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YUCJEHHOE PEIIEHUE CUCTEM
JUHENHBIX AJITEBPAMYECKUX
YPABHEHU

B aToif r1aBe paccMaTpMBaeTCs OJHA U3 CAMBIX BaXKHBIX 3a-
J1a4 TMHEHHON anreGpel — pelueHne CUCTeM JTHHEHHBIX anrebpa-
nyeckux ypasaeHHuid (CJIAY), B KOTOPBIX YHC/IO YPaBHEHUH paB-
HO YHCITYy HEU3BECTHHIX:

allxl +012x2 +...+a1n n =fi
G X +apXy +..+ Ay X, = [

(1)

WIH B COKPalICHHOM 3aNUCH:

n
Z a;x; = S i=12,..

KoadpuumeHTs! a;; ipu HEU3BECTHBIX X, x; 06pasyioT MaTpuIly CH-
creMbl (1):
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Bciony Ha NpOTSXeHMH 3TOiA IIaBbl MBI OyIeM CUMTaTb OIpee-
JIUTENIh MATPULIBI OTJIMYHBIM OT HYJIS:

A=det A#0.

B aTOM Ciiydae cUCTeMa HAa3bIBAETCS HegbipodcdenHol. Pelenue
HEBBHIPOXIEHHOMN CHCTEMBI BCETa CyMIECTBYET U SABSAETCS eIUH-
cTBeHHBIM. O6CcynuM MeToabl HakTUYECKOro NOCTPOESHHS 3TOTO
peLIeHHUSI.

1.1. OPAMBIE METO/IbI PEIIEHHUA CIIAY

HpﬂMbLMll HAa3bIBAIOTCA MCTOIBI, KOTOPBIC ITO3BOJIAIOT NOJIY-
YUTh TOYHOE PELICHHE HEBBIPOXIEHHON cucTeMHI (1) 3a KOHe4-
HOE YUC/O Ollepaluid.

1.1.1. ®opmyam Kpamepa

®opmyst Kpamepa HpecTaBiasioT KOMIIOHEHTHI X; peLICHHUsI
cucteMbl (1) B B¢ OTHOHICHHUS IBYX ONpPEXCIUTEICH:

=A; /A, j=12,.,m, 4)
rae
A;=detd;, j=12,.,n 5)

3necs MaTpuua A; MONy4aeTCsl U3 MaTpaLlbl A 3aMeHoOM ee j-TO
cTonG1a ¢cToNOHOM TpaBBIX YacTelt cucTeMH (1):

@y - Gy K Gy e Gy

4| ‘12,1 f2 02,j+1 e gy

4 Do : : . 6)
Ay o Gy f Ay v - Oy

C TeopeTndeckoi ToYkH 3peHUus ¢opmyinsl Kpamepa npawor
HCcYepnBEIBalollee pelieHUue npotiembpl. YToOb HAlTU pelieHWe
cucremsl (1), HyxXHo nmoacyurarsk (n+ 1) ompeneaurenb. JTo
MOXHO CJIeJIATh 33 KOHEUYHOEe YHMC/IO apU(PMETUIECKUX OTepaLui.
OnHaKo ¢ TOYKHM 3peHHUs MPAKTHUKU BAXHOE 3HAYEHUE MMEET
taxkTHYecKoe YHUCIO HEOOXONMMBIX onepalyii. 31eCh HaC U Moa-
XUOaeT rMaBHasA TpyAHOCTh. OnpenenanTens #-ro Nopsaaka — 310
n! claraeMbix, KaXa0€ U3 KOTOPHIX SIBJISIETCA MPOU3BEACHUEM #
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[image: image2.png]yuces. Takum 00pa3oM, UL ero BHIMKCIEHHS HYXHO BBINOIHUTH
(n—1)n! yMHOXEHUN ¥ n! CIOXKEHHIt, T.e. BCEro Q,=nn!
apudmeruyeckux onepauuit. Ouenum 310 ymcno. Ilpu n1
YHCJIO n! MOXHO MOACYUTATh C IMOMOLIBIO ACHMITTOTHYECKOM
dopmynst CtupiuHra:

n!=\2nn(n/e)", Tak uto Q, =V2r-n¥2(nfe)".

IIpu ymMepenHOM 3HayeHuu n = 20 31a hopMyna qaeT aCTPOHO-
Miyeckoe yncno: Oy =5-1019,

KoMnbioTepy, npou3BoaMTENbHOCTS KOTOPOTO COCTABISET
m OINEepaLMit/c, IS BRIYUCIAEHUA onpeneaurens 20-ro ropsiaka
noHanoburest Ty, =(5-101%/m)c. B vactHocTH, npu m = 1010 ope-

pauuit/c nonyaum T, =5-10° ¢ ~ 170 zer.

Haxe yBenuueHHe NMPOM3BOAUTEILHOCTH KOMHLIOTepa Ha
ABa, TPH IOpAAKa HE ChacaeT IOJoXeHUs. Takue pe3ynbTaTsl
noMTy4eHbl IpU 1= 20, B TO BpeMs1 KaK B COBPEMEHHBIX IIPUKIA-
HBIX 3a/1a4aX MPUXOIUTCS pelaTh CUCcTeMH ¢ n = 10 u Gosee
YPaBHEHHH. 13 NpOBENEHHOTO aHANIM3A SCHO, YTO PACCUUTHIBATH
pemenne CJIAY no dopmynam Kpamepa ¢ BeraucieHHeM ompe-
RENUTENEH «B 106» HEBO3MOXHO, T.€. IPAKTUYECKAs LEHHOCTh
aTUX GopMyN HeBeIHKa.

1.1.2. Meroa Iaycca

brectsamuit KOHCTPYKTUBHBII BBIXON W3 KPHTHYECKOUA CUTY-
allM, ONMCAHHOM BhIuIe, naeT MeTox I'aycca. Dror MeTon yno6HO
YCJIOBHO Da3ieNMTh Ha nBa stana. Ha nmepsoM astame (mpsmoit
xox) cucteMa (1) IPUBOIMTCA K TPEyroIbHOMY BUAy. 3aTeM Ha
BTOPOM 3Tarne (0OpaTHBIA XOI) OCYILECTBISETCS IOCEN0BATE b-
HO® OTBICKAHHE HEU3BECTHBIX Xy,..., X, U3 3TON TPEYrONbHOMN CH-
CTEMEI.

IlepeitneM K moapo6HOMy omucaHuio metona I aycca. He
OrpaHuYHBasl OOLIHOCTH, OyleM CYMTATh, YTO KOIDPULMEHT a1,
KOTODBI# Ha3BIBAIOT BEAYIMM 3JIEMEHTOM TIEPBOTO IAra, OTAH-
YEH OT Hy/A (B ciydae ajy =0 MOMEHseM MeCTaMH ypaBHEHHS
C HomepamH | M i, IpU KOoTOpOM a;; #0; IIOCKONBKY CHCTEMa
[IPEANONAracTCst HEBLIDOXICHHOM, TO TAKO! HOMED i 3aBEIOMO
Haiinercs).
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Pasnenum Bce wieHB IEPBOro ypaBHEHHUS Ha a;; ¥ BBEIEM
B Ka4Y€CTBE HOBBIX KO3GM(MHLHUEHTOB ¢}, { = 2, ..., n, ¥ NpaBoii Ya-
CTH y| OTHOILLCHHS

a a I
612=‘ll’ a3=-13, .., q,=-2, y=-1 )

4 a1 a1 a
BbruteM M3 KaXIOro i-ro ypaBHeHHs cHCTeMHI (i=2,..., n
npeobpa3oBaHHOE NEPBOE YPaBHEHUE, YMHOXEHHOE HA a;;. Ilpo-
A€JaB 3TO, Mbl HCKIIOYMM HEM3BECTHOE X; M3 BCEX YPABHEHMIA,
KpoMe nepeoro. IIpeo6pasopanHasn Takum o6pasoM cucrema (1)
NPHMET 3KBUBAJICHTHBIN BUI:

xl +012X2 +Cl3)% +...+Clnxn =yl
1 1 1 1

dix +adx +.. +d)x, ="

.......................................... 8)

aDx, +a0% +..+alx = fO.

3HaYeHUsT HOBBIX KO3(D(UIIMEHTOB M NPaBBIX YacTeil cucteMsl (8)
BBIYUCIIAIOTCS 110 bopMyIaM

oD = 4 f
a;’ =a; - o s [l =f-ay

®

EcTecTBeHHO BBIIENHTD U3 (8) «YKOPOYEHHYIO» CHCTEMY, COLEp-
Xaiyro (n — 1) ypaBHeHHE:

1 1 D, _ £l
a3%, +adxy +.. +af)x, = [
1 1 1 1
a3% +aRx +..+ af)x, = £

a3, +alx; +...+alx = £,

Iponomkas nanee mpouecc UCKIOYeHHUs, ocie (n — 1)-ro mara
penyLMpyeM UCXOOHYIO CUCTEMY K BHRY
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[image: image3.png]X2 +623X3 +...+(‘2n n = y2
Xn-1% Cp1n%n = Yy (10)
xn = yn
WM B MAaTPUYHOH (opme :
Cx=y.

3neck C ABNAETCS BEPXHEH TPeyroabHOM MAaTPHULIEHA C eAUHULIA-
MU Ha IJIaBHOM OTWAroHaau:

ICI2 013 e c1n
c=|! LB ool
0 0 0 ... 1

Hoctpoenue cucremsr (10) saBepmaer npsimoit xon Metona La-
ycca.

OGpaTHBIM XOII COCTOMT B MOCHEAOBATETLHOM OTPEe/IeHUH
HEU3BECTHBIX U3 cucTeMrl (10) B o6paTHOM mopsake:

Xn =Wy
Xn-1 = Vn-1 ~ Cp_yn*n

Xp2 = Vn2 ™ cn—2,n—l Xn-1 = Cp-2.n%n

’ (12)

Xl EN 0% T q3Xy ==X,

Honcuutaem uncno apudmeTudeckux onepaumii, KOTOpOe
TpebyeTcs BHIMOMHUTE 1pH peennu CJIAY no merony I aycca.
ITepBblit mar npsiMoro xoza, coracHo GopMyiam (7) u (9), Tpe-
OyeT n neneHui U n (n— 1) caoxeHuit ¥ yMHOXeHM. Ml y4Hu-
THIBAEM IENICHUS OTHE/IbHO, IOCKONBKY [UISI KOMITBIOTEPA, KaK U
AJis 4esioBeKa, 3To GoJiee ciioXHas onepauusd. Iepexons mocie-
JOBATENBHO OT n K (n—1), notoM ot (n—1) K (n—2) u 1.1.,
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noucyuTaeM obuiee 4Mcao apudMeTHYECKUX OTEPALHI Ha CTa-
Iuu npsiMoro xona. OHO BKIIIOYAET:
Ji () (35050

Ql=n+(n—1)+-~-+1=%n(n+1), (13)
CJIOXEHUHA U YMHOXEHHUI
Q2=n(n-—l)+(n—1)(n—2)+---+2-1=.;_n(n2—1). (14)

OG6patHbIit X011, coracHo GopmynaM, Boobiue He TpebyeT aene-
HHA, a HEOOX0AUMOE YUCIO CIOXEHUH U YMHOXEHHUI MTOACYH-
ThIBaeTCA 1o opmyne

Q3=1+2+-~-+(n-—1)=%n(n—1)‘ (13)

CpaBuuBas (13) u (14) c (15), Buaum, 4yTo OOGpaTHBIA XOL Cy-
LeCTBEHHO Ipolne mpsaMoro. Cymma (14) u (15) maet obuee
YUCIO CIOXKEHUN M YMHOXEHHH, HEOOXOAMMOE ISl peIlueHuUs
CJIAY no merony I'aycca:

0=0, +Q3=—;-n(n—1)(n+§)=§n3+0(n2). (16)

OHO He MAET HU B KaKOe CPaBHEHHE C YHCIIOM H-n!, KOTOpoe
TpebyroT dpopMmynst KpaMepa npu npsMoM BHIYUCIEHHH OIIPENE-
JIUTENEN.

OnucaHHas BBILIE NpoLEAypa pemeHns cucteMnl (1) MeTo-
noM T'aycca MoXeT 0Ka3aThCsl HEYCTONYMBOM 110 OTHOLIEHUIO K
ClyyaifHBIM OolIMOKaM, KOTOpBIE HEU30EXKHEI ITPH KOMITBIOTEPHBIX
pacyeTax B pe3yJibTaTe OKPYTJICHUS YUCe M3-32 KOHEYHOM UIH-
HBEl MAlIMHHOTO cNOBa. JleicTBUTEIRHO, NIPEANONOXUM, YTO B
npouecce nmpuBeaeHus cucteMsl (1) k TpeyronsHoMy Buny (10)
y Matpuusl C (11) o6pazoBanuce Gonbilne 10 MOAYIIO SJEMEH-

THI: Ic,- jI>1 ¥ naxe |cl. j|>>1. Torna npyu BHIMUCIEHUU HEU3BEC-
THBIX TI0 opmynam (12) Bo BpeMs 06paTHOro xoxa YMHOXEHUE
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[image: image4.png]HaWJEeHHBIX C OIIMOKAMM OKDPYIJICHUS YHCETT X; Ha GoJblIKE 11O
MOZIYJIIO 31€MEHTHl MaTpuiel C NPUBENET K YBETHMYEHUIO 3TUX
omubok. Haobopor, ecnu marpuua C okasanack Takoit, 4to Bce
€€ 3JIEMEHTHI YAOBJIETBOPAIOT YCIOBHIO

o /|<1 an

TO pONb OUIMOOK OKPYITIEHHSI B IIPOLIECCE BHIYMCIICHHUIA Oynmer
HUBEJIMPOBATHCS. :

Onuiem, KaK MOXHO JOGUTHCS BBIMOTHEHHUS ycnosus (17).
Ilpucrynas x nepeoMy mary mpsmoro xoxa Meroza I'aycca, pac-
CMOTpHUM 3JIEMEHTH @) ; IIEPBOM CTPOKH MaTPHLUbI A M HailneMm
CpeoH HUX SIEMEHT, HaubGonbmui 1o Moaymo. ITycts oH umeer
Homep j). Ilomensiem B cucreme (1) nepBsiii cTonberr u cronben
C HOMEPOM j; MECTaMH, USMEHHB COOTBETCTBYIOLINM 06pa3oM
HyMEpaL1IO HEM3BECTHEIX. B pesynsrare Takoit mpouenyps: Hau-
OOJIBLINHA 110 MOTYITIO 3/IEMEHT MEPBOM CTPOKM CTAHET BEOYILIHM
37IEMEHTOM I1epBOTo 1ara a; |. bnaronaps sromy anemenTs cy,j
NepPBOii CTPOKM MaTpulsl C, KOTOpbIe PacCYHTRIBAIOTCS MO (hop-
Mynam (7), OyayT yaOBIEeTBOPSTH HepaseHCTBY (17).

Ipouenypy BoineneHUs HauGOBILETrO 1O MOAYJIO 3JIeMEH-
Ta B OY€PENHON CTPOKE M MPEBPALICHHS €r0 B BEAYIUMI 3/IEMEHT
HYXHO 3aTeM [IOBTOPSITH BO BpeMs KaXIOroO Liara IpsSMOro Xojaa
metona l'aycca. B 3ToM ciydae Bce a/meMeHTHI ¢; j TPEYrONbHOMN
matpuubl C (11) 6ymyT ynoBreTBOpSTh HepaBeHCTBAaM (17), oBec-
N€YUBAast YCTOMYMBOCTE METONA 110 OTHOLIEHHUIO K OLIMOKAM OK-
pyrienus1. Tako#t cioco6 KoppekLuu Ha3bIBaeTCs ebibopom gedy-
uiezo anemenma no cmpoxe.

ITosICHMM BaXHOCTH CIIELUATBHOTO BBIOOpa Beayliero aie-
MEHTa B KaXNO0i CTPOKe BO BpeMsi IIPIMOro xona merona I ayc-
Ca Ha ImpocToM npuMepe. PaccMOTpUM cucTeMy Tpex ypaBHeHMi
C TpeMA HEU3BECTHBEIMH;

1,2357x; +2,1742x, ~ 5,4834x, = -2,0735;
3,4873x, +6,1365x, - 4, 7483x, = 4,8755; (18)
6,0696x, — 6,2163x, — 4,692 Lxy =-4,8388.
JIerko npoBEpUTH, YTO ee pelleHHe MMeeT BUI
X =x)=x3=1 (19)
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Pemum cucremy (18) ¢ nomomsio Merona I'aycca, He ob6pa-
1asd BHUMaHUE Ha BEJIMYMHBI JIEMEHTOB MaTpULsl. Bee pesyss-
TaThl PACYETOB YCIIOBUMCS TIPEACTABIATh B BUOE YKCE)L C IUIABA-
IOIIEH 3aMSTOM ¢ NATbIO 3HavamuMmu uudpaMu. Torga mocne
MPSAMOTrO X0Aa MOJIyYUM CUCTEMY TPEYrOJbHOTO BUJA:

x +1,7595x, ~4,4375x; = -1,6780,
X +15324x; 15324, (20)
x; = 0,99992.

3Hayenue x; = 0,99992 BHIIAIUT BriOHE MpHeMIeMbM. Of1-
HaKO U ABYX NPYTMX HEU3BECTHBIX OTMpENENUM ClIeOyIOLIHe
3HaYeHMsT: X = 2, x; = —0,75990. ITpuumHa ciay4yusIIerocs 3ak-
JIOYAETCs B MOTEPE TOYHOCTH MPU BHIYMCIEHUH X, U3-32 GONb-
IMX 3HAYCHUH KO3(DHULIMEHTA Cy3 U TPABOif YacTH ¥, TPEYronb-
HO# cucteMHl (20), KOTOpBIE BBIYMCIEHBI ¢ OIIMOKAMU BCied-
CTBHE OTOPACHIBAHMS «IMITHUX» 3HaYalMX nudp.

Ternepr Bocnonb3yeMcst nipoueaypoii BrIGOpa IIaBHOTO 21e-
MEHTa 110 CTpoKe. /11 3TOro B JaHHOM CJIy4ae JOCTATOYHO IIO-
MEHSTb MECTaMM TIE€PBLIA Y TPETHH CTOJNGLIBI MATPULIBI CMCTEMBL.
B pesynbrare cucreMa npumMer BUI

~5,4834x; +2,1742x, +1,2357x, =-2,0735,
~4,7483x; +6,1365x, + 3,4873x, = 4,8755; Q1)
~4,6921x; - 6,2163x, + 6,069, = —4,8388.

IIpn Takoit ee 3anucH BeAyLIMM 3JIEMEHTOM TEPBOTO Ilara cra-
HOBMTCS 9MCIIO —35,4834. OHO siByIsieTCS HAMGOIBUIMM 110 MOZY-
JIIO 9JIEMEHTOM 1iepBOii CTPOKHU cucTeMrl (21). Teneps mpuMeHe-
HHe MeToa I'aycca npHBOIMT K CIIEAYIONIEH CHCTEME C TPEYTOMb-
HOM MaTpHLE:

x; - 0,39651x, - 0,22535x, = 0,37814;
Xy +0,56827x = 1,5682; (22)
x, = 0,99995.
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[image: image5.png]Bce ee anemenTrr YAOBICTBOPSIOT HEPABEHCTBY (17). Ocyurects-
55 oBpaTHBIA XoN, Moyyaem PeLIEHHE CUCTEMBI:

X =0,99995; %, =0,99996; x3 =0,99999. (23)

IonyyeHHsle 3HaYeHMS HEU3BECTHBIX X; XOPOLIO COINACYIOTCS C
oTBeTOM (19) B pamkax IIPUHATON TOYHOCTH BBINHUCICHUIL,

Herpynuo IIPEABUAETD, YTO NPU 6eCKOHTPONBLHOM [pUMeHe-
HUU Merona laycca nns peinenus Bonbinx cucteM (7>> 1) Bo3-
MOXHOCTe JUI1 HOTEPH TOYHOCTH CTaHOBUTCH elle Gobile, B TO
BPEMS KaK BBIIIOJIHEHHeE TIpOLEAYPEI BHIGOPA BeAyLIMX 3TeMeH-
TOB I10 CTPOKAaM CHHMaerT 3Ty pobieMy.

B 3akmoyenne OTMETHM, 4TO MEPBBIH 3Tan MeTona I aycca
MOXET GbITh HCII0/IL30BAH IS BBIYHCICHHS ONPENETUTENS MaT-
puust A. Ipsamoit xox meroma T aycca OCHOBaH Ha MHOTOKpaAT-
HOM BBINIONTHEHHM OITePALIMM CIIOXEHHsT OIHOH U3 CTPOK Marpu-
LBl C IpYTO# CTPOKOM, B3ATOI ¢ HEKOTOPEIM MHOXHTENEM, YTO
HE MCHAeT onpenenutens. Cienyer mumnp Y4€CTb, YTO npyu gme-
ICHUM BEAYIIEH CTPOKM Ha €€ IMArOHATbHbL JJIEMEHT ompefe-
JUTENb TAKXKE JEJUTCS HA 3TOT 3/IEMEHT. Kpome Toro, unorzna
HPUXOIUTCS MEPECTABIATEL CTONGIILI 1pu BHI6OpeE r1aBHOTrO 31€-
MEHTa 10 cTpoke. TTocKoiBKyY onpenesuTens NIPHUBEAECHHOI Tpe-
YTOJIBHOM CUCTeMBbI (MaTpuis C ) BCEra paBeH CIMHUIIE, TO ON-
PCACTAUTEND HCXOXHON CHCTEMBI

A=det A=(-D¥a),af)...a(n-D),

Te k — 4HCIO MepecTaHOBOK CTON6HOB B mpouecce pPEnyKIUY
Marpuus A K TPeyroapHOIR Matpuue C,
1.1.3. Cucremni ¢ AHATOHALHBIM Npeodaagannem

Onpenenenne. Haszogem cucmemy (1) cucmemoii ¢ duazonans-
HbiM npeobaadanuem no Cmpoke, ecau nemenmor mampuym A (2)
yooenemeeapsiom Hepasencmaam

n
o> Zfai | 1sisn. (24)
v
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HepasencTsa (24) o3Ha4aior, 4T0 B KaXn0i CTpoke MaTpu-
Ubl A IMAaroHaJbHBIA 3JE€MEHT BHIIEJIECH: €ro MOAYIb 6onbire
CYMMBbI MOIYNIEX BCEX OCTANILHBIX 3JIEMEHTOB TOH X€ CTPOKH.

Teopema. Cucmema ¢ duazonanshoim npeobradanuem scezda
paspewiuma, U npumom eOuHCMEeHHLM 06pa3oM.

PaccMOTpuM COOTBETCTBYIOIIYIO ONHOPOIHYIO CHCTEMY:

n

— '<
Zai’jxj—O, 1<ign.
J=1

(25)

IIpenmonoxum, YTo OHa MMEET HETPHBHAIBLHOE pElICHHE X;.
Ilycth HawGombInast 110 MOAY/MIO KOMIIOHEHTA 3TOTO PELEHHS CO-
OTBETCTBYET HHAEKCY j = Kk, T.e€.

%]>0, |%|2[%)], 1<jsn (26)

3anuineM k-e ypaBHeHHE cHUCTeMEH (25) B BHze

n
B k% == 2, O X,
Jj=1
Jj#k
M BO3bMEM MOJY/b OT 06EHX YacTedl 3TOro paBeHCTBa. B pesynn-
Tare HOJIy"IPIM

n n
Jj= =

Jjzk Jjzk

Coxpainast HepaBeHCTBO (27) Ha MHOXHTENb |J_ck|, KOTOPHI#, CO-
IJacHO (26), He paBeH HYJIIO, IIPUIEM K IPOTHBOPEYHIO C Hepa-
BEHCTBOM (24), BpIpaXaloIliM AHaroHaibHOe Npeobnaxanue. ITo-
JIY4EHHOE MPOTUBOPEYUE ITO3BOISET IOCIENOBATENBHO BHICKA3ATh

TPH YTBEPXICHMS.
1. OnHoponHas cucreMa (25) ¢ JMaroHanbLHbIM npeoiana-

HHUCM HMEET TONBKO TPUBUAJILHOE PELUEHHUE.
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2 BBoaHHe JAEKUHH NO YHCAEHHBIM METOAaM



[image: image6.png]2. Onpenenurens MaTpuLbl A ¢ AHMaroOHaNbHLIM Npeobaana-
HUEM HE paBeH HYIIO.

3. HeonnoponHas cucrema (1) ¢ amaroHaIBHBEIM npeobnana-
HHEM BCerna pa3penirMa, U MPUTOM €XUHCTBEHHBIM o6pasoM.

Hocnennee u3 Hux O3HAYaeT, YTO JOKA3aTeNbCTBO TEOPEMEI
3aBepIIIEHO.

1.1.4. Cucremmt ¢ Tpexamaronansnoi MaTpHueit. *
Metoa nporonkn

Ilpu pewrenun MHOrUX 3a1a4 NPUXOTUTCA HMETh HEeJi0 C
CHCTeMaMHM JIMHEeHHBIX yPaBHEHUH BUIa

Alxl_l +Clx1 +B1xl+1 =1’;, i=1,..., n-l, ) (28)

X0 =40> Xp =G> (29)

rne K03 (pULUEeHTH 4;,C;, B;, npasbie yacTu F (i=1,..,n-1)

M3BECTHBI BMECTE C YHCNAMHU Gy U g,,. [JOMONMHUTEABHBIE COOTHO-
WeHUs (29) 9acTo Ha3HBAIOT Kpaesvimu ycaosuamu onsi CUCTEMEL
(28). Bo MHOTHX CiTy9asx oHH MOIYT UMeTh 60Jiee CIOXHEIH BHL.
Hanpumep:

Xo = PpXxy *+4ps Xy = PpXy_y +qn’

Ioe Py, 9ys Py» 9, — 3aTaHHBIE YUCIA. OnHako, 4T06HI He YCIIOX-

HATE U3NI0XKEHUE, OTPAHUYMMCS TIpOCcTeitel GOpMOo NOMONHHY-
TEJIBHBIX YCIOBUH (29).

Honb3ysice TeM, yro 3HaYeHUS Xp U X, 3allaHbl, [TEpEeNUIUEM
cucremy (28) B Buge

Cx+Bx) =F - 4190
: (30)

An—l Xpo+ Cn—l Xp1 = i;z-l - Bn_l qy,-
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Martpuua 3Toit CHCTEMBI UMEET TPEXIMATOHATBHYIO CTPYKTYPY:

r-Cl Bl 0 O b 0 0
4 C B 0 . 0 0
0 4 C B -~ 0 0

(31

(00 0 0 ... 4., G
BTO CYLIECTBEHHO YIpoLiaeT peuleHue cucteMsl (28) 6naronaps
CHEeLMaIbBHOMY METOY, TOJYyYUBILIEMY Ha3BaHUE Memooda npo2oH-
Ku. DTOT METOJ OCHOBAaH Ha ITPEAIIONOXEHHUM, YTO UCKOMBIE He-
M3BECTHBIE X; U X; 4 | CBA3aHBl PEKYPPEHTHBIM COOTHOIIIEHHEM

xi=ai+lxi+l +Bi+l’ 0O<i<n-1. (32)

3mech BEMYMHBL O; 1, B;, 1, TOMyYHBLIME HA3BAHUE NPOLOHOYHBIX
Ko3guyuenmos, MOMNEKAT ONpPEIENCHUIO CXOMs U3 YCIOBHI 3a-
naum (28), (29). PaxkruyeckH Takasd Mpolenypa o3Hayaer 3aMe-
HY NIPSIMOTO OMpeNe/IeHHs] HEM3BECTHBIX X; 3alla4eil Ompeae/ieH s
MPOTOHOYHBIX KOI(Q(PHIUMEHTOB C MOCAEAYIOIIMM PacdeTOM IO

HUM BEJIMYMH X;.
JU1s1 peanu3auuu ONMUCAHHOM MIPOTpaMMBI BHIPa3MM C MTOMO-

IIBIO COOTHOLUEHHA (32) X;_; 4epe3 X4 :
X = 0% +B; = oge 1 +oufy, +B;
U NMOACTaBMM X; | U X; BHIPaXCHHBIE YEPE3 X;+j, B MCXOAHBIE
ypasueHus (28). B pesynbsTaTte nmonyymMm
(A 040441 + G0y + B)X;yy +A; 0 Byyy + A4, B +CByyy — F; =0,
i=12,..,n-1.
Tocnenuue cooTHOLIEHHS GYIyT 3aBEIOMO BBHIOJIHATECS, H TIPH-

TOM HE3aBHCHMO OT PEIUIEHHMS, €CIIM NMoTpe6oBaTh, YTOOH IpH
i=12,..,n—-1 UMenH MeCTO paBeHCTBa

4000 +Coyyy + B; =0,
40 Bisy + AB; + By - £ =0.

2 19



[image: image7.png]Orciona caenyior PEKYDPPEHTHBIE COOTHOINEHUS IS IPOrOHOY-~
HBIX KO3 GHULMEHTOB:

-B. F, - A,

Oy ==, By =T 12 pol 33
i+1 Aiai+ci Bl+l Aiaj+ci . ( )

JleBoe rpaHuYHOE YCIIOBHE X = gy X COOTHOILIEHUE X =0yx +B;

HCHpOTI/IBOpe'II/IBhI, €CJIN ITOJIOXHUThH

«

a =0, B =gy 34)

OctanbHele 3HaYeHHS K03 OULIHEHTOB NPOroHKU Op,.ees Oy M

By,...,B, Haxomum u3z (33), 4eM u 3apepmaem stan BBIYMCIIEHUS
NMPOTOHOYHBIX KO3 $HILMEHTOB.
Hanee, cornacuo NIPaBOMY IDaHMYHOMY YCIIOBHIO,

X, =q, (35)

Otciona MOXHO HaiiTH ocTanbHbIe HEU3BECTHBIC X, _[,...,X; B
Tpouecce 06paTHOM MPOrOHKH C IOMOIIIBIO PEKYPPEHTHOI op-
MyJeI (32).

Uucno onepanuii, KOTOpoe TpeGyeTcst Aia perenus: cucre-
MbI obuero Buaa (1) Metonom I aycca, pacTeT IpU YBEJIMYCHUH
n TIPONIOPUMOHANBHO n3. MeTtox ITPOrOHKH CBOIMTCS K JABYM
HuKTIaM: cHavana no ¢opmyinam (33) paccuuThIBaOTCS NPOroHoyY-
Hble KOI()PHIUEHTHI, 3aTeM C MX TIOMOILBIO 10 PEKYPPEHTHBIM
dopmynam (32) HaxonsTes KOMITOHEHTBI pelleHUs CUCTEMBI X;.
BT0 03HAYAET, YTO C yBeTHYCHMEM Pa3MepPOB CHCTEMBI YHUCJIO
apupMeTUYeCKMX onepaumit GyzmeT pactu nponopunoHamBHO n,
a He n3. Takum 00pa3oM, MeTon NporoHku B npenenax coeprer
CBOCTO BO3MOXHOTO NPUMEHEHUS SBISIETCS CYIIECTBEHHO Gosee
SKOHOMMYHBIM. K 3TOMY Creayer no6asuts 0co6yI0 npocToTy ero
NMPOIrPaMMHOMN PeaTM3aLUHM Ha KOMIIBIOTEpE.

Bo Mmorux npuxnammbix 3anayax, KOTOpblE NMPHUBOIAT K
CJIAY ¢ TpexanaroHansHO MaTpHLeH, ee KoabdULUMeHTs! Y108~
JIETBOPSAIOT HEPABEHCTBAM

Gl >|4;|+|B], (36)

20

KOTOPBIE BHIPAXAIOT CBOWCTBO QMArOHAIBHOrO rpeobnaganus. B
JaCTHOCTH, Mbl BCTPETUM TaKHe CHCTEMBI B IJ1. 3 U 3.
CornacHo TeopeMe MpeNBIIYLIETO pa3fie]la PELICHHe TaKUX
CHCTEM BCEra CYLIECTBYET U SBJSAETCA CAMHCTBEHHBIM. I HUX
TAKXe CIPABENIMBO YTBEPXKAECHHUE, KOTOPOE MMEET BaXXHOE 3HA-
yeHHe 11 PaKTHYECKOrO pacyera PeIleHHs C MIOMOLIBI0 METO-
Ja IPOTOHKH. )
Jlemma. Ecau dns cucmemsi ¢ mpexouazonanvroli mampuyel
8bINONHACMCS ycaogue 0Uaz0HAanbHo20 npeobaadanus (36), mo npo-
20HOUHbIE KO3(DuUYUeHmsl y0061emeopsiom HepageHcmeam

jog|<1. (37)

HokasaTtenscTBo mposeneM no uHAyKuuM. CornacHo (34)
o; =0, T.e. mpu i=1 yTBEepXIeHHE JIEMMBI BepHO. JOMycTHM

TeNEPb, YTO OHO BEPHO JUISE O; M PACCMOTPHUM O, :

~ B |< fB,| <1. (38)
|0‘i+1|— Ci"’Aiail - IC,',—'Ai,

WUrak, uaayknus ot i K (i + 1) o6ocHOBaHa, 4TO ¥ 3aBepluaeT 10-
Ka3aTeNbCTBO JIEMMHI.

HepaBeHCcTBO 1/19 POTOHOYHBIX KO3 GUIIMEHTOB o, Jenaer
IPOTOHKY YCTOM4YMBOH. JlefiCTBUTENBHO, MPEANOIOXUM, 4TO
KOMITOHEHTa PeLIeHMs X; B DE3YJbTaTe NMPOLEAYPHl OKPYTIeHUs
paccuiraHa ¢ HekoTopo# ommubkoit. Torma mpu BEMMCIEHUM
CleAylolel KOMIIOHEHTHI X;_| N0 PEKYPPEHTHO# ¢dopmyre (32)
aTa ommbka 6aronaps HepaBeHCTBY (37) He Gyaer HapacTaTb.

1.2. OBYCJIOBJIEHHOCTbD CJIAY

Cepbe3HBIM MPEMATCTBHEM IPH PEILIEHUM CUCTEM NTHHEITHBIX
anre6panyecKMx ypaBHEHHI MOXET 0Ka3aThCsl BO3ZMOXHOCTD 3a-
METHOT'O OTKJIOHEHUSI NMPUOIMXXEHHOIO pelieHUst OT TOYHOTO U3-
332 HE3HAYMTEIBHBIX BO3MYILEHMI MpaBbIX 4acTeil YpaBHEHMIA,
KOTOpbIE HEU30EKHO BO3HUKAIOT B MPUOIIDKEHHBIX BHIYUCICHH-
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[image: image8.png]AX. HpH‘-lP[HOﬁ TAKOro HEXeNnaTeJabHOro 3(1)(1)61(’1‘& 4acTO OKa3kbi-
Bac€TCsd TaK Ha3bpIBacMas IIoOXas OGYCJIOBJICHHOCTL MaTpHIIbI CH-
CTCMHI JIMHEUHBIX YPaBHEHHH.

1.2.1. Hopma MaTpHun

PaccMoTpuM nuHelHOe BelecTBeHHOE eBKIHIOBO MpOCTpaH-
cTBO E,, 3/1EMEHTaMH 'KOTOpOro sIBIAIOTCS BEKTOpa B BUIE YIIO-

PANOYCHHON CHCTEME! n uncen X ={xj,...,x,}. B mpoctpancse
E, onpeneneHbl CKanapHOE MPOM3BEACHHE

(x,y)=x1yl +..+X,y, (39)

H €BKIIMIOBA HOpMaA

Il =V, x) = 3 +..+x2, (40)

YAOBJIETBOPSIOILAs TPEM aKCHOMAaM HOPMBI:
1) [x|20, |x]=0 Torma u Tonsko TOrAa, Koraa x = 0;
2) o] =[], Voo
3) [x+y|<|x|+]y| (sepaBencrso TPEYTONBHUKA).
Jlnst ckanspHOro NpOM3BENEHHS CIIPaBETHBO HEPaBEHCTBO

Komu-Bynsikosckoro |(x,y)|<[x| |ly].

PaccMoTpuM kBampaTHyio Marpuuy A4 pasmepom nxn. OHa
OnpelenseT B NpocTpaHCTBe E, THHEHHOE npeobpa3oBanue

y=Ax (41)

2 a;x;, i=1..,n

BeeneM BenuuuHy
”A” - suP ”” ”” (42)

22

KOTOPYIO TPHHSATO Ha3bIBATH HOPMOI Mampuysi A, MOMIMHEHHOM
HopMe BeKTopa [[X|. 3anucriBas HEHYNEBOl BEKTOD X B Bue

x=|x|z,

rIe Z — BEKTOp eIMHWYHOM WIMHBL ||Z|=1, monyyaem npeacras-
JIEHUE AJIs1 HOPMBI, SKBUBaJIeHTHoeE (42):

!lAIl—lst |4z (43)

OTciofla CledyeT, YTO B KOHEYHOMEPHOM IPOCTPAHCTBE HOPMa
MATpPHIEI OTPAHMYEHA, TIpUYEM Ha eXMHUYHON cepe Bcerma
HAIETCS TaKO# BEKTOP Zg, YTO ||A||=||Azou HaxoHen, 3 omnpe-
JieJIeHUsI HOpMHI (42) cieayeT, 4To

i< 4]l (44)

OTO NMPOCTOE HEPAaBEHCTBO JIEXHUT B OCHOBE BCEX AATBbHEHIIMX
OLIEHOK.

1.2.2. Koppekrrocts pemenns CJIAY

Cnenyst Anamapy, 6GyaeM Ha3bsIBaThb MaTeMaTHYECKYIO 3a1ayy
KOPPEKTHOM, €CIIH BHITONHSIOTCS TPH YCIOBUSA:

1) penieHue 3aga4M CyUIECTBYET;

2) pellieHHe 3aJaYd eJMHCTBEHHOE,

3) peuleHue 3a4a4y HENPEPHIBHO 3aBHCHUT OT BXOOHHIX JAH-

HBIX.
O6cynuM ¢ TOYKM 3peHHUS 3TOTO OIIpeleieHHs 3a0aqy pelie-
Hus CJIAY ¢ HepaBHBIM HYMIO ONpPEdeaIUTEIEM

Ax =1, (45)

cuuTast MaTpuly A GUKCHPOBAaHHOM H paccMaTpHBasl B Ka4YeCTBE
BXOIOHBIX JaHHBIX BEKTOP NPABHIX YacTei CHCTEMEI

t={f1.for. Sy} E,

23




[image: image9.png]Ycnosue A#0 rapaHTHPYeT CyLIECTBOBAHUE y MaTpunsl 4
0bpatHoit Matpuus 4~!, yepes KOTOpYIO pellicHHEe CHCTEMEI (45)
MOXHO 3aIticaTh B BUIE

x=Af, (46)
Ilycts Teneps npaBas YacTe NOABEPIIACH BoéMymeHnm of

1 ctana paBHo# f=f+08f . Torna, cornacHo (46), peiuieHue X
BO3MYLUEHHOMW CHCTEMBbI .

Ax =f 47)
TOXE MOXHO 3aIicaTh Yepe3 06paTHyIO MaTpuLy 4~ !:
X=Af= A"+ A 15f =x + 5x, (48)
rae
8x = A-15f. (49)
Orciona nony4aem
oxl < 4-1l1sf. (50)

HepasenctBo (50) nokasbisaer HETIPEPLIBHYIO 3aBUCUMOCTD
BO3MYIUEHHS PELICHUA OX OT BO3MYLUEHMS TPaBOM 4acTH of

x| -0 mpu |5f]—0. (51)

9710 03Hayaer, uTo pemenue CJIAY c HEpaBHEIM HYJIIO OIIpele-

JUTENIEM A — KOPPEKTHast MaTEMaTHYEeCKas! 3aJ]a4a; i1 Hee Bbi-
TIO/IHAIOTCS BCE TPH TPEGOBAHUS KOPPEKTHOCTH AlaMapa.

1.2.3. Yucno obycnoirennocTn MAaTPHIBI
Hcxonnoe ypasHenue (45) mossosser Hamucarts HEPaBEHCTBO
el < Y] (52)
ITepeMHOXHB €ro ¢ HepaBeHCTBOM TOTO Xe 3Haka (50), mo-
JTYIUM
ISR R P R (53)
24

[Tycts 0, Torxa, cornacHo (46), x#0 u HepaseHcTBO (53)
MOXHO TIEpEenucaTh B BHAE

&xj . 18]
S SM, o, (54)
I = 0
rae
M =144, (55)

Yucno M, HasbiBaeTca 4ucaom obycioeaennocmu mampuyst A.
OHO 103BOJISIET OLEHUTh OTHOCUTENBHYIO ITOIPELUIHOCTD PELICHHUS
4epe3 OTHOCHUTENbLHYIO IIOTPEIIHOCTh BO3MYIIEHHS [IPABOM Yyac-
ti. ITockoinbKy ucxonHas cucreMa (45) TMHERHAs, OLIEHKA OT-
HOCHUTEJIBHOM IMOrPELIHOCTH SABISeTCS GoJiee eCTECTBEHHOM, YeM
OlIcHKA abCOMIOTHOM rorperiHocTd. Yem 6onpiie M (> TEM pe3-
4ye pearupyeT pelIeHUe Ha BO3MyILIeHHe mpapoit yactH. ITosto-
MY MaTpyLbl ¢ GONBIIUM YHCJIOM OGYCIOBIEHHOCTH U COOTBET-
creyomue uM CJIAY Ha3wBIBaOT naoxo obycaoerennvimu. Ons
OLEHKH POJIH, KOTOPYIO UIPAeT YUCIO OGYCIIOBIIEHHOCTH IIPH pe-
IIeHUH JIMHEAHBIX anrebpandeckux cucreM, pa3bepeM 3amauy.

3agaua 1. Paccmompems cucmemy deyx ypasnenuii

xl +O .xl = 1, 1 0 :
= = 56
x+0,01 3, =1, [1 0,01/ T=tb1} (56)
U coomeemcmeyrouyio eli 603 MYULeHHYIO cucmemy
xl+0x2=1, B 1 0 ~— ' 57
x +0,01.x, =1,01, A—[l 0,01/’ f={11,01} (57)

Bunucamo pewenua amux cucmem, nodcuumams noepewiHocms 603-
MYUWieHus npaeoil 4acmu u Coomeemcmeyluylo eii nozpeuHocms
so3myuienus peuenus. Haiimu uucno o6ycaoenennocmu mampuybt
A, cocmagums ¢ e20 nomousbI0 MeopeMUECKyI0 OUEHKY NOZpeuHo-
cmu (54) u cpasnumo pe3yabmam ¢ pe3yAbMamMoM, NOAYYEHHbIM
HenocpeocmeeHHO NO U3BECMHBIM DEUUEHUAM CUCMEM.

B naHHOM ciydyae onpemeiuTelib MAaTPUUB A OTIMYEH OT
HYJIA:

A= detA = 0,013
25



[image: image10.png]T.. 06€ CHCTEMEI HeBbIpoXIeHHBIe. CucreMa (57) OTIIMYAETCS OT
CUCTEMBI (56) BO3MYyLUEHHMEM IIPABOM YacTH:

F={L1}, if]=v2, £={1; 1,01}, 8 = {0; 0,01}, [sf]=0,01.
Pemenus cucrem (56) u (57) umeror Bux
x={L0},x|=1, = {L.1}, &x ={0,1}, Jox|=1.

IIpu 3TOoM

It} _o01  Jax] _
Il V2 x|

M&1 BunmM, 4T0 HEBOIBIIOE OTHOCHUTEJILHOE BO3MYLIEHHE Mpa-
BOH 4acTH MpUBEJO K CUIBHOMY BO3MYHICHHIO PEIIEHHUS: OTHO-
CHTE/IbHAs MIOTPELIHOCTb PENICHHMS PaBHA EAMHULIE. DTOT pe3yib-
Tar O3HAYaeT, YTO MCXOOHAS CUCTEMA ILIOXO obyciosnena. Yro-
651 yOeauThca B 9TOM, NOACYHTAEM YHCIO OOYCIOBIEHHOCTH
MaTpHIBl A, HANUIIEM C €r0 ITIOMOIIBIO TEOPETHYECKYIO OLEHKY
(54) n cpaBHuM ee ¢ (baKTHYECKHM pe3yIbTaToM (58).

BrimuuieM nuneitHoe npeobpasopanue y = Ax, OTBEYawlIee
MaTpHUILIE CHCTEMBI

1. (58)

Nn=x, :
¥y =% +0,01x,,

IIPH 3TOM

x| =32 +(x +0,01x, ).

Hanoxum orpannyenue x? +x}=1, Torna B cuny (43)

AR = max[2x? +0,0001x3 +0,02x,x,, x> +x2=1.
i 8] 152, X +X5

Ecnu monoxuts x =cos, x, =sing, 1o 3axaya CBeneTCs K
OTBICKAHHIO MaKCUMYMa BHIPAXECHHS .

26

g(9) =y2cos? ¢ +0,02sin gcos + 0,0001sin? ¢,

3aBUCAILETO TONBKO OT ONHOM nepeMeHHOH ¢, 0 <o <2m.
Ilepexonst K TPUTOHOMETPUYECKUM (PYHKILMSM IBOHNHOTO
yrina

2cos? ¢ =1+cos2¢, 2sin? ¢ =1-cos2g, 2sin@cose =sin2g,
CBENIEM IIOIPANMKANLHOE BRIPAXEHUE K BHIY
1,00005 +0,01sin 2¢ + 0,99995 cos 2.

s xoM6HHALMH
By cos2p+ B, sin 20 = /B, + B)? cos(20-g,), 0< @< 2x,

rae g =arctg(B;/B,), B, =0,99995, B, =0,01, mMakcuMaibHoe
3HaYeHUE PaBHO

VB2 +B,2 =J0,999957 +.0,012.

CrnenosaTensHo, »

4] = y1,00005 + 1/0,999952 + 0,012,

C npuemIeMoii TOYHOCTBIO 3TO YHCIO PAaBHO /2 : 4] = 2.
AHaOTHYHBIM 06Pa30M HaXOOUTCS HOPMA OGPATHOM MATPHIIBL:

1 0 _
A‘1=[_100 100], "A ljjzlooﬁ.

Takum o6pa3oM, B JaHHOM NpuMepe
M, =1A1l4-1]1~200. (59)
B pesynbrarte TeopeTHyeckas oueHka (54) NPUHUMAET BUI

lsxI 131
—<200—-.
lxl Hfl
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[image: image11.png]OHa cornacyercs ¢ pe3ynpTaToM (58), KOTOpHINM GBI [oayyeH
TIPU HEMIOCPEACTBEHHOM pEIUEHHH CHCTEM (56) u (57).

B npoutecce pemenus samaum mur ybeaunucey, yTo moncyer
YHCIa 0OYCTIOBNIEHHOCTH SIBIISIETCH CIIOXHOM 3anayeit, ocobeHHO
C YY4€TOM TOTO, YTO HYXHO BEIYMCIISTE HOPMY HE TOJIBKO IIps-
MOMH, HO ¥ OGPaTHOH MaTPHIIEL. IMostomy xenarensHo MOJIYYHTH
Kaxue-HUOYb KOHCTPYKTHBHBIE OLIEHKH 3TO BaXxHeHIen xa-
PaKTEPUCTHKH CHCTEMBL,

1.2.4. Ouenka uncia 00ycJI0BIERHOCTH
Hns yncna obyciosaeHHOCTH MaTpuikl A CIIpaBeIHBO He-
PaBEHCTBO

MA lemax,/,}‘min,’ (60)

e Amin M A, — COOTBETCTBEHHO MHUHHUMANTbHOE U MaKCH-

MaJIbHOE II0 MOJIY/IO 3HAYEHHS XapaKTepPUCTHIECKUX 9HCeN Mar-
puusl 4. CoorHowenue (60) KOPPCKTHO, ITOCKOJIbKY B CHJIy He-

BBIDOXIAEHHOCTH MATpPHULIBI Afmin #0.

B camom gene mycrp y — COOCTBEHHBI! BEKTOD JMHHEHHOrO
NpeoOpa3’oBaHMs, CBA3aHHOTrO C MaTpuileil A, oTBevarOIMii Amax
Ay=2A

maxY>

TOrza
Pma 191 = | 43] < 4y,

U, CNIe10BaTeNIbHO, MOCKOMEKY [|y]|# 0,

Prmax| < 14].

AHATIOTHYHBIM 06Pa3OM I COBCTBEHHOTO BEKTOpa Z, CBsi-
3aHHOTO C A , HMEeM

Az=)\_. 7

min

28

WJIA

1

min

Z

= -
Azk

OTcroga caenyeT olieHKa

1
P\'min I

ITepeMHOXas NBa NMOCIEAHUX HEPABEHCTBA, NMPUIEM K YTBEpPX-

neHuio (60). .
Ecnu MaTpuna cumMMmeTpuuHas: A= A*, To Bce ee xapakTe-

PUCTHYECKHUE 3HAYCHUSA BCIICCTBCHHbI, IpHYEM

<l4-1l.

1
=P w0 =

[IO3TOMY U1l TAKHUX MaTpHI
M 4 = a| Pl (61)

W3 nonyyeHHo# oLeHKH st M, CleayioT JBa BAXHBIX BEIBONA:

1) M, 21,

2) yncao obycnOBIEHHOCTH TeM OoJibile, yeM 6obliue pa3-
6poc xapakTepUcTHYECKHMX YKcen MaTtpuubi. [To3ToMy ¢ yBenu-
YeHHEM pa3Mepa MaTpHIIbl, BOOOILE rOBOpPS, ee OBYCIOBIEHHOCTD
HMMEET TEHACHLHUIO K YXYIUIEHHIO.

Bo3sppamasice K pacCMOTPEHHOM BhIle 3amade, 6e3 Tpyaa
HaxomuM A =0,01, A =1, H, ciefoBaTeNbHO, CIIPaBeLIU-

Ba OLICHKa CHU3y
M 42 Xpay /Amin =100,

npuYeM TOYHOCTH 3TOM OLICHKM HEBBICOKA, HO ITOPSANOK OHa Iie-

pelaeT MpaBUABHO. -
B 3axmoyeHue emie pa3 OTMETUM, YTO Ul CUCTEM ypaBHe-
HUH ¢ 00aBIIOH Pa3MEPHOCTHIO «XOpolliasi» 00YCIOBIEHHOCTh
29



[image: image12.png](M, ~1) sBngercs CKOpee HCKIIOYEHHEM, YyeM [PaBHJIOM, U
OOBIYHO IPUXONUTCH UMETh ACJ0 € mIoxo obycnoBIeHHBIMYU
Marpuuamu (M, >>1), npuyem THOJTy4eHHE OLEHKH YuCia 06yc-
JIOBJICHHOCTH BBI3BIBaeT GOJIbILKeE TPYAHOCTH.

1.3. HTEPALIMOHHBIE METOIbI

1.3.1. Toctpoenne HTCPALHOHHBIX MOCNEAOBATEALHOCTEIH
M=t Bunenu, yto npouenypa pewreus CJIAY

Ax=f (62)

¢ IIoXo o6yCNOBAEHHOI MaTpUIIeH A MOXET NPHBOXUTH K cy-
IIECTBEHHBIM OTKJIOHEHHUSIM IOIY4aEMOro OTBETa OT TOYHOTO pe-
WICHUA TIPH HE3HAYUTEIBHBIX BOSMYIIEHHAX NpaBoit yacTu. Op-
HaKO MOSABJIEHUE TAKUX BOSMYIUEHHI HEH3GEXHO, Hanpumep B
ciiy4ae npeobpazopanus BEKTOpa NpaBhIX YacTelt B MeToxe [a-
ycca M3-3a OINGOK OKpYTJIeHHS TIPH BEHITIOJIHEHUH apr(MeTHYec-
KX onepauuit. Yem Bbime nopsgok MaTpUiUH, TeM 6onbLIe MO-
XET OKa3aTbCA Pe3yIbTHPYIOLIAS MOTIPELIHOCTD.

