CPOKOE BUSBPAIA
CHYT A JQUHEA BRI
BO3BPAIIT HAHE TIOZKE

YKASAHHOT'O SJIECE CPOKA

e . Guneis

Cpoxaomspata

TOCY AP
. M.B. JJOMOHOCOBA

T.A. JleonTseBa
JEKIIUHN
mo
TEOPAU ®YHKIIAA

KOMIIJIEKCHOTIO
IIEPEMEHHOTO

Yue6HOE MocoGue

Mocksa
2003

ye5

IIpenucnosne.

JIaHHLIH KypC MeKiiit N0 TeopUM (YHKIMH KOMIUTEKCHOTO TIEDEMEHEOT0 B Te-
eRMe MHOTHX TeT YATA/CK ABTOPOM AVIA CTYJEHTOB 2-T0 Kypea dakymbrera
BMuK MTY.

Kype TOKIT BXOIT Kax COCTABHAT SACTS KYDCA MATEMATH{ECKOTO axa-
u3a. BBy ITOF0, YHTASTCH OTHA MEKIVHS B HETeo, H w4ci0 nekui 1o Td-
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oKasaTenBCTEA.
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110 TOKIT yaxe n3BeCTEEL CBORCTBA HECOSCTBERHAIX WHTErpANOB, SABACALIITX
ot napaerpa. llapannemsso ¢ manoXeRMEM Teopn PAIOB PYpse B KYPCe
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3710 eHMe TeOPUM (YHKII KOMIIEKCHOTO IEPEMEHHORO HaSHHAETC CO
CBOMCTB KOMIMIEKCHBOX MCen ¥ TAKHX TOHATHE, KaK HEMPepHBEOCTb, HH-
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COBOKYMHOCTS BCeX TOHeK 2 Ha IVIOCKOCTH HAJHIBAIOT KOMIEKCHOM TIoc-
KocThIo 3 oG0sHavaior C. Ock Oz HAIHBAIOT BELIECTBEHHOR 0CKI0, 0ch OY
BEIMBAIOT MHHMOK OCH0.

Crepeorpaduueckas MPOEKIMs.

Bo morix onpocax zeop QYHKUM KOMITIEKCHOTO TeDEMEHEOTO Kapsny

<
TIOCKOCTS — COBOKYIHOCTE BCEX KOMIMIEKCHVX “IHCEIT ¥ X GECKOHESHO ya-
nemias TouKa (0c). OGosuasenme C. Kax moxso rpatopars C7 Jns 37oro
BBOIMTCA MOHATHE CTePEOrpa(UIECKOH NPOSKIUM — KaK BIAHMHO ONHOSHAW-
Hoe oTobpaxerne C Ha cepy Punana. A MMHHO, PaccMOTPEM TPexwepHoe
npoctpactso (£,1,(), B Hem cbepy (chepy Pinana) (puc.2):

Errt+=¢

entp cdepu Touxa 0(0,0,1/2), pannyc 1/2, Touxa P(0,0,1) - nomoc.

Kownnexcayio mockocrs € cosMecTn ¢ TockocTsio (C,7) Tak, wrobst
NeACTBUTeNbHAA OCh COBIATA € OCHIO {, 8 MEMMAd — ¢ 0ChI0 7). PaccmoTpum
zouwy z € €, 2 = 2+ i. Coumuma Touxy 7 ¢ noniocow P i paccozpme
sextopst P, P, rze M - Touxa nepecesierus npsmoit P2  cbeps Punaa.
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P(0,0,1). Beckoreuno ynanenro Touke (00) coorsercrayer Touka P.
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Il OMEPAUA YMHOXEHWR CYLECTEYeT OOPATHAK ONEPAIIR ~ FeTERHe.

| Tycts 7 # 0, Torma

a_ntim noip nntuy IOl
%z mtip n-i,  B+Y B+y

TaxiM 0GPa3OM, MEOXECTBO KOMILIEKCHBIX WHCETI C BBEICHHBIMH ONEPast-
MR CTOXEHNS ¥ YMEOKERWA OODASYET OTE, OHO HASHIBAETCH TOMEM. KOMIT-
nexcibrx Qucen. B Kypce anre6ps HOKASHBAETCH, UTO TOME KOMIMEKCHLDX

acen ecte none, none ncen u

anemenr i, Tax uto i = —1.

Sanata T mome, s mcen (¢
CroXeRus 1 sBnAnOCh 6a¢ nOMONEN?

Hirax, 7 = 7+ iy.Uncno % = T — iy HASHBAETCK SHCIOM, KOMIUIEKCHO

“ydecuoe yoeacuwe Goacecmeennazo dy-
za, nowmu «mo asfubug Guimus ¢ we-
Gosmues.” (Teiemnn [1])
PaccwoTpus MuoRecTs0 Hap AekcTEMTeNBHNX wcen (7,7), 7,y € R.
(z.9) m (z1,1) PaBHEBIMH, €CTH
T = 23,y = y1. Ha 3ToM MHOECTBE BBENEM [e OEpAUHK — CTOXeHie i
yuawomerme:

(z,9) + (z,0) = (z+2,y+n),
() *Em)=E 5 -y wa-y+z-u)-
OnepauuM CTIOXERHS 1 YMHOKCHNS OOMANGIOT CBOHCTBANI BCCONHATHB-
yMHOKerHuA

HocTH, i ZvCTp!

.

Onemertrt Buma (z,0) = 7 OyIeM OTOKIECTBIATE ¢ RefCTBTENBHEME
umcnamu, B wactrocTH, anemert suga (0,0) = 0 Gynem cumTaT HymeBbIM
anementou. Onemerr (1,0) = 1 - enummuted, nemexr (0,1) = § Hasosen
ot emumanedt, Tax 2 = i+ = —1. Tornai-y = (0,1)+(y,0) = (0,y). One-
MekT (0, ) OyeM HASHBATS HCTO MMM cron, Meens (z, ) = 2 +iy.
Tirax, 3nemenTst (, ) RARHOTO MHOXECTBA Gy e HASLIBATS KOMITEKCHLNU
“mcaMH 1 0BOSHYATS

2=z +iy, z=Rez, y=Imz

T OnepaLMM CAOKEHUS KOMINEKCHEIX THCEII CYLLECTBYeT OBpaTHAS orte-
pauns - Buunrase. B 2, = 2 +iY1, 7 = 2+ ita, 0

n-zm=(n+in) - (@ i) = @ - 2) +iln - 1)
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W JlokasaTh, 4TO NPH CTepeOrpaduIEcKoil NPOCKWMAN TPAMEE it

paccroRsme p(z1,z2) ~ acCTORME MY CTEPeC-

Ha ope-
pe Punana. J o6parso: mobas OxpysmocTs 1a cbepe Pumana a81%eTes 06-
Da30M npMOR Wk Ha nnockocTs -
(buseckoit IpoeKuuH.

HA

p: wncen {z},z. € C. Ilo
Ompenleneriio NOCTENOBATENLHOCTS {20} CxomATCR K ey

Hnceen z = |2 c0sp, y = |2|sing, 7 =

 uncnon 2. Cr

A¥n=h+th AA

Yucno [2] = /22 F 7 HEIBAETCH MORYTEM KOMTIEKCHOTO THETA.

ween MOXHO  TosKaMH T0C-
00T, B UMHHO, HA NTOCKOCTH BBEIIeM NEKADTOBY CHCTEMY KOODIHHAT (%)
(puc.1). cpim TOUKY Z © (2,y) u pi
Yron ¢, KoTophilt 06pasyeT panKyc-BeKTOp ¢ MONOXWTENLHAIM HANPABIEHM-
ex ocit O, OTIpEAeENieR ¢ TOHHOCTHIO 20 27n, 7= 0,+1,+2, ... .

2(z,3)

Puc. 1

|(cos  + isin ) — TpuroHOMeTpU-
HecKas 3ATHCE KOMIUIEKCHORO HCTa, ¢ = @o + 27n, — < o < 7.

- Tlon TIBBHBIM SHANEHHEM BPrYMEHTa KOMIUIEKCHOTO HCN Z GyLien noHH-
MaTS yron o # 0GOIANATE o = AIE 7, TOTMA @ = argz + 2nn = Argz.
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JIOKA3ATENLCTBO TEOpeM CTeNyeT M3 TOFO, YTO COOTBETCTBYIOLHE TEOPEMBE
nan “mcen W Teope-

# 40, moeda 3 lim.

Teopenea. llyorms lim 7, = 7, lim 74 =

Mt L

EccC , ecnn
IM>0:Vz€E » <M

Crpasennusa Teopema Bonsuaso - Befiepurrpacca; 43 moGoit orpa-
UEHROH IOCTIOBATEMEROCTH KOMIIRKCHELX THC MOXHO BHGDATS CXORS-
LIYI0CH HOATOCTENOBATENLHOCTS .

Onpexeneime. Muomecrso U(z) = {z : |z = 2| < €}, € > 0 nassmaerca
70K 7. DTO €CTH OTKPHITEH KDYT € UEHTPOM

2€C, ccnu Ve >0 IN(e) Yo > N(e) — |sm—2| <e.

Teopema 1. Jag mozo, wmou nocaedosameasnocms {zn}, Zn = Zn + iYn
zodusacs x xonewnomy npedeay z = % + iy neo6Toduuo u docmamon-
o, Mol nocaedosamenocmt (o} 4 {yn} czoduauce: lim z, = z,
lim g =y

o} {z=m}- ecmn

Ve >0 3N(e) Va2 N(e), YPEN = |24y — 20| <.

Kpurepuit Koumm. [laz mozo, 1mob nOCAed0sameAvHOCTIb KOMNACKCHIT
wticea {z} crodusacs  wouewony npedesy, ueobzoduo u JOCTAMOWO,
«mobin ona Geuaa Gyndamenmasnot.

Samenanue. JoxasaTemcrso Teopents! 1 kpirephs Koww nerko nonysurs,
ecn A% mOGHX mBYX
Kommnexcrsix Sucen. TlyCTs 21 = 2y + ith, 22 = T + iga, TOTRE

| = 22| 2 |21 = zal; |1 = 22l 2 [ = wabs |21 = 22l <oy — 2l + I — 3l

B TOuKe 7 1 PAIHYCOM €.
Touxa 2 N0 ONpEIENEHMI0 HAHBAETCA NPENEMLHOA TOUKOR MHOMECTBA
EcCem
Ye>03n € E, n#tn = a€Udla)

Henk, 20 € B, lim 2= 20, 20 # 0

s Teopess: Bonbuato-Befiepmpacea crenyer, wro moGoe Geckoneoe
OrpAHHYEEHOE MHOXECTBO MieeT, N0 KpRHEH! Mepe, Omuy MPEIETLEYI0 TO%-
.

€-OKDECTHOCTEIO 00 M GECKOHENHO YNAMEHHOM TOUKH HASKBACTCS MHO-
xecTao Tovex Ug(00) = {z: |2 > €}.
Tosops, 4o lim 2 = 0o, eci

Ve > 03N(e) Vn > N(e) = |l €.
Muoxcorso E maeer oo mpeseissod Touok, ecnn Ve > 03z € F : |4 > ¢
T- nnockocTs.

P
Teopema. Jlo6oe Gecronewnoe wnoscecmeo E C T umeem, no wpainet
Mepe, 00uy npedeavny0 MONKY.

Ecnn mroxectso E - orpanutennoe, TO 370 clenyeT u3

Ilns yioume Teope-
M
Teopena. flyems lim #, = 2, lim 2

= #, moeda 3 lim (74 £54) = £

‘reopenst Bonsuano-Beliepurrpacca. ECTn MEOKECTBO He OTDAHHSEHHO, TO
3(z} CE : lim 20 = 00, crezoparentio 0o € C - npenensias Touka.

Onpesesentte, MAOXECTS HASHIBASTOR SAKHYTHM, ECTIH OHO CORPHUT 56

TOYEK 2z o + i, 22 = % + iyp. Hoxasas, uTO pe(21,22) =
oo Touk.
Teopena. Mlyems lim #, = #, lim 2 = #, moeda 3 lm (s4-28) = #'-". it APCAETBHAE O
8 9 10 1
; e M E smoxecraa E, eoms Onpesenese. Cxaxew, <70 cucTema OTKpHTEL Mi0KecTs {0}, MHOXECTBO liyces smomecrso E C € zaxono, o znx moboro OTKpHTo- B
z Sc m:-a CONEPXHT Bee IIpeNebHEE TOKH MHOXecTea E. Taxum 00pasor O - oTXpHITO, 06pasyeT OTKPLTOE NOKPITHE MioXecTsa £, ecmu 7o rokpaTus {O} Mo E MOHO BBUITHTS KOHEWHOE TOINOKPHITHe.
ataxayToe MuOMeCTEO. O} wutoxectsa, o HpeITS
Oupezenesse. Mucecrao OE . VzeE 30, €{0} : z€0,. eayer au o1cions, w0 E - xoumaxr? 3
—_— %0 B massmaercs rpemNed apamscrea 5, ec Onpenenenue. Miokectso £ 5 TOMOTOTHHECKOM TIPOCTPARCTEE KasBAETCH
5 0} vnoectsa E moxso
E = Bn{CVE) KOMTIAKTON, echit 3 MI0GOXO OTKPEITORO NOKPHITHA {
bl Sl TNena Deitne-B . Hs an6ozo noxpumus ‘BBUIEHTS KOHEWHOS IOMIOKPHITHE. ) Jexuus 2
WITH, WTO TO XeE CaMoe, {0} nomnaxma E xodxcno evideaums xoneunoe nodnoxpoimue. Tlemma e B wTO EAA i mockoern C 3
nporuswoe. Tlyers Gecio- a0 KOMIIEKTS P " e
Ve >0 Vz € OF 3z € E, 34€E : 21 € U(z), 22 € U(m) . ‘Heunoe oTKpEITOe MOKDHITHE {O} mfms E, u3 0TODOXO Hems3% Bbule- Onpenenenue. Mroxectso E B TONOTOr#YECKOM NPOCTPAHCTSE HAKBAETCH i
*  anTs KoHEwHOro nomnokpuiTus. Tax kax E — KOMNAKT, TO OHO OrPaHHYEHO, CBA3HEIM, CM M3 TOrO, 4T £ npencTasumo B BRze . x
% zorma E MOXHO SaKmOTHTS B HeXOTOph 3AMKEYTAE pAMOYroTbHuK My 4 Oy e
Omp M Ecc KOMTAKTOM, ecMmi OHO 38ME- €0 CTOPORAMH, AP HNMM OCAM KOODIHEAT 1A nAockocTH (pHc.3). E=EE, Bi#0, E2#0, B[ B2 #0 5 n ITIpyeMOCTS. L eoMeTpureckuii cMBICI
Tymom orpamee: = = & aprywenTa ¥ MOy UPOHSBOIHOH:
Onpenenere. Mroxectso O C T masumaerca OTKpMTHNM, ecnu Ve € v cnenyer, wro wn By (\Ez # 0 unk By By # 0. p 4
) 3 PKECT] E, € F (puc4)
O : s W Onpeaenenue. Muesezo D nasssaetcn obnacee ccnn o70 waomecrso | § | TWors nomectsa B F € Cysouma € By w € F (puc)
Onpegenenme. Touxa z RavuBaeTca BRyTperme TowoK MEoxecrsa E C T, /' coaamoE # OTKHITOE OmHOBpewento, D - saMKkHyTas 06nacTS. ¥
ecau 30, (z) C E. Taxim 06pasom, iz OTKPRTOo MioxecTsa O Bce T T % Pacesorpus D C C. linx obnacteli D C C CoasHocTs Skpupanentsa | i
3 < B oo o R LY D C )
JIna 3aMKEYTLIX # OTKDHITHX MHOXECTB CTDABEMJMEH! Cllenyiouie Onpenenenue. MHoxcszE HASWBAETCA CBASHAIM, €CTH JINA MOGKX 21, 22 €, | ,
YTBEDXKICRHA: E CylecTpyer 7oManas, COCTORLIAL W3 KOHEWHOTO YMCAA MPAMOMMHEHHEX |
1. KoHeuHax CyMma wiH KOHEWHOE TlepecesieHte OTKPITEX MIH 3AMKHYTHX z OTpe3KOB, HeMUKOM NPUHALTEKALUX MEOKeCTBY B. Puc. 4

MHOXECTB €CTH, MHOKECTBO OTKDEITO® Wi JAMKHYTOE, & WMeHHO myCTs O; —
oTxpuiToe Muoxecrso, F, - sawknyroe ukoxectso, i € N, n €N, Torza
) O: - orxpstroe Mnoxectso; () F: - samkmyroe Mucaectso;
it

)01 - cuupacros omecroo; ‘L;J‘.FE - sauxmyroe ssmscrso.

IL Q‘ [ —— ‘f'j‘ F, - sasxmyroe mmomecreo.

Tlycroe MoXKecTBO 1t T ~ ONHOBPEMENHO M 3MKHYTHE 1 OTXDHITHE MHOKeC-
TOBOpAT, 'DO CHCTMA OTKPEITSX ¥ SaMICrY TAEX MHOKECTD Ha KOMITEKC-

MHOXECTBO ONHOBPEMeRHO, HO C B TOMONOrMM C He eCTh 3aMKHYTOE MHO-

ecrao. Mucecrso E - orpamssessoe u saactyro ecrs xowmaxt » C,

JsoxecTso E ~ 5aMKEYTOR, HO He msummo orpanuYeHsoe, MOXeT OKTH
xommaxTom 8 T HOXeECTB2 B

Puc. 3

Pasobben mpamoyromsauk M, ma qmrpe NPAMOYTONLHUKA, TIPOBENS TIPS~
‘iepe3 CepeauHsl CTOPOH.
mpawoyromsmaKa My, M3 aTix 'le'rupex TpAMOYrOLHIKOB BeiGepent TOT K
oGosmasum ero My, Tax wro zns Mp() E me cymecTsyer koeuxoro noamo-

80, Moy C Mo, E() M, He HMeeT KOHENHOTO MOLTOKDHTHS MHOWeCTEa-
vt {O}. Tax xax paswepst MPAMOYTOMbAMKOR M, CTDEMSTCS K HYMIO, TO
) My = 20, 2 € E (x:x. E - sauxuyroe muosecteo). Tlo ycnosuo cucrena.

T
| {0} - orkpsizoe noxpeirwe, creaopaTeno cytecTRyeT OTKpHTOR MOXeC-

780 Oz C {O}, 20 € O Tax xax O —
mecrsyer Uy(z) C Ou, 10 20 = n M,, OTCIOzE CrienyeT cyniecTaOBaHHe
a
My C U,(z) € Or, mos7oMy E(\ My C Oy, - mpomaso-

OTKDHITO® MHOXECTBO, TO Cy-

NDOCTPAHCTSE GyZleT RAHO HEMHOTO o3ake).

12

{ peune ¢ noctpoesent {My}.

13

B obuen cysae nocnelree ONpEreNeHHe CBASHOCTH HE IKBUBA/IEHTHO
cBssHOCTH B

Ckaxcens, 4T0 Ha MHO)ecTse B 3a5aia QYHKIHA KOMIIEKCHOrO HEPEMEHEOTO
£(z), ecom nna Vz € E Fw € F - f(2) = w. Muowecrso F asstsaercs
obnacTeio usvenens gymKmm f(z), e Vw € F 3z € E: f(2) = w.
roBops, KaxctoMy z € £ MOXET COOTBeTCTBOBATS ONHO Wit GoiTee

smavenmit w : £(2) = w. Bonm Takoe w — exurcTBeRHoe, T (2) - OnmosHa-
Has yRKIAA, B TpoTHBHON CTYTAE MuoroIHavHas. Hanpuniep:

1. f(z) = 2", n € N - omsossawmas dymwwis va E = C.

2. J(2) = 3/2 n € N. Tlo onpeneneutio wucio w ects /7, ech " = 2.
Tyers z = |2|(cosy + isin ) = |z|(cosarg 2 + isin arg z) ~ TPrOROMETPH-
“ecKa% 3aTHCE KOMITIEKCHOTO WCT2, TOTIA

f@) = Va=llt [oos (ﬂ;”—"k) +isin (ﬂi:i"k)] s

=0,1,2,...,n — 1. QynKums {/Z MHOTOIHAYKAL, & HMEHRO, Ni-3HANHAL
@ynnun KakIOMy SHaNeHMIO z, z 7 0 COOTBETCTBYCT 7 PAUIMYHAIX 3Ha-
wenwit f(z). PynKuaa {/Z onperenera Ha Beelt KOMITEKCHOR IAI0CKOCTH Cn
SBNAETCR OGPATHOI K GyHKIMH 2"

15



Dyxuus ecma oxa BsauMEO-
omiosmatoe orobpaxerne Muoxectsa B ua uoxectso F. Mpumep: f(z) =
2", n € N, n > 1 ne sensercs oaonucTHok Ka C, Ko ecnu B xatecrse B
saxms smomecrso E = {z : 0 < argz < £} - yron pacrsops Z, 10 ua
muoxectse E dyrkuus f(z) GyZeT ONHOMMCTHON.

aTsHeiilllen, ecii He OTOBODEHO 0COG0, GYIEM PACCMATDHBATS OLHO-
SHavHNE GYHKuMM.
Ipenensroe 3nauenne pynxmn f(z) B TOUKe 2.
Tyers (z) onpenenesa a Mioxectse E, 1A KOTOOro TouXa zo -~ peRens-
~Has TowKa. OnpereerHe NpeNensKoro 3Haterns dyrKumm o Koww u sanuc
Jim /(2) = w. Bean

Ve>0 36(e) >0 3r€B, 0<le-ml < + |f(z)-v|<e

Misorsa muany liy £(2) = v, KorRa XOTAT ROXUEPKRYTS, 10 PaccMTDH-

55
BAIOT NpedensHOE 3HAYEHME QYHKIMM TIO MHOXecTBY .
Tyers 2 = z +iy, f(2) = u(z,y) +iv(z,y), 20 =0 + it
‘Teopenta 2. Jlas mozo, wmoGis cyuiecmsosaa npedea lim f(2) = w = a+ib
u ), wmoo:

npedenss

Jim w(z,y) =0, lim v(z,y)=
= e

crenyer u3

[u(z, ) - al € 1f(2) — ul = \/(u(=z,) )" + (o(=9) - B}’ <
< lu(@) — ol + Io(z,) - bl,

17() = ul > lo(a,9) - al-

wy, 3lim fo(z) =

e 3 )=, 3y
w
1 Bllé‘n,:[/l(x) ES /z(z)] =w tug,

2.3lim[fi(2) - f(@)] = wi -
3. Ecam wy #0,10311:‘;1%:&:

Wy, TOTRA CHPABEIIMBLL CleXy-

[r—
opemut 2.

Onpenenerme npegenstioro suasesus dymxumun no Telme: lim £(2
ecnu i

% QyHKIM

V{z} CE, za#z:

Aimm=n o 3l fe) =

Onpenenexms npegensroro sraserns no Koum u no Cefine sxauBanenTHeL.
Onpeseneaus:
1. lim j(2)

e

Ve>0 3(e)>0 Vz€E: 0<|e—m|<d — |f()>e

2. ) =
,.lzr%l(t)
Ve>0 3(e) >0 VzeE:

lin f)=co:

l2>8 = 1f(2) -l <e.

w

Ve>0 3(e) >0 Vze E:

l2>8 = |f(2)]>e.

HenpepeisHocTs ¢ynkumn f(z) B Touke z).

Tiycrs gysxus f(2) onpeneneua ka Muowectse E C C, Towa z € E, 2
- npenensHas Towxa Mroxectea E. Ilo onpenenenio Gymxuis f(z) menpe-

| puiBHA B TOuKe 20, ecTH

3 lim /() = (). ’

Huorna rosopsr, to dyuxuus f(z) HenpepuBEa B TOUKE 2o MO MHOXECTBY

E. Qyuxuns HenpepLsras b KAKIOR TOUKe z € E Ha3bIBaeTCE (yHKIMeH He-
soec:

' IpepsiBrO¥ Ha MHoxecTse B. Knacc HenpepusHEX dyuxuait na

E 6ynew obossavats C(E).

' Teopema 3. Jlus mozo, wmoben Gywewus f(2) = u(z,y) + iv(z,y) Goua

Nenpeppisna 6 mowne 2o = Zo+iye neobzoduko u docmamowno, wmoGb: deil-
émeumeavnnie ywmyus u(z,y), v(z,y) Goiau Henpepbisnsi & mowxe (zo, o).

