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1 Ìíîæåñòâà è îïåðàöèè íàä íèìè

1. (A
⋃
B)
⋂
C = (A

⋂
C)
⋃

(B
⋂
C)

2. (A
⋂
B)
⋃
C = (A

⋃
C)
⋂

(B
⋃
C)

3. A \ (B
⋃
C) = (A \B)

⋂
(A \ C)

4. A \ (B
⋂
C) = (A \B)

⋃
(A \ C)

5. A4B = (A \B)
⋃

(A \B)

6. A \B = A
⋂
B̄ = A \ (A

⋂
B)

7. A
⋃
B = Ā

⋂
B̄

8. A
⋂
B = Ā

⋃
B̄

Äâå ïîñëåäíèå ôîðìóëû íàçûâàþòñÿ òàêæå ôîðìóëàìè äâîéñòâåííîñòè èëè
ïðàâèëàìè Äå Ìîðãàíà.
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2 Êîìáèíàòîðèêà

Ïåðåñòàíîâêè. Ñîâîêóïíîñòü n îáúåêòîâ ìîæíî ïåðåñòàâèòü n! ðàçëè÷íûìè ñïî-
ñîáàìè.

Óïîðÿäî÷åííàÿ âûáîðêà. Èç ñîâîêóïíîñòè n îáúåêòîâ ìîæíî âûáðàòü óïîðÿäî-
÷åííóþ ïîñëåäîâàòåëüíîñòü èç r ýëåìåíòîâ An,r = n(n−1)(n−2) . . . (n− r+ 1)
ðàçëè÷íûìè ñïîñîáàìè.

Íåóïîðÿäî÷åííàÿ âûáîðêà. Èç ñîâîêóïíîñòè n îáúåêòîâ ìîæíî âûáðàòü íåóïî-

ðÿäî÷åííóþ ïîñëåäîâàòåëüíîñòü èç rk ýëåìåíòîâ C
k
n =

n!

k!(n− k)!
ñïîñîáàìè.1

Íåóïîðÿäî÷åííûå âûáîðêè. Ïóñòü ïîëîæèòåëüíûå ÷èñëà r1, r2, . . . , rk òàêîâû, ÷òî
èõ ñóììà ðàâíà n; òîãäà èç ãðóïïû n ýëåìåíòîâ ìîæíî âûáðàòü k ãðóïï òàêèå,

÷òî â i-é ãðóïïå ri ýëåìåíòîâ, P
n
r1,r2,...,rk

=
n!

r1!r2! . . . rn!
ñïîñîáàìè.2

3 Òðèãîíîìåòðèÿ

1. cos(α± β) = cos(α) cos(β)∓ sin(α) sin(β)

2. sin(α± β) = sin(α) cos(β)± sin(β) cos(α)

3. tg(α± β) =
tg(α)± tg(β)

1∓ tg(α) tg(β)

4. ctg(α± β) =
ctg(α) ctg(β)∓ 1

ctg(α)± ctg(β)

5. sin(2α) = 2 sin(α) cos(α)

6. cos(2α) = cos2(α)− sin2(α)

7. tg(2α) =
2 tg(α)

1− tg2(α)

8. ctg(2α) =
ctg2(α)− 1

2 ctg(α)

9. sin(3α) = 3 sin(α)− 4 sin3(α)

10. cos(3α) = 4 cos3(α)− 3 cos(α)

11. sin(x) + sin(2x) + . . .+ sin(nx) =
cos(x/2)− cos(x(n+ 1/2))

2 sin(x/2)

1×èñëà Ck
n òàêæå íàçûâàþòñÿ áèíîìèàëüíûìè êîýôôèöèåíòàìè.

2×èñëà Pn
r1,r2,...,rk

òàêæå íàçûâàþòñÿ ïîëèíîìèàëüíûìè êîýôôèöèåíòàìè.
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12. cos(x) + cos(2x) + . . .+ cos(nx) =
sin(x(n+ 1/2))− sin(x/2)

2 sin(x/2)

13. cos2(α) =
cos(2α) + 1

2

14. sin2(α) =
1− sin(2α)

2

15. sin(α)± sin(β) = 2 sin(α±β
2

) cos(α∓β)
2

16. cos(α) + cos(β) = 2 cos(α+β
2

) sin(α−β
2

)

17. cos(α)− cos(β) = 2 sin(α+β
2

) sin(β−α
2

)

18. tg(α)± tg(β) =
sin(α± β)

cos(α) cos(β)

19. ctg(α)± ctg(β) =
sin(β ± α)

sin(α) sin(β)

20. sin(α) cos(β) = 1
2
(sin(α + β) + sin(α− β))

21. cos(α) cos(β) = 1
2
(cos(α + β) + cos(α− β))

22. sin(α) sin(β) = 1
2
(cos(α− β)− cos(α + β))

23. sin(α) =
2 tg(α

2
)

1 + tg2(α
2
)

24. cos(α) =
1− tg2(α

2
)

2 tg(α
2
)

Ïîñëåäíèå äâå ôîðìóëû òàê æå íàçûâàþòñÿ ôîðìóëàìè óíèâåðñàëüíîé òðè-
ãîíîìåòðè÷åñêîé ïîäñòàíîâêè.

4 ×èñëîâûå ñîîòíîøåíèÿ è íåðàâåíñòâà

Â ýòîì ðàçäåëå ÷èñëà n è k ÿâëÿþòñÿ íàòóðàëüíûìè.