Droro HepocTaTKa NHIIEHK HTCPaLlMOHHEBIE METOAH pelLie-
Hus CJIAY. Tlpu ux [IPAIMEHCHUH OTBET MOJyYaercs B npouec-
CC IOCTPOCHUS NOC/IEN0BATENbHEIX NpUGIHXeH nit (uTepauuii)

x; ={xl",x§,...,x,',‘}, CXONSMMXCS K PEUIEHUIO CUCTeMBI (62) B
NpOCTpaHCTBe E, ¢ eBKIMIOBOI HOPMO Il

lim X, =X (63)

K~»c0 .
3meck npH 3anucy BEKTOpa X, Y€PE3 ero KOMIIOHEHTHI x,."
HIDKHHMIA HHIOEKC i 03HayaeT HOMEp KOMIIOHEeHTH (1<i<n), BEpPX-~

HUH HHIEKC kK — HOMep HTepay. CXOTMMOCTh IOCTenoBaTe 15—
HOCTH X K PELIEHHIO CHCTEMBI X 03HavaeT, 4YTo

Jim [, -] -

(64)

=B (et =) (5 ) o o -, 0
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Heo6X0oAMMBIM U AOCTATOYHBIM YCIOBHEM HPCACABPHOIO paBE€H-
CTBa B KOH€YHOMEPHOM €BKJIHNIOBOM MPOCTPAHCTBE En ABJIACT-
Ccs1 TIOKOMITIOHCHTHAs CXOAHUMOCTE;.

lim x-k=x-, 1<i<n
1 ]
Koo
CxonuMOCTh 00€eCTIeYrBaeT MPUHITMIINAILHYIO BO3SMOXHOCTb no:
JTy4HTH B IIPOLIECCE MTEPALMIl OTBET ¢ 1060i Hanepen 3aJaHHOMN
CTENEHbIO TOYHOCTH.

C uTepauMOHHBIMU NOCIIEOBATENBHOCTAMM Bbl BCTPEYATHUCH.
Kaxnapiit ciexyomumit WieH Tako# IoC/IeqoBaTeIbHOCTH BhIpaXa-
eTcd 4epe3 MpeABAyIHe, yXe H3BecTHHe. Eciu, Hanpumep,
(dopMya 11 BBIYUCIEHUS OYEPEIHOIO WIEHA HOCIeNOBATENbHO-

o m-
CTH MMeET BUA Xy = F (X3, Xp 150 Xp i ), TO TOBOPAT

1aroBOM UTEPALlMOHHOM aJITOPUTME. B YaCTHOCTH, B IIPOCTEU-
1IEeM CIy4yae O4epeIHOM YieH MOC/IEA0BATEIbHOCTU Xj+] MOXET

BBIPAXXATBCS TOJIBKO Yepe3 Mpenbiiylmi X, : Xy, =F (xk). Ta-
KHE UTEpallMOHHBIE aJITOPHUTMbI HAa3bIBAIOT 0OHOMAZ08bIMU.

Ipu obcyxneHnH uTepaunoHHBIX MeTonoB pemenus CJIAY
OTPaHMYHUMCH THHEHHBIMH OXHOLIATOBEIMH aJlropmmah{H, KO’I‘O-.
pbie OOBIYHO 3aNMCHIBAIOT B CTAHIAPTHOM KAHOHHYECKOH (opme:

-X
B, ﬁ%il—khqu =f, detB;,, #0, 1., >0. (65)
+

B Takoii 3anmMcH mpouecc XapakTepu3yeTcs MOCHeR0BaTeNb-
HOCTBIO MaTPULl By, ¥ YHCJIOBBIX NMAPAMETPOB Ty, , KOTODHIE
Ha3bIBAIOT UMepayuoHHuimu napamempamu. Ecnu ManItum B
Y mapaMeTphl Ty,; He MEHSIOTCS B IPOLIECCEe MTEpalIMii, T.e. He
3aBUCST OT UHIEKCA K, TO HTEPAIIMOHHBIN TIPOLIECC Ha3bIBAaeTCA

CMAYUOHADHBIM. ,
IlepenumeM ¢opmyny (65) B BUIE
By 1 X4 =Frpns (66)
rae
Fi1 = (Brat — Tr1Agm) X + Tiaf. (67)
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[image: image13.png]BuauM, 9o nocrpoenue O4YEPEIHOM UTEPALIUM CBOLXMTCS K
PCIUCHUIO CUCTEMBI ypaBHEHUH (66) ¢ rpaBoii YacThio (67), 3a-
BUCALIEH OT NpeAbIAyLIEl UTepaumu Xy Takylo 3amady npuxo-
AUTCH pEIIATh MHOTOKPATHO, MOITOMY MATPUILBI By, crenyer
BBIOHPATh 10CTaTOYHO mpocThiMu. Eciu MOCTPOEHUE OTHEIBHBIX
UTEpaLuii OyIeT COM3MEPUMBIM 10 CIOXHOCTH C peleHueM uc-
XOIHOH 3alla4H, TO METON OKAXETCS JTHIIEHHAIM MPaKTUYECKOro
CMbICHA.

Hau6onee npocr B peanusanun HTEPaUHMOHHBIN MpoLecc ¢
CIMHMYHON MaTpHLeil: By+1 = E. B 310M ciiyyae bopMmyins (66)
u (67) mawot sBHOe BBIPAXCHUE OYEPENHOM MTEpaLuu Yepe3 npe-
ABLYLIYIO:

Xpa1 = (E =t 1 A) X+ f. - (68)

M3 HesBHBIX MTEpaUMOHHBIX MeToNOB BBUIENIUM CPaBHHUTENIHHO
JIETKO PCAIU3yeMEIE C JMATOHANIBHBIMU MATPHULAMH: Biy1y=Dyy m
BEPXHMMH WM HIDKHUMH TPEYTONBHBIMU MATDULIAMH: By = Tpyy

1.3.2. Ilpo6aema cxomumocTn HTEPaLHOHHOTO Mponecca

Hrepaunonusiit npouecc Moxer 6uirh HCIIONb30BaH MJis
pemenus CJIAY TONBKO [PH yC/IOBHH CXOTMMOCTH. s uccne-
AOBAHHUS €TO CXOAUMOCTH BBENEM JBE XapAKTEPUCTHKH. Iepsas
M3 HHX — MOIPEeNIHOCTh pelIeHUS:

zk = Xk - X. (69)
CwMmbicn 3TOrO BCKTOpA 4CEH. CXOI[PIMOCTB HTCPALMOHHOTO npo-

liecca, cormacHo (63) u (64), osnavaer, yto

limz, =0, limz¥=0, 1<i<n 70
k—roo k k—eo 4 ( )
BTOpaH xapaKTepncmxa — HEBA3KA YPaBHEHUS:

\llk =Axk—f. (71)

Ona ITOKa3bIBAa€T, HACKOJIBKO XOPOUIO UK, HaobopOT, IIoXo
‘WICH UTCPALIMOHHOM 110C/IEA0BaTEIBHOCTHU X} YAOBJIETBOPSET UC-
XOHOM cHUCTEMe.
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VCTaHOBUM CBSI3b MEXIY Zj M Wy, :
Vv, =Ax, ~f=A(z; +x)-f= Az, . (72)
MOXXHO TaKXe HamucaTb 0GpPaTHOE COOTHOMIEHHE:
7, =Aly,. (73)

N3 dopmyna (72) u (73) BHITEKAIOT OLCHKH:

lvilsbilzel.  feel <laly]. (74)

OHH 1OKa3BIBAIOT, YTO MOTPEIIHOCTb PEUIEHNUS Z; CTPEMHT-
Cd K HYJIO TOTAA, M TOJIBKO TOTAA, KOTIa CTPEMMTCS K HYJIO He-
BA3Ka Y . DTOT pe3y/bTaT I03BOJISIET CYOUTh O CXOOUMOCTH MM
PacXoAMMOCTU MTEPAIIMOHHOrO MPOLECCa 110 MTOBEJEHHUIO HEBS3-
KU, KOTOpas JOCTYITHAa NPAMOMY BBIMCIIEHMIO M 6aronaps 3To-

MY MOXET KOHTPOJIUPOBATHCA.
HpH HCCIENOBAHHH CXOAHUMOCTH UTEPALUOHHBIX METOAOB

GOJIBILYIO PONb MIPAIOT CBOKCTBA MaTpuL A U By, B mepsylo
ouyepenb TaKHE, KaK CAMOCOMNPSIXEHHOCTh M 3HAKOOIIPEIE/ICH-
HOCTh. HanomMHuM, 4TO B BEILIECTBEHHOM €BKIMAOBOM NPOCTpPaH-
crBe E, [utd KaXxaoro JMHEHHOTO MpeoOpa3oBaHUs CYIIECTBYET
eIUHCTBEHHOE CONPSDKEHHOE eMY JIMHENHOe Npeo0pa3oBaHue, om-
peAesieMOe TOXKIECTBEHHBIM PABEHCTBOM CKAISPHHIX IIPOU3BE-
JCHUH:

(Ax,y)=(x,4%y), Vx,yeE,. (75)
B yacTHOCTH,
(Ax,X)=(x,4x), VxeE,.
ITpeobpa3zoBaHue Ha3bIBAETCA CAMOCONPANCEHHBIM, ECITU
(Ax,y)=(x,A4y), VX,yeE,. (76)

Martpuibl conpsiXeHHbIX peobpa3oBaHUil B OPTOHOPMHPOBAH-

HOM Ga3suce CBS3aHbI POCTHIM TPAHCIIOHMPOBAHUEM:
* . .

a;=ay, Vi, j=l...n
33
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[image: image14.png]CBoiicTBO caMoconpsixeHHOCTH Npeobpa3’oBaHus paBHOCHIBLHO B
9TOM CJIy4ae BBIIOTHEHUIO YCIOBHS COBIaNeHHsI MaTpuu A u A™:

* PR
a‘ijzajizaij’ VI,J=1,...,n.

Kak usBectno, mo6as MaTpHlia MpeACTaBUMa B BUjie

A=A+ 4, (77)
roe
Z:A-;A =;1*’ /’i=A—TA=_/‘i*. (78)

Hetpynuo BHIETH, YTO

¥
\ ; A48 = A\ %'(+/<1},»
(/4/’\() ol ;/// A /\// —/A ﬁkgAx,X):(A*x,X)=(ZX,X), ‘/q (},‘/ ; V‘.‘»)‘/( )

Tihx X
L/AA Y Axx) =0, ) as)
z L

B nanbueiimem OymeM omnmpatbes Ha CJIENyIOIIHE BaXHbIe
CBOMCTBa CaMOCOIIPSKE HHBIX npeobpaszoBanmii:

a) Bce CoBCTBEHHbIE SHAYCHHSI CAMOCONPSIXEHHOTO JTHHE -
HOro npeobpaszopanug (xapakrepucruyeckue YMCNla MaTpULbI A)
BELLIECTBEHHBI

0) caMocomnpsxeHHoe JIMHENHOE Ipeobpa3oBaHue Bcerna
MMEET NOIHbIH Habop MMHeHHO HE3aBHCHMBIX COOCTBEHHBIX BEK-
TOPOB, U3 KOTOPBIX MOXHO o6pa3oBarh OPTOHOPMHUPOBAHHBII
6asuc npocrpancrea E,. B stoM Gasuce MaTpHUa NUHEHHOrO
Npeodpa3oBaHus PUHUMaeT ANATOHAILHBIA BUI, IPHYEM Ha AU-
arOHAJIH CTOAT BCE COGCTBEHHbIE SHa4Y€HHUs 3TOro npeobpasosa-
HHUS C y4€TOM HMX KPaTHOCTH.

Hakoner, MAaTpHuLa JIMHEeHOro npeobpa3oBanus 4 Ha3bIBa-~
€TCS nosoxcumensho onpedenennoii, ecu s moboro, oTaryHo-

To oT Hyna Xe E, cripaBeniuso HEPaBEHCTBO (Ax,x)>0.B op-
TOHOpMPIpOBaHHOMB 6asuce 310 03Hayaer:

N \( .

AW

Yy 4xx; >0, Vxe E,, x0. (80)
R B

Hna KPaTKOCTH, €CIIH 3TO He BHI3bIBaeT HenopasyMeHui, 6yxem
4acTo nucath 4> 0.
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Heo6xoauMbIM 1 HOCTATOYHBIM YCTOBHEM nonoxme;u;(ml)il
onpeneieHHOCTU CAaMOCONPSDKEHHOU MaTpULbl A ﬂennszeTch:Tpogaﬂ
tepuit CuiibBeCTpa, U3 KOTOPOTO, B YaCTHOCTH, cn.ny
[10J0XWUTEIBHOCTh BCEX NUATOHANBHBIX 3JIEMEHTOB:

a;;>0, 1<i<n (81)

YcnoBuMcs 0603HayaTh COOCTBEHHBIE BEKTOPH nnuex:z;g
npeoOpa3oBaHusl C MaTpULEH A KaK e;, €€ XapaKTePHCTHY He
yuclia KaK A;, KOOpDAMHATH NMPOU3BOJILHOIO BEKTOpA X B 02
HOPMHPOBaHHOM 0a3uce U3 COBCTBEHHBIX BEKTOPOB €; Ki: M;{ ;,1

Ina nanpHeHinero pacCMOTpeHUs OYAyT MONIE3HEI 11‘)14 u_.

Jlemma 1. s moeo umobor cummempuunas ( A= Aa) Mamfm_
Ua 6bina NOAONCUMENbHO OnpedeneHHoll, HeobXo0umo u Z;:rg;rlneﬂb—
HO, 4Ymobbi 8ce ee xapakmepucmuueckue 4ucaa 6y noa

Hor: Ay >0. .
Heo6xonmuMocTh. Bebepem mo6oit cobcTBEHHBIN BE
TOp e; THHEHHOro NMpeobpa3oBaHus ¢ MaTpULEH A, Toraa

e
HocratovyHocTh. Pacniosoxum mis on;zenenenﬂoz:p;ﬁsfl-
XapaKTePHCTHYECKHE 3HAYCHHA MATPHLB A=A B HOpsA
BaHUA: Ay2Ay2...2A,>0. IlockonbKky MO YCIOBHIO JIEMMHI
A; >0, To B OpPTOHOPMHUPOBAHHOM 6a3uce U3 COGCTBEHHBIX BEK-
\pOB itA moboro x#0 umeeM
e00pa30BaHUsA C MaTpHIIE and
TOPOB Npeobp A s
M%) '/%’B"

(Ax,x) =Y 2E? >0, v{E ], Y E2>0.

i=1 i=1

>0.
ITosTOoMy OYeBHAHO, YTO A )
Jlemma 2. ITycmo A=A">0u A 2L, 2...24, >,O — ynopa
Jouennbiii Habop Xxapakmepucmu4eckKux 4ucea 3moid mampuybl,
mozda

A, I < (Ax, %) <2, x| (82)

IToka3areabCcTBO Mpem1aracTcsa MpoBeCTH CaMOCTOATCIIBHO.
35
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[image: image15.png]Jlemma 3. Ecou A > 0, mo ecezda naiidemes nocmosntoe yyc-
20 §>0, makoe, wmo

(A%,%)28x|*, vxe E,. (83)

HNoxa3zarenscTroO. Ecin 4= A", 1o AOCTAaTOYHO HONO-
XHuTh 8=1,. B 06mem ClIydae HalloOMHHM, YTO COIJIaCHO (79)

(4%,%) = (Ax,x)>0, rme A=4", TO3TOMY CONACHO Mpeabimy-
uient jemMme

(AX%)=(Ax,%)2 %, |xf?,

roe Xn >0 - MHHHMaIbHOE XapakTepHCTHYECKOe YHCI0O MaTpH-

usl A=(4 +A4%) /2. Monaras, yro §= Xn » IPUXOIUM K Tpebye-
MOMY HepaBeHCTBYy (83).

1.3.3. JTocrarounnie YCJIOBHA cXoaMMoOCTH
HTEPAUHMOHHOTO Npouecca

B 3toMm paspene PacCMOTPUM CTaLMOHAPHBI! MTepPALMOHHEII
npouecc (65), xorna MaTpuua B u urepaunoHHsrii nmapamerp t
HE 3aBUCAT OT MHAEKCA k, M JOKaXKeM CIIEAYIOLIYIO TEOPEMY O J10-
CTaTOYHBIX YCNIOBHSIX €T0 CXOMUMOCTH.,

Teopema Camapckoro. Tycms 4 — camoconpaxcennas nono-
HUMENbHO onpedenennas mampuya:

A=A", A>0, (84)

T
B—EA — noaoxcumenvro onpedesennas Mampuua, T — nosoxcuy-
menbHoe uucao:

B—%A>0, >0, (85)

Toz0a npu awbom 6bi60pe Hynesozo npubauncenus X umepa-
UUOKHbLI npoyecc, kKomopeuis onpedeasemcs pexyppenmuoi popmy-
a0t (65), cxodumes x Pewenuro ucxoonoii cucmemu (62).

IIpexne yem nepexomuts x A0Ka3aTeNbCTBY TEOPEMBI, 06CY-
auM Gonee mompo6HO riaBHOe €e TpeboBaHue — TIOJIOXKUTENBHYIO
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T -
OIIpEeAETEHHOCTh MaTPHIIH B_EA' 910 TpebOBaHUE MOXHO II€

peNMuCaTb B BUIEC
(Bx,x)> %(Ax,x),, Vxe E,, x#0, (86)

T.€. OHO, B YACTHOCTH, NPEANIONATaeT, YTO MaTpuLa B ammercgﬂ
NOJIOKHUTENLHO onpenenceHHoi. KpoMe Toro, HepaBeHCTBO (8 )
OIpenesisieT MHTEPBa, B KOTOPOM MOXET M3MEHSTHCS I1apaMeTp 1.

2(Bx,x
O<t<1y =inf(—)

x20 (AX, X) . @7

TTocne 3Tux 3aMeyaHuit mepeiineM K HOKa3aTeNbCTBY TEOPE-
Mbl. BripasuMm u3 cootHoureHnus (69) x; yepes z;:
M TOJCTAaBHM B PEKYPPEHTHYIO (QOPMYIY IJid HTEPaLMOHHOMN
nociiegoBaTenbHoCcTH (65). B pesynbraTte monydum

BE’Eﬂfﬁ‘.-{-Azk =0. (88)

Orninune urepanuoHHOM ¢opmynsr (88) or (65) 3axioyaeTcs B

OH.
TOM, YTO OHA fABJSETCS OTHOPOIH
’Ma'rpnua B — nonoxurensHo onpeneneHHas. CiegoBareis-

—1 _
HO, OHa HEBBIPOXACHHAA U uMeeT obpatHyw B~'. C ee moMo
1IBbIO peKyppeHTHOE cOOTHOLIEHHE (88) MOXHO pa3pelinTh OTHO-

CHTENBHO Zyy1:
2., =2, -tB 4z, =2, —0,, (89)

rIe
o, =B 14z, 1ax yT0 Az, = Bo,. (90)

YMHoxasn o6e yactu paseHcTBa (89) cieBa Ha MaTtpuvuy A, mo-
JlydaeM ele OIHO PEKYPPEHTHOE COOTHOIIEHHE!
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[image: image16.png]Azk*_l:-.AZk-TA(Ok. (91)

PaCCMOTDHM MOCIAEROBATENBHOCTD TTOJIOXHTENbHBIX Q)YHKHP[-

OHAaJOB:

Ji =(Azk,zk). (92)

CocraBuM aHatOrHyHOE BBIpaXeHHe
C MOMOMIBI0 PEKYPPEHTHBIX ¢dbopmyn (89) u 91):

Tk = (A2 -tdoy 2, — 10y )=(4 2,7 )~ t(Awy, 2, ) -

—1(Alk,mk)+tz (Amk,mk). 93)

IIS :E”[C C CIIF“E*(EIlI[O CTH I{E"Iplll'[bJ ‘l H q]oplu)‘lbl (S []) C"Ieﬂ)eli

(A2, )= (A2, 0, )= (Boy, @ ).

B pesynbrare ¢dopmyna (93) npunumaer BHJL

=J, —Zt[(B-%AJa)k,mk J (94)

Takum oﬁpaaoM,Tnocnenosarenbﬂocn ¢dyHKUMOHANOB Jipc
YUETOM YCNIOBHE B~— A>() o6pa3syeT MOHOTOHHO HEBO3pacTaio-

myio HOCJICI(OB&TCJ'ILHOC’I"I), OrpaHHYEHHYIO CHM3Y HYJIEM:

Je2Jdp 220, (95)

TOSTOMY OHa cxomutcs. Jlanee, cornacHo emme 3,

(=54 Joc o st

rne §>0 — CTpOro MonoXuTeNbHAS KOHCTaHTa. B pesynbrare
s
cornacHo (94) u (95), 6ynem umets
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s Jy, 1 ¥ npeobpasyem ero

Jo-J =21{[B-%A]mk,wka 218w, . (96)

V3 5TOTO HepaBeHCTBA M CXOAMMOCTH I10C/IEHOBATEIbHOCTH (DyHK-
1MOHaNoB Jy crenyer, 4to [lw,| >0 mpu k— . B cBoiw ove-

peb, z, = A" Bw, , TaK 410

i <14 BJ ey | - 0.
Teopema nokasaHa.

1.3.4. Meroa npoctoil HTepanMH

Takoe Ha3BaHHE MOJYYHJI METOH, ITPH KOTOPOM B KaYeCTBE
MaTpULisl B BhiOHMpaeTcd equHUYHAsA Matpuua: B= E, a urepa-
LIMOHHBIA NapaMeTp T NPEAIoIaraeTca He3aBUCIAIIMM OT HOMe-
pa urepauuu k. MHBIMH CJI0BaMH, METOH ITPOCTOM MTEpALIMH —
3TO SIBHBI{ CTAaLIMOHApPHBIM METON, KOTAA OYepedHas UTepauus
Xj+] BBIYHCISAETCA MO PEKYPPEHTHOM GopMyJie

Xpy = (E -tA)x +1f. 97

Bynem cumrars, yTo MaTpuia A yIOBIETBOPSET YCIOBHIO TEO-
pemsl Camapckoro, T.e. A=A >0, Torna dopmyina (87), orpe-
IeNAoas rpaHuily HHTEPBaJIa CXOMHMOCTH 110 MTePAHOHHOMY
mapaMeTpy T, IPHHUMAET BHI

. 2(x,x)_ 2 (98
o= Axx)  (Anx)’ !
sup ~———-+
x#0 (X,X)

Iycts e,e,,...,e, — OPTOHOPMHMPOBaHHBIN 6a3KUC COOCTBEH-

HEIX BEKTOPOB OIEpaTOpa, COOTBETCTBYIONIETrO MaTpuue A. B cuy
MTONIOXUTEIbHOM OIIPEREIEHHOCTH BCe €ro COOCTBEHHBIE 3HaJe-
HHS TMOJIOXMTENbHB. byleM CUMTaTh MX 3aHYMEPDOBAHHHIMH B
nopsinke yObIBaHUSA:

Ap2Ay 222, >0. (99)
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[image: image17.png]Pasnoxum Bektop x 20 1o 6asucy cobeTBeHHBIX BeKTOPOB:
x= e +&ye, +-+Ee,

TOoroa

Cr2 .2
(x,x)—él +&, +.~+§n2, (Ax,x):klélz+12§22+---+kn§n2
u

sup (4x,x) —sup x1§12 + 12522 +ot Aninz
x0 (X,X) .0 §12+§22+“'+§n2 T

B pesynbsrare us dbopmynnr (87) CJICAYET, YTO METOA IIPOCTOH
MTEpALMU CXOMUTCS NPH N06OM T, [IPMHATIEXAIUEM HHTEPBATY

0<1:<1:0=2/kl. (100)

I[aanenmee HUCCIeqoBaHUE MeToMa npoCTOon HTEpanuu 1o-

CTPOHM HAa KOHKPETHOM aHAIM3e PEKYPPEHTHOI ¢}
OpPMYJIH (97).
BseneM matpuny oreparopa mepexona prvaet O7)

S=E-14, §=5" (101)
H nepenumeM ¢opmyny (97) B Bune

IIpu 3ToM norpewsocts z k =Xy —X OyneT ynosieTBopsTs aHa10-
THMHOMY PEKYPPEHTHOMY COOTHOIIEHHIO, TOJIEKO OIHOPOTHOMY:

2,1 =52, (103)

HokaxeM nBe nemMmsl, KOTOpBI€ MO3BOJISIOT G0Mee MOAHO Hecie-
AOBATh YCIOBUA CXOXMMOCTH METONA MPOCTO UTEpaLuy.

Jlemma 1. Tycms onepamop, xomopstii nopowcdaem Mampuya

A, umeem cobcmeennwiii 6eKmop e; ¢ cobcmeeHnbiM 3Hauenuem A

;’ 020a onepamop nepexoda, komopuiii nopoxcoaemcs Mampuyei
(101) , makoce umeem cobcmeennuiii 6EKmop e;, Ho ¢ cobcmeen -
HbIM 3HQYeHueM:

;(t)=1-1,. (104)
40

Jloka3aTenbCTBO 37eMeHTapHO. OHO MPOBOAMTCS NMPSAMOM MPO-
BEPKOM:

Se; =(E-td)e; =(1-1; Je; =e;.

IIpu camoconpskeHHOM MaTpulie A MaTpuua S TakxXe sBJIs-
eTcsa caMocomnpsixeHHoit (101). CnenoBarenbHO, €e HOpMa Ofpe-
HeNISIeTCss HaHOONMBIIMM IO MOIYJIO COOCTBEHHBIM 3HAaYeHHEM

, (t) (104):

Isil= max [, (<)) (105)

Jlemma 2. /lnsa mozo ymo6b Memod npocmoli umepauuu cxo-
Ounca K pewenuio cucmemsl (62) npu nobom ewibope Ha4anbHO20
npubauNcerus, Heobxodumo u docmamouro, ¥mobu éce cobcmeen-
Hble 3Ha4eHus onepamopa nepexoda S Oviau no MO0yl MeHblie

e0uUHUYbL:
(D)<, 1<isn (106)

JoctatouyHocTh. YcenoBue (106) o3Hadaer, 4yTo HOpMa

matpHibl S, cornacHo (105), 6yner menbine enuHuusl: I1SI<1. B
pe3ybTaTe Mojiy4aeM

el SIS izl <8 [ o] 0, k= 107)

Heob6xoxumMocTh. JOMyCTUM, YTO CpeI COOCTBEHHBIX
3HauyeHu# i; (104) Hamoch xoTs 6Bl OOHO W j» KOTOpoe He

YIOBJIETBOPSIET YCAOBUIO NeMMbl (106), T.e. ’u j’ >1.
BriGepeM HyNeBOH YWIEH UTEPALIMOHHOM I10C/IEA0BATENbHO-

CTM B BUIE X(=X-+e€;, Il X — PELICHHE CHCTEMBI (62), Torma
HYNeBOM WIEH MOCIeI0BATEIEHOCTI HOTPEINHOCTEN COBMANET C
CODOCTBEHHBIM BEKTOPOM €; orepaTopa Iepexoza S z5=¢e It B pe-

3yJbTaTe peKyppeHTHas Gopmyia Ajig CAeAYIOLIMX YJIEHOB MOC-
JIeI0BATENBHOCTH MOTPENIHOCTEN MPUMET BUI

2 =ske =wles =l [ 21
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[image: image18.png]T.e. ”zk” 7% 0. Heo6XomMMocTs BBITOTHEHUS HepaBeHcTBa (106)

Uil BCeX COOCTBEHHBIX 3HAYEHUIA H; I CXOAMMOCTH MeToxa
MPOCTOM UTEpAIlUM JOKa3aHa.

JIemma 2 onpenensier NporpaMMy HaJibHEHIIEro MccienoBa-
HUSL CXONMMOCTH METOAA NPOCTOH MTEPALUU; HYXHO YCTAHOBUTD
ANANa30H UBMEHEHMS MapaMeTpa T, IIPU KOTOPOM BCe COBCTBEH-
HEIC SHAUCHHUS yNOBNETBOPSIOT HepaBeHCTBY (106). DTo jerko
caenars. Ha puc. 1.1 npusenens: rpaUKH YOBIBAIOLMX JIMHEH-
HbIX QYHKUMHA W, (1) (104). Bee oHM BRIXOAST M3 OTHOM TOYKHU
t=0, p=1 u uayT BHU3 u3-3a OTPHLATENIBHHIX KO3 PHUIIMEHTOB
TIpH T, [IpUYeM GhICTpee BCeX yGBIBaeT ¢byHkums p, (1). Korma
OHa IIpHHUMAET 3Ha4eHUe —1, ycnosue (106) s Hee nepecTa-
€T BBIMONHATLCA: ) (T)=1-1A; =~1 npm 1= 79 =2/A,. Haitnen-
HOC 3HAaYeHUE Ty ABJIACTCA IPAHHLEH MHTEPBANTA CXOMHMOCTH
METOJIa IIPOCTON MTEPALIUH;

O<t<ty=2/1, (108)

BT0 HEPaBEHCTBO HaM YXe M3BecTHO. OHO 6pU10 TIONTYYEHO
paHee U3 Teopemel CaMapcKOro Kak A0CTaTOYHOE YCIIOBHE CXO-

A}”

1

pm=1-ix

n

B®=1-Az
m(t)=1-Az

-1 \
Puc. 1.1. Onpedenenue 2panuym urmepeana cxodumocmu 1y memoda
npocmoii umepayuu
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AUMOCTH. JIOMONHUTENIbHBIA aHATU3 HA OCHOBE JIEMMBI 2 MO3BO-
JiI€T YTOYHUTD PE3y/bTaT. Tenepb Mbl YCTAHOBWJIM, YTO (IPUHAL-
JeXHOCTh UTEPAIIMOHHOIO apaMeTpa T uHTepBaay (108) asns-
eTCs1 HEOOXOMUMBIM U JIOCTATOYHBIM YCIOBUEM CXOINMMOCTH Mé-
TOXA MIPOCTON UTEpaIHUH.

ITepeiineM K MccIen0BaHUIO CKOPOCTH CXOMUMOCTH METONA.
Ouenka norpeurHoctd (107) moka3ssiBaer, 4To OHa yGBIBaeT Mo
3aKOHY TeOMETPUYECKON MPOrpeccuM CO 3HAMEHATeleM

a(5) =S = pax J (5.

PaccmoTpuM puc. 1.2, KOTOpHIf MOMOXET HaM MPOBECTH
aHau3 9Toi Gopmynsl. OH aHanorHYeH puc. 1.1, ToapKO Ha HeM

npuBeneHbl rpaduxu He dyHkumit p,(t), a ux moayneit. Ipu
MaJIbIX T BCE COGCTBEHHbBIE 3HAYECHHUS L, () (104) nonoxurens-

HbI, MPHYeM HaubONbIIMM M3 HUX ABIseTcs W, (T), KOTOpoe
yOBIBAET C POCTOM T C HAUMEHBIIEH cKOpoCcThI0. OMHAKO C me-

pexonoM 4Yepe3 TO4Ky Tg/2 cobCTBeHHOE 3HaYeHHe i, (T), Me-

B

NCEl

(o)

-1

Puc. 1.2. Onpedenenue onmumanvrozo 3HQeHUR UMeEPAYUOHHO20
napamempa t,, npu KOMOPOM CKOPOCMb cxo0umocmu memoda
npocmoil umepayuu Hauborouasn
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[image: image19.png]HsIs1 3HAK, CTAHOBUTCA OTPpHUATENHHEIM. B pPE3ynbTaTe TENEPD €T0

MOZYIIb C yBENMYEHHEM T He YGHIBAET, a pacTeT M mpw 171,
NPUOIMXAETCS K NPeneNbHOMY 3HAYCHUIO — K EIMHHILE.

Haiinem Ha oTpeske [10 /2,10] TOYKY T«, B KOTOPOM yObI-
Batomas GyHkums p, (t) cpaBHUBaeTcH c BO3pacTaiomel ¢yHk-
umeit |y (t)=-, (1) . OHa onpenensercs YPaBHEHHEM -

Ha(D)=1-Th, =y (t) =, -1,

KOTOpo€ maer

2
T —r vy <1 (109)

B pesynsrare monyuaem

IS = max u, (z) = Hp(7), O<t<n,

I<isn -4 (1), <1< Tp- (110)

Csoe HaUMEHbILEE 3HAYCHHUE HOpMa MaTtpuunl S DoCTHraer IIpH
T="T«:

M-\, M 41
MHA, M +1
®opmyna (111) [IOKA3bIBAET, YTO MJIS IUIOXO OGYCIOBIEHHOI
MATpHILI aXe MPH ONTHUMATBHOM BEIGOpE HUTEPALIMOHHOIO Ma-
paMeTpa T=T. HOpMa MaTpuuH S GIH3Ka K €NUHHULIE, TaK 4YTO
CXORMMOCTb METOJA MIPOCTOI HTEPALIH B 3TOM CJIyYyae OKa3hiBa-
€TCS MCIUIEHHOMA.

B 3axmoyenue 3aMETUM, 9TO (popMyna (108), oIpenensiomast
TPaHMIly HHTEPBaJa CXOLMMOCTH Ty, M PopMyna (109) nns on-
TUMAJIBHOTO 3HAYCHHS UTEPALIHOHHOTO napaMeTpa T« NpencTas-
JHIOT APEXIE BCETO TEOPETHYECKUI MHTEpec. OBBIYHO MpHU pe-
meHuu CJIAY Haubonpiiee u HauMeHsbIee XapaKTEepUCTHYECKHE
HHC/Ia MAaTPULILI A HEU3BECTHBI, TI03TOMY TTOICYUTATE BEJTHYHHEL
To W T« 3apaHee HEBO3MOXHO. B pesynprate UTEpAaLMOHHBIHA Ma-

PaMeTp T HEPENKO NPHUXOAMTCS MOAGHpPATH NpsIMO B Ipolecce
BBIYMCIICHUI METONOM Npo6 U omuGoK.

4

min"S”=1—T*}\4n= (111)

3anaua 2. Paccmompems cucmemy 08yx ypaemenuii ¢ 0eyms
HEU3BECMHbIMU

+xy=0,
{XI 2 (112)

U nOCMpouUmb 045 Hee NPUOAUNCEHHOE PEUEHUEe ¢ NOMOWBIO MEMO-

oa npocmoli umepayuy.
Brinuiem cpasy pelueHue cucteMs (112):

x=-1, x=1, (113)
4yTO6BI TOTOM MMETh BO3MOXHOCTb CPaBHHBATh €0 C WieHAMH

UTEPALMOHHOH mocnenoBatenbHOCTH. IlepeiineM X pelueHHIO
CHUCTEMEBI METOIOM IIPOCTOM MTepanuu. MaTpuia cUCTEMBI HMe-

eT BHI
11
A= .
1 2
OHa caMoconpsXeHHas ¥ IOJOXUTEIbHO OMNpeacieHHasd,
MTOCKOJIBKY

2 2
(4%,%)= (1 +x)0 + (1 +2%)x = (x + 5 ) +x" >0.

CocraBUM XapakTepUCTHYECKOE YPABHEHME 1A MAaTPHIH A
M HaileM ero KOpHH:
1-2 1

=A2-3A+1=0,
1 2=\

3445 3-45
Z’l = z2,618, A.2= 2 ~O’382
C uX NOMOIIBI0O MOXHO OINPEAENUTh TPAaHULY MHTEpBajia
CXOAUMOCTH Ty U ONTUMAJILHOE 3HAYCHHE MTEPALlUOHHOTO Na-
pamerpa T, :
2 2 2

=2-0764, =2 =2
0=, A +h, 3
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[image: image20.png]Jlnst nocTpoeHHs MTepaLMOHHOM MOCTEN0BATeIbHOCTH BbiGe-
PEM KaKkoe-HUOYNb 3HAYEHHE HUTEPALHOHHOIO napaMeTpa Ha

MHTEpBaJIe CXONMMOCTH, HanpuMep t=1/2. B atom Ciiydae pe-

KyppeHTHas QopMy/a AN WIEHOB HTepaLMOHHOM 1ocnenoBa-
TEIbHOCTH NPUHUMAET BHA

2 -1/2 0

1 1/2 -172
Xpo =X, +=f, e S= / / .
BosbMeM mipocreitiiee HayanbHOe npubimkenue X, =0 u BpIru-
IIEM HECKOJIBLKO MEPBBIX YWICHOB HTEPALIMOHHOMN MOC/IEN0BATE Ih-
" HOCTH Xy, MIOACYMUTHIBASA IS KAXIOr0 M3 HUX HEBSA3KY Wy (71).

B pesynbrare momyuum:

m={og) vi={z o) -2,
-
X3={'§, g} \!'3={%’ 'é‘} "‘F3"=€’

1 11 3 1 J13
x4={‘5’ IE}" ‘l’4={ig’ “g}’ "‘l’4"=ﬁ-

Hopma HeBsi30k xota 1 MEIUIEHHO, HO YOBIBaeT, 4TO rOBOPUT O
CXONMMOCTH mpolecca. DTO Xe BUAHO U3 CPaBHEHHS YICHOB
HTEPALUOHHOM MOCHENOBATENBHOCTH Xj C PELUEHHEM CHCTEMBI.
MenneHHast CXOXMMOCTb CBA3aHA C IUIOXO 00yCIOBIIEHHOCTBIO
MaTpHLbI A:

v 3p oo -i) =gk
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1.3.5. HesaBuble uTepaunonnsie Meronsi. Meton 3eiizens

BepHeMcs k ob61el 3anuc uTepaliOHHOTO CTALMOHAPHO-

ro Tpoiiecca B KaHOHHYECKOH (hopme .
PaccMOTpuM ITpOM3BONBHYIO KBAAPATHYIO MATPHLY

41 %42 - Yy
4=|%1 M2 - Bp

a1 anz - Gy,

PasnoxuM ee Ha CyMMy Tpex MaTpull:
A=D+T,+T,, (114)

rie D — nuaroHaxbHasd 4acTh MaTpHUIIbl A, KoTopasi COOECPXHUT
SJICMEHTHI 4y, CTOSALIAEC Ha rMaBHOW AMATOHANH:

0, i#],
Di:aijsij: a;, i=J;

(1]

T, — HYOKHSIS TPEYTOJIbHAas MaTpula:
a., i>j,

(Ta)y =10 ..

¥ 10, i<
T,— BepxHsis TpeyroabHasi MaTpULa:
0, i>}j,

(r,),=1" "
i \ay, i<].

B xiaccuyeckoM Mertozne 3eiaesis, 3alIMCAHHOM B KAHOHH-
Yyeckoil opMe, TIONaraloT

B=D+T,, t=1. (115)
B pesynsrare dopmyna (65) npuHUMaeT BHL

(D+ T )(Rpsg =X )+ A% =1

(D+Ty )Xy +Tpxy =1 (116)
47



[image: image21.png]Ilepeitnem oT BekTOpPHOI (GOpMBI 3aITHCH -pEKYPPEHTHOI
¢dopmynsl (116) K MOCTPOYHOI:

k+1 k k _f.
a5 + 0,35 +appxk 4+t a3k =/

ay i +aydt vapdk oo,k =

(117)

k+1 k+1
41X T 9%
YpaBHEHUs MO3BOJAIOT MOCIEA0BATENBHO paccuuTaTh KOMIIO-
HEHTBI BeKTOpa (k + 1)-it utepanuu mogoGHo TOMY, KaK 3T0 Ie-
TanoCh BO BpeMsi oOpaTHOro xoxa B Metone aycca:

k+1 k+1 _
+83x3t e+, X —fn.

i-1 n

kel _ 1 K+l _ k| i

xt=— fi—Zaijxj Z axk |, i=1,.,n (118)
ii Jj=1 J=i+l

®opMyna mnpeanonaraer, 4yTo a;#0, 1<i<n. Ecnu matpu-

ua A yROBJIETBOPSET YCIOBUAM Teopemsl Camapckoro (84):

A=A">0, 10, cornacHo HepaBeHCTBY (81), Bce ee MUaroHann-
HBIC 3JIEMEHTH HOJKHBI OBITh CTPOro HOMOXUTEIbHBMU U TEM
CaMbIM HE MOTyT 06pallaThCsa B Hyb.

AsroputMm B MeTozie 3eitnens mpoct u yaoOeH IJisi BBIYHC-
neHuit. OH He TpeGyeT HUKAKUX JeHCTBHI C Matpuueil A. Panee

BBIMMCIICHHBIE Ha TEKYIIEH UTepallid KOMIIOHEHTHI x}‘*l ( Jj<i)
€Cpa3y X¢ y4YacTBYIOT B pacyeTax Hapsily C KOMIIOHEHTaMH

x}‘ (j>i) u, Takum obpa3oM, He TPEOYIOT MOMOJHUTENBHOTO
Pe3¢epBa NaMATH, YTO CYIUECTBEHHO NPH PEHICHUU GOJBILUX CH-
cTeM.

CxonuMocTh MeTona 3eiifens B Cilyyae, Koraa Marpuia A
YIOBJIETBOPSAET YCJIOBUIO TeopeMbl CaMapcKkoro, T.e. IBlgeTcs
CaMOCOTIPAXXEHHOH M MOJIOXMTENBHO ONPENENEHHOM, GyneT 10-
Ka3aHa B crenyouieM paspuene. K atoMmy yTBepxaeHuio 1o6aBum
6e3 I0Ka3aTeNbCTBa ellle ONMH PE3YIBTAT. METON 3eitnena cxoout-
¢ 1 moboii cucteMsl (62), B KOTOpPOi Martpuua A obsiagaer
CBOMCTBOM JMArOHaJNLHOIO NpeobiafaHus.

3anava 3. Paccmompems cucmemy (112) (cm. 3adayvy 2) u no-
cmpoums 043 Hee NPUBAUNCEHHOE Pelerue ¢ NOMOubI0 Memoda 3eii-
deas.
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B paccmarpuBacMoM citydae pexyppeHTHbIE hopMynsl (118)
nns moctpoeHus (k + 1)-i urepaudu no k- MTepalMu MpUHU-
Mai0T BUI

xlk+1=_x4c,
1 k+l
)05”1:-2—(1— 1+ )

IIpuHUMast, KaKk U MpH pellleHHH 3a0aYd 2, 32 HayaJlbHOE
npubIXeHue HyJaeBOM BEKTOp, moacyuTaeM 1o ¢popmynam (119)
HECKOJIBKO TEPBBIX UTEpaLMii, COMIPOBOXIAS 3TOT NPOLECC MOX~
CYETOM HEBA3KH: ’

1 1 1
w=lo b we{poh -3

1 3 1 1
TS R Iy o

1 1

xo={-2 2k w=ft ol il
O6cynum nomy4eHHbIe pe3ynabTaThl. HauHeM ¢ HeBA3KH ypaB-
Henus. Ee Bropasi KOMIIOHEHTA BCe BpeMS OCTAaeTCHd PaBHOM HYIIO,
TIOCKOJIBKY BTOPOE YpPaBHEHHME CUCTEMBI Ha KAXIOU MTEPALIMY BBI-
IonHsieTcs, Kak BUAHO u3 (119), TouHo. ITepBbie KOMITOHEHTH He-
BA3KM U HOPMa YOBIBAIOT IO 3aKOHY NeOMETPHYECKOH [IPOTPECCUHM
¢ 3HaMeHaTesneM 1/2; 1.e. ropa3mo GmICTpee, YeM B MeTOl€E HpO-
CTOH uTepaumy. Xopolias CXOZUMOCTS IIPOECca BHIHA TAKXE U3
NPSAMOr0 CpPaBHEHMs WIEHOB UTEPAIMOHHOI OCIIEN0OBATENBHOCTH

X} C TOYHBIM peIleHUEM CHCTeMHI X = {—1, 1}.

(119)

1.3.6. Merton sepxneil pesakcanun
Momuduimpyem Meton 3eiinena. C 3Toif LEIbIO BBEAEM IIa-
paMeTp o M 3alUIIEM PeKyPPEHTHOe COOTHOIIeHUe (65) B BUIE
X, —X
(D+mTH)w+Axk=f‘ (120)
B naHHoM ciyyae
B=D+aT, 1=0>0. (121)
Ilpu o= 1 MpI Bo3BpalnaeMcsa K MeTOAy 3eimens.
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[image: image22.png]CootHomenuio (120) MOXHO NpuaaTe BUL
1
(6D+TH)(Xk+I—Xk)+Axk =f. (122)

Takas ¢opma 3anucH MOKa3BIBAET, YTO MAPAMETP ® BIMAET HA
JMaroHajab MaTpulsl B.

JI1s OCTPOEHHSA aNlroOpHTMa BBIYKCIIEHUST OYEPENHOM UTepa-
MM HYXHO pasienuTb B JIEBOW YaCTH PEKYPPEHTHOM (HOpMYyIIbI
(122) ynensl, comepxaiuue X; ¥ Xp 4, U IIpUaars eii opmy,
aHanornynHyto (116):

Ecim nepeiitn ot BeXTOpHOI 3anuck K 3anucH Tuna (1 17) B BuIE
OTIEABHBIX YPAaBHEHMI1, TO MOXHO MOJYYHUTD [UIA KOMITOHEHT

xF+1 ouepenoit uTepaty GOpMyIbl, CTPYKTYPHO TIOXOXHE Ha

(118):

xktl = xk + f Z axk+l - Z axk | i=1..,n (124)

Hccienyem ycroBust CXoIMMOCTH METONA BEpXHeil peJiakca-
MM NPH JOMOJHUTEIBHOM TIPEATIONOXEHHH, YTO MAaTpuLa A
YOOBIETBOPSIET ycaoBUsIM TeopeMbl Camapckoro (84). Camocorn-

PAXEHHOCTb MaTpUibl A 03HAYAET, YTO T}: =T, 7;: =T, . Orcro-
Ha cienyer

(Tux, x)=(Tx, x)=(T;x, x). (125)

CocTaBuM s paccMaTpUBaeMoro ciyyast MaTpuuy B - %A.
Cornacho (121)

T [0
B-5A=(D+mTH)-5(D+TH+TB)=(1--2‘9JD+%’(TH -T,).(126)
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3anuiuem YCJIOBHE €€ MIOJOXUTECIbHON OMpEaACACHHOCTH!

((B-gAJx,x)=(1—§](ux,x)>o. (127)

Bropoe ciaraemoe B BhipaxeHHH (126) He gaeT BKjIaja B KBal-
patudHyio dopmy (127) B cuny coorHowmeHus (125).

Marpuua A4 gBnsercs, o NMPEANONOXEHHUIO, TIOJOXUTEILHO
onpeaeneHHoii. CnenoBaTelbHO, BCe ee AUArOHANbHBIE JIEMEH-

Thl CTPOTO TOMOXUTEINbHBL: a; >0, 1<i<n. 310 03HaYaeT mosmo-

XUTEJBHYIO ONpeNeNeHHOCTs MaTpuubl D: (Dx, x)>0. B pe-
3yJbTaTe 3HaK BeipaxeHus (127) onpenensercd 3HAKOM IIEPBOTO
MHOXHTENA, 103TOMY JOCTATOYHOE YCIAOBHE IS CXONMMOCTH
UTEPAUHOHHON MOCIeXOBATEIBHOCTH METONA BEpXHEil pelakca-
LAY TIPUHAMAET BUX

O<w<?2. (128)

MerTon 3eiinens, COOTBETCTBYIOIIMIA CAyYal0 ®= |, yIOBJIETBO-
pSIET 9TOMY YCJIOBHIO.

MoXxHO rmocTaBUTh BONpoc 06 ONTHMATbHOM BHIGOpE mapa-
METpa ® =, , IPK KOTOPOM MeToa cxomurcs GpicTpee Beero. Te-
OpETHYECKOE UCCIeNOBaHHE, HA KOTOPOM MHI He OyeM OCTaHaB-
JIUBAThCS, TOKA3BIBAET, YTO TAKOE 3HAYCHME CYLIECTBYET M MO-
Xer OHTh BHIpAXEHO 4Yepe3 HauboJibilee M HaUMEHbIIEe
cobcTBeHHBIC 3HaYeHUA MaTtpulsl A OIHAaKO Ha IMpPakTHKE ero
[IPUXOJUTCS TOAOHMpPATh IKCIIEPHMEHTAJIBHO METOAOM Mpo0 M
OmMOOK, MOCKOJBKY B PEAKMX CIIydasX yAaeTcs HaTH A, H

Amax € IOCTaTOYHOI TOYHOCTBIO.
3amaua 4. Ilocmpoums npubauicenHoe pewenue cucmembl
(112) memodom eepxneii peaakcayuu, nosazas w=4/3.
BeinuieM 1151 paccMaTPpUBAaeMOIO CJydas MaTpPHIIBE

1 D+T, u [1 _1 )D + T, , OTIpeleIAIoIMe UTEPALIMOHHBIH IIpo-
0] ®

aecc:

3 [3/4 07 1, . [I/4 1
ZD+TH‘[1 3/2]’ 4D+TB'[0 1/2]'
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[image: image23.png]C nx noMompbio pekyppeHTHOE cooTHommeHH e (123), 3amucaHHoe
MOKOMIIOHEHTHO, IPUHHUMAET BUJ

x1k+1+ 77 k+xk =0,
x1k+1+2x2k+1 lxz =1.

Brlpaxasi U3 nepBoro cooTHOIEHUs xlk"1 U3 BTOPOIo — xé‘* 1

[TOJTy4a€M OKOHYATENIbHBIE pacyeTHbIe (DOPMYJIB IS KOMOOHEHT
OYEePENHON UTEpAlLIUU:

k+1 _

X 3x1 —~x2’
2 2 1
1_
/ x§+ 3 3"# §x§

TlpumeM, Kak ¥ B IPeABLIYIIMX CIy4YasiX, 3a HAYaIbHOE Npu-
OJXEHHE HYNEBOY BEKTOP U CHeIaeM TPH UTEPALMHY. Ilpu atom
JUISL KaXAO0H U3 HUX MOIACYMTAEM HeBs3Ky (71), Mo3BonsionIyio
CIEOUTh 33 CXOAMMOCTBIO MPOLIECCa:

2
={0 3 w={2 4L =L -0ss

8 28
x2"{_§’f}’ V2= {27 27}

X3={‘§§,25-6}’ ‘l’3={ : } v 3“_\/_ =0,039.

81° 243 243’ 243 243

—-O 237,

TToBenenne HEBA3O0K, a TAKXXE CpaBHEHHUE YWIECHOB HTEPALUOHHOMN
IIOCJICA0OBATCNIBHOCTH X, € TOYHBLIM PpeEIIeHUEM CHCTEMBI

x ={-1, 1} noka3sblBalOT CXOXMMOCTb mpouecca Gosiee OnIcTpYIO,
yeM B meToae 3einens. BuibpaHHoe 3HaueHue mapamerpa

w=4/3 0Ka3aloCh OIU3KUM K ONTUMALHOMY B =, .
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I'nasa 2.
‘II/ICJIEHHOE PEIITEHUE
YPABHEHUU

B mKONBHOM Kypce MaTeMaTHKHM H3Yy4aloT JIMHEWHBIE W
KBaJIpaTHbIE YPABHECHUSI, KOPDHM KOTOPHIX MOTYT OBITh HaleHbI
MO U3BECTHHIM (QopmynaM. CymecTBYIOT Takxke GoOpMyasl Iis
pelleHUs] YpPaBHEHUN TPEThEM M YETBEPTOM CTeleHEH, OJHAKO
OHHU CJIOXHB ¥ HEYNOOHBI [yl IMPaKTHYECKOro rpumeHeHus. Ha
ux obCyXIeHUN OCTaHABIUBaThbCs He OymeM. Eciu paccmartpu-
BaTb HeaJreOpauvecKue YpaBHEHHS, TO 3a1a4a YCIIOXHSIETCS elle
6onbuie. B 3TOM ciy4ae moaydydMTh A KOPHEH OTBET B BHJIE
bopMmyn, 3a PEIKMM HCKIIIOYEHHUEM, HE YIaeTCs.

B ycnoBusx, xorna ¢popMyiisl «He paboTaroT», KOrja paccyu-
THIBATh Ha HUX MOXHO TOJIKO B CaMBIX NPOCTEHIINUX CIydasx,
BaXXHOE 3HAYCHME MPUOOPETAIOT YHUBEPCATBHEIE BHIYHMCIUTEND-
Hble anropuT™Mbl. X MHOro, ¥ OHH JOCTAaTOMHO Pa3HOOOpA3HEL.
Ecnu 3anmucaTth ypaBHEHHE B BUIE

f)=0, (1)

TO 3TH AITOPUTMEI OOBLIYHO HE HAKIIAIBIBAIOT HUKAKHX OTPaHM-
YeHW Ha KOHKPETHHIM BUA (GYHKHHH f(X), a IpearnonaraoT
TOMBKO, 4TO OHa 00anaeT CBOMCTBAMM THIIA HEIPEPHIBHOCTH,
I GepeHUUPYEMOCTH M T.A.

