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JleiicTBHTEIBLHBIH H KOMIJIEKCHBIH aHAJIH3, 4 ceMecTp
Yacrts 2. TOKII

JnddepennupyeMocTh PyHKIHE KOMILICKCHOHN nepeMeHHoR. Y cinosusa Komn-Pumana.
CpoiicTpa ananmuTHYeCKUX QyHKUHA. ['eOMeTpHYECKHI CMBICI IIPOU3BOAHOM.
JpoOHo-mHelHbIe QyHKIHA: HHBAPHAHTHOCTH JBOMHOIO OTHOIICHHS, KPYTOBOE |
CBOHCTBO.

Coxpanenne cammeTpus. [IpaMeps! THIIOBBIX ApOOHO-THHEHHBIX 0TOOpaXEHHH.
Oyuxiuga XyKkoBckoro H obpaTHas K HeH QyHKIHs.

[NokasarensHas Qynknua. TpHroHOMETpHYECKHAE H rHnepbonyeckue GyHKIHH.
Briie/icHHE OJHO3HAYHBIX BETBEH MHOTO3HAYHBIX (yHKImi. Jlorapudpmudeckas QyHKIHA.
HnrTerpansHas TeopeMa Komu 1 ee 00001menns.

HeonpeneneHHbIH HATEIpai H TE€OpEMa O IEPBOOOPa3HOM.

HurerpansHas popmyna Komm.

NuddepennupoBanne HHTErpaia no napamerpy. beckoneunas nuddepennupyemMocTs

aHATMTHYICCKHX (PYHKIIHHA.
Teopemsr Mopepa 1 Jlnysmwuis. OcHOBHas TeopeMa BRICIIEH areOpsl.

PaBHOMEPHO H HOPMAJIBHO CXOAAIIHECH PAJIbl aHANMUTHYECKHUX GyHKumiA. TeopeMsl

Be#tepmrpacca.

AHATATHYHOCTH CYMMBI CTENEHHOro pajaa. Teopema Teimnopa.

Teopema €eTHHCTBEHHOCTH H €€ CJIC/ICTBHA.

Psinei Jlopana. Teopema Jlopana.

Knaccudukanus H30MpOBaHHBIX 0COOBIX ToYeK. Y cTpanuMas ocobas Touka. [Tomoc.
Cymecteenno ocobas Touka. Teopema Coxonkoro. Teopema Ilukapa (0e3
JI0Ka3aTelIbCTBa).

TeopeMsl 0 BeI9eTaX M HOJNHOH CyMMe BbIYE€TOB. BEI9eT OTHOCHTENBHO MOJIOCA.
Brermcnesrne HETErpaioB ¢ NOMOUIBIO BbiYeToB. Jlemma XXopaana.
Jlorapudmuuecknii Boraer. [Ipuanun aprymenTa. Teopema Pyme.

Teopema 06 ob6paze obnacTn. [IpHHIATIEI MAKCHMYMa H MEHAMYMa MOYJIA
aHATHTHYECKOH (PYHKIHH.

[Ipeobpaszosanne Jlamnaca: CymecTBOBaHAE H aHATATHYHOCTD.

OcHoBHBIE cBOMCTBa ITpeobpazosanug Jlannaca.

Onpenencaue opuraHaia no n3obpaxennio. Popmyna Mennuua.

Pemenue maddepennmansHbIX YpaBHEHHH ¢ OMOIIBIO peobpa3osanus Jlamiaca.
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]L P®yHKNUS KOMIUIEKCHOIO IepeMeHHOro

Hycts E — npousBo/ibHOE NOAMHOXECTBO KOMIWIEKCHOM IJIOCKOCTH M

NycTh KakJIAOMY 2 € F nocrasiieHBl B COOTBETCTBUE ONHO WIM HECKOALKO

yuces w. B 3ToM ciiyydae ropopar, 4yro Ha F 3anana PYHKUNE KOMIUIEKCHOTO

[IEPEMEHHOr0 2 M 3alMCHBAIOT TOT (PAKT CMMBOJIMKON Tuna w = f(z).
pmacpuy

Onuoznaysbie QyHKIMM

Rez,Imz, |z|,arg z,Z,2z" (n € N)
MHoro3zHayHble PYHKIMM

{/z (n € N), Argz

onmoxum z = = + iy, w = u + v, rae ,y,u,v € R. Torna sananne
¢y w = f(z) na F papHocMnBbHO 3amaHmio Ha F kKak moaMHoXxec-

TBe eBKJIMAOBOM IJIOCKOCTH [IBYX BEINECTBEHHBIX QYHKIMH U = u{z,y) n

v = v(z,y).
M UgoDPaLTARHI Ipumep

NOGPUICOB Ky TUHAL g-ﬁa, , | E

mgmwaqm, KOWMIUALKAHOU
Wm' wm;mﬂm w=2" = (z+iy)’ = 2° — y* + i2zy —
o ft{%@m K ol *— i,

QUJLMBEHHBNL P~ WSl =T

v =2y




4 . lpenen ¢pyHKnEm B TOUKE

Hycts E C dom f, n nycTs z; — npenesibHas Touka ansa E. 3amicek

lim f(z)=A

2y

osHavaeT: ;g Begkoro £ > 0 nanpercs 8(¢) > 0 Takoe, uro |f(z) — A] <€
npu |z — 29| < d(¢), z € E.
[Monoxum z = = + 1y, zg = oy + iy, f(z) =u+iv, A= B+iC.

