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1.1. Ilousitus o gudepeHInaTbHbIX yPaBHEHHUIX 7

[haBsa 1

OCHOBHbIEe NOHATUSA

1.1. ITousiTus o nuddepeHImaTIbHBIX yPaBHEHUIX

HuddepenrmaabubIM ypaBHEHIEM HA3bIBAETC yPABHEHNE, COIEPIKAIITEe
[IPOM3BO/IHbIE HEU3BECTHON (pyHKIWMH. [IpuBeieM HEKOTOPBIE IIPUMEPHI.

MNpumep 1.1.1. Hatmu gynryuwro y(t) maxyro, wmo
Y+ (Y1) —efy(t) =1+, a<t<b
MNpumep 1.1.2. Hatimu gynruyuo u(t, ) maxyro, wmo
wge (t, ) +up(t, ) = (2 + 2)u(t,z), a<t<b, c<z<d.
Mpumep 1.1.3. Haumu dyrryuro u(t,x) maxyro, wmo
up(t, @) — ugpe(t,x) +u(t,z) =0, a<t<b, c<a<d

VpaBHeHue, cojiepzkaliee MpOU3BOJIHbIE HEM3BECTHONW (DYHKIIUU TOJHKO
10 OJIHOW HE3aBUCHMOI IIepEMEHHO, Ha3bIBaeTCsad 00bikHOBEHHVIM Jugde-
PERYUAADHBLM YPASHEHUEM.

VpaBHeHue, copepKaliee TPOU3BOIHbIE HEM3BECTHOM (DYHKIIUU [0 HEC-
KOJIbKAM HE3aBUCUMBIM TIEPEMEHHBIM, HA3BIBACTCH AuddepeHina bHbIM
YPABHEHUEM 6 “GACTHOIE NPOU3GOOHDIL.

VpaBHeHUsl, IPUBEJCHHBIE B IPUMEPAX u SIBJISIIOTCST ODBIK-
HOBeHHBIMU [T dEPEHITNATLHBIME YPABHEHUAMU, YPABHEHUE U3 IIPUMEPA
— nuddepeHImaIbHbBIM yPABHEHUEM B YACTHBIX TPOM3BOIHBIX.

THopsadkom nuddepeHITaIbHOIO YpaBHEHNS HA3BIBAETCST HANOOJIBIITII
MOPSIZIOK BXOJSIIIUAX B HETO MTPOU3BOJIHBIX.

JaHHbIIT KypC TOCBSIIEH, B OCHOBHOM, OOBIKHOBEHHBIM UM epeHIInaIb-
HBIM YPABHEHUSIM.

O6bikHOBeHHBIM TudHEePEeHIMaIbHBIM YPABHEHUEM IIEPBOTO ITOPSIIKA
OTHOCHUTEJIbHO Hem3BecTHOI (hyukuuu y(t) HA3bIBACTCS ypaBHEHHE

F(t,y(t),y'(t) =0, te&la,b],
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rue F(t,y,p) — 3amannas HyHKIU TPEX MEPEMEHHDIX.
OO6bIKHOBEHHBIM U dEPEHINATBHBIM YPABHEHUEM N-TO TIOPSIKa OTHO-
CUTEJILHO Henm3BecTHON yHKiuu y(t) HA3BIBACTCS ypPaBHEHHE

F(ty(t),y (1), ..,y (1) =0, te€[ab],

rae F(t,y,p1,-..,pn) — 330anHast GyHKIU N + 2 EPEMEHHBIX.
OObIKHOBEHHBIM UMD DEPEHITNATBHBIM YPABHEHUEM N-TO MOPSIIKA, Pa3-
PEIIEHHBIM OTHOCUTEIHHO CTAPINel TPOU3BOHON, HA3BIBAETCS yPABHEHNE

y™M () = F(t,y®t),y' @), ...,y V1), te€ab], (1.1)

rae F(t,y,p1,...,Pn—1) — 3amannag dbyHkma n + 1 nepemMeHHoi.

Hapsiny ¢ oobikHOBeHHBIME T DEPEHITHATBHBIME Y PABHEHISIMHI MOXKHO
paccMaTpUBaTh CUCTEMBI OOBIKHOBEHHBIX JUM(EPEHINAIBHBIX YPABHEHWI.
Iycrs 3amanel byskuun f;(t, y1, Y2, .-, Yn), ¢ = 1,2,...,n. HopmansHoii
CHCTEMON OOBIKHOBEHHBIX UMD dOEPEHITMAILHBIX YPABHEHAN OTHOCATEIHLHO
Hen3BeCcTHBIX QYHKIWH ¥ (t), ..., yn(t) HA3BIBAETCS CHCTEMA

yi(t) = fl(t7y1(t)ay2(t)v--wyn(t)), te [a7b]7
yé(t) = fQ(t» Y1 (t)a yZ(t)7 <o »yn(t))» te [av b]» (1.2)
Vlt) = Faltyn(t)9a(0), o un(D), £ € [a,h]

VYpasaenue (1.1) moxker ObITH CBeJieHO K HOpMaJsbHOI cucreme (|1.2)).
1)

HeiicrBurenbHo, myctsb dyukims y(t) sBiseTcs pellieHneM ypaBHeHus (|
Bgenem dynxiun

Y1 (t) = y(t)v y2(t) = yl(t)a s ynfl(t) = y(n—2) (t)a yn(t) = y(n_l)(t)'
Torna dyukuuu yi(t),. .., y,(t) aBisoTcs pereHusiME HOPMAJILHOIN cucTe-
MBI

yi (t) = yQ(t)a e [a7 b]:

yé(t) - y3(t)a te [aa b],

e (1.3)

Yn1(t) = wnl?), tela,b],

Yn(t) = Ftyt),y2(t),...,yn(t), tEla,b].
Cupaseggmuo u obparuoe. Ecin dbyuxiuu y (), ...,y (t) aBisiorcsa pe-
menusivu cucreMel ([1.3), To dyuruusa y(t) = y1(t) saBiagerca pemeHuem

ypasrenus (|1.1)).
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Ye Yz

Puc. 1.1. K npumepy 1.1.4} cJleBa — MHTErpaJjibHas KpuBas (COMPAJb), CIpaBa —
dazoBast TpaekTopust (OKPY?KHOCTB).

[Ipu permennn ypaBHeHUS WIA CUCTEMBI 9acTO TPUXOMIUT-
¢ TIPOBOJIUTD OIIEPAIUIO WHTerpupoBanus. [Iporecc HAXOXKIeHWsT PeIeHnit
OOBIMHO HA3BIBAETCS UHMEPUPOSAHUEM TUMDDEPEHITNATLHOTO YPABHEHUA
WJIA CUCTEMBI.

Beskoe pemenue (y1(t),ya2(t), ..., yn(t)) cucremst MOKHO HHTEp-
NPETUPOBATH TEOMETPUIECKN KAK KPUBYIO B 1 + 1 MEPHOM IIPOCTPAHCTBE
nepeMeHHbIX (¢, Y1,Ya2, - .-, Yn). Kpusas (¢, y1(t),y2(t), ..., yn(t)) HA3LIBACT-
cs1 unmezpaavhol kpusoti. IIpocTpaHCTBO mepeMeHHBIX (Y1, Y2, - - ., Yn) Ha-
3bIBaeTCsl (Ha30BBIM IIPOCTPAHCTBOM, & OIPEJEJIEHHAs] B 9TOM IIPOCTPAHCTBE
kpuBast (y1(t), y2(t),...,yn(t)) — dasosot mpaexmopued.

MNpumep 1.1.4. Hopmaavhas cucmema

umeem pewenue y1(t) = cost, yo(t) = sint. Humeepaarvras xpusas smozo
PEWEHUA 8 NPOCTNPAHCMEE NepemenHul (t, Y1, Ya) ABAAEMCA CRUPAALIO, CO-
cmosweti u3 d8YT uUMK08, 4 Pa3o6as MPAEKMOPUA — OKPYAHCHOCTLIO (CM.

puc. .
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1.2. HekoTropble MaTeMaTUu4eCKNe MO/IeJiu,
onunchIBaeMble OOBIKHOBEHHBIMU
nuddepeHITnaabHBIMA Y PAaBHEHUSI MU

O6bIKHOBeHHBIE MM depeHIInATbHbIE YPABHEHUS SIBJIAIOTCST OCHOBON Ma-
TeMaTHIeCKUX MOJieJIell pa3HOOOPA3HbIX IIPOIeCCOB U siBjieHumii. IIpuBemem
HEKOTOPBIE ITPUMEPHI TOJO0HBIX MATEMATHIECKUX MOJIEIeH.

1.2.1. /IBu>keHne MaTepUuaIbHON TOYKU

PaccmorpuM mporiecc IBUXKeHHsI MaTepHAJIbHON TOYKM C €IMHUYHON
Maccoil BIOJIb IPsAMOH, KOTOPYIO OyZeM CYUTaTh OCchblo z. JIBM2KeHME TOY-
KU OOYCJIOBJIEHO TeM, ITO Ha Hee IeficTByeT cuia f(t), 3aBucamas or Bpe-
MeHH t. OGO3HAYNM IOJIOKEHIE TOYKH B MOMEHT BpeMeHu ¢ depe3 z(t). B
COOTBETCTBHU C BTOPBIM 3aKOHOM HpioTOHA moJrydnM, 4TO

d*z

=1, (1.4)

Takum obpazom, upu 3aganuoil pyakuuu f(t) IBUKEHUE TOUKYU OIKCHI-
BaeTcst OOBIKHOBEHHBIM T depeHIMaTFHBIM yPABHEHHEM BTOPOTO TOPSIJIKA
OTHOCHUTEBHO Hem3BecTHOH dbyHKuum z(t).

Pemenne ypaBuenns MOKeT OBIThb JIEFKO HAalJIEHO B DPE3yJIbTaTe
JIBYKPATHOI'O WHTEIPUPOBAHUS

x(t) = /t/Tf(Q)dé)dT + c1 + cat, (1.5)

to to

rjie to - HEKOTOpOe 33JIaHHOoe YHCTIO0, a ¢ U Cy — IPOU3BOJILHBIE OCTOSHHLIE.
U3 dpopmyiisl CJIeIyeT, 4TO ypaBHeHHe He oIpe/iesIgeT OJHOZHATHO
nporecc ABIKeHns Z(t). DTO JETKO MOHATh W U3 (PU3MIECKAX COOOpazKe-
umit. JleficTBUTEILHO, IS OJHOZHAMHOTO OIIpe/Ie/IeHNs TIOJIOKeHNsS TOIKN
x(t) Hy>KHO 3HATD €6 TOJOKEHNE B HEKOTOPBII MOMEHT BPEMEHH {(, TO €CTh
BesinunHy o = x(tg) u ee ckopoctb vy = ' (tg). B sToM cayuae ¢; = xo,
Co = Vg W TOJIOXKeHne TOUKH x(t) B OO0 MOMEHT BPEMEHH ONPEIEIseTCsT
OIHO3HAYHO.

Ypasuenne ollpejie/isieT MPOCTeRNINii BApUAHT JBUKEHNS TOYKH
BJIOJTb TIpsiMoii. Eciu cuita, meficTByromas Ha TOYKY, 3aBUCUT HE TOJIBKO OT
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BPEMEHHU, HO TAaKXKe U OT IoJioKeHus Touku z(t) m eé ckopocru x'(t), To
0ObIKHOBEeHHOE JTuddHepeHnmaabHoe YPaBHEHNE, OPEIEISIONee MOI0KEHIe
rouku z(t), OyJer UMeTb BUJ

2
O = 1t a(0) (1),
rae f(t,z,p) — 3agannas GYHKIMs TPEX IePEMEHHBIX.

PaceMorpum Teneps mponece JABUKEHUsI MATEePHAIbHON TOUKK €JMHIY-
HOI Macchl B IpocTpaHcTse. 11oIoKeHne TOUKT 33aeTC PAIIYC-BEKTOPOM
7(t) = (x(t),y(t), z(t)). Jpurkenne Toukn 0OYCIOBIECHO JIEHCTBHEM Ha Hee
CHJIBL, 3ABUCAIIEH OT BPEMEHHU, MOJIOXKEHAS TOYKH U €€ CKOPOCTH. JTa CUJIA
OLIUCHIBAETCH BEKTOP-(DyHKIMEH

Ft,7(t),7 (1)) = (fu(t, 7(2), 7' (1)), fo(t, 7(2), 7 (1)), fo(t, 7(2), 7 (1))

Bropoii 3akon Heiorona jaer ypasHeHue [l onucanus Tpaekropun 7 (t)
JBUKEHUA TOYKU

3anuceiBas 9T0 BEKTOPHOE YPABHEHHE 110 KOMIIOHEHTAM, MBI HOJIYIHM CH-
creMy OOBIKHOBEHHBIX JnddepeHnaabHbIX yPABHEHN T OTHOCUTEILHO HEN3-
BecTHbIX GyHKIWM 2 (t), y(t), 2(t)

2z

Ccll? = filt,z(t),y(t), 2(t), 2" (), 9/ (), 2/ (t)),
2

% = falt,2(t),y(t), 2(t), 2" (), 9/ (), 2/ (t)),
2z

(cll? = fa(t,z(t),y(1), 2(1), 2" (), 9/ (), 2’ (¢)),

rae fi(t,x,y, z,u,v,w), i = 1,2,3 — 3a1anHble QYHKIUA CEMU I€PEMEHHDIX.
OTa cucreMa HE SBJISETCH HOPMAJIbHOIM CHCTEMOI OOBIKHOBEHHBIX Iudde-
peHIMAaIbHBIX ypaBHeruit. OHAKO ee MOYKHO IIPUBECTA K HOPMAJIHHOMY BH-
JIy BBeJIS JIOMOJIHUTEIbHbIE HEM3BEeCTHBIE (DyHKINN

B pesynbrare Mbl MOJydIIM HOPMAJIBHYIO CHCTEMY OOBIKHOBEHHBIX Judde-
PEHIMAJIbHBIX yPaBHEHUH OTHOCHTENLHO HeM3BeCTHBIX dyHKmiA x(t), y(t),
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2'(t) = u(t),
y'(t) = v(t),
Z(t) = w(t),
u'(t) = [t 2(8), y(t), 2(8), ult), v(t), w(t)),
V() = falt,x(t), y(t), 2(2), u(t), v(t), w(t)),

O4eBUIHO, UTO JIJIs1 OJIHOZHAYHOIO ONPEIEIEHNs] TPAEKTOPUH TOYKH B IIPO-
CTPAHCTBE CJIEYET 33JIaTh €€ TIOJOKEHNE B HEKOTOPDI MOMEHT BPEMEHHU t
U €€ CKOPOCTh B 9TOT K€ MOMEHT BPeMeHH, TO ecThb 3Hauenus (tg), y(to),

Z(to), U(to), U(to) w(to).
1.2.2. Moaenun fUHAMUKU TTOILYJISITUI

Moyesin IMHAMHKY TIOIYJIATINAN OIMMCHIBAIOT MPOIECCHI U3MEHEHUsST IUC-
JIEHHOCTH OMOJIOrHYecKuX OOBbEKTOB BO BpeMmeHu. IIpuBesem 1mmpocrsie mpu-
MepBbI TIOJ00HBIX MOIEIEH.

Paccmorpum nomystsinmuio HeKOTOPBIX Onosiormdecknx opraau3mon. O6o-
3HAYUM WX KOJIMYECTBO, HOPMUPOBAHHOE OTHOCUTEIHLHO HEKOTOPOTO JIOCTA-
TOYHO GOJIBIIOrO 3HAYEHMs, B MOMeHT BpeMenu t depe3 u(t). Hasee Gynem
cunTarb QYHKIWO u(t) HeIpepbIBHO JuddepeHIupPyeMO 1 IPEIIIOIOKIM,
9TO W3MEHEHUE KOJIMYECTBa OPraHM3MOB IIPOUCXOJUT 33 CUET POXKJICHUS U
cmepT. Ecm ¢cKOpoCcTh pOXKIaeMOCTH U CKOPOCTh CMEPTHOCTH ITPOITOPIIAO-
HAJIbHBI KOJINYECTBY OPraHnu3MoB u(t), To
du = au(t) — bu(t), (1.6)
dt
IJIe a — IMOCTOSHHBIN KO3(MMUIUEHT POXKIAEMOCTH, & b — IOCTOSIHHBI KO-
bUIMEeHT CMEePTHOCTH OpraHu3MoB. TakuM 00pa30M, MbI TIOJIY IUIA OOBIKHO-
BerHOe auddHepeHnuaIbHoe ypaBHEHNE OTHOCUTEIHHO HEM3BECTHON (DyHK-
un u(t). Perenusivu ypaBHeHust SABJISIIOTCS (DYHKIUN

u(t) = Cexp{(a — b)t},

rne C' — mpom3BosibHAA MOCTOsiHHAA. [l ycTpamenusi momoOHOM HeOomHO-
3HAYHOCTHU HYKHO 3HATH KOJUIECTBO OPTAHU3MOB B HEKOTOPBI MOMEHT Bpe-
MeHH, TO eCTh BeqnunHy ug = u(tg). B sTOM ciydae perienne ypasHEHUs
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(1.6) onpenensiercst OMHOZHAYHO U UMEET BUJL
u(t) = ugexp{(a —b)(t —t9)}.

Paccemorpum Teneps 6oitee CI0XKHYIO MOJIEIb JTUHAMUKH TIOIYJISIIIHA, KO-
TOpasl ONUCHIBAET U3MEHEHUE YUCJIEHHOCTU OUOJOrHIeCKUX OObEKTOB JIBYX
BUJIOB: 2KePTB U XxuiHuKoB. OG03HAUNM KOJIMIECTBO KePTB Yepe3 u(t), a Ko-
JIMYeCTBO XUIHUKOB 4yepes v(t). Pasnuune B nu3aMeHeHUN KOJIMYECTBA KEPTB
U XUIHUKOB COCTOUT B TOM, YTO YKEPTBBI ABJIAIOTCS KOPMOM JIJIsl XUIIHK-
KOB, & XUIIHUKH HE SBJISIIOTCA KOPMOM JIJIs1 2KEPTB. B CBSI3U ¢ 3TUM CUUTACM,
YTO CKOPOCTh POXKJIEHUsI YKEPTB MPOMOPIHOHAILHA UX KOJUIECTBY, a CKO-
POCTh UX CMEPTHOCTH IIPOIOPIUOHAJBHA IIPOU3BEICHUIO KOJUIECTBA JKEPTB
HA KOJIMYECTBO XUIIHUKOB. B pe3yiibrare MbI HOJIyYUM CJIELYIONLyI0 (HOp-
MyJly JJIsl I3MEHEHUsl KoumdaecTa xkepTs: u'(t) = au(t) — bu(t)v(t), toe a
u b — HNOCTOsHHBIE TI0JI0KUTENbHBIE KO3 duimentol. C Apyroi cTOPOHBI,
CKOPOCTh POKJIAEMOCTU XUINMHUKOB 3aBUCUT KAaK OT UX KOJUIECTBA, TakK U
OT KOJIMYECTBA KOPMa, 8 CKOPOCTH CMEPTHOCTH 3aBUCUT TOJIBKO OT KOJIAYe-
CTBA XUIIHUKOB. DTHU IPEJIIIOIOKEHI MOXKHO OIUCATH cJleyomeil hopmy-
JIOf st M3MEHeHUsT KoJm4IecTBa XUIMHUKOB: v () = cu(t)v(t) — dv(t), tae
¢ 1 d — IIOCTOSTHHBIE TIOJIOXKUTEIbHBIE KO3 durmeHTsl. Takium o6pa3oM, MbI
MOJIY UM CJIEJIYIONLYI0 HOPMAaJIbHYIO CHCTeMY OOBIKHOBEHHBIX auddepeH-
[UAJIbHBIX ypaBHEeHUil i Hen3BecTHbIX GyHKumit u(t) u v(t)

o' (t) = au(t) — bu(t)v(t),
V' (t) = cu(t)v(t) — do(t).
JIj1si OJIHOZHAYHOTO OIPeJIe/IeHNs] KOJMIeCTBa YKepTB U XUIMHUKOB KPOMe

STUX ypaBHEHWII Hy>KHO 3a/1aTh B HEKOTOPBIF MOMEHT BpeMeHH ty KOJude-
CTBO KepTB Uy = u(tp) U KOJMIECTBO XUITHUKOB vy = v(tp).

1.3. O6pikHOBeHHOEe Jud depeHnnaibHOe ypaBHEHIE
MepBOTO TOPsiJIKa, Pa3pelleHHOe OTHOCUTEIbHO
IIPOU3BOIHOI

Paccmorpum  obbikHOBeHHOE nuddepeHnnaabHoe ypaBHEHNE TEPBOTO
[OPSIIKA, Pa3penieHHoe OTHOCUTEIHHO IPOU3BOIHOM

y'(t) = f(ty(t), (1.7)
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y<to)

Puc. 1.2. Teomerpuueckuii cMbica ypasaenus y' (t) = f(¢,y(t)).

rae dbyuxuus f(¢,y) onpeesieHa u HeIPePbIBHA B HEKOTOPOit obsiactu D Ha
IJIOCKOCTHU [IepeMEeHHBIX (&, Y).
Onpezenum norgTue perenns ypasaenus ((1.7)).

Onpegenenve 1.3.1. Pynxyus y(t) naswsaemes pewenuem ypasgHerus

Ha ompeske [a,b], ecau:
1. y(t) € C'a,b];
2. (t,y(t)) € D das scex t € [a,b];
3. y'(t) = f(t,y(t)) dan ecext € [a,b] .

Baecs u gasee B tekcre C™[a,b] mpu n € N o6o3HadaeT MHOXKECTBO 7
pas HemnpepbiBHO auddepeHInpyeMbIx Ha oTpeske [a, b] dyukuuii, a Cla, b
— MHOXKECTBO HeIlIpepbIBHLIX Ha 3TOM OTPe3Ke pyHKITHUIA.

ITycrs y(t) — permenne ypaBHeHWst Ha oTpeske [a, b]. Paccmorpum Ha
IJIOCKOCTH MHOXKeCTBO Touek (t,y(t)), t € [a,b]. D10 MHOXKECTBO TIpeCTaAB-
JigeT coboit MHTErpaIbHYIO KpUBYIO. I3 olpejiesieHus pemenus CaeLyer, 9To
B KaXKJIO TOYKE MHTErPAJTBLHON KPUBOH CyIecTByeT KacareabHas. Hampas-
JIIOMUI BEKTOP KacaTeJbHON K MHTErpaibHOll KpuBoil B Touke (to,y (o))
babeH (13 f(t()vy(t())) (CM' puc. '

IIpy UHTErPUPOBAHUY yPABHEHNUS MOT'YT II0JIyYaThCs PENICHAS KaK
B Buje 3aBucsmiero or napamerpa C cemeiictBa dyukuuii y(t,C), Tak u
OTJIeJIbHBIE PEIICHUs, He BXOJAIIME B 3TU CEeMeHCTRA.

MNpumep 1.3.1. Paccmompum ypasheriue

Y (t) = Vy*(t). (1.8)



1.4. YpaBHeHmne B CHMMETPHIHOM BHIE 15

/// to yo(t):O t

Puc. 1.3. Ilpumep ocoboro perenust yo(t) = 0.

Eeo pewenusamu asrsomesn cemeticmso Gynkuyud

(t-C)°

—— (1.9)

y(t) =
286 C - ’I'LpOUSGO/L’bHCLﬂ nocmoAHHAA. TCL?COfCE peweﬁuem yp(lSHCHUﬂ @
asasemes Yo(t) = 0. Ouwesudno, wmo smo pewenue He moxcem 6bimb no-
AYUEHO U3 CEMETCMBE HU NPU Kakom 6vbope nocmosnnols C.

Pemenue nuddepennuansroro ypasaenus (1.7]) nasbiBaerca wacmmvim
pellleHneM, €CJIM BO BCeX TOYKAX e€ro MHTerPAJIbHON KPUBOU BBIIIOJHAETCS
YCJIOBUE €JIMHCTBEHHOCTH, TO €CTh €€ He KAaCaloTCs JIDyT'he WHTerpaJibHbIE
KPUBBIE yDaBHEHUS .

Pemmenne HasbiBaeTcss 0cobviM, €CIU B KayKI0I TOUKE €ro MHTErPabHOM
KPHUBOI IIPOUCXOJUT €€ KacaHue C JIPYTUMHU UHTErPAJbHBIMU KPUBBIMU.

B mpumepe pemenue yo(t) = 0 sABisIeTCST OCOOLIM pelleHreM, Tak
Kak B Kaxkgoil Touke (tp,0) ero MHTErpaJbHON KPUBOW €€ KacaeTcsl WH-
(t —to)®

27

TerpajbHasg KpUBasi, COOTBETCTBYIONIas pemenuto y(t, ty) = (eMm.

puc. [[3).

1.4. /IncddepennuaibHble ypaBHEHUSI B CUMMETPUYHOM
BHUJie U B IOJHBIX auddepeHiuaiax

Uccnenopanne nuddepeHnmaabHbIX YPaBHEHHUI TIEPBOTO MOPSIIKA B pa3-
penieHHoOM OTHOCUTEJIbHO IIpOI/ISBO):LHOfI BU/i€ BHOCUT HECUMMETPUYIHOCTb B
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yr<t>

yz(t)

Puc. 1.4. K npumepy [1.4.1| : rpaduxn dyuxmmit y1(t) = /C? — 12 u y2(t) =
—C? — ¢2,

repeMeHHbIe ¢ U Y, TOCKOJIbKY IOApa3yMeBaerT, YTO Y eCTh (PYHKIUS OT .
C TOYKM 3peHUsi UHTErPaIbHBIX KPUBBIX, IIPEJICTABJISIIONINX cO00i rpadukrn
perennit nuddepeHInaIbHbIX YPABHEHUH, HET 0c000i pa3sHUIIBI B BHIOODE
criocoba mapamerpusanuu. To ectb, Hapsary ¢ y = y(t), Bosmoxkuo t = t(y)
uun, B obmmeM caydae, t = (1), y = (1), rie T — napamerp.

[TesnecoobpaszHocTh BHIOOpA CUMMETPHUYIHON ITapaMeTpU3aIllny TOKa3bIBa-
€T CJIeAYIOIUil IIpuMep.

Mpumep 1.4.1. Paccmompum duppdepenyuarvroe ypasrerue
y'(t) = ——. (1.10)

Fz0 pewerusmu na ompeske [—-C 4+ &,C — ] npu 0 < e < C asaaromea

Pyrryuy
y(t) = VC?2 =12, yao(t) = =/ C? —t2.

Ouesudno, wmo oba smuz pewenus we cyuecmeyrom na ompesxe [—C, C],
nockoavky npu t — C u t — —C npoussodnvie pewenuti cmpemamcs
K beckonewnocmu. Humeepaavnas xpusas (t,y1(t)) npedecmasasem coboti
BEPTHION NOAYOKPYHCHOCTND, & UHMERPAALHAA Kpusas (t,y2(t)) — HuscHiow
NOAYOKPYIAHCHOCTL (CM. PUC. . Taxum 06pasom, UHMELPAALHBIE KPUBDLE
YPaBHEHUA onpedeasrom oxpystcrocmy paduyca C 36 uckaouenuem
mouex (—C,0) , (C,0). Ima ocobenrnocmsv c6A3GHA MOABKO € MEM, 4MO
npU ONPedeaeHUl PEWEHUS Mbl UCTLOAB308AAU Napamempudayuto y = y(t).
Yemparnums amom wedocmamor moscro, nepelids K Gosee obwel dopme
JupdepenuuanvHo20 YpasHeHUA NEPeo2o NoPAIKa.
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1.4.1. YpaBHeHHe B CHMMETPUYIHOM BUE

HuddepeHnuanbHbIM ypaBHEHIEM B CUMMETPUIHOM Buje (Wi B ud-
depennmaax) Ha3pIBAETCST ypABHEHUE

M(t,y)dt + N(t,y)dy = 0. (1.11)

Ipeamnomnaraercst, aro Gyukiwn M (t,y) u N(t,y) onpeseseHbl n HeIpephIB-
HBI B HeKOTOpOit obimacta D C R? ¥ MOTIMHSIOTCS yCIOBHIO

|[M(t,y)| +|N(t,y)| >0, V(ty) e D. (1.12)

VYpaBuenue SABJIAETCs DoJiee OOIUM IO CPABHEHWIO C YPaBHEHUEM
, MIOCKOJIbKY TIOCJIe/Hee ypPABHEHNE MOXKHO 3aIUCATh B BHJIE ¢
byukmuavu M (t,y) = f(t,y), N(t,y) = —1.

Jaum onpeiesienne perennst ypaBHeHust . Tak kKak mepemMeHnHble
BXO/ISIT B HEI'O CUMMETPHUYHO, TO OIIPEJIeJIEHNe PEIeHNs] eCTECTBEHHO JIaTh
B ITapaMeTpPUIecKoil hopmMe.

Onpegenenve 1.4.1. Ilapa dyrrxuui t = o(7), y = (1) Haswsaemea
NAPAMEMPUMECKUM PEWEHUEM YPAGHEHUA 6 CUMMEMPUIHOM GUIE Ha
ompesxe [T1, T2, ecau:

1. dymruyuu (1), P(7) nenpepwuiero dudpepenyupyemos 1a [T1, 2] u
" (T) + [ ()] > 0, V7 € [11,72];

2. (p(7),¥(7)) € D, V7 € [11,72];

3. npu nodcmanoske t = (1), y = (1) 6 NoAY“aemcA modicde-
€meo, mo ecmuy

M(p(7),9(7))¢' (1) + N(@(7),(T))¢' (1) = 0, V7 € [r1,72]. (1.13)

Mycts t = (1), y = ¥(T) — napaMeTpuyYecKoe DEIleHUue yPaBHEHUSI
(1.11)). MurerpanpHoii Kpupoii ypaBHEeHHs B CUMMETPUIHON (pOpMe HA3BI-
BaeTCsd COBOKYIIHOCTb TOYEK Ha Iutockocru (t,y) rakux, uro t = o(7),
y=Y(1), T € [11,T2).

U3 ycnoBust 1 B ompeje/ieHuu NapaMeTPUYeCKOrO PENICHHs BBITEKa-
er, uTo Jbo @' (7) # 0, ;mmbo ¢'(7) # 0 B OKPECTHOCTH KazKJOH TOYKH
70 € (71, 72). D10, B CBOIO 0Yepeib, O3HAUAET CYIIECTBOBAHKE OJHON U3 00-
paTHBIX byHKIHi T = " 1(t) 6o T = 1~ (y) U, COOTBETCTBEHHO, BO3MOXK-
HOCTb TIPEJICTABUTH PENIeHNe yPaBHEHUS 6o B Buje y = (o 1(t))



18 I'maBa 1. OcHOBHBIEC IIOHSATHS

B OKPECTHOCTH TOUKH g = ¢(7p), mbo B Bujie t = p(1h~1(y)) B okpecTHOCTH
Touku Yo = Y (70)-
Y6eauMcs B IPENMYIIECTBE UCCJIE[OBAHNS YPABHEHHUS B CHMMETPHIHOM

dopme va npumepe ypasuenus ((1.10)).
MNpumep 1.4.2. Banuwem ypasrerue 8 CUMMEMPUYHOM BUde

tdt + ydy = 0.

F20 napamempuueckoe pewenue t = Ccost, y = Csint, 7 € [0, 2] onpede-
AAEM UHMEZPAALHDLE KPUGIE, Npedcmasaiiouue coboti oxkpysichocmu padu-
yca C. To ecmu, 6 omauiue om unmezparsrols kpueuns ypasrenus (1.10),
NAPAMEMPUMECKOE DEWECHUE 3a0ACT OKPYICHOCTIG ULAUKOM 63 KaAKUT-AUO0
UCKANOUEHHBLT TOYEK.

3amemum, “mo, ecau Napamempuueckoe PeweHue PacCMampueaemcs
ompesxe T € [0,27], mo ne cywecmeyem 00noznaywnol Gyrnryun y = y(t)
uau t = t(y), onucwsaroweld coomeemcmsyrowylo dyey uesukom. B mo
21CE BPEMA, 6 OKPECTNHOCTN KadiCOOT oYKUY PACCMAMPUBAEMOTE Oy2u MaKue
nPeICmMasseHus HEMPYOHO GLINUCAMG.

C ypaBHEHHEM B CHMMETPHIHON (hOpMe CBSI3aHBI BAYKHBIE TOHITUS UWH-
meepana 1 obuwezo unwmeepasa. 1lycrs dyuknus P(t,y,c) oupenenena u
HenpepbiBHA s (t,y) € D 1 NOCTOSIHHBIX ¢, NPUHAJJIEXKAIIIX HEKOTOPOMY
muoxkectBy Cj.

Onpepenenne 1.4.2. Vpasrenue
®(t,y,c) =0

HA3LIBACTNCA UHMEZDAAOM YPASHEHUS 6 obaacmu D, ecau npu arobom
snauenuu ¢ € Cy ono onpedeasem pewenue ypasrenus (1.11)).

Hrmezpan Hasweaemes obwum, ecau oH onpedeasem 6ce pPeltueHus
YPABHEHUSA , MO ecmb 0AA A106020 PEWEHUA YPABHEHUA t =
o(7),y = (1), unmeeparvhas kpusas xkomopozo aedxcum 6 D, natidemes
nocmoannas ¢ € Co maxan, wmo ®(p(7),¥(1),¢) = 0.

Tak kax 00wl MHTErPaJI OIIpEIesIsieT Bee pernteHus quddepeHnnabHo-
IO ypaBHEHWSs, TO B TOM CJIy4ae, KOTJa ero yjaaercs HailTh, 3ajada MOUCKa
petrennit 1 depeHIuaILHOTO ypaBHEeHNsT CINTAETC s perennoit. Pacemor-
PUM TIPUMEDHI.

MNpumep 1.4.3. Vpasuerue 8 cummempuunoti popme tdt+ydy = 0 ume-

em obuyuti unmeepan t2 + y* — ¢ = 0. Mnoosicecmso Cy 6 smom cayuae
ABAACNCA MHONCECTNEOM TLONOHCUMENLHDIL YUCEN.
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MNpumep 1.4.4. Jlas duddepenyuanvrozo ypasuernusn y'(t) = &/y2(t)
u3 npumepa [1.3.1] obwudi unmeepan 6 npouscoavnoti 06AGCTIU, YEAUKOM
aestcaweti 6 noaynaockoemu y > 0, umeem 6ud

-y
y—————=0.
27
Ha sceti oice naockocmu R? amo ypasHerue ABAAEMCA UHMELPAAOM, HO He
ABAAEMCA 0OULUM UHMEZDAAOM, NOCKOALKY pewerue Yo(t) = 0 ne moocem
oMb NOAYUEHO U3 0aHH020 YPAGHEHUA HU NPU KAKOM SHAUEHUL KOHCTIAH-
mu C'.

1.4.2. YpaBHeHUue B MOJHBIX nuddepeHnmaaax

Haub6osiee npocto muTerpupytorcs auddepeHnnaabHble YpaBHEHUs B
CHUMMETPUYIHOM BHUJIE, JIEBasi 9aCTh KOTOPBIX IIPEJICTABJIsIET COOOM MMOTHBIIM
muddepeHIual HeKOTOpoit PyHKITUH.

Onpegenenne 1.4.3. Jluddepenyuarvhoe ypasHenue 6 CuMMEMpPU-
HOM BUude HA3DIBAEMCA YPABHEHUEM 6 MOAHVT JuPPepenyuarar 6
obaacmu D, ecau cywecmeyem nenpepoiero duddeperyupyeman 6 D Pyrx-

6V(t7y)‘ ‘8V(t,y)‘ 50w

yua V(t,y) makaa, wmo )

ot dy
oV (t, oV (t,

Teopema 1.4.1. Vpasnenue 6 noawvix Jugdepenyuarar 6uda
umeem 6 obaacmu D obwud unmezpan

V(t,y) =C. (1.15)

Joxasamenavcmeo. Cornacho onpenesennio obuiero uarerpasa [1.4.2] upo-
BepuM cHavaJsa, 9ro ypasuenue (|1.15]) asisercs unrerpasom. Pacemorpum
ypasuenue ([1.15) B okpecTHOCTH TPOU3BOJILHON TOUKY (to, Yo) € D u mosio-

xuM Cy = V(to,yo). U3 ycmosus (|1.12) u npencrasienns (1.14) nmeem:

oV (to, yo) IV (to,yo)
ot oy
IlycTh 11 ONPENETEHHOCTH CHPABEJINBO BTOPOE M3 BHIMMCAHHBIX HEpa-

BeHCTB. Torja 1mo TeopeMe O HesIBHOHM (DyHKIMM B HEKOTODPOW OKPECTHO-
CTU TOYKH t( CYIIECTBYET eJuHCMBEHHAA HEIIPEPBIBHO JAuddepentupyemast

b0 = M(to,yo) 7é 0, Jm6o = N(to, y()) 7& 0.
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dbyukuusa y = ¢g(t) Takas, aro yo = g(to) u
Vit g(t)) = Co (1.16)

B paccMaTpuBaeMoii okpectHocTH. Ecin Teneps B3sTh auddepeHipais je-
BOIi U npaBoil yacreil pasencrsa (|1.16)), To

dCo = 0= dV (1, g(t)) = avg; Y g + av(gyg(t»dg(t) _

= M(t, g(t))dt + N(t,g(t))g (t)dt,

To ecTh t = t u y = g(t) ABAAETCA NApPAMETPHUIECKUM DElIeHAEeM yPaBHEHUST
(L.11). Cnenosarensro, ypasnenne (L.15) ssistercs maTerpanom audde-
penruaaboro ypasuenus ((1.11]).