JloKasaTen:cTBO ClenyeT W3 TEPEMS! 2 W OMDENC/CHNR HENDEDHBHOK

s,

u(z,y) 1 9(z,4)
(0,¥0) 1 mbtnonsem: yenopus (1)

yots U, =a =1}, u,=
Unmeen

Au =Bz — by + o (1)Az +6(1)Ay,
A= bAz + ady + 3(1)Az + 3(1)dy,
im, 31(1) = fim, 02(1) = fim, 23(1) = fim, 24(0)+
538 = ] ]
Orciona
Af = Du+idy = aAs—bAy+3,(1)Az+3(1)Ay+ibAz+iaby+ios(1) Az +
i,(1)Ay = Dz(e +ib) + Ay(—b +ia) + Ax(.;.(l) + ;a,(l)) + A,,éa;(n) +
(1)) = (o +8)(Az +i0y) +Az(6|(l) +ioy(D) + 8y(B01) +i6())
Tem campin
B s ~( 1 (1 Y 4(1
S arivr 22 (0 + i) + 82 (50 +i0s1),
Tax kak [Az] < |Az], |Ay] < |Az), T
Aof

Jim 2= =atib= f(z0) = v + it}

o — i, = v +inf

o - i,
Tirax, noxasena Teopena

Teopema 5. Jas mozo, wmobs: wyus f(z) = u.(z',y) +iv(z,y) Ooisa
ubepenyupyema 6 mouxe zy = o+ iyy Heobzo docmamouno, wmo-
6o Fywsyuu u(z,y), v(z,y) Gou auwepmupym- © mouxe (zo,%) u
wmobi ebinoawsaucy yeaosus Kousw-Punana.

CeoiicTBa A depeHmApyeMbIX QyHKIMIL.
ﬂym 3! (20), ¢(20), Torna
[f % glsy = £'(20) £ ¢'(20)-
2 3[! 9k, = (20  9(20) + f(20) - o (20)-
3. Benn !f(’v)#U,Na(g); f(te)y(Zo) F(z0)g/ ()
4. Tlycrs dymxuus f(z) onpenenera 8 Us(z), 6 > 0 u f(z) =

wy, 3f/(z0). Bynxmun f(z) oxpectroeTs Us(z) mepesomur 5 pioxecTS0
F, w €F, FC Up(u), na mnoxectse Uj(w), & > 0 onpenenena

5. Tlyers dynkuns f(z) onpeenesa & Us(zo), & > 0 u 3f'(20) #
0, f(z0) = wo. Dymkuus f(z) orobpaxaer ssammuo omuosuazo Us(zo) wa
0, (w0). 61 > 0. Tonxa, ecnm obparsas Gyukuns k dyweat £(2) = () =
2 RenpepuIBEa B TOUKe wo, To 3¢/ (wo) = Fy-
Hoxasaremscreo. PaccvoTpiy pezen
lim £0) — w0

e w—wg

1
e = I T e
w(w) — p(wo) -z

1 1

Tipx »est 10 cymecrey
oroSpamente (w # wo, z # Z) ¥ HenpepuBHOCTS GyHKIK @(w) B TOTKE
wo (mpw w — w crenyer z - 2

TeoMeTpHHIECKHil CMBICT APryMEHTa IPOU3BONHOI.
Pu:cuo'rpum nenpeprsuylo kpuByto AB (puc.5):
M),y = Mft), t € [af], ¢ - meficTeuensusti napamerp,
A,(t) Az(t) € C(la B,
v

Puc. 5
Torma z = o4 iy = Mi(t) + o(t) = A(t) - xommnexcrossaas dymxims
ReHCTEHTENBHONO MEPEMEHHOTO.
Tycrs napamerpa ¢ namm
o7 70 A k 70uke B. Bossuen Town 2 = A(zu), n= A(:,), th<twa
xpusoit AB. llyers om (1) #0 Bextop 5= %
e

zo MMeeT TaKoe X HATpaBNeHxe

= X(to) # 0, o arg N(to) =

. Tax xax 3 lim 2

=
Kt Bex
HEeRTOP (3 0 0t —

ymuun g(w) n 3g'(uo). Torma cyneprooumun g1f(2)] mudepeuupyenia o
TOYKe 2o M TIDH 3TOM. -z
(oL, = 90 (). Jim arg ( n) npn ycrosiaw, 70 X/(to) 1 €CT OTPHTATENBHOE THCO.
2 2

c i wm ¢ B crenensoit pax (Tax

nenan Kols) sy wepes uirerpanbHoe CBOACTBO AHATHTIYECKHX by HKIMi.

Mt HeniHew HnORese ¢ CYLCTRORSHA rerpepui ‘npoiIBOMNOK M To-

Kaxem, B coiic: bymxmmic w

IX PASIONEHME B CTEMERHIE PAIHL.

Knacc auamuraeckux bywiuwi wa o6nacty D Gynew oboswavazs A(D). Jlekuusa 3

TorsTie asamTiseckok GysKuwm Ha onacTn D NOIDa3yMEBAET CYILECTEO-

BaHye NpOM3BONEOH B KaxOK Touke D M B HEKOTOPOH OKPECTHOCTH TOMKM.

Gy aHATITIRE B TOWKE, CCIU OF3 ARATHTHEA B HEKOTOPOK OKDECT-

wocTi 3Tof ToKH

Tloxasas, 9T0 ycnoeus Koum-Pimaka b monspesix KoOpauHa- 9, bymKm

TaX NPMHUMAIOT CTIeNyOWMit BUL Mrrer (bym

bu__ v du_1du o Wrrerpanbuas Teopema Kour
% 5 =i THO LR e
Bsenem B GymELmI, Gynk-
MAMH KOMIITEKCHOPO IEDEMEHEOTO.
TlycTs " u 7 BSAHMHO NEPIEHIMKYNADHbIE HANDABIERMS, DU~ Tlo onpeneneruio
€M TIOBOPOT OT ¥ K 7 COBEDIIAETCA NPOTHB YACOBO CTPENKH, TOLAE 06~ 1. Mnomneu n-oit crenemu P(z2) = @pz" + nu"“ + e+ Gy
obentioe yenonwe Komu-Pumana npesinsaet sux neN; ao,a1,... ,Gn — KOMInEKCHb wHCa, dg # 0, 7 - cTenemt Moro-

u_o o o
s ou' 9n s’

urnena. Qym(mu P(z] € A(C), P'(z) = agnz""" ‘+n|(n l)z" 24... 4G

2. Panuomanbmas GyHKuss
" @+
T bz + by

P(z), Q(z) - vorounem, do # 0, b # 0, P(z) u Q) me mueror obitix
mroxrenck. Eenn Q(2) = by(z— )" .. (2= 5)*%, 5 # 2, i #J, hithat
+k, = m, o dymxmus R(z) € A(C\{:.. 2,}). Tlopaxom pauiowansHoi
ymKuun sasssaior max(n,m).
3. Gymxuns e = exp(z) =
e e AC), () =¢"

€*(cosy + isiny), e z = 7 + iy. DynKuus

4 TwnepGonuteckuii Kocumyc chz = "*’T( Gymams chz €
A©), (chay == .

5. TunepSomsveckuit cumyc shz = e
A©), (shay =S ‘;"’ =cha

6. Gymams TpuroroeTpKseckui cnmye sinz = o
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CBoiiCTBa HENPEPLIBHLIX (HyHKIWIL

Tlycrs dyssumn f(z), g(z) menpeputsiist 8 TouKe 20, TOrKA

1. f(2) % g(z) Kenpepstswa s Touxe 20,

2. f(z) - 9(z) menpeprsra 8 Touke 2,

3. Ecmu g(z) /(( ;
4.C neyx ymxmai
Has, & UMeRKO:

Tiyers, dysxuus f(z) onperenena na Muomectse E ¥ enpepsisia 8 T0%-
wo € E. Muoxectso E orobpaxaercs gymiuuelt £(z) s Mioxecrso
F o wp = f(z), wo € F. Symawma g(w) na Muomectse G
u nenpepmin ® Touke wp, F C G. Torna dysxmas g[f(2)] ecre dymams
‘HenpepsiBas B Towke 7.

‘Henpepais-

Onpenererme. GyxKuns f(z) Ka3HBALTCH PABHOMEPHO-HETPEPHBKOF Ha MEO-
wectse E ecnu

Ve>0 3(e)>0 Va2 €B: |-zl <6 = [fam) - flm)l <e.

Teopena 4. Jar moco, o Gposise [() = wls) + i(s3) Goaa
u

ot u(e, ) 4 oie.y) G pasnou:pmrkmyepuem a wnoseecme E.

Ceoit i Ha E.

Tlycrs dysxmus f(z) C C(E), Torna
1.|f(2)| - orpasuuensas dymxuns na E.
2.|f(2)]| nocturaer csoeit vepxueit u mxHek rpams va E.
3. f(2) - pasuomepso-senpephras dymxuns na E (reopema Kantopa).
JlokasaTenkeTsa STUX YTBEPRIERS: CMEYET 3 TeopeMbi 4 i BIONKE-
Hi% COOTBETCTBYIOUNEX yTRepxACHME AN GYEKIEH U(, ), V(. 1).

Iuddepennmpyemocts Gpynkmun f(z).
nm;( {(z) onperenesa ma Us(z), § > 0. Ecnn cymecrayer mpezes
2

20
, 70 70T npenen HavuBator mpoussonsoi GymKwk f(2)

[
B TouKe 20 4 OBosHavaOT f/(z0) = f (=) _’ (20)

Bcaw X(to) <0, 7o, Boo6uze rosops, Jim arg Moxer ke cymecr-

sosazs. Torza st Gyneys mucazs ArgX(to) = Jim Arg (-;A:—;: , moHEMas
70 pasercTBo ¢ TowOCTRIO K0 27k, kK €Z.

Hrax, arg X/(to) €cTs yron RAK/IOKS KACATETBEOrO Ny¥a, HCXORAILETO 3
7oK 7, ¢ HoNOKUTeNbKbM HanpaanemHen oc OX.

Paccuorpitn ¢yskuato f(z), sazaukyo 5a obnacru D, Touxa zo € D u
paccMoTpuM Ape HenpepueHLte Kpuskie (puc.6) z = A(t), z = A(t),
[, 3], nepecexaonmecs 8 Toue z0 = A(th) = B(ta), f,t2 € [u ﬂ], nym
Tawxe IN(4) # 0, IF(t2) # 0. Mpexnonoxmm, wro If'(z0) # 0, wo =

).

HE
2) Q
D
it}
Puc. 6

C nomoussio dyskuss f(z) kpuske z = A(t)(1-xpapas), z = f(t)(2-kpusas)
nepeiunyT 8 kpussie w = f(A(t))(1-xpusas), w = f(f(t))(2-xpusas), nepe-
CeKatoumecs B TOUKe wp.

Tycrs f(A(®) = u(l), £(B(t)) = v(t). Yron vexny 1-xpusoit # 2-xpusoi
(manpasnexue oT 1-kpuBOk Ko 2-KpHBO) pasex

Argf'(tz) — ArgX'(t1)
Yron Mexay o6pasaMu STHX KDMBEIX Pasex
Arg V() - Arg (1) = Arg [/(ﬂ(tz))] Arg [/(A(m)] Axg !’(zn) +
Arg Pt~ Arg f(z) ~ Arg. N(1) = Asg f(t)— Arg X
TaKuM 0GPA3IOM YTOM MEXTy KpHBBIMH, EPECEKAIOLIMHCS B moropai 0%
Ke 2o M EMEIOLIAM B 3TOH TOKe KACATEbHEIE, PABEH YTy MEXIY KX 06pa-
3amu npe oroGpaxenuy f(z), ecmu f'(2) # 0.
Onpeenerse. OToSpaxerue f(z) HASHBAETCS KOHGOPMEEIA B TOSK Zp, €C-
7 TIpH 5TOM OTOGPAXEHHH COXPAHSIOTCA YIB! MEXTY TNAIKHMH KDUBHIMU
(snu xpuBbiMu, HMes B TOUKE Z) KACATENLMMIE) — T.e. YTON MEXIY
JBYMS KDMBBIMH, I€DECEKAIOLIMUCA B TONKE Zg, DABEH YTy MEXIY X 06-
pasawu, iepeceaonnmucs B Touxe wy = f(zo). Ecnu npy sTo Coxpasercs
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i e

sinze A(C), (sinz)

2
7. @yuxuns TpHroROMeTpIYCCKIK KOCHEYC cosz = ST € dymxums
82 € A(C), () = —sinx. z
8. Gymaws tgz = ——, (1gz) = # 2Gn+ 1), n =
0,+1,£2,.... Gymxuns tgz & A(C\(n/2 (zn + l),n =0, ;u 42,...}).

9. Gymama ctgz =
0,41,42,.
10. TwnepGomuseckisi Tamrenc thz =
(/2 + kn), k=0,41,42,...}).
11. TumepGoneckmi Koramrenc cthz = T @ymiun cthz € AC\
shz
{ikm, k=0,+1,42,...}).

PyHKUMA BHAIMTHYECKAR HA BCEH KOMIUIEKCHOM MNOCKOCTH, HAalbiBAeT-
ca enot. Taxut GYEKIMSMM FBIAIOTCH MHOFOUTEHH, CHNYC, KOCHHYC,
expz, runep6omtecKuii CURYC, rUTEpGOMeCkiit Koouuyc. TeOpHA enbix
dymKi, B sacTrocTH, PRIEEHC B DAL 10 Gend gy, Tony -
na wmpokoe
B YACTHBIX NDOHIBONHHIX, B (bYHKUMOHANEHOM aammse. Bonee nORPO6EO ¢
‘Teopuelt NENLIX GYHKUWA MOXKHO O3HAKOMMTHCS, HATDHMEP B MOEOrpadwi
A®.Jleorrsesa (2],

e e
Gy ety € A(C\{rm, n=

S Gymams thz € A(C\

Puc. 7

PaccMoTphm cnpamnsenyio kpeyo AB (puc.7) Ges Totex camonepece-
yeHMs 1 caMoRaneranis. Pa3obkem KPHBYIO Ha n yaCTelt C IOMOUIBIO TOYEK
2 =4, 7, ... 2, = B B nopaKe CreoBaHsA No kpuBol OT Touka A K
Touke B. Bubepem ma myre z_y,z TOMKy z}. OGosmauim wepes I(z_7,z)
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Tonoxam f(2) = u(z,9) +i0(z,9), 2 = 2 +1y, 20 = Zo+ivo 8 Af =
§) - f(m), BF = Autiby, Az =z-2, Az=Az+iby, me
Au=u(z,y)~u(z0, 1), Av=1v(z,y)-v(z0,%), AT=z-Z0, AY=y—.
Tpexonoxans, uto 3 (x), Torna 7 - = f'(z) = 3(1), Jim, o(1) = 0.
Torna Af = f'(z)Az +5(1) Az
Onpezenerme. ®ynkmis f (2) HAMBAETCR AUGHePEHUNPYeMOH, eCt HPHPa-
menme Af = ADz+6(1)Az, Jlim 3(1) =0, A se sasucur or Az

Wrax, ecnu 3f'(2), TO @yuxunu f(2) mudxpepesmupyema, ecrn ora M-
mepemmpyem, 0 3f'(20) =

BaBTH
Jim A]V hm(AAl+a(l)Az) o
Tlycrs I(z) - nudepenuupyemas QyRKIE B TOUKE Z, T-e. Af =

1(z0)8z +5(1)8z.

Obossamns f/(z0) = a-+1b, 5(1) = (1) +i3a(1), npusent Jim 5,(1) =
Jim 3(1) =0
Hmeem

Au+ibv = (a+ ib)(Az +iby) + [01(1) + i62(1))(Az +iby),
orciona

=aAz - bby + 61(1)Az - 52(1)Ay,
Bv = bz +aby + 0(1)Ay +5(1)Az.

Tax xax Az — 0, 70 Oz — 0 u Ay — 0. Honysaen, uro dymxusu
u(z,9), v(z,y) Rupepenmipyems B ToSKe (o, Yo) ¥ LpH STOM

o, flzo) = ivl,

yenosus Koun-Pivasa 0

wmu yenosns Dinepa-Jlanavep:

Yenosus (1) BMEIOT OCHOBHOE IHaNeRHE B TeOPHK ARATHTHYECKUX GYHK-
Uit 1 B NPANIOXKEHMAX STOK TeOPHH K 3aNia¥aM Mexanuky u (u3uka. Ilo Tpa-
o yenosus (1) KassteaioTes ycnonamat Korm-Pimana MaTeMATHKAMH,
Mexasnk  puswxE ycnopis (1) wassipaior ycnosmsmi JlanavGepa-Ditnepa,
rax ka e 5 18 sexe Jlanaubep (I'Anasbep), a nozom u Diinep usysann
7w yenosus X Bompocan n
P ——
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J HATABIHME OTCHETa YTOR, TO OTOGPANENHE HAILBACTCH KOHGOPMHLIM
oToSpaxenten 1 pona, B APyroM Ciytae — KOHGOPMHBIM OTOGpaNeHHeEM 2

pona.
Terane cpaso,cone s cracoe D ymaun £(z) s sporncnnyo
(&) #0, ona oGnacT

D a cook obpas. B eareeituens oroGpamese 1 pora ki # Eyneu HasIBATE
KOHOPMHBIM OTOGPAXEHUEM.

TeoMeTpMUEcK il CMBICT MOAY/IS HPOM3BOHOI.

Hycas cymectsyer mpoussons:

Feo = i TS 2=t

e 0 = tim

—
Benwsua (” ) HASHIBAETCH ACTAKENHEM BEKTOPa 7 — 25 IPH

orospaen f(z). Bercnta (2] Hassaeres pactaxermes b TOKe 3o
npi oTobpaermi (z). DTa BeNUHKA He ABYCT OT HADPASTEHHS BEKTOPA.
=
Tipusectu mpumep dyrxmi f(z)
OTODpakeHue B TOUKE Zg

1)6yzeT KoHGOPMHBIM;

2)oTobpaeHHe He ABNACTCK KOHGOPMHEIM.

: flzg) = 0 xnn xoTopsix

Tocrarousoe ycnosue, npw xoTopom cymectsyer f/(z).

Ecmn f(2) = u(z,y) + iv(z,y) & Gymcman u(z,y),v(z,y) & o6nact D
HMeIoT HempepLBHbLIE YACTHbIE NPOE3BQMMLIE TEPBOO MOPAIKA & BLUIONA-
somes yenosus Kown-Pumana, To byskuis f(2) nuggepenunpyena & ofnac-
Tu D u f'(z) € C(D).

Onpenenexme. Gyrkuns () Ha3HBALTCH AHATHTHIECKOH (POMOMOPEOR, De
TynApHOR, NpABRALEOK, MoHOReRHOK) B 0Gnactw D), ecu ama B ofnacti D
smeer npowssamwymo f'(2) € C(D). i

Bamewanue 1. Boofiue rOBOPS, YCTOBHE HETpEPHIBHOCTH NPOHIBOTHO
/(z) miusmee, yxe us cymecreoeamus f'(z) crenyer, uto f'(z) = weape-
hisias yskms. Cworpu, nenpayep, Mapkymesirs (10). Jloxasarenscrao
57010 (baKTa Tpe6YeT MHOTO BPeMeHH, TIOITOMY Mbi Gyllem Tpeanionarazh
HenpepHBROCTE TPOUIBORKO.

Baveuanue 2.AHATUTHTECKA BYFKUVE — 37O TORE CaMOE, YTO if 1O-
IOMOQHAR KA NPABHNLHART WIH PEryMAPHAZ W MoROTeRHAR. Pasurisie
HASBARHA CBASAHE! C PAUIYHBIM TONXONOM K PACCMOTPERMIO QHQTHTHIEC-
KX pyEKLei. MOXHO TeOpHIo AHATNTHYECKIX GYRKIH MITAraTh, HATHHAL
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2. TlycTs wa xpusok AB sanaua ysxums f(z). Cocrasum

ey nyTv
unTerpamiie cst

S flia =) )

=

Zf(é)(z. ~za) )
O6osmaumy 33 A = max |z, ~ %| - AuameTp namHoro pauerus. Ecnu

fiey
cymecTayer npenen unTerpabus cymy (1) npu A — 0, He sasuCER o
ClI0c0G3 paduesis KpHBOH TONKEMK 21,22, H e 3aBHCAILAR OT BEI6O-
Da TOteK 2} A LyTe 2.3, %, TO FOBOPAT, §TO bywkuws f(z) wTerpupyeMa
s kpuook AB i o60awataoT

i)

[ stees = pm (55 1G5,
in =L

Uiererpan [ f(2)|dz| aswioaor rrerpasom nepaoro poss.

Benk cyuwecTsyer npenen uirerpan s cyw (2) mpn A — 0, xe 3amcs-
Lk OT G050 pasCexis KPADOR TOVKAMN 4,27, 7 W HE SaDHCALI
O BLGOPA TOYCK 2 M RYTE 2.3, %, TO FOBOPAT, ¥TO CYLLECTEYET MiTerpaT
eTOpOro pona or dymKkm f(z) 10 Kpubok AB i ofowavaT

] Fle)dz = iny Z FE)a = 50))

Tyers dyswwnm £(z) = ulz,y) +iv(z,v), z=z+iy, z=ztiy, 2=
2} + 1. Torna uwerpansiaz cymva (2) 6yter paska

o F ) = mea) = Yl u) + ol vl —20) +ilw - )} =
= =

= D lulelh ¥ — =) — vla )i~ )} +

) fuleh,ul) (@ — =) + vz, 1) (s - )

Tostony, ecnn 3 [ f(z)dz, 703 [ (u(z,v)dz —o(z,1)dy), 3 [ (u(z,y)dz+
is is s

v(2,y)dy) % cnpasenuBo paseHcTsO
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f flz)dz = f u(z, y)dz — v(z, y)dy +i / u(z,y)dz +v(z,y)dy.
is is in

Bauerin, 4To B NpABOH YACTH TAKXE YUACTEYIOT WETETPATA BTOPOrO
a.

at0 wferpan nep-
TO CYWECTBYIOT WHTETPaTH NepEOTO poXa
J v(z,9)dl, dl - mapgeperuuan nyru AB u cnpasenuso
a5

| tteries
b

CBOiiCTBa MHTErpupyeMBIX QyHKIMI.

Boro  pona .«";; f(2)1dzl,
[ u(z,y)dl,

in
Pasexcreo

A{u(z,y)dl+:lv(z,y)dl.

Tax Kak MHTETDAT OT (GYHKIHH KOMIUIEKCHOTO NEPEMEHHOTO, KaK MEI TIOKa-
san, ceszan ¢ oT ymKnuk £
TIOHATHO Kak CBOHCTEA HETETPAOB OT NeACTBATNbHE Gy JeACTBU-
TembHB na ceolicTea or KoMmexc-
5Ol YHKIM KOMILTIEKCHOTO TIeDEMERHOTO.

Heobxonnioe yenoswe cywecraosamus wuerpana [ f(z)dz ~ Monyms
in

dyexunu £(z) orpasirses xa nyre AB.
1. lluneitnioe csokicrso. Ilycrs cymectaytor murerpamst [ f(2)dz, [ g(z)dz,
TOTNA CyleCTBYeT METErpan e il

[ @t patey ts=a [ 148 [ ois, o pee

FA 5 b

ACUCB, tze nyrn
AC u CB mmeror emmCTBeRHy10 06Uy TOYKY C U CymeCTBYeT MHTErpan

j f(z) dz, Torna GynyT CywecTsoBaTS HETErpATE j f(z)dz, j f(R)dzm
fpasenuzo pasercrso

/f(l)dl=/f(z)dz+/f(x)dz.
W 4 &
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2. Anumuswocrs mrerpane. Tlyers kpusas AB =

I, aobopor, u3 cyecrsopasus uwerpance | f(z)dz, [ f(z)dz cnenyer
ic s
cymecrsosanne unrerpata | f(z) dz u BhmONKeHMe paseHCTA.
i
3 [ fl@)dz=~ [ f(z)dr
i sal
4. Ecnwe | - nnusa xpusoii AB, a |£(2)|

Jice
4o

Knacch: uaTerpupyeMsix bysxumi:

1. Knace zenpepssbix (ysKui

2. Knace orpanHueRHEL 110 MOLY/IO (YHKLMI, UMEIOLIX Ha KPHBOH Ko~
HeNHO® SHCIO TOYEK PAIPHIB;

3. Knace ¢ysxusii, obnaasousex I-caokicraom. Tlox oTiM Kiaccom mosu-
MAIOT KNIACC OFPAHWYEHHELX IO MORYMIO GYHKIirH M OGNAKAMOLIX CTEAYIo-
v coolicTaom: Jlns Ve > 0 HAHIETCH KOHENHOE YMCHO CIPAMIAEMEIX AT,
NpUEANEXAINX NaHEOK KPUBOH AB, B TAKNX YTO CYMMa LMK TMX RYT
Membe €. -

Tiyers xpusas AB 3anama IapaveTpiieck:

z=z+iy, z=X(t), y=X(t), t€mBl z=A{t)=M(t)+ik(t),

t ~ nefcreurensabik napaverp, cymectsyer X(t) € C(lo, B]), X(t) #0;
Torza

<M, z€AB 1o

< Ml

.
[ @6 [ mowea
f

[ oo

[
A

Ho e myxHO ZyMaTs, STo Bee CEOHCTBA M Teopewsl, MpHCylme, Ha-
npmMep, onpezeneroMy METerpaly PUMana, IeDEHOCATCH K8 METErpan O
YRKIIUH KOMITIEECHORO NeEMERNOFO.