Teopema 1 Kounaexcnoe coomuouienue

e

lim f(z)= A

Iy

PABHOCUABHO O6YM 6EULECTIIE EHNBLM TLPEOCALHBIM COOTNIHOULEHUL M

zﬂzléimy—rm u(z,y) = B, zazlé.my—m v(z,y) =C.
encreme 1 [Tycmb g(z) u h(z) onpedeaenvt na odnos u mom e muo-

acecmee E, npuvem

lim g(z) = Ay, lim h(z) = A.

T2y
Tozda
lim(g(z) £ h(z)] = A £ g, Jim[g(2)- h(z)] = Ay - As.

Ecau As # 0, mo

L=}

() _ A

M)~ Ar



#,. HenpepuIBHOCTH

Hycrs F C dom f, u nycts zyp € F ecTh npenensHas Touka ans FE.
®Oyukums f(z) HeNpepHBHA B TOYKE Zg, €C/IH

lim f(z) = f(20).

42y

Ecrm f(z) HenpepsiBHa B KaX/0# TOYKe MHOXeCcTBa [, TO rOBOPAT, YTO

f menpepsiesa Ha F.

Teopema2 Pynuxyug f(z) = u + iv mozda u Moabko mozda HenpepbvieHa

86 mouxe zy = Ty + iy, Ko2da

H:ljfﬂﬁm u(mi y)= u(zo, Yo), :ﬁ:ltip.nlyﬂm v(z,y) = U('T'Ha Yo)-




sncreme 2 Hycms g(z) u h(z) nenpepuienss 6 mouxe zy. Tozda uzx cym-
Ma, PAIHOCTL U NPOUIGETENUE TNAKNCE HENPEPLIBHBL 6 3ot mouxe. Fcau

h(zg) # 0, mo uwacmunoe g(z)/h(z) moace nenpepvieno 6 zg.

encreme 3'[Ilycmv Pynwyug w = f(2) nenpepviena na mnoxcecmee E
uim f C F. Hycmbv na muowcecmee F' nenpepviena gPynnyug ( = g(w).
Tozda caoxcnag Pynxyug (cynepnosuyug) ¢ = g[f(z)] = G(z) nenpepviena
na k.

IycTs dynkums|w = f(z) HenpephBHA|{Ha OrpaHMYEHHOM M 3aMKHYTOM

mHOoXecTBe F/ (KoMmaxTe).
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BaxHbI YacTHBIA CiIyuall GyHKIMOHAJILHOR
3aBHCHMOCTH

[ycres dyuxims z = A(f) ompenesieHa M HenpephiBHA Ha OTpe3ke
[a, B] C R. IN'oBopaT, 4T0 3Ta QYHKUME ONpENEISET HENPEPHIENYIO KPUS YIO
(aunuwo, dyey); 3HaveHns PYHKUMM HA3BIBAIOT TOYKAMM KPMBOiA, a ypaBHe-

Hue z = A(t) — napamempuuecxusm ypasnenuem 3mot Kpusotl

IIpamep

z = acost + ibsint, 0<t < 2n,
Foggeiunt  BeUyRLMBEHULIO (. KOUIMABLIYJHD O -

* = acost, y = bsint




9. Opomssonuas u auddepenumarn

Mycrs E C dom f, m nycts z5 € F ects npefenvHas Toyka ans F.

Oyuxums f(z) puddepent

ApYEMa' B TOYKEe Z(, €CJIM CYIIECTBYET Ipenen

mf(z) — (=) _ f f(iu)

zZ = Z

OH Ha3sBaeTCcs mMpoussonsoi oT f(z) B Touke zy u obosHavaercs f'(zy) mim

& (20)-

QMU
MomoxuM z — 2y = Az = dz (m%m:nu He3aBUCUMOI0O [IePEeMEeHHO-
. ro), f(z) — f(z0) = Af(z) (npupamenue pynxumn).

Jleoy Pynxyug f(z) mozda u moavko mozda Jufdepenyupyema 6
mouxe zy, xo2da ee NPUPAUlENUE 6 IMOU TMOUKE MOICHO NPedcMasums 6 |
sude o, Sk e o SO0 LML SouRe

Af(z) = A- Az + ez, Az) - Az, j E% ) eRAg e, et

2de A — xoncmanma, a €(2y,Az) — becxoneuno marag npu z — zy. Ecau

maxoe npedcmasieHUE 603 MONCHO, ma,A = f'(zp).

0 af(%) =AA% +E(%,08) AR

? = o .-:- j.'l‘;‘ é' = - - ;l.ﬁ' ':E":
o ﬁ'.,.. r'..-L... -a, Fary o E-i"'tl' '.3 ﬁ.:- ) ;.? ;F r -ﬁ“ BT éf:..'l}?f : i a g
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. > bra 8 m. % = mnfymbao. b
JL) Wo € F ¢ dom g TTh— Wm;mmmu

E=g(w) g (W)
s = glf(&)] =G

= (5 (%) = f'(%o]-g’{wa)
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4. AN QoY HIGHAL

. ﬂf?, 6 KWLE MONKL g G(Wmm) M j

O 7-us W= (&) - arowuwnruwwowa & 00L. G ecun O/Q Gugp - o,
8 kangouw mowe uj G w F' (&) ranguptuo 6 G (C-T).