ITokazkeM, uro ypasaenue (|1.15) sBisercsa obium uaTerpastom audde-
pennmanbroro ypasaenus (1.11). IIycrs ¢ = o(7), y = ¥(7), 7 € [11,72] —
upoussosbHoe pemtenre (1.11) takoe, uro (¢(7),% (7)) € D upu 7 € [y, 72].
IokaxkeM, uTO Haiifercsa nocrosHHas C Takas, 9TO

Vip(r), () = C, V7 € [, 7).

13 ycmosua m JUIS BCeX T € (11, T2] nmeeM

%vww(r)) = M(p(7), (7))@ (T) + N(p(7), (7)) (7).

Tak kak ¢(7), (1) — mapamerpudeckoe pemenue (1.11), To BBITOTHEHO
ypasuenue (|1.13)), a sHauur

LV(p(r), () =0, Vr € [n,m].

CrenoBaresibHO,
V(‘P(T)Mﬁ(T)) =C, Vre [7—177—2]7

u ypasaenue (1.15) — obmuii uarerpan auddepeHnuajabHOro ypaBHeHust
(1.11]). O

3ameuanue 1.4.1. s doxasamenvcmea meopemo. [1.4.1] caedyem, wmo
uepes aobyro mouwy (to,yo) € D nporodum edurncmeennas unmezpasvnas

KPUBAA YPASHEHUA 6 NOAHML Judpepenyuarar , .
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3ameuanue 1.4.2. Ecau ssecmu 6exmopnoe nose
a(t,y) = (M(t,y), N(t,y)),
mo ycaosue 6ydem 031aMamyb MOTEHIUAIBHOCTD 9MO020 NOAA:
a(t,y) = gradV (¢, y).

Kpurepuit Toro, uro ypasuenue (|1.11)) siB/isieTcst ypaBHEHUEM B MOJTHBIX
juddepeHiuaiax, 1aeTcs Caeayomeil TeopeMoii.

Teopema 1.4.2. [Tycmo dynwyuu M(t,y), N(t,y) v ux wacmnve npo-
U3600HVIE NEPBO20 NOPAJKA HENPEPLIEHBL 6 NPAMOY20AbHUKE D co cmopona-
MU, NAPAANEALHUMU KOOPOUHATIHOM OCAM, U 6LNONHEHO YCAOBUE ,
Toz0da das mozo, wmobv, ypasHeHue ObLAO YPABHEHUEM 8 NOAHBIT QUp-
pepenyuanar 6 D, neobxrodumo u docmamoyuro, umobvl

OM(t,y)  ON(t,y)
oy ot

Y(t,y) € D. (1.17)

Hoxazamesvcmeo. Joxaxem neobxomumocts. Ilycrs ypasuenne ((1.11)) ss-
JISIeTCsl ypaBHEHUEM B HONHBIX auddepennuanax. Torna cymecrsyer OyHK-

uus V (¢, y) rakas, uro Boinosnensl pasedcrsa (1.14). Tuddepennupys nep-
BOE€ U3 HUX II0 Y, & BTOPOE 1O {, TOJIy9INM PaBEHCTBA

OM(t,y)  *V(t,y) ON(t,y) 0*V(ty)

Oy otoy ' ot oyot '

u3 KoTophIX cieayer (L.17)).

HoxaxxeM nocrarouHocTs. IlycTs BemosHeno yciosme ((1.17]). Paccmot-
puM GYHKIIUIO

t Y
Jrsos: |

rue (to,yo) — dbukcupoBannag Touka npamoyrojbauka D. Tuddepenupyst

oV (t
o ¢, IOJIydYnuM % = M(t,y). duddepenuupys 1o y u yuurbiBas
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yeaosue ([1.17), nveem

t

ovity) [ OM(E,y) _
By —/ By d€ + N(to,y) =

to
t

- / %dg + N(to,y) = N(t,y).

to

CuenoBarennbuo, V (t,y) yIOBIETBOPSET OIPEIEICHUIO 7 ypaBHEHHUE
(1.11)) stBnsiercs ypaBHeHueM B noJaHBIX auddepennuaiax.

1.4.3. HTErpupyoImuii MHO>KUTEJTb

Onpepgenenne 1.4.4. Henpepusno duddepenyupyeman 6 obaacmu D
dynxyus p = p(t,y) # 0 Ha3vieaemca UHMEZPUPYIOULUM MHONHCUMEAEM,
ECAU YPABHEHUE

u(t, y) M (¢, y)dt + p(t, y)N(t, y)dy =0 (1.18)

ABNAEMNCA YPABHEHUEM 6 NOAHBLT JUPPEPEHUUANAT.

Teopema 1.4.3. ITycmo ypasuenue Mdt + Ndy = 0 umeem 6 obaacmu
D obwui unmeepan ®(t,y) = C, npuuem dynxyus P(t,y) nenpepwvisho
dugppeperyupyema 6 D u 8binoAHEHO HEPABEHCTNEO

‘0@(2?,?;) ‘ N ’3<I>(t,y)

D.
5 By ‘ >0, V(ty) e

Tozda cyuecmeyem urmezpupyrouuti mruosrcumens 6 D.

Zloxaszamenvcmeo. B cumy 3ameuanus |1.4.1| u3 Teopembr |1.4. 1| qepe3 mo0yio
TOUKy obJracTu [ TIPOXOUT €INHCTBEHHAsT MHTErpasibHas KpuBasg. 1lycTn
(¢(7),%(7)) — coorBeTcTBYyMOIEE TApaMeTpudeckoe pemterne. [To onpeene-
Huto obmero unTerpana P(p(r), (7)) = C. Iocie Berancaenus guddepe-
aja uMeeM

o0 , 0%
0=dC = (G791 + 5" (7)) dr.

B roxke Bpemsi, u3 onpeiesienus napamMerpudeckoro pernenus ((1.13)):

M{(p(7), (m))'(7) + N(o(7), (7)) () = 0, [ (7)] + [¢'(7)| > 0.
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Takum 06pasoM, cucremMa JUHEHHBIX aJreOpanvdecKux ypaBHEHUN

o) (50)-0)

“MeeT HETPUBUAJIBHOE PellleHne. DTO BO3MOYKHO TOJIBKO B CJIyJae PABEHCTBA
HYJIIO OIPEIeIUTENI MATPUIIBI, TO €CTh

NI _ 0%
ot oy
0P
Samerum, 4To, ecim B Kakoi-nbo touke M = 0, o N # 0, 5 = 0,
)
(3— # 0. IToaToMy MOKHO TIOJIOKUTH
Y
od 0P

E(t,y) _ Fy(tvy)
M(ty)  N(ty)

u(ty) = # 0.

IlockonbKy 1O TOCTPOEHUIO

M="= = —
lu’ 8t7 /’l’ ay?

10 pu(t,y) ABJISETCI UHTErPUPYIOMMM MHOXKHUTEIeM, npudeM ((L.18]) sBisercs
ypaBHeHHeM B HONIHBIX Juddepennnanax ¢ Gyukuueii V = ®(t,y). O

3ameuvanue 1.4.3. Hnmezpupyrowutll, MHOHCUMEND ONPEIEAAEMNCA
Heoonosnauno. deticmeumenvro, ecau p(t,y) ABAALTNCA UHMELDUPYOULUM
MHOHCUMENEM, O HATLIEMCA HENPEPLIEHO JuPPeperuupyeman PYHKUUL
V(t,y) maxan, wmo cnpasedauso pasencmeo dV = pMdt + uNdy. Ymmno-
orcan amo pasencmeo na f(V), ade f(s) — mpoussoavras menpepuiero
dupepenyupyeman Gyrnkuyus ckaaaprozo apeymenma, f(s) # 0, noaywaem

FOV)av = d(/f(V)dv) = uf(V)Mdt + pf(V)Ndy.

Hosmomy p1(t,y) = w(t,y)f(V(t,y)) — maxoce unmezpupyrowsudi MHOMHCU-
menb.
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Ormerum, uro (1.18) siBisiercsi ypaBHeHneM B IOJIHBIX juddeperimanax
TOT/Ia U TOJIBKO TOTJIA, KOTJIa BBIIOJHEHO COOTHOIIEHHE

a%(“(t’ y)M(t, y)) gt( (t, y)N(Ly)),

KOTOpO€ MOXKHO pacCMaTpUBaTh B KadeCTBE ypPaBHEHUdA I HAXOXKJICHUS
UHTerpupyiomero MHokuress. [locie npuBenenus MOJOOHBIX CllaraeMbIX

e a/l, 8/14 oM ON
—— _ &Y
N— : -M—=upu ( ; ) . (1.19)

DT0 ypaBHEHHE B YaCTHBIX IIPOM3BOJHBIX. B 0bmeM cjydae OHO CJIOXKHee
UCXOJIHOIO yPaBHEHHs] B CUMMETDUYHOM BHJIE, U DEIIATh €ro HEBBINOIHO.
TeMm He MeHee, B psijie CIIydaes MOYKHO UCIIOJIB30BATH JJIsi HAXOXK ICHUSI
HUHTErPUPYIONIErO MHOXKUTE/IS.
1 /OM ON
1. Ecmm — < — > = ¢(t) — dyHKums TOABKO aprymenta t, TO
y ot
UHTErPUPYIONIMH MHOXKUTENb MOXKHO UCKATh B Buie p = u(t). Ypas-
HEHe npuanmaet Bug 4/ (t) = p(t)g(t) m mmeer pernenne

pu(t) = exp{ [ g(t)dt}.

1 /[OM ON
2. Ecm — (8 — 6t) = h(y) — dbyHKIES TOJIBKO apryMeHTa ¥, TO
)

UHTErPUPYIOMUI MHOXKHUTEIb MOXKHO UCKATh B Buje p = u(y). Ypas-
uerve (1.19) mpuaumaer sug p'(y) = —p(y)h(y) u mmeer pemenne

1u(y) = exp{— [ h(y)dy}.
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hasa 2

3apgava Kowwn

2.1. Bamaya Komu piisi ypaBHeHUsI TIEpBOTO IIOPSIKA,
pPa3penieHHOro OTHOCUTEJBHO ITPOU3BOJHON

ITycrs dyuknus f(t,y) onpejeneHa 1 HeIPePHIBHA B IPSIMOYTOJbHUKE
M= {(ty): [t—tl<T, |y—uyol <A}

Pacemorpum Ha otpeske [tg — T, tg + T quddepernnanbHoe ypaBHeHNE

y'(t) = fty(t)) (2.1)

¢ yCJIOBUEM
y(to) = vo. (2.2)
Tpebyercsa oupenenurb GyHKIUO Yy(t), YIOBIETBOPSIONIYIO YPABHEHUIO
U YCJIOBHIO . OTa 3a7a9a HA3BIBACTCA 3aJa9eil ¢ Ha9aJIbHbIM YCJIO-
BreM uiu 3ajadeit Komm.
Pacemorpum orpesok [t1,ta] Takoil, uro tg — T < t1 < tg < to + T,
t() (S [tl, tQ].
Onpepgenenue 2.1.1. Pynruyua §(t) nasvieaemes peweruem sadauu Ko-

wu (2.1), na ompeske [t1,ta], ecau: y(t) € Ct1,ta], |5(t) — yo| < A
dasn t € [t1,ta], y(t) ydosaemsopaem ypasneruio das t € [t1,ta] u

Yycao6uto .

2.1.1. Peayknus K MHTErpajbHOMY ypPaBHEHUIO

ITokazkeM, UTO pelleHHe 3a/a9 ¢ HadalbHbM ycatosreM (2.1)), K-
BHBAJICHTHO PENICHUIO HEKOTOPOIO MHTETPAIBHOIO yPABHEHHUS.

Paccmorpum Ha orpeske [tg — T, to + 1| ypaBHEHHE OTHOCUTEIHHO HEM3-
BecTHON dyHKIMM Y(t)

y(t) = yo + / Fr.y(r))dr. (2.3)
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Takoe ypaBHeHHE HA3LIBACTCS HMHTEIPAJBHBIM, I[TOCKOJIBKY HEH3BECTHAs
dyukuus y(t) BXOAUT 1O 3HAK UHTErPAJIA.

Nemma 2.1.1. Pynruyua §(t) asasemea peweruem sadavu Kowu ,
na ompeske [t1,ta] mozda u moavko mozda, koeda G(t) € Clt1,ts],
g(t) — yo| < A dan t € [t1,t2] u g(t) ydosaemeopsem ypasreruto ons

[

Hoxasamesvcmeo. Ilycrs dyukius g(t) siBisgercs perieHueM 3aadu ¢ Ha-

gasnbHbM yeaosueM (2.1), (2.2)) Ha orpeske [ty,ts]. VI3 onpenenenust m
caenyer, uro §(t) € Clt1,ta], [§(t) — yo| < A mus t € [ty, ta]. ITokazkem, uro

7(t) ymosaerBopsier ypasuenuio (2.3|) nist t € [ty,t2]. UnaTerpupysa ypasue-
uue (2.1)) or ¢t mo ¢, mosmyuum

YuursiBas HauaabHOe yciaosue (2.2]), mveem
t
50 =w+ [ frgtrin, te bl
to

Cnenosarenbro, byakmms (t) yIOBIETBOPSET HHTETPATEHOMY YPABHEHHIO
" upu t e [tl,tg].

Iycrs dynxnus §(t) raxosa, uro §(t) € Clt1,ta], |5(t) — yo| < A mua
t € [t1,t2] u §(t) ynosaersopsier ypasrenuto (2.3) qust ¢ € [t1,t2], TO ecThb

gm:m+/ﬂﬂmmm,tqmm. (2.4)

Tokaxkem, uro (t) gBisIeTCs PEIIEHUEM 3aJadl C HAYAJILHBIM YCJIOBHEM
&1, £

[Tonoxus B t = to, mosyunm, uro §(0) = yo. CienoBaresbHO yciio-
Bue (2.2)) Bemosnneno. Tak kak dyHkms §(t) HenpepbiBHA Ha [t1,ts], TO
paBas 9acTh PABEHCTBA
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HenpepbiBHO juddepennupyemMa Ha [t1, 2] KAK MHTErpaJ ¢ MEPEMEHHBIM
BEPXHUM IIpejiesioM ¢t or HenpepbiBuoit dyukuuu f (7, §(7)) € C[ty, ta]. Cue-
nosaresbho, §(t) HenpepbiBHO nuddepennupyeMa Ha [t1, ta]. Juddepen-

wupysd (2.4), mosyunm, uro g(t) ymosuersopsier (2.1), u semma JIOKa-
O

3aHa.

2.1.2. Jlemma I'ponyousna-Beanmana

JlokaxkeM eJMHCTBEHHOCTh pentenus 3ajaun Komm (2.1), (2.2)). s

9TOr0 HaM IOTPeOyeTCs CIeAyIOmasl JieMMa, OOBIYHO Ha3bIBaeMasl JIEMMOI
I'poryosra-Bennmana.

Nemma 2.1.2. ITyemwv gynruyua z(t) € Cla,b] u maxosa, wmo
t
0<2(t) <c+d /Z(T)dT . telab) (2.5)
to

20e MOCMOANHAA C HEOMPUUATNEALHA, NOCTNOAHHGA d NOAOHCUMENDHA, G Lo
— npousdsosvHoe Purcuposannoe wucaio na ompesxe [a,b]. Toeda

2(t) < celt=tol ¢ € [a, b]. (2.6)

Joxazameavcmeo. Paccmorpum t > to. Beegem dbynKImio

t

p(t) = /Z(T)dT, t € [to,b].

to

Torma p'(t) = z(t) = 0, p(to) = 0. U3 (2.5) crenyer, aro p'(t) < ¢+ dp(t),
t € [to,b]. YMuOKEB 5T0 HepasencTso Ha e~ X!t momymm

P (t)e™ ) < cemd(t=to) o dp(t)e=dtt0) ¢ e [tg, b].

DTO HEPABEHCTBO MOXKHO IEPENUCATH TAK

4
dt

IIpounTerpupoBas ot ty 70 t , TOJIYIUM

O P

t
p(t)e_d(t_t‘)) —p(to) < c/e_d(T_tO)dT = 2 (1 - e_d(t_t‘))) , t€lto,b)].

to
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Vuuresas 10, uro p(to) = 0, mmeen dp(t) < ce®t—t0) — ¢. Crnenosarensuo,
2(t) < e+ dp(t) < ¢+ ce®t7t0) — ¢ = cedltto) e [t b]

u HepaseHcTBO (2.6) mu1s t € [to, b] MoKa3aHO.
Hokaxkem mepasencTro (2.6) mst ¢ € [a,tg]. Ilepenmmem mepaBeHCTBO

(2.5) caemyronum obpazom

O6o3HaUIM
to

o(t) = / A(r)dr, te [t

t

Torma ¢'(t) = —z(t) < 0, q(tp) = 0. Uz nepasencrsa (2.5)) cremyer, aro
—q'(t) < c+dq(t), t € [a,tg]. Yvuoxus 310 Hepasenctso nHa e~ o=t
HOJLY IUM

—q'(t)em o= L e dlto=t) L qg(t)e= o=t ¢t € [a, o).

DTO HEPABEHCTBO MOXKHO MEPENNCATH TAK

d

T (q(t)eid(t(’*tv < ceid(tﬂft), t € [a,to].
IIpounTerpupoBas ot t 710 to , TOJIYIUM

to
q(t)e_d(to_t) —q(ty) < c/e_d(to_T)dT = 2 (1 - e_d(to_t)) , t€la,to]

t
Crenosarensuo, dq(t) < ce®® =) — ¢, A snaunr
2(t) < e+ dg(t) < e+ ce®™8) ¢ = cedlt=tol ¢ € [a, 1)

u nepaseHcTso (2.6) ma t € [a, o] MoKa3aHO, UTO U 3aBEPIIAET JIOKA3ATE b
CTBO JieMMBI [2.1.2) O
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2.1.3. Ycaosue JIunmmuia

CdopmyupyeM Ternepb BaXKHOE JJIsl JAJIbHERINX UCCIIeJOBaHUN yCII0-
Bue Jlummmurga.

Onpegenenve 2.1.2. Qynuxuus f(t,y), sadannas 6 npamoyzosvrure I1,
ydosaemeopsem 6 11 ycaosuro Junwuya no y, ecau

|f(t7y1) - f(tayQ)‘ < L‘yl - y2|a V(tayl)? (tay2) € H7

2de L — noaosicumenvras nocmoarHas.

3amevanve 2.1.1. Ecau dynxyuu f(t,y) u fy(t,y) onpedeenv, u
nenpepvishv, 6 I, mo f(t,y) ydosaemesopsem 6 Il ycaosuro Jlunwuua no
y. Jeticmeumenvno, max xax fy(t,y) nenpepmena 6 II, mo natidemea no-
Aodicumenvran xoncmanma L maxas, wmo

lfy(t,y)| < L, V(ty) €Il

Toz0a us gopmyav, Jaeparnorca caedyem, wmo

[f(E ) = f(y2)l = 1fy (8, 0) (1 — w2)l < Llys — w2l V(t,31), (,92) € 1L

3ameuanue 2.1.2. Qynxuyua f(t,y) moocem 6oimob ne dudpepenyupye-
Ma N0 Y, 1o ydosaemeopams ycarosuro Junwuya. Paccmompum, nanpumep,
dynrxyuro f(t,y) = (t—to)|y—yo|. Ouesudno, wmo ona e duddeperyupyema
npu Yy = yo,t # to, odnarxo das ecex (t,y1), (t,y2) € II umeem

|t y1) = f(ty2)| = [t —tol - [lyr — ol — ly2 — wol| < Tlyr — wal-

3amevanune 2.1.3. Qynuxuyusa f(t,y) moowcem 6Gvimov HenpepwuieHol no
Y, MO He ydosaemeopamyv ycaosuro Jlunwuvya. Paccemompum, nanpumep,

PyHruuo
VY, 0<y <L
f(y)Z{
_\/|y‘7 _1<y<0

Ouesudro, wmo ona nenpepwuera Ha ompesxke [—1,1]. Hokascem, ¥mo ona He
ydosaemsopaem ycaosuro Jlunwuya. IIpednoiostcum, wmo ono 8uNOAHEHO.
Tozda cyuecmsyem maxas nocmosnunan L, wmo

|\/§17\/272|<L|y17y2|3 vylayQG [7171]

Ilyemv y1 > 0, yo = 0. Tozda y; < L*y?, u, 63a6 0 < y; < L™2, mwl
NOAYUUM NPOMUBOPEHUE.
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2.1.4. Teopema eJJMHCTBEHHOCTHU perneHus 3aga4du Koimu

JlokaxkeM Temepb TeOpeMy eJIMHCTBEHHOCTH pemneHust 3ajaqdn Kormm
. @3,

Teopema 2.1.1. IIycmo dynryus f(t,y) nenpepoiena 6 Il u ydosaemeo-
paem 6 Il ycaosuro JTunwuua no y. Ecau y1(t), y2(t) — pewenus 3adavwu

Kowwu (2.1), na ompesxe [t1,ta], mo y1(t) = y2(t) daa t € [t1,12].

Joxasamenavemeo. Tak xak y1(t) u yo(t) — pemenus 3amaau Komm (2.1),
(2.2), To n3 memmebr CJIeIyeT, ITO OHU SIBJISIOTCS DEIIeHUsIME HHTE-
rpaJsibHoro ypasaenus (2.3)). To ecrn

n(t) = m+/f@mﬁﬁm7tGMJA

wt) = uo+t / f(rya(r))dr, te [t 1],

Boruuras Bropoe ypaBHeHMe U3 IEPBOTrO W ONEHUBAA PA3HOCTD IO MOJLYJIIO,
1oJIy4yaeM

t t

i () — ()] = / F(rg(r))dr - / F(rya(r))dr| <

to to
t
< | [Utrno) — S, i b
to
Wcnonwssys yciosue Jlumnmmuia, mmeem
t
() —y2(t)| < L /Iyl(T) —ya(r)ldr|, telt,ta].
to

O6oznauus z(t) = |y1(t) — y2(t)|, Hepenumem mocseHee HEPABEHCTBO CJle-
JIYTOIIIM 00pPa30M

t
0<=(t) <L /Z(T)dT L teht)]
to
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IIpumenssa nemmy I'poryonna-Bennvana cc=0wud= L, umeem
z(t) = 0, t € [t1,t2]. CoenoBarensro, y1(t) = ya(t), t € [t1,t2] u Teopema
[21.1] nokazana. O

3ameuanue 2.1.4. FEcau yeaosue Junwuya ne 6onoaneno, mo peuenue
3adanu , Morcem we boumob edunemeernnowm. Hanpumep, ecau

VvV, 0<y<l,
fly) =
_\/|y‘7 _1§y<0a

mo 3adaua Kowu y'(t) = f(y(t)), y(0) = 0 umeem pewerus

t2/4, 0<t<2,
yl(t)zo’ y2(t): { —t2§4 —2<t<0.

2.1.5. JlokaapHast TeopeMa CyIIeCTBOBAHUS pPeEIIeHUsI
samaun Ko

[lepeiimemM K J10Ka3aTEJILCTBY CYIIECTBOBAHMS PEIIEHUs 3aJa4i C Ha-
JajibHbIM ycjioBueM. ClieyeT OTMETHTD, 9TO MBI MOYKEM JIOKA3aTh TEOPEMY
CYIIECTBOBAHUS He Ha BCEM UCXOIHOM orpeske [tg — T, to + T, a Ha HEKOTO-
poMm, BooOIIe TOBOPsi, MeHbIeM. [[09TOMy 3Ta Teopema JYacTO HA3BIBACTCSH
JIOKAJILHON TeOpeMoil CyIeCTBOBAHUS PeIleHus 3aaaqn Kormm.

Teopema 2.1.2. ITycmwv dynryus f(t,y) nenpepuera e I, ydosaemeo-
paem 6 Il ycaosuro Jlunwuya no y u

lfty) < M, (t,y) €Il
Toz0a na ompeske [tg — h,to + h], 2de
A
h=min{T, —
mln{ ’M}’

cywecmeyem dynryus y(t) maxas, wmo y(t) € Cto—h,to+h], |y(t)—yo| <
A te [to — h, ty +h],

y'(t) = f(t,y(t), te€lto—h,to+h], (2.7)
y(to) = yo-
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Joxasamenvcmeo. M3 neMmbl CJIEJTyeT, UTO IS JOKA3aTeTbCTBA TEeO-
PEMBI IOCTATOTHO JIOKa3aTh cymecTBoBanue dbynkuun y(t) € Ctg—h, to+h]
rakoii, uro |y(t) — yo| < A, t € [to — h,to + h], u aBusrOmEeiica peneHneM
HMHTErpaJibHOrO ypPaBHEHU

y(t) = o + / Fry(r))dr, t€ [ty — hoto+ h]. (2.9)

IIpoBesieM JIOKA3aTENHCTBO, UCIIOIB3ysT METOJ, MTOCIEIOBATENBHBIX MTPH-
Guukenuii.  Paccmorpum  mocsenoBaresnbHOCTh  byHKIm  yi(t), k=
0,1,2,... Takux, aro yo(t) = yo,

t
Ypt1(t) = y0+/f(7,yk(7))d7, te€fto—h,to+h,k=0,1,2,.... (2.10)
to

[Tokarkem, UCITOTB3YsT METOM MATEMATHIECKON WHIyKITUU, ITO JJIsI BCEX
k=0,1,2,... BBIIOJIHEHO

yk(t) € Clto — h,to + h], |ye(t) —wo| <A, te€[to—h,to+ h]

st k = 0 970 04€BUIHO CIPABEIJIUBO, HOCKOIBKY Yo(t) = Yo-
IIycTb sT0 BepHO A1t k = m. To ectn

ym(t) GC[tQ*h,toﬁ*h], |ym(t)fyo| gA, te [tg*h,toﬁ*h].

ITokaxkem, 4aTO

ym+1(t) = Yo + /f(Tv ym(T))dT’ te [tO - h,to + h] (211)

to

TAKOBA, 9TO Y +1(t) € Clto—h, to+h] 1 |ym+1(t)—yo| < A, t € [to—h, to+h].

JeficTBUTeIbHO, Tak KaK |Ym (t) —yo| < A, t € [to—h, to+h], To byHKIHMS
f(t, ym(t)) oupenesnena u nenpepoiBHa Ha [tg — h, to + h|. S3HauuT uHTErpad,
CTOAIUIT B IIpaBOii 4acTu , ONIPEJIEJIEH U HETPEePBIBEH TpH ¢ € [ty —
h,to + h]. Canenosarenbro, Ym41(t) € Clto — h,to + h).
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Onennm
t
s (1) — o] = / F(r, ym(r))dr| <
to

A, te [to—h,t0+h].

t t

A

< /|f(7-,ym(7-))|d7- < /MdT <Mh< M2 =
to to

Taxum 06pazoM |yYm+1(t) —yo| < A, t € [to — h, to + h]. CrrenoBarenbHO, MBI
nokazaJu 9ro Bee Y (t) € Clto—h, to+h] u lyp(t)—yo| < A, t € [to—h, to+h],
k=0,1,2,....

JloKazkeM, UCIIONL3Ys METOJ MATeMaTUYecKol WHIYKIUU, 9TO JJd t €
[to — h,to + h] cupaBe/IMBBLI HEpABEHCTBA

—t0|k

t
yesn (8) — ya(t)] < AL o k=012, (2.12)

Hs k = 0 umeem
t
ly1(t) = yo(t)] = |vo +/f(7"yo)d7'—y0 <

to
t
< /f(T,yo)dT <Mh< A, telto—h,to+h],
to

10 ecth nipu k = 0 onenka (2.12)) sepHa.
[Tycts mHepasercrro (2.12)) cupasemmuso mist k = m — 1. [lokaxkem, 9To
TOIJIa OHO crpaBeyIuBO 1pu k = m. leiicTBuTe/IbHO

t t

W1 (£) = ()] = |0 + / £, Yo (7)) — 0 / £ Ymer ()| <

to to

< | [ V) = S Egmr (|t € lro = hoto + 1,
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Ucnonbsys yenosue Jlunmuna u mepaserctso (2.12)) ais k = m — 1, mouy-
quM

st (8) — g (8)] < L / o (7) — s (7) 7| <

t
—t m—1 t— o™
<Lt/ALm’d1—Jir—dT::ALmL——ﬂ—

E— — t € [to — h, to + hl.

to
CrenoBarensHo, onerka (2.12)) copasemmusa mpu k = m, U 3HAYAT OHA

Jokasamna s Joboro k € N.
IMpencrasum dyuknum yi () Kak 4acTUIHBIE CyMMBbI Psijia

N
Enl
—~
N’
Il
<
o
_|_
-

Wn(t) —yn-1(t)), n=1,2,...

PasHoMepHast CXOMMOCTD Moc/IeioBaTebHocTH hyHKIuit ¥k (t) Ha oTpeske
[to — h,to + h] sKBUBaJIEHTHA DABHOMEDHON CXOIMMOCTHU Psifia

> Wn(t) = yna(t)) (2.13)

Ha orpeske [tg — h, to + h|. IIpumenunm npusnak Beitepuirpacca st jgokasa-
TeTbCTBa PABHOMEPHO# cxommmoctn psina ([2.13) ma orpeske [t — h, tg + h].
U3 onenkn (2.12)) caemyer, uro

hnfl

9n(®) =1 (O] < AL

= Cp, tG[to*h,toﬁ*h], n=12,...

(oo}
TucsoBoil psg Y ¢, cxomures 1o npusHaky damambepa. CieoBaresbro,
n=1
ps CXOZIUTCsT PABHOMEPHO Ha OTpe3Ke [tg — h, tg + h]. D10 o3HAUAeT,
9TO MOC/IEI0BATEBHOCTL (DYHKIHH Y (t) CXOMTCA PABHOMEPHO Ha OTPE3KE
[to — h,to + h] k¥ Hekoropoii dbyukuuu y(t). Tak kak Bce dyHKIMU Y (1)
HEIPepLIBHEL Ha 0TPe3Ke [tg—h, to+h], To dynknus y(t) TakKe HeIpepbIBHA
Ha 9TOM OTpe3Ke, T0 ecTb Y(t) € Cltg — h, to + hl.
IMokazkem, qro |y(t) — yo| < A, t € [to — h,to + h]. Kak 6b110 10Ka3aHO,
lye(t) — yo| < A, t € [to — h,to + h], K = 0,1,2,.... Ilepexons B 5T0M
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Y y
Yot+4
1 u(t)
4
Yot-t-—---—--———f-==== | tgp=M

Yo—A

to—T to—h ty toth to+T ¢ ty—T to to+T &
h=A/M<T h=T<A/M

Puc. 2.1. K gokazaresbCTBy TeOpeMbl CyIIeCTBOBaHUS pelenus 3amaqn Kormn.

HEPABEHCTBE K MpeJeIy Ipu k — 0O U MPOU3BOJIBHOM (DUKCUPOBAHHOM t €
[to — h,to + h], momyuanm, aro |y(t) — yo| < A, t € [to — h, to + h].
IMokaxkem, 4To y(t) sABJISIETCS PEHIEHUEM HWHTErPAJILHOTO yDPABHEHUSI
(2.9). B cuiy paBHOMepHOIT Ha orpeske [tg — h,to + h] cxommmoctu Yy (t)
K dyukuuu y(t) mis upoussosbHoro § > 0 maiimerca nomep ko(d) Takoii,
qaro npu k > ko(d) cupaseuBo HepasencTso |yi(t) — y(t)| < § mas Beex
t € [to — h,to + h]. Torma just sroGoro e > 0 BoiGupaem 6(g) = I B
ko = ko(d(¢)) Tak, aro npu k > ko cupaBeyInBO HEPABEHCTBO
€
Ev

TOI‘,ZL& JJId PA3HOCTH MHTEr'PAJIOB IIOJIydIaeM OICHKH

[F(ryun (7)) = F(7,y(7)] < Lly(7) = y(7)] < T € [to — hyto + h].

t t
[ temeir = [ feyr| < S -t <ot fto—hto+

MOBBOJISIONTHE TIEPEHTH B K TIpeJiesly pu k — 00 W MPOU3BOJBHOM
duxcuposannom t € [ty — h,tg + h]. B pesynbrare nmomyaaem, aro y(t) sB-
JISIeTCs1 PellleHneM MHTerpasbHoro ypastenus (2.9).

Taxum o6pazoM, Mbl IoKazan, 910 y(t) € Clto—h, to+h], |y(t)—yo| < A4,
t € [to — h,to + h] u aBusierca pereHneM MHTErPATIHLHOTO YPABHEHUsI .
Cnenosarenbro, y(t) ABISETCS PEIIEHAEM 3aJIa91 ¢ HAYATLHBIM yCIOBAEM
Ha oTpeske [tg — h,to + h] m Teopema JIOKa3aHa. O

Beprewmcst orsiTh K BOIIPOCY O TOM, ITIOYEMY MBI HE MOXKEM JTOKA3aTh TEO-
peMy CyIecTBOBaHUs Ha BceM oTpeske [tg — T, to + 1], a JIoKa3bIBaeM CyIie-
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A
CTBOBAHME PEIIeHUs TOILKO Ha oTpeske [ty — i, to + h|, tme h = min{T, M}

(cm. puce. [2.1)). D10 06BsICHSIETCST TEM, UTO MBI JOJIZKHBI CTEJNTE 38 TEM, UTO-
661 TouKa (t,y(t)) He BBIXOIWIA 3a [peJeJibl NPAMOYroibHUKa 11, To ecTh
9TOGBI BHINOJHSLIOCH HepaBeHCTBO |y(t) — yo| < A, t € [tg — h,to + h]. Do
HeOOXOIMMO, TIOCKOJIBbKY ToJbKO B 11 dyakmus f(t,y) orpanndena durcn-
pPOBaHHOMN nocToaHHOl M 1 ymoBJeTBOpser yciaoBuioo Jlunmuna ¢ dukcu-
poBanuoii Koucrauroi L. ITonbirku ysesuunts yuciao h = min{T), M} 34

cuer yBesuuerusi A, BooOie roBopsi, 6e3pe3yIbTATHBI, TIOCKOJIBKY DU yBe-
Judennn A B o0IIEM ciiydae yBeJTUIMBACTCS TOCTOsTHHAsA M .

[TpuBenem nprumMep, TOKA3BIBAIOIINI, ITO O3 JOMOJTHUTEIBHBIX [TPEIIIIO0-
JIoKeHuit oTHocuTeNbHO byHKIMK f(t,y) pelieHne CymecTByeT TOJIbKO Ha
JOCTaTOYHO MaJIOM OTPEe3Ke.

MNpumep 2.1.1. Pacemompum npu a > 0 3adawy Kowu
y'(t) = aly(t)* + 1), y(0)=0.

Oynxyua f(t,y) = a(y? + 1) onpedesena npu aobviz deticmeumenvhox t
u y. Odnaro pewenue amot 3adavwu y(t) = tg(at) cywecmsyem moavko wa
ompesxe [—hy, hy], codepocawemes 6 unmepsane —21, 21

a’ 2a

2.2. Bagaua Ko a1 ypaBHEeHHS EPBOTO IOPSAIKA,
He pa3pelieHHOI0 OTHOCUTEJIbHO NPOU3BOIHOMI

2.2.1. ITpumepsnl nocTaHoOBKU 3a1a4u Kormm

Paccmorpum oObikHOBeHHOE ndbhepeHITNATbHOE YPABHEHUE IT€PBOIO
MOPSIJIKA, HE PA3PEIeHHOe OTHOCUTEIHHO POM3BOIHOM

F(ty(t),y'(t) = 0. (2.14)

Bcerony B aToM maparpade Oyiaem cunrarb, uro ¢hyukuus F(t,y,p) oupee-
JleHa B apasuiesierutiesie D ¢ EHTPOM B HEKOTOPOit Touke (tg, Yo, ¥y) € R:

D ={(t,y,p): [t—to| <a, ly—yo| <b, |p—yp| <cl, (2.15)

rie a, b, ¢ — puKcupoBaHHBIE TOJIOXKUTEbHBIE YUCJIA.

Onpepenenve 2.2.1. Qynxyus y(t) Hasvi6aemes pewenuem ypasHerus

Ha ompeske [t1,ta], ecau:
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1. y(t) nenpepvisno dudpdepenvyupyema na [t1,ta];
2. (t,y(t),y' (t)) € D dan scex t € [t1,ta];
3. ma ompesxe [t1,t2] svinosnero .