B 3T0ii raBe 6yayT paccMOTpeHB! TpH ainroputMa. OHH oc-
HOBaHbI Ha Pa3HBIX UIEIX, KAXAbIA M3 HUX 06anaeT onpeaeaeH-
HBIMH JOCTOMHCTBAMHU M HENOCTAaTKaMHM, IO3TOMY B KOHIIE IJa-
Bbl Oy/IET HUHTEPECHO CPABHUTEH MX MEXIY COOOM.

2.1. METOJ BWIKH.
TEOPEMA O CYIHECTBOBAHMM KOPHA
HENPEPBIBHON ®YHKIINH

MerTon BUAKHM U €ro NPUMEHEHHE K J0Ka3aTeabCTBY pyHOa-
MEHTAJIBHON TEOpeMBI O CYNIECTBOBAHUM KOPHS Yy OYHKUHUHU f(x),
HelNpepbiBHOM Ha OTpe3ke [a, b] U MpUHUMAIOIUEH HA €r0 KOH-
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[image: image24.png]Lax 3HaYEeHMs Pa3sHBIX 3HAKOB, MOAPOGHO pa3bMpaloTCs B Kypce
MaTeMaTHyeCcKoro aHanu3a. HecMoTps Ha 370, KOHCIIEKTHBHO U3-
JIOXHM €T0 BHOBb, [IOCKOJIbKY 6€3 MeTOAa BUJIKM KapTHHA YHC-
JIEHHOTO pelleHUS YpaBHCHMIt Oblia OB HEMOJIHOIA.

Teopema o cymecTBOBAHHH KODHA HeNpepbiBHOH (DYHKUHH.
Ecau pynxyus f(x) nenpepwiena na ompeske [a, b) u npunumaem
Ha €20 KOHYAX 3HAYEHUS DASHbIX 3HAKO0E, MO HA IMOM ompe3Ke Cy-
uwecmeyem no kpaiinei mepe o0uH Koperv ypasHenus (1).

IpennonoxuM JUIS ONpeNeNeHHOCTH, YTO QYHKUHUS f(X)
IIPMHHMAET Ha JIEBOM KOHLE OTpe3Ka [a, b] oTpuuarensHoe 3Ha-
YeHUe, Ha IPABOM — IOJOXMTEIRHOE:

f@)<0, f(b)>0. (2)
BoseMeM Ha otpeske [a, b] cpenHio0 TOYKy &= (b-a)/2 u BH-

YMCIUM B Helt 3HayeHHe GyHkuuun f(§). Ecmu f(§)=0, o yr-
BepXIEHHE TEOPEeMBbl NOKA3aHO: MBI HAIIM Ha OTpe3ke [a, B]
TO4Ky ¢=§, B KoTopoii QyHKuus f(X) obpamaercs B Hynb. [Ipu

f(€)#0 nocrynum crenyomuM o6pa3om: pacCMOTPUM IBa OT-

pe3ka [a,&] u [, b] u BeIGepeM ONMH M3 HHX, HCXONS M3 YCIIO-

BUs, 4YTO (yHKUUA f(X) Ha ero JIeBOM KOHILE NOMXHA OBITH OT-
PHLIATENIbHOM, Ha IIPaBOM — IONOXUTENbHOU. BeIGpaHHBIit OTpe-

30k 0603Ha4uM [aj, 4 |. Io moctpoermo

f(a)<0, f(f)>0.

IloBTOpPMM ONMHMCaHHYIO NMPOLEAYPY: BO3bMEM Ha OTpE3Ke
[, b] cpennorw TouKy &, =(& -a)/2 w BhuMCIMM B Heit
3Havenne oynkumu f(§;). Ecim f(§) =0, T0 mokasarenscTso
TeopeMbl 3akoH4eHO. Ecim xe f(§;)#0, To cHOBa paccMoTpuM
IBa OTpe3Ka [al, 2;1] 74 [&1, bl] U BHIOEpEM TOT, Ha JIEBOM KOH-
1e KOTOporo ¢pyHKuMsA f(X) OTpHLIaTeSbHA, 4 HAa IIPABOM — II0O-
JIOXUTENbHA. BrIOpaHHBI 0Tpe30K 0603HAYUM [az, bz] Ilo mo-
CTPOEHHIO

f(a))<0, f()>0.
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Bynem nponmomxarths 3TOT npouecc. B pesynabrare oH aubo

obopBeTcs Ha HEKOTOpPOM Luare n B cuay Toro, yto f(§,)=0,

aubo OyleT MpoIoXaThCad HEOrpaHW4eHHO. B mepsBoM ciyyae
BOIIPOC CYILECTBOBAHHUS KOPHS ypaBHeHHs (1) pelieH, Mo3ToMmy
HaM HYXHO pacCMOTpeTb BTOpoii ciyyail. HeorpaHu4eHHOE mpo-
IOJDKEeHME IpOoLiecca JaeT IO0CeI0BaTeIbHOCTE OTPE3KOB [a, b,

[a1, 8], [43, by ],... DTi OTpe3KM BIOXEHBI ADYT B ApYyra — Kax-

HBIA MOCNENYIONIMH OTPE30K MPHHAIJIEXKUT BCEM NPENbIIYLIMM:

Gy Sy <bpyy by, 3)
IIpUYEM
£(@,)<0, £(b)>0. @)
HIIHHBI OTPE3KOB € BO3paCTaHUECM HOMEpaA n CTPEMSATCA K HYIIO:
lim (4, ~a,)= lim 229 =0, )
av nw 27

PaccMoTpuM JieBBie KOHLBI OTPE3KOB {an}. Cornacto (3)

OHHU 06pa3yioT MOHOTOHHO HEeyOBIBAIOIYIO OFPaHHYEHHYIO I10C-
JieA0oBaTeIbHOCTh. Takas MOC/eNoBaTeIbHOCTh UMEET IIpene, KO-
TOpbIA MBI 0003HAYMM Yepe3 ¢y:

lima, =¢. 6)
n—>oo

ITo TeopeMe o mepexoie K Mpenesry B HEPaBEHCTBAX

¢ <b, %)

Ternepb paCCMOTPUM NpPaBbleé KOHLIBLI OTPE3KOB {bn}. Onu 06-

Pa3yloT MOHOTOHHO HEBO3pacCTalOLUIYI0O OrpPaHHYCHHYIO TOCTIEN0~
BaTEJIbBHOCTh, KOTOPAsA TOXKE HMMCET IPECACIL. 0603HaYuM 3TOT

npenes 4epes Cy:

lim b, =c,. (8)

N—>c0
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[image: image25.png]Cornacho cootHowmenusm (3), (6)—(8) mnpemensi ¢; U ¢,
YAOBJIETBOPSIOT HEPABEHCTBAM @, < ¢ < ¢, < b, | U, cirenoBaresBHO,

- <b —a=2"9 ©)

Takum 06pa3oM, pasHOCTb ¢, —¢; MEHBbIIIE JI000ro Hamepex 3a-
OaHHOrO yMcna. JTo 03HayaeT, 4to ¢ —¢ =0, T. €.

G=¢=Cc (10)

HaiineHnas Toyka ¢ WHTEpeCHa TeM, YTO OHa ABISAETCS
€IMHCTBEHHOMN 0OIIEH TOYKOI WIS BCEX OTPE3KOB MOCTPOSHHOM
nocnenoBaresibHoCTH. Mcnone3ys HempepbIBHOCTE GYHKIMH f(X),
JOKaXeM, YTO OHa ABAACTCA KOpHeM ypaBHeHuUs (1).

M&1 3Haem, yto f(a,)<0. CornacHo ompeneneHuIo Hempe-

PBIBHOM QYHKLIHU U BOBMOXHOCTH IIPEE/ILHOrO Mepexoaa B He-
PaBEHCTBAxX, UMEEM

f(©)=lim f(a,)<0. (11)

n—>oc0

AHanoruyHo, y4uTeiBas, yro f(5,)>0, monyyaem

f(c)=’£i_1)rif(bn)20. (12)
W3 (11) u (12) caenyet, yTO
f(©)=0, (13)

T.€. ¢ — KopeHb ypaBHeHus (1). TeopeMa moka3zana.

IIpouecc mocTpoeHus MOCNENOBATEIbHOCTH BIOXEHHBIX CTA-
TMBAIOLIMXCS OTPE3KOB METONOM BMIKHM ABIAETCH 3)DEKTUBHBIM
BBEIYMCIIMTENILHEIM AJITOPUTMOM peuieHust ypasHeHus (1). Ha n-m
Hiare moJiy4aeM

a,<c<bh, (14)

D10 ABOMHOE HCPABCHCTBO IIOKa3bIBAaCT, 4YTO YUCAO 4, OIpene-
JISIET UCKOMBIHA KOPE€Hb ¢ C HEOAOCTATKOM, a YUCJIO bn - € U36bIT-
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KOM, C OIUMOKOM, He MpeBHINAONIEH JIMHY OTpe3kKa [an, b,,].
Ipy yBenuyeHUH n OMUOKA CTPEMUTCS K HYNIO MO 3aKOHY reo-
METPHYECKO}t Iporpeccuu co 3HameHareneM g = 1/2. Ecnu 3ana-
Ha TOYHOCTb €, TO, YTOOBI €€ JOCTUTHYTh, IOCTATOYHO CAENATh
yKca0 WaroB N, yIOBIETBOPSIOLIEE YCIIOBHIO

N>log2%£. (15)

To, 4To MpoLeaypa OTHICKAHUA KOPHSI OCHOBaHA Ha MHOTOKpAT-
HOM JIeJIeHUM MCXOMHOIO OTpe3Ka IIOII0/IaM, ONPaBALIBAET BTO-
poe Ha3BaHHE METOIa — METOM OHCEKITHH.

TeopeMa M METOJ €€ AOKA3aTeIbCTBa CaMH Mo cebe He no-
3BOJSIOT OINpeNe/HTh 06LIee YUCTO KOpHeiH dyHKUMH f(X) Ha OT-
pe3ke [a, b]. OnHako ecnu QyHKuIMA f(x) HE TOIBKO HENMPEPhiB-
Ha, HO U AuddepeHIUpyeMa, TO JONONHUTEIBHOE €€ UCCIEeN0-
BaHWe C MOMOIIBIO IMPOM3IBOMHONA MOXET BO MHOTHX CIy4asx
peumTh ¥ 3TOT Bonpoc. Hanpumep, mpu 3HaKOOMpeReTeHHOM
NpOU3BONHOM GYHKUUA f(X) SABNAETCS MOHOTOHHON Ha OTPE3Ke
[a, b], n03TOMY KOpPEHb y Hee MOXET OBITh TOJBKO ONUH.

3amaua 1. Paccmompems na ompeske [0, 1] ypaenenue

f(x)=x—-cosx=0. (16)

IToxazame, umo oHO umeem eduHCMEEHHbLIl KOPeHb, U Haumu ezo
npubnuxcenroe 3HaYeHue ¢ NOMOULHIO Memo0a UNKU.
B xaHHOM ciyvae

f(0)=-1<0, f(1)=1-cos1>0, (17)

f(x)=1+sinx>0, 0<x<I. (18)

HepapenctBa (17) roBOpAT O TOM, YTO YPaBHEHME (16) umeer
KopHH. YcnoBue MoHOTOHHOCTH dyHKumH f(x) (18) o3Hauaer,
YTO KOPEHb €IMHCTBEHHbIN. Pe3y/bTaThl, CBA3aHHbIC C 12-KpaT-
HBIM JeneHreM oTpeska [0, 1] nomonam, npuseseHH B Tabi. 2.1.

OHHU OmpeneNsioT KOPeHb ¢ TOYHOCThIO £=(1/ 2)12 <0,00025.
UckoMBlit KOpeHb ¢ TPUHAIIEKUT OTPE3KY

[0,739013671875, 0,739257812500].
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[image: image26.png]Ot16pachiBas 3HAaKH, JeXaUlxe 3a NpenejioM JOCTUTHYTOH TOYHO-

CTH, MOJYYHUM

0,73901 < ¢<0,73926.
I'padux dyHkuuu (16), WIUTIOCTPUPYIOILUK pa30OpaHHbIR MPH-

Mep, MpUBeNeH Ha puc. 2.1.

X—=COsXx

s

05

Puc. 2.1. Ipagux ¢gynxyuu f(x)

METOJ UTEPALIUHN )
(MeTo MoCJAenoBaTeNbHbIX NPHOTHKEHHH)

2.2

PaccMOTpHM ellle OMMH YMCIACHHBIN METOI pellieHUs ypaB-
HeHui. [IpeanonoxXuM, 4To ypaBHEHHE MOXHO 3allUCaTh B BHIE

(19)

x=¢(x).

00ST18LST6EL O

SL8TLITI06EL'O 4|
1£9965611000°0 — SLBILIEIO6EL O 00STI8LSTEEL O 0STIES69L8EL 0 1
VEVSS 18250000 — 0STIES69L8EL 0 00SZ18LST6EL O 0000ST18Z8€L°0 -0l
LP1600682000°0 00STI8LST6ELO 000S LEVETOPL 0 0000SZ1878EL°0 6
18LTL8ET6100°0 000S LEVETOPL D 0000058 124L0 0000SZ18Z8EL°0 8
TSLEVISHET00°0 — 0000SZT8Z8EL*0 00000SL8124L0 0000005 LEVEL D L
YPLITLS61S00°0 000005 L812HL0 000000000050 000000 LEVEL O 9
6SYSTLYL8LO0 0 — 000000S LEVEL0 000000000050 00000005810 S
8IVTLEGLBEEO 0 — 00000005£81.°0 000000000050 000000005 £89°0 v
TS I9P6YEES0°0 — 00000000S£89°0 00000000005 L0 006000000579°0 3
S0S6T1£96581°0 — 0000000005Z9°0 00000000005 L°0 000000000005 ‘0 z

9TIIEITIE8100 000000000050 0000000000001 000000000005 ‘0 i
068195785 LLE0 — 000000000005 ‘0 000000000000°1 0000000000000 0
“Dsf t/(q+"n)="3 “q “v u

['7 emuroe ],

59

58



[image: image27.png]Bo3smeMm ITPOM3BOJIBHYIO TOYKY X, HU3 obnactu OINIpCOCNEHHUA

bynkuun ¢(x) W GyaeM CTPOMTH MOCIENOBATEABHOCTh YHCEI
{x,}, onpeneaeHHBIX C IOMOLIBIO PEKYPPEHTHOH HopMyIbE

X1 = 0%, )- (20)

IMocnenosaTenbHOCTD {x,} Ha3piBaeTCs umepayuonnoi. Ilpu ee
U3y4eHUH BO3HHKAIOT J{Ba BOIIPOCA!

1. Moxcro au npoyecc nocmpoenus nocaedoeamenvHocmu {x,}
npoooaXcams HeoepaHu4eHHo, m.e. Gyoym Au 3mu HUCAQ RPUHAO-
nexcamsv obaacmu onpedeserus gynkyuu ¢(x)?

2. Ecau umepayuonnas nocaedosamenvrocms (20) 6eckoney-
Ha, mo kax eedym cebs ee 4AeHbl NPU N — oo ? '

OtBer Ha 06a Bompoca JaeT cleayiollas Teopema.

Teopema 0 CX0AMMOCTH HTEPAHHOHHON MOCJENOBATEILHOCTH.
IIycmb ¢ — xopenv ypasnenusa (19) u nycme @ynkyus o(x) ydos-
nemeopsiem Ha ompeske [c—38, c+8] ycaoeuro Junwuya c KoH-
cmanmoii L <1

|y2 —yllzl(p(xz)—(p(xl )IS L|x2 —xll Vxl, XZE [6_8’ C+6]- (21)

Toz0a npu nwobom ewvibope x, nHa ompeske [c—-38, c+8] cywecmey-
em becKoneyHas umepayuoxras nocaedosamensvrocms {x,} (20),
cxodawasca k KopHio ypasnenus (19) x =c. BDmom xopenv s61-
emcs eOUHCMBeHHbIM Ha ompeske [c—8, c+3].

HanmoMHuM u3BeCTHBIH PakT U3 MAaTEMAaTHYECKOr0O aHAJIN3A;
BBITOSIHEHHe yenoBus Jlunumua (21) Oyner 3aBenoMo obecrieye-
HO, €CJIU NPEANIONOXHUTE, YTO DyHKUMA ¢(X) UMEET Ha OTpe3Ke

[c—8, c+3] HempephIBHYIO MPOU3BOAHYIO ¢'(X), MOIY/Ib KOTO-

pOil MEHbIIIE eIMHULIBI: (p’(x)| <m<l1. B aTOM ciyyae coriacHo
dopmysie KOHEYHBIX IIpUpalieHuit JlarpaHxa OyneM UMeThb
2= 31|=|9' (&) (%2 % )| < m]xy — xq]. (22)

MpbI monyYrIM HEPABEHCTBO ¢ KOHcTaHTOM Jlunmmupa L =m.
TMocne 3Toro 3aMeyaHus MepeineM K NOKa3aTedbCTBY Teope-

MbL. Yncno ¢ siprsieTcs: KopHeM ypaBHeHus1 (19), Tak yto c=¢(c).

60

Bo3bMeM NMPOU3BONBHYIO TOYKY X Ha OTPE3KE [c-8,c+ 3]. Ona
OTCTOMT OT TOYKM ¢ He GoJblIe YeM Ha O&: |x0 —c| <93,

BoiuncinM X, = ¢(%y ). Ilpu s10M GyneM umeTb

I - =[o(x)-9(c) s Lxg-d< LS. (23)

HepaseHncTBo (23) moka3piBaeT, YTO TOUKA X} IPHHAIEXKHUT OT-
pe3ky [c-8, c+38] u pacronoxeHa 61IXKe K TOUKE ¢, UEM Xp.

TTpono/KKM MOCTPOESHHE UTEPALIMOHHON TNOCIEN0BATEIBHO-
cti. Bermcum X, =¢(x,) . Ilpu atom

[x2-d=[o(x)-0(|< Lix ~d|< Py - < 2%

Touka x, ToXe MPUHAVIEKUT OTPE3KY [c-8, c+38] u pacnonoxe-
Ha 6rxe K Touke ¢, 4eM x. Ha Bropoi utepanmu Mbl OILATh

NpuOAN3WINCS K C.
[MTo MHIYKIMM JIETKO A0Ka3aTh, YTO BCE MOCIENYIONIME UTE-

pALIMH TAKKE CYIECTBYIOT M YIOBJIETBOPSIOT HEPAaBEHCTBAM
n
|x, — < L*|xg - ¢|< L"8. (24)
Ortciona cienyeT, uTo

lim (xn —c)=0, 1.. limx,=c (25)
n—oo n-—oe

HawMm ocTtaercd 10Ka3aTh, YTO KOPEHb X = € ABJIACTCA CIUH~-

CTBEHHBIM pellieHueM ypaBHeHus (19) Ha oTpeske [c-8,c+8].
JleficTBUTEIBHO, PEATIOIOKMM, UTO CYMIECTBYET 1€ ONHH KO-
peHb Xx =cy:

¢ =9(q), c-d<¢<c+d (26)
TpumMeM ¢; 3a HyJI€BOE NPUOIIKEHUE U 6yleM CTpPOUTbL UTEpa-

UMOHHYIO TocenosatesibHoCcTh (20). C yyeTom (26) nonyyuM
x,=c¢;, n=0,1, 2, ... C npyroii CTOpOHBHI, MO JOKa3aHHOMY

lim x, =c, T.6. = ¢C. Hukakux ApYTHX PELIEHHUIA, KPOME X =,

;[%DI;HCHHC Ha paccMaTpUuBacMOM OTpE3KE HEC UMEECT.
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[image: image28.png]Jloka3aHHasi TeopeMa UMeeT MpocToit cMbici. Bynem roso-
pUTh, YTO QYHKLHUA @(X) OCYIIECTBISAET OTOOPaXEHHE TOUKHU X

oTpe3ka [c-§, c+8] Ha Touky y =¢(x). PaccMoTpuM napy To-
4eK Xj, X, ¥ UX 06passl y;, y,. Ycinosue Jlumuuna (21) npuso-
JOUT K TOMY, 4TO PacCTOSIHME MeXIy 00pa3aMM OKa3bIBAaeTCH
MEHBIIE PACCTOSTHUS MEXIY UCXOAHBIMH TOYKAMH, T.€. 0TO6pa-

XeHue y =@(x) sBusercs cxuMaoumM. Kopensb ¢ — HermoBik-

Hast To4ka otobpaxenusi: ¢=@(c). B pesyabTaTe Kaxmplii war B
HTEPAUMOHHOM IIpOLiecce, CXKUMAS pPacCTOAHHE, MpUOIUXAET
OYePEIHYI0 UTEPALIMIO K KOPHIO.

LleHTpanbHag Hles MeTOHAa UTEPAlMii — CXHMAaIOIIUE OTO-
O6paxeHnus — ABasgeTcsa BecbhbMa obieil. Hampumep, onHo u3 xo-
Ka3aTeNbCTB TEOPEMBI CYILIECTBOBAHUA M €MUHCTBEHHOCTH pellie-
HuA 3agayd Komwu s o66ikHOBeHHBIX JAuddepeHnnanbHbIX
ypaBHEHHUI OCHOBAHO Ha METOJE MOC/IENOBATEIbHEIX MpubInxKe-
HMH B YCIIOBHUSIX, KOIIa HCHCTBYET MPUHIIHIT CXXHUMAIOUMNX OTO-
OpaxeHuit. 111 MHOTHX CIOXHBIX HETHMHEHHBIX 3aMa4 NMPHHUIMI
CXHUMAIOUIUX OTOOpaXeHUI OKAa3bIBAETCA OCHOBHBIM METOIOM
HCCJIeOBaHUS. '

3anaua 2. 3anucams ypasuenue (16) e sude

X=Cos X (27)

u Haiimu npuGAUNCERHOE 3HA4EHUe e20 KOPHA Memodom umepayuil.

B manHoM ciyyae ¢@(x)=cosx, ¢’(x)=-sinx. Ha oTpeske
[0, 1], Ha KOTOpOM pacIOJIOXEH KOPEeHb ypaBHeHHs (27), mis
MOIY/IA MPOM3BOJHOM CIIpaBeTHBA OLICHKA |(p’(x){ <sinl<0,85.
Omna obecneynBaeT BHITOJHEHHE YCJIOBHA JIMNMIINIIA ¢ KOHCTaH-
toit Jlunmuua L = 0,85.

Pe3ynbTaTel BBIYHCIEHHH IO peKyppeHTHOH dopmyie
X,41] =COSX, NaHbl B Tabi. 2.2. 3a HyJaeBOe MPUOIMKEHHE BHIG-
paHa ¢penHss To4yka orpeska x, =0,5. JIna ynobcrsa aHanuza
HUTEPALIMOHHOM MOCIEN0BATENILHOCTH €€ WIEHB! PACIOJIOXEHEI 10
IBa B CTpoKe. B pe3ynbrate 00pa3oBaiuCh CTONGILH WIEHOB C
YeTHBIMH H HEYETHHIMH HOMepaMu. CpaBHHBast MIX MeXIy COGOii,
BHUIMM, YTO YETHbIE WIEHBI MEHbIIIE HEYETHBIX: UTEPALMOHHAL
IOC/IEA0BATENIBHOCTD «CKayeT» TO BBepX, TO BHU3. C BO3pacTta-
HHEM HOMepa YeTHBIE WIEHbI ITOCIeA0BATENBHOCTH BO3PACTAIOT,
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Tabaunua 2.2

n X’Zn x2n +1

0 0,500000000000 0,877582561890
1 0,639012494165 0,802685100682
2 0,694778026788 0,768195831282
3 0,719165445942 0,752355759422
4 0,730081063138 0,745120341351
5 0,735006309015 0,741826522643
6 0,737235725442 0,740329651878
7 0,738246238332 0,739649962770
8 0,738704539357 0,739341452281
9 0,738912449332 0,739201444136

a HeyeTHbIE YOBIBAIOT, MPUOIIDKAsACh APYT K Apyry. Takoe nose-
JIEHHE MOCIEeNOBATEIbHOCTH 03HAYAET, YTO KOPEHb YPABHECHUS
JIEXHAT MeXIy HUMH. YeTHble WICHBI JAlOT €ro 3Ha4eHUE C He-
JOCTAaTKOM, HEYETHBIE — ¢ W3OBITKOM. DTO MO3BOJISET JIETKO KOH-
TPOJIMPOBATh TOYHOCTDb, TOCTUTHYTYIO IoCje M060ro 4ucia ure-
palMil: IIOTPEIIHOCTh HE MPEBBIIIACT Pa3HOCTU MeXIy nocie-
IHUM HEYETHHIM Y YE€THBIM WieHaMH. MBI OCTRHOBWIM MPOLIECC
BBIYMUCIIEHMI Ha 19-# UTepaliuy ¥ MOXEM HamucaTh AJIs1 KOPHS
¢ ABOITHOE HEPABEHCTBO

x5 =0,738912449332 < c < x;g =0,739201444135

Wid, oTOpachiBasi TMIIHHUE NECATHYHBIE 3HAKH,
- 0,73891<c<0,73921.

TaxkuM 06pa3oM, WICHB UTCPALMOHHOMN I10C/IEN0BATENBHOC-
TH Xg ¥ X|g ONPENETISIOT ¢ C HEAOCTATKOM U C U3DBITKOM € T10-
TPEIIHOCTHIO, KOTOPasi HE MPEBLIIIAET PA3HOCTH Xjg — X;g°

€< A9 = X9 — X5 <0,0003.

TouHOCTb, OOCTMTHYTast nocie 19 urepanuii, IpUMEPHO COOT-
BETCTBYET TOYHOCTH 12 miaroB Merona Buiku. [IpyunHa Takoro
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[image: image29.png]pasnuyus sicHa. B oboux MeTomax morpenHocTs yOBIBaeT 10 3a-
KOHY reéOMeTpUYecKoi HporpeccHu. s MeToRa BHIKM 3HAME-
HaTenb Nporpeccuu paBeH 1/2. OH He 3aBUCHUT OT BHAA PYHK-
uH f(x). JIns Merona utepauuit 3HaMeHaTesib IPOrPECCHH PaBeH
koHcTaHTe Jlunmuuua. B paccmatpuBaemoM mpumepe L = 0,85.
IToaToMy CKOPOCTH CXOOMMOCTH METONA MUTEPALIHIA OKa3BIBAETCA
HUXE CKOPOCTH CXOOMMOCTH METOHA BWIKH. Meron urepaumit
HMeeT MPEUMYHIECTBO Nepel METONOM BHIKM B CKOPOCTH CXOIHU-
MOCTH TONbKO Iipu L < 1/2.

2.3. METOJ KACATEJIbHBIX (Meron HbioToHa)

Meron kacaTenpHHX, CBI3aHHBI ¢ UMeHeM HploToHa, AB-
JIi€TCS: OXHUM U3 Hambonee 3p¢deKTHBHEIX YUCICHHBIX METOLOB
pelieHus ypaBHeHuit. Mnest Metona odens npocra. Ilpenmnosno-
XKuM, yro Gynkuus f(x), *Meomas KopeHb ¢ Ha oTpe3Ke [a, 5],

nuddepeHnpyeMa Ha 3TOM OTPE3Ke M ee NPOU3BOAHAs f'(x) He
obpamaeTcs Ha HeM B Hy/lb. Bo3bMeM IPOU3BOJBLHYIO TOYKY
Xy € [a, b] u 3anuniem ypaBHeHHe KacaTelbHO# K rpaduxy dyH-
KUMU f(x) B 3T0i TOYKeE:

y =)+ (%) (x-xp)- (28)

I'paduku byHKUMH # ee KacaTedbHOH GIM3KH OKOJO TOY-
KM KacaHHs, I03TOMY €CTECTBEHHO OXMAATh, YTO TOYKA X) Te-
pecedyeHus KacaTeJIbHOM € ochlo OyAeT paciloioKeHa HEHAIeKo
OT KOpH# ¢ (pHc. 2.2). [lns onpeneneHUs TOYKH X; UMEEM ypaB-
HEHUE

FOg)+ f(x) (% = %) =0,

COIJIACHO KOTOPOMY

f(x)

X=Xy -~

f(x)
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.

Puc. 2.2. ITocmpoenue nocredosamenvrocmu {x,}
no memody KacamenbHbix

TToBTOPHM NIPONENaHHYIO IIPOLENYPY: HAIMHIEM ypaBHEHUE
KacateJbHOM K rpaduxy pyHkum#H f(x) B TOUKE X ¥ HaineM Uid
Hee TOYKY MepeceyeHHsl x; C oChlo x (CM. puc. 2.2):

f(x)

f'(x)

IIponomxas 3TOT MpOLECC, MOIY4aeM I10CNeA0BATENBHOCTD {X,},
ONpPENENEHHYIO C TIOMOILBIO PEKYPPEHTHON (POPMYIBI

X2=x1—

Sx), (29)
S (%)
IIpu ee uccleroBaHWM, KaK U MPU UCCIAEIOBAHUM IOCJIEAOBA-
teapHOCTH (20) MeTona UTepauuii, BOSHUKAIOT IBa BOIIPOCA.

1. Moxcrno au npoyecc eviucaenus uucen {x,} no pexyppeun-
Hoil opmyae (29) npodoaxcams neoepanudenno, m.e. 6ydym au
amu uucaa npunadaexcamo ompesky [a, b]?

2. Ecau npoyecc (29) Geckoneuer, mo kax eedem ceba nocae-
dosamensvrocmb {X,} npu n— oo?

X

n+l = Xn~

5 BpoaHbie NeKUWH TO YHACIEHHBIM METORAM 65



[image: image30.png]IIpy aHanuse 3TUX BONPOCOB MPENIIONOXUM, YTO KOPEHb
X = ABACTCS BHYTPECHHEW TOYKOH oTpesKa [a, b, a pyHKiMs
J(x) nBaxap! HeNPepBIBHO AubdepeHIIUpyeMa HA TaHHOM oTpe3-
K€, NIPHYEM €€ IIPOM3BOJHBIE YAOBIETBOPSIOT HEPABEHCTBAM

[f'@)|2m>0, |[f"(x)|<M, xe[a,b]. (30)

Cnenyer o6paTUTh BHUMaHME Ha TO, 4TO B HEpaBCHCTBAxX BeJIH-

UMHa m NaeT OUEHKY MOIYJ/ISI NEPBOM NPOM3BONHOU f'(x) CHU-
3y, a Be/IMYUHA M — OUEHKY MOIY/ISl BTOPOM MPOM3BONHON [ (x)
CBEPXY.

Teopema o cxomumocTn MeTona xacarensnsix. Ecau dyuxuus
S(x) ydoenemeopsem copmyaupoeannvim ycrosusm, mo maiidem-
ca makoe 6: 0<8<min(c-a, b—c), umo npu aobom ebibope Ha-
4abHOZ0 npubnuNcenus xy Ha ompeske [c -8, c+8]c[a, b] cywe-
cmeyem Geckoneunas umepayuonnas nocaedosamensrocms (29) u
ama nocaedosamensHocmy cxodumca K KOPHIO C.

B cuy NPEANIONOXEHHUS O nuddepeHIUpyeMocTH QYHKLIUN
f(x) ¥ HepaBeHCTBe HYJIIO €€ POM3BONHON YpaBHEHUE (1) axBH-
BAJICHTHO HA OTpe3Ke [a, b] ypaBHEeHHIO

x=09(x), (31)

rie @(x)=x-f(x)/f'(x), Tak YTO KOPEHB X =c MCXOXHOrO

YPAaBHCHHs ABJISETCSI ONHOBPEMEHHO KOPHEM ypaBHeHHs (31).
Hccnenyem Bo3MOXHOCTb OTHICKAHHS 3TOTO KOPHSI C IIOMOIIBIO
METOA UTEpALIHH.

BoruucnuM 1 olleHUM MPOM3BOOHYIO DYHKIUMH o(x) (31):

o (0ot L D) _F)rx)
(r () (£ (%)) (32)

0 () s 251 (). (33)

Tenepb Bocnonb3yeMcsi HEMpPePHIBHOCTBIO OYHKUKM f(X) U ee pa-
BEHCTBOM HYJIIO B TOUKe X =c. BossmeM e=m?/(2M). [ina nan-
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HOI'0 & MOXHO yKa3aTh Takoe §: 0<§< min(c-a, b-c), 4ro
s Beex xe [c—8, c+38] Gymer BHIMONHATLCH HEPaBEHCTBO

[f ()~ £ () =|f (x) <e=m?/(211). (34)
Yuurtnisas 3T0, IIOJIy4yaeM OKOHYATEJIbHYIO OLICHKY IIPOU3BOOHOI:

[o'(x)|<1/2, c-8<x<c+s. (35)

B cootBercTBMHM ¢ pesynsTaTamu npeabiaywero naparpaga
HEPaBEeHCTBO (35) o3Hayaer, yto ypaBHeHue (31) MOXHO peruats
METONOM MTEpaLluii: pU M060M BeIGOpE HyleBOro npubIKeHUs
Ha OTpe3Ke [c-§, c+8] cywecrByer 6eckoHeyHas nocneaoBa-
TEJIBHOCTH (20), cxomsmasca K KOpHI0 X =c¢. HaM ocraeTrcs
TOJIBKO 3aMETUTh, YTO UTEPALIMOHHOIM MOCIEN0BATENPHOCTBIO bidic:
ypaBHeHus (31) siBisieTCA MOCIEAOBATENIbHOCTD (29) meTona ka-
CaTeNbHBIX.

Tpe6osanue 6musocTn HYJIEBOTO NMPUOBTUXKEHHUSI K HCKOMO-
MY KODHIO X = ¢ SIBIII€TCS CYIIECTBEHHBIM I METOJA KACATEb-
HbiX. Ha puc. 2.3 uaobpaxken rpaduk Toi xe GyHKumH £(x), 4to
M Ha pHUC. 2.2, 0gHaKO Xy BBIGPAHO NaIbIUE OT KOPHA X = ¢, 4YeM

yh
f\\:
§
S
§
N
§
N
N
N
S
c S
0 il xo \\b?
~

PHe. 2.3. Cayuaii, ko20a npoyecc nocmpoenus nocaedosamenvHocmuy x,,}
obpweaemcs uz-3a naoxozo 6bi60pa Hynesoz0 npubauxcerus
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[image: image31.png]B IIEPBOM cily4yae. B pe3ynbraTe mocjie mepBoro mara moay4yaer-
Cs TOYKA X], KOTOpas HE MPHUHAVIEXKUT UCXOTHOMY OTpe3KY [a, b],
M MPOLECC MOCTPOCHUS PEKYPPEHTHOM MOCNENOBATEILHOCTH 00-
priBaetcsi. Takum 06pa3oM, s NPaBUNBHOTO BbIGOpa HYNEBOrO
NpUOAUKEHUS HYXHO ellle 10 Hayala pacyeTOB 3HaTh 061acTh
JIOKATU3alMH UCKOMOTO KOPHS X = ¢. B ciyyae HeoGxomuMocTH
€€ MOXHO YTOYHHTH C TIOMOLILK HECKOJBKHX IHAroB IO METOLY
BUJIKW. 3aTpyAHEHUSI, CBSI3aHHbIE C IIPEIBAPHUTENBHBIM MCCIEAO-
BaHUEM YpaBHEHUS, BIIOJHE OKYIAKOTCS BBICOKOM CKOPOCTHIO
CXOOUMOCTH METOJIa KacaTeNlbHBIX.

3anaua 3. Haimu npubsuxcennoe 3Havenue KOPHA YPABHEHUS
(16) memodom kacamenbHbix.

PexyppeHTHast dopMyna MeTona KacaTeJIbHbBIX IPHHUMAET B
JAHHOM Cliy4ae BHI

_ X, —C0sx, .
1+smxn

(36)

Xn+1 = *p
BribepeM, kak ¥ A1 METOJA MTEpALMid, B KAYeCTBE HYJIEBOIO
npubauxeHus xy = 0,5 ¥ noacyrTaeM cieayomme npubimxe-
HMS. Pe3ynbrarsl BEIMMCICHUHN NpUBeAeHH B Taba. 2.3. Mbl BH-
UM, 4TO, HAYWHAS C HOMEPA n = 1, MOCIeq0BaTeNbHOCTh YObI-
BaeT, NpubauXasch K KOPHIO x =c¢ cBepxy. Ilocne uerBeproro
11ara NnpoLEecC «OCTAHABIMBAETCS»: IISITAs UTEPALUS TAaeT TOT Xe
pe3ynbTaT. [IpHYMHA 3TOTO SIBICHMS 3aKJIIOYAETCS B CIAECAYIOLIEM.
Pacuerst Beayrca ¢ 12 necsituuHbIMM 3HakaMu. Korna morpeii-
HOCTb OKa3biBaeTcsl MeHblie 10712, cTaHOBHTCS HEBO3MOXHO YII0-
Ta6auua 2.3 BUTb Pa3HHIY MEXIY X, U X1y,
JIEXKAIITYIO 32 IIpeIeIaMH OIIUG-
KH OKDYTJIEHHS.
[IpuBeaeHHBIE  TIpUMEp
MMOKa3bIBA€T OYE€Hb BBICOKYIO
CKOPOCTb CXOOHMOCTH METOAa
Hbiotona. ITocire nByx 1maros
MBI JOCTHIJIM TouHocTH 1074,
D710 NydYile pe3yabTaToB, KOTO-
pble OBUIH MOJTyYEHEI METOIOM
BWIKHW Ha ACBSATOM LIare U Me-
TOIOM HMTEpaLMi HA JeBATHAI-

n X,

0,500000000000
h 0,755222417106
0,739141666150
0,739085133921
0,739085133215
0,739085133215

Wi |w | N =] O
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uarom uare. ITocie yeTelpex LIaroB MOTPELIHOCTh B ONpPEAEe-
HHMM KOpHA cocTaBmiaa 10~12,

3amaya 4. Paccmompemb ebiuucaenue \Ja kak 3adauy peiue-
HUA YPAGHeHUsA

x2-a=0 37)

6 obaacmu x> 0. Hanucamb ons evtuucaenus xophs ypasnenus (37)
X=~Na umepayuoHHyi0 nociedo8amesbHOCMs no Memody Kaca-
menvhbix. Boiucaums ¢ ee nomowsio 2 .

PexyppeHTHas dopmyna MeToma KacaTeabHbIX (29) a1 ypas-
HeHus (37) MpUHUMaeT BHL

X =X ..x”_t_(Z:l X +_a_ 38
n+l n 2xn 27 X, . ( )

Omna onpenensier MOHOTOHHO YGBIBAIOLIYIO TOCJIEIOBATENBHOCTD,
CXOIAIIYIOCS K va CBEpXY.

Ilepefinem xo BTOpOi 4acTtu 3agaHuss. HamoMHUM, uTo
V2 =1,414214 . Bui6upas Xo = 2, cienaeM HECKOJIBKO HUTepaluit
no dopmyre (38):

=2,
x1=1,5,
%, =%G+§J= 1,416666,
(17 .24
UL 20 a4,
K 2(12+17j ’

TpeTsst UTEPALIMS OTIPENe/steT V2 C MOIPeLHOCTBIO A =2 — X; =
=-0,000002 . Pacuer mmo ¢opmysne (38) MHOro mpoile BLIYMCIIE-

HUSL Va 110 IIKOJIBHOMY aITOPHTMY HOC/IEIOBATEILHOIO OTIpeie-
JIEHHS NeCATHYHBIX 3HAKOB.
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[image: image32.png]2.4. 3BAKIIIOYUTE/IBHBIE 3AMEYAHUA

MBI MO3HAKOMWIKCH C TPEMSI METOHAMHU YMCICHHOTO peLie-
HHMS YpaBHEHHH, Hapsaay ¢ HUMH CYLIECTBYIOT €Hle HECKOMbKO
METOIOB, Ha KOTOPHIX MBI HE OCTaHaBIHUBATUCh. CHUTyallMsl, KOT-
Ja ONHY M TY X€ MaTeMaTHYeCKylo 3aJaqy MOXHO pellaTh C I0-
MOLIBIO Pa3HBIX METOXOB, ABJIAETCS MOBOJNBHO THIIMYHOM. B Ta-
KHX CJIy4dasiX eCTeCTBEHHO BO3HHMKAET HEOOXONMMOCTh CPaBHEHMS
MX MeXNy CO6Oi.

IIpu oueHke 3(P(PEeKTUBHOCTH YUCIEHHBIX METOHOB CYIIe-
CTBEHHOE 3HAaYeHHEe UMEIOT PasiMuHbie CBOMCTBA: 1) YHHBEpCalb-
HOCTB; 2) IIPOCTOTa OPraHM3alMKM BEIMMCIUTENIEHOTO MpoLiecca U
KOHTPOJISI TOYHOCTH; 3) CKOPOCTh CXOIUMOCTH.

ITocMoTpuM € 3TOH TOUYKM 3peHUs Ha pa3o0paHHBIE METObI
peuieBUsl YpaBHEHUH.

1. Haubosiee yHHBepCaJbHbIM SIBISETCS METON BHJIKU: OH
Tpe6GyeT TOIBKO HEeIpepPHBHOCTH QYHKIUH f(x). [iBa Apyrux Me-
TOZa HAKJIAABIBAaIOT 0oJiee XECTKHE orpaHu4YeHus. Bo MHOTHX
CIydasx 3TO MPEHMYIIECTBO METOIA BUJIKM MOXET NMETh CyIle-
CTBEHHOE 3HAUYCHHE.

2. C TOYKH 3peHHUS OPraHU3aLMy BHIYHCINTEIBHOTO MpOLeC-
ca BCe TPU MeTOHA OYeHb MpocThl. OJHAKO M 3A€Ch METOX BUII-
KU 06J1afaeT onpeneNeHHBMH MPEUMYILECTBAMH: BBIYUCICHUS
MOXHO HauyHHATh C JiIoboro oTpe3ka [a, b}, Ha KOHIIaX KOTOpO-
ro pyHKums f(x) npUHUMaET 3HAYeHHUsI pa3HBIX 3HakoB. IIponecc
OyIeT CXOAUTHCS K KOPHIO ypaBHEHHS, TPUUYEM Ha KaXAOM llare
OH JiaeT ABYCTOPOHHIOI OLIEHKY, IT0 KOTOPOit 1erKO KOHTPOJIM-
pOBaTh JOCTHTHYTYIO TOYHOCTh. CXOIMMOCTb X€ METOIa UTepa-
UMl ¥ KacaTeJbHBIX 3aBHUCHT OT TOr0, HACKOJILKO YIaYHO BHIO-
paHo HyJIeBOe MPUOJIHXKEeHUE.

3. Haubonblieil CKOPOCTBIO CXOAMMOCTH 00j1ajaeT MeTOx
KacaTeJbHBIX. B cilyuae, Korjma moacyeT 3HaYeHHH QyHKUMH f(X)
CIIOXEH M TpeOyeT CYIeCTBEHHBIX 3aTpaT MAallMHHOIO BPEMEHHU,
3TO NPEUMYIHECTBO CTAHOBHUTCS OIMPENCIISIOIIHUM.

HTak, Mbl BUAKMM, YTO OTBET HA BONPOC O HAWJIYYIIEM YUC-
JIEHHOM MeTOe pellieHus1 ypaBHEHHi Heo/HO3HadeH. OH cyile-
CTBEHHO 3aBHCHUT OT TOTO, KaKylo HOMOMHHUTENbHYIO HHPOpMa-
MO 0 PYHKIMH f(X) MBI HMEEM U B COOTBETCTBHH C ITHM Ka-
KMM CBOMCTBaM METOAA IPUAaeM HauOombllee 3HaYeHUeE.
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I'naBa 3.
NPUBJINXEHUE ®YHKIIUA

Ilycth Ha oTpe3ke [a, b] onpeneneHa HeKoTopas (GHYHKIMSA
y = f(x), ooHako nmonHas uHdopmauus o Hei HegocTynHa. U3-
BECTHBI JIUIL €€ 3HAYCHHS B KOHEYHOM YHUCIIE TOYEK X, X,,.--, X,
3TOTO OTpe3Ka, KOTOphie OyneM CUMTaTh 3aHYMEPOBaHHBIMU B
MOPSIAKE BO3PACTAHMSL:

asxy<x<..<X<X,<..%,<bh 1)
TpebyeTcst Mo U3BECTHBHIM 3HAYEHHUSIM
yi=f(xi); i=0’ 13---3 n, (2)

«BOCCTAHOBHTPh», XOTA OBl MPHOIMXKEHHO, HCXOMHYIO (PYHKIIHIO
y = f(x), T.e. IOCTPOUTDb Ha oTpe3ke [a, b] pyHKuMIO F(X), NO-
CTAaTOYHO OAM3KYI0 K f(x). @ynkuuw F(x) MPUHATO Ha3bIBATh
uHmepnoaupyloueli, TO4KU X=Xy, X=X,... X=X, — Y31aMU UH-
mepnoaayuu.

Hono6Hble 3a1ayy YaCTO BO3HHUKAIOT HA IPAKTHKE, HANPH-
Mep npu 06paGoTKe IKCIIEPUMEHTANBHBIX JAaHHBIX, KOTAa 3Hade-
HHE TIEPEMEHHOMN y, 3aBUCSINEH OT X, U3MEPSETCS] B KOHEYHOM

yucne ToueK X;: y; = f(x;), i=0,1,..., n, wiu npu pabote c Tab-

JMYHBIMHA GYHKIUAMH, €CNU TpeOyeTcsl BBIYMUCIUTE y = f(x) IpU
3HAYEHMSX apryMeHTa, He COBMAJaloIero HU ¢ OJHUM U3 Tab-
JTHYHBIX X;.

INocraBneHHbIA Beilne B 06liIei ¢dopMme Bonpoc o mpubimKe-
HUU QYHKUMIA ABASETCA JOCTATOYHO CIOXHBIM. CyIecTByeT He
OIVH NoAXo[ K ero peiteHuo. OrpaHUIMMcs U3NIOXKEHHUEM TPEX
HauGoJee pacIpoCTPaHEHHBIX METONOB.

71




[image: image33.png]3.1. UHTEPIIOQJIMPOBAHME
3.1.1. Knaccuyeckas NoCTAHOBKA 3a71349H
HHTEPIOHPOBAHNSA

Bribepem HekoTOpylo cuCTeMY GyHKumii 9y(X), @,(x),...,
9,(x), 3anaHHBIX Ha oTpe3ke [a, b], u 6ynem cTpoutsh F(x) KaKk
HX JTMHEHHYI0 KOMOMHALMIO!

Fx)=Y co.(x), 3)
i=0

TJie YUCIOBbIe KO3pPUUMEHTH ¢;, i =0, 1,..., n, momnexar om-
pPEAENICHHIO COINIACHO YCIOBUAM '

F(xj)=f(xj), j=01,...,n 4)

PapeHcTBa (4) NpeACTaBIAIOT COGOIl CHCTEMY JIMHEHHBIX anre6-
PanyecKuX YpPaBHEHHA OTHOCHTENbHO KO3GGUIHEHTOB ;

n
ZC[(P;(Xj)=f(xj), J=0,1..,n,
i=0

WIM B Pa3sBEPHYTOM BMIE:

@0 (Xp) + 91 (xp) +... +¢,9,(x) = f(x5),
CPo(x)+ 9 () +... 4 ¢,0,(x;) = f(xy),
: : 3)
co(po(xn)+glcpl(xn)+,..+cn(pn(xn)=f(xn).

Hns toro yro6nl ko3¢ duuueHTs ¢;, i =0, 1,..., n, MOXHO
ObUTO ONpeneauTsh, U IPUTOM €IMHCTBEHHBIM 00pa3oM, Heo6XO0-

JHUMO U AOCTATOYHO, YTOOHl OMPENEIUTEND MONYIEHHOM CUCTE-
MBI TUHEWHBIX YPAaBHEHMM ObUI OTJIMYEH OT HYJA:

Polxg) ¢1(x9) ... @,(x)

A= ‘Po(:x1) (Pl(:xl) (Pn(:xl);éo. (6)

wo(xn) @1(.xn) . @y (%)
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Onpenenenne. Cucmema gynxyuii ¢,(x), i=0,1,..., n, ydos-
1emeopAwas npu QUKCUPOBAHHBIX 3HAYEHUSX X3 j=0,1,...,n,
yeaoguro (6), Hasvieaemcs 4ebbluesckoll.

O4eBUAHO, YTO IS OJHO3HAYHON pa3pelIMMOCTH 3aauM
UHTEPIIOJMPOBAHUS B KJIACCUYECKOM ITOCTAHOBKE HEOOXOIMMO U

JOCTAaTOYHO, YTOObI cucTeMa QYHKIIHI ¢;(x), i=0,1,..., n, Obna

yeOpImeBCKO. TONMbKO TaKue CHCTEMH (PYHKIMA U OymeM Hc-
[10JIb30BaTh B 3TOM raBe. HeoOXOJUMBIM YCIOBHEM MTPHUHAIIIEK-

HOCTH cHCTeMbl QyHKuMiA ¢;(x), i=0,1,..., n, K 4eOBILLEBCKOM

SBJISIETCH WX JIMHEWHasi HE3aBUCHUMOCTh. OIHAKO 3TO YCJIOBHE He
SBJSAETCH NOCTaTOYHBIM. Hanpumep, /1st CUCTEMBI U3 IABYX JTMHEMH-

HO HE3aBUCUMBIX QYHKUHMH @g(x)=sinx, @;(x)=cosx ¢ yanaMu

AHTCPIOIALIMHA Xy = O, X; =T ONpEACIMTCIb

sin Xy COSX
sinx; cosx

=\0 _1|=0

¥ JaHHas cucreMa GYHKUMH Npy BBIOPaHHEIX 3HAYEHHSAX Xy U X;
He ABISIETCS YeOBIIIEBCKOMA.

3.1.2. Hutepno/mpoBaHue mOJHHOMAMH

Ilpu nocTpoeruu uHTepnoaupylomeid GyHkuun F(x) B Bune
(3) dyHkuum ¢;(x), ecTecTBeHHO, BHIOMPAIOTCS] TAKUMH, YTOGHI
MX BBIYMCIIEHKHE OBUIO MPOCTHIM. B 4aCTHOCTH, IIMPOKOE pacIipo-
CTpaHEeHHE MOJYYUIO MHTEPIIOIMPOBAHHE C TTOMOUIBIO CTEIMEH-
HbBIX (PYHKIHIA:

PN =L g()=x 0yx)=x2,.., @,(x)=x".

B 3TOoM cnydae uHTepnioaupyoomias GyHKIUA MPEACTABISIET CO-
60l MOJIMHOM CTEIIEHHU .

n
F(x)=P,(x)=Y ¢xi (7)
i=0
C HEU3BECTHHIMU KoadbuuueHTamu ¢;, i =0,1,..., n.
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[image: image34.png]CornacHo paccMOTPEHHOM BhILIE OOIUEN CXeEME ITOCTPOEHHS
MHTEpIoNUpyoileil QyHKIIMH, claenyeT oTpeboBaTh, YTOOB KO-
apPUUMEHTHI ¢; C yueToM (7) yIOBIETBOPSUIH CUCTEME JIMHEAHBIX
ypPaBHEHHUA

Zcx =fx;), j=0.1,. ®)

OmnpenenureneM 3TOH CUCTEMbI SABJISAETCS ONpeneauTeNs BaH-
nep-MoHna:

1 xp 3 .. xg
2
a=f A =TT -x)).
: : : : i>j
l x, xg R o

B HamieMm ciryuae 3TOT ornpeaenuTens OTIMYEH OT HyNs, [MOCKOIb-
Ky, cornacHo (1), Bce y3/bl HHTEPIIOIHMPOBAHHS PATHYHBI MEXIY
coboii. UTak, HHTEPNOMUPOBAHUE C IIOMOIIBIO MIOJTHHOMOB IIPH
cAeNaHHBIX B HaYasie IJIaBHl MPEAITONOXEHMIX BCEra OCyleCTBM -
MO, U IIPUTOM €AUHCTBEHHBIM 00pa3oM.

