0<t<T, O0<z<r, ©)
w(0,t) = w(x,t)=0, 0<t<T,
w(z,0) = k(0)p"(z), Oz~

Jlokaxem, uto w(z,t) 2> 0 8 Qr. Paccmorpum dymmasio ¥z, t) =
w(z,t)e~>!, rae A — NPoU3BONIbHAA NONGKUTENLHAA NOCTOAHHAA. Pdyn-
kumA y(z,t) ABAAETCA pemieHMeM 3aJauy

w+ - 58y = kt)gee, 0<tLT, 0<z<m,  (10)
¥(0,t) = y(x,t) =0, 0<t<T, (11)
¥(z,0) = K(0)¢"(2), 0z (12)

Nokaxem, yto y(z,t) 2 0 B Qr. ITlpeanonckuM, YTO BTO He TakK.
O603naunm uepe3 (z;,f1) TOUKY, B KOTOpO# ROCTHIaeTCA OTpPHIA-
TembHbI MuHMMYM (ymxumu y(z,t) Ha Qr. W3 HeoTpMUATeALHOCTH
k(0)¢"(z) m ycnosumit (11), (12) creayer, 4To O0<y<7al<ty<T.
Toraa B Touxe (z;,l;) BHIONHEHE CleAyloUMe YCAOBUA:

v(z1,t1) <0, w(z1,t:1) €0, Yee(21,11) 20 (13)
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BriGepem unciao A 12k, uTo6H A > maxogegr [K/(t)/E(t)]. Toraa, pac-
cumaTpusas ypasHerne (10) B Touke (z;,%1), monyuum nporTusopeune,
nockomsxy u3 (13) caeayer, uto

yt(zl,tl)‘i“y(zhtl)[ - %} < 0,

k(t1)yzz(21,1) > 0. :

;)l‘ax% 06pa3oM, HCXOHOE Npeanonokenue G0 HepepHo M y(z,t) > i
B Qr. 4
Zoxaxem, uro w(z,t) >0 aald<z < x, 0 < ¢ € T. ONOan
AOKA3ATE/LCTBA BTOrO HEPABEHCTBA HCMIONb3yeM ONHY TeOpeMy M3
obmeit Teopun mapabosmuecknx ypasmenmit (88]. IHas ypasuenms
(9) ona moxer 6mTE cHopMyMHMpoBanHa cneayiomym o6pazom. Ecim 4

$ynxama w(z,t) ynoBnersopser ypasHeHmIO (9 mpu 0 < x < w, /AN

0<t<T, w(z,t) 208 Qr u cymectsyer Touxa (z3,t2), 0 < z3 < x, i
0 < t; < T, rakas, uro w(zy,ty) = 0, To w(z,t) = 0 ana Bcex |

0<z<x 0<tgt;. U3 at0lt Teopemu cneayer, uro w(z,t) > 0.
A 0<z<7 0<tT. lelictButensro, ecam B Kako#-To Touke §
(z2,13), Takoif, 4r0 0 < 23 < 7,0 < 1, €T, w(z3,t3) =0, 10 w(z,t) = 0
ama0<z<w 0<t<t, Ho torna w(z,0) = &(0)¢"(z) = 0
ana 0 € z < 7, YTo NpoTMBOpeUnT YCNOBHUAM TEOPEMBI, a 3HAYMUT, |
w(z,t) >0 a2 0<z< 7, 0<t € T. Caenosaremsuo, u,.(z,t) > 0

mpul<z<x, 0<tgT

Ilepeltnem Teneps k Z0KA3aTENLCTBY €NMHCTBEHHOCTH pelleHUA
uccnenyemoit o6patHoit 3agaun. Us (6) cnenyer, uto paBencrso 8) 4

ana ¢ymkumnit u;(z,t), i = 1,2, umeer sua

n=1

Beenem ¢ymmmm

ai(t) = [ ki(r)dr.
/
H3 (14) caenyer, uro
Y ¢alexp{-nZay(t)} - exp{—n’ay(t)}] sin(nzo) =0, 0<t<T.

n=1
Tak xax (19)
exp{-nZa,(t)} - exp{—nZay(t)} = —n?(ay(t) - az(t))+

1
. ] exp[~n2as(t) - B(n%ay(t) - nZaz(t))] dF,
1]
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) t »
Z #n exp{ -n? / lc.'(‘r)dr} sin(nzo) = ¢(t), 0t T (14) ? :
°

ro (15) MokHO 3amucats caeaylommM oGpasom:

. 1
b(t)z: @nn? sin(nz,) / exp [ — nay(t) - On®b(t)]dd =0, 0<t<T,
0

n=1
(16)
rae b(t) = ay(t) — ay(t).
PaccmoTpuMm dynxamio
0 1
&(t) = Z an? sin(nzo) / exp [ — nay(t) — Onb(t))] do.
n=l °
®ymxama $(t) nenpeprmna npu t € [0,T], u
&(0) = i pnn?sin(nzg) = —p"(2o) < 0. (17)

n=1

HpeanonosuM, uro &(t) o6pamaerca B Homb Ha orpeske [0,7].
OG6o3nauum uepes ¢y MUHMMaIbHLIA Homb GyHrmn $(1) Ha orpeake
[0,T]. M3 nepaBencrsa (17) u menpepmsHocTH ®(t) cneayer, uto
to > 0. Tak kak ®(t) < 0 ana t € [0,1y), To u3 (16) caeayer, uro
b(t) =0 mate [O,to].

Toraa

o0 2
®(t) = Z ¢nn? sin(nzq) exp{—n2as(to)} = —%‘;(zo,to).

n=1

CaenoBaTenbHo, B CHNY AoKa3aHHON NONMKMTENLHOCTH BTOpPOH dac-
THoli nmpoussoaHoli no r pewennsa 3anaum (1)-(3) anr 0 < z < 7w,
0<t<T, ®o) # 0, uro npoTMBOPeunT TOMY, uTO o ABAAETCA
uynem ®(t). Cnenosatenno, ®(t) < 0 ans Bcex t € [0,T] u us (16)
umeem b(t) = 0 ana t € [0,T). Toraa k;(t) = ky(t) ana t € [0,T).
Teopema nokasana.

3ameuanne. OueBuano, 4yto Teopema 5.1.2 ocraerca cnpa-
BeAnuBoit, ecnm ycnosue ¢"“(z) > 0 npu z € (0,7) 3ameHuTs Ha
ycnosue ¢"(z) < 0 npu z € (0,7).

U3 dopmynul (6) ana pemenun 3anaum (1)-(3) u ycaosus (8) ciae-
AlyeT, YTO paccMaTpuBaeMas o6paTHas 3alaua npeiacTaBaser coboif
3ajauy pellleHMA HelMHENHOro oNepaTopHOro ypaBHEHUA

Ak =gq, (18)

rae onepatop A onpenenAerca ciaeAylomMM oGpa3om:

o t
Ak = E ©n €Xp { - n’/k(r)dr} sin(nzy). (19)
o

n=1
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OueBuaHo, 4YTO 3dMava pemenns ypasHenma (18) mBaserca He-
KOpDPEKTHON, ecsm onepaTop A paccMaTpMBaTh NEHCTBYIOMMM H3
npocrpaicrba C[0,T] 8 C[0,7], T.e. monomamrenpHaa HHOpPMaLMA
q(t) B (8) Moxker 3anaBaTHCA MPUGIWKEHHO B paBHOMEpHOH MeTpH-
Ke. IlelicrBuTensno, u3 ¢opmyns (19) caeayer, uro ypanHenue (18)
He MoxeT umeTh pemenue k(t) € C[0,T], ecom ¢(t) € C[0,T], o
g¢(t) € C'[0,T]. Jlerxo Bumern, uro yciaosue ¢(t) € C'[0,T] asns-
eTcA HeoGXOMMMEIM I CYMeCTBOBAHUA peimenus ypasHenns (18) B
Kiaacce HenpepuBHHX ¢yHximit. HeobxomumocTh aToro cieayer U3
paBeHcTBa (8), B KOTOPOM B J/ieBoff YACTH CTOMT pellieHMe 3aJayM
(1)~(3), umelomee HenpepuBHYIO YacTHYIO npon3BoaHylo no . Taxum
o6pa3zom, ecan obparHas 3ajadya MMeeT peflleHHe, TO B JeBoil yacTH
(8) cTouT HenpepuiBHO AN depeHIMpyeMan GyHKIMA, CIENOBATEABHO,
u g(t) nomxna 6LITb HenmpepuiBHO AmddepeHImMpyemoi.

Ina 3axaun pemenusn ypaBHenus (18) He BHIIONHEHN Taloke yCAo-
BMA yCTOWYMBOCTH B TOM Cllydae, KOI'Za ONEPATOP PacCMATpUBaeTCA
Zeficreyronmm u3 C[0,T] B C[0,T). HeiictBuTensHO, BO3bMEM NPOM3-
BOJIbHYI0 nosiekuTenbHylo dpynxwmo k(t) € C[0, T] n nocrenosarems-
HocTb ky(t) = k(t) + ko cos(pt), rme 0 < ko < minggecr k(t). Toraa
kp(t) € C10, T}, kp(t) > 0 ann £ € [0,7] u Hlkplt) - EDllctory = ko nipm
p — co. B To e ppemn ||Ak, — Ak||cp 1y — 0 npu p — co.

Mccnenyeman oGpartHad 3afiaua CYMECTBEHHO YHNPOIAETCA B TOM
caydae, KorJa oyHxumaA ¢(z) = sin(mz), rae m — HaTypaibHOE HHCHO.
B a1oM cayuae ypasHeune (18) sanmchiBaerca cieaylonmm oGpasom:

exp (— m? ] k(r)dr) sin(mzo) = ¢(t). (20)
°

OueBMAHBIMY yCAIOBHAMM pa3pemmaMocTH ypassenus (20) asamor-
CA MONOKATENbHOCTb GyHxuMM ¢ (t) = ¢(t)/sin(mz,) npu t € [0,T]
u pamerctBo ¢1(0) = 1. MHycrs ¢(t) € CH0,T]. Iuddeperumpyn
ypasHenme (20), nonyumm

—mk(t)exp { - m? / Krdr} = 640,
0

T.e. —m2k(t)qi(t) = ¢i(t).
CaenosatennHo,

g(th 7(t)
k(t) = - = - .
0=~ 2@ = “mie)
M3 eTolt $popmyan ana koapduimenta k(t) craeayer, uro ana nono-

xutensHocTn k(t) npu t € [0,T] neo6xommmo, uTo6K mpousseneHue
¢'(t)q(t) 6mno orpuuarensunm nipu t € [0, 7).
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§2. BAZAYA ONPENEJIEHHNSA KOD&SHUIIMEHTA
THNEPEOJIAYECKOIO YPABHEHHM A

PaccmoTpum 3anauy Komm ans runep6oamdeckoro ypaBHeHUA

Uy = Uz, — g(z)y, —o00<z<o00, t>0, (1)
u(z,0) = ¢(z), —00< z < 00, (2)
u(z,0) = ¥(z), —o00< z < 00. 3)

Tpebyerca nHalitu ¢pymxumio u(z,t), yIOBAETBOPAIOMYIO ypPaBHEHUIO
(1) u HavanpHbIM ycioBuam (2), (3), ecan ussBectHH QyHxumm ¢(z),
p(z), ¥(z).

PaccMoTpuM o6paTHYIO 3ajauy, COCTOMINYIO B OMpeNesieHMM Ko-
spdmmenta ypasuenms (1) ¢(z) no nonomurensHoit mapopmamuu o
pemennu 3amaum (1)—(3) caenyiomero ruma:

u(zg,t) = fi(t), uz(zo,t) = fa(t), (4)

rae fi(t) n fa(t) — 3anannnie pynxmm [69].

H3yuum BHauasie yCIOBUA CYHIECTBOBAHMA M €IMHCTBEHHOCTH pe-
menna 3agauu Komm (1)-(3). Ilpusesem ¢popmyny Ilanambepa (85]
ANA HEORHOPOIHOro ypaBHeHMA KoieGaHuik

vy = v + f(z,t), —co<z <00, t>0, (5)

NOCKOJILKY oHa 6yaeT ucnonb3oBaHa B AansHeiimeM. Pemenmne ypap-
HeHuA (5) ¢ HAYANLHLIMM yCIOBMAMM

u(z,0) = ¢(z), u(z,0)=¥(2)
3anaercsa popmynoi

o4t t r4t—7
o(z,t) = w(z+t)-;s0(z-t) +% / V(€ dE + %/ L f(&,7)dEdr
-t 0 r~t+7T

Bonpoc 0 CymecTBOBaHMM M €AMHCTBEHHOCTM PpelIeHMA 3alJauu
(1)-(3) 6yaem paccmarpuBaTh AnA obaacTi Ha MIOCKOCTH (z,t), npe-
Actapamoleii co6oit TpeyronbHuk A(zg,1p), orpaHUyeHHBIH XapaKkTe-
pucTvkaMu ypaBHemus (1) 4t = zo+to, 2—t = zo—1fo M npamoii t = 0.

Teopema 521. Ecau dax to > 0 gynxyuu g(z) € Clzo —
to,zo + to], p(z) € C2[zo — to, 20 + to}, ¥(z) € Czo — to, 20 + to].
mo e A(zo,to) cywecmayem eduncmeennoe pewenve 3adavu (1)~3)
u(z,t) € C*(A(zo,t0))-

HokazartenbctBo. Ecam u(z,t) ABnaerca pemienneMm 3a-
naum (1)=(3), 1o, ucnonbsoBas popmyny lanambepa, noayuud HH-
TerpajibHoe ypaBHeHUe

t z4t-T1

ue)=wez -3 [ [ a@uendarn, (6)

0 r—t47r
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roe

(z+)+pz-1) 1T
wie = AEHOLOED L 1 yierge

Tt

IlokaxxeM, uTo ypaBHeHMe (6) nmeeT eamucTBEHHOE HempephIBHOE '

B A(zo,t) pemenne.
Paccmorpum B A(zo,to) NOCeI0BATE/NBHOCTL GyHKIME

t z4t—7

un(2,t) = w(z,t) - -;-/
0 2-t4r
uy(z,t) =0 B A(zo,t0).

U3 nenpepusrocTn w(z,t) u 9(z) caeayer, uro Bce u,(z,t) Hempe-
puiBHE B A(z0,1p).

O6o3naunm 24 (z,1) = un(z,t) = tp-1(z,t). U3 dopmynni (7) umeem
t o4t—7r

1
(e 0l < 5 [
0 z—t47

qolz,._g(f,r)ldfdr, (.‘L‘, t) € A(zO’tO), (8)

rae go = MmaXz,—to€r€rotto '1(t)|
Moxasxkem, uro B A(zo,t0) cnpasemmpa omesxa

nelmelin-l
Jea(z, )] g WH_ L0

—W’ n=12...,

rae W — makcumanbHoe 3HaveHue jw(z,t)] 8 A(20,10).

Dllokaxem a1y ouenxy mo meAyKapau. Ouesumio, uro npu n = 1
OHa cnpaseamuBa. IIpemonoamM, 4o ona cnpasemmBa npu n = m.
Toraa w3 nepasencrsa (8) mmeem

t z4ter

golzm (€, 7)| dE dr <
0 z~t4T
t z4t—7
@ty /
SW——"—
S 2(m— 1)
0 z—t4T

1
[zm41(z, )] € 3

-1 qmtmtm
T dfdr KW,

T €. olleHKa Nokazana. U3 arolt ouenxu caeayer, uro paa

2 [un(2,t) = uns(z,1)]

n=1
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W(E)uns(é,T)dEdr, n=1,2,...,(7) |

cxomurca B A(Zo,%0), a ero cymma u(z,t) asamerca Pyuxumeif, He-
npepuBHOH BA(7o,%0). Tak kak mocienosaTeasHocTs up(z,t), onpe-
Aenseman (7), cxomrca k u(z,t) paBHoMmepHo B A(Zo,tg), To u(z,t)
ABJIACTICA pemeHveM ypasHenus (6) B A(zo,to).

MokaxeM, uro ypaBhenme (6) umeer B A(zo,%p) TONMBKO omHO
HenpepuiBHOe pemenye. [Ipeamonoxum, uTo ecTh B2 pemenns u;(z,1)
u uy(z,t). Torza ux paswocts z(z,t) = ui(z,t) — uz(z,t) sBaserca
penieHMeM ypaBHEHMA

t z4t—-71

9(§)=(¢, 7)dE dr.

0 r—~t4r

z(z,t) = —-%

O6o3naunm uepes z(t) MakcumyM Moxyns dymamu z(z,t) Ha o1-
pPeske g —tg+1t < « < g + {p ~ ¢, Toraa MMeeM HepaBeHCTBO

t
2(t) < qoto / Hr)dr, e [0.1).
0

IIpumensaa nemmy I'ponyonna, monyumm, uto 2(t) = 0 ana t € [0,t,],
a 3uauurt, U z(z,t) = 0 B A(zo,10), T.e. ui(z,t) = uy(z,t) B A(zo,10).
ChnenopaTtenpHo, ypaBHeHue (6) UMeeT eIMHCTBEHHoe, HelpephIBHOE
B A(zo,to) pelenue.

JlokaxkeM Tenepp, YTo U3 HEMPEPHIBHOCTH pellleHUA y paBHenus (6)
cjielyeT CymeCTBOBaHME HelpEepBLIBHLIX BTOPHIX YACTHBIX IPOM3BOJ-
ueix. M3 ycroeuit Teopembt umeeM w(z,t) € C*(A(zo,t0)). Tak kak
¢ynximm ¢(z) u u(z,t) HenpephiBHLI, TO NMpaBaA YacTh ypaBHEHHA
(6) npencrasnser coboii GpyHKUMIO, HenpePHIBHO mmdpdepeHuMpyeMy o
B A(zo,ty). IIndpdepenurpysa (6), Halinem BhIpaskeHMs 1A MEPBRIX
YaCTHRIX Npou3BOAHLIX u(z,l)

u (z, t):w,(:c,t)—-;—/[q(x+t-—r)u(z+t—1', 7)—q(z—t+7)u(z—t+7, 7)]dr,
0

AN

x

u,(:c,t):w,(:c,t)«!—-?l-/q(e)u(9,2:+t—0)d9+-;—/q(ﬂ)u(9,0+t—-z)d0, 9
g -t

ut(z,t)zwt(z,t)—% / [g(z+t=—T)u(z+t—7,7)4q(z—t+7)u(e—t+7,r)]dr,

153



HINA
1 4t 1 z
w(2,0) = wile, 1)~ / a(B)u(d, = +t—0)do— / a(0)u(6, 8+t — z)do.
z Tt

10
Tak xax w(z,t) € C*(A(zg,t)) n u(z,t) € CY(A(zo,%0)), To u3 ((9)),

(10) cneayer, uto u(z,!) € C*(A(z0,to)). Inddepesmapys (9) u (10), §

HaileM BHIpaXXeHWA JJIA BTOPLIX NPOM3BOAHKIX Gymamu u(z,t):

ee (2,00, 0+ 30(2)u(e, O Sale H)u(z 4, 0)+

T
+;- / q(O)u,(O,z+t—0)d0+%q(z)u(z,t)-—
T4t

_%Q(z—t)u(:-t’o)—% / q(0)ue(0,0+t—z)df, (1) |

-t
1 1|
n,g(z,t)=w,‘(z,i)-5q(t+t)u(z+t,0)+—2- /q(O)u,(B,z+t—0)d0+
Tt
1 1 f
+§-q(t—t)u(:—t,0)+§/q(ﬂ)uz(9,0+t—z)d0, (12)

z-t

z
1
u,,(z,t):wﬂ(z,t)--iq(z+t)u(z+t,0)+% / q(0)u (0, z+t—-0)do—
4t

—%q(z-t)u(:—t,())—% / 2(8)u(0, 0+t —z)do. (13)

r-t

Tak kak pynama w(z,t) apanerca pemennem ypaBHenus (1) npu
9(z) = 0, To u3 (11), (13) noayuum, uto u(z,t) yaossnerBopser ypabHe-
unio (1) B A(zo,t). U3 (6), (10) caeayer, uto u(z,t) ynoaersopset
ycaosuam (2), (3) npu z € [zo — o, 2o + to). Teopema noxasana.