Ecnn ypasuenne ([2.14)) paspereHo 0THOCHTENHEHO TPOU3BOJIHOM,

F(t,y,p) =p— f(t,y),

TO TIPH HEKOTOPBIX JOTOJHATEIBHBIX YCIOBUAX Ha QyHKIWO [ (T, y) 1u1st mo-
JIyYEHUs] eIMHCTBEHHOIO PEIIeHUs] YPABHEHHUS JIOCTATOYHO 33JIaTh yCJIOBHE
IPOXOZKJICHUsI COOTBETCTBYIONIEH MHTErpaJibHOl KpuBoii (rpaduka pemie-
HUs) Yepe3 HEKOTOPYIo TOUKY (o, Yo ). B obmiem ciydae NpUXoauM K 3a1a9e
¢ JIOTIOJTHATEJBHBIM YCIIOBUEM

F(t,y(t),y' () =0, yl(to) = o (2.16)

[TpounsutrocTpupyem 0COOEHHOCTH TAKOI 3a/1a49u JjIsl CIydasl yPAaBHEHHUSI,
KBaJIPATUYHO 3aBUCHIIETO OT ITPOU3BOJIHOMN:

W' (£)* = (E+y())y (t) + ty(t) = 0. (2.17)

[TockosibKy KBajipaTHOe ypasHenue p° — (t + y)p + ty = 0 umeer KopHH
p1 = t, p2 = Y, TO UcxoaHOE MU PEPEHITNAIBHOE YPABHEHNE PACIAIAeTCs Ha
COBOKYTTHOCTD JIBYX YPaBHEHUH, Pa3PEIIeHHbIX OTHOCUTETHHO TPONU3BOTHOI:

vt =t y't)=y().
TlorygaeMm siBa cemeiicTBa perreHmit

t2
Y1 (t) = E + 01, yg(t) =Y exp{t}, VCl, Cy € R.
Mpumep 2.2.1. 3adava das ypasrenus ¢ QONOAHUMEALHBLM YCAO-
suem y(0) = 1 umeem déa pewenus (cm. puc. [2.2a):
tQ

ni=5+1, ) =it (2.18)

Badava das ypasrenus ¢ donoarumenvrom yeaosuem y(0) = 0 ume-
em wemuwipe pewenus (cm. puc. [2.96-2):
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A0 1 7 Y Y
y1(t) ~
ys(t) 174(15)
>
Ta(t)
0 t 0 t 0 t 0 ¢
a. 0. B. I.

Puc. 2.2. K npumepawm [2.2.1] 2:2.2} meesuucTBeHHOCTD pernenns 3agaau Ko,

PaccmoTpeHnHbIil TpuMep TOKa3bIBAET, ITO HEEIUHCTBEHHOCTH PEIeHMUs!
JIOCTATOYHO XapaKTePHA JJIs 3a1a9n . s e IMHCTBEHHOCTU HEOOXO-
JMMO 33JIaTh €Ile OJHO JIOIOJHUTEbHOe ycyoBue. V3 reoMeTpudeckux co-
obpazkeHnit HanboJiee eCTECTBEHHO MOTPEOOBATH, ITOOBI MCKOMOE pEITeHre
[IPOXOJIMJIO Yepe3 3a/JaHHYI0 TOYKY C JIAHHBIM HAaKJIOHOM KacaTesbHOH. B
pe3yJibraTe MPUXOIUM K IIOCTaHOBKe 3ajadu Ko

F(ty(t),y'(t) =0, y(to) =yo, ¥ (to) = 0. (2.20)

MNpumep 2.2.2. 3adauwa Koww 0das ypasrenus C HAYAADHDMY
yeaosuamu y(0) = 1, ¢/ (0) = 0, mo ecmo

F(0,1
(t00.3) = 0,10 FO.1,0 =0, PO 120 @22

t2
umeem eduncmeennoe pewenue y(t) = ) +1.

3adava Kowwu das ypasrenus ¢ Na%asLHOMY Yeaosuamu Y(0) =
1, ¥'(0) =1, mo ecmw

9F(0,1,1)

= =140, (222

(t07y07y6) = (07 17 1)5 F(07 17 1) = 07

umeem eduncmeennoe pewenue y(t) = exp{t}.
3adawa Kowu das ypasuenus ¢ Havaavromu yeaosuamu y(0) =
1, ¥'(0) =y}, Yy, € {0;1}, mo ecmo

(t07y03y6) = (07 1ay6)7 F(t0>y07y6) 7é 07 (223)
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He uMeem Hu 00H020 PEUEHUA.
3adaua Kowwu oas ypasrenus ¢ nanarvromy yeaosuamu y(0) =
0, ¥'(0) =0, mo ecmo

9F(0,0,0)

t 5) = (0,0,0 F(0,0,0) =0
(OvyanO) (7 ) )a (7 7) ) ap

=0, (2.24)

UMEEM YEMDBIPE PEUWEHUSA ,

[IpuBenennblit TPUMEDP MOKA3BIBAET CJIEILYIONTNE OCOOEHHOCTH OCTAHOB-

ku 3aaa4au Kommm ((2.20)):

1. Tpoiika uucen (tg,vo,vyy) € R® He MoKeT OGLITH B3sTa MPOU3BO/Ib-
HO; JIJIsI CYIIIeCTBOBAHMS PEIeHNsT HeOOXOIMMO BBIIIOJTHEHUS YCIOBUS

F(t07y07y6) = 07

2. IBYX JIOHOJHUTENBbHBIX ycsoBuit y(to) = Yo, ¥’ (to) = Yy, Moxer oKa-
3aThCA HEJOCTATOYHO JJI €MHCTBEHHOCTU PENICHHUS B CIydae

3F(to,y0>yé) -0
Op '
2.2.2. Teopema cyIiecTBOBaHUS U €IWHCTBEHHOCTU PeEIIeHUSA
samaun Korau

Teopema 2.2.1. [Tycmo dynxyus F(t,y,p) onpedeaena e napasresenu-
nede D, zadarroim , U BBNOAHENDL CACIYIOULUE YCAOBUA:

L. F(to,y0,9) = 0; (2.25)
OF(t,y,p)  OF(t,y,p)
2. F(t D; (2.26
(t,y,p), ay , ap nenpepwiehv, 6 D; ( )
F /
3. OFoyov0) g (2.27)
dp

Tozda natidemcs h > 0 makoe, wmo na ompesxe [to — h,to + h] cywe-
cmeyem eduncmeennoe pewenue 3adawy Kowu .

Hokasamesvemeo. Paccmorpum B okpecTHOCTH TOUKE (o, Yo, Y)) YPaBHE-
HHEe

Flty.p) =0, (2.28)
U3 ycaoswii (2.25))-(2.27) u reopembl 0 HessBHOI DYHKIMHU CJIEyeT, 4TO Haiji-

JleTcst OKpecTHOCTD (2o ToukH (g, Yo), B KOTOPOIl CyIIECTBYET €JMHCTBEHHAS
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HenpepbiBHasg Gyukiys p = f(t,y), umeomas B (g HENIPEPLIBHYIO YaCTHYIO
TTPOU3BOIHYIO
Of(t,y) _ _OF(ty, f(t,y))/9y (2.20)
dy OF(t,y, f(t,y))/op’
U ABJISIONIAgACA pemenneM ypasuenus (2.28]). B gacrrocTu, BhInONIHEHO pa-
BEHCTBO

Yo = f(to, yo)- (2.30)

B okpecrnoctu Qg ypasuenue (2.14)) sxBusasentio auddepennuanibuo-
My ypasreruo Y’ (t) = f(¢,y(t)), paspemeHHOMY OTHOCHTENIBHO MTPOU3BOI-
Hoit, a 3ama4da Kommn (2.20) npurumaer sus

y'(t) = fty®), ulto) = yo. (2.31)

Ormerum, uro durypupyiomiee B (2.20) HauaabHOE yC/IOBUE HA IIPOU3BOJI-
Hy10 y'(tp) = Y\, ABTOMATUYECKN BBINOJHEHO B cuity paseHcTsa ((2.30)).
Paccmorpum 3agaay Komwu (2.31) B upsamoyrosibauke

M= {(t,y): [t—tol <ao, |y—wol<bo},

TJIe TOJIOKUTEIbHBIE UNCIIa Gg, by HACTOIBLKO MaJibl, 9To0bl I C €y. Kak
yZKe yCTaHOBJIeHO Bbilie, GyHkus f(t,y) HenpepbiBHA B (o, a 3HAYAT U B
II. Vcnosue Jlunmuna jist 910 (DyHKIUHN 110 IEPEMEHHOI Y HA MHOXKECTBE
II ¢ xoHCcTaHTOI

L =

of
8y<t,y>\

max
(ty)ell

of
BBITEKAET m3 HenpepbiBHOCTHA B Il wacTHO# Tpon3BoHOM 6—(15, Yy), oupee-
Y

nennoit B (2.29). Takum o6pazom, B II BBIIOJHEHBI BCe yCIOBHSI T€OPEMbI
CYIIeCTBOBAHMS U €IMHCTBEHHOCTH penreHus 3agaqau Komm s aud-
depeHnmaIbHOT0 ypaBHEeHUs, Pa3peNIeHHOT0 OTHOCUTEIBHO MTPOU3BOIHOMN.
CuemoBarenbho, naiigerca h > 0 rakoe, uro Ha orpeske [tg — h,to + h| cy-
IecTByeT eJMHCTBeHHOe permenne 3aj1aun Kommu (2.31), a sHaunt u sazaun

Komm (2.20)). O

3ameuanue 2.2.1. B npusedenrom eviwe npumepe [2.2.9 ycaosus meo-
pemwt [2.2.1] evinoanens s zadaw Kowu , 4225) U He 6bINOAHEH DL

ons 3adaw Kowu (2.25), (2.24).
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2.2.3. MeTopl MHTErPUPOBAHUSA

PaccMoTpuM MeTOI MHTErPUPOBAHUS yPABHEHUS , OCHOBaHHBIN Ha
ero nowieHHoM uddepennmpoBannn. [losydaromieecss ypaBHeHne CTaHO-
BUTCsl JIMHEHHBIM OTHOCUTEIHLHO CTapIlieil TPOU3BOAHON, 1 B HeM 3hder-
TUBHO IMPOU3BOJIUTCSI 3aMEHa MCKOMOI (hyHKIHH.

Vpasuenue Buga y = f(t,y'), paspelieHHoe OTHOCUTEIBHO [EePEMEHHOMN
1/, 9KBUBAJIEHTHO CUCTEMeE JBYX ypPABHEHUI

y= f(t,p), dy=pdt.

W3 mepBoro ypaBHeHusi BbIpaxkaeMm dy, BOCIIOJb30BABIINCH WHBAPUAHTHO-
cThI0 (hopMbI TTepBOTO A depeHuaia;

_ Of(t,p) of(t,p)
= o Uy,

dy dp = pdt.

Tlocnenee paBeHcTBO 3a7aeT auddepeHIuaIbHOe ypaBHEeHNEe TEPBOTO IT0-
PsijiKa B CHMMETPUYHOM BHJE OTHOCUTEJILHO IIEpeMeHHbIX ¢, p. Kciu ymaoch
HANTH HapaMeTPUYIECKOe PEIeHne 3Toro ypasuenus t = ¢(7,¢), p = ¥(T, ¢),
TO U peIlieHne UCXOHOTO YPaBHEHMs CYIIECTBYET B MapaMeTPUIECKOM BUJIE

t=p(r,c), y= fle(r,c),¥(r,c).

VYpasuenue Buna t = f(y,y’), paspenieHHOE OTHOCUTEIBHO EPEMEHHOM
t, SKBUBaJIEHTHO CUCTeMe 2-X ypaBHEHUIl

t= f(y,p), dy=pdt.

W3 nmepBoro ypaBHeHusi BbIpaykaeM dt, BOCIIOJB30BABIINCH WHBAPUAHTHO-
cThI0 HPOPMBI TIEPBOTO T depeHImaia;

gt = 4w, OFw.p) Ay
dy dp p

Tocnennee paseHcTBo 3amaer quddepeHnuaabHoe YPaBHEHAE [IEPBOrO T10-
pPSAJIKA B CHMMETPHIHOM BHJI€ OTHOCHUTEJIHBHO NEpEMEHHBIX ¥, p. Kcam yia-
JIOCh HAWTH IIApAMETPUYECKOe DeIlleHHe 3TOro ypaBHeHus y = (T, c),
p = (T, ¢), TO U perenne NCXOIHOTO YPABHEHUs CYIECTBYET B apAMeTPH-
YECKOM BHJIE

y=¢(r,c), t= f(‘p(7—> C)7w(7—7 C))
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Vpasuenue Buga F(t,y,y’) = 0 9KBUBAJEHTHO cucTeMe 2-X ypaBHEHUI
F(t,y,p) =0, dy = pdt.

OTHOCHUTEJIHHO [IEPBOTO YPABHEHUSI IIPEJIIOIOXKIM, YTO OHO 33/Ia€T TJIAJIKYIO
HOBEPXHOCTD B R3, OIICHIBAEMYIO MAPAMETPUHYECKH C TIOMOIIBIO HEITPEPHIBHO
muddepentmpyembrx byukmmit T'(u, v), Y (u,v), P(u,v):

t=T(u,v), y=Y(uv), p=Puv).

BocmonszoBasmnchk nHBapraHTHOCTHIO (DOPMBI 11epBOro udbepenmalia,
BerumcysieM dy, dt m mosydaeMm auddepeHInaibHy0 CBI3b MEXKJy I1apa-
MerpaMu (u,v), KOTOpas BbLIEJSET M3 BCEX TOYEK [IOBEPXHOCTH HMEHHO
UHTErpajbHble KPUBBIE:

Y (u,v) oY (u,v) , (0T (u,v) T (u,v)
5 du + 5 dv 5 du + 5 dv | P(u,v).

Tlonygaem muddepennuaibHOoe ypaBHEHUE TEPBOrO MOPSIKA B CHUMMETPUI-
HOM BHJI€ OTHOCUTEJILHO MEPEMEHHBIX U, v. K ynajsoch HaAlTH mapaMmer-
pHUYEeCKOe peleHue 3Toro ypasuenus u = (7, ¢), v = (T, ¢), To u pelneHue
HCXOJTHOTO YPABHEHUsI CYIMECTBYET B MAPAMETPUIECKOM BUJIE

t= T(SO(Tv C),lﬁ(T, C))7 Yy = Y(@(T’ C)v'(/)(T’ C))

2.2.4. Ocobbie peniennst nuddpepeHITnaJIbHOTO ypaBHEHUsI
EePBOTO TMOPSIKA

Onpegenenne 2.2.2. Qynuxyua y = £(t) nasveaemes 0cobvim peuwenu-
em QuPPeperuuarvrozo YpasHeHUS,

Ftyt),y'(t) =0

Ha ompeske [t1,ts], ecauy = £(t) ABAAEMCA PEWEHUEM YPABHEHUA HA IMOM
ompesxre 8 cmuicae onpedenerus |2.2.1, u uepes kasncdyro mouky coomeem-
cmeyroweltd urnmezpasvrot Kpugot

L={(ty): y=&1t), telt,ta]}

npoxodum dpyzoe peutenue 3Mo20 YPABHEHUA C TEM IHCE COMBIM HAKAOHOM
KACAmMeAbHOT, HO OMAUNAIOULEECA 0N, 0aHH020 PEUWEHUSA 8 CKOAL Y200HO Ma-
A0T, OKPECTVHOCTU TOYKU.
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Takum 06pa3oM, B KazKI0i TOUKE HHTErPaJbHON KpUBOi 0coOOro pere-
HUSI HAPYIIAETCS €JIMHCTBEHHOCTh pellleHus 3ajadn Kot

F(t,y(t),y'(t) =0, y(to) =0, ¥ (to)=wp, V(to,y0) €T.

CrieioBaTeIbHO, HAPYIIAETCST OJJHO UJTH HECKOJIBKO YCJIOBUI TIOKA3AHHON BbI-
me TeopeMsl [2.2.]] 0 CyIIecTBOBAaHMM U €IMHCTBEHHOCTU DPEINeHNs 3331
Kommu. PaccMoTpuM OCHOBHBIE CHTYaIlUM, HIPUBOJAMAIINE K IOSBJICHUIO OCO-
6b1x penrennit. Hac 6yyT mHTEpEcOBaTh MpeKe BCEro HEOOXOAUMBbIE YCJIO0-
BUs JIJIST CYIIECTBOBAHUS OCOOBIX PEIICHHMIA.

Eciin He Boinosaens! ycsosust riajaxoctu dyukuuu F(t,y, p), T0 npume-
PBI OCOOBIX DEINEHUil HETPYJHO MOCTPOUTD JAKe JIJIS Pa3PEIIeHHBIX OTHO-
CUTEJILHO TIPOU3BOHOM audpepeHnuanbHbIX ypaBHeHTA.

Mpumep 2.2.3. Vpasuenue
y' = Vy? (2.32)
t-C)°

umeem pewenue Yo(t) = 0 u cemeticmeo pewenud y(t,C) =
Dynryus yo(t) sasasemes 0cobvim peweruem YpasHeHUs Ha A1060M
ompesxe [t1,ta], nockoavky das mobozo ty € [t1,t2] natidemes C = ty ma-
Koe, wmo wepez mouky (tg,0) unmeeparvrol kpusol pewenus yo(t) npoxo-
dum dpyeoe pewenue

(t—1t9)3

27
C MeMm IHce CaMbM HYAEBDIM Y2A0M HAKAOHG KacamenvHot (CJ\/L. puc. .

B dannom cayuwae F(t,y,p) = p— 3/ y? asasemces nenpepuisnol Gyrxyued,
a nNpoussooran

y(t7 to) =

oF 2
dy  3Yy
ne cywecmeyem npu y = 0, mo ecmv HapyuweHo 00Ho U3 Ycao6ul .

Takum obpazom, ocoboe pereHrne MOXKET COJIEPXKAThCA CPeJI TeX KPH-
BBIX, HA KOTOPBIX YaCTHAs IIPOU3BOJIHAS e HE CYIIECTBYET.

ITycrs Teneps BoioHeHb! yesopus ([2.26]) ornocurensuo F(t,y, p). Ecan
cymectByer ocoboe pemtenne {(t), TO BO BCEX TOUKAX €r0 HHTErPasIbHON
KPUBOI JIOJI2KHBI BBILIOJIHSITHCS JBA DABEHCTBA

F oF Fy
F(t,f(t),f (t)) - 0’ Fp(tvg(t)ag (t)) =0.
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Scno, uro Tpoiika (¢, £(t), £ (t)) upu KaxK oM ¢ SBJISIETCS PEIIEHUEM CHCTEMbI
YPpaBHEHU

F(t,y,p) =0,

OF

YHacTto U3 cucTeMmbl MOKHO HMCKJIIOYUTH MEPEMEHHYIO P U TOJIYIUTH
ypastenne ®(t,y) = 0. Pemenust 3T0ro ypaBHEeHUs! Ha IJIOCKOCTH 3aIQK0TCST
OJIHOI WJIM HECKOJIbKUMU JINHUSIMU, KOTOPbIE HA3BIBAIOTCS QUCKPUMUHAHIT-
HOMU KPUBLMU.

BosMmoKHBI cretytonmue Tpu CIydast:

(2.33)

1. ypasuenue ®(t,y) = 0 3amaer ocoboe perienue;

2. ypasuenue D(t,y) = 0 3anaer pemenue ypasuenus (2.14)), koropoe He
SABJISIETCST OCODBIM;

3. ypasuenue O (t,y) = 0 3amaer QYHKIUIO, HE SIBJIAIONLYIOCS PEIICHUEM

ypasuenus ((2.14)).

IIpuBeseM COOTBETCTBYIOIINE IPUMEDHI.

MNpumep 2.2.4. [lepenuwem ypasnerue u3 npumepa 6 sude

() —y*=0.
U3z cucmemovi ona QUCKPUMUHAHMHOT KPUBOT
P’ —y* =0,
3p2 =0

naxodum dynkyuio y(t) = 0, Komopas ABAAELMCH 0COOLIM PEULEHUEM.

Mpumep 2.2.5. Paccmompum ypasherue
() —y*=0.
Hs cucmemut 0na UCKPUMUHAHMHOT KPUBOT

P’ —y* =0,
2p=0

nazodum dynryuro y(t) = 0, KoOmopas ABAAEMCA DEUEHUEM UCTOOH020
ypasnenua. as nposepku mozo, 6ydem au HalidenHoe pewerue 0codvim,
NPOUHMEPUPYEM UCTOOHOE YpasHeHue U natidem dea cemeticmea peuseHud

y1(t) = crexp{t}, ya2(t) = caexp{—t}.
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Hu 00na u3 unmezpasoHus Kpusvir sMur cemeticmes pewenuti ne Kacaemcs
unmezpasorol kpueol pewenus y(t) = 0 wu 6 odnot mouxe. Caedosa-
meavro, pewenue y(t) = 0 ne asasemes 0cobvim 0L PACCMAMPUBAEMO20
YPASHEHUSA.

Mpumep 2.2.6. Paccmompum ypasherue . Cucmema 0

QUCKPUMUHAHMHOT KPUBOT

p*—(t+yp+ty=0,
2p—t—y=0

daem Ppynryuro y(t) = t, KOMoPas He ABAACTNCA PeueHUEM . Caedo-
6aMENLHO, 0COOVIT PEWEHUT] PACCMATIPUCAEMOE YPABHEHUE HE UMEE.

2.3. 3agauya Koru /111 HOpMAJIbHOM CUCTEMBbI
OOBIKHOBEHHBIX JuddepeHnaTbHbIX YPABHEHU
1 ypaBHEHHUS N-T'O IMOPsIKa Ha BCEM OTPE3Ke

B stom pasnene MBI JOKaXKeM T€OPEMBI CYIIECTBOBAHUS U €IUHCTBEHHO-
cTu pertenns 3aa9u Ko 11 HOpMaJIbHON CHCTEMbI OOBIKHOBEHHBIX (-
depeHnUaIbHBIX YPABHEHUI U YPABHEHUS N-T'O [IOPIKA HA IPOU3BOJIHLHOM
OTpE3Ke.

2.3.1. IlocTranoBka 3amauu Komim ajiss HOpMaJIbHOM CHUCTEMBbI

[Mycrs dynkumu f;(t, Y1, Y2, -« -, Yn), ¢ = 1,2, ..., 1 ONpeJE/ICHBI U HEIPEe-
DBIBHBI JIJIst
t€la,b], (y1,y2,---,Yyn) ER"

Tpebyercst onpeneauts GyHRI@A Y1 (t), y2(t), . . ., yn(t), sABisFONIMECS perre-
HUSIMA HOPMAJIBHOM cucTeMbl Mud>pepeHIralbHbIX yPaBHEHU Ha OTPE3KE

[a,b]

yll(t) - fl(t’yl(t)va(t)a"'7yn(t))a
yIQ(t) = fQ(t’yl(t)7y2(t)a'"ayn(t))’ (2_34)
() = Falton()2(0), - wa(0),

U yJIOBJIETBOPSIONINE HAYaJbHBIM yCJIOBUSIM

yi(to) = yo1, y2(to) =%o2, -5  Yn(to) = Yon, (2.35)
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rjie o — HeKoTopasi (hbUKCHPOBaHHAS TOYKA OTPe3Ka [a,b], a Yo1, Yoz, - - - Yon
— 3aJIaHHbIE BEIIECTBEHHBIE UMCIa. DTa 3a1ava HasbiBaeTcs 3amadeiit Ko
WM 33Ja9eil ¢ HAaYaJbHBIM YCJIOBHEM I HOPMAJIBLHOW cucTeMbl audde-

PEHIMAJIbHBIX ypasHeHuii (2.34]).

Onpegenenue 2.3.1. Pynxuyuu y1(t), y2(t), ..., yn(t) Haswsaromea pe-
wenuem sadavu Kowu (2.34), (2.35) na ompesxe [a,b], ecau:

1. pynruyuu y;(t) wenpepvisno Juddepenyupyemv. Ha [a,b], ¢ =
1,2,...,n

2. yl(t) = fi(t,y1(t),y2(1), - - -, yn(t)), t € [a,b], i = 1,2,...,n;
3. yilto) =yoi, i=1,2,...,n

Onpegenenne 2.3.2. Qyuxuyus [f(t,y1,Y2,---,Yn) Yydosaemeopsem
Yca06uro JIunwuya no y1,Ya, - - -, Yn, ECAU HAUIEMCA MAKAA NOAOHCUMEND-
nas Korucmarma L > 0, 4mo 6vinoarerv. HEPABEHCMEa

|f(tay17y23"'7yn) 7f(ta§1,g27"'7gn)| <
L(|y1 -l +ly2 =22+ + |yn —§n|),
vt € [aab]a v(ylay27' . '5yn)7 (gl?g%' <. 7gn) € R™. (236)

2.3.2. Teopema enuHCTBEHHOCTHU pelieHus 3agadu Komm
JJISI HOPMAaJIbHOU CHCTEMBI

JokaxkeM enuHCTBEHHOCTH perenus 3agadn Komm (2.34)), (2.35)) auis
HOPMAJIBHON CHCTEMBI OOBIKHOBEHHBIX AU depeHnnaabHbIX YPABHEHHH.

Teopema 2.3.1. IIycmo dynruyuu fr(t,y1,Y2,---,Yn), &k = 1,2,....n
onpedeserv, u nenpepuierv, npu t € [a,b], (Y1,Y2,--.,Yn) € R™ u ydosae-
meopaiom ycaosuro Jlunwuya ¢ 0010t u mot oice Konemarnmot L.

Toeda, ecay €l3yHWUU Y1 (t)a Y2 (t)a < Yn (t) u gl (t)a gQ (t)a s 7@1 (t) AG-
AAOMEA peweruamy 3adauu Koww , Ha ompesxe [a,b], mo
yi(t) = yi(t) dant € [a,b],i=1,2,...,n

Joxasamenvemeo. Tak kax dyukuuu y (t),y2(t), ..., yn(t) — pemenus 3a-

naan Komwm (2.34), (2.35)), To

y! () = filt,y1(t),y2(t), ..., yn(t)) t € [a,b], wi(to) =voi, i=1,2,...,n
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Unrerpupyst muddepennpaibnoe ypaBHeHne OT to 0 T W UCIOJNb3ys Ha-
vyasbHoe ycsaosue (2.35), noayuum mig i = 1,2,...,n

t
i) =0+ [ HEn() ) ) telabl (237
to
Komnonentst g;(t), i = 1,2, ...,n Apyroro peleHus yJI0BIeTBOPAIOT TAKUM

JKe yPaBHEHUSIM
t

Ui(t) = yoi + /fi(T, (1), 92(7), ., yn(7))dr, t € [a,b]. (2.38)
to

Brrunrast ypasaenns (2.38)) n3 ypasrenwuii (2.37) n ucrosnb3yst ycaosue Jlun-
mmna ([2.36), noayaum mig i = 1,2,...,nut € [a,b]

lyi(t) — 5 (t)| =
=u/%hwﬁhﬂﬂww%hn—ﬂh%ﬁhﬂﬂww%ﬁmm'<

to
t

<L{ [ (151 = Bl + () = Tl + -+ () = ()] ).

to
Beemem dynkimio

2(t) = ly2(t) = 1 (O] + ly2(t) = G2 ()] + -+ + [yn () — Yn ().
Torma mosrydeHHOE HEPABEHCTBO MOXKHO MEPEUACATDH TaK:

t
MMU—@GH<LL/Aﬂmn i=1,2...n, telabl.

to

CKJ’Ia,ZH:IBaH BCe 3TU HEpaBE€HCTBa, NMEEM

z(t) < nL /Z(T)dT , t€a,bl.
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U3 siemmbr I'ponyosia-Besuivana caenyer, 9to z(t) = 0, t € [a, b]. D10
O3HAYAET, YTO

yi(t):gi(t) 1=1,2,...,n, tE[a,b].
Teopema JIOKa3aHa. O

2.3.3. Teopema cyiiecTBOBaHUs pemieHust 3aga4da Koim niist
HOPMAJIBHOM CHUCTEMbI Ha BCEM OTPE3Ke

[Tepeiimem K HOKA3aTEIHCTBY TEOPEMBI CYIIECTBOBAHUS PEICHUS 3aa-
qn Ko it HOpMaJbHOM CHCTEMBI , . Teopema cyrmecTBoBa-
Hus pereHns 3ajaan Kot it oaHoro audepeHnnaabHOro ypaBHeHns
IIepBOTO TMOpsiKa ObLIa JIoKa3aHa B maparpade o} Baxkno eme pa3 3a-
METHUTb, YTO B ITOI TeOpeMe CyIIeCTBOBAHUE PEIEHUs] JOKA3BIBAJIOCH TOJIhb-
KO HA HEKOTOPOM MaJIOM OTPe3Ke, 1 0e3 JOMOTHUTEIbHBIX IIPEIITOI0KEHUIA
ornocuresbuo Gyuknun f(t,y) 6osiee CUIBHBII PE3yJIbTAT Oy IUTh HEBO3-
MOkHO. KOoHEeUHO, moa00HbIe TTPOOIEMBbI COXPAHIIOTCS U M1 3aja4qn Ko
JIJIsT HOpMaJIBHON CHCTEeMBI, TTOCKOJbKY 3ajada Komn iis ojHOoro ypasHe-
HUS SIBJISIETCS €€ 9aCTHBIM cirydaeM. OIHAKO B 3TOM naparpade Mbl CIe1aeM
TAKUe MPEJIIOIOKEHUs OTHOCATELHO (byHKuuit fi (¢, Y1, - .-, Yn), KOTOPbIE
MO3BOJIAT JIOKA3aTh TEOPEMY CYyIIEeCTBOBAHUS PEIICHUS Ha BCEM OTPE3KE.
JlokaJibHasT TeopeMa CyIIecTBOBaHUs permreHns 3agadn Komn ,
aHAJIOrMYHas TOil, KOTopasd ObLIa J0Ka3aHa B Haparpade OyJIeT JI0Ka-
3aHa MO3XKe B maparpade

Teopema 2.3.2. [Iycmov dynxuyuu fr(t,y1,Y2, .- Yn), k = 1,2,...,n,
onpedeservs u nenpepwvieto, npu t € [a,b], (Y1,Y2,---,Yn) € R™ u ydosae-
meopstom yeaosuro Junwuya (2.36) ¢ odnoti u mot sce xKonemarnmot L.

Tozda cywecmsyrom dynwyuu y1(t), y2(t), ..., yn(t), Asasowuecs pe-

wenuem 3adawy Kowu , Ha ecem ompeske [a,b].

JHoxazameavcmeo. Paccmorpum Ha orpeske [a,b] cucreMy HHTErpPAIbHBIX
YDPaBHEHUil OTHOCUTEJILHO HEM3BECTHBIX (DYHKIWIA y; ()

t
yi(t) = yoi + /fi(T, y1(7),y2(7)y ooy yn(7))dr, i=1,2,...,n.  (2.39)

IMokazkeM, aro eciau dyukuuu g (t),. .., Y, (t) HEIPEPHIBHBI HA OTPE3KE
[a,b] m yIOBIETBOPSIIOT CHCTeMe WHTErpajbHBIX ypasHeHuit (2.39)), To oHm
SIBJISTEOTCsT perenneM 3aaau Komm (2.34)), (2.35) va orpeske [a, b].
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JleiicTBUTEIBHO, IOJIOXKUB B t = to, nosyunm, uro ;(t) yaosie-
TBOPSIET yCIOBUIM . Huddepenrupyst 110 t, ybesk1aeMest B TOM,
9TO BBIIIOJIHEHBI YPABHEHUST .

Takum 06pasoMm, Jist JOKAa3aTeIbCTBA TEOPEMbI JOCTATOYHO JIOKA3ATh,
qT0 cymecTBytor dbyHkuuu ¥;(t) HenpepblBHBIE Ha OTpe3Ke [a,b], yioBie-
TBOPSIIOIIUE CACTEME MHTErPAJIBHBIX ypaBaenuii (2.39)).

Hokaxkem cyiecrBoBanmue Takux QyHKIMA g;(t), UCIOIB3YsT METOJ IO~
cJIeJIOBaTe/IbHbIX Hpub/mKeHnii. PaccMoTpuM 1oc/ie1oBaTe/ibHOCTH (DYHK-
mwit y¥ (), y5(¢), ..., yE(t), K =0,1,2,... Taxmx, aro

yf+1 ) = Yoi + /fi(Tv ylf(T)ﬂ y5(7)7 s 7y7lfb(7—))d7—7 y?(t) = Yoi, (240)

i=1,2,...,n,t€ [a,b]. Joxkaxewm, ato Bee yF(t) ompeseneHs n HepepHIB-
HBL HA OTpPE3Ke [a, D).

Iz y?(t) sro Bepro. IIpemooxum, 9To 9T0 BepHo s 4™ () u moKa-
xeM, aTo 910 Bepuo jyist YT (¢). Tax kak Bee bynkuu fi(t, Y1, Y2, - - - Yn)
HenpepbBHLL 1pH ¢ € [a,b], (Y1, Y2, - .-, Yn) € R™, TO u3 cJIeJIyer, 9To
y"*1(t) onpemenensr u menpepuiBHBI Ha [a, b).

O603Ha4nM depe3 B ciIeIyOIyIo IOCTOSHHYIO

B = max max
i=1,2,...,n t€la,b] I {

7' y017y02a~-'ay0n)d7—)'

IMokaxkeM, urto juist Beex ¢ = 1,2,...,nu k = 0,1,... Ha orpeske [a, b
CIIPaBe JIUBLL OIeHKH

t—t0|

) — vt 0)] < BoH ok (2.41)

IIpu k = 0 sT0 BepHO, TaK Kak
|y7,1(t)_y?(t)‘ = /fi(TayolayOQa"'7y0n)dT gB
to

ITycrs Hepasencrso (2.41)) cupasenymso miust k = m — 1. Iokaxkem, 4To 0HO
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BbIIOJIHEHO i k = m. U3 (2.40]) umeem

[y () =y ()] <

< / (T () (7)o (7))~

—filry? T () gy ),y T () ldr | <

~

t

<|[ (@) - @@ - O

() = g () )|

Wcnonp3ys npeanosiozkenne WHAYKIIAT, TOJLY UM

m+1 T B t0|m !
[y (t) B(n — )i ——————dr| < B(nL)™

CriefioBarenbHO, HepaBeHCTBO ([2.41)) mOKa3aHO 10 WHJLYKIUH.
Paccmorpum Ha orpeske [a, b] DyHKIMOHATBHBIE DsIbL

+Z ML) _ym(p)), i=1,2,...,n.

m=0
U3 (2.41)cnenyer, uro Ha oTpeske [a,b] cupaBeIUBBI OLEHKN

(b—a)™

+1(; =

" (@) — 9" ()] < B(nL)"———, m=01,....
VYauThIBas 9TU OIEHKH U UCIOJIB3YS IPU3HaK BeliepriTpacca, MoaydnM, 9To
QyHKIMOHAIBHBIE PSIJIBI CXOMSITCS PABHOMEDPHO Ha oTpeske [a, b]. Cienosa-

TeJIbHO, TIOCJIEI0BATEILHOCTH HEIPEPHIBHBIX Ha OTpe3Ke [a, b] dyHKImit

k-1

v =900+ D O —y (1), i=12,...n

m=0
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CXOJIATCST PABHOMEPHO Ha OTpe3Ke [a, b] K HenpepblBHBIM DyHKIMsIM §; (t).

ITepexonst K upezeny upu k — +oco B dopmynax (2.40)), mosmyuamum, uro
dyukimn g;(t) sBISIOTCS peIleHneM CHCTEMbl WHTErPAJbHBIX yPaBHEHUI

(2.39), a smaunT u 3amaun (2.34), (2.35)). TeopeMam,HOKasaHa. O

3ameuanue 2.3.1. Jlaa swnoanenua yceaosus Junwuya docma-
mouno, umobw ece Pynruut fr(t, Y1, Y2, ..., Yn) UMEAU PABHOMEPHO 02Da-
HUYEHHDIE YACTHBLE NPOUSBOTHIE

8fk(ta Y1, Y2, - - - 7yn)
dy;

gDa vt € [aab]a V(ylay27"'ayn)€Rna

k,j=1,2,....n, D — nocmoannas. Jedcmsumesvro, 8 3mom CAY1ae

|ty Y2, - Yn) — fu(t, 01,02, -+, Un)| <

< fe(ty Y2, -5 yn) — fe(t 01,92, - -5 Un) |+
v, y2, -5 Un) — 601,02, Yn) |+
ot et UL Y25 Yn) = fe( 01,82, - Un)l-

Hpumenssn popmyary Jlazparorca no xasncdoti nepemernot, nNOAYYUM

|fk(t;y17y27~~~7yn) _fk(t7§17g27"‘7gn)| <
<Dl =Gl + Iz = Gl + -+ + lyn — Gl ).

Caedosamenvho, ece dynrwuyun fi(t, Y1, Yo, - -, Yn) YO0BALTNGOPAIOM YCAO-
suto Jlunwuya ¢ nocmoarwnot L = D.

Vcnonb3yst 9TO 3aMedanune, JIETKO TPUBECTH IIPUMED CHCTEMBI, yJIOBJIE-
TBOpsIomIeil ycmoBusaM Teope [2.3.1 u 2332
MNpumep 2.3.1. Jas cucmemot

3
UH(0) = esin(n (1) + () + T2
UA(E) = a1 + cos(1 (1) + (1)

EHINONHENDL YCAOBUA TMEOPEM u u pewenue 3adavwu Kowu daa
amoti cucmemut cywecmeyem u eduncmeenno na aobom ompeske [a, b].
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2.3.4. Bagaya Komu ans nuddepeHnanbHOro ypaBHEHUs N-T'O
mopsi/IKa HA BCEM OTpPe3Ke

Paccmorpum obbikHOBeHHOE muddepeHInajIbHOe yPABHEHNE N-TO I0-
pPaliKa, pa3penieHHOe OTHOCUTEIBHO CTapIleil IIPOU3BOIHOM,

y () = F(t,y(t),y't),y"#),...,y" V), tela,b], (2.42)
e dynakuus F(t,y1,Y2,...,Yn) 3a0aHa, a y(t) — HemsBecTHast MCKOMAst
dyHKIHS.