1 JOubHUUEL N UAREUIUAOLUS.  BPMRfnl0  OrPEgestrud. T % .

w=F(z)=€"(cosy + Lsing) = u+iv- Beruco. ra.

U(x y) — p* ngg, LUV HDCIT A
(X g)_—. e,"gfng } HO E‘?’= C

1) B wenougobuwa . 4. MeoSioguwo npobepuunme yeuobus. CR

W= o8y  Ug=-esny |
(= ey Py = etoaty

= o m 3.4 f(&) — gup-wa 6§ C

3) JTobopiutt MG UbHOUNG HLOUABOQHOI
Fliz)=ecwy +ie*siny = F(2) = {'(2)=F&) (kow y ¢)
= (&) e AlC) — oowmmuuckos 8 cduomu €
k. £'(2=F => w==e"(coy+iny) — nowogoumekron
QYA 0N &
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@ I 1z, g(x) € AG). Jloga f(&) T g(2) eA(G)
Ecut §(2)~0 YZEG, Mo g(% e A(G)
0 Beurucum ug cboltemb WWWWW

Tw= f(z)e A ((; f(z# CJonst nga s 6o ? - f{e)

LI NI TN oMunuo G &) 1 L £(G) — QHOHTL,
0 gon-Bo & Korye kypea _1*\3* EW?
&), ( HAHOUUNUAARUNE CUDWHOU, (0-ws) T # ONnst
W= ﬂé‘é 6A(f£‘) Fo f(G)( dBuowns W3 nyrma 2), & =9 (W) eA(F)
mm?“’ S = 3[70(%]"‘ H(&)e A(G) W e AlG)— apowumuya. 8 G

l-l"

W= =) EA(G) F )%O stoea j@-»—-f

Joga, 3 Ke (Wo), % =@ (W) :
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_____ itaa)
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L= X+1 Hr(a: )*C Mx “‘WW AR Y |
%o = x"*g"ﬂ =R (%, y o XY=V (X ffo) — '&%“9 CW " @

*%mywmw o= quad = § 00, WY oo -
go - fla = grbad v= {0 U} fiofa,si b
, Vity) = V) 00s (7T, i )= ~ — Q. A w!m
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(R, ) = Ux Dy + Uy Vy = { Fowu - Puwona b = Uy Vx = Vs =0
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L1

w=t(2), 3§1(%) 40, §-nrpp b ogmu m s ; argd (%)

QY UpLIHIT, & ONURELIe =3 & LR Ry e
(% Pywornubious Cugy oL )

6. I'eoMeTpHMUECKHl CMBICSI APTYMEHTA HPON3BOXHOM V

[ycTs I — HenpephiBHas KpMBad C NapaMeTPHYeCKMM YPaBHEHMEM 2 =

A(t), rme t € E = [a,8] C R. B xakom ciiyyae QyHKUMS A MMeeT MPONU3BO/-

HY®0 B Touke ty € E7

[onoxum A(t) = z(t) + iy(t) u cocTaBuM pa3HOCTHOE OTHOLIEHME

A0 = Ate) ¥ 2(0) ~alts) | (0) —ylte)
t— tg t—1p t—ty

IIpu t — ty, t € E nony4yaem:
IIponssonnas A'({;) cyimecrByeTr Toraa m TOJIBKO TOrha, Korjaa

cyurecTByIoT o6e BellleCTBeHHbIE Npou3BoaHbie '(iy) m y'(ty). Ilpn

STOM
J\’(tﬂ) 20 ﬂfl(tﬂ) + iy'(tu).




Y= = 3uaqenue napaMeTpa g ¥ TO4YKa 29 = A(1() HA3BBAIOTCA peryjaspHabIME,
ecsm nipousBonHas A'(2)) cymecTsyeT um He paBHa HYJIIO.
Ecrm t; — perynspHoOe 3Ha4YeHMe apaMerpa, To Ans Bcex ¢ € E, no-

X
Y (to)=0
CTATO4YHO GJIM3KMX K fy ¥ OTJIMYHBIX OT fg, Touka z = A(t) Ha kpuBoit L

oTimuHa oT zg = A(tg). Ymcno n,fu,L AR, JUHAUR
At) = Alte) 2z — 2z G MﬁW&
0 F =8, 1=t (ferrun

paccMaTpHBaeMoe KaK BeKTOp Ha KOMIUIEKCHOM NJIOCKOCTH, JIEKUT Ha Mps-

MO, COEQWHSIOIEN TOYKH 2y ¥ Z, T.€. HAa CEKyIueH. YTroJ, Noja KOTOPHIM

3Ta CeKylllad HakKJIOHEHa K [eMCTBUTEIIHbHON OCH, PpaB€H

22— Z(

Argt_tu.

B npenene npu t — &, t € E, nonyunm
Arg)'(tg).

Takum obpasom, eciiu npu ¢ = &y pynkums z = A(f) nMeeT HeHyJIeBYIO
nponssonny0 X (4g), To cexymas KpuBo# L, npoxoasimas yepes TOYKHM Zj ¥ 2, .

MMeeT MpeaeibHoe NoJioxenne npu ¢t — &y, I To npeaebHoe NOJIOKeHHe eCTh

KacaTejibHag K KpuBoit L B ee Touke 2. OHa HAKJIOHEHA K NENCTBUATEIHHON

ocu niox yryiom Arg)'(tg).

