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MO €CMb CYWECTNEYEN KOHCTNAHMA L>0 makxaa, 4mo
|filt.y) = At )] < Lly Y(t,y), (t,7) € Q.

Tozda, ecau ymeuun y(t) w ys(t) na ompeswe [t — Tty + T) acamomes
pewenusmu sadan Kou

{ Yi(t) = filtyi (1)), { y5(t) = fa(t,2(1)),
y1(to) = yor, y2(to) = yo2,

O UMEEM MECTNO HEPAGENCMEO

~ 7,

ax  [y(t) - pe(t)] <
et THTM() p(t) <

< (Iym — Yoo/ + T max |f1(t-1/)’f2(tv1/)‘) exp{LT}. (1.3)
(ty)eQ

Jokasameavcmeo. M3 nevabl 06 sxBuBatenTHOCTH 3aia4n Ko nare-
TPAJILHOMY YPABHEHHIO ciiejyer, 4ro dbynkuun yi(t) u yz(t) ssisuorcs pe-
MIEHUSIMI MHTerPAJILHBIX ypaBHenui

n() = o1 + / AGan(dr, e lto - Tt +7),

io

wlt) = voo +/f2<r, w(r)dr, t€ lto-Toto+1).

Bbrnmas BTOpoe ypaBHEHHe 13 epBOTo 1 ONEHHBAs 110 MOJLYTIO, HMeeM

t

[y1(8) = y2(t)] < lyor — yoo| + /(fl(Tv y1(7)) = foT,y2(7)))dr

o

Burmrras 1 npuGasis 107 suakos mirrerpana fy (7, ya(7)), nosy

[y1(8) = y2(t)] < [yor — yoz| + /(fl(" 1(r) = fi(r,y2(7))|dr| +

t
| [l - fatrn(ldr| . tefo-Ttr Tl (1)

Ito

Yunrsisast 10, aro dynkmmst fi(t,y) yrosaersopsier yenopuo Jlunmmuia, a
TAKZKe OLCHKY

(t,y) = fa(ty

[ 1) - ftrantolir| < T g

cnpaseumsyio juist seex t € [tg — T, tg + T, nepasencrso (1.4) moxuo
IIepeeaTh TaK:

(1) — ya()] < (

yor = yoo| + T max_[fi(t,y) = fa(t.y)])+
(ty)eQ
t
+L /‘yl(r) —yg(r)‘df , telto—T,to+T).

Tpmniens x bymsumn [yy (£) — y ()] aessy Tponyosna-Besnaa 72, upu
t € [to — T.to + T) nony«mm nepasencrso

[y1(t) = g2 ()] < (Jyor — yoe| + T max, [fi(ty) = Fa(t,y)]) exp{L|t — tol},
u3 Koroporo ciexayer onenka (1.3). Teopema 1.1.1 nokasana. O
1.1.2. Teopema cpaBHeHus

PaccMoTpiM Tereph BOIPOC 0 TOM, MPH KAKHX YCIOBHAX PEIIeHHe O/IHOT
sagaqn Komm Gyzer Gosibine wim paBHO pemreHuio apyroii 3agaqn Kommm.
TeopeMbl TAKOrO THIIA YACTO HASHIBAIOT TEOPEMAMH CDABHEHMHS.

Pacemorpum 1psiMOYTOJILHHK

Qi ={(ty): to<t<to+T, A<y<B}L

Jlasee Mbl HCIIOIB3YEM CJIEYIONIEE IPOCTOE YTBEPAKICHHE U3 MaTeMaTHye-
CKOI'0 aHaju3a, IpeJcTaBisionee coboii popay/ly KOHEYHBIX IpHpalieHuii
B MHTErPAILHOM BUIE.

Nemma 1.1.1. ITyemv dynwyua f(t,y) nenpepwena 6 Q4 u umeem 6
fy(t,y). Tozda das mobw (t,y1),

+ Henpep
(t,y2) € Q4 cnpasedauso pasencmeo

fltyn) = fty2) = /fy("v?/Q + 001 —y2))dd (1 — o). (1.5)
0

JlokazKeM Tellepb TeopeMy O CpaBHEHHH peliemuii ayx sagau Komm,
KOTOPYIO TAKzKe HaCTO HA3BIBAIOT Hepasencmeom Janavieuna.

Teopema 1.1.2. (Teopema cpasnenus) Hyemv dynryuu fi(t,y), f2(t.y)
enpepuonn 6 Qs u fi(t.y) waeem 6 Q. HenpepvenyIO wACTIYIO TPOUI-

2.

60010 a‘—z(t.y). Tozda, ecau gy y1(t), ya2(t) na omp [to.to+T]
AsaA0MeA pewenusmu 3adav Kowu

yi(t) = filt,ui (1)), Y5(t) = fa(t,v2(t),

y1(to) = yor, y2(to) = yo2,
npuwiem

Nilty) = fo(ty), (LY) € Qs yor = yor,
MO CNPasedauso HepaGENcmEo

yi(t) = p2(t), t€ [to,to+T].
Jloxazamenvcmeo. Taxk kak dynkiuun yy () u ya(t) ma orpeske [to, to + T
SIBJISIOTCS. PEIICHUSIMI COOTBETCTBYIONIX YPABHEHHIT, TO OHU HElPEPLIBHO
suddepentmpyenmsr Ha orpeske [to,to + 1], A < yi(t) < B, i = 1,2,
CIIPABEUTHBO PABCHCTBO
() = wa(t) = filt, ;0 (D) = ot v2()), tE [to,to+T]. (1.6)
IIpeoGpasyeM IpaBy1o 9acTh STOrO PABEHCTBA, HCHO/L3Ys (DOPMYILYy KOHEd-
Hex npupamenuit (1.5),
ity (0) = fa(tya(t) =
= filt,n(®) = [t y2(8) + fi(ty2(t) = foltsy2(D) =
1
e

/%

Bsesem oGoznauenust

t,ya(t) + 0(y1 (t) — y2()))d0 (v (£) — a(t))+

+hi(ty2(1) = fa(t, y2(1))-

o) =10 = 1200,
1

0= [ 9200000+ 000 = a0
0

h(t) = fi(t,y2(t)) — fa(t, 32(1)).
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Torma fi(t,y1(t)) — f2(t, y2(t)) = p(t)v(t) + h(t), n pasencrso (1.6) moxmo
TepercaTh TaK:

o'(t) = p(t)o(t) + h(t), tE€ [to,to+T].
Pemenne sToro JmmeitHoro bd JIBHOTO
PHJIKA ¢ HAYANBHBIM ycnoBreM v(fo) = Yo1 — Yoz MMEET B,

TIEPBOTo 10~

t
t t
v(t) = (ym—ym)exp{ [ p(&)d¢ }+/exp{ [ p(&)d¢ }h(T)dT. t € [to, to+T).
io b
io
Tak Kak 13 yc/I0BHit TeOPeMbl CIEYET, Y10
yor —Yo2 =0, h(t) 20, te€lto,to+T],
10
o(t) = yi(t) —y2(t) 20, t€ [to,to+T],

u teopena 1.1.2 sokasaia. o

1.2. BaBucumocTh pemnienus 3agaun Komm
OT mapamerpa

B srom naparpade mbr pacemorpum sagady Komm st juddepenii-
AILHOTO YPABHEHHS IEPBOIO HOPHIKA, PASPEIIEHHOIO OTHOCHTE/IHHO IIPOM3-
BOJIHOI, B KOTOPOI TpaBasi 4acTh YPABHEHUA 0 HAMATILHOEC YCJIOBUE 3aBUCAT
OT mApaMeTpa ji, W BBISICHEM NPH KAKHX YCJIOBHSIX PCIICHIC STOf 3ajati
Komm GysieT Hempepbisno i sudepenmpyeno o mapamerpy.

OGoznaumm

Qu=Atty.p): |t—t|<T. A<y<B, m<p<p}

Tlycrs dbynxuus f(t,y, 1) onpejenena na muozxecrse Q. a dynkuust yo(g)
olpesiesiena Ha OTpe3Ke [fiy, fla].
Pacceyorpim 3agaay Ko

TaK Kak TpH PasIiTHbIX 3HAMCHISX TAPAMETPA [t MBI Gy/IeM 0Ty IaTh pas-
ammbie permennst agaan Komm (1.7), (1.8), o, oueBmuno, 40 peenne
9T0ii 33141 3ABUCHT He TOJILKO OT IEPEMeHHoil {, HO I OT mapaMeTpa fi.
B cBsasu ¢ stum gadnee pemenue sagaun Ko (1.7), (1.8) mbi Gyjgem 060~
suadats y(t, p). Ilpn kaxux yenosusix pemenne sagaan Ko y(t, 1) Gyger
HIPEPLIBHO 110 HAPAMETpY ft 7

1.2.1. He IBHASI D

or mapamerpa

zanaun Komm

Teopema 1.2.1. ITycmw dynnyusn f(t,y, 1) nenpepviena 6 Q,, u ydosae-
meopaem 6 Q,, ycaosuro Junwuya no y, mo ecmo

[£(tyn, 1) = f(t g2, )] < Llys — w2

Yty ), (62, 1) € Qu

a yo(p) pep na ompeswe [, fiz].

Toeda, ecau y(t, ) — pewenue 3adavwu Kowu (1.7), (1.8) na ompeswe
[to = T, to + T) dan ecex p € [, pa], mo dymryua y(t, p) nenpepuina no
wonput € [to—Tito+T), p € [, o)

o yesosio p saza Ko y(t, 1) cymecrnyer
st Beex t € [to — Toto + T, p € [, p2) m A < y(t,p) < B ana Beex
t e [to—Tto+T], p € [p1,p2). Tyers g u j1g + Ap jiBe IPOU3BOIIL-
Hble TOUKH OTpesKa [y, pip]. Pacemorpum pemenust 3aaqn Komm y(t, 1)
u y(t, pro + Ap), COOTBETCTBYIONME STUM 3HAYEHUSIM NapaMeTpoB. Bsegem
obosHaueHus

yi(t) = y(t, po)y  y2(t) t, o+ Ap)
filty) = f(ty, o), folt,y) = {6y o + Ap),
yor = yo(ko)s Yoz = yo(ro + Ap).

9TY TeopeMy, MOy THM

max Jy(t o) —y(tpo + Ap)l = max [yi(f) —y2(0)] <

t€[to—T to+T] tElto T,xtu+T]
< (\:vo. —yoo| + T (o [fi(t.y) = fa(t. ;,)\) exp{LT} =
= (Iw0(0) = wolmo + Ap) |+
+T max [1(ty.10) — (t, .m0+ Ap)|) exp{LT}, (19)
(ty)eQ

e Q ={(t,y): [t —to| <T, A<y<B}.

Tlokazken, 40 3 nepasenctsa (1.9) ceyer HenpepbBHOCTH dyHKIH
y(t, i) B TOUKe 1. IlycTh € — IPOM3BOJILHOE NOJIOKITEIbHOE Unc1o. TToka~
2KeM, uto nafizeres §() rakoe, uro s Beex t € [tg — T tg + T

[y(t, o + Ap) = y(t, o) < & (1.10)

npu |Ap| < 5(e) .
Tak Kak HenpepblBHAS Ha OTpe3sKe (i1, p2] dbyHKIms yo(p) paBHOMEpPHO
HenpephIBHA Ha 3TOM OTpe3Ke, TO CymecTByer d;(£) Takoe, 4T0

B
[yo (o + Ap) = yo(o)| < Sexp(LT) (1.11)

pi [Au] < 1(6) -

Tak Kak HEIDEpbIBHAS Ha OPAHIUCHHOM 3aMKHYTOM MHOKCCTBE Q)
yuxuus f(£,y, /1) PABHOMEPHO HEIPEPBIBHA Ha STOM MHOKECTBE, TO CYIIC-
crByer 8;(g) raxoe, uro s mobbix ¢ € [to — T tg +T] u y € [A, B]

[£(ty. o+ Ap) = f(t,y, po)| < (1.12)

2T exp{LT}
npu [Ap| < 02(e).

Us nepasencrs (1.9), (1.11) u (1.12) caeayer, uro npu |Ap| <
6(2) = min{d;(g).d2(¢)} cupasesmmso nepasencrso (1.10), koTopoe o3ma-
“aer menpepaiBiocts dymxiun y(, 1) 10 . Teopema 1.2.1 gokazama. [0

3 12.1. B 1.2.1 daxmunec

nan na muooicecmee [to—T, to+T] x (111, p2] nenpepwenocmo pewenus sada-
wu Kowu no napamempy . Omcioda ) wmo dynwyus

y(t) = flty(t)p), telto—T.to+T], (1.7) Joust ynkii yy (£) u ya(t) Beimosmenst yeosus Teopemst 1.1,1 0 Henpepbis- y(t, 1) menp no pesernir (t, 1) na A
y(to) = yolp)- (1.8 1ot 3aBucHMocT perrenns 3aaun Komm ot nexommbix gannbix. [pmversis [to = T'to + T x [na, p2].
1.2. BaBHCHMOCTE pemICHTIST OT mapaMeTpa 13 14 Tmapa 1. Bapucmvocts perrenmst 3azadn Ko oT HCXOQHBIX JARHBIX 1.2. BaBHCHMOCTE PemICHTIST OT mapaMeTpa 15
1.2.2. Iuddepermupyemocts pernenns: 3agaun Kommm TIpunvensist bopMyary KoHedHbIX npupaitesuit (1.5), nomy J11151 JI0KA3aTe/IbCTBA CYIeCTBOBARNS! IPOH3BOJHOI gi/ (t, ) mocrarouno
110 mapamerpy
Flty(tp+ Ap) p+ Ap) = f(ty(tp) p+ Ap) Jlokaszathb, aro dbyukuus v(t, u, Ap) umeer npesen nupu Ay — 0. Tlokazenm,
Toxasent Tereps, wro mpi oy J— ot n) Ap - YTO CylIecTByeT npe/es npasoil yacru dopayibi (1.16) upu Ay — 0.
i ! T: yena,
sagaau Koum (1.7). (1.8) Gyaer muddepenuupyensv 1o napamerpy p. ; b+ D) — gyt ) A KK GYNKING io(j2) MempepLpiio epenupyes, To
Teopema 1.2.2. Ilycmv dyrsyus f(t,y, 1) nenpepwiona 6 Q,, u wnicem = / Fultsy (s )+ 00y (b pet- D)=yt 1)), D)0 A : i 00— o
6 Quu nenpey P Fytoyom), fu(t,y, 1), a pyrnyus 0 A Ap dp
Yo(p) nenpep ma wa ompese [y, ia]. Bresem byHKim

Tozda, ecau y(t, 1) — pewenue sadavu Koww (1.7), (1.8) na ompeaxe
[to — T.to + T] dan 6cex p € i1, 2], mo Pymxyus y(t, p) umeem npu
tefto—T.to+T], 1€ [p1, p2] npouseodnuyio no .

ITo ycaosuio saaun Komm y(t, 1) cymecrsyer
st seex t € [to — Toto + T), p € [pa,po) m A < y(t,p) < B s seex
t e [to—T.to+T)], p € [pr.po]. Hyers p u p+ Ap aBe 1pOM3BOJIBLHBIC

TOSIKIT OTPCIKA [ji1,j12]. PACCMOTDIA COOTCTCTBYIONIIG STIM TAAMCTPAA
permerma sazam Komm y(t, 1) 1 y(t, + Apr). Onpesemma dymxrmmo

y(t n+ Ap) —y(t,p)

ot 1, Ap) = A ,

teto—T,to+T).

Tax kax byukuun y(t, 1+ Ap), y(t, 1) sasiasiores | 3

p(t, 1 Apr) f

0

(s y(t )+ 0(y(t, p+ Ap) — y(t, w)), p+ Ap)do,

altp, Ay = LByt AAn‘)L SPAGYIGYDNDN

VuurbiBast cueJaHHble 0003HAUCHUS!, IMEEM

oyt p+ Ap), p+ Ap) = f(ty(t ) p)
An -

= p(t, m, Ap)v(t, o, Ap) + q(t, 1, Ap).

TojicTapass 570 paBeHcTBo B npanyio tacts (1.13), momyw, wro bynk-

(1.7) na orpeske [tg — Tty + T] npu cOOTBETCTBYIOMMX 3HAYCHUSX MAPa-
MeTpOB, TO

SOyt pt At Ap) = Lyt w,w)

)| =
V' (t, 1, Apr) A

(1.13)
TIpeoGpasyen BLIpazKerie, CTOSIICE B HPABOIl HACTH TOT0 PABEHCTBA

Fltyltop+ Ap),p+ Ap) = f(ty(tp)p) _

st vt s o+ Ap) sBsiercst p smeiinoro audder JILHOTO
1epBOro nopsijiKa Ha orpeske [to — Tt + T:
V't Ap) = p(t, p Ap)o(t, p, Ap) + q(t, o Ap). (1.14)

U3 onpenenenns v(t, 1, Aj) ciejyer, 4ro OHa YIOBJIETBOPSET HAYAILHOMY
YCI0BHIO

_ Yolut Ap) — yo(p)
= A

Pemenue sajaan Ko (1.14), (1.15) nmeer i

o(to, 1, A . (1.15)

Haiizem npezen dbynkupn p(t, 1, Ap) upn Ap — 0. U3 menpepbiBHOCTH B
Q,, wacrroil nponssowoii f,(t,y, 1) u onpenenenus dynkmpn p(t, pu, Ap)
JIeJlyeT, 9To

) of
Al)lllgop(t»u-Au) = yy(t-y(!»u)w)
pasroMepHo 110 (t, 1) € [to—T,to+T]x [p1, p12]. VI3 cymmecTBoBanns yacTHoi
npoussogHoi f, (t,y, 1) umeem

of
lim q(t, p, Ap) = ==(t,y(t, p),
A a(t o Ap) = 5 (6 y(E ), 1)
pasHoMepHO 110 (t, p) € [to — T.to + T] X [u1, p12]. CrresoaTenbHo, npesest
npaBoii yacti dopmyast (1.16) cymecrsyer, n nepexos B 310i dopimyiie K
npegeny upu Ap— 0, 1oy anM

0 d ¢
gy ton) = Jim o(t0. ) = GRG0 exp{ [ (€006 0. )+
f t
+/fu(‘f~!l(7=ll):li)exp{ffy(&y(f.u),u)d{}dm 1.17)
to
Teopema 1.2.2 jiokasatia. O

il
Beeznenm oboznadenne 2(t, p1) =

l(t.u). a uepes z'(t, 1) 06o3HATIM IPO-
o

+Ap) — t
Ap ot Apr) = w exp{ [ (&, 1, Ap)de }+ ssomyIo 2(£, j1) 110 nepeserofi £. 13 dopayaet (1.17) caeayer, uro dyix-
_ oyt pt Ap)y it Ap) — [t y(tp), p+ Ap) ; # to wust z(t, ) ssasiercs pemenuenm 3asaun Komn na orpeske [to — T, tg + T1:
Ap i ‘

N Syt p), p+ Ap) — f(ty(t p), 1) + / q(7. 1, Apr) exp{ I p(& p, Ap)dé }d'r- t€fto—T,to+T]. (1.16) () = fy(t oyt pm), m)2(tm) + fult y(t, m), 1), (1.18)
A : o T 2(to.n) = wo(p)- (1.19)
16 Irapa 1. 3apucuviocts permenns sajain Komm ot mexoqubix qannpix 1.2, BaBmrcmviocts pemenms ot mapaverpa 17 18 Tnapa 2. Teopus ycroiimmmocti

1.2.3. MeTroa Majioro mapaMmerpa e dbyskmmn ug(t) n uy () maxomsares n3 3aqad (1.21) u (1.22). ITosrom,

2 p; P! e ynxun ug(t) u o (t) oy ajad (1.21) n (1.22) y Faga 2

Bo Muorux ciaydasix ne ygaercs siBHO BLIIMCATD pemrenne 3agauun Komn
Y (1) = f(ty(®). ), ylto) = yo() (1.20)

JUTS BCEX U € [fu1, [12], XOTS TIDH HEKOTOPOM it = fig € (fu1, ft2) OHO Haxo-
JIITCS OTHOCHTEIIBHO JIerko (Hanpuvep, koraa dynkums f(t, y, po) nmueiino
sasucut ot y). O6osnaunm 1o pemrenue epes ug(t). Toraa ug(t) = y(t, po)
sABjseres pemenueM 3agaun Komm

ug(t) = f(t,uo(t), o), wolto) = yo(po)- (1.21)

Byuem npeanosarars, uro peuenue ug(t) sagaun (1.21) xaxum-iu6o

C TOYHOCTBIO JI0 CJIAraeMbIX O(f1 — fig) CIPABEJIMBO IPHOJIMKEHHOE IIPe/i-
crasaenue y(t, j1) ~ ug(t) + uy(t) (1 — po).

Onncannasi BblIe 1poLUELypa NpejacTasisier coboil nmpocreimnii Bapu-
AHT METOjla MAJIOTO NMADAMETPA, NMO3BOJISIONIETO ¢ MOMOIIBIO PAa3IOKeHNsT
(1.23) BLUICHITE OCHOBHbIC KAMCCTBOHHBIC W KOJHHCCTBCHHbIE 3AKOHOME]-
HOCTH TOBeJIeRHst perenus y(t, /1) TP MaJIBIX i — 1o HA OCHOBE H3BECTHO-
TO p y(t, po) B CYIIECTBOBAHMH HEMPEPBIBHBIX TPO-
M3BOAHBIX mepBoro mopsuka fy(t,y, ) w fu(t,y, ). Ecmn f(t,y, p) mmeer
TPOMBBOHBIC 110 § M & BHICUINX HOPSIKOB, TO 1 pasyozxenue (1.23) moxuo
YTOUHUTD U HOLyuTh npubimzkenue ¢ 6osiee BHICOKUM HOPSAKOM MAIOCTH
OCTATOMHOIO H/ICHA.

Mpumep 1.2.1. o, 2 npu pp— 0
sadavwu Kowwu

cnocoboM yzKe Haiideno, 1 IOCTABUM 3aJady HAXOXKIEHUs!
20 Buga permenus y(t, p) sagaan (1.20) opu Beex f1, AOCTATOMHO GIM3KIX
K Jlo TIPW BHITIOTHCHMH ye10Bmit Teopenst 1.2.2. B crty 9Toit Teopeamst mpi
kanciom t € [t — T, to + T) pemenmne y(t, ;1) nenpepeisro middepenmpy-
€MO TIO TIapaMeTpy f B OKPeCTHOCTH fig. TTosTomy cripasemsa dopmyia
Teiiopa (¢ IEHTPOM B fig) ¢ OCTATOYHBIM wieHOM B dopyme TTeano:

Ay(t, o)

y(t, 1) = y(t, o) + T(u = po) +0(p — po)-

Ay(t, o
BazKio OTMETHTb, HTO JUIsl BBIMHCICHHS IPOM3BOMON u(t) = %
n
He HyKHO 3HaTh pemtenue y(t, 1) 1pn Kakux-1ubo 3HAYCHUSIX HMapaMeTpa,
OTJIMYHDLIX OT fi = fp, HOCKOILKY cormacno (1.18), (1.19) dyuxims uy(t)
smaserea permenmen 3aas Korm

ul(t) = a(tyus (t) + b(t),  wi(to) = ¥ (o) (1.22)
s i b
HbIMH KOdbdunmenTamu

a(t) = fy(t,uo(t), po),  b(t) = fult, uo(t), po)-

B pesy/ibraTe NPHXOAIM K ACHMITOTHYECKOMY HDH [t — fig — 0 Ipes-
crapienuto uckomoro pewennst y(¢, 1) sazaun (1.20):

JIBHOTO c

Yt 1) = uo(t) + ur () (1 — po) + 6(p — o), t € [to — Toto +T], (1.23)

Y (1) = y(t) + 3uy' () + 1Pt y(0) = exp{2u}.
Hueem to =0, po = 0, yo() = exp{2u}, () = 2exp{2u},
Pty i) = y+3uy* + 12t fy(t oy p) =1+ 12p8°, fu(t,y, 1) = 3y* + 2put,
Fty,0) =y, fy(t.9,0) =1, fult,y.0) = 3y*, yo(0) = 1, y(0) = 2.

Coznacno (1.21) npu i = 0 dyrwyua ug(t) = y(t,0) aeanemen pewenues
sadavu Kour
uh(t) = up(t), up(0) =1,

pewenue xomopot aezxo natimu: uo(t) = exp{t}. Hosmosy
Fultuo(t).0) = 1, fult.uo(£),0) = 3exp{dt}.

Badava Ko (1.22) das uy (1) npunusacm cud

ui(t) = ui(t) + 3exp{dt}, u1(0) =2

w useem pewenue uy (t) = 2exp{t} + exp{4t}. Tozda 6 cury (1.23) umeem
mecmo pazaosicenue npu 1 — 0

y(t, ) = exp{t} + (2exp{t} + exp{dt})p + o(n).

Teopus ycToiunsocTu

2.1. OcHOBHBIE NOHSATUS

B Teopin yCTOMMMBOCTH H3yHAeTCs BONPOC O 3ABHCHMOCTH POIICHIH 3a-
s Komm juist jadpepenIiaibHoro ypaBHeRHs Ml CHCTEMBI OT 3a/IaH-
HBIX TPH = o HAYATBHBIX JAHHBIX HA GECKOHETHOM IMPOMEZKYTKE H3MeHe-
HIIsL He3aBUCHMOI nepenennoil t € [to; +0c0). dasee Ges orpamudenus obui-
Hoctu nosiaraem to = 0.

Mpumep 2.1.1. Hccaedosams 3aeucumocmy pewienus 3adavu Kowu
¥ =ay, y(0)=w

om navavhozo cocmoanua yo npu t € [0;+00), 2de a € R — napamemp.
Pemenne 3anaan Komm naxomures o dopmyiie y(tyo) = yo exp{at}
(en. puc. 2.1).
Hast a < 0 myeen

[y(t: y0) — y(t:¥o)| = lyo — Yol exp{at} < [yo
npu Yo — Yo — 0 pasromepro 1o ¢ 2> 0, mpuraenm |y(t; o) — y(t; 7o) — 0 npu
t — +00.

Jaist a = 0 umeem

y(t:y0) — y(t;Jo)| = lyo — Jo| — 0

it yo — Jo — 0 passomepmo mo ¢ = 0, o |y(t;yo) — y(t;Jo)| - 0 npu
t— +o0.
Just a > 0 uveem

[y(t:y0) — y(t:9o)| = [yo — Jo| exp{at} — +oo, t — +oc,

TO €CTb TPACKTOPHH HEOIPANMYEHHO PACXOAATCS KAk Obl OII3KH OHM Hu
ObLIN B HAYA/ILHBI MOMCHT BPEMCHH.
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v y
y(t:vo)

vo[\  v(t:vo) Yo Yo

0 i o H Oht
a>0

a<0 a=0

y(t:vo)

Puc. 2.1. K npuvepy 2.1.1: b1/t mHTerpaibeix KpHBbIX pemer 3a/asm Ko
y(tiy0) = yo exp{at} B samucmvocTn ot a.

B Toxke Bpenms [yist moGoro konedroro T’ > () mveeT MecTo HempephBHast
3aBHCHMOCTD OT HAYATBHBIX JAHHBIX Ha Beem orpeske [0, T]:
ax [y(t:90) = y(t: o)l < lyo — ol exp{JalT} — 0
upu yo — Yo — 0. Takum obpasom, Hpu onpejeeHnn yCTOHYUBOCTH Ha
GECKOHEUHOM IIPOMEKYTKE BPEMeHH HeoGX0AUMO G0Jee TOYHO yUHTDLIBATDL
0COBCHHOCTH MOBC/ICHIs pericHuil Ha Beeli moyynpsivoii ¢ 3 0.

2.1.1. OcunoBuble Teopum ycToit ™
Pacenorpay sasasty Kommmi 715 HOpMATBHO cretenst picdepenmmastn-
HBIX YPABHCHHI! TICPBOLO MOPSIKA OTHOCHTEIBHO HCKOMOT BeKTOp hy Ky

T = @1 (8). 91 (1), -, (1)

T T, @1
Glto) = T, (2.2)

rae
Jt.9) = (f1(6.7), fa(t,

Ipeanonaraercsi, uto f;(t,7) onpeseienbl 1 HENPEPLIBHBL BMECTE ¢ HacT-
nbivu nponssoabinu Of;(t,7)/dy; na mnomecrse

Jsweos BTN Ts To = (W10, Y205+ yn0) "

= [0, +00) x R"

aas Beex 4,5 = 1,2,...,n. Torma mo Teopeme 7?7 0 CymeCTBOBaHHM M
©/IMHCTBEHHOCTH pelmenns 3a1adu Komm Jurst mo6bX HadalbHBIX JAHHBIX
7o € R™ cucrema (2.1), (2.2) mveer na nekoroponm orpeske [0, T] exuncrsen-
noe peenue Y(t;7,), B 0603HAYEHHN KOTOPOIO OTPazKeHa 3aBHCHMOCTb OT
HAYAIBLHOTO cocTosnus ¥y. Ecmm xe B navamsnom yenosun (2.2) Gepyt-
€51 HAYAJIBHBIC JIAHHBIC Jj), TO COOTBETCTBYIONIEE PelieHne 0003HAYACTC KAK

n 1/2
F(t; o). Berony muse ||| = (z yg) 0GO3HAACT CBKIIIOBY HOPAMY BeK-
j=1

TopaF = (y1,....ya) €R™
Onpeneneuue 2.1.1. Pewenue G(t;7,) 3adawu Kowu (2.1), (2.2) na-
s no JI. ecau dan mobozo & > 0 cy-
wecmeyem 5(.:,%) > 0 maroe, wmo as A0GWT HANGALHOT OaHINT Jo,
ydosaemsopsouguz yeaosuo ||Jo — Yol < (¢, 7y), coomeememeyrousue pe-
wenus G(t; Yo) 3adavu Kowu daz cucmemne (2.1) cywecmeyrom daza ecex
t = 0 u ydoeaemeopsiom nepasencmey

(t:30) ~ 95 )| <. 1 € [0, +00). 23)

Bnp cayuae T(t:70) {i M no Jla-
nYynosy.