Mepefinem x uccaenopammio obpatHoit 3anaum. [lpemmonokum,
4To pyHxumu fi(t) u fo(t) B ROnOAHMTENBHEIX YCNOBMAX TaKOBLI, YTO

fi(t) € C*[0, 0], fa(t) € C'0,1),

i@ =9(20), fi(0) =(z0), F2(0) = ¢'(20), f35(0) = ¥/(z0).

(14)
It YCAOBHA eCTeCTBEHHHLIM oﬁpaaoM BBITEKAIOT M3 rJjalgKoCTH pe-

wenua 3aazum (1)-(3) u(z,t) u cornacopanma Mexay coboit ycnosuit
(2), (3) u (4).
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IIpexae YeM NOKA3LIBATH T€ MM MHHIE YTBEPKIACHWA OTHOCHTEb-
Ho oGpaTHoilf 3anauu (1)—-(4), onpeaesum, yro 6yner nogpasymeparbca
nox ee pemenneM. Tak kak u3 (1)—(4) 6yaer onpesenaTbca He ToALKO
koappuumeHT ¢(z), Ho M pemehme u(z,t), To pemeHueM obGpaTHoik
3anaum (1)—(4) 6yaem cunrats napy ¢pynxumii ¢(z), u(z,t).

Onpenenenue. OPynuxyguu ¢(z) u u(z,t) 6ydem nasveams
pewenuem obpammuoii 3adavu (1)(4) na muomcecmse A(zo,ly), 20e
t1 > 0, ecau g(z) € Clzo — t, 20 + t1]; u(z,t) € C*(A(z0,11)); ¢(z)
u(z,t) wossemeopsom (1) 6 A(zg,t1); u(z,t) yossemaopsem (2), (3)
npu z € [zg — t),z0 + ;] u (4) npu t € [0,¢,].

Teopema 522 [pednoromcum, xmo ds3 nexomopozo to > 0
Pynxyus o(z) € C?[zg — to,z0 + 1o} u |@(z)| 2 @ > 0 dax z € [zo —
to,20 + o], ¥(2) € Cllzo - to, 20 +tol, @ 11(1), fa(t) Woesemooprom
ycaosusm (14). Tozda cywecmayem t; € (0,t9], maxoe, ymo 8 A(zo,t;)
pewente obpamuoi 3adavu (1)~(4) cyuecmeyem u eduncmaenno.

HdokaszateabcrBo. IlpeaonckuM, uyro pyHxumy g(z) u
u(z,t) aBnsorca pemenuem o6paTHOl 3aaaun Ha MHaKecTBe A(Zo, o).
Toraa u3 (2), (4), (12) n (13) caeayer, uro

1 () = (2o, ) - ';-Q(l'o +t)p(zo +1) — %9(20 — t)p(zo — )+

To Lo
1
+% / q(8)u. (6,20 +t — 0)d8 — 3 / q(0)u (0,6 +t — z0)db, (15)
zo+t zo-t

F3(0) = wer(z0,1) = 5420 + (20 + 1) + 5a(z0 ~ hplzo — 11+

Zo
1
+y [ @Ou.z0+t-018+5 [ aOu(e0+¢-z)a0. (16
ro+t Zo-—t

CoXMB 8TH PAaBEHCTBa U BBEdA NEePeMEHHYIO Z = Ig + 1, monyunm,
yro masn r € [zg,z¢ + o]

0(2.) = ;'(!;)‘ [wn(l‘o,z — 20) + wee(z0, 2 — 20)—

4
—f{(z ~ zo) — fo(z — 20) — /q(O)u,(&, z —8)d ]
To
BLuMTas ¥ BBOAA NEPEMEHHYIO £ = zo — £, MMeeM NpH € [z — to, Zo)

q(z) = -ﬁ [wu(ro,zo —z) — wee(20, 20 — T)—

~Fie0- )+ (a0 —2)~ [ eOuto,0- z)do]

T

155



O6bemmnan oTv IPa paBescTBa, MOAyuMM, uTO mpu z € [zo — (§

tO,zo + to]

q(z)=qo(t)+;-(% / q(@)ui(6, 10 — z|)dIsgn(zo - 2),  (17) |

rae ¢yHxkuma

a0(2) = [ = i1z = zal) = (1= = eol) sgate — 2o}
+wi(Zo, |2 — zol) + wei(zo, |2 — 2o]) sgn(z — zo)]
HelpephiBHA Ha OTpe3Ke {29 — tg,Zg + o], MOCKONBLKY
~f2(0) + wee(20,0) = - £3(0) + ¢'(20) = 0
B cuay (14).

Paccmorpum B A(zg,10) pasenctsa (6), (10) u (17). Ouu onpene- '
AMOT CHCTEMY TPeX HelMHeHHLIX MHTEr pasibHEIX YPaBHEHUH OTHOCKH- |
TelbHO GpyHKumit u(z,t), u,(z,t) u ¢(z). JdokarkeM, UCITONBb3Y A MPUHUMN
CHUMAIOUMX OTOGpaXeHMil, UTO 2Ta CMCTeMa MMeeT eMHCTBEHHOE i
pemenue B A(zg,11), rae t; — AOCTATOUHO MaJjoe MONOKUTENHHOE |

uucao, Takoe, uto t; € (0,1). _

PaccMorpum Ha mHoxecTBe A(zo,t) npocrpancro C(A(zo,t0))
sekTop-ymamit §(z,t) = {g1(z,1),92(2,1),93(z,1)}, rae gi(z,t) =
u(z,1), g2(z,t) = ulz,t), ga(z,t) = g(z), c nopmoit [lg(z)||(to) =
Max; k<3 MAX(z,1)€Aro,t0) 19k(Z,1)|. Onpeseaum ua C(A(zo,t0)) ome-
patop A = {A;, A3, A3}, rae onepatopmi A; ONpexeAIOTCA PaBEHCT-
samu (6), (10), (17) coorBeTCTBenHO:

1 t r4t-71
Ag=u(z - / 95(6)91(€, 7)de dr,
0 z-t4r
1:+t 1 z
Aog=w,(z,1)~3 / 93(0)91(8, z+1—0)do~ 5 / 93(0)g:(6,0+t—z)ds,
J (18)
Asg=q0()+ EED) [ 0 (0)92(0, 16—z2)do.

#(x)

To

Cucremy ypasuennit (6), (10) u (17) c yueToM caenamubix 06o3Ha-
YeHWl MOKHO 3anMcaTh B BHIE HeJMHEAHOro onepaTopHOro ypas-
HEeHUA

d = Ag. (19)
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Bsenem Bektop-pynxmio jo(z,t) = {w(z,t), wi(z,t),90(z)} m pac-
cmoTpmM B nipocTpanctBe C(A(zo,t1)), rae t; € (0, 1], MEOKecTBO

G(t1) = {§(=,1) € C(A(z0,11)), 1§ — Foll(t1) < l|Toll(to)}.

HokasxkeM, 4To P KOCTATOYHO MaJkIX {) onepaTop A oTo6paskaer
MmHokecTBo G(t)) B ce6a. Ouesmmio, uro ||Go||(t1) < ||Foll(to) npm
t; € to. Toraa u3 onpenesneHNs MHEKECTBa G(t,) cnenyer, uro ans
M060ro sieMeHTa 9TOr0 MHOKECTBa CIpaBel/IUBa OLEHKA

llali(t1) <113 - Foll(t1) + lgoll(t1) < 2|goll(to)-

U3 sroro mepasencrsa, dopmyn (18) u ycaosua |p(z)] > a > 0
ans z € [zo — to,zo + o), cneayer, uro ecam § € G(t1), To ana
(z,t) € A(zo,t1) BLNONHEHK HepaBeHCTBa

t r4t-1
1413 - w(z,8)] < 2llFoll(t0))? / de dr < 2(|[goll(to))*22,
0 z=-t4r
o
425 — we(z, )] < 2(llgoll(t0))? / d8 < A([Foll(to)) 1,

FRENETPE Oy ey

O6vemuusan stn HEpaBeHCTBa,-JI0J1y YNM

149 - gul0) < 4(laalfto)” ma { 33,10, 2.

U3 a1oro HepabeHcTBa 1 onpeaenenun muoxectsa G(t;) caenyet, uro
ana ty € (0,tp], Takux, uro

max { 00,2} < Aol (20)

oneparop A orobpaxkaer MHakectBo G(;) B ceba.

[okaxem, uro ecan Hepasercrso (20) BhinonHeHo, T0 oneparop A
ABNAETCA CHUMAOUMM Ha MHoxecTBe G(ty). delicTBuTennHo, mycTh
§' n §2 — npomsBoibHBIEe dEMEHTH MHOXKECTBA G(t,). Toraa ana
no6uIx KoMmioHeHT Bektop-bynxumii §' = {9}, g}.93}. §° = {9}.93.93)}
CrpaBeMJIMBbI HEpaBeHCTBaA

lotgs — gkg?l < lak — g2llgll + 192l lg} — g2 < 4lldoll(to) 5" — F2II(1).
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V3 (18) m »TMX HepaBeHCTB clelyeT, YTO

ty

1 - 1
14" - A7) < 4ol 1 = e max { 31,10, 2 }.

CaenosatenpHo, ecim t; > (0 TakoBo, YTO BLHIONHEHO HEPABEHCTBO

(20), To oneparop A sBaserca cxumalonmam Ha G(t1). Toraa, ucnom-

3yA NPHHIAN _COKMMAIOHMX 0TOGpaxxenwii, MONy4YMM, YTO ypaBHEHHE |
(19) umeet B C(A(20,1)) esmucTBennoe pemenue {u(z,t),u(z,t),q(z)}. |
Cnenoparemeno, ¢ymxanm {u(z,t),u(z,t),q(z)} yzosnersopmor §
ypasuenmam (6), (10), (17). Tak kak u(z,t) u g(z) yaosaersops-
10T ypaBHenmio (6), To, NOBTOpAA NOKa3aTeNLCTBO TeopeMml 5.2.1,
nonyumm, 4o pyuxuma u(z,t) € C%(A(zo,t1)) n u(z,t), ¢(z) yrosner-
BopaoT B A(zg,t;) ypasuenmio (1), a u(z,t) — ycaosusm (2), (3) npu
z € [zo — t1,z0 + t1]. M3 ypasuenua (17), npoBoas nociienoparens-
HOCTb o6paTHRIX mpeoGpasosanmit, monyuum paBencrsa (15) u (16). S
CaenoBaremno, npu t € [0,t1] f{'(t)y = un(zo,t) n fi(t) = ure(zo,t).

HHterpupya »1H paBeHCTBA, MMeeM

fl(t) - fl(o) - f{(o)t = “(1‘0") - u(z(h 0) - ut(to’ 0)t7
F2(t) — £2(0) = ur(20,t) — u.(0,0).
Yuntesan ycnosus (14), monyumm, uro u(z,t) yaoaersopser (4) npu

t € [0,t;]. Teopema 5.2.2. nokasana.
3ameuyanne 1. M3 reopemm 5.2.2 crenyer, uro 3anamue

ABYX NOTONMHMTENbHBIX ycnosuit (4) ma pymxpno u(z,t) neo6xommo §

JA OMHO3HAYHOTO ompehenewna ¢(z). IeiicTBuremmuo, npeanono-

*UM, uyTo QyHKIMA ¢(Z) OAHO3HAUMO ONpelesNAeTCA Ha HEKOTOpPOM i

oTpeske [z — 15,z +tg], rae t2 > 0, TonbkKo NMpHM 3aJaHMM NEepBO-
ro ycnoeusa B (4) u(zo,t) = fi(t). PaccMoTpum sBe napnl ¢yHxumic
{A@), fa(0)}, {f1(2), f22(t)}, yaosaersopmonme ycaosuam (14), u Ta-
kue, uTo f2;(t) # f22(t) ana t > 0. Toraa us Teopemu 5.2.2 cnenyer,
YTO CYMECTBYIOT pemienus o6 parHoii 3anauu (1)<(4) {q:1(z), u1(z,t)} u
{g2(2), us(z,1)}, onpenensemuie mapamu {fi(t), fa1(t)}, {fi(t), f22(t)}
coorBeTcTBeHHo. B cuay mamero mpemnonaxemna ¢1(z) = ¢2(z) ana
z € [z —t2,z0 +12]. Ho Torma us Teopemm 5.2.1 caeayer, uto
uy(z,t) = uy(z,t) Ha MuokecTBe A(Z(,t5) M

fn(l) = %(zo,t) = %(tn,t) = fzz(t) ana t € [0,!2],

UTO NMPOTHBOPEYMT HepaBeHcTBY Gymkmmii fr(t) u fro(t). Caeno-
BaTe/bHO, NEePBOHAYaJbHOE NPEANOIOKCHNE O BO3SMOKHOCTM OXHO3-
HauHOTrO onpeneneHMa ¢(z) TOMLKO MO OZHOMY JOMOJHWUTENLHOMY
YCHIOBMIO HEBepHO.

3ameuanuue 2. EcTecTBeHHOCTH bopmymmposkn obpaTHOM
sagaum (1)-(4) kak 3azaum onpenenenus naph dymkumit ¢(z) n u(z,1)
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€€ pa3 NMoAYEPKUBAETCA TEM, YTO AOKA3aTENbCTBO TeopeMu 5.2.2
CBOMTCA K MCCHENOBAHMIO CHCTEMBI HeJIMHEMHMX ypaBHeHMil aaa
3TUX $yHKIMH. OTMETHM, YTO OT CHCTEMEI TpeX ypapHeHMH (6), (10),
(17) ana pynxamit u(z,t), u,(z,1), ¢(z) Moo nepeliTu K cucTeMe ABYX
ypasHennii ana u(z,t) u q(z), ecnu B ypasnenun (17) moacrasuts
npeacrasaenne (10) ana u(z,t).

Bonee noapo6uo o6parnan sanaum (1)-(4) usyuena s [69).

§3. CBEOEHHE OBPATHHIX KO28#®HIMEHTHLIX
3ANAY K OBPATHBIM 3AHAYAM JUIA
OBHIKHOBEHHEIX JUS$EPEHIIMAJLHEEIX
YPABHEHHUM C NAPAMETPOM

Omuum M3 MeTomoB McchenaoBanus YpaBHeHH#i B 4acTHRIX npo-
M3BOMHEIX ABJAETCA METOH MHTerpaibHhIX npeobpasopammif, mosso-
AsmonMii CBOAMTL 3aauM AJIA YPaBHEHMH B YACTHRIX NPOM3BOAHBIX K
06LIKHOBEHHBIM IMPepeHIMANLHEM Y PABHEHUAM. DTOT METON MOMKET-
GBITL MCHIONBb30BAH M AJIA MCCAEAOBAHMA 06paTHBIX KO3(PUIMEHTHRIX
3alla¥ ANA ypaBHEHHH B YacTHHIX mpou3BoaHbix. IIpusenem mpumep
€ro NpuMeHEHMA IJIA aHa/M3a oaHolt o6paTHoil 3amaum ana ypasHe-
HHMA TeNJIONpPOBOJHOCTH.

PaccMorpum kpaesyio 3anauy ans ypasnenna TensonposoaHocTH

U =ty —g{z)u, O<z<a, t>0, (1)
u(0,6)=0, t30, @)
ug(m,t)=pu(t), t>0, 3)
u(z,0)=0, 0Kz 4)

Byaem npemnonarats, uro dyuxummu ¢(z) u pu(t) YAOBJNETBOPAIOT
CAeRYIOUMM YCJIIOBHAM:

o(z) €Cl0,7], q(z) >0, ze[o,7], (5)

p(t) € C*[0,00), p(0)=p'(0)=0, u(t)=0 npu t>to, (6)
u(t) £0 npu t > 0.

PaccmorpuM 3aiauy onpefesieHMA HeM3BECTHOL'O xoahduumenta

q(z) B ypassenmu (1) no AomonuuTenLHOK MHPOPMALMH O pelueHUM
3anaun (1)-(4)

u(m,t) = g(t), t>0, (7

rae g(t) — 3anaHHaR QYHKUMA.

Tak kak npu HenspecTHoll pyHkumu ¢(z) pemenue 3anaun (1)-(4)
u(z,t) Tawke HeM3aBeCTHO, To 0GpaTHYI0O CHOPMYAMpYeM Kak 3adaydy
onpelejiesua aByx yukumit q(z) u u(z,t), yaosnersopsoumx (1)-

4, (0.
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Onpenenenue. Pewenuem obpamnoir 3adavy (1)~(4), (7)
nazosem gynxyuu g(z) u u(z,t), maexue, vmo g¢(z) yosremeops-
em ycaosuam (5); u(z,t), us(z,t) € Cl0 < z < 7t > 0], u(z,t),
uzz(2,t) € Cl0 < z < 7,t > 0]; q(z) u u(z,t) Wossemaopsom (1),
u(z,t) yosaemaopsem (2)-(4), (7).

JlokaxkeM TeopeMy eIMHCTBEHHOCTM pelleHMA IIOCTaBJeHHOU 06-
PaTHO# 3aZauu ¢ NOMOmLIO NepexoAa OT 3aJayM Ul ypaBHEHWA
B YaCTHEIX NpousBomHuiXx (1) K obnKHOBeHHOMY mMddepeHIMaNLHO-
MY YPaBHEHMIO C MapaMeTPOM W HCHONb30BAHMA Pe3yibTATOB, NMONY-
YeHHBIX JUIA o6paTHOM 3amaum IITypma-Jluysunns, xoropas Guina
paccmorpena B ra. III, §3.

Teopema 53.1. ITpednoroxcus, ymo pynxyus u(t) ydossemao-
prem ycaosuim (6). Tozda, ecau q,(z), w(z,t), i = 1,2, — pewenus
obpamuoii sadavu (1)~(4), (7), mo qi(z) = ¢2(z) dus z € [0,7] u
uy(z,t) = up(z,t) dusg z € [0,x), t > 0.

dokasatenbcrro. Ilycrs ¢(z) u u(z,t) — pemenue 06-
paTHoili 3anauu (1)-(4), (7). Tak kak u(t) =0 npu t > to, To PpyHKkumMa
u(z,t) ana t > ty ABngerca pelieHMeM clleayloueil 3axayun:

Ut = Uzy — q(2)u, O<z<w, t>1,
uz(0,t) = u (m,t) =0, >4,
u(z,to) = ¥(z), 0<z g,

rae ¥(z) € C'[0,7], ¥/(0) = ¥(x) = 0.
Ucnonbsya meton pasnenesna nepeMennsix [85] ana pemenns aToit
3ajlaud, TOAYYMM, UTO

we.) =3 [ WO (e e 0y (z), ®)
n=0 0

rie A, U Yn(T) — COOTBETCTBEHHO COBCTBeHHBIe 3HAUEHMA U HOPMH-
PoBaHHbIe cob6cTBenHble dyHKumMuM 3axaum Ity pma-JIuysuana

¥+ (A —q(zx))y =0, 9)
Y(0)=y'(r)=0

TlokaxkeM, 4To Co6CTBeHHHIE 3HaueHUA An >0 npun > 0. Tak
KaKk npeanonaraercs, YTo A, YNOPAAOYEHH! O BO3PACTAHMIO, TO
AOCTATOMHO M0KAa3aTh, UYTo Ag > 0. IlpeanonoxmMm, 4To 8To He Tak.
Toraa ¢(z) ~ Ao > 0 ana z € [0,7] Paccmorpum cobCcTBEHHY 10
$ynxumo yo(x). Tak kak yo(0) # 0, To npumem ans onpenesieHHOCTH,
uto yo(0) = a > 0.