3anava 1. Ilocmpoums auneiinvii noaunom F(x)=cy+c¢x no
3G0aHHBIM Y31aM URMEPNOAAKUU Xy < X| U COOMEEMCMBYIOUUM UM
sHauenusm Qynkyuu Yo = f(xg) u y;= f(x)-
Jluneiinas cucTeMa ypaBHEHHMI JUIsi ONIPENENIeHUsI ¢y U ¢ B
JaHHOM ciIiyyae UMeeT BUI
6 + 6% = /(%)
B C0+C1xl=f(xl).
Onpenennrens 9TON CUCTEMBI paBeH A=x; —x, =0 . Pemus cu-
CTEMY, TIOJTyYUM

_aSO)-%f(n), | fO)-f0x)

—X X1~ *p
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CnenoBaTesibHO,

x]f(xo)‘xof(xl) + f(xl)—f(xo)x

X=X X1~ Xg

B(0= ©

IepenuiueM 3TOT NOTMHOM B HECKOJIBKO IPYyroi Hopme, BbiIe-
auMB f(xg) ¥ f(x) B KadecTBe MHOXHTEJIEIA:

xxO

Pl(x>=f(x0>j "x +0q) 3 (10)
0

Teomerpuyeckuit 06pa3 uHTeprionupyioue dpyHkimm F(x) —
MpsAMasi, NPOXOSIIasl Ha TUIOCKOCTH (X, y) 4epe3 TOYKHU C KOOp-
JAHATAMH (xo, yO) H (xl, yl). YpaBHeHUe 3TOi MpsAMoii, Haps-
ay ¢ (9) u (10), MoXHO nepenucarb B BUIE

 B(r)e fo)-/q),
y=Hx)=f(x)+ p (x=-x5)-

13 nanHOrO MpuUMepa BUAHO, YTO BCErAa CYIIECTBYIOT pa3-
JIMYHBIE IKBUBAICHTHbIE MEXY c000it (hOPMBI 3aMTHCH HHTEPITO-
JIALMOHHOTO MOJIMHOMA, YIOOHEIE B Pa3sAMYHBIX CHTYaLIHAX.

(11)

3.1.3. ITocTpoenne HHTEPNOJALHOHHOIO HOJIHHOMA
B (opme Jlarpanmka

W HTEpIIONAILHOHHBIA MTOJUHOM HEePBOM cTeneHu (9) Mbl Mo-
CTPOMIIH, pelias HAMPSIMYIO CHCTEMY IBYX YPaBHEHMH C ABYMS
HEU3BECTHBHIMU — K03 duiineHTamu ¢y ¥ c¢;. OnHaKo peuuTs Ta-
KHM Xe 06pa3oM cucteMy (8) ripu IIpOU3BOJIBHOM N TEXHHYEC-
KH OYeHb CJ0XHO. [Ipomie 3T0 caenaTh ¢ IOMOLIBIO CIIELHAIb-
HEBIX METOJIOB, YYHTHIBAIOIIMX OCOOEHHOCTH NaHHOH 3agayd. Pac-
CMOTPUM OAMH M3 TAKMX METOIOB, MpUHAaMIeXKamux Jlarpamxy.

IIpencraBuM uckoMbidi nonuHoM B,(x) B BUze

P ()=, ()0, (%), (12)
i=0
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[image: image35.png]roe Q,;(x) — HOJMHOMBI CTEIIEHH n, «OPHEHTUPOBAHHBIE» HA

TOYKH X; B TOM CMBICIE, YTO

0, xX=Xxj, o
0, (x) = L x=x. Vj#i, (13)
Taxue 1oJIMHOMBI JIETKO MIOCTPOUTS:
j=n (x—x.)
0, .(x)= H_.__L (14)
" 0 (% =)

L

#

-

WJIX B pa3BCPHYTOM BHUIC!

(x=-x)(x-x))..(x-x,)
(xg = X)) (X = %))...0x5 = x,)
(x=xg)...(x=x;_ )(x =X ). (x—x,)
(% = %) = X, % = X)) (% = x,)

Q,,,() (x)=

Q,,(0= (15)

_ (x=x)(x-x)..(x-x,_;)
O () (x, =)W x, = x;)..(x, =%, 1)

WHorna Ham Oynet ynobHo 3anucsiBath Q, ;(x) B BUIE

(x-xp)...[i]...(x-x,)
(x;=xp). . [i]..(x; - x,)

0, ;(x)=

M3 (12) u (13) oYyeBHAHO, YTO MOCTPOCHHBIH ITOJMHOM
P (x) medCTBUTENBHO ABIAETCA MHTEPIOJIALMOHHBIM MOJMHO-
MOM UTA QYHKUHHU y = f(x) Ha CETKE C Y3MaMH Xy, X{,..., X, .
Ero npuHATO HA3BIBATh WHMEPHOASYUOHHbIM NOAUHOMOM B (popMe

Harpaml(a. DTuUM HOOJYCPKHUBACTCA, YTO BOSMOXHBI U JIPYTUE 3K~
BUBAJICHTHERIC MIPEACTABICHUA MHTCPITONALLHOHHOIO IMOJIMHOMA

PB,(x). C onHUM M3 HUX MBI IO3HAKOMHUMCS B CIIENYIOLIEM pa3-
nene.
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B 3akiioyeHHe OTMETHM, YTO M3 TpeX pa3lTU4YHBIX MpeJCcTaB-
JIEHUH MHTEPTIONSLHMOHHOTO TTOIMHOMa T1epBoii cTenenu (9)—(11)
dopmyna (10) maet ero 3anuchk B popme JlarpaHxa.

3anaua 2. Hanucamb uHmepnoasyuoHHblil NOAUHOM 6mOpOil
cmenenu 0as QYHKYUU y = sin X no ee 3Ha4eHUAM 6 mpex mo4Kax.
X% =0, x=n/6, x;=n/2. Boruucaumop c nomMouspio 3mo20 nOAU-
HOMA npubnudceHHoe 3Ha4eHUe cuHyca 8 mouke x=1/4, cpagnums
noAy4eHHbill pe3yabmam ¢ MOYHbLIM 3HAYeHUeM CUHyca u noocxu-
mame nozpewnocms R, (n/4).

Bocnoab3yeMcs s 3anucu moauHoMa gopmyioit JlarpaH-
xa (12). B paccmarpuBaeMoM ciydae Yy =sinxy =0, nmostomy B
dopMyJie OCTAHYTCS TOJBKO [1Ba ClIaraeMbIX, COOTBETCTBYIOIMX
TOYKaM X; 1 X,. B pesynbrate nonyynm

3] A
P2(x)=% 2 + 6 —%(zzﬁ—k]. (16)

SEIRE G

IepeitneM K BBITOTHEHUIO BTOPOH YacTH 3aiaHusA. Beraucinm ¢
MOMOLIBIO MHTEPNONSALIMOHHOTO nosuHoMa (16) npubixeHHoe

3HAYEHUS CHMHYCa B TOYKE X =7/4 W MOACYMTAEM IOTPEIIHOCTD:

416" 24 216

Ha puc. 3.1 npuBeneHbl Wist cpaBHeHUs1 rpaduKy QyHKLMIHA
sin x (crulomrHas TuHus) ¥ Py (x) (IUTpUXOBask THHUSA).

p2(ﬁj 11 R(EJ=L_E=0,0197<0,02. (17)

3.1.4. Wnrepnossmuuonnsiii noaunom B hopme HploTona

VHTepIONAIUOHHBIA TOTUHOM B opMe JlarpaHxka, HECMOT-
ps Ha CBOE M3SIIECTBO, HEYNOOEH Uil BRIYMCIIEHHH TEM, YTO MPH
YBEJIMYEHUH YUCIIA Y3/I0B MHTEPIOIALUY IPUXOAUTCA TepecTpa-
UBaTh BECh TTOJHHOM 33HOBO.

MepenuieM HHTEPNOJNSLMOHHBIA NMoaMHOM JlarpaHxa B

HWHOI, 3KBUBAJIEHTHOH dopMe:
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Puc. 3.1. Cpasnenue epaguxoe gynxyuu y =sin x (cnaownasn runus)
U unmepnoaayuonroeo nosunoma P,(x) (wmpuxoeasn aunus)

P(x)= B0+ 3 (B~ B_y(x), (18)
i=1

rae P(x) — nonuHomsl Jlarpanxa cTeneHu i<n, COOTBETCTBY-
IOl[Me y37aM MHTEPIOJMPOBAHUSA X, X|,..., X;. B dacTHoOCTH,

By(x)= f(xy) — monuHOM HyNEBOWM CTENEHH.
ITonuHoM

Q.(x) = P(x)~ P_;(x) (19)

HUMEET CTENEHb i ¥ 10 IIOCTPOEHMIO 06paliaeTcs B HYlb IPH
X=Xy X=X,..., X=X;_j, TI03TOMY €T0 MOXHO NPEICTaBUTb B
BUJIE

Q;(x) = 4;(x—x)(x - x)...(x = x;_y), (20)

rae A; — YMCIoBoi KoapuuueHT npu x'. TTockonbKy P_(x) He
COIEPXUT CTENEHH I, TO A; IPOCTO coBNanaer ¢ Ko3¢pPpuumneH-
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ToM npu X' B monuHoMe P(x) . Cornacuo (12) u (15) ero mox-
HO 3amucaTh B BHIE

Ai___if('xk), (21)
k=0

O ;

rae

0 = (% = %) (% = %) (% = %1 )% - %) (22)

IIpu 3TOM '
4y = f(x%)- (23)
®opmyns (19) ¥ (21) mo3BOAAIOT HaNKMCaTh PEKYPPEHTHOE CO-

OTHOIIEHHe 1)1 nojauHoMa P, (x):

Pn(x)=Pn—l (x)"'An('x"xO)"'(x—xn—l)' (24)

Bripaxas aHaJIOTMYHBIM 06pa3oM 1o MHAYKuuM P, ;(x) yepes

P,_,(x), P,_5(x) yepes P,_3(x) u T.A., moMy4aeM OKOHYATENb-

Hyio dopMmyny s nmonmuHoma P, (x):

By (x)=Ag + Ay (x=x0)+ Ay (x =% ) (x—x ) +...
+A; (x=%0 ) (x=x_1 )+ H A (x=%)...(x-x,1)-  (25)

IIpencraBnenue (25) ynoOHO Ijisi BHIYUCIUTENS, TOCKOIBKY
yBeJMUYeHHe /7 Ha eMUHULY TpeOyeT TONbKO N00aBICHHUA K «CTa-
pOMYy» MHOTOWIEHY OIHOTO IOMOJIHUTEIbHOrO ciaraemoro. Ta-
KO€ TpeCTaBleHHe HHTEPIOASILMOHHOrO nomuHoMa P, (x) Ha-
3BIBAIOT HHTEPIIONALIKOHHEIM NONMHOMOM B opme HpioToHa.

M3 Tpex 3KBUBAJIEHTHBIX MPEACTaBICHUA HHTEPIOISALIUOH-
HOTo noJjiMHoMa neppoif crenend (9)—(11) dopmyna (11) maer
ero sanuch B popme HrroToHa.

3apaua 3. Hanucams unmepnoaayuoHubili nOAUHOM 8MOPOi
cmenenu ¢ gpopme Hvromona daa gynxyuu y = sin x no ee 3Haye-

Husm ¢ mpex moukax: Xy =0, X =n/6, x, =n/2 (cm. 3ada4y 2).
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[image: image37.png]CornacHo ¢opmyne (25)
P, (x)=A0+A1x+A2x(x—g). (26)

KoadhuumeHTs B 3TOM pas3ioXeHUU BEIYUCISIOTCA 110 GOpMY-
nam (21) u (23):

1(6 18 6 3
A0=0, Al=5(;], A2=—W+;t7=—;t7. (27)

IMoncrasnasa HaliieHHBIC 3HaYeHUsT KO3GDOUIUMEHTOB B HOpMYIy
(26), nony4aeM

P, (x)=%x_3—’2‘(x-g]=12(7—2"_3x). (28)

T 1

IlepBoHayabHBIE BHIPAXEHHS U1 HHTEPIOJSILIMOHHOTO TTOJIMHO-
Ma B popme Jlarpanxa u HrioToHa pasiM4HbI, HO OKOHYATENb-
HBIE OTBETHI, €CTECTBEHHO, COBIANAIOT.

3.1.5. TlorpemmHocTb HHTEPNOIHPOBANHUSA

IToctaBuM BOIIPOC O TOM, HACKOJBKO XOPOIIO MHTEPIOISALM-
OHHBIA monuHOM P, (x) mpuGmuxaer GpyHKuMUIO f(x) Ha OTpeE3-

Ke [a, b], T.e. HonbITaEMCS OLIEHUTD MOrPEMIHOCTh (OCTATOYHBII
YJieH):

R,(x)=f(x)- B,(x), x&a, b]. 29)

Cpa3y xe 0TMETHM, YTO M0 ONpeaeNeHHIO UHTEPIIOIALIMOHHOTO
MOJIMHOMA

R(x%)=0, i=0,1,..., n, (30)

II03TOMY peub UIeT o6 oueHke R, (x) MpU 3HAYECHUAX XZX; .

Jns Toro 4To6H 3TO CHeNaTh, CAEMYET BBECTH AONOJIHUTEND-
HO NIPeANoJIOXKEHUE O mMagkocTH dyHkumu f(x). Joryctum, 4ro
f(x) nmeer HempepsiBHYIO (n + 1) Mpou3BoOHYIO Ha oTpeske [a, b).
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B cuny (30) R,(x) MOXHO IIpeNCTaBUTh B BHIE
R,(x) = w,, 1 (x)r,(x), (31)
rae ®,,;(x) — nonurom (n + 1)-i cTenenu:

@, () =(x-x)(x-x)...(x~x,). (32)

3aduKcupyeM NMPOU3BONbHOE 3HAYEHHE Xe [a, b] M paccMOTpUM
BCIIOMOTAaTEIbHYI0 (DYHKLUMIO OT IePEMEHHOI ¢

g0 =f(0)-F,(0) - @, (O, (%),

3aJaHHYIO Ha OTpe3Ke [a, b] ¥ comepXallyio NepeMeHHYIO X B Ka-
4ecTBe napamMerpa. B cuiy cBoero onpeaeneHust GpyHkuusa g (1)
00g3aHa obpaiuarscs B HyNb B y3/1aX HHTEPIIOJHPOBAHUS IIPH

=X; ¥, KPOME TOrO, MPU t =X, T.e. KaK QYHKUHUS apTyMeHTa ¢
OHa 3aBelOMO MMeeT (n + 2) Hynd:

g(x;)=0, i=0,1,...,n, g(x)=0. (33)

Ecmu xe[xg, x, ], To Bce 3TH HyIM TakXe NeXaT Ha OTpes-
Ke [xo, xn]. Ecnu x<xy, To 3T HynH, BoobLie roBopsi, mnpu-
HaJIeXaT OTPE3KY [ X, X, |, @ €CM X > X, , TO OHH HAXOLSTCH Ha
OTpE3KE [xo, x]. OObenuHss 3TH TPH Ciiydasl, CKaXEM, YTO yKa-
3aHHbIe Hy1M GYHKIMHM g (f) IpHHaLIexar oTpesky [a, B], rame
a=min(xy, x)2a, B=max(x,, x)<b.

CornacHo M3BECTHOM TeopeMe Pojuis MOXHO YTBEpXHAATh,
4TO IMPOM3BOAHAA g'(f) MMeeT no KpaiiHeilt Mepe (n + 1) Hylb Ha
otpe3ke [o, B] (3T HynM MepeMeXaroTCs ¢ HynsaMU caMoit QyHK-
umu g (). IloBrOpsisa 310 paccyxaeHue, 3aKiodaeMm, 410 g°(f)
MMeeT [0 KpaiiHed Mepe n Hynedl Ha otpeske [o,B], g”(f) —
(n—1) Hyns u, HakoHen, g("D(f) obpamaercs xoTs 6bl OAMH
pa3s B HyJb B HEKOTOpO#i Touke t=§e o, B], T.€.

gD @) = D E) - PADE) - (4 D'r, (x)= 0.
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[image: image38.png]YuutsiBasi, uto (n+ 1)-s IIPOM3BOAHASA MOJMHOMA CTEIEHU A
TOXAECTBEHHO paBHa HYJIO, IIOJyYaeM, 4TO

(n+1)
)= f(n+1§§) Sefonpl, (34)
U COOTBETCTBCHHO
(n+1)
R (x )-f—lg? 0,1 (0). (35)

®opmyna (35) He MO3BONSIET BHIYHUCIUTD [TOTPELIHOCTD, 10~
CKOJIBKY TOYHOE 3HAueHHe apryMeHTa & HaM HeussecTHo. Of-
HaKoO C €€ MOMONIbI0 NOTPEeITHOCTh MOXHO OLEHHUTD!

R, (x)] < "]’), o (36)
rac
My = g |F00G) < ma re DG 67

O6cynum ponb nonuHoMa ©,,1(x) (32) B oueHke (36). Ha
OTpe3Ke [xo, x,,:[ oH uMeeT (n+ 1) Hynp, a ero 3HAYEHUS MEX-
Iy 3TUMHU HYJISIMU CPaBHUTEJbHO HEBEJIMKHU, HO KOrJa TOYKA X

BBIXOIHT 32 Ipeaeibl OTpe3Ka [xo, xn] Y YHAJISeTCsl OT TOYKHU X,
BJICBO WM OT TOYKH X, BIPABO, oLleHKa (36) yxyamaetcs: U3-3a
6ricTporo pocta ¢GyHKuMH |®,,((X)|. DTO XOpowo BUAHO Ha
puc. 3.2, r1e B KayecTBe MPUMepa NPUBENEH rpaduK GYHKLUHMHU
w4 (x) ¢ KopHAMU Xy =-3/2, x;=-1/2, x,=1/2, x3=3/2:

oy (x)= (x2 - 9/4)(x2 - 1/4).

3
Ee Haubonsiiee no MOIYMO 3HAUYEHHE HA OTPE3KE [-3/2, 3/2]
paBHO eauHuLe. OHAKO yX€ B TOUKaX x =+2 33 npelejiaMy OT-

pe3Ka IONMHOM W4(X) IpUHMMAaeT 3HaYeHHe
w4(2) =105/16 = 6,5625.
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Puc. 3.2. Ipagux ¢ynxyuu w,(x)= (x2-1/4)(x2-9/4)

M3 cxa3aHHOIO MOXHO Clelarh cienyooumii BeiBox. Ecin
xe[xy, x, |, TO MHOXHUTEND | ®,, ()| HE 0BECLEHMBAET OLCHKY
(36). Taxoit ciyyail Ha3BIBAIOT COOCTBEHHO MHTEpHosLMei f(x).
ITpOTHBOIOMIOXHBIA C/y4ail, KOTAa TOYKa X JIEXUT BHE OTPE3Ka,
Ha3bIBAIOT KCTpanosauueit GpyHKuuy f(x). OTMedeHHas BhIlIE
0COGEHHOCTh MOBENEHUS MONUHOMA ®,,;(X) Pe3KO yxynmiaer

oLeHKY (36) npu skcrpanoisuuu. [1o3ToMy Ha NpaKTHKE 3KCT-
parosUMy H36eraloT WK OrPAHUYMBAIOTCS MHOTOWIEHAMH He-

BBICOKO# cTemeHu (n =1, 2), koraa poct GyHkumu | o, (x)| He
HACTONBKO KPUTHYEH.
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[image: image39.png]3anava 4. Hanucambv maxcopanmuyio ouenky 043 nozpeuiroc-
mu (36) npu evivucaeHuu npubAUNCEHHO20 3HAHEHUA SIN X 8 mouke
X=m/4 ¢ noMowbI0 UHMEPNOAAKUOHHO20 HOAUHOMA 6MOpOLl cme-
nenu Py(x) (16). Cpasrnums ee ¢ noepewnocmoro (17), nodcuuman-
HOl HenocpedcmeeHHo.

®opmyina Wi morpenrHocTd (35) IpUHUMAET B JaHHOM CIIy-
qyae BUI

) 1 T
&(ijg('cosé)%[ﬂ_ c08 51152 0<g<3.

Ona IIPaBHIIbHO OIIPEACAACT 3HAK IOrPEIIHOCTH, HO HE MO3BO-
JIAACT BBIYUCITATD €€ BCJIHIHHY, TTOCKOJbKY 3HAYCHUEC apryMcHTa

& BeussecTHO. UTOOHI HOMYYHTH MAXOPAHTHYIO OLIEHKY ITOTpeL-

HocTH (36), HYXHO 3aMeHHTH cos§ Ha ero Haubosbluee 3Haye-
HMe — eAuHHuLy. B pesynbrare OyneM MMEThH

) 0,027.
R2(4) is <"

OTa oLEeHKa coriacyercs ¢ BeIMYMHOM morpemHocty (17),
BBIYMCIICHHO# «B JI00».

3.1.6. O cXOIDMMOCTH MHTEPHOJSLUHOHHOTO NpONECCa

ITocraBuM Bompoc: GYAYT TH CXOMMTHCS MHTEPIIOISAIMOHHbIE
nonuHoMbl P, (x) x uHTepnonupyemoit GyHKUMH f(X) Ha oTpes-
Ke [a, b] Ipu HeorpaHUYEHHOM BO3paCTaAHHMH YMCIIa y3IOB n?

YnopsinoueHHOe MHOXECTBO TOYeK X;, i=0, 1,..., n (1), Ha-
30BEM CETKOH Ha oTpe3ke [a, b] U 0003HAYHUM JJIA KPaTKOCTH
Q, . PaccMOTpUM NOCIER0BATENBHOCTS CETOK C BO3PACTAIOLIUM

YUCIIOM Y3JIOB

Q ={x(()0)}, Q, ={x(()1),x1(1)},..., Q, ={x(()”),xf") ...xf,”)},..‘

M OTBEYArOIIYIO €l MOCIeHOBATEIBHOCTE HHTEPIIOAIMOHHBIX
NONMHOMOB P, (X), HOCTPOEHHBIX 115t GUKCHPOBAHHOI HeTpe-
pHIBHOH Ha oTpe3ke [a, b] dyHKuMH f(x).
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HHTepnonsunoHHbli Mpoluecc misg QYHKIUU CXOTUTCS B

TOYKe X«€ [a,b], ecnu cywecTByeT mpenen 11m P,(x) = f(xs) .

Hapsiny ¢ 06bIYHOM CXOAMMOCTBIO YacTO paccmannBaeTcz cX0-
JUMOCTh B pa3JIMYHBIX HOpMax. Tak, paBHOMEpHas CXOOUMOCTh
Ha oTpe3ke [a, b] o3HavaeT, yTO max | f(x)-P (x)|—-> 0 npu
n—oo. xelab

CX0aMMOCTh WIH PACXOAMMOCTb UHTEPIIONALMOHHOTO [1PO-
Ilecca 3aBHCAT KaK OT BEIOOpa IIOCJEI0BaTeIbBHOCTH CETOK, TaK
¥ ot rnagkocTH ¢yHkuuu f(x). Ecnu f(x) — nenag aHanuTHyec-
Kas QYHKIHA, TO TIPH IPOM3BOJILHOM PAacHOIOXEHHUH Y3JIOB Ha
otpeske [a, b] MHTEPONIUHOHHBIH MHOrowieH FP,(x) paBHO-
MEPHO CXOMUTCS K f(X) IPA n— co.

ITonoxeHue pe3Ko MeHSAETCS, €CJIM IIPOU3BOAHBIE QYHKUMHU
pa3pbIBHBI WM HE CYLIECTBYIOT B OTHENbHBIX Toukax. Harpumep,
g GyHKIuu f (x)=|x| Ha oTpe3ke [—1, 1], mOKpEITOM paBHO-
MepHOIl CETKOl Y3/I0B, 3Ha4eHUs P, (X) MeXny y3JaMu HHTEp-
MOJISILMM HEOTPaHMYEHHO BO3PACTAaiOT IPH n — . BMeCTe ¢ TEM
IUId 3aJaHHOM HeIpephiBHOM GyHKIMH f(x) 3a cyeT BeIGOpa ce-
TOK MOXHO JOOMTBLCS CXOXMMOCTH, IIPUTOM paBHOMEPHOW Ha
[a, b]. OnHaKO MOCTPOMTH TaKUe CETKH IOBOJBHO CIOXHO, H,
[JIABHOE, TAKHE CeTKH «MHIUBHIYAJIBHBI» I KaXI0i KOHKPET-
Hol GyHKIMH.

Ecnu 3aMeTUTh AOIIOJIHUTEABHO, YTO 00BEM BEIMUCIICHHIA NPH
[IOCTPOEHHUH MHTEPIIOBILIMOHHOTO MIOIMHOMA OBICTPO HApPACTaET C
POCTOM n, TO CTAHOBHUTCH MOHATHO, YTO HA MTPAKTHKE BHIYMCIIN-
TeNIX U36ETaloT I0J1b30BAThCA MHTEPIIONSIIMOHHBIMHA ITOIMHOMAMH
BBICOKO# cTeneHH. BMecTo 3Toro B ciaydae HeOOXONUMOCTH NPH
60JBbIIKMX 3HAYECHUAX HCIIONB3YETCS KYCOYHO-TOIMHOMHANIbHAS
HHTEPNOJIALMA, KOTOPYIO MBI 06CcynuM B pasa 3.2.

3.1.7. ViwrepnoasuHOHHbIH NOIHHOM DPMHTA
Pacumpym MOCTAHOBKY 3anayd 06 uHTepnonsuuH. Panee nona-
Taioch, YTO B Y3/1aX MHTEPIIOSLIAM 331aHbl TOIBKO 3Ha4YeHUs QyH-
xumu f(x). Tycts Teneps B yanax x; € [a, b], k=0, 1,...,m, cpenu
KOTOPBIX HET COBIANAIONINX, 3aJaHbl 3HaueHust GyHkimu f(xX;) u
ee npomssomnbix f(x,), i=1,2,..., N, -1, no (N, -1)-ro 1o-
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[image: image40.png]psiika BKIIOYMTENbHO. Yncna Ny IpH- 3TOM Ha3biBAIOT Kpamuoc-
mbio yana x;. B kaxno# Touke x, TakuM oGpasoMm, 3a1aHo N, Be-
JTAYHH;

fx0), £,y fMeD(x),

B of6meit CcroXHOCTH Ha BCEd COBOKYMHOCTH Y3JIOB

XQ> X{s--s Xpy H3BECTHO N+ N+...+ N, BEIUYHH, YTO HaeT

BO3MOXHOCTb CTABHTb BOIPOC O NMOCTPOCHHH monuHoMa H,(x)
CTeIEHH

n=Ny+..+ N, -1, (38)

YAOBIETBOPAIOIIETO TPeGOBaHUAM
HP ()= fOx), k=0,1,..,m, i=0,1,..,N,~1. (39)

Tako# MOJIMHOM Ha3BIBAETCSH WHTEPIMOISUMOHHBIM ITOTHHOMOM
Opwmura 11a GyHKumK f(x). PaccMOTpeHHBIH paHee BAPUAHT ITO-

CTPOEHUsI MHTEPIIONALUHUOHHOTO MonuHoMa P, (x) mo u3secTHbIM

3HaYeHUSIM PYHKUMH f(X) B y3JIaX MHTEPIONSIUM ABNSETCS Ya-
CTHBIM CJIy4aeM MOCTPOCHUS IIOTHHOMa DPMHTA TIPH YCIOBUH,

4TO BCe y3i1Bl mpocteie: Ny =1, £=0,1,...,m.

HoKaxeM, YTO MHTEPHOASUMOHHBIN I0JIAHOM DPMHTA CyIIe-
CTBYeT W ABJSAETCS eQMHCTBeHHBIM. IIpencTaBum ero B craHmap-
THOM BHJE:

H, (x)=ay+ax+...+a,x".

Hamre ytBepxneHue GymeT cnpaBeminBO, €CIH MOKa3aTh, YTO
KO3GbGHLUEHTH &), 4;,..., @, ONpeaessioTcsa U3 ycnosui (39), u
MPUTOM €IMHCTBEHHBIM 00pa3oM. YCIIOBUsA TIIpeNCTaBIAIOT CO-
Goif cuCTeMy NMHEHHBIX anrebpandecKMX ypaBHEHHIl OTHOCH-
TeJBHO 3THX KO3 (PHULHMEHTOB, IPUYEM YHCIO YPaBHEHHIA paB-

HO 9MCJIy HEU3BECTHBIX, 8 MMEHHO: Ny+ Ny +..+ N, =n + 1.
PaccMOTpHM COOTBETCTBYIOIIYIO ONHOPOAHYIO CHCTEMY

AP (x)=0, k=0,1,...,m, i=0,1,., N, 1. (40)
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YpapHeHus (40) npocro yka3nIBalOT Ha TO, YTO YUCNA X; SABJs-

IOTCS KOPHYMHM IIOJIMHOMA ﬁn(x) KpaTHOCTU N;. Mbl BUIUM,

TaKUM 06pasoM, yto noauHoM H,(x) UMEET, C y4eTOM KpaTHO-
ctd, He MeHee Ny+N;+...+ N, =n + 1 xopneit. [Tockoneky

€ro CTerneHb paBHA A, TO OH JOJDKEH TOXIECTBEHHO PaBHATHCS
Hymio. D10 O3Ha4aeT, 4T0 &, =4, =...=4a, =0, T.c. onHOpO/AHad
cHcTeMa ypaBHeHMt (40) UMeeT TONBKO TPUBHAIBHOE pELCHUE.
OTrcioma ciieayeT, 4YTo HeoMHOpoAHAa cucTeMa (39) npu moboit
MpaBoii YacTH pa3pellIuMa, U IIPUTOM €IHHCTBEHHBIM 06pa3oMm.

HccnenoBaHune NOrpeniHOCTH HHTEPHONMPOBAHHUS TOMHHOMa
Ipmuta R (x)= f(x)—- H,(x) TTOYTH TOCHOBHO MOBTOPSIET MPO-
BEICHHOE paHee UCCACA0BAHUE ISl MIOJIMHOMA C MPOCTHIMH y3-
JIaMH Xj, B KOTOPBIX 3aaHsl ToJbKO f(x;). [loctatouno npexacra-
BUTb R,(x) B BUIE

- R,(x)=r,(x)w,, (%), (41)
rie

N,

m

Op (9= (x=29)" (x=2)™ . (x =) 7,

42
n+1=N0+...+Nm, (42)

U PacCMOTPETh (PYHKIIUIO
g0 =1~ H,(")-r(x)w,, ).

IIpumenss teopemy Posuis k GpyHK1MY g (f) U ee IPOU3BOL-
HBIM, C Y4eTOM KPAaTHOCTH KOPHEH B y3/lax ! =Xx; U YCJIOBHUA
g (x) =0 npuaem K ¢opmyie

D) (g)
f(x)—H,,(x)=%1—:1—)—!—w,,+1(x), (43)

KOoTopas TI0 CyIIecTBY MoBTopsieT popmyny (35). C ee moMoLusio
MOXHO Hamucarb OUEeHKY Tura (36):

Mn+l
(n+1)!

IR, (x)|< , (44)

Imn+1(x)
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[image: image41.png]rae M,,, — MakCHMMajbHO€ 3HaueHHe MOAyJis GYHKUUU

[+ (x) (37). 3neck monuHOM ®,,(x) (42) aBisetcs 06061Ie-
HueM nonuHoma (32) Ha chaydyail KpaTHBIX KOpHeii.
INoctpoenue monuHoMa Dpmura B obLIEM Ciaydae IIPU NMPo-
M3BOJIBHOM YHUCJIE Y3JIOB H MX KPaTHOCTH IIPUBOAMT K HOBOJIBHO
TPOMO3IKHUM BEIpAXEHUSM U pelKo ucmonbdyercs. ITostomy or-
PaHUYHMCS IBYMSI IPUMEPAMH, BCTPEYAIOIMMHUCS Ha IIPAaKTHUKE.
Ilpumep 1. Iocmpoums unmepnossayuonHoiii nosurom Bpmu-

ma Oaa @yukyuu f(X) no uzgecmubiM 3HAYEHUAM € Y3AaAX
f)=fi, k=0,1,...,m, u snavenwo f(x))=f; e odnom us
Y3106 X =X;.
Crenenpr nonuHoma H,(x) B maHHOM ciydae pasHa m + 1.

bynem uckarp H, (x) B BHIE

n (x-x).. [k]...(x-x,) X—X;
H =
m+1(x) %qfk(xk—XO)...[k]...(xk—xm) X = X;
#J

+

(x-xg)...[7]...(x-x,)
+[f,- T (x“xj)}(xj ——xz)...[j]...(xj ~X,)

3nech BEIDAXKEHHUS, CTOSIIHE MO 3HAKOM CYMMBI, CYTh OOBIYHEIE
cOoCTaBsilOIIME NOJAMHOMa B ¢opMe JlarpaHxa B y3iax
Xg, k#j, «yCuleHHbIE» NOMOJIHHTENBHBIMH MHOXHTEIIMHU
(x-x g ) /(xk —xj). CiaraeMoe, OTBeUamoIlee KPATHOMY Y31y X =X;,
BBUIEJICHO OTAE/bHO Kak ocoGoe. ITocTosHHAs O MOIEXMT or-
peleNeHHIO,

Us crpykrypst H,,,(x) BumHo, uro H, ()= f,
k=0,1,..., m. HailneM npou3BOIHYIO H,’,Hl(xj) B y3e X =X;.
Cnaraembie, CTOSIIUE ITOA 3HAKOM CYMMBI, COAEPXAT MHOXHTE-

174 (x—x-,) , ¥ TIOTOMY MX IPOM3BOIHBIE OOpAINAIOTCA B HYJb

F
pH X =X;. Takum o6pazom,
4
Hm-rl(xj)=
1 1 1 1
=f; ot + o+ +o;. (45)
xj—xO xj"xj_] Xj—XJ+1 xj—xm
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Ilns cobmonenus TpeGosanus H,, , (x j)= fjf CIIeyeT MONOXUTD

o= fj' - fjA., rae IS KpaTKOCTH 0603Ha4YeHO

A= L +...+ L + 1 +...+ L . (46)

Hrak,

m (x_xo).._[k]...(x—xm) X-X;
H =
m+1(%) %ka (xp = %) [k]-. (x5 = x,,) | X —x;
)

[+ (1) (x-)

IHpumep 2. Ilocmpoums unmepnoAsSyUOHHBI NOAUHOM IpMu-
ma 0aa gynkyuu f(X) 6 cayuae, Koz0a 60 écex y3nax UHmMepno-

ayuu x, k=0,1,...,m, 3ad0anst snauenus gynxyuu f(x;)=f; u
ee nepeoti npouszeodnoii f'(x.)= fy .

B manHoM cnyyae N =2, k=0,1,..., m, nosromy creneHn
nonuHoMa H,(x) pasHa 2m + 1. 3anuiieM MCXOAHBIA MIOTHHOM
B BHJIE

+

(x-xg)...[f] - (x-x,,) (47)
(xj=xp)...[J]-(x; -x,)

I{2m+1(x)=

&z _ (x—x0)2...[k]...(X—xm)2 48
_IZZ)[fk+ak(x xk)](xk_xO)Z,.,[k]...(xk—x,,,)z' “

IIpencraBnenue (48) ynoOHO TeM, YTO aBTOMATUYECKH BHI-

nonHsoTes yenosus Hy,, ()= f .

IIpu BHIYMCIEHHH TIPOM3BOAHON IMOTUHOMA (48) B y3ne
X =Xj, CIEAYET YYECTb, YTO BCE CllaraeMble CYMMBI, KDOME CJia-
raeMoro, OTBEYalolIEro CaMoMy Y3IIy X, JalOT HyJIEBOH BKial B
MIPOM3BOAHYIO B 3TOM TOYKE, [IOITOMY

Hém-fl(xk):
=f 2 +o+ 2 + 2 +..4 +oy = [
X =X X = X1 Xk~ Xkl X =Xy
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[image: image42.png]Orcrona
0y = [ ~2fi Ay

rae yuciaa A, onpenensiorcs dopmynou (46). Takum obpasoM,
peuIeHreM NaHHOM 3aa4u SIBNSETCS MONMHOMOM DPMHUTA;

]I2m+1(x)=
< ~ (x-xp)? .. [k]..(x - x,)? 49
kgo[fk #Uie=2feA) (5=, )] (g = %)% [k (g = x,)% @)

3anmaua 5. Ilocmpoums noaunom Dpmuma emopoii cmenenu
H,(x) 0aa gynkyuu sin x no caedyrwowum dannvim: sin0=0,
sinn/2=1, sin’n/2=0. Boucaumos ¢ nomMowbio 3mozo nosuHOMA
npubauixcenrnoe 3Hayenue cunyca ¢ mowke x=n/4. Haiimu no-
2PewHOCmb, CPABHUMD e€e C NO2PEUHOCMbIO, KOMOpYio 0aem uHmep-
noaayuonnsiii noaurnom Py (x) (16) 3adayu 2, u ¢ meopemuueckoii
oyenkoll nozpeuwrnocmu (44).

3aech MBI MMEEM 3aziauy, KOTopast B o0LIeM Buie Obuia pa-
300paHa B npumepe 1: cornacHo (49) y3en xy = 0 siBiIsiercst mpo-
CTBIM, a y3e1 X} =n/2 — IBYKpaTHeM. B atom ciyuae B ¢op-
Mmyse (47) cyMMa, COOTBETCTBYIOLIAS MIPOCTHIM Y3/1aM, CBOAMTCS
K OXHOMY CJIaraeMOMYy, KOTOPO€ B CHIY HYJIEBOTO 3HAYEHHS CH-
Hyca B To4ke xy =0 obpaiuaercst B Hynb. Bropoit wieH B ¢op-
Myse (47) COOTBETCTBYET KPaTHOMY KOpHIo X; == /2. IToacras-
JIA51 CI0/la COOTBETCTBYIOLIEE 3HAYEHHE CHHYCA U €0 IIPOM3BO/I-
HOH B 9TOH TOYKE, a TaKxKe 3HauyeHue KoaduumenTa 4 =2/,
6yneM UMeTh

H, (x)=[1——1?;-[ —E]:lg;—c=nix(n ). (50)

Boruucinm 3Hayenune nonvHoma H, (x) B Touke x=7/4 u
MOJCYUTAEM MOTPELIHOCTD:

Hz(g)zﬁ, Rz(g_):L_i- —0,04282. (51)

90

Teopetnyeckas ¢opMyna Ui NOrpeitHOCTH (43) MPUHHUMAET B
JAaHHOM CJly4ae BHJ

Rz( ) (cos&)ag( J:—cost‘;3834 Os&s%. (52)

OnHa IIpaBHJIBHO ONPEACSIET 3HAK IOrpCHIHOCTH M ITO3BOJIACT
Hanucarb 411 HCC MAXOPAHTHYIO OLIEHKY

T
R2[4J 384

DTa OLIEHKA COIVIACyeTCs ¢ BeJWUMHOM rmorpemHocty (51), mon-
CUMTAHHOM «B JIO6».

Ipu noncyeTe NpUOIMKEHHOTO 3Ha4EHU C IOMOIUBIO NO-
nuHoMa Opmuta H,(x) (50) B Touke x=7/4 MBI HMOJNYyYHIH
norpertHocts (51), MOmyJIb KOTOpOii GoJtee 4eM B 2 pa3a NpeBbI-
1aeT norpeirHocTs (17) nmonnHoma P, (x) (16). YToO NOHATH

=~ <0,081. (53)

0,5 5
/,
/,
/,
N v/
V/
I 0 T T T e
w6 /9 3 w3 )
7 J
/
/7
/054

Puc. 3.3. Cpasnenue epaguxos gynkyuu 'y = sin x (Cnaownas aunua)
U uHMepnoAALUoKHo20 noauroma H, (x)
(wumpuxoeas AuHUS)
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[image: image43.png]MPUYMHY TaKOrO PAacXOXIEHUs, paCCMOTPUM pHC. 3.3, Ha KOTO-
poM mnpuBedeHH rpaduky QyHKUHMH sin X (CIUIOIMHAS JTHHUA) U
H, (x) (urpuxosas muHus). CpaBHHUM ero ¢ puc. 3.1, Ha koTo-
poM n3o6paxeHs rpapuku HYHKUMH sin x ¥ noauHoMa P (x).
HUs3-3a Hynesoro 3Hayenus npousBonHo#t H;(X) B Touke
x=mn/2 rpapux mommHoma H,(x) KaueCTBEHHO GOMBILE MOXOX
Ha rpaduk cuHyca, yem rpaduk nonuHom B (x). Ommako pa-
BEHCTBO MOJMHOMA P, (X) CHHYCY HE TOJIbKO B TPAHMYHEIX TOY-
Kax orpe3ka [0, n/2], HO U BO BHYTpEHHEl Touke x=7/6 IpH-
BOJIMT K TOMY, 4TO nonuHoM P (x) mpuGiuxaet CMHYC Ha OT-
pesxke [0, n/2] ;yqmte, yem nonmuHOM H, (x). 3T0 XOPOLIO BUIHO
npu cpaBHeHuM puc. 3.1 u puc. 3.3. Ioncyer morpemHocTeit (17)
u (51) B TouKe x=mn/4 sBAsETCS MOMOMHUTEIBHBIM TOMY IOJ-
TBEPXIEHUEM.

3.2. UHTEPIIOJIMPOBAHUE CILIAMHAMH

YBennyeHHe CTENECHH MHTEPIIOAUMOHHOIO MOJIHHOMA MOXET
0Ka3aThCsl HEBHITOIHBIM U3-3a GHICTPOro pocTa 0GBEMa BHIYUCITE-
Huil. K ToMy Xe maneko He Bcerga OHO MPHBOIUT K IOBHILICHUIO
TOYHOCTH. Bo Bropoii monosude XX Beka ¢ IMOABICHUEM KOMIIb-
I0TEPOB U Pa3BUTHEM COBPEMEHHOM BBIYMCIHTEILHOM MaTeMaTH-
KM IIpY 06paboTke GonbmMx TabauL HOMYYHIa Pa3sBUTHE HOBas
uiest — CTpOUTh MpUbIDKeHHe GYHKUMI C TOMOIIBIO KYCOYHO-
MOJIMHOMHUAIIFHOW MHTEPIIONSALUH C UCITONB30BaHHEM [IOJTMHOMOB
CPaBHUTEILHO HEBBICOKUX cTeneHeii. Haubonee ynobHsIMH OKa-
3JTUCh ITOJIMHOMBI TPEThEH cTeneHu. Takue KOHCTPYKLIMH IOy~
YUNUA HA3BAHHUE KYOU4ecKux cniaiinos.

3.2.1. Onpenesienne KyOHYeCKOro CILIaiiHa

Ilycts Ha otpeske [a, b] 3amana pyukums y = f(x). Paccmor-
PHM CETKY Y3JIOB

a=x<q<x<..<x,=b (54)
¥ 0603HAYUM Yepe3 PacCTOSTHUE MEXIY CMEXHBIMM Y3JIaMMU:
h=x—-x_,i=1.,n (55)
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Onpenenenne. Ha3zosem kyGuueckum chnaaiinom Qynxyuu
y=f(x), xe[a,b] na cemke (54) Qyuxyuro S(x), ydoesemeops-
IOWYI0 YCAOBUAM:

1. Ha xaxcoom ompesxe [xi_l, x,’} dynxyus S (x) asarsemcs
NOAUHOMOM mpembeli cmeneHu. ,

2. @ynkyus S(x), ee nepsas S(x) u emopas S"(x) npous-
800Hble HenpepbiHbL Ha ceemenme [a, b).

3. 8(x)=f(x)=f i=0,...,n.

4. Ha xonuax ceemenma [a, b] dynkyus S"(x) ydoesemeopsa-
em ycaoguam S°(a)=S"(b)=0.

Jamevyanue. Ha xoHuax cermenra [a, b] MoryTr 65ITh 3a-
JAaHbl B NPUHIIMIIE W APYTHe YCIOBHS, HampuMep: S*(a)=A,
S*(b)=B. : ‘

CnpaBeyisa cieayiolas TeopeMa.

Teopema. Cywecmeyem eduncmeennuwii cnaaiin S (x), yooesem-
gopaowuil ycnosuam 1—4.

Mb1 npoBeneM KOHCTPYKTHBHOE JA0KAa3aTeNbCTBO 3TOH T€O-
PEMBL.

3.2.2. DopMyJHpOBKA CHCTEMBbI YPaBHEHHH
ana xo3hguunenToB KyOHYeCKoro cIulaiina

CaeneM 3aayy NMOCTPOCHHS CIUIAHA K OTHICKAHHIO KO3d-
(UIIMEHTOB YIIOMSTHYTHIX TIOJTAHOMOB TPEThEH CTENIEHH Ha KaX-
JIOM U3 OTPE3KOB [x,-_l, x,] JIst 3TOr0 COMOCTABHM OTPE3KY

[xi_l, X,] noauHoM S;(x) , 1 yno6CcTBa 3alMCaHHBIA B BHIE

c: d:
S;(x)=q; +b,-(x—x,-)+-2i(x-—xi)2 +F’(x—xi)3,

56
xe[xi_l,xi], i=1,...,n (56)
HpI/I 3TOM OYCBHIHO, YTO
d.
S{(x) = b, +ci(x—xi)+7’(x—xi)2, (57)
Si(x)= ¢ +d(x—x;), (58)
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[image: image44.png]TaK 4TO
S,'(xi)zai, Si'(xi)=b,', Si’(xi)=ci- (59)

s BeinonHeHUs1 TpeboBaHUA -3 B y3/1aX MHTEPIONSALMH C HO-
MepaMu i =1,..., n cieayeT MOJOXHUTH

a,-=f(x,-)=f,-, i=l..., n ‘(60)
Tpebys HenpepHIBHOCTHU CIUIalHA B y3aax x;, i=1,..,n—1,

M BHINTOJIHEHUS YCI0BHA 3 ripM i = 0, mosryyaem
S’i(xi_l)=f;~_l, i=1,...,n, (61)

WIH
G 2.4 3 -
fi+bi(xi—l_xi)+_2“(xi..1_xj) +K(xi—1_xi) =f;~_1, t=1,...,n

3ro PaBCHCTBO MOXHO MNCpeNIUcCaTh CACIYIOIINUM 06pasoM:

G

d '
bh 2h,-2+—6’—h,-3=f,-—f,-_1, i=l..,n (62)

i)

YcinoBre 2 OTHOCHUTENIBHO HEIIPEPHIBHOCTH IEPBOi MPOU3-
BOIHOM S(x) B y3nax x;, i=1,...,n—1, npuHUMaeT BUA

Si(x_)=8_1(x_)=b_, i=2,..,n, (63)

K INIPHBOOHUT K COOTHOIUCHUSAM

b

d.
d.
c,.h,.—-j'-h,.2=b,.—b,._1, i=2..,n. (64)

AHAaJIOTUYHEIM 00pa3oM ycJIOBUSA HEIPEPHIBHOCTH BTOPOM Mpo-
H3BOJHOM S7(Xx) B TeX Xe y3nax

9

03Ha4aroT, 4yTo
dh=c—¢ q, i=2,...,n (66)

HaKOHCL[, OOIOJTHUTECIIbHBIE TPAHHUUYHBIC YCIIOBHUSA 4 nmat
CHIE IBa YpaBHEHUSA!

S{(xo) = Sl”(a) = C] - dlhl = 0,
S, (x,)=5,()=c,=0. (67)

B uTtore Mp moay4yuad 3aMKHYTYIO cuctemy (62), (64), (66),
(67), comepXaliyio B CyMMe 37 JIMHEHHBIX YPABHEHMIA JUIS OThIC-

KaHUA 3n HEU3BECTHBIX: b;, ¢, d;, i=1,2,..,n.

3.2.3. Penyxumus CHCTEMBI

Y106H0 GOpMaNTbHO BBECTH €1IE OJHO HEU3BECTHOE C(, TO-
JIOXUB TIPH 3TOM, YTO OHO PaBHO HYJIIO, U IEPBOE YPAaBHEHHUE B
(67) nepenucate B BUge diiy =¢ —¢, 1.€. B popMe, aHaIOTHY-
HoI1 (66).

Teneps ypaBHeHus (66) u (67) ecTeCTBEHHO NPEINCTABUTH B
eIMHOO0OPa3HOM BUIE;

dh=c;—¢_y, i=1,2,..,n, (68)

CO = 0, Cn = 0 (69)

O6paTM BHMMaHHUE Ha TO, YTO U3 CUCTEMBHI (68) MOXHO BbI-
pa3uTh BCe KOI(PGUUHUEHTHI d; YepPe3 Pa3HOCTH ¢; —C;_; , A 3aTEM
U3 cucTeMBbl (62) BBIPa3UThb YepeE3 C; U ¢;_; KOIGOULHUEHTHI b,
IloncTasnag nojsyyeHHble BHIpaxeHus B (64), IpUXoaUM K CHC-
TeMe JTMHENHEIX YPaBHEHUH 1A ¢

1 2 1
gci—zhi-l +§Ci-1(hi-1 +hi)+§ci h; =

=2 /l‘— I—l—f;_l_f;—z s I=25 3,'“’ n. (70)
h; hiy

!
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[image: image45.png]CrBuras vHIeKC | Ha EAUHULY, [OyYaeM CUMMETPUYHYIO $Hop-
MY 3alTUCH ypaBHeHuii (70):

hi+1 h

1

hici + 2R + by ) + By iy =6 [ S =i fi=Ji }
' (71)

i=1,...,n-1.

Kpome roro, cornacao (69)
¢ =¢, =0. (72)

Cucrema (71) cogepxur (n—1) yYpaBHeHue ¢ (n—1)-it He-
U3BECTHOM: ¢y, Cy,..., C,_; . Bemmuuupr Cop U ¢, OIIPEAENeHsl [0-

TIOTHUTEIBHBIMM COOTHOMIEHUsIMU (72). Eciu cetka (54) paBHo-
MepHasi, T.e. h; = h = const, To ypaBHenus (71) MPUHUMAIOT 0CO-

OEHHO NMPOCTON BUA:

fi1=2fi+
G +4¢+c, =6 ——__h2' i+l (73)
Hnsa ypaBHeHMit cuctemsl (71) BBIIONHEHO yCJIOBHE OAHAro-
HaJbHOTO mpeobiananus. OTCI0OOa ClEAyeT CYUIECTBOBAHUE H
CNMHCTBEHHOCTD petieHus 3anayu (71), (72). 3Has BeTUYHMHBI Cjs
MOXHO pacCYUTaTh OCTa/IbHbIC KOIPOHULMEHTHI CIUTaiHa 10 (op-
MyJIaM
C: —C:
i =
di—T, l—l,..., n, (74)
2, Jimfia .

hid; +lh_-l’ i=1,...,n,

1

1 1
bi =§hici —g

(75)
3aBEpIUMB TEM CaMbiM ITOCTpOeHHe ciaiiHa. Teopema nokasaHa.

3.2.4. 3ameuaHHe 0 pemieHHH CHCTeMbl

YpaBuenns (71) uMeror Tak Ha3bIBAEMYIO TPEXTOYEYHYIO
CTPYKTYDPY, OOLIMIA BUA TAKMX CHCTEM

Alyl—l+qyl+Blyl+1=E’ i=1, 2,...,”—1, (76)

Y0=0, y,=0 a7
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COOTBETCTBYET CUCTEME JIMHEHHBIX YPAaBHEHUH C TPeXAUaroHalb-
HoU marpuueil T Ins ompeaesicHUS BEKTOpPAa HEM3BECTHBIX

y=(}’1’)’2;---,yn-1)3

Ty=F,
rae
c, B, 0 0 0 0
1 2 K
7|0 4 C3 By 0 0 o IR
(78)
0 0 0 0 4,, C Fyy
le/l 3TOM JIETKO BHIOECTH, YTO B HAIIIEM Ciiy4ac
IG|>|4|+|B|, i=1....n-1, (79)
MOCKOJILKY
G=2h+ha), 4=k, Bi=h,. (80)

Kax 6pUI0 ITOKa3aHo B ri. 1, peunieHUe MOAOOHBIX CHUCTEM
3(dEeKTHBHO OCYLIECTBISAETCS METOAOM IIPOTOHKH.