Pacemorpum it dbyukiuu y(t) HadaabHbIE yCIOBUS

y(to) = yoo, ¥ (to) = yo1, ¥ (to) = voz, - -» ¥V (to) = yon_1, (2.43)

rae tg HekoTopoe (bUKCUPOBAHHOE YHMCJIO Ha OTPe3Ke [a,b], & Yoo, - - -, Yon—1
— 3aJIAHHBIE IUCJIA.
3amadgeit Ko man 3amadeil ¢ Ha9aJIbHBIME YCIOBUSIME 71T OOBIKHOBEH-
HOro uddEepPeHaIbHOTO YyPABHEHUS N-TO TOPSIIKA, PA3PEIIEHHOTO OTHO-
CUTEJIbHO CTapIleil IPOU3BOHOM, HA3BIBAETCS 331898 OTHICKAaHUs (DYHKINA
y(t), ynoBeTBOpsIOIel ypaBHEHIIO U Ha4YaJbHBIM YCJIOBHAM .
Onpegenenue 2.3.3. Oynxyus y(t) nasweaemes peweruem sadauu Ko-

wu , na ompeske [a,b], ecau y(t) asasemes n paz nenpepuiéro

dupeperyupyemoti wa [a,b] Pynkyuetd, y(t) ydosaemeopaem ypasHeruto
U HaMaaLHOLM Yerosuam (2.43).

JlokaxkeM TeopeMy CyIEeCTBOBAHUS U €INHCTBEHHOCTH PEIeHUsT 331291

Komm 13, Z13).

Teopema 2.3.3. ITycmo ¢ynruua F(t,y1,Y2,...,Yn) onpedesena u
nenpepwsha npu t € [a,b], (y1,y2,---,yn) € R™ u ydosaemeopaem ycao-
esuto Jlunwuuya ¢ koncmarmoti L1 > 0, mo ecmo

|F(t7y17y27 ‘& 7yn) - F(t,glvg%' . agn)| < Ll Z |yl - gz'» (244)
=1

vt € [aub]7 v(y17y27"'uyn)7 (§1u§27"‘7§n> S R™.

Tozda cywecmeyem eduncmeennas Gynryua y(t), AGAAIOUGACA PEULEHUEM

sadavu Kowu , Ha ompeske [a,b].

Zloxaszamenvcmeo. Jlokaxkem BHadaJle €IWHCTBEHHOCTH pernenus. Ilycts

dynukims y(t) ssasercs permennem 3amaun Komm (2.42)), (2.43) ma orpeske
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[a,b]. Beegem dyHKImn
yi(t) =y(t), ) =y'®), y)=y"(t), .. yat)=y" V().

Tak kak dyHKIWMs y(t) sBisieTcs pereHneM 3a1aau Korm , Ha
orpeske [a, b], To dyukuuu y;(t), i = 1,2,...,n ABIMIOTCI PELHICHUEM 3818
qn Ko [y1si HOpMAJIBHON CHCTEMBI OOBIKHOBEHHBIX MM MEPEHITNATBHBIX
ypaBHEHUN

vit) = ya(h),
yo(t) = (),
. (2.45)
Yn—1(t) = yald),
) = Fty(t),y2(t), ... yn(t))
C HaYaJIbHBIMU yCJIOBI/ISII\H/I
yi(t()) = Y0i—1; 1= 1,2,...,71. (246)

Cucrema ([2.45)) siBJIsieTcst 9acTHBIM CJlydaeM HOpMaIbHOH cucrembl (2.34)) ¢
dyHKIHAMY

fi(taylay27"'7yn) = VYi+1, izla"'7n_17
fn(t7y17y27"‘7yn> = F(t7y17y27"’7yn)'
Otu QyHKIMU ONMpPEeIeIeHbl U HENPEPBIBHBI 1pH t € [a, b], (Y1, Y2, -, Yn) €

R™ u ynosnersopsitot yesosuto Jlunmmura ((2.36) ¢ ogHOM 1 TO 2Ke KOHCTaH-

TOH
L = max{1,L;}.

Tosromy 3anada (2.45), (2.46) ymoBiaerBopsier ycIOBHSAM TeOpeMbI o

eJIMHCTBEHHOCTH pereHns 3aaadn Komm jist HopMasibHO# cucrembl. Coie-
noBaresbHo, pemenue 3agaqn Komu (2.45), (2.46) eaumcrsenno, a smauur
u penrenue sanaun Komm (2.42)), (2.43)) Taxxke euHCTBEHHO.

JlokazkeM cyIecTBOBaHUe pernenust pemenus Komm , . Pac-

cmorpuM 3aaay Korm (2.45), (2.46)). s Hee BBIIOMHEHBI yCIoBuS TEO-
PeMBI CyIIeCTBOBaHUs pellleHusi Ha oTpe3ke [a,b]. To ectb cymecrBy-

10T HenpepbiBHO quddepeHnupyeMble Ha oTpeske [a, b] byukunn y;(t), yao-
srersopsiomye ([2.45), (2.46). O6osnauue y; (t) uepes y(t), nomyunm, uro
y(t) siBasieTcst n pa3 HenpepbiBHO nuddepenipyemoii Ha [a, b] dyHKuei,
y D) = yi(t), i = 1,2,...,n u y(t) yroBreTBopser dﬂ%‘), (];;LSI) Care-
nosarenbio y(t) asngerca pemennem Komm (2.42)), (2.43). Teopema [2.3.3|
J0OKa3aHa. O
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2.3.5. 3amaua Komwu g5 cucremMbl JUHENHBIX OOBIKHOBEHHBIX
nnddepeHnATIbLHBIX YPaBHEHUH Nn-T0 MOPSIKa

Pacemorpum Ha orpeske [a, b] cucTeMy JIMHEHHBIX OOBIKHOBEHHBIX Aud-
depeHnraIbHbIX YPABHEHUI N-T0 MOPSIIKA

Vi) = an®yi(t) + an®)ys(t) + -+ amBya(t) + fi(8),
yo(t) = a21(t)yr(t) + aze(t)y2(t) + - + a2 (t)yn(t) + f2(1), (2.47)
Vat) = an(®yi(t) + ana(Dya(t) + -+ ann By (t) + Fult),
rae a;;(t), ]/”;(t)7 i,7 =1,2,...,n —3a/janHble HElIPEPbIBHbIE HA OTPE3KE [a, b]
byHKINN.

IlycTs 3amaHO HaYaJIbHOE YCIOBHE
yz(to) = Yoi, = 1,2,...,71. (248)

ﬂOKa)KeM TeopeMy CyH_[eCTBOBaHI/ISI n e JUHCTBEHHOCTHU pEHICHUuA 3a a1
Komm (2.47), [249).

Teopema 2.3.4. IIycmov dynryuu a;;(t) , ﬁ(t) HENPEPBIEHDL HA OTMPEIKE
[a,b], 4,7 =1,2,...,n. Tozda cywecmeyem eduncmeernnvili nabop Pyrryul

y1(t),y2(t), - ., yn(t), Asasrowuiics pewenuem sadavu Kowu ,

Ha ompeske [a,b].

Jokasamesvemeo. Cucrema ([2.47) ABIAeTCA Y9aCTHBIM CIy9aeM CHCTEMBI
(2.34) ¢ dynxmusvm

fz(t7 Y1, Y25 -+, yn) — ail(t)yl+aiz(t)92+' : +a1n(t)yn+ﬁ(t)7 1= 17 27 sy

Oru byuruuu f;(t, y1, Y2, - . -, Yn) OUPEIEIEHBI U HEIPEPLIBHLL UpH ¢ € [a, b],
(y1,Y25 -« -, Yn) € R™ u ymosrersopsttor yeaosuto Jlunmmra (2.36) ¢ mocro-
AHHOM

L= ()]
(Dax | max |ai; (1)

CaenoBaresbro, st 3aaa4n Komm (2.47)), (2.48) BBIIOIHEHDI yCIOBUS TEO-
pem u U OHA WMeeT eJMHCTBEHHOE DEIleHne Ha OTpeske [a, b].
Teopema JIOKa3aHa. O
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2.3.6. 3amaua Komu a1t IuHEHOro 06bIKHOBEHHOTO
nuddepeHInaIbHOrO ypaBHEeHU N-I'0 MOPsiaKa

JlokazkeM TeopeMy CYIIeCTBOBAHUS M €IMHCTBEHHOCTH PENIEHUs 33/ IaU
Ko myist muHeitHOro 06BIKHOBEHHOTO i bepeHInabHOrO YPaBHEHNUS 11-
TO TIOpSAIKa

ao(t)y"™ (t) + ar (B)y" V() + -+ an—1 (DY (1) + an(t)y(t) = f(2), (2.49)

rae a;(t), i = 0,1,2,...,n, f(t) — 3anaHHBIe HenpepbIBHBIE HA [a, b] bYHK-
yn, puyeM ag(t) # 0 Ha [a, b].
Paccmorpum s dyukimu y(t) HadaibHbIE yCIOBUs B TOYKE to € [a, b]

y D (to) = yoi, i=0,1,...,n—1. (2.50)

Teopema 2.3.5. ITycmwv dynryuu a;(t), f(t) nenpepwieros a [a,b], i =
1,2,...,m, ap(t) # 0 na [a,b]. Tozda cywecmsyem eduncmeennas GyHKUUA
y(t), asamowanca pewenuem sadawu Kowu [2.49), na ompesxe [a, b).

Hoxasamesvcmeo. Ypasuenue (2.49)) siiisiercst YaCTHBIM CJIydaeM ypaBHe-

uus (2.42) ¢ dbyukueit

F(t7ylay27"‘7yn) =

Ora byukiua F(t,y1,ys, ..., Y,) OUPeIeIeHa U HelpepbiBHA 1Ipu t € [a, ],

(y1,Y2,---,Yn) € R™ u yuosnersopsier ycuaosuto Jlunmuna (2.44) ¢ mocro-
AHHON
ai(t) ‘

ao(t) |

Cuaenosarensno, 1 3agaan Ko ([2.49)), (2.50)) BeimoaneHs! yeaoBus Teo-
1 5 A it , y
peMbl U ee pellleHue CyecTByeT U eIMHCTBEHHO Ha oTpe3ke [a, b]. Teo-

pema [2.3.5] nokazama.

L1 = max max
1<i<n t€fa,b]

2.4. Bagaua Ko gy HOpMaJIbHOM CUCTEMbI
(;TokanpHasi Teopema)

ITycrs dbyrkuun f;(t, Y1, Y2, - Yn), ¢ = 1,2, ..., n ONpeJeJeHBI U HElpe-
PBIBHBI B 1 + 1-MepHOM HapaJijiesienuiie ie

Hn+1 = {(ta Yi,Y2, ... ayn) : |t_t0‘ < T7 |yi_y0i| < A7 1= 1a27 ce an}'
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Pacemorpum 3agaay Ko st HopmasibHOM cucteMbl quddepeHInabHbIX
YPpaBHEHU

1) = filt,ya(t),y2(t), -, yn(t)),
yIQ(t) = fQ(t’yl(t)va(t)a'"ayn(t))’ (251)

Ut = Faltoyn(®)m(0)s s yn (D))

C HAYaJIbHBIM YCJIOBUEM

yi(to) = wo1, Y2(to) =%o2, -5 YUn(to) = Yon, (2.52)

TJIE Y01, Y02, - - - , Yon — 33JTAHHBIE YHUCTIA.

Onpepenenne 2.4.1. @ynﬁ;u,uu y1(t),y2(t), ..., yn(t) Haswviearomes pe-
wenuem sadawu Koww (2.51), (2.59) na ompesxe [to + h,to + h], h < T,
ecau:

1. gynruyuu y;(t) nenpepwvieno duddepenyupyemo, wa [to — h,to+ h|, i =
1,2,....n;

2. (t,yl(t),yg(t), .. ,yn(t)) c Hn-i—l; vt c [to _ h7t0 + h],
8. i(8) = filt:yi(0),92(8), - ya()), VE € [to—huto+ Bl i = 1,2, n;
4. yi(to) = yoi, 1 =1,2,...,1n

Ormernwm, 9T0 B oT/mame ot onpeaenenns [2.3.1] nannoe onpegesenue co-
JIEPKUT yCJIOBUE NIPUHAJJIE?KHOCTHA MHTEIPAJbHON KPUBOI HapaJijieJiennre-
ay I, 41, mockonbKy TOsbKO B 11,11 onpesesnenst dyukuun f; (¢, Y1, ..., Yn)-

Onpegenenve 2.4.2. Oynuxuyus f(t,y1,Y2,---,Yn) ydosaemeopsem @
napaanesenunede I, 11 yeaosuro JTunwuya no y1, Yz, - - -, Yn, eCcAu natidems-
ca woncmanma L > 0 maxas, wmo

|f(t7y17y2,-~-7yn) - f(tagl??j%-- 7gn)| <
L(lyr = 91l + ly2 = Tol + - + [yn — Fnl),
V(taylay27 cee 7yn)7 (t7§17 g27 o 7§n) € HTL+1' (253)
[epeiizieM K TOKA3aTENBCTBY CYIIECTBOBAHUS W €IMHCTBEHHOCTH DEIIe-

uus 3agaqau Kommwm (2.51)), (2.52)) muist HopmasibHO# cucTeMbl 0OBIKHOBEHHBIX
nuddepenmanbHbIX ypasHeHuit. Mbl nokazkeMm TeopeMy CyIeCTBOBAHUS HE
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Ha BCeM HCXoiHOM orpeske [tg — T, to + T'], a Ha HEKOTOPOM, BOOOIIE MOBO-
ps, MenbmieM. [loaToMmy sTa Teopema Ha3bIBaeTCs JOKATBHONW TEOPEMOH Cy-
[IIECTBOBAHUS U €MHCTBEHHOCTH PeIleHns 3aaa4n Ko 11 HopMaJIbHOM
CHCTEMBL.

Teopema 2.4.1. ITycmo dynxuuu fi(t,y1,Y2,.--,Yn), @ = 1,2,.
onpedenervr u Henpepuienv 6 I, 11, ydosaemeopsatom 6 I, 11 ycaosuro ﬂun-

WUUG u
|fk(t7y1ay27"'7yn)| gM’ v(tay17y2a"'7yn) €H7l+17 k:172a"'7n

Tozda cywecmsyem eduncmeennvils nabop dymruyud yi(t), y2(t), ..., yn(t),
AsaAOUUTCA pewenuem 3adavwy Kowu 5 Ha OmpesKe

A
to — h,t h h=min{T,— ».
[0 30+ ]7 mlll{ ,M}

Hoxazamesvcmeo. EnuncrBeHHOCTD perneHust 3aa4du Ko JToKa3bBaeT-
Cs1 AHAJIOTUYIHO JIOKA3ATEIHCTBY TEOPEMBI JlokaxkeM CyIeCcTBOBAHUE
pemenusi. Paccmorpum Ha orpeske [tg — h, to + h] cucremy mHTErpasbHBIX
YPaBHEHUl OTHOCUTEJILHO HEeU3BECTHBIX (DYHKIWIA ; (1)

yilt) = yoi + / Firn () an(r), g (P))dr, i=1,2,... 0. (254)

Iokaxkem, uro, eciau dyukuuu g1 (t), g2(t), . . ., Yn(t) HeIpepbIBHBL HA OTPE3-
Ke [tg — h,tg + h|, yZOBIETBOPAIOT HEPABEHCTBAM

|g7;(t)—y0i| QA, te [to—h,tQ—Fh], 1=1,2,...,n (255)
U CHUCTEeMEe HMHTErpajibHBIX ypaBHeHHH 1 54), To 9T PYHKIUU SABJIAFOTCS
perienremM 3a1a4un Korum , (2.52)) ma orpeske [tg — h,to + h].

JeiicTBUTEILHO, U3 HEPABEHCTB l- CJIeJLyeT, 9To
(t,91(2),92(t), ..., Un(t)) € Lyp1 mpu t € [to — h,to + h.

Honoxus B (2.54) ¢t = g, momyuanm, aro F;(t) yaoBIeTBOpPSET YCIOBUAM
(2.52)). duddepenmmupys (2.54) 1o ¢, ybexgaeMcs B TOM, 9TO BBIIOJHEHBI
ypasuenus (2.51)).

TaxumM 06pa3oM, /sl 0Ka3aTeIbCTBa TEOPeMbl JOCTATOYHO JOKA3aTh,
9TO CymecTByoT GyHKImMK §;(t) HeIpephIBHBIE HA OTpe3Ke [tg — h,to + hl,
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YZIOBJIETBODsifOIe HepaBeHCTBaM (2.55) U cucreMe MHTErPAIIBHBIX ypaBHe-

i (257).
Hokaxkem cyiecrBoBanue Takux GyHKImi g;(t), UCIOIL3ys METOJ 10~

CJIe/IOBATEIbHBIX MPHUOIMKeHnt. PaccMOTpUM TI0C/I€10BATETBHOCTH (DYHK-
it y¥ (), y5(t), ..., yE(t), k =0,1,2,... Takmx, 4ro

t
f+1(t):ym+/fi(r,y{“(r),yg(r),...,yg(f))dr, i=1,2,...,mn, (2.56)
to
y?(t):y% 1=1,2,...,n.

Jlokaskem, 4To Bee y¥ (t) ompe/iesieHb! 1 HEIPEPHIBHBI Ha OTPe3Ke [to — h, to+
h] 1 yIOBIETBOPSIIOT HEPABEHCTBY

lyF(t) — yoil <A, t € [to — h,to+ h). (2.57)

Ias y2(t) sro Bepno. Ilpeanonoxkum, 4To 310 BepHO It y™(t) U TOKa-

2KeM, 9TO 9TO BEPHO JJIsk y;”H t). Tak xkax Bce dyukuuu f;(t, y1,Y2, .-, Yn)
nenpepwisubl B 1,41, T0 u3 (2.56) creyer, uro y7 ! (t) onpenenensr u
HeNpepbIBHBI Ha, [tg — h, tg + h]. [Tokaxkem, uto

[y TN (t) — yoi| < A, t € [to— h,to+ h].

Dru HepaBeHCTBa CJenyoT u3 oupegenenus (2.56). leiicrsuresnsho,
t
) = ol < | [ IR ()8 (0) i (1) <
to

t
< /MdT < Mlt—to] < MR <A, i=1,2....n, t€ [to—h,to+hl,

to

9T0 1 TPebOBAIOCH JOKA3ATh.
IMokaxkem, ato mist Beex ¢ = 1,2,...,nm k =0,1,... Ha oTpe3ke [ty —
h,to 4+ h] cupaBesIUBBI OlEHKH

() — ()] < Anpyr =t
v = k! ’

(3

(2.58)
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IIpu k = 0 sT0 BepHO, TaK Kak
0 =201 = | [ 1), 98), . 2)lar| < M < A

Iycrs Hepasencrso ([2.58) cupasenimso mist k = m — 1. [lokaxkem, 410 OHO
BBIIOJIHEHO It kK = m

() — i (t)] <

< / Ty (), g (), -y (7))~

X

7fi(7-a ?J{n_l(T)»yéﬂ_l(T)v o 7y;?71(7-))|d7- <

t

<[ (@ = @) - O

o g (r) = () dr

Vcnonb3ys mpeanosiozkenne WHIYKIIAA, TMEEM

m+1 ‘T_t0|m ! m
) - Ay T ar) < ey

CriefioBaTebHO, HEpaBeHCTBO ([2.58)) MOKAa3aHO 110 WHJLYKIUH.
Paccmorpum Ha orpeske [tg — h, tg + h] dyHKnuoHaNbHBIE PsiIBI

oo

&)+ Y @) —yre), i=12,...n

m=0
U3 (2.58)) caemyer, aro Ha orpeske [tg — h,to + h| cupaBeyMBBI OIEHKU

m m mhm
P — (0] S AL m =01,
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VuuThIBasg 9TU OIEHKH, HMOJIYIUM, UTO (PYHKIUOHAILHBIE PAIBI CXOISATCS
PABHOMEPHO Ha oTpe3ke [tg — h, tg + h]. CienoBaresbHO, OCIEI0BATEIHHO-
CTH HEIPEPBIBHBIX (DYHKITAI

g

-1

yi) =y O+ Y O -yt ), i=12....n
0

3
I

CXOJISATCsI PABHOMEPHO Ha OTpe3Ke [tg — h, to+ h] K HenpepbIBHBIM DYHKIHSIM
7i(t). Ilepexons K upezeny upu k — 00 B HEPABEHCTBAX , [TOJTY 9HM,
yro dbyHkImu F;(t) yI0BIETBOPSIOT HEPABEHCTBAM .

[Tepexoms kK mpesienry npu B popMyIax , MOJTy UM, ITO (DYHKITAN
¥ (t) SIBJISTIOTCST pellleHneM CHCTeMbl HHTETDAJIbHBIX YDABHEHUH , a 3Ha-

qnt u 3amaqn (2.51)), (2.52)). Teopema jgokazana. O
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hasa 3

O6uwan Teopns NUHENHbIX
OObIKHOBEHHbIX AndpdpepeHLmnanbHbIX
YPaBHEHWN

3.1. KomIlsieKCHO3HAYHbIE pelleHus JUHEeHOTo
anddepeHInaIbHOTO YPABHEHUS 1-T'O TOPSAIKA
M CHUCTE€MbI JIMHEIHBIX OOBIKHOBEHHBIX
nuddepeHIuaIbHBIX ypPaBHEHUA

KomrurekcroznauHoit byHKIMEH IeificTBUTEILHOTO apryMeHTa ¢ € [a, b}
nasbiBaerca ynkua y(t) takas, aro y(t) = u(t) + iv(t), vaoe u(t) u v(t) —
neficrurenbuble dysxiuuu. Kommekcnosuagnas Gynkuus y(t) Henpepbis-
Ha Ha [a,b], ecim w(t) n v(t) HenpepwiBHBI Ha [a, b]. KommiekcHosHaunas
dyukims y(t) muddepennupyema Ha [a, b], ecan u(t) u v(t) quddepennn-
pyemsl Ha [a, b], mpu aroM y' (t) = u/(t) + v (t). AHAJIOTUYHO ONIpeIENISIOTCS
IPOM3BOJIHbIE GoJIee BHICOKOrO Hopsiyika (byukuuu y(t).

Komrrekcnozaadunbie pernenns JJnHeRHbIX b OePEeHITNATBHBIX yPABHEe-
HUil ¢ JeficTBUTEIbHBIME KOI(DMUIMEHTAMA BO3ZHUKAIOT TaKyKe KAK KOM-
IIJIEKCHBIE YUCJIA TIPU PEIleHn] ajrebpaniecKux ypaBHEHUI ¢ JIefCTBUTE b-
HBIMU KO3 DUITTEHTAMUA.

Mpumep 3.1.1. Tpebyemcs natimu pewenue duddeperuyuarvrozo ypas-
HEHUA
Y (t) + 2y (t) + By(t) = 0. (3.1)
Hwem pewenue smozo ypasnenus 6 eude y(t) = e, ede X — neussecm-
Has nocmosnnas. Ilodcmasass amo npedcmasaenue 6 ypasrenue U
cokpawan na e, nosywum N2 + 2\ +5 = 0. Omo ypasrenue umeem 0sa
KOMNAEKCHO CONPAANCEHHBT KOpHA A1 = —1 + 20, Ao = —1 — 2i. Kax us-
8ECMMO, €CAU KOMNAEKCHOE YUCAO Z = T + 1Y, mo e* = e* cosy + ie” siny.
Caedosamenvro, ypasHerue uMeem 084 KOMNAEKCHOZHAYHHLT Peule-
HUA

y1(t) = e Pcos2t +ie tsin2t, yo(t) =e 'cos2t —ie 'sin2t.  (3.2)
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[Tepeiimem K ompeeeHNI0 KOMILIEKCHOZHAYHOTO PEIeHNs] JTMHEHHOIO
I DEepeHITUATBLHOTO YPABHEHUsT N-T'0 MOPsIKa. PaccMOTpuM Ha OTpe3Ke
[a, b] ypaBHeHUE

ao(t)y™ (1) + ar(O)y "V (1) + -+ an—1 (DY () + an(B)y(t) = f(t) (3.3)

¢ JeiicrBuTesbHBIMU KO3 dunmenTamu a(t) 1 KOMIJIEKCHO3HAYHOH (DYHK-
mueit f(t) = g(t) + ih(t), tme g(t), h(t) — meiicrBuresnvHble QYHKIUN,
ap(t) # 0 Ha [a, b)].

Onpegenenue 3.1.1. Komnaexcrosnaunas gynkyus y(t) = u(t) +iv(t)
HA3BIBAEMCA DEWEHUCM YDAGHEHUS Ha ompesxe [a,b], ecau Pynryuu
u(t) wv(t) n pas nenpepwiero dugpepenyupyemos 1a [a,b] u ydosaemsopsa-
1om na [a,b] ypasrernuam

ao(t)u'™ () + a1 ()u" V() + -+ a1 (U () + an(t)ult) = g(t), (3.4)
ao()v™ () + a1 (VT (E) 4 -+ - 4 an_1 (V' (E) + an(t)v(t) = h(t). (3.5)

Pacemorpum 3agaay Kommu 711 KOMIIIEKCHO3HAYHBIX PEIICHUH ypaBHe-
uus (3.3). Tpebyercsa oupenenurs perrenne ypasaenus (3.3)) Takoe, aro

y(m)(tg) =Yom, m=0,1,...,n—1, (3.6)

TJI€ Yom — 38JAHHBIE KOMILIEKCHBIE TUCIA Yom = Uom + 1V0m,s Uom, Vom € R,
a ty — HeKoTopasi (PUKCHPOBaHHAsI TOYKA OTpe3Ka [a, b].

JlokazkeM TeopeMy CyIIeCTBOBAHHUS U eJIMHCTBEHHOCTH PEIeHUs 3aa91
Komm , .

Teopema 3.1.1. ITyemv dynxuyuu ag(t), k = 0,1,...,n, g(t) u h(¢)
Henpepuishy, Ha ompeske [a,b], ag(t) # 0, t € [a,b].

Tozda cywecmsyem edurcmeernnasn Pynryusa y(t), asasowancs peue-
nuem sadawu Kowu , (@) na ompeske [a,b].

oxaszamesvcmeo. Paccmorpum 3amaay Ko miist ypasuenust (3.4) ¢ Ha-
9aJIbHBIMA YCJIOBUSIMU

u™ (tg) = ugm, m=0,1,...,n—1. (3.7)

ITo Teopeme u3 naparpada zagada Komw (3.4), (3.7) umeer enun-

crBenHoe pernenue u(t). Ananornano 3agada Komwm ms ypasaenus (3.5) ¢
HAYAJBHBIME yCJIOBHSIMU

U(m)(to) =Vom, m=0,1,2,....,n—1 (3.8)
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uMeer equHCTBeHHOe pertenne v(t). Torja KoMIuleKCHO3HAUHAs (DYHKIUS
y(t) = u(t) + iv(t) saBastercst pemerneM 3aaaun Komm (3.3)), HA OTpe3-
ke [a,b]. Equncreennocrs pemenns 3amadun Komu (3.3), (3.6) ciaenyer uz

enuHcTBeHHOCTH pentenus 3aga4d Komm (3.4), (3.7) u (3.5), (3.8)). Teopema
[B-11] nokazana. O

Cnepcteue 3.1.1. Ecau dynwyua f(t) e ypasrenuu deticmeu-
meavha (' mo ecmwv h(t) = 0) u HauasvHoie danHbie 6 @ deticmeumenvHoy

(mo ecmv voy, =0, m=0,1,...,n—1), mo sadaua Kowu , (@ ume-

em moavko 0eticmeumenvHoe peweHue.

OmpeiesiuM KOMILIEKCHO3HAYHOE PeIleHne JIMHEHHO CrCcTeMbl OOBIKHO-
BeHHBIX AuddepeHnraabHbIX yPaBHEHUI N-T0 opsifika. PaccMoTpuM Ha OT-
peske [a,b] cucremy JMHERHBIX OOBIKHOBEHHBIX JAud (DepeHIInalbHbIX yPaB-
HEHUH N-ro IopdaaKa

vit) = an®y®) +a2®)y2(t) + -+ an)ya(t) + f1(2),
yo(t) = axn(t)yr(t) +aga(t)y2(t) + - + azn()yn(t) + f2(t), (3.9)
o®) = an Oy + ans(g(t) + -+ ann () + falt),

rae byHKIun ay;(t) — geficrsurensusl, a fi(t) = gr(t) +ihy(t) — KoMmIeKc-
HO3HAYHBL, k,j = 1,2,...,n.

Onpegenenne 3.1.2. Komnaexkcnosnaunas 6exmop Gynryus
g(t) = (ur(t) + iv1 (), ua(t) + iv2(t), ..., un(t) + iv, (1) "

HA3BLEACTNCA PEULEHUEM CUCTILEMDL @, ecau ug(t), vg(t) nenpepwoiero dugp-

depenyupyemvr na ompesxe [a,b], k=1,2,... ,n, u
ui(t) = an®ui(t) +ar(Oua(t) + - + a1 (B)un(t) + g1(¢),
us(t) = a1 (t)ui(t) + ag2(t)ua(t) + - + a2n(t)un(t) + g2(t), (3.10)
() = anunlt) + anOus(t) + -+ Gun(un(t) + ga(t),
vi(t) = an(®)vi(t) +a2(t)va(t) + - + arn(H)on(t) + ha(t),
vy(t) = a2 (t)vi(t) + age(t)va(t) + - - - + a2 (t)vn(t) + ha(t), (3.11)
vy, (t) - an1(B)v1(t) + an2(t)v2(t) + -+ + ann (t)vn(t) + hn(t)

oaat € [a,b)].
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HYCTB 3a/JaHO HaYaJIbHOE YyCJIOBUE

Yx(to) = Yor = ok + ivor, (3.12)

rIe Ugk, Vo — JeificrBuTeIbHBIE Yucaa, k= 1,2,...,n.

JlokazkeM TeopeMy CyIIeCTBOBAHUS U €IUHCTBEHHOCTHU PEIIeHUs 3aa9n
Komu (39), (B-12).

Teopema 3.1.2. Ilycmo axj(t), gr(t), hi(t) wenpepuisno na ompesxe
[a,b], k,j =1,2,...,n. Tozda cywecmsyem edurcmeentan 6exmop Pyrk-

yua g(t), asamowancs pewenuem sadawu Kowu (3.9), Ha ompeske
[a,b].

Hoxasamesvcmeo. Pacemorpum 3anady Komm syis cucremst (3.10) ¢ na-
YAJIbHBIM YCJIOBHEM

ug(to) = wok, k=1,2,...,n. (3.13)

ITo Teopeme u3 naparpada zagaga Komm (3.10), (3.13) umeer

enuucrBennoe pernenue (u(t), ua(t),. .., uny(t)).
Anasornuno 3azaga Ko jis cucremst ((3.11) ¢ nauaibHbIME yCs10BU-
SIME

vg(to) =vox, k=1,2,...,n. (3.14)

umeer exuHcTBeHHOE pemenue (vi(t),va(t),. .., v,(t)). Torma xKomILIeKCHO-
3HAYHAsS BEKTOD (DYHKIUA

G(t) = (uy(t) +ivi (), ug(t) + dva(t), . .., un(t) +iva(t))

Oyaer pemrenvem 3agaun Komm ((3.9)),
HocTh pemmenus 3anauu Komm ((3.9)), CJIEJIyeT U3 eIMHCTBEHHOCTH Pe-

mrermit 3aqaa Kommr (3.10), (3.13) u (3.11), (3.14). Teopema JloKa3a-
Ha. O

3.12) Ha orpeske [a,b]. EquHcTBeH-

Cneacreue 3.1.2. Ecau gynryuu fi(t) 6 cucrmeme (3.9) deticmeumenn-
not (mo ecmo hi(t) = 0) u navaavrove dannve 6 (3.12) deticmeumenvro
(mo ecmo vor, =0, k =1,2,...,n), mo sadawa Kowu (5.9), umeem
MOABKO Jeticmeumenbroe peutenue.
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3.2. Oobmme cBoiicTBa guHeiiHOTO AU PEepeHTnATHLHOTO
YPaBHEHUS N-TO NOPSAIKA

Paccmorpum nuneitHoe muddepeHimaabHoe ypaBHEHNE N-T0 MOPsIIKa
ao(®)y™ () + a1 By V@) + -+ an_1 ()Y () + an(t)y(t) = F(£) (3.15)

C HENpepBIBHBIMU Ha OTpe3Ke [a,b] JeiicrBurenbHbIME KOddduImenTamm
ap(t), k=0,1,...,n, ap(t) # 0, t € [a,b] u HEIpePBIBHON Ha OTpe3Ke [a, b]
KOMILJIEKCHO3HAUHOH ynkuumeii f(t).

Bsenem muneitnntit auddepeHma bablil OepaTop N-ro MopsIKa.

Onpegenenne 3.2.1. Jlunetinvm Juddeperyuarvroim onepamopom mn-
20 NOPAJKA HA3VIEAENCA ONEPAMOP

Ly = ao()y™ () + a1 (®)y™ V() + -+ a1 ()Y () + an(t)y(t). (3.16)

Omneparop L omnpejiesieH Jjist BCeX 1 pa3 HenpepbIiBHO auddepentupy-
eMBIX Ha oTpe3ke [a,b] dbyukimit y(t), npudem Ly(t) € Cla,b]. Ucnonbsys
9TO ompejiesierne, ypasrenue ([3.15)) MoxKHO 3amucaTh B BUJIE

Ly = f(t), tE]la,b]

Ecau dbyskuus f(t) paBHa Hyso Ha oTpeske [a, b], To ypasuenue (3.15)
HA3BIBACTCA 00HOPOOHbIM, a eciu dyHKus f (1) He paBHA HYJIO HAa OTPE3KE

[a, b], To ypasuenue (3.15)) HazbiBaeTcs neodhopodrvim.
Teopema 3.2.1. Ecau ynryuu yp(t), k = 1,2,...,m asasomes pewe-
m
nuamu ypasnenul Ly = fr(t), mo dynruyua y(t) = > cpy(t) , 20e ¢
k=1
— KOMNAEKCHBIE NOCMOARHBIE, ABAAEMCA pewenuem ypasuenus Ly = f(t),

2de f(t) = i cr fr(t).

k=1

Hoxazameavcemeo. JJoKa3aTebeTBO 3TOH TEOPEMBI CJICAYET U3 JIUHEHHOCTH
orneparopa L, KOTopas sIBJISIETCS CJICJCTBUEM JIMHEHHOCTH oreparopa aud-
depeHIpOBaHNS:

,Cy:ﬁZCkyk(t):chﬁyk:chfk(t):f(t)v te [aab]'
k=1 k=1

k=1



66  I'maBa 3. O6imast Teopust THHEHHBIX U DEpEHITHATBHBIX Y PABHEHUIH

Cneactsue 3.2.1. Jlunetinas xombunayus pewenuts 00nopoodro2o ypas-
HEHUA ABAACTNCA PEWEHUEM 00HOPoOH020 ypashenusa. Pasznocms deyx pe-
wenuti neodnopodnozo ypasHuenua ¢ 00uHaK060T npasoti 4wacmovio ecmv pe-
weHue 00HOPOOH020 YPAGHEHUSM.

Teopema 3.2.2. Pewenue 3adavu Kowu
Ly=f(t), ylto) =voo, ¥'(to)=vor, ---» ¥" (to) =von1
npedemasumo 6 sude cymmu, y(t) = v(t) + w(t), 2de dynruyus v(t) asas-

emca pewenuem 3a0awu Kowu 0as neodnopodrozo ypasHeHUs ¢ HYLEBBLMU
HAYAAOHBMU YCAOBUAMU

Lo=f(t), vlte)=0, v (tg)=0, ..., v V() =0,

a pynryusa w(t) asasemesn pewenuem 3adavu Kowu das 00nopodnozo ypas-
HEHUA C HEHYACEVUMU HAUAAOHOLMY YCAOBUAMU

Lw=0, w(to)=yoo, w(to)=yor, ---, w" V(to)=yon1.
Jokasameavemeo. Cymma y(t) = v(t) + w(t) yaoBIeTBOpsieT HEOTHOPOJ-
HOMY YPABHEHUIO B CHJIy TEOPEMbI 1 HavYaIBHBIX YCJIOBHMI MMeeM
DPABEHCTBA

y(k)(to) = U(k)(to) + w(k)(to) =0 + Yok = Yok, k= 03 17 cee,n— 1

O

Teopema 3.2.3. Pewenue 3adauu Koww das 00nopodtozo ypasHerus

Ly=0, ylto) =y, ¥(t0)=vor, - ¥ (to) =yon1

npedcmasumo 6 ude CYMMbl

Y0 =3 u(t)iom,
m=0

20e PyHKuUY Y, (1) aeastomes pewernusmu 3aday Kowu:

‘Cym 4 Oa yfr?;n)(t()) = la y7(rlf)(t0) = 07 vk € {07 17 cee, = 1}\{m}
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Joxasamenvemeo. @yukuus y(t) ABIAETCS PENIEHUEM OIHOPOIHOTO yPaB-
HEHUs KaK JIMHeliHAss KOMOMHAIS PENIEHUI Yy, (t) OJHOPOIHOrO ypaBHeHMsI
C TOCTOSHHBIME KO3(ddUImeHTaMu B CUIy TEOPEMBI Ocrasoch ybe-
JUTHCA B BBIIIOJIHEHUM HAYAJIbHBIX YCJIOBHIi:

n—1
y ¥ (to) = Z y P (to)ys™ = yi (to)yor = yor, k=0,1,...,n— 1.
m=0

3.3. JluneiitHasi 3aBUCUMOCTD CKAJISAPHBIX (DYHKIUA U
onpejennTesib BpoHckoro

3.3.1. JIunHeitHasi 3aBUCUMOCTb MPOU3BOJIbHBIX CKAJISIPHBIX
dbyukIimit

B sTom maparpade paccmaTpuBaioTcs IpOn3BOIbHBIE CKATISPHBIE (DYHK-
nun

@1(t>7 @2(t>7 B (pm(t)u

olpeJiesIeHHble Ha OTpe3Ke [a,b] m NpUHAMAOIIE KOMIIJIEKCHbIE 3HAYEHMSL.
Hukakas cBa3p ¢ pemenusmu auddepeHnnaabHbIX YPABHEHAN ITOKa He
MIPEJIIOIAraI0TCS.