Pynkuua yo(z) aBnserca pemennem sanaun Koum ansn YPaBHeHHUA
(9) ¢ A = Ay n ycaosnamm ¥(0) = a, y5(0) = 0 Torna us nepasencTBa
9(z) — Xo > 0 ana z € [0,7], caenyer, uro Yo(z) > 0 ana z € (0, 7],
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YTO NPOTHBOpedYnT ycaoBmio yo(7) = 0. Taxum oGpasom, A\, > 0
ana n 2 0.

W3 nonosmrensHocTH coGcTBeHHMX 3navenmlt A, u dopmyns (8)
cnenyer, uro.-npu t — 0o u(z,t), u(z,t), ure(z,t) — 0 paBHOMepHO
Ha otpeske [0,x].

Bsenem ¢pynxammo v(z, p), asamomylocs npeoGpasopannem Jlanna-
ca oT u(z,t) no nepemenHoi ¢

v(z,p) = [ e"Pu(z,t)dt.
/

M3 (1)(4) cnenyer, uro ana 3Hauenuit KOMIIEKCHOTO MapaMeTpa
p, Takux, uro Rep > 0, dynxama v(z, p) aBnserca pemenmeM Kpaesolt
3aJauH

v ~(q(z) +p)v =0, (10)
v'(0,p) =0, (11
v'(,p) = v(p), (12)

o0
rae v(p) = [ e Piu(t)dt.
0

PaccMorpum ¢yHkmmio w(z,p), ABAAIOMYIOCA pelieHMeM 3aJauM
Komm nns ypabHenua (10) ¢ Haya bHEIMM yCIOBHAMM

w(0,p) =1, '(0,p)=0. (13)

Tax xax v(z, p) n w(z, p) — pemenns muuelinoro muddepeHpamHoro
ypasnenna (10) u v'(0,p) = w'(0,p) = 0, To oM AMHelHO 3aBUCHMEL
CneaopatensHo, v(z,p) = c(p)w(z,p). Toraa us ycnosua (12) mmeem

c(p) = v(p)/w'(x,p) u

v(p)u(z,p)
() 14

Iycts q(z), ui(z,t), i = 1,2, — pemennn o6patHoit 3azaum (1)-
(4), (7). O6o3naumm uepes v;(z,p) npeoGpaszosamma Jlannaca or
ui(z,t), a uepes w;(z,p) — pemenna 3anaun Konm ana ypasHenns
(10) ¢ ¢(z) = gi(z) v HavambHEMU ycaoBusmu (13). M3 (7) caeayer,
yro v)(7,p) = vy(x,p). Toraa, ucnonbsya dopmyay (14), monyumm,
uto aAna Rep > 0

v(z,p) =

wi(x,p) _ wa(m,p) (15)
wi(x,p)  wh(x,p)

Tak kak ¢ymamn w;(z, p) npeacrasnmor coGall pemesna ypanse-
mun (10) ¢ ¢(z) = ¢i(z) n ycaosnmm (13), To wilz,p) u wi(z,p) opn
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$UKCUPOBAHHOM Z KaK (PYHKIMM KOMILIEKCHOW nepemenno#t p saBia-
JIOTCH QYHKLIMAMM aHAJIMTUUYECKMMM BO BCeit KoMIlJIeKCHOM MIIOCKOCTH.
CaenosarteibHo, dyHkimMu w,(z, p)/wi(z,p) ABNAIOTCA AHAIHTUIECKH-
MM BO BCeil KOMIJIEKCHOM MJIOCKOCTH, 33 MCKmoverneM Hynelt wi(z,p),
ABAmouUMXCcA ocobuiMu Touxamu. M3 (15) cneayer, uTro HymHM M
ocoBble Touku pynxkumit wy (7, p)/wi(x,p) u we(x, p)/wy(x,p) copnana-
10T. [okakeM, yTo Hymu ¢yHxumii wy(7,p) u wi(x,p) He coBNaRalOT.
IIpemnonoxum, 4TO 8TO He TaK M OAA P = Py

wy (7, po) = w’x("ypo) =0. (16)

Torma wy(z,py) ABnsercs pemeHueM 3agaun Komm ans ypasHenus
(10) c ¢(z) = q1(z) » HavamHLIMM ycaoBuamu (16). CrenoBatensHo,
wi(z, po) = 0 ana z € {0, 7], yro npormBopeunt ycnosmo w1 (0,pg) = 1.
Taxkum o6pasom, Hyam ¢ymxumit w,(w,p), wi(x,p) He coBmamalor.
TouHo TaK ke He coBNaAaloT Hyau GyHKumi wo (7, p) n whH(7,p). Torza
u3 (15) cnenyet, uto Bce Hynm yHKumit wy (7, p) M wo(7, p) coBnazaioT
u Bce Hyau ¢ynkunit wi(w,p) u wh(w, p) Takke copnansalor.

[IycTs p = pj aBAseTcA Hynem dynxwmm w,(7,p), i = 1,2. Iokaxem,

YTO A = —pf ABAAeTCA COGCTBEHHBIM 3HaueHMeM 3asauu Irypma-—
Jinysunana

-y +a(z)y = Ay, (17)

v(0)=0, y(x)=0. (18)

llefictBuTenbHO, Tak Kak QYHKIMA w,(2T, pp) ABNAETCA pellleHHeM ypas-
Henma (10) c ¢(z) = qi(z) n p = ph, To dynxkuma yi(z) = wi(z,ph)
asnaercA pemenuem (17) ¢ Ay = —pl. Ilepsoe kpaeBoe ycnosue
B (18) ana y,(z) cneayer u3 (13), a BTOpPOEe M3 TOro, uTO P} €CTHL
Honb Oywkumu w,(m,p). Takum o6pazom, y;(z) sBaserca pemeHu-
em (17), (18). DT0 pemenve HerpuBMaibHOe, TakK Kak B cuay (13)
%(0) = vy (0, pp) = 1. CaemoBatennHo, A} ABNAETCA COGCTBEHHLIM 3Ha-
uenueM 3anauu llrypma-Jiuysuana (17), (18). Takum obpaszom, Mui
noka3aym, YTo n06oii Honb GyHKIMM w;(7,p), B3ATHIA CO 3HaKOM MU-
HYC, ABAETCA cOGCTBEHHBIM 3HauenneM 3anaum (17), (18). Ouesnano,
4To crnipaBeAnMBO U o6paTHoe yTBepxiaenne. Ecau A asaserca cob-
CTBEHHBIM 3HaueHUeM, a ¥,(z) — coBcreennoit dynxumedt sanaum (17),
(18), 10 pp = =Xy ects HONb wy(m,p). CnemoBaTeNbHO, CylIeCTBYeET
B3aMMOOJHO3HAYHOE COOTBETCTBME MeXAy HynamMu w,(w,p) M cobcr-
BEHHBLIMM 3HaueHuAMM 3asaum (17), (18). Toumo Tak ke MoxHO Mo-
Ka3aTh, YTO CYHIECTBY €T TaKO€ >Ke B3aUMOOJHO3HAUHOE COOTBET CTBUE
MEXAY HYIAMM GYHKUMM w) (7T, p) U CO6CTBEHHRIMM 3HAYEHUAMY 3a0aUN
Ity pma-JInysuansa ana ypassenus (17) c KpaeBBIMM yCROBHAMM

¥(0)=0, y(x)=0. (19)

O6o3nauum uepes AL, n = 0,1,..., coGCTBeHHble 3HAUEHMA 333y
(17), (18), a uepes u}, — coGcrpennbie 3nauenua samay (17), (19).
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U3 copnanenua Hynek wi(x,p) u wo(r,p) cneayer, uro AL = A2, n =
0,1,..., a u3 coBnajeHna Hyxell pynximit wi(r,p) n wy(x,p) cneayer,
yro pl = p2, n = 0,1,.... Taxum oGpasom, 3amaum LITypma—
JInysunna (17), (18) u (17), (19) c dymxmamu ¢1(z) u ¢2(z) umeror
onMHaKoBbLle cobcTBeHHble 3HaveHuA. Toraa, npumenss Teopemy 3.3.5
0 eMHCTBEHHOCTH pemeHns o6parHoli 3anaum Ulrypma-Jinysuans,
nonyumMm, uro ¢1(z) = ¢2(x) ana z € [0, ].

HokaxeMm, uro ti(z,t) = us(z,t) nppu 0  z < 7, t > 0. Tax
Kak q1(z) = q2(z) = ¢(z), 1o vi(z,t), i = 1,2, apamoTCA pemeHNAMA
sanaun (1)-(4). CnemoBatennHo, ux pa3HocTb #(z,t) — pemeHue
(1)-(4) c a(t) = 0 naa t > 0. YmHoxus ypapHenue (1) na #(z,t) u npo-
MHTErpUpoOBaB, MOJNYYMM C YYETOM KpaeBhiX M HaUYaJbHLIX ycjloBui,
yTo ana moboro t > 0

%‘/‘(a(s)t))zdf‘f']i(ﬁ:(f,f))zdfdr+j]q(f)(ﬁ(f’r))zdfdr=0

I3 2TOro paBeHCTBa, YYUTHIBAA MOAGKUTENLHOCTD ¢(2), MONyYUM
(z,t) =0 pna 0 < z < m, t 2 0. CaenosarensHo, uy(z,t) = ua(z,t)
aa 0z n t>20 Teopema 5.3.1 nokasana.

B u3yuennoit o6paTHoit 3anaue AononHUTeNLHOe ycaoBue (7) 3a-
AaBaJjloCh Ha TOM K€ KOHIle 0Tpe3Ka, YTO ¥ HEoJAHODPOAHOE FPaHMYHOE
ycaosue (3). PaccmoTpum Teneph Takylo MOCTaHOBKY o6paTHoll 3a-
AayH, B KOTOPOH NONOAHUTENLHOE YCJIOBUE 32JaeTCA Ha TOM KoHlle
oTpe3Ka, rAe rpaHM4YHoe yciaoBue ogHopoaHo. Ilycre B KauecTse zo-
NOAHNTENbHOM MHPOPMalMM JUIA pelleHMA 3ajauM onpeneieHus ¢(z)
BMecTo ycnopua (7) 3amaHo ychaosue

u(0,t) = go(t), t> 0. (20)

Onpenenenue. Peuenuem obpamunoi zadavu (1)~(4), (20)
nazosem Pynxyuu g(z) u u(z,t), maxve, ymo g(x) ydosaemsopsem yc-
aosusm (5); u(z,t),u(z,t) € C[0 < z < m,t > 0], ux,t),ure(z,t) €
Cl0 < z < 7,t > 0]; q(2),u(z,t) yossemsopsom (1), u(z,t) ydosaem-
sopsem (2)—4), (20).

Teopema 532 I[pednoroxcum, ymo gynxyus u(t) ydosaemao-
paem ycaosusm (6). Tozda, ecau q,(z), w(z,t), i = 1,2, — pewenus
obpamnoii 3adavu (1)~(4), (20), maxue, vmo ¢,(z) = q(7 — ), i = 1,2,
mo q1(z) = g2(z) 05 £ € [0, 7] wwy(2,t) = ux(z,t) daxz €[0,7], t > 0.

HdoxaszarteabcrBo. Iycrs ¢(z), u(z,t) — peuenne o6-
patHoi#t 3anauu (1)—(4), (20). Torama ana npeoGpazosanusa Jlaniaca
v(z,p) or ¢ynkumm u(z,t) crpaBeanuBo npeicrasienue (14), rae
w(z,p) onpenenserca TaK e, Kak B reopeme 5 3.1 W3 nonoanurens-
Horo ycnosus (20) cnenyer, uro v,(0,p) = v2(0,p). Toraa, ucronbsys
dopmyny (14) n ycaosua wy(0, p) = wa(0,p) = 1, nonyuum, uro

1 1

wi(m,p) ~ wh(r,p)’

(21)
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rae wi(z,p) — pemenua 3anauv Komm mna ypasnennusa (10) c ¢(z) =
¢i(z) m HavansHeMu yciosusamu (13). U3 paBencrsa (21) aHamornuHo
JIOKa3aTeNLCTBY TeopeMmut 5.3.1 moayumm, yto pl = p2, n=10,1,...,
rae pin— cobcTBennnie 3mavenus sagaum (17), (19). Toraa, uc-
nonb3ysa Teopemy 3.3.6 o eaMHCcTBeHHOCTH pemenus o6paTHol 3axaum
Ity pMa-JInyBuaNA ANA KAACCA OTEHIMANOB, CHMMETPUYHLIX OTHO-
CHTEJIbHO CepeJMHEI OTpe3Ka, MolyuuM, uto q;(z) = ¢2(z).

PaBencrso u;(z,t) = uy(z,t) Roka3kBaeTca aHAJOIMYHO Teope-
Me 5.3.1. CnenoBarennHo, TeopeMa 5.3.2 nokasana.

N3 popmyn (15) u (21) cneayer, uro o6parnsie 3anaun (1)-(4), (7)
n (1)-(4), (20) oTamualorca Mexny cobolt ouenb cuabHo. IleiicTBM-
TeJbHO, U3 paBeHcTBa (15) BHITekaer coBnaneHMe BCeX COBGCTBEHHBIX
aHaveHnit JNIA ABYX THIIOB KpaeBhix ycuosuii (18) u (19), a us (21) —
PaBEHCTBO COGCTBEHHHIX 3HAYEHMI TONLKO AJIA OXHOrO KPaeBoro yc-
nosus (19). IpoBeneHHuit aHanM3 NO3BONAET CAENATh 3aKAIOUEHHE
0 TOM, YTO MHPOPMAIMA O HeM3BeCTHOM Koaddummente ¢(z) cymec-
TBEHHO 3aBMCHMT OT TOYKM HaGJOJNeHMA — NOTIONIHUTENIbHOE YCJIOBHE
(7) conepsxur ropasno Goabie UHGOPMAIMM O HEM3BECTHOM GYyHKIMM
¢(z), uem ycnosume (20).

PaccmoTpum Teneppb o6paTHylo 3asauy AnsA Kpaepoit 3anaum (1)-
(4), cocroamylo B onpeneseHUM HEU3BECTHOTO KO3p(PUIMEHTa ypaB-
Henmsa ¢(z) u HeumasecTHoH ¢yHrimm pu(tf) B kpaeBom ycaosuu (3)
1O NOMONHUTENbHOM MHPOpMaimMM o pemreHumu 3amauu (1)-(4) smaa
(7). Ioxaxem, uTo oHa 6GyaeT MMeTb e€NMHCTBEHHOE pellleHMe, eCiH
bymxima u(t) HeoTpuuaTensHa.

Onpenenenue. Pewenuem ofipamnoil sadavxu (1)-(4), (7)
nasoeem gynxyuu ¢(z), p(t) v u(z,t), maxue, xmo q(z) ydosaemsopsem
ycaoeusm (5); p(t) yoeaemaopsem ycaosusm (6) u neompuyamessna
npu t 2 0; u(z,t),u(z,t) € C[0 < z < 7t 2 0], u(z,t),uc(z,t) €
Clo <z <xt>0); q(z), u(z,t) wossemaopsom (1); u(z,t), u(t)
wosaemeopsom (3); u(z,t) yoasemaeopsem (2), (4), (7).

Teopema 5.33. Ecau qi(z), pi(t), ui(z,t), i = 1,2, — pewenus
obpamxoil 3adaxu (1)~(4), (7), mo qi(z) = q2(z) daxs z € [0, 7], i (t) =
Ha(t) dax t > 0, uy(z,t) = uz(z,t) daxr z € [0,7], t > 0.

ldoxaszareancrso. Ecm g(z), pi(t), ui(z,t), i =1,2;, —
pemenus o6patnoit 3anaum (1)-(4), (7), To, nposens npeo6pasopauns
TakMe e, Kak B ROKa3aTejlbCTBe Teopemul 5.3.1, m3 ycnosmua (7)
TMOJIYYMM, 4YTO

vi(p)wi(x,p) _ va(p)wa(,p)
wi(¥,p) wh(7, p)

rie pyuxumm w;(z,p) onpenenmioTcAa Tak XKe, Kak B Teopeme 5.3.1, a
vi(p) — npeoSpasoBanua Jlannaca ot pyuxumit u;(t).

' (22)

(o]

vi(p) = /e“”'pg(t)dt.

0
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Tax kax QyHKIMM 4;(t) OTIMYHBI OT HY/LA Ha KOHEYHOM OTpe3Ke, TO UX
npeo6pa3zopamma Jlannaca ABAsIOTCA (YHKIMAMY, AHAJIMTUUYECKMMM
BO BCeil KOMNJIEKCHOM MJIOCKOCTH, T.e. He UMeIoT ocobhix Touyek. Tak
KaK QYHKIMHU p;(t) HEOTPUUATENLHEI U He PaBHEI TOWKIECTBEHHO HYIIO,
To pynxmm v;(p) > 0 ans Bcex meiicTBuTeMbHBIX p. Takum o6pasom,
pysKM v;(p) He UMeIOT Ha NeHCTBUTENLHOR OCH HM OCOBHIX Touek,
Hu Hyneil. Torma, Tak xe, kKak B JokasaTeabcTBe Teopemu! 5.3.1, u3
paBeHcTBa (22) creayeT, 4To coBNajaloT Hyiu GyHKumi w;(7,p) ¥
wa(7,p), a Tarke Hynn GyHKIMAN wi (7, p) n wi(x,p) K, crenosatennHo,
91(z) = q2(z) ana z € [0,7]. Torma dymama wi(z,p) = wa(z,p) u u3
paBeHcTBa (22) crenyer, uro v1(p) = v2(p) Ansa Bcex p. U3 paBencrs
npeo6pasopammit Jlannaca ciaenyer paBeHcTBO dyHKuM py (1) = py(t),
t >0, a u3s pasencts q;(z) = q2(z), p1(t) = p2(t) cneayer, uro
ui(z,t) = uz(z,t) ana z € [0,7], t > 0. Teopema noka3ana.
N3noxennble pesyabTaTh npeacTaBasioT cobolt oMK U3 npuMepoB
HCCne0BaHUA O6paTHRIX KOR(hPUUMEHTHEIX 3aJ4ay INA ypaBHeHUi B
YACTHHIX NPOM3BOAHBIX C NOMOUILIO CBEICHUA UX K 06paTHLIM 3ana4yam
ANA OOLIKHOBEHHBIX AM(depeHIMaNbHEIX ypaBHeHM ¢ mapaMeTpoMm.
Onoit u3 nepBrX paboT, BLINOJHEHHBIX B 3TOM HaNpaBlieHMH, 6blla
pabota [77]. B nanbHelimeM momoGHEIA MeToX WMcclenoBaHMA 06-
PATHBIX 3ala4 [JIA ypaBHEHMA B YACTHHIX IPOM3BOAHBIX TPHUMEHAICA
uenbIM pAaoM aBTOpoB (cM., Hanpumep, [1, 9, 11, 24, 46, 47, 68]).

§4. 3BAIAYA ONIPEAEJIEENA KO?$SUIUEHTA,
3ABHCAIIEro OT PEHIEHMA

Henuueiinple ypaBHeHUA B YaCTHLIX NPOM3BOAHBEIX MHTEHCHBHO MC-
NOJBL3YIOTCA AJIA ONMCAHWA Pa3jMYHEIX fnpoueccos. Kak mpasuio,
9TH YPaBHEHHMA coAep>aT KoadPHUMEHTH], 3aBMUCANIME OT pelleHU.
B cBA3M c 2TMM npM MCCledOBaHMM LEJIOr0 pAAa MPOIECCOB BO3HMU-
KaloT 3aja4M olpelejieHNsA HeM3BeCTHbBIX, 3aBUCALMX OT PpelleHMH,
K03 GUIIMEHTOB yPaBHEHNA B YACTHHIX NPOMU3BOAHBIX.