1. 1 + 2 + 3 + . . . n =
n(n+ 1)

2

2. 12 + 22 + 32 + . . .+ n2 =
n(n+ 1)(2n+ 1)

6

3. 13 + 23 + 33 + . . .+ n3 = (1 + 2 + . . .+ n)2
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4. (Áèíîì Íüþòîíà) (a+ b)n =
n∑
k=0

Ck
na

kbn−k, ãäå Ck
n =

n!

k!(n− k)!

5. (Íåðàâåíñòâî Áåðíóëëè)Åñëè ÷èñëà x1, x2, . . . , xn, áîëüøèå -1, îäíîãî çíàêà,
òî (1 + x1)(1 + x2) · · · (1 + xn) > 1 + x1 + x2 + . . .+ xn

6. (1 + x)n > 1 + nx ïðè x > 0

7. n! <
(n+ 1)n

2
ïðè n > 1

8. (2!)(4!) · · · (2n)! > [(n+ 1)!]n ïðè n > 1

9. nn+1 > (n+ 1)n ïðè n > 1

10.
(n

3

)n
< n!

11. 2n > n3 ïðè n > 10

12. n! >
(n
e

)n
13. n! < e

(n
2

)n
14. (Òîæäåñòâî Àáåëÿ) Ïóñòü äàíû äâå ïîñëåäîâàòåëüíîñòè {an} è {bn}, Sn =

a1 + a2 + . . . + an è p - ïðîèçâîëüíîå íàòóðàëüíîå ÷èñëî. Òîãäà
n+p∑

k=n+1

akbk =

n+p−1∑
k=n+1

Sk(bk − bk+1) + Sn+pbn+p − Snbn+1. (Ïðè p = 1 ñóììà â ïðàâîé ÷àñòè

ðàâåíñòâà îòñóòñâóåò.)

Â ïîñëåäóþùèõ íåðàâåíñòâàõ x1, x2, . . . , xn, y1, y2, . . . , yn - ïðîèçâîëíûå êîì-
ïëåêñíûå ÷èñëà.

15. (Íåðàâåíñòâî Êîøè-Áóíÿêîâñêîãî)

(
n∑
i=1

xiyi

)2

6

(
n∑
i=1

x2
i

)(
n∑
i=1

y2
i

)

16. (Íåðàâåíñòâî Ìèíêîâñêîãî) Ïóñòü p > 1. Òîãäà

(
n∑
i=1

|xi + yi|p
)1/p

6

(
n∑
i=1

|xi|p
)1/p

+(
n∑
i=1

|yi|p
)1/p

Ïóñòü p, q > 0,
1

p
+

1

q
= 1

17. (Íåðàâåíñòâî Þíãà) Åñëè a, b > 0, òî ab 6 ap

p
+ bq

q

18. (Íåðàâåíñòâî Ã¼ëüäåðà)

∣∣∣∣ n∑
i=1

xiyi

∣∣∣∣ 6 ( n∑
i=1

|xi|p
)1/p( n∑

i=1

|yi|p
)1/q
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5 Êîìïëåêñíûå ÷èñëà

Ôîðìóëà Ýéëåðà. eiϕ = cos(ϕ) + i sin(ϕ)

Ôîðìóëà äå Ìóàâðà. (cos(ϕ) + i sin(ϕ))n = cos(nϕ) + i sin(nϕ)

Ôîðìóëà êîðíåé. Ñóùåñòâóåò ðîâíî n êîðíåé n-é ñòåïåíè èç êîìïëåêñíîãî ÷èñëà
z = |z|(cos(ϕ) + i sin(ϕ)),îïðåäåëÿåìûõ ôîðìóëîé:

n
√
z = n

√
|z|
(

cos

(
ϕ+ 2πk

n

)
+ i sin

(
ϕ+ 2πk

n

))
, ãäå k = 0, 1, . . . , n− 1.

6 Òàáëèöà ïðîèçâîäíûõ

1. c′ = 0 (c - êîíñòàíòà)

2. (ax)′ = ax ln(a)

3. (loga(x))′ =
1

x ln(a)

4. (xa)′ = axa−1

5. (sin(x))′ = cos(x)

6. (cos(x))′ = − sin(x)

7. (tg(x))′ =
1

cos2(x)

8. (ctg(x))′ = − 1

sin2(x)

9. (arcsin(x))′ =
1√

1− x2

10. (arccos(x))′ = − 1√
1− x2

11. (arctg(x))′ =
1

1 + x2

12. (arcctg(x))′ = − 1

1 + x2

13. (sh(x))′ = ch(x)

14. (ch(x))′ = sh(x)
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15. (th(x))′ =
1

chx(x)

16. (xa)(n) = a(a− 1) · · · (a− n+ 1)xa−n

17. (ax)(n) = ax lnn(a)

18. (sin(x))(n) = sin
(
x+

πn

2

)
19. (cos(x))(n) = cos

(
x+

πn

2

)
20. (ln(x))(n) =

(−1)n−1(n− 1)!

xn

21. (arctg(x))(n) =
(n− 1)!

(x2 + 1)n/2
sin(n(arctg(x) + π/2))

7 Òåîðåìû î äèôôåðåíöèðóåìûõ ôóíêöèÿõ

Òåîðåìà Ðîëëÿ. Åñëè ôóíêöèÿ f(x) íåïðåðûâíà íà [a, b], äèôôåðåíöèðóåìà íà
(a, b) è f(a) = f(b), òî ñóùåñòâóåò ξ ∈ (a, b) : f ′(ξ) = 0.

Òåîðåìà Ëàãðàíæà. Åñëè ôóíêöèÿ f(x) íåïðåðûâíà íà [a, b], äèôôåðåíöèðóåìà
íà (a, b), òî ñóùåñòâóåò ξ ∈ (a, b) : f ′(ξ)(b− a) = f(b)− f(a).

