27. Ìåòîäû Íüþòîíà è ñåêóùèõ äëÿ ðåøåíèÿ íåëèíåéíûõ óðàâíåíèé.


1. Ìåòîä Íüþòîíà


Îïð. Êîðåíü ñ íàçûâàåòñÿ èçîëèðîâàííûì íà ñåãìåíòå � EMBED Equation.2  ���, åñëè c - âíóòðåííÿÿ òî÷êà � EMBED Equation.2  ��� è äðóãèõ êîðíåé íà � EMBED Equation.2  ��� íåò. 


Ïóñòü íàäî íàéòè êîðåíü óðàâíåíèÿ � EMBED Equation.2  ���, èçîëèðîâàííûé íà ñåãìåíòå � EMBED Equation.2  ���.


Ïóñòü õ0 - ïåðâîå ïðèáëèæåíèå.


Ïðîâîäÿ êàñàòåëüíûå ïîñòðîèì � EMBED Word.Picture.6  ���


ïîñëåäîâàòåëüíîñòü � EMBED Equation.2  ���òî÷åê ïåðåñå÷åíèÿ êàñàòåëüíûõ ñ îñüþ Îõ. 


Çíà÷åíèÿ õN ïîëó÷àþòñÿ ïî ôîðìóëå:


� EMBED Equation.2  ��� ò.ê. óðàâíåíèå êàñàòåëüíîé â ò� EMBED Equation.2  ���


2. Ìåòîä Õîðä


Óðàâíåíèå õîðäû (ñåêóùåé), ïðîõîäÿùåé ÷åðåç òî÷êè � EMBED Equation.2  ���è � EMBED Equation.2  ��� � EMBED Equation.2  ���


Ò.î. çíà÷åíèÿ õN (ò. ïåðåñå÷åíèÿ õîðä ñ îñüþ Îõ) ïîëó÷àþòñÿ ïî ôîðìóëå: � EMBED Word.Picture.6  ���


� EMBED Equation.2  ���


3. Îáîñíîâàíèå ìåòîäà Íüþòîíà è õîðä 


Ïóñòü òðåáóåòñÿ íàéòè ðåøåíèå óðàâíåíèÿ � EMBED Equation.2  ���. 					(*)


Óðàâíåíèå � EMBED Equation.2  ��� ñâîäèòñÿ ê (*) ïóòåì çàìåíû � EMBED Equation.2  ���. Òîãäà:


Îïð. Ïîñëåäîâàòåëüíîñòü � EMBED Equation.2  ��� áóäåì íàçûâàòü èòåðàöèîííîé , åñëè � EMBED Equation.2  ��� âûðàæàåòñÿ ïî ðåêóðñèâíîé ôîðìóëå � EMBED Equation.2  ���, à â êà÷åñòâå õ0 âçÿòî � EMBED Equation.2  ��� ÷èñëî èç îáëàñòè îïðåäåëåíèÿ � EMBED Equation.2  ���.


Óòâ 1. Ïóñòü � EMBED Equation.2  ��� íåïðåðûâíà íà � EMBED Equation.2  ��� è � EMBED Equation.2  ���, òîãäà, åñëè � EMBED Equation.2  ���, òî ñ ÿâëÿåòñÿ êîðíåì óðàâíåíèÿ (*). 


Äîêàçàòåëüñòâî: Òàê êàê � EMBED Equation.2  ���íåïðåðûâíà íà � EMBED Equation.2  ���. � EMBED Equation.2  ��� ïî (*) ! Òàêèì îáðàçîì: � EMBED Equation.2  ���.


Óòâ 2. Ïóñòü ñ - êîðåíü (*), è ïóñòü â � EMBED Equation.2  ���-îêðåñòíîñòè òî÷êè � EMBED Equation.2  ���. Òîãäà èòåðàöèîííàÿ ïîñëåäîâàòåëüíîñòü ò. � EMBED Equation.2  ��� ãäå � EMBED Equation.2  ��� ñõîäèòñÿ ê êîðíþ ñ.


Äîêàçàòåëüñòâî: Äîêàæåì, ÷òî � EMBED Equation.2  ��� ïî èíäóêöèè:


� EMBED Equation.2  ���ïî óñëîâèþ.


Ïóñòü � EMBED Equation.2  ���. Òîãäà � EMBED Equation.2  ���{ïî òåîðåìå Ëàãðàíæà} � EMBED Equation.2  ���


� EMBED Equation.2  ��� ò.î. � EMBED Equation.2  ���è ñëåäîâàòåëüíî � EMBED Equation.2  ���.


Áîëåå òîãî: � EMBED Equation.2  ���ñî ñêîðîñòüþ, íå íèæå ñêîðîñòè ãåîìåòðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì a.


Îáîñíîâàíèå ìåòîäà Íüþòîíà


Ïóñòü � EMBED Equation.2  ���èìååò íà � EMBED Equation.2  ���íåïðåðûâíóþ è ìîíîòîííóþ 1-þ ïðîèçâîäíóþ, ñîõðàíÿþùóþ îïðåäåëåííûé çíàê.