3anaua 6. Paccmompems ynkyuto y = f(x)=3* na ompeske
[—1, 1] ¢ ysnamu unmepnosayuu xy=-1, x =0, x, =1. Ilocmpo-
umo Kybuweckuii cnaaiin. Haiimu eeo 3nauenue npu x=1/2, m.e.

SbIYUCAUMD NPUBAUNCEHHO J3. odcuumams nozpewrocmo.

B paccMaTpuBaeMOM cilyyae HMEEM PaBHOMEPHYIO CETKY €
maroM A= 1. Y Hee onHa BHYTPSHHAS TOYKA X; W [B€ FPaHUY-
HBlE — X g U X;. Cucrema (73) CBOOUTCH K OAHOMY YPaBHEHHMIO
OTHOCHUTENBHO K03 GULIMEHTa Cj, KOTOPOE C YYETOM AOMOIHM-
TeJIbHBIX COOTHOLIEHUH (70), onpenesolUX HyJIEBbIE 3HAYEHUS
K03(bGHULMEHTOB ¢y U C;, IPUHUMAET BUJ

4cl=6(%—2+3). (81)
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[image: image46.png]TakuM oGpa3oM, B Halueil 3agaye ¢ =0, =2, ¢=0. Oc-
TanbHble KO3GMUUMEHTS CIUTaliiHa HaxoaaTCs o BhopMyiam (60),
(74), (75): a =1, ay=3,4d, =2, dy=-2, =4/3, b,=7/3. Te-
[I€Ph MOXHO BBIITMCATb KyOM4YECKUE TIOJUHOMBI, OTIPEAECISAIOLIME
CIUIANH;

Sl(x)=l+ix+x2+lx3, -1<x<0,
S(x)= ; X (82)
S2(x)=3+§(x—l)—§(x—l)3, Osx<l.

Jlerko mpoBepuTH, YTO MOCTPOEHHAS TAKUM 06pa3oM byukuus
S (x) HerpepbIBHA BMECTE C I1EPBOi U BTOPON MPOM3BOMHBIMU BO
BHYTPEHHEM Y3J10BO# Touke x = 0,

B 3axmoueHue BHIYMCIMM 3HAYEHHME CIUIAHA B TOYKE X = | /2,

T.€. OACYUTAEM NPUBITIKEHHO /3 :

=5, GJJ_S? 8=J§_%=_0,142949. (83)

3HaYUTENbHAS TTOTPEITHOCTh 06YCIOBIEHa IPEXE BCErO 60Mb-
muM waroM A= 1. OnpeneyeHHYIO POIb HUIPAIOT TAKXe YCIO-
BUA 4:

§°(-1)=58"(1)=0. (84)

Bropas npoussonHas paccmatpusaeMoit byHKIMK f(x)=3*
B TOYKax x=%1 B Hynb He obpauaercs, T.e. ycnosue (84) gaeT
0 HeH MCKaxXeHHyo uHpopMauuio. Eciu yuects npu nocrpoe-
HUM CIUIAHiHA UCTHHHbIE 3HaYeHUst GyHKuMM f”(x) B Toukax

+1, TO TOYHOCTB aNNMPOKCUMALMH YIYYUIHTCS.

3.2.5. CxomumocTs H TOYHOCTS HHTEPNOIHPOBAHUS
CIIAiMAMH

Ipu obcyxneHnu >GGeKTUBHOCTH YMCIEHHOTO METOAa B
[IEPBYIO OYepesib 00palaloT BHUMaHHE HA BE XapaKTePUCTUKH.
1. Yeaosue cxodumocmu memoda (cxodumocms) — peds uAeT
O MUHHUMAIBHBIX 10 BO3MOXHOCTH OTPAHHYECHHUSIX, [IPU KOTOPBIX
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NpUOIMXEHHOE pelieHue 3aJaud CTPEMUTCSH K TOYHOMY pelie-
U0, CXOAMMOCTh O3HAYAET, YTO JAHHBIM METOH B IPUHLIMIIE
[103BOJIAET HAWTH pellieHMe 3aNa4yM ¢ JI60U CTerneHbI0 TOYHOC-
TH.

2. Ckopocmb cxodumocmu (mouHocms) — 3TO XapaKTEPUCTH-
Ka OJIM30CTH NIPUOITMKEHHOIO pellleHUs K TOYHOMY (XapakTepu-
CTHKa CKOPOCTH YOBIBAHHUS IOTPEIUIHOCTH) IIPH HEKOTOPHIX H0-
[TOJIHUTENbHBIX OrpaHHYeHMSIX. IToCMOTPHM, KaK pellaloTCs 3TH
BOTIPOCHI B TeopuH crutaitHoB. MTak, Ha cermeHTe [a, b] 3amaHa
dyHKIMA f(X) ¥ MOCTPOCHA CETKA

a=Xxy<Xx <Xy <..<Xx,=b; hi=x;—x;_;>0.

Benem B PAaCCMOTPEHHUE BECIIMYNHY

h=max k. (85)

Ipusenem Ge3 NOKA3aTEILCTBA ABE TEOPEMBI.

Teopema 1. ITycme f(x) nHenpepuigna na ceemenme |a, b], moe-
da 0as mwobozo €>0 moxwcno ykazame 8(c)>0 makoe, ymo npu
Awboi cemke, ydosnemeopaioweii ycaoguio h< 39, cnpasedaugo He-
pagerHcmeo

|f(x)-S(x)|<e, Vxe[a,b], (86)

unbimu cnosamu, S,(x) npu h— 0 pasnomepro cxodumcs k nenpe-
puisroli pynxyuu f(x).

Teopema 2. Ilycmo f(x) umeem na cezmenme [a, b] uemwuipe
HenpepbiGHbIX NPOU3GOOHBIX U JONOAHUMENbHO YO061emeopaem ycao-
guio f*(a)= f"(b)=0. Toeda umerom mecmo nepagencmea (oyenKu):

|f(0)-S(x)|< Myh*, vxe(ab], (87)
|f/()-8'(x)| < Mk, Vxel[a,b], (88)
|f7(x) - 8" (x)| < Myh?, Vxe[a,b), (89)
My = max| 7). (90)
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[image: image47.png]3.3. METOJ HAUMEHBIIHNX KBAIPATOB

Meron HauMeHbIINX KBagpaToB 6611 NpeanoxeH [ayccoM u
Jlexannpom B konue XVIII — Havane XIX Beka B B34 ¢ npo6-
JeMO# 06paboTKM 3KCIIEPUMEHTANTBHBIX JaHHBIX. B 3TOM cly4ae
3azaya NocTpoeHus (pYHKIMM HEMPEPHIBHOIO apryMeHTa M0 JUC-
KpeTHoi uHGopMauuu (1), (2) xapakrepusyercsa JByMs O0COGeH-
HOCTSIMH.

I. Yucno toyex x;, B KOTOPBIX MPOBOAATCS M3MEPEHHS,
OOBIYHO OBIBAET JOCTATOYHO GOJIBIIMM.

2. 3HavyeHua QYHKUMH y; (2) B TOYKAX CETKH x; (1) onpene-
JAI0TCS TIPUGIMKEHHO B CBA3M C HEM3OEXHBIMHM OLUMOKAMU U3-
MEPEHHS.

C y4eToM 3THX OGCTOSTENBCTB CTPOMTD d)YHKI.IPI}O yx) B
BHJIe CYMMEI OOJIBILIOrO YKcia ciaraeMeix (3) ¥ 1o6MBaThCS ee
TOYHOTO PaBEHCTBA B TOYKAX CETKM BEJIMUMHAM y; KaK 3TO Je-
JIAJIOCh MDY MHTEPIIONIMPOBAHMH, CTAHOBHUTCS Helelecoobpas-
HEIM.

B Merome HaMMEHBIINUX KBaApaTOB alIPOKCHMHUPYIOLIAS
GyHKIHMSA Y(X) MILETCS B BUAE CYMMEI, aHAIOTHYHOI (3), HO co-
JAepxauiell CpaBHUTENLHO HEBOMBIIOE YUCAO CArAeMBbIX:

F(x)= iak(pk(x), m<n, 91
k=0

B YaCTHOCTH, BO3MOXEH BapHaHT m < n.

IIpennonoxum, 4T0 Mbl KAKUM-TO 06pa3oM BHIGpaIH KO-
GUUHMEHTHI gy, TOTAA B KaXIO# TOUKE CETKU X; MOXHO MOJCYH-
TaTh MOTPEIIHOCTD

m
8 =y;-F(x)=y;- 2 a0, (x), i=0,L,2.. n (92)
k=0

CymMMa KBaJpaTOB 3THUX BEJIUYMH Ha3hIBACTCA CYMMAPHOIl
KeadpamuuHoil nozpewHocmoro:

_2 2 Zakcpku)) (93)
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OHa [aeT KOAMYECTBEHHYIO OLIEHKY TOTO, HACKONIBKO ONMM3KHU
3HaveHus ¢yHkuum F(x) (91) B TouKax CETKH K BEIHYUHAM ;.

MeHnsist 3HayeHHsE KOIGOULHUEHTOB a;, OYAEM MEHATH 10-
rpelHocTh J, Kotopas sBnsiercsd ux ¢yHkuuei. B pesynbrare ec-
TECTBEHHO BO3HMKAET 3ahada Haimu makoiu Habop Kospuyuen-
moe ay, npu KOmopbix CYMMAPHAA Keaopamuunas nozpewHocms J
0KA3bi6AEMCA MUHUMANBHOU.

®ynkumio F(x) (91) ¢ HabopoMm Ko3(pGULUEHTOB, YIOBIET-
BOPSAIOIIMX 3TOMY TPeGOBaHHIO, Ha3blBAIOT HAWJIYYIIMM IpUO/IH-
>KEHHMEM [0 METOXY HaMMEHbIIMX KBaJpaToB.

ITocTpoeHye HaWTyYLIEro NpUOIKXEHUS CBOAUTCA K Kiac-
CMYECKOU 3ajaye MaTeMaTHYeCKOTO aHaau3a o6 3KCTpeMyMe
(YHKIMH HECKOJBKUX NTepeMEHHBIX. MeTo pelleHus 3ToH 3a-
nauu u3pecteH. HeoGxoxMMBIM YCIOBHEM IKCTPEMYMa ABASACTCS
PaBEHCTBO HYJIIO B KCTPEMAIBbHOM TOYKE BCEX IMEPBBIX YACTHBIX
NIPOM3BOMAHBIX paccMaTpuBaeMoil ¢dyHKuuu. B ciyyae (93) aro
JaeT

—————22(y, zak<pk(x))(p,(x) 0, /=0,1....,m (99)
dg i=0 k=0

OcTaBUM WIEHBI, CONEPXKAILHUE ay, C/IEBAa U MIOMEHsEM B HUX
MOpSNOK CyMMHPOBaHMS 1O MHAEKcaM i M k. UneHsl, comepxa-
11e y; NepeHeceM Hanpaso. B pesynbTate ypaBHEHUA (94) npu-

MYT BHI

m

ZYlkak=b1, I=O, 1,..., m, (95)

k=0

rae
n
e = 2 9060) 9 (), (96)
i=0
n
b= 2 0106y (37)
i=0

Mzl HONYYHIM CUCTEMY JIMHEHHBIX alreOpandecKux ypaBHe-
HUil (95), B KOTOpO# pOJib HEU3BECTHBIX UTPAIOT UCKOMBIE KO-

3 bUUMEHTBI PA3NIOXEHUS 4y, a),..., G, JUCHa ypaBHeHHUi H

101



[image: image48.png]HEHU3BECTHBIX B 3TOM CHCTEME COBMAIAIOT M PaBHBI (m + 1). Mart-
puna xo3pduuneHToB cUCTEMBI I' COCTOUT U3 3EMEHTOB Yy,
KOTOphie onpeaensiorcss Gpopmynoit (96). Ee HasbiBaloT Mampu-
yed Ipama pna cuctembl GyHkumit Qy(x), 9,(x),..., ¢, (x) Ha
cerke (1). OTMeTuM, yTOo MaTpuna I'pama sBaseTcs cuMMeTpUY-
HOIA: JUIS ee 3JIEMEHTOB, cOracHo (96), CripaBeTMBO PaBEHCTBO
Yi =Yg ducna b, cTosiuue B MpaBoii YacTH ypaBHEHMH (95),
BBIYMCIISIOTCA 10 Gopmyne (97) 4epe3 3HAYEHHUS y; CETOUHON
dyskunn (2).

Ipennonoxum, yro GpyHkuuu @g(x), ¢;(x),..., ¢,,(x) BHIE-
paHbl TaKMMH, YTO ONpPENeTUTENh MaTPULEI I'paMa oT/iMYeH ot
HYJIS:

A=detT #0. (98)

B 3toM ciyyae npu moGoii 1paBoit 4acTH CHCTEMAa UMEET eJUH-
CTBEHHOE peIleHHE

21'0, El,...,a,,,. 99)

PaccMoTtpuM Hapsimy ¢ HaGopom koadduimenTos (99), no-

JYJYEHHBIX B pe3yJibTaTe peuieHus cuctemsl (95), moboit apyroi

Habop K03UUHUEHTOB g, gy,..., a,. Ilpencrasum yucra a; B
BHAE

ay=ay +Aq, a=aq +Aay,..., a,=a, +Aa,,

(Aa0)2+(Aal)2+---+(Aam)2>0 (100)

M CpaBHHMM 3HAYEHUS CYMMapHOH KBaApaTHYHOM IOIPELIHOCTH
J nna oysxumii F(x) (91), mocTpoeHHBIX ¢ MOMOIIBI0 K03 du-
uueHToB (99) u (100).

KBagpar norpemnocts B Touke x =x; wisg GyHKuuu F(x)
(91) ¢ koadduunentamu (100) MOXHO 3amucars B BHIE

m 2
5 = {yi -2 (3 +4q )‘Pk(xi)} =

={(J’i -2 ‘7k‘9k(xi)J‘ > A“k‘Pk(xi)} =(J’i - 2 50 (xi)] -
k=0 k=0 k=0
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m m 2
’2[)’1' -2 Ek‘Pk(xi)][zAal(Pl(xi)}+[z Aak(pk(xi)] - (101)
k=0 =0 k=0

31eCh B CpeAHEM CJIaraéMOM MBI 3aMEHHUJIM B OJHOH U3 CyMM
WHIEKC CYMMHPOBAHHS kK Ha /, 4TOOBI HE UCNONB30BaTh OAMH H
TOT X€ MHAEKC B IBYX Pa3HbIX CYMMax U MMETb BO3MOXHOCTh
[IEPEMHOXHTh MX MOYWIEHHO.

Hnsa monyyeHHs] CyMMapHOH KBaJpaTHYHON MOrPELIHOCTH
HYXHO IIPOCYMMHpOBaTh Bbipaxenus (101) ms 8,.2 110 MHAEKCY i.
IMepBoie cnaraeMble He conepxar Ag,. Mx cymMma naet morpeni-
HOCTb J, BeruMCIIeHHYI0 11 dyHkuuH (91) ¢ xoadduiineHTaMu
a, (99).

PaccMoTpuM Telleph CyMMY BTODBIX CJIaraeMbiX, KOTOPBIE

3aBUCAT OT Ag; JIMHEHHO:

- 2}%{[% - éﬁk(pk (x,.)](f‘, Aa,q),(xi)J} =

1=0

=-2) Aq {zyiq’l(xi)_ > 3 X 0 () (x;)

=0 i=0 k=0 i=0

} (102)
m m _

=-2Y Aq {b - 3 & v, }=0.
I=0 k=0

3).ICCL MBI IIOMEHANHA MECTaMHU MOPAXOK CYMMHPOBaAHHA M BOC-
MOJIL30BATUCH TEM, YTO KO3(hHULIMEHT G, YIOBJIECTBOPSIOT CH-
creme ypaBHeHwuit (95). C yyetom (102) GyneM uMeTh

J(ay + Aay,d) + Aay,... 8, +Ad,, )=

n m 2

=J (@, ay,...,0, )+ 2[ Y Aak(pk(x,-)] >J (Gy>yy-.»G, ). (103)
i=0\ k=0

®opmyna (103) nmokassiBaet, yTo PyHkuusa F(x) (91) c xo-

s¢pduuredTaMu @ (100), rony4eHHBIMU B pe3yabTaTe PELUEHHUsA

ypaBHeHHIt (95), neCTBUTEIBHO MUHUMM3UDPYET CYMMAapHYIO

KBalpaTHUYHy0 norpeltHocTs J. Ecim B3saTh 1060 npyroi Ha-
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[image: image49.png]6op ko3dduunentos (100), oTauunniit oT (99), T0, coriacHo
¢opmyne (103), k norpemHocTd Y@y, @),..., G,,) H0GABUTCA IIO-
JIOKHUTEIBHOE CJIaraeMoe U OHa YBEJIHUYUTCH.

Hrak, yTo6bI NOCTPOUTH Hawydliee npubmoxenue (91) ce-
To4HOH dyHkuuu (1), (2) o MeTony HaMMEHBIIKMX KBAJPaTOB,
HYXXHO B34Th B Ka4eCTBE KO3(PDUILIMEHTOB PasNOKeHHS ay petlle-
HHUE CHUCTEMBI JIMHEHHBIX YypaBHEeHMIt (95).

3anavya 7. Cemounas gyynxyus 3adana mabn. 3.1.

Tabnuua 3.1
i X Vi
0 0,0 0,95
1 0,5 1,54
2 1,0 2,04
3 1,5 2,46
4 2,0 2,95

Hocmpoums auneiinyro dynxyuio
F(x)=ay+ax, (104)

Komopas O0aem 043 Hee Hauay4uiee npubauNCerue no Memody Hau-
MeHbuux Keadpamos.

B paccmarpuBaemom ciydyae umeem: n=4, m=1, @3(x) =1,
¢ (x) = x. na onpenenenns ko3hPULHEHTOB gy U ) COCTABUM
cucreMy ypasHeHu# (95). Onementsl vy (/=0,1, k=0,1) marpu-
ubl I'pama BeMHCIAIOTCA MO dhopmyne (96):

4
Yo,0 = 2 (Po(x,')(Po(x,') =35,
i=0

4
Yo1="T10= 2 Polx) ey (x) =5,
i=0

4
1= Z 0(x)o(x;)=7,5.
i=0
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Yucna by u by, crosilive B NpaBod 4acTy ypaBHeHu# (95),
HaxoauM 1o ¢opmyine (97):

4
by =2 9o(x;)y; =9,94,
i=0

4
i=0

B pesynbrate cucrema (95) MIPUHUMAET B paCCMaTPHMBAEMOM CITy-
yae BUI

Say +5a; = 9,94,
Say +7,5a, =12,40. (105)

Onpeaenurens cucreMbl (105) A=12,5#0, MO3TOMY CHCTe-
Ma MMeeT eIMHCTBEHHOe peiienue g, = 1,004, @ =0,984. B pe-
3y/IbTaTe MBI TIOJy4aeM CIELYIOLIYIO JIMHEHHYIO alllPOKCHMALIHIO
paccMarpuBaeMoi TabiyHoON PyHKUMH

F(x)=1,004+0,984x. (106)

Teneps, korna byHkuus (106) mocTpoeHa, MOXHO MOACYH-
TaTh MOTPEIHOCTh ANMMPOKCUMALIMHK B TOYKAX CETKH:

8, = y; —(1,004 +0,984x;), i=0,1,2,3 4.
B pe3ynprate nosiy4aeM
3, =-0,054; 3, =+0,044; 3, = 0,052; 8; =-0,02; 5, =-0,022.(107)

OTMeTHM, 4TO HAMOGONbILASA 10 MOLYJIO MOTPENTHOCTb JOC-
THraeTcst B Touke xo = 0: [8)|=0,054>(5;[, i=1,2,3,4.

B 3akiTioyeHHe caenaeM BaxHoe 3ameyaHue. OObIyHO ObiBa-
€T U3BECTHA TOYHOCTb €, C KOTOPO#A 3aMaloTca 3HaYeHUs (PyHK-
uuu y;, Hanpumep, ecnu pevb uiaeT o6 SKCIIEPUMEHTANIBHBIX KaH-
HBIX, TO OLIKOKA B OMpeae/IeHUH y; 3aBUCUT OT METOAUKH MPO-
BeIEHUS U3MEPEHUI M TOUHOCTU MPUGOPOB.

Mpeanonoxum, 4To B pa3o6paHHOM IpUMEpe YUCia y; 3a-
JaHBl ¢ ToyHocThio £=0,1. B 3TOM cyyae mocTpoeHHas JIHHeH-
Hasg QYHKIMSA COracyerTcs ¢ AOCTYMHOW HaM uHpopmanued o
dyHKUMY Y(x): norpeirHocTy (107) Mo MOny/0 He MPEBBIIAIOT €.
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[image: image50.png]B pesyabTaTe MOXeM YTBEpXAATh, YTO B Mpeaeiax TOYHOCTH 3a-
JNaHUs TaOIMLBI 3aBUCUMOCTB Y OT X MOXHO IPHHSATh JUHEHHOM.
10 BUAHO Ha puc. 3.4, rae nokasaHsl TOukM (X;, y;), co-
OTBETCTBYIOINME pacCMaTpuBaeMoif Tabnuue. Ui KaxXaou U3 HUX
YKa3aH NOBEpUTENbHBIA HHTepBat y; -0,1<y<y, +0,1, B npene-
Jlax KOTOPOTO MOXET PeaTbHO HAXOAMTHCS 3HAYEHHE DYHKLIUU
¥(x;) ¢ y4€TOM TOYHOCTH 3aJaHHS BETMYHUHBI y,-; IIpsamast, onu-
ceiBaeMas (106), Be3ne MPOXOXUT BHYTPH NOBEPUTENLHBIX. HHTED-
BaJIOB, YTO NOATBEPXKIAET CAEJAHHBIH BHILUE BHIBO.
PaccMOTpHM Temephb pOTHBOMONIOXHBIA cyyail: GyneM cuu-
TaTb, YTO BEJHWYMHBI y; 3aflaHBl ¢ 00Jiee BHICOKOW TOYHOCTHIO
£=0,01. IIpu TaKxo¥ TOYHOCTH NOCTPOCHHAS JIMHENHAS ATIPOK-
cuMauus (106) He cornacyercsl ¢ JaHHBIMM TabGIMIIbI MOTPeL-
HOCTP annpoxcumauuu (107) npessiniaer mo Mogymio €. B atom
ciiy4ae HyXHO JMOO0 YBEIMYHTb YMCJIO YIEHOB B Pa3lOXECHUH
¢yukuum F(x), 106aBUB K JIMHEHHON GYHKINM KBAIpaTHIHBINA

YJIeH a2x2, 160 3aMEHHUTh CUCTEMY DYHKUMH ¢, (x), mo koro-

PBIM BENETCH Pa3lIoXEHHE, Ha KaKylo-HUOYAb APYIYIO.

g

0 i | L L \ 1 L |
0 0,5 1 1,5 2 x

Pnc.v 3.4, Cpaenenue 3navenuti gyynxyuu, npueedennoii ¢ mabauye,
u auneinod gynkyuu F(x) = 1,004 + 0,984x. 3navenus y; =f(x,) 3adanvi
¢ nozpewrocmsio £= 0,1
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nasa 4.
YUCJEHHOE UMHTETPUPOBAHMUE

4.1. ®OPMVJIA HHIOTOHA-JIEMBHULIA
U YNCJIEHHOE UHTETPUPOBAHUE

M3 Kypca MaTeMaTM4YeCKOTO aHAJIM3a Bbl 3HAKOMBI C BBIYUC-
JIEHUEM OTIpe/Ie/IEHHBIX MHTETPAIOB ¢ ToMoibio hopmynsl Heio-
ToHa-JletOHMIA:

b
I=[f(x)dx=F(b)-F(a), (1)

roe F(x) — mobas nepsoobpa3Has MOABIHTEIPAIbHON QYHKIHMU
f(x) Ha oTpe3ke [a, b]. ®opmyna HrioToHa-JleitbHuLIa urpaet
BaXHYIO pOJib, YCTAHABNIUBAsl CBA3b 3aa4d ONPENeICHHOrO UH-
TErpUPOBAHHA C 3amayeil OTHICKaHMs epBoobpasHoil (c 3anadeit
HEOIpeeIeHHOr0 MHTerpyupoBaHusi). OHa MMo3BOJSIET BEIYUCIATD
MHTErpajbl OT 3JIEMEHTaPHBIX QYHKIMI, 11EPBOOOPA3HBIE KOTO-
PBIX TOXE SBISIOTCS dMeMeHTapHBIMH GyHKimsamu. Hanpumep,

2

dx 2

- =In2.

{x Inx|{ =1n2 2)

OZHAKO CYIIECTBYET MHOTO MPOCTHIX (PYHKLMMH, MepBooOpasHbie
KOTOPBIX HE BHIPAXaloTCs Yepe3 djeMeHTapHble QyHKuuH. B
KayecTBe NMPUMEPa MOXHO MPUBECTH TakUe QYHKIIMM, KaK e™*
WIH sin x/x. JJi1 HUX OMUCAHHBIN CIIOCOD BBHIYUCICHHUS Ompene-
JeHHbIX MHTerpanos HenpuMeHuM. Gopmyna HeioToHa-JleibHu-
11a He IO3BOJISIET TAKXE BLIYMC/IATH UHTETPANbl OT (PYHKIIHIA, KO-
Topble 3agaloTcs rpadukoM wiu Tabnuuei. UHbIME ciioBaMH,
OHa He JaeT oOLIero, YHUBEPCATBHOTO METOAA HAXOXIEHHS OIl-
pefeIeHHOro MHTerpaia oT IpoU3BONbHOM GyHKUMH f(x) 1o ee
3HaYeHUSM Ha oTpe3Ke [a, b), T.e. HE SIBIAETCH aITOPUTMOM pe-
HIEHHUs] pacCMaTpUBAeMOM 3a1a4H.
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[image: image51.png]YHPIBepcaJIbeIC aJITOPHUTMBI BBIYMCIIEHUS OlIpeaeNIeHHBIX
MHTETpajIoB Aai0T GOPMYIIbl YHCIEHHOTO MHTEIPHPOBAHHS W,
KaK UX OOBIMHO HA3BIBAIOT, K6AOpaMypHbie opmyast (6yKBasILHO —
GopMynsl BHIYMCIEHHS MOMmazeit). KBanparypHeie dbopmysibl
HUMEIOT BHUI

b n
I=jf(x)dx=zicif(xi)+Rn.- 3)

3nech ToYKM x; € [a, b] Ha3BIBAIOT y3naMu, KO3DDUIMEHTH ¢;—

BECOBBIMM MHOXMTEISIMH WIU BE€CaMH, BCJIMYUHY Rn — OCTaToy4-
HbIM WICHOM WJIM IOTPELIHOCTBIO. Y3JIBI U BECa nozx6npaxorc51
TakKuM 06p830M, 4YTOOBI BBIIIOIHIOCH IIpeacjJbHOe PaBE€HCTBO

lim R =0, Tak 4ro
N—yo0

n
lim ¥ ¢ f (x)=1. )
N—yoo .
i=1
CyTb 3TOro Tpe6oBaHMS 3aKIIOYAETCS B caenywomeM. Eciu B
¢opmyre (3) npeHe6pedh OCTATOYHBIM WIEHOM R,, T0 nomyuur-
Cs1 MPHOJIMXEHHOE PABEHCTBO

b n
1=If(x)dx=§cif(xi)_ (5

Ycnosue (4), KoTopoe Ha3bIBAIOT CX00UMOCMBIO, TIO3BOJISIET ClE-
71aTh MOTPELIHOCTb B PABEHCTBE (5) MEHbIIIE JII0GOro Hamepes 3a-
AaHHOrO 4YHMCJIA 3a CYET BHIOOpA MOCTATOYHO GONBIHOrO 7. Takum
06pa3oM, OTKPHIBAETCS BO3MOXHOCTb BBIYHCIIHTE uHTerpan [ ¢
no60ii Haneper 3a1aHHON TOYHOCTLIO 110 3HAYCHUAM byHKIIUN
Sf(x), B3SITBIM B pa3HBIX TOYKaX x; otpe3ka [a, b]. Yem Bbiwe Tpe-
OoBaHME TOYHOCTH, TeM GOJIBIIE CIAraeMbIX CNeRyeT yuepXuBaTh
B CyMMe." 3a TOYHOCTh IIPUXOOUTCS IUIATUTD YBEIMYEHHEM 00be-
Ma BBIYHUCIICHUH.

3amewanue. IMoxncrasnsa B popmyny (3) dynxumo f(x) = 1, nony-
qyacMm

(b—a):éci +R.
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O6b14HO BeCOBbIE KOI(DGDHUIMEHTE! ¢; TOA6UPAIOTCA TaK, YTOGB! BBIIION-

n
= u
HAJIOCH PABEHCTBO (b—a)_Zci, T.. YTOOBl TIPU HHTETPUPOBAHHU
=1

KOHCTAHTbI paBEHCTBO (5) 6:1)’10 He MPUOJMXEHHBIM, a2 TOYHBIM.

B cnenyroumx naparpadax 3To#l riaBbl Mbl 06CYIUM METO-
Ibl TIOCTPOEHHI KBaApaTypHBIX POPMYII U C pa3HBIX CTOPOH pas-
GepeM MpobjieMy OLIEHKU UX TOYHOCTH.

4.2. KBAIPATYPHBIE ®OPMYVYIIbI
IPAMOYTOJIBHUKOB, TPAIIELINH,
CUMIICOHA

4.2.1. Ksanparypusie (opMyIbl NPIMOYIoOIbHHKOB,
Tpaneunii, CUMIICOH2 B HX O0COOEHHOCTH

C xBagpaTypHbIMH (hopMyTaMU NPSIMOYTONbHUKOB, Tpane-
1uit, CUMIICOHA BBl YXe BCTPEYaIMCh B Kypce MaTeMaTu4ecKo-
ro aHalMU3a, MO3TOMY MX BHIBOX OyIOeT U3T0XEH KOHCHEKTHBHO.

Bo3bMeM NMpOU3BOIBHOE LIEJI0e YUCIO 1 M Pa300beM OTPE30K
[a, b], MO KOTOpPOMY BeIETCSI HHTETPMPOBAHHE, HA N PaBHbIX OT-

pe3koB WIMHOM h=(b-a)/n TouKamu
x;=a+ih, 0<i<n (6)

JUist naibHEMIEro HaM TaKke MOHAN00ATCA CpeJHHE TOUYKHU ITHUX
OTPE3KOB:

g=a+(i-1Y2)h, Ee[x_p,x], 1<isn (7)

Hnes BeiBoga GpopMysibl IPSIMOYTOJIBHUKOB OYE€Hb MPOCTA.
ITocTpOMM C NTOMOIIBIO TIPOBEAEHHOTO Pa3GHEHUS MHTETPATBHYIO
CyMMy, B KOTOpO# 3HaueHMs1 QyHKUMH f(X) Wi KaXOOr0o OTpe3-
Ka [x._l, xi] BBHIMUCTSIIOTCS B ero cpenHeit Touke &; (7):

=293 1(z) @)
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[image: image52.png]HpI/IHI/IMaSI BO BHUMaHHE TO, 4YTO HHTErpajlbHasi CymMMa jgaer
IIpI/I6JII/DKeHHOC SHAYCHUE MHTErpaja, MOXHO HAIMHUCaTh

I=};,+ocn. 9

B xBanpartypHoit ¢opmyie (9) y3naMu SBASIOTCS TOYKH §,~ N,
BCE BECOBBIE MHOXMTE/IM ONWHAKOBEI ¥ PABHH A = (b—a)/n. s

OCTaTOYHOIO YJICHA BBEACHO CHEHAILHOE 0003HAYEeHHE a,, :

@opmyny (9) HaskBaIOT BOPMYIION PAMOYroBHUKOB. [1pu-
YMHA TAKOTO HA3BAaHHS MMEET NMPOCTOU T€OMETPHIECKUN CMBICI.
Bennyuna P, (8) npencrasnser co6oit CYMMY IUTOMaNel npsmo-
YFOJIBHHUKOB C OMMHAKOBLIMH OCHOBaHUAMHU h=(b—a)/n u BHI-
cotamu f(§;) . OHa aIpoXCHMHUPYET C TOYHOCTBIO o o, IIo-
Manh KPUBOJIMHEHHOMN Tpallelut, COOTBETCTBYIOLIEH HCXOTHOMY
HHTerpainy (puc. 4.1).

Wnes BriBoma KBaZpaTypHBIX (hOpMYII Tpamermit 1 CHMIICO-
Ha ¥Has. OHa 3aKTI09aeTcs B TOM, 9TO6BI COMOCTABUTE TIOIbIH-
TETPAILHOA QYHKIMM f(x) GIM3KYIO eif hyHKIMIO 8,(x), KOTO-
PYI0 MOXHO NPOHHTETPUPOBATh, H NMPUOIMKEHHO 3aMEHUTh HC-
KOMBIH HHTerpa ] MHTerpaaoM oT 3Toi BpyHKIMH.

PaccMotpuM, xak nanHas umes peanusyercs IIDH BBIBOJE
¢dopMynbl Tpanmenuid. B 3ToM ciydae B KauecTse aMnpoKCUMUPY-

y4

Puc. 4.1. Teomempuuecxas unmepnpemayus
Popmynbl nPIMOY20nbHUKOE
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ommeit GyHKIMA g,(x) GepeTcs KycOUYHO-TUHEHHAsA dbyukIu.
Ha kaXmoM M3 YaCTUYHBIX CETMEHTOB [x,-_l, x,-] OHa 3amaeTcs

¢dopMyIoi

6,00~ £ (1) LT L)

xe [x,-_l, x,-], I<i<n

X=X_1),

(10)

B rpaHMYHEIX TOYKAX OTPE3Ka X=X, U X=X; QyHKUHUA.g,(X)
[IPUHIMAET Te X€ 3HAYeHUs], YT0 U OYHKIusA f(X):

g )= (%), &) =1 (%), a1

T.e. OHa OCYIIECTB/ISIET KYCOUHO-THHEHYIO HHTEPIIOJSILMIO BYH-
kuuu f(x) Ha otpe3ke [a, b] (puc. 4.2).
BrramcnuM “HTErpa:

a X, x, x, x, x, b
Puc. 4.2. Teomempuueckas unmepnpemauus gopmynst mpaneyui
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[image: image53.png]DTOT pe3y/bTaT UMEET MPOCTOH FCOMETPUYECKHIt CMBICI: DHIYpa,
OTpPaHUYEHHAs CHH3Y OTPE3KOM [x,-_l, xi] OCH X, CBEPXY OTPE3KOM
npsmoit (10), ¢ 60KOB BepTUKANBHBIMM IPSMBIMH X=Xx_ H
X=X; , IPeJCTaB/IsieT co60M Tpaneuuio, IUIOanb KOTOPOi ompe-
nensietcst popmynoit (12).

HHrerpan ot Gpyskuum g,(x) nmo Bcemy OTpesKy [a, b] sB-
JiteTcd cyMMoii unTerpanos (12):

X

b n %
T,=[g,(xdx=Y, [ g,(x)dx=

a =lx

_ (13)
=@ S () S ()t f () + 7B
On paer npubimxeHHoe 3HaYeHHe WHTerpana /:
b

I=[f(x)dv=T,+B,. (14)

B xBanpartypHoii ¢dopmyne (14) y3naMu SBASIOTCS TOYKH x; (6).
Bce BecoBbie k03 dULMEHTBI, KPOME JBYX, OMMHAKOBLI M PaB-
HBl h=(b-a)/n, a BecoBble KO3 GUUMEHTE NpH (=0 U i=n
HMEIOT BABOE MEHbIIME 3HaYeHH. IJIg OCTATOYHOrO 4ieHa BBe-
IeHO creuManbHoe o6osHauenue B, . Popmyny (14) Ha3bIBalOT

Kxeadpamyproil gopmynoii mpaneyuii. C TO4HOCTBIO 10 B, OHa BbI-
paxaeT TuUIollab KPUBOJIMHEHHON Tparelyu, COOTBETCTBYIOLIYIO
HHTerpany /, yepe3 cymMy Iuiomazei tpareuuit (12) (cM. puc. 4.2).

®opmyna (8) juIst BeNUYUHBI P, U3HAYATBHO CTPOMIACH KaK
UHTerpanbHas cyMMa. IIpu BoiBone dopmynsl (13) 1ng Beuuu-
Hbl 7, MOHATHE UHTErPATBHOM CYMMBI HE MCIIONB30BAIOCH. Ofi-
HaKo Teleps, Koraa GopMysia yxe nojydyeHa, BUOHO, YTO BeH-
YUHY 1;, TOXE MOXHO MHTEPINPETUPOBATh KAaK MHTErPajbHYIO
cymMy. UTobrl ybenuthcs B 3TOM, paCCMOTPUM pa3bueHue oT-
pe3ka [a, b] Ha yacTuuHBIe OTpe3kyu Toukamu &; (7). OHo maeT
n+ 1 otpesok. [lpa kpaitux [a, & | u [£,, b] umetor wmny 4/2,
a ocTanbHbie — h. BribepeM Ui 0Opa3oBaHHs MHTETPaJbHOM
CYMMBI Ha KpalHMX OTpe3Kax 3HauyeHHs PYHKIMH f(X) B ToUKax
a ¥ b, a HA OCTAbHBIX OTpEe3Kax [gi, §i+l] — 3Ha4YeHUs1 PyHK-
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M

nuu f(x) B UX CpeNHUX Toykax x; (1<i<n- 1). O6pasoBaHHas
TaKUM 0O6pa30oM MHTETpajibHasi CyMMa COOTBETCTBYET BBIDAXEHUIO
(13) mna T,

BriBoj KBanpaTypHoi dopmyasl CHMIICOHA Pa3sBUBACT OIM-
CaHHBIii IONXOX Aaublle. Ternepp Mis anmpoKCUMaLUU QYHKIHH
f(x) ucmonb3yeTcss HE KYCOYHO-IMHe#HOe, a KyCOYHO-KBalpa-
TUYHOE WHTEPIIOJIMPOBAHHUE.

ByneM cudTaTh 7 YETHBIM U CTPYIIIIMPYEM OTPE3KHU [xi_l, xi]
nmapamu: nepsas mapa [a, x ] [% x2] , BTOpas mapa [ Xy, X3 ],

[x3, x4] U T.0. 19 Kaxgoro JBOMHOIO OTpe3Ka U[xz j-20 %2 j]
MOCTPOUM HMHTEPIOJSUMOHHBIN TOJTMHOM BTOPOH CTENIEHH B
¢dopme JlarpaHxa, NIPUHUMAIOIMHA B Y3NaX Xp;_ 9, X |y Xj
3HayeHUA QyHKUHUHU f(x). B pe3ynprare moiyyuM annpoKCHUMU-
pyiouyo GYHKLUHIO g,(X) Ha OTPE3Ke [a, b] B BUIE KyCO4YHO-
KBaJpaTUYHOU (QYHKIIUH:

(x=%)1)(x= %)

£ (=11 L),
X=Xy ;0 )(X=%;
+f (%21 )( j(_zh)z() 1) +

X=Xy x—x2-_1)
ﬁ@m( ”iﬁ =

(15)
Xe [ij_z, x2j], IS_]S”/Z

[IpOMHTETpMpOBaB MMOIMHOM BTOpOii cTeneHu (15) nmo oTpes-

Ky [x2j_2, xzj] , MONy4YUM

k¢ h n=222 (16
J gn(x)d"=g{f(%j—z)’f“f(x?j—l)*f("zj)}’ ==, (10
X3j-2
UnTerpan oT GyHKUMH g,(x) MO BCEMY OTPE3KY {a, b} pa-
BEH CyMMe HHTErpaioB
113
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[image: image54.png]b % v b-a
s,,=jg,,(x)dx=z j gn(x)dx=7{f(a)+4f(x1)+

J=lx)
+2f(xg)+.--+2f(x,,_2)+4f(xn_1)+f(b)}, (17)

(HanomHuM, 9T0 yucno 7 nOIXHO GBITH 00513aTeNIbHO YETHBIM. )
Bennuuna S, (17) maetr npubnuxenHoe 3HaueHue UHTerpana [:

~

b .
I=Jf(x)dX=Sn+yn. (18)

Y3namu KBanpatypHoit popmyasl (17), xak u dpopmynsl Tparme-
ouit (14), aBnsoTcs Touku x; (6). BecoBsie K03 dHIUEHTH B y3-
Jlax C YCTHHIMA M HEYCTHHIMM HOMEPAMH MMEIOT Pa3HbIe 3Haye-
Hus. I3 0CTaTOYHOrO wieHa BBeAECHO 0GO3HAYECHHE Y, - Pop-
myna (18) HaswiBaetcst keadpamypnoii @opmyaoii Cumncona.

Ipencrasnenue (17) ana Sy» Xax ¥ npeacrasnenue (13) s

T,, TaKXe MOXHO pacCMaTpHMBATh KaK HHTETPAIbHYIO CyMMYy.
Jns ee mocTpoeHus: HYXHO pa36buTs OTpe3oK [a, b} Ha (n+ 1) ya-
CTUYHBIA OTPE30K C IIOMOLIBIO /1 BHYTPEHHHX TOYEK:

Myj1=%; 123, ny; =%y, | +2h/3, 1< j<n/2, (19)

H IBYX TPAHUYHBIX TOYEK:
T]O =a nu T‘IH-l:b' . (20)

B pesynbrare nonywarorcs orpesku [ni_1, 0], 1<i<n+1, pas-

TUYHOW JUMHBL. J[Ba KpaitHHX oTpeska [a, Tll] u [n,, b] Me-
0T JUIMHY h/3; OTpe3Ku, B LieHTpe KOTOPBIX JIEXAT TOYKH X; C
UETHRIMM HOMEpaMH, — IIUHY 2h/3; OTPE3KHM, B LIEHTPE KOTO-
PBIX JIEXAT TOYKH X; C HEYETHHIMU HOMEPAMHU, — JUTMHY 44/3.
Il IOCTPOCHHS. MHTETPATLHOM CYMMBI, COOTBETCTBYIOLIEH
HaHHOMY Pa3bUEHHIO, BO3bMEM /ISl KPAHMX OTPE3KOB 3HAYCHHUS
byHKuMY f(x) B TOYKaX @ U b, 119 OCTATBHBIX OTPE3KOB — 3Ha-
4YeHHe GYHKUUM f(X) B UX CPeIHMX TOYKAX x;. B pesynbrare mo-
JY1UM UHTCTPANBHYIO CyMMY B Bule BhIpaxeHus (17). PasHeble
JUIMHBL JaCTHYHBIX OTPE3KOB IPUBOIAT K CBOeoBpa3HOMY uepe-
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JOBAaHHUIO KO3(1)¢)HLIPICHTOB B BHUJE ABOCK, YCTBCPOK H €AHHHI B

KpailHUX TOYKaX. S
3akaHumsas obcyxnenue dopmyn (13) s T, u (17) pa S,
YCTAHOBHMM IIOJIE3HYIO JUISl JaNbHEHIIEro CBA3b MEXIy STUMHU

BEJIMYUHAMHU:
T, @1

n,

[FSTRC

n

S =%7},—

3nech Tn/2 — cymMa (13) c BABOE MEHBIIMM YHCIIOM CJIaraeMBbIX
1 COOTBETCTBEHHO BABOE GosbluuM ImaroM. biaropaps sTomy
npH ee 06pa3oBaHMK B KaYECTBE Y3JIOB UCIIONB3YIOTCH TOYKH X;
(6) TonbKO ¢ YeTHHIMM HoMepaMmu. ITockonsky B dopmyse Cumr-
COHa n NPENNoJaraeTcs obsa3aTebHO YETHHIM, TO 1/2 — Lenoe

YHCIJIO, TaK YTO BHIpAXEeHUE Tn/2 OInpeneneHo.
Cootnomenue (21) nposepsercs «B 106». U3 (13) cnenyer,

T, =220 (21 (0)+ 47 () 4f (5} 441 (5 0)
+41(x,1)+2f(b)},

Mp =22 @)+ 2f (1) -+ 2 (50 g)+ S B}

BrruuTas Teneps BTOPYIO CTPOKY M3 NEPBOM, Mojy4yaeM pa-
BeHCTBO (21).

Wi

4.2.2. CX0IHMOCTb H TOYHOCTb KBAIPATYPHBIX (hopmyn
MPAMOYTOJIBLHHKOB, Tpaneunit u Cumicona

[Tocne TOro KaK Mbl YCTAHOBMIIM, 4YTO Beudunnt P, T,, S,
SBIISIIOTCS MHTETPAIbHBIMH CYMMaMH, Npobiaema CXOIMMOCTH
PAacCMOTPEHHBIX METOJOB YMUCIEHHOIO MHTErPUPOBAHNUS pexunaeT-
sl 37MeMeHTapHO. MIX CXOMMMOCTb MMeET MECTO i Mo6od MH-

TerpupyeMoil GyHKLHH:

lim o, =0, lim P, =1, (22)
n—oo n n-—»o0
limB, =0, lLimT, =1, (23)
nooo H—ooo
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[image: image55.png]limy, =0, lim S, =1 (24)

n—oe Nn—yo0

DTOT BBIBOZ SIBJISIETCS NIPSIMBIM CJIEACTBHEM ONpPEIeICHUS] MHTET-
PUPYEMOCTH.

IpenensHrie cooTHOWEHUst (22)—(24) N0OKA3HIBAIOT IPUH-
UUITHATIBHYIO BO3MOXHOCTh BEIYUCIEHUS MHTErPajia OT NPOM3-
BOJIBHOW MHTErpupyeMoH QYHKLMM KaXIbIM U3 TPEX METOIOB C
060i TOYHOCTBIO € 3a CYET BHIOOpA JOCTATOYHO GOJBLIOrO # U
COOTBETCTBEHHO Masioro mara h=(b-a)/n.

ITocne obmero BbIBOKA O CXOMUMOCTH METONOB NEPEIneM K
00CYX/IEHMIO OCHOBHOTO BOIPOCa, CBA3aHHOIO ¢ OpPraHu3aIuei
PEJIBHOTO BBIYHMCIIUTEIBHOTO MPOLIECCAa: KAKMUM HYXHO B3SITb N,
YTOOBI NOGUTHCS NPYU BHIYUCIAEHUM MHTETpaJia HYXHOH TOYHOC-
TH. OTBET Ha Hero TpeGyeT aHANM3a OCTATOYHBIX YIeHOB. ITpu
3TOM Ha GYHKUMIO f(X) IPUXOMUTCS HAK/IANBIBATH JOMIOTHUTEb-
Hbl€ OTpaHMYCHHMS, BBHIXOASALIME 3a PAaMKM IPEXNOIOXEHUS 00
HHTETPHPYEMOCTH.

HauneM c o6cyxaeHns ocTaTOYHBIX WIEHOB B KBaJ[PaTypPHbIX
¢opMynax MpsMOYTONBHUKOB U Tpaneuuii. IIpearnonoxum, 4ro
GyHKuMA f(x) ABaxXabl HenpepsiBHO nUddepeHIUpYeMa Ha OT-
pe3ke [a, b]. B xypce MaTeMaTHYecKOro aHaIM3a NP 3TOM IIpes-
MOJIOXKEHUH YCTaHABIAMBAIOTCA QOPMYJIBI

x,. 3
J f(X)dX=f(§,-)h+%f’(n?), (25)

%i-1

% : ) 3
J’ f(X)d)C=f(x"l)2+f(x')h—%f’(n;*), (26)

X1

IIe M, B T, — HEKOTODHE TOYKM OTpe3Ka [%_1> %] Cyme-

CTBOBAHME TAKUX TOUEK IapaHTHPOBAHO, HO HX TOYHOE TOJIOXE-
HUe Heu3BecTHO [3-5].

Cymmupys paBeHcTBa (25) u (26) mo i, nonydaeM GopMyIIbl
(9) u (14) co cnenyioMIMMH BHIPAXCHUSMHU INSI OCTATOUHBIX WiE-
HOB:

116

B& .

=/ (n:): @7

3 n
By === 37 () (28)

i=1

PaccMOTPHUM CYMMBI
B3 7(m) w B L) (29)
i=1 i=1

Oyskuug f’(x) N0 NPeaNnoJOXEHUIO HEIIPEPRIBHA U, CIEN0OBa-
TeJIbHO, MHTErpHpyeMa Ha otpeske {a, b]. C y4yeToM 3TOro 3aMe-

yaHusd BhipaxeHus (29) MOXHO paccMaTpUBaTh KaK MHTETPAJIb-
b

Hble CYMMEI UISI HHTErpasa j f"(x)dx. O1ciona cienyeT BbIBOA:
a

n b
lim k3 7*(n})= [ /" (X)dk= £ B)- (@), (30)
el | a

n—oo

b
lim hzf (" )=]f"(x)ax=rf'(b)-f(a)- (31)

Ipenensusie paBeHcTBa (30) 1 (31) MO3BOMIAIOT 3aNKCaTh OCTa-
TOYHBIE WiEHH KBaJApaTypHBIX (OPMYJ MPAMOYTOJILHUKOB U Tpa-
neuuy B BUAE

o, = ‘,;12’(A+“n)’ (32)
Br = ;12—(B+v) (33)
rae
4=C= 1) 1@ (34
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[image: image56.png]b
i, = _(b=a Zf’(n,f)—jf’(x)dx -0, ne,  (35)
1 a

2R W=
-8 ) (36)
v, = (bu") hZf’( ‘*) jf (x)dxt >0, now (37)

@opmynrl (32) u (33) BHIEAAIOT B OCTATOYHBIX WIEHAX TVIABHEIE
cnaraembie A/n? u B/n?, KoTOpBIE IIPH BO3PACTAHUM N CTpeMSIT-
s K HYJIO KaK n—2. BaXHO MOIYEPKHYTh, YTO K03 HHULIHEHTH
A (34) u B (36) or n He 3aBucAT. JIONONHUTENLHBIE CIAaTaeMble
K,/ n? u v,/ n? ABITIOTCH GECKOHEYHO MATIBIMK GOJee BHICOKO-
ro nopsnaka. Ecnu umM npeHeOpeds MO CPaBHEHHUIO C INTAaBHBIMH

ClIara€MeIMH, TO IOJYYaTCS NPOCTHIC aCUMIITOTUYECKHE IIpen-
CTAaBJICHHA OCTAaTOYHBIX WICHOB:

~An? u B, =Bn2. (38)

Hx oTHOCHTEIBHAS TOYHOCTH BO3PACTAET NPH YBEIUYCHHH A.
Teneps nony4yuM Apyrue MpeacTaBIEHHS OCTATOYHBIX diie-
HOB. M3 Kypca MaTeMaTH4eCKOro aHa/IM3a M3BECTHO CIENYIOLIce
YTBEPXIEHHUE.
Jlemma. Tlyctn (bym(um ¢(x) HerpepsIBHA Ha OTpe3Ke [a, b]
H IIyCTh X, Xy,... — HEKOTOpHIE TOYKM 3TOro oTpe3ka. Torxma
Ha OTpe3Ke [a, b] Hapme'rcsi TaKas To4ka T, 4To

%iw( 1)=9(n) (39)

i=1

WHbiMH crioBaMH, cpenHee apudMeTHYECKOE 3HAYEHHI Herpe-
PEIBHOM (YHKUMHM B HECKOJIBKMX TOYKaxX OTpe3ka [a, b], paBHO
€e 3Ha4YEHUIO B OHOU M3 TOYEK 3TOTO OTPE3Ka.

Ilpumenssa ato yrBepxaeHue K cymMmam (27) u (28), mony-

yaeM Ipyroe MpeacTaBleHHe OCTaTOYHBIX WIEHOB O, H B,
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3
_(b-a) £(n), asn<s, (40)

%= a2
(b a) - "
B,=— SR ( ), asn™<b. (41)

®opmyinsl (40) u (41) He MO3BOJSIOT BHIMMCIUTDL OCTATOUHBIE

YJeHHl: CYLIECTBOBAaHHE TOYEK m* U m™ Ha oTpeske [a, b] ra-
PaHTHPOBAHO, HO UX MOJNIOXeHHe Heu3BecTHO. OnHako a1H dop-
MyJBl MOXHO HCIIOJIb30BaTh Ul OLEHKH OCTaTOYHBIX WIEHOB.
TIycTh U3BECTHO YUCIO M,, KOTOPOE ABJIAETCS MAXOPAHTOM 1ist

BTOpOil Mpon3BoaHON dyHKIMHU f(X):
If'(x)|sM,, a<x<b, (42)

toraa papeHcTBa (40) 1 (41) MOXHO 3aMEHHUThL HEPABEHCTBaMH

(b a) M2 4
|OL"|_—-24” ] (3)

(b- a) M2 44
|B”|_ 12n2 (44)

IpHu 3amaHHOM TOYHOCTH £ OHH MO3BOJSIOT OIPENESIHTh YUCTIO
Y3JI0B 1, KOTOPO€ HYXHO HCITIOJb30BaTh NMPH BBIYUCICHUU MHTET-
pajia 1o paccMaTpHUBaeMbIM KBaapaTypHbIM GopMynaM.