PaccMorpum MaTeMaTHUecKy10 MoJenb NPoLecca HOrAoEHUA ra-
3a, NPOXOAAIIEro Mo TOHKo# Tpy6ke, NOrAPUAIOLUMM BelieCTBOM (Cop-
6eHTOM), pacnoNoKeHHbIM B aTo# TpyGKe:

ur+a, =0, O<z<l!l 0<t<T, (1
a=¢p(u)—a, O<z<l 0<t<T, (2)
u(0,) =p(t), 0<t<T, (3)
a(z,0) =0, 0zl 4
3aech u(z,t) — koHueHTpauma rasa B nopax copbenta, a(r.t) —
B copbenTe, u(t) — KOHUEHTpauua raza B Hauase Tpy6ku, p(£) —

$yHKUMA, XapaKTepHU3yIOWIaA Noriowalouue cBoiicTra copbeHTa.
OuaHoit U3 BayKHBIX 06paTHBIX 3aJay, BOSHUKAIOMMX NPU UCCIeno-
BaHMH NMOJOGHbBIX NPOUECCOB, ABNAETCA 3aJa4a onpeaeseHUA ¢y HKLNU
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¢(€) mo M3MepeHWIO KOHIIEHTPALMM ra3a B HeKoTopod Touxke. Ir1a

3aa4a MoKeT GHITh chopMmyaHpoBana ciaeayioumm o6pasoMm. 3aaansr

bynxmm p(t) u
u(l,t)=g(t), 0<tgT. (8)
Tpebyerca onpenemuts dynxumm o(u(z,t)), u(z,t), a(z,t), yrosaer-
Bopmomme yciaosuaM (1)-(5).
[Ipexxne yem nccnenoBaTh MOCTABJEHHYIO 06paTHYIO 3a4a4y, U3y-
YHUM BONPOC O CYHIECTBOBBHMH M €IMHCTBEHHOCTH DPEIleHHA 3aJauu
(1)~(4) B npemnonoxenvm, wro pyuxumm u(t) u p(€) ussectrnt. lpen-

nonwkuM, 4Yro QyHKmmM u(t) M (f) yAOBAETBOPAIOT CleAYIOMMM
yCAOBUAM:

ut) €CHO,T); p'(t)>0, te(0,T] u(0)=0; (6
¢(§) €C'(~00,+0); 0<¢'(E) < po, €€ (=00, +); ¢(0) = % )
7

TAe o — MNOAGKHUTENbHAA MOCTOAHHAA.
O6o3naunm yepes Qir, 7 € (0,7] MuoKecTBO

Qr={(=z.t): 0z, 0Kt}

Teopema 5.4.1. Ilpednosroncum, vmo gynxyuu pu(t) u p(€) yos-
aemeopaom ycaosusm (6) u (7) coomeemcmeenno. Tozda cyuecmeyem
eduncmaennas napa gynxyui u(z,t), a(z,t) € C[Qir), Wosremaops-
ouyuz (1)—4).

dokaszateabcrso. lycts pyuxumn u(z,t), a(z,t)eC(Qir]
yrosaerBopsior (1)-(4). Toraa, uurerpupys ypasHeume (2) c yc-
nosueM (4), nonyumm

a(z,t) = /exp(—(t - 7))e(u(z, 7))dr. 8)
0
Us (1), (2), (8) umeem ypasuenne ansa u(z,t)
us(z,0) + p(u(z,t) = [ exp(~(t = )plutz,)dr
0

WHrerpupysa aTo ypaBHeHMe M yuuThiBaA yciaosue (3), momyumm
MHTerpaJjibHoe ypaBHeHMe JA $yHkumm u(z,t)

we,) = u®) - [ ptute)ds + [ [ exp(~(t~ mtute . (9)
0 0 0
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IMoxaskeM, UTO ®TO HeJMHelll0e MHTErpaJibHOE yPaBHEHMe MMeeT
emHcrBeHHoe pemenne u(z,t) € C[Qir]. PaccMoTpuM Ha MHOXKecCTBe
Qi MOCNEeNOBATENBHOCTD HeNpePHBHEIX (yHKIi

n(2,1) = p(t) — / o (tin-1(€,£))dE+
[1]

+ exp(—(t — 7))p(uvn-1(¢,7))drdf, n>1,
[

00(3,t) =0.

IlokaxxeM, MCHONL3YySA METOJ MaTeéMaTHUYeCKod MHAYKUMM, YTO B
Qir ana Bcex n > 1
[I(T)2"_1(p3-1£n-1
(n—-1)!

[un(z,t) — un-1(z,t)| < (10)

U3 ceoiicts pyuxumii pu(t) n p(€) cnenyer, YTo oTa OLEHKa BHIOI-
Hena npu n = 1. IIpeanonoxkum, YTO OHa CNpaBeASMBa NpU N = M.
Iloxaxkem (10) ana n = m + 1. Tak kak

um41(2, 1) = um (2, )] € / o (um(E, 1)) — @(mr (€, ))IdE+
o
+ [ [ exp(=(t = )lp(um(€, 7)) — pltm-1(€,7)ld7 d€ <
/]
< vo / it (€, 7) — U1 (€, T)IdE+
0

zr t
+oo [ [ exp(=t = 7)m(€ ) = - b dE <
00

< MO lpRa™ | (T2 g e (1-e) < u(T)2mpg ™

m! m! m! ’

To onenka (10) cnpaseanuBa npu moGom n 2> 1.

U3 ouenkn (10) caenyer, uTo MnocieAOBaTEeNbHOCTh by KM
up(z,t) paBHOMepHO Ha Qr CXOAMTCA K HempepbiBHOK B Qir $yH-
kimu u(z,t), asamomeifca pemenvem ypapuenus (9). Onpenenum
HenpepuiBHYI0 B Qv $yHKuMIO a(Z,1) C MOMONBIO PABEHCTBA (8). U3
(8), (9) m dBoiicTB byuxkumu p(€) caenyer, uTo B QT CYMeCTBYIOT
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HernpephIBHbIe POU3BOAHEIE Uy(Z,t), ar(z,t) M dyuxwm u(z,t), a(z,t)
yaoBneTBopsuoT (1)-(4).

EavHcTBeHHOCTL pemenus 3anaum (1)—(4) aerko caenyer us ypas-
Henua (9). JelicTBuTenbHoO, ecau u;(z,t), a;(z,t), i = 1,2, — pemenus
3anaum (1)—(4), To U3 ypaBHeHMa (9) MOMYUMM OLIEHKY ANAA Pa3sHOCTH
bysxumit ui(z,t) — ux(z,t) = v(z,t) B Qir

L4 x t
lo(z,8)] < po / |o(€, ) 1dE + o / / exp(—(t - 7))|v(§, 7)ldr dt.
0 00

Oycrs vo(r) = maxogegr |v(2,t)|, Torma

r T

vo(z) < o / wo(€)dE + po [ v0(€)de(1 — ) < 200 / vo(€)de.
(1] 0

0

Ilpumenan nemmy I'ponyonna, nonyumm, uro vo(z) = 0 mna z €
(0,7}, a 3maunt, u w,(2,t) = ux(z,t) 8 Qir. Toraa muz (8) caeayer,
4yTo ay(z,t) = az(z,t) B Qir.

Iokaxem, uto ¢pyHkumm u(z,t), a(z,t) € C[Qir]. W3 nenpepus-
HocTH u(z,t) B Qir, ycnosuik (7) u ypasuenmit (8), (9) cneayer, 4ro
u.(z,t), a;(z,t) u a.(z,t) € C[Qir]. CnenoBaremsnHo, Ham mocra-

TOYHO MOKa3aTh, UYTO B (YT CyIIecTByeT HenpepmiBHaA us(z,t). U3
(8), (9) mmeem

z z

u(z,) = ) - [ elute.)de + [ ateve. (11)

0 ]

Pacecmorpum dynxuwmo v(z,t, At) = (u(z,t + At) — u(z,t))/At. Tax
Kak

p(u(€,t + A1) — p(u(é,t)) = p(€, 1, At)(u(€, t + At) — u(é, 1)),

rae

1
P61 A0 = [ (u(e,t) + 0(ule,t + AY) - u(e, 1))ab,
0

10 u3 (11) cnenyer, uro pysxuma v(z,t,At) yrosneTBopsieT ypas-
HeHMIo

v(z,t,At) =ﬂo(t,At)—/p({,t,At)v(f,t,At)d{+/ ao(€,t, At)dE, (12)
0 0
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rae
_ Bt A ) _a(g,t+Af) —a(§,t)
[.lo(t, At) = At ’ a0(€) t! At) - At "
Pemenue MHTErpajJbHOI'0 ypaBHCHHA (12) MOXKHO BHIIMCATH B SAB-
HOM BMUIe

o(z,t, At) = po(t, At) exp{ - i p(s,t,At)ds}+

+o/exp{ —s/p(s,t,At)ds}ao(E,t,At)df.

Ilpenen BHpa)KeHKd, CTOANEr0 B MPaBoil YaCTH BTOr0 PaBEHCTBA,
npu At — 0 cymectyer. CienoBaTesibHO, IEPEXOAA K NPENeNy IFpH
At — 0, monmyuuM, UTO

ut(z,t) = 4'(t) exp{ - jgo’(u(s,t))ds}+

z z

+ / exp{ - / <p’(u(s,t))ds}a,(£,t)d£.
£

0

Teopema 5.4.1 mokasaHa.

Y cTaHOBMM HeKoTOpHIe cBolicTBa pemenus 3anaum (1)-(4), Heo6-
XOmMMEIE AJ1A McchenoBaHuA obpaTHoM 3amayuu.

Teopema 542 Ipednosoxwcum, ymo gynsyus p(t) v @(§)
yoasemeopsom ycaosusm (6) u (7) coomeemcmeenno. Tozda, ecau
u(z,t), a(z,t) — pewenue sadavu (1)-(4), mo

u(z,t) >0, ay(z,8)>0 man 0€z<l, 0<t<T,  (13)
u dax awbozo T € (07
0< u(z,t) S p(r), 0<a(z,t) S pp(r), (2t) €Qr (14)

Hoka3zateabcTBo. llycts uﬁz,t), a(x,t) — pemenue 3al1a-
un (1)-(4). Tak xak u(z,t), a(z,t) €C [Qir], 10 u3 (1), (2) caeayer,
uro a(z,t), ue(z,t) € ClQir]. O6o3naumm uepes v(z,t) = uiz,t)
n w(z,t) = a(z,t). Pynxwm v(z,f) u w(z,t) ABAMOTCA pelIeHnEM
3anaun

vy +w; =0, (zrt’) € Qir, (15)

we = ¢'(u)p —w, (z,t) €Qir, (16)

v(0,t) = 4'(t), O0<tgT, ‘ (17

w(z,0) =0, o0gzgl (18)
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Unterpupya ypaenenme (16) c ycnoeuem (18), monyuum

w(z,t) = / exp(—(t — 7))¢'(u(z, 7))o(z, T)dr, (19)
:

us (15), (16), (19) mmeem

v + ¢ (u)v = / exp(~(t — 7))¢'(u(z, 7))v(z, T)dr.
°

Murerpupys eTo ypasHenme ¢ yciosuem (17), nonyunm uurerpanbHoe '

ypasHenve BonbTeppa 2-ro pona ana byuxumn v(z,t)

v(z,t) = p'(t)exp { - j <P'(u(s,t))ds}+ (20)
0

z

+ / j exp{ - j #'(u(s, t))ds — (t - T)}(p'(u(f,-r))v(f’f)df dr.
00 I3

Pemenne aToro ypasuemna Moker 6uTh 3amucano B ABHOM BuAe ¢
noMomio pesonbBeHTH I'(z,1,£,7) ypannenna (20)

o) = S0+ [ [Tetenrenira, @
00

rae f(z,) = w@)exp ( - ¢/ (uto,))ds).
Tak kax aapo ypasnenns (20)

x

exo{ - [ /tute, e - - ) }o'tute,)
£

L0 rgt
0

nonoxkuTenbHo, 1o I'(2,8,6,7) > 0 ana 0 < € <
0 <
z <

z<
Toraa, yuutumas, uto f(z,t) > 0 npn z <
u3 popmynsi (21) nonyumum, uro u(z,t) > 0 npu
t < T. Cnaenosatensho, nepBoe HEpaBEeHCTBO M
MonoxurensHocTs ay(z,t) npu 0 < z < I,
NONOKUTENLHOCTH t(Z,1) M dpopmyant (19).

Zoxaxem HepaBencrsa (14). Us (13) u ypasrenua (1) cneayer, uto
Ur(z,) <0mna0<z2<,0<t ST, an3(9) u(z,0)=0mana0< z <.

oA

0
M t
< 8

3 (13) mokasamo.
< t £ T cneayer us

<z gl
0
0
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Torza U3 NONGKUTENLHOCTH u(z,t) mpu 0 < 2 <, 0<t T
ciaeayer, uro aaa moGoro 7 > 0 B Q, BLINOJNHEHO HEPABEHCTIBO
0 < u(z,t) < p(r). U3 aToro HepaBeHcTBa, cBoiicTB dpyHkipm p(§) M
dopmynn (8) caenyer, uto B Qir 0 < a(z,t) < p(p(7)). Teopema 5.4.2
ZoKa3aHa.

Hepetinem Teneps k uccrenoBanmio o6patHoit 3amaum (1)—(5).

Onpenenenue. Pynxyuu p(§), u(z,t), a(z,t) nasoeem pewse-
nuem obpamuoil sadavu (1)—(5), ecau p(§) yossemsopsem ycaosusm
(7) v p(€) € C*0,u(T)); u(z,t),alz,t) € C'[Qir); ¢(u(z,1)), u(z,t) ®
a(z,t) ydosaemeopsom (1)—(5).

JloxaxeM BHauyaJle TeopeMy eRMHCTBEHHOCTM pelieHMA oOpaTHoM
3aJauM B MpeANOJOKEeHNM aHaJMTHYHOCTH PyHKumm (£).

Teopema 54.3. Mycms dyuxyux p(t) yoeaemsopsem ycaosuw
(6). Ecau p;(£), ui(z,t), ai(z,t), i = 1,2, — pewenus obpamnoi s3adaxu
(1)(5) u Pynxyuu p;(§) anasumuvns na unmepease, codepucausem
ompesox [0, p(T)], me 1(£) = p2(£) dax§ € [0, u(T)), ua(z,t) = ua(z,1),
a)(z,t) = ax(z,t) e Qir.

IHokxasaTenbcTBo. Beenem creayromme QyHKUMM:

v(z, t)=u,(z,t)—uz(z,t), w(z,t)=a,(z,t)—az(z,t), a(€)=p1(&)—p2(§).

Pasnocth ¢1(u1(z,t)) — p2(uz(z,t)) MokHO NpeACTaBUTHL ClleAyIO-
umM o6pasom: o1 (u1(z, 1)) — pa(u2(z, 1)) = pr(ua(z, 1)) — p2(ws(=, 1)) +
p2(uy(z,t)) — p2(uz(z,t)). CnenoBarensuo,

<)Dl(“l("”t)) - 902(“2(210) = a(ul(zrt)) + p(z,t)v(z,t),

rae
1

p(z,t) = / Po(ua(z, 1) + 0(uy(z,t) — uz(z,1)))df.
[}

Tak kax pyHkun @;(ui(z, 1)), ui(z,t), ai(z,t), i = 1,2, yroBnerBopsmoT
(1)-(4), To dyurkumm v(z,t) u w(z,t) ABAMOTCA peleHNEM 3aJauM

vz +w =0, (z,t) € Qir, (22)
we = p(z,t)v + a(uy(z,t)) —w, (=z,t) € Qir, (23)
v(0,t) = 0, 0<t<T, (29)
w(z,0) =0, 0zl (25)

Unrerpupys ypabHerne (23) c ycaosuem (25), nmeeM

t

t

w(z,t) = /exp(—(t—r))p(z,r)v(a:,r)dr+/exp(—(t—r))a(ul(z,r))dr.
) o

(26)
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Ucnonssysa e1o npeacrasaenue, ypasnenus (22), (23), nomyumm

t

vz +p(z,t)v = —a(uy(z,t)) + fexp(—(t = 1))a(u1(z,7))dr+
)

t
+ / exp(—(t — 7))p(z, T)v(z, 7)dr.
o .

Unrerpupys e10 ypasnenue c ycnosuem (24), nonyuum nna ¢pyu-

xuwn v(z,t) uATErpalibHOe ypaBHenue BombTeppa 2-ro poxa

v(z,t) = -—/,exp (— jp(s,t)ds)a(ul(f,t))df-l-
0 €

£
+
0

- x

z

exp ( - /p(s,t)ds —-(t- 1')) a(uy (€, r))d‘r dé+
3

z

/
+/jexp (‘ /P(s,t)ds -t~ r))p(f,f)v({, r)dr df (27)
00 €

€ AxpomM

K(z,4,8,7) = exp (— ]P(s,t)ds - (- T))P(&T),
€

HENpEpLIBHEIM 1 MoNOXKNTeMbHEM NpU 0 K € K2 <1, 0K 7 £tgT.

OGo3Hauum yepes R(z,t,€,7) pesomBenty ypasHenus (27). Torna
pelieHHe BTOro ypaBHEHMA

v(z,t):—]exp (—]p(s,t)ds)a(ul(f,t))df+
0 ¢

+ j 0] exp <— j p(s,t)ds—(t~1;))a(u1(€,T))d‘r df~

x

£

—!jR(z,t,f,r)jexp (*!P(S,T)ds) a(ur(n, 7))dn dr d+

z t

£ 7
+0/-(/R(z,t,£,f)o/!exp (——jp(‘s,‘l')ds—(r——ﬂ))ct(ul(ry,0))(:10411;(11’(£'d)§i
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Tak kak sapo K(z,t,£,7) HelnpepHBHO M HOJGKMTENLHO, TO pe-
3onbBenTa R(z,t,£,7) HenpephiBHa U nonokurensHa npu 0 < € < = < U,
0 <7<t <T. Paccmorpum dpynkmmio af€). Tak kak ¢i(€), i = 1,2,
aHaJMTHYECKME Ha MHTepBalie, collepxxameM oTpe3ok [0, (7)), To an-
60 a(f) = 0 ana € € [0,u(T))], aubo cymecrsyer £ > 0, Takoe, 4TO
[o’(€)] > 0 ana € € (0,&). IloxaxkeM, YyTo BTOpo#t BADMAHT HEBO3MO-
xen. IlpemmonoxuM, uro cymecrsyer §o > 0, Takoe, uro |a/(§)] > 0
ana € € (0,6). Ilycts mns onpenenensocty, o'(€) > 0 aas £ € (0,&),
rorga ¥ o) > 0 anx £ € (0,&).