Paceworpine npinep. Tlyers A

[0,1), £(2) = ™, Torma

/I(z)dz~/ nitdz /cm(?mz)dz+x/sm(2mx)dz o.
(&)
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Tax xax g(z) = € # 0 Vz € C, To, ecn 61 Gbina cupasenausa Te-

opema o cpemmen, 10 [ f(2)dz 6uun Gt paser f(2) # 0, Z € [0,1], wro
o)

nporusopesnt Tomy, uto [ f(z)dz =

]

HUnrerpansaas Teopema Komm.

Iycrs xpusas AB sanasa napaverpiecks z = A(t), ¢ € [, 4] u nycrs
gysrams A(t) € Cf[a f]), ocyumecTenser BsauMEO-oRROImANHOE COOTEET-

ngems, f(z) € A(D). Toede das asofozo xonmypa T C D
f flz)dz=0.
v

Tokasarenscrso. Tax kax f(z) € A(D), 0 f/(z) € C(D) u, crexo-
satensro u(z,y), v(z,¥) € CY(D) (f(z) = ulz,y) + iv(z,v)). Mmeem
f](z) dz= fu(z. v)dz—v(z,v) dy+l]‘u(z,y)dy+v(z,y) dz. Jins wrTerpa-

cTaue otpeska (o, f] Ha croii ofpas — xpusyio AB. Ecnu 310 TpH
BBUTOMHACTCA KpOMe KOHLEBLIX Tk 1 mp 970 A(a) = A(8), 7o Gymens ro-
BopiTs, 470 Kpusax AB samiiyTa. B NEPBOM Cy¥ae KDHEYI0 Ral0Be Hesa-
vy TOH KpHEOH, B0 BTOPOM {yTol 0p; i KpHBOIL.

Teopema YKopnana (Ges ). 3
(scopdanosa) xpusaz T pasusaem xoxnaexcuyo niockocms C wa dee o6-
sacmu. Odwe o6accms Dy = intl (onympenwue mowwu T) ~ ozpasusennas
obaacms u ee zpanuyed geasemcs T, emopas obaacms C\Dr - neozpanu-
wennas, codepocum oo u ee epautiet maxdce geasemcs T.

Onperenene. Obnacts D C C - QuoCa3was o6acts, ecn ee rpamuua 0D
SamkEyToe, cBusHOE MHoNeCTB0. OBNACTS D HAIHIBACTCA KOHESHO-CBASHON
W 7-CBA3HOR, T € N,n > 1, Gl e€ TPAEHIA COCTONT U3 KOHEROrO (i3 n)
WA 3AMKEYTHX CBA3HEIX KOMTIONEHT. B 1oGOM ADYrom crysae o6nacts D
~ Geckomesuo Coa3HAT.

Hs Teopesst Yopnana cnenyer, wro eciu onacts D - omHoCBA3HAs
T CD, T - savxuyras, moprauosas kpueas, T Dr(intl) C D.(6es noxa-
aaTenscraa).

Kasanocs 6bt, 970T GAKT KaK i cama Teopema oprana otesumes, ecia
& Kavecrse T Gpath HenpepuEHylo KpHEYI, & He Kpueywo XKoprama. Ho
1% TPOcTO HempepuBHELc KpuBsx T 570 se Tax. Cuorpu, manpivep (3],
Il CTPOWTCA TDMMEp HeNpEPLBHO KPBOR, 3anOMHsIoLEH COGOK KeaTpaT
(0,1 % 0,1]

B "

Gynem ThanKue wnu

Kpueste YK oprana. 3amisyTale, KyCOURO-TTIATKME , KOPIAHOBIE KPUBbIe Gy~
Zem masuBaTh KorTypoM. [lon TONOXYTENBHEN KanpasnemueM o6Xoia mo
rpasmime OD obmacti D Gyzem IORWMATS Taxok OGXOR, TP KOTOPOM 06~
nacs, ocTaetcs cresa.

Murerpansnas Teopema Kou. yemw D - odwocossnas obaacme u
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ma, Tpu:
Tpuna MoxHO EafiTH, HATpEMEP, B Kure B.A. [ ).
Hrax,

[rie= [ [2e0- L] e [f [0 - 0]
! o W

Tax xax sumomsexst yenomnn Koum-Pinvana: u, =

Jf(x)dz=0.
T

)

4w = v, 70

3amevanue. Mur yxe rosopunk o Tow, 1o yenoswe f'(z) € C(D) -
nuwnee ycnosue. ENMECTRERHOE MECTO, DI Ml HCIOMBI0BATH HENDEDHIB-
HOCTS HPOWSEQRIO ~ 3T0 Mpierere dopiyst I'pisa. Ecmi xe TpeGoBaTH
TOMBKO CyweCTBOBARIS npmaammon Gy f(2), 2 € D, 10 cravana Te-
opewa Koumn noTow anst
¥ 5 Koue,
Cnorpi, renpunep, A ). Tpiep,
ycnosue onocss3KoCTH B Teopene Koum mo cyectsy. Paccmorpum Gysk-
wwo f(z) =2, D={z:1 <l <2}, T ={e:lel =32}

| —— / L s Tax xa
3

B obiem crydae.
i, 4T

3 3
3 roz=re r=3,
proz=re¥, 7 o € [0,2n}

Torna

w

]3.1:=/"‘ % omi £0.
: vae

: @

Crexcraue u3 Teopewst Koum. Tycrs D - onsocesaias, orpasiensas o6-
‘nacrs, rpauna xoropoit D - xoTyp u dyskuns [(2) € A(D). Torna
[ f(z)dz=0.

3



oawumm eopenst Kours:
cr6 D - ORHOCBA3HAR, OTPAHUYEHHAR O6NACTS, rpanAIA 8D ~xon-
Typ u gymaus f(z) € AD)NC(D), Torma [ f(z)dz = 0. (6es mowasa-

Tenscrea).
2. Cnyual, xorsia D ~ KOHESHO-CBA3HaA OGRACTS.
Tlyers. D - orpauvennas, KOHERO-CE3Kas OGMacTS, rpaRuTa KOTOpOH
9D cocrour u3 (n + 1) CHARTBX KOMTORERT:

ap=rUnUnU--Um
e L, %e T mﬂwu, He niepecexatommecs mexay coboft, BRYTPA r
comepxaten 11,2 (% C intl, i=1...n)
Torza, ecnn £(z) € A(D), 70 HETerpan no nomxoi rpaswe D OGAACTH

[ =0,
A

o6xona o Tparmme i
/' fEdz= / e)as,

» 3100 Gopuyne Ranpeaestte nm«m 10 KDHBEIM NPOTHB 'lamsoi

cnenyer oop uagx
KOHEWHO-CBA3HOIM 0BNACTH ¥ LIS mnm w(z,y), v(z,y) € C‘(D) Cuorpe,
‘anpuep, B.A Mnsun (4],
3.1y “reopena seprs, ecm ycroawe £(z) € A(D) sameiurs na
yenosue f(z) € A(Dmc(u) (6es noxasaTenscTsa).
Oxmo w3 npnuzumﬁ ‘unTerpamsRoi Teopems: Koun - 370 srmgChenme
yEKuME Kei
(xax wﬁcneumx. TaK # HECOGCTBEHHELX).
Tiph BLIYHCTeHMM WHTETPANOB YACTO HCOOMB3YeTCA nenea YKopraa.
Kopnana. Myeme D = {z : Imz > a} (puc8), f(z) s
c(ﬁr] {l21 > Ro}), llm lim f(z) = 0. Toeda lim j émf(z)dz = 0,

m>0, c,.:nn(.:mi R}
JloxasarenscTso. Pacevorpin Gonee obunit cnysa, xonna e < 0. (Ecnu

@ > 0, TO OUEHKM HYXHO NPOBONMTH TONBKO Ha myre CB uau 4acT# ByrE
cB).

Puc. 8

Touxu A, D - Touu nepecesesin oxpyxaoera |z| = R ¢ mpavoit y = a,
7owxu B, C ~ TOIK NEPeCeen OKPYAKHOCTH ¢ AeACTRHTENLHON IPAMOK,
yron £AOB = vo. Tl yeronuo fi f(z) = 0. 970 s, w70

Ve > 036() >0+ v € D el > 8(e) — I£(2)l <e.
Tlposenen ouemky urrerpana [ €™ f(z)dz. Ecm z € AB, 10 z =
As

R €%, dz = Rie*dy, |dz| = R dp, e™* = emRemptiRsing)  |gimz| =
e-mRane,

,
/ amnzm‘ < [ el bt = [l greiRap <
o in -

< max | (2)le™ % Rlg).
pis

Tax xax singo = , 70 g0 ~ & upn B +oo.
Hrax,
[em s de] < mx ke +1), > s
1L i

e lim [ em*f(z)dz=0.
[y A
Awaroriimas  Omemka  vkTerpaia

mch & f(2)dz =0,

[ emif(@)dz  maer
oo

Tax KaK TONBHTerPaTbHEIE GYRKIMU B BHDAKCHNR CIpasa KenpepBHb 10
7,9, TO HCTIONE3yS TEODEMY O IPEeNLHOM TIEPEXOLE NOR JHAKOM MHTErPATa

(neficrourensusit cnyuai), nonywume lim [ = dz = —
iy

i Mrax, 0 = —mi+

Wn/‘dm mwu.,m/

Kax semeres dopuymaponxa revast Xopsass, ecns ayry C
HoBepyTS ) ua yron 3; 6) ua yron 7; 5) Ka yron —3. B Kaxow caytae
2)-0) nokaseTs nevaey Hopnaa.

Jlekmus 4

Hurerpansias dopmyna Koum. Msrerpan muma Kou.
Teopema Mopepa.

Teopema (Msrerpamsuas dopmyna Komm.) Ilyems D ~ ofaacms,
Gywcuug f(z) € A(D), xowmyp T C D, npuueks int [(Dr) maxace npu-
nadaescum D. Toeda useem mecmo gopuyaa

_1 [0
—5n [H9%, wen:

Bma fopsyaa nasveaemcs unmeepaasyol Fopuyaot Kowwu, uwmeepas,
cmoswuil cnpaea - unmezpaa Kouu.

Tioxasaremscrso. Tak kax T04Ka 2o € Dr, To cyimectsyer € > 0 Taxce,
470 %(20) C Dy (puc.10).

Pxc. 10

Paceorpm obmacrs D, = Dr\{z : |z - | < ). Obnacrs D, - mey-
comanas, no wiTerpansioi Teopese Kouwy wurerpan 1o rpasuue D, pasex
nymo

ek _,

§-=
oD,
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Mst mpoBelem MOKATENBCTBO METOOM MATEMATHWECKOH MRAYKLAH.

BTopoii CII0COD JIOKASATEMLCTEA ~ PACCMATPMBATS HHTerpan Kou Kax kph-
BOMMHeHREA METErpAN, IABMCALE OT NAPAMETPA, HO NPH 9TOM HYXHO
3HATB CBOWCTEA WHTETpana, 3ASHCALLERO OT NAPAMeTPA, KO HNONMHTET-
panLHAT GYHKIS — BYHKIHA KOMILIEKCHOTO MepeMeHHoro. B Kypce nefcTsi-
TensHoro axamza W ne-
TeTpAN 1O OTPESKY WX YTy, BKTIONAS BCEO IPAMYK.
Toxae ewsi npi n = 1. Tlyers 7o5-
xa z € C\T, Tora cymectayer & > 0 Taxoe, w10 Us(z) (1T = @. Obosuasm
s p = p(T, Uy(#)) > 0, Gyzem paccuaTpupats npupamene Az : [Az] < 4.
Pacnimen

. F(z+02)~F(z)
Bz

=§/’“’[(ﬁ'e%’)ﬁ’«—m]“

=«

[ et e

;
= R!(svz)’(s— Eran ®
Orciona cnenyer, 4To
O CRRNIY
Az i) €27
ae M = max £, 641> P ——
Tepexons x npexesy npi Az — 0, nmy-mu

f(§)d§
F(2)= ;,; e

< igie

Temeps npeanonoxan, o mpw k = n PaBeRCTRO CHpaseATHEO:
f(§)dg
() =
PO =5 ] &

Iiokaxen, 5o mpi k = -+ 1 PABEHCTEO TaKie YT BEIIOMHEHHbIN:
RV (GL
2mi

P = e
| &=

Pacoworpim pasioeTs

F+02) - FOG) (1! [ fE)dE
Y] ) -7

1 1
G )
_n+ 1) [ f(e)de
m | E-a9m
/
) - €~ (2 + A2 n+l

PR (e AR -
-2 [ —2) — AJ']““]
(€~ 20zl ~ (z + D)
(n+1)Az[(E~ 2) — A"
/ HOE st~ 7 AP
F(§)A(z¢,82) &
] €-aribefe- G+ B ™

d

e A(z€,A2) € = E-2" ~[E=2) =A™ ~ (n +
1)Az((€ - 2) ~ Az]™*". TipeoGpasyem A(z, £, Az). Byziem umers.
A6 02) = (€~ 2) (€~ 9™ - €~ z)"" + (n +1)Az(§ - 2)" ~
= Clu(B2) (€~ 2"
DY) - (k- DA2(E - )™ + (n+ 1)(AZJ’C,‘.H(E -2)-
+(=1)"(n+1)(82)™? = (A2)* - B(z,€, A2),

rne B(z,€,Az) - MuOrouneR UKCHPOBAHHOA Crememx mO z, €, Az. Ilpn
18] < 8 wonyms B(z,€, 47) xa xpunoi I orpammes: max B(z, s,m);
M, Tloszouy

nl MMe

FO( 4 82) - FOG) (1) [ fl)dE
— " <01,

2m ) €-2m
T

Tem camum
(n+ 1) [ f(E)dE

e,
Fo@ =50 [ e—age
B

a1

Tereps. nposenex ouesxy mrerpana | €™ *f(z)dz. Hueen
sc

/e‘"“/(x)dt
lsc

< [emmerripreniap <
;

< max [£(2)] j RN R dp = 2 max |f(2)|
s P-4

Henoneays onenky: .p <sing mpn 0< p < 7, monysme

/2
<amaxifia)] [ emivrdp=
el

/e"’“[(z) dz|
Bc

mRsd

/2 .
-2 =2 Ly
::%II(I)! :KE-:X_CII(Z)lhI

Oxonyatentro, lim [ e™#f(z)dz = 0.
Ao
Tlenaa roxasara.
Dlpuscp. B xasecrne apiepa paccworpuns wrerpan Jupucne

[ sinz
5 ¢z u swsumcnne ero, nenomsays murerpanayio Teopevsy Kous u

muuy Kopnasa.
Harerpan Tlupiuxne —
creaytowem pize:

MBI MOXEM ero s

-
/wdl
d

Paccmorpum obnacts Dp,, rpamvueli kotopok ODg, ABNSETCA KOH-
Typ, COCTOAUI M3 GPAMONMEERHEX OTPEIKOB KeACTBMTENBHOR NPAMOK —
(=R,~r}, fr, Rl wnoyx ayr Gy = {z: |zl =7, Imz > 0}, Cr={z: [
R, Imz > 0} (pnc.9)

R
/'smz 1 im (/smzd +/‘slnz‘u)
2 0
R

Ao
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/I(E)-’( JIGLS
le-sol=e
B nocrennem usTerpasie cuenaem saveny: £ — z = ee*, o € [0,2n], d§ =

eie*dyp, Torna

fe)de
-z

» Y . ]
/’_("'E::'—""—)m"w = //(zn wee)dp.
I§-2ol=¢ o

XoTenocs 6t Teneps BOCTONLIOBATHCA TEOPEMOFi O Cpeasen i HePeATH K
npezeny non maxom miTerpana npi ¢ — 0. HO Mb pasee npMBOmIH TpH-
Mep, noKa3LBaOLIEH, ¥TO TEOPEMa O CPEHeM L5 HTETpana oT GyHKUA
KOMILTIEKCHOTO TIepeMEHHOT0, BooGILE FoBops, Heepiia. TloaTomy MBI mepe-
iinem ot dynkmam f(z) = u(z,y) + iv(z,y) k MeficTEuTeABHEIM QYRKIMAM
u(z,9), (z, ) # Teopemy o cpeaen npuenuN K Hine, Mneers

x .
(/f(xa+ee‘“)d¢:1. [/u(zn+smw,vn+ss.nw)dw+
i )

2
+;[u(zu+cwsw,yn+esmwj¢w]

o

Bocnoas3yencs Teopemoli 0 CpellHeM LA kaxzoro unterpana. Ionysmn

=

l//(t«+Ec“°)dw:‘Zwi[u(zn+ewsw|,yn+zsinw.) +
°

+iv(zo + oS, yo+esinga)], ¢, ¢2 € [0,27]

/M

E-2

Tepeitnem k npeeny npu € — 0. Murerpan He 3ABHCHT OT €,
T

oKomuaTeNBHO ByTeM MMETS

2
r/é(f) : - ilim n/ Flao +ee) dp = 2ri f(z0)

‘Teopea fokasana.
Pacemotpu dyskumio f(z) € A(D). Tlycrs Touxa z € D, Toraa cy-
wectsye Us(z) C D, § > 0. Tlo unrerpanstoii dpopmyne Kowm umeem

/ I(f)d{,

" s

fz) = 2 € Us()

Tax kak unTerpan Kown ecTs yacTHuit cryuait unrerpana Tuna Koum, T0
110 TONBKO YTO JOKA3AHHOM TeOpeMe MONYUaeM, YTO

% Ig(_ﬁjdﬁ = 1(2) € A(Us(=0)) .
Iz0~€l=8
npu 3TOM 1 f(e)de
. n
=g [ %

fati=
Tax kak Touka 2y € D - NpomssonsHAZ Touka OGNACTH, TO OTCIONA Cre-
Ryer, uTo anasumusecxas Gywoyus f(2) 6 obaacmu D ecmy Gecxonewno-
Oufifupuryupyesas Gywyus 6 smoil obacmy.
TMycrs T' - KyCOWHO-TMANKAS XOPIAHOBA KPHBAL, QYHKLMK
e o(r), 70uKa 7 € I'. OBossaume 3a T, = P\{z: |z~ 2| <€}, € >0,

Fi(zo) =

. Tlo onpenenenuio uirerpanon THna Koww s caicne

ni

raasioro :ua‘:emn wassmaercs lim F, (). OGoswasaior 7ot npesen, ccnn
/I(e)dé o

kasaTs, 9TO ecit QyHkuns f(z) npuamnexHT Knaccy Ténmaepa nopazxa
@, 0 << 1Ha kpusoi T, 1o cymectayer nrrerpan Tuna Ko & cosicne
TaBHOTO IateNws B MoGok Touke KpuBoit I

Tlyers wym(um f(2) € A(D), D - onsiocpssas o6nacts, xon-

ou cywectyer, Taxe xax u wnrerpan Kowm: F(z) = 7
i

TypTC D, intT C D. T
f(z), z€intT,
1 [1@%_ oo,
i) ez |1
T 3102 2€l.
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Huzerpan

[ o= [Ter]

obr,

C onwoit cToporst

/ dl+/fdz:/cosr+:sinzdx
z z z

R : R
Zi/smzdl’

dz =

R

oSz +isinz

4 [SRzrismE
z

¢ ApyTok c1oporst 10 nevave XKoprasa fim [ dz = 0, no murerpaneroi

A
reopene Ko f ?dz =0 (i e AlDT,))
z
8Dg,

Pacemorpun urrerpan / Lap'y

&
Ecnu 2z € C,, 10 z = re*, Torna

e
[Fi-[ %
4

=80 cos(r cos ) dip +

rengtincose g,

rie¥dp

.
: / erlomtisin) g,

99 gin(r cos ) dyp.

1) =

opmyna zokasana.
B uacTHoCTH, ecnu D) - OTpaHINEHHS, KOHEHO-CBASHAE OGMACT, TPa-
st x0TOpojt OID COCTONT 3 KOHESHOTO Yica KOTYPOB ¥ Gyswuns f(2) €

A(D)NC(D), To
,U,A/’!(s)dé ven,

o6xon 1o Tpame OD nonowuTensHE. JOKaIATeNECTEO CrenyeT B3 0606-
1enHof Teopembi Kowm 1718 KOHEWHO-CBA3KOA OGNACTH # AHATOTHIHO KIOKa-
3aTENECTBY, KOTOPOE MBI NPOBETH BLIE.

Tycrs gymxuns f(z) € C{z

o lim ?l(z« +€€) dp = 2mi f(z0)-
&y

— x| < 7}, 7> 0. Tokasars,

Mrax, nyers @ysuas f(z) € A(D), D - omsocsaswas, orpanmsertan
o6nacts, pania kotopok O - KORTYP, TOFna urTerpan Kot

L[19% [ s neD
¢ D

mi) €-n 0,
£

Murerpan Tana Kowm.

Tyers T - y xpuBas, He sauknyTas
w Qykuus f(z) € C(T). Mrrerpan suza
_1 (10 .

Fo)=gn [ oy ##T

T
assipacTes wTerpanon Twna Kouwn
Teopema. Humeepaa muna Kowu - F(z) - ecmy anaaumuvecxas yrryus,
m.e. F(z) € A(C\T). ITpu smo dynwyus F(z) useem npouseodwyo moGozo
nopadra, paswyo
LTS

Fi(z) [e=a

vneN

TonsTue nepeoobpasmoit dyHKmmM.

Tiycrs D - oxsocesswas o6nacts n dyuxuaa f(z) € A(D) (puc.11). Sagmk-
CHpYeM TOUKY 2 € D # PACCMOTPHM WHTEFDAN MO KOPIAHOBOW KYCOYHO-
TNAIKOR KPMBOW C HAYANOM B TOSKE Zo H KOHLIOM B TOWKE z.

D
)
EJ

Puc. 11

@yuxana F(z) = [ f(€) d€ onpenenena koppexTHo, Tax xax ee sHavenus
HE 3BUCAT OT NYTH WATETPHPOBANA, & JABHCAT OT HAYAT K KOHLA My TH,
RIOSTOMY MB{ He YKaJHiBaeM CaMy KPHBYIO B HTEFPATe, & TOMBKO TONKH 2
u 2. Jloxaxen, wto dyrkums F(z) € A(D) u ee npowssomwan F'(z) = f(2).
PaccMOTpHM PasHOCTh

P rera - 16 ae
B S

Flz+A2) - F(z)
Az n

P de-daps) e
[ S frezse

bz
Hostomy

J 1@ - 1)1 !dfl

|az| S iy

F(z+A2) - F
I (z+ AZ: (2) _ 1£€) - ()] -

B _
cnny awamrwuwocr £(z) npw Az 0w 1F(6) = £(2)] - 0. Wrax

F/(2) = f(2). Crenoeatensio F(z) € A(D).
Onpegenenne. ®ysiung $(z) nasssaercs nepsoobpaswof pysxwmm f(2), ec-
it $(z) - ananuTHeckaKas Gyskus b o6nactu D u ¥/(2) = £(2).
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Tlyers &(z) - nepsooSpaskan gymaes nns Gy f(2). Tlo noxa-
3anmomy, gynxmus F(z) = [ f(€) d€ Toxe neppooGpasas. okaxem, o
F(z) - 8(2) ects xorcrana.