Lo 222 s ') -

%{tn) i lﬂw;,{ﬂj{é}ﬁwgmn : i
VY T oo g )

=7 (oubog: ) OOt KomEUOL
g,) gw HOUCLOMD, = Pn‘lg A'lts)




=AW fOa] = i)
o<t < X<t p

2, =260 ; .
& o wﬂ-ff%?]-w)l Poughoghas, cuomod -l
Wﬁffﬁo) M) =2 (0)- f'(3) #

o Avg M) = Avg A )+ A1 (%) L) %" Gptort a(mé"*wi
|Axg JA(aL)-—A«g% ) = 019 (%)
4 A

LA A

> >
aﬂxmww

Onp Onobpaeruse gaga%muﬂa HANG LB (0~ ULl f(at) KOM@ O
mm WHWWWMWW n{ua:mgmm
Wé . (Ifunimeguisd, KoRGpopuIOULL)

Jeonea, 4. 5% Onwﬁ w=~() ko © romgolt m. %,
1'(&)#0 , me. Ay Jx‘{oc)H—IPA A(o) = g 7). Tz
O J w=F(2) omo obu. G B obu. F. Eouw Coombemembiie uuemgg .

MOtCUL — MMac obuaemei Bgmwwwo L omoBpRameAUL
wBopem,

APl b amgal movc vy @ wa'f ot OW

Q}WI
5 4. (&)= bgaumuoy
® f Al }(&) e Ter— 8. ¥ & — KorponuAc
« =7
o = Alts) ¢

CAOPAHOLL P-UlL

F(Me)) = M)




. OneMeHTapHBbIC aHAIMTHYECKHEe QyHKOAHA H
sanaBaeMbie IMHA KOHPOpMHEEBIEe OTOOpaXeHns

i . Henas nuHeiiHas QyHKOHI

(Mapkymesud, ri. I, pasgen 10)

w=L(z)=az4+p8;,; oa#0.
OB ONfRGRIIH UL
domL=C, imL=C,< W O0UoWMb pHONHE %

. Tak Kak npu junoboM w ypaBHeHMEe w = a2 + [ pa3speliMiMO OTHOCHTEJIHHO
z, T.e, Bcakoe w € C umeeT npoobpas 2. @ 28 S b @ i
@ aBusumod UL PURAHLA KOHADO UMMM
CHOUUTUAS U ~—u> L'(z)=a#0 V2. }

CornacHo BOoCTATOYHOMY YCJIOBMIO KOH(popMHOCTH (Teopema 2.5) oTobpa-
xenune w = L(z) xondopmuo B xaxnoin Touke z € C. Tak xak npmn sTom L
AeMCTBYeT B3aMMHO ONHO3ZHAYHO, TO MMEET MeCTO U riiobajibHas KoH(pOpM-

HOCTB, T.€. L EﬂHli]OpHHﬂ oTobpaXxaeT KOHEYHYIO KOMINJICKCHY O TWIOCKOCTE

C Ha cebs.

CnpaBemyiuBo u obpaTHOE yTBEpXIEHHE: €C/IM AaHAJIMTHYEeCKad PyHKINAL

w = f(z) xondopmro oTobpaxaeT KoMIuiekcHy10 mockocThk C Ha cebs, To

f aBngeTcd UeNioN JIMHENHON QYHKIIMEN,




DX LHUL WWW CAABROL  LUAMOUL 9‘{?-— ULL
Kaxkoe nMenno oTobpaxeHue OCyIIECTBISET JMHEHHAT DYHKIML?

Ecm o = 1, T.e. eciim w = 2z + 3, TO HPOMCXOAUT CABUI KOMILJIEKCHOM

MJIOCKOCTH Kak 1esioro. B KayecTBe BeKTOpa CHBMra BHICTYTMAET 4ucio 3,
MHTEpHNpeTHPYeMoe KaK CBODONHEBIA BEKTOP.

~" Ilpnm o # 1 orobpaxenue w = L(z) nMeeT HEHOABHXHYIO TOYKY 7,

ONMUCHIBAEMYIO YCJIOBUEM

L(v) =7,
T.e.

v = ay+ B, (1)
WITH

y e B AL COBRHMLYO

1—-a nwvcg,

BriunTas uz

w=az+p

encTso (1), i aeM: [um. oMk 6’3)1{2:?:0 8
o . v v 8 ogim%wmw I

Wer=alz—q). OddoAUL

Bbynem paccMaTpUBATh PA3HOCTH 2 —7Y M W — Y KaK BEeKTOPHI, IPHIIOXKEHHEIE

HAYAJIOM K TOYKE . 3anuChiBag (¢ B MOKa3aTeNLHOM dopme
a=re?,

COBEpPIIMM NEepexoji OT NepPBOro BEKTOpa KO BTOPOMY B J(Ba 3Talla, & MMEHHO

/f) CHayaJla YMHOXMUM Ha T:
z—y—r(z—79),

6?,) a 3aTeM Ha €%,




Taxkum obpazom, npu « 7# 1 JmHeiHas PYHKUMS 3aaeT MOMOTETHIO C
KO3(pPUIIMEHTOM T OTHOCMTEJILHO TOYKH 7Y, CONPOBOXKIAEMYIO IIOBOPOTOM

KOMIUIEKCHOM IWIOCKOCTHM Ha YroJi ¢ BOKPYI TOM Xe€ TOYKM. JTH npeobpa-

30BaHMS MOXHO BEINIOJIHMTH M B oOpaTHOM MOps/Ke: CHadalla MoBOPOT, a

MNOTOM rOMOTETHIO.