O6o3naunm yepes o KopeHs ypasaerua u(t) = o, ecan & < p(7T),
B IIPOTMBHOM cJiiydae nonckuM to = T'. U3 nepasencrs (13), (14) ann
bynkwm uy(z,t) crenyer, uto a0 <z <L 0<t <ty

0 < wi(z,1) < plto) = &,

a 3HauMT, JUid oTHX = u t afui(z,t)) > 0.
PacemorpuMm dyuxiaio

z

flz,t)=- j exp ('— / p(s,t)dS)'a(ul(f,t))dG
€

0

+//exp (‘- ]P(s,t)ds ~-(t- 'r)) al(uy(é,7))drd¢
00 t

ma 0 Lz <! 0<t it Tak kak dyukma o) MoHOTOHHO
Bo3pacTaer Ha [0,§o], To, yuurmBan HepasenctBo (13) mna ¢GyHk-
wmm uy(z,t), nonyunm, uro f(z,t) <0 ma 0 <z <1, 0 <t <t
Toraa, yuuThBaA nonokureabHocts R(z,t,€,7), n3 dopmym (28)
nmeem v(z,t) < 0 xna 0 < z <!, 0 <t < tp. Ho r1ak kak u(z,?)
yaoBaerBopaioT (5), To v(l,#) = 0 ana 0 < t < to. Monydyennoe nporn-
BopeuMe JoKasuiBaeT, uTo a(€) = 0 ana € € [0, u(T)]. CnenoBatensro,
P1(€) = p2(€) ana § € [0, u(T)]. Tak xak B Qi cnpaBeATUBO HEPABEH-
crBo 0 € u1(z,t) < u(T), 10 u3 (28) caeayer, uro ui(z,t) = uz(z,t)
B Qir- Torna us (26) monyumum, uro a;(z,t) = az(x,t) B Qir. Te-
opema 5.4.3 noKa3aHa.

B teopeme 5.4.3 npeanonarasioch, uro ¢yHxummu ¢1(§) n @2(§)
anamurudeckue. IlokakeM, UTO TeopeMy eIMHCTBEHHOCTM peuIEHMA
o6parHoit 3anaun (1)-(5) MokHO noKazaTh Ge3 aToro ycaoBMA, HO,
npeanonaras, uro ¢(€) U3BecTHa ANA CKOMbL YTOAHO MAJBIX MONOKH-
TeNbHLIX 3Ha4YeHMA apryMeHTa.

Teopema 544. Ilpednosoxcum, vmo Pynxyus p(t) ylossem-
aopsem ycaosusm (6). IHyecms ¢i(€), ui(z,t), ai(z,t), i = 1,2, —
pewenud obpamnod zadavu (1)(5) u cywecmayem & > 0, maxoe, wmo
1(8) = @a(€) a3 € € [0,€0]. Tozda p1(€) = wa(€) dax € € [0, 4(T)),
ui(z,t) = us(z,t), a1(z,1) = az(z,?) 6 Qir.
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NokaszaTenbcTBo. Paccmorpum dopmyny (28) ana dymk-
mam v(z,t). Bpeaem ¢yHxumm

b0 =exp - [ o)
3

Q(z)f’t’ T) = h(z,f,t)exp(—(t - T))

Monoxus B (28) z = I, momyuum, uro npu t € [0,T)
| Lot
[aeatuen - [ [ a6t natuenyrds
0 00
1t 4
+ [ [ R(L,t,€,7) | h(&,n, 7)a(us(n, 7))dn dr di~
[[reesn]

¢t §
- [ [rasen [ [ nr0)atun, pavanarag=o,
00 00

rak kKak v(l,t) = 0 ana t € [0,7). WsmenuB B nocireaHmx XBYX
UHTerpaJjiax NOPANOK MHTErPUPOBAHMUA U BBelA QYHKIMIO

i
BE.t,7) = a0,6t7) ~ [ B, R, tn, )+
[3

1t

+ / / 9(n,€,0,7)R(1,t,7,0)d6 dn,
§E T

nonyumm, uro npu t € [0,7]

1 t I
/ h(L,€, Da(ur (€, )6 — / / B(€,t,n)a(u (€, 7))dedr =0.  (29)
0 00

JlokaxkeM, 4TO U3 PTOr0 YPaBHEHUA U YCNOBUK TeopeMul ClelyeT,
4o a(€) = 0 ana € € [0,u(T)]. O6o3naunum uepes Ty KopeHb ypaBHe-
Hua p(t) = & B cayuae u(T) > &. B cayuae & > u(T) yrBepxaenue
nokasaHo. M3 nepaBeHcTBa (14) cieayer, uTo B Qir, BHIIONHEHO
HepaBeHcTBo 0 < uy(z,t) < p(To) = &o- Tax kak no ycnoBUIO TeopeMbl
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af) = 0 ana € € [0,£&), To a(uy(z,t)) = 0 B Qir,- Torama us (29)
umeeM, uto ana t € [Tp, T}

] t 1
[ . Datunte )t - [ [Betnetuemaar =0 ()
0 Te ©

U3 nepapencrsa (13) n ypasnenna (1) caeayer, uro
9
F’;‘-(z,t)<0, 0z <!, Togt<T.

YunTeBaA 8TO, CAeNaeM 3aMeHY NEpEMEHHHIX B MHTerpaJjax, BXo-
nmmux B (30), z = uwié,t), € = u;!(z,t). B pesynbTaTe, yuurhBas
pasercTBa (3) 1 (5) aia dyHKuwm uy(z,t), monyunm, uro anat€ [Ty, T)
u(t) t u(r)
/H(z,t)a(z)dz—-/ / Bo(z,t,7)a(z)dzdr = 0, (31)
9(t) To g(r)

rae

h(l,u7(z,1),1)

%L(“l.l(z’t)xt)’
B(ufl(z,r),t,‘r)
B (urt(z, 7))

H(z,t) =

Bo(z,t,‘t') =

M3 (13) caenyer, uro dpynxums g(t) ABAAETCA MOHOTOHHO BO3-
pacrajomeit. PaccMorpum uncno T, € (To, T), sBasiomeeca KopHeM
ypastenns g(t) = p(To) = & npu g(T) > u(To) uan pasuoe T npu
9(T) < p(To). Tax kak a(z) =0 ana z € [0, u(Ty)], To ana t € [To. T
(31) moxkHo 3amucars B BMae

u(t) ¢ u(r)
/ H(z,t)a(z)dz — / /
u(To) To u(To)

Bo(z,t,)a(z)dzdr = 0.

[TomeHAB Bo BTOpPOM HHTer paJie MOPAAOK MHTEr PUPOBAHUA U BBEAA
nepemennyio & = u(t), monyunm unrerpansbHoe ypasnenne BonabTeppa
l-ro poaa ansa dynkumu ofz)

é
/ Q(z,0)a(z)d: = 0. 0 € [u(To). u(Th)). (32)
w(To)



rae
B7HO)
Q(z,0) = H(z,u1(8)) - Byo(z,u~1(8), 7)dr.
u=1(2)
fAnpo ypasuenns (32) npu z = 0 pasro H(0,u1(6)). U3 onpenene-
mua oynkwm H(z,t) caenyer, uro Q(0,6) < 0 npu 8 € [u(Th), u(T1))-
U3 ompenenenma dymxmmm H(z,t) u Bo(z,t,7) cueayer, uro mpu
#(To) € z € 0 € p(Ty) cymecTByer HempephIBHAA YACTHAA IIpOM3-
BomHadA @(z,0). Toraa, mapdepenumpysa ypasuenune (32), moayuum

ofHOpOAHOe ypaBHenue BonbTeppa 2-ro posa ana ¢pymxumm o(z).

CaenoBarenmbno, a(z) = 0 ana z € [u(Tp),w(T1)] u afz) = 0 ansa
z € [Oyl"(Tl)]

Paccmorpum uncio T € (11, T}, aasmomeecs KopHeM ypaBHEHUsA
9(t) = u(Ty) mpu g(T) > p(Ty) wm pasnoe T npu g(T) < p(Th).
Torza ananormyno mpeapiaymeMy noayumm, uro ofz) = 0 ana z €
((Th), p(T2)] m o(z) = 0 maa z € [0,4{T2)). B pesymnrate, moBTOpUB
KOHEUHOe YMCJIO pa3 NoJoGHEIe PacCyKAEeHUA, MONYyUuM, 4yTo afz) = 0
ana z € [0,u(T)]. Crenosaremuo, p1(€) = pa2(€) ana & € [0,u(T))],
us (28) u (26) mmeem uy(z,t) = uy(z,t), ai(z,t) = ax(z,t) B Qir.
Teopema 5.4.4 noxkasaHa.

3ameuanue. O6paTHas 3anaua (1)—(5) npeacrasaser coboit
3aZlayy onpejielleHNA 3aBUCALIEr0 OT pelieHUA Koo pPuLmMeHTa rurep-
Gomueckoro ypaBHenua. [leficrButenbHo, ecim u(z,t), a(z,t) —

pemenua 3amauu (1)-(4), To dyHrkuma u(z,t) ABAAeTcCA pemeHMEM
3a]a4n

Uzt + 9 (Wue+u =0, 0Kz, 0<t<T,
u(0,t) = u(t), 0T,
u(z,0) =0, 0z gl

Taxum o6Gpa3oM, o6paTHas 3ala4a COCTOMT B ONpENENEHUM KO-
edpduumnenta ¢’'(u) no nonoanurenbHo#t mndpopmammm u(l,t) = g(t),
0t T

3anaua (1)-(4) npeacrasiser co6oit ZOCTATOUHO NPOCTYIO MOAETH
npouecca cop6umm. O6parHbie 3a1a4m 1A Golee CAOKHRIX Monenei
paccmoTpens! B [27, 28]

Hapany ¢ oGpaTHhIMM 3ajauyamy, BO3HMKAIOIMMM NpPM aHAJIM3E
COPOUMOHHEIX NPOLECCOB, BaXHLIA Kiacc oGpaTHBIX 3aJad, B KO-
TOPBIX HEM3BECTHBIA KO®(QULMEHT 3aBUCHT OT pellleHus, o6pasyioT
3a/a4M, CBA3aHHblE C MCCHENOBAHMEM TEIJIOBBIX NPOLECCOB. 3aBU-
CHMOCTb TEeMIOPU3IUIECKMX KOBPPMIUMEHTOB OT TeMIepaTyphl, Kak
npaBuio, Heo6XOAMMO yUMTHIBATH NPU AOCTATOYHO BLICOKMUX TeMITe-
patypax. IIpuMmepoM ypaBHeHMA, ONMCEIBAIOMIErO MPOLECCH TAKOLO
THNA, AB/IAETCA KBa3W/IMHeliHOe ypaBHeHMe TemIoNnpoBOIHOCTH

c(u(z,t))u = (k(u(z,t))uc) + f(u(z,1)) (33)
176

¢ Koa¢pdMImenTaMM, 3aBUCAIIMMHU OT pelieHMA.

Hnsi eTOro ypaBHEeHMA MQXKHO CTaBUTh OGpaTHHIE 3aa4M, COCTOA-
e B onpeneieHM Koa(GpUIMEHTOB YPaBHEHMA N0 AOMOJHUTENbHOR
MHGOPMAIMM .0 pelieHMHM HEKOTOpol KpaeBoif 3a/lauu AA ypaBHEHNA
(33). HccaemosanmMio 3aiay¥ Takoro THINa MOCBAmeEHH paborm [17,
34, 36, 60, 100] u pax apyrux. Iocrarouno noapo€uuii 0630p aTHX
o6paTHHX 3aJauy MMeeTcs, Hanpumep, B [2].



Iaxaba VI

3ATAYU OINIPEINEJIEHUA

®YHKIINHA T10 3SHAUEHUAM
MHTETPAJIOB

B npemiaynmx raapax 6bum paccMoTpeHkl o6paTHEIe 3a5aUM AIIA
IuppepeHIMANbHEIX ypaBHeHul. DTa riaBa MoCBAMEHA o6paTHEIM
3alayaM Apyroro tuna. B Hux TpebyeTca BoccTaHOBMTH ¢y HKIMIO

ONHO! MU HECKONBKUX MEePEMEHHKIX II0 CeMeCTBY MHTErpajioB oT
oToft yHKIMH.

§1. ONPENEJIEHME #YHKIMHU OXHOM’
NEPEMEHHOM ITO 3HAYEHMAM EE
HHTETPAJIOB. NIPOBJIEMA MOMEHTOB

Teollpu aHaJjln3e pa3/IMUHEIX NPUKJIAJHEX Npo6ieM, a Takke B pale
PETUUECKUX MCCIIeZ0BaHMI BO3HMKaeT 3a/a4a onpeneNeHUs PyH-
kM f(z) no 3mavemmam ee MHTErpaoB

b
/ f(@)on(2)dz = o, n=1,2,..., (1)

rae {pn(z)} — 3amannas cucrema byHKuMiA.

B ToM cayuae, xoraa cucrema dymmapait {#n(z)} aBaserca non-
HOlt OPTOHOPMMpPOBaHHOM cHcTeMoM B npocTpaHCTBe L3[a,b), 3anaua
z::::::m ,g(z) 13 pasencTs (1) npeacrasaser co6oit 3anauy Boc-
cra YHKIMH 110 ee Koapdummenram Pypre pu,. U3 o6meit

puv pagoe dypre B runb6eproBoM mpocTpaHCTBe [37] caenger
uTo AnA moGol nocnenoBaTenmsuoct! {uy,} € l; cymectsyer eAMHCT-
BenHad pymkma f(z) € Ls[a, b}, Takas, uto papencrsa (1) Brnonnent
TIpU BCEX HATYPAJLHEIX Nt ¥ UMeeT MecTo paBencTso Ilapcesans

o0
WAZ sy = D 12

n=1

Kax.’l;amm 06pa3oM, eciu NoCTaBileHHYIO 3aZady cHOPMYIMPOBATE

azavy pemieHus oneparopHoro ypasHeuua Af = {u,}, rae one-
paTop A, onpelenseMuil paBencTBaMM (1), me#icrByeT M3 npocrpan-
crBa Ljfa,b] B l;, To 3amaua pememus sroro yPaBHeHUA nnnagwca
KoppekTHOH. IlleHcTBMTeNLHO, pellleHMe ypaBHEHMA CyIIeCTBYeT M
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eIMHCTBeHHO A moboit npasoit yactu {pn} € l3, a HenmpephBHaA
zasucnMocthb f(z) ot {pn} cienyer us pasencrsa Ilapcesans.
PaccMoTpUM Temeph cayuvaif, Koria onepaTop A npeamonaraeTca
neicrByrommM u3 npoctpanctBa Cla,b] B I3, T.e. nmerca HelpephB-
Haa Qpyukmma f(z), yaosaersopsioman pasencrsaM (1). Ora 3amava
ABNAETCA HeKoppekTHo#. JleficTBUTeNbHO, 3ajaya MMeeT pellleHue
He nna mo6oli mocaenoBaTenvHoctn uncen {pn} € l;. Ilaa Toro
4To6H ZI0Ka3aThH BTO, AOCTATOUHO B3ATh pyHkwmo f(z) € Lila,b],
HO He ABJAIOIIYIOCA HelpephBHOM Ha oTpeske [a,b]. CoormercTByIO-
Mad el MOCHIeN0BATENbHOCTb Kooddumento Pypre {fin} € l;. U3
eIMHCTBEHHOCTH PelleHNA 3aJaYM ONpeAeleHnA GpYHKIMHK Mo ee Kood-
¢umentam ®ypbe CleAyeT, YTO IJIA MOCHENOBATENBHOCTH {Bn} € b2

He CyleCTBYeT HelpephBHOM Ha [a,b] dynxmau f(z), Takoit, uto moc-
Ne0BaTeALHOCTD {fin } ABNAeTCA ee Koopduimentamu Pypre. Taxum
06pa3oM, KODPEKTHOCTb 3aJa4M BOCCTAHOBJICHMA ynxuwmm -f(z) mo
3HaUeHMAM ee MHTerpaios (1) CylIecTBEHHO 3aBMCHT OT TOro, B Ka-
KOM NpOCTpPaHCTBe MIIETCA HeusBectHas ¢ymkuma f(z). Meroms
onpene/leHNA HENPePHIBHEIX (QYHKIMA 110 MX xoadpummentam Pypse,
3aJAaHHBIM NIPUGJIMKEHHO, AOCTATOUHO MOAPOGHO U3JIOKEHH B [81].

PaccMmoTpuM Teneph 3a4ady ompefeiaennsa ¢pymxmm f(z) mo 3Ha-
JYeHMAM ee MHTerpajoB B Gojlee obmell nocraHoBKe, a UMeHHO Ge3
NpeTIONoKEHUA O TOM, UYTO CHCTeMa yHKuM {¢n(z)} aBRaeTCA nox-
HOl OPTOHOPMUpPOBaHHONH. 3aKaya MOCTPOEHNA PYHKLUMU f(z), Taxoit,
4TO A Hee BHNOAHeHH paBeHctsa (1), rae {¢n(z)} — sanaunas no-
ClIeIOBATENbHOCTh (QYHKUMIA, a fi, — 3aJaHHAA MOCNEAOBATENLHOCTD
uyKced, Ha3kBaeTcA NpobiemMoit MOMEHTOB. MoxHO paccMaTpHMBATh
ZIBa BapuaHTa NpolieMbl MOMEHTOB — KOHEUHOMEDPHYIO M 6eckoHey-
HoMepHyIo. B mepsom cayuae uncio Gpynkumit on’ ) ¥ UMCell fin B Pa-
percTBax (1) KoHeuHo, a Bo BTopoM — GeckoHeuHo. PaccMOTpuM oTH
3a/auM B NpEIIONGKEHUM, YTO QYHKIMU pq(z) € Lo[a,b] n uckomas
$ynxuus f(z) TakKe MIYTCA B 9TOM NPOCTPAHCTBE. CéopmynupoBaH-
Hble 3aJa4M yaoGHee uccaenobaTs B Gonee obueld, ueM MHTErpajibHad,
HocTaHOBKe. ByfeM mpeamonaraTs, YTo B cemapabenbHOM runn6ep-
ToBOM mpocTpaHCcTBe H 3ajaHa MOCHEN0BATENbHOCTE BJIEMEHTOB Pn,
a TalKe 3a]aHa MOCTENOBATENBHOCTb YMCEN fin. TpeGyeTca ompe-
neanth onement f € H, Tako#t, uro (f,¢n) = pn, B = ,2,...,N
(koHeuHOMepHas Mpo6JieMa MOMEHTOB), MK (f,pn) =#n,n=12,...
(6eckoneunomepHan npobiema MoMeHnToB). Ecau B 10CTaHOBKY 3aja-
YK BKJIIOYAETCH YCAOBHE TOI'0, YTO MCKOMBIH @1eMEHT f momxeH GHITH
takoB, uto ||f|| € I, rae | — HexkoTOpOe 3aJaHHOE YMCIO, TO COOTBET
CTByIOIaA 3a/aya HA3HLIBAETCA KOHEYHOMEpHOM (6ecxoneunomepHoit)
l-npo6eMoit MOMEHTOB.