BaneTun, 4T0 HepasencTso (2.3) J0MKHO GBITL BLIIONHIEHO Cpasy st
Beex ¢ > 0, n09ToMY BMECTO (2.3) MOYKIO HCTIOMLI0BATE TAKIKE HEPABEHCTEO

sup [[7(t; 5o) — T(t: To)l| <&
20

Uo) sadavu Koww (2.1), (2.2) na-
acu 7 M, €CAU OHO YCMOTMUGO No
waymmy u cywecmeyem §y > 0 maroe, wmo 0af MOGHIT HANAALHHT Oat-

woux Yo, ydosaemeopaouux yeaosuwo ||Jo — Yol < do, cywecmeyem npeden

Jim[[5(¢ 5o) — 9(t: 7o)l = 0. (24)

BBe/eHibie TOHATIS YCTOMMUBOCTH W ACHMITOTHYCCKOH YCTOMMHBOCTI
WILTIOCTPHPYIOTCA Ha puC. 2.2.
Mpumep 2.1. 2 B npumepe 2.1.1 pewseniie y(t;yo) = yo exp{at} acumn-
npua <0, (ne ac ) npu
a =0, neycmotnuso — npu a > 0.

Yz

vy 1750l <e

of t of t

Puc. 2.2. K ii 1 ac ccKofi yeTofiumBocTH pe-
wenst 7(t) = 7(t: Ty
a. B CIyuae YCTOMMMBOCTH MHTErpaibias Kpusas pemennst §(t) = F(t: Jo) maxo-
Jurres B e-TpyGke mTerpasbioil kpupoii pemerst 7(1) ([[7 —(t)|| < g, t>0);
6. B ciywac acmvmToTIeCCKoi yeTofimRoCTH fomomITeTO [[F(E) — T(H)]| — 0
p t — +00.

2.1.2. Pegykuus K 3aja4de yCTONYMBOCTU HYJIEBOI'O PelleHUs

B caywae f(t,0,...,0) = 0, Jy = 0 samaua Komm (2.1), (2.2) mueer
mysteoe permenne 8 = (0,...,0)":

G(t:0)=0, t=0.

Ilepedopmyaupyenm oupejenenns ycroifuusocru no JIsnynosy u acumiro-
THYECKOH YCTOMMHBOCTH JJ1s1 9TOTO BAXKHOTO LIS JATLHEHIICr0 H3/102KeHns
cryast.

Onpepenenne 2.1.3. Hyﬂeeoe pewenue §(t;0) = 0 sadavu Koww (2.1),

(2.2) M no JI: , ecau daa 06020 € > 0
cyw,enmeyem 8(2) > 0 makoe, wmo Oas MOOVT HAMAALHOLL JaHHOLT Yo,
x ye. [l70ll < &(e), pewenua

1/(f 7o) sadawu Koww dan cucmesw (2.1) cywecmoyiom das ocex t > 0
w

It < Ve, +00). (25)
B npomuenos cayuac nyaccoe M 0
Jlanyrosy.

Onpepgenenve 2.1.4. Hyaecoe pewenue G(t ) = 0 sadavu Koww (2.1),
(2.2) @ y LM, €CAU OHO YCTOii-

22 Tinapa 2. Teopust yeroiimpocti
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wueo no Jlanynosy u cywecmeyem &y > 0 makoe, wmo dar aobwT Ha-
wanouus dannox Jo, ydosaemsopougus yeaoswo ||Jol| < do, cywecmeyem
npedea

26)

TIpo6aemy yeroitunsoctn pemennst Y(t:7,) sagaun Komm (2.1), (2.2)
MOPKHO CBOCTH K ANATOFIIOl mpobiiene /13 mysiesoro pemerst. Tlepeiigen
o crerenbr (2.1) K HOBO CHCTCMe, BECST HOBbIC HCH3BCCTHBIC

Z(t) =9(t) = J(t:Go)-
Tax kak J(t) — pemrenne (2.1), To st T(t) mmeem

) _30) 7
dt dt

= J(t:7() - F(t:3(t:7,)) =
= F(H() +7(670)) — F(E7(ET))-

Taxum 06pasoM, BeKTOp hYHKIs T(f) ABJISETCA PEMIEHIEM CHCTEMBI

=0

= (3 + 9t 70)) — F(E7(ET))-

) TeMbI ¢ HYJICBBIM HadaabHbM yeiosnes T(0) = 6
(t; 0, t = 0. 910 TPUBHAIBLHOE DEIICHHE COOTBETCTBY-
er pemenmio J(t;7,) mexommoil cucrempl. IIpHANMAs BO BHIMAHHC BhIITTe-
MBTOKEHHOe, TIPH aHaIi3e yCTONYHBOCTH, KaK TMPABHIIO, OrPaHHIHBalOTCs
HCCTIe/IOBAHNeM YCTOHIHBOCTH HYJIEBOTO PereHHs.

2.2. YcToiiunBOCTh HYJIEBOIO PElIeHUs JUHEHHOM
CUCTEMBI C IIOCTOAHHBIMW KOSdeJML[PIeHTaMP[

B nannom maparpacde paccmaTpuBaeTcs JiMHeliHag OJHOPOJIHAs CHCTe-
Ma OOBIKHOBEHHBIX i DepeRIMaIbHbIX YPABHEHHI ¢ TIOCTOAHHBIME Bere-
crBeHHbIME KO3 buImenTamu

dy
YW _ Ay
pria

e A = (a;5), aij € R, i, . n. B 3aBucumocTu 0T CBOHCTB MaTPHIBL
A GyayT 10Ka3aHbl TEOPEMbI 00 yCTOHYHBOCTH, ACHMITOTHYECKON yeTOofum-

2.2.1. BeiomoraTebHbIE yTBEPKACHUS

Nemma 2.2.1. ITyemv B(t) = (bij(t)) — dynryuonarvnas mampua,
i 0dnoti u moti srce ynryuets b(t):

[big (B)] < b(H), 4,

Eeau  eexmop-gymwuuu  T(t) =
Wi(t)-- -, yn() T consarn coomnowenuem (t
AUBA OUEHKA

)
B(t)z(t), mo cnpaced-

[(t)]| < nb(t)[|T(1)]|.

Jokasameavemeo. Tax kax y;(t) = Z bjk(t)ay(t), 10, OuenmBas Moy

KOMIIOHEHT H IIPHMCHSISI HEPABCHCTEO  Kom- ByHSAKOBCKOTO, HyeeM
I, ()] = Z [b(0] - (0] < b(2) Z Ja(t)] <

<H0) (Z 12) : (;mim)m = el

k=1

Bospoag B xBajgpar obe HacTH HOMYHCHHOIO HCPABCH
J=1,....n, IPIXOMMM K yTBepA/ICHIIO JeMnT 2.2.1.

Ba II CyMMHpYst 110

Nemma 2.2.2. Jfas moGoii nenpepienoti npu t > 0 cexmop-gynnyuu
T(6) = a(),- -, ya()T crpacedauco nepacencmeo

| foterte] < va [ 1wt
!

] 1 Ilo

HMHTErpaja 0T BeKTOP-(hyHKIMH HMCCM
'

[w@ie=wo....Lo7. 10

0

TIpu t > 0 cipaBe/UTMBBI TOKOMIIOHEHTHBIE HepaBeHCTBA

t t
t
) - ‘g‘yxﬁ)d{‘ < [m@ide < [ 1w
0 0

Bossoas B KpaJipaT 06e JacTH IOJIYYeHHOrO HepaBeHCTBa M CYyMMHPYs 10
J=1,...,n, IPHXOIHM K yTBEpKJIEHHIO JTeMMbI 2.2.2

Nemma 2.2.3. [Tycmo Y (t) - dyndamenmanvras Mampuu,a aunetinoti

00nopoduoti cucmenn di/dt = AF ¢ ” way; €
R, ij = 1,oooin, Ay Az An — suavenua sampuyn A ¢

yuemom Kpamnocmet, p = max Re Ak.

Tozda dan mampuyanma Z(f "r) = Y(H)Y~\(r) cnpascdrusn coomuo-
WeHUA

1. Z(t,7)=Z(t—7,0);

2. 0as 06020 vy > 0 natidemes Co, > 0 maxoe, wmo cnpacediuco nepa-
6encmeo

1Z(t.7)| < Cyexp{p+ (-} Vi T.

Jloxasameancmeo. MaTpuiant spisieTes PEMICHHEN MATDHIHOI
Ko

Z(r, 1) =

O6o3HaunM § =t — 7, T — (UKCHPOBAHO, 1 BBeJIEM (DYHKILHIO
Z(s) = Z(r + 8,7).

Ouesuuno, 40

926 _ az(s), 70)=

ds
Ho Toria B ciily eJWHCTBEHHOCTH Pellienis MaTpuaHoii satasn Ko cnpa-
BemBo pasencrso Z(s) = Z(s,0). Bosspamasics K nepemennoii ¢, moiyda-
en Z(t.7) = Z(t — 7,0).

Onerm womorrerTst matpmmr Z(s,0) = Y (s)Y ~1(0). Tax xax cron6-
1161 byHAMEHTATBHON MATPHII COCTOAT 13 BeKTOp-yHKIt (yHtanen-
TAJIBHOMN CHCTEMBI DEIIeHiii, T0 KOMIOHeHTEI MaTpuianta Z(s,0) mveor
Bz (cM. Teopemy ?7?):

Zij(s,0) = qij(s) exp{ Ags}, (2.7)

Tae Mg — OJHO M3 COOCTBEHHBIX 3HAYCHHI, a ¢;;(s) — MHOrOWIEH CTeleHi
degg;j(s) € n— 1. Hus moboro v > 0 maiinyress nocrosmubie Ci; > 0
J N g

TAKHE, YTO BLIIOJIHEHD! HEPABCHCTBA

BOCTH M HEYCTOHYUBOCTH HYJIEBOTO PEIICHHs STOH CHCTEMbI. |gij(s)| < Cijexp{ys}, Vs=0.
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Tax kak p = max Relg, To Ob6oznaunm p = max Re A < 0. Boibepem 1 3adUKCHpYyeM HACTOIBKO € OTPHIIATEIHHON BEIIECTBEHHON YacThio, aHaJIOrH4HO Teopeme 2.2.1, cipa-
Tin ¥

lexp{Aks} = exp{ Re Aps} < explps}.
Vuurpisast 9T Hepasencrsa, u3 (2.7) momydaem

12(5,0)] < las(O)| - [exp{nes}] < Cexp{(p+)sh. €= max Gy

Tonarasi s =t — 7, yGeK/1aeTCsl B CHPABEUTMBOCTH BTOPOIO YTBEPIKICHUS
Jiemmbl 2.2.3.

2.2.2. Teopema 06 ACHMITOTHYECKOi yCTORMMBOCTH HYJIEBOTO
pelenns TMHeRHOI CHCTEeMBI C MOCTOSHHBIMI
Ko3ddurmeHTaMI

PacemoTpny JMHEIHYIO OJTHOPOJIHYIO CHCTEMY € TIOCTOSAHHBIME Belre-
CTBeHHBIMH KO3 buIpenTam:

dy

W _ 4y, 2.8

Fria (2.8)
e A = (aj), aij € R, i,j = 1,...,n. Tyets Ap,..., A, — coberennbie

3HAYEHHS MATPHIBI A ¢ yIeTOM HX KpaTHOCTeil.

Teopema 2.2.1. Ilycmv éewecmeeniole vacmu 6Cex coBCMEEHHOT 3HaA-
wenuti mampuune A ompuvamenvmo:

Re A\, <0,

Tozda nyaesoe 7(t; 6
MmomuNeCKU YemouMUGHM.

(2.8) aeasemesa acumn-

Jloxazamenvcmeo. Tyers (t) =

~ pemienune sajaaqn Komm
Z_ Ay, 0) =7,
dt 7(0) = 7o
Torja, uCHONIBL3Ys OIPE/IEICHIE MATPHIANTA, PEUICHUE ITOI 381411 MOXKIO

TPEICTABATE B BHJIE

7(t) = Z(t,0)7,- (2:9)

wmagioe y > 0, qwﬁm

a=p+y<0.
Torsa cormacro wacTh 2 Jexnbr 2.2.3 Haiiziercst koncranta C., Takas, 90
CIIpaBeUIBa OleHKA

12,(1,0)| < O, expfat}. 130,

B enay aesnm 2.2.1 ¢ B(t) = Z(1,0), b(t) = C, exp{at} u T(t) = o us
(2.9) cetyer onenxa

7)1 < nC exp{at}[Foll-

Ecim nonoxuts d(e) = To u3 nepasencrsa |[7,| < d(e) Gyaer

2nC,,’
BhITeKaTh HepasencTro ||[Y(t)|| < & mms Beex ¢ > 0. Acnumrormdeckas
VCTOIMIHBOCTB ClejlyeT 13 mpeJiesibHoro coorromennst exp{at} — 0 mpn
t— +o0. [}

BEJJIHBA OLCHKA,
|Y;(t)] < Cijexp{at}, Yt =0

e Cyj — nocrosmmeie, o < 0. Cresosarebo,
V()| < Cig, V20,

Tlo ycaosuio Teopenmst, siementsi Yy () dbynaamenranbuoii MaTpuIb, oTBe-
Halone coGCTBEHIDIM 3HAMCHUAM \ = i¢ C HYJIEBOil BEIIECTBEHHON 9acTbIO,
SABSIOTCS. KOMIOHEHTAMH BeKTOP-pynKimii 13 dbynaamMentanbuoii cucremst
pemenmit Bia.
7(t) = Tnexp{M),

rae o = (ha,... hy) T~ coberBenmbli BeKTOp (IPHCOCIMHEHHbIE BEKTOPBI
JUIsL TAKHX COOCTBEHHDBIX 3HAUCHHUIT OTCyTCTBYIOT). OUEBHIHO, YTO U B 9TOM
caydae sneMentsl BynaaMeHTAILHON MATDHI TAKZKE OIPAIMYEHDL:

[Yer(t)] = || - | expigt}] < Cht, V>0

Taxum 06pasoM, Bee saeMeHTbl (yHIaMenTaIbHON Marpuipl Y (t) orpann-
uenbl. YMmuoxkenue Y (¢) na nocrosmyio Matpuiy Y ~!(0) ocrasisier koag-

2.2.3. Teopema 06 ycToWIMBOCTH ﬂyﬂenoro P

CHCTEMBI C b TaMu
Teopema 2.2.2. Ilycmv sewecmeenioe wacmu 6Cex CoBCMEENNbT 31a-

wernuii mampuyn A nenosovcumenvi,

Re A, <0, Yk N

U cyuecmeyiom cobemeennvie 3mwemm ¢ nyaesoli Bem,ermsemwu wa-
Mo, npudesm pa

ReA =0, 0 c ez0
Tozda nyaesoe (t:0) =0 (2.8) asasemca i
Goint no Jlanynosy, 1o ne ac;
i Vroummi 0CTH MaTpHTANTA
Z(t,0) =Y ()Y ~1(0)
or it t > 0 B pacemar oM cayuae. st Beex sueMentos

Y, (t) by mIaNCHTATLION MATPHILI, OTBEAIONIIX COGCTBOIbIN SHANCHILIA

i 1 MaTpHI| OIp: . CriesloBaTenso,
|Zij(t,0)| < Cij, ¥t 2 0.

Torya u3 npecrapienns pemenns (2.9) B cury Jemubr 2.2.1 ¢ Marpumeii
B(t) = Z(t,0), bymxumeii b(t) = C = e Cij u T(t) = T nmeer vecto
OlleHKa ~
191 < nCloll-

U3 sr0il onenku cieayer yeToiiMuBOCTb HyJI€BOTO PEIICHHs.

JIoKarKkeM OTCYTCTBHE ACHMIITOTHYCCKO vitamsocrn. Ilyers 7t € C"
— KAKOM-MG0 COBCTREHHBII BEKTOP, COOTBETCTRYIONIT COBCTREHHOMY 3Ha-
weHnmio A = iq, ¢ > 0. Be3 orpanmteHns oGIHOCTH MOKEM CUHTATh, TTO
[2]] = 1. Bexrop-cpynkis

F(t) = 0.500Re hexp{igt}, 0o >0,

SBsETCS pemmenuen creTenst (2.8) KAK BEIICCTECHRAS TACTH KOMILICKCHOTO
pemenns hexp{igt}. B nauansmpiii Moment = 0 nmee

7(0) = 0.56Re &, [[7(0)]| < 0.550][7]| = 0.55.
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Jlnst moGoro g > 0 u3 §o-OKPECTHOCTH HYJICBOrO DEIICHMs CTAPTYET M0~
crpoermoe Bhime perrenne F(t), wo §(t) -~ & upn t — +00, TOCKOTBKY,
nanpmvep, 3(tx) = 0.56Re h # 0 npu t;, = 27k/q, k € N. Bonee npocroit
Jtydait ¢ = 0 PACCMATPUBACTCS AHAJTOTHYHO. ]

2.2.4. Teopema o Heyc

HYJIEBOTO P
CHCTEeMBI C b

Teopema 2.2.3. [Iycmov évnoaneno xoma 6v. 001o u3 ycaosuii:

1. A umeem eHUe ¢
CMEEHHOT HacmvIo;

wvHoti seue-

2. ja A umeem e A maroe, wmo
Rel,, =0,
npuMem p P onp
wezo A, Menvuie amozo

Tozda nyaceoe no Janynosy.

Hoxasameavemeo. Ilyers y marpunpt A nmeercs cobersennoe smadenue
X = p+ig e p > 0, ¢ > 0. Obosmasam wepes h = hp + ihy coor-
BOTCTBYIONTHIT COBCTBCHAEI BEKTOP, TIe Tig, Ay — JIMHCHHO HE3ABHCHMBIC
BekTopnr 13 R”. Bes orpamimens o6IHoCTH MosKeM cuuraTh, wro ||h]| = 1.
BexTop-dynKims

F(t) = 0.50Re hexp{(p + iq)t} =

= 0.50 exp{pt} (hpcosqt — hysingt), &>0, (2.10)

SIBISICTCS PENIeHie cheTeMbl (2.8) KK BEleCTBeHHAs YacTh KOMILIEKCHOIO
pemernst hexp{(p + iq)t}. B nauanpuprii Moment ¢ = 0 umeem

7(0) = 0.50hz, [[7(0)]| < 0.58]|A|| = 0.54.

st moGoro § > 0 13 §-0KPECTHOCTH HYJIEBOTO PENICHIs CTAPTYET HOCTPO-
ennoe B (2.10) pemenne F(t), ans koroporo npn t =t = 2wk/q, k € N,
k — +00 mveem:

Boutee mpocoii caryuait ¢ = 0 paccMaTpHBaeTCsl aHAJOTHIHO.

Ecm y marpunpr A mieercs cobersennoe 3nadenne X = iq, ¢ > 0, kpar-
HOCTH KOTOPOT'O IIPEBOCXOJIAT PA3MEPHOCTh COGCTBEHHOTO TIOIPOCTPAHCTRA,
T0 st JioGoro § > 0 cymecrsyer perenne cucreMsl (2.8) Buja

Y(t) = 0.50Re (g + th) exp{iqt} =
=0.56((gg + thr) cosqt — (§; + thy)singt), >0,
7(0) =0.50Re g, [[7(0)[| < 0.5,

e h= hr + LE, CcOBCTBEHHBII BEKTOD, Jr + 19, — TpucoeIMHeHHbIT
sexrop, ||| = 1. Hocrpoennoe pemenne F(t) crapryer npu ¢t = 0 u3 d-
OKDPECTHOCTH HYJIEBOTO perennsi, a npu t = t, = 2rk/q, k € N, k — +00
umeem:

tr) = 0.55g +trhr), [T ~ KRl — +oo.

Boutee npocroii cayuait ¢ = (0 paceMaTpuBaeTcs aHAJIOIHYHO. O

2.3. UcciienoBanue Ha yCTORYMBOCTH IO II€PBOMY IIPH-
6smkenuto (nepeblii Merog JIsimyHosa)

Pacemorpum aBTOHOMHYIO CHCTEMY

(2.11)

rae F(@) = (/1(®), f2(D), .. fo(@)". Hpemmonaraercs, uro

70 =

Toryia crcrenma (2.11) mveer ryseroe pemerme (t) = 0. Jto pemenne jasee
Hcese/lyercs Ha yCTOHIHBOCTb.

B jamnom maparpacde u mmke B naparpacde 2.4 Gygem camrarh, Um0
BCE Pellennsl, Bpime e npn ¢ = 0 u3 HeKOTOPOil OKPECTHOCTH HYJIEBOTO
pelmenist, onpeiesiens mpu moGbix ¢ = 0. D1or haKT 3aBeJIOMO HMEET MECTO
B ciydae, Korga Kommonentsi f;(y) npasoit wactu (2.11) yaosirersopsior

Tlyers dynxmmm f;(7) mBaz et HenpepbiBAo MibdepenipyeMbr B HeKo-
Topoil OKpecTHOCTH Havada KoopauHar. Tora mvieer MecTo npeJcTaBienie

J@) = A7+ R@), (2.12)

A= (gg 0.00)s i =L, R®) = o7l

Hanomunm, uto yenosue R(7) = o(||7]|) osnagaer, uro

Vo0 3p>0: 7l <p = [R@)| <ol7l. (2.13)
Nemma 2.3.1. ITycmo evmonneno yeaosue (2.12) u ece cobemeenmvie
p A umerom omp wacmu:
Re A\ <0, VYk= BN

Tozda natidymes xonemarwmo &g > 0 w pg = 69 > 0 maxue, wmo oboe

pewenue Y(t;y) sadawu Kowu
T _ a5+ RG0), 70) =T, (2.19)

20e |[To|| < 8o, ydosacmeopaem nepasencmey

[t 70l < po
das ecext > 0.

Jloxazamenvcmeo. Cravana yGemumest B ToM, uto pemenne J(t; ) 3a1atu
Kormmm (2.14) y10B1€TBOPsIeT BEKTOPHOMY HHTEIPAJIBHOMY YPABHEHITIO

t
7(6T0) = 200,003 + [ 20,7370 (2.15)
0

Jleiictsuressio, ofosnatas

F(t) = RH(t:70)). (2.16)

MBI BN, 110 §(£; 7o) ABsiercs pemermen aganm Kommm juist sueiioii
HEOJIHOPOHOIT CHCTeMBI ¢ TIpaBoil qacTbio F(f)

_ _ yeaosuio JInnmua na seem npocrpancrse R™ (en. reopenmy ?7). Bosmoxiint ay(t) _
Y(tx) = 0.506hg exp{2rkp/q},  |U(te)l = 0.56| k| exp{27kp/q} — +oc. TAKJKe W JIPYTHE MeHee OrPAIMTHTEILILIC CIIyam. % = AG(t) + F(t),  7(0) =T.
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To dopmyute (?7), ycranopsensoit B ciegcreun ?? k Teopeme ?7, perenne
sroit samaun Ko umeer i

¢
y(t) = Z(t,0)7, +/Z(r.¢)F(r)dT.
o

Vunresas dopmyiy (2.16), npuxomum K (2.15).

Ouenny crraraembie B paBoif actn (2.15). B cury memm 2.2.1, 2.2.3
AHAJIONIYHO JIOKA3ATE/IBCTBY TeopeMbl 2.2.1 06 aCHMITOTHYECKOH yeToiiui-
BOCTH HYJIEBOI'O DelleHus JIMHeHHOi cHeTeMbl 3aK/I0uaeM, YTo HailyTes He
saBucsIme or Y, Koucrantol o < 0 m My > 0 Takue, 9TO CHPABEIHBO
HEPABEHCTEO

12(2.0)% | < My exp{at} [l

AHAOrIMIO ONEHUBACTCS MOABINTErPAIbIOE Bhpaskenne B (2.15):
12t 7)R(5(7: )| < Mzexp{a(t — )} R(@(r: )l

Tpunmensist gemmy 2.2.2 1)1t OLEHKH HOPMbI HHTETPAJIA OT BEKTOP-hyHKIIL,
TPUXOUM K HEPABEHCTBY

17t Bo) || < M exp{at}{[go|l +M/exp{ﬂ(t = DHRG(:5)ldr. (2.17)
o

e M = max{M,, My\/n}.
Bacdbukcupyenm semruiy o > 0 HACTOILKO MaJIOH, 4TOGbI BBIIOMISLIOCH
HEPABEHCTBO
Mo _ 1
la] =4
JLst panmoro o cormacto (2.13) maiiaercs pp > 0 rakoe, uro npu [[7]| < po
HMEET MECTO OleHKa,

[R@)Il < o7l (2.18)
Haxoner, nosoxum
0y = min{p—ﬂ. pj} .
4M’ 2

Wrax, Bei6op BUrypHPYIONMX B YCIOBUH T€OPEMBI KOHCTAHT dy M py OCy-
IIECTBIIEH.

Ilyers pemtenue F(t;7,) samaun Komm (2.14) upn ¢ = 0 yposiersops-
er nepasencrsy [[7y| < o, Torma |[Foll < po. u B cny menpepbisnocTu

pemenisi mepasencrso [[F(1:7,)|| < po Oyaer mmers MecTo Ha HEKOTOPOM
nosyuurepsade [0,t). Ocraercst yGemurbest, uro ty = +00. Ipenonaras
NPOTHBHOE, MBI JIJIsl HEKOTOPOro Konednoro ¢y € (0, +00) mveem

1970 < po, Ve [0t2),  [H(tr:To)ll = po-
Toraa B cuiy (2.18)

[R@(:5o))ll < o[7(7: o)l < 7po, 0 <7<t
VuuThIBas TO, ITO

7ol < 60 < 77

)
awr

B ey (2.17) umeem

t

o= I7(t:0)] < 2 explats) + Mo [ expla(t - n)}ar <
0

po | Mapy Po

< 1-e <P

o MO cxpfan) <
Tosnysentioe mpoTHROpEHHe AOKA3LEACT MMy 2.3.1. o
Teopema 2.3.1. Ilycmv ¢y fi(@) o 01 Jugppe-
6 i ‘wasaa woopduram, j = 1,...,n.
Ecau sce puyee A = (0£:(0,...,0)/dy;)

UMEIOTN. OMPULATNENDHDLE BEULLCTNEEHHDIE HACTIU:

ReAp <0, VYk=1,...,n,

mo wyaecoe (2.11) ac ec Mot n0o
Jlanyrosy.

Ecau oice natidemea zomsa 6ol 0dno
A= (0£:(0,...,0)/y;) ¢ i i wacmvio:

Ixe{A,..., A} Red >0,
Mo nyaeeoe peuierue Heycmotueo no JIanynoey.

Jlokasameavcmeo. OrpaHITanvcs JIOKA3ATETHCTBOM TePBOii 9acTH T€OpeMBI
06 ycroiiunsoctu. Bospmen HailjieHHble B JOKa3aTeIbCTBE JeMMbI 2.3.1 KoH-
crautot dp 1 pg. BosbMmeM 13 §p-0KPeCTHOCTH HyJIEBOIO PELIEHHs] IPOU3BOIIb-
HYIO HAYAJILHYIO TOUKY . Torma (t:7,) — pemenne samaqn Komn (2.14) u

COOTBETCTBYIONIETO HHTErpaibHOro ypastenns (2.15). B cuity semmbr 2.3.1
upu ¢ > 0 cnpasemmiso Hepasenctso |[F(t:7g)|| < po u cormacuo (2.18)
HMEET MECTO OLEHKA

IR @(7:50))|| < ollg(m:Fo)ll. ¥ > 0.

Torsa B ety (2.17) s Beex ¢ > 0 CHPABCIJINBO HCPABCHCTEO

)

t
196501 < M expfath 7ol + Mo explat) [ expl-ar)}p(rsz)ler
0

Vamowis ma exp{—at} 1 nness oGosmatene s craTAPIOFH dymKIn
u(t) = exp{~at}|[7(t: 7o)l

HPUXO/IM K HEPABEHCTBY

t
0 < u(t) < M|g,|l + Mo /u(T)dT, t>0.
0

Ilpumensis semmy I'ponyosuia-Bemvana, nosydaem

u(t) < Mg exp{Mot}.