.;1 m@ormmwtponm m.y



,?afm ~HA {C) ﬁlﬂlﬁ!!b NI ITVE R (-t-
= N;'MHD B8ermu,  OPOOHUMADCN o

IIpu z — oo umeem L(z) — co. Ecnm HyXHO pacripocTpaHuTh onpenene-

HMe JuHelHoM GyHkuMM Ha C, TO eCTeCTBEHHO NOJIOXATH
[t Loy men
MO0 Ul

910 npuBoaMT K nossJsieHnio y L BTopoit HenoxsuxHON ToukM (6eckoHeuHo

ynanenHoit). Ecim o = 1, To oo sBnfgeTcs eAMHCTBEHHOM HENONBMAKHON
TOYKO#M, HO B 3TOM CJIy4yae €€ MOXKHO CYATAThL JABOWHOM.
Iloonpenenennas uHeiHas GyHKIMS no-npexHeMy orobpaxaer C Ha ce-

61 B3ammuo omHosHauHo. OcTaercs /m 3T0 oTobpaxenue KOHPOPMHEIM?

/a‘hu O3Ha4YaeT KOHPOPMHOCTH B GECKOHEYHO yNaJIeHHOW To4YkKe?

00

BrimonauM B nutockocTax nepeMeHHbIX 2 1 W 3aMEHH IIEPEeMEHHBIX

oLl deok. |
UL K obd =1 =1
KO HbA £ C"_

npeobpasyomme 6€CKOHEYHO yAaJieHHbe TOYKM 3THX IWIOCKOCTE! COOTBeT-
crBeHHo B £y = 0 u (p = 0. B HoBbiIX nmepemeHHBIX QyHkumMa w = L(z)

3AlIUIIIeTCH Kak

- | oot oo %
W=Qa%+8 BE (== Fra

[Ipon3zsonnas 2Toit QyHKIIMM paBHA

/

C_. ij-a)r no &.%.
; V

Ona ne obpamnaercs B HyJ1b HUrae, B ToM qyucie u npu & = 0. Cnenosa-

TeJIbHO, npeobpasoBannas GyHKumMs xondopmua B Touke £y = 0. B sToMm <\
ciryqae ucxonHas Gynxims w = L(z) cuuraeTcs KondopmHo#i B GeCKOHEHHO. | )4 0LUAHO

W{CPWL{L

 YAAJIEHHO# TOYKE.

=> QOONUHUABLHOA, (P~ UK COXJUAAINL KOHAPOWMAHOCTTLh

Coxﬂm,em I JOUMLHO.  KOHPOtrocnh
“m«i)npmfwkmb g m.oo:




&.. ipo6ro-nupeiinas GyHKOuS
(Mapxkymesud, v II, pasnen 10; ran. I, pasnen 4)

o

: az+b
w=Lz)= = ia (*)

[Ipu 3TOM He AOJIKHO DBHITH PaBHO HYIIO YWUCJIIO

6
ﬂmnww
ﬁ:mi-bc.—:det(cd] MLW

W =

=

'
i

Ha3bIBaeMoe onpenenuTenem dyaxkumn L.
' [Ipn ¢ = 0 gpobHo-nuHeHas GYHKUMS NPeBpaAIaeTCH B LIENYI0 JIMHEMHY IO

pyHK1MIO.

YMmuoxkas Ha unciio A # 0 yncawrens M 3HaMeHaTeNs Apobu B popmyie

(*), nosmyunm HOBOE mpencTasienue GyHKumn L:

o, e- = G .

WWE\/L OnpenenuTess 3TOr0 NpeACTaBlIeHUS paBeH

A = \A. (% * *)

gmerpme. [lns Beakoi APOOGHO-NMHEHHOM (DYHKIMM MOXHO BHOGPATEH

npencrasiienue c onpeaesmrenem 1. Jlocrarouso B3sTh B (***) A = =, — uUUﬁOL{

™

r ;ﬂ
g £ - ; !
T IFAfyYiem




Lornuar rorarmb Kok, CODMMDOAIMLS.  KOIPDUPMHM

Ects sm B 3amanuu apobHo-nunelHon GyHKuuM eme Kakad-nubo ceobona
NOMHMMO BO3MOXHOCTH YMHOXEHWS YMCJIMATE IS ¥ 3HAMeHaTess Ha Mpou3-
BOJIBHOE HEHYJIEBOE YMCJIO?

[Ipennonoxum, 4TO

azz + by
coz +dy

a1z + by
c1z + dy

Li(z) = = Ly(z) =

PapeHcTBO ABYX (QYHKIWHA O3HAYaeT COBHANEHME MX 3HAYEHWM NpPH Bcex

3HaAYeHUSX apryMeHTa u3 oboieit obniacTu onpenenenns. Orciona nonyyaem

(@12 + bi)(c2z + da) = (c12 + di)(@2z + ba) V.

H3 pPaBEHCTBa KBaJpPaTHLIX MHOIOYJIEHOB BRIBOIONM
(1) aicz = ase1,  bdy = bady, (2)

ards + bicz = azdy + beey.