Òåîðåìà Êîøè. Åñëè ôóíêöèè f(x) è g(x) íåïðåðûâíû íà [a, b], äèôôåðåíöèðóå-

ìû íà (a, b), è g′(x) 6= 0∀x ∈ [a, b], òî ñóùåñòâóåò ξ ∈ (a, b) :
f ′(ξ)

g′(ξ)
=
f(b)− f(a)

g(b)− g(a)
.

8 Ðàçëîæåíèÿ è àññèìïòîòè÷åñêèå ôîðìóëû

8.1 Ðàçëîæåíèÿ â ðÿä Òåéëîðà

Â ýòîì ðàçäåëå ïîä Rn(x) ïîíèìàåòñÿ îñòàòî÷íûé ÷äåí ðÿäà Òåéëîðà â âèäå Êî-
øè, Ëàãðàíæà, Ïåàíî èëè Øëåìèëüõà-Ðîøà.

1. ex = 1 + x+
x2

2!
+
x3

3!
+ . . .+

xn

n!
+Rn+1(x)

2. sin(x) = x− x3

3!
+
x5

5!
+ . . .+ (−1)n

x2n+1

(2n+ 1)!
+R2n+3(x)

3. cos(x) = 1− x2

2!
+
x4

4!
+ . . .+ (−1)n

x2n

(2n)!
+R2n+2(x)

4. ln(1 + x) = x− x2

2
+
x3

3
+ . . .+ (−1)n−1x

n

n
+Rn+1(x)
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5. (1 + x)a = 1 + ax+
a(a− 1)

2!
x2 + . . .+

a(a− 1) . . . (a− n+ 1

n!
xn +Rn+1(x)

6. arctg(x) = x− x3

3
+
x5

5
+ . . .+ (−1)n

x2n+1

2n+ 1
+Rn+2(x)

8.2 Äðóãèå ðàçëîæåíèÿ

1. (Ôîðìóëà Ñòèðëèíãà) n! =
√

2πn
(n
e

)n(
1 +

ω√
n

)
, ãäå −1 6 ω 6 1.

2. 1 +
1

2
+

1

3
+ . . .+

1

n
= ln(n) +C + αn, ãäå C - ïîñòîÿííàÿ Ýéëåðà-Ìàñêåðîííè,

ðàâíàÿ 0.5177...3, à lim
n→∞

αn = 0.

3. arcsin(x) = x+
∞∑
n=1

(2n− 1)!!

(2n)!!

x2x+1

2n+ 1

4. sin(x) = x
∞∏
k=1

(
1− x2

k2π2

)

9 Òàáëèöà íåîïðåäåëåííûõ èíòåãðàëîâ

1.
r

0 · dx = C

2.
r
xadx =


xa+1

a+ 1
+ C, a 6= −1

ln |x|+ C, a = −1

3.
r
axdx =

ax

ln(a)
+ C

4.
r

sin(x)dx = − cos(x) + C

5.
r

cos(x)dx = sin(x) + C

6.
r dx

cos2 x
= tg(x) + C

7.
r dx

sin2 x
= − ctg(x) + C

8.
r dx√

1− x2
= arcsin(x) + C

9.
r dx

x2 + 1
= arctg(x) + C

3Ýòî çàãàäî÷íàÿ êîíñòàíòà,íåèçâåñòíî äàæå, ðàöèîíàëüíà èëè èððàöèîíàëüíà ëè îíà ïî ñâîåé

ïðèðîäå.
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10.
r dx√

x2 ± 1
= ln |x+

√
x2 ± 1|+ C

11.
r

sh(x)dx = ch(x) + C

12.
r

ch(x)dx = sh(x) + C

13.
r dx

ch2(x)
= th(x) + C

14.
r dx

sh2(x)
= − cth(x) + C

Â ïîñëåäóþùèõ èíòåãðàëàõ êîíñòàíòà a > 0.

15.
r dx

x2 + a2
= 1

a
arctg(x

a
) + C

16.
r dx

x2 − a2
= 1

2a
ln
∣∣∣x− a
x+ a

∣∣∣+ C

17.
r dx√

x2 ± a2
= ln(x+

√
x2 ± a2) + C

18.
r dx√

a2 − x2
= arcsin(x

a
) + C

19.
r √

a2 − x2dx = x
2

√
a2 − x2 + a2

2
arcsin(x

a
)

20.
r √

x2 − a2dx = x
2

√
x2 ± a2 ± a2

2
ln |x +

√
x2 ± 1 + C| (çíàê �ìèíóñ� âûáèðàåòñÿ

ïðè |x| > a)

10 Ìåòîäû âçÿòèÿ íåîïðåäåëåííûõ èíòåãðàëîâ

10.1 Èíòåãðàëû, ñâîäèìûå ê ðàöèîíàëüíûì äðîáÿì

Ïîä ðàöèîíàëüíîé ôóíêöèåé R(u, v) ïîíèìàåòñÿ äðîáü

a00 + a10u+ a01v + a20u
2 + a02v

2 + . . .+ ak0u
k + a0kv

k

b00 + b10u+ b01v + b20u2 + b02v2 + . . .+ bk0uk + b0kvk

(aij, bij- âåùåñòâåííûå ÷èñëà)

1.
r
R

(
x, m

√
ax+ b

cx+ d

)
dx (m - íàòóðàëüíîå, a, b, c, d - âåùåñòâåííûå). Ïîäñòàíîâêà

t = m

√
ax+ b

cx+ d
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2. (Ïîäñòàíîâêè Ýéëåðà)
r
R(x,

√
ax2 + bx+ c)dx

a) a > 0; ïîäñòàíîâêà
√
ax2 + bx+ c = t±

√
ax

b) c > 0; ïîäñòàíîâêà
√
ax2 + bx+ c = tx±

√
c

c) b2 − 4ac > 0;ax2 + bx+ c = (x− x1)(x− x2); ïîäñòàíîâêà
√
ax2 + bx+ c =

t(x− x1) (èëè t(x− x2))

10.2 Èíòåãðèðîâàíèå äèôôåðåíöèàëüíûõ áèíîìîâ

Ðàññìîòðèì
r
xm(a+ bxn)pdx, ãäå a, b - âåùåñòâåííûå, m,n, p - ðàöèîíàëüíûå.