B K CTapbiM 0003 METOM COOTHOMICHUS

mveent
1770 < Mol exp{(Mo + )i} < M][g| exp{3at/4}.

B cuity oTpHIATENBHOCTH (¢ OTCIO/IA BBITEKACT aCHMITOTHYECKAs yCTOliun-
BOCTb HYJIEBOI'O PelIeHHs.

Mpumep 2.3.1. Hceaed {i pewenus (0,0)

dyi fdt = —y1 — ays +y3,
dys/dt = y1 — 7 + v3.
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Hueem f1(y1,92) = —y1 — ayz + 44, fo(y1,y2) = y1 — 97 + 3,

A (200N (1

oy )L o0 )
s ) . a A st zapan-
’mepqu'ﬂ/‘{eC'fﬂuﬂ MHO204NEH

—1-X —a

M(X) = det(A - \E) = ( 1 Y

) M+ Ata

Tozda cobemeenmme ananenua Ar 2 = 0.5(~1 + I~ 4da).

IIpu a > 0 umees Redy o < 0. ITpu a = 0 umeem Ay = —1, Ay = 0.
Ipu a < 0 umeem Ay < 0, Ao > 0. Taxum o6pasom, cozaacro nepeomy
memody Jlanynosa, nyaecoe acu. i npu

a > 0, neyemotivueo npu a < 0. Ilpu a = 0 nepsvii memod Jlanynosa
HENPUMENHUM.

2.4. VccnenoBanne Ha yCTOIYNBOCTE C HOMOIIBIO
byskuuii JIsanynosa (Bropoit meron JIsimyHosa)

2.4.1. ITonoxuTebHO onpejeseHHble dyHKIMH

Onpegenenne 2.4.1. Qynryua V(7) : R" — R naszwieaemes noaosicu-
meavho onpedeaennoii na mnosicecmee (0 € Q), ecau cunoanensv caedy-
wuue 064 YCA0BUA:

V@ =0,vye;
2. V@) =0&7=0.

Jlastee JuIst ONPe/IeIeHHOCTH GY/IeM CHITATE, UTO MHOKECTBO §) sIBJIseTcst
mapoM pajyca R > 0 ¢ meHTpoM B Havaje KOOpIHHAT:

Q={geR":|g| <R}

Nemma 2.4.1. ITycmo V(Y) — nenpepuisnan u noaoscumeavno onpede-
aennan na Q0 gymcyua. Tozda:

1. das mobozo €1 > 0 cywecmeyem e > 0 maxoe, wmo u3 ycaiosul
FeQ, |7 = e1 crmenaem nepasencmeo V(7) > e2;

2. 0an mo0bozo g9 > 0 cyweemeyem 3 > 0 makxoe, wmo u3 ycaoeuli
7€ Q, V() = 2 suumeraem nepasencmso ||y = e3.

TIposesem TBO METOJIOM OT IPOTHBHOIO.

1. TIPe/ITONOIKIM, HT0 HEpBOE 13 I0KAZLIBACMBIX YTBCDIK/ICHHI HeBepHO.
Torga cymectayer €, > 0 Takoe, 9T0 U1 MOGOTO €3 > 0 CYMECTEYeT TOTKA.
7 raxast, 40 £1 < [|[7]| < Ru V(7) < £2. B cuity NponsBOIBbHOCTH €2 MOKHO
B3sTh 10C/Ie0BaTelbHOCTh O < g2 — 0, U TOLJa HaiileTcs NOC/Ie1oBa-
TEJILHOCTD TOYEK Ty, 41st koropoii £1 < |7 || < R, V(7;,) — 0. Hockonbky
1OC/IEIOBATENLHOCTD Ty, IPHHAUIEXKHT 3AMKHYTOMY OFPAHHYCHHOMY MHO-
JKECTBY, TO HEKOTOPas e¢ HMOJANOC/ICI0BATE/ILHOCTL ABIACTCS CXOASIIecs,
Yr,, — ¥» &1 < [l < R. B cmny menpepwisrocrn V(7 ) — V(y) = 0,
OTKy/1a GIaro/aps MOOAKATETBHOM onpesiesieRHocTH mveen § = 0. [Iporn-
BOpete.

2. IIpeanonokum, 4To BIOPOE U3 [JOKA3BIBAEMBIX yTBEPKICHUIl HeBep-
HO. AHAJIOIHYHO NPOBEJCHHBIM BBIIIC PACCYXKICHUAM CYIIECTBYCT £9 > ()
TaKoe, UTO YIS HEKOTOPOIl HOC/ICA0BATCIBHOCTH 0 < €3 — 0 HafiieTes 10-
CIIEIOBATELHOCT TOMCK Ty, /Ut Kotopoit ||Ty || < ean, V(T)) = 2. B ey
menpepbiBioctn umeem V(7,) — V(0) = 0, 470 npoTHBOPEUHT NpEblLy-
TEMY HEPABEHCTBY.

TeomeTpiaecKmii CMBICIT JIEMMBI COCTOT B TOM, UTO TIOBEPXHOCTE YPOBHS
dynkmmn V() = £2 HAXOIUTCHA B IMAPOBOM CJI0€, OTPAHMYEHHOM H3HYTPH
cdepoit [[7]| = 3 u cuapyzku — cdepoit [[7]| = &1 (em. puc. 2.3).

Cnepncreue 2.4.1. Ecau nocaedosamenvrocmo movex g, € §2, mo npu
k — 400

F — 0 mozda u moavko mozda, xozda V() — 0.
Ecau npu t = 0 eexmop-ymryua J(t) € €, mo npu t — 400
F(t) — 8 mozda u moavro mozda, xozda V (F(t)) — 0.

JloKasaHHbIe yTBEP/KJIEHNs MOKA3BIBAIOT, UTO HENPEPBIBHASA MOJOXKH-
TeIbHO OnpesiesienHas (hyHKIMs MOKET HCIOIb30BATHCA B KAYECTBE Mephl
GumsocTu Toukn § € R™ k mavany koopaunar. flcro, uro nopma V(7) = [[7|
SIBJISICTCsl HENPEPDIBHOI [OJI0KUTEIBHO onpesenennoii dpynkipeil Bekropa
7. llpusesen npuMepnbl OIOKUTENLHO OIPEAEIeHIbX (ByHKIuil, He ABIIs-
IOMUXCST HOPMAMIL.

21 z=V(y,ys)

Y

Puc. 2.3. Unmocrpaims cBOHCTB MONOKNUTENBHO onpeenennoi dynkuun V (7),
7= (v,92)

Mpumep 2.4.1. Pyuryua V(y1,y2) = yi+y3 a6asemea noaoscumenvio
£ ) ) DA HOPMDL.

P Ho He Yo C P
Buecme ¢ mem, ee AUHUAMU YPOGHA AGAAOMCA OKPYIICHOCTIL.

Mpumep 2.4.2. Gyrxyua V(y1, o) = (@>0,b>0,a#b)

a b
AGAACTICA ped i, 10 e yo o
emey mpeyzoavhura das nwopmot. JTunusmu ypoens smoti dyrnryuu aean-
JOMER SAAUNCHE ¢ OAURAMY yocet, oMY G, b,

2.4.2. @ynkuus JIsmyHoBa

Pacemorpum samauy Koum it HOpMaIbHOI cHCTeMbI 0GBIKHOBEHHBIX
suddepeHpanbHbIX ypasHeHui

agit) -, I
B _Fo.50), 50)=meo, (219)
vie F(6,7) = (filtsyrs o yn) (b yns oo n)se s Faltgns e yn)) Ty oM
nonentsl fj(t, Y1, ..., Yn) ONPEJIEICHBI U HENPEPLIBHBI HA MHOKECTBE
[0;400) x 2,
npuiemM
[5(4,0,...,00=0, j o, 20

eno, wro cnerema (2.19) mveer myesoe permerme F(t; 0) =
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[o] 2.4.2. Henpep g Man u g
meavHo O A na Q@ fynruua V(7) P & Jsa-
nynosa cucmemn. (2.19), ecau

V(D)
S g <0, Vge t>0. (2.20)
i ay,

2.4.3. Teopema 06 ycroiuuocT

Teopema 2.4.1. IIycmov na Q e yem dynruyus Jla-
nynosa dan cucmesni (2.19). Tozda nyaccoe pewenue F(t:0) = 0 cucmennt
(2.19) aeasemca yemotnuevim no Janynosy.

Jlowasamenvemeo. Sadmxenpyes npomsnomsnoe &1 € (0, R). B emy nesnm
2.4.1 nalizierea €, = £x(€1) TaKoe, 4TO KAK TONBKO /U1 § € § BHINONHEHO
nepasencrso ||7] = e, To

V@) > e (2.21)

B cuiy nenpepoisuoctn dbyukuun V() B myne s ea(e) naiigercs § =
6(22(£1)) Takoe, uro u3 nepasencrsa ||7|| < § serrekaer ouenxa
v < 2. (2:22)
Bes orpanirienus oBIHOCTH MOKHO CIHTATH, 4TO § < €]
PaccMOTpIM IPOH3BOJILHYI0 HAYAIBHYIO TOUKY o U3 §-OKPECTHOCTH Hy-
atesoro pemenust (|[7]| < &) n nokazkem, uro npu t = 0 coorsercTByIONICe
perenne Y(t) = Y(t; 7o) cucremni (2.19) yioBIeTBOpsieT HEPABEHCTBY

g1 < e

IIpu ¢ = 0 310 nepasencrso Bbimosmeno, |[F(0)|| =
(2.22) mvcent

Toll < 6 < &1, m B cmy

Vo) < 2.
B cunty nenpepoisnoctn nepasencrso |[7(t)|| < 1 ocraerca cnpasesmsbin
Ha HexoTopoM nomynnTepsase t € [0; ;). Ecam £ = 400, 10 yerofitmpocts
Jlokazana. Ecim ke jyist Hekoroporo Momenta ty € (0, +00) oKazKkercs Bbl-
TOJHCHHBIM ITPOTHBONOIOKHOC HEPABEHCTBO,

(2.23)

Puc. 2.4. K jokazareascrsy Teopensr 2.4.1.

70 B cniy (2.21) nomyuaenm (em. puc. 2.4)
V(G(t)) = e2

TIpunumast Bo BHIMANMC HepaBeHCTBo (2.23), nyeenm
V@) - Vo) 25 - 2 = 2 >0 (2.24)

C apyroii cropou, 1 ety (2.20)

VD SOV A0 5O 50 <0, v

b dy; dt Ay
Crnenosarenbio, dbynkmus V(G(t)) ne Bospacr:
npornsopetuT (2.24).

Takinm 06pasom, 10 npoussoibHOMy £1 > 0 Haiieno § = d(g1) rakoe,
uro u3 nepasencrsa [Tl < & serrekaer onenka ||[7(t:7,)|| < &1 ans Beex
t = 0, o3HAYAIONIAsT YCTORYIHBOCTD HYJIEBOTO PEIIeHst.

et 1a orpeske (0,4, wro

Mpumep 2.4.3. Hceaed; {i P 2 (0,0) m

{ dyy/dt = —y1y3,

Hueem f1(y1,92) = =193, fo(y1,92) = yive,

_(9£i(0,0)\ (0 0

S\ oy ) N0 o)
Hepewiii memod JIanynosa nenpumenuns, max kax mampuya A umeem cob-
cmeennbie 3nauenus A\ = Ao = 0

I e by
it JIanynosa i

V(y1.y2) = yi + y3 aeanemea

"

WV (y,y2)

IV (y1,
Mfl(yl-yz)+Tf2(y1vyz) 4y} (—y1y3) +4y3 - (yiye) = 0.

1
Caedosamenvno, vnonneno yeaosue (2.20). Cozaacno meopeme 2.4.1 ny-

acsoe ye no Jlanynosy.

2.4.4. Teopema 06 ACMMITOTHYECKOH yCTOMYNBOCTH

Teopema 2.4.2. ITycmo na Q Bynryua Ja-
nynoea V (7) m (2.19), yoo A
n -
> VD op < wm, wea t>0, (2.25)
=0
20e W(g) - ) i na Q
Pyrryua.
Tozda nyaesoe 7(t;0) = (2.19) ssasemes acumn-

momuvecku yemotiuemm.

CTOMHBOCTS 10 JIATYHOBY HYJICBOTO DOTIeHIIT CIe/TyeT
u3 reopemsr 2.4.1. Ocraercs jokasarh, uro s pemenns J(t) = G(t;7,)
sazaan Komn (2.19) Bemonneno

F(t)—8 upn t— +oo,

€CIII TONBKO Ty HAXOAHTCS B HEKOTOPOIi OKPECTHOCTH HyJICBOrO PEIICHII.
U3 nokasarenbersa Teopenbl 2.4.1 BLITEKAET OIPAHHYCHHOCTD TPACKTO-

[7(t)]| = €1, dys/dt = yiys. pun (1), TOCKOILKY OHa IIPUHAIEKHUT €1-0KPECTHOCTH HyJIeBOrO PElenust.
10 Tnasa 2. Teopms yctoitamsocti 2.4. I Ha yeToitamBocTs ¢ hymxciit Jlamymosa 41 42 Tnasa 2. Teopms ycToitamsocti
Tlosromy u dynxuus V(F(t)), aBisasack ckaaspHoil GyHKIell aprymenTa t, Caed Pymr: V(y1.y2) asanemes i JIanymnosca, Komo-
y Y y 12 ! Pry Y1, ¥
OrpaHHYeHa CHU3Y U HE BO3pacTaer 6/arojaps HepaBeHCTBY pas yo (2.25) ¢ pep (i onpe- \/
deaennoti dyrnwyuea W(yi,y2) = yi + yi. Hosmomy, cozaacro meopeste \\“3\
dv (y(t WV (y(t 2 pon 1cu {i nyH
d EZ( ) 20 (,,( ))f(, 7(0) < —W(H(H) <0 2.4.2, nyaecoe no Jlan

j=1
KoTopoe crieiyer u3 (2.25). Torga cymecrsyer npejen
lim V(@) =a>0.
t—to0

Voemmes, wto a = 0. Jelicrsurensio, cci a > 0, T0 B CHTy HeBo3-
pacranns V(7(t)) u3 nepasencrsa V(g(t)) = o cornacuo m. 2 jemmpr 2.4.1
BhiTekaer onenka |[J(t)|| > 3 > 0 qst Beex t > 0, rae e3 = e3(a). Mpume-
mstst emny 2.4.1 1. 1 st mosozxkuTesbio onpeenennoi dynkmm W (y),
yBexaemcs B cupaseinsoctn nepasericrsa W (g(t)) = 8 mst seex t > 0,
rae 3 = 3(g3) > 0. Toraa nmpu t — +00 B ety (2.25) 1 HOPMYIIBI KOHETHBIX
npupamenuii Jlarpamxa micen

e,
dt

VE®) - VE0) = < -W(FE) < —ft — —oo,

HTO MPOTHBOPEHHT NOI0KUTELHOM onpeenennoctu V().
Taxm obpazom V(F(t)) — a = 0 u, 5 ety cresersua ws aessr 2.4.1,
oKOmTATE L0 Yo TACMCH, 10 F(1) — § mp £ — 0. o

Mpumep 2.4.4. Hccaed; {i pewenus (0,0) m

{ dyyfdt = —y> — yi,

dyz/dt = y1 — 3.
43
2£(0,0) (0 -1
a, )~ \1 o )
Mepenii aemod JTanynosa nenpusierun, mar xarx sampuya A useem cob-
cmeennvie snavenus A1 o = +i. Jaa V(y1,y2) = (3 +y3)/2 umeen

Hueem fi(y1,y2) = —v2 = i, f2(y1.92)

IV (y1,y2)

2.4.5. Teopema YeraeBa 0 HEYCTOHINBOCTH

Teopema 2.4.3. IIycmo 6 nexomopos wape Q. = {7 € R™ : HyH <e}
paduyca & > 0 natidemea obracmv D C Q. ¢ zpanuyeii Ty UT,, 6 € Ty,
17l = € npug € T-. Myemo na samvsarun D U Ty U T amoi obaacmu

o U@, J A

ceoticmeamu:
1. U@ =0npuyely, U >0npuy e D;

2. dan mobozo o > 0 natidemcea Bla) > 0 maxoe, wmo us ycaocuii
7€ D uU(y) 2 o 6oumeraem nepasencmeo

Z”g(y)f,w)w, t>0.
= Yj

Tozda nyaesoe pewenue (t;0) = 0 sadavwu (2.19) neyemotivueo no Jany-
Ho6Y.

Jokasameavcmeo. TIpeanonoxKun IPOTHBHOE, TO €CTh HYJIEBOE DEIIeHHe
yeroitanso 1o JIanynosy. Cornacuo onpesenenuo yceroituusocru 1o Jlsmy-
HOBY JUUIsl B3ATOIO M3 yCIOBHS TeopeMsl & > () cymectsyer § > () Takoe, 9T0
st moboro pemenns F(t) = (7o) 3amamn Kom (2.19), 413 Kotoporo
npu ¢ = 0 Bbino/HEHO HepaBeHCTBO [|7 || < &, aust Beex ¢ = 0 cupaBemBo
nepasercrso ||7(t)| < e, o ecrs

() € Q.. (2.26)

Tax kak 0 € T, To Moxen BrIGpats Jy € D, n Toraa U(F,) = up > 0.
Pacemorpny ckansipayio dynxmmo U (F(t)). Uneen

2 0” D g0, 560). (2:27)

Puc. 2.5. K joxasatemsersy Teopensr Ueraesa.

Toxa craprosasmas mpu ¢ = 0 13 o6actn D Tpackropus J(t) octactes
B 5roit o6macti (Ji(t) € D), CHpaBe;LTHEO HePABEHCTEO

aU(y(t))

gt > 0.

Toraa dynkuust U(Y(t)) Bospacraer u, cegoBaTeibHo,
UG®) > UG) = o > 0. @29)

PacemarpusaeMas TpaeKTOPHSI He MOYKeT BbliiTi 13 obnactu D nu yepes
rpamuiy o (8 cniy yenosust Ulp, = 0), nu uepes rpanuiy I'. (B cuny
(2.26)). Hosromy

FteD, t>0, (2.29)

u nepasencTso (2.28) soimomneno st seex ¢ > 0. Tora B ety Henpepbis-
noctu dynxin U(Y(t)) TpaekTopust e MOKET BLIATH 3a IPEJIEbl 3aMKILy-
toro orpamrienmoro muozkectsa Dy (. puc. 2.5), re

Do={ge DUT U :U(y) > uo}.

WV (y1.y2)
o Jilyr,y2) + o Fa(yr,y2) =
o 3 P AU (7,) Cornacno ycinoBuio Teopenmbl 1 B cuity (2.27), (2.28) u (2.29) ast o = ug
=y (2 —)) + v (1 —8) = —(y +v3). Tosromy npn t = 0 cupasesumbo sepasericrso — 2 > 0. naitgerca flo > 0 Takoe, UTO BO BCEX TOMKAX TpaeKTOpHH J(£) CIpABELIUEO
2.4, U Ha yeTofimpocTs ¢ ymxuuit JTanymosa 43 44 Imapa 2. Teopms yeroiismsocti 25. K. ToteK moKos 45
HepaBeHCTBO ecin f(7p) = 6. Taxun 06pason, KOODIMHATBI TOUEK MOKOs HAXOIHATCS 3 2.5. Knaccudukanus Touek ImOKos
dU(F(t)) > Ao cucTeMsl ypasHenuit
dt filyr--syn) =0,

Tlousenno nurerpupys na orpeske [0, ] n nepexouts K upeey npu ¢ — +0o,
veenm

U(t) = U(Ho) + fot — +o0,  F(t) € Dy,
YTO NPOTHBOPEHHT OrPAHHYENHOCTH Henpepbisioit dynkmmu U(y) na sa-
MKHYTOM OFPAHIMEHHOM MHOXKecTEe Do, TI03TOMY HCXOHOE TPETIoNosKe-
mie nepepno. Heycroitumsoers 1o JInyHoBy HYJIeBOro pelenus jokasa-
Ha.

Mpumep 2.4.5. Hecaedyem yemotivusocmo pewenus (0,0) cucmenmnv:

dyy/dt = yry3,
dyz/dt = ylyo.

Hueces fi(y1,y2) = yiy3s f2(y1.y2) = yive,

-(52)-(32)

IHepewiii memod Jlanynosa nenpumenum, max kax
cmeennvie snavenus Az = 0.
Pacemompum dynxyuro U (1/1,1/2) y1y2. Myemo D — cosorynmocms
Joyx om Kpy2a nepeoti u mpemuved xo-
MU Amu, zpanuya o u3 Ha ocAT
OY1 u OY> paduycos. Hmeem

A umeem cob-

v (
M
=yt +u3) = niye(WF — 13)° + 212)°) > 2(ny2)® > 20°

finoae) + T

Y1y2) = yo - y1ys F Y1 yiye =

npu yeaosuu y1yz = o > 0. Takum 06pazom, 60inoNHENDL YCAOBUSL MEOPEMIL
2.4.8 ¢ B(a) = 20°, u nyacsoe i no Jlanynosy.

2.4.6. YcToiftuMBOCTb TOYEK MOKOs

Touxa J, € R" nasnisaercst TOUKOI MOKOS (II0JIOKEHHEM PABHOBECHS )
ABTOHOMHOI CHCTEMBI a3t

dy(t) =,

= f@®), (2.30)

fn(yl,....y):o.

Ecam 7, — rouka noxos, To dynkums J(t) = F ABIACTCH HE 3aBUCSH-
M or Hepemenofi ¢ pemmenuen cucrenmst (2.30). TpaekTopis Takoro pe-
NS IPeJICTABIsET CoB0il IPSIMYIO JIMHUIO B IPOCTpaHcTBe (£, Y1, ..., Yn),
aB ¢ HPOCTPAHCTBE NEPEMEHHBIX (Y1, ..., Yn) ~ OAHY TOUKY. Byzem
Has3bIBaTh TOUKY MOKOS Yy YCTOHYMBOMH, acCUMIITOTHYIECKH YCTOHYMBOI Wi
neycroitunsoii no Jlanynosy, ecim coorsercryiomee pemenne j(t) = 7y
CHMITOTHYECKH YCTOHYMBO WM HeyCToiHuuso no Jlamynosy.
€ I0BAHNS YCTORMUBOCTH TOUKH TOKOS MOKHO CJICTATH 3AMCHY
tennbix Y(t) = y(t) + Jy n nmepeiitn K mc
HYJIEBOTO PENICHHs CHCTEMBI

dg(t)
dt

€/I0BAHNIO YCTOHYHBOCTH

=F@t), F@)=7G+7)

Lt HpHMenennst Teopembt 2.3.1 BHMHCTIM SIICMEHTH! MATDHI TPOU3BO/-
werx A = (ai;):

OF; ofi
=g =Y @)
Yi dy;

B pesysbraTe mpHXOIIM K YTBEPKICHHIO 00 yCTOHTHBOCTI IO EPBOMY HMPH-
GIIIKEHITO TPOUSBOLIOI (He 0BA3ATEBHO HYIIEBOT) TOUKH TOKOS.

Teopema 2.4.4. Ilycmo T yD ~ MOYKAQ NOKOA CUCTREMDL (z 30), dynryuu

1;(9) deasncawn nenpep ] 6
Yo, J=1,-
Ecau ece pu A = (21:(70)/Dy;) usmerom

ompuameavime ewscemoeniie acmu:
Redp <0, Vk=1,...,n,

MO MOUKE NOKOA Ty ACUMNMOMUNECKU Yemotiuea no JIanynosy.
Ecau oice natidemea zomsa 6ol 0dno
= (0£:(W)/0y;) ¢ i i wacmovro:

A€ (Ao A} ReA >0,

mo mowka nowos o neyemoiwusa no Janynosy.

Jokasannble Bblie TeopeMbl 2.2.1-2.2.3 H03BOJISIOT HCCJIEL0BATH HA Y
TOHYMBOCTDL TOYKH 110KOS JIMHEHNOIl CHCTeMbl ¢ HOCTOSHIbIME KOddh -
eHTAMH U OTBETHTD Ha BOIIPOC, YTO HPOUCXOJUT CO CTAPTYIOMIECH U3 OKpecT-
HOCTH TOUKI OKOSI TPACKTOPHEHH: OCTACTCSI JTH OHa B 9TOfi OKPECTHOCTH TPt
t — 00, NGO TOKACT ce 3a KOHETHOE BPeMst. BMecTe ¢ Tea 1acTo Gpaet
HeoGXOMMO YTOUHITE XapaKTepHbiil BI/ TPACKTOPHIi B OKPECTHOCTH TOU-
KIT TIOKOSI 1, TI0 BOSMOZKHOCTH, BHe ee. B mamHoM maparpade MbI npiBeiem
Ki1accuUKAIIMIO TOYeK OKOs JTHHEHHOI ciuereMpl Ha mockocTn (n = 2).

2.5.1. Kunaccudukanust ToYeK MOKOsl JIMHEHHON cucTeMbl

PaceMoTpuM JIHHEHIYIO CHCTEMY € HOCTOSHHBIMH BCIICCTBCHHBIMU KO-
sdumentamn ornocuTebiio Bektop-bymkimm F(t) = (y1(t),y2(t)) "

Ay, A= ( a2 ) (2.31)

a21 Q2

Hac Gyyr nnTepecoBarh (asosbie (To ecTh B IIOCKOCTH (Y1,Y2)) TPaek-
Topuu cucrempl (2.31). Bamerum, uTo (asoBble TPACKTOPUU STOH CHCTEMbI
SIBJISIIOTCS MHTErPAJILHBIME KPUBLIMI 0ObIKHOBEHHOTO Auddepenuuansnoro
YPABHCHIS, IIOJTYHCHHOTO HOC/IC HCKIIOMCHHS epeMennoii ¢ u3 (2.31)

dy1 _ anyi + aizys (2.32)

dys  asyy +asays’ ’
Touka nokos (0,0) smsercss ocoboit it ypasmemist (2.32), HOCKOABKY B
Heil HADYITEHBI yCJIOBHS TEOPEMbI CYIECTBOBAHMS W €IMHCTBEHHOCTH pe-
menns 3ataun Komm. ITosromy depes Touky (0,0) MOKET HPOXOIUTH KAk
HECKOJIbKO (has0BbIX KPUBBIX, Tak i Hi oaHoil. Takum o06pasom, Touka 1o-
xost (0,0) nexoauoii cucrempt (2.31) sBisiercst 0co6oit TOUKOl ypaBHemust
(2.32) B Ba3OBBIX IECPEMEHHDIX.

KtacendmKaIIIo TOUCK 10K0s Gy/1eM HPOBOUTD B 3ABHCHMOCTH OT OG-
CTBEHHBIX 3HAeHMIl 1 COBCTBEHNbIX BekTopoB Matpuis A. B pacematpu-
BAEMOM Cllydae 1 = 2 HMeeTCsl J[Ba COOCTBEHHBIX 3HaueHHs Ap, Ag. Eciam
A1 # A2, TO COOTBETCTBYIOIHE COOCTBEHHbIE BEKTOPBI

+ _ [ hu + _ ( hi2
(i) m= (i)
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6

Prc. 2.6. Vaeit: a — yeroitubiii, 6 — HeycTofismpbiii.

JmHedino HesaBucHMBL B coctassior 6asuc 5 C2. Ecmn A; = Ag, TO BO3-
MOKHO

TAK 1 OAOTO SN0 HE3ABUCHMOTO

MECTBOBANIE KAK JIBY:

CcOOCTBEHHOTO BEKTOPA; B MOCJIC/THEM CIydae CYMEeCTBYET OJIHH TPHCOE/ -
HEHHBIH BEKTOP, JMHEHHO He3aBHCHMBIi ¢ COBCTBEHHBIM. PaceMoTpuM THIbr
TOYEK NOKOsI B CJIyUae HeBbIPOZKIeHHofl MaTpuipt A (det A # 0).

2.5.2. Yaent (A, As € Ry Ay # Aoy Ay - Mg > 0)

O6uee pemenne cucrembt (2.31) umeer suz

o [ wn@®) ) _ hi hia
y(t) = ( yalt) ) =0 ( o )exp{)\lt} +C;( hon )exp{)qt}.
VC,Co e R, (2.33)

PaccmorpiM cHavasa ciydaii, Korjga cOGCTBEHHBIC 3HAYEHHS OTPHIA-
TenbHbl: Ay < A\; < 0. Torza myseBast ToUKa HOKOsI aCHMITOTHYCCKH YCTOMN-
umBa 10 JIAMYHOBY M Ha3bIBACTCS YCTONUMBEIM y3710M. PasoBbie KpUBbIE
npu t — 400 crpemsres K ycroitansomy ysuy: §(t) — 6 . Briscuum, no
KAKOMY HAIPaBJIenuio (hazoBble TPACKTOPUN BXOAAT B y3euL. st 91oro soi-
.