B ciyyae, Koraa BTopasi mpou3BonHas GyHKUUH f(x) SBIs-
eTcsl 3HaKOOIpeAeaeHHO# Ha oTrpeske [a, b], dopmynnl (40) u
(41) MO3BONAIOT OMpPEAENUTD 3HAKM OCTaTOYHBIX WieHOB. IIpu
3TOM CYILIECTBEHHO TO, YTO OHU OKa3bIBAIOTCS IPOTUBOTIONIOXHBI-
mu. Ilycts, HanpuMmep, f"(x)=>0, B 3ToM ciydae o, 20, B, <0.
TakuMm o6pa3oM, IS UHTErpaja IoJjyyaeTcss ABYCTOPOHHAS
OlIeHKa:

B <I<T,. (45)

Ipyu oTpHuATENILHON BTOPOH NpoM3BOAHOM [f"(X) coxpaHs-
eTCs IByCTOPOHHsIsSI OLIEHKA, HO 3HAKM HEepPaBeHCTB (45) MEHAIOT-
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[image: image57.png]Csl HA MPOTHUBOIIONOXHBIE. Takue OlLIEHKH O4YeHb yAOOHEI, NO-
CKOJIBKY ITO3BOJISIIOT JIETKO KOHTPOJMPOBATh TOYHOCTH BLIYUCIIE-
HUi: B cnyvae (45) P, u T, naloT 3HaYEHHE MHTErpana ¢ Helo-
CTaTKOM M H3OHITKOM C OIMOKOH, He MpeBHINAoEH
¢,=T, - F,, B IpOTUBONIONOXHOM ciy4ae P, u T, MEHAIOTCS Po-
JIAMU.

3akaH4uBas o6CyXJeHHE METOIOB MPSIMOYTOJIbHMKOB U Tpa-
MeuuH, caenaeM ciaenywouee 3amedanue. @opmynnr (32), (339,
oueHkH (43), (44) Noxa3pIBAIOT, YTO B CIIy4Yae NBAXIBI HEMpe-
priBHO AU depeHHUpYyeMOiil OABIHTErpaIbHOM (GYHKIIMH OCTa-
TOYHBIE WIEHH O, U B, y6biBaoT Kak #n~2. OJHAKO €ciM OTKa-
3aThCA OT 3TOrO TPeGOBAHMSA IMAAKOCTH, TO NAHHBIE PE3Y/IbTATHI
TEPAIOT CUIy. B 3TOM ciyyae mis MHTerpupyeMbIX QyHKIHMIA
MOXHO rapaHTHpPOBATh CTPEMJIEHHE OCTATOYHBIX YWICHOB K HYJ/IIO,
HO HeJIb3sl YTBePXIAaTh, YTO OHO IIPOMCXOJUT CO CKOPOCTBIO 1™ 2.

MoOXHO NMOCTaBUTH NPSMO NPOTHBOMOJIOXKHEIA BOMPOC:
HENb34 JIM, MOBbIIAs TPeOOBAHUE INIANKOCTH MOABIHTErPAILHOM
byHKLIMM, YBETMYUTH CKOPOCTb CXONMMOCTH MeTonoB? OTBeT Ha
Hero orpuuarespHbii. IlpeanonoxeHue o CylliecTBOBaHUH y (PyH-
KLU f(X) YEeTbIPEX WIM LIECTH IIPOM3BOIHBIX HE MOXKET U3MEHUTh
dopmynsi (32) u (33), H0O3TOMY CKOPOCTb YOBIBAHUS OCTATOYHBIX
WIEHOB NPU BO3PaCTaHMM 1 OCTAHETCS TIpexHell — n—2. B cBsasu
C 3TMM METOAB! NMPAMOYTOJIBEHHKOB M TPAIeLMil Ha3bIBAIOT METO-
JIaMH BTOPOIO NOPSAAKA TOUHOCTH, HOOARISIA NMPH 3TOM — JUIS
JBaXIbl HENPEPLIBHO nuddepeHMpyeMbIX GYHKIIHIA.

3apava 1. Boruucaums no gopmynam npamoyzonvruxoe u mpa-
neyuii npu n="72 unmeezpan

/2
I'= [ sinxdx=1. (46)
0
B JAHHOM CIIy4ae
p== sin ™ +sin >" | 1,026172, 47
478 8
T, = %[%sin()+sin§+%sin%)= 0,948059. (48)
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3Had TOYHBIN OTBeT (46), HAXOAUM MOrPELIHOCTH:

o, ==0,026172 u B, =0,051941. (49)

Bropas npousBonHad GyHKUMHU sin x Ha oTpe3ke [0, mt/2]
OTpULIATENIbHA, €€ MOIY/b HE NPEBBIIAET eAMHULLL M, = 1. Mu
BMIIMM, YTO 3HAKH NOTPELIHOCTe# O u By (49) cormacylores ¢
dopmynamu (40) u (41). OHU IPOTHBOMNOJIOXKHEI, TOITOMY IS
uHTerpana f cupaBeliMBa ABYCTOPOHHSIA OLIEHKA, aHAJIOTMYHAs
(45), HO Apyroro 3Haka:

T,<I<P. (50)

BeanyuHa norpemHocTei (49) yooBJIETBOPSAET HEpaBEHCTBAM
(43) u (44):

1(nY 1(nY 51
Ioc2|s9—6 > | <0.041, |[32|s4—8 % | <0.081 (51)

IlepeitneM K 06CYXIEHUIO OCTATOYHOTO WIEHA Y, B METOHE
CuUMIICOHA, KOTOpOe TIPOBEAeM IpH MPEATIOJOXEHUU O YEThIPEX-
KpaTHO# HerpepsiBHON TU(hepeHIIMPYEMOCTH TTOABHTETPANIb-
Ho#t ¢yukuuu f(x). HamoMHuM, yro B Merone CHUMIICOHA YMC-
JIO TOYEK BBHIOMpPAETCH YETHBIM, IOITOMY 7/2 SIBISETCH ILIETIBIM

YUCIIOM.
PaccMoTpuM OTpe3oK ABOWHOM IUIMHEI 2A, PacHOIOXKECHHBIN

Mex/Iy ToYKaMM pa3buenus (6) ¢ YETHHIMUA HOMEPAMH [x2 j-20 X2 j] ,
1< j<n/2. B Kypce MareMaTu4eCKOro aHanu3a BeiBoauTcsa Gop-
Myna

X5
J. f(X)dx=
Xyj-2

h o (52
=31 (Raja) +4f (%00 ) £ (3 )} -5 7O (),

e ;e [x;_ -2 % j]. CylileCTBOBaHHE TAKON TOYKH rapaHTHPO-
BaHO, HO €€ TOYHOE MOJIOXEHNE HA OTPE3KE HEU3BECTHO.
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[image: image58.png]CyMMupys paBeHcTBa (52) 1o j, rojiy4aeM KBaJpaTypHYIO
¢dopmyny (18) co crenyouuM BrIpaXeHHEM IJIA OCTaTOYHOIO
YJIeHa:

n/2
N 19m,) (53)

W3 dopmynst (53), aHanoruunoit ¢popmynam (27) u (28), Mox-
HO BBIBECTH pPa3jH4YHBbIe MPENCTABIEHHUSI OCTATOYHOIO 4WieHa U
H3Y4YMUTH €ro CBOMCTBA.

PaccMoTpuM cyMMy

n/2 .
2% 19(n,) e
j=1

Oyukuua f4)(x) npeamonaraeTca HeNpepHIBHOM M, ClIeNOBa-

TEJIBHO, MHTErpUpyeMoil Ha oTpe3ke [a, b]. C yyeTom 3toro (54) -

MOXHO PacCMaTPHBATh KaK MHTETPA/ILHYIO CYMMY I HHTerpa-

na J' W (x)dx. Orciona cnenyer BHIBOL:
a

lim 24 ﬁ O (n;

n—eo

b
Jf(4) (x)dx= f"(b)- f"(a). (55)

IlpenenpbHoe paBeHCTBO (55) IMO3BOJIAET 3alMMCATh OCTATOUHBIH
YlIeH KBagpaTypHou ¢opmynsl CuMiicoHa (53) B Buae

Y,,=ni4(C+0n), (56)
(b-a)* .
C=- 180 {7 (b)- f7(a)}, (57)
b b
on =" (183) 2hzf(4)( S [F@ (x)dx 0, no e (58)

aq
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Drta popmyna, xak ¥ popmynsl (32), (33) LA METOHOB MPSIMO-
YTOJIBHUKOB U TpalelUi, BBIACHASAET B OCTATOYHOM WICHE Y,
raBHoe crnaraemoe C/n?, KOTOpoe CTpeMHTCS K HYJIO KaK n~4.
Koapdummenr C (57) He 3aBUCHT OT 1. JJoNOJHUTENBHOE Clla-
raemoe o,/ n* saBnsercs GeCKOHEYHO Mayoil 6ojiee BBHICOKOTO
nopanxa. Eciy UM npedebpeds, TO MOJYIHTCH aCHMITTOTHYECKOE
[IPENCTABJICHUE OCTATOYHOTO WICHA:

=Cn™. (59)

Ero oTHOCHTEJIbHAas TOYHOCTh BO3PACTAaeT ¢ YBEAMUCHUEM 1.

JIpyroe mpencTaBjieHHE OCTATOYHOIO 4iE€Ha Y, MOXHO BBI-
BECTH ¢ roMolbio ¢opmyas! (39). OHa no3sonseT 3anucats (53)
B BHJIE

Tn == (lbgoal F®(x), (60)

rae M — Kakasg-TO TOYKa OTpe3Ka [a, b]. Beruucautp morpemi-
HocTb 1o opMmyne (60) Heab3s, MOCKOIBKY IOJIOXEHHE TOYKH

T HEH3BECTHO, HO MOXHO ee olleHMTh. IlycTh lf(4)(x)lsM4,
TOTHA

(b-a)’ M,
T e

JaHHas OLIEeHKa [03BOJISET ONpPeNeUTh, C KAKMM n HYXHO Ipo-
BOJMTDb BBIYMCICHHA, YTOOBI HOTPELIHOCTD HE MpEBbIIIaa 3a0aH-
HOIl ToyHocTH £. Kpome Toro, eciu yetsepras MpoM3BOJHAS
GyHKIMH f(x) — 3HaKoomnpenesieHHas, To ¢opmyna (60) maer
3HaK [TOTPEIIHOCTH, YTO TAKXKE MOXET OKa3aThCH ITOJNIE3HBIM IIPH
OpraHH3alldi BHIYHCIICHHUH.

MeTton CUMMIICOHA ABISAETCA METOAOM Oojiee BHICOKOTO I10-
pAnKa TOYHOCTH — YETBEPTOro. B 3TOM €ro MpeuMyuecTBo me-
pen MeTOAaMH MPAMOYTOJbHHKOB U Tpaneuuit. [Ipasna, npuse-
INeHHBIE BHINIE OLEHKH OCTATOYHOTO WwieHa TpeOyioT Gonbiuei
IJIaAKOCTH TMOABIHTErpaNibHOM GyHKUUMM — OHA AOJKHA OBITh
YeTeIpe pa3a HernpepblBHO aAuddepeHumpyema.

(61)
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[image: image59.png]3anava 2. Buuucaums unmezpan (46) no gopmyse Cumncona
npun=2.
B nanHoOM ciyuae

S, =Ifz-(sin0+4sing-+sing-]=1,002280, (62)

¥, =-0,002280. (63)

Yetsepras nmpoussBoaHas GyHKIMH sin x Ha oTpe3ke [0, /2] no-

JIOXMTE/IbHA M He MIPEBOCXOAUT eAMHMIEL. TakuM 06pa3oM, 3HaK
MIOrpeLIHOCTH cornacyercs ¢ dopMynoit (60), a ee BeIMYMHA —
¢ oueHkoi (61):

1 nY
]72’S—T——(§) <0,0034.

4.2.3. AnocrepHopubie OLUEHKH ROTPELIHOCTH
NPH YHCJIEHHOM HHTETPHPOBAHHH

B maTHHCKOM S3BIKE CYILECTBYIOT IBa TEPMMHA — aHTOHU-
Ma: anpuopu (a priori) u anocmepuopu (a posteriori). IlepBblit 03-
Ha4yaeT U3HaYaJIbHO, HE3aBUCHMO OT OITBITa, BTOPOM — Ha OCHO-
BaHUU onbiTa. OGa OHHM YacTO HCIIOMB3YIOTCHA B BHIYMCIUTENBHOMN
MaTeMaTyKe, noAapasnesas HHpopMaLMIoO Ha TY, KOTopast U3Bec-
THAa 10 Hayajla BEIYUCIECHUH, U Ty, KOTOpas IOJIy4aeTcsa B Ipo-
LIECCE BBHIYUCIICHUM.

OLIEHKH NOrpelTHOCTH KBAIPaTyPHHIX (GOPMYJ IIPIMOYTOIb-
HHUKOB (43), Tpaneimit (44), CumrnicoHa (61) HaswEIBAIOT anpuop-
Hoimu. OHM CIIpaBeUTUBBl M3HAYAIBHO U IPEACKA3BIBAIOT TOY-
HOCTb BBHIYMC/IEHUS] MHTETPAJIa HE3aBUCHMO OT TOTrO, GyaeM MHI
(akTHYECKN MPOBOAUTH BHIYUCIEHHS WIH HET. DTH PE3yJIbTaThl
[103BOJIAIOT [IOHATH CTPYKTYPY OCTAaTOYHELIX WIEHOB, OMPENECIUTh
CKOPOCTb MX YOBIBAHHUS TPH BO3PACTAHUH M.

OnHako HexapoM roBOPST, YTO HENOCTATKHU SBJISIOTCS IPO-
JIOJDKeHUEM HocTOMHCTB. [TocTaHOBKA 3a1a4¥M YMCJIEHHOTO MHTET-
PHMPOBaHUS [IPEAIIOJIaraeT, YT0 U3BECTEH ANITOPUTM BHIYHCIIEHUS
MOABHTErpalbHON GYHKUUH f(Xx) IpH JI000M 3HAYEeHUM apry-
MEHTa x Ha oTpe3ke [a, b]. B onenku xe (43), (44), (61) Bxo-
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IAT KOHCTaHThl M) ¥ M, MaXopHpyIolie BTOPYIO U YETBEPTYIO
NIPOM3BOIHBIE PYHKUMH f(X) B acuMIToTHYecKre dopmyist (38)
U (59) — 3HaueHUs NMEPBOM M TPEThEi MPOU3BOAHBIX B IPAaHHUY-
HBIX TOYKax oTpe3ka [a, b]. Takasg uHoOpMalLIMs BBHIXOOUT 3a
pPaMKM MEPBOHAYAJIBHOU MTOCTAHOBKHM 3aday. YToOHl ee MONyYuTh
1 MCTIONb30BaTh B MPOLIECCE BRIMHCICHMA, HYXHO POBECTH HO-
[IOJIHUTEJIbHOE UCCIe0BaHUue GYHKIUM f(X).

Ecnu dyHkuus f(x) 3amaHa cCpaBHUTENTBHO MPOCTOit PopMy-
JIOM, TO TaKOE UCCIEeNOBAHUE BO3MOXHO, XOTd TpeOyeT omnpenae-
JIEHHBIX YCUNTUM ¥ BpeMeHU. B ciayuae xe, Korna oHa 3azaeTcs
rpadyKOM, TaOIULIEH, OTIPENeNsIeTCs KaK CIOXHAsA HessBHas (PyHK-
1Ms ¥ T.X., HA 9TOM ITYTH BO3HUKAIOT OONBIINE WIH JaXe Herpe-
OJOJTUMBIE TPYZHOCTH. B CBA3H C 3TUM fepeiineM K 0OCyXKIEHUIO
METOOB OLICHKH MOTPEITHOCTH YHUCICHHOTO HHTEIPUPOBAHHUS,
KOTOpbIe He TPeOyIoT NMpeBapyUTeIbHOIO aHAIM3a IIPOU3BOAHBIX
MOABIHTETPAJIBHON QYHKUIMH. OHM OCHOBAHBI HA COMOCTABJICHHMH
pe3yabTaTOB BEIYMC/IEHUH C pasHBIM YHCIOM TOYEK 1 M Ha3biBa-
10TCS anocmepuopHsimu (OYKBaTbHO — OCHOBAHHBIMH Ha OITBITE,
4TO B JaHHOM Clly4yae O3Ha4aeT OCHOBaHHBIMH Ha pe3yIbTaTax
BBIYMCJIEHUI).

HauneM obcyxneHue uaen arnoCcTepUOPHBIX OLIEHOK ITOrpell-
HOCTH C METOOB BTOPOIO MOPSAKA — NPSIMOYrOJAbHUKOB M Tpa-
neuuii. IIpeanonoxum, YTo MbI MPOBEJH pacyeThl IIO0 METOLY
[IPSIMOYTOJIBHUKOB C YMCIIOM TOueK #/2 (n — Y€THOE YHCIO), a
MOTOM C YUCJIOM TOYEK # U B pe3yjibTaTe IMOJYyYHJIH IBa YUCJa
—P,pu P,. CornacrHo dopmynam (9) u (32) 310 NO3BOJSAET Ha-
MHUCATh COOTHOIIECHUS

4 1
I=}},/2+;2—(A+pn/2), I=P,+—(A+n,). (64)

Boiuuras TEIEPpb BTOPOC PABEHCTBO M3 IEPBOTO, MMOJIYYAEM

(P, -P,,)+%A+ni2(4pn/2 ~n,)=0

a, =n—12(A+un)= %(Pn “B )t (a b)) (69)



[image: image60.png]IlepBeIif WieH B PaBoOif YaCTH 3TOro MpPEACTABICHUS OCTATOYHO-
ro WieHa HaM M3BECTEH U3 pe3yNbTaToB BHIYUCIeHut. OH IB1M-
eTcs IJIaBHBIM. BTOpoil WwieH Heu3BecTeH, HO OH MO CPaBHEHMIO
C NepBHIM MPEICTABIISIET CO00i 6eckoOHEeYHO Maltyio 6osiee BBICO-
Koro nopsaxka. Ecniu uM npeHebpeub, TO WIS MOTPELIHOCTH O-
JIYYHUTCS MPOCTasg aCHMITOTHYECKas hopMyna:

ay=3(B=Buya) (66)

Ee oTHOCHTENbHASA TOYHOCTh BO3DPACTAET NPH YBEIHYEHHH A.
AHajoruuHsle QOpMYJIBH UMEIOT MECTO IJIs1 ITOrPEIHOCTH
METOJa Tpaleuui:

(Tn—Tn/z)*g:—z("n“Vn/Z) ;(T T2 (6D

Jnsa Metona CHMMIICOHA, KOTOPHI SBAAETCS METONOM 4eT-

BEPTOro Mopsaka, hopMy/iabl HEMHOTO M3MEHAIOTCS. Teneps co-

OTHOLIECHHUS, aHAJIOTHYHEIe (64), OYyIyT UMETh BUI

I=8, 5+ 6(C+on/2) I=S,+— (C+o) (68)

(3mech YMCIIO 1 IPEANOJaraeTCs KpaTHEIM YeThipeM, IO3IToMY n/2 —
yeTHOe 4yuco.) IIposond B (68) BelMMTaHHE BTOPOH CTPOKH M3
MEPBOM, IOIy4aeM

o= 7 (CHon) =551 palonona) @)

3nech OMMATh NMEPBEHIH WieH B MPaBOW YaCTH PaBEHCTBAa U3BECTEH
U3 BouMcaeHui. OH ABAgeTC IIaBHBIM. Bropoil wieH Heu3Bec-
TeH, HO OH IPEACTABIIET CO00M GeCKOHEYHO Maiyio 6oiee BBICO-
KOTO TIQpsIKa [0 CPaBHEHHIO C MepBhIM. Eciiu UM nipeHeGpeys,
TO ITOJYYMM aCHMIITOTHYECKYIO GOpMYNY Ui NPUOIUXEHHOTO
BBIYMCIICHUS TIOTPEIIHOCTH 110 Pe3y/ILTAaTaM IBYX BBHIYUCICHUIA:

1
LT

Ee orHOcUTENbHAS TOYHOCTh BO3PACTAET C YBEIUYEHUEM A.

(8, =S,2) (70)
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OOBIYHO anoOCTEPUOPHBIE OLEHKM [IOIPENIHOCTH C ITOMOLBIO
aCUMIITOTUYECKUX PopMyn (66), (67), (70) BKIIOYAIOTCA B KOM-
IBIOTEPHBIE TPOTPaMMBbl YHCACHHOTO HHTErpHpoBaHua. OHM ClIy-
XKaT KPUTEpPHEM M1 3aBepIICHHUS BBIYHCACHUIE ITOC/E TOro, KaK
HYXHasl TOYHOCTD JOCTUTHYTA.

B 3axmiioueHne oTMeTHM cieaylomee. MoXHO MOICTaBUTh
[1OJIYYEHHEIC BBIpAXEHHUS I OCTATOYHBIX WIeHOB (65), (67),
(69) B ucxomuble KBaapaTypHbie dopmynsl (9), (14) u (18). B pe-
3yJbTaTe OHH MPHUMYT BH:

4 1 -
I=§Pn——3-Pn/2+an, (71)
4. 1 "
I=§Tn—§Tn/2+Bn’ (72)
16 1 -
[_ES,,—ES,,/2+‘Y”, (73)

rae &, B,, ¥, — OCTaTOYHbIE WIEHBI 3THX MOTUPULIKPOBAHHBIX

dopmyr:

Gy =5 (b= s2) =0(r2), 74
-4
B, =W(Vn“’n/2)=0(”_2)’ (75)
- _ 16
Y,,=W( n=Ons2)=0(n*). (76)

®opmynel (71)—(73), HanMCaHHBIE IO PE3YyIbTATaM JABYX
pac4yeToB C YHCIOM TOYEK #/2 U n, ABIAIOTCS aCUMITOTHYECKH
Oonee TOYHBIMM, YeM MCXOAHbie. B HCXomHBIX (popMynax Imo-
TPEIIHOCTH YOBIBAIOT COOTBETCTBEHHO KaK n~2, n=2, n~4, B Mo-
IuduypoBaHHbIx (oOpMyIax MOTPEIIHOCTH, cornacHo (74)—(76),
SIBISAIOTCS 6ECKOHEYHO MajibiMH GoJsiee BhICOKOTro nopsiaka. On-
HAKO [UIS UCXOAHBIX (POPMYJT H3BECTHBI OLEHKH MOrpeIHOCTEMH
(43), (44), (61). dns moaudpuuMpoBaHHBLIX GOPMYJ B HalleM
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[image: image61.png]pacIOpsiXeHUH OLEHOK HeT. ECaH MBI XOTHM MMH MOJIb30BATh-
C$%, TO HYXHO IIPOBECTH COOTBETCTBYIOLIee HccaenoBauue. HMc-
KMoYeHHe cocrapsieT popMyna (72). CornacHo ¢dopmyie (21) ee
MOXHO INepenucaTh b BUIe

I1=8,+B,, (77)

T.. MOZUGUIIMPOBaHHAs GopMyIa TpaleLuii oKa3anach MpocTo
dopmynoit CUMIICOHA C YX€ M3BECTHBIM OCTATOYHBIM 4YIEHOM

‘Yn = B n
3anaya 3. Borucaumsv no gopmyse Cumncona unmezpan (46)
¢ n=4. Hcnoav3ysa pesyabmamol 3a0ayu 2, Haimu npubaudICernyo

anocmepuoptyro noepewrocms (70).
B atom ciyuae

S, =%[sin0+ 4sin%+28in§+4sin%n+sing)= 1,000135, (78)

¥4 =—0,000135.

AIIOCTEepHOpHAst OLEHKA MTOTPEIHOCTH IO Pe3yJibTaTaM ABYX pac-
4eTOB IaeT

1

==(8, - 5,)=-0,000143,

Y4 =

HecmoTpst Ha MajleHbKOE YHCJIO TOYEK, OHA XOPOINO COracyer-
¢ ¢ paKTHIECKO norpenrHocThio (78), COCYUTAHHOH «B 106» MO
M3BECTHOMY 3HAYECHHIO HHTerpana (46).

3anaua 4. Hcnoas3ys pesysbmamui peuwierus 3a0a4 2 u 3, no-
cyumams unmeepan (46) no moduguyuposannoi gopmyse Cumn-
cona (73).
B naHHOM ciyuyae

16 1
=8 -8 =0 2 79
I 5 Sy 15S2 ,999992, (79)

%, = 0,000008.
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Moauduuuporanuas ¢opmyna CumricoHna (73) 6e3 JONOIHHU-
TeJILHBIX BHIYMCICHUH T03BOJIMNA Ha TIOPANAOK YJIYUIIHTh PE3yIib-
TaT, NIOJIyYEHHBIH o 0ObIYHON popmyne CumncoHa. OTMETHM,
4TO IIOTPELIHOCTH NMPHU pacyetax rno ¢popmynam (78) u (79) ume-
10T IPOTUBOIONIOXHBIE 3HAKH.

4.3. KBAJIPATYPHBIE ®OPMYVYJbI TAYCCA

4.3.1. 3agaua mOCTPOEHHSA ONTHMAJIBLHBIX
KBapATYPHLIX (opmy

To4YHOCTE KBagpaTypHOil (hOPMYJIBI ONpenesaeTcs: BHIGOPOM
Vy3JI0B U BeCOBBIX Koad¢uuueHroB. Hanpumep, dbopmynsl Tpame-
uuid 1 CHMIICOHA MMEIOT OJMHAKOBBIE Y3UIbI, HO Pa3MyYHbLIe Beca
1, KaK CIEICTBUE, UX TOYHOCTh OKA3BIBACTCS pa3Hoil. B cBsasu ¢
3TUM, €CTECTBEHHO, BO3HHMKAET 3ajiaya MOMCKA HAWTYYIIEH KBaa-
paTypHOIl QOPMYJIEI ¢ 3aaHHBIM YHCJIOM Y3J10B #. OGCYIuM 1o-
CTaHOBKY M pellicHHE Takoi 3amayu B ¢opmyiaupoBke I'aycca:
[IOCTPOUTDH KBaAPATYPHYIO (POPMYJy C YUCIOM Y3JIOB 1, KOTOpas
SIBJISIETCS TOYHOM JUISL 1I060ro moaMHoMa cremeHu (2n — 1) uinu
Hurxe. Takas mocTaHoBKa 3a/la4M BITOJIHE ONpaBAaHa: KBaJpaTyp-
Hasg ¢opmyna, ToUHas IS TOTMHOMOB, Oymer xopouo paboTarh
U1 TagKuX QyHKIMM.

TTepexons K peureHHIo 3aJa4M, mocrapiaeHHoi Fayccom, By-
JI€EM CUHUTATh, YTO MHTErPAJI NPEABAPUTENIBHO IIPUBETEH K CTaH-
napTHo# ¢opMe, Koraa o6JacTbi0 MHTETPUPOBAHUSA SIBNSIETCSH
oTpe3ok [-1, 1]. C ydeToM 3TOr0 3aMeuyaHus 3allMILiEM HCKOMYIO

KBaJpaTypHyio ¢opMyiy B Buie

1 n ,
[ F(x)ax=3 ¢.f (x)+8,, (80)
-1 i=1

e x; — y3nsl, x;€[-1,1]; ¢; — BecoBrie ko3bduumentsr; 8, —
OCTaTOYHBIN wieH. Jing moboro monuHoMa cremeHu (2n — 1) oc-
TaTOYHBIA WieH B ¢popMyie (80) mosokeH OHITH paBeH HyM0. Ha
NIPOTSIXKEHUHU 3TOro naparpaca KaxIablid pa3, Korma OyaeM roBo-
PUTH O MPOU3BOJLHBIX MOJUHOMAX KaKON-HUOyIb CTEHEHU, BCE-
raa 6yaeM BKIIOYATh B MX YHCIO MOJIMHOMBI 60Jice HU3KMX CTe-
MeHeH, He oroBapuBas 3To 0c00o0.

9 BBoaHbIe AEKUMH 110 YHUCHEHHBIM METOAAM 129



[image: image62.png]ITonarast mociexoBaTensHO f(x)=1,x x2,..., x2»~! u npu-
HUMas BO BHEMaHMe, YTO Ui 3THUX QYHKIUH, COTJIacCHO Tpe6o-
BaHHUIO ['aycca, oCTaTOYHBIN WieH JOMKEH PaBHATHCS HYIIO, MO~

Jy4aeM

1
(m+1)

1
[ xmax = {1+(-1)”’}=ic,.x;", 0<sms<2n-1.  (81)
-1 i=l .

CoorHomenus (81) npexcrasnsior coboit cHCTEMY 2n HeTMHEH-
HBIX YPaBHEHHUH C 2n HEM3BECTHBIMHU, B Ka4€CTBE KOTOPHIX BBIC-
TYNAIoOT y31bl X; M Beca ¢; (1<i<n).

Ypasnenue (81), coorBercTByIOmEe MHAEKCY m =0, naeT

M

Il
—

G=2. (82)

!

Takum 06pazom, cyMMa BecOBBIX KO3 ULIHEHTOB B KBaJparyp-
Hoit popmyne T'aycca npu n060M n paBHa IBYM.

3anaua 5. Cocmasums u pewums cucmemy ypaenenuii (81) das
keadpamypHroii gopmyaw Taycca ¢ o0num yzaom.

B 310M Ciydae B 3anade MOIEXaT onpe/esIeHHIO JBa Mapa-
MeTpa: Y3 x| M BeCOBOii K0a(hdHLHeEHT ¢;. CucTeMa ypaBHEHHUH
U1 Mx onpeneneHuA nony4daerca U3 (81) npuy m=0u m=1:

{Cl = 2,
Ee pemenue umeer Bug x; =0, €] = 2, MO3TOMY MCKOMasl KBaJ-
parypHas ¢opMyna 3anMuIeTCs: CJIEAYIOIMM 06pa3oM:

1
jf(x)dx=2f(0)+ 8- (83)
-1

BeiGop B KayecTBe eAUHCTBEHHOTO Y3/1a CPEAHENH TOYKH OT-
peska [-1, 1] BBIIISAAMT MO COOGpakeHUSM CMMMETPHH BIIOJHE €C-
TeCTBEHHO. TpeGoBanue, 4TOOH CyMMa BECOBBIX KOI(DMDUIIMEHTOB
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paBHSUIACh AByM (82), onpenensier B AAHHOM CJIy4yae eJIMHCTBEH-
HBIH BecoBo# Ko3dduumeHT ¢;. KBaaparypHas dopmyna (83) sis-
JseTCsA TOYHOH it mo6oit mHeitHon dyHximu Q) = ag +ayx.

4.3.2. Tlosmnomm Jlexanapa

Mb peutuny cucreMy ypaBHeHuid (81) npu n = 1. OgHako
DElIUTh ee «B JIOO» B OOILEM Clyyae NMpH HPOU3BOJBLHOM N CIIOXK-
Ho. IToaToMy MBI OyneM BBEIHYXIEHBI BOCIIOJb30BATHCA 06X0.-
HBIM ITyTeM. s 3TOH LenId HaM NoHagoOsTcs moadHoMsl Jle-
XKaHJpa, C KOTOPHIMM BEl yX€ BCTPEYANUCh B Kypce JIMHEHHOI
anreOpbl. OHY onpeaensoTcs GopMynoi

R

BrIMUIIEM, HCIIONB3YHA 3TY QOPMYITY, HECKOJIBKO IIEPBHIX MOIH-
noMoB JlexaHpa:

3 1
Fy(x)=1, A(x)=x, Pz(x)=§x2——

5 3
7 P (x)=5x3——x. (85)

2

TonuHoMsl Jlexanapa 061anaioT CIeqyIOIMMH CBOHCTBAMH:
1. Ilonunom Jlexannpa P,(x) HOMepa n SBNAETCS TOJIHHO-
MOM n-# CTeneHH, 061a1aloMM TOR Xe YETHOCTBIO, YTO H A

B, (-x)=(-1)" B, (). (86)

2. INonunomsi Jlexannpa P,(x) B Toukax x =11 npuHHMMa-

0T ClIeqyIoIKe 3HaAYeHU:
P, (1)=1 B, (-D)=(-1)".

3. Nonunom Jlexannpa P, (x) umeer Ha unreppaie (-1, 1)

n IpOCTHIX KOpHeit. B cwty cBoiicTBa 1 KOpHM pacriojiaraioTcs
CUMMETPHYHO OTHOCUTEILHO TOYKH X = 0.
4. JIwo6oit nonuHoM Q,, (x) creneHu m < n OPTOTOHANEH K

nonuHomy Jlexannpa P,(x) Ha cermente [-1, 1]:
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[image: image63.png]1
fl O (X) P, (x)ax=0. (87)

JlokaxeM nepevncieHHbIe CBONCTBA.

1. CsoiicTBO 1 Hampsmy1o cnenyeT u3 popmynsi (84).

2. HpencraBnM BHIpAXeHME (x —1) B BUJ€ NPOU3BEICHHUSA
( 1) —(x+1) (x- 1) U BHINIOJIHUM n-KpaTHoe nuddepeH-
uuposauue. B pesynrrate moiyyum

n

2(C,’,‘)2n!(x+l)""k(x—l)k. | (88)

n
2"nl 20

P (x)=

Bce wieHB! 3T0i CyMMEI, KDOME HYJIEBOTO, COLEPXaT MHO-
k
xuremu (x-1)", 1<k<n, u npu x= 1 obpamaiorcs B Hy1b, a

HyJIEBOM WICH JaeT HyxHoe paBeHCTBO P, (1)=1. Bropoe paBeH-

cTBO crenyet u3 (86): P, (-1)=(~1)".

n
3. OyHKUuHA (x2—-1) obpamaercs Ha KOHIIAX OTpe3Ka

{~1,1] B Hynb. Cornacto Teopeme Posng, ee neppast pou3Bos-
Hasl HOJDKHAa HMETh IO KpaiiHell Mepe OXMH HyJIb Ha MHTEpBaje
(-1, 1). KpoMme Toro, mpouspoaHasi oGpaiaercss B Hylb B Ipa-
HUYHBIX TOYKax x=x+1. [IpuMeHssa TakuM xe o6pa3oM Teopemy

(%3 [¥] n iy
Ponns ko BTopoit npou3BogHOMH {(x2 —1) } , yoexmaemcs, 4To

OHa MM€EeT KBa HylId Ha UHTEpBaie (-1, 1) u obpaniaeTcsa B HyJb
B TPaHUYHHIX TOYKaX X==1,
byneM mponomxate 3TOT IpolLeCC, NOKAa He JoHaeM A0 n-i

o n
TIPOU3BOIHOM BHIPAXEHUS (x2 - 1) . 9Tta npou3BoaHas orpere-

JideT NoNMHOM JlexaHpa ¢ TOYHOCTBIO N0 MHOXMTenss. OHa
NOJIKHA HMETh # KOpHed Ha uHTepBaie (-1, 1). ITockosbpKy 4Mc-
JI0 KOPHEH PaBHO CTENEHU IOJIMHOMA, BCE OHM HOJIXHBI OBIThL
npocThiMU. KOpHH, Kak MBI YK€ OTMEYald BbIlIE, Paclonaralor-
cst Ha uHTepBaie (-1,1) CUMMETPHYHO OTHOCHTENILHO €0 Cpel-
Hel Touku x = 0.
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4. IMoncrasum B uHTerpan (87) nmpeacTaBjieHHEe MOJTMHOMA
Jlexaunpa (84) ¥ NpoOHHTErpHpyeM IO 4acTsiM. B peaynbrarte

[TOJIY4UM

I (x2-1)" dx=

1 ld x) 4n-1 n
g On ) (21| -] (1)

IlozcTaHOBKH Ha KOHIAX oTpe3ka [-1,1] ofpamaiorca B HOMB,

[IOCKOJIBKY CTeIeHb /1 Y BBIPAXECHUSI (x - 1) oossnie (n — 1)-ro
[IOpAIKa ITPOU3BOIHOM.

BrinonHss npoueaypy HHTerpMpOBaHUs 110 YacTaM m+1<n
pas, moyyyaem

1 }d’”*‘Qm () d""7 2 1) e,

m+1
J= (—1) Myl | dem+1 den-m-1

3nech MOA 3HAKOM MHTErpajia B Ka4eCTBE MHOXHUTENS CTOUT
(m + 1)-9 npoM3BonHas OT monuHoma m-i creneHu Q,, (x),

TOXIECTBEHHO paBHas HyMO. OpPTOroHaJIbHOCTh JOKAa3aHa.
3ameuanne. COOTHOILIEHHE OPTOrOHANBHOCTH (87) cnpaBeUIMBO, B
YaCTHOCTH, B CJIydae, KOIIa B KadectBe nomuHoma @, (x) npu m<n

B3aT nonuHoM Jlexannpa B, (x)
1
[ P,(x) B, (x)akc=0.

dakTHUECKH B 3TOM YCIOBHHM OPTOTOHAJIBHOCTH HE BaXHO, KaKOM
WMEHHO M3 [JBYX MHIEKCOB — m Wid n — OGojblie, a KaKOM MEHBIIE.
BaxHo nMuIb, YTO OHM He paBHBl. TakMM 00pa3oM, U3 CBOMCTBa 4e-

TBhIp€ BBITEKACT CJICACTBHUE.
Caencteue 1. [Toaunomsr Jlexcandpa obpasyrom cucmemy no-

AUHOMO8, ODMO2OHAABHBIX Ha ompeske [-1,1]

_1[ P, (x)P,(x)dx=0, m#n.
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[image: image64.png]W3 nuneiiHoi anre6psl U3BECTHO, YTO CHCTEMaA MMOUHOMOB, Op-
TOIOHA/BHBIX Ha HEKOTOPOM MHOXECTBE, OTpeNeIeHa OfHO3HAY-
HO C TOYHOCTBIO 0 MHOXuTenei. [loaToMy crenctsuio 1 MoX-
HO COIIOCTaBUTh OOpaTHOE YTBEPXKIEHHE.

Cnencrsue 2. ITycmo Q,(x) — noaunom n-ii cmenenu opmo-
eoHanvHoili Ha ompeske [-1, 1] k aro6omy noaunomy cmenenu m < n,
moz0a ¢ Mo4HOCMbI0 00 MHONCUMENs OH A6AAEMCA NOAUHOMOM

JHexcangpa Q,(x)=A,P,(x). )

4.3.3. Y3 u BecoBble KOIPQHIUHEHTH KBAAPATYPHBIX

¢opmyn I'aycca

H3yuus csolicTa nomiHoMOB JleXaHapa, mepeiiaem K perue-
HHUIO OCHOBHOM 3a1audl — OIpee/IeHUIO Y3JI0B U BECOBBIX K03¢d-
¢dunmentoB kBanpatypHsix dopmyn Faycca. CoctaBuM MONMHOM
n-# CTeNeHu

@, (x)=(x-x)(x-x;)...(x-x,), (90)
rIe X; — UCKOMBIE y3ibl. BO3bMeM IIPOM3BOJIBHBIN ITOJTUHOM
0, (x) crenenu m < n, MOMHOXHM €ro Ha MOIUHOM ®,(X) u
NPOMHTEIPUPYEM IIPOHM3BEACHHUE MO OTPe3Ky [-1, 1] ¢ moMombio

KBazpaTypHoit ¢opmyinsl (80). [TocKOABKY 3TO TIPOM3BENCHHE

IIpeCTaB/sieT cO00H MONMHOM CTeIteHH m+n<2n-1, ¢dopMyna
I'aycca moymxHa GBITH IJIs1 HETO TOYHOM. B pesynrrtare, cornacHo
(90), nonyyum

1 n
fQ,,, (*) o, (x)d"=_2{ciQm (%), () =0. 91)
-1 i=

Kax BUAYM, TIOJIMHOM ®, (X) OPTOrOHaNeH K JO6OMY TIONTMHOMY
crenieru m < n. CoriacHo CACICTBMIO OH C TOYHOCTBHIO IO MHOXM-
TeNsl COBMafaeT ¢ n-M nonuHomom Jlexannpa: o, (x)=4,P, (x).
Orciona ciaenyeT BHIBOA: Y3/l KBagpaTypHOit dopmynsl I'aycca
SABIAIOTCA KOPHSAMH monuHoMa Jlexanapa B, (x). Hanomuum,
4TO KOPHH IToJIMHOMA JlexXaH/pa pacIiojiaraloTcd Ha MHTEpBae
(-1, 1) cMMMeTpHYHO OTHOCHTEIBHO €ro cpeaHeil ToukH x = 0.
134

st Toro 4To6kI MOACYMTATH BECOBbIE KOI(POHULIMEHTHI c;, BBe-
JeM Ui m = 1,...,n cnelranpHele 1oJaMHoMb THra (14) u3 . 3:

(x_xl)"'(x—xm—l)(x'"xm+l)"'(x_xn)
Xm = xl)"'(xm - xm—l)(xm _xm+1)"'(xm - xn)
Kaxnplit U3 HUX ABISIETCS MOJIMHOMOM cTeneHu (n—1). B gumc-
JIUTENIC Y HETO CTOMT IOJMHOM ®, (X) C OMYIEHHBIM MHOXHTE-

. (92)

Qn—l,m (x) = (

JeM (X—xm), B 3HaAMCHATEJIC — 3HAYCHHEC YHCIIMTCIA B TOYKE

X =X, B pe3synbTaTe Takoit CTPYKTYpH MOXMHOM O, |, (x) B
TOYKAX X; YAOBJIETBOPSIET COOTHOLUCHHUSIM

0’ ] £
Qi (x,-)={ m (93

1, i=m

Anst nonuuoma Q, (x) xBampatypHast ¢opmyna Faycca
nomxHa 6eITh TouHoOM. C yyetoMm (93) 31O Hmaer

1 n
J‘ Qn—l,m (x)dx = Z 0 —1,m (xi ) =Cm- 94)
-1 i=1

B pesynbTaTe monyvaeM ciienyroliee HHTErPaabHOE BhIpaXeHHE
7 BeCOBHIX KO3(PHUUIMEHTOB KBagpaTypHoii ¢opmyanl I'aycca:

1
Cm= J.Qn—l,m (x)dx=
-1

— l (x_xl)'"(x—xm—l)(x—xmﬂ)'"(‘x—xn) (95)
—Jl(xm —xl)"'(xm _xm—l)(xm _xm+1)"’(xm _xn)dx'

4.3.4. Hccnegopanne KBaapaTypaoil Gpopmynm

Hawm ocTtanmocs peliuTh IOCIEAHUA BOIIPOC — J0Ka3aTh, YTO
KBazipaTypHas (opMyZa, Y KOTOpOA B KauecTBe y3/I0B X; 6epyT-
Cs1 KOPHM IoauHoMa JlexaHzipa, a BeCoBble KO3 PHLUHMEHTH c;
BBEIYHUCIIAIOTCA 10 opmynaM (95), AEACTBUTEILHO PEIAET 3a1a-
yy Iaycca, sBIsisCh TOYHOM I/g J1000T0 NMOMUHOMA CTENEHHU
2n-1).
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[image: image65.png]HpOBEIICM JOKa3arejabCcTBO B ABa 3rana. CHavana HOKAXEM,
4YTO HaHHaA (bopmyna SIBJIAETCA TOYHOM Ing n000ro mojuHoMa

Q,_1(x) crenenu (n— 1). Takoit MOIHHOM MOXHO IPENCTABHTH
B BHI€ CYMMBI CHIEL{HATbHBIX TOJHHOMOB (92):

Qn—l (x) = 21 Qn—l (xm )Qn—l,m (x) (96)

CripaBelTMBOCTD TAKOTO PA3JIOXEHHs BHITEKAET U3 CIEAYIOLIUX
coobpaxeHuil. 31ech eBast U MpaBasi YaCTH PABEHCTBA COBMAIa-
I0T B 1 TO4Kax X;, 1<i<n. Ho ecnu xBa nomuHoMma (n— 1)-it

CTEMEHHM COBIIAZAIOT B 1 TOYKAX, TO OHM TOXIECTBEHHO PaBHEI.
HnTterpupys paseHcTBO (96) mo otpesky [-1, 1], monydaem

JQ,.I(xw ZQM JQn-l,n(x)dx zco,,l( ) 97)

Hrak, nias nonuHoMoB (n — 1)-i cTeneHu yTBepXIEHHE HOKa3a-
HO.

Teneps paccmoTpum mpoussonbHHi momuHoM Q,, ; (x)
creneHu (2n —1). Pasgenum ero ¢ ocTaTKkoM Ha monuHoM Jle-
xaHapa P, (x) ¥ npeacTaBHM B BHIE

01 (%)= B, (x) gy (x)+ 1, (%), (98)

rae g, y(x) u r,_,(x) — nonuHoms crenenu (n—1). Ipoun-

TErpUPOBaB PaBeHCTBO (98) 1o oTpesKky [-1, 1], 6yneM uMeTh
Ian 1(x)dx= I{P (%) gy (x)+ 1,y (x)}edr=
-1

1 n
= .‘ ray ()= Y 6,y (%)=

-1 i=1 (99)

} chzn 1 (

= C,

I{P( )qn 1(

'M=

-
il
—
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[TosicHUM BHITIOTHEHHbIe MpeoOpasosaHus. Murerpan

1
an (x)g,_ (x)dx onymeH, nockonpky nonuHoM Jlexanapa

-1
P, (x) opToroHaseH nw06OMY MONMHOMY (7 — 1)-#i CTeNeHN. Oc-

TaBUIMHCSA UHTETPAI OT TMOJMHOMA 7, (X) BBHIYUCIEH C MIOMOIIBIO

kBagpaTypHoi ¢dopmyssl (97). Beile yxe mokaszaHo, YTo Vid 10-
JIMHOMOB CcTerneHu (n — 1) oHa saBnsgeTcs To'moﬁ ITocaennuii me-

pexol 3aKJII0YaeTcsi B TOM, 4TO B CyMMY 2 Cily-1 ( x;) nobape-
i=1
net cnaraemsie P, (X;)g,_; (%). OHUM He MEHSIOT 3HAYEHUS CYM-

MBI, TIOCKOJIbKY BCE PaBHHI HYJIO: Bellb Y3llaMH KBaapaTypHOH
bopMyIIsl ABNAIOTCA KOpHH monuHoMa Jlexannpa P, (x).

Htak, ocTpoerHas KBagpatypHas Gpopmyiia AeHCTBUTEIBHO
sBjsgeTcsd TOYHOU 1S Moboro noiuHoOMa creneHu (2n—1), T.e.
3anaya aycca pemeHa. Ha oeHke mOTpelIHOCTH KBAIPaTYPHBIX
dbopMyn T'aycca octaHaBIMBAaTLCSA HE OyAeM, ONHAKO 3aJayH, K
pa36opy KOTOPHIX MbI MEPEXOAUM, TIOKA3HIBAIOT, YTO 3TH HOPMY-
76l 06eCeYrBaIOT M1 [MaAKuX (yHKIUH 04eHb BHICOKYIO TOY-
HOCTb.

3anaua 5. ITocmpoums xeadpamypuyio gopmyny Iaycca c dgy-
M U mpema Y3amu.

BhiBeeM cHauaa KBaJpaTYpPHYIO (PopMyly ¢ AByMs Y3JIaMH.
V311bI ONpeneNsIoTCA KaK KOPHH BTOporo nonuHoma Jlexanapa,
BBIpaXXEHHE JUISI KOTOPOTO Mbl BBIMMCHIBaIX Bhimie [cM. (85)]. B
JAaHHOM cliydae UMeeM

x ==1/43, x,=1/43. (100)

V3Bl pacIONIOXeHbl CUMMETPHYHO OTHOCHTEIBHO TOYKH X = 0.
BecoBbie K03()PHUMEHTH PacCYUTHIBAIOTCS MO GopMye
(95):

i 1
= | 2 aem [ B e,
Sda-n o L 2B (101)

c2=‘1[ X-% L j—x+1/J_
|
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[image: image66.png]Ony paBHBI Mexny co60#, a UX CyMMa, B COOTBETCTBHH C 06-
MM COOTHoueHUeM (82), paBHa ABYM. B pesynbrare mckomas
KBagpatypHasi ¢bopMyia IIpYHUMAET BUJ

1
[ £ ()de=f(=1/43)+ £ (1/43)+8,. (102)
i)

OHa sBJA€TCS TOYHOM 151 TI060T0 MONMHOMA TPeThell CTEMEHH.

Iepeitnem Temeps K BbIBOAY KBagpaTypHoii opmyisr Taycca
¢ TpeMs y3namu. CorsnacHo dopmysne (85) misl TpeThero Iou-
HoMa JlexaHapa ee yanamu SBISIOTCS YMCTA:

% ==35, x=0, x=\35. (103)

OcraeTcs NOACYUTATD BECOBEIE KOIPDUIIHUEHTHI:
1 x(x -J3/5 ) 5
dx=
R S Ev )
1 (x+3B)(x-435)
= J’l 375 dx =
o= j (x+J_ )x

—_— =

EIE e

B pesynbTate kBanpatypHas ¢dopmyna I'aycca ¢ Tpems ysnamu
3aMuIIeTCsl B BUIE

\O| co

) (104)

1
_jlf(x)dx=gf(_M)+§f(0)+§f(Jﬁ§)+s3. (105)

Ona sBnseTcst TOYHOM 11 I060r0 MOTUHOMA IATOM CTENEHH.
3anava 6. Buruucaums no popmysam Cumncona u Iaycca npu

1
n=2 unmezpan f e*dx = 2shl = 2,350402. Cpaenums pesyrsmamut

HUCNEHHO20 UHMEe2PUPOBAHUS C MOYHLIM 3HAYeHUeM uHme2pald u
Mexncdy coboll.
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®opMmynel Cumncona u Naycca KaloT B paccMaTpUBaeMOM
clydae CJICAYyIOLIHe pe3yIbTaThl:

s, =%(e-l +4+e)=%+§chl ~2,362054;

¥, =-0,011651;
= _l/‘/5 1/‘/§ = L= .
Gy =(e71/¥3 +el/ )= 2ch 5 =23426%

8, =0,007706.

Kak BuauM, naxe ¢ asyMms ysiamm ¢opMyna I'aycca naet
xopoliuii otBeT. Ero TOYHOCTE BBILIE TOYHOCTH OTBETA, MOJTYJCH-
Horo no ¢gopmyiie CHUMIICOHA.

3ameuanne. HecMOTpst Ha BHICOKYIO TOYHOCTh KBaJpaTypHbIX (op-
Myn Taycca, Op# KOMIIBIOTEPHBIX pacyeTaX MMM NOJIb3YIOTCS CPaBHH-
TeNBbHO pPeIKo. Jeno B TOM, 4TO Uik PUMEHEHUA MeToa laycca HyX-
HO /60 BBECTH B KOMIIBIOTEP HO Hayajla pacdeToB KOPHHM MOJIMHOMA
JIexannpa u BecoBble K03¢hdULMEHTHI, JM60 COCTABHTh CIELHAIBHYIO
HOAIIPOrPaMMY IS MX BbIYMCJICHHMS. B pesyapTare NOTEpH YenoBeyec-
KOro ¥ MAaIlllMHHOIO BPEMEHHM HA MOArOTOBKY NPOFPaMMBbI K OCHOBHO-
MY PacuyeTy, CBA3aHHOMY C BHIYHCIICHMEM HHTErpana, MOTYT He OKy-
HUTBCH TOYHOCTBIO MeToAa I'aycca. BrrumcieHue MHTerpajia no 6osee
npocToit cxeMe MeToda CHMIICOH2 MMEET C 3TOW TOYKHM 3PEHHMA Ipe-

HMYIHCCTBO.