1. p - öåëîå; ïîäñòàíîâêà x = tN , ãäå N - îáùèé çíàìåíàòåëü m è n;

2.
m+ 1

n
- öåëîå; ïîäñòàíîâêà a+ bxn = tN , ãäå N - çíàìåíàòåëü äðîáè p;

3.
m+ 1

n
+ p- öåëîå; ïîäñòàíîâêà ax−n + b = tN , ãäå N - çíàìåíàòåëü äðîáè p.

Òåîðåìà ×åáûøåâà. Åñëè íè îäèí èç ñëó÷àåâ (1),(2) èëè (3) íå èìååò ìåñòî,
òî èíòåãðàë â ýëåìåíòàðíûõ ôóíêöèÿõ íå âû÷èñëÿåòñÿ.

10.3 Èíòåãðèðîâàíèå òðèãîíîìåòðè÷åñêèõ ôóíêöèé

1.
r

cosm(x) sinn(x)dx

a) n - íå÷åòíîå; ïîäñòàíîâêà t = cos(x)

b) m - íå÷åòíîå; ïîäñòàíîâêà t = sin(x)

c) m 6 0, n 6 0; m+ n - ÷åòíîå; ïîäñòàíîâêà t = tg(x)

2.
r
R(sin(x), cos(x))dx

a) R(sin(x), cos(x)) = −R(− sin(x), cos(x)); ïîäñòàíîâêà t = cos(x)

b) R(sin(x),− cos(x)) = R(sin(x), cos(x)); ïîäñòàíîâêà t = sin(x)

c) R(sin(x), cos(x)) = −R(− sin(x),− cos(x)); ïîäñòàíîâêà t = tg(x)

11 Îïðåäåëåííûå èíòåãðàëû (ñîáñòâåííûå)

Ïåðâàÿ òåîðåìà î ñðåäíåì. Ïóñòü f(x) íåïðåðûâíà íà ñåãìåíòå[a, b], à g(x) ñî-

õðàíÿåò íà ýòîì ñåãìåíòå çíàê; òîãäà
br

a

f(x)g(x)dx = α
br

a

g(x)dx, ãäå inf
[a,b]

f(x) 6

α 6 sup
[a,b]

f(x)
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Âòîðàÿ òåîðåìà î ñðåäíåì. Ïóñòü f(x) íåïðåðûâíà è ìîíîòîííà íà ñåãìåíòå[a, b],
à g(x) íåïðåðûâíà íà íåì; òîãäà ∃ξ ∈ [a, b], ò.÷.

bw

a

f(x)g(x)dx =


f(a)

ξr

a

g(x)dx, f(x) íå âîçðàñòàåò;

f(b)
br

ξ

g(x)dx, f(x) íå óáûâàåò.

12 Ãåîìåòðè÷åñêèå ïðèëîæåíèÿ îïðåäåëåííûõ

èíòåãðàëîâ

12.1 Ïëîùàäè êðèâîëèíåéíûõ òðàïåöèé

1. Ïëîùàäü êðèâîëèíåéíîé òðàïåöèè, îãðàíè÷åííîé ãðàôèêîì ôóíêöèè y =

f(x), îñüþ àáñöèññ è ïðÿìûìè x = a è x = b, ðàâíà
br

a

f(x)dx.

2. Åñëè ôóíêöèÿ çàäàíà ïàðàìåòðè÷åñêè óðàâíåíèÿìè x = x(t) è y = y(t),
òî îçíà÷åííàÿ ïëîùàäü, îòâå÷àþùàÿ èçìåíåíèþ ïàðàìåòðà îò t äî T , ðàâíà
Tr

t

x(t)y′(t)dt.

3. Ïëîùàäü êðèâîëèíåéíîãî ñåêòîðà, îãðàíè÷åííîãî ãðàôèêîì ôóíêöèè r =

r(ϕ), ïðÿìûìè ϕ = α è ϕ = β, ðàâíà
1

2

βr

α

r2(ϕ)dϕ.

Åñëè ôóíêöèÿ çàäàíà êàê ϕ = ϕ(r), òî îçíà÷åííàÿ ïëîùàäü áóäåò ðàâíà
1

2

r2r

r1

r2

r′(ϕ)
dr

12.2 Äëèííû äóã

Â ýòîì ïîäðàçäåëå âñå ïóíêòû îôîðìëåíû êàê (óðàâíåíèÿ, çàäàþùèå êðèâóþ);
(ôîðìóëà ðàññ÷åòà äëèííû êðèâîé).