M IPON3BOHYIO

dyi _ CihyheM! + Cohiphoe*?' — Crhyhi + ChlyphgePz—A)t

€CTh KacaTeIbHbIii BeKTOP (ha30Boii TPACKTOPHI B Tpejiesie KOJLIMHEAPeH
cobersennoMy BekTopy hi. Ecin xe Cp = 0, 1o

(1) = Co ( fua ) et

hao

Bnaunt, dasosas TPACKTOPUs JIEKUT Ha IIPAMOI, 38 1aBaeMoit coGCTBEHHBIM
BEKTOPOM Nig, U IPHOJIIZKACTCS K TOUKE HOKOSI IIPH § — +00.

Buoisicium naunpasienue ¢asosbix Tpaekropuit upu ¢ — —oo. B srom
caydae (aszoBbie TPACKTOPHH, OTIMYHBIC OT TOUKI OKOSI, CTPEMSTCH K Gec-
Koreo yatenmof Towxe. B ey (2.33) mpn Cy # 0 mareent

dyi  Cihyuhe™ = 4+ Cohipdy haa
- _ I
2)t 4+ Cohasda  hao

Q2 = Crhanhc™ t— —o00, (Ar—X2>0),

TO €CTh TPAEKTOPHH B OKPECTHOCTH GECKOHEMHO Y[A/IEHHOI TOUKH BBICTPa~
HMBAIOTCS MAPALIENbHO BeKTOPY ha. Ecim xe Oy = 0, To

hin \ e
Cy ( hot )s ‘,

1 basoBas TPAEKTOPHS JIEKHT Ha IPAMOI, 3a1aBaeMoii COGCTBEHHBIM BeK-
Topom hy. TIpoBeieHHbIe BBIK/IAJKH HITIOCTPUPYIOTCst Ha puc. 2.6, n306pa-
aaiomem GasoBble TPACKTOPUH B CJIY4A€ YCTOIMUYMBOIO y3/14, CTPEIKH HA
TPACKTOPHSAX YKA3bIBAIOT HAIPABJICHHE IBHZKCHHH IPU yBeJIHYeHHn t.

Jliist mos1oKuTeIbHBIX cOOCTBeHHBIX 3HadeHuit 0 < A; < Ay TOUKa 10—
KOsl HA3BIBACTCS HEYCTONTHBBIM y3/10M, PACIIOJIOXKCHIC I BIJ TPACKTOPHii
OCTAIOTCA TeMH e, UTO W [ OTPHIATEHHBIX COOCTBeHHBIX 3HAMEHHIT, HO
HaIpPaBJICHIE IBIZKCHIS 110 TPACKTOPHSM MEHSETCs Ha MPOTHBOIOJIOKHOE.

Tlose310 HOMHHTS Cle/1yIONee IPABIIIO Y371a: (hasoBbie TPACKTOPHH BXO-
JIAT B y3eJI, Kacasich COOCTBEHHOIO BEKTOPA ¢ HAMMEHBIIINM 110 MOJLY/IIO COO-
CTBEHHBIM 3HAYCHUEM.

2.5.3. Jukpurudeckuii ysea
(A1 = As # 0, dimker(A — \, ) = 2)

B ciryyae MKPATHIECKOTO y3i1a IBYKPATHOMY COBCTBEHHOMY 3HAUCHHIO

Yz EH
[5) U [ Y1
6

Putc. 2.7. [lukpurimicckuit yaeit: a — yeroiuppiti, 6 — neycToiupbiti.
Y2 V2
I3 A,
o I o %

a 6

Puc. 2.8. Boipoxennpiii ysest: a — ycroitunssiii, 6 — ney

I ONPE/IEISIeT Ha TUIOCKOCTH (Y1, Y2) COBOKYIHOCTH BCEBO3MOMKHBIX JIyteii,
BXOJANIX B TOUKY TMOKOsi st A < 0 (yeroiiumesiii JuKpTHHecKmii y3esr)
¥ BBIXOZSAIINX M3 TOUKH MOKOs st A > 0 (HeyCTOﬁ‘{HBbm JMKPHTHYeCKHI
y3ed), eci t — +00 (em. puc. 2.7).

2.5.4. BoIpoxK/IeHHBI y3e
(A1 = As # 0, dimker(A — A E) = 1)

Qs = ol T Coltoara™ = Ol ColoaracOa AT (2.34) A=\ A2 OTBEYAIOT [Ba JITHEHHO HE3ABHCHMBIX COOCTBEHHBIX BEKTO-
o } iy O peN2 2= A1
Y2 C1ha1Are™ + Cohazdze 1h21A1 + C2hazAze pa hy u hy marpunpt A. Torja sbipaskerne (2.33) st ofIiero peemust Beoipoz aennblil y3ea yeroifaus, ecim Ay = Ay < 0, U HeycTOHYHB, eciit
dy, h1y UPUHUMAET BIL A1 = A2 > 0. B ciyyae BBIPOXKICHHOIO y3i1a ABYKPATHOMY COOCTBEHHOMY
T kax Az = A1 < 0, v mpu Cy 7 0 mveent 7+ — 520 mpin £ = 400, 10 T(t) = (CiTor + Colia) exp{At} Smaterio A = A = Ay OTBEUAIOT OJHI COBCTBEHIbI BEKTOp A1y MATPHIILI
25. K. i TO%eK TOKOST 49 50 Tnasa 2. Teopus ycToitamsocti b TOdCK TOKOST 51
. h, Y Yz MHUMOI gacTsamu. ITycrs h= El + ’IE; ~ coGCTBEHHBIT BEKTOp € JHHei-
2 HO HE3ABUCHMBIMH f1 2, OTBeYAtoNIHii COGCTBEHHOMY 3HAYEHHIO A = 6 + iw.
Torja aeficrBurelbHast 1 MHIMAs YACTH KOMILICKCHO3HAMHOIT BeKTOD (byHK-
mun Z(t) = hexp{\t} cocrassior semecTseniyio GynIjaMEHTANLIYIO CH-
i CTEMY PelIeHHil CHCTeMBI:
1
Yi i T2 (1) = Rez(t) = exp{6t} (i coswit — hasinwt),
0 _
Y1 Uy(t) = Im=(t) = exp{t} (R sinwt + hy coswt).
Ilosromy obliiee BEIIECTBEHHOE PElIeHHe UMEET BUJL
a 6

Puc. 2.9. Cemo.

A o npucoesmennii ektop By, Omee pemene cuctenn (2.31)
sanmcHIBACTCH B BIje

F(t) = Crhy exp{At} + Co(p, + thy) exp{\t}.

Ecmn Cy = 0, 1o dasossie Tpaextopun pemenns §(t) = C1hy exp{At} co-
CTOAT W3 JABYX Jyueil, BXOAAIMX B TOUKY 1oKost Aist A < 0 (BbIXoAsmiux
M3 TOYKH MOKOsI 1t A > () mpu ¢ — +00 [0 HAIPABICHHIO COOCTBEHHOIO
sexropa. Ecm Cy # 0, 10

F(t) = texp{\t}(Cahy +8(1)), t— +oo.

Buiro, 4T0 pemiennie Kacaercsi COGCTBEHHOrO BEKTOPA B TOYKE MOKOsI TPH
t — +oo s A < 0 qmbo npn ¢t — —oo mus A > 0. Ha Gecxoneunocru
upu t — —oo g A > 0 mbo npu t — 400 g A < 0 dasosas Tpaex-
TOPHS OISITH BLICTPAHBACTCA 10 HAIPABJICHIIO COGCTECHHOIO BEKTOPA, HO
B HPOTHBONO/IOAKHOM HAIDABJICHIH GIAT0japs CMEHe 3HAKA MHOKHTEs £,
Tumranas kapriaa GasoBbIX TPACKTOPHIT IS BHIPOAKICHHONO y3J1a IpiBe-
JleHa Ha pucyHke 2.8.

2.5.5. Cemto (A, s € R, Ay <0< \y)

HAcno, uro ceo sBasercs HeycTolinBoii TOUKOIl HoKosi. Bocnonn3yemes
JUls anajusa nosejennst Tpaexropuit dopmynoit (2.33). dua Cy # 0 upn

Puc. 2.10. Dokyc: a — ycrofimpeii, 6 — HeycToiuBbiii.

1 — 400 noJydaeM npejcTaBienne

() = exp{Mt}(Cy ( kb ) +Cz( Z; )CXP{(/\Q =)t} =

hay
— exp{t} (Cr ( :; > +a(1)).

Kpowme Toro, us (2.34) HeTpyHo BUAETD, 4TO % — %, T0 ecTb asosble
TpaeKTOpHI HpH  — 00 CTPEMATCH K GECKONHedHo ;ﬂ,&/leﬂﬂoﬂ TouKe M
HMEIOT ACHMIITOTY, 33/[ABACMYIO COBCTBEHHBIM BeKTOpoM Ry Ecom ke Cf =
0, 0 F(t) = Cohaexp{Aat}, n dazosast TpackTOpHS JCKHT HA HDIMOI,
3a7[aBAeMOll COGCTBEHHBIM BEKTOPOM 2, MPHOIIZKASACH K TOMKE MOKOST TpH
t — +00.

Jnst t — —00 KapTHHA TPOTHBONOIOKHAs: (PAasOBble TPACKTOPHIL CTPe-
MsATCsL K Geckonedno yjajiennoit touke npu Co # 0 MMEIOT acHMITOTY,
3a/1aBaeMy10 BeKTOpoM ha. Econ Cy = 0, o G(t) = Cihy exp{\it}, n da-
30Bast TPACKTOPHS! JICKIT Ha IPAMOIL, 321aBAEMOIl COOCTBEHHBIM BEKTOPOM
Ty, npuGMIKASCH K TOMKE M0KOs IpH ¢ — —00. [[poBejieHubIe BhIK,
WILTIOCTPUpYIOTCA PHCYHKOM 2.9.

K

2.5.6. Dokyc (M2 =0+iweC, w#0,§#0)

Touxa nokos nasbiBaercs HoKycoM, eci MaTpuua A IMeeT KOMILIEKC-
HO COIPSIKEHHBIE COOCTBEHHbIC 3HAYCHHS ¢ HEHYJICBBIMH JIeHCTBUTEILHOI I

() = C7, (1) + Cafa(t) =
= exp{0t}(Cy coswt + Cysinwt) by + exp{dt}(Cy coswt — Cy sinwt) hy.

O6osnawas C = /O +C3 # 0 m BBOAA BCTOMOTATENLHBI YTOT 9 13
yeaoBmit

P R &
sin) = o cos = <
LPUXOUM K PA3JIOKEHIMIO PEMIEHIs 110 6a31Cy, COCTABIEHHOMY U3 BEKTOPOB
hy u hy:

() = Ea(B)hn + Ea(t)ha.

Koadd TBI Pas. o ¢ U3 COOT it

& (t) = Cexp{dt} sin(wt + 1),  &(t) = Cexp{dt} cos(wt + v),

34/AI0TIAX JIOTAPHBMITICCKYIO CITPATE, KOTOpAs TPH ¢ — +00 CKPy«Ba-
ercs st 6 < 0 (yeroitmenii dokye, E7(t) + €3(t) — 0) u packpy«mBaercs
st 6 > 0 (meyeroirmseiii bokyc, £7(t) + £3(t) — +00). XapakTeproe o~
Bejsierne hasoBbIX KPHBBIX B ciydae GoKyca OpuBeeHo Ha pucyHke 2.10.

2.5.7. entp (A2 = fiw € C, w #0)

To'ka mokon masMBacTeH memTpoM, ccm MaTpmma A meer wmHCT
MHHMBIE KOMILIEKCHO CONPsiZKeHHbIe cobcTBeHnble 3Hadenns. Takmy obpa-
30M, LEHTD — yCTOIMHBAs TOUKA NOKOH, He SIBJISIONIASCH ACHMITOTHMe-
cKit yeToiiunpoii. C IOMOIIbIO KOMIIEKCHOHAHOIO COBCTEEHHOIO BEKTOPa,
T = hy 4 ihy ¢ JMHEHHO HE3ABHCHMBIMH BEIIECTBEHHBIMH COCTABJISIONIH-
Mt iy 1 hy anasormdno ciaydaio BoKyca 3aluiieM obliee perenue B BIe
pasnoxenns Y(t) = & (8 + &(t)h ¢ kosbdummentaym

&i(t) = Csin(wt +1),  &(t) = Ccos(wt + 1),
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Y2 Y2

Puc. 2.11. Lenrp.

yaoBseTsopsommv pasenictsy £2(t) + £3(t) = C2. Toraa BekTop Koab-
bumpentos (& (t),&(t)) onuchBaeT nepHOAHIECKOE [ABUKEHHE 10 OKPY K-
HOCTH, KOTOPOMY B HCXO/UHBIX KOOD/IMHATAX COOTBETCTBYET B O0IIeM CaIydae
JBuKenne 110 smncey (em. puc. 2.11).

2.5.8. Curyyaii BeipoxKaeHHOi marpunst A (det A = 0)

V BBLIPOZKICHHOI MATDHILBI O/IHO WIH 058 COGCTBEHHBIX SHAUCHUS! PABHEI
Hy/10. PaccMOTPHM BO3HHKAIONIHE 3/€Ch CIIYUaH.

Tycrs A; = 0, Ao # 0, 1 hiy, hia — COOTBETCTBYIONIIE JHACHHO HE3ABHCH-
Mbie cobeTBenmbie BekTopbt. Torta ofimee pemmenme nMeeT B

F(t) = C1hy + Cahz exp{Aat}.

Best npsvas, npoxojsmas 4epes Hauaio KOOPAMHAT NAPAJLIEIBHO BEKTOPY
T1, cocrout m3 ToueK MOKosi. M3 OCTAIBHBIX TOUEK IJIOCKOCTH JIBHYKCHHE
HPOHCXONT 1O TIPSAMBIM, NAPAJLIETLHBIM BTOPOMY COGCTBEHHOMY BEKTODY
T, IpHGMIKAACH K TOUKE MOKOst IpH ¢t — 400 B ciygae Ag < 0w npn
t — —o00 B caydae Ay > 0. Xapakrep (ha30BbIX TPaeKTOPHil IpeICTaBIeH
Ha pucynkax 2.12a u 2.12b.

IIycts A; = A2 = 0 u dimker A = 2, To ecTh CymECTBYIOT JIHHEHHO
HesaBHCHMble cOBCTBeRHbIe BeKTopbl 111 1 Tiz. Torja MaTpuna A cocront u3
ozHux HyJeif, a obiiee permenne (2.31) umeer Buj

() = Ciy + Caa.

Y2

a 6 B

Puc. 2.12. Cityuait BEIPOA/CHOM MATPHIL.

Bce TOUKH IUIOCKOCTH SIBIISIOTCS TOUKAMI IOKOS B PACCMATPHBACMOM CJIy-
o

Ilyers A = Ay = 0 n dimker A = 1, 10 ecrb cymeersyer o ammeiino
HesapuCHMBIii cobeTBenmbiit BexTop fi. TorIa HAIETCH COOTBOTCTBYIOMHI
npucoeuHennblii Bexrop p. Obiiee pemenne (2.31) nveer B

Chh+ Co(p + th)

7(t) (Cy + Cot)h + Cop.

Best npsimast, npoxo/siias Yepes Hadao KOOPIAHHAT IAPAJLIENbHO COOCTBEH-
HOMY BEKTOPY f, COCTOMT I3 HEyCTOHMHBBIX TOUeK mokost. U3 ocTaibibix
TOYEK IIOCKOCTH JIBHKCHHC : T 1O TPSIMBIM, TTADAJL, 6-
CTRGHHOMY BexTOPY i, HpHeM HAUPABICHNE ABDKERHS NPOTABONOACACIO
B TOMyIIocKocTsX, orpedaiommx Cy > 0 i Cy < 0. Xapaxrep daszopbix
TPaeKTOPHIl IpeJICTaB/eH Ha pHCYHKe 2.128B.

2.5.9. Knaccudukanusi ToYeK IMOKOsi HeJIMHEHON crcTeMbl

Touxy nokos g, € R aBTOHOMHOIi cHCTEMBI

dyg(t) _ <.
—a = 1@®) (2.35)

GyJieM HaspIBaTh IPyGOii, eCIIM MaTpPUIA TPOH3BO/BIX

n (2.36)

HMEeT POBHO 1 TOMAPHO PA3IHIHBIX COOCTBEHHBIX 3HAUCHHIl ¢ HEHy/IeBOil
BeIecTBeNHOl acTbio. Yeroftunsocrs 1o Jlsuynosy rpyGoit ocoGoit Touku
BCEIJ[a OIHO3HAYHO ONPE/IENSETCs ¢ NOMOMBIO IepBoro Merona Jlsmyno-
Ba cornacuo Teopeme 2.4.4. OKasbIBaeTCs, YTO U KAYECTBEHHOE I0BEJCHHe
basoBLIX TpackTopHit crcTeMbr (2.35) 0CTATOMHO TOHO OMHCHIBACTCS C
TIOMOMIBIO JIMHEITHOM cHCTeMBbI

@) _ Ay(t) (2.37)

dt

B MaJIOii OKPECTHOCTH KazK10i IpyGoil TOUKH MOKOsI.

Ha mmockocrn (n = 2) rpyGoii TouKe NOKOSI COOTBETCTBYET JIMHeiiHas
cucrema sua (2.37), UMeIONAs HYJICBYIO TOUYKY IIOKOSI TOJILKO OIHOTO M3
CJIEYIOMIX THIOB: y3eJ1, cei1o nim dhoxyc. Byaem naspisarn rpyGy1o Touxy
TIOKOS1 HEJIMHEHNON CHCTEMBL y3/10M, CCATOM Wil (hOKYCOM, €CIIH STOT THIT
HMEET HyJIeBasi TOUKA TIOKOS COOTBETCTBYIONMuIE ammeiinoit cuerent (2.37)
¢ marpunedi (2.36).

Mpumep 2.5.1. Onpedeaumv mun movwex noxos cucmemot

dyy/dt =y, — 1,
dya/dt =y - y3.

Touxu 110KOsI OUPEJEIISIOTCs U3 aJIrebPaniecKoii cucTeMbl

{1/1*1:0,
v —y5 =0

mweromeii apa pererms: (1, +1)T. Tak kax st Janmoit cnerenst

Silyeye) =ui =3, felyrge) = i — 93,
TO n P P -
o oh U o Oh_
I A2 U Oy i

2 -2
anavenns A = 1, Ay = —2. Torma (1,1)T — cemro.

10
Jloist rouxn mokost (1,1) T marprma A = ( ) HMeeT cOGCTBEeHHBIE

1
2 2
snadennst Ay = 1, Ay = 2. Torza (1, —1)-r ~ HEYCTOIIMBBL y3eJl.

0
Jlost rouxn noxost (1, —1) T marpmma A = nMeet cobeTsenbic
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rﬂaBa 3 u(0) = ug, u'(l)=0. (3.4) rae dynkmim a;(x), i = 0,1,2, fi(z) u nocrosmubie ay, 3y, @z, 32 3amanbl.
; 2 . o (3 4

Kpaesoe ycnosne u(0) = g COOTBETCTBYET TOMy, 4TO HA JICBOM KOHIE TpeGyercs nattru dpynxumo y(z) € C*(0, 1], ynornereopsromyo (3.7), (3.8).

Kpaesble 3agaun gns
andpcpbepeHumanbHOro ypaBHeHust
BTOPOro nopsigka

3.1. ITocrTaHOBKa KpaeBbIX 3a/a4

B npeimiiy s naparpachax MHOTO BHHMAHTSA GLI0 YACTCHO HCCACA0-
Banmio 3aa4n Korm jy1st 065! I bbb
B zajade Kommi 11st ypaBHEHIs n-T0 MOPSJIKA, PA3PEIIeHHOr0 OTHOCHTE b=
HO cTapiieil MPOM3BOHOI, B KauecTBe IONOTHITETLHBIX YCIOBMI TS Bbi-
JIeJICHHS! €IMHCTBEHHONO 3a12107Cs Py u ee npo-
U3BOHBIX J10 (n — 1)-ro nopsijika B HeKOTOPOii TouKe. Bosyoxkibt 1 Apyrue
IIOCTAHOBKM 3a/1a4, B KOTOPBIX JIONIOIHTE/ILIbIC YCIOBUS 3a/A10TCs IPU
JIBYX SHAMCHISX He3ABICHMOH mepenenmoit. Ilpusesen asa npmiepa.

PAacCMOTPUM JBIYKEHHE MATEPHATHHON TOUKH ¢/IMHIHON MACCHI BIOJTb
npsMoit y. JIBrzKeHme onpejensieTcs W3BecTHOI cuiioii F', 3aBucsameii or
BpeMeHn ¢, nosozxenust Toukn y(t) u ee ckopocrn y'(t). B coorsercrenn ¢
saxonoM Heiorona, momyuny mauddepenimalibioe ypaBHerne BToporo mo-
psijKa Juist Henssecrroit dynxiun y(t)

JBHBIX yPABHCHII.

" ,

y'(t) = Fty(t).y'(t), to<t<ti (3.1)
EcJlt MBI 3HACM TIOJIOKCHIE TOUKI B HAMATBHBI MOMCHT BPEMCHI i KOHet-
HBIIT MOMEHT BpeMeHu, To

y(to) =y, y(t1) =u1. (3-2)

Taxun 06pasoM, HAM HY2KHO DPELIMTb CJAEAYIOULYIO 3ajady: Hafitu (yHK-
1o (1), yAOBIETBOPSIONLYIO 0OBIKHOBEHHOMY /i depeHInaibHoMy ypas-
nenmo (3.1) n kpaespiv yeaosusam (3.2).

JIpyTIM IPIMEpOM KPACBOIt 314t MOPKCT CITyYKITh 387144, ONHCHBA-
TOIIast PACIIPE/Ie/ICHIe TeMIICPATYPbI U(x) B TOHKOM CTEPAKHE

CTepIKHs M3BECTHA TeMIepaTypa, a Kpaesoe yciosne u/(l) = 0 osmasaer,
MTO MpaBBIil KOHer creprkst Teruionsomposan. Oynxmm k(z), q(z) n f(x)
3asianbl. HysKHO Haiitn pacnpe/iesienne TeMmepatypsl B crepiue u(x), To
ecThb pemnTh Kpaesyio 3aady (3.3), (3.4).

B obienm ciyuae, kpaesoil 3agadeii st auddepeHuaibHoro ypasae-
HMsl N-I'O [OPs/IKA, PaspelieHHOr0 OTHOCHTEIbHO cTapiueil IIpOM3BOIHOI,
pacceyaTpusaemoro na orpeske [0, 1], naspisaercs 3a1a4a, B KOTOpPOii 3Hade-
crioft dbynkiun y(z), e MPOM3BOMMLIX WIH HX JHHe{inas KoM-
Gumams sasa10TCs KaK B ToKe & = (, TaK W B ToKe & = [.

Mb1 OFPAHHTHMEH HCCIICO0BANTEN KPACBHIX 381t /715t JIHHCHIOTo -
epernmaTLHOrO ypaBHen s BTOPOro MOpsIKa.

Bazknoil 0cOGEHHOCTBIO KPAEBBIX 3ajlad SABIAETCS TO, YTO MX PerleHne
He BCerjla CYIIECTBYET, & eC/IH CYIIECTBYET, TO MOYKET ObITh HeeUHCTBEHHO.
JleiicrBure bao, paceMoTpuM ypasnenne

HHST HEIL

y"(z) +yl 0<z<m (3.5)

€ KPACBBIMH yCJIOBUSIME
y(0) =

Obmee pemene ypasnemmst (3.5) mveet B ¢ sin @+ ¢y cos z. W3 kpacsoro
yenosns y(0) = 0 momywn, wro y(z) = ¢y sinz. Bem gy # 0, To pemenme
zagaun (3.5), (3.6) e cymecreyer. Ecom e y; = 0, To pemenneM 3aja-
an (3.5), (3.6) ssasiercst Gynkimst y(x) = cisinz, rie ¢; — NPOU3BOIbHASL
II0CTOSIHHAS, TO €CTh Pellenne Kpaepoii 3ajadu HeeuucTBenno. OTmernn,
wro pemenne 3ajadn Kommn st ypasuennst (3.5) ¢ Ha9aIbHBIMI yCIOBHSIMI
y(xo) = Yo, ¥'(x0) = y1 CYMIECTBYET I €AMHCTBEHHO IPU JOOLIX (DUKCHPO-
BaHHBIX Yo, y1 U T € [0, 7).

L y(m) =y (3.6)

3.1.1. IIpeobpa3oBanne ypaBHEHHs

Paccyorpunm Kpaesyio 3a/ady Juist JiiHeiinoro obpikHoBeHHOro g de-
PEHIMAIBHOIO YPABHEHHS! BTOPOIO HOPSIKA

Janee npesnonaraen, uro dbynkuun a;(z), i = 0,1,2, fi(x) nenpepbiBubi Ha
orpeske, ag(z) # 0, a nocrosmmbie oy, B, az, B2 Takosbi, 4o af + 2 > 0,
i=1,2.

TIpeoGpasyen ypasienme (3.7). CHataia IOWICHHO PA3ACINM €ro Ha

x
ap(z), a sarem ymnoxkum na p(z) = exp( Mds). Boiesnstst momiyio mpo-

J w0
M3BOJIHYIO, TTOJIyYaeM

d dy

—-— x)— | —q(z)y = folx <z <, X

2= (1)) = sty = o). 0<w < 9
tae plz) — nenpepinio auddepenmpyesa na [0, 1, p(z) > 0, a dymxun

_ e @A)
o) = 2D, gy - MDA

ABsIOTCs HenpepsiBubiv 1a [0, 1].
3.1.2. PenyKuusi K OXHOPOJHBIM KPA€BbIM YCJIOBHIM

Pacemorpum kpaesbie yenosus (3.8). Ecim ug = uy = 0, To kpaesbie
VCIOBHS HA3BIBAIOTCA OHOPOUILIMIL, B POTHBIOM CTYHae — HCOIHOPO/IEI-
. Tlokasen, o 3amasty (3.9), (3.8) MOKHO CBECTH K 3a/1a%e ¢ OHOPOSL-
HBIMI KpaeebiMu ycioensivu. Ilycrs y(z) — pemenne 3azaun (3.9), (3.8).
Pacemorpy dynkiio z(z) = y(z) — v(x), rae v(x) — u3BecTHAS JBAK I
nenpepbisio uddepermpyenas GyHKIHs, YIOBICTBOPSIONIAs KPACBHIM
yenosusm (3.8). Hoxcrasus B (3.9), (3.8) y(z) = z(x) 4+ v(x), noxywm s
byuxiun z(x) Kpaesyio 3aJady ¢ OAHOPOAIBIME KPACBBLIME YCIOBHIMI

3 (0 F ) a1 0<a<u,

a12'(0) + B12(0) =0,  a22'(1) + B2z(l) = 0,
e

@) = Do) - (1/()%) oy,

ao(x)y" (x) + ay(2)y (2) + az(@)y(z) = fi(z), 0<a <L, (3.7) Qyukipio v(), YAOBICTBOPSIONLYIO HEOAHOPOIHBIM KPACBBIM YCJIOBHSIM
d du . (3.8), MOKHO BLIGPATD PASIMUHBIMU CIIOCOGAMH, OIHUM M3 CAMBIX HPOCTBIX
& @ g ) —a@u=—f(x), 0<z<l, (3:3) 019/ (0) + Bry(0) = uo, 0oy (1) + Bay(l) = ur. (3.8) SBIAETCS €€ ONCK B BLIE MIOTOWIENA.,
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MbI HOKa3a/Ii, 9T0 KPaeBylo 3a/ady MOXKHO CBECTH K KpaeBoil 3ajaue ¢
OJIHOPOJHBIMI KPAEBBIMH YC/IOBHSIMI

% (p(r)%) —q(x)y=f(z), 0<z<l, (3.10)
ary'(0) + Biy(0) = 0, azy'(1) + Fay(l) = 0. (3.11)

Hasee sty 3aja4y Oyuem Ha3plBaTh OCHOBHON Kpaesoil 3ajaqeit. Kpaesas
sagaua (3.10), (3.11) naspsaercs 0dnopodnoti, ecm f(x) = 0 1 neodnopod-
HOli B IIPOTHBHOM CIyuae.

3.1.3. Toxxaectso Jlarpanska u ero cjaecTBue

BriBesieM HEKOTOpBIE COOTHOIICHHs, KOTOpbie OYJIyT HaM MOJE3HBI B
11a. Baeaenm muddep JIBHBII omepaTop
d

Ly=1- (p(m)%) = q(x)y.