PaccmoTpuM GeckoHeuHOMepHYIO npofieMy MOMEHTOB. Emnc-
TBEHHOCTDb peIleHNA BTOM 3aJauy ONpenesAeTcA NMOAHOTO! CHCTEMBI
BJ1EMEHTOB @y. JleCTBUTE/BHO, €CIU CUCTEMA BJIEMEHTOB Yp MOJTHA,
to u3 paBeHcTB (pn,u) = 0, n = 1,2,..., cneayeT, uTo # = 0, a
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3HaYMT, pemleHMe GeCKOHEUHOMEPHON Npo6IeMbI MOMEHTOB €IMHCT-
BeHHo. Pemenne koneunomepmuoit npoGiieMbl MOMEHTOB Bcerga Hee-
AyHcrBenHo. lleficTBuTeNbHO, MycTh f — pemenue KoHeuHoMepHOH
npo6aeMul MoMeHTOB (f,on) = pn, n = 1,2,..., N. Obo3naunm Yepes
H; nompoctpancTso, opToroHaibHoe K KOHEeYHOMEPHOMY MOINIPOCT-
PaHCTBY, rlopo:-xngMomy aJIEMEHTaMU @1,...,9,. Toraa pemeHueM
AaAHOM Npo6aeMBl MOMEHTOB HapARy C f GyAeT ABAATHCH BIEMEHT
f+ 19, rae ¥ — npomsBosbHEIE ameMeHT M3 H;. OtmernMm, urto
pelleHie KOHeYHOMepHOH [-NpoGeMBl MOMEHTOB NPH ONpede/eHHEIX
YCROBHAX MOXKET GLITh eIMHCTBEHHLM. JlelCTBUTENBHO, MycTh P,
n=12..., — oproHopMupoBauubit 6asuc B H. PaccMoTpuM ko-
HeuHoMepHylo [-npo6aemMy MomentoBs: (f, @n) = fp, n=12... N
l7ll < I. Pasnoxum nckomuiit snement f B pax mo semenTam @n

3

00 N =)
[= Z(fv Pn)pn = Zl-‘n‘Pn + E (fx‘Pn)Sorv
n=l

n=1 nz=N+1

3amuceiBag ans f paseHcTBO IlapceBana, mmeem

N 00
WP =3"m2+ Y (fien)
n=l

n=N4+1

N3 artoro pamencisa caenyer, 4rTo eciu M = Z,I,v:l p < 13,
TO PpemeHne KoHeUHOMepHOW l-npo6JieMbl MOMEHTOB CyIlecTByeT M
HeeIMHCTBeHHO, eciu M = 2, 1o pemenne CYIeCTBYeT ¥ e AMHCTBEHHO,
u, HakoHel, ecmn M > *) To pemenue me CcymecTByeT.

Paccmotpum Bontpoc o paspemmmoctn npo6aemut MoMeHTOB. Oye-
BMIHO, YTO, 32 UCKIIOYEHUEM TPUBHMAJBHEIX CAy4YaeB, MCCIEOBAHUE
paspemmMocTi GeckoHEUHOMepPHO#H P06 IeMEl MOMEHTOB Goliee CIOMK-
Ho, YeM KoHeuHoMepHOR. OaHaKo Bonpoc o paspemmMocTH GeckoHey-
HOMepHOoI# [-Npo6eMbl MOMEHTOB MOYKeT GhITh CBEAEH K KCCle JOBAHUIO
PAa3pEUMMOCTH KOHEYHOMEPHBIX NpobieM MomentoB. [lycTh aaHa
CHCTEMA 3JICMEHTOB Y, M MOCTEN0BATENLHOCTb YMCEN fiy, Tpebyercs
HaliTH ajeMeHT f, Takoif, uto (fien)=pnanan=1,2,... u Il € L

Teopema 6.11. as paspewuMocmu becxonexnomeproi [-
npobaemi mMomermoa neobrodumo u docmamosno, Ymobu npu awbom
Hamyparsnom N cyuecmeosaro pewenue KoneunoMeprod I-npobaemat
MOMENTO8 0AF MeT HCe P, U pn.

doxaszarenncrro. Heobxomumocts sToro YCIOBUA Oue-
BUlIHa, Tak Kak eCliM 3lleMeHT f ABAAETCA pelieHMeM 6eckoHeuHOMep-
Ho# I-ipo6ieMbI MOMeHTOB, To OH GyneT ABAATLCA pelleHMEM KOHeY-
HOMepHOoIA {-npo6ieMul MoMeHTOB AMIA MO60ro HATypaJbHoro N.

Hokaxem Tenepr aoctatounocts. O6o3Haumm Yyepes fy pemieHue
KoHeYHOMepHOM I-npo6ieMbl MoMeHTOB

(n.95)=pn. n=L,2,...,N, |Ifn]l <L
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llna mo6oro anemenTa nocnenosarensuocTd fy, N = 1,2,.. .y BRI
noaHexo ycaosue ||fy|| < . CaenoBarenso, U3 mocnesoBaTenbHOCTH
JN MOXHO BHLIESNTH NOANOCHEN0BATENLHOCTD fy,, Cl1ab0 cXoAAImy10-
cA k aiiemedty f. U3 craboit cxomumoctu fy, K f M or paHuueHHOCTH
HopM ||fn,|| < ! cmemyer, uto J|f]] < 1. Tak kak (fw,,¢n) = fn,
n =12,...,N;, To, mepexois B ®TUX pPaBeHCTBaX K npeneny mpu
Ni — 00 ¥ yunThBaA cnabyio CXOMMMOCTH fn, x f, nonyuum, yto

(f"Pn):l-‘m n=12....

CnenoBaTentHo, anement f ABIAeTCA pellleHueM GeckoHeyHoMepHO
[-npo6eMEl MOMEHTOB M TeopeMa HoKa3aHa.

HoxaxeM, uto B ciyuyae amHeliHO He3aBHCMMON CHCTeMBI dJe-
MEHTOB ¢, KOHEYHOMepHaA MpobGieMa MOMEHTOB pa3pelMMa Bcer-
aa. Ilycte 3anana smHeliHo He3saBMCMMAasA CUCTEMa SJIEMEHTOB ¢n,
n=12..,N, n uncana g,, n = 1,2,...,N. PaccmoTpuMm opro-
HOPMHMPOBAHHYI0 CHCTEMY 2JeMeHTOB ¥;, j = 1,2,..., N, nonyuen-
HYI0 M3 ¢n B pe3yibTaTe Npouecca opToroHamsamnu ¥; = w;/|lw;ll,

Wi = ¢; = Thz1(#5, ¥e)e. Toraa gn = Y51 (9n, )05, (9n,¥n) # 0

aan=12... N. PaccMOTpUM cHMCTeMy JHHEHHBIX aareGpamudec-
KMX YpaBHeHMit

> (¢n-¥i)ej=pa, n=12,. N,

i=1

OTHOCHMTE/IBHO HEM3BECTHRIX ¢, j = 1,2,... N.

OTO cHCTeMa C TpeyroibHO# MaTpHIel, Ha AMATOHAMN KOTOPOi
CTOAT 3/IEMEHTHI (Pn, Y¥n), OTAMUHBIE 0T Hynd. CllenoBaTelbHO. CHC-
TeéMa UMeeT eAMHCTBeHHOe pemenue ¢, j = 1,2.... . N. [Ilokaskem,
YTO BJIeMEHT

ABAAETCA peliieHWeM KOHeUHoMepHol npo6aeMs! MoMeHToB. elicTBHI-
TeJIbHO, TaK KaK (£n.vj) =0 npu j > n, To anaBcex n=1,2.. ... \

N n
(f.\"y’n) = (zeju'j-s‘?n) = Zéj(t}'ﬁ'ﬁr’n) = Un-
i=t j=1

Taxum o6pasom. B cilydae TMHEHRHO He3aBUCHMOM CHCTEMBI 2/1EMEHTOB
%n KOHeYHOMepHaA Nnpobiema MOMEHTOB MMeeT pelleHKe NPy JTio6hIX
uucnax p,. IIpu kakux ycrosuax 6yser cywecTBoBaThH pelneHMe
KoHe4HoMepHoii [-npo6iembr MomeHToBE [lycth fy —~ mocTpoeHHoe
BBl DelleHUe KoHeYHOMepPHOM npobiembl Momentor. O6o3HauuM
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yepe3 By munelinrii oneparop, AeiicTBylommit u3 RN 8RN n orpe-
JenAeMblii MaTpuueil ¢ saemenramu b;; = (i, ¥;), i,j = 1,2,...,N.:
Tak kak #Ta MaTpULa TPEYroJIbHAA U HAa €€ AMArOHAJM PACIIOIOKEHE]
He HyJIeBbie 3JIeMEHThI, TO IPU BCeX HAaTypaJbHEIX N omeparop By
UMeeT OT'PaHMYEHHHIA 06paTHBIA B;,I. Torma

N N
Fnll =D (v, vi)® < IIBRUIP D wl.
n=1 n=1

CaenoBaTtenbHo, sileMeHT fy OyAeT ABAATHCA TakKKe U pellieHUEM
KoHeyHOMepHO# [-npoGieMbl MOMEHTOB, €Cam

N
BRI ) ua < P

n=]

HpenmonoxnM, uTe BHIMONHEHB cieaywoiude ycaopua. CucreMma u-
HeliHO He3aBMCUMbIX DJIEMEHTOB @ TaKOBa, uTo ||By'|| < B ana Bcex
HatypaibHeix N. llocmenoBarenbHocTh uucen p,, n = 1,2,..., Ta-
KoBa, UTo ajeMeHT {un} € Iy u [[{pn i, = . Torma, ecm Bu <,
TO CyLeCTByeT pelicHMe GeCKOHeUYHOMEpHOU [-npo6jieMbl MOMEHTOB.
IleiicTBUTENBHO, IPM 5THUX MPEANONOKEHUAX MIA M060ro HaTypalib-
Horo N cyuiecTIByeT peleHme fy KOHEUHOMepPHOH npobiieMbl MOMEH-
TOB AJA Habopa umcen y;, t = 1,2,...,N. Torma

B N 1/2
Fwlle < uB;vln(Zui) < Bll{a}llis = B
n=1

Chnenosarenbho, ecnd By < I, To KoHeuHoMepHas l-npo6iema MomeH-
TOB UMeeT pellleHHe Ul JIo6oro HatypaiabHoro N u U3 Teopemsr 6.1.1
clielyeT, YTO CYLUIECTBYeT pelieHue GecKoHeuHomepHoi [-npo6aembl
MOMEHTOB.

H3noxeHHble pe3yibTaThl HENOCPEACTBEHHO NPUMEHUMEI HJIA WC-
ciefoBaHua ucxomHoit 3amaum (1) B cayuae,” koraa pemenue f(z)
vierca B npoctpaHcTse Lifa,d]. Onu npencrasamoT coboit aHamms
JAOCTaTOYHO NPOCTOro BapuaHTa Mpo6iemul MomentoB. Jlpyrue moc-
TaHOBKM IIP06GJjleMbI MOMEHTOB CBA3aHBI ¢ ee pelleHneM B Gollee o6mmx
GYHKUMOHAJILHLIX MPOCTPAHCTBAX, a TaKkKe MUCCAeAOBaHMEM 3Tol 3a-
Aa4Yu A KOHKPETHBIX CHCTeM (YHKIMIA @,(z). OTMernM B cBA3M
C 3THM, YTO CYIMECTBYIOT TEPMHWHEI CTell€eHHad NpobiemMa MOMEHTOB
(pn(z) = ™) nau TpuroHoMeTpUUeckas npobiema MoMeHToB. O3Ha-
KOMMTBCA C 8THMM U APYTUMHM BONIPOCAMHM, CBA3AHHLIMM C Ipob6aeMoii
MOMEHTOB M ee MPUJIOKEHMAMM, MOKHO mmo KHuram [5, 12, 38, 39] u
uMemoIelica B HUX AuTepaTtype.

OctanoBuMca Ha Ipo6ieMe e IMHCTBEHHOCTH BOCCTAHOBJICHUA QyH-
kumn f(z) € Lyfa,b] o ee unterpanam p,, onpeaenaeMbiM paBeHCTBa-
mu (1), rae {pn(z)} — 3amannan cucrema dyukumii. $opmabHbIi 0T-
BeT Ha BTOT BONPOC AOCTATOYHO-NPOCT. 3alayva onpeaenenus f(z) us
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paBeHCTB (1) MMeeT eAMHCTBEHHOE pellleHMe, €CAM CUCTeMa (yHKIWA
{#n(x)} momua B npocTpanctee Lyfa,b]. Oanako riapHas npo6iema,
KaK [pPaBUJIO, COCTOUT B TOM, YTOOK! BHIACHUTE, ABJIACTCA M TOIHOMN
ZlaHHAaA KOHKpeTHas cucreMa ¢pyHkumit {¢,(z)}. Ommm u3 Haubonee
V3BECTHBIX KJIACCOB MOJIHBIX CHCTeM B mpocTpaHcTBe Lyfa, b] apasioT-
CA cHCTeMBl cobcTBeHHbIX dpyHxumit sanaun [ITypma-JInysunns (cm.
TeopeMmy 3.3.3 u Gosee noapo6Ho [54]). OueBuaHo, 4To CymecTBYIOT
IOJIHBIE CUCTEMBI (pYHKIMIA, He ABJIAIOUMECA COOCTBEHHBIMU $YHKUMA-
Mu 3agauu lItypma-JInysunas. Xopomo u3BecTHRIA npuMep Takoi
CUCTeMBI — CHUCTeMa cTeneHHbx ¢ymrmmit {z"}, n = 0,1,..., nmon-
HOTa KOTOpOif ciienyeT u3 TeopeMul Belfepmrpacca o paBHoMepHOM
OpUGIIDKERUM HellpePHIBHOW Ha OTpe3Ke anre6panvyecKMMu MHOFO-
wienamMu. PaccMorpum Gonee obmyro curyammo. IlycTs cucrema
bynxumit pn(z) = 2%, rae a, — HEKOTOpaA MOC/IENOBATENLHOCTD
MONGKUTENAbHBIX unces. CripaBelUIMBa cleAylomasn TeopeMa [35].
Teopema 6.12. Ecau f(z) € L2[0,1], nosoncumessnvie xucaa
an, n = 1,2,..., maxoes, wmo lim,_ o, a, = 00, Z;”___li =00 u

flf(:c)xand:c =0,n=12,..., mo f(z) = 0.
0

OTMeTHM, YTO K MCCNEIOBAHMIO TIOIHOTH CHMCTEMbl QYHKIMI Mo-
xeT GHITH CBeleHa 3aava MCCHIeOBAHUA eAVHCTBEHHOCTH peIleHHA
JIMHelfHOT' 0 MHTerpajbHoro ypasHenua $pearonsma l-ro poga. Heit-
CTBUTeNIbHO, ecsM Anpo K(t,z) ypabHenus

3
[re)@)z = g0), e<t<d, @)

TaKOBO, UTO Ha oTpe3ke [c, d] cymecTByeT mociieA0BaTENLHOCTD TOUYEK
tn, TaKad, 4To cUCTeMa GyHKIMM ¢n(z) = K(t,,z) moaHa B IpocTpaH-
cre Ly[a,b], To pemenue ypabuenus (2) eauncrsenso B Lo[a, b].
IIpuBeneM B 3akiloueHue npuMep cBeleHMA obBpaTHo# 3anaum
ANA OOBIKHOBEHHOrO AM¢depeHUMaNLHOro ypaBHEHHMA C MapaMeTPOM
K mpoGneMe MoMmeHToB. B ra. 3, §3 6nuia paccMoTpeHa 3anava
onpezesieHns KoadPuimenTa a(z) mubdepeHumaabHOrO ypaBHEHUA

¥'(z,X) + Aa(z)y(z,A) =1
no ¢ynximu o(A) = §(1,X), rae j(z,A) — pemienue sTOro ypaBHeHU,

yaosaersopsawoutee ycaosuio H(0,A) = 0. DTa 3amavya cBoAMTCA K
MHTErpajbHOMY ypPaBHEHWIO

jexp{ - Aja(&)d&}d{ = @(A)

183



OTHOCHTeNIbHO Heu3BecTHo# ¢pyuximm az). OGo3HauMB depes

1
8(6) = [ a(0)as,
3

MOJyYMM ypaBHeHHe

1

/ exp{~AB(E)}dE = p(A)

0

ana pynxumu B(€). dupdepeHmpys 2T0 paBEHCTBO N pa3 U NoNaras
A = 0, monyuum

1
/ (BE) (=1 de = ¢™(0).
0

CnenosarensHo, o6paTHan 3aaya CBOOMICA K 3ajaue onpeneine-
A ¢yuxkimu F(€) no 3HaUEHMAM ee MHTErpaJioB

1
/(ﬂ(&))"df =v,, n=12,..., (3)
0

rae v, = (—1)*¢"(0) — 32nannbie uncna. [peanonmium, uro J(€) €
C!0,1], #'(€) < 0 npu £ € [0,1] u u3sBecTHO 3Hauenne f(0). Ilycrs
ana onpeaenenoctu 3(0) = 1. Caenas B paBeHcrBax (3) sameny
nepemeHHux z = ((§), nonyumm

1
/f(z)z"d: =-v,. n=12,..., 4)
0

rae f(z) = 1/8'(8~Y(z)), a B~(z) — dymxuma, obparnas x B(£).

aK Kak
1 1
[ 1)z = [ L @)z =870 - 70 = -1,
0 [}

To ¢ yuerom (4) paccmMarpuBaeMmad o6paTHaA 3aldava CBOOMTCA K
cTeneHHol npobneme MOMeHTOB, cocTosmeit B onpeaeneHuH GyHKUMM
f(z) no ee wuTerpasam

1
/f(z)z“dz =p,, n=0,1,2.._,
]
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rze jiy, — 3ajaHHHe uucia. EZMHCTBEHHOCTH pellleHuA dTol 3anaum
B mpocrpaHcTBe L[0,1] caemyeT M3 NMOMHOTEI CMCTEMH CTENEHHBIX
ynxamait {z"}, n =0,1,2,..., B oeToM mpocTpancree. OT™MeTHM, YTO
NpoBelleHHas PeAyKUMA HeluHeliHolt 3ajauM ompeselieHNA ¢yHKUMH
B(£) mo cemelicTBY ee MHTErpaJioB V,, 3alaBaeMEIX paBeHcTBamu (3),
K JMHeliHOM 3aqaue Bo3MoXHA M IJiA Gosee obmero cayudas. Ilycts
Tpebyerca ompememts $ymxmmio S(€) € C10,1)], B(0) = 1, B(1) = 0,
B'(€) < 0 ana € € [0,1], eciu M3BeCTHH 3HAYEHWUA MHTErPajioB

1
/K(n,ﬂ(s))ds = n=12,...,
0

rae K(n,f) — sanannaa ¢ymxima. Caenap B BTHX HMHTerpajax
3ameny nepemennnix z = f(€), f(z) = 1/8'(8~}(z)), umeem

1
/K(n,z)f(z)dz = —py, n=12,....
0

TaxkuM 06pa3oM, MEL TIONYYHIHM 3a0a4y, GM3KyIo K JMHelHOH! 3anaye
(1), chopmymvposaumoit B Hauase maparpada, c cucTemol ¢ymHxumit
en(z) = K(n,z), n = 1,2,....

§2. 3AAYM KOMIILIOTEPHOM TOMOTPA#HH

KoMmnbloTepraa ToMorpagua cTajla HIMPOKO M3BECTHA B CBA3H C
CO3/IAaHMEM ¥ VHTEHCMBHEIM NIPMMeHEHMeM MeMUMHCKNX TOMOrpados.
B HacTosamee BpeMa ToMor padguyeckne METOALI AKTUBHO MCIOIb3YJOT-
CsA He TONLKO B MEMIIMHE, HO M NIPH pelieHMH Pa3NUYHABIX TeXHUYECKIX
3azay, HApMMep B HEPA3pYIIAIOMEM KOHTPOJIe KauecTBa M3zenuHt, 1

B LIeJIOM pfjle Hay4YHBIX MCClIeIOBaHMMA. S—

[ PaccMoTpuM cXeMy TOMOTpa¢uueCcKoro pKCHEPMMEHTa B peHTre-
HomarHocTMKe. Tomkuit (mumeltnnii) MydYoK PeHTreHOBCKMX Jydelt
NpOCBeUMBaET IUIOCKOEe CedeHMe Teaa. M3MeHeHMe MHTEHCHBHOCTH
M3Iy4eHusa B Pe3yNbTATe NPOXOKACHUA Yepes Telo PUKCHpYyeTCA Ae-
TektropoM.| IlomoGHile M3MepeHMs MPOBOMATCA LA BCEBO3MOKHBIX
HanpaBAéHMiA IpoCBeYMBalomero Myyka. B peaynbrare 06paGoTKu Ha
KOMIbIOTEPE JAaHHEIX BTOr0 BKCIIEPMMEHTa IoAyYaeTcd ABYyXMepHoe
(B mnOCKOCTM ceveHMA Tena) u3oGpaxeHue.