1. x = x(t), y = y(t), t ∈ [t, T ]; |L| =
Tr

t

√
(x′)2 + (y′)2dt

2. y = y(x), x ∈ [a, b]; |L| =
br

a

√
1 + (y′(x))2dt

3. r = r(ϕ), ϕ ∈ [α, β]; |L| =
βr

α

√
r(ϕ)2 + (r′(ϕ))2dt

4. ϕ = ϕ(r), r ∈ [r1, r2]; |L| =
r2r

r1

√
r2 + (ϕ′(r))2ϕ′(r)dt
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12.3 Îáúåìû òåë âðàùåíèÿ

Íàéäåì îáúåì òåëà âðàùåíèÿ, ïîëó÷åííîãî ïóòåì âðàùåíèÿ êðèâîëèíåéíîé òðà-
ïåöèè( èëè êðèâîëíåéíîãî ñåêòîðà) âîêðóã îñè àáñöèññ (ïîëÿðíîé îñè).

1. Åñëè òðàïåöèÿ çàäàíà êàê y = y(x), x ∈ [a, b], òî îáúåì ïîëó÷èâøåãîñÿ òåëà

ðàâåí π
br

a

y2(x)dx

2. Åñëè òðàïåöèÿ çàäàíà êàê y = y(t), x = x(t), t ∈ [t, T ],òî îáúåì ïîëó÷èâøåãîñÿ

òåëà ðàâåí π
Tr

t

y2(t)x′(t)dt

3. Åñëè ñåêòîð çàäàí êàê r = r(ϕ), ϕ ∈ [α, β], òî îáúåì ïîëó÷èâøåãîñÿ òåëà ðàâåí

2π

3

βr

α

r3(ϕ) sin(ϕ)dϕ

12.4 Ïëîùàäè ïîâåðõíîñòåé

Íàéäåì ïëîùàäü öèëèíäðè÷åñêîé ïîâåðõíîñòè òåëà, ïîëó÷åííîé âðàùåíèåì êðè-
âîëèíåéíîé òðàïåöèè (èëè êðèâîëèíåéíîãî ñåêòîðà) âîêðóã îñè àáöèññ.

1. Åñëè òðàïåöèÿ çàäàíà êàê y = y(x), x ∈ [a, b], òî ïëîùàäü ðàâíà 2π
br

a

xy(x)dx

2. Åñëè ñåêòîð çàäàí êàê r = r(ϕ), ϕ ∈ [α, β],òî ïëîùàäü ðàâíà 2π
βr

α

|r sin(ϕ)|
√

(r(ϕ))2 + (r′(ϕ))2

13 Íåñîáñòâåííûå èíòåãðàëû

Ðàññìîòðèì èíòåãðàëû
+∞r

a

f(x)dx (1) è
+∞r

a

g(x)dx (2).

Òåîðåìà ñðàâíåíèÿ. Ïóñòü 0 6 f(x) 6 g(x) äëÿ ∀x ∈ [a; +∞). Òîãäà åñëè (1)
ðàñõîäèòñÿ, òî (2) òîæå ðàñõîäèòñÿ, è åñëè (2) ñõîäèòñÿ, òî (1) òîæå ñõîäèòñÿ.

Ïåðâûé ïðèçíàê ñðàâíåíèÿ. Åñëè ∃F (x) : |f(x)| 6 F (x), è èíòåãðàë
+∞r

a

F (x)dx

ñõîäèòñÿ, òî (1)òîæå ñõîäèòñÿ.

Âòîðîé ïðèçíàê ñðàâíåíèÿ. Ïóñòü ∃ lim
x→∞

f(x)

g(x)
= k 6∞.

1. 0 < k < +∞. (1) ñõîäèòñÿ èëè ðàñõîäèòñÿ îäíîâðåìåííî ñ (2).

2. k = 0. Ñõîäèìîñòü (2) âëå÷åò ñõîäèìîñòü (1).

3. k = +∞. Ðàñõîäèìîñòü (2) âëå÷åò ðàñõîäèìîñòü (1).
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Òðåòèé ïðèçíàê ñðàâíåíèÿ. Åñëè f(x) = O

(
1

xp

)
ïðè x → ∞, òî (1) ñõîäèòñÿ

àáñîëþòíî ïðè p > 1 è ðàñõîäèòñÿ ïðè p 6 1.

Êðèòåðèé Êîøè. (1) ñõîäèòñÿ ⇔ ∀ε > 0 ∃A0 > a : ∀A1, A2 > A0

∣∣A2r

A1

f(x)dx
∣∣< ε

Ðàññìîòðèì èíòåãðàë
+∞r

a

f(x)g(x)dx (3), ãäå a > 0.

Ïðèçíàê Äèðèõëå. (3) ñõîäèòñÿ, åñëè:

1. ∃K : ∀A > a âåðíî, ÷òî
∣∣Ar
a

f(x)dx
∣∣< K;

2. g(x) ìîíîòîííà è lim
x→+∞

g(x) = 0.

Ïðèçíàê Àáåëÿ. (3) ñõîäèòñÿ, åñëè:

1. (1) ñõîäèòñÿ;

2. ∃L : |g(x)| < L

14 Ýéëåðîâû èíòåãðàëû

14.1 Èíòåãðàëû Ýéëåðà ïåðâîãî ðîäà (Áåòà-ôóíêöèè)

Èíòåãðàëîì Ýéëåðà ïåðâîãî ðîäà (Áåòà-ôóíêöèåé) íàçûâàåòñÿ âûðàæåíèå

B(a, b) =

1w

0

xa−1(1− x)y−1dx,

ãäå a, b > 0. Ýòà ôóíêöèÿ îëàäàåò ñëåäóþùèìè ñâîéñòâàìè:

1. B(a, b) = B(b, a)

2. B(a, b) =
b− 1

a+ b− 1
B(a, b− 1)