Onpegenenve 3.3.1. Craraproie gynruyuu ©1(t), p2(t),. .., om(t) Ha-
3BLBAIOTNCA AUHETIHO 3ABUCUMBIMU HA ompeske [a, ], ecau natidymes maxue

m

Komnaekchoe xonemawmu, ¢ € C, k= 1,...,m, > |cg| > 0, wmo cnpa-
k=1

6€0AUB0 PABEHCTNGO

c1p1(t) + capa(t) + -+ empm(t) =0, Vit € [a,b)]. (3.17)

Ecau orce paserncmeo BHIMOAHEHO TMOAVKO OAA MPUBUAALHO20 HAGOOPA
xonemanm ¢ = 0, k = 1,2,...,n, mo ckaaspnwe dyrnkuuy p1(t), pa(t),
., om(t) Haswsaromes aunetino nezasucumvLMy Ha ompesxe [a,b].
3ameuanue 3.3.1. 3 onpedenenus caedyem, wmo, ecau dynruuu @i (t)
deticmeumenvtol, Mo nNpu ONPEGEAEHUU UL AUHETHOT 3A6UCUMOCTIU U He3a-
BUCUMOCTIU QOCTAMOYHO PACCMAMPUBATNYL 0eTUCTNEUMENLHBIE 3HAUEHUS N0~
CMOAHHBIE C, k= 1,2,...,m.
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Mpumep 3.3.1. Paccmompum na ompesxe [a,b] dyrxyuu
pr(t) =%, pa(t) = £]t].

Ecau 0 < a < b, mo na paccmampusaemom ompesre ©1(t) = pa(t) u
Pyrryuu auretino 3asucumv, na [a,bl.

Ecau oce a < 0 < b, mo, nososicue t = d = min{|al,b} ut = —d
6 pasercmee c1p1(t) + capa(t) = 0, noaywum cucmemy cid® + cod® = 0,
c1d® — cod® = 0, uz Komopoti caedyem, wmo c; = cg = 0, a snavum pq(t) =
3 u @a(t) = t2|t] aunetino nezasucumwl na [a,bl.

3ameuanue 3.3.2. IIpumep [3.3.1] noxaswsaem, wmo sunetinas 3asucu-
MOCTND U HEZAGUCUMOCTIVD CUCTREMbL PYHKUUT 6 00ULLM CAYHAE 3A6UCUIM, O
M020, HA KAKOM OMPE3KE PACCMATNPUCLEMCA I CUCTREMA.

Onpepgenenne 3.3.2. Onpedesumenem Bpomckozo cucmemvt dyrkuyui
©1(t), ©2(t), ..., om(t), cocmoswed us (m — 1) pas nenpepviero dude-
peryupyemMur 1o ompeske [a,b] dynryud, naszvieaemes saguciuud om ne-
pemennot t € [a,b] onpedeaumenn

e1(t) @a(t) ©m(t)
o (t o (t) P (t)
Wlp1, ..., om](t) = det : : . :
el O IR Sl () BN el O

Heobxonumoe ycyioBue JIMHEHHOW 3aBUCHMOCTH CKAJISIDHBIX (DYHKITAN
yCTaHaBANBACT CJICAYIOMAasd TeopeMa.

Teopema 3.3.1. Ecau cucmema (m—1) pas nenpepuisro duddeperupy-
emuix Ha ompeske [a,b] ckaraprwx Pyrkuud p1(t), p2(t), ..., om(t) a6aa-
emca aunetino 3asucumoti na ompesxe |a,b], mo onpedeaumenv Bpownckozo
MOt cucmemvt MOHCOECMEEHHO PABEH HYAN HA IMOM 0OMPeE3Ke:

Wlp1,...,om](t) =0, VtE [a,b].

Hoxazameavcmeo. Tak kak dyHKImuu @k (t) juHeilHo 3aBUCUMBI Ha [a, b],
TO CYIIECTBYET HETPUBUAJBHBIN HabOP KOHCTAHT Ci,Ca,...,Cp, I KOTO-
poro Ha orpeske [a,b] cnpaseameo pasencrso (3.17). B sTom pasencrse
JIOIyCTUMO TIOWIeHHOe M depeHupoBaHne 10 TOpaaKa m — 1 BKIIOYHU-
TEJLHO:

clgogk)(t)+~-~+cmg07(f§)(t):O, k=0,1,...,m—1, t¢€]a,bl. (3.18)
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"3 (3.18) ciemyer, 910 BEKTOP-CTOMOIIBI OITpeIeIuTe st BPOHCKOrO JIMHEHHO
3aBUCHMBI Jist Beex ¢ € [a,b]. CienoBaresibHO, 3TOT OUPEAEIUTEb PABEH
HYJIO [ Beex t € [a, b]. O

Cnepctsue 3.3.1. Ecau dasn cucmemv. (m — 1) pas nenpepwviero dude-
peHUUPYeMUT Ha ompeske [a, b] ckanaproir Gynruud o1(t), p2(t), ..., om(t)
onpedesument Bponckozo omaunen om Hyas 6 nexomopot movke to € [a,b],

W[ng, ce 7§Dm](t0) 7& 07

Mo IMa CUCMEMA ABAAEMNCHA ANUHETHO HE3ABUCUMOUT Ha ompesxe [CL, b]

OTMeTHM, 9TO PABEHCTBO HYJIIO OIPEJIeTUTeNsT BPOHCKOTO sIBJISIETCsT, BO-
00111e TOBOPSI, TOJIBKO HEOOXOIMMBIM YCJIOBUEM JIMHEHHON 3aBUCUMOCTHU CKa-
JIsipHBIX GyHKIuA. 13 paBeHcTBa HyJTI0 onpejesuTesist BpoHCKOro He BbITe-
KaeT UX JIMHeWHas 3aBUCHMOCTb.

MNpumep 3.3.2. JTas m = 2 pacemompum wa ompeske [—1,1] dee pymx-
YU, UMENUUE HYAe80T onpedeaument Bponckozo:

o) =1, pat) = 2, Wiengal(®) =det (£, LI =
1 3 2 5 1,¥2 3t2 3t|t| = Y.

O0dnaxo, Kax NOKA3AHO 6vIWE 6 NPUMEDPE MU PYHKUUU ABAAOMCA
AUHETHO He3asucumbLmMy Ha ompeske [—1,1].

3.3.2. JIuHeitHas 3aBUCUMOCTh U HE3ABUCUMOCTDH PEIeHU JIMHEe-
HOT'0 OHOPO/HOrO AudPepPEeHINAITBHOTO YPAaBHEHUS

Paccmorpum snreitHoe ognopoanoe muddepeHiinaabHoe ypaBHEHUE M0~
psiika M ¢ HENPEepPBIBHBIMU Ha OTpe3Ke [a, b] meficrBuTtenbHbIMU KO3bdUIN-
eatamu a;(t), 7 =0,...,n, ag(t) # 0 na [a, b]:

ao(t)y™ () + a1 D)y V() + -+ a1 (DY (1) + an(t)y(t) = 0. (3.19)

Paccmorpum cucremy ckassipubix dyHruwii yp (t), y2(t), . . ., yn(t), aBis-
IOIIUXCS PellleHneM JIUHEHHOT'O OTHOPOJHOIO YpaBHEHUS MOPSLIKA 7.
Tloguepkrem, 9T0 KOJIMIECTBO (DYHKIINI B PACCMATPUBAEMOI CHCTEME COB-
majlaeT ¢ MOPsJIKOM ypaBHeHUs. VccieyeM BOpoc O CBA3W CBOUMCTBA, JIH-
HEIHOM 3aBUCUMOCTH PEINIEeHuil JIMHEHHOTO 0HOPOAHOrO mauddepeniinaib-
HOT'O YPaBHEHUS U 3HAYEHUs OlpesieanTesisi Bpouckoro. B ornuuune ot ciry-
qad IIpOI/ISBOHbHOfI CUCTEMbI (l)yHKL[I/II/I JJ1d CUCTEeMBbI peIIIeHI/Iﬁ OJTHOPO/IHOI'O
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D PEepPEeHITUATBHOTO yPABHEHHS TIOBeJICHNE OIpe/iesiuTesst BpoHCcKo-
T'0 SABJISIETCs KPUTEPHUEM JIMHEWHON 3aBUCUMOCTHU W HE3ABUCUMOCTU CHUCTE-
™Mbl pernennii. CripaBeinBa, CJIeyomasi TeopeMa, KOTOPYo MOYXKHO HA3BATh
Teopemoit 00 aJbTepHATHBE /Il ONpeeuTe/ s BpoHCcKoro.

Teopema 3.3.2. Jlas pewerud y1(t),y2(t), ..., yn(t) aunetrnozo odno-
POOHO020 YPasHEHUA Ha ompesxe [a,b] cnpasedausa caedyrowas arv-
MEPHAMUBA:

Q4 aubo0 Wiyt ..., yn](t) = 0 na [a,b] v dynwyuu yi(t),y2(t), ..., yn(t) au-
HeUHO 3a6UCUMDL HA IMOM OTNPE3KE;

G aubo Wiy, ... ,ynl(t) # 0 VE € [a,b] w dymwyuu yi(t),y2(t), -, yn(t)
AUHETHO He3asuUcuUMbL Ha [a, b].

Joxazamenvcmeo. TlycThb B KAKOW-TO TOYKE f( ONpeIeuTe/ b BPOHCKOro,
cocraByieHHbI 13 dyHKIuit v (t), pasen nymmo, 1o ectb Wiy, ..., yn](to) =
0. PaccmoTpuM cuCTEMY JIMHEHHBIX aJre0pamdecKuX ypPaBHEHWH OTHOCH-
TEJBHO HEUM3BECTHBIX C1, €, . . ., Cp:

cyi(to) +caya(to) + -+ + cnyn(to) = 0,
ayy(to) +cays(to) + -+ +enyp(to) = 0, (3.20)
eryt" ™V (to) + coys™(to) + -+ euyl" Vite) = 0.
Tax Kak OIpeaenTeNb 3TOH CHCTeMbl PaBeH OIIpee/INTeNi0 BPOHCKOro U
pased Hy10 (Wy1, ..., yn](to) = 0), To T2 cucTeMa nMeeT HETPUBUAJIBLHOE
PeIleHue C1,Ca, . .., Cn, kzn: lek| > 0.
=1

Paccmorpum dyHKIMIO

J(t) = > Cyk(t).
k=1

W3 teopemsr [3.2.1| ciemyer, 9ro 91a (DYHKIMS sIBJISIETCsT PEIIIEHUEM OJTHOPO/I-
uoro guddepennuanpaoro ypasuenus (3.19), a uz (3.20) ciexyer, aro ona
YVAOBJIETBOPAECT HaYAJIbHBIM YCJIOBUAM

7™ (te) =0, m=0,1,...,n—1.

1o o3Hauaer, 4T0 bYHKIWA Y(t) SBIETCH PElIeHHeM OJHOPOIHOro -
depennmanapaoro ypasrerus ((3.19)) u yzoBaersopsieT HyJ€BbIM HAYAIBHBIM
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YCJIOBUSIM B TOUKe tg. [0 Teopeme eIMHCTBEHHOCTH pelreHus 3aaan Kommu
Juist mHelHoro nuddepeHIaabHOro ypaBHeHns 3Ta, (pyHKIUA paBHa, HyJIiO
Ha orpeske [a, b]. CienoBaresbo,

g(t) =Y Gyk(t) =0, telab,

k=1

n dbysxun y(t), k = 1,2,...,n auneliHo 3aBucuMbl. Torja U3 TeopeMbl
CJIeJIyeT, 9YTO OlpeJIeuTe/ b BPOHCKOT0, COCTABIEHHBIN 13 3TUX (DYHK-
1uii, paBeH HyJIIO Ha OoTpe3Ke [a, b].

IlycTh cymecTByer TOUKa { € [a,b] Takas, aro Wiy, ... ,yn](tA) # 0.
Torpma U3 NPeABIAYIIEro CIELYET, YTO ONPEIEJUTEH BPOHCKOrO HE paBeH
HyJIIO HA B OJHON TOUKe oTpeska [a,b], m dynrmyn yi(t), k = 1,2,...,n
JIMHEITHO He3aBUCUMBI Ha 9TOM OTPE3Ke. O

3ameuvanue 3.3.3. B cuay dokasanmoll meopemuv, paccmompenmvie 6
npumepe dsaotcov, nenpepuero duddeperyupyemvie AuRetino He3a6U-
cumwvie wa ompeske [—1,1] Pynryuu

pi(t) =17, a(t) = [t

HE MOYM ABAANDLCA PEUEHUAMU HUKGKO20 AUHETH020 00HOPOOH020 YPaG-
HEHUA 8TMOPO20 NOPAJKA

ao(t)y" (t) + ar(t)y'(t) + a2 (t)y(t) =0, t € [-1,1]

¢ nenpepvisnvmu koophuyuenmamu ag(t), ai(t), az(t) u ao(t) # 0, no-
cxoavky Wipr, o2](t) =0 na ompeske [—1,1].

3.4. dyHgamMeHTaIbHAdA CUCTEMAa PEIeHU n
ob1riee pelrienue JimHeiHOro auddepeHnnajIbHOro
ypaBHEHUs

3.4.1. ®PyngaMeHTaIbHAasI CUCTEMAa PeIleHul JUHEeNHOTo
O/THOPOJHOTO YPaBHEHUS

Onpegenenne 3.4.1. Oyndamernmanvrol cucmemotl pewenutdl Auret-
1020 00HOPOOH020 JuPPeperHuuarvHo20 YPasHEHUS, T-20 NOPAIKA Ha
ompesxe [a,b] nazvieaemes cucmema u3 N AUHETHO HE3ABUCUMBLT HA OaH-
HOM OMpeske PEWEHUT, IMO20 YPASHEHUA.
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Teopema 3.4.1. V 1106020 aunetinozo 001opodhozo ypasHeHus
cywecmeyem gyrndamenmanvias cucmema pewerud wa [a,b].

Hoxasamenvcmeso. PaccMoTpuM mocTogHHyIo MaTpuIty B ¢ snementamu by,

i,7 = 1,2,...,n takyio, uro det B # 0. O6o3nauuM uepe3 y;(t) perenus
zagaan Komu s ypasuenns (3.19) ¢ HaMAIbHBIMU YCIOBUSIMUI
—1 .
yj(to)zblj,y;(to)zbgj, ’y](n )(tg)anj, ]Zl,Z,...,TL. (321)

ITo Teopeme [2:3.5] cyrmecTBoBaHus U €MHCTBEHHOCTH perneHns 3aaau Ko-
I JJIs1 JINHEHHOTO i DepeHIuaibHOr0 YPABHEHUS N-T0 IOPsiiKa, PyHK-
muu y;(t) CymecTBYIOT U OIpeaesIeHbl onHo3HadHo. CoCTaB/ICHHBIN U3 HAX
onpeyenurens Bponckoro Wiy, ..., y,](t), B cuity yciaosuit , TAKOB,
aro Wlyr,...,yn](to) = det B # 0. CiuemoBarenbHo, 110 Teopeme OH
He paBeH HyJIIO HU B OJIHOI TOUKe OoTpe3kKa [a, b], m dyHKInm Yj (t) suneiino
He3aBUCUMBI Ha OTpeske [a,b]. 3Hauut, oHu 06pasyor (yHIaAMEHTAILHYO
CUCTEMY DeIleHnl ypaBHEHUs u TeopeMa JI0Ka3aHa. O

3ameuanue 3.4.1. 43 dokasamenvcmea meopemo. [3.4.1] caedyem, wmo
PYHIaMEHMAALHAA CUCTIEMA PEULLHUTE YPABHEHUS, onpedesena Heoo-
noanawro. Jeticmeumenvro, 6ubupas pasauunsie mampuys. B makxue, wmo
det B # 0, Mot noayum pasausmoe GyroamMenmanvrsie Cucmemvl peweru

YpasHeEHUA .

3amevanune 3.4.2. Tax xax xoadduyuenmor ypasrernus a;(t) eewse-
cmeerHbl, Mo HYHIAMERTNAAOHAA CUCTEME PEUEHUTE AUHETH020 00HOPOO-
H020 YPABHEHUSA MaKoce Mosxcem 0bmo 6vbpPaHa GewecmseerHo.

3.4.2. Ob61nee penieHue JIMHEIHOTO OJHOPOJHOTO ypPaBHEHUS

Onpegenenne 3.4.2. Ob6wum pewenuem Aunetino2o 00Hopooro2o dudg-
Pepenyuasvro20 YpasHenua n-20 Nopadka HA3BIEACTNCA 3A6UCAULEE
0M N NPOU3EONLHBLL NOCTNOAHHDBIL PEULEHUE ITNO20 YPAGHEHUA TAKOE, YIMO
aoboe dpyzoe pewenue YpasHeHus MODICEM, OBIMD NOAYUEHO U3 HE20
8 PE3YALMAME 6HLO0PA HEKOMOPHIL 3HAUEHUL IMUL NOCNOAHHBLL.

Teopema 3.4.2. [Tycmo y1(t),ya2(t), ..., yn(t) — Pyndamenmanvras cu-
cmema pewenull Aunetinozo 00HoPo0H020 YPASHEHUS Ha ompesKe
[a,b]. Tozda obwee pewerue amo20 YPaBHEHUA HA PACCMAMPUBAEMOM OM-
peske umeem 6ud

yoo(t) = ciya(t) + caya(t) + - - + cnyn(t), Ve € C. (3.22)



3.4. OynnameHTa bHAS CHCTEMA DEIIEHHI U ODINee perieHne 73

Jloxaszamenvcmeo. Tak Kak JUHEHHAs KOMOUMHAIUS PEIEHU OJIHOPOIHO-
ro ypaBHEHUS SABJISIETCS PEIEHUEM STOTO yPABHEHWs, TO IIPH JIIO-
ObIX 3HAUEHUSIX IIOCTOSHHBIX ¢k DYHKIUSA Yoo (t), onpenensemast Ghopmyioit
, SIBJISIETCST PEIIEHNeM JIMHEHHOTO OJHOPOIHOTO jirddDepeHITnaIbHOTO
yPaBHEHUSI .

[Tokaxkem Temepnb, ITO JTIOOOE pelIeHre ypaBHEHU MOXKeT OBbITh
[TOJIyYEeHO U3 B pe3yJibrare BbIOOpA 3HAYEHUH MOCTOSTHHBIX Ck. 1lycTh
y(t) — HEKOTOPOE pellleHne ypaBHEHHs! . Paccemorpum cucremy asire6-
panvecKnx ypaBHEHUl OTHOCUTELHO HEU3BECTHBIX Ck

a1y (to) + caya(to) + -+ + cnynl(to) = Ylto),
ey (to) + cays(to) + -+ cuyy(to) = ¥ (to), (3.23)
gt P (to) + eays" Vit + -+ ey (ko) = TV (o),

rjie tg — HEKOTOpasi TOYKa 0Tpe3Ka [a, b]. OupeennTesis 910l cucTeMbl paBeH
OIIpeJIENTUTENI0 BPOHCKOrO B TOUKE ty M HE pABEeH HYJIIO, TaK KaK PEIleHus]
y1(t),y2(t), . .., yn(t) muHeitHO HezaBUCHMBI. CileJOBATEIBHO, CHCTEMA
UMEET €JIUHCTBEHHOE PEIEHUE C1, Co, - - - , Cp.

Paccmorpum dyuknuio

y(t) = Z Cryk(t).

k=1

n

Ora dynkuus spigercsa pemenueM ypasaenus ((3.19). Tak kak mocrosHubie
C1,Ca, ..., Cyp IPEICTABILIOT CO0OI pemienue cucremsl (3.23), To dyHKIWs
y(t) TakoBa, 4ToO

:/y\(k)(to) :g(k)(to)a k:Oala"'anil'
Caenoparesbro, dyHkuu Y(t) u y(t) ABISIOTCS PENIEHUSIMU YPABHEHUsI
(3-19) 1 yHOBIETBOPSIOT OJHUM U TEM YK€ HAYAJILHBIM YCJIOBUAM B TOUKE tg.

IIo Teopeme o cyIecTBOBaHUHU W €IMHCTBEHHOCTH pereHus 3ajadn Kormm
9TU (PYHKIMHU JOJIXKHBI COBIIAIATD:

g(t) =5(t) = Y @)
k=1

Teopema [3.4.2| nokazaHa. O]
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Cnepcreue 3.4.1. /s meope,/wm caedyem, wmo ypasHeHue

HE MOHCEM UMEMD D0ACE N AUHETHO HE3ABUCUMDBLE peweﬁuﬁ.

ITokazkeM, 9TO CIPaBEIJIMBOCTL 3TOTO yTBEPXKJACHUST CYIIECTBEHHO CBSI-
3aHa C TEM, YTO MbI [IPEJIIOJIOKIIN, 4T0 Koaddunuent ag(t) BComy oTImdeH
oT HyJId Ha OTpe3kKe [a, b].

MNpumep 3.4.1. Ha ompesxre [—1,3] paccmompum mpu dynryuy

() =t ya(t) =1, ys(t) = |t]>.

Imu GyHKYUY AUHETHO HE3ABUCUMbL HE PACCMAMPUBIEMOM OMPEIKE U YIO-
BAEMBOPAIOM, AUHETHOMY 00HOPOOHOMY YPABHEHUIO 8TMOPO20 NOPAJKA

y" =3ty +3y=0, te[-1,3],

¢ woapuvuenmom ag(t) = t2, xomopwiii obpawaemca 6 noav nput = 0 €
[_17 3}

Takum o6paszom, 6e3 mpenosnoxkenust ag(t) # 0 Vt € [a, b] Teopema
HEBEpHA.

3ameuanue 3.4.3. Tux xax 6ce koapduyuenmo, ypasHeHus ee-
WECTNEEHHDL, MO U 06ULEE PEWEHUE ECTNECTGEHHO UCKAMb 6 KAACCE Geule-
cmeennvx pyrryuti. Tozda npu evibope sewecmeennoli pyHdamermanrvHot

cucmemovl, pewerutl (cm. 3amenanue k meopeme ) Ppopmyaa ons

npoussoavrur ¢; € R daem obuee sewecmeennosnauroe pewerue aunet-
H020 00HOPOOH020 YPABHEHUA.

3.4.3. Ob1ee penieHue JIMHEIHOTO HEOAHOPOAHOTO YPABHEHUS

PaccMoTpuM JIMHEIHOE HEOJHOPOJIHOE YPABHEHHE C HEIPEPBIBHLIMU Ha,
orpeske [a, b] meficrBuTenbabIMEU KO duneHTAMY

aj(t), j=0,...,n, ao(t)#0, tela,b]
U HeIpepBIBHOI Ha [a, b] npasoil yacteio f(t):
ao(t)y"™ (t) + a1 ()y V() + -+ an—1 (DY () + an(y(t) = f(D).(3.24)

Ilepeiinem K omucanuio OOIIErO pEIeHNs JTUHEHHOrO HEOIHOPOIHOTO Tud-
depeHnraIbHOTO ypaBHEHUS N-T0 MOPS KA . Omnpenesierne obIIEro pe-
IIIEHUsT STOTO YPABHEHUSI AHAJIOTUYIHO OIPEJIEIEHUIO ODIIEro PEITeHIsT OJTHO-
POJTHOTO ypaBHEHUS.
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Onpegenenne 3.4.3. Obwum pewenuem Auneldnozo HeooHoPooH020
Juddepenyuanvrozo ypasrerus n-20 nopaoka HA3BIBAEMCA 3A46UCA-
wee om N NPOU3BONOHBLL NOCMOAHHDIL PEULEHUE IMO20 YPABHEHUS TAKOE,
wmo aboe dpyzoe pewenue YypasHeHus MOdHCEM. OBIMD NOAYUEHO U3
HE20 8 PE3YALMAME GHOOPA HEKOMOPHLL 3HAMEHULT IMUL NOCTNOAHHDIL.

Teopema 3.4.3. ITycms y1(t),y2(t), ..., yn(t) — Pyndamenmanvras cu-
cmema pewenuti Aunetinozo 00nopodHo2o YpasHeHUs. Ha ompeske
[a,b], yu(t) — nexomopoe (uwacmnoe) pewenue Heo0HOPOOH020 YPABHEHU
. Tozda obwee pewenue Aunetinozo HeodnopodHo20 YPasHEHUA
HA PACCMAMPUCLEMOM OMPEZKE UMEEM, 6UJD

you(t) = yu(t) +yoo(t) =
= yH(t) +cay (t) + C2y2(t) +---+ Cnyn(t)a (325)

20e C1,C2,...,Cp — NPOU3BONLHDLE KOMNAEKCHDLE TLOCITNOAHHDIE.

Hoxasamesvcmso. aa moboro nabopa konctanT ¢; € C dopmymna
OIIPEJIETISIET PellleHne JIMHEHHOIO HEOHOPOIHOIO YPABHEHUSI B CHUILY
JnuHeitHoCTH ypaBHeHusi. COrIACHO OIIPeIEIEHITO OBIIEero peleHns OCTaI0Ch
[OKa3aTh, YTO BLIOOPOM KOHCTAHT B (hOpMyJIe MOKHO TIOJIYIUTh JIIO-
6oe Hanepes sasannoe pemenue ([3.24)), To ecrs must moboro pemenns y(t)
HEOIHOPOIHOIO YPABHEHUS HailAyTCsd KOHCTAHTHI C1, C3, . . . , Cy, TAKHE,
4YTO HA OTpPE3Ke [a, b] Gyzer BBIIOJIHEHO PABEHCTBO

y(t) = yu(t) + ciy1(t) + caya(t) + -+ - + Cuyn(t). (3.26)

Hycrs y(t) — pemenne neopnopoporo ypashenus ([3.24). Pasnocrs
y(t) = y(t) — yu(t) mBYX peleHuUii JMHEHHONO HEOJHOPOJHOIO ypaBHE-
HUS sABJIsleTCsl peltenueM ofHopoauoro ypastenus ([3.19). Ilo reope-
Me 06 0BIIeM penreHnn JTMHEHHOrO OJJHOPOHOTO YPABHEHNS HAHTY TCS
KOMIIJICKCHBIE KOHCTAHTBI C; TAKHe, YTO HA PACCMATPUBAEMOM OTPE3KE BbI-
nostHeHO paBeHCTBO Y(t) = C1y1(t) + Caya(t) + - - - + Cryn(t), a BMecTe ¢ HUM
¥ nckomoe pasercTso ([3.26)). O

3.4.4. MeToa Bapualuu MMOCTOSHHBIX

N3 Teopewmnr [3.4.3| citetyet, 9T0 /Uit TOCTPOEHUsT OOINETO PEIIEHNs HEOI-

HopozHoro guddepennuaabaoro ypasuenus ((3.24)) mocrarouno suarb dyH-
JIAMEHTAJIBHYIO CHCTEMY pellieHuil omHopoHoro ypasHenusi(3.19) n xkakoe-
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HUOY/Ib PeIlieHne HeOJHOPO/IHOTO YPAaBHEHU S . Paccmorpum mero mmo-
crpoenust periennst Yy (t) HEOJHOPOIHOIO YDABHEHUS B CjIydae, KO-
raa m3BecTHA (DYyHIAMEHTAJbHAST CHCTEMa DPeIleHuil OJHOPOIHOIO ypaBHe-
HUSA . B srom meTone YacTHOe pellleHre UINETCH B BUJIE, TTOBTOPSIO-
meM cTpyKTypy (3.22) ofriero perenusi o HOPOIHOIO ypaBHEHHUsI, B KOTO-
POM KOHCTAHTBI C1, C2, . .., Cy 3aMEHEHBI Ha IIOKA IPOU3BOJILHBIE HEIIPEPHIB-
Ho mudpdepenrupyemMblie Ha oTpeske [a, b] byuximm ¢ (t), ca(t), ..., cn(t), a
MMEHHO:

yu(t) = cr()yi(t) + ca()y2(t) + - - + cn(Oyn (). (3.27)

ITycre mpoussonusle ¢ (t) dyuxumii ck(t) u3 upencrasuenus (3.27)) ompe-
JIGJISTIOTCS. JJIst KaKIoro ¢ € [a,b] u3 cucreMbl JMHEHHBIX aJrebpandecKux

YPpaBHEHU
¢ (t)y <>+c2<>2<t>+ Oy, t) = 0,
ca<t>y§><>+c2<> O+t = o,
AW + SOy I+ Ly ) =0,
OO + 40 0+l = L0

Tak kak bysruU Yk (t) 06pasyor GyHIAMEHTAIBHYIO CUCTEMY DEIleHHii,
TO OIpeJeJIUTE]Nb CUCTEMBI JIJIsi HEU3BECTHBIX C) (1) He paBeH Hy/IIO0 HH B
OJIHOI TOYKe, M CUCTeMa MMeeT eJUHCTBEHHOe pellleHre

t
Nurerpupys, Haitnem dyukmuu c(t) = [ g (7)dr
to

Borpaxkerust JIj1st TPOU3BOIHBIX YACTHOTO pertenus u3 (3.27) npuanmator
BUJI

yu(t) = a®y(t) + c2(t)ys(t) + )y (t),
yat) = Oyl () + c2(tyz (t) + cn (B (1),

v (@) = a®u" 0+ e @) + eyl @),
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y (1) = e (t)yl (1) + ea()ys™ (8) + en )y (¢t +ch V() =

BP0 + e (D) + a0 + L
ao(t)
Taxum 06pa3oM, B MeTOe BapHalllU IIOCTOSHHBIX BBIUHMCJIEHUE ITPOU3BOI-
HBIX HCKOMOI'O 9aCTHOTO PeIeHus 110 topstzika (n— 1) BKIIIOYUTEIHHO
IPOUCXOJUT TaK, Kak Oyaro 6bI GyHKIWH ¢;(1) He 3aBUCAT OT ¢ U SIBIISTIOTCSI
KOHCTaHTaMM.

IMoncrasus dysKIWmO Y (t) B JeByo YacTh ypasHeHus ((3.24]), nmeem

I
)
SR
—~
~
~
—

ﬁyH (t) = Qo (t)

ch O+ar®) Y @y V) +. ..
k=1

=1

()Y (B (t) + anlt ch Yokt

k=1

HpOI/I3Be,ZLSI NEeperpynnmupoBKy CjaraeMbIX U IIPUHSB BO BHUMaHUE OIIpeE/Ie-

senue (3.16]) oneparopa £, noayaum
Lyn(t) = (1) + D en(t)Lye(t) = f(£) + 0= f(¢), t€ [a,b],

k

=

IIOCKOJIBKY (byHKLu/H/I yk (t), k= ..., N ABJIFIOTCS PEIIEHUAMU OTHOPO/I-
HOI'O ypaBHEHUS ), Lyi(t) = I/ITaK, MbI yOEIMJINCh, 9TO TOCTPOECHHAS

dyHKIISA
t

yir(t) = 1 (O (1) + ca(O)ya(t) + -+ + e (t)yal Zyk ) [ antryar

to
SIBJISIETCSL PEIeHIEM HEOTHOPOTHOrO ypasHeHust (3.24)).
3.4.5. IlocTpoenne dpyHIaMEeHTAJILHOW CUCTEMBI PEITeHU JIJIs1 JIu-

HeIfHOrO OJHOPOJHOIO YPABHEHMS C TIOCTOAHHBIMU KO3(ddu-
IMEeHTaMU

PacemorpuMm JtnHeltHOE OJTHOPOJIHOE ypaBHEHUE N-TO TOPSIKA C BeIre-
CTBEHHBIMH IIOCTOAHHBIME Koddduimenramu a; € R, j =0,...,n, ag # 0:

aoy™ () + ary™ V(@) + -+ an19/(t) + any(t) = 0. (3.28)
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DT0 ypaBHEHNE MOYXKHO 3aIucarh B omeparoproM sujge Ly = 0, riae audde-
peHIAIBHBIA oneparop L ¢ MOCTOSHHBIMEU KOo3dduimenTamu

Ly = aoy™ (t) + a1y V() + -+ an_1y'(t) + any(t).
COHOCT&BHI\’I ,QI/I(beepeHL[I/IaJIbHOMy OHepaTOpy £ MHOI'OYJIEH
M) = ag\" +a N+ a, N Fa,. (3.29)

Muorowien M (A) Ha3BIBACTCA TAPAKMEPUCTNUMECKUM MHOZOUACHOM, &
ypaBHEHHUE

M) =0 (3.30)

HA3BIBAETCS TAPAKMEPUCTNIUNECKUM YPAEHEHUEM.

Ouesntao, uro dyHKIWs exp{Aot} sBsiercs: pemenueM guddepeHnn-
AJIHOTO YPABHEHUS TOTZ[A U TOJIBKO TOT/IA, KOTJIA Ag HABJISETCS KOD-
HEM XapaKTePUCTUIECKOTO yPAaBHEHUS . Ob6o3HaunM gepe3 Aq, ..., Ay
HOIIAPHO Pa3/IHYHble KOPHU XapPaKTePUCTHIeCKOro MEOrowIeHa, M(A;) = 0,
a gepe3 ki, ..., ky 0003HAUUM KPATHOCTU ITUX KOpHEi, k1 + -+ + ky = n.
Taxkum 06pazoM, CIpaBeJINBO PABEHCTBO

M) = ao(A = A)F (0 = Xo)k2 o (N = M), (3.31)

Nemma 3.4.1. Jiasa moboti n pa3 nenpepweno Jugddepenyupyemots
dynxyuu g(t) u npoussoavnozo A € C cnpasedauso pasencmeo

(m ) (m) (¢
E(exp{/\t}g(ﬁ)) = exp{ At} Z M—)g()

Loxazameavcmeo. 1lo dbopmyme Jleitbrua
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CrenoBare/ibHO,

(exp{)\t}g ) Zan p;t (GXP{M}Q( ))

p dm (m) t
= exp{)\t} Zanfp Z A m ()\P) g m'( )

p=0 m=0

= exp{ At} Z An—p Z s ()\P) 9 m!(t),

rak Kak d™AP/dAN™ =0, m = p+1,...,n. Mensds nopsiioK CyMMHPOBaHUS,
10Ty IaeM

E(exp{At}g(t)) = exp{ At} Z g - dci\”:n (f: an,p)\p> =

= exp{At} Z g M(m)(A)
O

Nemma 3.4.2. Jlas %601cd020 KOPHA Nj TAPAKMEPUCTNUYECKO20 YPAGHe-
HUA xpamuocmu kj Pyrryuy

exp{\;t}, texp{\t}, ..., tNlexp{)\t}

ABAAIOMCA PEUWLEHUAMU 00HOPOOHO020 YPABHEHUA .

Jloxazamenvemso. Tak kak \; — kopensb ypasnernus (3.30) xparnoctu kj,
To B cuity (3.31) cupaBemnBo paBeHCTBO

M) = (A= X)" R,
rae R(\) — MHOrOYWIeH cTemenn n — kj. fCHO, 9TO HIMEIOT MECTO PaBEHCTBA

dm™M (A
M ()\) = Tﬂg) =0 m=01 k- L
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TTosTomy u3 jIeMMbI o g(t) =P, p=0,1,...,k; — 1 umeem

n D (m)
E(exp{)\jt}t”> = exp{A;t} Z (t 731' M (\) =
m=0 ’
()™

= exp{A;t} Z TM(m)(/\j) =0 (rax kak p < kj).
m:kj :

O

Taxum obpazom, MbI ITOKa3asu, YTO MYHKIANA
exp{\jt}, texp{\t}, ..., tMTlexp{N\it}, j=1,....0 (3.32)

SIBJIAFOTCS  PEIIeHUsIMA  OJHOPOJHOIrO MudepeHIInabHOrO yPaBHEHMS
(13.28). KomuaecTBo aTnx yHKIWIT COBHAJAET C MOPSAKOM N auddepen-

[UaJabHOro ypasHeHus (3.28)).

Teopema 3.4.4. Cucmema @ynruui cocmasasem dyrndamen-
MAALHYIO CUCTNEMY DEWEHUT AUHETH020 00HOPOOHO20 YPAGHEHUA C TOCTMO-
AHHOLMU KOIPPUUUERMAMU Ha arbom ompesxe [a, b].