Banme. HHKBEBTL, 970 3T EﬂﬂTHﬂﬂ%gﬁl’Hﬂ paBHOCWJILHEI pPaBCHCTBaM

(1
..f"—"‘“'—"\ .-"'"'_"‘—‘“-
ap _c _'di _b
az ¢ dy by *

PHRR00 ' Wrax, B 3ananmm dynkummu L npobhio HMKaKoOW ApYyroi cBobGoinl KpoMme

BO3MOXHOCTH YMHOXKCHME YMGINTSIA M 3HAMEHATCIH Ha ITPDOM3BOJILHOE HE-

HYJIEBOE HYHMCJIO HET.




9. I'pynnossle cBoiicTBa ApoGHO-IMEEAHBIX Npeobpa3oByHEmi

PaccMoTpumM cynepnosuumio GpobHO-IMHEMHBIX PyHKIIMA
a1z + by asz + bo
L = = .

Ee Ha3bBalOT Takxke NPOH3BeNeHHEM Wi KoMuosmnueR Gyuxumi L) u
L+ u obosnavatot L = Lo L.

w = L(z) = Ly[In(z)] =

H’E:_f!:w! + be _ a3z + b3
il dy ez 4y

3necs
as = asay + becy, by = asby + bady, (I")

c3 = caay + dacy, d3 = caby + dad,. (zz)

ConocraBum dyakumsM Lq, Lo m L MaTpuis:

L1“+A1=(ﬂ1 bl), L2“4442=(ﬂ2b2),

C lil

L«-—m3=(“"‘ b‘),
c3 d3

®opmyssi (x) 1 (XX) 03HAYAIOT, UTO KOMITO3MINMM APOGHO-JIMHENHBIX DYHK-
uut Ly m Ls cooTBeTcTByeT MaTpuiia As, AaBIgONIASCE NPOR3BEASHHEM
As Ay maTtpnu Ay u Ay, Taxk xak A3 = A1As # 0, To Loy — Takxe
npobHo-nuMHenHads GYHKLIMA.

Brisoa. Onepanuuns KOMMO3UIMK Ha MHOXECTBE APOOHO-IMHENHEIX QYHK-

LIMA He BEIBOAMT 3a IpeAesikl 3TOr0 MHOXECTBA.



CaolicTBa KOMOO3HIIAH

¢ Komnozmms mobsix (Heoba3aTessHo ApobHo-nuHedHbIX) dyHKmiA 06-

najaeT CBOMCTBOM acCOMATUBHOCTH.
¢ CymecTByeT JinHeHas PyHKIMSA
I(z) = z,

KOMIIO3MIMSA C KOTOPOM He MeHfeT HMKAKyl APOOHO-TMHENHYIO (PyHK-
IHI0;
LI=IL=L VL.

3anucas 5Ty QYyHKUMIO KaK

1:z240

12)= 52371

BUIIMM, YTO €l COOTBETCTBYET €IMHNYHAS MaTpHUIIa

1
I = | .
01 N




gLodHo

e Jlns Beakoit smueiinoi dpyrxumn L cymecTsyer obpaThas ¢pyuxums L',

T.C.
LL 7 '=L'L=1. (+)

BossmeM nng L npencrasiieHne

az + b

I(z) = cz+d

¢ onpenemuTenem 1. [Mocrpoum L' xak ¢pyHKumMo, MaTpuUia KOTOPO

obpaTHa MaTpuLe

o a b |
c d
T.e P b
L™Y2) = Ay
—CZ + Q

CooTHomenus (+) BEITEKAIOT U3 MATPUYHBIX PABEHCTB

AA'=AT"A= 1.

Pesrome. MHoxecTBO pobHO-IMHEMHBIX QYHKLMIA gBiIgeTCH (HEKOMMY-
TATHUBHOM) I'PYIIOA OTHOCHTENIHHO ONEPalMy KOMIIO3MIMHK. JTa Ipynna
u3oMopdHa rpymne SLo(C) xoMIIeKCHBIX MATPHUIl 2-T0 Mopaika C onpee-
NUTeNIAMMA, PABHHIMUA eAuHuULE (crienuasibHas JIMHEMHAs Ipynna nopaaka 2

Hazx nosiem C).



4
W(#) = g:d, 4. Konpopmmocrs

[Iycts w = L(2) — Benesas nuHelHas QyHKLMI, T.€.

c#0,

Torna F
dumLz{zgéJ:——-}.

[y onucamb
QUL -7 Touka § HassBaeTcH ocobolf Toukol npeobpazopanus (Gyukumm) L.

0K OBLOLb Tak xak w = L(z) obnanaet obpaTHo#t pyHKUMEH

dw - b
s B | e
W-—m z2=L"(w) = ———,

TO

im L =dom L' = {w # -E}

it dom L w

VL = [Iponssonnas ¢yuxkumm L B xaxmoit Touke z € dom L cymecTsyer m
LU0, paBHa = mM.K. W}’L&W}’L FWI{\Q{M%H»U-
HPGUUNOEN ad—be A Mo eNh CHOUUATALY Lo
(cz+d)?  (cz+d)?
T.E. Hurae He obpammaercs B Hynb. JIokasibHad KOHPOPMHOCTH B KaXKIAON '
Fé: (': Tnm u HasuMe o6paTHOM BYHKIMM 03HAuAOT: HOBLODY &

Bcakas npobuo-nuHedHas PyRKknus orobpaxaer cpoio obnacrh

onpenesjieHAs Ha ofjacTh 3HAYEHHHE KOHPOPMHO.
JWWW& -




.{__:'

[Opu z = § = —¢ umeem L(z) — oo. Eenm 2 = oo, 10 L(z) = ¢. Ec-
JIM HYXHO PacCIPOCTPAHMTH ofpeesieHue JIMHEWHOM QYHKUMM Ha BCIO IJIOC-

kocTh C, TO eCTeCTBEHHO MOJIOKHUTH

L(§) =00, L{oo)=-.