Tlyers dymxumm y(z) € C2[0,1] u z(z) € C2[0,1], Tora MOKHO BEIMHCIITE
Ly u Lz, a TakKe BbIpaxKeHHe

oy = y(a)Ls = 205 (1)) sl (v ) -

Tak Kak

N
El
N
w
=
&8

dz
zﬂ)}, 0

S0 pasencrso naskBaeTcs Toxecsom Jarpaiia.

oy 00 BasKHOe caejcTBHe 13 Toskaectsa Jarpaiska. Ilycrs
y1(z), y2(x) — nnmeitno IbIe PelleHist P
Ly = 0, 10 ecrb Ly, = Ly, = 0. Bamuceisas st byt yy (x), y2(x)
Toxaectso Jlarpanzka (3.12), nomyanm

% {p(z) (y1 (z

o

ClteioBaTelbHO, JUls onpejiesnTels Bponckoro
Wiy, yel(2) = y1(2)y5(2) — ya(2)yi (2)

enpasesmsa bopayaa p(z) W [y, ys) (z)
o

o

L0 <z <, tae ¢ - nocrosmmas,

Wiy ol (@) = ﬁr) 0<e<l (3.14)

3.1.4. @opmysna Tpuua n ee ciecTnne

Wurerpupyst Toxectso Jlarpanzka (3.12) or 0 si0 1, momry i

2=l

() Ly — y(x) L2) dz = p(x) (2(2)y () — y(2)7'(x)) L:o' (3.15)

Dra opmyia nassisaercs dopmyuoit puna.
Tloxazkewm, uto, eciu dbynxiwn y(z) 1 2(x) yAOBICTBOPIOT OAMIM H TEM
sxke Kpaesbin yetosm (3.11), To CHPABEUIEO PABENCTEO

z(x)Ly — y(z)Lz) dx

(3.16)

Heiicrpuresbio, w3 Qopmyisl I'puna criejyer, UTO JIOCTATOMHO JIOKA3aTh
PaBEHCTBO

2O (=Y’ (1) = y()2' (1) = p(0)(2(0)y'(0) — y(0)2'(0)) = 0.

Tloxazent, wro

2(0)y'(0) — y(0)2'(0) = 0. (3.17)
Ecmt g = 0, 10 B # 0, y(0) = 0, 2(0) = 0, u (3.17) shmomeno. pn
@1 # 0 3amTITCM rpARTHLC YCTOBIST

oy’ (0) + B1y(0) = 0, a12(0) + f12(0) = 0,
YMHOXKHM 1epBoe pasenctso Ha z(0), Bropoe — Ha y(0). Borauras nounenso
IOJIyHeHHBIE PABCHCTEA, HMEeM
a1(2(0)y'(0) = y(0)'(0)) = 0,

oTKy/a BeITekaer (3.17). AHAJIOTHYHO [0Ka3BIBAETCS, UTO

W0 -y () = 0.

Tem cambiv pasencrso (3.16) gokasano.

3.2. ®ynknus I'puna. CymiecTBoBaHNe peleHnst
KpaeBoii 3aja4u

Pacemorpnm kpaesyio sajaty

=4 (;()j—j) gy =), 0<r<l  (18)
a1y'(0) + Aiy(0) = 0, (3.19)
azy' (1) + fay(l) = 0, (3.20)

e p(z), q(z), f(x) — ussectubie Gynkum, a a1, B1, @z, fa — W3BeCTHBIE
nocTostaRBe Takne, wto p(z) € C10,1], p(zr) > 0, x € [0,1], q(x), f(z) €
Cl0,0], a2 +52>0,i=1,2

Onpepenenve 3.2.1. Oynxyua y(x) Hasweaemcs peuwenuesm xpaesotli
sadavu (3.18)-(3.20), ecau y(x) € C%[0,1] u ydosaemeopaem (3.18)-(3.20).

3.2.1. ®yuxkuus 'puna

Bsenem dyukiuio ['puna, koropas jajee Gyier HCHOIL30BAHA LI Pe-
menns kpaesoii 3aauu (3.18)-(3.20).
Onpepgenenne 3.2.2. Oynruua G(x,£) nasweaemea dynryuets I'puna
xpaecoti sadawu (3.18)-(3.20), ecau ona onpedeaena 6 xeadpame [0,1] x [0,1]
P

u ydo -ned) @ yeaosusM:

1) Jas mobozo € € (0,1) dyrmuun Gz, €) doascdu nenpepwieno dugife-
no i v Ha [0,€) U (&,1] u ydosae-

o o

3 (10 ") o 0. <ot sz

dx

2) Dyuryus Gz, €) ydo o OMBLM KPAEBBM YCAOBUAM NO
nepemennot :

a1G(0,§)+51G(0,6) =0,  aG.(1.&)+5G(1,§) =0, Ve (0,1).
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3) Dyuryus G(x,&) nenpepwena 6 xeadpame [0,1) x [0,1], a wacmuan
npoussodnan G (x,€) npu x = £ umeem xonewnvie npedevuvie 3na-
uenu

Gol€+0.9 = lm Gule.). Gal€—0.6) = lim Gula,8),

CAZANNDLE COOMHOUEHUEM

G40, = Gale—0. = i VE€ 0D,

3.2.2. CyumecrBoBanue u eJuHCTBeHHOCTh (dynkuun puna

Teopema 3.2.1. Ecau 0dnopodnas xpaesas 3adava
Lv=0, at/(0)+ Bi0(0) =0, as'(l)+ Bav(l) =0 (3.21)

umeem moavwo nyaesoe pewenue, mo dynwyun Ipuna wpaceoti sadavu
(3.18)-(3.20) cyusecmeyem u cduncmeenia.

Joxasamenvemeo. Onpeesn bynkiio y1 () kax pemenne sajaqu Ko
Ly =0, 0<a<l, 5(0)=—a1, 3(0)=75,
a ymximimo yo(x) xax pemenme saasm Komm
Lyz =0, 0<a<l y()=—a () =7
Ouesnno, aro dynxius y;(z) yaosaersopser Kpacsomy yeiaosuio (3.19),
a y2(x) kpaesomy yeaosuio (3.20):
a1 (0) + B1y1(0) = 0, s (1) + Bay(l) = 0. (3:22)

Qyuxupn yy () u yo(x) JnnefiHo He3aBHCHMDI, TAK KAK B IPOTUBHOM CJIIydae
OJINOPOIIAA KDAEBAs 3a/1a4a IMea Obl HeHyJIeBoe PelIeHe.
Bysien uckars dynkimmo [puna B caeiyiomen sue:
Gla,€) = a@nx), 0<z<E,
’ (Oya(x), <o <l
e ¢1(§) u cz(€) nenssecrupie dynkuun. V3 51010 npeacrasienus cieyer,
uro dbynkmus G(x,§) yrosaersopsier yeaosusin 1) u 2) onpeaenennst dbynk-
1 Tpunta. Buiepent ¢ (€) 1 ¢5(€) Tak, 410051 BHIOMILIOCH 1 yeoBHe 3).
U nenpeprisroctn G(z,€) B TouKe 7 = £ crresyet, 410

c1()y1(8) = e2(€)ya(9)-

U3 yenoBust paspbisa npoussoauoii G (z,£) B Touke 2 = & nmeem

1
2((§) — Oy (§) = —=-
(&)
Taxnm 06pasoM, Mbl TOTYUHIH CHCTEMY JIBYX YPABHEHHil OTHOCHTEILHO
nemspectbix gynxmuii ¢y (§) u cz(€). Pemms sty cucremy, naitjem, aro

__»®© v ()

W@ O WenE

e W(&) = y1(Eys(E) — y2()yi(§) — onpenemrrens Bponckoro. Kak cie-

ayer u3 dopyyist (3.14), W(E)p(€) = go — mssecrnas nocrosmnas. B pe-

SyJIbTATE TOJIYUNM OKOHUATE/IbHYIO dophyty st dynkium I'puna
y1(@)y2(6)

sl 0 e <€
Glz,6) = . (3.23)

a(§)

Mt sokasam cymecrsopanue dynxiun Tpuna. Jlokaxem Tereps ee
eauHCTBeHHOCTD. TIpesnonoxm, uto cymecrsyior e dynkim I'puna:
G(z,€) u G(x,€). Tycrs & — npousposbHas GHUKCHPOBAHHASI TOUKA W3 HH-
repsasta (0,1). Pacemorpum dynkimo z(z) = G(x, &) — G(x,€). ra dynk-
st Henpepbisaa fa orpeske [0, 1] 1 mMeer Ha HeM HenpephIBHYIO MPOH3BOL-
sy10 2/ (z), nocxonsky Gy (z,€) u G, (2, €) mueror B TouKe 7 = & o 1 TOT
Ke paspbis. 3amicssas gaee 3 ypasnenmst Lz = 0, x # €, Bapaxenie

— @)
p(x)
ybezK1aeMest B HENPEPbIBHOCTH BTOPOi IIPOU3BOAHOI pi = & Guaromaps

PaBeHCTBY ee pejeibibix 3nadernnii npu z — £ + 0. Torya dynkuus z(x)
SIBJISIETCS PElleHNeM yPaBHeHUs TakoKe u mpn © = &,

e = 102

Lz=0, 0<z<l,

u yaosiersopser yeaosusim (3.19), (3.20). Ilo yeaoBmio TeopeMbr 0HOPO-
Has Kpaesasi 3a/1aua Ha oTpe3ke [0, /] mMeeT TOILKO TPUBHAILHOE DElIeHIe.
Tlosromy z(x) = 0, a smaunr G(x,€) = G(x,€), u Teopema 3.2.1 goxaza-
Ha.

Mpumep 3.2.1. Tocmpoums gyrxyuro I'puna dan kpaesoti adanu

y'(@) + a®y(e) = f(z), 0<a<l,

2dea#mnl~t,n=12...
Bosemenm yi (z) = sinax, a yo(x) = sina(x —1). Ouesnano, uro
¥ (@) +a’yi(2) =0, i=12 5(0) = y2(1) =0.
Tocrostnas
90 = p()W (x) = y1 (2)y3(x) — ya(x)y} () = asinal.

U3 dopmynni (3.23) caeyer, aro st jannoii Kpaesoil sajgaun (yHKIms
I'puna pasna

sinazsina(€ — 1)

- 0<z<¢,
asinal
Gala,€) = (3.24)
sma{su.ia(r—l)) c<a<l.
asinal

3.2.3. Haxoxx/leHue pelleHusl HEeOJHOPOJHON KpaeBoil 3ajaum c
nomowpio dynkuun I'puna

TToKasKeM TeOPeMy CYIICTBOBANMS 1 HCTECHHOCTH PEIIICHNs KDACBOlt
zagaun (3.18)-(3.20).
Teopema 3.2.2. Ecau odnopodnasn xpaesas sadava (3.21) umeem moav-
K0 nyaeeoe pewenue, mo pewienue xpaccot sadavu (3.18)-(3.20) cyuecmey-
P o & i
em, w

1
y(z) = /G(w,ﬁ)f@d&, 0<ae <l (3.25)
0

Jokazameavcmeo. Tlokaxkewm, uro dynkmus y(x), onpegensemas dbopmy-
0ii (3.25), sBsiercs pernenneM Kpaepoii agaun (3.18)-(3.20).
W3 popmyan (3.23) st dynkipn [prna criepyer, ato

]
o) = 22 [ @)1 + 29 [onpcerce (3:20)

9
0
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Tocae muddep YBAHIS 1 I TOIOGHBIX CIaraeMbIX TI0JTya- Horo s JIBHOTO u y”(x) B ypasuenne (3.28), merko yGeaurbes B ToM, uTo y(x) sBASIETCS
eM PaceMoTpum Kpaesyio 3ajaty perennem 31oro ypapnenis. Clie/l0BaTe o, HeNpepbiBHOE PEIIeHIe ypas-
vh(x) () L, N menust (3.30) sisiisiercsi penreneM Kpaesoit sagaun (3.28), (3.29). Taxum
y(x) = e / 1(6)f(€)dE + 21— / £)f(€)de. (3.27) y'(@) +a’y(z) = Fla,y(x), 0<a<i (3.28) OBpPAsOM, MBI HOKA3aJI, UTOo Kpaesas 3ajada (3.28), (3.29) skpusaientha
R} _ _ unTerpajbonmy ypastenuio (3.30).
Beranesmn v(0) =y(h) =0. (3.29) JloKazKeM CylecTBOBAHNE PELICHH ) (3.30), BHOTO HA
Teopema 3.2.3. IIycmwv dynxyun F(z,y) O u orpeske [0,]. Paccmorpum nociteiosaresbHocTs dynkuuii yo(x) = 0,
(2 () — o (2 ()l pep 3
d (r)ﬂ _ (n@)h(2) yz(l)y1(l))ll(1~)f(m)+ npuz e 0,0 uy e R u ydo e T no y:
dx dx 90
z - d L [F(z,9) = F(z,42)| < Llyy — 2|, Vo €[0.0], yr,y2 €R Yn+1(x) /G 2, ) F (& yn(£))ds, (3:31)
) 2L
*) / nOfQde+ o (P(I) . ) / v2(§)J(§)d. Feau IL(asinal])™! < 1, mo pewenue wpaceots sadau (3.28), (3.29) cy-
0 o

Tax kax Ly1 = Lyz = 0, a (y1(x)ya(x) — y2(2)yi (2))p(x) = go, 10

1y = 1 (W) 32) ~ atolnto) =

!

@)+ 22 / @1+ 2 [ (@10 = s00)

Canenosarenbio, y(x) sBisiercs perenneM ypasueris (3.18).
V6emimes B BhIIOMHERNH Kpaesbix yeaosuii (3.19), (3.20). M3 dopmyn
(3.26), (3.27) n (3.22) caeayer, uro
i

) = 191 (0) + Biy1 (0) +ﬁ1y1 0) /

0

ary'(0) + Byl y2(6) f(€)dg = 0.

Aunanornuno nposepsiercst (3.20).

JIoKazkeM eIMHCTBEeHHOCTD oLydentoro pemenust. Ilyers umeercs eme
oo pemenne §(z) xpaesoit sagamn (3.18)-(3.20). Torma ux pasmocts
v(x) = y(x) — §(x) Gymer pemennenm oaHOPOHOI KpaeBoii 3a1atm (3.21) Ha
orpeske [0, ] 1 110 ycJ10B1IO TeOpeMBbl paBHa HyJIO, To ecThb y(x) — J(x) = 0.
1 Teopena 3.2.2 ziokazaHa.

3.2.4.0 npuMeHeHma dbynkuun I'puaa B HeJMHEHHBIX
JBHBIX Y

weemoyem u eduncmeenio.

Joxazamenvemeo. yers y(x) - pemenne kpaesoit sajnaun (3.28), (3.29).
Bsesem dynkmmo f(z) = F(z,y(z)). Torma dynxmus y(z) asasercs pe-
TIeHIeM Kpaenoit 3a1am

y' (@) +a’y(z) = f(a), 0<a<,
y(0) =0, y()=0,

@yuxuust Tpuna gist perenust 91oif asaun umeer suj (3.24). Ipnvensis
dynkmo 'puna, nomy s

1
@ = [Guw st v<ost
0

Yuurbisast onpeenenne byukuun f(z), nmeem

1
o@) = [ Gole OFEOME 0<a <l (3:30)
0

Taxum 0Gpa3oM, MbI HOKa3aH, 4TO, ec/ut (hyHKus y() — penenne Kpaesoi
gagaun (3.28), (3.29), T0 oHA ABISIETCS PENICHHEM HHTEIPAJIBHOTO ypaBHE-
anst (3.30).

Cupasemso i obparnoe. ITycrs dbynkims y(x) HenpepbiBia Ha 0TpesKe

Bee dynximn y, (x) onpesenenst n nenpepbisubl na orpeske [0, 1]
Tokazke, 4TO CHPABEIMBA OLEHKA

1L
al sinal|

|y"+1(r)—yn(z)\g]l{< ) L 0<a<l n=012..., (332)

e

M= Inax, |y1(z )| = max /G (z,§)F(&,0)dE| .

Heiicrurensno, upu n = 0 oua sepua. Ilycrs ona sepua npu n = m — 1.
Tlokazkem, 4To ona cnpasemsa u upu n = m. Ouennm Y41 (x) — ym (2)].
Tax kax

alsi

[Galw,€)] <

0<zE<,

1

Ym+1 (%) = ym(@)] < / |Gl ONF(E ym(€)) = F(& ym-1(€))]dE <
0

)
L
m/\ym(@ = ym-1(§)|d§ < M
0

Citeonaresino, onenxa (3.32) A0Kazata 10 HHAYKIHL

[0,1] u sBastercst pemennen unTerpanbaoro ypasuerus (3.30). M3 dopay Tax xax A
IIpusesem npumep npumenenns gynxiun [puna st 1okasarensersa (3.24), (3.30) carenyer, uro dyuxiws y(z) yI0BICTBOPSCT KPACBBIM yCIOBH- ult) = Z(y () = yns(t)
CYHMIECTBOBAMIS M €/IMICTBEHIIOCTH PEHICHHs KPACBOH 3a/[au1 [1s Heuneti- sm (3.29). duddepenupys ypasuenne (3.30) apa pasa n nojcrasiss y(x) = " " ’
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TO paBHOMEPHas CXOMMMOCTD HOCJHeI0BaTebHOCTH i (t) Ha orpeske [0,1] a1y (0) + Biy(0) =0, (3.34) y1(x) sBasiercs: pemennem ypasuenns (3.33), ro Ly; = —Ayi(z). Bamm-
SKBHBAJICHTHA PABHOMEPHOMN CXOUMOCTIH Psijia, ChIBasl 9TO PABEHCTBO OTIC/IBHO JUISl JICHCTBUTE/IbHBIX M MHHMbBIX HactTeif,
P P o A agy' (1) + Bay(l) = 0, (3.35) P e e

oo
D Wal®) = ga1(0))-
n=1
U5 onenxn (3.32) 1 npusnaa Befiepmrpacca ciieayer, 1To STOT i cxo-
srest parovepro na orpeske [0, 1], Crie0BaTesbIO, TOCIE0BATETHHOCT)
byuxumii yi(x) rakxke cxomuTes pasHomepno Ha orpeske [0,1] K HekoTo-
poit dynxmm y(z). Tak kak Bee dynxmm yy(t) HenpepbiBHb, T0 1 Y(x)
Henpepbisia Ha orpeske [0,]. Iepexoms B dopmye (3.31) k npesesy upu
n crpemsieMes K 6ecKOHeMHOCTH, momyduM, 4To dynkiuus y(z) asiser-

e p(x), q(z) - wasecribie aeficreurensusie dynkmun, oy, fi, s, fa -
W3BECTHEIC JICHCTBATELHbIC TIOCTOSHHEIe Takwe, w0 p(z) € C10,1], p(z) >
0,z € [0,1], g(x) € C[0,1], a? + B2 > 0, i = 1,2 1 A\ — KoMILIeKCHbIi
napamerp.

OueBu/IHO, YTO NPU OGOM 3HAYEHHH NapaMeTpa A Kpaepas 3ajata,
(3.33)-(3.35) umeer pemenue y(z) = 0.

Onpepgenenue 3.3.1. Ecau daa nexomopozo Ay xpaesas 3adava (3.33)-
(3.35) umeem nwempueuanvnoe pewenue y(x), mo )\1 nasvioaemes co6-

ca pemennem ypastenus (3.30). CieoBaTesbo, ona sBIseTcst
Kpaesoit saamn (3.28), (3.29).

JToKaken GIHCTBEHHOCTD pemienst Kpacsoii sajatm (3.28), (3.29). T
9TOTO JIOCTATOMHO JIOKA3aTh, 4TO ypapHenue (3.30) mMeeT eIMHCTBEHHOE
HenpepbiBHOe perienue. [IPEINONOKIM, UT0 9T0 He TaK ¥ CyMECTBYIOT JBe
Henpepbisible GyHKIn Yy (), y2(2), b PeIeHIsINH
(3.30). Torma

i
yi(2) = y2(2) = /Ga(z.f)[F(ﬁ.yl(f)) — P& ya(€)]ds, 0<z <l
0

cnonnayst onenky st bynkipn Ipuna G (2, €), nomyamm

[y1(2) = y2(2)| < 91(€)) — v2(8)ld€ <

2) — ya(a)], <z <l
<ﬂrgg§‘\y1(r) ya(2)), 0<z<l

U3 sroro nepasencrsa sbrrekaet 4to yy (x) = y2(2). Taknm o6pasom, pere-
IAH eIMHCTBEHHO U TeopeMa 3.2.3 jlokasana. [m]

HHE KPACBOi]

3.3. Bagaua Ilrypma-JInysuiis

Pacemorpum Kpaesyio sajaty

M M, a y1(z)

Basaua noncka cOOCTBEHHDIX 3HAYCHHUI 1 cOOCTBEHHBIX (YHKIMIT HA3bI-
Bacres samaseit [rypya-/Tnysmis.

OueBniHO, 9TO COGCTBEHHBIE (DYHKIMH OIPEJIEIEHBI ¢ TOYHOCTBIO JI0
IIPOM3BOJIBHOIT TIOCTOAHHOI, a MMeHHO, ecmit y(x) — cobeTBennas hyHKIH,
TO i ¢y(), Le ¢ — NPOM3BOIbHAS OTJIHYHAS OT HyJIsl IOCTOSIHHAS, SBIACTCH
cobersennoii dynxiueii.

Bajaua pemenns ypasuenns (3.33) npejcrasisier coGoii 3ajady nouc-
Ka cOOCTBEHHBIX 3Hadenuii i cobcrsennbix dbynkmmit gubdepenmpaisuoro
omepatopa L. Baxio omveriTs, wro 6e3 kpaesoix yenosmit (3.34), (3.35)
1a 3ajata Gecembicenma. Jefictsurensio, ypasenne Ly = —Ay(x) npn
M06OM A MMeeT HETPHBHAIIBHOE PEIlleHne, MOCKOIBKY MPH MO0G0M A OHO siB-
JIAETCH JTMHEHBIM OXHOPOXHBIM [ depeHIATBHBIM YPABHEHIEM BTOPOrO
TopsiIKa.

13 kypca aureGpbl U3BECTHO, YTO COOCTBEHHBIC SHAYCHHSI H COOCTBEH-
HBIE BEKTOPBI JAEHCTBHTEILHON MATPHILI MOIYT ObIThH KOMILICKCHO3HAYHBI-
. Tax u B caayuae 3azaqn Htypya-/lnyBuis, Boobie roBopst, BO3MOXK-
HO TOSIBIICHAC KOMILICKCHOZHAMHBIX COOCTBEHHBIX 3HAMCHMIH U COOCTBCHHBIX
hymxit. TI09TOMY MBI JI0KHEI PACCMATDPHBATH KOMITCKCHOSHATHbIC 3Ha-
WeHHs MapaMeTpa A W KOMIIeKCHO3HATHBIe pemenns 3agaun (3.33)-(3.35).

VeTaHOBHM HEKOTOPBIE CBOHCTBA COGCTBEHHBIX (DYHKIHIT I COBCTBEHHBIX
snavennit sagaun Mlrypya-JTny s,

Teopema 3.3.1. Bee o u ananenua
3adavu LT Juyeuans deii

Jloxasamenvcmeo. Iyerb Ay — cobersennoe 3nadenue, a yy () — cooTser-

Oy M
Lu = —au(z) + bu(x), (3.36)

Lv = —bu(x) — av(z). (3.37)

Tax kax dbymkmms y; () yIoBICTEOPICT Kpaess yerosnm (3.34), (3.35),
To 1 ynKImm u(x), v(T) YAOBIETBOPSIOT STHM KPACBEIM YCIOBUSM.

Vo ypasenne (3.36) ma v(x), a ypasuenne (3.37) ma u(x), npo-
HHTerpUpYen 3aTen 0ba ypasmernms ot 0 70 | W BHITEM 13 MepBOro BTOPOe.
B pesyabrare IOy M

lv l'
n/ (v(@) L — u(x) Lo)dz = b 0/ (u

TIpnmensis caeacTsie u3 dbopnmymast I'puna
L
/(1,-(.1)Lu — u(z)Lv)dx =0, (3.38)
0

MeeM
1

b [ (u*(z) +v*(2))da = 0.
/

Crnenoparenbio, b = 0. Buauur \; jeiicrBurensno u y; (x) Takxe geficTsi-
TesbHa. [}

Teopema 3.3.2. Kaorco:
moavko odna cobemeennan dynruua.

Jlowasameancmeo. Tlycth coGCTBCHNOMY SHAMCHHIO A COOTBCTCTBYIOT JBC
coGerermbie by gy (x), ya(x). Do sHATHT, UTO oMM ABAOTCH Pe-
mennsiMu ypasrenns (3.33) 1 yIOBIETBOPSIOT KpaeBbiM ycaoBusaM (3.34),
(3.35). M3 kpaesoro yciosusi (3.34) ciesyer, uro onpejennrens Bpow-
ckoro Wiyr,y2](0) = 0. Tax xax yi(x), y2(x) — pelenns oaHOro m To-

d dy cy< e crByiomas emy cobersentast dyukuus. [IpeonozxKin, 4ro 0l KOMILIEKC- 1O XK€ iinoro oanopoauoro gudd AJILHOLO Y (3.33), T0
Ly= g (@ ) —a@y =~y O0<e<i (3.33) wosmasmbe, 10 ecth A = a -+ ib, g1 (x) = u(x) + iv(z). Tax xax dymmms () = ey (). o
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Bsezem ckassiproe npoussezenne dbynkunit v(x) n w(x)

Byzewm naspisatn dbynukiun v(z) 1 w(z) opmozonaavivias, ecm UX CKasp-
HOC HPOMSBCIICHIE PABHO YO, TO ¢cTh (v, w) = 0

Teopema 3.3.3. C« pasaun-
HOLM COBCTNEEHHBIM SHAYEHUAM, ABAANMCA OPMO2OHANOHOMU.

Jloxasameavcmeo. TIycts Ay # Ay — PasineHbie COGCTRCRHEI SHANCHI, &
y1(x), y2(x) — coorBercrByione M coberBennbie dynkunn. Tak kak y (z),
y2(x) yrosiaersopsior KpaesbiM yciaosusiM (3.34), (3.35), To u3 caeacrBust
u3 opmyiisl Ipuna (3.16) nomyunm, aro
L
(Ly1,y2) = (1, Ly2) =/(?/2(-T)L1/1 — (@) Lys)dx =
0

Tax kak Ly; = —\y1(z) , Lyz = —Xoya(z), TO
(A1 = A2) (Y1, 92) = My1.92) — Ae(y1,92) =
= (My1,92) = (Y1, A2y2) = —(Ly1, y2) + (y1. Ly2) = 0.

Cuenosarenbio, (A1 — A2)(y1,42) = 0, a 3uaunr (y1,y2) = 0 u Gynxuun
y1(x), y2(x) oproronabubl. m]
Teopema 3.3.4. [Tycmv oy = ap = 0. Tozda, ecau X — cobemeennoe
anauenue, mo
AZ> mi x). 3.3¢
> min q(z) (3.39)

Joxasamenvemeo. Hpeanonoxunm, uro A; — cobersennoe suayuenne, y(z)

— coorBeTcTBYyIOmAs cobcTBennas OyHKIMs 1

A1 < mi ).
1 021;2”1(:()

Toraa q(x) — Ay > 0 na orpesxe [0,1]. U3 ypasnenust (3.33) caexayer, uro

1 (%) = rut e o)

Murerpupyst or 0 10 @, TOXydHM
%
@)y (@) = p(0)y} (0) + /(G(S) = Ay (s)ds. (3.40)
0

Tax kak y;(z) yaosiaersopsier KpaesbiM ycaosusM (3.34), (3.35) n oy =
ay =0, 10y1(0) = y1(l) = 0. Tax xax y; () — Henysesoe pemenue (3.33), To
¥1(0) # 0. Iyers s onpeaenennocru 4 (0) > 0. Toraa yj(x) > 0 upn = €
[0,1]). TIpeanonoxkim, aro 510 HE Tak. OGO3HAUMM Hepes T( MHHUMAILHOE
auesto, npu kotopom ¥ () = 0. Torma szt 2 € [0, z) npoussoauas yi (z) >
0, a smasmr u gy () > 0 upn @ € (0,20). Homoxus 5 (3.40) & = o 1
YUHTBIBAsH HOJOKATEIBLHOCT ¢(x) — Ay, momyanm, uro yi(xg) > 0. Dro
TPOTHBOPEUHE JIOKA3BIBACT T0JI0KITEIbHOCTS ¥4 () ipu 2 € [0,1]. Ho Toraa
y1(xz) > 0 npu « € (0,1], yro nporusopeunt Kpaesomy yeiaosuio yi(l) = 0.
C1e10BATEIbHO, UCXO/HOE NPEJIIOIONKEHHe HeBePHO i HepaBeHcTso (3.39)
JIOKA3aHO.