(MycTe $pyHxumaA f(z,y) npeacrasaser coGoit kosd¢uumeHT no-
FJIONIEHNA PEHTreHOBCKUX aydelt B Touke (Z,y), pPacCMaTPHBAEMOro
naockoro cedenms. Toraa oTHOCUTeAbHOE YMEHbIIEHE MHTEHCUBHOC-
TH M3JyYeHUA Ha MaJjioM oTpeske Al B Touke (z,y) pasHo f(z,y)Al
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rae t € (—oo,00). Toraa popmyny (2) MoxHO 3amMCaTh CleAYIONAM

O6o3naumnB yepes Jy HAYAJBHYI0O WHTEHCHMBHOCTb NyYKa, a uepe3s Jy i o6pasom:

€ro MHTEHCMBHOCTD MocC/JIe MPOXOKAECHHA Uyepe3 Tello, noayymmM

“;—: = exp{—L/f(z,y)d’}:

rae L — npsamas B IIIOCKOCTH CeYeHMA, COBNAAAIOMAsA C HAIPABJICHN-
eM nyuka. Tak kak Besmumna Jy/Jo u3aMepAeTcA ANA BCEBO3MOKHEIX
MPAMEIX, JIEKAIMX B IIOCKOCTH CEYeHNUA, TO B pesynbra're@f._ccuarpn- "
BaeMad npo6ieMa CBOOMTCA K 3aJadye onpeeseHUs $yHKIMM f(z,y) &8
N0 ee MHTerpajaM

u(p, p) = /f(pcosgo-—tsingo,psin¢+tcosga)dt. 3)

OTMernmM, uro mpeoGpa3osanme -PajoHa cymecTsyer He IUIA BCAKOR
pymapm f(z,y), onpenenenHodf Ha miaockoctd. W3 $opmymn 3) g
ClleayeT, 4To OHO He ONpeelieHo, Hanpumep, Aus f(z,y) = const # 0.
3anaua BoccTaHoBiaenua ¢pyHkumm f(z,y) no cemelicTBy MHTErpa- . . .
, 0B OoT oTol ¢yHkmmH u(p,p) npeacTaBiser coGolt sanauy obpame- po
HMa npeobGpasoBauna PajgoHa. PaccMoTpum cHavasa aTy 3aJady Aid A\

13

L/ f(z, 9y,

B3ATHIM N0 KaXKAOH U3 NpAMEIX L, neXKallMx B MIOCKOCTH CEYEHHA.
3anaya BOCCTaHOBJEHMA GYHKIMM ABYX IepeMeHHBIX, 3aJaHHOH
Ha II/IOCKOCTH, MO 3HAYUEHWAM ee MHTErpalioB BAOJIL MPAMEIX Ghila
nocTaBJieHa M pemeRa Panonom B 1917 roay [103]. Mnrencusnoe pas-
BUTHe paboT o ToMOrpamM U MX IPUMEHEHNE B Me IMIMHE HAYAJIOCh
MpUMEpHO Yepe3 noiBeka Nocae paborm Panona.
PaccMmorpum Gonee $popmamsopannyio NOCTaHOBKY 3ajadM.

Y paBHenue npsAMo#i Ha IJIOCKOCTM MOXHO 3aJaTh crenyiommm oG-
pa3oM:

V

~ s zcosp +ysing = p. (1)

3neck |p| — namHa nepnemmmkynspa, onymeHHOro M3 Hawala KOOp-
AMHAT Ha NPAMYIO, 3 ¢ — Yroil MeXAY OChIO T W NMePNeHIUKYIAPOM.
Takum 0Gpa3oM, ceMelicTBO NPAMBIX Ha IIOCKOCTH NpeACTABJAET CO-
6oit mByxnapaMerpuyeckoe cemeicTBo L(p, ), B koTOpoM napametp
P TPMHMMAET 3HAYEHMA OT —00 Mo +00, a ¢ — oT 0 1m0 2x. M3
ypasHenus (1) caenyer, uro napu (p,p) u (—p, ¢ + T) 3a4ai0T OmHY
M Ty e MpAMYIO. )

IIpeoGpa3zoBannem Pamona uasmmBaercs oTo6paxkeHne ¢yHKIMH
f(z,y), 3anauHolt Ha mAOCKOCTH, BO MHOKECTBO ee MHTErpaJjioB 1o
BCeM NpAMEM, JIeXKamMM B aTo#t mnockoctn. Tak kak umHTerpan or
$ynxumn f(z,y) no npamoit L(p, {) 3aBHCHT OT IaPAMETPOB P U @, TO
npeo6Gpasopanne Pamona MokHO 3amicaTte B BUAe

u(p,p) =

f(z,y)dl. 2)
L(p,») : %

QT
R /& -~ M
Iepeitnem o ypasnenus (1) k napameTpuueckomy npeacTaBiennio
npamott

z=pcosp—tsing, y=psing-+tcosw,
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palMaibHO-cMMMeTpuuHOM ¢yHKimn f(z,y), obpamalomeiica B HOMb
BHe Kpyra pamuyca R c UeHTpoM B HauaJie KOOPAMHAT.

Urak, nycts f(z,y) = fo(v/2% +y?) ana 2% + y: < Izi’, rae fo(2) g
HenpepriBHa Ha orpeske [0, R] u f(z,y) = 0 mpu z*> +y° > R*. Bu-
yucnuM npeo6pasopanme Pasona oT aToft dyHKIM. OueBnasHo, 4TO
u(p,) = 0 npu |p| > R. Mycts |p| < R, Toraa

- VAR
u(p,p)= [ S(pconp=tsinp,psin g+t cos p)at= [ /e
-0 —/R2=p?

?

Wi —
u(p, @) = 2 / fo(VEFB)dt, p| < R. @)
[

W3 aTOro0 npeacTaBieHns A npeoGpasosanus Panona caenyer, uro
B PAcCMaTPHBAEMOM CJIy4Yae OHO He 3aBMCHT OT nepemeHHoM ¢ ¥ UeTHO
o nepeMenHo# p. YUMTHBaA 8T0, B AajbHeiimem Gynem 0603!!8.‘!3.’;‘!;
npeo6pa3sosamme Panona uepes u(p), rae p € [0,R]. Cnaenas s (

3aMeHy nepemenHuix § = \/p? + t2, noxyunm

7 2@ _ ), 0<p<R. (5)
} 4

Ve

Takum o6pa3zoM, 3amaua obpamenua npeobpasoBanus PazxoHa B
clydae paIMaibHO-CHMMETPUUHON dyHKUMM f(z,y) cBomATCA K 3a.11;
ye penleHWA MHTErpajibHOro ypaBHEHUA (5) c m3BecTHO#t $yHKIM
u(p) n neuspecTHO# fo(f), KoTOpylo TpebyeTcs onpeneUTE.
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Hurerpansnoe ypasuenne (5) npeactasaser coGoit MHTerpajbHOe
ypaBHeHMe 1-ro poia ¢ HepeMeHHLIM NpeaeNoM MHTETrPHPOBaHMA. -

Cpoeo6pasue ypasHenusa (5) COCTOMT B TOM, YTO €ro ApoO

_ % 20
0= =5 = e

0<P<OLR,

MMeeT MHTErpupyeMylo ocobentocts. McciienoBanme nono6HuxX ypas- |
Henmit Guio HavaTo AGesieM, N02TOMY MX OGLIYHO HA3KBAIOT ypaB- -
HeHWAMM Tuna AGenna. OTMeTuM, uTC MHTerpah, CTOAUM B JeBod

JacTh ypasHenyA (5), onpenenen 1 moGol pyrxamu fo(d) € C[0, R).
Honyumm sBuy0 popmyny ana pemernms ypasnermua (5). ¥Ymuoxum
(5) wa p(p? — 5?)~1/2 u npounrerpupyem'no p or s a0 R

R R R
/ p(p? - 57712 / 2%——1_@:—2?@= / p(p* - 5*)"V?u(p)dp. (6)
s P s

O6o3naunm neBylo yacTh 8TOro paBeHCTRa yepe3 J(fo) u npeoGpa-
3yeM ee. MeHas nopanok MHTErpupoBanusa, MOJIyYMM, YTO

I(fo) = ]R 2fo(o)e( j Ry, ,2)da.

Beravcaum sHyTp eHumii MHTerpaj. Bpenem HoByo nepemenHyio
z = (2p* — 02 - 52) /(62 ~ s?). Torma p? = 6% - s¥)z/2+ (02 +5%)/2 m

] pdp _
. (P — s2)(82 — p?)]1/2 —

_1 / (0% — o2y _
"4 (=2 @ = AT - 2= (& = A

1
_ l/ dz _1 ( 1 7
=3l a=HnE=3 arcsin z)[_l =3
21
CiiegoratemHo,
R
J(fo) = w/fo(a)ﬂ dé
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4 (6) MokHO 3amMcaTh B BMIe

R

R
w [ 1o@pds= [ 567 - ) utp) ap.

s

lunddepemmpys eTo paBeHCTBO N0 5, MOAYUUM bopmyny nna pemenus
ypasuerusa (5)

R
fo() =~ [ oz — )~ V2u(p) dp. (1)

ws ds

M3 sToro mnpeacraBieHus cieqyer, 4To peiienne ypaBHeHua (5)
€IMHCTBEHHO B IPOCTPaHCTBE HENPEPBLIBHBIX (GYHKIMIA, a 3HAYHUT,

paznaibHO-cuMMeTpuyHaA ¢yukima f(z,y) = fo(\/z? + y?) danosnay-
HO ONpejeNsAeTcA CBOUM MpeoGpasosannem Panona, .

PaccmoTpum Bompoc o KoppexTHOCTM 3ajauM pemeHMs ypabHe-
ua (5) B ciyyae, Korja MHTer pajbHEIA onepatop K fy, crosmpi
B JleBoif 4yacTu ypaBHeHus (5), paccMaTpuBaeTCA AeficTBYIOmMM M3
npocrpancrsa C[0, R] B Cg[0, R] — npocTpaHcTBO HenpepHIBHEIX Ha
[0, R] dpymxumit, o6pamatommxca B Hyb B Touke R. Y3 ypapnenns (5)
cnenyer, uro ycaobue u(R) = G ects Heobxoaumoe yclioBMe pa3pemn-
MOCTH 2TOro ypaBHEHMA B Kjacce HelpephlBHBIX $pyHkumil. Popmyna
(7) maer HekoTOphle OCHOBaHMA HaJeATLCA Ha To, YTO JJIN NaHHOM
Naphl NPOCTPAHCTB 3a4a4a pemeHns ypasHenus (5) koppektna. Ilo-
KaXKeM, YTO 9TO TaK.

Paccmorpum Ha oTpeske [0, R] nocnemoBaTembHOCT: HeoTpHia-
TeJIbHBIX HeNpephBHEIX ¢ynkumit f,(0), Takux, uro f,(8) = 0 npm
6 €[0,alUfas,R], rae a, =a+1/nu [lfallcio,r) = n/%. Toraa dyn-
KK un(p) = K fn HeoTpuuaTensn Ha otpeske [0, R] u pasun Hymo
npu p € [an,R]. Ilpu p € [a,a,]

Gn
_20d0 = nl/19,/p? —p2|:' =

02 — p?
4 p
= n!/%2/a2 —p? < const n~1/4,

un(p) < n'/*

a npu p € [0,q]

un(p) S n1/4 20 do - nl/42 /02 __sz:ﬁ _

\ / 2 . p2
a 0 p
= n'/42(v/a - p? — \/a? = p?) < const n~ /4.
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CnenoBatensHo, ||tunllcpio,r) < const n~ /4. Taxum o6pasoM, mpu
n — oo |fallcio,sr = 5 2 ||tnllcro,s — 0 ¥ paccMaTpuBaeMan
3aJada HeyCToHYMBa.

epeiifieM Tenephb K MCCIeI0BAHMIO 3aauil BOCCTaHOBJICHHUA yH-

/ ki f(z,y) mo ee mpeoGpasopanwio Paxona u(p,p) B obmeit moc-

%

TaHOBKe (€3 Npe TONGKEHMA O PaaMalbHOA CUMMETPUHI f(z,9)). B
JasbHelineM 6yaeM IpemonaraTh, 4To GyHKMA f(z, y) NpUHAIEKUT
MHGKeCTBY GeckoHeuHo maddepeHIMPYeMBIX Ha MIIOCKOCTH byHxumit,
TaKMX, 4TO

sup

,ky@"_f_(_’f;_)l <oo (8)
(z,y)ER?

OzP Ayt

JAfl BCeX HeoTpHUaTeNbHLIX Nennix yucen k, I, n, p, ¢ (n =p+ q).

MoxkaxkeM, uto aAns yuxumit f(z,y), o6rajaoNMX yKa3aHHBIMA
cBoiictBaMM, ipeo6pasopanme Paxona u(p, p) CymecTByeT 1 Ajid HEro
npu p € (—00,00), ¢ € [0,27] BrmoNHAETCA OLEHKa

4.l < 7 gy (9)

rae C — nofGKUTENbHAA MOCTOAHHAA.
M3 ycaosus (8) caeayer, 4To CymeCTBYeT MONIGKUTENbHAA MOCTO-
auHasa C;, Takad, 4To A Beex (z,y) € R?

Ci
If(z» y)‘ < ((1 + 22)(1 + yz))z'

M3 arolt onenxu u dpopmynnl (3) ana npeobpasopamma Panona cie-
AyeT, 4To

o
el < [ f(pconp—tsing,poinp+tcose)ldt <

- 00
o0
<G / (1+ (peos ¢ — tsinp)?)"2(1+ (psin p + t cos p)?) " dt.
—00
Tak Kak

(1+(pcos<p—tsin<p)2)(l+(pSin€P+t°03$0)2) 2
> l-{-(pcosgo—tsinq:)’-i-(psingp+tcosz;:a)2 = 1+p2+t2,

TO
T dt
< —————ee |
|u(p, ‘P)‘ 5 Cl / (1 +p2 +t2)2
-00
190

Torma, yuuthBas To, uro

/ dz _1 = 1 z
(2 +a?)? ~ 2a2 2% + a? + ogs Aets (;) + const,
HMeeM

lu(p, )| <

¥ omnenxa (9) noxasana.
3ameuanue. Usycaosua (8) Moxato moKa3aTh Gollee BHCOKYIO
cxog'oc'm CTPeMIIeHMA K Hy/mo |u(p, ¢)| npu |p| — o0, yem B onenxe (9).
CTaHOBMM CBA3b MeXAy upeobpasoBammamu Pypbe ¢yHKnm

< __
a+7pn

f(z,y) u ee npeo6paszobarmem Pamona u(p, p). U3 onenxu (8) cnenyer, q

;1;; ’;n:n $yuxumu f(z,y) cymectByer aByxMmepHoe npeobpasopanme

) 1 o0 00
fovwn =5 [ [ expl-ions — iw) (e, v)de dy.

- 00 =00

M3 onenxu (9) cnenyer, ure mna moboro ¢ CymecTByeT omHOMEp-
Hoe npeoGpasoBanue Pypbe pyHKumM u(p,p) No NepeMeHHOH p

i(w, p) = —‘/f; / exp(—iwp)u(p, p)dp.

IToxaskem, uTo npeo6pasoBanus Qypbé f(wl,wz) " i(w, ) cBA3AHK
Mexay coboit caexyommm oGpasom:

\ f(wcoscp,wsingo):#ﬁ(w,go). } (10)

N e
Paccmorpum

X ) 1 [« - I <]
f(wcosso,wsmso)m\z—r/ /exp(-"W(Icossp+ysin<p))f(z,y)dzdy-

-00 =00

Cne.uagm B 8TOM MHTerpaJie 3aMeHy NepeMeHHREIX T = pcos ¢ — Esinp,
y = psing + tcosp. Tak kak

D(::,y)z cosp ~—singp =1
D(p,t) sing cosp |~ 7’
a
—iw(z cosp + ysing) =

-—

= —iw(pcos? p ~ tsinpcosyp + psin? ¢ + tsin p cos @) = —iwp,
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TO

f(wcosp,wsinp) =

[~ <] [~}
1 . . .
=-2-—w-/exp(—zwp)/f(pcos¢—tsmtp,psmgo-{-tcoscp)dtdp.
-0 -00

W3 dopmyan (3) ana npeobpasopanna Panona creayert, uTo

[~ ]

f(w cosp,wsin ) = 2%'- / exp(—iwp)u(p, p)dp.

-00

YunTHBas onpejelenne oaHoMepHoro npeobpasoBanusa Pypre, ume-
eM

: . .1
fwcos p,wsing) = \/—2——”-u(w,so),

u dopmyaa (10) mokasama.

W3 popmyant (10) caenyer, uto pynxumsa f(z,y) omHo3HAUHO omnpe-
Renserca npeobpasosanueM Panona. IleficTBuTensHo, nycTh QyHK-
wan f1(2,y), f2(2,y) Taxosw, uto ui(p, ¢) = ua(p, ) ANA p € (—00,00)
w € [0,2n]. Torma ux paswocts fo(z,y) = fi(z,y) — fa(2,y) 6y-
aeT uMmeTh npeoGpasopanue Pamoma uo(p,p) = 0 ana p € (—o0,00)
u ¢ € [0,27]. Caenosarennno, npeobpaszosanne Pypne ot uo(p, )
no mepBoMy aprymenty to(w,p) = 0 maa Bcex w € (—00,00) M
¢ € [0,27]. Torma usz ¢opmym (10) noayumuMm, urto mpeoGpazoBa-
Hue ®ypre pynxwm fo(z,y) — PyHxmA fo(wcosp,wsing) = 0 ana
Bcex w € (—o00,00) u ¢ € [0,27]. M3 sTOoro paBeHCTBa CAeayeT, UTO
ana Bcex (wy,wp) € R? npeo6pasosanue Pypoe folwy,ws) = 0, mo-
CKONBKY Ana mobnix (wy,wsz) € R? crctema ypaBHeHHit wcosp = w,
wsing = w; OTHOCUTENHLHO W M ( MMeeT pemeHue w € (—00,00),
¢ € [0,2x]. Takum oGpa3om, npeoGpasoBanne Pypbe fo(wy,ws) Tox-
IKECTBEHHO paBHO Hymo mpH (wi,wz) € R?, a suaumr, u fo(z,y) = 0
ans (z,y) € R?. CnenosatensHo, fi(z,y) = f2(z,y) ana (z,y) € R%.