C

Tenepys w = L(z) orobpaxaeT pacliMpeHHYI0O KOMIUIEKCHYIO INIOCKOCTD

Ha cebd ¥ 3To oTobpaxeHue Mo-npexHeMy B3auMHO onHozHadHo. OcTaercs

1 3To oTobpaxenne KoHPOPMHBIM !
3anaame. [IposepuTs, 4yTO RoonpeneneHHas byHkuus L obnangaer Jio-

KaJIbHOM KOH(POPMHOCTHIO B 06eux Touykax § u oo:

e IIpu uccnenoBanuy nopefieHns L B OKPECTHOCTHM TOYKW § BHINOJHUTH B

1

IUIOCKOCTY W 3aMEHY MEePEeMEHHOro ( = . Y0eAnTHCs, YTO NojydeHHas

byHKIMA

C_cz+d} - L
~az+b s OCHoRLA
\mm

nMeeT HEHYJIEBYIO NNPDOM3BOAHYIO B TOYEKE 2 = d.

e [Ipu uccnenoBanum nosesenns ) B OKPECTHOCTH TOUKM OO BHINIOJIHMTH B

IUVIOCKOCTH 2 3aMeHy lepeMeHHOro £ = ;} YbenuTsca, 4TO NOJIyYEHHAS

GyHKLINA
b +a

w =
d§ +c
MMeeT HEHYJIEBYIO ITPOM3BONHYIO B Touke & = (.

Brison. L xondopMmHO oTobpaxaeT paclIMpeHHYIO KOMIUIEKCHYIO IIIOC-

xocth C Ha cebs.

CnpasemymBo u obpaTHOe yTBEpXKIEHHME: €ClIM aHAJTMTUYeCKas PyHKIUs
w = f(z) xoHdopMHO O0TOOpaXxaeT PaCHIMPEHHYIO KOMIUIEKCHYIO IJIOCKOCTH

C na cebs, To f sBngercs ApobHo-JMHENHOW GyHKNMEN,

i

W

Kprpopuaoutte = 1 ) B30u0umB qj;fwg.twwmm — OdpaumHaR P - U

-1 - N
L (¢ 3, L “‘%"(iﬁ 2] & 5
e Setrcgume 10~ 0o P
2(n-cW) = dw -6 K

5 _ ow=8 5 Bco Honowo
L= oWl /2




€. He

HenoasmxHEble ToYkH npolHO-IMHEeHHOro npeobpa3zoBaHHA

[ycts
az + b

cz+d’
~——> rne ¢ # 0. Henoneuxusie Touku npeobpaszosanus w = L(z) onpenensiorcs

w= L(z) =

YCJIOBHEM
az+ b

2= L(z) = cz+d’

T.e. KBAaJIPaTHHIM yPaBHEHHEM

czﬂ—i-(d—u}z—b:[}.

Jlk. C+0 mo 593& KO[HA. Mmm YOLOHBULL, .

Y YN THIBAS TO, YTO U3BECTHO O HEMOABMAHBEIX TOYKaX LIEJIBIX JIMHEMHBIX

GYHKIWIA, TPUXOAUM K CJIEAYIONIEMY BHEIBOAY:
. Bcakas apoGHo-iinHeliHas PyHKnus mMeeT He GoJjree AByX Hemo-

OBHXXHBIX TOo49eK. EAMHCTBEHHBIM HCK/IIOYEHHEM SBJISeTcS TOX-

necrsesHas Gysknus [(z) = z, aaA xKoropod Bce Toukm H3 z € C

ABJIAIOTCA HENOABHIXKHBIMH.




iz 9 18 7 L(%)" A(%) _ WM_ utm g:)_m norars Mo
Liz)=A(z) i=123 (1)
GAS, Mpast NONBSHO NGkl (MO 21, Za, Ry Jovga
(M.€. GrOdRO- WUALUMOA Q-  OJHOBHONHD O o
gmum 8 mpu mﬁd{m gwm W .'
0 Yaromuue 00 Yoeue 6 (3.1) ra Ahi U NOLOTUML U= AL -
AP L) =2 =133 = Ul(%)= 2 — Mmomgeembertoe npeoy..

S Q-Ud Uem 3 Hnogeunwtme Mot & ¥, &3 = U — momugecns.
qJ—CPm JETR A ’




5. UHBOUOATHOU Y GBOUHOLO ONMADUULULL,

Jogote. 3 4. Jyemb oot &y @, &g — KORIWML « 1o - oL

20gu. I L. i&y Wi ‘.%Jz, s ik 8 “ (oTlle W &
JIOtpounte - JIO0HO - UUHAUHIPO @~ w= L(&) moseyro, v
L(Z)=W, =123 (32)

0 Jlo BORUDOMHO — moum —  HARHHOR MHULL. -
w%wj f Wwi-s  4{Z) @,_gg 308 W om %

W) = Wh-ws ~— ht¥ &~ (3.9) EDUNCTIPRMOS. | MK
— BHD-uureurtio. o= W Qs U [T OJHOH.