Dyrkumo F(z) = [ f(€)dé b namweiimem Gyneu HassisaTs Heompe-
nenemsuu mnrerpanom. Mrax, nycrs F(z) — &(z) = p(z) € A(D), Tor-
na ¢(z) = F'(z) - ¥(z) = 0. Tokaxenm, 470 (z) Toraa KoHCTHTA.
Ecmn p(z) = u(z,y) + iv(z,y), T0 u3 yonoemii Kown-Pruana crenyer
U= =v,=0,7e uzy) n-v(l Y=oy e(x) =atio=c
- korcranTa. Tostomy &(z) = F(2) +¢ = f S(€) dE + ¢, B(z) = ¢ wm

H

f F(€) d€ = B(2) - @(2,). Bra popmyna ects dpopmyna Helorona-JlefiGruna

asecThar paee iz MeACTBRTELHORO Cryas.
Tlycrs D - onocsssas o6nacts, 0 ¢ D, 1€ D (pue.12)

Puc. 12

Paccuorpnu gymawmo f(z) = € A(D). Torna eonperenesui -

1

Terpan / % et nepaoopasman 4ns f(z) = ~. Hasosew oTor muTerpan
1

MATbIM IOTBDHAMON Z IR TNABHAM HBvEHHEN nOrApHMa: In z = / "{i )
{

L .
ronza (1nz) = 1. Sawerun, 170 npw 2 = 2 > 0 murerpan /? —lnz.
{

Tokasats, w10 In > = Inf2| + iarg2, — <argz < 7.
Tlyers D - ofocasanas o6nacts, 0 € D; i, —i ¢ D.

s

Pllc 13
Paccuorpan gymamo £(2) = 1z € A(D) (puc.13). Toraa seonpese-
!
e wrrerpan / 2 ecrs nepsootpamas mna f(2) = - Haso-

% amin aprrasrencon z, arctgz = [ o,
1+8

1+€

BeM 3TOT MHTerpan

(arctgz)’ =

1
T+

3
1
Noxasars, wro arctgz = ln( *")

Patiee b noxasanu weTerpanseyio Teopemy Komm ang amanuriec-
Koit Gymiimm f(z) B OMHOCBASKOR 06MacTH D. MOKHO NOCTABATS 3413y,
B KaKOM-TO CMBicne, o6paTHylo nauroii. Ecnn B omoceasHol obnacTy sana-
a Qymxans £(2), s kotopoit uirerpan [ £(€) d€ = 0 o moGoMy KORTYPY

T

T C D, 7o Moxwo mw yrsepaats, 1o f(2) € A(D)? Otser nomoxurens-
Huai, ecn noTpeGosat, w0 f(z) € C(D). Cripasennusa Teopena
Teopema Mopepa. Mycms D — odnocesanas ofisacms u f(2) € C(D).
Ecau dax w6020 xonmypa T' C

JECE)
!
mo f(z) € A(D)

oxasarenscTeo. Beenem dynkumio
F) = [ o

]

20 - Quicuposamwaz Towka, z0 € D, z € D. B cuny ycnosus Teopemt

onpezeerte Gy F(2) KoppexTHO, TaK Kak naserie dyniawn F(z) ve

3BUCHT OT PHIGODA KPUBOI, & IABNCHT OT HATATBHOI U KOHEYHOI TOYEK.
PaceMoTpuM passocTb

Fue-rena

Flz+02)~Fl2)
Az bz
Torza

= f(2)| < max |f(€) - f(2)]

F(z+02) = F(2)

bz v}
Tew camsin npowssonsas F'(z) = f(z). Tak xax f(z) € C(D), 10 F'(z) €
C(D) u F(z) anamuruseckas, Takim 06pasoM, GyHKums B o6nact
aHATMTHYECKAS (YHKIMS UMEET GECKOHESHO MHOFO NPOWSBOLHLIX, OTCIONA
creayer, wto f(z) € A(D). Teopewa rokazana.

Jlekuus 5

Tapmormgeckue GyrKumd,
TpUELHT MOJIyT BHAIMTUIECKOM yRKIMM,
‘MBI MaxCHMYMa TapMOHUYCKOR (y FKLIAL.

Pacomorpune dysxmmio f(z) € A(D). Tlo nokasawsowy pasee creay-
er, uto f(z) - Geckoneuso auddepenumpyemas dywkuns. Ecan f(z) =
w(z,y) +i0(z, ), To GysKmg u(z,y) 1 v(z, ) TaKKe STOTCE GeCKORESHO
anGepenunpyentin dymuanmn. s yenooui Koum-Pnasa mumexaer,

uT0

5
Te. ul, +uf = 0. Ananormumo vy + vf, = 0. Boeaew » paccuorpenie

onepatop
»

[
KoTOpEIt Ra3biBaeTCA onepaTopom Jlannaca.
Onpegenerie. dynxuns u(z,y) Asaxms HenpeprBHO RuGGEPERIHPYEMAT B
obnacta D (obosaueswe — u(z,y) € C*(D)) n yAOBIETEOPAIOLIAR YCIOBHIO
Au = ( Ha3bIBAETCA TAPMOHHECKOR.

Mt nokasans, 910 ecik f(z) € A(D), o Re f(2)  Im f(2) ecto rapyo-

&
A=gat

. HutecKue GyHKuMH B OGTACTH

Tpexnonoxa, w10 B oﬁnac'm D 3anasa rapwosirieckas QyRKUHE
u(z, ). BOSHHKBET BOTPOC ~ MOXGO A 10 KasEO TapMOHHSECKOH GYRIGUI
nocTponTs amamuTwseckylo Gy f(z) Takyo, 4o Re f(2) = u(z,y).
Tokaew, 570 ecaw o6nacTs D - OZOCBE3T, To BONPOC POLIAETCH TONO-
XuTensHo.



Tycts D - onxocesskas 06nacTs # u(z,y) -~ TapMORUYecKas QYHKURS B
D. Boezem dynxumio

(=9)
e = [ e,

(sose)

e TouKH (20, %), (2,y) € D. Onpexenenne ynxuuu v(z, y) KOppeKTHO, TaK
KaK HHpErpan, CTOALUIH CNPaBa, HE JABUCHT OT BHGODA NYTH HRTETPUDOBA-
s, Ecnn T’ - KOHTYP (3BMKHYTaR, KYCOUHO-TMIAIKS KOIGHOBA KpHBs),

by
/u,.i“u,dy /f[ (u,)—a—y( uy)ldzdy 0

(cnoms3osamn ycnoske Au = 0).
Lupepenunan dyoums v(2,3) W dz + ! dy. Tlooromy v, =
o, = u,m By =0, Te. o[z, 0~ rapucamecxu ynKuus » obmacT
D, ysmeaan 1(z, ) m (s, 3) cossans: ycronusun Kouss Puvara i Gy
1() = u(z, ) + fv(z,y) avanuTuana 5 D.
Gysiuing v(z, ) OPETENAETC O (GYHKIMH (2, ) € TONROCTIO 1O KOK-
crants
Tycrs dymkuns u(z, y) rapwonnsia b D u T0uKa zo € D, Torxa cylwect-
ayer oxpectsiocts U(zo) C D, > 0. Tax xax U(z) ~ onsocesanas o6macts,
0 cymecteyer gynxumua £(2) € A(Us(x)) Taxas, wro Ref(z) = u(z,y)
1o nokasasxomy panee. Ho Re f(z) ects dynkuma Geckonedo-muddepe-
wpyesas, nosToMy u(z,y) GeckoReso-nupiepermmpyena b U(zo). Tax
Kax z - NpOWSBOMLHAA TOuKa bnacTH D, To OTCiONA CIEYT, STO Tap-
dynxuma u(z,y)
uz,3) € C=(D)
Pacouorpme dynxumo f(z) € A(D) wkpyr {z : le=z| < T} C D, 20 €
D, 7> 0. Tio gopmyne Ko

f(z)d=

-2

S =g

Ie-sol=r

Crenaew sameny nepesenioro: z = 2 +1¢¥, ¢ € [0,2n], dz = rie® dp.

2 2
1 [floo+re®) g, 1 i
flz0) =R/'—‘re“' rie¥ dp = o (2o +7e") dyp.
] 0
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Gopuyna .
I = o [ Hlaotre)dp
{

HOCHT Ha3paiie HOPMYITLI CPENHErO SHANEHNS.
Ecan f(2) = u(z,y) +#0(z,y) To oTHensx neACTRHTENBRYIO W MHHMYIO
4acTs B opmyne, Gyiem mmeTs.

2
1
u(zo,30) = Z—W/u(znwtvmw.ynrsinw)dw.
3

T.e. (JOPMYa CPENHERO SHASEHHA CTPABEMIABA W LA TAPMOHWTECKHX (BYHK-
ey

®OpMyna CENHEro SHANEHWS LA AHATHTHYECKOH (BYHKLMM, TaKKE KAk
 QOpMYa CPIHErO IHATEHNS JNA PaPMORWTECKOR (YHKIIKA, HCTIOMEIYeTCH
A [I0Ka3ATeNbCTRA MPMHLHNIA MAKCHMYMA MOLYTIA AHATHTHYECKOH QyHK-
UMM AT LTS IOKA3ATETECTEA NPHHIMTIA MAKCHMYMA FAPMORMSECKOR QYHK-
wn.

Hpusuun MoRys i QyHK-
.

Teopewa. Mycm f(z) € A(D), M = sup|f(2), £(z) # const, mozda das
oot moweu 2 € D cacdyem |(2)] < M

‘OTa TeOpeMa i HOCHT HA3BAHHE NPHHLMNA MAKCHMYMA MOTYNIA AHATHTH-
wecKo GyRKImH.
Tloxasatemscrso. Ecna M = 0, 10 f(z) = 0, ecnn M= +o00, 70 He-
pasencrso |f(z)] < M capasennuso scersa. TlosTomy Gymem cunTars, 10
0< M < +o00. JIoKasaTensCTB0 npOBeTeM OT NPOTHBHOFO: MCTS CYLLIECTRY-
er T0uKa 2 € D Taxas, 4T0 |(2)| = M. Tokaxen, 9T0 Ha 1060k OKpYXK-
roern {z : |z ~ 20| =7} C D, r > 0 vonyms dymeums |f(z)| = M. Tpen-
HONOKEM, YTO 3TO He Tak, T.. Ha OKPYRHOCTH |z — z| = T Cywectayer
TOUKE 2 = 2o + 7€", B KOTOPOHt |f(20 + 7€¥)| < M. Tax xax |f(z + re')]
(YHKIMA HENPEPHBHAR, TO CYMIECTBYET WIMt NPABAK WM NEAd WM TIONHAT
6-0KpecTHOCTS, § > 0 TOMKH () TAKAR, <TO TS BCEX (o W3 ITO OKDECTHOC-
i Hepasexctso |f(z0 + ré*¥)] < M coxpansercs. Npenonoxane, wto Ans
1 < ¢ < 1 + 8 510 Tak. [o popmyrne Cpearero 3HaYeHUs 1I% AHATHTHYEC-

n
Tax Kax JUIA FAPMORRTECKO GYHKIMA CNpASEMHBS GOPMYNA CPEAHETO
smavenns

P
1
u(Zo,%0) = g/u(lu+rmvyvﬂ+vsinw)d\o.
0

TO NIOBTOPAA AOCOBHO KOKR3ATETECTRO TEOPEMBI O MPHHILATIE MAKCHMYMA
womyns zns Qynxuan, tie op-
MY7& CPRIHETO SHANEHHS, NONY<THM OKA3ATENLCTEO NAKHON TEOPEMEL
Crencreme 1. Tlyers D - orpannsesnas obnacts ¥ ¢yHkuus u(z,3) €
C(D) # rapuonndna 5 D. Torna Maxcumym i MunuMyM dyRKnmm u(z,y)
ZocTAraeTc Ha rpasnue obnacts D.

Crencrsue 2. Tlyers D - orpaunvennas ofnacts n dysiamm w(z,y) u
us(z,y) rapuommunst b obnactn D, npk 10w w(z,3) € C(D), wa(z,y) €
C(D), ui(z,y) = walz, ), (x,3) € BD. Torna w(z,) = va(z, 1), (2,3) € D.

Beprio mm Cezcrone 2, ecnik YCHOBHE OF PAHISERHOCTH 0GTACTH
I o

Cepopmynupyen sanay lupixne is onepatopa Jlannaca.
3anaua Hdupuxse. Jana ofaacmv D u na epanuye ofascmu 36dawa we-
npepuienag dywwyus ¢(z,y). Hocmpoums eapmonusecryio Gywsuuo u(z,y)
& obagemu D, nenpepuionyo 6 D u maxyo, wmo u(z,y) = ¢(z,y) na 2pa-
nutie.

3agaua Jlupixie se fns 1060k oGnacTh paspeuuna. lloske ans o6nac-
Telii CTEUMANEHOrO B ML B SBHOM BHJIe TIONY M pemerme. Ceidac e Mt
MOXKeM CKBI2TS, STO eCTH PelIeHne CYLIECTBYeT i OBNACTS OTpAHMTERa, TO
pemesne 3azauu upHXne eIMECTReNKO. DTO ceayeT u3 CrencTsus 2.

Hrax, ecnn dynxuns f(z) € A(D)  oTAWSEA OT KOHCTERTH, TO HX B
OmHOR BHYTpeHHelt TOYKE ACTH €€ MOMIY/Tb HE MOXET MPHEMMATH MAKCH-
‘ManbHoro snavenns. Ecnn xe pyscuna f(z) € A(C), T.e. ecrs menax dynx-
1AL, TO SHAK OIEHKY HA MOLYb QYHKLIME CBEPXY, MOXHO FOBOPHTS O €€ BUE,
MHAve FOBOPS CIpaBENTMBA
Teopema Jluysunns. llyems f(z) € A(C) u cywecmeyom a > 0, M >0
marue, wmo Vz € C = |f(2)] < M|z|°. Toeda f(z) - #nozouaen, cmenens
xomopozo e npestiuaemn yeaol vacmu a — [of

Iloxasaremsctso. Ipencrasum a B pune a =m+71,0< 7 < 1, [o]
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BoskMen Touky z R > 0, Tora no mRTerpamsHoit dopuyne Komm

104 g - (o220 re)d¢
feo) = =, f bz = . [ Ko
Ouernm f1+1)(z):

e
ey 2oR (Rl e (14

iz < HOLE L e .

Tax kax f(2) - venas, To yerpewnss R — +00, nonysim, wro £+ (z) =
0. Tak Kax TOuKa zg — MPOM3BONEHAT TOYKA KOMIUIEKCHOI IUIOCKOCTH, TO
/(H"l(zﬂ) 0, T.e. QKIS f(2) €CTH MHOTOWIIEH, CTelleHs KOTOPOO He
npesocxonuT [o]. Teopena nokasana.
Crencrawe. llycrs /(:) € A(C) mcymectayer M > 0: ¥z € C — |f(2)| <
M. Torza f(3
[Bazasa 17.] Hoxasars nesoey Mlsapua:
Tycrs f(2) € A(lzl < 1)NC(jz < 1), £(0) = 0. Benw [(2)] < 1, nnn
|2 < 1, 10 |f(2)] < |2, 12l < 1. Tpusenm, ecnu cywectsyer 2 : |zo| <
1, [£(zo)l = fzo, 70

flz) =€z,
@€ R, & - QMKCHPOBAHHOE YHCIO.
Tiyers e ) e
wockoetu € n canay), Te.

cymectayer M : ¥z € C u(z) = u(z,3) < o ) Hoxasars zorza, w70
u(z,9) = const.

L Hycrs V€N fo(2) € C(E), pan 3 fa(z) cxomsres pasHomeptio na
E x gyskun £(2). Torza f(z) € O(B).

2 Tiyens ¥n € N eyuectayer wrespan [ fo(2)dz, pa .Z:. Jalz) exomar-
st pasHomepro Ha kpupoii ' k dyrkunu f(z). Torna cywectsyer usrerpan
(e, mpm o

[ =3 [ nerae
T »=r

JIOKB3ATENLCTBO STHX CHOMCTB CIEIYeT W3 TpLYWeH TeopeMsl
M aHanOTWNHBX CBOHCTB KeHCTBHTensHWX Ppamos. CmOTPH, Kanpmmep,
B.A Mnsux [4].

Onpesenerme. dyskimonamsHL iz 3 fa(2) CXomHTCA pasHoMEDHO BiYT-
e P

i obmacty D, ecn pan 5 fa(2) CROTTCS pasionepio Ha moBox KoNTaKTe
KcD.

SameTum, 9T0 ycrioBie PABHOMEPHO# CXOIMMOCTH BRYTPH — Gonee cnaboe
yCII0BMe, SieM YC/IOBHE PABHOMEPHOI CXOMUMOCTH.
Tlepsas Teopema Beiiepmrpacca. llycms ¥n € N f(2) € A(D) u dag
06020 xomnaxma K C D pad 3 fulz) czodumes paswomepno x f(2) na
K. Tozda
1) f() € AD);
2) f¥() = Z (), z€D.

Ped 3 f%(2) czodumes paswonepno enympu obaccmu D.
£

Hoxasatemscrso. ling moforo z € D cymecTsyer saMkwyTas Okpect-
nocts Us(z) = {z: |z — 20| €6} C D, § > 0. Tlo warerpansHoit gopmyne
Ko

m / fn(i)dé) 2 Us(ao).

le—sol=t

fa(2)

Tax xax uomecteo [€ ~ | = § — xounaxr x pan Y. fo(€) cxomures

pasromepto 1a ¢ — z| =4, T0

=SS [ ok
ro=Yna=Yg [ X

[

1 (Eno)« [ fed
2mi £- "o £z
le=20l=5 1e~z0l=6

Ua pastomeprolt cxomumocTn pana a [§ — zo| = & cenyer, wro f(€) €
ozl = 1 Inl€) dE
Ol = | = &), zoraa wzerpan 37 _{I_‘ oy
Koum 1 ecTs anamuTHueckas QyrkuRs auyTp Us(zo), T-e. Gynxmms f(2) €
A(Us(2)). Tax xax Touxa 2o ~ npowssonskas, z € D, o £(z) € A(D).
Tlok@xen cIpaseTHBOCTS BTOPoro yrsepwaenns. Lns moboro k € N

fa(6) d€
(€ o

ecT, wnTerpan THna

190 = » € i)

e

W3 pasHomepHoit cXomAMOCTH PALa 3 fa(€) Ha MrOReCTSE [€ — 20| =
cnenyetr =t

. £ o) ae
®) - f€)de
; 6= 55 €—aFn " om G-t “(z),

le-sol= l¢-sol=5

OcTanocs KOKSSATS pASHOEpHYIo CXOLMOCTS BityTpH 06nacTi D pALa.
5 #%)(2). Hanosuu, 470 pasHOMEpHAz CxOmMMOCTE BHYTPH O6macTi D
25T PABROMEDHAT CXQTHMOCTS 8 mobow xovmaxte K C D. Mloraxes, 470
5TO YCHOBHe SKEHBATEHTHO PASHOMEPHOI CHOTUMOCTH Ha TH0BOM KDYTe, 7e-

auten 8 o6nacta D. ecnu ecrs

Ha MI060M KOMITAKTe, TO 6YIIeT PABHOMEDHAR CXOMUMOCTS K Ha Mo6OM KpyTe,
nexaen 5 oGnacTu D, Tax Kak Kpyr - KoMnaxT, OGPATHO, IYCT €CTb pas.
~HOMEDHAT CXOLMMOCTS Ha TOGOM Kpyre, nexamen b onaci D. Bosswent
xomnakt K C D (puc.14). B cuny nemmst Deitre-Bopens cyuecTsyer Kowed-
HO® SHCAIO KDYTOB, TIOKPEIBAIOUIX KOMNGKT K, MOXHO B3ATE KDyTH TAKHM
06pa30m, 4TO 3aMKKyTHE KDyTH IeRHKoM TpHKaanexaT obnactu D. Tak kak
THX KDYTOB KOHESHOE SHCIIO, TO #3 PABHOMEDHOI CXOTMMOCTI! HA STHX KDY~
FAX OYIT CIEIOBATS PABHOMCPHAS CHOUMOCTS Ha canow Kownaxte K C D)

KOl PYHKINH MOXeEM HAIHCATS

=
flz)= zix f Flzo+1€¥) dyp,
o

Torma

" s .
el =4 < ( [irtosrendos [ 1o reiaps

«f vmwmw)

ots
w L

1 ()l < 5 (Mepy + M + M(2m ~ 1 = 6)] = M.
TIpuuws K MpOTHAOPeSHSo, TPEATIOTOKHB, STO Ha HEKOTOpOK OKDYRHOCTH
{12 — 20| = r} C D cymecrsyer Toua 2 = 2 + r¢¥!, B KoTOPO |f(20 +
re)] < M. Cnexosatenswo, #a mo6oii okpyaoctn {|z — | = r} C D

2, 1 pauycon 8. B FTOM KpYTe MOLYS dYHKIUIH pase M, HO Toka z ne-
XuT B oTOM Kpyre, CnenosaTenswo, |f(z)| = M. Wrax, nna moSol Towk
€ D |f(2)] = M. Tloxaxen, ¥ro otciona crenyer pasercrso f(z) const.
Tax xax [f(2)] = M, 0 |f (D = v?(z, 1) + v¥(z,1) =

w4, =0
weu v, =0

& cuny ycnoauii Kotm-Panana cucreny ypaseni nepenues » sue

{u-u;-v-u;,=o

voul bueal, =0

Tax xak u? + 0% = M? > 0, To pemenue OmHOPONROK CUCTeMH €cTs 1, =
uy, =0, T.e. u(3,y) = const. Ananornuro v(z,y) = const n f(z) = const,
WTO MOTHBOPUHT YCOBo Teopesst. Teopen, Tew caubiM, ZOKaaHa.

Tlo YOIy AOKAIATENLCTEA MEL PELILIH 33AATY:
Tycrs ¢ysxuns f(z) € A(D) » |£(2)]

Tiokazas, at0 ](1) ecTs KoHCTARTA.

onst B obnacta D.

cnpasenieo paserctso |f(z)] = M, e cavsin B xpyre,
KOTOpHt MOXHO BIHCATH B 06MBCTH D, C HIEHTPOM B TOSKE Zo PABEHCTBO
1(2)l = M coxpannerc.

Teneps moxaex, w0 &na moboi Towkm z € D [f(2)] = M. Tax xax
06nacTs D - OTKPLITOE H CBA3HOE MHOKECTBO, TO CYIIECTEYET HeNpEPLIBHAT
xpupas T C D, coenuAowas TouKx 7o u 2. Henpepusnas kpusa T - kom-
naxr. Tlyers § = p(T,0D) = inf p(z1, ) > 0. Eean § = +00, 70 n kaecr-

ek

56 6 MoxHO B3¥TS MOGoe NoMesMTEAbHoe e, Tlo newne Teiine Bopens
W3 M0BOTO OTKPHITORO MOKPETHA KOMIAKT MOXHO BHIGPATS KOHEHIOE foz-
TOKpTHe. YCTPORM OTKPHITO MOKPHITHE Tk 0GPA3OM: K&XAYIO TOTKY
KpuBoii I’ NOKpOEM OTKDHITEM KPYTOM Paityca §/3 ¢ HeRTPOM B 5TOH TOuKe.
3 3TOTO OTKPITOTO NOKPHTHA 1o Nemme Lefisie-Bopens BhiGepeM KOHeuHOE
GHCHO KPYTOB, 06PA3y DX TAKIKe TIOKpLITHe KprBof T TlycTs LeRTPE 3T
PO O/ 5.2y YNGR oK 8 AaTpasnR O 301K 20 &
rouxe z, npn oToM {2 ¢ |2 — | < /34N {2 : |z - 741 < O/3} £ O, i =
1,2,... ,n — 1. PaccvoTpum Kpyr pamiyca § ¢ LeHTpoM B TOuKe 2. TOUKA
21 AOXHT B FTOM KpyTe W To JOKasaHHOMY paee B IToN Kpyre |(2)] = M
cnenosaTensio [f(21)] = M. lanee paccvoTpmy KpyT paawyca § ¢ nesTpom
5 Touke 21. B 5TOM Kpyre MexuT Touka 7 ¥ B yrow xpyre |f(2)] =

Crenosatensro, |f(z2)] = M. Tlpouecc paccmoTperis kpyrop Gylem moBTo-
PATH M Y€PE3 KOHEYHOE YHCIIO LUATOB NPHMAEM K KPYTY C UEHTPOM B TOHKE
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Jlexmus 6

Yucnopbie u GYEKIMOHATBHbIE PIMIEL

Oycre {za} - wncen.
21+ 22+ ...+ 2o+ ... HABACTCA PAIOM U3 KOMIVIEKCHMX wHCEN M 06o-

IMANAETCA CUMBOTON 3, 7. Boeme sacTwunyio cysmy pana S, = - 2.
= &
Panl HaILBACTCR CXOUALUMCS W MMEST CYMuy, PaBHYlo Scay S, ecin cy-
wmectayer lim Sy = S. OBoamas S = 3. zn. Tew cani 00 onpenenexs o
o =

§=3 zn, ecnn
=1

Ve >03N(e) Va2 Nie) - [S-Y al<e
=

Tak Kak S, = Y Zx +14 3. Us, €CTM 2, = Ty + ilfn, TO PR ) 2n CXOTUTCH
[=Rr=1 =

TOTAR I TOMEKO TOTZA, KODAA CXORATCA PATH 3 Tn, 3 Y. Taxum o6pacon,
o

1718 PSUIOB M3 KOMILTEKCHBIX YMCeN CTIpABeMB KpuTephit Ko, ananoruy-
Rt xpwrepiio KOUWM As PAIOB 3 JeHiCTBMTEMLHbX YHCE.

Kpurepwit Kouu. Pad 3 2, czodumes mozda u moaswo moza, xoeda
=

Ve >03N(e) Va2 N(E), VP EN = [Spip—Sal = |zns1+...+ Znap| <€.