Loxazameavcmeo. s moka3zaTesbCcTBa TEOPEMBI [IOCTATOYHO JI0KA3ATh,
qT0 cucTemMa (OyHKIIHH ABJISIETCS JIMHEWHO HE3aBUCUMON Ha JTIOOOM
orpeske [a, b]. TIpeanonoxKnm, 9T0 HETPUBHAJbHAS JINHEHHAS KOMOMHAIIUS
bYHKIMIT U3 CHCTEMBI obpaInaercst TOXKJIeCTBEHHO B HOJIb HA HEKOTO-
POM OTpe3Ke:

ki1 ka1 ke—1

Z C’l,ktk exp{\it}+ Z C’Mtk exp{Aat}+---+ Z C’g7ktk exp{A\t} =0,
k=0 k=0 k=0

Un

Py (t) exp{ it} + Po(t) exp{Aat} + - - + Py(t) exp{ st} = 0, (3.33)

rie cremeHb Muorowrena s; = deg Pj(t) < kj — 1, j = 1,...,(. Be3s orpa-
HUYeHUsT OOIIHOCTU MOXKHO CUUTATh, 4TO MHOrOWIeH Pp(t) HeTpuBHaseH,

Py(t) = pet® + ..., pe # 0. Iocse ymuoxkenns (3.33)) ma exp{—A;t} momy-

qaeM

Pi(t) + Pao(t) exp{(A2 — M)t} + - - + Po(t) exp{(As — A1)t} = 0.
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JuddepernupyeM B HoOCIEHEM PABEHCTBE MOWIEHHO 1 + 1 pas. Tak kax
dsitip, 1 (t)

deg Py (t) = s1, TO e

raeMbIX 3aMETHUM, YTO

(P;(t) exp{ut}) = (uPj(t) + P;(t) ) exp{ut}, p=X —X #0,

TO ecThb pu AuddEePEeHNNPOBAHIE B MHOYXKUTEJIE TIePe]] SKCIIOHEHTO! OCTa-
eTcs MHOTO4JIEH Toil ke crenenu. Torma

= 0. st npeobpa3oBaHust OCTAIbHBIX CJIa-

% (P;(t) exp{(A\j — A\)t}) = Q;(t) exp{(\; — \1)t},

deg Qj(t) = S, Qj(t) = ()\] — /\1)51+1pjts-7 + ...,

B pesysibrare nmpuxonuMm K paBeHCTBY

Qa2(t) exp{(Aa — M)t} + -+ + Qu(t) exp{(Ae — \1)t} = 0.

Tocue ymHOXKeHust Ha exp{ (A1 — A2)t} u nowiennoro nuddepeHppoBanus
[OJIYYEHHOIO PABEHCTBA S + 1 pa3 umeem

Rs(t) exp{(As — A2)t} +-- -+ Ro(t) exp{(Ae — A2)t} =0, degR,(t) =s;,
Rj(t) = (/\j - )\2)82+1()\j - /\1)Sl+1pjtsj +..., j=3,... L

IIponoirzkas 3Ty nporenypy, Ha HOCIETHEM STAIe [IOJIyIaeM

Se(t) exp{(Ae — A—1)t} =0, deg Se(t) = sy,
Se(t) = (Mo — A1) T (e — A) 2T (A — A )5 T et 4L

OpHaKO TOJIyYeHHOE PAaBEHCTBO IIPOTHBOPEYUT HETPUBUAJBHOCTH MHOTO-
wiena Py(t) co crapmmm kodddunuenrom py # 0. Iosydennoe nporuso-
petune 0OOCHOBBIBAET CIIPABEJINBOCTD JIOKA3BIBAEMOI'O YTBEPK/IEHUS O JIU-

HellHOi He3aBuCHUMOCTH cucTeMbl ([3.32)). O

3.4.6. IlocTpoeHue BelecTBEeHHON DyHAAMEHTAJIBHON CUCTEMBbI
pelteHuii jisd JUHEHHOrO OJHOPOJHOTO YPABHEHUS C
MOCTOSIHHBIMY KO3 puiimeHTaMmn

Tax kak Bce KoadbuimenTs! ypasuenus (3.28)) BeruecrBeHHbl, TO QyH-
)la.l\/IeHTaJH)HyIO CI/ICTel\/Iy peHIeHI/Iﬁ MOZKHO TaKzKe KOHCprKTI/IBHO IIOCTpOI/ITb
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B BEIIECTBEHHOM BHJ€. XaPaKTEPUCTUIECKUN MHOTOUJIEH B vMeeT Be-
mectBeHHble KO3bdunuentol. Kak ciietyer n3 Kypca JimHEHHO# aareOpsl,
€ro KOMIIJIEKCHO3HAYHbBIE KOPHU UJIyT KOMIIJIEKCHO COIPSI?)KEHHBIMU TTAPAMHU:
A=a+if, \* =a—if, o, € R. Torga B mocTpoerHoil yH1aMeHTATBHON
CHUCTeME PelreHuit GYHKIINU, OTBEYAIOIINEe BEIIECTBEHHBIM KOPHSIM
XapaKTepucTuIeckoro Muorowiena My, (A), sSIBIASIOTCS BeIECTBEHHBIMH, &
OTBEYAIOIINE KOMIIJIEKCHBIM KOPHSIM (DYHKIIUU BCTPEUAIOTCS TOJBKO KOM-
IJIEKCHO COTPSIZKEHHBIMU [TAPAME:

y(t) = t° exp{at}(cos St +isin ft), y*(t) = t° exp{at}(cos St — isin 5t).

3amenum KaK/1y10 I1apy TaKnux beHKLH/IIU/I COOTBETCTBYIOIIIUMHN ,[LeﬁcTBHTeJIb—
HbIMM 1 MHUMBIMU YaCTAMM:

yr(t) = Rey(t) =t°exp{at} cosft,
yII{(t) = Imy(t) = t* exp{at} sin Bt. (3.34)

Oyukuun yr(t), yr(t) ABIAIOTCS PEIIeHNsSIME JIMHEHHOTO OIHOPOJHOTO ypaB-
uenus (3.28]) kak ymHeiiHbIE KOMOMHAIMU PENIEHUI YTOrO yPABHEHUS.

[Mocrpoennast TakuM 06Pa30M COBOKYITHOCTH COCTOUT U3 7. 8EULECTNEEH-
HHLT PEIIeHUil JIMHEITHOTO OJTHOPO/IHOTO yPABHEHUS u 3a/1aeT ero Qyn-
JIAMEHTAJIbHYIO CUCTEMY PelIeHWi HaJl MOJEeM BeINeCTBeHHBIX duces. Jljsa
000CHOBaHMS ITOr0 (PaKTa OCTAJIOCH YOEIUTHCSA B JIMHEHHONW HE3ABUCUMOCTH
HAJT TTOJIEM BEMECTBEHHBIX IHCENT IIOCTPOCHHOM CHCTEMBI Ha JTIOOOM OTPE3KE
[a, b]. TIpearonoKkuM NPOTUBHOE, TO €CTh HEKOTOPas JINHEHAST KOMOMHAIMSI
C BeIeCTBeHHBIMHI Koddduimentamn r; € R 1719 mocTpoeHHBIX GyHKIHi
ofpamaercst B HOJIb Ha HEKOTOPOM oTpeske [a,b]. He orpannumsas obur-
HOCTH MOYKHO CUHMTATh, YTO B TAKOW JIMHEHHOW KOMOWHAIIMU BCTPEYACTCS
cyMMa BHJIA

vt ryr(t) Froyr(t) 4o =0, 413 >0.

Honcrasngas u3 (3.34) BbIpakeHust I BCEX BCTPEUAIOIIUXCS I1Ap depe3
COOTBETCTBYIONHE KOMIUIEKCHDIE (DYHKIIUHU, IIOJIyIaeM PaBEHCTBO

oo 0.5(ry — irg)y(t) + 0.5(ry +ira)y*(t) + - =0, 7% +7r2>0.

Takum 06pa3oM, HeTpUBUAIBHAS JIMHEHAST KOMOMHAIINAST ¢ KOMILIEKCHBIMHA
ko3 durmentamu [t GyHKIUN 13 UCXOIHON (DYHIAMEHTAIBHON CHCTEMBI
pelenunii 00paTUIaCh B HOJIb, ITO IPOTUBOPEYIHT €€ JIMHEHHON He3a-
BUCHMOCTH.
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MNpumep 3.4.2. Cocmasums aunetinoe odnopodnoe dugdeperyuarvroe
YPAGHEHUE HAUMEHBULER0 NOPAIKG C NOCTNOAHHDLMU 6EULLCTNEEHHLMU KOIP-
duyuenmamu, y KOMoOPo2o PEUECHUAMU ACAAIOMCA GYHKUUL

Y1 (t) = 1, yg(t) = sin(2t).
s pewerus amot 3adauu npedcmasum GYHKUUY 6 ude
y1(t) = exp{0-t}, yo(t) = Im exp{2it}.

Tax Kax YypasHEHUE UMEEM ewecmsernue Kodpduuuermor, mo u GyHk-
yusa y3(t) = Re exp{2it} maxoice asasemes ezo pewenuem. Komnaexcnasn
PYHIaMEHMAALHAA CUCTNEME PEWEHUT cocmoum u3 Gyrruu

exp{0-t}, exp{2it}, exp{—2it},

NopsAdoK YPasHEHUA PABEH 3, KOPHU €20 TAPAKMEPUCTNUNECKO20 MHO2OUAEH
cymv A1 = 0, Ao = 21, A3 = —2i. Ilo sudy mHozouseHa

M) = A\ — 20) (A +2i) = A3 4 4\
soccmarnasAueaem camo 0ugﬁgbepeuuucmbnoe ypasrHerue

y//l + 4yl — O

3.5. IlocTpoenne auHeitHOTO MUdPEPEHITNATHHOTO
YPaBHEHUS N-TO MOPSAIKA MO €ro penieHusM

3.5.1. Iloctpoenmne auHeliHOrO auddDepeHTNATBHOTO yPaBHEHUS
II0 €ero peleHusM

B sTrom maparpade Mbl cHAaYATIA PACCMOTPUM BOIIPOC O MOCTPOEHUN JIH-
HEWHOT0 OHOPOIHOTO AU HEPEHITNATHHOTO YPABHEHUST

y™M(6) +ar(O)y" (@) + -+ (DY (1) + an(D)y(t) = 0, (3.35)

pellieHrneM KOTOPOro SIBJISIFOTCS 3aJlaHHble (pyHKIuu. 1Ilpu 9TOM BO3HUKA-
0T [Ba BOIIPOCa, a MMEHHO: CYIIECTBYET Jin JinHeiiHoe aud depeHnuaabaoe
ypaBHEHNE, MMEIONIee CBOUMHU PEIIeHUSME 33 aHHble (DYHKIUH, W €IUH-
CTBEHHO JIM Takoe ypasHenue. Hadmem c mcciie/oBanusi BTOPOro BOIIPOCA.
CupaBejjinBa cJieJyomnasi Teopema
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Teopema 3.5.1. [Tycmo wospduyuenmo, any, (t) nenpepuierv, 1a ompes-
xe [a,b], m = 1,2,...,n. Toeda aunetinoe odnopodnoe dugdpepenyuarvroe
ypasHeHue 00H03HawHO onpedeasemcs PyHOaMEeHMaNbHOT cucmemot
pewerul.

Hokasamesvemeo. Ilycts y1(t), ya(t), ..., yn(t) — dyHnamenTanbHas cucre-
ma pemenuii ypasuenus (3.35). IIpeamosozxkum, 4To cymecTByer apyroe
nuddbepeHIIabHOe ypaBHeHe N-I'0 HOPsi/IKa ¢ HeIIPEPLIBHBIMU Ha [a, b] KO-
sdpdburmentamu by, (t), m = 1,2,...,n, mia Koroporo cucrema y;(t), ya(t),
... Yn(t) Takke stBIIsIETCsT DyHIAMEHTANBHON. [ToKasKeM, 9TO B 9TOM Ciryuae
am(t) = by (t), t € [a,b], m=1,2,...,n.

HeticrBuresibno, GyHKIm Yy (t) ABJISIOTCSA PENIEHUAMEI U TOIO U JAPYTOro
yPaBHEHUSI, TO €CTh

u (1) + ar (g () + -+ a1 (DY) + an(®)yr(t) = 0, ¢ € [a,b],
y () + b1 Oy () + - 4 b (DY(E) + bu(Dyr(t) = 0, t € [a,b],

g k= 1,2,...,n. Berauras mjis Kaxkoro k oqHO PaBEHCTBO U3 APYrOro
MIOJIYIUM, 9TO

(a1 () =br ()" )+ +(@n—1.(1)=bn 1 (0)yh () +(an (1) —ba (1))yi () = 0,

miag t € [a,b) uk =1,2,... n. Ipeanonokum, 4ro CyIecTByeT TodKa ty €
(a,b) Takas, aro aq(ty) # b1(to). Torma B cuiy HenpepbiBHOCTH (DYHKITHI
a1(t), b1(t) cymecrsyer takoe € > 0, aro

al(t)#bl(t), t e [to*é’,to+€] C [a,b].

am(t) — b (1)
a1 (t) — bi(t)
(n—1)

'V O+pa OV O+ Apa 1 (O O+Pa(Dyr(t) = 0, t € [to—e, to-+e],

mnsg k= 1,2,...,n. Takum 06pa3oM, MBI TOJYyIUIN, ITO 1L JITUHEHHO HE3a-
BucuMbIx GyHKIWI Y1 (t), y2(t), . . ., Yn(t) ABISIOTCHA pelleHUsIME JTHEHHOIO
ozHOpozaHoro aud depenpantbHoro ypasaenus (n — 1)-ro nopsizika ¢ Herpe-
PBIBHBIMHI KO3 duImenTamMu py, (t). Ho u3 Teopembl 06 ofimeM perenun -
HEHHOTO OJIHOPOIHOIrO AU dEePEHIINATLHOTO YPABHEHNS CJIE/LYeT, 9TO YPaB-
uenue (n — 1)-ro mOpsAIKa UMeeT TOJIBKO 1 — 1 JIMHEHHO HEe3aBUCUMOE pelle-
uue. Iloaydennoe npornBopedne JokasbiBaeT, 4ro aq(t) = bi(t), t € [a,b].
Jlokaz3aTeabCTBO PABEHCTBA OCTAJIBHBIX (DYHKIINI TPOBOJIUTCS AHAJIOTUIHO.
Teopema [3.5.1] nokasana. O

Tomenus Ha a4 (t) — by (t) u obozHAUUB Py, (t) = , UMeeM
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PaccmoTpuMm Teneps BOIpOC 0 CyIIECTBOBAHUY JIMHEIHOTO Aud hepeHtim-
AJILHOTO YPABHEHUsI, PEIIEHIEeM KOTOPOTO SIBJISJIACH Obl 3aJIAaHHAS CHCTEMA,
dyHKITHIL.

Teopema 3.5.2. [Tycms n pasz nenpepueno duddepernyupyemoie 1a om-
peske [a,b] pynruuu y1(t),y2(t), ..., yn(t) maxosv, umo cocmasaenmvili us
Hux onpedeaumens Bponckoeo Wlyy,ya, ..., yn](t) ne pasen nyaro wu 6 00-
KOl mouke ompeska [a,b].

Tozda cywecmeyem aunetinoe odnopodroe dugddepenyuarvroe ypasHe-
Hue n-20 nopadka maxoe, wmo Pynruun yi(t),y2(t), ..., yn(t) asasomes
e20 Ppyrndamenmanrvroti cucmemoti pewenud.

Joxasameavcmeo. PaccmorpuM Ha orpeske [a,b] suneiitnoe omnopomHOE
maddepeHnuaaTbHOe ypaBHEHNE N-TO TMOPSAIKa JIjIs HEUM3BECTHON (DyHKIMI

y(t)

y1(t) ya(t) Yn(t) y(1)
OB AC A0
I ) ) ()
det . . . . . =0. (3.36)
O N S G I S IR0
v W e )

st Toro, 9T00BI YOIUTHCSI B TOM, UTO ypaBHEHHE JefICTBUTETHLHO
pesicTaBysieT coboit muneitHoe MuddepeHImaabHoe ypaBHEeHNEe N-T0 TOPs -
Ka, JOCTATOYHO Pa3/IOXKUTh OIPEIEe/IUTE b 110 mocaeanemy croyomy. Koad-
cumment npu crapmeii mpoussommoii y™ () mpexcrasaser coboii ompete-
JTesab BpoHckoro, cocraBieHublil u3 3aganubix Gyukuuit yq (t), y2(t), ...
Yn(t), 1 1O ycJIOBUIO TEOPEMBI OTJIMYEH OT HyJd HA [a, b]. [logenus Ha sT0T
OIIpeJIeTUTe b, MBI TToTyInM JuddepeHinaabHoe ypaBHEHIe BUIA c
HeNpepbIBHBIME Ha OTpe3ke [a,b] kosdbdunnentamu. Bee dynkuum y(t),
ya(t), ... Yn(t) ABISIOTCS DENIEHMSIMU HOJIyYEHHOIO yPABHEHHMsl, TakK KaK
upu nozcranoske dyukiuu y(t) = yr(t) B ypaBuenue MBI HMeeM
CJIEBA OIIPEJIEJINTEIb C ABYMs OIMHAKOBBIMU cToJsiOnaMu. Teopema |3.5.2| mo-
Ka3aHa. O

MNpumep 3.5.1. Cocmasumov aunetinoe odnopodnoe dugdeperyuanvroe
YPABHEHUE HAUMEHDULE20 MOPAIKAG, Y KOMOPO2O PEUWEHUAMUY ABAAOMCH

PyrruUY
ni(t) =t, ya(t) =exp{t’}, wys(t) =1, wa(t) =3t —2t°.
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Jlaa pewenun amoti 3adayu npesicde 6cezo 3amemum, 4mo
ya(t) = 3y1(t) — 2ys3(t),

a pynruuu y1(t), y2(t) u ys(t) umerom omavunoili om nyas onpedesument
Bponcxoao

t exp{t?} t2
Wiy, y2,ys](t) =det | 1 2t exp{t?} 2t | =
0 2exp{t?} +4t2exp{t?} 2

= —2exp{t’}(2t* —t* +1) # 0, Vt € R.

Cozaacno meopeme UCKOMOE YPAGHEHUE MPEMbE20 NOPAOKA UMEEM,
6ud

exp{t?} 2y
2t exp{t?} 2t 0y |1
(2+4t)exp{t?} 2 ¥ | Wy, 2, y3](t)
(12t + 8t3) exp{t?} 0 o

det =0.

O O = o+

MNpumep 3.5.2. Cocmasums na ompeske [1,2] aunetnoe odnopodroe
JuepentuarvHoe YpasHerue HAUMERDULE20 NOPAJKA, Y KOMOPO20 peuie-
HUAMU ABAAIOMCA PYHKUUL

yi(t) =1, ya(t) = cos(t), ys(t) =sin®(t/2).
s pewernus omot 3adawu npesicde 8cezo 3amMemum, 4mo
ys(t) = 0.5(y1(t) — w2(1)),

a Pyrryuu y1(t) u y2(t) umerom omausnoili om nyaa onpedesumens Bpon-
CK020

1 cost .
Wlyr, y2](t) —det( 0 _sint ) =—sint #£0, Vtell,2].

Cozaacro meopeme[3.5.3, uckomoe ypasnenue 6mopozo nopadka umeem 6ud
1 cost vy 1

det [ 0 —sint ¢ | =———==0, wiu y’' —ctgt)y =0.
0 —cost y”
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3.5.2. ®opmyna Ocrporpaackoro-JInyBusiiis

Ucnonp3ys npencrasienue suHeRHOT0 1udHepeHnunaabHoro ypaBHeHnsT
B BUJIE 7 MOYKHO TTOJIYIUTh (DOPMYJIY JIJIsl OTPEJIeIuTeN s BPOHCKOTO.
IIpu BBIBOJIE 9TOi HOPMYIIBI MBI UCIIOIB3YEM CJIEIYIONIee MPaBuio audde-
peHIUpoBanus (PyHKIMOHAJIBHBIX ONpee/nTe el .

ITycts D(t) — oupenenuTesb n-ro MOpsijiKa, SJIeMeHTaMI KOTOPOTO sIBJIsl-
1oTcst byHKIMY, HenpepbIBHO auddepeHipyemMble Ha orpeske [a, b]. IIpous-
Boguas D’ (t) oupenesnurens D(t) paBHa cymMMe n OlpeeuTeseii, Kax Iblit
U3 KOTOPBIX Hojtyded u3 D(t) myTeMm 3aMeHbl OHON U3 ero CTPOK Ha CTPOKY
U3 MTPOU3BOJIHBIX.

U3 sToro npasuita ciemyer npocras hopMya Uil TPOU3BOIHOMN ompe-
nmesuresst Bpouckoro A(t) = Wiy, ya2,- .., Yn](t), cocraBmerHoro us cu-
CTeMBI N Pa3 HenpepblBHO JuddepeHnupyeMbIx Ha oTpeske [a, b] dyHKumii

yl(t)va(t)v ce ayn(t)v

y1(t) ya(t) oo Ynoa(2) Yn(t)
vy (1) ya(t) oy (t) Yn(t)
A'(t) = det : : : :
Tl O I el () B e () BT el O
() I O () IR A () IR ()

JleitcTBUTEIFHO, IPUMEHUM TIPABUJIO BBIYUCJICHUSI IPOU3BOIHON (DYHKITHO-
HAJIBHOTO OIIpeJe/IuTe s K onpeaenuresio Bpouckoro A(t). Bee onpenenu-
Teln, B KOTOPBIX Ha MPOM3BOJHBIE 3aMEHSETCs JI00as CTPOKa, KPOMe IIO-
caesipeit, OyJyT pPaBHBI HYJIIO, KAK ONPEJEJINTENN, UMEIONINe OJMHAKOBBIE
crpoku. CreoBaTesIbHO, TOJBKO MOCJEHIN OIPEIeTUTe b, B KOTOPOM Ha
[IPOU3BO/IHBIE 3aMEHEHA, MOCJE/HssI CTPOKA, U IPEJCTaBIAET COOON mpon3-
Bozuyio A/(t).

IMycrs y1(t),y2(t),...,yn(t) — dbyHIaAMeHTATBHAS CcHCTEMA perleHui
ypasuenust (3.35)). 13 reopembt CJIEIyeT, UTO 3TO ypaBHEHHE OIHO-
3HAYHO OIIPEJIEJIsIeTCs CBOel DyHIAMEHTAIBHOM CUCTEMO. SHAYUT, [IO/IEINB
ypaBHEHHUE Ha olpejesnreiab Bporckoro A(t), Mbl HOJIyIUM ypaBHE-
nwue (3.35)). Torma u3 3anucu ypaBHeHus cJeJryeT, 9To Koddduiment

__A@
Cbl(t) = —m.
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Warerpupyst or tg mo t, mosyunm popmyiry Ocrporpasackoro-Jluysuiiis
A(t) = Alty) exp{ fal } t € [a,b].

Cnepctsue 3.5.1. Ecau xoappuyuenm ai(t) =0, t € [a,b], mo onpede-
aumenv Bponekozo Wyi, ya, . .., yn|(t) nocmosanen na ompesxe [a,b).
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haBa 4

OO6uan Teopusi INHENHbIX CUCTEM
OObIKHOBEHHbIX AndpdpepeHLmnanbHbIX
YPaBHEHWN

4.1. JInnaeitable cucrembl auddepeHnnaIbHbIX ypaBHe-
HUl 1 MaTpuvHbie nuddepeHuajibHble YpaBHEHUS

Paccmorpum Ha orpeske [a,b] HOPMAJILHYIO CHCTEMY JUHEHHBIX OOBbIK-
HOBEHHBIX JnddepeHIraIbHbIX YPABHEHNN IePBOTr0 TIOPSIKA B BEKTOPHON
dopme ¢ HenpepBIBHBIMEI Ha OTpPE3Ke [a, b] AeficTBurenbHbIME KO3bdUIIIEH-
TaMu a; ;(t) 1 HENPEPBIBHBIMI KOMIIJIEKCHOSHAYHBIME [}, (1):

W — A0+ 70, ¢ lat), (@.1)
rue
a1 (t) -+ arn(t) Ji(t)
Aty=| =+ . |, fo=| :
an1(t) -+ ann(t) fn(t)

Hanomuum, uro pemenne y(t) = (yi(t),...,yn(t))" cucremsr (4.1)) ss-
JIIeTCsT, BOOOIIE TOBOPsl, KOMILIEKCHO3HAYHOIl BekTop-bynkumeit y(t) =

u(t) +iv(t), e

) = (ur(t), ..., un(®)’, B(t) = (vi(t),...,va(t)7,

a u;(t), vj(t) meiicrBurensrer, j = 1,...,n, B nanpreiiniem, ecim He oroso-
peHo 0co6o, pedb IOoiIeT IMEHHO 0 KOMILICKCHO3HAYHBIX PEIICHUSX.

4.1.1. JIuneiiHble OJHOPOAHBbIE CHUCTEMbI

Onpepenenne 4.1.1. Cucmema HA3VIBAEMCs, 00HOPOOHOT, ecal

f(t) = 0 na ompeske [a,b]. B npomusrom cayuae cucmema HA3VI-
8aEMCA HEOOHOPOIHOT.
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Brecy u manee = (0,...,0) T obozHauaeT my/IeBoil BEKTOP-CTOIGEIL CO-
OTBETCTBYIOIIEH PA3MEPHOCTH.

Nemma 4.1.1. Ecau G(t) — pewenue aunelinot 00Hopoonot cucmembl
dupepernyuarvnnx ypasuenut, mo og(t) maxoice pewenue 00HOPOOHOT Cu-
cmemvs das mobozo o € C. Ecau Ty (t) u Gy(t) — dea pewenua suneiinot
00dropodHol cucmemnt, mo Y(t) = Y1 () +7,(t) maxorce pewerue 00Hopodnol
CUCTEMDL.

Joxasamenvemeo. Ecnu dy(t)/dt = A(t)y(t), To

d{agt(t)} _ adz it) = aA(t)y(t) = A{t){ay(t)}.

Ecou dy,(t)/dt = A(t)g,(t), £ =1,2, 10

dy(t) _ d{m,() +3: ()} _ dgi(t) | dyi () _

dt dt dt dt
= Ay, (1) + A)72(t) = ALy (2).
O
Cnepcteue 4.1.1. Ecau7,(t) — pewenua aurelinot 00nopodnot cucme-
mov b =1,....m, moy(t) = . af,(t) makorce pewenue 001opodnot cu-
=1

cmemvt 0aa aobwvix oy € C.

4.1.2. OgHopoznubie MaTpudHble guddepeHnnaIbHble ypaBHEHUS

PaccmoTpum nmHEHHY10 OTHOPOIHYIO CUCTEMY OOBIKHOBEHHBIX Tudde-
PEHINAJIbHBIX YPABHEHWH ¢ HENPEPBIBHBIMU Ha OTpe3Ke [a, b] meficTBuTess-

ubIME Kodddunuenramu a; ;(t), 4,5 =1,2,...,n
WO _ awa), 1 ab) (1.2
rie
an(t) -+ an(t) y1(t)
At)y=1| ++ s )=

ani(t) - am(t) (1)



4.1. Jlunetinbre OJHOPOJHBIE CHCTEMBI U MATDHIHBIE YDABHEHHST 91

IIycte umeercst n BeKTOP-MYyHKIMIA

yj(t):(ylj(t)v"~aynj(t))Ta j:1,...,n.

Cocrasum Marpuiy Y (t), cronbuaMu KOTOPO SIBJISIIOTCS JIAHHBIE BEKTOD-
byHKIIAN:

yii(t) - yia(t)
Y(t) = @(1):%2(t), .-, ¥n(t) = R E (4.3)
Yn1(t) - Ynn(t)

ComnocraBum cucreme (4.2) marpuunoe onaoposmoe muddepennuanboe
ypaBHeHue
dY (¢)

S = Ay, (4.4)

IJie TPOU3BO/IHAST MATPUIHOM (DYHKIUN PaBHA MATPUIIE, COCTOSIIEN U3 IPO-
U3BOJIHBIX JIEMEHTOB UCXOIHOM MaTpuiipl, To ectsb dY (t)/dt = (dyij t)/ dt).

ITo onpegenenuio, pereHrneM MaTPUIHOrO JAUMMEPEHIINATLHOTO YpaB-
HEHUST Ha oTpe3Ke [a, b] HasbIBaeTCst HelpepbIBHO Aud depeHnupyemMast
HA JIAHHOM OTPE3Ke MaTpudHas (DYHKIUs BUJIA , obpararomas ypas-
uenue (4.4) B ToxkmecrBo. YpaBHeHUEe nMeeT 10 CPABHEHUIO C CUCTeE-
MOiA onee CUMMETPUIHYIO (POPMY 3aITUCH, HATOMUHAIOILYIO CKAJISIP-
HOe ypaBHeHMe 11epBOoro nopsijka: u "koaddurment" A(t) ypaBHeHust 1 NCKO-
Mag dbyHKIma Y () aBiIsioTca 00beKTaMu OJUHAKOBOM IIPUPOJBI — MATPUY-
HbIME QYHKIIAMA. CBI3b MEXKLY PEITeHUsIMI CUCTEMBI 7 MATPUIHBIM
ypaBHEHHEM YCTAHABJIUBAET CJIELYIONIAs TEOPEMA.

Teopema 4.1.1. Bexmop-gpynruyuu G (t), Yo (t), . . ., 7, (t) asasomes pe-
WEHUAMU 0OHOPOIHOT CUCTEMDL Ha ompeske [a,b] mozda u moavko

mozda, Kozda cocmasaennas u3 amux Pynruul mampuya Y (t) sud
:

ABAAEMCSA PEUWEHUEM MAMPUTHOZ0 JUPPHEPEHUUANLHOZ0 YPasHEHUA (|

Zloxaszamenvcmeso. JIaa mokazaTenbcTBa HEOOXOAMMOCTH PACCMOTPHUM pe-
wennst Yy (t), Yo (t), ..., 7, (t) cucremsr (4.2) u cocraBum w3 HUX MATPHILY
Y (t) suga (4.3). ITockoabKy

dy;(t)
dt

— AWF;(), j=1,...,m,
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TO JJIs COOTBETCTBYIOIICH MaTPUYHON IIPOU3BOIHON, 3JIEMEHTHI KOTOPOM
CIPYIIIUPOBAHBI 110 CTOJIOIAM, TIOJyIaeM PABEHCTBA

a \Tdat T dat 7 at
= (A7, (t), ATy (1), ..., A7, (1) = At)Y (2).

dy (t) (dyl(t) dy,(t) d?n(t>> -

To ectb BBIOIHEHO MaTpu4uHOe ypasHenue (4.4). Anasoruano, pacuucbiBast

marpuuHoe ypasHenue (4.4)) no cronbuam, mokasbiBaercs I0CTATOYHOCTD.
O

Teopema 4.1.2. [Tycmo mampusnas ynkuyus Y (t) asasemes pewsenu-
eM MAMPUYHO20 YPAGHEHUA . Tozda:

1. das 06020 6exmopa konemanm T = (c1,cz,...,c,) ", ¢j € C, eexmop-
Pyrryua g(t) = Y (t)¢ ydosaemeopsem cucmeme ;

2. 0asa mobot mampuyse Koncmarwm B = (bi,j), b;; €C,i,5=1,...,n,
mampuunas Pynrkyus X(t) = Y(t)B ydosaemeopsem ypagnenuio

.

Loxazameavcmeo. 1. Eciin marpuanas pyHKIUS
Y(t) = @.(1),7(1), - - -, T (1))

SIBJISIETCs penienneM ypasuenus (4.4)), To mo reopeme BEKTOP-CTOJIOIBI
,;(t) ssorcs pemenusvu cucremsl (4.2), Taxyke Kak 1 uX JIMHEHHAsS KOM-
OuHAIS

y(t) =Y (t)e = Z c;7;(t).

2. B cuny nmmeitHocTn oneparuu auddepeHimpoBaHns U aCCOIUATHBHOCTH
olepaIuu IPOU3BEIEHUs] MATPHIL, UMEEM:

dX(t) d B _
s vmpy =" B =
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4.2. JInHeitHasa 3aBUCUMOCTb BEKTOP-(PYyHKIUI 1
onpesennTesib BpoHckoro

4.2.1. JIuHeiiHasi 3aBUCUMOCTDb ITPOU3BOJIBHBIX BEKTOP-QYHKITU

B sToM naparpade paccMaTpUBaOTC IPOU3BOJIbHBIE KOMILIEKCHO3HAY-
Hble BeKTOp-byHKIWMH T (£),Y5(t), ..., T,,(t), oupeneseHHble Ha OTpe3Ke
[a,b], To ects T;(t) = (yj(t),...,ym(t))", j = 1,...,m, m € N. Huxa-
Kasl CBA3b C pereHusMu auddepeHIuaabubiX yPAaBHEHUI U JaXKe Helpe-
PBIBHOCTH 9THX (DYHKIUI TTOKa HE TPEJIIOIAralOTCs.

Onpepenenve 4.2.1. Bexmop-gynxyuu 4, (t),ys(t), ..., 7, (t) nasvsa-
H0MNCA AUHETHO 3a8UCUMBIMY Ha ompeske [a,b], ecau Hatdymesa Komnaerc-

m
HOLE KOHCTMAKMYL C1,C2, - - -, Cm, D |Cj] > 0 makue, wmo
i=1

1y () + cals(t) + - + e, (t) =0,  Vt € [a,b]. (4.5)

Ecau oice paserncmeo GLINOAHEHO TOALKO ONA MPUCUAABHOR0 GEKMO-
pa xonemanm, ¢ = (0,...,0)", mo eexmop-dyrryuu Y, (1), Yo (t), - - -, G, (t)
HA3DI6AI0MCA JIUHEHHO He3aBIUCUMBIME Ha OTpeske [a, b].

OKBUBAICHTHAS BeKTOpHas (popMa 3allich yCIOBUs JTUHEHHOH 3a-
BUCHAMOCTH COCTOMT B TOM, €TO JIg MaTpuuHO# dbyHkmmu Y (t) mopsaka
M X M BBIIOJHEHO PABEHCTBO

Y(t)e=0, Vte€ la,b] (4.6)

XOTs1 ObI JIIsl OJTHOIO HEHYJIEBOI'O BEKTOPA KOHCTAHT ¢ = (1, . . ., cm)T.

3ameuvanue 4.2.1. Ecau paccmampusaemvie 8eKkmop-PyHKUUL npuH-
MM, MOALKO BEUWECTNEEHHBIE ZHAUEHUA, MO 6 ONPEIeNeHUAT NUHETHOT
3a6UCUMOCTNU U HEZABUCUMOCTIU JOCTNAMOYHO PACCMAMPUBAMD AUULL Oeti-
cmeumenvhvie Koaphuyuenmos cj, j=1,...,m.

Onpeaenenne 4.2.2. Onpedeaumenem Bponckozo cucmemv, 3a0aHmvia
Ha ompeske [a,b] eexmop dynruul Yy (t),Ys(t), ..., U, (t) Haswsaemea 3a-
sucawuti om nepemennot t € [a,b] onpedeaumens mampuunol Pynryuu

Y(t) = (@.(8),G2(t), -, U (8)):

A(t) = det Y (t).
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Heobxonumoe ycoBue JIMHEHHONW 3aBUCUMOCTH BEKTOP-(DYHKIUI yCTa-
HaBJIUBaeT CJIEAYIOIIasd TeopeMa.

Teopema 4.2.1. Ecau cucmema sexmop dymnxuut Gy (t), U (t), - .. G, ()
ABAAENCA AUHETHO 3a6ucuMoli na ompeske [a, b], mo onpedesumenv Bpon-
CK020 9MOT CUCTNEMBL TROHCOECTNBENHO PABEH HYAIO HA IMOM OMpPeEKe:

A(t) =0, Vte a,b).

Joxasamenvemeo. W3 yenosus suueiinoii 3asucumoctu (4.6 Borrekaer cy-
IMeCTBOBAHME TAKOTO HEHYJIEBOTO BEKTOPA € = (C1,...,Cp) , 9TO JIs PO-
U3BOJIHOIO (DUKCUPOBAHHOIO tg € [a, b] cupaBeyInBO PABEHCTBO

Y (to)e = 0. (4.7)

PasencTso O3HAMAET, YTO OJHOPOAHAA CHCTeMa, JUHEeHHLIX aJredpan-
YEeCKUX yPaBHEHUil ¢ uucioBoil Mmarpuneii Y (o) umeer HerpuBuajbHOE pe-
menune ¢. [1o m3BeCTHOI TeopeMe aaredpbl 3TO BOZMOXKHO TOJIBKO /IS BbI-
poxJIeHHOl MaTpulpl, To ecth det Y (tg) = 0. O

OTmernM, 9TO K yTBEPKJIECHHUIO TEOPEMBI HETPY/IHO OBLIO ObI IPHATH 1
Ha ocHose onpesesenns (4.5), KoTopoe o3HaYaeT JMHEHHYIO 3aBHCHMOCTD
crosbnos Marpunpt Y (t) s soboro t € [a, b].

Bes 1010/HATEIbHBIX NPE/IIOI0KEHI OTHOCUTEILHO BEKTOP-(DYHKIHI
PaBEHCTBO HYJIIO ONPEJIE/ITe st BpOHCKOTO SIBJISIETCs, BOOOIIE TOBOPS, TOJIb-
KO JIMNIb HEOOXOJMMBIM yCJIOBHEM JIMHEIHOl 3aBucumoctu. V3 paBeHCTBa
HYJIIO OnIpeiesuTesiss BpOHCKOro cucreMbl BEKTOP-(DYHKINI HE BBITEKAET UX
JIMHEHHAA 3aBUCAMOCTD.