3. B(a, n) =
(n− 1)!

a(a+ 1)(a+ 2) . . . (a+ n− 1)
(n - íàòóðàëüíîå)

4. B(a, b) =
∞r

0

ya−1

(1 + y)a+b−1
dy

5. B(a, b) =
Γ(a)Γ(b)

Γ(a+ b)
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14.2 Èíòåãðàëû Ýéëåðà âòîðîãî ðîäà (Ãàììà-ôóíêöèè)

Èíòåãðàëîì Ýéëåðà âòîðîãî ðîäà íàçûâàåòñÿ âûðàæåíèå

Γ(a) =

∞w

0

xa−1e−x, dx

ãäå a > 0

1. Γ(s+ 1) = sΓ(s)

2. Γ(1/2) =
√
π

3. Γ

(
1

2
+
n

2

)
=

1 · 2 · 3 · · · (2k − 1)
√

2π

2k
, n = 2k, k = 1, 2, . . .

k!, n = 2k + 1, k = 0, 1, 2, . . .

4. (Ôîðìóëà Ýéëåðà-Ãàóññà)Γ(a) = lim
n→∞

n(a) (n− 1)!

a(a+ 1)(a+ 2) · · · (a+ n− 1)

15 ×èñëîâûå ðÿäû

15.1 Ïðèçíàêè ñðàâíåíèÿ çíàêîïîñòîÿííûõ ðÿäîâ

Ðàñìîòðèì äâà ðÿäà ñ ïîëîæèòåëüíûìè ÷ëåíàìè
∞∑
k=1

ak (1) è
∞∑
k=1

bk (2)

Ïåðâûé ïðèçíàê ñðàâíåíèÿ. Åñëè äëÿ âñÿêîãî n, íà÷èíàÿ ñ íåêîòîðîãî, an 6 bn,
òî ñõîäèìîñòü ðÿäà (2) âëå÷åò ñõîäèìîñòü ðÿäà (1); ðàñõîäèìîñòü ðÿäà (1)
âëå÷åò ðàñõîäèìîñòü ðÿäà (2).

Âòîðîé ïðèçíàê ñðàâíåíèÿ. Åñëè ñóùåñòâóåò êîíå÷íûé lim
n→∞

an
bn
, òî ñõîäèìîñòü

ðÿäà (2) âëå÷åò ñõîäèìîñòü ðÿäà (1); ðàñõîäèìîñòü ðÿäà (1) âëå÷åò ðàñõîäè-
ìîñòü ðÿäà (2).

Òðåòèé ïðèçíàê ñðàâíåíèÿ. Åñëè äëÿ âñÿêîãî n, íà÷èíàÿ ñ íåêîòîðîãî,
an+1

an
6

bn+1

bn
òî ñõîäèìîñòü ðÿäà (2) âëå÷åò ñõîäèìîñòü ðÿäà (1); ðàñõîäèìîñòü ðÿäà

(1) âëå÷åò ðàñõîäèìîñòü ðÿäà (2).

15.2 Äîñòàòî÷íûå ïðèçíàêè ñõîäèìîñòè

Ïðèçíàê Äàëàìáåðà. 1. Åñëè äëÿ âñÿêîãî n, íà÷èíàÿ ñ íåêîòîðîãî,
an+1

an
6 L <

1, òî ðÿä (1) ñõîäèòñÿ; åñëè
an+1

an
> 1, òî ðÿä (1)ðàñõîäèòñÿ.
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2. Åñëè lim
n→∞

an+1

an
= L, òî ðÿä ðàñõîäèòñÿ ïðè L > 1 ñõîäèòñÿ ïðè L < 1.

Ïðèçíàê Êîøè. 1. Åñëè äëÿ âñÿêîãî n, íà÷èíàÿ ñ íåêîòîðîãî, n
√
an 6 L < 1, òî

ðÿä (1) ñõîäèòñÿ; åñëè n
√
an > 1, òî ðÿä (1)ðàñõîäèòñÿ.

2. Åñëè lim
n→∞

an+1

an
= L, òî ðÿä ðàñõîäèòñÿ ïðè L > 1 ñõîäèòñÿ ïðè L < 1.

Ïðèçíàê Ðààáå. 1. Åñëè äëÿ âñÿêîãî n, íà÷èíàÿ ñ íåêîòîðîãî, n

(
1− an+1

an

)
>

L > 1, òî ðÿä (1) ñõîäèòñÿ; åñëè n

(
1− an+1

an

)
6 L < 1, òî ðÿä (1)ðàñõî-

äèòñÿ.

2. Åñëè lim
n→∞

n

(
1− an+1

an

)
= L, òî ðÿä ðàñõîäèòñÿ ïðè L < 1 ñõîäèòñÿ ïðè

L > 1.

!Çàìå÷àíèå. Ïðèçíàêè Êîøè,Äàëàìáåðà è Ðààáå íå ðàáîòàþò ïðè L = 1.

Ëîãàðèôìè÷åñêèé ïðèçíàê. Åñëè
ln(1/an)

ln(n)
6 1, òî ðÿä (1) ðàñõîäèòñÿ; åñëè ýòî

îòíîøíèå áîëüøå åäèíèöû, òî îí ñõîäèòñÿ.

Èíòåãðàëüíûé ïðèçíàê Êîøè-Ìàêëîðåíà. Ïóñòü f(x) - íåâîçðàñòàþùàÿ ôóíê-

öèÿ, ïðèíèìàþùàÿ íåîòðèöàòåëüíûå çíà÷åíèÿ; òîãäà ðÿä
∞∑
k=1

f(k) ñõîäèòñÿ

èëè ðàñõîäèòñÿ îäíîâðåìåííî ñ èíòåãðàëîì
+∞r

1

f(x)dx.