Heobxomnoe yemosue cxomamocts pana: lim 7, = 0.
Pan Y, z, HajbBaeTcs aGCOMIOTHO CXONAUVIMCA, ECTW CXONATCA PSX
=

paza 3 2. Tax
=

5 ol Mo creayer
=

54

rax, GyZem ZOKASHEATE PABHOMEPRYIO CXOMMMOCTL paa 3 fot)(2) Ha mio-
=

6ou xpyre K C D.

Prc. 14

Tyers K = {2 : |2—2| < r} € D. CyuiecTeyer xpyr Gonbiero pamkyca
(0 <r<n)-{lz— 2| <n} C D. Tlycts z € K, Te. |z = z0] < 7, mweent

(ro-$0)

19 - i!!"(z
=

oy
27 N s

£9(z) - Zf‘*’(z)

UG iﬂ(&)‘-

B cuny pasHOMePHOI cxomumocTH psna 3 fo(€) Ha moGom KoMmakTe, Cre-
=

nyer pasHomepas cxommvocTs pasa 3. f(z) x f®)(z) ma kpyre K =
=

{z : |z — 2| <r}. Tax kax Kpyr - MPOMIBONHEIA, Jexaumit B 0GAACTH

D, T0 OTCIONa CrenyeT paBHOMEpHAS CXOMMMOCTS BRYTPW o6mactu D pana

f #®)(2). Teopema Beiepurpacca noxasana.
;;opal reopena Befiepmpacca. Tycms D - oapauuennas ofagcms,
Oz mobozon €N fo(2) € A(D)NC(D), psd E‘ F9(z) czodumes pasno-
wepno xa 2pauye 8D obsacmu D. Toeda pad - fo(z) czodumes paswo-
wepno o (D) x newomopott Gy £(2) € A(D) 1 C(D).

s pana 2} fal2) 52 0D cre-

nyer

<e,

ey
Ve >0 3N(e) Va2 N(e), p €N, Vz€ 0D — ‘ > 40
v}

yors obnacts D obmacre u £(z) € A(D)N
C(D). Torza | I(z)l JOCTHraET MAKCHMYMR B TpaHHLE OONACTH.
Crencreue 2. Tlycrs obnacts D - orpaumvenuas o6macts W yKum
#i(z) € A(D)NC(D), foz) € A(D) N C(D) n na rpanume obnactn
fi(2) = fa(2). Torna fi(2) = fo(2), z€D.

Cnencreme 3. Tlycrs D - orpasmsensas obmacts; f(z) € A(D) N
C(D), () # 0.¥z € (D). Torxa munmayw |£(2)| socrarserca na rpa-
nuue o6nacTH

Bepro i CreIrau 2, cc yCIOSHE OFpaHHSEHHOCTH 067ACTH
s

J pe—— p

Teopea. Myems $ywwyus u(z,y) 2apmonusua s obaacmu D, u(z,y) #
const u nyoms M = supu(z,y), m = inf u(z,y). Toeda dax aobos moveu
>

(2,9) € D cnpacedauont nepasencmea
m<u(z,y) < M

Ora Teopema HocuT Haspanue [IPUHIAN MAKCHMYMA PAPMORUTECKOM QYHK-
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KaK |zal 3 0, 7O BCE MPUSHAKH AGCOMOTHON CXOWUMOCTH PAAG ¢ KOM exc

s s 5, crpaseamaas ok IpRIHXR CHOTIMOCT PALOD ¢ 1
sosavin sinenavn, Owopw, wanpineep, B.A Mmsus [4)

" yorn suomectoo BcCu ¢yumni {f-(2)},2€ E

- sanana na E. Pax Z falz) masmimaeTes GyHKUMORATBIHLIM PRTOM. CXOLH-

MOCTS QYHKIEORATSROTO Pz Ha uoxecTSe I oXeT 6L1Th nOTONENHO B
B K&XIOi TOYKe MHO-

sectpa E KaK CXOTEMOCTS JHCTOBOTO PAIa.
Onpenerete, Dynwuoanuih Pt 3 fo(z) COMTCS PASKONEPRO K3

moxecrse E x yswumi £(2), ecn

Ve>0 3N(E) >0 Va2 Ne), V2€E — |f() =Y fla)| <e
=
- i 5 fal 0
Ke Pad 5, 1a(2) czodumes

wa swoscecmae B paswomepno mozda u moawo moeds, xozda

Ve > 03N(e) Vn > N(e), Yp €N, V2 € E = [fan(e) - +fap(2) <€

Tyers fa(2) = tn(z,3) +ivn(7,0)-
Teopema. Pxd ): 1(z) czodumes pasnosepno na B moada u moavwo moe-

da, wozda pasnosepno ng E crodsmes dea prda ):; un(z9), 3 wa(e0)-

crenyer u3

np
3 56)

<

o
> wlzy)|+

»
wu(@ )|
iy iy s asp
i(@)| < (2)| w(zy)| < | L £G)

OrmeTiM CBOMCTBA PABHOMEPHO CXONALWIXCS PAZOB, KOTOPHE nam
1OHROBATCS B ABTLHeIIEM:

5O ): $1(2) € A(D) N C(D), nooTomy B ciny IpHHINTA MAKCHMYMA MO-
kinty
BY% HATHTISECKO QYRKIKR CTEIyeT

e
Y i) <e zeD,

lk=nt1

xe. pan 3% ful2) cxomrres passomepro wa D w, novrony, £(2) = 52 fu(z) €
& &

C(D), a no nepeoit Teopeme Beliepmrpacca f(z) € A(D). Teopema nokasana.
Bee, 470 65110 CKa3aHO A5t HYHKIMOKATLHEIX PANIOB, MOXHO MEPEHECTH
Eenn sanana

Unl@h 10 paz E(fea) - (5,

‘i 5TOM uaCTHHEE CyMaest Sn_1(2) = fa(z) — fu(z). Hl, Ha060poT, M0 dymk-

LHoATEOMY PRy 3 fa(2) MOKEO PACCMOTPET MOCTRIOBATENBHOCTS Sac-
=

s ey Sn(z) = 3 ).

PaccMOTPYM HaCTHEI Cyal (HYHKIMOHANLHBIX PSJIOB ~ CTENIEHHLE DS~
8t PAIL BUAS 3 Gn(2 — 2)" HATMBAETCR CTENEHHAIM PAIOM C LEKTPOM pas-

JIOMEHUS B TOYKe Zg, M€ {2} — QUKCHPOBAHHAN MOCNENOBATENLREOCT KOMI-
nexcub sncen.

Tlepsas Teopema Abens. Ecau pad . aa(z — z)" crodumes 6 mouwe
21 # 2, mo ow crodumes 6 mowke z : |20 < |212o], npuses abcoaomuo.
-z
TloxasaTenscTpo. Unmeem [an(z—2)"| = [aa(z1— 2)"|* P . Tax xax
=
pan ¥ an(z1 — 2)" cxonures, 70 3IM > 0: |an(2 — 2)" < M mnx moGoro
=

n € N. Torza oSumit unex pafia 3 an(z — Z0)" YHOBIETBOPAET HEpaBEHCTBY
E=)

lan(z = 20)"| < M- ", rae

Hpan 3, an(z — 2)" CxomKTes abcomoTHO.
=

Brezen pamiyc cxomumocTa crenemmoro paza R =

56 57 58 59
MATeMATHYECKOTO aHATHSA B 3-M CeMecTpe IOKashipaercs Teopema Komm- — nepasescrso Kouw ans nponseogssix gy f(2), k € N. 1Py " 3 S
Anamapa (., anpep, B.A s [4]). JInx K0o{NIHERTOR CTOERHOTO PAAR HMEEM REDABEHCTER Tax xax Sy <10 P, CTOALIR CTIPasa, CXOMTCR PABNONCPIO cosE= ): e &
Teopema Koum-Axamapa. Ecau R = 0 (me. T 3/Ja] = oo, Mo B R e R Lehz=5 W’ |2l < oo;
- e <MD pen n =t
m0 940 an(z = )" crodumes moswso o mowne 0. Besu R = - o) = [ f(f)”‘ ( ,lﬂ) = sz § T Hl<o
o =

(m.e.Tm /Taa] = 0), mo pad czodumes abcomemno 60 oceil wosnaencHol
‘naoexocmu € u paskouepwo enympu C. Ecau 0 < R < 00, mo pad czodum-
e abeomomuo enympu wpyea |z — z| < R, pasonepno enympu xpyza; ene
anuknymozo xpyea prd paczodumes.

Tycrs 0 < R. Tax xax o6uni wnen pana an(z — 2)" € A(C), o nepsoit
‘Teopeme Beliepmrpacca cymma pana f(z) = 3 an(z — )" ecte anamTn-
=

weckas pyHKiMs BHYTPH KpyTa |z — 20| < R, mpm srom

f9(z) = ian-n(n— De(n—k+1)(z—2z)"* =

=Y ann=-1)...(n-k+1)(z-z)"k
b=t
Tonoxuy z = z, Torma
(k)
19z = Koy, 0y = L5000,

Ten camsin, ecnn 0 < R, TO Cymaa CTCTIEHHOTO PAia MMEeT Bitk

&
=3 5, s

ul <R).

Pan, cTosumit cnpasa, HockT naseanme pana Teinopa ans Gymxumn f(z).
Bosuwen 0 < p < R, obcomaume M(p) = max If(2), f(e) =
le=sol=p

n}:an(z — 20)". Tax xax f(z) € A(lz - | < R), T

®)(z) = iGLN
-tier
" kM
179(e)| = g - 250 omp = Mp‘,"’-k!
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- nepasencpa Komm ans KosHIMERTOR CTENERHOO PAga.
Teopewma Teitnopa. Iycms gyt f() € A(D) wmovna zo € D. Myems
p = p(20,0D) > 0 (p soscem paswamees co). Toeda Fywwuuao f(z) modco
passorcums 6 cmenewnot pad

fE) = onlz =) z€ {z: lz—nl <
=
£9(z0)
a0 crodumes paswosepno exympu Kpy2a, npu oMok 6 = 22 Yo 6uda

a, caedyem, wmo Sywnyuu f(z) 6 cmenennot
pad eduncmeenno.

JTloxasarensctso. [lposeten KpYr C UEHTPOM B TOUKe Zo H PATMYCOM
0< p < p (pre.15)

Prc. 15

Kpyr |z — 2| < /1 ueamxom upunamnexcur D. Tlposemes Taxxe KpyT ©
LenTpoM B TouKe 7o 1 pamKycoM py : 0 < pp <

PaccMoTpiM TOUKN 2 : |z — 2| < pa, ANS TAKHX Z MMeeM
JIGL
[

=g

[

L
~ (48670 maskIBacNyO A1pOM WETerpRna) PEaTONIM B PAL:

Pymao ¢

1 1 1 "
R R T f;(&zo)
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=y % f “{«% (-2 = anlz— )"
=0 Je-zol=p1 =0
1 Ok _ 1)
=5 [

le=sol=r1

Tak K&k py ¥ py GLIK TOOHE, f1 < f, P2 < P, TO PAIOKEHHE B CTENEHHOK
paR crpaBeaTHE0 B KPYTe |2 — 7| < p - MAKCHMATRELH KDYT C LEHTPOM B
TouKe z, neXaunti B 06nacTx D. Pa CXOIKTCA PABHOMEPHO BHYTPI 9TOF0
xpyra. Teopena HOKasaHa.

Pacoworpiy gy f(2) € A(C) (nenas ymamus). Tlo Teopeme Tei-
710pa e MOHO PAVIOKHTS Ha BCeif KOMIIEKCHOK TTOCKOCTH B PR Tenopa
¢ neRTpOM B TotKE 20 = 0 (nanpivep)

2] < oo

@)=Y ",
=
Jins xoshduuHERTOB MmeeM Oliexky (nepasencrea Koun)

(P)

lax] € —=, O0<p<eo
et |£(2)] < const, 70, ycxpewnaz p — +00, oy
=0, k=12,
Te flz)=
M Roxasa creaczane w5 Teopevst Jlayewnns, KCRORE ¥ CememiLX
paos.

‘Beumien 1% KORKpeTHBDX (pymKI pasnoxenye wx B pans: Teiinopa:
Py

Le=Y = ld<oo;
E=3)
e B
2sinz= 3 <o
62

TIpHBec MpHMED GyHKIKOHATLHORO PALA, CHOLAILETOEA Pad-
'HOMEPHO BHYTpH 06nacTi D, HO He CXORSIUETOCK PABHOMEDHO B 0GnacTs D.

n repoas

GyHKum: eCTH IOCenoBaTemsKOCTb {un(2)} rapMORHTeCKUX PyRKUKH B OG-

nacTi D u HenpephiBREIX B D TaX0Ba, 4T0 PAK ): Un(2) cxomuTCR paBHO-
wepro s rpaute D ofnacts D (06TACT OrpaRRNENa), TO pAR COHTCR
pasiomepro B D i €10 Cynia €oTb TapyoRIreckss dymamms b D  werpe-
pumnas & D.

JlokasaTs, 4T ecnu nocneaoBaTentHoCTE { f(z)} Taxoea, uro
F.(2) € A(D), Vn € N, D ~ obnacts, nocnenoatensrocs {Re f(2)} cxo-
mwrcs passomepro sryTpu D, nocnenoeatensrocts { fo(20)} exomures, T0%-
X 2 € D, T0 NOCINOBATeNsHOCTS {fo(2)} CXOMUTCH PRBHOMEDHO BEYTPH
o6nacru D.

Tyers, {un(2)} -
TapOmecKsx GyRKIHd, 1 1 () = u(#), CXomAMOCTS pasHONEpHA BEYT-
pu obmactn D, Torzia u(z) - FapMOHHSeCKas GyRKunA B o6nacTH D.




Jlexmms 7

TeopeMa €IUHCTBEHHOCTH aHAMTHIECKUX QYHKIMIE.
Pasnoxenye rapMOHNYECKUX QYHKUMIA B PAMBL

Tlycrs dynxuus f(2) € A(Ue(2)), € > 0.
O Touxa zg paTHOCTH k. GyBK-
o £(2), e
F(z0) =0, f(z0) s f5 0 (z) =0, f¥)(z) #0.
Ecnu k = 1, To Bynb zo Ha3IBAETCS MPOCTHIM KyneM dymKaw f(z).
¥13 onpexenexis kyns kpaTHOCTH k crenyet, o B oxpectnoctx U (z0) dym-
s f(z) npeacrapwma B Buze

1) =3 (e s o £0, Iz - 2 <e.
=

Ten cavsne f(2) = (2 — 20)*9(2), ¢ € A(Ue(z)), 9(20) # 0.
Teopema enuscrsensoctn. Myoms gyuxuu f(2),9(z) € A(D), nocae-
dosameaswocms {za} € D, z # 7, i # j u maxas, wmo cyuecmeyem
npedeasnas mowxa % € D. Tozda, ecau f(z) = g(a), Vk € N, mo

f(?)=g(2), z€ D-

Tax xax {2} untcer

TouKy 20, TO {zni}
11 {24}, CXOIANARCS K TOUKe 2. ByzeM 21y HOITIOCTEAOBATEbHOCTS 0G03MHa-
s {2} Wrax i 2, = 2. Ua T0ro, 410 2 € D caenyer, w0 cymeeTeyer
oxpecrrocs Uy(z) C D, € > 0. Peanosin b 970k OKpecTHOCTH GyHKInR
£(z) m 9(z) » crenchmse pams:

= P
fl@) =3 anlz—2)" 9(2) =Y balz—z)" 2=zl <e,
= =
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rne ag = f(z) = lim f(z0); bo = 9(z) = lim g(z;). U3 yenowus f(2,) =
9(#), ¥n € N suexaer, 4o ap = by. lpencrasmm Gymiuwen f(2) u g()
euze f(2) = ag + (2= 20)fi(2); 9(2) = bo + (= = 20)91(2), rze f(2), 01(2) €

A(Ue()), fi(z) = [OBTOpSA NPENBULYLLEE PACCYAAERNe, NOMYTHM
fi(20) = o1(20) wm 6y = by. Ha (n + 1) ware, nosTopss ToT Xe npoecc
paccyxaenui, OMYHM, ¥TO Gy = by, Tem camum f(2) = g(2), z € Ue(z).

Toxaxen, wto f(z) = g(z) ans moboik Touxw z € D. Coemwmm Tou-
KY % ¢ TOuKOK 2 Hempepuipuok xpueoir I C D. Kpueas I' - xommaxt. A
‘Teneps nposenem npumHna
MBXCHMYMA MOIYISl AHATHTHUECKOH (DYHKINH, & MMEHHO: YCTPOMM OTKPHITO®
nokperTHe Kommaxra I kpyrawu pamkyca 8/3, rze § = p(T', 8D), ¢ nerTpoM
® xaxoi Touxe kpueoi I'. Tlo nemme eltre-Bopens CyliecTByeT KoHeuroe
WHCIIO KPYTOB 3 3TOTO OTKPEITOTO HOKPHITHS, TAKXe IOKPHBAIOLIIX KHEYIO
T. Cocensiie Kpyr epeceKaioTCs X, Cellys 3 TOSKK Zg B TOSKY Z, IOCTEZO-
BaTeNbHO Gylle HOAYYATH PaBeHCTEO Gyt f(2) = g(z) B 3THX Kpyrax.
Tlocreasisi TAr RPHBERET K KPYTY, B KOTOPOM CONCPAWTCS NGHHAS TOIKS 2,
crenosatentuo f(z) = g(z) Ans mobok Touxs z € D. Teopema Noka3aRa.
Crencrene 1. Tlycrs gysxaus f(z) € A(D), nocnenosatensuocts {z} €
D, % #2,i#j. Touka z € D # z - IPelentras T04Ka NOCTEZOBATENE-
noct {z,}. Ecnn f(z) =0, n€ N, 70 f(2) =0, z € D.
Crexcrone 2. Tiyers gymxuns f(2) € A(D), f(2) # 0, Toraa na moGom
xoumaxte K C D Gynxuns f(z) wmeer me Gonee KOHESHORO YCNA Ryeil.
Crencree 3. Tlycrs dynkuus f(2) € A(D). Torza wm f(z) = 0 wn »
o6nacth D pymkuns f(z) wmeer He Gonee CUETHOLO aMCHa Hynel, KOTOpEE
MOTYT HAKATTHBATECA TOMEKO K TPAHNIE OGMACTH.

TIpkMep, nOXTBepXAioUIHH, 4TO TpENebHAL TO4Ka zo € D ~ 10 cyiuecT-

By

Tiyers D = {z : Rez > 0}, dymames f(2) sm( ) € A(D), f(=) =
0, 5= i 1,2,... . Town 2 € D, lim z, = 0. llpesensuas Touxa
n=0€ eD f(z) =0, 80 f(2) £0.

[Baaasa 23.] Moxasas, wro mnx mioGok obnactx D cywectsyer nocneaosa-

TensocTs KoMTaxTOR {K:} TaKas, w10 Ky C Knyt, U Kn = D. Tloxasats,
1

w10 114 moGoit oGnacts D P
obnacreis {D,} Taxas, 10 Dy € Dua, U Do=D.
=

65

C mpyrof CTOpOHE!, TPENCTABHM Gp, B BHIE

G- 0=a - o 2ﬂ/[u(r€)+w(r8)]e‘"’d£

2

(r, 6) +iv(r, 6)] (—risin ) d.

L
o

3=

-

. N
o= l"l/.,(r,e)sa..,.a.w, =k L [rrsnnoa.
. '
!

Tax xax ag = o= fu(y 0)ds, o = i "u(r R mp—
=3
- ,.
upp) = a0 +E((E) -%fu(r,ﬁ)cnsnﬁdﬁ»oasnw{»
= J
+ (E)" /u(v 6)sinnddf - smw)

o) =ho +E( ©"- lfu(r,a)msnsde cosmp+

+(") 1/1/(' 6)sinn@ds - slnnw)

mep<R0<r<R
Bamn, u10
panon ects xoopduunentss Dypre Gynwak u(r,6) v, 6).
aweTin, 70 B pasnoxern Gymxni u(p, o) u u(p, ) B puust Pypee
napaMerphl p ¥ T He CBA3AHLI Mexy COBOH.
R

Hensars, v gymeansu(,0) = ot

rapMonKyeckad ynxuns B kpyre |z — 2| < R, z =z +reé?, r <R, p -
guxcuposaso. Ee pasioxerue B pAX HMeeT BUX

(0,

R & ryn
R’+r“72chos(97¢):1+2§(E) cosn(f = ).
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Ora Gymxus nocwr Kassanue anpa lyaccons.

AU p————
COHA ¥ pasnoxuTs ee B pia Dypse.

BEtzeneite GeCKOREHO MHOFO OAHOSHEWRAX Bersed. [Ipi GuKCHpORAKHOM k
k-ax Betsb (Lnz)x = In|2| + iargz + 2kmi oTobpaxaer C\R™ ka obmacts
Dy. Tax xax na obnacts Dy Gymxums z = €” ONHOMMCTHA ¥ BHATUTHIHA,
npi stow (€)' = €% # 0, To oGpaTaas K ek @yusins -ax serne (Ln )y
ecTh omosHatmA% ¥ anaTTINeCKas Gynkuks #a C\R™, (Ln z)
Hynesyio perss Ln z obosuasasor Inz, Inz = In |2] + iarg 2.

z>08

Mpuz > 0 Injg] 1nzumml..z:/%‘upn
i

o6macti C\R", 70 Inz] +xargz=].nz:f%, 2 € C\R™. Hynesas seres

1
Lnz — Inz nassimaeTcs rnassim suasenyen Ln z. Tlpx o6xone Touxu z = 0
MM z = 0O aIg 2 NONYuAET IPWpALLIEHHE 27 X Ml C ONHOK BETBH Nepeilien
Ha zpyryio sersb Lnz. Copepinas 0GXOK MHOTOKPATHO, Yie He BEPHEMCS
Ha npexHioio perss. Takas TOIKA A3 MHONOIRATHON QYRKINHM KAJHBAETCS
norapugMAecol TOYKOK BETBACHAS.

Mrak, Gynxuus Lnz — MHOPOIRANEAS QYHKUMA, FOUYCKSRT BHAENCHME
6eCKOHENHO MHOTO ONHOIRANHEIX BeTBeH, KAXIAR H3 KOTOPRIX SBNFETCS Of-
Ho3EaHOR ¥ aanWTHIeCKoh PymKuvedr B C\R™, Towxn z = 0 u z = 0
RBNAIOTCA NOTAPHGMHHECKHNIL TONKAMH BOTBICHHS.