MNpumep 4.2.1. [lan m = 2 pacemompum wa ompeske [—1,1] dse
BEKMOP-PYHKUUU, UMENWUE HYAEB0T, onpedesumens Bporckozo:

7t = (;Z) Talt) = (’jﬁ) YY) = (iz t;'f") L A@) = detY (1) = 0.

Imu 8EKMOP-PYHKUUL ABAAIOMCA NUHETHO HE3AEUCUMBLMU HA DACCMAM-
pusaemom ompesxe. lelicmeumenvho, ecau 0Af HEKOMOPO20 6EKMOPa, C =
(c1,¢2) " cnpasedauco pasencmeo Y (1) = 0 6 xasicdoti mouke ompeska
[—1,1], mo npu t = 1 doasrcno vinoanamves pasencmso ¢ + co = 0, a
npu t = —1 — pasencmeo ¢ — ca = 0, omxkyda ¢; = co = 0.
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4.2.2. JIuHeltHas1 3aBUCUMOCTDb U HE3aBUCUMOCTD PeHNIeHM JIMHEH-
HOI oHOPOAHOM cucTeMbl nudPepeHTNaATbHBIX YPaBHEHUM’

Pacemorpum cucremy u3 n-MepHbIX BeKTOp-DyHKIMA Ty (), To(t), ...
7, (1), SIBISIFOIIAXCST PEIIeHNeM JINHEHHOH OIHOPOIHOI cucTeMbl auddepes-
nuasbubix ypasuenuit (4.2), Y(¢) — coorBercrByiomas MarpudHas (DyHK-
s u3 (4.3). [omguepkHeMm, 9T0 KOJIUYECTBO BEKTOP-(DYHKIUI COBIIAIAET
C TMOPSIIKOM cucTeMbl. Mccaeayem BOmpoc O CBsI3UM CBOMCTBa JTMHEHHON 3a-
BHCHMOCTHU PeIeHnii JTMHEHHON OMHOPOIHO# cucTeMbl TuddepeHInaIbHbIX
YPABHEHUl ¥ 3HAYEHUsI OIIPEIe/IUTe g BPOHCKOrO.

Teopema 4.2.2. ITyemo G, (1), Ty (t), . .., T, (t) — cucrnema sexmop-Pyrx-
yutl peueHuss AUHEeTHOT 00HOPodHOT cucmeml Ha ompesxke [a,b]. Ecau
natidemea mouka ty € [a,b], das komopot

det Y(to) N O,

mo cucmema 6exkmop-Gyrrkuut Yo (t), Ua(t), . .., 7, (t) aunetdno 3asucuma na
ompesxe [a,b] u

detY(t) =0, Vte€a,b].

Hoxazamesvcmeo. OnHOpOIHAS CHCTEMA JIMHEHHBIX aareOpandecKux ypas-

HeHHil OTHOCHTEILHO BEKTOPa € = (C1,...,Cn)
Y(to)@ =40 (48)
nveer Henystesoe perrenne ¢ = (cf,...,c0)T B cury BBHIpONIEHHOCTH UHC-

J0Boit Marpuilpl Y (tg), UMeroIeli HyIeBOi OnpeIe/uTel b.

Homoxxmm g(t) = Y (t)e°. fcro, uTo 7(t) — permenne oTHOPOIHOMN CHCTe-
ﬁ u, kpome Toro, y(ty) = 0

B cuiy (4.8]). Takum o6pasom, mocTpoeHHast DYHKIUS SIBIISIETCS] PEIIEHTEM

3asa4u Ko ¢ Hy/1eBbIM HAauaJIbHBIM YCJIOBUEM IIpu ¢ = t:

W _ Awye). 7(t0) =0

Sra 3azaua Komm 110 Teopeme cymmecTBoBanms n eauHcTBeHHOCTH [2.1.2| mMve-
€T Ha pacCMaTPHBAEMOM OTpe3Ke TOILKO OJHO pellenne — Hyesoe. [losaTomy

0=7(t) =Y (1)’ = A7, () + T(t) + - + a7, (1), Yt € [a,b],

U pacCMATPHBAEMAs CHCTEMa BEKTOP-(DYHKIWI SBJISETCS JIMHEIHO 3aBUCH-
Moii Ha orpeske [a,b]. Torma B cuity TeopeMb nmeeM det Y (t) = 0,
vt € [a,b]. O
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U3 Teopenm u[1.2.2] BerTekaer ciieyiomas Teopema 06 ajlbTepHATUBE
JIJIsT OTIpeIeInTe st BPOHCKOTO CHCTEMbI BEKTOP-DYHKITUI peIeHuil JInHeii-
HOI OJITHOPOJHON CHUCTEMBI.

Teopema 4.2.3. Onpedeaumenv Bponckoeo das eexmop-gyrxuyut g (t),
Yo(t), ..., Ju(t), asssowuzea pewernusmu aunetinoti 00nopodnoti cucme-
ML QuPPepeHuuasbHT YPasHEHUT Ha ompesxe [a,b], aubo moorcde-
emeenno paser nyao, det Y (t) =0 (u cucmema sexmop-dynruyuds auredino
3asucuma), Aubo He obpawaemcs 6 Hoab Hu 6 00not mouke, det Y (t) # 0,
Yt € [a,b] (u cucmema sexmop-Gynryul Aunetno HE346UCUMA).

3ameuanve 4.2.2. Coenacno meopeme cucmema  6eKmop-

PyrrUUT
3 2
no= (). wo- ()

u3 npumepa HE MOJHCEM ABAAMBCA PEULEHUEM HUKAKOT 00HOPOOHOT
cucmemvt AuHEtnOT JuPBPHepenyuarvrus ypasuenul 6mopoeo nopadka ¢
nenpepoiehvmy wa ompeske [—1, 1] xoadduyuenmanmu.

4.3. PyngaMeHTAIbHAs CUCTEMA PEHIeHUN 1
o011iee pelneHne JUHEHOW CUCTEMBI

4.3.1. PyHmaMeHTaJIbHAasI CUCTeMAa pPeIeHn JMHeHOoi
OJTHOPO/THOI CHUCTEMBI

Onpegenevne 4.3.1. OyndamenmanvbHoli cucmemoti peweHuls

dy(t)

AURETHOT 00HOPOOHOT cucmembv, Juddepertyuaivroir YpasHeHrul prli

A(t)y(t) nopadka n na ompesxe [a,b] HazweaeMcA COBOKYNHOC® N AU~
nedno nezasucumvir pewerut Gy (t), Yy (t), ..., Y, (t) amot cucmemovi. Co-
0MBEMCMBYOULAA ITNUM DEWEHUAM PYHKUUOHAALHAA MAMPUUA

Y(t) = (y1<t)ay2(t)7 ce ayn(t))

Ha3v6aeMCA HYHIAMEHMAABHOT, MAMPUUET.

B cuny reopembr (4.1.2) dynnamenTasibnas MaTpuiia ABJISETCs pelle-
HueM Marpuunoro puddepennuanbaoro ypasaenus (4.4), a B custy Teope-

Mol (4.2.3) oHa nmeer Ha oTpeske [a,b] OTIMYHBIH OT HYyJIST ONPENETUTEND,
det Y (t) # 0.
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Teopema 4.3.1. Jlas 210600 00Hopodhotli cucmemv, aunetdnvr dugdpe-
PEHUUAABHBLT YpasHenuti 6uda ¢ HenpepusHbLMu Ha ompesxe [a, b] xo-
appuyuernmamu cyuecmsyem GyHIAMEHMANOHAA CUCTNEMA PEWLEHUT.

Hoxasameavcmeo. 3abukcupyem jioboe ty € [a,b] u paccmorpum 3aiady
Kommu myis marpuanoro auddepeHna bHoT0 ypaBHEHNT
dY(t)

e E — enquananas maTpura. PacnuckiBass MaTpuaHbIE pABEHCTBA IO CTOJIO-
aM, 3aKJirdaeM, 9To 3aa4a (4.9)) SKBUBaJIeHTHA COBOKYITHOCTH U3 1 33189
Komu

dy; (t)

_ _ T .
# = At)y;(t), 7;(to) =(0,...,0, 1 ,0,...,0) , j=1,....m,
J

OTJIMIAIOIIUXCS JIUIIL Hada IbHBIMU JaHHbIMEA. CyIlecTBOBaHUE Ha BCEM OT-
peske [a,b] pemennit F;(t) sTux 3amau Komm, a 3Hauur u pemenns Y (t)
marpuuHoil 3azaun (4.9)), BeITekaeT U3 TEOpEMBI [TockosibKy orpe-
nesuresib MarpuuaHoil dyukiuu Y (t) B cuny (4.9) pasen 1, detY(tg) =
det E = 1, To suHefiHas HE3ABUCUMOCTD HA PACCMATPUBAEMOM OTPE3KE II0-
CTPOEHHOM cucreMbl pemmenuit ¥y (t), Yo (t), ..., 7, (t) ecTs ciegcTsue Teope-
Mt [£:2.3] 06 anbrepuaTuBe s onpeaenurens Bporckoro. Takum oGpasoM,
71 (t),75(t), ..., 7, (t) — bynmamenranbaas cucrema pemienuii, a Y (t) — dyn-
JIAMEHTAJIbHAS MATPUIIA. O

3ameuanue 4.3.1. Pyndamernmanvras mampuya needurcmeernna. Io-
aazaA 6 3adave Kowu (@) Hauaavroe yeaosue Y (tg) = B, det B # 0, mw
noAYUUM OpY2Y10 PYHOGMEHMAALHYI MATPULY.

3ameuanune 4.3.2. Tax xakx ssemenmor a;;(t) mampuyvl cucmemol ee-
WeCMBEHHDL, MO U HYHOGMEHMANDHAA MAMPUUG MOHCEM ObIMDb BVOPAHA
6EULECTNBEHHOT.

4.3.2. Ob61iee periienne JJUHEHHON OJHOPOAHOM CUCTEMBI

Onpegenenue 4.3.2. Obwum pewenuem aunetinoti 00mopodhoti cucme-
ML QuPPepenHyuarbHols YpasHerull n-20 NOPAOKE HA3BIBAEMCA 3A6UCAUEE
OM N NPOU3EONLHBLT NOCTNOAHHDIL PEULEHUE ITNO20 YPAGHEHUA TMAKOE, YIMO
a0boe dpyzoe pewenue cucmemv, ModCem Ovimb NOAYUEHO U3 HE20 6 Pe-
3yavmame 6o160pa HEKOMOPHLL 3HAUEHUT IMUL NOCTNOAHHDLE.
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Teopema 4.3.2. ITyemo Y (t) = (G1(t),Ts(t), .., 7, (t)) — Pyrdamen-
MANOHAA MATNPUUL OAA AUHETHOT 00HOPOOHOT cCuCmeMbl

W _ Ayt

na ompesxe [a,b]. Toada ee obwee pewerue npedcmagumo 6 sude
Yoo(t) = a1l () + c2¥p(t) + - -+ + en¥, (1) = Y (1)5, (4.10)
20€ C1,Ca, ..., Cp — NPOU3BOALHVIE NOCTNOANNBIE, C = (C1,Cay ..., Cp).

Jloxasamenvcmeo. Ilo Teopeme BekTop-byHKIWMs Y (t)¢ siBisieTcs: pe-
[IeHneM OJHOPOIHOM cucTeMbl 111 Jobbix ¢ € C™. CoryacHo ompeaeaeHnio
O0IIero peleHns OCTaJI0Ch IOKA3aTh, YTO JJs JIOOOro Halepel 3aJIaHHOrO
perenus g(t) JUHEHHON OIHOPOMHOM CHCTEMbI HANIETCH BEKTOP KOHCTAHT
¢ € C™ Takoif, 9TO Ha OTpE3Ke [, b] BHITOJIHEHO PABEHCTBO

() = Y (1) (4.11)

Hast mocrpoennst ¢ 3aduKcUpyeM NPOU3BOJBbHOE tg € [a,b] M BBIYECINM
yo = 7(tg). PaccmorpuMm cucremy JIMHEHHBIX ajreOpAndecKuX ypaBHEHUI
OTHOCHTENBHO ¢ = (C1, Cay ..., Cn) -

Y (to)e = 7°. (4.12)

B cuy HeBbIpoxkzeHHOCTH MaTpulibl Y (tg) ¢ onpenenurenem det Y (tg) #
0 9Ta cHCTeMa MMeeT eIMHCTBEHHOe pemenue ¢ = (¢1,Ca,...,Cn) . Torma
dyukimn y(t) = Y ()¢ n Y(t) ssBasirorcs perieHusME OJTHON U TOH 2Ke 3a1a41

Komm A
dy(t)

L =AW, Tt =7, (113)

U 110 TeopeMe eJMHCTBEHHOCTH 00sA3aHbI COBIIAIATE, 4TO noKa3biBaer (4.11)).
Ormerum, 9o s pukcupoBaHHoro pernenus F(t) Bekrop Koucraur ¢ € C™
B npejcrapienun (4.11) onpesesien o HO3HAIHO. O

Cnepctsue 4.3.1. B zode dokasameavcmea meopemu. [f.3.9 bvina gax-
muyecku eveedena popmyaa oas pewenus 3adavwu Kowu npous-

60ALHBIM HauasbhbM 6exmopom YO . Jleticmeumenvno, us umeem
¢ =Y Yto)7° u nocae ucnoavsosarus noAYHaeM

() = Z(t, t)7°, Z(t,to) =Y (£)Y " (to). (4.14)
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Dynryuonasvhas mampuya Z(t,tg) nasweaemes mampuyarmom. Kax
MAMPUUHAA PYHKUUS Nepemennots t ona ABAAELMCA PEULEHUEM CAedyrouet
sadavu Kowu
@ = A(t)Z(t,t0), Z(to,to) =Y (to)Y '(to) = E.
3amevanune 4.3.3. Tax xax ssemenmor a;;(t) mampuyv, cucmemol ee-
WeCmBerHbl, Mo U obuee pewenue ecmecmeento UCKams 6 KAGCCe Seule-
cmeerHo3HauHuT dynkyut. Toeda npu swbope sewecmeennoti GyHoamer-
MAALHOT MAMPUYLL (IMO 6CE20a B03MONHCHO 6 PACCMAMPUBIEMOM CAYUAE)
Popmyaa npu ¢ € R™ daem obwee sewecmsennodnaynoe pewenue
AURETUHOT 00HOPOIHOT cucmembvt, QuPPHePEHUUAALHDIT YPaEHEHUT.

4.3.3. Ob61iee pelrrreHre JIMTHETHON HEOJHOPOIHOM CUCTEMbI, METO/,
Bapualiy MOCTOSHHBIX

Paccmorpum sinHeHY 10 HEOTHOPOIHYIO CUCTEMY C HEIIPEPBIBHBIM BEKTO-

poM ?(t) = (fl(t)7 f2(t)7 RS fn(t))-r:

dy(t) N LT

WO Awae) + 7). e fab) (4.15)
Kak u B upeapyiymieM nynkre, Y () oboznadaer dbyHIAMEHTAILHYIO MAaT-
puiy coorsercrByorieii (4.15) ommoponuoii cucremsr dy(t)/dt = A(t)y(t) ¢
Toli ke caMoil marpuiieli koaddurmentros A(t).

Onpegenenne 4.3.3. Obwum peweruem aunetinott HEoOHOPoOHOT cu-
cmembvt QUPPEPEHUUGALHOIT YPABHEHUT N-20 NOPAJKA HA3DIBAETNCSH
3a8UCAWEE OM N NPOUZEONOLHBIT NOCTNOAHHLT PEWEHUE IMOT CUCTEMDL Ma-
Koe, 4mo A1060e 0py20e PeweHUE CUCTIEMDL MOHCEM, GVMB NOAYHEHO
U3 HE20 8 PE3YALMAIME BHOOPa HEKOMOPHLL 3HAUEHUT IMUT NOCTNOAHHDIT.

Teopema 4.3.3. O6wee pewenue G (t) aunetinot Heodnopoonot cu-
cmemut duddepenyuanrvnoir Ypasrerut npedcmasumo 6 sude

yOH(t) :Y(t)6+yH(t)7 Ve = (017027"'7Cn)T € Cna (416)
2de Yy (t) — nexomopoe (wacmmoe) pewierue neodnopodnoti cucmemnt ([{-15).

JHoxasamenvemeo. B cuiy smneitnoctu cucremst (4.15) BekTop-dyHKIMS
Yop (t) seasiercs pemmennem (4.15) nst srroboro BekTopa Koucrant ¢ € C™.



100 I'maBa 4. O6miast Teopust THHEHHBIX CHCTEM

CoryiacHO OIpeJiesIeHNIO OBIIEro PenieH s, OCTAIOCh ITOKA3aTh, YTO JIJIS JIH0-
Goro narepes 3aganaoro pemnenus y(t) cucrembr (4.15) maiigerca sexTop
koncraut ¢ € C™ takoif, 4o Ha oTpe3Ke [a, b] GyueT BBIIOJIHEHO PABEHCTBO

§(t) = Y (0E + T (1): (4.17)

Iycrs g(t) — pemenne (4.15). Pasnocrs (t) = g(t) — Yp(t) mByx perre-
HUI HEOJHOPOJHON CHUCTEMBbl fABJIACTCH PELICHUuEM OJIHOPOJHON CUCTEMBI,
dy(t)/dt = A(t)y(t). Torma mo reopeme 06 00IeM pereHnn JIHeH-
HO# OIHOPOIHON CHCTeMbI Haiijercda Takoi BekTop KoHcranT ¢ € C", uro
HA PACCMATPUBAEMOM OTPE3Ke BBIIOJIHEHO paBeHCTBO Y(t) = Y (t)¢, koropoe

upusogur K (4.17). O

ITocTpoeHre OJJHOrO U3 YACTHBIX PENICHUI HEOJHOPOHON CHCTEMBI MO-
7KeT OBITh MPOBEJICHO METOIOM BAPUAIIUH ITOCTOSHHBIX M BBIPAZKEHO C TIOMO-
mpio Beegennoro B (4.14) marpunanra Z(t, 7).

Teopema 4.3.4. [las a06020 tg € [a,b] Popmyaa

t

Tur(t) = / 20,0 F()dr, t € [a,b], (4.18)

3adaem wacmHoe pewerue HeodHopoodroti Cucmembt , YA0BAEMBOPALIO-
wee yeaosuio Y (to) = 0.

Jlokasameavcmeo. Bocmonb3yemMcss METOAOM BapHAIA TTOCTOSTHHBIX, CO-
[JIACHO KOTOPOMY 4aCTHOE PEllieHre HeOMHOPOHOM CUCTEMBI UINETCA B BU/IE,
HOBTOPSIONIEM CTPYKTYPY OBIIEro pemnenus OIHOPOJHON CUCTEMDBI, B
KOTOPOM BEKTOpP KOHCTAHT C 3aMEHEH Ha 0K MTPOU3BOJILHYIO HEIpPEepbhIB-
1o muddepermupyemyio BexTop-byHKImo ¢(t) = (c1(t), ca(t),...,cn(t)) T,
a UMEHHO:

y(t) = Y (£)e(t). (4.19)
IMockosibky  (byHJaAMEHTATBHAS MATPUIA  YJIOBJIETBOPSET OJIHOPOJHOMY
ypastenuto dY (t)/dt = A(t)Y (¢), To

dy(t) dY(t)_ de(t)

2 = () + Y () = AWY (D) + Y ()

Toncrasnsist seipaxkennst (4.19) u (4.20) B ypasuenme (4.15), momyuaem

yDaBHEHUe Jyisi oupezeenus BeKTop-pyukuuu ¢(t):

0™~ F) (421)

de(t)

(4.20)
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B cuiy HeBblpokeHHOCTH (DYyHJIAMEHTAIBHON MATPHUIBI 9TO ypaBHEHHE
MOYKHO Tiepenucath B Buje de(t)/dt = Y ~1(t) f(t) n npounTerpmposaTh OT
to 1o t. Ilosaras O ONPEEEHNIO, YTO UHTEIPAT OT BEKTOP-(DYHKIMH €CTh

BEKTOD, COCTABJIEHHBII U3 MHTEI'DAJIOB KOODAMHATHBIX (PYHKIINN, TMEeM

¢(t) = /Yﬁl(T)f(’T)dT.

TTocse mopcranoBky B (4.19) oKOHUYATETHHO MOTyIAEM

t

3t = Y(£)e(t) = Y (1) / Y1) F(r)dr / 2(t,2)F (7)dr.

to

O

Cnepctsue 4.3.2. Pewenue G(t) = §(t;7,) sadawu Kowu dasn aunetinot
HEOOHOPOOHOUT CUCTEMDL

dy(t)

dt

¢ sadamnvim 8 mouke ty € [a,b] nauasvHBM Yeaosuem

= AWFt) + f(t), t€lab]

U(to) = Yo

umeem 6ud

w(tig) = 2(t,tomy + [ 2.7 (r)dr (4.22)

to

4.4. Iloctpoenue pyHaaMeHTAJIbHOW CUCTEMBI pelleHuiA
JJIsl JINHEWHOUN OITHOPOAHOI cucTeMbl auddepeHu-
aJIbHBIX YPaABHEHUI C MMOCTOAHHON MaTpuileit

Paccmorpum ogHOpOAHYIO CcHCTEMY OOBIKHOBEHHBIX I pepeHITrnab-
HBIX ypaBHEHWI ¢ HOCTOsIHHON Marpuneil koaddunuentos A(t) = A =
(ai’j), a;j € R,4,75=1,...,n:

dy(t)

dtt — (). (4.23)
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Io amayoruu co ckajaspubiM ypasuerueM y' (t) = ay(t), koropoe umeer pe-
menne y(t) = hexp{at} nnas moboro h € C, GyeM nckaTh HETPUBHAJIBHBIE
pemtenus cucremsl (4.23) B Bue

7(t) = hexp{\t}, h=(hi, hs,...,h,)" €C", AXeC. (4.24)

Hoxncranoska Bekrop-dyuknuu (4.24)) B cucremy (4.23)) npusomur x 3a1a1€

naxoxennst Takux A € C, mpu KOTOpBIX cucTeMa JUHEHHBIX ajrebpande-
CKHUX ypaBHEHUI

(A= XEYh =10 (4.25)

IMeeT HeTpuBHaIbHOE perenne h. Kak u3BecTHO U3 Kypca JIMHEHHOM ajire6-
pBI, TAKHEe A HA3BIBAIOTCS COOCMEEHHbLMU 3HAMEHUAMU MATPUILI A, a oT-
BEYAIOMINe UM BEKTOPHI h — cobemeennvimu eexmopamu Marpuist A. Cob-
CTBEHHBIE 3HAUYEHHS U TOJIBKO OHH SABJISIOTCS KOPDHIMH Zapaxmepucmuye-

cK020 mrozounerna M(A):

M(X) = det(A — AE) = 0. (4.26)

4.4.1. IlocTpoenne dyHIaMEHTAJILHOIW CHCTEMBI peIleHuil, Koraa
cyIiecTByeT 0a3uc m3 cOOCTBEHHBIX BEKTOPOB

[TockonbKy XapakTepUCTUYECKHiI MHOTOYJIEH WMeeT CTEeIeHb 7, TO II0
OCHOBHOI TeopeMe ajire0pbl y HEro UMeeTcst POBHO 1 KOpHeil (COBCTBEHHBIX
3HAYEHMHIT), C yIeTOM UX KPATHOCTH A1, . .., Ap, A; € C. 13 kypca nuneiiHoi
aJirebphl U3BECTHO, UTO CYIIECTBYeT He HoJiee, YeM 1 JIMHEHHO HEe3aBUCHMBIX
cobcTBeHHBIX BeKTOPOoB MaTpullbl A. OcTaHoBUMCSI CHavYaJa Ha CJIydae, Ko-
rJa KOJIMYECTBO JINHEITHO He3aBUCUMBIX COOCTBEHHBIX BEKTOPOB B TOYHOCTH
paBHO n. 3aMETHUM, 9TO B 9TOM CJIydae COOCTBEHHBIE BEKTOPBI COCTABJISIIOT
6a3uc npocrpancrsa C™.

Teopema 4.4.1. [Tycmo y mampuyv, A umeemcs posHo n AUHETUHO He3a-
BUCUMDLIT COOCTNBEHHBLL BEKMOPOS

El) EQ7 ) E’rﬂ

oMeEEeHANWUT COOMBEMCMBYIOULUM COOCMBEHHDIM 3HAUEHUAM

P YUREED VORI W
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Tozda sexmop-dpynryuu
71 (t) = hyexp{Ait}, Up(t) = haexp{Aat}, ... 7, (t) = hpexp{ .t} (4.27)

06pasyrom GYHOAMEHMANDHYIO CUCTEMY PEUEHUT HA NPOUSEONLHOM
ompesxe [a, b].

Joxazamesvemeo. PaccMoTpUM IIPOU3BOJIBbHBIN OTPE30K [a, b]. s siro6oro
j = 1,...,n cobcTBeHHOE 3HAYEHNE \; U _COOTBETCTBYIONHI COOCTBEHHBIH
BEKTOD 1 y/IOBJIETBOPSIOT yPABHEHHIO , U TOTJIa KayKJas U3 BEKTOP-
bynxuuit 7;(t) = hj exp{\;t} sBsIeTCs pemmenuem cneTembl Ha [a, b]
M0 TIOCTPOCHUIO.

JlokazkeM JIMHENHYI0 HE3aBUCUMOCTh Ha OTPE3Ke [a, b] mocTpoeHHOH cu-
crembl dynxnuit. st aToro, cornacHo reopeme [£.2.3] 06 asbrepHaTuBe j11st
onpeeurens Bporckoro, mocrarouno ybemurnhest, uro det Y () # 0 ais
Hekoroporo t € [a,b], rue Y (t) = (G, (£),75(t), ..., T, (t)). Paccmorpum or-
pe3oK [, d], Bkiovaronuii B cebs UCXOMHbBI 0TPe30K [a, b] u Touky t = 0:

[a,b] C [e,d], 0 € [e,d].

Bekrop-byuknuu u3 (4.27)) sasistorcs pemenusivu cucremsl (4.23) ma or-
peske [c,d]. B npunaagexaeit aTomMy orpesky Touke ¢t = 0 omnpegeauresns

Bpomuckoro
det Y(O) = det(ﬁl,ﬁz, N ,En) 7é 0,

TaK KaK B IPOTUBHOM ciiyvae cocrapistornye Y (0) croabupl — coGeTBEeHHbIE

BEeKTOpHI h1, ha, ..., h, — Obuin ObI JiuHEHO 3aBuCcHMBbIME. COrIACHO TEOpe-
Me 006 anbrepHaTHBE i oupeaenuTeis Bporckoro det Y (¢) # 0 Ha
BCEeM OTpe3Ke [¢, d], a 3HAYUT U Ha ero 4acTu [a,b)]. O

4.4.2. TTocTtpoenne dpyHIaMEHTAJIbLHOW CHCTEMBbI pelleHuil, Koraa
He CcyIecTByeT 6a3uca u3 cCOGCTBEHHBIX BEKTOPOB

Paccmorpum cirydaii, KOrjia KOJIMIECTBO CYIIECTBYIONIMX Y MaTPUIlbl A
JINHEHO HE3aBUCUMBIX COOCTBEHHBIX BEKTOPOB CTPOI'O MEHBIIE, UeM IOPsi-
JIOK CHUCTEMBI 7. BBITUIIEeM BCe MOMapHO pa3/IndIHble COOCTBEHHBIE 3HATECHUS
Aj C COOTBETCTBYIONTIMHI KPATHOCTAMH kj:

Ala A27 LR Ae ’ )\l#A] HpHZ#J’
ki, ko, ..., k¢ kj}l, ki+ko+ -+ ky=n.
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ITycres namee A € {A1,..., \¢} 0603HAYAET OJJHO U3 COOCTBEHHBIX 3HAUE-
HUU C COOTBETCTBYIOIMIEH KpaTHOCThIO k. [Tokakem, 9TO KaxKIOMy TAKOMY
COOCTBEHHOMY 3HAYEHUIO MOXKHO COIOCTABUTH POBHO Kk BEKTOP-(DYHKIIHIA,
SIBJISTTOIIIAXCS PEIIEHUsIMUA OJTHOPOIHON CUCTEMBI . Ecsmn pasmeprocTs
s = dim Ker(A — AF) co6CTBEHHOTO TOIIPOCTPAHCTBA, OIPEJIEJISTIONIAs KO-
JINYECTBO JIMHEHO HE3aBUCUMBIX COOCTBEHHBIX BEKTOPOB JIJjisi JAHHOTO COD-
CTBEHHOI'O 3HAYEHUsI, PABHA KPATHOCTH COOCTBEHHOrO 3HadeHusi, s = k, TO
UCKOMBIE (DYHKITUU CTPOSTCS COTJIACHO .

Eciin pa3zmepHOCTH COOCTBEHHOIO MOAIIPOCTPAHCTBA MEHbIE KPATHO-
cTu cOOCTBEHHOTO 3HadeHus, s < k, TO, KaK M3BECTHO U3 Kypca JIMHEH-

(Y 71 N
HOH ajreOpbl, MOXKHO BBIOpPATh COOCTBEHHBIE BEKTODHI hy, Ay, ..., hy Tax,

S
—1
UTO COCTOSIIAs POBHO U3 Kk BEKTOPOB CHCTEMa COOCTBEHHBIX BEKTOPOB /1
—m ]
U IIPUCOEMHEHHBIX BEKTOPOB h; , m = 2,...,p;, j = 1,...,s, p; =2 1,
P14+ p2 + -+ ps = k, KOTOPYIO 3alUINEeM B BUJIE

-1 -1 -1

O O O
R, B, e,
AN R )
V/IOBJIETBOPSIET YPABHEHUSIM
R
AR, = b+ Ry,
AR] = AR+ R (4.28)
AR = R R

C moMOITBI0 COOCTBEHHBIX M IIPUCOEIUHEHHBIX BEKTOPOB IIOCTPOUM CeMeii-
CTBO W3 CJIEAYIOMUX k PyHKIAI

—1
h; exp{At},

THOES <h32+1tlh;) exp{At}, (4.29)

<

[y

—
~

=
Il
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—m —m t —m—1 t2 —m—2 t4 —m—q
yj(t)=(hj +ﬂhj +5hj +---+ahj +...
L ;) exp{At)
o+ ——h, ) ex
(m—-11"7 P ’
. —p,; t—pi—1 t2—p,—2 t9—p,—
—D. _ Pj Pj Pj P;—4q
yj](t)*<hj +ﬂhj +5hj +~~~+ahj +...
MR expit)
S ) exXpiAL},
(pj—l)' J
7=1...,s.

JokazkeMm, 910 Bce DYHKIUH U3 TIOCTPOCHHOTO CEMENUCTBA SIBJISIIOTCS Pe-
MIEHUAMUI JIMHEHHON OJHOPOAHOII CHUCTEMBbI . Pacceymorpum dyuximio
¥ (t), Beramcsmm ee npoussonnyto dyf(t)/dt m crpynmmpyem pesysbrar
TakK, 9TOOBI yI00HO OBLIO BOCIIOJIB30BATHCSI COOTHONIEHUSIMU . Nwme-
eM

dyi'(t)
dt
m—1 m—2 t27m—3 tq%—q—l tm72 -1
- ( hy o th ghj q!hj + (m —2)! it
—m t m—1 t2 —m—2 td —m—q tm_Q -2
+ Ah; +F/\h] +§)\hj + --+a/\h] +- 4 (m—2)!)\hj+
A A
+ ( il j) exp{At} =
m t m—1 t2 m—2 t9 —m—q
= (4R} + AR T+ AR AR
P 4R exp{M) — AT
er j) exp{\t} = AyT'(t),

m=1,...,p;, j=1,...,s.

Crenosarensho, 7" (1) — pemenus cucTeMbl .

JloKazkeM, 9TO CHCTEeMa U3 7. BEKTOP-(PYHKIMH, COCTOAIA U3 00beIu-
HEHUs [OCTPOEHHBIX it BceX A € {A1,..., A\¢} pemenuit Buja , AB-
JISTETCST JINHEWHO HE3aBUCHMOW HA MPOM3BOJLHOM OTpesKe [a,b]. Pacemor-

puM oTpesok [¢,d], [a,b] C [¢,d], 0 € [c,d]. Bekrop-bynkmun u3z (4.29)
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SIBJISIIOTCS] PEINIEHUSIMUA CUCTEMBI Ha orpe3ke [¢,d]. B npunasexa-
meit sTomy orpesky touke t = ( ompemesinresib BpOHCKOTO 9TOI CHCTEMBI
OTJIMYEH OT HyJlsl, IOCKOJIBKY cooTBeTcTByomas Marpuna Y (0) cocrasiena
u3 CTOJOIOB, SBJSIIONUXCS COOCTBEHHBIMU U IIPUCOEINHEHHBIMU BEKTODA-
MU MaTpuibl A, COBOKYIIHOCTh KOTOPBIX JIMHEHHO HE3aBUCHUMAa U obpasyer
6asuc B C". Coruacno reopeme [1.2.3] 06 anbrepraTuse jjist onpe/enurelst
Bpouckoro, det Y (¢) # 0 ma Bcem orpeske [¢,d], a 3HaIUT U Ha €ro 9acTu
[a, b]. TIosTomy paccmarpuBaemas cucreMma pemnenwuii (4.23)) siBisiercs uneii-
HO HE3aBUCUMOIT Ha [a, b] U, CIIeOBATENIBHO, COCTABIAET (DYHIAMEHTAILHYTO
CUCTEMYy pEIIeHUI Ha 3TOM OTpe3Ke. TeM caMbIM yCTAHOBJICHA CIPABEIJIH-
BOCTD CJIEIYIONIEH TeopeMbl.

Teopema 4.4.2. Cucmema u3 n sexmop-pynryutl, cocmoawas us 06s-
EOUHEHUA NOCTMPOEHHVL OAA BCET PABAUMHDIT COOCMBEHHLL 3HAUEHUT A1,
A2, ... Ag pewenudi suda , ABAAEMNCA PYHIAMERNAALHOU cUuCMeMmOoT
pewenut Ha NPOU3BoALHOM ompeske [a,b].

4.4.3. Iloctpoenne dbyHIaAMEHTAIBHON CHUCTEMBI pelIeHU
B BEIIIECTBEHHOM BH/IE

B mpeapiayiem maparpade mpu mocTpoeHun (pyHIaMEHTAJIBHON crcTe-
MBI peHIeHI/II‘/JI MBI d)aKTI/ILIeCKI/I HE HUCIIOJIb30BaJI TO, YTO MaTPHUIla CUCTEMbI
BerecTBeHHA. [Ipu 3ToM yHIaMeHTaIbHAS CUCTEMa PeIlleHnil KOHCTPYK-
THBHO IIOCTPOEHA B KOMILIEKCHOI dopme. Onaxo obmas reopema [£.3.1] u3
naparpada [1.3.I| rapanrupyer cymecrsoBanue dhyHIAMEHTATLHOI CHCTEMBI
peleHuil B BeNecTBEHHOM Brjie. BO3BHUKAET BOIIPOC, HEJIb3sl JIN TAKXKe KOH-
CTPYKTUBHO HOCTPOUTH (DYHIAMEHTAJIBHYIO CUCTEMY DEIIEHUI B BEIECTBEH-
oM Brsie? OTBET HA STOT BOIPOC MOJIOKUTEIbHbIH. Hike TaHbI IOsSICHEHMS.

HamomuuM, 94T0 y BEIECTBEHHON MATPHUILI XapAKTEPUCTUIECKUN MHO-
ro4JIeH UMeeT BellecTBeHHble Kodddunuentsl. Kak ciieayer uz Kypca Jm-
HelHO# aJre6pbl, ero KOMILIEKCHO3HAUHBIE KOPHU (COOCTBEHHBIE 3HAYEHMUSI
MaTPHIBI CUCTEMBI) UAYT KOMILJIEKCHO COIPSIKEHHBIMU HIapaMu: A = p + iq,
A =p—iq, M(\) = 0, M(\*) = 0. Torma B mocTpoeHHON B Teopeme
[4:42] bynnamenTanbHOll cucteMe pentenuil BeKTOP-pyHKIUN, OTBEYAIONITE
BEIECTBEHHBIM COOCTBEHHBIM 3HAYEHUSIM, SIBJISIIOTCS BEIIECTBEHHBIMU, 8 OT-
BeUAoIHe KOMIIJIEKCHBIM COOCTBEHHBIM 3HAYEHUSM (DYHKIIMA BCTPEIAIOTCS
TOJIBKO KOMIIJIEKCHO COTPSI?KEHHBIMU TTapaMU. 3aMEHUM B (DYHIAMEHTAb-
HOI cUCTeMe peNeHni KaXKIylo TaKyio mapy yHKITit

gt) = (), @) T = W), un (@)
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COOTBeTCTByIOH_II/IIVII/I ,ZLGP'ICTBHTBJIBHLINII/I U MHUMBIMMX ‘{aCTSIMI/I,
R _ _ I . _
7" (t) =Rey(t), ¥ (t) =Imy().