Pacenorpun npocroii npiep 3atatu Mrypaa-TTny s,

Mpumep 3.3.1. Hycmb ple)=1,q(x) =0, ay =y =0, | = 7. Tozda

sadavwa Imy -JT 1A i 6ud
y'(@) + My(@) =0, 0<a <, (3.41)
4(0) = y(x) = 0. (3.42)
Tp naiimu onuA u omoii
sadau.
Ilyers A = —p menpme nysst. Torma obmee pemrerne ypasuenns (3.41)
uMeeT BuJ

y(@) = ey exp{y/iw} + ez exp{—/ux}.
Tonoxus z = 0, © = | 1 ucnoab3oBaB Kpaesbie yeosus (3.42), nomyuum
CHCTEMY ypaBHEHl JU1A ONPEACICHIE ¢ 1 C

c+e=0,
¢y exp{\/um} + ey exp{—y/pm} = 0,
U3 KOTOPOIi Cliejtyet, 4ro ¢; = ¢z = 0. Takuym 06pasoM orpuare/bubie A He
SIBIISIOTCs COOCTBEHHBIMU 3HadenusiMu. OTMeTM, 910 9T0T (hakT ciueiyer

u3 teopemsl 3.3.4. Jlerko sujers, uro A = () TakKe He ABIAETCs COOCTBEN-
HBIM 3HAYCHICM.

Tlycrs A Gosbure myst. Torga obmiee pemenne ypasuenns (3.41) mveer
BHJL
y(z) = ¢1sin VAz + ¢ cos V.
U3 kpaesoro ycnoBusi B myse cieayer, aro ¢ = 0. Torga us xpaesoro
YCAOBUS B T HOMYMHM yPABHEHHe 1A ONPEIECHNS COBCTBEHHbIX 3HAtC-
st sin VA7 = 0. Ero peleHisiMin sip/isiorcst coGCTBEHHbIC 3HAMCHIS

Coorsercrsyromue um cobersennbie Gynknun
Yn(x) = esinna,

TJie ¢ — IPOM3BOJIbHAS OTJIMYHAS OT HyJIsl IOCTOSHHAS.
3.3.1. Teopema CrekioBa

Cdopmymupyem — TeopeMy,  IOIYEPKHBAIONIYIO — BAasKHOCTH  3aJadIl
IIrypma-JInysusis.

Paccyorpay coberenne dymkmm saasn typya-lnysnams (3.33)-
(3.35). MozHo n0KasaTh, 4TO UX CueTHOE WHCHO. CIIEOBATEIHLHO BCe UX
MOZKHO 3aHyMepoBath ¥, (z), n = 1,2, Y106kl yCTPaHUTE HEONpe/IeeH-
HOCTB, CBASAHHYIO C T€M, YTO OHH COJEPZKAT MPOM3BOJIbHBIN COMHOKHTEIb,
Gyiem cauTaTh, 4TO

1
Jo@ra=1.
0

Ilycrs f(x) nekoropast nenpepsishast na [0,1] bynkims. Bsegem o6osnate-
e

i
fo= [ f@yn(z)de, n=1,2,...
/

Cdopumysmpyenm Teopemy, IMEOIIY 0 BazKHOe 3HAYCHHE BO MHOIHX 061acTaX
MaTeMaTHKH U ee IPUIOZKeHHit.

Teopema 3.3.5. (Teopema Cmexaosa) Ecau f(z) € C2[0,1] u ydosac-
meopaem xkpaeevim ycaosuam (3.34), (3.35), mo pad

> funla)
n=1
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74 Inasa 4. V] B 9ACTHBIX

IX [IEPBOTO MOPSKA

4.1. Heppbie unrerpats HOPMAILHOI CHCTEMbI 7

f(x), mo ecmov

na omp [0,1]

f@) =" fayn(@), 0<az <L

naea 4

4.1.2. TIpousBoaHasi IEPBOrO MHTErPaia B CHJIY CHCTEMBI

Jaaum oupejesenne NPOU3BOAHOI B CUILY CHCTEMbI Jlsl OOLLEro ¢rydast
nopmasbuoii cucremsr (4.1).

-1
" VpaBHEHNS1 B HaCTHbIX NMPON3BOAHbIX
[o] 4.1.2. 11, dnoti o(t, 1. aq) € CH(Dy)
nepBoro nopsagka 6 cury (4-1)
. dv 01' t,7) | = Ou(t,T
4.1. IlepBble MHTErpabl HOPMAJIBHON CHUCTEMBI i ( +Z (t,T), (t,T) € Dy.
(4-1) =1
4.1.1. OnpeJiesienne NepBoro MHTErpaja Nemma 4.1.1. Pynryus v(t,21,...,2,) € C1(D1) aeanemea nepevis
A (4.1) & Dy mozda u moavko mozda, kozda
PaceMoTpiM HOPMAUIBbIYIO cicTeMy /uddepenuaibubX ypaBuei n- ee npoussoduas 6 cuay cucmenvt (4.1) pagna nyarwo 6 Dy:
TO TOpAIKA
) & v(t,7) €D (4.3)
dry (t LT 1 =
—5 =Nt ), wa(), ]y
: ) )
Joxazamenvemeo. Hyers dynxmus v(t, a1, ..., 2,) € C'(Dy) ssustercs
dan(t) _ . : 1 a -
= = f(tan(t), (), nepsbiM nirerpaiom cucremst (4.1) B obmactu Dy. Tora na nexameit 5
dt Dy mrerpamofi xpusoit (,7(t)), rae T(t) — pememme (4.1), cnpasesi-
- - B0 pasenctso (4.2). [Tncdepenmupys (4.2) nowsento mo + w nojCTABI
rae dyuxin fi(t, T) ssasiores nenpepbisabivi B o6tactn Dy € R™ pye- y p
. BBIPAYKEHNS JUTsA TPOM3BOHBIX d;(t)/dt w3 (4.1), mieem
cre co Beemu YacTHbIMU uponssouubvu 8 f; (8, T)/dxy, i, j =1 .
O6osnauny uepes C'(D;) muoxkecrso nenpepbisuo uddeperniupye- "
st 1 Dy cpyrcaus, 0= PUTW) | $ T drs)
- ot O, dt
Onpepenenve 4.1.1. Iepevim 0N (4.1) 6 =1 7
Dy nasweaemes dywxyua v(t, z1, ..., x,) € CH(Dy), corpanaowan nocmo- vt _
Annoe 3navenue 600ab karcdoli aescawel 6 Dy unmezpanvroli kpueoti cu- = (t, (1))
cmemo (4.1).
Tascim °§pai‘°”= A1 Ka2KAI0T0 PEIICHus T Zp(t)) cucre- Taxum 06pasoM, IPOU3BOHAsL B CHILy cucTeMbl (4.1) pasHa HyJLIO BOJIb HH-
it (4.1) maiizierea Koneranta C' Taast, UT0 TerpaibHoit kpusoit. Tak kax uepes mmobyio Touxy (t,Tp) € Dy 10 Teopeme
CYMIECTBOBAHNS M €IUHCTBCHHOCTH perenus 3aga4dn Komm s HopMasin-
o(t, 21 (1), ... za(t)) = C. (4.2) Ho#t ccrenst (4.1) ¢ masATBHEI yeT0BIEM T(fo) = To TPOXONT CAMHCTECH-
Has WHTErpATbAT KpBast, T0 (4.3) BRTIOMHENO /UT 0G0H TouKH D .
B busuuecKux MOJeIsX HepBble MHTErPAIbl BOZHHKAIOT KAK OTDAsKeHHsl O6pario, nycrs st nexoropoii bynkmun v(t,z1,...,2,) € CY(Dy)
PA3IMYHBIX 3aKOHOB COXPAHCHUS (IHEPrUM, HMITYJILCA U T.JL.). cnpaseumso (4.3). B uacrnocru, (4.3) 6yzer sbinosmeno u na moboit un-
76 Drapa 4. V) B wacTibIx IX HepBoro HopsKa 4.1. Tepsbic mirerpastbt HopMasIbHOI crcTenst 77 78 Drapa 4. V) B wacTibix IX HepBoro HopsKa
TerpasibHoil Kpusoii (¢,Z(t)) € D;. Torxa CyNepo3HILs TakKme, 9To IpH nojcranoske g(t) = .. gn(t)) B (4.5) nomyuaaercs

0= 73"('5(')) B 7'3”(25“)) FE(0) =

=

() | = Qu(t,T(H) daj(t) d
==t 90, d = ar T

i

Ipoussomiast nenpepsisio auddepentupyenoit bynkuun v(t, (t)) cxa-
JHPHOTO APIYMCHTA £ DABHA HYO TOBKO KOIa (hyHKINI SIBIACTCS KOH-
crantoit, 1o ecti v(t,7(t)) = C. Tovromy v(t, T) - nepsbiit mrerpan cucre-
bt (4.1).

4.1.3. TeoMeTpHIecKuii CMBICJI IEPBOr0 MHTErpaja

Ilyers dynkuus o(t, o1, ..., 2,) € C'(D;) asistercst nepsbIM HHTErpa-
o cncremmt (4.1) B obmactn Dy, Co — moBoe KoTopoe STa
bymkius npramaer B Dy, 1 aaa Hekotoporo j € {1,...,n} npoussos-
nas Ov(t,T)/0x; # 0 B D;. Tokaem, aro ypasrenue v(t, z1,...,v,) = Co
onpezesier B R"*! n-MepHyio 10BepXHOCTb, HETHKOM COCTOSIILYIO H3 HH-
TerpajibHbIX Kpusbix cucremsl (4.1). Iyers touka (to,To) € Dy aexur na
TOBEPXHOCTH

3HAMeHNe,

ot

= Co,

10 ecth v(to, To) = Co. B CHTY TCOPEMBI CYIECTEOBAMIS 1 CAUHCTECHIO-
ctu pemenmns sanaun Kommm s cnetesr (4.1) ¢ HAMATbHBIM yeoBen
T(tg) = To CymiecTBYeT eMHCTBEHHAsI MHTerpabHas Kpusast (t, T(t)), mpo-
Xogsimast uepes Touky (to,To). Tax kax v(t, ) — nepsbiil HHTErpa, TO Ha
PACCMATPHBAEMOIT HHTErPaJIbHOll KPHBOI CIPABE/JINBb PABEHCTBA

u(t,T(t)) = v(to, T(to)) = v(to, To) = Co,

HOKASBIBAIONIHE, UTO TP BCEX JIONYCTHMBIX { # f) MHTerpabHAS KpUBAs
ocraercst Ha nosepxHocti v(t, T) = Cy.

4.1.4. He3aBucuMbIe IE€pPBbI€ HHTETPAJIBI

B(LT) = Pa(1F), ... a6, T)
TAKIKE SBJIACTCS TCPBBHIN HHTErpatoM cucremst (4.1).

Onpepgenenve 4.1.3. Hepsue unmezpanve vi(t,T), ..., vp(t, T) cucme-
o (4.1) AbHO MBMU 6

Dy, ecau panz p p 01 pasen i k:

it
rang (<5 ) =

BaknocTs byHKIMOHATBHO HE3ABUCHMBIX MHTEIDAJIOB /151 PeICHUs
HOPMAJILHOIl CHCTEMBI MPOACHAET CJIeLYIONIas TeopeMa.

>

. V(t,T) € Dy.

Teopema 4.1.1. Ilycmo 6 Dy
o MO NEPEHLT 106 V1 (£, ), . ., va(t
Tozda daa moboi mousu (tg,To) € Dy pewenue T(t)
sadavu Kow

B0 _ a0, a0, 4
) ompedensemea kak neacnas @ u3 i
0 (t,7) = ¢,
: (4.5)
un(t,
20e ¢ = v;(to,To), j=1,...,n

Jlowkasameancmeo. Pacemorpim cucresy ypasienmii (4.5) B okpecrioctn
TouKn (fo,To). B caMolt TOMKe YPABHCHIS OSICBHANO YAOBICTBOPSIOTCS,
putes B ety yIKIHONATLHON HE3ABHCHMOCTH IEPBLIX HITErPATOB (CM.
onpesenenne 4.1.3 tpn k = n) sKoGHAH 10 TepeMeHHbIM (21, . . ., Zy) OTIH-

eH OT HyJIst: ( )
Avi(to, To
o (2020
Torna 1o Teopenme o nestBEbIX GyHkmmsx (cm. reopemy A.1.1 B gonosmenm)
B HEKOTOPOH OKPECTHOCTH TOYKH ) CYIIECTBYIOT HelnpepbiBHO juddepen-
nupyembie gyHnKuun

TOZKJIECTBO:
vi(t,g(t

B (4.6)

on(t9(1)) =

Ilyers Z(t) — pemenue sasaun Komm (4.4). Tlo onpeeneniio nepsbix
HITErPATIOn HMeeM

v (LT(1)) = vj(to. T(to)) = v (b0, To) = ¢,

Taxnm o6pasom, T(t) y/10BIeTBOPSET TOit 7Ke camoii cicreme (yHKIHOHATb-
ubIx ypaprennii (4.6), uro n g(t). B cuity eanncTBeHHOCTH HesBHOI yHK-
MK B OKPECTHOCTH to Haiiennbie Gynkipn cobrajaor: T(t) = g(t). O

Hmeer mecTo crejyioniee yTBEP:KACHIE, KOTOPOE Mbl IPHBOAUM (€3 110~
KA3ATE/IHCTBA.

Teopema 4.1.2. B cayuae asmonomnoti cucmemvi (4.1), mo ecmo
fi= 1@,

6 okpecmiocmu a06ol mowku To, 0ai KOMOpot

.n,

n
> F@o) #0.
j=1
cyweemeyem poeno (n—1) ne cod Yot P
LT NEPELLT 0 (4-1).

4.2. YpaBHeHNs] B YACTHBIX IPOU3BOAHBIX IE€PBOTO IO-
paaKa

4.2.1. K i bdd JILHBIX y it
B YaCTHBIX NPOM3BOAHBIX MEPBOrO MOPsIKa

Tlyers u(T) = u(x1, ..., x,) — bysxmas or T = (z1,...,2,) € Do, Dy —
obmacts B R"™. YpasHenue

Ilycrs vy (t,F), . ... vx(t, ) — uepsbte nurerpais cucremst (4.1). Torga u
Ans moBoit menpepbisio addepenmupyenoit B RE dymcmm o(y1, 25(t) = g;(t, s, D), F (zl, - *)
4.2, VpaBuemmst B TacTHBIX TPOW3BOIBIX TEPBOTO TOPATKA 79 80 T'maa 4. V] B TACTHBIX MPOIT: IX MepBOTo MopsTKa 4.2, VpaBuemmmst B TacTHBIX TPOW3BOIBIX TEPBOTO MOPAKA 81
HA3BIBACTCS bd JIBHBIM Y] B YACTHBIX X 4.2.2. JIuneiinbie ogHOpOaHBIE auddep JIbHBIE Y B O6patio, nycrb u(T) — periemue y B YaCTHBIX I X
TepBoro nopsika, ecit 3ajannas Gynkuus F(21,. .., Tn,u,P1,. .., Pn) CY- YACTHBIX IPOM3BOJHBIX MEPBOTO MOPSIAKA (4.7). Torga ero JieBas 9acTh NPeACTABISCT COGOH BBIPAXKEHIE IS IPOM3-
IECTBEHHO 3aBUCUT OT TOCJIEHUX 70 APIYMEHTOB. Bonoit u(T) B ety cucrenbt (4.9), 1 5T0 BbIpazKeHne PABHO HYIO B 061aCTH
T JbHOE B YACTHBIX 3BOJIHBIX TIEPBOTO T0- Pacemorpum it bd JIbHOE B Dy. Cormacno aene 4.1.1 orciona 3akmodaeM, 4T0 w(T) sSBAAETCS TEPBLIM
PAJIKA HA3BIBACTCH {iHbLM, €CITH B 3TO Y JaCTHBIE IIPON3- ACTHBIX MPOM3BOHBIX IIEPBOro nopsaka B obnactu Dy C R™ unrerpasom (4.9) B obmactn Dy. [m]
BOJHBIE BXOJIAT JIMHEHHO, TO €CTh
A . _. Ou _. Ou ou 1 Teopema 4.2.1. ITycmov 6 obaacmu Dy cucmema (4.9) umeem posro
(@) g, T @+t an@ g =0, (47 n—1rne I oo P —— )
g aj(ay,. .. 20, u(T)) L u(T)) ” o ( - (- ; . - ;
i s Tn n s — vy, ), val@r, . an), oy Upoa(@n, . an).
1, }::ﬁm;&o, VreDo  (48) 1w sn), v ), et )
=1 Tozda 6 i i mowxu Mo(al,...,20) €
— — i ) ) - nDous
rae dynkumn a;(T,u) = aj(x1,. .., en ), DT, u) = b2y, ... 2y, u) canTa- Dy obuee z 8 npous-

10TCs 3AMAMUBIIL HA HEKOTOPOM MIOZKCCTBE D; C R*™ ! npuuen seiony B
Dy pemoneno yeronie 2 (@.u) £ 0.

/Z[mbcbepeﬂuumbﬂoe ypasﬂeﬂne B YACTHBIX POM3BOIHBIX TIEPBOrO MO-

peJlKa Ha3bIBACTCH M Inbim, eciu bd: 'l ITOrO

YPaBHEeHHsI HE 3aBUCSAT OT U, & IPaBasi 4acTh PABHA HYJIO:

n
PR
i1

D

e bynkmm a;(F) sasanst ma nekoropom muoxecrse Dy C R™, npien

n
BCioly B Dy BBIIOJIHEHO yCIOBHE » a?(i) # 0. OueBnano, uro JuHeiiHoe

OZHOPONOE YPABHEHUE B HACTHLIX IPOM3BOJHBIX SB/ISETCS YACTHBIM CIIy-
“IACM KBASIUIHHCHHOTO yPABHCHISL.

Onpegenenne 4.2.1. Qynryus u(T) HA3LEACMCA PEUEHUEM KEAZUNU-
Hetinozo | : : nep6ozo nopadka 6 obaacmu
Dy CR", ecau

1. u(T) nenpepuisno duddepernyupyema 6 Dy (mo ecmo u(T) € C(Dy));
2. daa mobozo T € Dy mowra (T, u(T)) € Dy;

3. npu nodcmanosxe 4}ynnquu u 6 0be wacmu K6asuAunelinozo ypas-
HeNUA oA c 6 Dy.

Ilo kosdduumenram ypasherus (4.7) HOCTpouM cuCTeMy OObIKHOBEHHbBIX
uddepeHuanbHbIX yPaBHEHHIT N-ro HopsyiKa

dy (&
"dlt( ) o (1)),
(4.9)
daa(t
700 _ s 0) (1),
Onpe;.\eneume 4.2.2. PewenunT(t) (t),...,xn(t)) cucmentwt (4.9)
Kpusic 6 R",
XapaKTePHCTHKAMH A6 P ) (4.7).

Cas13b cucremst (4.9) u ypasuenust (4.7) nposicusiercst B Cle/yiomedt jjem-
Me.

Nemma 4.2.1. Dynxyus u(T) € C(Dy) ﬂB/Lﬂi"mCﬂ peuwienuem AuHetiHo-
20 001 il 6 D (4.7) mozda v moavko
mozda, “wo2de u(T) acanemca ne Mt nepevLm, noM cu-
cmemvi (4.9) 6 obaacmu Dy.

Jokasameavcmeo. Tlycts u(T) sBIseTCS He COXEPHKAITM T HEPBBIM HHTE-
rpasiom cucrembl (4.9) B obmacti Dy. Tora o nemme 4.1.1 o cpoiicTsax
IEPBOr0 MHTErpaJia ero Ipou3BojiHast B ity cucrembl (4.9) pasua Hyso B
obaacru Dy:

du
dt

49 j=1

TTosromy (3

— PCIICHHEC yPABHEHIS B YACTHBIX MPOM3BOAHBIX (4.7).

codun (4.7) useem cud
= F(u( (4.10)

we F(yr,... yno) — : 2
Pynryus.

u(

Aoxazameavcmeo. Ecim vj — mepsole uHTErpasbl cucremsl (4.9), j =
re..on—1, To must moGoit HempephisHO tbdepenmupyeMoll dyHKIpH
F(y1, ..., yn—1) bysxuus u(T), onpeesentas dopmyioit (4.10), Taxse sia-
JISIeTCs1 TIEPBBIM HHTErpaJoM, He 3apncsamin ot t. Toraa o gemve 4.2.1 u(T)
~ pelleHne JTHHEHHOr0 OIHOPOIHOTO YPABHEHHs B YACTHBIX IPOH3BOIHBIX
(4.7).

Voemumes, uro dopmyioii (4.10) ONMCHIBAIOTCS BCE  pElICHUs -
Heftnoro o;uxopo,:umro ypasuenns (4.7) B OKPeCTHOCTH KazKJOH TOYKH
Mo(a9,....,29) € Dy. Iyers u( 110e
ypammema (4.10). Tax xax ysams vy (%), . ., vy—1 (T) ABATIOTCS MCPBBI-
Mu nHTerpagaMn cucreMbl (4.9), To corsacHo gemme 4.2.1 st dbyHKIIK
SABISIOTCH pemennsyu ypasHerns (4.7). Takum oGpasom,

n

S (?)‘?;‘i =0,

VE € Dy. (1.11)

=1
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B ety yesosusi (4.8) B ka0t Touke T € Dy cucrema (4.11) npescrapisi-
er coBoiil HMEIONILyIo HeTPHBHAIbHOE permerie ) (T), . . . , a,(T) oxHopomHyo
cncremy JmpeitHbix anrebpandecknx ypasuennii. Toraa onpeemrrens sroit
CHCTeMBI, IPeJICTABISIONIi coGoit onpeemnrens ByHKIMOHAILHON MATPH-
LB, PABEH HyJIO

D(u, vy )

D(zy, 2, )
TIpu stoM B crity dyHKIHOHAIBHOI He3aBHCHMOCTH V1 (T), ..., Un_1(T) co-
orserersyonwii Munop nopsiika (n—1) oruden or nysst. Torja no reopeme
0 (pyHKIHOHAIBLHBIX MATPULIAX B OKPECTHOCTH Kazk10ii Toukn My naitgercs

VE € Dy.

menpepsiro uddepenmupyemas bynkmus F(yi,.. ., y,—1) Takas, 910 B
oxpecrrocTn My cnpapesumno pasericrso (4.10). o
4.2.3. Kn finbie y B acTHBIX TIp 1x

TIepBOTO TIOPsi/IKAa

PaceMOTpUM KBa3ILIUHeiHOe ypaBHEHIe B TACTHBIX IPON3BOHBIX Lep-
BOro nopsika B obsactu D C R+
du

)Tm+"2'

a;(T,u), b(@,u) € CY(D), j
> a3 @ u) #£0, V(Tu) € D.
=1

Ilo koadpbummenram 1 npasoit yacru ypasuenust (4.12) nocrpoum cucrenmy

Onpegenenve 4.2.3. Pewenus (x1(t),... o, (t), u(t)) cucmese (4.13)
onpedeastom dasosvie xpusvie 6 npocmparcmee R womopuie nasviea-
10mes MU 6 HACTHHLT 01 (4.12).

Crs13b nIepBBIX HHTErPasoB cicreMbl (4.13) n KBasmmMHEiHONO ypaBHe-
uns (4.12) nposicsieTcst B CreLyiomeit reopeme.

Teopema 4.2.2. ITycmo v(T,u) — ne ii t nepewii a
o (4.13) 6 D,ue ti mouxe No(z9,...,29,u") €
D Gunoanenst yeaous
du(No)
No) = Co. 2% 2. 4.14
v(No) 0 u # ( )

Tozda 6 nexomopoti oxpecmmocmu mouku Ny ypasnenue
v(xy, ... 2 u) = Co (4.15)

onpedeasem neasnyio Gyrruuo u = u(x1, ..
Keasuauneinozo ypasiernua (4.12).

), AEARIOUIOCH PeUIEHUEM

Jokasameavcmeo. Ilycrs v(T,u) sBisiercs He COAEPAAILMM © HEPBBIM HH-
rerpasiom cucrempt (4.13). Torua no nemme 4.1.1 o cpoficTsax nepsoro un-
Terpajia ro Npou3BoAnas B cuty cucrembl (4.13) pasma mymo B obiactn
D:

dv
d

[CRE)
V(&,u) € D. (4.16)

Tl ymxuonassioro ypasuens (4.15) B ety (4.14) 110 teopeme o Hesn-

Tocste MoCTAHOBKH STHX pasencts B (4.16) w aesemns ma dv/du # 0 mpu-
XOJUM K pPaBeHCTBY

() e = . ()

E aj
=1

B pacemarpuBaeMoii okpecrroctn Touku Mo. To ectb u(T) — pemenue Kpa-
SUIMHEHHOIO yPABHEHNs! B YACTHBIX IPOM3BOAHDIX (4.12).

Crcrema XapaKTepHCTHK KBA3H/IHHEHHOTO YPABHEHNSA B YACTHBIX TMPO-
u3BozHbIx (4.13) umeer nopsiok (n+ 1). Tlosromy, coracuo Teopenme 4.1.2
0 IePBbIX MHTEerpajaXx aBTOHOMHOI CHCTeMbI, B OKPECTHOCTH KaxK/10i TOUKM
obiactu D cymecrsyer poBuo n He cogeprkaimux ¢ yHKIMOHAILHO He3a-
BUCHMBIX TI€PBBIX HHTCTPAJIOB

v (T,u), ..., va(T.u).

Torza st moboit nenpepoiso Audddepentupyenmoit bynkmun F(y, ..., yn)
CyTIeprosHIs

w(T,u) = F(u1 (T, u), ..., 00(T, u)
TaKyKe SIBJIAETCs TePBBIM HHTErPAJIoM CHCTeMbl XapakrepnctTnk (4.13). B
cuity Teopenbl 4.2.2 npu BbiOJIHeHIH yeaosus dw/du # 0 nesisHas GyHK-

st u(T), nosydentast u3 GyHKIHOHAILHOIO yPABHEHHS

F(ui(T,u),...,vn(T.u)) = (4.17)
TAKIKe SIB/ISIETCS PElICHUeN KBA3HIHEHHOr0 YPABHEHNs B YACTHBIX IIPOM3-
Boaubix (4.12). Moxio nokasarsb, uro dopuy:a (4.17) sagaer obmee perme-

Y V0 o . HHe KBA3IN oy B ACTHBIX 1x (4.12) B oxpect-
obbiknoBennbx auddepennuansubx ypasuenuit (n + 1)-ro nopsixa. Hoit pymim cymectsyer okpecrrocts oukn Mo(e}, ..., @), B Koropoit HoCTH KanIoi TouKi N, @12

P v pep ddepentupy dynkupst v = u(zy, ..., Tn), CTHRAZKAO s

% = a(T, u), obpamaromas ypasrenue (4.15) B TOAKIECTBO B 9TOil OKPECTHOCTH:

_¢ 4.2.4. TeomeTpuyecKuii CMBIC] KBasUJIMHEIHOIO ypaBHEHUs
: <+on)) = Co. B ACTHLIX NPONGBOHbIX

don _ o (4.13)

2 = (@), To chopniyate mchcbepenmmponars mesmiofi by mreen .

Tpaduxk pemennst u = f(z1,...,2,) € C'(Dy) Kpasumneiinoro ypas-
du _ b, u) v v Ou HEHUs B YACTHBIX IPOM3BOAHBIX (4.12) sIB/IsIeTCS N-MEPHOIl OBEPXHOCTHIO
dt dz; Tou oz, B IPOCTPANCTBE (21, ..., Ty, ). YTOUIUM CTPYKTYPY 9TOl IOBEPXHOCTH.

4.2 YpabHemns B MACTHBIX HPOMSBOHBIX HEPEOIO HOPSKA 85 86 Dnapa 4. V) B HaCTHLIX IX 11CPBOTO HOpSKA. 4.2 Ypabuemms b MACTHBIX HPOUSBOHBIX HEPEOIO HOPSKA 87
nosepxuoct P. Torja 910T BEKTOP OPTOrOHAJIEH K BeKTOPY HOPMAJI 4.2.5. 3agava Kommm /1715 KBa3WJINHERHOTO yPABHEHUs B JACTHBIX
of af TIPOU3BOHBIX
3 = (T’m @) (@), 71).
' o
o Paccyorpum B citydae n = 2, KOTOpbIl nMeer naubojee HarJIsHyIO
u=f(z, ;) Tax kax (7, M)gnsr = 0, 10 TEOMETPUUECKYIO MHTEPIPETAINIO, KBA3HIMIEHoe YPABHelne B YacTHbIX
9 a POM3BOTHEIX
@0 @+t an@ 2@ - @) =0, @) eT. (4.19)
Dy Ay P}
u
T oy« . = f(7 yu) = + az(x,y, (4.22)
0 z, OJTyHEHHOE PABEHCTBO TOKA3bIBACT, UT0 U = f(T) yIOBICTBOPSET KBa3M- oz
T B TACTHBIX 1Ip 1x (4.12) B KaxIOH TOUKe

zy

Puc. 4.1. K joxasarersctsy Teopentr 4.2.3.