3. Onpegens QysKmio L z, MoxHO onpenennTs dynxunio 2%, a € C.
Tlo onpenenentio

2ot

B 38BHCYMOCTH OT TOTO, KBKOBO @, GYKIMR 2° MOXET GhlTh ORHOIHAHOK
W MHOTO3HAYKOK. MOXKHO IONYCTHTS BhUTeeHHe KOKEWHOTO Wi GeCKOHE -
HOro wKCRa QEEOSHaumb(X amamKTHdeckkx serseli. Tax mpu & = n € N
Gymxuns 2° - o QysKuns; npy

a#0, @=— (mun ssaummo npocTs, n > 1) dymxuns 2% — Muoro-
amaqHAs QYHKINS, UMeeT n PASTHWHEX BeTBedi. Paconotpum o = i, TOTAA
o gilnt = ginlsltingeedhm) = g-arka-thr . gl Qymna 2 mueer Gec-
KOHEHO MO0 OmHOIHATHAX aHATHTHNECKIX BeTseli 8 C\R, B acTHOCTH

= &"/%" (- peecreexoe THCI0)

69
W v
DL| Do| Dy
= O m 27| Wy — -1 1 —
Puc. 18

Tax kax (QYHKINA COSw NEPHONATECKAR C TEPHOIOM 277 M YeTHAS, TO Ha
TUIOCKOCTH P: w Ha o6mac-
0 Dy = {w : —m+mk < Rew < m+mk}, k =0,£1,%2,... . Oynxuns cosw
obnacts Dy nepesomut B obnacts C\{z : (—00 <z < ~1)U(1 €z < +00)}.
Mznmyro ocs — w = fw; PYHKUMS COS W nepeeoauT B nyw: 1 € z < 400, 06-
Xonsuiics mBaNEl

Lo _ e e
ooswrz:—-2—:chwm —00 < wp < +00.

Bropoit ysacrok rpamnust Do (wm Dy) nepexomr » nys: —co < = < —1,
ofxonsumics TEAKIN
w =+ iwy — cos(m + iwg) = — chw,.

Onpegenim 06paTHyI0 QYHKIMIO K YHKIMI COS W

e t4t!
2 2

Tre t

cosw =

Torga 2~ 2zt +1=0ut=z++2% - 1, nosrouy w
ysiutio, 06paTHYIo K (YHKIMM COS 2, HaINBAIT APKKOCHEYC Z H 0603HA-
wator Arccos z, TeM caubin

Arccosz = Fn (x4 VA7),
P

@ymKmis Arccos z HOIYCKAET BUIENERKE ONHOSHANHELX, AHATHTHYECKHX BET-
seit (wx Geckoneuro Muoro) B obnactk C\{z : (~co < z < —1) U

Tpusecrs npumep ynxun f(z) € A(lz] < 1), f(z) # 0, 06~
PAIAIOLIEHC HA NOCTENOBATENEHOCTH {2} B HOMS, f(2) = 0, |2] < 1 %
MHOXECTEO MpellenL HEIX TOYEK HOCTEIOBATENLHOCTH {7y} €CTb BCA TPARHIA
obnacT — |2 =

PaccMOTPHM rapMORHYECKYIo GyHKuMIo u(z, y) B xpyre |z— 2| < R, R>
0. Tax Kax KPYF ecTh OIHOCBA3KAA OGNACTS, TO CyIUIECTEYeT QyHKIUS f(7) €
A(|z - 20| < F) Taxas, wro Re f(2) = u(z,y). Pasnoxum dymxmno £(2) »
CTeIERHON PAX B 3TOM KpyTe
f@)= Zw —a)", lz-al<R.
=

Tlyers To3%a 2 € {z : |z — 2| < R}, Torsa z = 2+ pe¥, 0 < p < R, %
nYCTS Gy = 0 + . Mneeent

= oo
£(2) = (an +iBo)"e™ = Y (anp™ cosnp — g sinnp) +
=1
+1)(Bup" cosmp + 0np" sin nip)
=
Buenewm oGosnasenne f(z + pe) = u(p, ) +iv(p, ¢), Torna
o0
u(p,9) = Y (@np" cos p = fuf” sin 1)
=1
o
9(p, @) = D (Buf" cOSTp + " sin 1)
=

IlBa TPHIOHOMETpHYECKHX PALA ): (@n COSTUp + by sin ) 0 E (cncosnyp +

dnsinng) e ux yaosnerso-
PAIOT CoOTHOERHIO:
6n=dn, bn=-c,, W¥n€N.
M monyswms, wro Qymxmsn
s, Mrax, ynxuns

ulerg) o xpyre [+ ] < R paamacairen » ‘TpuroRoweTpHeciah pax, pas-
HOMEPHO CXONRLUMHCS BHYTPH 3TOTO Kpyra

o
u(p,¢) = Y (0" cosnp ~ fupsinng), p<R.
=
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JIekums 8

GynKiuu. AEamm

Tlo cux mop st QysKwmn
nepemennoro. Tlepexons k MHOTOIHAMHEIM QYHKIMAM, BCTAET BOIPOC O TOM,
{pyHKIDAK MOKHO GEO Gbi PACCMATPUBATS K2k OXHOIMATHAIE JH PASLETHTS
MHOPO3HAYHEIE (PYHKIWM H TAK Ha3HBAEMBIE OHOSHANNbIE BETBH H IPHME-
HETb K HHM TY TEOPHIO q;yuxuuﬁ 'KOMILTIEKCHOTO TIePEMERHOTO, KOTOPYIO MBI
o cux nop Ha npuepax
orewenTapHEIX QYHKINH ¥ OGPATHEIM K KM

1. Paccmotpun (ko w” = z # opataymo x Hek w = {/Z, n€ N,
n> 1, w=wn +ivg, 2 =2 +iy (prel6).

Puc. 16

ynxuns w" Ha Boek KOMIEKCHOR IIOCKOCTH W He SBASETCE OTHOTMHCTHOR,
nosTOMy 0GpaTHAs K Heil QYRKIM {/W MHOro3Haukas. Boutemin ua mioc-
KOCTH W OBMACT ONHOMHCTHOCTH QYRKIN W (BHLZEMHTS OBMACTH MOX-

HO no-pasHomy). Mt BCIO TWIOCKOCTB W pasoGbem Ha obmacti Dy, k =
2rk 2
0,1,2,...,n =1, tme Dy = Jw : —:’T<argw< ;"(kn)} Ha xaxuof

obnacTa D, GyHKINS w" OHOMHCTES, O6MACTS Dy OHa OTOGPAXET Ha 10
xocrs C\RY, R* = {z : 0 < z < -+oo}. TIpk quxcuposasom k ofy

2nk’
s gyusans (), = 5P (cm (a‘s%’f?ﬂ) +isin (ym))

[
Wy v
Da| |Do| Dx i
R REEE . ‘
=i
Puc. 19
Pasobment noio mockocTs w Ha obnactu Dy = {w © A%+ﬂk <Imw <

§+ nk}, k = 0,%1,42,... . Ha xaaof obmactx Dy Qyskius tgw of-
HOSNAMHAS W BHATKTHSECKAY, NOTOMY K Hell OGPATHAY QYHKINS SBReT-
& onnosmaurok. ®ymxuns tgw oSmacts Dy nepesomwt B obnacts C\{y :
(-0 <y € —1)U(1 Sy < +o0)}. Tax xax (tgw) = e #0,we Dy,
70 06paTHAS QYHKUMS K (YHKINH tg W SBNSETCE ONHOSRATHOK ¥ ARATHTH-
weckoit #a C\{y : (—00 <y < 1) U(1 <y < +o0)}.

Onpegenmm uﬁpa'mylo QyHKuMIO K QyHKIMH tgw: z = tgw
P

1+iz

,,mmmyc“ 1=iz(+1) wm 2 =

it+}
14iz

T
O6paTHYO dYHKINO K GYHKIMH tgZ HASOBeM APKTAHIEHCOM H BEEIEM
amaver L e
Lo ( + xz) X
i AT

ATctg 2 IOmyCKaET BHUENeHEE ONHOHAMHEIX, HATKTHWECKHX BeTBei B
C\{y : (~o0 <y < —1) U (1 € y < +00)}, mx Geckonewno muoro. B uact-
HOCTH, Ta BeTBb, KOTODa% OTOGPAXAET Ha 5 Do HasHBaeTes aictgz,

, mosromy npk z € C\{y : (-co <y < -1)U

Arctgz=

mpRzZ=1 arctgz =

Irve

F_dE
(1<y<+)} umumngz-{m_

TloKaxen, 470 ITOT TPHIOHOMETPHYECKII PAR ecTs pazl Bypbe A% ByHK-
1 u(p, p), T-e. KOHOIMIMERTE ITOrO PALa ecTh KooPdmuwenTH pia By-
pre

Gynwn f(2) "
- xoopmunenTs oy Tlycrs 0 < r < R. Hueen

o) re)de
) [ S e
-

pan

Crenaem saveny £ = 2o+ re¥, 6 € [0,2n], Torza

fz+re)
Pl

a
- 11 .

g9 = ity it
iré .xa,f,%/f(x”u )™ dp.

Tax kax ¢pynxuns f(z) € A(|z — 2| < R), To

w [ fO€-ard=0 m=o1a...,

Te-sol=r

3
1
—27/’/(1“+ve")t""d€:U, n=12,
2
1o . -
Tak KaK an = On +ifln = — - o= [ [u(r,6) +in(r, 0)] e df, 70
=g
- .
0= +l,l/[( 0) +iv(r,0)] ™ df =
an+0=ant 2o [ () +in(r6)) =
3

(v, 6) + iv(r, 6)] - 2 cos m6 df.

v(r, 6) cosnf df.

o—y

0

-~ Tax Ha3mBaeMmas k-BeTBb MHOTOSHAuHOK (YHKWM {/Z, Ompenenema Ha
C\R x ogxosuasmas, ona nepesomst C\RY sa obnacts Dy. Tax xax Ha o6-
nacTw Dy, GyHKIMS u” OIHOMHCTHA W aRaTWTHWES ¥ (w")' = nu”} #0, T0
1o Teopeme 06 oﬁpamwu npyuxwm ynxuns (/) ananwriama na C\R*
n( -

Vo=

‘Tem camune x k-0lf BETEM MHOTOIHAMKOR (QYHKIMH {/Z MOXHO mpime-
HHTE Ty TEOPMIO AHANWTHWECKHX (YHKUWH, KOTOPYIO MBI PACCMATPMBAH
MR ONHOSHAYHELX ARANMTHYECKWX GYHKINME.

Ecrmu 1a KOMITEXCHOM IOCKOCTH z Mbi 0Boitzien T04Ky 2 = 0 Wik z = 0o
OIHH pas, TO arg z NOAYSHT NPPaIeHWe 27, K Mbi C OLHOA BeTBH {/Z mepe-
Ji%e Ha CTeyIolyI0 BeTsb. Taxe TOWIH HAILIBAIOTCA TONKAMN BOTBACHHA
MHorosHawHO QymkunK. 3agurcupyen k-1o Bersb ({/Z)x 1 OBojineM TouKy
z =0 (wnx z = 00) 1 pas, TOTKA ME! IpHIeM K TO e BeTBH ({/Z)y. Ta-
Kasl TOUKA BETBIICRN KASHBAETCK ANTEOPAUECKOl TOUKOK BeTBneHus (1)
nopanka.

W7ax, MuOro3nayHas YHKUMS {/Z LONYCKECT BbUIETEHWE N Pasm-
HBIX OHOSHAYHEIX BeTBeH, KAXIAH M3 KOTOPEIX ABNSETCK AHATHTHYECKOH
2 C\R¥, T03K 0 % 00 ABNSHOTCS TouKANM peTBneRu (n — 1) MOPAAKa.

nw

2. PaccMOTpHM QYRKINIO Z = €%, w = Wy + iy, 2 = 3 + iy (phe.17).
W, Y
3mi
Dy
D; —
3 = £
b,
—3mi] .
Pue. 17

Tax Kax QYHKINA €” ¥MeeT IEPHOX 2mi, TO KA BCeil WIOCKOCTH W OHA He-
omuomueTnas. Pasoben mockocTs w wa onactn Dy = {w : -7 + 2mk <
Imw < 7+ 27k}, k = 0,41,%2, .. . Ha obnactu Dy Gynxms e* omso-
nMCTHa, MO3TOMY 0BpaTHA% K ek GyRKuNA GymeT OnHOIHAHOK. DymKumS €
oTopaxaer obmacts Dy ma omacts C\R™, R™ = {z : —co < ¢ < 0}
e e¥ = z, nosTomy |z| = e ww, = In |¢]. Torna z = |z|e = ¢ - e
uwp = g+ 2km, e w = Infe] +iargz + 2kmi, k= 0,+1,2,

O6patayo GyrKuo K GyHKM e Rasosem Lnz, Torna Lz = In 2] +
iargz + 2kmi, k = 0,%1,42,... - MHOrO3HAuHAA QYHKWHA, KO JONYCKAET

7

AHanMTHYECKOe MPONOJIKEHue.

Msorossaukble YK MOTYT GHT NOMYSEHH! 38 CHET BHATHTHWCCKOTO
‘mpoTOmKexys.

1 c ocm.

Ha meiicreurensuoi oc pacomorpum Mioxectso M = {z : a <z <b},a
Wi b, & MOKGT GBITS @ it b MOTYT PABETECS 0.
nym, na Muoxecrse M sanana pefcrawrensuas Gymxiis f(z) (ym-
amavesu), Caxem, 70
Zeherswtenuas Gysuns f(z) asameraasa wa M, som

Vzp€ M 36> 0 : Vz € Us(zo) = f(z) = im(f« —ao)ft (1)
=

Cxaxem, 4r0 Qynxuns F(z) - QyHKIME KOMIIIEKCHONO IEPEMERHOIO — €CTh.
‘aHATWTHWECKOE NpOJoMKerNe GYHKuK f(z) ¢ MuoRecTsa M » o6nacts D,
ecnn
F(2) € A(D), F(z) = f(z), 7€ M.
Toxaxen, wro eciu £(z) ecTh NelCTENTENbHAS BYHKINS ¥ BHATHTHUECKAT
ua MmoxeeTse M, TO OHA HONYCKAST ARATHTHYECKO® NPOLOTIXERNE B HEKO-
Topyso obmacts D C C.
PaccmoTpum pan 3 6x(z — 7o)*. Tlo ycaosmio o cxomres ® Us(zo), 6 >
=)

0. Torna psn Y ax(z — 2o)* Oymer cxomuTsCs B 0BnacTH |z — Zo| < & u
=

OmpenensTh B 3TOM Kpyre aHaTHTHeCKyio dyrKmo F(z), npn z =z € M
Gymams f(z) = F(z). Paccuorpmu obnacts D= | Ky, rae Koy = {z :
P
|2 — 2ol < 6}. Sysxunx F(z) € A(D) u upn z € M copnanaer ¢ f(z).
TaK GYHKIHMIO €* MOXHO PACCMATPHEATE KK ARATNTHYECKOS NPOROIKe-
Hite GyRKIDI € C MEOKecTa M = R - AefcTBRTeNbHAS IpAMAS.

FuN o o
z L=
e=Y k<o, =) 5 <o

= k=1

HeeT GECKOREUHO MHOFO D IITHEIX BEIICCTBEHNLX SHavexni. Tloka3aTS, TO TOMKK 2 = i SBIAUOTCS TOUAMH BETENEHHS @y sin z, €05 2 Kak ¢ ocn
4 - ] R 1<z < +o0)}. 3 Y 3
4. PaccMoTpum GysKInO COSW = 2, W = wy + iy, 2= + iy (puc.18). 1<z <+oo)} A% MROTO3HawHOR dynKuk Arctg z. OTpeIemiTs WX XapAKTEp.
JlokasaTs, STO ANA MHOrOIMANHOR GyHKumM ATCCOSZ TOMKM
Z=%1,2 = 0o ecTs ToukH peTeneRHs. OUDEICTNTS ¥X XaPAKTED.
5. PaccmMoTpHM QYHKIMIO tgW = 2, W = Wy + fwy, z = T + iy (puc.19).
7 73 4 7
Gyniun sinz, cosz: I, BosHMKAET BOMPOC, MOXKHO I YCHOBNA, HATOXeRHbe KA GyHKINO f(2) B
400 (_1rnstnst 2 CrencTBiK, 0CRA6HTS? Mit CHOPMYTHPYeM B KAUECTBE 3a1a%H CIICACTERE H3
sinz = z (21):1)' el <o, sinz= Z —21) el <oo. ‘Teopens: envecreernoctn UM Npwsanosa (6]
n+ 1)1
(2n+ ) o Tiyers gymiams f(z) € A(D) N C(DUT), rxe D - obnacts,
R (= Tpamiia KoTOpok D) ecTs 3AMKHYTAA, KOPIBHOBA KYCOYEO-TTIALKAT KPHBAS,
cosz = 2 (2 ). s lol < oo, cosz= Z G s J2l < o0 J-IEKHI/ISI 9 Puc. 20 T € 8D. Kpusas I nonoxurensrok mepst (mepe: JleGera). Hokasars, ato

Gynxumo In(1+2)
Gy n(1 + ) € mrcepaaa £ < 1 Kpyr 2] < 1, 2 uenro

h\(1+x)=i(i);‘i, <1, 1n(1+z)=i%,
= =

Aﬂs.mm‘:ecl{oe TIPONOIKERNe Yepe3 rpanuiy obnacTi
I€pe3 Pa3yoKERUE b CTENCHABIE PALEL.
Tlonstue nosepxuocTy Pumas:

Ha mpomwioh nexupin M PACCMOTPEIH BHATKTHSECKO®. IpOROMerE
Gymaum, it w2 repane ocw, » xovmexc-
HYI0 06NacTh. "puM ApYTOR BUA

2. ABanMTHYECKO® NDOOTKEHNE epes TPANMIY O6MacTH.

Tlycrs sanasu xee o6nacti Dy % Dy, Tax wro DyND; = & 1 o6nacTy nueior
o6urit yuacrox rpamnust T, re I — XOPAAHORa, KYCOUNO-TIANKAR KDHBAA.
Bynem paccuaTpusaTs kpusyio I Ges kohuepsix Touex. Crpaseanyea Teope-
na:

Teopema (npuaunn menpepuisroctn). llycms gywwuvu fi(z) u fo(z)
‘maxoew, wmo

£i(2) € A(DYNC(DLUN), folz) € A(D)NC(D2UT), fife) = fo(2), z €T.
Toeda cyuecmeyem Gywmyus (z) € A(D), D = DyUD;UT. Gywwyus f(z)

uneem ou
A(2),  zeD,
f@=1{ £z, zeDy,

h=h zel

TTpu smow 2060psm, wmo Fywwyus f1(z) amasumusecxy npodoarcaemcs o
o6aacms Dy wepea eparuy T (puc.20).

Iloxasaremscrso. Hysmo noxasats, 4o dynxuns f(z) € A(D), Tax xax
no onpexeneruto f(z) crenyer, to f(z) € A(Dy U D), 10 moctaTouso no-
KasaTe, uT0 dynxima f(2) € A(T).

TNyers Touxa 2 € T, cymecrayer § > 0, Taoe wto Us(z) C D. Je—
3a T, KOHTYP, cocTORLAE K3 YacTH KpHBOi [, nexawtedt B xpyre |z — 2| < &
1 5acTH OKpyXHOCTH |2 — 2] = 6, nexameit B o6nacTa Dy. 3a T 06osgatunt
KOHTYP, CocTORLLi W3 ToM e yacTH kpusoit T, nexawer B kpyre [z—zo| < &
4 9ACTH OKpYIKHOCTH |2 — zo| = §, nexauei B obnactn D,. TIph monoxu-
TemsHom o6xane xppsix Ty 1 T 06uias wacTs xpusoit I' 6yner obxonwTscs
BB, KO B PadHBIX HANDABTEHNAX, HOSTOMY

LIy FIT ()d _ 1 LGy

2m

le-sol=

Muerpan, crosusuit cupasa, ecTs weTerpan Tuna Kouwn, Tax xax no yero-
o f(€) € C(I§ — 2ol = 8), nosTomy

o= [ 2% auian.

-t
A Tak xax

A& de _ [ h(2), z€DinUs(z),
2m/‘ {: LeDntG),

1 [ HOd _ [ 1), € DanUi(a),
m) e-z T \0 2€DinUsa)
fA

10 f(2) = fi(2), z € DyNUs(z), [(2) = f2(2), z € Dy N Us(z)- Tax
Kak Touka 7 € I’ GLi1a MPOWIBONBHAS, TO OTCIOKA CAEAYET, STO GyHKuRL
(z) € A(T). Oxonsaremsio, (z) € A(D), D = Dy UD,UT.

Creacreme. Tlycrs gymuma f(z) € A(D)NC(DUT), rxe T C 8D (rpanwua
O6mactw), T - Kycouno-rnankas, xoplanosa xpusas. Ecnw f(2) =0, z €T,
10 f(z) =0, z€D.

Tocsaromo dynsuwo f(z) pommzs. pes T synes, Torza o weyr-
penneit Teopexe enumcTeocTa £(2) =0, z €

8

ecnu f(z) =0, z€T,70 f(z) =0, z€D.

Tipn npaEm st aro
obnactu Dy u D; Takossl, 4T0 Dl N D, = @. B 91om ciyyae Mul NOMydaeM
ONHO3HANHOE BHATHTH4ECKOE NpONOMKexHe 13 o6nactk Dy B o6nacts Dy. Ec-
R OTKA3aTBCA OT 3TOr0, T.€. Dy N Dy ¢ @, TO aHATHTHUECKOR POLOTKEHHE
MOXeT NPHBECTH K MHOTO3HATHON (BYHK

Hanpuuep, paccoTpuw nse @ynmm A(2) = nz = lnjd| + iargz,
z€D, = {z - <agz<mlwfil) = (Ln2) = bl +iagz +

omi, z€D; = {z i-m<agz< %} Symamn fiz) € A(Dy) N
C(DyUT), fi(z) € A(D)NC(D;UT), T T = {z : y =0, ~2< 2 < ~1}.
Ho rax xax D;N\D; # @, T0 auanuTuseckoe npozonsxenti sepes I npHBOMMT
K MHOTO3Ha¥HO# QyEKuun Ln z.

3. uepes B paaLL

o
PaccmoTpum pan 3 an(z — 2)" ¢ pamkycom cxomoct R > 0, Torna B
=)
o
o6nacth |z — zo| < R dymxums f(z) = 3. an(z - 20)" ecTe anamuTHecKas
=)
ymxuna (puc.21). Bosswen 10wy 7 € {2 : |z = 2| < R}. Tlo Teopeme
o
‘Teitnopa ¢ £(2) M pa );ob"('”‘)"'

& Hexoropom kpyre |z — 1| < R, Ry > 0.

v

Puc. 21



Moxer Clly4nTECH TaK, YTO KPYT |z — 21| < Ry uemnxom ue nexwr B nepeo-
WavaTLEOM KpYTe |z — zo| < R, Teb CaMBiM M IOTYSHITH HellOCPEICTBERKOE

by £(2) 5 Gonee wHpoKyIo 06NACTS, YeM
xpyT |z - 20| < R. B3a Touy 23 € {2 ¢ |2 — 1] < Ru}, noeropum pasnoxe-
sme B CTeneHHOK Pz i 7.5, Yepe HEKOTOPOE YHCTO WIATOB Mbi MoxeM TpHH-
0 X Tep KpyTY, HO Momer He
connacts ¢ @

dyuxuns F(z) € A(Us(C)), 6 > 0 u Takas, 9to f(2) = F(2), z € Us(()N{lz—
2l < R}. B moGow mpyrow cnysae Touka ¢ € {|z — z| = R} nassisaerca
0C060 TO4KO, NeXalell A TPANHLE KPYTa CXOMMMOCTH CTEIEHHOTO PALA.

ECn Mkt BepHEMC K PRIy O 2, TO Bee TOUKH, eXaILKe HA TpANKIE

1 seasiorcs 38 TowKH

PKBOLKT K MHOTO3HAYKOH Qyulu,uu, B npoTHEROM Cnyiae - X

Paccworpin gysxuio f(2) = ): 2%, |2] < 1. Bosswen Touky

2 €{lz <1}, Torna

1 1

R e (=

£ |z— 2] < |1~ 2. Mst nepepsanoxuni GysKio f(z) B paz 1o Creneiam
2 -, pA CXOWKTCA B KpyTe |z — 41| < |1 — 21| * Kaer ananmTHyeCKoe

nponomkenye CyMmbl paza 3. 2" (puc.22).
=

v,

Puc. 22

Kax 6u1 Mot 1 packnazkimam QyEKIio f(z) B pan, T04Ka z = 1, nexaman

Ha rpAHMIE Kpyra CXORWMOCTH I8 3. 2", He GYIeT BXORUTH B 0BMACTH
=)

s
cxonmmocTH. DTa Touka ABnseTCA 0C06OK TOUKOR ANS pana 3 2"
E=1

1o

P pan 3 an(z=20)", xoroporo [z—zo| <
=

R,rne0 < R <oco.