Äëÿ îïðåäåëåííîñòè áóäåì ñ÷èòàòü, ÷òî � EMBED Equation.2  ���è � EMBED Equation.2  ��� íå óáûâàåò íà � EMBED Equation.2  ���.


f(x) = 0 <=> F(x) = x, ãäå F(x) = x - f(xN)/f’(xN)


Ïîêàæåì, ÷òî ïîñëåäîâàòåëüíîñòü xN = F(xN-1) ñõîäèòñÿ ê êîðíþ ñ, åñëè õ0 � EMBED Equation.2  ���c.


1) Åñëè õ0 � EMBED Equation.2  ��� ñ, òî õN � EMBED Equation.2  ��� c 


ïî èíäóêöèè:


áàçà èíäóêöèè: x0 = b � EMBED Equation.2  ��� c ïî óñëîâèþ


øàã  èíäóêöèè: xN - xN+1 = f(xN)/f’(xN) = {f(c) = 0} = (f(xN) - f(c))/f’(xN) = { Th. Ëàãðàíæà } = � EMBED Equation.2  ���(xN - c)/� EMBED Equation.2  ��� ,ãäå � EMBED Equation.2  ��� � EMBED Equation.2  ��� { ìîíîòîííîñòü ïðîèçâîäíîé } � EMBED Equation.2  ��� õN - c 		=>	  xN+1 � EMBED Equation.2  ��� c � EMBED Equation.2  ���N


Ò. î. ïîñëåäîâàòåëüíîñòü � EMBED Equation.2  ��� îãðàíè÷åíà ñíèçó. Ïîêàæåì:


2) � EMBED Equation.2  ��� - ìîíîòîííà.


xN � EMBED Equation.2  ��� c ïî 1) => {ìîíîòîííîñòü ôóíêöèè} => f(xN) � EMBED Equation.2  ��� f(c)=0 => {f’(x) > 0} => xN - xN+1 = f(xN)/f’(xN) � EMBED Equation.2  ��� 0 => xN � EMBED Equation.2  ��� xN+1


Ïî 1), 2) � EMBED Equation.2  ��� ñõîäèòñÿ êàê íåâîçðàñòàþùàÿ è îãðàíè÷åííàÿ ñíèçó ïîñëåäîâàòåëüíîñòü.


Ïî Óòâ. 1 ïðåäåë � EMBED Equation.2  ��� ÿâëÿåòñÿ êîðíåì óðàâíåíèÿ (*). Âñå äîêàçàíî.


Îáîñíîâàíèå ìåòîäà õîðä


Ïóñòü f’(x) íà � EMBED Equation.2  ��� íåïðåðûâíà, ìîíîòîííà è ñîõðàíÿåò îïðåäåëåííûé çíàê.


Äëÿ îïðåäåëåííîñòè áóäåì ñ÷èòàòü, ÷òî f’(x) > 0 è íå óáûâàåò.


f(x) = 0 <=> F(x) = x, ãäå F(x) = x - � EMBED Equation.2  ���


xN+1 = xN - � EMBED Equation.2  ���


1) Åñëè � EMBED Equation.2  ���, òî � EMBED Equation.2  ���


ïî èíäóêöèè:


áàçà èíäóêöèè: x0 = a � EMBED Equation.2  ��� c ïî óñëîâèþ øàã èíäóêöèè: � EMBED Equation.2  ��� � EMBED Equation.2  ��� {ïî òåîðåìå Ëàãðàíæà} � EMBED Equation.2  ��� 


 ,ãäå � EMBED Equation.2  ���{ ìîíîòîííîñòü ïðîèçâîäíîé } � EMBED Equation.2  ���


� EMBED Equation.2  ���


Ò. î. ïîñëåäîâàòåëüíîñòü � EMBED Equation.2  ��� îãðàíè÷åíà ñâåðõó. Ïîêàæåì:


2) � EMBED Equation.2  ���- ìîíîòîííà.


Ò.ê. � EMBED Equation.2  ���, òî � EMBED Equation.2  ��� âîçðàñòàåò:  xN � EMBED Equation.2  ��� c  � EMBED Equation.2  ��� b =>  f(xN) � EMBED Equation.2  ��� f(c)=0 � EMBED Equation.2  ��� f(b) => {èç âûðàæåíèÿ äëÿ xN+1 - xN} => xN+1 - xN � EMBED Equation.2  ��� 0 => xN+1 � EMBED Equation.2  ��� xN


Ïî 1), 2) � EMBED Equation.2  ��� ñõîäèòñÿ êàê íåóáûâàþùàÿ è îãðàíè÷åííàÿ ñâåðõó ïîñëåäîâàòåëüíîñòü. Ïî Óòâ. 1 ïðåäåë � EMBED Equation.2  ��� ÿâëÿåòñÿ êîðíåì óðàâíåíèÿ (*). Âñå äîêàçàíî.