4.4. IOCTPOEHUE TEPBOOBPA3HO!
C MOMOIIIBIO YUCIEHHOTO
UHTETPUPOBAHUA

®opmyns HelotoHa-JleitbHuua (1) ro3sonsger BHIPa3sUTh
3HaYeHME OMpeEJEJIEHHOro HHTerpaia oT GyHKUuH f(x) 4epes ee
nepBoodOpa3Hy0 F(x). B MareMaTUYeCKOM aHaIM3¢ YCTaHABJIHU-
BaeTCs M MPAMO MPOTHBOMOJOXHAs BO3MOXHOCTB: NEpBOOGpas-
Hag GyHKUMM f(x), HempepbiBHOW Ha oTpe3ke [a, b], MoXeT
OBITh 3aIlMCaHa B BUIE OMpele/leHHOrO MHTETpaia ¢ MEPEMEHHBIM

BEPXHUM IIpEAEIOM:
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[image: image67.png]F(x)= T ()t (106)
Xo

3mech Xy, x — IBE TOYKH OTpe3Ka [a, b, mpUYeM HUXHMIH npe-
A€N MHTETPHPOBAHUS Xy NpeonaraeTcs GUKCUPOBaHHBIM, BEPX-
HMH x — TMepeMeHHBIM. B ciyyae HempepbiBHO#M GyHKuuH f(x)
bynkuua F(x), onpeneneHHas ¢ MOMOLIBIO HHTErpaNa , IBJSAETCS
auddepeHUMpyeMOi U ee NPOU3BOAHAA paBHa f(X):

F’(x)zzdx— f F@)dt = £ (). (107)
Xo

®opmyna (106) B coueTaHum ¢ Kakoi-HUOYIs HOPMYION YHC-
JICHHOTO MHTErpHUpOBaHus, Hanpumep CHMIICOHA, IIPeNCTaBIsgeT
co60i1 YHMBEPCAIBHEIH aJITOPUTM NOCTPOEHHMS TEPBOOGPA3HOIL.
IpuBeneM n8a npuMepa, WUIIOCTPUPYIOLIHE 3TOT AJITOPUTM.
®yHkuua f(x)=sinx/x HempephiBHa M, CIEIOBATEIBHO,
HMeeT nepBoobGpasHbie. OHM He MOTYT GHITh BHIDAXEHBI Yepe3
3NeMEHTapHbie QYHKUMH, HO NpeACTaBIeHHE B BUIE HHTETpaIa
C NMepEMEHHBIM BEPXHUM IpENEsIOM IJIsi HUX CrpaBe/inBo. OqHy
M3 NMepBOOOPA3HBIX MBI MONYYHM, BHIGHpAs HUXHMIA Npenen
HHTErpupoBaHus xy = 0. Ee Ha3bIBAaIOT HHTErPAIbHBIM CHHYCOM

X
1 0603HaYaoT Sj(x)= j (sint/t)dt .
0

HHrerpanbHblii CHHYC OnpelesieH Ha BCEil YMCIOBOI nps-
MOi, SIBJISETCS HEYETHOH (PyHKILIMElH X, MMEeT KOHEYHbIE Ipe-

AENbHBIE 3HAYCHHUs Ha GeckoHedHocTH lim Si(x)=zxn/2. Co-
X—too

rnacHo (107) Si’(x)=sinx/x. ITo 3HaKy NMPOM3BOAHOMH NETKo
OnpesieuTh 00/1aCTH BO3pacTaHHs U yOhBaHMA DyHKUMHU, pa3-
Ae/ICHHbIE TOYKAMH JKCTpeMyMa x; =kn, k=+1,£2,... Mero-
JBI YUCJIEHHOTO HHTETPUPOBAaHMSA MO3BOJIAIOT BEIYMCIUTD 3HAYE-
Hus Si(x) mpu mo6om x. Tpadyk MHTErpanbHOro CHHyca mpu

x20 npuBeaeH Ha puc. 4.3.
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Puc. 4.3. Ipadux unmeepanshozo cunyca

B kauecTBe BTOPOro IpHMeEpa pacCMOTPUM GYHKLIHMIO OLUM-

6ok erf(x), HrPaOLIyIO BaXHYIO POJIb B TEOPHM BeposiTHOCTH. Ee

0603HaYeHHe 06pa30BaHO C MOMOIIBIO MEPBHIX OYKB aAHITIMHCKOIO
Ha3BaHUsA QYHKUHMH owmboK — error function. [Tono6Ho uHTer-
paIbHOMY CHHYCY, yHKLMsI OLUMOOK BBOAMUTCS B BUIE UHTErpa-

-2
Ja C MepeMeHHBIM IpexesioM oT (GyHKuuMu e, Koropas He
H{MeeT MepBoOGPa3HBIX B KIAcCe JIEMEHTapHBIX GYHKIIMIA:

27 p
erf (x)= —je dt.
2T
@ynxuus oMKOOK ONpeleNcHa Ha BCeil YMCIIOBOI NPSAMOH,

ABJISIeTCA HEYeTHON GYyHKIMeH X, UMEeT KOHEYHbIe MpPEeACTbHBIE
3HaueHMs Ha GeckOoHeuHOCTH, paBHbie T 1. CornacHo (107)

2 e

d _
E(erf(x))— J;e
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[image: image68.png]9Ta MPOU3BONHASA BCIOAY NOJOXMUTEbHAS, CIET0BATENbHO, BYH-
KUHUA OKMGOK MOHOTOHHO Bo3pacTaeT. Ee rpaduk npuseneH Ha
puc. 4.4.
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0
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Puc. 4.4. I'padpuk dynkuuu omnbok

CywiecTByeT psili IPYTUX CHELHANLHEIX GYHKIIMIA, KOTOPHIE
BBOJIATCS KaK MHTETPAIHl C IIEPEMEHHBIM BEpXHUM IpeacnoM. He
OyZeM OCTaHaBIMBATHCS Ha UX ONMUCAHMH, OTMETHM JIMIIb, YTO
pa3obpaHHbIE TPUMEPHI MTOKA3bIBAIOT, HACKOJABKO YCIOBHO JEie-
Hye QYHKUMIA HA 3/IeMEHTapHBIE M HeaneMeHTapHble. I1o cyme-
CTBY, YTO6BI paboTaTh C KaKOM-HUOYNb (DYHKIIMEHN, HYXHO 3HATh
€€ CBOWCTBA X UMETh AITOPUTM BHIYUCIECHHS TIPH MOOOM 3Haye-
HUH aprymeHTa. C 3TOH TOYKH 3peHUSI PUMEHEHHE MHTETPAIh-
HOTO CHHYyCa WM QYHKUMH OMIMOOK HUYEM HE OTIMYAETCS OT
TIPUMEHEHUS NIPUBLIYHBIX HaM 3JIEeMEHTApHBX GYHKLIMIA.
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Tnaasa 5.

YUCJEHHOE UHTETPUPOBAHUE
OBBIKHOBEHHbBIX
TNOOPEPEHITUAJIBHBIX
YPABHEHUN

Hau6onee yuuBepcalbHbIMM METOAAMU YHCIIEHHOIO pellie-
HHS OOBIKHOBEHHBIX AHG(PepeHIIHATFHBIX YPABHEHHHA ABIAIOTCS
pa3HocTHEIe. OHM OCHOBaHBI Ha 3aMeHe MPOU3BONHEIX B TG de-
pPEHLMATLHOM YPaBHEHHUH Pa3HOCTHRIMU OTHOLIEHMAMH. B pe-
3yabTaTe McXogHoe nuddepeHIInaIbHOEe YPaBHEHME CBOIUTCS K
cUcTEME anre6pandecKUX YpaBHEHM, KOTOPEIE HAa3hiBalOTCA pa3-
HOCTHBIMM. PelleHue 3T0# CHCTeMBI 1aeT NPUOIMKEHHOE pele-
HHE HCXOMHOM 3aayu.

5.1. PABHOCTHAA AIIITPOKCHMAIIUA
IMPOU3BOJAHBIX
5.1.1. Cerounble ¢pyHKIHM
Iycte Ha oTpe3ke [a, b] 3anan HabOp ToYeK
a=X) <Xy <Xy < <X, <X, =b. )

Bynem Ha3biBaTh ero ceTkoi. UToObl HE YCIOXKHATD M3JI0XKEHMS,
YCJIOBHUMCS CUHUTATh CETKY PAaBHOMEPHOIL:

X, -%=h=(b-a)/n, 0<i<n-1. 2)
TlycTs KaXIO# TOYKE CETKH X; CONOCTABIIEHO IO ONpeeeHHO-
My 3aKOHY 4HCO y; COBOKYITHOCTD 3THX YHCeN Y = {Yos Vs sVnt=

={y;}, 0<i<n, HasoBeM cemounoii pynxyueii. Cetounsie PyH-

KLMM, ornpedencHHBIe Ha ceTke (1), obpasyioTr (n+ 1)-mepHoe
JIMHEeHOoE MMPOCTPAHCTBO.
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[image: image69.png]UT06b UMETH BO3MOXHOCTh CPABHUMBATEL CETOUHbIE (DYHKLMH
MeXIy cO00H, roBOPHTh 06 UX GIM30CTH, HYXKHO BBECTH B 3TOM
NpOCTPaHCTBe HOPMY. B oToit rnase Gynem monb3oBaThest HOp-
Mo# C, KOTOpasi ONpeNeNseTcs CaeayoIuM 06pasoM:

I¥], = max |y]. 3)

0<i<n
Jto OIIPCACNIEHUE 3aKOHHO, IMOCKOJIBKY YAOBJIETBOPSIET TPEM aK‘
CHOMaM HOPMBEI.

1. Hopma HeoTpuuatensHa: [ly|, 20, npuyem paseHcTso

HYJII0O HMEET MECTO TOJILKO U1 HYJIEBOI'O 3JIEMEHTA.
2. MO)IYJIB YHUCJIOBOTO MHOXHTECIISI MOXHO BBRIHECTU 3a 3HAK

HOPMBI: HOCYII =[oqlly] -
3. Hepasenctso Tpeyronsuuxa: [ly+z|, <|ly|, +||z||

CIIpaBClUIP[BOCTb TTOCJICAHEr0 YTBEPXICHUS BHITEKACT U3 CBOIi-
CTBa MakCHUMyMa.

ax |y, + max |z,].

ax |y; + z;| < max max

0<t<n 0<isn

5.1.2. PasHocTHasA annpOKCHMALAH NEPBOi NMPOH3BOIHOM

Hns ceTouHBIX GYHKIUMIA HENb3S BBECTH OOBIYHOE TIOHATHE
NPOU3BOJHOM, BKJIIOYAIOIIEE ONEPALMIO MIPENEBHOrO epexona
npu Ax— 0. BMecTo Npou3BONHOM 31€Ch BBOOATCS Pa3sHOCTHBIE
OTHOILCHHS:

L;[yi]=¥, 0<isn-L ©)
L;,[yi]=—yi_hyi'l, l<isnm (6)
L(f)p},}%—_l, 1<i<n-1. 7

OrHoweHue (5) Ha3BIBAIOT MPaBOi Pa3HOCTHOM MPOU3BOJI-
HOU, oTHOWIEHHE (6) — JIeBOI Pa3HOCTHOI NMPOU3BOAHON U OT-
HoueHue (7) — UEHTPaJIbHOM Pa3sHOCTHOM MPOU3BOMHOI.
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Y106B YCTAHOBUTH CBA3b PAa3HOCTHRIX OTHOWEHHM (5)—(7)
¢ OOGBLIYHOI [IPOM3BOAHOM, MPEATIONOXHM, YTO Ha OoTpe3Ke [a, b]
onpeneneHa nuddepeHunpyemMas GyHKUHS y (X), 3HAYCHUS KO:
TOpO#A B TOYKax ceTKH (1) paBHBI 3HAYEHUSM paccMaTpUBaeMOM
CEeTOYHOH PYyHKUMHU: y; = y(X;). BHIYHUCIUM MEPBYIO MPOU3BOA-
HYI0 GYHKIUHH y (X) B TOUKAX X; H COITOCTaBMM C Pa3HOCTHBIMH
otaoumieHUAMU (5)—(7): :

=Ly ]-v (%), 0<isn-1; ®)
F=L[y]-v(x) 1<isn 9
(0)—L(0)[y] -y (x <n-1. (10)

DTH BeJIUYHHH MPEACTABAAIOT CO00M MOrpeIHOCTH aNIIpOKCH-
MAalHH NPOU3BOAHOM C MOMOILUBIO Pa3HOCTHBIX OTHOMICHHH (5)—
(7) B TOYKE X;.

IIpeamonoxuM, 4To QyHKLUHUA y (X) ABAXIAB HENPEPHBHO
muddepeHIMpyeMa Ha oTpeske [a, b], u 3anuieM mis Hee dop-
myny Teiiopa ¢ ocTaTOYHBIM WieHOM B ¢popme JlarpaHxa:

, 1,
Vi = V(% +h) =y +V (5)h+2y (x +0h)R2, (1)
e 6; — KaKoe-TO HEM3BECTHOE HaM YHMCJIO MEXIY HYJEM H efH-
Huueii. Ioncrasnsa pasnoxeHue (11) B dopmyny (8), monyya-
eM

+

1.,

AHaJIOTHYHOE TPEACTABIEHHE MOXHO MOIXy4uTh I V; (9):

1,
vy ==Y (x; - 6;h)h. (13)

®opmyisl (12) u (13) He TIO3BOJAIOT BHIYUCIUTL COOTBETCTBYIO-
LIM€ MOrPeIHOCTH, HO JAIOT BO3MOXHCCTh X OUEHUTh. DyHK-
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[image: image70.png]unst y*(x), MO NPENONOXeHNIO, HeNpephIBHa Ha otpeske [a, b]
M, CNIENOBATENLHO, OrpaHHYEHa:
ly’(x),st, a<x<b. (14)

B pesynrbrate nonyyaem

v S%Mzh, I\V,TIS%Mzh. (15)

Ouenku (15) sensiorcs PaBHOMEPHEBIMH, MTOCKOJILKY HE 3a-
BUCAT OT MHIeKca i. Takum o6pasoMm, nesoe u mpasoe pa3Ho-

CTHBIE OTHOLUEHUS aNMPOKCUMHUPYIOT HPOU3BOAHYIO ¥'(x) ¢ nep-
BBIM ITOPSAKOM TOYHOCTH OTHOCHTEJILHO A.

Mns ouenkn \v,(-o) (10) mpeamonoxum, yro byHKuMs y (x)
TpH pasa HenpepeBHO i depeHnnpyeMa Ha oTpe3ke [a, b], u
TIPOROJXUM pa3snoxeHue (11) ewe Ha oquH wien:

’ ”, 1 »
Yist =Y (5 )h+ 4y (3 )2 4 25" (5, + 0, ),

, i 1. (16)
Yiet = 3=V (%) h+ 35" (6 )82 ~ 5" (x; - 0, k) 1.

Ioncraenas pasnoxenus (16) B popmyny (10), Gyxem umers
o_1ly. -
= Sy +0,m)+ v (x -0y 2. (17)

ITo npeanonoxenuio dbyukius Y"(x) HempepriBHA H, cnenopa-
TEJIbHO, OrPaHMYeHa Ha OTpe3Ke [a, b):
" (x)<Ms, asxs<b. (18)

B pesynbrare u3 pasencrsa (17) nonyyum ouenky
1
[vi%) s 2 M2 (19)

Ouenka (19), xak u paHee (15), He 3aBHCHT OT MHAeKca i, OHa
ABNISCTCS paBHOMEpHON. Takum o6pasom, LEHTpalIbHAA Pa3HO-
CTHas MPOM3BOAHAsS NaeT Gojlee XOPOIIMiA pe3yabTaT: OHa ami-

POKCHMMpYET Npou3BonHyio y'(X;) co BTOpsiM MOPSAKOM Toy-
146

HOCTU OTHOCHTENBHO A A (PYHKUMH, TPUXIBI HENPEPbIBHO
nuddepeHIHPYEMBIX Ha oTpe3Ke [a, b].
3apaua 1. Paccmompems ynxyuio y=1/(1-x) na cemxe

x=-0,1; x,=0; x,=0,1. (20)

Buiwucaums ¢ mouke x; =0 npaeyio, neeylo u UeHmMpAnbHYI0 pas-
HOCMHbIE NPOU3B0OHbIE, HAliMU NOZPEUHOCMU anNPOKCUMALUU NPO

uzeodnoii y'(0) =1, cpagnums ux c anpuopHvimu oueHKamu no gop-

myaam (15) u (19).
B naHHOM ciyyae

+ 1/0,9_1_ .
Lh[yl]=__0’—1__l,111111,

vt =0,111111;

_ 1-1/11 :
Lh [y1]= 0’1 = 0,909090;

y; =-0,090909;

1/0,9-1/1,1 .
0 =1=7" 10 —1,010101;
L) n)="—55 =t

v =0,010101.

IepeiineM K anpHOpHO¥M OLEHKE MOrpeIlHOCTH. BTopas u
TpeThsl MPOU3BOAHBIE pacCMaTpHUBaeMoit QYHKIMH y (x) UMEIOT

BH]

2 - 6
” x)= ; y (x): i
YOy (1-x)
Jns uux Ha orpeske [-0,1; 0,1] cnipaBemIMBBI OLIEHKH
2 Cly(x) = —2 < 9,3
"(x) < <2,8; |y (x)= 7<9.3.
() (0,9’ (0,9)
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[image: image71.png]w014 |vi|<0,14; ]w§°’l50,016-

OHY BBIMONHAIOTCS.

5.1.3. Pa3HoctHas annmpoKcumaums BTOPOil NPOH3BOAHOI

Hnst pa3sHOCTHO#M anmpoxcHMaluu BTOPO# IIPOU3BOIHOM CO-

CTaBUM Da3sHOCTHOE OTHOILEHHUE NICPBBIX Pa3HOCTHBIX IIPOU3BOJ-
HBIX:

Vi1 =Y/ h=i =y )Ry, -2y
Lh[yi]= i+ 1)/ h(l 11)/ = i1 i);’+yi+l' e

YTo6BI yCTAHOBHTE CBA3b BHIPAXEHHS (21) co Bropoit npoussox-
HOM, NPEATONIOXUM, YTO Ha OTpe3Ke [a, b] onpenenena JIBaXIbI
HenpsmeHo aupdepeHUnpyeMast GYHKUMS y (X), SHAYEHHS KO-
TOpOH B TOYKax CeTKH (1) maioT 3HaYeHUs CeTOYHONH GYHKLMH

¥;- BeIYHCIIHM ee BTOPYIO TIPOM3BOMHYIO B TOUYKAX CETKHU X; M CO-
CTaBUM Pa3HOCTD I

Vi=L[5]-5 (%), 1sisn-1. (22)

Ona nipeacrasisieT co60oii MOrpemHoOCTs annpOKCHMAalLMH BTOPOIA
TIPOH3BONHOH C IOMOIIBIO Pa3HOCTHOTO OTHOLIEHMSI BTOPOTO
rnopsaka (21).

OueHuM BeTHUHHY NOTPENIHOCTH MPU MPEANONAOXEHHH, YTO
GbyHKuHS y (X) YeThIpe pasa HenpephiBHO nupdepeHIMpyeMa Ha
oTpe3ke [a, b]. D10 MpennonoxeHue MO3BONASET HANCATS pas-
noxeHus Teitnopa:

yi+1=y(xi+h)=yi+yl(xi)h+
1, 1, 1
+5Y (xi)h2+gy (xi)h3+2_4y(4) (xi+91,ih)h4,

Vi1 =Y(%—h)=y;-y'(x)h+ (23)
1 » 2 1 » 3 1
+3Y ()R =2y () + 50 D (x;- 0, k)it
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Moncrasnsg ux B popmynsl (21), (22), nonyyaeM

\ui:%{yw (xi+91,ih)+y(4) (xi‘ez,ih)}hz' (24)

MBI HE MOXEM BBIYMCIMTb NMOTPEIIHOCTh MO 3TOH ¢opMmyrre,

NOCKO/BKY 3HaueHus apryMenTos y dynkumu y4) (x) Ham He-
M3BECTHBI, HO MOXeM ee oueHuts. Pynkuusa y*) (x) Henpepsis-
Ha M, C/IeIOBaTe]bHO, OTPaHHYEHa Ha OTpe3ke [a, b]:

Y@ (x) < My, asx<b. (25)
B pesynbrare u3 popmynst (24) monydaem
1
lwil <5 M . (26)

TakuM 06pa3oM, pa3HOCTHOE OTHOlIeHHe (21) aNnpPOKCUMHU-
pyeT BTOPYIO MPOM3BOAHYIO CO BTOPBIM MOPSAKOM TOYHOCTH OT-
HOCHTENBHO h Ut PYHKIMIH, HMEIOLIHMX YEThIPE HEMPEPHIBHBIE
poM3BOOHKIE Ha oTpe3ke [a, b]. COBEpPIIEHHO TaK X& MOXHO
CTPOMTh Pa3HOCTHHIE AHATIOTH IIPOM3BOJIHBIX 607Iee BHICOKOTO 10~

psKa.
Samava 2. Jaa ¢gynkyuu y=1/(1-x) evuucaume nHa cemke
(20) emopyio pasnocmuylo npoussoduyro 6 mouke x,=0. Haiimu
nozpewHoCms annpoKCUMayuu emopol npouseodnoi y*(0)=2 u
cpaeHums pesyabmam ¢ anpuoproil ouerkol (26).
B nanHOM city4ae

1/1,1-2+1/0,9 _ _
L[n]=" g =2, 02020;

y; =0,020202.
YerepTas IPOM3BOAHAS PacCMaTpUBaeMoi QYHKIMH y (x) 1 ma-
XOpaHTa 1 Hee Ha oTpe3ke [-0,1;0,1] umeoT BUI
24

=< 4],
(0.9)

24
y® (x)= % ly(4) (x)ls
(1-x)
a HepaBeHCTBO (26) nmaet |\v1| <0,034 . OHO BBHITOJHAETCA.
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[image: image72.png]IIpu yncieHHOM MHTErpUpoBaHHK InddepeHIHATLHBIX
YPaBHEHHH MPOM3BOLHBIE B HUX MPUOIMKEHHO 3AMEHSIOTCS CO-
OTBETCTBYIOIIUMH Pa3sHOCTHBIMU OTHOLICHUSAMHU. B pesyibrare
3ajaia CBOQUTCS K CHCTEME PAa3sHOCTHBIX YPaBHEHHH, KOTOpPbIE
PEIIAlOTCS Ha KoMIbloTepe. B kayecTBe oTBeTa monyyaercs ce-

TOYHAsl (PYHKUHSA {yi}, 0<i<n. Nocne 3toro Bcraer BOMpOC: B
KaKO# CTEeNEeHH M C KaKOil TOYHOCTBIO ee MOXHO paccMaTpuBaTth
B Ka4eCTBE NMPUGIMKEHHOTO peLIeHHs] HCXONHOM 3amauu? Hyx-
HO MMCTb B BUIY, YTO NpPSIMOE CPAaBHEHHUE pellieHHs AUddepeH-
LIHAJIbHOTO yPaBHEHHUS ¥ (X) M PaCCYUTAHHOM CETOYHOIM YHKIMH
HEBOSMOXHO: OHM NPUHAUIEXAT Pa3HbIM MPOCTPAHCTBAM M HX
IIPEXKIE BCETO HYXKHO CBECTH B ONHO HMPOCTPAHCTBO. DTO MOX-
HO CIEJIaTh IBYMSA CIIOCO6aMH.

Bo-nepBeIxX, M0 ceToyHOMH DYHKUMM C MOMOLIbIO METOAOB
HHTEPIIOIMPOBAHMA MOXHO MOCTPOUTh GYHKUMIO HEIPEPHIBHO-
T0 apryMeHTa y (X) ¥ OLEHHTb Pa3HOCTh Z(X)=y(x)-u(x), Ha-
rpuMep, B Hopme C':

el = max] (o))

Bo-BTOpBIX, HA060POT, pelIeHHIO auddepeHIMANBHOTO
YPaBHEHHSI MOXHO COMOCTAaBHTb CETOYHYIO (DYHKIIHIO {u,- =u(x )}
H CDaBHUTb MEXIy COG0it niBe ceTouHble dynkuum: {y;} u {u;},
COCTaBUB MX Pa3HOCTb Z; = Y; —1; . IIpH 3TOM mOrpemHoCcTs npu-
OIMXEHHOro penreHus 3alauyu GyNeT XapaKTepu3oBaTh HOpMa
pasHocTH ||z = 5nax| i —ul.

<i<n
Haubonee MOC/ICIOBATENBHEIM SIBJISIETCS HepBbe;I CHOCOG, HO

06BIYHO BBIGHPAIOT 60JIee MPOCTOi — BTOPOIi.

Hanee paccMOTPUM YKCIEHHOE PELIEHHE C TIOMOIIBIO METO-
Aa KOHEYHBIX pa3HOCTel 3amauyu Kowu u xpaesoit 3amauu mis
TMHEHHOTO Nu(depeHIIHaTbHOTO YPaBHEHHUS BTOPOTrO rnopsiaka.

5.2. YUCJIIEHHOE PEIIEHHUE 3AJJAYU KOIIIU

PaccMmoTpum 3amauy Kowwu ms I depeHIUATBHOTO ypaB-
HEHUSA TIEPBOro IMOpsIAKa:

u'=f(x.u), (27)
150

Ecnu dyskumst f(x,4) HempepbiBHA M YIOBJETBOPAET yCI0BHIO
JIMIIUMIa O apryMeHTy & B HEKOTOPOi OKPECTHOCTH HaYalbHOM
TOuKH (X, 14y ), TO MOXHO YKA3aTh TAKO# OTPe3OK [a, b], a< %o <b,
Ha KOTOPOM pelieHue 3amauu (27), (28) u(x) cymecTsyer U sB-
fgeTCs eAMHCTBeHHBIM. OBCYIMM YMCIICHHbIE METOMBI €€ pelie-

HHUA.

5.2.1. Meron Diirepa

T1ycTh HaM HYXHO TOCTPOUTH peleHHe 3anadu (27), (28) Ha
oTpe3ke [ xy, X +/] wimkbl . BosbMeM HEKOTOpOE U0 THCIO
n, BBedeM Iiar A =I/n u obpa3yeM Ha OTpE3Ke CETKY

x; =X +ih, 0<i<n 29)

ConoctaBuM 3anade (27), (28) Ha oTpe3ke pa3HOCTHYIO 3a-
Jaqy

(i1 = %:)/h=f(%%,), 0<isn-1; (30)
Yo =4y (31)

3nmech npoussonHas «'(x) B ypaBHeHHMHM (27) 3aMeHeHa IpaBoOH
Pa3HOCTHOM NMPOU3BOAHON M COXPaHEHO HEM3MEHHBIM HAYaIbHOC
ycnosue (28).

Ypasuenue (30) gaBisieTcst pa3sHOCTHHIM YPaBHEHMEM [epBo-
o MOpsiNKa, KOTOpOE MPHHATO Ha3hBaTh cxemoil Jinepa. Ero
MOXHO TepeITcars B BUAE PEKYPPEHTHOTO COOTHOLIEHMS:

DTO 1M03BOMSET NOCAENOBATEIbHO PACCYUTATh BCE 3HAYEHUS Ce-
TOYHOI GYHKIUHU {y,-}, PEIIUB TEM CaMI:IiVI samagy (30), (31). Ta-
KYyIO pa3HOCTHYIO CXEMY Ha3bIBAalOT A6HOU.

Iepeitnem Temepb K OOGCYXAEHHIO TIIABHOTO BOMpOCaA: C Ka-
KOil TOYHOCTBIO pacCYMTaHHasi CeTOYHasA PYHKIUA {y,-} JaeT pe-
meHune ucxoqHoit 3anayn Kowm u(x)? Inga orBeTa Ha Hero pac-
cMOTpUM pelieHMe 3anauu (27), (28) B Toukax CeTkH (29), 06-
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[image: image73.png]Pa3oBaB M3 QYHKLMH HETIPEPHIBHOTO apPTYMEHTA CETOYHYIO (byH-
KIHIO {u,- =u(x,-)}, U CPaBHHUM €€ C pacCYMTAHHON CETOYHOM

dynkuueit {y;}. Jina atoro obpasyem npe cerountie dynmmm —
z, ¥
z;=y;-u, 0<is<m (33)

V; = (U~ )R f(x,5;), O<i<n-1. (34)

Cumeicn mepBoit dynkunn (33) oueBumen. Ona XapaKTepU3yer
Pa3HHMLY MEXNy PaCCYMTAaHHBIMM YHCJIAMHM y; M PelleHUEM u(X)
3agaqm (27), (28) B ToUYKaX CETKH x;. B coorBeTcTBMH € 3TUM Ce-
TOYHYIO QYHKUMIO Z HAa3BIBAIOT NOZPEUHOCMbIO PeUleHUs.,

Dynxums y (34) nonydaercss B pe3yibTaTe MOACTAHOBKY pe-
WeHUs nupepeHunanbHOTO ypaBHeHus (27) B pa3sHOCTHOE
ypasHeH#e (30). Ecnu 6bl 5TH ypaBHEHHS COBIIANAIH, TO MbI I10-
ayqunu 661 Hyab. Ho oHM pasnuyalotcs, ¥ HyIS MBI He TONy-
yuM. CeToYHYI0 QYHKUMIO Vs, XapaKTepU3YIOWYIO CTENEeHDb O/IH-
30CTH AMGEPEHLIMATBHOTO H Pa3HOCTHOTO YPAaBHEHH, HA3HIBA-
0T nozpewHocmolo annpokcumayuy CXeMbl Ha pELICHUH.

YcTaHOBUM CBSI3b MEXIY CETOYHBIMM QYHKUUSIMHU Z U y. C
9TO# uenbio U3 hopmyisl (33) Haiinem

V=l +g (35)

U MOACTaBUM B pa3HOCTHOe ypasHeHue (30). B pesyaprare mo-
JYYUM

(ZI+1 % /h+ z+l_ /h f u,~+z,-)

(Z,'_,,I—Z» /h’_'
={f(£ U +2;) } { Ui, - )/h"f(xi’"i)}- (36)

31ech B 06e durypHele cKobKH 106aBieHa BEIMYMHA f (x,-, u,-).

HobaBneHHbIE YWieHbI BXOAAT B COOTHOLIEHHE (36) ¢ npotusomno-
JIOXHBIMM 3HAKaMH U O/1arofapsi 3T0My He HapylIaioT PaBEHCTBO.
ITocne Takux npeo6paszoBanmii Bo BTOPBIX (QUrypHBIX cKOOGKax

NI0Jy4aeTCsA BEJUYUHA ;.
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B nepBbIx (UTypHBIX CKOOKax CTOUT Pa3HOCTb 3HAYCHMM
$yHKIMHM f IpY OAMHAKOBOM IIEPBOM apryMeHTe X; H pa3sHBIX
3HaYEHUAX BTOPOrO apTyMeHTa. DTy pasHOCTb ¢ NOMOLbIO $Hop-
MyJIbl JIarpaHxXa MOXHO NPEACTaBUTH KaK

J
f (%4 +zi)_f(xi’ui)=a_{‘(xi’ui +6,7,)2

¥ 3amucaTh dopMyiy (36) B BHIE PEKYPPEHTHOTO COOTHOIIEHHSI:
) .
,+1_{1+haf( i,ui+e,-z,.)}zi—\|lih, 0<i<n-1. (37

Cornacuo (28) u (31) ero ciexyeTr JOMOJHUTH HYJIEBBIM HaYallb-
HBIM YCJIOBHEM

2 =0. (38)

B omimume ot (30), (31) dopmynnt (37), (38) He MoryT GHITH
UCIIOIb30BaHBl [UIsl BEIYMCIECHUS BEJIMYMH Z;. B HHX BXOISAT He-

H3BECTHBIE BEJIMYMHBI V;, 4, 0;. OnQHAaKO U3 3TOW CHCTEMBI pe-
KYPPEHTHBIX PAaBEHCTB MOXHO MOJIYYUTh PEKYPPEHTHBIC Hepa-

BEHCTBA.
BBeneM 151 OLIEHKHM CETOYHON QYHKIMH W €€ HOPMY:

vl =

Jwil, mpu otom. || <, (39)
0<1s

af .
IpeanonoxuM aanee, 410 GyHKUUS é;(X, u) B HHTEpECYIOWER

Hac 00JIaCTH U3MEHEHMSA ee apr'yMEHTOB OTpaHHYEHa:

lgji(x, u) <C. (40)
du
DTo NMO3BOJIAET HAMUCATH OLEHKY
1+hgf(,, u;+6;7; ) <1+Ch<e =q, g>1. C3))
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[image: image74.png]C yueroMm (39) u (41) u3 Gpopmynsi (37) CleayioT peKyppeHTHBIE
HEPaBEHCTBA

l2is| < alz| +lwil. 2 (42)
KOTOPBIC ITOPOXKIAIOT LICTIOYKY OLICHOK:
% =0,
|| <[wl, . )
|22 < (1 +g) v, A,
sl (1947l 43)

|z, <(1+q+4¢? +---+q"‘1)"\|;||c h.

CornachHo (41) ¢> 1, nostomy
l1+g+g%+-+g" 1 <ngh =nelhn,

310 NMO3BOJIIET 3aMEHUTh HHAMBHIYAIbHbIE OLEHKH (43) yHUBEp-
CAIBLHOMN OLIEHKOM

|z;| < nhe@ |y, 0<isn (44)

HepaBeHcTBa (44) cripaBeIMBEL ITPH JIO60M i, B YaCTHOCTH
TIpU TOM, IIPY KOTOPOM | Z;| HOCTHTaeT CBOero HaubobLIErO 3Ha-
YCHHSI U OIpPEAEssAeT TEM CaMbIM HOPMY CETOYHON (PYHKIUH
l|z||.. B pe3ynsTare oueHKa MOrpeUIHOCTH pelleHUs: IPUHUMAET
BHUI

Izl <7e< v}, , (45)

rie / — LMHa 0Tpe3Ka, Ha KOTOPOM pacCMaTpPUBAETCS PelleHHe
UCXOLHOM 3anauu (27), (28).

Mpl noMyYyunu BaXHBIH pe3yJIbTAT: OLEHKY MMOrPELIHOCTH
peleHHs Yepe3 OUEHKY MOrPEITHOCTH allMPOKCHMAIIHKM CXEMBI C
K03 GUIIHEHTOM, KOTOpHIH He 3aBUCHMT OT miara A. Yem syyine
Pa3HOCTHOE YypaBHEHUE aNIIPOKCUMUPYET AU depeHLHANBHOE,
TEM MEHBIIIE TOrPEUIHOCTD pelleHud.
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Yro6bl 3aBEPIIUTh MCCIEN0BAHUE MeTONAa Ditiepa, OLIEHUM
HOPMY TOTPELIHOCTH annpoKcuMaiuy ypasHeust [, . Tlpex-
nonoxuM, 4To GyHKUMs f(x, u) MMeeT B pacCMaTpUBAEeMOMH
06JIaCTH U3MEHEHHUS apTYMEHTOB HETIPEPLIBHBIE M OrPaHHYEHHBIE
IIepBbIC YaCTHHIE IPOM3BONHbIE df /ox U df /du. DTO obecneyn-

BaeT CyLIEeCTBOBaHME y peleHus 3anaqu (27), (28) HempepbiBHOMA
1 OrpaHMYeHHOU BTOPOH NMPOM3BOIHOM

u(x)= f(x u)+ (x u) f(x,u). (46)

3anuuem g QyHKUUHM U (X) (bopMyJIy Teitnopa ¢ ocTaTo4-
HBIM WIeHOM B opme Jlarpanxa:

u(xp+h) =ty 40 () (3 + OBV (47)

IMoxacrasisisi pasnoxenue (47) B bopmyny (34) mis morpeiHoc-
TH alMpPOKCHMAlMM YPaBHEHHMs, ITONydaeM

U=

1 .
V=5 (o + 8,h)h. (48)

CornacHo dopmyne (46) dyHkuus u”(x) HenpepbiBHA U Orpa-
HUYEHA:
|u'(x)|sM2, XpSx<xy+1. (49)

3TO MO3BOJISIET HAITMCATh OLICHKHU
Il <=4 |, < Yol cenp, (50

HepasencTsa (50) moxassiBaiot, 4To npu h— 0 MOrpemIHoOCTs
ANTMPOKCHMALMM YPAaBHEHMS U CBA3aHHAs C Hell HEPaBEHCTBOM
(45) MOrpeuIHOCTh PEIIEHHs CTPEMSTCS K HYJIO CO CKOPOCTBIO h.
B CBS3M C 3THM METOI Diiepa Ha3bIBAlOT MemoGOM hepeozo no-
pAOKa MOoYHOCMU OTHOCHTENIBHO A.

3anaua 3. Paccmompembo 3adavy Kowwu

u'=%u+x, 5D
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[image: image75.png]u(0)=0. (52)

Ilocmpoums ee uucaennoe pewenue na ompeske [0, 2} no cxeme Ji-
aepa ¢ waeamu hy = 0,25, hy = 0,05, hy; = 0,01. Cpasnums pesyab-
mambt pacyemoe mMexcdy coboil u ¢ aHaAUMUHeCKUM peuleHueM 3a-
dauu

1
u(x)=-2(x+2)+4e2". (53)
Pe3ynbraThl pacdyeToB NMpHBEREHH B Tabi. 5.1. )
Tabmmua 5.1
X; hl = 0,25 h2 =(0,05 h3 =(,01 u(xi) ‘
0,00 0,000000 0,000000 0,000000 0,000000
0,25 0,000000 0,025633 0,031182 0,0325%4
0,50 0,062500 0,120338 0,132903 0,136102
0,75 0,195313 0,293193 0,314530 0,319966
1,00 0,407227 0,554466 0,586674 0,594885
1,25 0,708130 0,915776 0,961355 0,972984
1,50 1,109146 1,390270 1,452190 1,468000
1,75 1,622789 1,992821 2,074604 2,095501
2,00 2,263138 2,740255 2,846068 2,873127

3mech B IIEpBOM CTOJIOIIE BEITMCAHBI 3HAYEHHUS HE3aBUCHMOM
nepeMeHHoM x ¢ maroM h; = 0,25, B Tpex cienyromux cronbuax —
pellleHHs pa3HOCTHOH 3alauM C 1araMu hy, h,, h3. IIpu aToM pe-
3yNBTaThl PACYETOB C LIaraMu Ay U k3 B MPOMEXYTOYHBIX TOYKAX
X; , KOTOpHIE He BOLWIM B NEPBHI cTonbel, omyuieHsl. B nmocnen-
HEM IIITOM CTOJIOLE ITPUBEOCHBI IIA CpaBHEHMS 3HaYeHHs QYH-
kuuu u(x) (53), namuieil aHaIMTHYECKOE pelieHue 3agauyu. U3
TabAUMIB BMAHO, KaK 10 Mepe YMEHBIIEHHUS I1ara MOBHIIIAEeTCS
TOYHOCTh. B TO X€ BpeMsl cleayeT OTMETHTD, YTO JAaXe IpU Ma-
JeHbKOM 1uare a3 = 0,01 MeTon He MOXET OGECTIEYUTh XOPOLIYIO
TOYHOCTH pellleHHsi: OlIMOKa B mocieaHei TOYKe x = 2 COCTaB-
Jster z = —0,027059.

Pe3yabTaThl IPOBEAECHHBIX PACYETOB MPEACTABICHBI TAKXE Ha
puc. 5.1. Ha HeM TIipuBegeHH TPpU KPHUBBIE, COOTBETCTBYIOILUE
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Puc. 5.1. 3asucumocmb mOYHOCMU HUCIEHHO20 PelleHus 3a0auu Kowu
(51), (52) no cxeme Diinepa om waza h. Junuu I, II, IIT coomeem-
cmeyrom wazam h;=0,25, h;=0, 05, h3=0,01. Ilpu 8biOpaHHOM
macumabe aurus IIT npaxmuuecku coenadaem ¢ zpagukom anasumu-
yecko20 peutenus 3adawu (53)

YHC/IEHHOMY PELICHHMIO 3a1a4M Mo cxeme Diliepa € WaraMu hy,
h,, h3. Ilpx BEIOpaHHOM macmrabe xpuas II1 mpakTHyecKyt CoB-
nagaer ¢ rpadbMKOM aHATMTHYECKOro PEUICHHMS 3anaqu (53)
(1rTpuxoBast TMHUS). PHCYHOK HarTHO MOKa3biBACT TOBhIIIC-
HHe TOYHOCTH TPUOIMKEHHOTO peLIEHHUs 10 MEPE YMEHBILICHHUA
mara h.

Mbl moxpoGHO pa3obpanu MeTon diliepa, MOCKONBKY Ha
IIpUMepe MIPOCTOH Pa3HOCTHOM CXEMBbI (30) oH mo3BoJsIeT NOCTa~
BUTb ¥ OOCYIHUTh BCE OCHOBHBIE BOIMPOCH! YMC/IEHHOTO PEICHMS
sagauy Komu MeTooM KOHeYHbIX pasHocTei. OXHaKo crenyer
OTMETHTb, YTO MOJYYEHHBIE B 3TOM pa3siesie pe3yJbTaThl Mpen-
CTABJSIIOT MPeXJe BCErO TEOPETUYECKHUH HHTEPEC. Jns perieHus
peanbHbIX 3324 Pa3sHOCTHYIO CXEMY Ditnepa 06BIYHO HE MPHME-
HSIOT M3-3a €6 HU3KOH TOYHOCTU: MOTPEIIHOCTh ¢ YMCHBIICHU~
em h y6miBaeT kak O(h). B cienylolmx pasienax Mbl obcynum
MyTH NOCTPOECHUSI PA3HOCTHBIX CXEM 6oJiee BHICOKOTO MOpsAIKa
TOYHOCTH.
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[image: image76.png]5.2.2. TioBblmieHHe TOYHOCTH Pa3HOCTHOIO METOIA

OueHKa MOrpeltHOCTH pPeLeHUs Yepe3 MOrPeLrHOCTD aMil-
POKCHMalMK YpPAaBHEHHs B MeTone Ditnepa (45) NPUBOAUT K
BIIOJTHE €CTECTBEHHOMY BBIBONY: YTOOH MTOBHICHTb TOYHOCTb M€E-
TOAAa, HYXHO yJTYYIIUTh alIIpOKCUMaUUIo nudpepeHIHATLHOrO
YPaBHEHHUS pPasHOCTHBIM. PacCMOTPHM BO3MOXHEIE ITYTH peaiu-
3alMy STOW HAEH.

Ipeanonoxum, yro peenue auddepeHIMaILHOTO ypaBHe-
HHUS U(X) NIMeeT NPOU3BOIHBIE JOCTATOYHO BHICOKOTO IODSIKA,
H HallMLIEM [UIS Hero pasnoxeHue mo ¢popmyne Teitnopa:

Uy =u (X +h)=u;+u'(x; ) h+ %u"(x,-)h2 +%u"(xi)h3 +.. (54

Ecnu ero o60pBath Ha wieHe TMOpSIAKa A U OJIOXUTh B COOTBET-
cTBUH C MupbepeHIManbHEIM ypaBHenneM (27) '(x;)= f(x,4;),
TO TIPHAEM K cxeMe Ditnepa.

Cnenaem cnenytomuit mar. O60pBeM pa3ioXeHHUE (54) na
WIeHe NopsAnka A2 ¥ BOCHIOIB3yeMCst U1 BBMUCHEHUS [IPOU3BOII-

HOM u”(x;) bopMysoit (46). B pesysbraTe mOAYYHM HOBOE pe-

KYPPEHTHOE COOTHOIIIEHHE, Bojee COXHOE, yeM (32):

ox
KOTOPO€ MOXHO TaKXKe 3aIlMCaTh B BUIE Pa3HOCTHOIO YPABHEHHS:

Vi1 ~ Vi 1{9
A2 e (o) 3 L o) L) G 6
3nmeck, Kak M B IIpeAbIAyILEeM pa3aeie, Mbl 0603HAYMIN HC-
KOMYI0 (pyHKLIMIO B PA3HOCTHOM ypaBHeHHH (56) GyKBOii y, a He
U, YTOOBI MIOAYEPKHYTH, 4TO (27) M (56) — 3TO HBa Pa3HHIX ypaB-
HEHHA.

Vpashienue (55), N0ITONHEHHOE HAYATBHBIM yciaosueMm (31),
AA€T SABHYIO Pa3’HOCTHYIO CXeMy YHMCJIEHHOTO PEIEHMs paccMar-
puBaemoii 3agauu Komwu. ITo pekyppeHTHOM PopMyse MOXHO
10C/IEN0BATENIBHO PACCYMTATh BCE 3HAYEHUS CETOYHOM (PYHKLMH
;> 0Si<n u nonydurs, TakuM 06pa3oM, IPUGAHKEHHOE pelue-
Hue 3agauu (27), (28). Hccnenosanre noxasbiBaeT, YyTo Takas yc-
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iwr =201 o 548 o)+ L) )2, 69

JIOXHEHHAs] CXeMa MMEET BTOPOi MOpSAAOK TOYHOCTH OTHOCH-
TeJILHO A KaK Ui anfpoKCHMAlHKW YpaBHEHUs, TaK M WIS IO-
rpelrHoCTH peiieHus. CyleCTBEHHO TO, YTO OCHOBHAS MIEesl 3TO-
ro Moaxona HOIYCKaeT JaibHeiiuee pasputue. Ecin ob6opsath
pasnoxeHue (54) Ha wieHe nopsaKa K3, h* u 1.1., TO mony4arcs
Pa3HOCTHBIE CXEMBI TPETHETO, YETBEPTOrO U Gojiee BHICOKUX I10-
PANKOB TOYHOCTH.

OnHaKo y JaHHOro MOIAXOAa €CTh CYILECTBEHHBIN HEJI0CTa-
tok. IIpu pacyerax mo cxeme Dilepa TpeGyeTCs BHIYMCIATDH

TONBKO 3HaueHMs GYHKUMU f(X;,;). B cxeme xe (55) Ha Kax-
JIOM 11are MPUXOIUTCS BLIYUCIAT HE TONBKO GYHKLHIO f, HO M
) J
ee TepBbie IPOU3BOIHBIE al(xi, y;) u %(xi, ¥;). Ecnu, octaBus
X
B pa3ioXeHUH (54) WieHH A0 A* BIOTIOUMTEILHO, TOCTPOMTH CXe-

MY YETBEPTOrO IOPAXKA TOYHOCTH, TO Ha KAXKAOM LIAre NMpHACTCA

BBIYMUC/ITD JECATh BeJUYHH: QyHKUMIO [ (x,., y,-) , IBE €€ TEePBBIX
NPOM3BOAHBIX, TPH BTOPHIX NMPOM3BOAHBIX H YEThIpe TPETBHMX
NPOM3BOIHLIX. BTO CYLIECTBEHHO YCJIOXHHT pa3spaGoTKy Mpo-
rPaMMBI M HapYLIMT BaXHbIA MPHHLHUI BHIYMCIMTEILHON MaTe-
MATHKH — MCIIOJB30BaTh B PACYETax TOJBKO Te BEJIMYHHBI, KO-
TOpHIE 3aJalOTCsA YCJIOBHAMHM 3agauyd. POpMyIHpPOBKa 3amayuH
KoLy NpearionaraeTr, 4To H3BECTEH AITOPHTM BBIYMCIEHUS QYHK-
1 f(x, ) 0 3HAYEeHUsIM ee apryMeHToB. ECiiu aT0oT anropurm
CBOIMTCS K pacyeTy Mo npocroi ¢opmyse, TO BHIYUCIIEHHE IPO-
HM3BOMHBIX HE COCTABIAET Tpyaa. OmHAKO CyWIECTBYIOT H TaKue
BApUAHTHI NIPEACTABIEHHMS AJITOPUTMA, [TPU KOTOPBIX BHIYHMCIIUT
npou3BoaHble GyHKIMY f(x, ¥) 1160 OYEHD CIIOXHO, U0 Mpak-
THYECKH HeBO3MOoXHO. [ToaTOMY mnpu pa3paboTKe PasHOCTHBIX
CXeM BBICOKOIO TOPSAKA TOYHOCTH CTPEMSATCS 3aMEHUTh BBIYMC-
JieHHe TIPOU3BOMHBIX GYHKUMU f (X, 4) HAXOXIECHHUEM CaMOit QyH-
KIMM B HECKOJIBKUX To4YKax. B ciemyroummx pasfenax Mbl pac-
CMOTPMM, KaK 3TO yNaeTcs COeNaTh.

5.2.3. Meron Pynre-Kyrra

PaccMOTpMM MpaByl® 4acTb Pa3HOCTHOrO ypaBHEHHUS (56),
COepXaLIyIo MepBhie MPOU3BONHBIE OT dyHKLMH f(x, u). [1aB-
Has unes Metoaa Pyrre-KyTra coCTOMT B TOM, 4TOObi MpUGIM-
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[image: image77.png]XECHHO 3aMEHHUTDb €€ Ha CYMMy 3HaYeHHMl GYHKUUH f B ABYX pa3-
HBIX TOYKAX ¢ TOYHOCTBIO 1O WieHOB nopsaka k2. C 3T0ii Lepio
TOJIOXHMM

7G5 {ZL o)+ L 5)1 o) 1

=B/ (x;, y,.)+of(x,.+yh, y,.+5h)+0(h2), 67

rae o, B, ¥, 8 — yeThIpe CBOGOAHBIX APaMETpa, KOTOPhIE HYX-

HO nono0parh TaK, 4ToOHI NpaBas YacTh PaBHSIACH JIEBOH C HYX-
HOM CTENEHBIO TOYHOCTH.

Paznoxum Qynxumio f(x; +vh,y, +8h) 1o crenensm h:

=1 Con) 1L (s L fheopa), Y

TnozcTaBuM pasnoxeHue (58) B ¢popmyiy (57) u npupaBHsieM crie-

Ba M CAPaBa WICHHI, He CoepXaluue h ¥ comepxanine h B nep-
BOif cTenieHH. B pesynbTaTe moiyyuM IS YyeThipex MapaMeTpoB
TPH YPaBHEHHS:

a+p=1, ocy=% od = f( x;,¥;)- (59)

OHH 1O3BONAIOT BHIPA3UTH napameTps B, y, 8 4epe3 o.:

B=l-0, y= 2 8—%f(xi,y,-). (60)

3aMeHss ¢ nmomomsio (57) neBylo 4acTh ypaBHeHHS (56) u
oTOpackiBast WieHsl nopsiaka O(h2), monydaem OJHONapaMeTpU-
YecKoe CeMEHCTBO Pa3sHOCTHLIX cxeM Pynre-Kyrra:

AL (1)1 (5 ) of g 5 Ien) | 61

Ypasnenue (61), xak u (30), MOXHO 3anKcaTh B BHIe YA06HOTO
JUIA PacyeTOB PEKYPPEHTHOIO COOTHOILIEHUS
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o= =017 oo (s 450 o) 62

Hau6onee ynoOHble pa3HOCTHBIE CXEMBI 3TOTO CEMEMCTBa
COOTBETCTBYIOT [BYM 3HayeHHMsIM mapamerpa o: o =1/2 u
a =1. [ipu o = 1/2 pexyppeHTHas dopMyna (62) npuHuMaeT
BUI

Yisl =yi+g{f(xi,y,-)+f(xi+h’yf+"f("i’yi))}- (63)

Ona omnpeeseT CAEAYIOUyIo Npoueaypy pacyeTa y;, . CHava-
7a genaeTcs war h Mo cxeMe Dilepa M BHIYUCIAETCS BEIMYMHA

Fia1 = Vi + (% 9;)h. (64)

3aTeM HaxOOWTCH 3HaYeHHE QYHKUMH fB TOUKE (xi+l’j'i+1)’ co

cTaBIsieTcs TIOMycyMMa [ 59+ (X1 Via1 )] /2 ¥ TIPOBOJIUT-
sl OKOHYATE IbHBIH PacyeT BETMIMHEL

Yo =0+ f(xi’yi)+£(xi+l’yi+l)h_ (65)

Takas cxeMa BBIYUCJICHUM Ha3HBACTCS «IPEAUKTOP — KOPPEK-

TOp» WM, GYKBATBHO, «IIPEICKA3aHUE — UCTIpaBIeHue». Borauc-

neHue J;,; 1o cxeme Diinepa (64) — aro rpy6oe mpenckasaHue

pe3ynpTata. Bropuusbiil pacuer (65), caesaHHBIN Ha OCHOBAHUH

[IEPBOTO, ABIAETCS YTOYHEHHEM PE3Y/IbTaTa, ero KOPPEKIUHUEH.
Ilpu o =1 pexyppeHrHas dopmyna (62) umeer BUI

h h
Vit =yi+f(xi+§’yi+’2‘f(xi’yi)} (66)

3mech cxeMa pacyeTa 3aKiodaercss B cienyroweM. CHavana ne-
J1aeTCs MOJMOBHHHBIN mar h/2: mo cxeme Diaepa BhIYMCIIACTCA

BEJIMYHUHA

+gf(xi’yi)‘ (67)

Wob—
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[image: image78.png]3aTeM HaxOOUTCA 3Ha4YeHHEe (YHKIMH f B TOYKE (x,-+1/2,y,-+1/2).