Onpesenenye. Touxa ¢ € {|z — 2| = R} nassipaercs npasumwolt TouKoi

e
unu perynsproh Kk cywaass paza £(2) = 3 an(z — 2)", ecnu cymectayer
=

80

400
Teopema. llycmy paduye czodusocmu cmenenxozo pada 3. an(z—2)" o-
=)
newen: 0 < R < 0o, moada ua 2panuye xpyea cIOduKOCTY Aevcum, no
wpatiuetl uepe, odua ocobas mowxa.
Toxasaresscrso. lpeanonoxw npotusroe. [lycts Kaxnas Touxa rpe
st |z — 2| = R ects npaswnbuas. Jins Kaxiol TOUKK 7 : |5 — | =
cyuecrayer & > 0 & F(z) € A(Uy(m) Toxas, wro Fio) = £,
Us(a)) N{lz — = = R}, f(z) =
€M OTKPHITOE MOKpHITHE OKPYXHOCTH [z — 20| = R kpyrams pamayca & ¢
uenTpOM B TOUKE 73, &) = 6y(z1). TAK KaK OKpYXHOCTS — KOMDAKT, TO TIO
nemse Tete-Bopens ysecTayeT xonetace <Hero wpyTon, ropu
* nonap Tlo Teopeme
ona crexyer, uT0 ¢yuxm F(z) € A(D), tze obnacts D conepxur kpyr
|z -l < Ru F(z) = £(2), z € {lz - %] < R}. Torna cywectsyer xpyr
|z = 2| < Ri, R > Ruxpyr {|z - 2| < Ri} C D. Pasnoxum F(z) B

5 n(z - z0)". Tem cavsn wot mve-

e
crenentoit pan B kpyre |z — zo| < Ry, meem F(z) = 3 ba(z — z)". B cuay
E=)

EAMNCTRENHOCTH PASTIOKEHHS GYEKUHH B CTENeHHOR DAL, OTCIOA CTERYeT,
470 ap = b, zns mo6oro n=0,1,2,.... , O a, onpeneasior pamuyc E, a by
onpezensior panuyc Ry, a Tax xax R # Ry, To npuxozwh x nporusopesmio,
"DpeATONCXHE, STO BCE TONKH TPEHKLEI KPYTa CXONMMOCTH NPABHITLHSIE.
[Banasa 50.] Mycrs gysxuns f(z) € A(D), re D ~ orpanustestas oGnacrs.
Toasats, wt0 Torna dynxuns f(z) € A(Dy), rne o6nacts D C Dj.

pisecrs npinep crenenioro paza 3 an(z— )" ¢ xonesane
P

Kpyrom cxomumoctst R, 0 < R < 00, A% KOTOPOTO Kanaas To4Ka TPAHMIE
|2 — 2| = R ecrs ocobas Touxka.

Jlexusa 10

Psnet Jopasa. Wsonuposasssie ocobiie TOUK.

o
Paaeuna 3 Gn(z—2z)", re {an} — MOCNENOBATENBHOCTE KOMIUIEKCHBIX

wncen, n = 0, 1,42, .. ~ asstsaercs psiow opasa. Tlo onpexenermio paz
Tlopara CXOITCS B TOSKe Z, €CT CXOLATCH OAEOBPEMENHO 5a PAIA

= '
Denlz-z) Y anlz—2)"
= =4
67aCTE CXOTUMOCTH NEPBOTO PAA €CTH OTKPLITEIE KPYT |2 — 20| < R, R=
1

1
saeny z — 2 = -, Tora

Urobbt onpenemuT 061ACTS CXOTMMOCTH BTOPOFO PANG, CHenaeM

ey o
Yz =) aaut,
=N =

nocnensmit pan cxomuTes B xpyre fu| < 1y, Ty =

O6MACTE CXOQMMOCTH PIa 3 Gn(Z — Z0)" €CTE MEOXECTBO |z — 20| > 7 =
T /faal.

“Virax, pax Mlopana cxanwres b xomste T < |z zo| < R npk ycnosuw, 4t
r<REcmr>R, phITOR 061ACTH
B acrabix cnysanx, xorna T = 0w R = oo, monymm o6nacts cxomumoc-
T psna JIopaHa WK OTKDHITHI KDYT C BHKONOTOR TOSKOH HNH BHELIHOCTD
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400
KpYra WAM BCIO TUIOCKOCTE ¢ BHIKONOTOR TOKOE. Pan Y an(z — 20)" Ha3b:-
=)

=t
BaeTCH npaBWILHOK wacTI0 PAna Jlopana, P 3. aa(z— )" HasusaeTca
raasgok wacTsio pana Jlopana.

Tax xax pax Jlopana CxomHTCA PABHOMEDEO Ea MI0GOM KOMIAKTe, Iexa-
1ueM BHYTPH Kofbua (ClienyeT i3 CBOACTE CTENeHHLIX PAM0B), TO CYMMa paaa
Tlopasa ecrs ananuThyeckax dynKuns ua 06180k cxamkmocTs pana Jlopara
- syTpexHocTH ¥onsua 1 < |z — 2] < R.

Bepro w 06paTEOe yTBEpKIerte, & WNEHHO, CTpaBeITHEA
Teopema Jlopana. Mycmy Gymcuus f(2) € Alr < |z - zo| < R), moeda
Fuwxuwo f(z) moxwo pasacscums 6 pad

v
FE)= Y amle—w) T<le-al<R,

pad crodumes paswomepuo exympu xossua, passoscenue o psd Jopana
eduncmeenno, npu amonm

/ %, n=0,%1,%2 ..., r<p<R
le-sol=p.

s suna xmq:mmeumn O 01 onpexensonnmxcs dywxmmet f(z), yxe cre-

ayer em
Towasarenserso, Bosuen zomy 2 € 7 < |z — zo < R} (pue24)
TOTKa CYWECTRYIOT py ¥ py Taxne, 1TO T < py < p2 < Ry p1 < |z~ 20| < .

Puc.

9
R

Tlo wsrerpansoit eopeme Ko

1@ 1 [ e
-z 2m£7 E-z

le-sol=p2 [

)= 5

8

[Banasa 52.] Jiokasae xpwvepuit yerpammmoi ocobok TOwKK 2 GyEKuKM
7(9)- TowKa 2 - ycTpasumas ocobax TOUKA dysKuH f(2) Torma B TOMEKO
‘rorza, xorza cywecTayer xowedsth npezen lim £(z)

Ecnk cywectsyer matypamsmoe k Takoe, w0 @, = 0, n =
—k =1,k =2,..., 50 a_y 0, TO TOMKA z EAILIBAETCA IOMOCOM NOPAIKA
. Tycre Touea s - mono: Hopanka , 7orza pasnoxere QYK 1)
pan Jlopana nveeT BI

F() =aa(z—2)*F +omn(z—z) 4

-
—z) Y m(m ), 0<l
=

nl<r wm

@) (2= 2)* = o +akp(z-20) +. + Zoa,‘(t — z)™*.

Pan, crosumli cupasa, cromiTe B Xpyre |2 — zo| < T W mpenctas-
nser amamermseckyio gymanso 9(z), (m) # 0. Tootowy f(2)

T LY ))R, 0<|z= 2] <, mpu o7om lim f(z) = co. Samernm, 470 Gyk-
T2 o
1 _(z-2)t
fe) elz)
TOuKA 7 AN Hee AB/IAETCA HY7EM KpATHOCTH k.
Toxaxem o0paTHOE, & HMEHHO, ECTH TOIKA Z — HIOTHPOBAHHAX 0COGaX
‘rouxa gynkuan f(2) wnpwoTom lim f(z) = o0, 70 70 20 €T momoc. Tak

- ananuraveckan dyskus 8 |z — 20| <6 (6<7)®

s ——

xax lim f(2) = oo, 70 cymecrayer nxpec-mocrb Toui 291 0 < |2 - z0] <&

(0 < & < r) Taxas, wro GyKis ¢(2) (; awanUTHHA B ITOH OKpECT-
socT# % lim (z) = 0. OTciona cnlenyer, 4T0 TOuKa Z - YCTPAHMUMA% 0C06a%

TouKa 1A GysKuwn (2) u pan Jlopana mus p(z) mmeer Bun
o
o)=Y alz-=m)" a=0, k>1, a#O0
=
Tosromy

1 400 - -1
0= (g anlz = 20 *) el
(2 € Allz— 2l <), ¢i(z) #0, 0<d<d
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f@)=

1
Eoar 9a(2), 92(2) € Allz— 20l <8&), @af2) #0,
Orcrona crienyer, 4T0 TouKa 2 — TOMOC HopaIka k uas GymKuAk f(z). Mrax,
MBI OKa3aTH KpHTepRi nomioca ana dyrxumu f(z): Touka 2o ABATETCS NO-
mocom waxnuu £(2) nopaaxa k Torza 1 Tonsko Torze, rorza lim f(z) =

W QYHKUMS —— MMeET TOSKY Zo Hynew KpaTHOCTH k.

I( )
ocobax Touxa, He o Hx n0-
TOCOM, HAIHBACTCA CYIIECTREHKON 0COGOK TOMKOK (BYHKIH. DTO IKAUHT,
4T0 B pasnoxesun dysKumn f(z) B pan Jlopana B OKpeCTHOCTH TOuKE 2o

1o
@)=Y alz-z), 0<lz—znl<r

CYUIECTBYET GECKOHEHHO MHOTO KOS(HUUEHTOB BULA G_pn,, Tx € N OTTHY-
mbx ot myns. Ecme Touka zo — CylecTBeRHO ocobas TOYKA MA (YHKUMH
§(2), 70 we cywecrsyer lim f(z) un xonesworo, 5w Gecxoneoro. Pacowor-
pitm noBenerte GyHKUIK f(z) B OKPECTHOCTH CyLIECTBEHHO 0COB0H TONKA.
Tyers Ej - uoxectso smavemnit QymKmim f(z) B OKpecTROCTH
0< |z - 2] < 6 < r. Cnpasennmsa Teopema
Teopema Coxonoro-Beiiepurrpacca. [lycms mosra 7 - cyuiecmeenno
ocofias mowsa Gywwuuu f(2), moeda

Es

Tiposezen x meTEO OT T.e. npenno-
noxum, uro cywecrsyer A € C, 1o A ¢ Ey. Benu A = 00, 10 370 oskasiaer,
w10 00 ¢ Ey, , Tem camsiv, cymecTayer 6 > 0 TaKoe, 4TO B OKDECTHOCTH
0< |z~ 2] < & monyns |f(z)| orpammsen, a Torna TouKa 2o - ycTpamMAK,
470 npoTHBOpeunT ycnosmo. Pacemorpum A € C Taxoe, uto A ¢ Ej. Bro
03HAYGET, 4TO CylIeCTBYeT D<pnmc,'4'mnmucexx $0<z-znl<d

f@-4a <
0<fe—zl <6n »

cneayer | f(z) ~ 4] > p > 0. Tew causie 5 o Gy

®
(&) = I(Z) —A
10 Monymio. TO4Ka zp FBARETCA Lis Hee YCTPAHMMOH, HOITOMY CYILECTEY-
e xoneunsii im ¢(2) = Ao. Benn A = 0, 70 lim (f(2) ~ 4) = o0,

rorma lim £() = oo u TouKa zo ABMAETCR NOMOCOM Gymkimm f(z), sro
o5

8

4. O6umsit cnysait AHATHTHYECKOTO MPOROKEHUS.
Tlyers gyskuns f(z) sanana Ba ob6nactu D. Hasosem snement suna (f, D)
napoit, ecni pyukuus f(z) € A(D). Craxem, uro napa (fy, Dy) sBaserca
naput (f, D), ecnu DN

Dy#@uf=feaDnDy.
Hasomen xoneuoe sucno nap (fu, Dr), (far Da),-... (fo, Dy) Hemouxok

ecat (fuyr, Dig) ABRAETCH
uvem mapit (fi, Dy), k=1,2,...,n -1

Cosokynsocts nap {(f, D)} nasoem obiei ananuTHyeckoi PynKumed,
ecnu nns mobux wap (fi, Dy), (f2, Dz) w3 970k COBOKYMHOCTH CylecTBYeT
LenouKa 3 YTOH Xe COROKYMHOCTH TAKAZ, 4TO C IOMOUIHO Hee MOXHO Te-
peiru ot (fy,Dy) X (f2,Dz). Obutyio ananuTHueckyo GYEKIMO Ea30BeM
TOMHOM AHATKTHYECKOK GYHKUMel, €CTH OHA CONEPWT BCE AHATHTHYECKHE
TponomKerHs kax o napst. [Ipi 3TOM nONHAA AHANHTHYECKAS DYHKUA MO-
e Gus, ‘Hanpuvep, ecru Mst
sernb (Linz),, 2 € C\R", 70 bce anaiTusccte MpOomxetins Tot gyt
npuBenyT K bysxumu Ln z

I Toro, 70K TOMEYI0 ARATHTHSECKYI0 QYHKIO MOKHO GHI0 Pac-

K&K Puwman ssen TAK HadkIBAL-
MY Pumana. Pac TPUM NONHYIO Qyuxumo
{(f D)} » onacts G = U D, obnacteit D; He

Gonee wem cuersoe. Boskmen MHCTE mAOCKOCTeH, WSO6pAKAIMIE OBNECTH
D; (4HCTO RHCTOB COOTBETCTBYeT YHCTY MEREKCOB ). Llpa THCTa, COOTEET-
craytonme obnactam D; i Dy, i # j cknew 1o ux obuei wactw DN Dj, ecnu
a8 o0was YacTs e nycra u f; = f; ma D; N D;. Torna met nmy‘mm, BO-
obize roBops, Bra

nosepxsocTsio Prmana. Ha 1ol B 3 cwrmm‘nymur_ﬁ onacTu
G, nonuas ananutseckas gyrkuwas {(f;, Di)} onsossaura. Oma ocyuect-
Baser mexay Pumana u ceoel
OGMACTEIO HIMEHEHHS.

PaccuoTphm B2 Tpvepa:

1. Gymxuus Y/Z, n €N, n > 1 - MHOTO3HAYHAS, MMEET N PASTHYKBX
ananuTHueckx BeTnel Ha C\RY.

Bo3bMeM 1 HCTOB TAIOCKOCTH C Pa3pe3oM 10 NOTIOXATenbEOMY Aysy R*.
Jins xaxz0ro k-ro HCTA MAOCKOCTH 0GO3HAYRM Bepxiuii Geper paspesa 3a
T}, mmxum Geper paspesa 3a Iy, &k = 0,1,2,...,n — 1. Bee oTu amernt
CKIIeHM CTIeTYIOUDIM 06pasOM

T¢=r;, Mf=rf, ..., Ti,=T;.

Tonysunn n-mucTryIo nosepxsocTs Pumana, 5a kotopoit {/Z - onHoInausa%
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0601 IO KDHBLIM B TIEBOM t BO BTOPOM HATETPANAX IPOTHB 1ACOBON CTpe-
xn. apo warerpanon — ik ¢— — pasnon » paau. B nepoon
upe Ha KpHBOK |€ — 2| =

-,

1 1 1
R e R | (e );,,(

=

1o
Py (‘ ) A KpHBOK [€ — Zo| = Pz CXORMTCA PABHOMEPHO, Tak KaK
<

|z =2l
”

< 1. TNosromy

|€ -

1 1 ({) d{ 1 FIGLY n.

*- S [ e
1€-z0l=p2 le=ol=p2

1
Ha xpunoi € 2| = p1 #2p0 7

mpexcTaBuM B Bule

(z—z)"
2

P 3. (—.—-—(' 2" comres passouepo na xpunol € ~ zo| = p1, Tax

G
wx [2220] 2222l ) pigorouy
§- 2 n
1 JGE G P
| BT [ e
le- 1€-zol=p1
Tem cambim
- .
1= Y memals =g [ ({’f%j‘ r<p<R
= ~xal=p
‘Teopema nOKa3ara.
86

mporRopesu yeropo. Ecak Ao # 0, 70 lm £(2) = A+ Al. S
2 - ycTpanmman ocobas Touka (yEkukn f(z), 9To Takxe NpOTHBOPEWMT
yenosuio. Urax, npenmonoxus, 4to Eg # T, MEl IPHIITH K MPOTHBOPENHIO.
Teopema roxasana.

Tipusenem (popmynHposKy Gonsmwioin Teopems: ITuxapa (63 nokasa-
Tenscrsa). [lycTs Touka zo — CyleCTBeHHO 0cobas Touka QymKkmun f(z)
Tora 2% 7106OT0 KOMITIEKCHOTO YHCTa A, 33 HCKIIOWEHHEN, OBITS MOXET,
OHOTO, CYIECTBYET MOCHRLOBATENSHOCT {zn} © 2n € {2 1 0 < |2 — 2] <
7}, Jim 2 = 2, Taxas, 410 f(za) =

pmvep. Tiyers £(2) = b, e} € A(C\{0}), Toua 2 = 0 ssnsercs ann
Hee CYLIECTBERHO 0COf Jlopana umeer Bun

= anz , 0<|d <oo.

Jins 7ok (yEKuMK HeKMOTHTENBHOE SHaderme A = 0, Tax xak e} # 0 mna
‘miobbix z € C\{0}.

Byzlem TOBOpHT, 4TO GyKuRA f(z) AHATHTHUEA B OKpECTHOCTH Gec-
KOHEMHO yHaneHEOK TOSKH, ecnu dymkma ¢(z) = /(;) asamuTHIRa B

okpecTHOCTR Toukw z = 0. Ilycts
w
o) =3 e, 1el<n
=

Torza

1)

1o
S sl
=
Tem cambiv, ecnu dyHKIHA (z) AHATKTHYN B OKPECTHOCTH GeCKOREHO
yRanexof 70wk, o oxa upeaCasHa patow Jlopasa B OKPECTHOCTI 00 0
OTDHUATETBHEIM CTENEHAM Z.

Tyers, Gymums £(z) € Alr < |2] < o0), Torma e pan Jlopaa nueer
s

@)= Z 02", r<|z<oo.

Byxem cuuTaTs, 910 20 = 00 ~ YCTpAHHMAR TOuKa £(2), €CTH Gp =
1,2,...; 2 = oo - Domoc nopAKa K, ecnn gy # 0, Gky1 = Oks2 = -
2 = 00 ~ CYUIECTBEHEO 0CO6A% TONKA B MOGOM APYTOM CIYaE, T.€. CYIECT-
BYET DOCTENOBATENSHOCTS HATYPATBHIX SHCEN {Nk} TaKas, 4TO ap, # 0.

90

GYHKUMA 1 AHATHTHAHA, 53 HCKTONERNEN ToNeK Berpnenua z = 0, z = co
(cmorpu pic.23):

Prc. 23: Gymxuns /7, nea mmeta By, By.

2. Ecnu b1 paceMoTpin MEOrossaunyto dymxumio L z, ueroyto Gec-
KoHe4HO MHOFo OnosHARNx Berne (Lnz)y, b = 0,%1,%2,..., anamnmu-
wecxinx a C\R", To B03sMEM CHETHO® THCAO MHCTOR MNOCKOCTel! C PAPESON
1o aysy R~ Cnelfky mpobelie CERYIOIDAM 06pasom:

T =Ty -, k=0%L,%2...,
rze T} - Bepxumii Geper paspesa oTpuuaTensroro nysa R-, Ty - moxnuit
6Geper paspess. Ha 570l GeCKOHEHOMHCTHOM TIOBEPXHOCTH Pmma dymxuma
Loz- " 3a Tovex z =0,

2 = 00, KOTOpEIE FBNAOTCA TOYKAMM BETBIEHM.
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Tlycrs (ynkuns f(z) ananurwna B o6nacTw 0 < |z = 20| < 7, 32 He-
KITONeHHEM TONKH zo. TAKAS TONKA Zo HAIMBACTCS HIOMHPOBAHHOH 0COGOK
TOMKOM yrKuiH f(z). CeliNac NPOBENEM KNACCHQMKALMIO HIOMHDOBAHHBIX
0CoBBIX TOUEK, ucxonA w3 pasnoxerus yrkunx f(z) 8 pan Jlopaa B xonsue
0<fz—zf <7.

Mrax, nyers f(z) € A(0 < |z — 20| < ), o Teopeme Jlopana Gysxumo
#(z) MoxBO B 5TOM Konbue npencTasuTS pxzom Jlopasa:

&= Zan(z—zn)" 0<|z—zf<r.

Ecnu 6, =0, n = —1,-2,..., TO TOuKa Z HaIIBAETCA YCTPAHHMON 0COGOK

TouKo#. Mmeem

o0
f& =Y anlz-2)" 0<lz—z|<r

Tax xax pan Tekopa 3 an(z - 20)" cxomkres B xpyre |2 — 29| < 7, 70 ero
CyMMa €CTb BHATHTRYECKSR GYHKIMS B KpYTe |2 — zo| < , BKIOUaT TOUKY
2o. Tem camum dynxumio f(z) MOKHO HOONpENEHTS B TOWKE Z, MONOKHB
£(20) = ag,  ona Gyner ananuTHuKa B e |z - 2| < r. Orciona caenyer,
s esopol cxecrscers o 2y 0 < e sl < 8 v (2]
A — . C obpara P——"
yoms B 5 - usomponanmar ocoss 1o 1(2) 1 1/()] crpakmes &
HeKOTOpol OKpecTHOCTH T0uH 2 ¢ 0 < |z — 7] < 6. Orciona ceayer,
4T TotKa 20 - yerpaunax TouKa. lokaxem 370 yraepwcese. Tlo Teopene
Topana

_1 ek
o= Ty PEOELEL L, 0<p<d
le-iol=p
Torna Joa) < - 2 p =M g < M, ze (2 0<fz-ul < 8)
na o < g1 M = o, re e <o)
F.cnun<o,-mu,.=0(’1Ln:ﬂv"—o,n<u),memmxurynpmm

ocobas Touka dymkun f(2).

MTaK, Mbl HOKI8MU KPHTEPHit YCTPARMMOI 0COBOM TOUKM Zo: TOUKA Zo ~
yeTpasnMas ocobas Touka yrkuus f(z) Torma M TonbKo Torna, korna | f(z)|
orpanuien B BexoTopoit okpectHocT 0 < |z — 2] < 8.
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Msorounes P(2) = 35a;2), Gy # 0 HueeT 2 = 00 NOMOCOM NORIEA 1.

Touka zp = 0O SBARETCA CYIECTBEHEO 0COG0K LA QyhKuwil €7, C0SZ,
sin z.
Ha S s tro
QW - z
Touxa 2 = 0o ABnserCA HOMOCON TOPATKA . = m, ecni 1 — m > 0. lp
n-m € 0 Touka 2o =
e} Touxa zo = 0 - cymecTsenno ocoban TouKa, z) = 0O €CTH yCTPARMMAT
‘ocobas TouKa.
o Dysams f(2) 5 obnacth D, ecn
© obmacTi D QymIawEs f(z) WMeeT TOTHKO HIOTRDOBAHAE OCOGHE TONKH,
pEhossuinle ity

Tax dyskum tg2, ctgz - Mepomopguste Gyuxumu B C, TOuKa 2o = 00
A% STHX QYHKUWH ABUSETCA HEWSOMAPOBAHEOH 0COGOK TO4KOM, NOMIOCH
(yEKUuiE tg 2, Ctg z HAKATNMBAIOTCA K GECKOREYHO YIATEHHON TOUKE.
o
Toxasars, wro £(2)

Tlycrs yrxuns f(z) - mepomopdna b C. Hokasats, 470 £(2)
Iz

2) -~ pamuonanbas QYEKUHS.