QBUaLS  WHOUDLL ‘fuuf MOURAbIGY MWk AOQCManDBKR.  MfUoe MOt
(%1 Wy) (&, Wy) (Zs, Ws) WM poyared & mongecsnto.

O J a8 ¢ d — KonoYse nOnofo NBUUtHbe YUl U0 S 2%:%’

. OOUMMAL  OMAOWRHUEL UL 4, 8 C ol W ODORAVIAUICR  CUlUB OUOUL
('L{:ﬁ b ¢, ol) — wbopuworm c?/w&-wu UL M;"L@Dﬁ,’a WOB0H L

P MOKOAM CUpOL (AN, jagoriu 3.4, om0 ngerusconte € Buge : [
(Wi, Wo, Ws, W) = (22, 25 &) — [lobttembo gooudbin OmHoueseud

eopipdsa Dot omuowaue eme urbafworm Y gholHo - dHeUHoD
nmﬁpa@oewm;
Al
J W =L(2) ~ hougboubhag. HIO~ WAL, (0 -4,
X e, G, d - thgp%%&m Y&g%c& KON nﬁmpm g . WA,
A=L(a) B=L(6), C=L(c) H=L(d) . )
SO~ LHLLHAER. (o- UL

= (a,6cd)=(AB CD (¥)=> v gBo e
. - OMMOUIL LS,

O powou. L ko v 3.4 mpwoek (@, 6 o) u (A B D).
%‘%ua’ ﬁﬂ@a,ﬁrm W %HMLL no 390t fg 1) : ) )
2-0 . d-

B =gt  d-% _
Ucnossgeu. MOCLRYARL COOMHOWEL - m.K. L (¢)=C, mo faow (¢, C)

fourule sgoSurbpams iy ko, Tz tajodetie. anol

PoROOUL. CCULOURMHBL MAROBAAUR, M. €. gonYomuniL  GOgUOIMHDN T LU R

MoK K BRUCHINAOIIUL | MUY &~ . JlToge.~ OMHowarue  (3.3)
YIPOUMUMOR, NOWOUAS OJUA Ua MROTUMNRUL  finehioumumes. 6 guuliy

) 34 8 ROVIUGOI JAoUM YOG YLD S = 0o
Wﬁﬂﬁ*‘fm% == J?ngg, U;Euywﬁ-ﬁ) neo - o ! yagory
3.4 touw € Ao ga.wim% RPWAMI QLU OgADEUL %w

i Ua/U W
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7. (oxou-sue  CUMuUefuuLL,

>

W = L(g'%)-rl{up - U Mmifu&.‘ammmm‘
OMA. §, o Ux O w wq—L(if)u Wy =L( &) tuuemunptse =
OMH. L [ =

Comaempuud. - oM. ARG -

= 4. & = romogumes Sayn
oiru#mmmj Zq~ 6!@6){(@%%{,

2. 0% 0% =R% (o m. o kacomeashor
K DKW Moo )

L

3 L1 U Fo AOMOM HOL LAUOU,
PpwXOUY Uk Uy, BEHIYL Ok
%X‘IE_M:’?} e

%g,=ﬁ.+oﬂ

(%g-0)(Z—0) =R*

= U]wﬁwww} ONUHLBAOUL (L NYLIMME, UL DKLy TUAOCITUL -
A(x*ty*) +2Bx t2ly + =0 (3.4)
& wuewto : A=0, B*+CY+0 - prauns
A#0, B*+C¥— AR >0 — Olguymroen
JToim aneut en{mf:»wﬂanb [M,}gm Oy ristoemuy
(Jc +£—B~m+ ) (H ;3L Ut )”“‘"‘B,q_nb*;g, _N B ¢ A% R.ﬂ

A A
= (x+8)4 (w %)=




e 3‘*3&
X BEE
2 oY

i %egm ob‘owawum E=B+IiC

Jleperuuiueds (3.4) "oy f6egormee nypouerywe -
AzZ+E24+EZ+9=0 (35)

7 R3O T AR50 oo |
memm%mmw mm“(WDe ¢8- 6o WWWW 3
jg_w Wwomn%mmm&‘r%mq%
WWJ’ p-weit Euga. (3.5). Jlorgor [ onuceboumes. frabueriues

A= +EL+EL +9 =0 ~ awW +EW+EW +4 =0 (26)
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® 2; = 0O TOr/la M TOJIEKO TOr/a ABJISeTCH YCTPAHMMOR ocoboil TOUKON
dyuxumm f(z), Koraa cymecTByeT KoHeYHBIM npeaen lim, . f(z), wm,
YTO PaBHOCWJIBHO, Koraa f(z) orpaHudeHa B HEKOTOPOW OKPECTHOCTH

beckoHeYHO yNaJIeHHOM TOYKH.

> ® z; = OO TOrJa U TOJILKO TOIr/Ia SBJIseTCs nosocoM byukumn f(z), Koraa
Aol lim, . f(z) = oo.
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® 23 = 0O TOrZIa M TOJILKO TOrfla ABJFeTCH CylecTBeHHO ocoboil TOYKOM
dyukumm f(z), xorna He CyIeCTBYEeT HM KOHEYHOT0, HU GeCKOHe4YHOro

npenena lim, . f(2).
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