®opmyana (10), Ha3mBaeMas 4acTO NPOEKUMOHHOM TeopeMoit, ABIA-
€TCA OCHOBO# AJIA OJHOI'O M3 aJrOPUTMOB BOCCTAHOBJEHMA (YHKIMM
f(z,y) no ee npeo6pasosanmio Panona u(p,yp). ANropurMm cieayer
HenocpencTpenno us ¢popmyant (10). Ilo 3azannoit ymxmm u(p, p)
BrMMCHAETCS npeobpasoBanve Pypobe i(w, ), 3aTeM u3 dopmyasi (10)

BLIMMCJIAETCHA By XMepHoe npecbpasopanmne Pypove f(w;,ws) v OKOHYA-

TeabHo no f(w;,ws) Braucaserca f(z,y). Ilpu peammsammm sToro an-
TOpMTMa Ha MpPaKTUKe HeoOXOAMMO YyUUTHIBATL NPobieMbl, CBA3aHHLIE
C BEIYMCJIEHMEM NPAMBIX U 06 paTHHIX npeobpa3oBanmii Pypoe o1 PyH-
Kumi, 3azanHbIX npubawkenno: Jipyroit ocoGeHHOCTBIO aJropUTMa
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ABJIAETCA TO, UTO NMPHU €ro peaju3alMy HeoOXoaMMO NepecUUTHIBATE
3HaueHUA GYyHKIMH f(w cos p,w sin ), 3aJaHHOM B MoNApHOM cHcTeMe,
B 3HaJYeHUA f(wl,wz) B IeKapTOBOM cucTeMe KOOpIMHAT (w1,w2).
PaccMoTpyM Teneph GopMyny obpamenus npeoGpasopanua Pano-
Ha, T.e. popmyny Buuucienns f(z,y) mo u(p,y), nonyuennyio Paio-
oM. Tak Kak Npu BEIMMCIIeHNN 3HaYeHUH HCKOMOM GYHKIMH B HEKOTO-
poii TOUKE MOKHO CUMTATh, YTO HAYaJI0 KOOPMHAT HAXONMTCA B BTOH
TOuKe, orpannuumcs Gpopmyioli AnA onpeneseHUA 3HAUEHUA £(0,0).
O6o3naunm 4epes D, obracTb, NpeACTABIAIOMYIO coboii BHem-
HOCTb OKDYXXHOCTM pajMyca ¢ C HeHTpoM B Hyire. PaccMoTpum

IsoitHolf MHTerpan
d
D Vei+yi—gq
C moMomIpIo 3aMeHK ep eMeHHRIX Z = ¢ ¢os p—tsin g, y = gsinp+icosp
®TOT MHTErpaJjl NPUBOAMTCA K BHAY

2 o0

J=/dgo/f(qcosgp-—tsinqp,qsincp+tcos¢)dt,
0 0

wiu
Vid 0
J= /d(,a / f(gcosp — tsingp,gsinp + t cosp)dt.
0 -—00
CnenoBaTenbHo,

J =

|

Yid 00
/d<P/f(qcosso-tsingo,qsinso+tcos¢)dt
0 —00

u c yderom (3)

2x

/ u(q, p)de. (12)
0

J=

DI

C apyroit CTOpOHEI, CAeNlaB B UHTerpanie (11) sameny nepeuemmx/
£ = rcosy, y = rsing, NOAyYAM

2
7/ f(rcos, rsin(p))rdpdr
J= .
4 \/'.2 — q2
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O6o3nauus yepes Tak Kak HeonpejejleHHLI MHTErpan

2 _ g2
_ 1 i . dg = - rz g + const,
f(r) = o f(rcosp,rsin p)dp, (13) 2/ - ¢ r2q
0
TO
yneeM ' T_gf JrP-&
0o - / rdg _ _\/r o )
J= 21/%._%. J ¢#Vri-¢ re e re
ri—gq
]
CaenoBaTeibHO,

TIpupaBHAB 8T0 BRIpaxKeHME K Be/MuuHe, nonydenHo# B (12), momyuum
MHTETrpajbHOe ypaBHEHWe JUIA Heu3BecTHoM ¢yHxumu f(r)

2 17 VLTV
10 = Sim [ (g =¥ o=

_2, [ _fdr
T me=0 J rfri-¢?
[ 4

2 (T foar  [in-10,)
=;3'3.%(€ = = A R~ )

T f(r)yrdr
2| === , 0 ) 14
/ s = le), 0<g<om (14

rane
2x

u(q) = 2% / u(q, p)dp.

0 €

Ypaenenue (14) coBnaznaer c ypasnenmem (6), 3a uckmouennem 0603-
HayeHMif, a TakoKe TOro, YTO B ypaBHEHWM (5) Bepxumit mpenmen
KoHeueH, a B (14) on GeckoHeuen. DTo pasnauuMe NPOUIOMIIO TOMBKO
B CMJy TOro, YTO NpM BHIBOAE ypaBHeHMA (5) npeanonaraiock, YTo

fo(/2? + y?) pasna nymo npu z2 + y2 > R2.

Brruscnum HMHTErpan

BrumcauMm nepBuit mHTerpan. Tak xak

<+ const, (15)

TO
Q- el F(0)dr -
_ 1 [da #(q)dg 1 d ——= =f(0)
@=-2/ =i [ O Ly (0 [ o) S GELE

JlokaskeM, YTO BTOpOe ciaraeMoe, KoTopoe o6ozHauum hqepea .;-:
crpemmurca K Hymo npu £ — 0. O6o3naumm uepes w(h) wmony.

nenpepuBrocTé dynxmn f(r) na orpesxe [0,1]. Torza ana e < 1

HUcnonbsya (14), umeem

2. (1 f joyrdr T T fir)rdrd
3= 2lim (1 [LO)rdr [ [ f(r)rdrdg
J(u)—"I%(E/m ./ q? r’—q’)’

4 € g Ll A, 24 )
ré—¢

¥ 1) = FO) arae [HO=FOU,
r r

o0
M ldr+e
|le<€/ e f_{

Mensas nopanok unrerpuposanus so BTOpOM MHTerpajie, MolyYuM €

N3 00
X7 *® A dr dr
2 1 [ f(r)rdr = rdq < ew(VE) | ———= +2¢C —,
(@) = 2 lim (Z!,rr—, — ”./f(")‘/qzmd')' ,‘/r\/ri-ei J/?rvr’ €
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rae nocrosunas C TakoBa, uto |f(r)| € C maa r > 0. U3 (15)
crenyer, 4To

V2] < w(ve) arctg (Q) + 20(;2; ~ercte (g))

M Jo = 0 opu e — 0.
Takxum o6pazom,

1@ = F(0)
u popmyna, monyuennana PamoHoM, umeeT BuA
1 [ di(q)
10,0 = f0 = -1 [ L.

0

OtmeTnM B 33KMIOYeHMe omHy M3 HauGomee BaKHHIX NpobieM B
3a7auaX KOMIBLIOTEPHOW ToMorpa¢Mu, CBA3aHHYIO C TeM, YTO Ha
NpaKTUKe, KaK NIPaBUIIO, HE YAAETCA BKCIIEPUMEHTAJBLHO ONpeNenTh
ynxumio u(p, ) — npeobpasosanne Panona mis Bcex 3HaueHu pu
¢. HenocraTok B-uHpopMaLMM MOKeT MOPGKAATH HeeAMHCTBEHHOCTD
pM BOCCTaHOBJEHMM QYHKIMHM f(z,y). OmHUM M3 BO3MOXKHEIX CIO-
co6oB pemenus oToit npobieMnl sBAAETCA cyXeHue Kiacca QyHKumi
f(z,y). Bonee nonpobHo 3amaum Takoro THna, a TakKe Apyrue 3alaum

KOMITLIOTEPHON TOMOrpaduu M METOXW WX MCCJIeJOBAHNA W3JIOKEHHI
B [62, 82].

§3. OMPENEJIEHME $YHKIUMHN ABYX IIEPEMEHHBIX
IO EE MHTETPAJIAM IO CEMENCTBY
OKPYKHOCTEMN. 3AJJAYM MHTEMPAJILHOL
TEOMETPUM

PaccMorpum 3anmauy onpenenenus ¢ysxumm IBYX nepemeHHEIX
f(z,y) mo unTerpanam oT eToli GyHKUMM, BLIUMCIIEHHEIM Mo ceMelic-
TBY OKDYHOCTell, IPOM3BOALHOTO pajMyca, HEHTP KOTOPHIX JIEHKUT
Ha ¢uKcuMpoBanHOM npamo#h. DTa 3amaua B Gonee obmeit mocra-
HOBKe, COCTOAMIEH B onpellefieHu PYHKUMM N NepeMEHHHIX 110 BCeM
cdepam B n-MEpPHOM MPOCTPAHCTBE, UEHTPH KOTOPHIX MPUHALIEKAT
$uKcHpoBanHOM MIOCKoCTH, M3yueHa B [41, 49].

Nycre ¢ynkmma f(z,y) onpemencHa u HenmpepuiBHA HOJA BCeEX
(z,¥) € R2. Paccmorpum ceMmeificTBO oKpyskHoCTeH TIPOU3BOABHOIO
paamyca ¢ HeHTpOM, JeXKallMM Ha QHKCHpoBaHHOH npaAMoll, B KauecT-
Be KOTOPOH, 4714 ONpe AeIEHHOCTH, BO3bMEM KOOPAMHATHYIO och ¥ = 0.
Oxpyxaocts (z — a)? + y? = r?, npunagnexauyio aToMy cemeiicTsy,
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o6o3HauymuM uepe3s L(a,r). Uccrenyeman 3amada COCTOMT B ompeje-
nesuu ¢pyuxkwmm f(z,y) no ¢yurumm g(z,r), npeacrapaaomeil coboit
uHTerpad ot f(z,y) uo okpyskaoctu L(z,r)

s@n= [ fend, (1)
L(zr)
3allaHHOM A/A Bcex z € (—oo,00) U r > 0.
IocTaBieHHasa 3aflaya B KJacce HeNMPEPLIBHRIX (QYHKIMA MMeeT

HeeMHCTBEeHHOoe pemeHue. IloKaxkeM, 4To AiA moGoii HenpepuIBHON
¢ynxmm f(z,y), Takoi, uro f(z,y) = —f(z, —y), uHTEr paLl

f§,mydl

L(z,r)

paBHBl Hymi0 mpu Bcex z € (—oo,00) u r > 0. CpenaB 3ameHy
nepeMeHHBIX £ = ¢ 4+ rcosp, T = rsingp, NOLYINM

27
f(€,r)dl = /f(z +rcoso,rsing)rde =
L(z,r) 0 !

k4 2x
=/f(z+rcosgo,rsingo)rd<p+/f(x+rcosw,rsingo)rdqo. 2
0 w

Mocnenunit MHTErpas ¢ NOMOMBIO 3aMEHEI IePEMEHHON § = 27 — ¢ 1
ycaosua f(z,y) = —f(z,—y) moxHo npeobpa3oBaTh TaK

2% 0
/f(z+rcos<p,rsin<p)rd<p:/f(z+rcos¢,—rsin¢)rd¢=
L3 k.3

® s
= -—/f(:c+rcos¢,rsin¢)rd¢.
0

oacrapuB aTo BhIpaskeHue B (2), NOAYUUM, YTO
f(&,r)dl=0
L(z,r)

B ¢ € (—oo,00), r > (. Takum o6pa3om, Bce uHterpaist o1 f(z,y)
o oxpyxHoctaMm L(x,r) pasHbl Hymo, eciy f(z,y) Apnserca HeyeTHOM
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no y. Tak kak mo6Gasa pyuxkuma f(z,y) Moker GLITH NpeAcTaBiIeHA B
BYJ€e CYMMEl YETHOI M HeudeTHo# mo y dymximii

f(z’y) = f(z’y) +2f(z’ “y) + f(z’y) —2f(z’ _y)’

TO OYeBMIHO, YTO Bonpoc o6 omHO3Ha4yHOM onpeneieHuu f(z,y) mo
ceMelicTBY UHTerpaios ¢(z,r), onpelenseMbix popmynoit (1), MokHo
CT3aBUTH TONLKO AMA YeTHol no y dynxwm f(z,y).

Teopema 6.3.1. Henpeprisnas npu scer (r,y) € R? Pynxyus
f(z,y), vemnas no nepemennoil y, odrosnaxno onpedeasemes fynxyued
9(z,r), 3adannoti npu z € (—00,00), r > 0.

ldokaszatenbcTBo. PaccMorpum ¢yHKImIO

r r

6= [seni= [ [ senad= [[ renws
0 0 L(z,p) D(z,r)
rae obiacte D(z,r) — mHwkecTBo Touek (£,7), Takux, uro (£ —

z)2 +72 € r?
Haitnem uacruyio npoussomnyio ¢pymxumn G(z, r) no z. Tax xak

r _ z4/rios?

J[ renaar= | 1€, r)de] dr,

D(z,r) -

TO

aG a r o4 /risrt
wen=g[| [ sende=
AT SV )

r

= [V VAR - fe- VA A e

-r

ITokaxkem, uto

%g(:,ﬂ:% / f(z+¢€,7)Edl (4)

L(o,r)
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BBenn napamerpuyeckoe npeicrasiienMe kpuBoit L(0,r) ¢ mapa-
MeTpOM T, IOIyYHM

t [ttt [ e/ o Tl e

r2—g2
L(o,r) -r

[ 1o ot () ] -

= [ [He+V/P=7,7)-f(ae— /777, ).

M3 artoro mpeacraBnenua u dopmymu (3) cieayer dopmyna (4).
Pacemotpum

/ fE )l = / fz+ €7z +E)dl =

L(z,r) L(o,r)
= / fz+€r)dl+ / flz+& L
L(0,r) L(o,r)

YuuteBaa dopmyny (4), a Tawke To, UTO

s=n= [ fena= [ sa+ena,

L(z,r) L(0,r)

nMeeM
oG
£, TIE dl = 2g(a,r) + 757 (2,7)
L(zr)
Takum obpasoMm, ecim m3BectHa ¢yHKuMA ¢(z,7), TO M3BECTHHI

MHTerpajs! or ¢ynkumnu f(z,y)z no cemeilctBy okpysHocrelt L(z,r).
CnenoBateilbHO, MBI NMOMYYM/IM 3aady, aHAJIOTHYHYIO UCXOIHOM, HO

ans pyskumn f(z,y)r. IHosTopas npeoGpa3oBaHMA, aHAJOTHUHbLIE
NpeaLLIY MM, MONYYMM, YTO eC/M U3BecTHa g(Z, ), TO M3BECTHBI

/ f6, e dl
L(z,r)

oA Bcex z € (—oo,x' uur >0 Ilpomomkus »ToT mpouecc, byaem
UMeTBh, YTO MHTErpaJisl

/ f§ )% dl, n=0,1,...,
L(z,r)
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M3BeCTHHI 1A Bcex z € (—oo,00) m r > 0.

Ipeanonaxum, 4To ecTh aAse ¢pyuwxmn fi(x,y) u f2(z,y), YeTHHIe
Mo y, TakMe, YTO COOTBercTByloume wM g1(z,r) u gz(z,r) paBHH
ana Beex z € (—oo0,00) U r > 0. THokaxem, uro fi(z,y) = fa(z,y)
ana (z,y) € R2. ®ynxwm f(z,y) = fi(z,y) — f2(z,y) coorBeTCTByeT
g(z,7) = 0 naa Bcex z € (—o00,00) u r > 0. CnenoBarenbHO, YU THIBAA
npeplaylee, UMeeM

/ flg,r)¢"dl=0, n=0,1,..., (5)
L(z,r)

ansA Bcex z € (—oo0,00), r > 0. Ilepexoma K mapamMeTpUYECKOMY
NpEeACTABICHAIO KDUBOM, MMeeM

| fenea= / Fle V=@ = 1+ o e e

(6 z)?
L(z,r) -
z4r Y
+ [ He-v=E= o1+ ,—z—(f(—g{)-;)zﬁ"df-

Takum 06pa3oM, U3 4eTHOCTH f(Z,y) O y CAELyeT, YTO PABEHCTBA
(5) MoryT 6HITH 3amMcaHHI B BUZe

z4r

/ f(f,\/rz—(e——"x')?)—\/r_,ﬁ_——léﬁ:——____ﬂ_ﬁo, n=0,1,2..., (6

anA Bcex z € (—o0,00), r > 0.
TokaskeM, uTo U3 paBeHCTB (6) caeAyeT paBeHCTBO HYMO QYHKIMU
f(z,y) npu Bcex (z,y) € R%. Mycth (z1,y1) — NpousBoIbHAA TOUKA
miaockoctn. IlpoBenem uepe3 Hee oKpy»kHocThb L(Zzo,rg) C LEHTpoM
B Touke (zo,0) u pamuycom ro > 0. Ilokaxkem, uro f(z,y) = 0 Ha
oxpyHoctu L(zo,r9). 3anucas paBencrsa (6) ana ¢ = zo ¥ r = ry,
MOy YUM

T-r

Zo+ro

/f(f: Tg-(f“fo)z)ﬁ%f_ﬁ=0, n=012,....

O6o3Haunus uepes

o(€) = F& Vi —(€ =20
Vre—(E-z0)? '’
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HnMeeM +
PE}"dE =0, n=0,1,...,
HIN . e
To+ro
/ PE)E = (za—r0)"dE =0, n=0,1,.... @

®yuxma p(§) nMeeT MHTErpUPyeMyIo 0COBEHHOCTD B TOUKAX Zg —ro
M 9+ ro. Bsoaa ¢pyuxwmo

Zotro
W= [ s,
3
3anuceBaeM paBeHcTBa (7) ana n = 1,2,... caexyrommM o6pa3som:

Totro

[ e -tz ryde =
o Zo+ro
= —9OE~ o - [ 40 [ WO - (20— ro))ytde =0,
B uTore umeem
To+ro
P(E)E—(zo—1))"dé =0, n=0,1,.... 8)

Tak kak ¢yHxuma ¥({) HenpepriBHa Ha oTpe3ke [zg — ro, Zo + r],
a cucrema ¢yuxumit (§ — (zo — rp))” mMoNHa Ha BTOM OTPE3Ke, TO M3
paBeHCTB (8) nMeeM Y(€) = 0 ana € € [xo—ro, zo+ro]. CenoBaTennHo,
e(€) = 0 ana € € [xg — rg,z9 + ro). Takum obpasom, f(z,y) = 0 Ha
okpyxHocTn L(zo,70) 4, B wacTHocTH, f(z1,11) = 0. Tak xak Touka
(z1,y1) 6bina -BK6pana npoussoibHo, To f(z,y) = 0 ana (z,y) € R%.
Teopema noka3aHa.

PaccMOTpeHHYI0 3aXauy M MCCJEJOBAaHHYI0O B NpeALIyINEM Ia-
parpade 3agayy obpaiienmsa npeobpasopaHusa PanoHa MokHO 06b-
eIMHUTL B cleayomeii obme# nocraHoke. Ha naockocT 3agaHo
ABYyXnapameTrpuueckoe ceMeiicrBo kpusrix C(p,q). Tpebyerca ompe-
ReNMTh GYHKUMIO ABYX NepeMeHHBIX f(z,y), eciiM U3BECTHEI 3HAYEHUA
ee unTerpayioB mo Kpusum C(p,q)

9(p,q) = / f(z,y)dl
G(p,9)
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ANA 0apaMeTpoB p ¥ ¢, MPMHUMAJOIIMX 3HAYEHUA U3 HEKOTOPOro 3a-
AAHHOrO MHOXKeCTBa. 9Ta 3ajJaya, B CBOIO O4Yepelb, €CTECTBEHHO
obobmaerca Ha MHOroMepHsii ciyuail. Iycrs u(zy,...,2,) — HoC-
TATOUHO IIaJKaA QYHKIMUA, ONpe/Ie/IeHHAA B N-MePHOM MPOCTPAHCTBE
R"™, a P(\) — cemeiicTBo rAaAxKuX MHorooGpasuit B npocTpancTee R™,
3aBUCAMMX OT napaMeTpoB A = (Ay,...,\,;). Tpebyerca onpenennts
¢yuxwmmo u(zy,...,z,), eciam UsBecTHH MHTeEr PaJibl

/ u(z)do,
P())

rae do onpeaeNAeT @neMEHT Mephl Ha P(A).

3ajadyd TaKOro THNA HA3HIBAIOTCA 3aNaYaMU MHTeErpanbHOM reo-
merpun (18, 49). Wccnemosammio 3agau MHTErpaabHO¥ reoMetTpuu
M MX CBA3K C OGPaTHBIMM 3aJadYaMM WA M epeHIMalbHbIX ypaB-
HeHMit nocpsmeHo Gombmoe umcio pabor (cM., manpumep, [49] u
MMEIOMYIoCA TaM JMTepaTypy).
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