Teopema 4.2.3. Dynryua u = f(x1,...,2,) € CY(Dy) A6asemes pe-
i 6

wenuem K6a3 (4.12) mo-
2da u moavko mozda, xkozda 3a0 i amoti ¢, ue-
aurom us 0 i (4.13) (mo
ecmb wepes a106y10 MoKy poxod ye-
AuKOM na amoi )

Hoxasamenvemeo. Ilycrs yepes mobyio TOUKY MOBEPXHOCTH

P={u= f(z1,...,2n), (z1,...,2,) € Do}, (4.18)

3aaBaeMoii ¢ oMolbIo Hekoropoit dynkuun f(z1,...,2,) € C(Dy), npo-
XOAUT XaPAKTEPUCTIKA

T ={(z1(t),-...2n(t),u(t)} C P,

LEJMKOM JICZKAIIAs Ha TOil HOBEPXHOCTH. B KazK 101l TOUKe XapaKTepuCTHKY
ce KacaTesbHBI BekTOp B ity (4.13) micer B

_ (drl(t)

_ day(t) du(t)y
= dt 7 dt )7

Todt
= (a1 (@(t), u(®)), ... an(@(t), u(t)), b(E(t), u(t))),

rae u(t) = f(Z(t)). HockoibKy XapakTepHCTHKA JEKHT Ha OBEPXHOCTH
P, TO IOCTPOCHHBIH BEKTOP T ABISACTCS KACATEIBLHBIM OJHOBPEMEHHO M K

xapakrepuctuki I'. TIOCKOIBKY [0 YCIOBHIO Yepes KazK/Iylo TOUKY MOBEPX-
HOCTH TIPOXOJIUT HEKOTOPAs XAPAKTEPHCTHKA, TO (4.12) BBIIOJIHEHO BO BCEX
Toukax Dy.

O6parno, mycts u = f(T) — KBa3IL firoro ) B
qactrerx npomseomix (4.12) B Dy. Ilokazen, 9To ¥epes MoGyio TOUKY
Mo(29,...,2%,u°) € P npoxomut Jexaimas 5 P XAPAKTCPHCTHKA ¢ Kaca-
TesbHbIM BekTopom T(a, . .., 20, u). Pacemorpny sasauy Ko ¢ nauas-
e anmsn (29, ..., 20),

d )
— x1(ty) = a7,
a 1(to) = a7
(4.20)
duy o g 0
— = (@ [(@),  anlto) =y,
dt
KOTOpasi MMeeT eJuHcTBerHoe permene T(t) = (21(t),. .., z,(t)). Tlo sTomy

PEIIeHIIO TOCTPOUM KPHBYIO
T={(@ =a(t), 20 =za(t),u(t) = f(22 (1), o))} (421)

Io nocrpoenmio I' € P. Voeaumcest, uro I’ — XapakTepucTika, T0 ecTh y10-
Baersopser cucreme (4.13). Tlepsbie 1 ypasieiii ST0i CHCTEMBI BLIIO/IHE-
Hbt B ety (4.20). Octastoch npoBepuTh HocHe wee panenctso B (4.13). Y-
ThBasA TO, 9TO ;(t), i = 1,...,n, ABmOTCA permenmamm cucreMbr (4.20), a
u = f(T) sBasiercs p KBa3H ro (4.12), mveenm

du X~ Of drj, <~ Of(@(t) _
T FH f))~d—;(r,)727h] a;(T(t), u(t)) = b(@(t), u(t)).

i
Caenosarenbio, kpupas I' — xapakrepucruka. IITak, nokasano, 4To uepes
m06YI0 TOUKY IOBEPXHOCTH P IIPOXOAUT NPUHAJIEKALIAsl STOH I10BEPXHO-
cru xapakrepucruka I

rae b(z,y,u),a;(x,y,u) € CY(D), j =1,2, D - obnacts u3 R?,
ai(x,y,u) + a3(x,y.u) 0, Y(z,y,u) € D.

Badava Kowu jyist KBaSWIMHEHHOrO yPaBHEHHsI B YaCTHBIX LHPOU3BOI-
npix (4.22) cocrout B HaxoxKjenun nosepxuocrn u = f(z,y), 3azasaemoit
i B MACTHBIX x (4.22) n

KBA3IL 0

IpOXOzgIIIIet Mepe3 3a/IANIYIO JIHIIO

{(@,y,u) = (¥1(s),¥2(s),13(5)), 5 € [51,52]} € D,

TO €CTh
P3(s) = f(W1(s), ¥2(s)), Vs € [s1,82]. (4.23)
Teopema 4.2.4. IIycmo svinoaneno yciosue
ai(s) ¥i(s) . ;
d“( als) wy(s) )7 Vo€ lsnsal, (4.24)

2e a;(s) = a;(V1(s), Pa2(s), ¥s(s)), 7 = 1,2.
Tozda 6 nexomopoti okpecmuocmu kaowcdoti mowku aunuu £ cywecmey-
em eduncmeennoe pewenue sadavwu Kowu (4.22), (4.23).

Jloxasameancmeo. PaCCMOTDHM CHCTEMY XADAKTCPUCTIK /15t KBASILIHICIL-
HOTO YPABHEHIIS! B HACTHBIX POU3BOAHBIX (4.22):

da
fudi ay(z,y,u),

dt

(4.25)

88 I'mapa 4. V] B 1aCTHBIX IPOU3BO/IHBIX TTEPBOTO MOPSJTKA 4.2,V HISA B JaCTHBIX TPOH3BOJHBIX IIEPBOTO MOPSIKa 89 90 I'masa 5. OcHoBBI 0
w BBIYHC/IMM 3HAYCHUA YACTHBIX IIPOU3BOJIHBIX Ha JIMHHI £, T0 ecTb nupu t=0.
MI/ B cuiy (4.25) umeem lnasa 5
%(U )= ‘9&( ):@ as(s)
u=f(z.y) ot ot dt =g — OcHoBbl BapunauynoHHOro ncHucneHmns
U3 pasencrs (4.26) maxomum, 110
P (4.26) ! 5.1. OCHOBHbIE NOHSITUSI BAPUALMOHHOIO UCUYUCJICHUS
1 o1 o
0 v T 05) = Ui(), 2 (0.9) = Uh(s)
Pacemorpum muoxecTso M, sIBIISIOLIEECs] HEKOTOPBIM II0MHOKECTBOM
z

Puc. 4.2. K joxasarersctsy Teopentr 4.2.4.

Bazaua Komm gt cucrenmsi (4.25) ¢ HavambHbiMu 0pu ¢ = 0 JaHHBIME Ha
KpuBoii £

Pi(s),  yle= ha(s), (s) (4.26)
HMeeT eIMHCTBEHHOe pellleHne
z=pi(t,s), y=wa(t,s), u=gs(ts). (4.27)

B cuny (4.26), (4.27) mveem

©1(0,5) = P1(5), ©2(0,5) = 1a(s), pa(0,5) = ¥3(s), Vs € [s1,52]. (4.28)
Dopnyra (4.27) 3a/1aeT mapaMeTpHIECKOe TMPEJICTABICHAE HEKOTOPOIi 1o~
BepxnocTi P. JTumms ¢ 1eKUT Ha 9TOI TOBEPXHOCTH 110 MOCTPOEHHIO B CIITY
(4.26) (cm. puc. 4.2).

Tlokazken, 4TO B OKPECTHOCTH KazKioil TOUKH MitHmi { 9Ta COCTOsMmas
M3 XapaKTEPUCTHK LHOBEPXHOCTH MOKeT ObiTh 3ammcana B Buie u = f(z,y),
u Toraa, no teopeme 4.2.3, f(x,y) — pemenue ypasuenus B 4aCTHDLIX PO~
mssoznbix (4.22). [last storo gocrarouno B surtexaromeit u3 (4.27) cucreme
DYHKIHOHATHHBIX ypaBHemit

(4.29)

BLIPA3HTL napaMerpbl (£, ) Kak nenpepoisio auddepernupyenmie Gymk-
mun or (x,y). VMest B BiLy IPUMCHCHHE TCOPEMbI O HESBHBIX (DYHKIMSX,

Torsa s skobnana B ety yesosms (4.24) cnpaBe/yBO COOTHOMEHIE

dp1 O ) W
T _ ai(s) ¥i(s .

det 8 ((;1 (0, 5) = det ( asls) V(s) ) #0, Vs € [s1,8]
ot Os

CreioBaTenbio, 10 TeopeMe 0 HessBHBIX (DYHKINSX B OKPECTHOCTH TOYKID
(0, 90) = (¢1(0,5),2(0,5)) cymecTByIoT e/uHCTBEHHBIM 06PA3OM ONpe/ie-
Jtenmbie HenpepiBHo bdepentupyesbie byHK

=t(x,y), s=s(z,y),

obparaione ypastenus (4.29) B roxecrsa. ITocie 01CTaHOBKH B TPeThe
ypasuenue B (4.27) OPHXOUIM K HCKOMOMY IPE/ICTAB/ICHHIO

s(t(z,y),s(x,y) = fz,y).

E/WHCTBeHHOCTh BBITEKACT M3 TOIO, UTO YJIOBJIETBOPSIONIAs KBasHIHHel-
HOMY ) B HACTHBIX IX TIOBEPXHOCTDH, COMIACHO Teope-
e 4. COCTOMT M3 XAPAKTEPHCTHK (TO €CTH BBIOIHEHBI COOTHOIICHUS
(4.27)), a BOAM3H KPUBOfi { €MHCTBERROCTD PEIEHMH 06CCIETNBACTCS Teo-
PeMoii 0 HeABHBIX (DYHKIHMAX. m]

u

Yenosne (4.24) meer caeayionuii reomerpirieckmii embic. Tak Kak
BEKTOp T = (a1, a2,b) KacaeTcsi XapaKTePHCTHKH, & BEKTOD S, ) Ka-
caercst KpuBOii £, Ha KOTOPOIf 3a/1a10TCs1 HadasIbHble Janmble 17is 3a1aan Ko-
i, 10 yesosue (4.24) ecrb yeaoBHe HEKOJITMHEAPHOCTH NpoeKiit (a1, az)
u (], ¥%) paccMaTpUBaEMbIX BEKTOPOB Ha IJI0CKOCTD (2, y). pyruvu cio-
BAMH, TPOCKIH I { 1 TIEPECEKAIONINX ee XaPAKTEPHCTHK He 0K
catbes pyr Apyra (eu. puc. 4.2).

KA

MHOZKECTBA HENPEepLIBHLIX Ha otpeske dynxiuit Clzg, 2]

Oi 5.1.1. & A0 MHO-
M6 e WOHOLE HUCe.

TIpuBe/ieM HEeKOTOpbIe IPUMEpB.

Iyers mosecrso M cosnagaer co seent wmosectson Clig, 7). Onpe-
aennm dynkuuonan ®[y(x)] caeayomum obpasont: B[y ()] = y(xo)+2y(z1).
JIpyri npunmepon (byHKIHOHATIA, ONPe/Ie/IeHHOTO Ha 9TOM MHOKECTBE, sib-

JisieTcs
zy

aly(o)] = [ sle)de.
@0

Tprsesen eme o mpiep. Tlyers MroxkecTso M mpexcTapaser cooit
MHOKECTBO HenpepbiBio auddepenupyempix na orpeske [z, 1] by
Takux, 4ro y(xo) = Yo, y(x1) = Y1, TA€ Yo, Y1 — 3aJAHHDIE IOCTOSHHBIE.
Onpejie/in Ha STOM MHOZKeCTBE (DYHKIHOHAI

z
2[y(x)] :f(:r/ ) + 2y (x))%)de.

E

5.1.1. Bapuanus ¢byHKIuoHaIa

(o] 5.1.2. moti 6ap ii yo(z) € M
nasweaemes mobas ynryus 5y(x) maxan, wmo yo(x) + dy(x) € M.

Jagiee Ju1st IPOCTOTHI Gy1eM CUHTaTh, 9T0 MHOXKecTBO M 0b1asaer Tem
cpoifcTBoM, uTo ecan dy(x) — gouycrnmas sapuaims dbynkuun yo(x), To
ty(x) Taxske aBasieTes nomycTuMoit Bapuanueit Gynxiun yo(2) s ao6oro
teR.




5.1. Oc 5T 91 92 I'mapa 5. OcHoBbl 0 5.1. OCHOBHBIE IIOHSITH: 93
(o] 5.1.3. Bapuavueii  §P[yo(x),6y(z)]  dyrnryuonara Tlycrs na Muozxecrse M BBeena nekoTopas HopMa dynkin y(z), na- v e
Dly(x)] na Gynryuu yo(x) € M nazweaemea puMep 2
L+ 150 ly(@)l = max ()l /\
—Plyo(x) + toy(x >
dt t= o] 5.1.5. 2 Dy(x)] o Ha o 7o Tt Ep ipte ENE

TIpuBe/ieM IPHMEpBI, I e, U4To
JKeT CYIIECTBOBATD, & MOKET M He CYIIECTBOBATH.
Ilyers M = Clxg, z1]. Pacemorpnn

dyuKmmonana Mo-

2y = [ (wte)Pd.
Torna 4
80[y(z).8y(x)] = G @ln(a) + toy(a)|_ =
-3 / o) + 18y =2 / vo(w)y(e)dr,

1 papmams dymmmonana 00[yo (), dy(z)] cymecrnyer s moGoi yo(z).
ECIIH 7Ke MBI HA TOM e CAMOM MHOKECTBE PACCMOTPHM (yHKIMOHAT

Py()] x)|dz

u BosbMeM Yo(x) =0, a dy(x) =1, To

0lyoa),0y(2)] = S @lun(e) + t3y(a)]

u Bapuanus GYHKIHOHATIA He CYIIeCTBYeT.

yo(x) € M aoxanvnozo murumyma (maxcumyma) na smuoscecmee M, ecau
cywecmeyem € > 0 maxoe, wmo dan aobol y(z) € M u ydosaemeopa-
1owed nepasencmey ||ly(x) — yo(z)|| < e, cnpasedauso lyy(x)] < @[y(z))
(@[yo(@)] = @[y()])-

MakcuyyMbl 1 MEHIEMYMBI )Y HKIHOHANA, HASBIBAIOTCS IKCTNPEMYMAMU
dyukiponana. 3a1a4n OTBICKAHHS IKCTPEMYMOB (DYHKIHOHAIOB 1 (DYHK-
Iuif, HA KOTOPBIX OHH JOCTHIAIOTCS, HASBIBAIOTCS 3a/ja9aM1 BADHAIIIOHHOTO
MCUUCTICHHSA.

JToKazken TeopeAty 0 HEOBXOIMOM YCI0BUH SKCTPeMyMa byHKINOHAIA.

Teopema 5.1.1. Ecau a ®ly(x)] o na
yo(z) € M aokaaviozo makcumyma uau munusmyma na M u

ipuavus wa na yo () . o Gapuayus GynKyuona-
aa 6®[yo(x), dy(x)] pasna nymo dan moboii donycmumoii eapuayuu 5y(x).

Joxazamenvemeo. Hyers dynkumonan ®ly(x)] mocruraer na dynxipn
yo(x) moxanbroro skcrpemynma. Pacemorpmy ®lyg(x) + tdy(x)], rae dy(z)
nponssonbias sapuaius yo(z). Ipn duxcnposannbix yo(z) n dy(x) dynk-
moman ®[yo(x) + ty(x)] smseres dymkmmeii mepeveroi £ :

@) = @lyo(x) + tay(x)].

Tax kak dynkuponan ®[y(z)] nocruraer na pyuximn yo(z) noKaibHOrO
sKerpemyma, 10 y dynxiun o(t) Touka t = 0 SBIACTCH TOUKOI JOKATHHO-
ro skerpemyma. Ciiegosatenbio, eciu npoussoanas ¢’ (0) cymecrsyer, To
¢'(0) = 0. Cymecrsosanne npoussoauoii ¢’ (0) ciemyer u3 cymecTsosanus
sapnamm bynkmonata [y(z)] ma yo(z)

)

Z90]_, ,,,@[yo @)+ ty(@)]]

Prc. 5.1. K nokasatemserny mexst 5.1.1.

5.1.3. O JemMMa 0 MCYMCJICeHUsS
JIoKaZKeM JICMMY, KOTOPYIO B CBSI3H C €€ BAZKHOCTBIO IIPH HCCJICA0BAHII
33144 BAPHAIOHHOTO HCHHCIICHIS, HA3BIBAIOT OCHOBHOI JICMMOfi BAPHAILH-
OHHOT'O HCHHC/ICHHS.
Harommnn, wro C™[ag, 71, 7 € N 0603HAMACT MHOKCCTBO 72 pa3 Herpe-
poiBro Judepentupyempix Ha otpeske (o, 1] bynkmuit. Mycrs Cf [zo, 1]
— mmozKecTBO bynkumii y(x) € C"[xo, x| Takux, aro

¥ (2) =y (1) =0, m=0,1,....n—1.

Nemma 5.1.1. ITycmo f(x) - nenpepuenan na ompesre [z, 1] dymn-
wuA maras, 4mo
;,.
/ F(@)y(x)dz =0
0

Ona moboti y(x) € Cl[wo, 1] Torda f(x) = 0 na ompeare [vg, 1]

Joxasamenvcmeo. Tpeanonoxkum, uro dbynkuus f(z) omimdna o myis na
otpesxe [zg, 7). Tora cymectsyer TouKa 5 € (9, 1) Taxasm, w10 f(72) £
0. Tyers s onpenenenmoctn f(z2) > 0. B ey menpeppiocts f(x)
cymectsyer & > 0 TaKoe, U0

5.1.2. Dkcrpemym HKIMOHAJIA o s @) " Lo — €. Ty + €] -
pemys dymkn CiiesioaTesibHo, flx) = 5 0, Va €[z —e xy+e] C (x0,21).
o 5.14. @, 2 Ply(x)] o Ha d Pacemorpiy dynkmmo ya(z) crenyromero sua (cm. puc. 5.1):
1o(2) & M aolirmoss sty (xmetingate) na e lyo(e): (@) = S Blunle) + Gy, _ =0 pust pymanio y2(z) cxeny {ea. pre. 51)
au das mobot y(x) € M euwnoaneno nepasencmeo ®lyo(x)] < ®[y(z)] (z— (x2 — &))" (w2 + &) —2)"*!, w€[x2—e,22+e];
(®@[yo(x)] = Dly(z)]). Jutst mioGoit 6y(z). Teopema 5.1.1 jokasana. O y2(7) = 0, ¢ oy—ematel
94 I'masa 5. OcHoBbl 0 5.2. V] Ditrepa 95 96 T'masa 5. OcHoBbl 0
DQyukupst yo(x) € Cf[xo, 1] n y2(x) > 0 npu z € (x3 — €, 22 + ). Cruego- Yy D70 paBeHCTBO BBIOJHEHO Juts moboii dymkumn y(z) € Cdlzo, 1]. Tpu-
BATeIbHO, I (2,:9,) MeHSS OCHOBHYIO JIeMMy BADUALUOHHOTO HCHHCIICHNS, HMeEM
zate ¥ Y(téy(ﬂ 1Y ;
2
/ I@n@is= [ f@m@i> o, . ws— Fyo00(e), 4(2) — By, po@) vy () = 0, 20 < < 1.
o B Yol
E
. . X n,.; 5.1 o (@oiy0) sy(z) Caenosarennio, dbynkuust yo(r) ssasercs pemennem ypasuenns (5.2) n
YTO HPOTHBOPCHUT YCI0BHIO JeMMbl. Jleama 5.1.1 jgoxasana. y(z reopesa 5.2.1 nioazara. o
5.2. Ypasuenne Diinepa 0 z T, T Vpasuenne (5.2) naspisaercst ypasHenueM Difnepa st byHKIOHALA

Pacemorpun  muokectso M HenpepniHo sndybepenmpyensix Ha
[wo, @1] ymxumit y(x) raxux, wro y(wo) = yo. y(z1) = y1. Onpexemmn
Ha 3TOM MHOXKeCTBe li)yﬂl(uﬂOHaﬂ

lye / Fo,y(a).y/ () de (5.1)

rae F(x,y,p) — 3agannas GyHKIHS TPEX TEPEMEHHBIX.
Tlonymv meoGxomMoe yeroBre sKeTpeMyMa hyHKIMOHAa, Ha, MHOYKe-
cree M.

Teopema 5.2.1. [Tpednoaoocum, wmo npu x € [z, 1], (y,p) € R y

¢ F(z,y.p) e y emopuie npous-
codune. Eeau (5.1) nowa.n ; yaa na
dyrmuun yo(z) € M, umerouwei nenpep smopyio ny na

ompeare [zo, z1], mo dynus yo(x) Acasemes p .

Puc. 5.2. K joxasarescrsy Teopentr 5.2.1.

zy

=40 [ Fan(e) + 6yt vh(o) + ey @) _ =

e

— [{FuCemto) + t5y(2). 5 0) + t00) @)oo+

+Fy(a o) + 8y (o), i (o) + H0y) (@) 3y) () fda| =

= [{Fuo (e sh(@)dute) + Fy (o m(o), ) 6 (o) o

W3 TeopeMbl 0 HEOGXOMMOM YCJIOBHI SKCTPEMYMa, CJIC/IYeT, 9TO BapHaIius

HO20 YpaeHeHUA

Fy(a,y(x).y () — %Fp(my(ﬂyy'(m)) =0, zo<e<a. (52

Jloxazamenvcmeo. Haiizem Bapnammio dynkmmonana (5.1) na yo(x). U3
onpesernenns MuoxkecTsa M ciefyer, 4ro gomycTuMoil Bapuareii dy(x)
Byuxum yo(z) asusercs mobas Henpepbisuo muddepennupyemast na or-
peske [Lq 1] dbynkuust, o6paIAIONAsC B HOMb HA KOHIAX 9TOIO OTPE3Ka
.2). To ects dy(x) € Cjla
11 OUPCACIICHIC BAPHAMTH pYHKIHORATA, HOMY T

50luo(0),50(w)] = £ o) + 5y =

by na Ha Yo(z) J0IZKHA PABHATBCS HYITIO, TO €CTh

/Fy(z,yo(r)vyé(r))éy(l')dz+/Fp(rvyo(f)-yé(r))(ﬁy)'(f)dr:0<

%
VIirerpupys o HacTsIM BTOpOF HITErpa I YHHTLIBAS TO, 1TO
Sy(wo) = dy(z1) =
TIOJTY 9UM
o

J {2 = 2o, ) )

0

(5.1). Tak xak dbynkuus yo(z), Ha KOTOPOit gocTHraCTCs SKCTPeMyM (DyHK-
mmonana (5.1), npunaaieKnT Muokectsy M, TO OHA FBJSETCS DEIICHHEM
cretytomeii KpaeBoil 3a1aum

Fye.9(e) /(@) — = Flanala). /(@) =0, 20 < <,

y(@o) =yo, y(@1) =1

PaccMOTPIM NPHMEp MPHMEHeHH IOKASARHOI TeOPEMEI.

Bo MHOMMX HPHIIOXKEHHSAX, HAIpHMep, npH o6paboTke H306pazKeHmii,
Tpebyercs npub/m3nTh HekoTopyio dynkio f(z) Gosee raiKoi dyHKIm-
eit y(x). Dro o3uauaer, 4ro nponssoHas y' () He JOIKHA UMETD CJIUIIKOM
Gosbume suauenus. s pemenus noA00HbIX 38,189 MOZKeT ObITh IPUMeHe-
10 sapuanuonnoe ncuncienue. yers f(x) rakosa, uro f(xg) = f(z1) = 0.
PaccemoTpun 3aj1aty HAXOXKACHES MIHHMYMAa CICAYIOMero hynKIuonana

[0~ fyae +a [/ @)as, 5.3)

Lie a - momomTeMbHEG mapamerp. MUHIMIIAIIST MePEOro mHTerpaa
obecniesmpaer Gasocts bymkimt y(x) K nexommolt f(x), a MummMmsanms
BTOPOTO MHTErpajia MPHBOWT K TOMY, UTO 3HAYEHNs MPOu3BOHOI ¥ (1) He
OYYT CIUIIKOM GOJIBIIIMH.

st pernennst 3anaun Mnmvmsann Gynkuponana (5.3) Ha MHOKeCTBE
Bynxuuit y(x) raxnx, uro y(x) € C'[zo, 1], y(xo) = y(z1) = 0, samumenm
ypasuenne Siinepa pus bynkuuonana (5.3). Tak xax B 9ToM ciryuae

Fla,y,p) = (y— f(@)* +ap®, Fy(w,y,p) =2y = (@), Fylz,y,p) = 2ap,

To ypapHenue Diiepa nMeer BHI

2y(w) — f(2)) ~ A (/@) = 0.

5.3. HeoBxo/ubie yeiioBust 9KCTpeAyMa HEKOTOPBIX by anos 97
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TIpeoGpasysi 3T ypaBHEHHC W yIHTHIBAS KDACBBIC YCIOBHI, TIOTYTHM Kpa-
eBYI0 3aJaMy JJist onpeenenns dyukuun y(x)

V() — (@) y() = ~(0) " f@). m <z <, (5.4)

y(xo) = y(z1) = 0. (5.5)
Tak Kkax ypasrenne Diiepa Jaer HeoGXOIUMOE YCIOBHE IKCTPEMyMa, TO
MOYKHO YTBEPZKIaTh, 410, ecii MumuMyM dbynkumonana (5.3) gocruraercs
Ha BBl Henpepbisno tuddepenuupyemoii dynkumm, 1o 51a byHKIs
SIBIISIETCs perenneM Kpaesoit sagaun (5.4), (5.5). Bamerum, 4To 0AHOPOI-
nas (f(x) = 0) xpaesas sanaua (5.4), (5.5) myeer TOILKO HyIeBOE peme-

Teopema 5.3.1. ITycmo dynnuus F(x,y,py, .. p,.) umeem npu r €
[0, 1], (4P1,- - pn) € R ruee nopao-
wa 2n. Beau dymnuus §(x) € M, §(x) € C*"[xg, 1], u na neti docmuzaem-
ca 1 1 wa (5.8) Ha M, mo §(x) acasemesn
pewenuem ypasnenua

.
F,,—%FP,Jr--Jr(—l)”LFP =0, s<e<m, (59

B cuiy HEOGXOMMOrO yCJI0BHSI SKCTPEMyMa BapHAIMs

e, ceoBaTENbIO, pemente Kpacsoit samaun (5.4), (5.5) cymeersyer u
eummcTBento i oot f(x). MmO foKasaTs, 4T0 910 pemenme Gyer
smmmsIposats dynkonan (5.3).

5.3. Heo6xoauMble ycjIOBHsi 9KCTPEMyMa
JJ1sl HEKOTOPBIX (DYHKIIMOHAJIOB

B srom naparpade Mbl paccMOTPHM HEKOTOPBIE (DYHKIMOHAIILI H HOJLY-
M LT HUX HEOGXOIMbIE YCTIOBHS SKCTPeMYyMa.

5.3.1. Dy I, or IX IOPS/IKa BbIIIIe
nepsoro

Pacesorpmi amosectso M by (z) € C7[wo, 2] Taxirs, wro
(o) = Yoo, ¥ (x0) = yor, ¥ (o) = yoz, - ¥ (x0) = You-1, (5.6)

y(x1) = yo, ¥ (@1) = yu. ¥ (@) = yro -y @) =piar. (57)

Oupeenun Ha 3TOM MHOKECTBE (hyHKIOHAI

@)= [ Feyto)/ @

e dyskuus F(z,y,pi1, ..., pn) OUpee/eHa i HelpepbiBHa IpH & € [zo, 1],
(Y:p1,- - pn) € RMHL

Tlomyuum neobxomumoe yeinosue skerpemyma dynknponana (5.8) na
ammoxecrse M.

(5.8)

byuximonana (5.8) na gynkiumn j(z) gomkna o6pamarbest B HOMb s
moboii gomyerumoit Bapuamn y(z) € Cflxg, 1.
ITo onpezenennio Bapuanuu dyHKIMOHAIA HMEEM

6@[17(.1),@(1)1=7<1>[u<r>+my< o, =

:%/F(:::,gj(z)ﬂ(iy(:::) /() +t(0y) (), ..., 5™ (@) +t(y) ™ (z))da

0

0

Tludbdpepenimpyst muTerpas 1o napaverpy f, nosaras sates ¢ = 0 1 upi-
paBHUBasd Bapuanuio K HYJIIO, IOy UM

EN

[ (Esute) + B0 ) +

EN

S By (09) (&) d = 0.

WHTerpupyst o gactsM W y9HTHIBass T0, 4To pyHKImsA dy(x) u ee mpons-
BOJIHBIE OGPAIIAIOTCSA B HOMb HA KOHIAX OTPE3Ka, MMeeM

d nd"
(F,, — B+ () men)éy(r)df =0.

Tax Kak 970 PaBEHCTBO BBIIOJIHEHO st 11060it dyukumn 8y (x) € Cflxo, 21],
10, IPUMeLisl OCHOBHYIO JEMMY BAPUALUIOHIONO HCUCIICHIS, HOLY M, 410
byuxums §(x) asasercs p JILHOTO Y (5.9).
Teopema 5.3.1 poxasaia.

Takim  06pasoM, Mbl NOKasaid, 4to, ecan Ha dymkomn j(z) €
C?"[2g, 1] pocuraercs sxerpemynm dynkimonasa (5.8) na muozxecrse M,
To 9Ta yHKIWs ABIseTcs pemenneM Kpaesoit sagauan (5.9), (5.6), (5.7).