Ono onpenensier no dpopmyne (66) ouepenHoe 3HaYeHUE Y, .

Crnenyer 3aMeTUTh, UTO IpOIieaypa pacyera MPUOIMXKEHHO-
ro pemeHus 3agayn Komu (27), (28) no cxeme (61) no cpasHe-
HUIO CO CXeMOit Ditiepa YCIOXKHSIETCS: Terneph Ha KaXIoM Iiare
dyHkumio f(x, u) IPUXOAUTCA CYMTATh He OIMH, a JBa pasa.
OnHako Takoe YCIOXHEHHE OKa3bIBaeTCs ONpaBAAHHBIM 61aro-
naps 6onee BHICOKO# TOYHOCTH MeTona. K Mccnenosanmio mpo-
6/1eMBl TOYHOCTH MBI TETIEPH U TIEPEXOAMM.

BeeaeM, Kak U B IpedslaylieM pa3ese, ABe CeToYHbie byH-
KIMYU: IOTPEIIHOCTS peHieHuA z (33) ¥ morpenrHocTh anilpoKCcH-
Maluu cxeMsl y. B paccMarprBaeMoM cilydae OHa ompexenseT-
cs opMynoi

Ui ~

‘l’iz"_,1"—"
_[(l—a)f(xi,u,-)+ogf(x,-+2—};-, u.,-+—2£10—tf(x,-,ui))], | (68)

Beipasum y; o popmyne (35) yepe3 u; U Z; U OACTaBUM B
Pa3HOCTHOe ypaBHeHHe (56). B pesyinprate moaydyum

Ziel ~4 + U1 — Y
h h

=(1-0)f (x4 +Zi)+°5f[xi +%’ h+z+

h 69
Eaf(xi’ui +Zi)} ©

®opMmyiny (69) MOXHO HEpeNnucaTh B BUAE
Zirl ~% _
h

={[(1_fx)f(x,.,u,.+z,-)+af[x,- +%"‘i + +%f(x,-,u,~ +zi))]-
_{”i+1h"ui _{(1_a)f(x,-,ui)+af(x,- +%: Y; +%f(xi’”i)ﬂ}'
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i1 —u,-) /h TiepeHeceH cjieBa HalpaBoO M B KaXIO€

U3 BYX BHIpaXeHHMi, coOpaHHbIX B QUIYPHBIX CKOOKax, noGas-
JIEHO OIHO M TO Xe caaraeMoe. Ilockonbky Mexny GUrypHBIMHU
cKOBKAMU CTOUT 3HAK MUHYC, 3HAYEHHUE MPaBoit yacT¥ GopMy-
as1 (70) B enoM Ipu 3ToM He MeHsieTcs. OnHako 6Giaromaps
TaKMM I1peoOpa3oBaHMsIM Mbl cOOpaly BO BTOPHIX (PUIYPHBIX
cKOOKax WwieHbl, KOTOPBIE alI0T MOTrPEIIHOCTh ANNPOKCHMALIMHU
cxeMbl Y (68).

IepeitneM K JajbHEMIIEMY MCCHCAOBAHUIO COOTHOLICHHS
(70). PaccMoTpuM pyHKUHIO

3nech wieH (u

F(v)=(1—a)f(xi,v)+oy’(xi+2i,v+ f(xi,v)). 71

BripaxeHue, cTosllee B MepBbIX GUTYPHBIX CKOOKax GOpMYyIIbt
(70), MOXHO 3amMcaTh KaK Pa3HOCTh 3HAYEHUH ITOH QYHKUMH
NpU V=y;+7; ¥ V=U ¥ 0peobpa3oBaTh 3Ty Pa3HOCTb C MOMO-
b0 GOpMyNbl KOHEYHBIX TpupanieHui Jlarpanxa:

F(u;+7;)—F(u;)=F'(u; +6;7;)z;, 0<8; <1, (72)

e
F(v)y=(1- a)gfv-(xi,vﬁ

J h h J 73
+a5€(x,-+£,v+—2&f(xi,v)][l+2—a£( v)} (73)

ToncTasuM IMoOMyYeHHbIE BHIPAXEHUS sl OTACAbHBIX Clara-
embIx B popmyity (70). B pesynbraTe oHa NpUMET BUI PEKYPPEH-
THO# (HOPMYIBI

gy ={1+HF (1 +0,2)}2; - b, 0<i<n-1, (74)

KOTOPYIO HYXHO NONOJHHMTb HYNEBHIM HayaJbHbIM YCIOBHEM
(38). Ucrionb3oBath 3Ty OpMYyIy IUIs [MOC/IET0BaTEbHOIO BBbI-
YHCAeHUS 3HAYCHUN ceTOYHOM QYHKIMU Z HEAb3sI: B €€ NPaBylo
4acTh BXONST HEU3BECTHBIE apryMEHTHl V;, 4, 8;. OnHako 3Ty
CHCTEMY PEKYPPEHTHBIX PABEHCTB MOXHO 3aMEHHMTb CUCTEMON
PEKYpPPEHTHBIX HEPaBEHCTB IJIA [MOCTEAYoLIeH OLEHKH ;.
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[image: image79.png]IIpeanonoxuM, KaK ¥ IIPH MCCIeNOBaHMM MeToma Ditnepa,

b
YTO YaCTHAas MPOMU3BOIAHAL a-f—(x,u) B MHTEpECYIOIIei Hac o6na-
CTH M3MEHEHHs ee apTyMeHTOB orpaHudeHa (40). Torma c yue-

ToM Gopmyinsi (73) mis npousBogHoi F'(v) monyuum

|1+hF'(u,-+e,-z)|sl+Ch+%C2h2<ec"=q, g>1L. (75

C y4eToM 3TOro peKyppeHTHBIE paBeHCTBa (74) MOXHO 3aMEHUTh
PEKYPPEHTHBIMH HEPAaBEHCTBAMU .

|%:1] < alzi|+ Il &, (76)

KOTOpBIE MONHOCTHIO COBNANAIOT ¢ HEpaBeHCTBaMHK (42) rpenbl-
Oyugero pasznesa. MBI yXe 3HaeM, YTO U3 HUX CIeAyeT OIleHKa
HOPMBI HOTPEHIHOCTH PEINeHUs Yepe3 HOPMY MOrPEIHOCTH all-
[IPOKCUMAIIMH YpaBHEHUS

Izl < 7e€/ ], - a7

Temeps HyXHO OLIEHUTh HOPMY IOIPELIHOCTH ANIPOKCHMa-
uuH ypasHeHus (68). IIpeamonoxuM, uyto dyHkuMd f(x, u) uMe-
€T B HHTepecymoLlei Hac 006J1acTH U3MEHEHHUS CBOMX apIyMEHTOB
HEIPEPBIBHBIC BTOPHIE MPOM3BOAHBIE H, CIENOBATEILHO, pellieHHE
nupdepeHUIHANBHOTO YPaBHEHHA U (X) TPUXIbI HENMPEPHIBHO
nudpdepeHIMPYEMO. DTO MO3BONAET HAMMKUCATH CAEAYIOINE pa3-
noxenust Teittopa:

LAV (D)

u(x;+h)=u; +u'(x;)h +%u’(x,.)h2 + c

U=
h h
f(xi'*-ﬁ’uj'l""ﬁf(xi,ui)):
’; d ) K2
= (x u) 2a{af(x"’u")+a_£(xi’”i)f(xi’”i)}'*s—a‘z"x

x{gz_f_(ici,ﬁi)+2iz~f;(5‘i’ﬁi)f(ii’ai)“L‘a%j:(;‘i’ﬁi)fz (%> ~i)}’

(79)

Tac
~ h
9 i a f(xi’ui)’

Rl
[t}
]
+
<]
=
-
|I
q>n
II

’2a
0<¥9 <1, 0<é,-<1.

31ech MOCAEAHUE ClIaraeMbie B 060MX Pa3jIoXeHUAX NpPeACTaBIs-
10T co60#l ocTaTouHbie WieHb B opme JlarpaHxka, koTophie 6¢-
pYTCS B HEM3BECTHBIX HaM IPOMEXYTOYHBIX TOYKaX.

IMoncraBum pasnoxeHus (78), (79) B dopmyy (68) mis no-
IPEUIHOCTH aNMpPOKCUMAUMH AM(pGEPEHIIHATIBHOTO YPaBHEHHUS
(27) ¥ mpuMeM BO BHHMaHHE COOTHOLIEHHS, BRITEKAIOIIHE U3
3TOr0 YpaBHEHHUA:

W ()= (x4,
()= L (o ) L () £ (50) (80)

Bnaronaps (80) wieHsl HYJIEBOrO U MEPBOroO IMOPSIIKOB OTHOCH-
TeJILHO A COKPAIIAIOTCH M OCTAIOTCH TOJBKO WIEHBI BTOPOTO IIO-
psanKa, 06sa3aHHbIE CBOMM IIPOMCXOXIEHHUEM OCTaTOYHBIM WIEHaM
B pasnoxenusx (78), (79). B pesynpraTte nomyvaercs cieayouiee
IpEACTaBIEH e IJISA MMOrPEIIHOCTH alMIPOKCHMALMK YPaBHEHHUA:

3’/ N I (81)
28 3 (%o ) f (%508 )+ W (%55 ) f2 (%) |-
@DyHKUMH, BXOAIIKE B PABYIO YacTh 3TOF0 COOTHOIIEHHs, 110
TIPETIONIOXEHHIO HEIPEPHIBHE M OTPaHHYEHBI B MHTEPECYIOIIEH
Hac 06/1aCTH M3MEHEHHMS CBOMX apryMEHTOB. JTO II03BOJISET 3a-
MEHHTH paBeHCTBO (81) HepaBeHCTBOM

[wi| <l < A2, (82)

rae M — KOHCTaHTa, MaXOopHpYollasi BhIpaXeHHe B (PUTYPHBIX
ckobkax dopmyiinl (81). Tloacraisis oueHKy (82) B HEPaBEHCTBO
(77), nony4aeMm
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TaxkuMm 00pa3oM, MpH } — O IIOrPEIIHOCTD ANMMPOKCHMAIIHH

YPAaBHCHMA U, KaK CJICACTBUE, IOrPEIIHOCTb PEIIeHHS CTPEMAT-
¢ K HyJIIO CO CKOPOCTBIO A2, DTO 03HAYaeT, YTO Pa3HOCTHOE
ypaBHeHue (61), monmyyeHHoe mo cxeMe Pynre-Kyrra, uMeer Bro-
pO¥t MOPSIOK TOYHOCTH OTHOCHTEIIBHO A.

Bropoii mopsAOOK TOYHOCTH JIydllle, YeM MEpPBHI, ONHAKO
MIpaKTUKA MOKAa3bIBAET, YTO 3TOM TOYHOCTH TAKXKE HEXOCTATOU-
Ho. Haubosnee 4acTo npu MpoBeeHUM pealbHBIX pacyeTOB HC-
noJyib3yercs cxeMa PyHre-KyTra yeTBepTOro mnopsinka TOYHOCTH
CICIYIOLIEro BHIA:

yi+lh— Yi_ é(kl +2ky + 2y + kg ), (84)

rac

a=7(n). ka=1(x g5k )

kj:f(xi+g_’yi+'}21162} k4=f(xl-+h,yi+hk3).

Ecnu B cxeMe BTOporo nmopsaka TOYHOCTH Ha KaXnoM iare ¢pyH-
KUHIO f(X, y) HPUXOXWIOCh BHIYMCIISATE ABa pa3a, TO 34eCh —
qeThipe pasa. OMHAKO 3TO YCIOXHEHHE CXEMBI pacyeTa OKYIaeTcs
BBICOKOI1 TouHOCTBIO. Ha Gonee mogpoGHOM 0GCYXIEHUM CXEMBI
(84), (85) ocraHaBnIMBAaTLCA HE OyIeM M OrpaHUYMMCS KOHKpET-
HBIM IIPUMEPOM.

3anava 4. Ilocmpoums pewenue 3adawu Kowu (51), (52) na
ompeske [0, 2] ¢ wazom h= 10,25 no cxeme Pynze-Kymma emopo-
20 nopadka muna «npeduxmop — koppekmop» (65) u no cxeme Pyn-
ee-Kymma uemsepmozo nopadka (84), (85). Cpasnums pesysvma-
mot pacuemos mexcdy coboii u ¢ aHasumuH4eckum peuweruem 3aoa-
yu (53).

PesynbTaThl pac4eTOB IO 3TOH 3amadye IMpPHBEAEHHI B
Taby1. 5.2. B mepBoM cTon61ie JaHbl 3HAYEHHUS TIEPEMEHHOM X;, BO
BTOPOM M TPETBEM CTOJOLIAX — PE3YAbTATH PacYETOB I10 CXEMaM
Pynre-KyTTa BTOPOTO M 4eTBEpTOro MOPSIKOB, B YETBEPTOM H
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(85)

Tabnuua 5.2

Pe3ynbmm PpacucTOB I10 CXEME

X; Pynre- Kyrra _ Ammca u(x;)
2 nopsapka | 4 nopaaka | 2 mopsagka | 4 mopsaaka
0,00 | 0,000000 | 0,000000 | 0,000000 | 0,000000 | 0,000000
0,25 | 0,031250 | 0,032593 | 0,031250 | 0,032593 | 0,032594
0,50 | 0,133057 | 0,136099 | 0,130859 | 0,136099 | 0,136102
0,75 | 0314791 | 0,319962 | 0,309692 | 0,319962 | 0,319966
1,00 | 0,587068 | 0,594879 | 0,578331 0,594826 | 0,594885
125 | 0961913 | 0972975 | 0984662 | 0,972847 | 0972984
1,50 1452948 | 1,467988 1,434141 1467772 | 1,468000
1,75 | 2,075605 | 2,095486 | 2,050001 { 2,095159 | 2,095501
2,00 | 2,847365 | 2,873107 | 2,813492 2872644 | 2,873127

MSATOM cToNbLax — pe3yJbTaTH PacuyeToB MO PACCMOTPEHHOMY
HMXe MeToay Alamca. B mocneaHeM mecToM ctonble npuse-
IEHBI 3HAYECHUS aHANTUTHYECKOTO pelleHus (53) B y3/aX CETKH.

CpaBHEHHME pe3y/IbTaTOB BTOPOro croibua Tabn. 5.1, paccyu-
TaHHBIX IO MeToay Ditnepa ¢ marom A= 0,25, ¢ pesyabraTaMH
BTOPOTO M TpeThero croibuoB 1abin. 5.2 moka3nBaeT KaK YMEHb-
IIAETC MOTPEIIHOCTh MpH (UMKCHPOBAHHOM Liare h Mo Mepe Ie-
pexona K 60yee TouHbIM MeTonaM. Tak, meton Pynre-Kyrra yer-
BEPTOro MOpsAKa, HECMOTPSI Ha AOCTATOYHO KPYIIHHIA IlIAr, naeT

TOTpemHocCTS pettenus |z, =0,00002 . Sro HaMHOro JyYiNe, YeM
npu pacuere mo cxeme Dinepa ¢ maroMm h= 0,01 (cM. yeTBep-
THIN cTonbel B Taba. 5.1). B To Xe BpeMs npu pacyeTe IO CXe-
Me Ditnepa 6bUI0 CoENAHO JBECTH LIATOB ¢ ONHOKPATHBIM BBHIYKMC-
neHueM byHKiHM f(X, y) Ha KaXJOM IUare, a MpH paciere 1o
cxeMe Pynre-Kyrra — BoCeMb 1IaroB ¢ YETHIPEXKPATHBIM BBIYHC-
neHueM ¢GyHKUMH f(x, y) Ha xaxaom mare. TakuM obpasom,
6oJiee CIOXHEINA, HO M 00Jice COBEPLICHHBIA METOA IIO3BOJSAET
NP MEHbIEM 00BbEMe BHIMMCICHMI MOMYYHTD GoJiee TOUHBIH pe-

3yNbTaT.
3amedanHe. ATIPHOpPHEIE OLEHKH IOTPEIIHOCTH IO cxeMe Dilnepa
(50) unu Pynre-Kyrra (83) npencTaBislioT TEOPETHYECKHI HHTEpec.
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[image: image81.png]OHu onpeaensioT CKOPOCTh, ¢ KOTOPOil MOTPEUIHOCTh CTPEMHTCH K
Hymio ipd A — 0. OgHako Ha NpPaKTHKE OUEHKH MOJOGHOro THIa He-
3¢ deKTUBHBL, TIOCKOJBKY COOEPXAT MPOM3BOAHBIE HCKOMOIO pEIICHHS
u(x). OGHYHO TOYHOCTb YHUCICHHOTO pelleHHA 3aAaYH YCTAHABIMBAIOT
C MOMOIIBIO ANOCTEPHOPHBIX OLICHOK, OCHOBaHHBIX HA CPABHEHHWH pe-
3YJIbTAaTOB PacyeToB C LIaraMu 4 U h/2. Ilpoleaypa ux BHBOAA M MIPH-
MEHeHUs ObLIa ONMUCaHA B 1. 4 B CBA3M C 3afayeil YHCICHHOTO HHTEr-
PUPOBaHHSs. ‘

5.2.4. Merox Anamca

AamMc — aHITIMHUCKMHA acTpoHOM M MateMmaTuk XIX Beka,
KOTOpbI# MHOro 3aHMMaJicst HebecHol mexaHukoi. IIpu u3yde-
HUH TPACKTOPHUIl IUIAHET €My IMOCTOSTHHO MPHUXOTUIOCh YUC/IEH-
HO MHTEIPUPOBATH YPABHEHHS MX IBHXeHHUA. XKenas MUHHUMU-
3MpOBaTh 00bEM BRIYMCIIEHUH, AaMc pa3paboTai OOUH U3 HaH-
6ojiee IKOHOMHYHBEIX METOXOB YMCJICHHOIO pEIICHHSA
I depeHUINANBHBIX YPaBHEHHH, K 00CYXIEHHIO KOTOPOro Ie-
peiaem.

Hyctp u(x) — peuwienue audpepeHIIHAIBHOTO YPABHCHHS
(27). Jns npou3BOaHOM 3TOM (PYHKIIMH MMEET MECTO PAaBEHCTBO

W' (x)= f (xu(x))=F(x). (86)

WHTErpupys ero Mexiy AByMs TOYKAMH CETKH, ITOJIy4aeM COOT-
HOIIICHHUC
xi+l
U g =4+ | F(x)dx. (87)

xl

MBEI He MOXEM HCIIONB30BaTh 3TO COOTHOLIEHHE HEMOCPEACTBEH-
HO I Mepexoa B npoliecce pelieHus 3a1a4yy OT i-if TOUKH CeT-
K# K (i + 1)-i1, mockonabKy ¢yHkums F(x) HaM Heu3BecTHA. YTto-
Onl caenats cnexylowUi wIar, HyXHO NPUOIHXKEHHO 3aMEHHTH
3Ty QYHKIMIO Ha TaKyl0, KOTOPYIO MOXHO BRIYMCIUTh. ONHUILEM,
KaK 9Ta mpobiemMa pemaeTcsl B METOE AJlaMmca.

Ilycte B mpouecce YHCIEHHOTO pelIeHHS 3aa4d pacyeT
IOBeleH IO TOYKHM X;. B pesynbTaTe pacueroB CTalH M3BECTHHI-
MH BENTHYUHBL y; U f (xj, y j), 0< j<i. Bo3pMeM HeKoTOpOE

(UKCHPOBaHHOE LIEIOE YUCIO M <i M MOCTPOUM MHTEPIOJSALIU-
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S

OHHBIA MHOTOWIEH m-U cTeneHu P, (x), NpUHUMAIOIIUHA B TOU-

Kax x;, (i-m)<j<i 3HauYeHUs f(xj,}’j)t

B, (x;)=f(x57;)s i-m<j<i. (88)

Ero MoxHo 3anucats 1o ¢popmyne Jlarpanxa:

By (x)= Ell f(%7,)@p (%), (89)

J=i-m

rae Q,, ;(x) — CHCUHANBHbIE MHOTOWICHBI BUIA

(x‘xi-m)"‘(x‘xj-l)(x‘xj+1)"'(x'xi)

, (90)
X —x,--m)'-'(xj ~xj_1)(x,- "‘j+1)“‘("j "‘i)

Qm,j (x)= (

KOTOpHIE PaCCMaTPUBAJIUCE B I71. 3.

TnasHast unes MeTona AfaMca 3aKJTIO4aeTcs B TOM, YTOOBI
Iisi pacyera Y;,; ucnonb3oBaTh dopmyny tuna (87), npubiau-
XEHHO 3aMeHaa B Heit PyHKuMIo F(X) Ha HHTEPNONSALUOHHBIA
MHorouneH P, (x), cocTaBjeHHBIA, cornacHo (89), mo pesynbra-
TaM NPEeAbIAYLIMX BEIYUCICHUNA. DTO NPUBOANT K PEKYPPEHTHOM

dbopmyie
xi+1 i
Vi =0+ | Ba(dx=y+ ¥ a;f(x;.3)) 1)
xi J=i—-m

roe

4= | Op,(x)dx ©2)

PaccmotpuM Gosiee TOAPOOHO JAHHYIO CXEMY YUCIIEHHOTO pe-
weHust 3anayu Komw B mpocreitmx cryvasx m =0 u m = 1, Korna
TEXHUYECKHUE TPYIHOCTH HE 3aCTOHSIOT IIPO3PayHyIO UIEI0 METOIA.
Mpu m = 0 wia anmpoxcumauuy GyHxunu F(x) ucrnosns3yercs no-

JMHOM HYJIEBO# CTeNeHH, T.e. mocTosinHas F(x)=Fy=f (%,5;)-

12 BBOoAHbIe NEKIMH MO YHCICHHBIM METOJAM 169



[image: image82.png]B atom cnyyae popmyna (91) nepexonuT B peKyppeHTHYIO $op-
Mylny Meronga Diinepa y; =y, +hf (x,., y,.), obecrneynBalonyio
TIEPBbIA MOPSANOK TOYHOCTH. Takoil pe3ynbTar caM Io cebe Tpu-
BHAJIEH U IIPUBEIEH 30ECh TOMBKO TSl TOTO, YTOOHI II0KA34Th, YTO
it MeTona AnaMca, Kak U st Metona Pynre-Kyrra, ucxonHoii
TOYKOH ABsIeTCA cxeMa Dilnepa.

IMepeitnem x uccrenoBanuio BapuanTa m= 1. B atom ciy-

Yae IS alllipoKCUMaUUU GYHKIUK F(X) HCIIONb3yeTCs MOJAMHOM
MEPBOM CTENEHH, TTOCTPOSHHBIA 10 3HAYEHHMSIM (QYHKUUU [ B

JBYX TOYKaX — (x,-_l,y,-_l) u (xi’yi):
x—__x’;l—f( X1 Vi l)x 5

B (x)=f(x.%) 7 7

Iloncrapnss ero B dopmyny (91) u nposoad uHTErpUpoBa-
HME, HOoJyd4aeM

3 1
Yis1 =Y +{§f (xi’yi)_if (?‘i-l’yi-l )}h 93)

OTMETHM CIIeAYIOIYI0O OCOOEHHOCTh PEKYPPEHTHOH HopMy-
abl (93). [lns pacyeTa 0uepesHOTO 3HAYEHMST CETOYHOM (YHKLHU
Yi;1 HYXXHO 3HaTh €€ 3HAYEeHMA B JIBYX HPEABIAYIIMX TOYKAX —
y; ¥ ¥;,_;1. Takum o6pa3soM, ¢popmyna (93) HauuHaeT paboraTh
TOJIBKO CO BTOPOH TOYKM. BHYMCIMTEL MO Heil y; Hems3s. 1o
3HAYCHHE PEIICHHUA Pa3HOCTHOM 330auyM NPHUXOIUTCH BEIYMCIATH
KakKuM-HUOYIb APDYTUM METOAOM, HAalpUMeEp METONOM PyHre-
Kyrra.

PexyppenTHyto dopmyiy (93) MOXHO 3amKcaTh B BUAE pa3-
HOCTHOTO YPaBHEHMSI:

y 1
l+lh f( I’yl) zf(xi—l’yi—l)' 4)
HOIIC‘IPIT&CM IUisL HETO ITOTPEIIHOCTD alMPOKCUMALINU CXEMBI:
wo-u (3 1
vy =S 2 ()3 f ()| =
Cug-u (3 L, (95)
=2t () S (3,0)}
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IpennojoxuM, 4ro byHKuus f(x, u) UMEET B UHTEepecyloUIel
Hac 06JIaCTH U3MEHEHMS aPTYMEHTOB HelIpephIBHEIE BTOPHIE IIPO-
M3BOIHBIE, TOTJA peUICHHME 3aJa4u u(X) TPUXABl HETIPEPBIBHO
mddepeHpyemo. 3amuieM pasnoxeHus Teinopa:

’ 1 » 1 »~ A
Uy =U; +U (x,.)h+§u (x; )12 +gu (x; +8;h)1,
’ ’ » 1 » = (96)
w(x_y)=w(x)-u (x,-)h+§u (x,- —9,-h)h2.
Iloncrasnsas ux B dopMyny (95), nmonydaem
1 Y z
y; = {6 (x +0 h)+ ‘1‘ (xl- - e,.h)} h2. 97)
OTCI0Aa MOXHO JaTh OLIEHKY

il <lvl, s M2, (98)

rae M; — NocTosHHAsl, MAXOPHUPYIOILAs TPETHIO POH3BORHYIO
GbYHKIMH u(X):

Iu"(x)lsM3, Xg < x<x+1. (99)

MH BUOMM, YTO Pa3HOCTHOE ypaBHEHHME MeToda AJamca,
COOTBETCTBYIONIEE ClIy4yaio m = 1, annpokcuMupyet nuddepeH-
IHaILHOE ypaBHEHHE (27) CO BTOPHIM IOPSIAKOM TOYHOCTH OT-
HocurenbHo A. Kak u B ciydae merona PyHre-Kyrra, 310 06ec-
MeYMBaeT BTOPOY MOPAIOK TOYHOCTHU TSI IIOTPELIHOCTH PELICHUS
| 2|, npu rpeamoNOXeHUH, YTO 3HAYEHHE Y, KOTOPOE Paccyu-
THIBAETCS HECTAHAAPTHO, BBIYUCIEHO CO BTOPBIM IMOPSIKOM TOY-
HOCTH.

TIpoutecc noctpoeHust Hoee TOYHBIX CXEM MOXHO IPOXOJI-
KUTh 3a cueT yBeamdeHus m. Ilpu m = 2 nony4yaercst cxema Tpe-
Thero MopsaKa TOYHOCTH, MpH m = 3 — yerBeproro U T.A. Cxe-
Ma 4eTBEpTOro mopsiaka, Kak U B Meroae PyHre-Kyrra, sBiseT-
ca Haubojiee ynoTpeGUTeNbHOM, TO3TOMY KOPOTKO OCTaHOBUMCS
Ha e¢ BBIBOIE ¥ OOCYXIECHHUU.
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[image: image83.png]Ecny HamucaTs HHTEPIIOMSIIIHOHHBIA MOTMHOM TPEThEH CTe-
neHn P;(x) (89) Ha ceTKe M3 YETBIpEX TOYEK X, X;_1, X;_)> X;_3
Y 1npoBecTd MHTEerpupoBanue (92), To peKyppeHTHas ¢opMmyna
(91) npumer BuULI:

55
Yist=Vit h{_f(xi’yi)

59
24 FpYi)+

“54 ‘

37 9 100)
+517 (Xi_25¥i2)- 2 (*%i_3:Yi3 )}- (

IlpuBeneM elie oaHy (popMy 3amMCH 3TOH GOPMYJBL Yyepe3 Tak
Ha3bIBaeMble KOHEYHBIE PA3HOCTHU:

Yy = v+, +%h2A1fi +1—52h3A2f,. +%h4A3f,-, (101)
rac
fi=F(%:%),
Alf; =%{f(xi’yi)_f(xi—l’yi-l)}’

1
Af, ='h_z{f(xi’yi)_2f(xi-—1’yi—l)+f(xi—2’yi—2)}’

1 (102)
Af; =h_3{f(xi’yi)—3f(xi-1’yi—1)+

+3f(xi_2;y,'_2)_f(xi—3’yi—3 )}

IlepBag, Bropas u TpeThs pasHocTH (102) npubaMXEeHHO COOT-
BETCTBYIOT IIEPBOM, BTOPOM M TPEThEH MPOU3BOAHON GYHKUUHM
F(x)= f(xu(x)). DxBusanentHOCTs opmys (100) 1 (101) mer-
KO TpoBepMTh HermocpencTseHHo. @opmyna (101) uHoraa Gosee
yno6GHa JJ11 OpraHM3allM¥ BEIYUCIMTENBHOTO IIPOLECCA H KOHT-
pOJIsST TOUHOCTH.

OcobeHHocTh MeToa Anamca nposiensercs B hopmyne (100)
eule cuipHee, 4yeM B ¢opmyse (93). 3mecs Wig pacyera odepen-
HOTO 3HAYEHHUS Y;,; HYXHO 3HATh 3HAYEHHUs y B YeThIpex Ipe-
ABIAYIIMX TOYKAX: Vi, Yi_y> Vi_2» Yi_3. Takum o6pazom, GopMmy-
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na (100) HauymHaeT paGoTATh TONBKO C YETBEPTOH TOYKH. Bhrumc-
JIMTh 110 HeW Yy, ¥y, ¥3 HENB3A. DTH 3HAYEHMs PEILICHHS Pa3HO-
CTHOM 3aJa4Y¥ IIPHUXOJUTCS] PACCYUTHIBATH JPYTUM METOIAOM, Ha-
npumep MetonoM Pynre-Kyrra.

IMepeitneM Kk ob6cyxaeHnI0 ToYHOCTH cxembl (100). Ecau
dyHxumMA f(x, ¥) UMeeT HEMPEPHIBHAIE YETBEPTHIC IIPOU3BOTHBIE
[0 CBOMM apryMEHTaM B MHTEPeCYIOlIeH Hac 00IacTH UX M3Me-
HEHWs, T.e. PEIeHHe 3a/a4u u(x) IATh pa3 HelpepeIBHO Audde-
peHLMpYeMoO, TO pasHOCTHOoe ypaBHeHue (100) anmpoKCHMHUpyeT
auddepeHIHAIbHOE ypaBHeHUE (27) C YETBEPTHIM IOPSAAKOM
TOYHOCTH OTHOCHUTENBHO A. JI0Ka3aTeNbCTBO 3TOTO YTBEPXACHUS
IPOBOIMTCS TaK Xe, KaK M JUIsI CXeMbl BToporo nopsaka (93),
TOJIBKO TEeNepb B Pa3NoXeHUsX TUMa (96) HyXHO yAePXHUBATH
Gospie WieHOB. YeTBepTHIid MOpAN0K TOYHOCTH MPH allMPOKCH-
MalM ypaBHEHHs 06eCIIeYHBAET YETBEPTHIN MMOPSIIOK TOYHOCTH
JUISl TIOTPEIIHOCTH pelueHus ||z ||, Ipu npeanonoxeHuu, 4to Ha-
yayibHBIE 3HAYEHHUS JJIA MeToJa AlaMca Yy, Vo, V3 BBIYMCIIEHEI C
TaKoik Xe TOYHOCTHIO. OHM PacCUMTHIBAIOTCS HE3aBHCHMO, M MpHU
3TOM BaXHO, YTOOLI HAYANBHBIA 3Tall BHIYUCIMTEILHOIO MPOLIEC-
ca He BHEC TAKYIO IOrpPeiIHOCTb, KOTOPast MCKa3uT BCe MOCIeNyY-
[OlMe Pe3yyIbTaThl.

3ana4a 5. [Hocmpoums pewenue 3adavu Kowwu (51), (52) na
ompesxe [0, 2] ¢ wazom h=0,25 no cxeme Adamca emopoeo 93)
u yemeepmozo (100) nopadxos. Cpasnums pesyrbmamsi pacemoe
Mexcdy coboii, ¢ pesyabmamamu pac4emog no cxeme Pynze-Kym-
ma u ¢ GHAAUMUYECKUM peuleHueM 3a0a4u.

Pe3yabTaThl pacyeToB IMPHMBENEHBI B YCTBEPTOM U MATOM
cToyibuax Tabn. 5.2. B COOTBETCTBUM C 3adaHMEM HYXHO CpaB-
HMBATh YETBEPTHIN CTONOE CO BTOPHIM U INECTHIM, a MATHIA —
C TpeThbUM ¥ HecTsM. HaloOMHMM, YTO B INECTOM CTOJOLE NpH-
BelleHO aHATUTHYECKOoe peleHue (53) paccMaTpUBaeMoOH 3a1auy,
MO3TOMY CpaBHEHHE C HMM I103BOJISAET CYAUTh O TOYHOCTH MPH-
GaMXeHHOro pelieHus mo cxeMaM PyHre-Kyrra u Anamca.

PacueT no cxeMe Azamca BTOPOro nopsiika TO4HOCTH HadH-
HaeTCs C Y, YETBEPTOrO — C 4. 3HAYCHHE y| B YETBEPTOM CTON0-
1Ie ¥ ¥y, ¥, Y3 B [STOM CTOJIOLE PACCYMTHLIBAIMCH 110 cxeme PyH-
re-KyTTa COOTBETCTBYIOLIErO MOPAIKA, 1103TOMY B TabJIMLE OHU
OKa3bLIBAJOTCS OJMHAKOBHLIMM C COOTBETCTBYIOIIMMM NaHHBIMH
BTOPOTO U TpeThero cTeibioB. CpaBHEHWE PE3YJILTATOB MPOBE-
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[image: image84.png]ACHHBIX PacYETOB ABYMS METOJAMM C AaHAIMTUYECKHUM PELICHMU-
€M 3aJla4y¥ IOKAa3hIBAET, YTO UX TOYHOCTb MPUMEPHO OAMHAKOBA.

CpaBHHM CXeMbl YETBEPTOTO MOPSIIKA TOYHOCTH B METOHAX
Pynre-Kyrra (84) u Azamca (100) ¢ TouKM 3peHHs OpraHU3aLUK
BBEIYHCIIUTENBHOrO Npouecca. YToOwl cieaTs OAMH 1Iar 10 Me-
Tony PyHre-Kyrra, Heo6X0omiuMo BBIYMCIUTE GYHKLHIO f(X, )
yeTsipe pa3a (85), a B MeToe AaMca TOJIBKO ONMH pa3. B Tpex
TPEeIIECTBYIOMHUX TOYKAX GyHKUHUA f(x, y) ObLIa yXe BRIYUCIE-
Ha Ha NPeabIAyINMX LIarax, ¥ BEIYMCIATh €€ CHOBA HET HEOOXO-
OUMOCTU. B 3TOM 3aKkimoyaeTcs raBHOe HOCTOMHCTBO METOIA
Anamca, KoTopoe 0COGEHHO BBICOKO LIEHWIOCH B JJOKOMITBIOTEP-
HOE BpeMsl.

Kak ormeyanoch Belllie, IJiaBHbI HEJOCTATOK MeTONA AJaM-
Ca B TOM, YTO IPY €r0 NPUMEHEHUU MEPBBIE IIATH IIPUXOAUTCH
Aenarhb C MOMOLIBIO IPyroro Merona, Hanpumep Pynre-Kyrra, u
TOJIEKO TOTAa MOXHO IepeiTH Ha pacyeT mo cxeMe Axamca. Ta-
KuM o6pa3oMm, nmporpamMMa pellieHus 3anayu Kourn no merony
Anamca JOJDXHa BKJIIOYATh B ce6s KaK 3JE€MEHT IIPOrpaMMy Me-
Tona Pynre-Kyrra mis pacyera Ha4aIbHOM CTagMU BBIYUCUTENb-
HOTO IIpolecca.

C sT0lt 0COOEHHOCTHIO METONA AlaMCa CBSI3aHA elle OqHA
npoGiema. Ilpu uvcneHHom unTerpupoBanuu nuddepeHIUaTb-
HOTO ypaBHEHMs 4aCTO MPUXOMMUTCS MeHHTh war h. B Merone
Pynre-KyTra 3T0 He cocTaBiseT TpyAa, MOCKOJIBKY KaXIBIi Iar
eslaeTcs He3aBUCUMO OT Ipenbiaynlero. B merome Anamca cu-
Tyauusi MHasi. 34€Ch HYXHO JIMOO M3HAYAIBLHO IPOrpaMMHUPOBATh
BEChbMAa CIOXHEIE (OPMYNTBE pacyera ¢ IIepeMEHHAIM [aroM, nubo
1ocJie Kax/IoM CMEHBI 11ara 3aHOBO IPOBOJUTh PacyeT MePBBIX
Tpex Touek no Merony Pynre-Kyrra. Tonbko mocie 31oro Mox-
HO NMEPEXOMUTh HA CTAHAAPTHHIH CUET 10 MeToay Anamca. DTH
HEIOCTATKY NIPHBOMST K TOMY, YTO CETOAHS MPH KOMITBIOTEPHBIX
pacyeTax npearoyTeHue YacTo oTaaeTca Gojiee yIoOHOMY METO-
ay Pynure-Ryrra.
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5.3. YUCJEHHOE PEHMIEHHUE KPAEBOW
3AIAYU ]I JUHEHHOTO
JUPOPEPEHITHAIIBHOI'O YPABHEHUSA
BTOPOI'O ITOPAIJKA

PaccMoTpuM cienyroluyio 3anady Ui JTHHeHHoro nuddepeH-
IIMAJIBHOTO YPaBHEHUS BTOPOIO INOPAIKa:

u'—q(x)u=-f(x), a<x<b, (103)

u(a)=u;, u(b)=u,. (104)

3xech nBa OOMONHUATENBHBIX YCIOBUS 3aAaHbl B TPAHUYHBIX TOY-
Kax oTpe3ka [a, b], mosatomy 3amauy (103), (104) Ha3kIBAIOT Kpa-
eaoll.

Ilycte GyHKUHH f(x) ¥ ¢ (X) HenpepBIBHBI Ha oTpe3ke [a, b],
pUYeM

q(x)2g4>0. (105)

Ilpu cmenaHHBIX TIPENIIOIOXKEHHUAX, KAaK W3BECTHO U3 Kypca aud-
depeHUMaNbHBIX YPaBHEHUI, pemeHde 3anaum (103), (104) cy-
IIECTBYET U SIBNSETCS €HUHCTBEHHBIM.

IlepeitnemM K 0OCYXIEeHHIO BOIPOCOB, CBI3aHHbIX C €ro pac-
YETOM C MOMOIIBIO YHCAeHHOro Meroaa. Bo3sMeM HekoTOpOE
LIeJIoe YKUCJIo n, BBeneM wwar h = (b — a)/n U NOCTPOUM CETKY

x; =a+ih, 0<i<n. (106)

3amenuM auddepeHnmansHoe ypaBHeHHe (103) ero pa3HOCTHBEIM
aHajioroM. B pe3ynbTaTe MONYYMM CJEAYIOILYIO 3aa4y:

(i1 =2y + Vi1 )/ > —@y; =—f» 1<isn-], (107)

Yo=u, Yp=U- (108)

3mecy ¢;=q(x;), f;=f(x;), rpanudnsie ycnosus (108) mns ce-
TouHO# (yHKuMM {y;} B3ATH TAKMMHM Xe, 4TO M B TuddepeH-

LIMa/lbHOM 3anaye.
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[image: image85.png]Pa3zHocTHbie ypaBHeHHus (107) MOXHO mepenucars B BUIE

~(2+ g )y; + ¥ =-fih2, 1sisn-l. (109)

Mu nony4wny nuHEHHyI0 cucteMy U3 (n — 1)-ro ypaBHeHHs

¢ (n—1)-M HEeM3BECTHBIM y;, 1<i<n-1. 3HavyeHUs y, U y, He-
U3BECTHBIMM HE SIBIFIOTCS: OHM 3a[aI0TCSl TPAHUYHBIMU YCIOBH-
samu (108). .

Mexny pa3HOCTHBIMU cxeMaMu uis 3ana4 Komu u Kpaepoit
€CTb CYILECTBEHHOE pasznuyMe. B nmepBoM ciyyae mns onpenene-

HUS CeTOUHOM YHKIMH {y;} MBI HMeNTH PEKYPPEHTHBIE COOTHO-

LICHHUS, KOTOPBIC MO3BOJIAUIH IMOCICOOBATE/IBHO PpACCUHUTATh BCE €€
3HavyeHus. Takue Pa3HOCTHEBIE CXeMBI Ha3bIBAaIOT SIBHBIMH. B Kpa-

eBoit 3anade (107), (108) cetounas pyHKuMs {yi} onpenesseT-

CS1 U3 pelICHUs] CHCTEMBI JIMHEUHRIX aireGpandecKHX ypaBHEHMIA.
Takas pa3HOCTHas cXeMa Ha3bIBAETCS HESIBHOI.

W3 3anmucu pasHOCTHBIX ypaBHeHMH B popme (109) BunHoO,
YTO MBI NOJYYHIH CUCTEMY YPABHEHHU, CONEPXKAIIMX TPEXIUa-
TOHAJIBHYIO MaTPUILy, C JMarOHAJIbHBIM IpeobnagaHueM: Auaro-
HaNbHBIA 3JIEMEHT (2+q,-h2) oble CYMMBI ABYX ApPYrUX 3Je-
MEHTOB TOM X€ CTPOKH, paBHOIl AByM. CHCTEMBI Takoro THIa
yXe BCTPEYaJNCh B I7. 3 B CBA3M C 3a7ayeil MHTEPHOMALIMH Ky-
6uyeckuM crnaifHoM. JinaroHasisHOe npeobanaHue rapaHTHPYeT
CYILIECTBOBAHHWE M €NUHCTBEHHOCTH PEIIEHHS] CHCTEMBI, KOTOpPOE
MOXeET OBITh ITOCTPOEHO METOAOM IIPOTOHKH.

ITepeiinem x o6CyXaeHHIO OCHOBHOIO BOIPOCA: C KAaKOi TOY-

HOCTBIO ceTOYHast GyHKIuA {yi}, MOJIyYeHHas B pe3yybTare pe-

meHus 3agayu (107), (108), npubauxaeT pelleHHe KpaeBou 3a-
nauu (103), (104)? Iycth w(x) — penieHUe UCXOMHOM KpaeBoOil 3a-

naun. O6o3HauMM yepes ¥; =u(x;) ero 3HaYeHHs B yanax CETKHU

¥ BBEJEM JIBE CETOYHbIE (DYHKILMU — TOTPELIHOCTD PEllEHHs 1
MTOTPELIHOCTD ANMPOKCUMAIIMH YPaBHEHUA:

=yi_ui’ OSlSn, (110)

V= (g 204w )R —qu+ f,, 1<isn-1. (111)
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BripasuMm y; B cootHomrenuu (110) yepe3 u;, z; 1 moacTaBUM
B pasHocTHOe ypaBHeHHe (107). OcTaBUM 4YIEHBI, cofepXaliye
;, CIeBa, a OCTAIbHbIE WIEHH IIEPEHECEM Hanpaso. B pesynbTa-
T€ MTOJIYYUM

21 =28+ %4 prs
h2 ™~

u+f} -y;, 1<i<n-1.

(112)

w_y—2u +u,
h2

I'panuunsie ycaoeus B guddepeHIIHANBHOM U Pa3HOCTHOH 3aga-
4ax COBNAAAIOT, I03TOMY 3HAYECHHUS CETOYHOH (PYHKLMHM Z; B Ipa-
HUYHBIX TOYKaxX OyAyT HyJieBBIMM:

29 =2, =0. (113)

IMorpemHocts {z,-} HeJNb3s1 paccyMTaTh, pemias 3anavgy (112),
(113), MOoCKONBKY B NpaBbl€ 4YaCTH ypaBHEHU BXOMST HEU3BECT-
Hble BEJMYUHBI #; M ;. OnHako 3anava (112), (113) mospoaser

OLUCHHUTDH 3Ty NOTPECIIHOCTb.
HYCTB MaKCHMaJbHOE IO MOOYJI0 4YHCIIO I; COOTBCTCTBYCT

HHAEKCY | = .
e, =|z;| 2]z, 0<is<n (114)

B rpaHuyHBIX TOYKax Z; obpamaercs B Hyab [cM. (113)], noato-
MY MHAEKC j He paBeH HM HYJIO, HU n. PaccMOTpUM ypaBHEHUE
(112) mns 3TOro 3HAYEHHWS MHACKCA U 3alIMUIEM €r0 B BUAE

(2+q,#%)2; =2, 1 +2j5 +V (115)

BospMeM Moyiib OT 06€MX YacTeil paBeHCTBA U OLEHHM IPaBYIO
4aCcTh CBEPXY

(2447 ))|=
= (2+ a2l leoa| eyl + w2 <2l + ol 22
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3mech MBI COKPATHJIM OXMHAKOBEIE WIECHBI CJieBa M Clpapa, pas-
Jequau o0e 4acTH HepaBeHCTBA Ha MHOXUTENb qjh2 M 3aMEHH-
JIM g; B 3HAMeHaTe/le Ha MHUHMMAIIBHO BO3MOXHOC 3HaYeHUE byHK-
10050 q(x) Ha oTpe3ke [a, b], paBHOe g (105). Takum oGpasom,
HaM YHQJIOCh OLEHHTH TMOrPEeLIHOCTh peueHns |[z], depes mo-
IPEIIHOCTD aNMPOKCUMALMK ypaBHeHus |y,

Jnst OolleHKH NMOTPEINHOCTH ANMPOKCHMAIMM ypaBHEHUS
IPEANONOXHUM, YTo GYHKIHH f(X) # g (X) IBAXIbl HEIIPEPHIBHO
muddepeHIIpyeMBl Ha oTpe3ke [a, b]. B aToM cirydae ypaBHe-
Hue (103) momyckaer ABYXKpaTtHoe nu¢p¢epeHIUPOBAHUE, YTO
obecrieydBaeT CyLIECTBOBAHHE ¥ pellleHHd KpaeBoii 3amaun (103),
(104) yeThIpex HeNPEepPHBHLIX MPOU3BOAHBIX U MO3BOJISET HallM-
caTh pa3JIOXKEHUS;

1 u 1 u () 1 ~
U =u;—u ( )h+2 ( )h2 3 (xi)h3 2414(4)( 9,h)h4,
1
6"

=y +u’(x,-)h+%u’( )h2

b=

u" 1 z
(x;)h%+ ﬁu(“) (x,- + el-h)h"'.
(117)

IMoncrasngasa ux B dopmyny (111), momyuum ciaenyiouiee Bbl-
paxeHHUe:

v ={u (%) - g +f}+——{u(4) (x, - 8,2)+u® (x +9, h)} (118)

BeipaxeHue B nepBhIX (PUTYPHBIX CKOOKAaX paBHO HYNIIO B CHIY
mubdepennnansHoro ypaBHenus (103). B pesynprare B 11paBoil
gacTH dopMyin (118) ocraeTcs TONLKO BTOpasd rpyimna WieHOB,
00s13aHHaY CBOMM IIPOMUCXOXIEHUEM OCTATOYHHIM YWIEHAM B pa3-
noxeHusax (117). Ouenum ee ciaenyomum obpasoM. PyHKuHS
u® (x) HempephIBHA H, CIIENOBATE/ILHO, OTPAHHUYEHA HA OTpE3-
ke [a, b]. Ilycth

u® (x)| < My, asxs<b, ‘ (119)
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v ae

toraa u3 gopmyn (116) u (118) monygaem

ol < TR, [, <2t 2 (120)

Mu BuauM, yTo pasHocTHasg cxema (107) obecneuuBaeT BrOpoit
[IOPSJIOK ATIPOKCHMALIMK YPAaBHEHUA M, KaK CIIENCTBHE HEpaBeH-
ctBa (116), BTOpOIif MOPINOK TOYHOCTH /IS MTOTPELIHOCTH pelle-
HHUSL.

3agaua 6. Paccmompemd na ompeske [-1,1] kpaesyro 3adauy
W-u=-1, 121)

u(-1)=u(1)=0. (122)

Buinucams u pewsums coomsemcmeylouwyro pasHocmuyio 3ada-
yy ¢ wazom h=0,5. Cpasnums pewenue pasnocmHoli 3a0a4u ¢ ana-
AUMUHECKUM DeuleHueM

chx
u(x 1——
(x)=1-— (123
CucreMa Tpex ypaBHEHHII OTHOCUTEIIBHO Yy, V), V3 € YUETOM Hy-
JIEBHIX TPAHMYHBIX YCIOBUIA UMEET BMI
2,25y, +¥, =-0,25,
-2,25y,+y; =-0,25, (124)
¥, -2,25y; =-0,25.
Pemrenue cucteMnl (124), KaK U peneHue ucxoaHoi auddepeH-
LMAIBHOM 3ajaul, CHMMETPUYHO OTHOCHUTEIIBHO CPENHENH TOYKH,
noatomy 4; = u;. C y4etoM 3Toi ocobeHHOCTH cuctema (124)
CBOIMTCH K CHCTEME JIByX YPABHEHUM C IByMs HEH3BECTHHIMM:
-2,25y, +y, =-0,25,
2y, - 2,25y, =-0,25,

peuIcHue KOTOpPO¥M MMEET BUI

0,8125 1,0625
=y, = 2012 4965306, 5, =
Y1233 0625 Y273 0625

=0,346939.
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[image: image87.png]B Tabn. 5.3 npuBeneHbl 3HaYEHHS X;, COOTBETCTBYIOLIHE Y3-
JlaM CeTKH, pelliecHHe pa3sHOCTHOM 3aJayH y;, aHAIMTUYECKOE pe-
mweHue (123), BBHIYMCIEHHOE B y3JlaX CETKU U; = u(x;), Morpeu-
HocTh pewieHMs Z; (110) ¥ morpemHocTs anipoKCHMalUH ypaB-
HeHus y; (111). CornacHo ABYM ITOCIEAHUM CTOJI6LAM

||z|[c =0,005007, "\y"c =0,015352. (125)
Ta6muma 5.3
X Yi u(x;) L% Wi
- 1,0 0,000000 0,000000 0,000000
-0,5 0,265306 0,269237 - 0,003931 - 0,015352
0,0 0,346939 0,351946 —0,005007 | —0,013614
0,5 =~ 0,265306 0,269237 -0,003931 | —0,015352
1,0 0,000000 0,000000 0,000000

ITorpeiiHoCTh anmMpoOKCUMallM YpaBHEHHS y OMNpefciieHa
TOJILKO JUIS BHYTPEHHUX TOYEK CETKH, IOITOMY MepBas U Ioc-
JeHAS CTPOYKH MOCIEIHEro CTOJIOIA OCTAIMCh He3aroJIHEHHbI-
MU.

Tenepr o6paTUMcsi K TEOPETHYECKON OLIEHKE MOTpeliHOCTH
pellieHMs M TIOTPEIIHOCTH anmpoKcuMauuu ypaBHeHus (120). B

nanHoM ciydae u (x)=-chx/chl, moatomy lu(4) (x)| <M,=1.B

pesynbTate olleHKH (120) ¢ yyeToM Toro, 4yto ¢ = 1, HaroT
0,25 0,25

Il < =5-=0.020833, Jy], <==-=0,020833.

3710 corynacyercd ¢ GaKTHYECKMMH 3HAYEHMSIMM TOrpeLIHOCTH
(125), nMoACYHTAaHHEIMU HEMOCPEACTBEHHO 10 U3BECTHOMY pellle-
HHIO KpaeBoH 3axauu (123).
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