Ïðèçíàê Åðìàêîâà. Ïóñòü f(x) - íåâîçðàñòàþùàÿ ôóíêöèÿ, ïðèíèìàþùàÿ íåîò-

ðèöàòåëüíûå çíà÷åíèÿ, è lim
x→∞

exf(ex)

f(x) = L
. Òîãäà ðÿä

∞∑
k=1

f(k) ñõîäèòñÿ ïðè L > 1

è ðàñõîäèòñÿ ïðè L < 1.

Ïðèçíàê Ëåéáíèöà. Ðÿä
∞∑
n=1

(−1)k−1ak (ðÿä Ëåéáíèöà)ñõîäèòñÿ, åñëè (ak) - ìîíî-

òîííî ñòðåìÿùàÿñÿ ê íóëþ ïîñëåäîâàòåëüíîñòü. Ïðè ýòîì ñïðàâåäëèâà îöåíêà:
|Sn(x) − S(x)| < an+1, ãäå Sn(x) - ýííàÿ ÷àñòè÷íàÿ ñóììà ðÿäà, S(x) - ñóììà
ðÿäà.

Ðàññìîòðèì ðÿä
∞∑
k=1

ukvk(3)

Ïðèçíàê Àáåëÿ. Åñëè ðÿä
∞∑
k=1

uk ñõîäèòñÿ, à ðÿä
∞∑
k=1

vk îáëàäàåò îãðàíè÷åííîé è

ìîíîòîííîé ïîñëåäîâàòåëüíîñòüþ ÷àñòè÷íûõ ñóìì, òî ðÿä (3) ñõîäèòñÿ.
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Ïðèçíàê Äèðèõëå-Àáåëÿ . Åñëè ðÿä
∞∑
k=1

uk îáëàäàåò îãðàíè÷åííîé ïîñëåäîâàòåëü-

íîñòüþ ÷àñòè÷íûõ ñóìì, à (vk) - ìîíîòîííî ñòðåìÿùàÿñÿ ê íóëþ ïîñëåäîâà-
òåëüíîñòü, òî ðÿä (3) ñõîäèòñÿ.

16 Ôóíêöèîíàëüíûå ðÿäû

16.1 Èññëåäîâàíèå ðàâíîìåðíîé ñõîäèìîñòè

Ðàññìîòðèì ôóíêöèîíàëüíûé ðÿä
∞∑
k=1

uk(x) (1) è ôóíêöèîíàëüíóþ ïîñëåäîâà-

òåëüíñòü {vk} (2), îïðåäåëåííûå íà ìíîæåñòâå {X}.

Êðèòåðèé Êîøè. Äëÿ ñõîäèìîñòè ðÿäà (1) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ∀ε > 0
ñóùåñòâîâàë òàêîé íîìåð N , ÷òî äëÿ âñÿêîãî n > N , ëþáîãî íàòóðàëüíîãî p

è âñåõx ∈ {X} |
n+p∑

k=n+1

uk(x)| < ε.

Ïåðâûé ïðèçíàê Àáåëÿ. Åñëè ôóíêöèîíàëüíûé ðÿä (1) îáëàäàåò ðàâíîìåðíî -
îãðàíè÷åííîé ïîñëåäîâàòåëüíîñòüþ ÷àñòè÷íûõ ñóìì, à ôóíêöèîíàëüíàÿ ïî-
ñëåäîâàòåëüíîñòü (2) îáëàäàåò ðàâíîìåðíî-îãðàíè÷åííûì íà {X} èçìåíåíèåì
è ñõîäèòñÿ ê òîæäåñòâåííîìó íóëþ, òî ôóíêöèîíàëüíûé ðÿä

∞∑
k=1

uk(x)vk(x)

ñõîäèòñÿ ðàâíîìåðíî íà {X}.

Âòîðîé ïðèçíàê Àáåëÿ. Åñëè ôóíêöèîíàëüíûé ðÿä (1) ðàâíîìåðíî ñõîäèòñÿ, à
ôóíêöèîíàëüíàÿ ïîñëåäîâàòåëüíîñòü (2) îáëàäàåò ðàâíîìåðíî-îãðàíè÷åííûì

èçìåíåíèåì íà {X}, òî ôóíêöèîíàëüíûé ðÿä
∞∑
k=1

uk(x)vk(x) ñõîäèòñÿ ðàâíî-

ìåðíî íà {X}.

Ïðèçíàê Äèðèõëå-Àáåëÿ. Åñëè ôóíêöèîíàëüíûé ðÿä (1) îáëàäàåò ðàâíîìåðíî-
îãðàíè÷åííîé ïîñëåäîâàòåëüíîñòüþ ÷àñòè÷íûõ ñóìì, à ôóíêöèîíàëüíàÿ ïî-
ñëåäîâàòåëüíîñòü (2) íå âîçðàñòàåò íà {X} è ñõîäèòñÿ ê òîæäåñòâåííîìó íóëþ,
òî ôóíêöèîíàëüíûé ðÿä

∞∑
k=1

uk(x)vk(x) ñõîäèòñÿ ðàâíîìåðíî íà {X}.

Ïðèçíàê Âåéåðøòðàññà. Åñëè äëÿ ôóíêöèîíàëüíîãî ðÿäà (1) ñóùåñòâóåò ÷èñëî-

âîé ðÿä
∞∑
k=1

ck, ò.÷. |uk(x)| 6 cl∀k,∀x ∈ {X} 4 òî ðÿä (1) ñõîäèòñÿ ðàâíîìåðíî

íà {X}.