Tak kak

gi(t) = 0.5(y(t) +7* (1), ¥'(t) = 0.5i(F" (1) — u(t)), (4.30)

to (), 7 (t) — pemenus oIHOPOIHOI CHCTEMBI KAK JIUHEITHbIE KOMOMHAIIN
pemenwuii. [locTpoerHasi TakuM 06pa30M COBOKYITHOCTH BEKTOP-(DYHKIINI CO-
CTOUT U3 N GEULECTMEEHHLT PEIEHI TUHEITHONW OTHOPO/IHOM CUCTEMbI M-
depeHnMaIbHBIX YPaBHEHUN u 3a1aeT ee PyHIAMEHTAJIbHYIO CUCTEMY pe-
IIEeHUA.

st obocHOBaHMsT 3TOr0 (PaKTa OCTAJIOCH YOEIUTHCA B JUHEHHON He3a-
BUCHMOCTH Ha/I TI0JIEM BEIIECTBEHHBIX YUCEJI ITOCTPOEHHON CUCTEMBI Ha JIFO-
6oM orpeske [a, b]. TIpe/nono:kuM NpoTHBHOE, TO €CTh HEKOTOPasi JINHEHAsT
KOMOWHAIIVA C BEIEeCTBeHHBIMI KoaddurmmenTamu 7; € R jy1s mocTpoeHHbIX
dbyukuumit obpalaercs B HOJIb HA HEKOTOPOM OTpe3Ke [a, b]. He orpanununsas
OBIITHOCTH MOXKHO CIUTATDH, ITO B TAKOM JTMHEHHONW KOMOMHAIINN BCTPEIACT-
csl CyMMa, BHJIA

kTR F o () =0, 2 4rI>0.

Hozncrasngas u3z (4.30) BbIpakeHust Jjig BCEX BCTPEUAIOIIUXCS 1D depe3
COOTBETCTBYIOIIME KOMILIEKCHEBIE BEKTOP-(QYHKIWN, IOIydaeM PABEHCTBO

o 0.5(ry — ire)Y(t) + 0.5(ry +ire)g () 4 =0, 77413 >0.

Takum 006pa30M, HeTPUBUAJIbHAS JIMHEIHAs KOMOMHAIIAA C KOMIIJIEKCHBIMA
K03 purmenTaMu sl BEKTOP-DYHKINI U3 UCXOAHON (DYyHIAMEHTAIBHOM
CHCTEMBI pelreHnii 00paTujiach B HOJIb, 9TO IIPOTHBOPEYUT €€ JIMHEHHO
HE3aBUCAMOCTH.
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NMpunoxernune A

HesiBHble pyHKLNN U
pbyHKLMNOHAIbHbIE MaTpULbl

A.1. Teopema o0 HesABHBIX DYHKIIUSIX

Paccmorpum cucremy 3 m dbyHKIMOHAJIBHBIX YPABHEHNN OTHOCUTEJIHHO

M + 1 apryMenToB (U1, ..., Um, L1, ..., Tpy) € RTT:
Fi(ui, ... um, 21, .., 20) =0,

(A1)
Fm(U1,~-~,Um,IC1,...,(£n) =0.

Hac unTepecyer Bompoc o pa3pemnmMocTu CUCTEMBbI (DYHKITMOHAIBHBIX YPaB-
HEHU OTHOCHUTEJIBHO U7, - . . , Uy, . 1107 pEIIIeHnEeM CHCTEeMBI MOHU-
MaeTCs COBOKYITHOCTh OIPee/IeHHBIX B HeKOTOpoit obmactu D C R™ dymuk-
it

up = @1(T1,e ey Tn)y ey Um = P (X1, .., Tp) (A.2)
TaKWX, 9TO IIPU TOJCTAHOBKE STUX (DYHKIHI B CHCTEMY BCe YpaBHEHUS
9TOM CHCTEMBI OOPAIAIOTCS B TOXKJIECTBA!

Fi(ui (1, o y@n)ye ey m(T1, o Tn), X1, o, Ty) = 0,

V(z1,...,xn) €D, i=1,...,m.

dAxobmanom dbyukiuit F, ..., F,, 10 IepeMeHHBIM U1, ..., U;, HA3bIBa-
eTcsd CJeyIonmuil (OyHKITNMOHAIBHBIN OPEJICTUTETh

0F, O0F; OF
ou Oous ~ Ou
OF, O aF,

D(F17 7Fm):det 67 67 a

D(ur,, tim) oS TR
aF m aF m aF m
Our  Ouas  Oum

ABJISIIONINANCS CKAJISPHON (DYHKITNEN apryMeHTOB (ul, ey Uy Ty e ,xn).
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Teopema A.1.1. [Tycmos m Pynryud
Fi(ut, oo yUm, T1ye ey &n)y  ooey Fp(Ur, ooy U,y @1, o @)
dugppepenuupyemo, 8 HeKomopoti OKPECTMHOCTNU MOYKY
No = No(ul, ..., ul, 29, ... 20),

wacmmoie npouseodnvie OF; /Ou; nenpepoiersr 6 mowke No, 1,5 = 1,...,m.
Toz0a, ecau 6LINOAHEHDL YCAOBUS

B =0, =1, m, D)y g
(Up,. .oy Um)
mo 0as dOCMAMOYHO MAADIT YUCEA €71, . .., Epy HATIEMCA MAKAA OKPECT-
nocmo mowru Mo(29,...,20), wmo 6 npederax amoti oxpecmmocmu cy-
wecmeyrom eduncmeermnvie m Gyrrkyu , Komopwie Ydo8AeMBOPAIOM
yeaosuam |u; — ul] < g, i = 1,...,m U AGAAMOMCA PEWEHUEM CUCTREMD

ypasHerull , npuUMEeM MO PeuLeHue Henpepuero u duddeperyupyemo
8 yxasanrol oxkpecmuocmu mouwky M.

JlokazaTesneTBO TeopeMbl MOXKHO Halitw B [2], rr. 13, §2.

A.2. BaBucumocTb (pyHKIUN U PYHKIMOHAJIbHbIE MaT-
pUIIbI

Paccvorpum m dyHKIWmit OT N Te€peMEHHBIX

ur = @1(T1,...,2n),
(A.3)

Um = Pm(T1, .-, Tp).

Ipeanonaraerca, aro byHkmu ©;(T1, ..., Ty), 4 = 1,...,m, oupeaeaeHn u
muddepeHImpyeMbl B HEKOTOPOil OTKPBITOI n-MepHoi obiactu D. Hamom-
HUM onpezesenue 3apucumoctu byukuuii. [lycrs k € {1,...,m} — dukcu-
POBaHHBIN UHJIEKC.

Onpegenenne A.2.1. Dynxuyus uy 3asucum 6 obaacmu D om ocmann-
HOLT PyHryul us , ecau cpady Oas ecex mouek T = (Z1,...,2n) € D

ug(Z) = ®(ur (), . .., up—1(T), up41(T), . . ., um (T)), (A.4)
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2de ® — nexomopas pynryus, onpedesennas u duddepenHyupyeman 6 coom-
sememeytoweti 006AacmU USMEHEHUA CEOUT apaymenmos. DPynruuy

ULy oy Um

HA3BIBAIOMCA 3ABUCUMBMYU 6 00aacmu D, ecau odna u3 amuzr Pynryud
sasucum 6 obaacmu D om ocmanvroir.

Eciyin ve cymecryer muddepeniupyemoii dpyukimu $ takoii, 4To cpasy
JIst BceX TO4eK objiactu D CIpaBejInBO TOXKIECTBO BUIA xoTst OBl
s omuoro k € {1,...,m}, To GyHKIMK U1, . .., Uy, HASBIBAIOTCI HE3A6U-
cumvimu 68 obaacmu D.

Teopema A.2.1. [Tycmvs m Pynkyut om n = m nepemennvr 6uda
onpedeaenvl, U JuPdeperyupyemvt 6 OKPECMHOCTIU MOYKU

MO = Mo(ﬂj‘?, ce ,ZC?L)

Toz0a, ecau axobuar u3 aIMuUT GYHKUUT TO KAKUM-AUOO T NEPEMEHHBIM
omauyen om nyaa 6 mouke Mgy, mo amu GyHKUUU HE3ABUCUMDL 8 HEKOMO-
potl oxpecmmocmu mouku M.

[Tycts Tenepsb @i (1, ...,2Tn), i = 1,...,m onpeneiennt u quddepeHiu-
pyembl B HeKoTopoii okpectrocTr Touku Mo(zY,. .., 20), npuaem Bee wact-
HbIE TPOU3BO/HBIE IEPBOTO MOPSIJIKA OT TUX (DYHKIINI HEITPEPBIBHBI B CAMOM
touke My. CocraBUM U3 YaCTHBIX [IPOU3BOIHBIX (DYHKIIMIA byHKITIO-
HAJIBHYIO MATPUILY

o1 9o 91
ox1 Oxs Oz,
Opz  Op2 92
Ox1 Oxa Oz, , (A.5)
0Pm  Ovm OPm
Ox1 Oxs = Oz,

COJIEPIKAIILYIO 1M CTPOK U 73 CTOJIOIOB.

Teopema A.2.2. [Tycmo y PyHKUUOHAALHOT MAMPULDL

1) mexomopviii MUHOP T-20 NOPAOKA OMAUNEH OM HYAL 8 MOYKE

Mo(l’(l), D .,IIZ%),‘

2) ece munopwi (1 + 1)-20 nopadka pagrv, Hya10 6 HEKOTMOPOT, 0KPECTHO-
cmu mowku My (ecau v = min(m,n), mo smo mpebosarue caedyem
onycmums).
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Tozda r Pynryutl, npPedcmasAeHHBT 8 YKAZAHHOM MUHOPE T-20 NOPAIKG,
nezasucumvt 6 okpecmmuocmu mowku My, a xascoas us ocCmasbHulT GyYHK-
yuti 3a6ucum 6 amoti OKPeCMHOCU OM YKASAHHLIT T PYHKUUT.

JokazaTeabcTBo 9THX TeopeM MoxkHO Haiitu B [2], . 13, §3.
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NMpnnoxxerHune B

Ob6uwias Teopusa nnHeNHbIX
andbcpepeHumnanbHbIX ypaBHeHUN

C TOYKW 3PEeHUsi CUCTEM JIMHEWHbIX
AndocpepeHumnanbHbIX ypaBHEeHU

B rnaBe 3| MbI paccmoTpenin cBoMCTBa perieHuit TUHEHHOrO OOBIKHOBEH-
HOro /D depeHnnagIbHOro ypaBHEeHUsI N-To OpsijKa, a B riase [4] cBoiicTBa
pellenuit JINHEHHO CuCTeMbI OOBIKHOBEHHBIX (D (DEPEHITNABHBIX YPaBHE-
HOU N-10 TOpsKa. B 9TOM IpUIOKEHNN MBI TIOKaYKeM, KAK HEKOTOPBIE 13
YTBEPXKIEHN TJIABHI [3| MOI'YT OBITH ITOJIyYeHBI KAK IIPOCTHIE CJIEICTBUAS TEO-
pem riiassl [4

B.1. CBs3b JIMHEIHON 3aBUCUMOCTH CKAaJISIPHBIX
dbyukiuii 1 BeKTop-(pyHKIUit

B maparpadax MBI BBEJIN OIpe/ieIeHns] JUHEeHHO 3aBUCUMOCTH
CKaJISIpHBIX (PYHKIMN 1 BeKTOp-byHKImii. CBoiicTBa JIMHEHHO! 3aBUCHMO-
CTH JIOCTATOYHO TVIAJKUX CKAJAPHBIX (DYHKIUI 1 BEKTOP-PYHKIINN OKA3bI-
BAIOTCS TECHO CBsI3aHHBIMU. [lycTh byHKIIN

1(t), w2(t), -y Pm(t)

seaistiorest (m — 1) pas HenpepwiBHO auddepermupyembivu Ha [a, b]. Como-
CTaBUM KaxKJIOil cKaysipHOil GyHKIME @;(t) paccMaTpHBAaeMOro ceMeicTBa
BexTOp-bynxmmo P,(t), j = 1,...,m, cocraBjennyio u3 camoit pyHKImm u
ee TPOU3BOJIHBIX JI0 MOPSAKA M — 1 BKIIFOUUTEIBHO:

B,(t) = (0 (1), 00, V)T, j=1,...,m.  (B.)

Nemma B.1.1. Cucmema v1(t), p2(t), ..., pm(t), cocmoswan us (m—1)
paz nenpepuisho Juddepenyupyemu na ompeske [a,b] cxarapror dyrk-
Yull, ABAAEMCA AUHETHO 3a6UCUMOT HA IMOM OMPE3KA M0204 U MOALKO
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moeda, K02da COOMBEMCMEYIOWAAL CUCTIEME NOCTPOEHHVLT CO2AACHO
sexmop-Pynruul @y (t), Do (t), . .., B, (t) Asasemes aunelino 3a6ucumots na
ompesxe [a, b].

Zloxaszameavcmeo. U3 onpenenenus JIMTHEWHOM 3aBUCUMOCTH CKAJISIP-
HBIX (DYHKIUI BBITEKAET CYIIECTBOBAHWE TAKOTO HETPUBHAJIBLHOTO HAbOPa
KOMILJIEKCHBIX KOHCTAHT C1,C32,...,Cm, YTO HA OTPE3KE [a,b] BBIIOIHEHDBI
POBHO M PABEHCTB

crp1(t) +capa(t) + -+ empm(t) = 0,
gy (8) + eaph(t) + -+ emipl(t) = 0, (B.2)
™ V() + oo V() + - eme (@) = 0,

epBoe M3 KOTOPBIX ecThb B TouHOCTH ([3.17|), a ocrampHble mOTydarTCs

nowreHHbIM Juddepernuposanuem (3.17)) coorsercrBytomee uncio pasz. C
nomornpio (B.1) ypasuenus (B.2) moxkHO 3anmcars B BEKTOPHOM BUJIE

apy(t) +caPa(t) + -+ emPy (1) =0, (B.3)

KOTODBIii COTJIACHO 03HAYAET JIMHEHHYIO 3aBUCUMOCTD BEKTOP-(MYHKIUH
@1(0)@2@)7 ce 7¢m(t)'

O6parHo, u3 JMHEHHOW 3aBUCMMOCTH HOCTpoeHHBIX B (B.1) BEKTOp-
byurimit g (t), Po(t), . .., B, (t) crexyor BekTopHOE paBeHCT " 10-
KoopzuHaTHbIe paseHcTsa (B.2)). Ilepsoe u3 pasencTs €CTb B TOYHOCTH
O

VcraHoBjeHHAS CBA3b MEXKJIy CBOICTBAMU JIMHEHHON 3aBUCHMOCTH CKa-
JIIPDHBIX (DYHKIUI U BEKTOP-DYHKIW TO3BOJISET Oy IUTh JOKAa3aHHOE Pa-
HEe B TeopeMe HEODXOIMMOe yCJIOBUE JIMHEIHOIN 3aBUCUMOCTH CKAJIsIp-
HBIX (DYHKIMIT KaK IIPOCTOE CJIEJCTBUE COOTBETCTBYIOIIE TGOpeMLI,ZLJISI
BEKTOP-PYHKITHIA.

Teopema B.1.1. Ecau cucmema (m — 1) pas nenpepwero dugdepen-
yupyemur na ompeske |a,b] ckaasapror dyrnkuud ©1(t), 02(t), ..., om(t),
ABAAEMCA AUHETHO 3asucumol Ha ompesxe [a,b], mo onpedesumenv Bpon-
CK020 IMOT CUCTNEMDBL TRONHCOECTNEEHHO PAGEH HYMO HA ITNOM OMPE3Ke:

Wlipt,...,om](t) =0, Yt€ a,b].
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Joxazameavcmeo. VI3 nuHEHON 3aBUCUMOCTH CKAJISPHBIX (DYHKITUI

(pl(t)v 902(15)7 tt @m(t)

cornacuo semme [B-I.1] Bertekaer smueiinas 3aBUCHMOCTD COOTBETCTBYIOIIIX
BEKTOP-PyHKITAIT

@1 (t)a @2(75)’ R Em(t)
B cuny (B.1) ompenesnuresns BpoHCKOro MOCTPOEHHON CHCTEMBI BEKTOD-

GbyHKIMIT B TOYHOCTH COBIAJAET C OIpeIeIUTeIeM BPOHCKOrO MCXOHOM
CHCTEMBI CKaJIPHBIX DyHKITHIL:

e1(t) ©2(1) Pm(t)
o (t e1(t) P (1)
—det| e )
—1 -1 -1
R O S O N 0
TTosroMy paBeHCTBO HyIIIO onpeesuTesst Bpouckoro Wiy, ..., ¢n](t) ectb
cJlesIcTBrE BEKTOPHOI Teopemsl [4.2.1] cornmacHo koropoit A(t) = 0. O

B.2. JIuneiinasg 3aBUCUMOCTH pellleHnil JIMHEHHOTO
OTHOPOJAHOTO JAuddepeHInaTIbHOIO ypaBHEHUS

Paccymorpum smreitHOE oiHopoaHoe muddepeHinaabHoe ypaBHEHUE Mo~
psijika n ¢ IPOM3BOJILHBIMU HENPEPBIBHBIMU Ha OTpe3Ke [a, b] koadbdunnen-
tamu a;(t) €R, 7 =0,...,n, ap(t) #0:

ao(t)y"™ (1) + ar()y "V (0 + -+ an 1 (Y (1) + an(D)y(t) = 0. (B.4)

Vpasuenue (B.4) sxkBuBasienTHO Jiuneinol ogHOpOAHOl cucTeme auddepen-
UAJIbHBIX YPaBHEHUN

WD — Ageym(e), (B.5)
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e
0 1 0 0
0 0 1 0
A(t) = ; : ; e : ’
0 0 0 - £ 1
Can(t)  an—a(t)  an—2(t) ~ai(?)
ao(t) ao(t) ao(t) ao(t)
B CyleytomeM cMbicie: ecan y(t) — pemenue ypaprerus (B.4)), To BekTOp
bynxuus F(t) = (y(t),y' (t),...,y" "V (t))T asaserca pemennem cucremsbr

. U mao6opor, eciu BekTop-byukmms 3(t) = (y1(t),y2(t), ..., yn ()"
siByistercst pemenneM cucremsl (B.5), To nepsas kommonenta y; (t) sBisercs
perennem ypaphenns (B.4)).

Pacemorpum cucremy ckansipabix dyaxmmit y1 (t), y2(t), . . ., yn(t), sBis-
OIUXCs PellieHreM JTUHEHHOTO OJHOPOHOTO ypPABHEHUST HOpsIKA 1.
Vimest B BULy YCTAHOBJICHHYIO BBIIIE CBI3b MEXKLY CKAJTSIPHBIME (DyHKITASME
U BEKTOP-(DYHKIUSMHI, IPUBEIEM JOKA3aTEIbCTBO TEOPEMbI 00 aJbTepHa-
THBE /I OIPEICINTeIA BPOHCKOTO JIJI peIleHuii JTUHEHOTO OJHOPOLHOIO
yPaBHEHUS KaK CJICJICTBHE COOTBETCTBYIONIEH TEOPEMBI I CUCTEMBI

B3).

Teopema B.2.1. [laa peweruds yy(t),y2(t),...,yn(t) aunetinozo odno-
POOHO20 YPAGHEHUS Ha ompeske |a,b] cnpasedausa caedyrowan arvo-
MEPHAMUBA:

o subo Wlyi,...,ynl(t) = 0 na ompesxke [a,b] u dyrnxuyuu y1(t), ya2(t),
o5 Yn(t) aunetino zasucumv, na amom ompesxe;

o aub0 Wlyr,...,yn)(t) # 0Vt € [a,b] u Pynryuu y1(t),y2(t), ..., yn(t)
AUHETHO He3a8UCUMbL 1A [a, b].

Hokasamesvemeo. Ilycts B HekoTopoil Touke to € [a,b] omnpenennress
Bponckoro pasen myiio: Wiy, ...,yn](to) = 0. Torma cocrasiennas us
BEKTOP-CTOJIOIOB

y](t) = (yj(t)ay;(t)7 . -,yén_l)(t))T, ] - 1, e, n,

SIBJISTFOIUXCST PENIeHUusIMU JIMHEHO# ofHOpomHO# cucteMmbl (B.5)), dyHkm-
OHaJTbHAS MaTPUIIA

Y(t) = (yl (t)ay2(t)7 ce ayn(t))
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BoIpOXKeHa IpH ¢ = to: det Y (tg) = Wyi, ..., yn](to) = 0. Cormacuo ycra-
HOBJICHHOII B TeopeMe @ aJIbTepHATABE JUIS PEIIeHUull OJHOPOJHOU cH-
creMbl audepeHImanbHbIX ypaBHenuii 3akiodaeM, uyro det Y (¢) = 0 ua
orpeske [a, b], u BekTOp-DyHKIWMU Yy (1), Yo (t), . . ., Y, (t) TUHENHHO 3aBUCHMBI
HA 9TOM OTpe3Ke. B Culy JieMMbI OTCIONA CJIeJlyeT JMHEHHAS 3aBU-
CHMOCTB CKaJISIpHBIX dyHKIuUiA y1(t), y2(t), ..., yn(t) Ha paccmarpuBaeMoM
orpeske u Wy, ...,yn](t) = 0 Ha orpeske [a, b].

Ecin ke B HEeKOTOpOI TOUKe to € [a,b] oupenenurens Bpouckoro or-
mnaen or Hynst, det Y (tg) = Wiy, ..., yn](to) # 0, TO, cornacuo ycranos-
neHHoll B Teopeme [£.2.3] anbrepHaTHBe ISl PEIIEHUIT OXHOPOIHON cucTe-
MBI uddepeHImaIbHbIX ypaBHEeHNH, 3akiodaeM, 9to Wiy, ..., yn](t) =
detY(t) # 0 ma orpeske [a,b], n BekTOp-DYyHKIWMN Ty (1), Yo(t),. .., T, ()
JMHEITHO HE3aBUCHMBI Ha 9TOM oTpeske. B cuy semmer [B:I.0] orcroma cie-
JlyeT JInHeiHAsl He3aBUCHMOCTH CKaJSPHBIX dyHKIWA y1(t), y2(t), ..., yn(t)
HA PACCMATPUBAEMOM OTPE3KE. O

B.3. ®ynamenTasbHasi cCUCTEMA PEHIEHUN 1
o0I11ee pellleHne JIMHEHHOTO OJ{HOPO/IHOTO
anddepeHInaIbHOTO YPABHEHUS

Hamomunm, aTo ¢dyHIaMEHTATLHON CHCTEMOM peIeHnii JUHEeHHOTo O
HOPO/IHOI'O ypaBHEHU HOPSIJIKA N HA OTPE3Ke [a, b HasbIBaeTcst cucTe-
Ma U3 N JUHEHHO He3aBHCHUMBIX Ha JAHHOM OTpe3Ke DeIIeHUH 3TOro ypas-
HEHHUS.

Teopema B.3.1. V aw0b020 auneiinozo 00nopodhozo duddeperyuanbHo-
20 YpasHEeHUA ¢ HENpePLIBHLLMU Ha ompeske [a, b] xoadPunyuenmamu
a;(t), g =1,...,n, ag(t) # 0, cywecmeyem Pyrdamenmarvras cucmema
pewenutd na [a,b].

Joxazameavcmeo. PaccMOTpUM 3KBUBAJECHTHYIO yPABHEHUIO OJTHO-
POJHYIO CUCTEMY . CornacHo Teopeme m y 3TOil CUCTEMBI CyIIECTBY-
er pyHmaMeHTaIbHag MaTpuna Y (1), ee BEKTOP-CTOJIONbI COCTABIISIOT ByH-
JaMEHTAIbHYIO CHCTEMY PEIleHHI . Torma B ety JIeMMbI IepBLIC
KOMITOHEHTBI 3TUX BEKTOP-CTOJIONOB ABJIAIOTCS JIMHEHHO HE3aBUCHMBIMUI Pe-
IIEHNAMUI Y PABHEHUS U II03TOMY COCTABJAIOT €ro (pyHIAMEHTAILHYTO
CUCTEMY peIleHUil. O
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Teopema B.3.2. ITycmo y1(t),y2(t), - .., yn(t) — Pyndamenmanvras cu-
cmema peweHuts AuUHetH020 00HopodHo20 Juddepenyuanvbiozo YypasHeHus
na ompeske |a,b]. Toeda obwee pewernue 2mMo20 ypasherus Ha Pac-
CMAMPUBLEMOM OMPESKE UMEETN, BUJD

yoo(t) = ciyi(t) +caya(t) +- -+ cuyn(t), Ve; €C, j=1,...,n. (B.6)

Joxasamenvcmeo. @yukuusa B (B.6|) naer pemenue nuneitnoro ogropomo-
ro ypasuenus (B.4) kak snneitnas kombunaiusi ero perteruit. Ocrajiocs 1o-
Ka3aTh, YTO BLIOOPOM BEKTOPA KOHCTAHT B (pOpMyJIe MOXKHO OXBATUTh

Bee pentenus (B.6). Jeiicrurensro, 3adukcupyeM IpoM3BOIbHOE PellleHre

y(t) ypasuennus (B.6) u cocraBum BeKTOp-DYyHKIHIO

7(t) = (y(t),y'(®),....y" V@) 7,

a TaKKe BEKTOP-DYHKITII

7;(t) = (0,450 )T, G=1
oTBevaronye (pyHJIaMEHTaJIbLHON cucTeMe pemenuii. IlocTpoeHHble BeKTOp-
GYHKIMY SBJISIOTCS PENICHUSIMU JIUHEITHON OJIHOPOHON CHUCTEMBbI ,
IPUYEM 110 .HeMMeCI/ICTeMa BekTOpP-byHKIWA Uy (), Yo (t), - . -, Ty, (t) 11-
HElHO He3aBHCHMa Ha OTpe3Ke [a, b] u mosroMmy cocrasisier GyHIaAMEHTAIb-
HYIO CHCTEMY PEIEHU JIJIsl CUCTEMbI Y PDABHEHUH HA PACCMaTPUBAEMOM
orpeske. Toraa mo Tteopeme 06 0bIIeM pelleHuu JIMHEHHOH OgHOPOI-
Hofl cucrembr 115t ymo6oro pemrenusi (B.A)), a smauur u a1s nannoro y(t),
HallJyTCd TaKue KOHCTAHTBL C1,Cg, ..., Cp, YTO BCIOLY Ha [a,b] BbIIOJHEHO
BEKTOPHOE PaBeHCTBO §(t) = 17, (t) + caPy(t) + - - - + ¢, 7, (t), mepBbIe KOM-
[IOHEHTHI KOTOPOTO JIAI0T PABEHCTBO

y(t) = cry1(t) + coya(t) + - - + cnyn(t).

Ormerum, uTo Jiist GUKCHPOBAHHOTO pereHus y(t) KOHCTAHTH €1, C, - - . , Cp
B IIOCJIEIHEM PABEHCTBE Olpeesensl onnoszHaano. Teopema[B:3.2) noxkasana.
O]

B.4. O6Giiee pernienne JIMHEiTHOrO HEOJHOPOIHOTO
anddepeHInaIbHOTO ypaBHEHUS,
MeTO/I BaApUAalluy IIOCTOSHHBIX

Paccvorpum nuneitHOe HeoaHOpOAHOE M depeHITnaIbHOe YPABHEHNE C
HEIIPEPBIBHBIMU Ha OTpeske [a, b] koaddumenramu a;(t) € R, j =0,...,n,
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ap(t) # 0 u HenpepwIBHOM npaBoil YacTbio f(t):
ao(Dy™ (1) + ar Oy (1) + -+ an_a (Y (1) + an(Dy(t) = (). (B.7)

Iycrb y1(t),y2(t), ..., yn(t) — dyHIaAMeHTAIbHAS CHCTEMa DeIleHuii cooT-
BETCTBYIOIIEro JMHEHOro onHopoaHoro ypashenus (f(t) = 0) na orpes-
ke [a,b], yg (t) — HeKoTOpOE (YacTHOE) pellleHne HEOJIHOPOIHOIO yPaBHEHMsI
(B.7). Torma coriacHo Teopeme ob1ree pereHne JUHEHHOTO HEOTHO-
POJIHOTO ypABHEHHUSI HA PACCMATPUBAEMOM OTPE3Ke NMeET BU/I

You () = yu(t) +yoo(t) = yu(t) + cry1(t) + coya(t) + -+ + cayn(t),
VC]‘E(C, j=1...,n. (B8)
PaccmoTpum MeTost iocTpoenus perternst i g () HeOIHOPOIHOTO ypaBHe-
HUs B cJlydae, Korjia u3BecTHA (DYHIAMEHTAJbHAS CUCTEMa PEIleHni
OJTHOPOJTHOTO YPABHEHUSI . B sToM Merose WacTHOE peIlleHne HUIeT-
¢l B BHJE, HOBTOPsomeM crpykTypy (B.6) obiero perrenust oJHOpoAHOIO
yPaBHEHUsI, B KOTOPOM KOHCTaHTBI C1,Co,...,C, 3aMEHEHBI Ha IIOKa IIPO-
U3BOJIbHBIE HENPephIBHO JuddepeHnupyemble Ha oTpeske [a,b] dyHKIumM
c1(t), ca(t), ..., cn(t), a umenno:

yu(t) = cr(D)yi(t) + ca()y2(t) + - + cn(t)yn (). (B.9)

Tlepeiinem K BeKTOPHOI (hopMe 3ammcu U BBEIEM BEKTOP-DYHKITUH

g](t) = (yj(t)ay;(t)7 . 'ayén_l)(t))—r, ] = 1, e, n,

cocrasiisifornue (pyHIAMEHTAIbHYIO CUCTEMY DPEIIeHUN OIHOPOIHON CHCTe-

Mbl uddepennmanbabix ypasuenuit (B.5)), Y (¢) = (g,(¢),ys(t),...,7,(t))

— COOTBETCTBYIOIAs (DYyHIAMEHTAIbHAS MATPHUIA,

T () = (a (), v (0, ys DV (O)7.

Torma 3aa9a cBOAUTCS K HAXOXKIEHUIO BEKTOP-(MYHKIUN

c(t) = (c1(t), ea(t), ..., cn(t))T7

Jutst Koropoit dyHakims Yy (t) = Y (8)é(t) siBisiercst pereHneM ciie ryomeit
JIMHEHHON HEONHOPOLHOM CUCTEMBbl YPaBHCHUIA:

dy(t)

L = AWt + T, (5.10)
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rae f(t) = (0,0,...,0, f(t)/ao(t)) ", a Mmarpuna A(t) onpenesnena B .
Torza MOXKHO BOCHOJIB30BaThCs mosydeHHON B Teopeme [.3.4] dopmyoit
(4.18)) n1st gacTHOrO perieHus TPOU3BOJILHOMN JINHEIHON HEOIHOPOHOl cu-
crembl uddepeHnuaTbHbIX YpaBHEHUIT,

t

Ta(t) = / 20,7 (t)dr,  Z(t.7) =Y ()Y (7).

to

U 3aT€M B3sThb MEPBYIO KOMIIOHEHTY MOJIy9IeHHON BeKTOp-dbynKimn. OnHa-
KO IPHU NPAKTHIECKOM HCIOIBb30BAHUM METO/IA BAPUAIMH IIOCTOSHHBIX 1
HAXOXKJIeHNsT BeKTOP-yHKIMK €(f) JOCTATOYHO BBINUCATDH MOJYYEHHYIO B
DU JIOKA3ATEIHCTBE TEOPEMBI CI/ICTeMy Y (t)de(t)/dt = f(t), xo-
TOpast JJIs PACCMATPUBAEMBIX (DYHIAMEHTANLHBIX MATPHIL U BEKTOPA IIpa-
BOIl 9aCTHU IPUHAMAET BH

n() () i (1) & (1) X
AORENTC) (1) (1) _
A ORE" Sl DRSS Sl DI I A () £
I e R S VAN ao(?)

Tak kak detY () # 0, TO U3 9TOH CHUCTEMbI OJJHOBHAUHO OIIPEJIEJISIOTCS
npousBonuee ¢, (t) = gi(t), t € [a,b]. Unrerpupys, naitmem yHKIIH

t

c(t) :/gk(T)dT, k=1,2,...,n,

to

a 3HAYUT U UCKOMOE PEIleHNe HEOJIHOPOIHOro ypapHenus (B.7))

yu(t) = yk(t) / gr(T)dT.
k=1

to

Tem caMbIM ITOKA3aHO CYIIECTBOBaHUA YaCTHOI'O PEIIEeHUA JUHEWTHOTO HEO/I-

HopoHoro ypastenus (B.4) B suge (B.9).
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B.5. IlocTtpoenue dpyHIAaMEeHTATbBHOI CUCTEMBI PEIlIeHun
JJIs IMHENHOTO O/THOPOJHOTO yPaBHEHUSI
C TIOCTOSTHHBIMU KO3 dunmeHTaMun

Paccmorpum suneitHoe ognopoanoe muddepeHinaabHoe ypaBHEeHUE Mo~
paaKa m ¢ BemecTBeHHbIME Kodddurmentamu a; € R, j =0,...,n, ag # 0:

aoy™ (t) + ary™ V() + -+ a1y () +any(H) = 0. (BL)

s moctpoenns byHIAMEHTAJIBHON CHCTEMbBI DEIIeHUN JIMHEHHOTO OIHO-
poxuoro ypasuenus (B.11) mocrarouno mocrpouTs BEKTOPHYIO (DYHIAMEH-

TAJIbHYIO CUCTEMY PEIeHU COOTBETCTRYoMIEl ypasHeruto (B.11)) muneiinoit
OJIHOPOJIHOM CHCTeMbI ypaBHEHUil

dy(t)
=2 — Ag(t),
o y(t)
C IOCTOAHHON BEIECTBEHHON MaTpHIleit
0 1 0 0
0 0 1 0
A= : E : e (B.12)
0 0 0 ... 1
_On _On-1 On-2 _n
a ap aon o Qo

U BBIJEJIUTDH [I€PBbIE KOMIIOHEHTHI. J[Jisi 9TOr0 BOCIIOJIB3yeMCsl CIIeINAIbHOM
CTPYKTYPO# MATPHUIIBI CHCTEMBI A B . Kaxk u3BecTHO U3 Kypca JuHel-
HoOit ajrebpbl, Takas MATPUIA OTHOCUTCS K Kiaccy marpui] Ppobenuyca.
st TaKMX MATPUI] XapaKTEPUCTUIECKOEe YPaBHEHNE, KOPHU KOTOPOIO SIB-
JISTFOTCsT CODCTBEHHBIMU 3HAYEHUSIMUA MATPHUIIBI, IPUHUMAET BUI,

—A 1 0o ... 0
0 Y .. 0
det(A — A\E) = det : ; : : 0.
0 0 0o ... 1
_On _On-1 Op—2 01y
Qo ao ao ao

PackpriBas onpeennTess Mo MEPBOMY CTOJIOIY, TTOCTE HECTOXKHBIX ITPeoo-
pa3oBaHuil IPUXOAUM K 3aJ1a4e HAXOXK/ICHNs KOPHEH XapaKTepUCTUIECKOrO
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MHOTOUWJIeHa, JJist JIMHEHHOro oJHOpoiHOro ypasHenus (B.11)):
aoA” +a A" Tt A+ a, =0. (B.13)

Wssectro, ¥To y Marpurn, ®pobeHnyca KazKJIOMy A; U3 COBOKYIIHOCTH
HOIIAPHO PA3JINIHBIX COOCTBEHHBIX 3HaUeHUH {A1,..., A¢} ¢ cooTBeTCTBYIO-
HUMU KpaTHocTamu ki, ...,k (k1 + -+ + kg = n) oTBeyaer poBHO OAMH
COOCTBEHHBIN BEKTOD E;, dimKer (A — \;E) = 1, u eciim ero KpaTHOCTb
k; > 1, To cymecTBytor poBHO k; — 1 IIPHCOEIMHEHHBIX BEKTOPOB

2 —3 —k;

Wyl By, =10

Torma pyHmamMeHTaIbHAS CHCTEMA PEIIeHNIT JIETKO BBITUCHIBACTCA OJraroia-

pa ([4.29) u reopewme [£.4.2}
—1 N A |
h; exp{\;t}, <hj + l!hj> exp{\;t}, ...
—k;  t—k—1 k2 thi=1
RN (hj +ihj +§hj +.”+(kj1)!hj) exp{\;t},
j=1,...,0

IlepBBle KOMIIOHEHTBI MOJy9EHHBIX BEKTOP-(DYHKIUN Jal0T JUHEHHO He3a-
BUCHMBIE PeIeHNsl JTUHEHOTO OHOpOIHOro ypasHenus (B.11)):

t
b} exp{\;t}, <b3 + llb}) exp{A;t}, ...

k}j t k?j*l tQ k}j72 tkj_l 1
RPN (b] + Fbj + Eb] +--- 4+ mbj exp{)\jt}, (B14)

r7ie b — mepBas KOMIIOHEHTa 1UCJI0BOIO BEKTOpPa E;n, j=1,...,¢ 3awme-
THM, 9TO BCEr/ia b} # 0, MOCKOJIbKY B MPOTUBHOM CJIydae CHCTEMa
OyzeT ABIATHLCS JIMHEHHO 3aBUCUMOIl Ha Jitobom oTpe3ke. [losTtomy B cu-
JIY JIMHETHOCTHU U O/THOPO/IHOCTH ypaBHEHUNA €ro penieHnsgMN TakKzKe
OyayT dbyHKIII

exp{\;t}, texp{\t}, ..., thTlexp{\t}, j=1,....0 (B.15)

B cuity semmbl cucrema dyuknuii (B.15)) sBisierca smHeiino He3aBu-

cuMoii Ha JEGOM oTpeske [a,b] u coctaBasier dyHIAMEHTAIBHYIO CHCTEMY
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pelleHuit JTUHEHHOrO OTHOPOJHOIO YPABHEHUS C IIOCTOSIHHBIMU KO3 duru-

enramu (B.11)).
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