B kauecTse mpumepa npuMeHenus JOKA3AHHON TEOPEMbI DACCMOTPUM
sajady npubmkenns Gynkmun f(x) Gomee razkoii dynxmueit y(z). B or-
JIaHe OT MpHUMepa U3 MpejblIyTiero naparpada Gyaem TpeGoBaTh, 9TOOR!
3HAYEHHs! He TOJILKO NePBOii IPON3BO/IHOI, HO i BTOPOIi NPOM3BO/HOI hyHK-
1un (), GbLIH HEBEJIMKH.

PaccmorpiM 3a/1ay HAXOK/ICHIs MIHIMYMa (byHKIHOHAIA

[ - s@)ar+a (/@2 + 6@ 610

rje @ — HoOKUTebHLIT napamerp. Byjaem npeanonarars, uro dbynxims
f(x) Takosa, uro f(xo) = f(z1) = 0. f'(z0) = f'(x1) = 0 n paccmorpum
sajady muHnMusamn dyrknuonana (5.10) na mMuoxecrse dynKmuii y(z)
Takmx, uro y(z) € C%[zo, 21, y(w0) = y(z1) = 0, ¥'(z0) = ¥ (1) = 0. Tax
KaK B 9TOM cirydae (yHKIps

F(a,y,pr.p2) = (y = f(2)* + api + ap3,

10 ypastenme (5.9) mcer iy

d . & "oy
2yla) () — 720y () + 5 20y () = 0
TIpeoGpasys 910 ypasienie i yumteimas Kpacsbie yeiosis y(xo) = y(a1) =
0, y'(x0) = /(1) = 0, mosyIM Kpaesyio 3ajady Juist onpezenenis GpynK-
wan y(x)
D(@) — (@) + (@) 'y(@) = () f(2), @o<a<a,
y(wo) =y (z0) =0, y(a1) =y'(x1) =0.

5.3.2. @yHKUMOHAJ, 3aBUCAIIMIT OT DYHKIUN ABYX IIEPEMEHHbIX

3ajauu  BAPHAIMOHHOIO HCHHC/ICHUS MOKHO DPACCMATPHBATH M JUIs
byHKIHOHATIOB, 3aBHCAIIX OT DYHKIN JABYX HepeMeHHBIX. Paccmorpiy
bynxumona, sapncammii o1 GYHKIEN u(T,y) I ee GACTHBIX TPOH3BOIHBIX
TIepBOTO TOPsIKA

4‘["(%?!)]:/ F(z,y. u(x,y), ue(z,y), uy(z,y))dedy, (5.11)
D
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u(zy)

Puc. 5.3.

e F(z,y,u,p,q) — 3anannas dynkuust, a D — o6nactb, orpaHimdeHHas
xonrypom L. Byaem mpejnonarars, wro dyuxuus F(x,y,u,p,q) umeer
HeNpephIBHbBIe BTOPBIC “MACTHBIC Tponssozmbie upu (v,y) € D = D UL,
(u,p.q) € R?

Tlyers M — wmomecrso bynkiuii u(z,y), nveomux B D nenpephis-
Hble JACTHBIC MPOM3BOIHBIE M NMPHHAMAIONWX Ha L 3ajanibie 3HAYEHNs
u(x,y) = p(x,y), (x,y) € L. Bapuanus byskunn u(x,y), He BhIBOSIIAsL
ee u3 MuozKkectBa M, — 910 dynKims du(z, y), nmeomas 5 D HenpephIBHbIe
4ACTHDIE IIPOM3BOIHbIE 1 Ofpalalomasics B 1o/b na L, To ects du(x,y) =0,
(x,y) € L (car. puc. 5.3).

Tlomy iy reoBxomMoe yeToBHe IKeTpexyMa dbymkmmonana (5.11). T
9TOTO HAM TOTPEGYeTCs JIeMMa, aHAJIOTIIHAS OCHOBHOI JIeMMe BapHAIHOH-
HOTO HCYHCICHHs

Nemma 5.3.1. ITyemo dynnyus f(x,y) nenpepwena ¢ D. Ecau

[] 16wt gpasay =0
D

Puc. 5.4. K nokasarenserny aemybt 5.3.1.

(20, yo) clleyer, 4To CyIECTBYeT Kpyr
S ={(z,y): (x —w0)’ + (y—w0)* <}

f(@o.%0)
2

Takoit, aro f(z,y) > > 0 npu (z,y) € S C D. Paccmorpum

bymximo vo(z, y) Takymo, o (e, puc. 5.4)

P 2
S (el )

Torja

[ r@mtatsds = [[ 1oyt gydsay >
D S

> M / / v, y)drdy > 0,
S

4o MpOTHBOpEUHT YeI0BHIO eMMEL. TIoTytentoe TPOTHBOpetTe TIOKA3HI-
BAET, O HCXO/HOE MPETIONOKeRTe GhiI0 HerepHo. Jlenva 5.3.1 foxasa-

Ha.

Teopema 5.3.2. IIpednonoscum, wmo dynxyus F(x,y, u,p.q) umeem

Jokazameavemeo. Tlycrs skerpemym dynkimonana (5.11) gocturaercs: Ha
by @z, y) € M, uMeionieil HenpepbIBIbie BTOpbIe YacTHbIE IPON3BOJL-
npte B D. I3 HeoGXOUIMOTO yCIIOBHs SKCTPEMyMa CIIEJYeT, U4To Bapuallist
byuxiponana (5.11) na 91oit dbyHKIMM paBHA HYIIO

SD[a(r.y), du(z,y)] = %d’[ﬂ(r,y) + téu(z.y)]L:O =

TO ecTh

d
a/ F(x,y
B

rae w(x,y, t) = u(x,y) + téu(x,y). duddepennupys 1o ¢ 101 3HakoM un-
TerpaJjia u nojarast t paBHBIM HYJTIO, TIOJIYHHM

s )y wa (. ,t))dzdy

Y 1), wy (.

/Fu(r.y,ﬂ,ﬂ,.ﬁy)zSu(m.y)dmder
D

+ //{E,u,y,a,u,, i1y) (0u) (. y) +
D

iy (0u)y (@, :u)}d-'i:

IIpeoGpasyem 10 pasencrso. OUYeBHIHO, YTO

+ Fy(z,

Fyl, 0, ) 000 ,) = = (Fy) = 52,
N d . oF,
Fya,y, 1, Uy, ) (0u)y (2, y) = (,Ty(quu) - a—y" Su.

CurejoBarelnbHo,

l/{Fp(f-yd

1y (30). (. 9) + Fy (9., ) (650, () oy =

dan mobot (. y), umeroweis nenp 0 ) ol 9 ps o
e o D ien o noan o sowmype L, mo f(r.g) 0, omopuc s (2,3) € D, (u. = [ (G Fut) + 5 (o) )asdy - / [ (52 + 5t )oudaay.
(z,y) € D. Ecau o na (5.11) 0 na : s . t
T M, um i pep emopoie P 6 D, mo oma
dynruun acanemea 6 P TIpumensia popmy:ty I'pina K naTErpasLy
Horasamenvemeo. Hpeanonoxun, uro dbynxips f(z, y) orimina or mysst 5
8 D. Torga cymecrsyer Touka (g, yo) € D raxas, uro f(xq,yo) # 0. Iycrs (5.12) // (Fpou) + (Fqéu))dmdy
st onpeserennoctn f(zg,yo) > 0. U3 nenpepoisnocrn f(z,y) B Touke %y
5.3. HeoBX0qmbIe yCTOBHs SKCTPeMyMa. by amos 103 104 T'masa 5. Ocrosrr o 54. B sazava Ha yc. it scTpenyr 105

M yuauThiBas 1o, 4ro du(z,y) =0, (z,y) € L, nosyunm

/ / 35 (Fu) o (F,,&;))dM;, - f (Fydudy — Fydudz) =0
L

CureoBaTenbHO,

//{F,,(a;,g/,

Lity) (0u), (2, y) + Fy(x,y, a4,

— OF,  0F, ’
= 7//(W+O—y)§udxdy.
D

o1y (Su)y (@, ) bady =

u pasencrso (5.13) npuHuMaer Bi

P
.//{F“ - 2Ry~ @Fq}éu(z,y) dudy = 0,
D

e Fy, F,, Fy Beraucasiores B 1ouxe (z,y, u(x,y), e (2, y), 4y (. y)). Tak
KaK MOJIy9JeHHOe PABEHCTBO BBITIOIHEHO It JII06OiH JOMyCTHMOil BapHarin
Su(x,y), To, mpumMensis jenmy 5.3.1, momydaen, uro byHKuus @(x, y) Apis-
erest pemennem ypasuerust (5.12). Teopema 5.3.2 jokasaia.

Cuenosaressio, ecn dynkimus @(z,y) Takosa, uto @ € M, mveer 5 D
HENPEPHIBHbIE BTOPHIE YACTHbIE IPOU3BOIHBIE I HA HEll T0CTHIAETCs! SKCTPe-
MyM dynkimonana (5.12), To s1a GyHKIs ABAAETCS PEIIEHHEM ClIe/LyIomeit
sajauu:

st =t =0, (x,y)€D,

u(z,y) = p(z, y)y (,y) € L.

IIpusesenm ewie ojun npuvep YHHOIT 38110, it co eruta-
sKuBammeM YHKINN ABYX HepeMeHHbX. IIyeTh HAM HysKHO HpHG/H3NTD
dbynxmmo Byx nepemennrix f(x,y), 3a1aHAy0 B HeKOTOPOil oGacTn D
6oustee riaskoii byrkumedt u(z, y). Ipeanonoxnm, uro Gyukuus f(z,y) va
rpannie L obiacti D oGparmaercs B HOJb. Jlist penenns 3a/Jaun paccMoT-
PHM 3819y MIHHMU3AIHEE (YHKIHOHATA

e = 1? + al(uton)? + oy o)) Jasdy
D

Bamicpipasi 15 910ro hyHKIHOHATA ypasHerne (5.12), oay i, 4To, eciu
MIHHMYM gocTuraercs Ha (yHKumn @(x,y), nveomell HenpepeBHbIe BTo-
pbIe YaCTHBIC IPOM3BOHBIE B D i obpamaiomeiicsi B HoJb Ha L, T0 31a
bynKIus ABISCTCH B 4ACTHDIX I

taa(2,y) +uyy(2.y) — o u(z,y) = —a” f(z.y), (z.y) €D.

5.4. BapnanuonHas 3a/lada Ha yCJOBHBII 3KCTPeMyM

Pacemorpnm jipa yrKIHOHAaTA

]7/F x,y(z),y (x))dx (5.14)

Wly()) /(‘(J y(2), v (x))dz, (5.15)

e F(z,y,p), G(z,y,p) — 3a1auHble ABaZK /bl HelpepbIBHO Jrddepermupy-
eMble (GYHKIHI CBONX apryMenToB.

Pacemorpum  criejlyiontyio skerpeMasibiyio sajady. Ilyers Tpebyercs
naitrn Gynximio §(x), Ha KOTOpoil JocTuraeTcst sKeTpeMyM byHKIMOoHAA
(5.14) na muoxecrse bynKimit

My = {y() € C'wo, 1] : y(x0) = yo, y(a1) = y1, Vly(x)] = (}. (5.16)

Taxum 06pasoM, HAM HY»KHO Hafitn skcrpemym dynkuponana (5.14) na
wmozkecrse Gynximii onpegesieMon Tem yeaosuen, 4o dbynxmponan (5.15)
MPHHEMACT HA 9TOM MHOXKECTBE HOCTOSIHHOE 3Hadenne. Bapuannonunsie 3a-
It TAKOTO THIIA HABBIBAIOTCS 34JANANU HA YCAOGIbLL IKCTPEMYM.
Haitziem sapuarumio bynkmonasa (5.15) ma Mioskectse dbynkimii

M= {y() € C'lzo,m]:  ylwo) = w0, y(z1) =m}

Iyers oy

Jionycrumast Bapuanus dbynkuun sa M, 10 ecrh

Sy(x) € Clwo, z1],  Sy(o) = dy(a1) = 0.

Torga sapuauus dynkuponana ¥ly(z)] va bynkuun §(z) € M pasna

BU[j(a). u(w)] = lie) + tou(a],

Huddepenupys 1o ¢ i nonaras ¢ = 0, momygaem

OW[g(x),oy(x)] =

- /{G,,(.,;, (),

kN

2))0y(x) + Gy

7(@)@y) () }da. (517)

Cdoprypyem yc/ioBre, HeOOXOIUMOE JUIst TOrO, 4ToObI Ha hyHKIH
y(x) mocruragcs sxerpemyM dynkiponada (5.14) ma muoxkecrse My .

Teopema 5.4.1. HgLTVLb na dymmguu §(z) € Mq,, i(z) € Clag, 1),

v (5.14) My. Ee.

cyueemeyem mumm
dyo(x) € Clwo, 1], dyo(wo) = dyo(a1) =0

manas, wmo sapuaus SU[G(x), Syo(x)] # 0, mo naidemes w
wmo §(x) ydosaemeopaem ypasreruio

d
Ly(@,y(@).y' (@) = - Lp(@y(2),y/ (@) =0, wo <o <ar, (5.18)
20e
L(z,y.p) = F(x,y,p) + AG(z,y,p)- (5.19)
g Bosbaen nponssostbityio bynkimo §y(x) takyo, wro

Sy(w) € Clg, 1], Sy(0) = dy(1) = 0. Pacesorpin dynxim
lt,7) = Dl(x) + tdy(x) + Ty ()],

w(t7) = Wgl) + ty(a) + Tomo(e)].

rje t, T — IPOU3BOJIbHBIE JeHCTBUTE/ILHBIE YUCIIA.
W3 onpegenenns bynxuuit (¢, 7) u P(t, T) caexy

#(0,0) = @[y(@)], ¥ (0,0) = ¥ly(x)],

#1(0,0) = 6®[y(x), dy(2)],  £-(0,0) = 5®[y(), dyo(x)],

T, uTO
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(0,0) = SW[g(a), 3y(@)],  +(0,0) = SWg(w), Fyo(a).
Toxaskent, 1T0 syt moGbix 0y(x) € Cllwo, 1] sxoGuan

D(p,v) _ 3P (y(a
D7) e T:U’de‘( [yl

Loy(x)], 6@y Yo _
ol syl ) =0 G0

TIpe/UIoNozKIM, TO 5T0 He Tak 1 cymectsyer 07(x) Takasm, 4T U Hee
AKoGHan . N
et [ O2M(),05(2)],  0®[y(x), oyo ()] 20
o[y (x), 65(x)], 0¥[y(x),oy0(w))] ’
Torjia 13 TeOPeMbI 0 HEIBHBIX YHKINSX Ciieiyet, wro npi 6y(x) = 6j(x)

CcHCTeMa
ot =u, vt =v

OJIHO3HAMHO paspenuya Juis (U, v), HAXOFIMXCS B JOCTATOMHO MaJioi
okpecrrocTH (U, Vo), rae ug = ¢(0,0), vo = ¥(0,0).

TIycrs, nus onpeaenennocrn, §(x) — dyHKIms, Ha KOTOPOi JOCTHRaETCs
JIOKAJILHBIH MITHIMYM 38241 Ha YCIOBHBL sKcTpenyM. Pacemorpu cucre-

Ay
@t 7) = 9(0,0) — & = @[y()] — e,
W(t,7) = (0,0) = [g(x)] = ¢,
rje € — JIOCTaTOYHO MaJjloe IOJIOKHUTebHOe YUCTIO. Tak kak
((0,0) = £,%(0,0))

HAXOJWTCS B JOCTATOYHO MAJIOH OKPECTHOCTH TOUKH (g, vp), TO MO Teope-
Me 0 HessBHOM (DYHKIH CHCTeMa HMeeT eIMHCTBEHHOe pemenne Ie, .. 1o
O3HAYALT, UTO

olte,72) = B[y(x) + t-05(x) + m0y0(w)] = Dly(x)] —
P(te, 1) = V[G(x) + t=05(2) + 7=0y0(2)] = L.
Crnenoarenbio, na byukunn j(z) + t-07(x) 4+ 7-0yo(x), npunaiexameii
wmuozkectBy My, dy) i (5.14) qeM Ha
7(x). D10 nporuBopeunt ToMy, uTo Ha MYHKIMH () JOCTHIACTCs JOKATIb-
Hplil MuHuMYM. VI3 10J1y4€HHOrO HPOTHBOPEUHsl CJELYET CIPABEIMBOCTD
pasencrsa (5.20).
Packprisast onpeiesurrets, Bxosmytit 5 pasencrso (5.20), nosywacn

00[g(x). oy ()]0 [5(x). Oyo(2)] — 6@ (5 (). dyo ()]0 [y (), dy(x)] = 0

21]. Tlo yemosmo Teopembt 0¥ ([j(x), dyo(x)] # 0.

aas Beex 0y(z) € C3 [
). 8 ( )] 1 o6osHadNB Yepes

Tonems na §W[j(z

Oy YIM

00[y(x). dy(x)] + A6W[;

YuursiBasi opamyast st 6P [ (x), dy(x)] n 60 [j(x), sy(
MOYKHO TIePEIHCaTh TaK:

)], 910 pasencTBO

£

/{Fm-y(m),z’/’(r)) + Acy(x,y(z),g/(x))}ay(z)dz +

+ /{Fp(w-, §(2), 7' (2)) + AGy(z, §(2), g’(z))}ay'(x)dx =0.

Y

TIHTerpupyst 110 YacTsM BTOPOii HHTErpasl i y4uThiBas onpesenenue (5.19)
byukuun L(z,y, p), nmeem

EN

[ ite.vw) -

@0

oL, 5(),7'(@)] Joy(a)de =0,
Voy(x) € Cylwo, 1]

TIpuvensis OCHOBHYIO JIEMAY BADHAIJOHHOTO HCHHCICHIS, HOMYUIM, WTO
bynxius §(x) yrosrersopsier ypasnemio (5.18). Teopema 5.4.1 toxazana.

115 Teopenst 5.4.1 e TyeT, WITo /T ONpeiesenTst YHKIH, KOTOPAs MO~
JKeT ABJIATHCA PelTeHneM 3a/1adi Ha YCIOBHBIH SKCTPEMYM, Hy?KHO DEluTh
ypasaenne (5.18). Dro jauddepennnaibHoe ypaBHEHHe BTOPOIO MOPs/IKA,
M €ro pellleHne 3aBHCHT, BOOGIIE TOBOPS, OT ABYX NPOM3BOJIBHBIX IOCTO-
SIHHBIX U BCHOMOIaTe/IbHOro napamerpa A. DTH IOCTOSHHbLIE U IapaMeTp
MOryT OLITD HafieHDl 13 Kpaesbix yeaosuit y(xo) = yo, y(x1) = y1, a Takxe
yenosus Wy(x)] = L.

5.5. BapuamnyonHoe CBOCTBO COOCTBEHHBIX (DYHK-
it U cobcrBeHHBIX 3HavyeHuil 3amaum IllTypma-
JlnyBusis

Pacemorpnm sagany MItypma-JInysnmna. TpeGyerca maiitn snavenns
A, TIDH KOTOPBIX Kpaepas 3a/iada

d d
= k(x —gla)y =y, 0<a<l, 5.
- (Au dl,) dy = —dy, 0<w<l (5.21)

y(0)=0, y(l)=0 (5.22)
HMeeT HeHyJeBoe DelleHie. TH 3HAYeHns ), HA3BIBAIOTCH COOCTBEHHBI-
MII 3HAYEHHSAMII, & COOTBETCTBYIONIHE MM PEIIEHIst Yy, () — COBCTBEHHBIMIT
bynxuusvu 3agaan Mvypma-JIuysuis. Cobersentble GyHKUuM onpe/e-
JIEHbL ¢ TOYHOCTBIO 0 IPOU3BOJILHOIO IIOCTOSHHOIO COMHOKUTENs . IT00bI
YCTpaHuTh STY

AMHOCTD, BBEJICM CJICYIONICE yCIOBHE:

/t.

0

yn(z))2dz = 1. (5.23)

Pacemorpum dynkiponan
1
= [ (M) @) + ) y(0))?) di. (5:20)
0

Tlokazkem, 4ro, ecin yy, () — cobersennas Gynximst sazaun Itypya-Jliny-
st (5.21), (5.22), coorBeTcTBYyIOmAst COGCTBENHOMY 3HAYCHHIO Ap,, TO

©Clyn(z)] = A (5.25)

JlefieTBiTeshiio, TaK Kak

/k Yy (2 )Zdz—/k Vr (@)yy, (@) de =
0

— K@@ @[ / (@)

0

1
= [ ) i
0
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TO

1

Bl = [ (Mo 0 0)? + ()0
0

) 1

-- / (k) @)’ — @)y @) ya @)z = Ao / (un(2))d = A,
0

Pacemorpum sagaty vunnvimsann dynxiuonada (5.24) na MuoxecTse
bynxuuii, yroersopsonux yeosn (5.22)  (5.23). Sammmen yesosie
(5.23) B BiLIC

V[y(2)] =

1
Wly(a)] = / (y())d.
;

Tlycrs MummvyM Joctrraercs na dynxumn §(z) € C2[0,1]. 13 neobxommo-
IO YCIOBHA /ISl PENICHNs 3341 Ha YCIOBHBI SKCTPEMYM MOIYUHM, UTO
() sABasieTcs pemenuem ypaHenus

ZL,=0, 0<z<l, (5.26)

e L(z,y,p) = k(z)p? + q(z)y? — \y?. Tlepermmmen ypasnerme (5.26), yrm-
TeiBast B bynakim Lz, y, p):

2q(x)y(z) — 2Ay(x) — 2(k(2)y'(z))' =0, 0<a<Ll

Taxum obpasom, dyukuust §(x) sisisiercs pemenneM ypasherus (5.21) u
yaosiersopsier yeaosusm (5.22). Kpome Toro, ona ne paBHa TOX1ECTBEHHO
HYJNO, TOCKOMLKY yioBeTsopser yeaosmio (5.23). Cregosarennsio, §
cobersenmoii dymkmmeit sazamm rypva-Taysurs (5.21), (5.22).
O6osmasm ee y1 (), A — cOOTBeTCTRYIOMee eif cobeTReroe sratere. 3
(5.25) caenyer, aro Py, (x)] = Ay.

Takum 06pasoM, MbI TIOKA3AJIH, YTO PEIeHHe 3a/1a4i Ha, YCIOBHBI K-
Tpemyn (5.24), (5.23) ssasiercst cobersennoil ynxipeit sagaun Mtypma-
JluyBuLIst, a COOTBETCTBYIONIEE COOCTBEHHOE 3HAYECHIE IPE/CTABIIAeT COOi

:) s

JISACTC:

semraniy dynxnuonaa (5.24) na srofi cobersennoit dynxim.

MpunoxeHune A
HessHble dpyHKLUN 1
byHKLUMNOHaNbHbIEe MaTpuLbl

A.1. Teopema 0 HesIBHBIX (DYHKIUSIX

Pacemorpum cucremy u3 m byHKIMOHAILHBIX YPABHCHHIT OTHOCHTEILHO
M+ N ApryMeHTOB (U1, ... Uy, T1, ..., 2y) € R

Fy(ur,... 71,

(A1)

Fo(ur, ... tm, @1,

Hac unTepecyer BOIpoC 0 paspelmMocTi CHCTeMbI (DY HKIHOHATLHBIX yPaB-
mernii (A.1) OTHOCHTEIBHO Uy, . . . , Uy, [Tox pemernnenm cucremsr (A.1) monn-
MaeTCsl COBOKYIHOCTD ONPEJIEIEHHbIX B HeKoTopoit obmactu D C R™ dynk-
it

Tn)y st = P (1) (A2)

TaKHX, 4TO MPH NOJICTaHOBKE 3THX hyHKIwii B cucremy (A.1) Bee ypasHenus
970l CHCTeMBI 0GPAMIAIOTCS B TOKIECTBA:

u = @1(1, ...

Fi(ur(z, ..., @n)s ot (21, .. @

Y(x1,...,2n) €D,
SxoGmaron byt Fy, ..., Fyy [0 CPEMCHIEIM Uy, .. . Uy, HAZLIEA-
eTest crte TyIont by HKTHONATLHbTH ONTpe/eHTeNh

OF,  0F; OFy

u Quy T Qu

oF,  0F% oF,

ou;  Ouy T Ouy |

OF,  9Fn OFn

Oup  Ouz T Ouy,

Teopema A.1.1. [Tycmv m dynxyuii

Fi(ug, ..ot @1,y @n)y ey F(un, oo g, o,
Jugpefi 6 i mouKu
No = No(ul, ..., ub.2l,....2%),
OF;/0u, pep 6 mouxe Ny, i,j =1,...,m.
Tozda, ecau GvMOAHENHVL YCAOGUA
] D(Fy Fin)
Fi(No)=0, i m, (No) # 0,
D(uy Up)

Mo das JOCMAMOUHO MAAVE HUCER E1, . .., Ep NATIEMCA TMAKAA OKPECT-
noemn mowsu Mo(a9,...,29), wmo & npedeaaz omoii owpecmmocmu cy-
) m i (A.2), w ydo
yeaosuam u; —ul| < g, i = 1,...,M U AGAAIOMCA PEUEHUEM CUCTIEMDL

ypaenenuti (A.1), npuvem amo p pep u dugpep

6 yrazannoti oxpecmmocmu mowwu M.

JlokasaTemseTo Teopenst Moo mafit B [2], rr. 13, §2.

A.2. BaBucumocTts MYHKIHI 1 DYHKIOHATBHBIE MaT-
PpHUIBL

Paceyorpmi m hysKimmit OT 1 mepeneHmEx

up = 1 (d
(A3)

Um = P (21, -

TIpenonaraercst, uro dynkumn @i (21, ..., &,), i = 1,...,m, onpeenens i
auddeperupyeMbl B HEKOTOPOi OTKPLITOi n-Meproit obiacru D. Hamom-

1nm onpejenenue sasucumoctn dynkuuit. Hyers k € {1,...,m} — duken-
pOBAMNLIT MILIEKC.
[o] A.2.1. O s 6 D om ocmanv-

o pynryud us (A.3), ecau cpasy dan ecex mouex T = (21,...,2,) € D

sABMsIOmMiics: ckansApnoit gynkipeit aprymentos (uy, .. ). Jup—1(T), 1 (T)s - um (T)), (A.4)
112 IIpn A Hesinrbie (hyHKImi 11 (hyHKIHOHATBHbIC MATHIL! 113 114
20e @ — pas ¢ ped u Judif 6 coom- Tozda r i1, npede NEHHDLT 6 MUHOPE T'-20 NOPAJKG,
v A C60UT @ nesaucumv 6 oxpecmmuocmu mowku My, a xaskcdas uz ocmasbHu Gynr-
wutl 6 amot om T i
Up, . U

UCUMBLMU 6

D, ecau odna us amuz dynruyud
e D om ocmanvt

Ecm ne cymecrsyer guddepentmpyenoi gynximpm @ taxoit, uto cpasy
Juist BeexX Todek obsacrn D cnpasesmBso ToxkiecTBo Buja (A.4) xors Gbr
st omEoro k € {1,...,m}, T0 bYHKIHI U1, ..., Uy, HABBIBAIOTCS HE3AGU-
cumvimu 6 obaacmu D.

Teopema A.2.1. Ilycmwv m dynxyuii omn = m nepemero suda (A.3)
0 u dugbepy 1 6 mowku

Toeda, ecau axobuan us smuz Pyreuul NO KaKUM-2uB0 T NEPEMENHIM
omauten om nyas 6 mouxe My, mo omu ¢

poti oxpecmmocmu mouku

KU HE3AGUCUMDL 6 HEKOMO-

o-
Ilycrs Teneps (21, ..., 2,), i = 1,...,m oupejesnenst n guddepeni-
pyeMbl B HekoTopoit oxpectroct tToukn My(zY, ..., a%), npuuen see wact-

HBIE IPOM3BOJIHBIE EPBOTO NOPSIKA OT STHX (hyHKIIT HEIPEPBIBHBI B caMOii
Touke My. Cocrasnm u3 dacTupix npoussoubix dymximmii (A.3) gyuximo-
HAIBHYIO MATPHILY

Ox dry T O,
Op 0% 04
dxy Oz T Om, s (A.5)
Iom  Opm Oom
or,  0xy T Ox,

COZIEPZKAIILYIO 1 CTPOK M N CTOJIOIOB.
Teopema A.2.2. Ilycmw y dynruuonanvnoti mampuuw, (A.5)

1) nexomopuili MuHOP 1T-20 NOPAIKA OMAUNEH OTN HYAA 6 TROUKE
Mo(af....x0);

2) ece munopoi (1 + 1)-20 nopadka pasno. Hy.o 6 nekomopot okpecmio-
emu mowsu My (ecau r = min(m,n), mo smo mpebosanue caedyem

onyemumy).

JIoKa3TCILCTRO STHX Teopen MoXKHO Haiiri B [2], 1. 13, §3.
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