Ïðèçíàê Äèíè. Ïóñòü ðÿä (1) ñõîäèòñÿ â êàæäîé òî÷êå {X} ê ñóììå S(x), è:

1. Ìíîæåñòâî {X} êîìïàêòíî (ò.å. çàìêíóòî è îãðàíè÷åíî);

4Â òàêîì ñëó÷àå ãîâîðÿò, ÷òî ðÿä ìàæîðèðóåòñÿ ÷èñëîâûì ðÿäîì.
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2. uk(x) > 0(< 0)∀k,∀x ∈ {X};
3. ∀k Sk(x) íåïðåðûâíà íà {X};
4. S(x) íåïðåðûâíà íà {X}.

Òîãäà ðÿä (1) ñõîäèòñÿ ðàâíîìåðíî ê S(x) íà {X}.

16.2 Ïî÷ëåííûå îïåðàöèè íàä ðÿäàìè

Ïî÷ëåííûé ïåðåõîä ê ïðåäåëó. Ïóñòü ðÿä (1) ðàâíîìåðíî ñõîäèòñÿ íà ìíîæå-
ñòâå {X}, è êàæäûé åãî ÷ëåí èìååò ïðåäåë â òî÷êå x0 ∈ {X}. Òîãäà è ñóììà
ýòîãî ðÿäà èìååò â ýòîé òî÷êå ïðåäåë, ïðè÷åì åãî ìîæíî âû÷èñëÿòü ïî÷ëåííî.

Ñëåäñòâèå. Ïóñòü ðÿä (1) ðàâíîìåðíî ñõîäèòñÿ íà ìíîæåñòâå {X}, è êàæäûé åãî
÷ëåí íåïðåðûâåí â òî÷êå x0 ∈ {X}. Òîãäà è ñóììà ýòîãî ðÿäà íåïðåðûâíà â
ýòîé òî÷êå.

Ïî÷ëåííîå èíòåãðèðîâàíèå. Ïóñòü ðÿä (1) ðàâíîìåðíî ñõîäèòñÿ íà ñåãìåìíòå
[a, b], è êàæäûé åãî ÷ëåí èíòåãðèðóååì íà [a, b]. Òîãäà è ñóììà ýòîãî ðÿäà
èíòåãðèðóåìà íà [a, b], ïðè÷åì âû÷èñëÿòü èíòåãðàë ìîæíî ïî÷ëåííî.

Ïî÷ëåííîå äèôôåðåíöèðîâàíèå. Åñëè êàæäûé ÷ëåí ðÿäà (1) èìååò ïðîèçâîä-
íóþ íà ñåãìåíòå [a, b], è åñëè ðÿä, ñîñòàâëåííûé èç ýòèõ ïðîèçâîäíûõ, ñõî-
äèòñÿ ðàâíîìåðíî íà [a, b], òî è ñóììà ýòîãî ðÿäà èìååò ïðîèçâîäíóþ íà [a, b],
ïðè÷åì âû÷èñëÿòü åå ìîæíî ïî÷ëåííî.

17 Òàáëèöà ñâîéñòâ ðàñïðåäåëåíèé ñëó÷àéíûõ

âåëå÷èí

17.1 Äèñêðåòíûå ñëó÷àéíûå âåëè÷èíû

Èìÿ ðàñïðåäåëåíèÿ P(ξ = k) Ìàò.îæèäàíèå Äèñïåðñèÿ

Bi(n, p)(Áèíîìèíàëüíîå) Ck
np

k(1− p)k np np(1− p)

Pois(λ)(Ïóàññîíîâñêîå) e−λ
λk

k!
λ λ

G(p) (Ãåîìåòðè÷åñêîå) (1− p)k−1p
p

1− p
p

(1− p)2

Èìÿ ðàñïðåäåëåíèÿ Õàð.ôóíêöèÿ Ïðîèçâ.ôóíêöèÿ

Bi(n, p)(Áèíîìèíàëüíîå) (1 + p(eit − 1))n (1 + p(z − 1))n

Pois(λ)(Ïóàññîíîâñêîå) exp{λ(eit − 1)} exp{λ(z − 1)}
G(p) (Ãåîìåòðè÷åñêîå )

1− p
1− peit

1− p
1− pz
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17.2 Àáñîëþòíî-íåïðåðûâíûå ñëó÷àéíûå âåëè÷èíû

Èìÿ ðàñïðåäåëåíèÿ Ïëîòíîñòü Ìàò.îæèäàíèå Äèñïåðñèÿ

R[a, b](Ðàâíîìåðíîå)


1

b− a
, x ∈ [a, b]

0, x /∈ [a, b]

b− a
2

(a− b)2

12

Exp(λ)(Ïîêàçàòåëüíîå, λ > 0)

{
λe−λx, x > 0

0, x < 0

1

λ

1

λ

N(a, σ2) (Íîðìàëüíîå, σ > 0)
1√
2πσ

exp

{
−(x− a)2

2σ2

}
a σ2

K(a, b)(Ðàñïðåä.Êîøè, a, b > 0)
b

π(b2 + (x− a)2)
- -

Èìÿ ðàñïðåäåëåíèÿ Õàð.ôóíêöèÿ

R[a, b](Ðàâíîìåðíîå)
eitb − eita

it(b− a)

Exp(λ)(Ïîêàçàòåëüíîå, λ > 0)
λ

λ− it
N(a, σ2) (Íîðìàëüíîå, σ > 0) exp{ita− σ2t2

2
}

K(a, b)(Ðàñïðåä.Êîøè, a, b > 0) exp{ita− b|t|}

18