Iins paunoansuolt dynkunn R(z) =

Tlporomxenne "ramma-bymxmms” Ofiniepa ¢ mOONH-
aysa B

»Pamyia-ysxuns” Ofinepa npk = > 0 wneer sun

oo
1) = [ eteian
3
Tpeacrasuu ['(z) » suze
4
e"z”‘dt+/e"z”‘d:
1

(=)

3
Pacemorpum mrerpan [ e~tt*~1dt:
v

'

/,‘,,,,dt /( « w) it = Z( i -

Z =) 1)" 1
niz
1) o
Mt Bocronsaosamics pasoMepHOl CXOTMOCTSO PAZA ): na o1
peske [0,1].
(1 1
Py c 2>0 » xoum-

e (= l)n 1
JIEKCHYIO TNIOCKOCT M PACCMOTPAM PRI 2

C\{0,1,2,...} u npencrasnaoumit aamimsecRyo 2 C\{0,1,2,
umo. D1a q,\ylrxl.uu ecTs MepoMopduas dymxuns B C 1 TOUKH
RBIAOTCA TOMOCAMH TIEPBOTO TOPATKA.

e
Paccuorpum warerpan | e~'-dt = | e-te=-Dtdt, z > 0. Tipogon-
1

nysaz > 08 e~

[eraa

1

XUM ITY QYHKINIO C
KocT®, Gynem umeTs

Gror srrerpan eors uonas Gyukuns (ssamwTwnas b €). Mrax, T(z) =
3:': ‘"nll)" . "L“ + j e~tel=Dntd ect, amanuTyeckoe nponomxenve I'(z)
& Homoxcrensioro nysa z > 0 B o6nacts C\{0,1,2,....}. Dymamx T(z)
Mepomopgua 8 C  Toukn z = 0,1,2, .. ~ HOMOCH NEPBOXO NOPAKA.
Iloxasats, uto Qymxuas F(z) = ﬁ €CTh nena% GyEKUHS K

o z
. Z)ehk, C-
zm=‘ (l + )e , C - nocrosunas Ditnepa.

F2)
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Jlexnusa 11

Boiver anamiriryeckoit yrkimu. Teopema o BhIYeTax.
BeIunCrieH#e MHTErpasios ¢ NOMOIIBIO TEOPEMBI O BBIYETAX.

Tlycts 2 # co ~ H3oNupOBaRRax 0cobas Touxa dyrkumu f(2), T.e. f(2) €
A(0 < |2 = 2] < 7). Tlycrs Taie I' - M0G0k XOPIAHOB, KyCONHO-TAANKuH,
3aMKHYTHI# KORTYP, nexaunit B obnact# 0 < |z — 2| < r n conepxauwmi
TOUKY 2o BHYTDH.

Onpezenexwe. Borierom dymxun f(z) B Touke zo HEIHBAETCS HATErpan

% / F(€)d€ w oBosmasasrea Res f(z) wnu res £(2) (Residue):
{
1
Reo /) = e ) = o, [ re@)ae
{
113 Teopems: Kown crenyer, 470 Aits 110600 CKOMb YTOIHO MATOR0 € > 0

/ fle)de.

le-zal=e

Rés £()
S

= 00 - Hsomuposanes ocobas Touka Gymkuns £(2), Te. £(2) €
A(lzl > Rn) Ro - nocTatouxo Gonsumoe. Io onpenenermio

R s = o [ 1@
L

rne xontyp T nexur 8 obnactu |z| > Ry  conepwur Touxy 0 BRYTPH.
O6xan 10 xorTypy I’ copepnaercs o vacopoli Crpenke Wi 06acts Dr,
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conepaan oKy 2, 0CTATCA Cresa npi o6xoze 1o konTypy T. Tlo Teopewe
Koum nna neex R > R

Bes £ =~ [ 11016 (ooson sporn aconch crenen).

Kax ssancrurs marser £(2)?

Tiycrs zo # oo. Tlo Teopeme Jlopana b o6nacTH 0 < |z — 2| < T GymKuMO
(2) MoHO pasnoxwTs B pax JI0paHA, PABEOMEDHO CXQLALDAHCA Ha mo6oM
KouTaKTe, TpUHALTERALIEM STOH OGNACTH, 1CITOMY

@)=Y oalz—2)"

e 400
o [ 10d= Y e [ e-nra=en
le-ral=¢ = le-al=e

Taxum o6pasom, R,e,i fl2)=a..
Tlyers 2 = oo, 11poBons ananorwsMe paccyxenns, nonys

Tyers 2 # 0o 1 zo - nomoc nopaaka m uns dyskuws f(z). Torna pan
Topana B o6nactu 0 < |z — zo| < 7 ueeT Bux

f@)

lz=20) ™+ amar(z—20) .+n_,(z~z“)"+§ a(z-m)
£ =
F@)(z=20)" = 6-m+a-mer(z—20) 4. +oa(2=20)" +§4A(x —20)*™
Bossen npowssoneyso (m — 1) Iop&Ika OT mpasoii K fepolt SacTh:

oo
[£(@)(z = 2™ = (m=1)la_y+)_(+m)(i+m—1) ... (i+2)ai(z~2)*"
=

Torsa Jim [£(2)(z = z.,)'"]"“’” = (m~1)'a~y. Urax,
o= — 1)| lim [£(2)(z — )"0
94

5D, e ) #0.0

dyxwns fa(z) meer Todky 7o Hynem Kpatrocts 1. B 1o crysae

M— < Jim - = A=)
RE e ImEm = ey

Tyers m = 1 Gymiuns £(z) nmeer pun: (z)

RES/(Z) = hm

Teopema o ehrerax. llyems ozpanusennas ofaacmo D ¢ zpanuyet 8D,
F6ATOUELCS KOKMYPOM, MAKOBE, YMO MONKY 21,2, .. ,2n € D - udoau-
posannsie ocobbie mowxu dynxuuu f(z) u f(z) € A(D\{z,z,...,z}) N

C(8D). Tozda
] f@de= Z

es f(2)

loxasarencrso. Kaxayio Touky 23 OKpyi OKpysaocTsio |z — 24| =
5, TaK, 910 KPYT |2 — 2| < b uemKOM nexrT b obnacTh D H KpyrH He

nepecexaioTc (pHc.25).

&
Puc. 25
Tlo Teopeme Koty anz MEOPOCBA3HO O6NACTH CRPABENHBO PABEHCTEO
/ roe=3 [ rew- ):m;gm).
i
‘Teopema noka’aHa.
Crencrsue. Tlyers f(2) € A(C\{z1,22,. . , 2n}), T 21, 22, . . , 20 ~ OCOGBIE
‘TaKxe ocobas

msomuposarHse Touku f(z) B 2 = 00 H30THDOBARHAT TOUKA,
Torza

3 fto

95



Jloxasatenscrso. Bossvem R ROCTATONHO GONBIIcE, TaK STOGS BHYTPH
‘o6macT [2] < R CONEPXAMCE BCe TONKH 21,2 -, - Il0 TeOpeMe 0 Brve-
Tax Gymem mMeTs

= [ rox= me)

K=k

= Res f(2),

WIIH, YTO TO Je CaMOe, ER&](:)

B MHTErpasios ¢ 0 BEIYe-

Tax.

L Paccmorprm I Kace RHTErpaioB ~ HHTErpaib! Busia
2
/ R(sin6, cos6) o,
3

roe R(z,y) - pauMcmansuex QyEKIS IByX BDIYMENTOB T,y, QYRKUME
Rsinb,cos6) nenpepusea ua [0, 2r].

Ecni 8 € [0, 27, TO MHOXECTBO TONEK 2
oxpyxmocT |2] = 1. Crenaew sameny z

0 [IDHHAITEXUT eTMHRIHOR
, Torna dz = ie®df, df =
2 i S g a2
—i % Taxxax z = cosf+isin6, 1o 7 = cosf—isinf, sinf =
z
1

z+%

22 Bom il =1,m0 =
= 2olfs s4fz) g,
/R(sina,msa)da /R( “ )

]

rie Ry(2) - paunonannas GyHKIS, HeTpEDHBHAL Ha
LIyeT 1o Teopewe O BbIYETAX:

/n(s;ns,mse) = 'brizn:i?;m(z),
] =

rite 7 ~ HOMioCk: pauoRATEROR GyrnMM Ry(2), nexcaume 5 obnacti 2] < 1.
11, Paccmorpmn [T Kiiace HHTErPATIOB ~ MHTETPAH BHIA

ten
vp. f f(@)ds (rnasnoe snasentie b cusicre Koun)
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e &

Harnomuum, uto v.p. [ [(x)dt:nlxl:l [ f(z)dz.
A oo T

Tyers qtynnllx £(2) € A({Imz > 0\{z1, 2,

1)) N Cmz = 0),
2,22, ~ ocobbte wsonupoBannbe Touku f(z), Nexawwe B oGmacti
Imz>0. nym Taxe f(2) =(1/2), z = oo, Imz > 0. Torna

e N
v. p/ f(@)dz=2mi Y Res f(2).
o =t

Tycrs C - sepxnan nonyoxpysioets: {|zf = R} N {lmz > 0}, Tg =
CrU[~R, R), tne R 10CTaTo41:0 60 LLI0R, Tak HTO TOKE 24, 7, . . ,  TEXAT
Bryrpw T (pHe.26).

Tlo Teapeme o serierax mees
/f(z)dz = 2niY Res f(2),
J 2R

€ npyroi CTOPOHBL

r{ jers /‘z f)d+ C/ o

Ouernnne wnrerpan [ £(2)dz:
Cr

JICE
£

Hrax, Jim [ f(z)dz = 2mi 35 Res £(2).
&g i

< max|f(z)| - 7R

5(1/R)- 7R 0 mpu R +oco.
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O6xon o rpauue nonoxrremstth. Onesmne unerpan [ 2271f(z) dz:
é

< max (121 1£ () -2nr < 721 -2mr - Cpr™® = 2mCy-re™".

/ 271 f(2) dz
2.

Ecnu 53#7s 0 < 6 < a, T0 npr 7 —+ 0 uwwerpan [ 2-1f(z)dz = 0.

Ouerny usrerpan [ 2271 () de:
én

/z""](z)da < max (|2°|f(2)]) - 2nR < 2m - R® - Gy, - R0

S l=k
G

Ecnu 835716 0 < §; < 1—a, 7o np R — +oo unrerpan [ 227 f(z)dz = 0.
én

Taxsm oGpason

283 R (1106) = 7 (1 - 57)

2mi -
Y Res("(2)
2 Sn o)

Paceworpm uierpan

oo
a1
J /1 % g<a<li, A>0.
THA

40
Ne-itat d

Tp o cuenaen saveny y =

TpeoGpasyens sror mumerpar: J =

L rorna
,
T+t

3
J=xet /(1 —y)° iy %dy = X" B(a,1 - a) = X*7'T(e) -T(1 - @),

rre B(z,y), T'(z) - siineposs: neTerpans.

S

Oymuns f(2) = ﬁ

nesssane mauuve. Tloozonsy

VEOBTETBOPSET ECEM TPEM YCTIOBMAM, TEpeSHC-

. 1 __2m @1 gla=1)ix _
;+,\)‘17==-'°) <

=X*"T(a)-T(1-a)
Ten camsing nonysaes

2miel@T  mieoin 2ri m
e gma_1 e

Ia)-T(1-

sinma’

1

T

Tvax, vst nonysmny zns Tavia- Gy Ofnepa GOpyny TONONHEHA
~
sinma’

T(a)-T(1 - O<a<l

. He mueeT Hy-

Tokasats, uro gymxums ['(2), z # 0,

(Pcpuyna onomuesus I(z) - T(1 - z) =
2 ¢ Z (iowecTso nemux wmcen).

Sy CAPABOANHE LNR BCEX

100 101
Tlo yenoswio f(z) # 0, z € T, Torma @ = (Lnf(2)py, = € T, o I Paccmorpum pasmocts Nys, — Np:
(Ln f(2))s) — k-3 pexms saiorosuasio gysaumn Ln (2). Hanosus, 10

1(2)
(Ln (=) = In £(2)| + iarg 1 (2) + 2mki
Tycrs Touxa z € T 1 @ = arg f(2) s TouKe 2, a &, = arg f(2) » Towee
2o ToCHe onHOKpaTHOTV 06x0na KpEOH [ 13 TOYKH 2 B 2. Toraa

1) %y _ Vera/(z)
% T %= 2« T |y

v
Tipupanerwe apryventa gysxuma f(z) — & — B HaswmaioT BapHALKEH
‘aprymenta gysxiwn mpw oxone o kpusoi I' u o6ossatiaior Vararg f(z)
- %

B TepMunax BApHALHH APTYMEHTa QYEKIUMA f(2) MaHHAR TeODEMA HOCHT
‘Ha3BAHME IPHHLIA ATYMEHTa.
Teopema (m aprymenta). [lyems gywaus f(z) €
ADr\{br.br.- b)), 20 biba-sbn € Dy biyby,... \bp — no-
wocs: Gypxuun f(z), Py - noANDE WCAO MOANOCO8 € YNEMOM KPGMHOCTIL.
Dywxyus f(z) # 0, z € I, a mowsu 1,0z, ,an € Dr seamomes
s £(2), Ny - noanoe wucao uyacit. Tozda aocapudisuseckull svwem

L) g Vamsl(l)

2m iG)

ﬂpnu&uﬂu pHEIHT apryMesTa NpK AOKa3ATeNBCTBE Teopemst Pywe
Teopema Pywe. lfycms fywsyuu f(2) € A(D), ¢(z) € A(D), obaacms D
_ oepanunennas obaaems, epanua OD - owmyp. Ha epaxuue 8D cnpased-
4u80 nepasencmeo

1f(2)] > le(2)l, z€8D,
mo2da Nyvy = Ny (Npay u Ny - nosnoe wucao wyact gyvuutl enympu
obaacmu D).
loxasazenscrso. Tax kax npu z € OD cnpasenniso wepasetcrso |f(z)] >
Jo(@)l, 10 If(2)] > 0, z € 8D u |f(2) + (2 > [F()] = le(2)l] > 0
Tipresse npumun apryventa k dyskun £(2) +¢(2) u £(z). Hweew

1
Nppo = ﬂv:narg[/ +0), M= gv‘““‘jlm
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1
Npvp = Ny = 5 [Vararg(f +¢) - Varasg f| = %anrs (“Tw) =

1
= 5 Vararg (1+¥).

Tycts sextop w(z) pases 1+

gz)) + rorma fu@) - 1] = | 22
2 € OD. CrenosaTensHo, KOrKA BEKTOp 2 OMUCKEAET KpuBYo OD), BEKTOp
w(z) omuchBacT 3aMKHyTYI0 KpHBYI0 7 (KOTOPax, BOOGLUE TOBCDS, MOXET
GHTH # ONHOM TOMKOH), LENMKOM NEXAILYIO BHYTPH OKPYXHOCTH pamuyca 1
 newtpon B TouKe 1 (puc.28).

Puc. 28

Tosouy sexrop w(z) e obxonut Towky 0, T.e. Varargul
Ny = Ny. Teopea nokasasa.
‘nencTeme 1 (ocHoBHa% Teopema umapu) H:
T nioot korounes P(2) = Gz + Gz + .. + n, g # 0 weeT posHO
n myneit.
ToxasarenscTeo. B3se nocratouso Gombuioe R > 0 Gyfiem umeTs, 9T0 Ha.
=R

0, Ten camm

Jaoz"| > |12 + ...+ aal.
Tpumenss Teopemy Pywe k Qynxuman ao2™ u P(z), nomyuum, 410 GyHKumMM
02" u P(z) wvesor QnH0 1 0 e w0 Hynedi b oGnact |z| > R, Ho GysKuHs
ay2" mmeer 1 Hyneh
Ilokasats, 410 ypasterme
g +0y.c08 p + a3 0082 +

Haneosnp =0, 0<do<ay<...<ay

et 2n pasmkbix Hynedi B wTepgane 0 < ¢ < 2.
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L Pacemorpum 11 knacc uuTerpanios — uuerpanst suzla.
oo e oo
v.p. / & f(z)dz = v.p. / cos(ez) - f(z) dz +iv.p. / sin(az) - f(2) dz.

Tyers @ > 0w dymxunn [(z] € A({Imz > 0\ {1, 2,... ,2}) N C(Imz =

0), rae TouH 21,23, , 7 wsomuposarkte Towk f(z), nexaume

B obnactu Imz > 0 n fim i(z) = 0. Torka wHTErpan B CMbICIE TIABHOMO
=%

auasenus Koun
o .
v.p. / €% f(z)dz = 21.2% (€™ £(2) .
e =1

Tyers Cp  Tg ~ kpubie, Bpeesmbie b npeasutymen 11 xnacce. Tlo Te-
opent o prerax

[ereas=2m 3" Res (¢47(2)
£ =t
C npyroi cTopouL

I

/e‘"f(z)dz:/e“'[(z‘)dz+/e“‘/(z)dz
e

R Cn

Pamee st mokasam: newmy YKopmams, mo memme YKopmama

Jim [ ¢1(e)dz =0, conn a > 0. Oncwsaremuo

o n
vp. / € f(z)dr=2miy Res (¢ () -
ES Pt
V. Pacomopmm IV Kiiace METErpanos - WHTerpansl BUAA

4o

/z““l(z)dz, O<a<l

v

Hanoxwum yenoeus Ha dyskumio f(z):
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Jlexnus 12

Tlorapugnurseckiit BHIYET, NPUHIMIT APLYMERTa,
‘Teopema Pyme.

Tlycrs T - XOpRAOB, 3aMKHYTb, KyCOVHO-TMAAKME KOHTYP, OFpa-
muaupaionsth obnacts Dr (orpasutennas ofmacts). ®ymkuns f(z) €
A(Dr\{bi,bz,.. ,bm}), rae by, by, ... , by — momioce: nopsaxa By, Bz, - - P
yston f(2) c00TBOTCTBEIEO, by by .. b € Dr. Tlyers Taxcke £(2) # 0,
z €T, mo suyrp obnactu Dp dyskuus f(z) umeer yms o,az,... 0,
KPRTUOETH . COOTRETCTDEREC, Paccnorpu dymxumo $(z) =

L2 dyuwuns y(z) anamurnama 5 oGnactu Dr, 38 MeKmoueHsem Touek

f(z) )
@1,0,... 00 Wby, by, b
B nocTaTouso manok okpectHocTw Towkk o — Uy() = {z

2 ol < &1}, € > 0 Gynwuuno f(2) pasnoxanm b pan Teﬂm)pa s
uneer pun

@) =(z-a)*Y ai(z-0)", ah#0, lz-al<en
=
‘Torna
F(2) = ez - @)™ Y ah(z - @)t + (2 - )™ Y _ah -k(z - @)
= =1
Tem camsine
[af -+ =m0 St ke
)
3 oz - ot
&

£ _ (et
o) (z-a)™

1

-F(z).
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Crexcrs Tycrs dymxuws £(2) € A(D) n onmonucra, Toraa Ans mo-
Goi Toxn z€ D f'(2) #0.

IloxasaremscTso. [Ipeanonoxins NpOTMBHOE, T.e. CYWECTEYeT TOMKA
2z € D raxas, wt0 f'(z) = 0. Cyuecryer oxpectsoets Us(z), 6 > 0
Takas, uto f'(2) #0, z € Us(z), 2 # % (pwe.29).

Pac. 29

Ecnu 651 Henb3s 65110 BHOPATh TAKYI0 OKPECTHOCTE, TO CYWIECTBOBana 6t
nocnenosatemssocrs Towek {zm}, Im z = 7, % # 3, () = 0. To
TCODEME eMHCTBEHHOCTH [U1% AHATHTHSECKHX GYHKUE OTCIOR CTEIOBAT0
611, w10 f/(2) =0, z € Us(z0). DO NpOTHBOPEHNT ORHOMHCTHOCTH dyHKIMY
f(z).

Pasnoxun yuxuwmo f(z) 8 pan Teitnopa & Us(zo):
1) =Y anle=20)" = G0+ anle—20)", k22, ax 0, 1 = 0= ).
= =

Bezex dymkmto ¢(z) = 3 aa(z — 2)". Moxio BHOpaTs OKpECTHOCTS
A

Us(z0), 0< 8, <6 Taxyo, wro p(2) # 0, z € U, (20), # # 2. llokasarems-

ro (baKTa AHATOTHIEHO I . Oboazum | min |p(2)| =

la=zol=81

m > 0. ycrs 0 < |a] < m. Pacemorpmy B U, (20) Ave dyrxmu o(z) u
(z)+a. Ha rpasmue |z zo| = & cupaseanuzo mepaserctso |y(z)] > o, no-
sTomy o Teopeme Pyme dysKik (2) # ¢(z) + WMET onuHAKOBOE THCIO
syneit 5 oxpectroctn U, (z0). ®yskums p(z) umeer, no xpaiisek mepe, 13
HYMA C yHeTOM KDATHOCTH B TOKE Zo, NOSTOMY (yHKIMA (2) + & B OKpecT-
socti Us, (2) mieer e Metice ABYX Hynef z) ¥ 7. [lokaxen, wro 2, ¥ 2 pas-
THYHBL R 21 # Z, 72 # 7. ECTH Gbl 24 1K 2, COBNATATE € 29, 70 & = 0, HO 31O
e Tax. TIpeanoncuun, 9To TOMKa z — Hyllb KPATHOCTH 6OMbIIEH T PABHOK
myn. Torna 5 OKpecTHOCTH Towkit 7, dyRKINR (z) +a = (2—21)*(2), tze
Gynxuns P(z) € A(U(z)), € > 0. Crenoparensno ns dymxmwss f(2) cupa-
sennueo npeactasnesne f(z) = ap — & + (z — 2)¥(2), a Torma f'(z) =0,
10 Touxa 7, € Us (z0) € Us(zo), B oxpectiocts Us(za) f'(2) # 0, z # 20.
VTax, CyinecTsyioT, o KpaliHei Mepe, NBe TOMKW z # 27 TaKue, 4TO
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I

1. f(2) € A{C\R*N\{z1,22, - , 20}) NC(R*\{0}), Towin 23, 23, .. , 2n
- ocobbie w3onupopase TouKs, Nexaunte 8 C\RY;
2. |f(2)| < Csl2|™® mpu z — 0, 6 > 0 — ckoms yropmo Manoe;
3. [#(2)] < Calz|+5 npw z = 00, & > 0 - cxoms yromo mance.
Ecmu dyskuus f(z) YIOBNETBOPAET STUM TPEM YCHOBUAM, TO

o
- omi "
J:u/z" 'f(z).iz=l_em§a§§(f f(2).

TloxasarenscTso. Pacemorpum obmacts D; , rpatsueit KOTOpO# SBNSIOT-
cx oxpyxaoctn Cg = {Jzl = R}, Cr = {|2] = r} u orpeaok [r, R], o6xons-
LfCR KBRS B PAIHLIX HAMPRBTEHHSX (DHC.27).

<5
7

Puc. 27

@yuxuns g(z) = 227! ~ MEoroMmAKaS, Ho B 06nactk D, x AOIYCKACT BhUE-
nemve ontosHauubx BeTsei. Tlo onpenenenuto

g1 = lo)Lax _ gla-Wlnlbvisrgeriant)
Bosbhen eTsb mpH k = 0, T.e. €CIH Mt HAXOIUMCA Ha BepXHeM Gepery OT-
peska [r, R, 70 21 = 21, z > 0. Ecin Mbt BAXOUAMCA Ha HIOKEeM Gepery
orpeska (r, R], To argz mmeer mpupaierve 27 ¥ 22} = goTleleim =
erroige:

PacoMOTpiN MHTErpaT 10 TOMHOH TPAKALE  TPAMERIN TEODEMY O Bii-

r
27 f(2)dz= [ 2°f()dz+ [ 227 f(2)dz +
[ e

Bun
+/zn—|:hw/[z)dl+/z“"j(z)d:: 2nii§:ﬁ(:“"!(1))»
J I =t
%
JilC)]

Gysus F(z) € AQUa (0. Flao) = s, nosrony Res 75

=a 12

Paccmorpine gyuKutio (z) B JOCTATOTHO MATOK OKPECTHOCTH TOYKK

b : 0< |z b < & Hs yonosut, manosenmex ua dymano f(z), ee
pasnoxerme 5 pan Jlopaua 5 oxpectrocTH 0 < |z — b < & Hmeer pin

(2 5)7* ia,(z =b)h G #0,
=1

=

f&) =
Torma

F@) = ~Bile = b)H Yz — b + (2= b P Y ch-k(z -0
=

Tem cambing
ra_ER* [t -0 Ede-nr+ v -] .
7 (=805 £ -t
P
Oxonsarensno, £.&) 7 ( ) +Fy(2), tne dymeuns Fy(2) € A(lz—b] < 6)
e '
Torna hs ST~ =B )
Tlo Teopeme o BeueTaX HHTErpaT s— ‘Zm /!((:)) de= E pg /j((:)) 060-

amasmne 32 N = Ny momsoe wcio uyneﬁ oy (z) weytpn Dr, sa
P = Py~ nomsoe s nonioonscoorsercroeso c yvercw KpaaceTn et

£
2m 1€
zon by f(2) o kpiBo ' (oTsockTenso Kawrypa T). Tes canein it
HoKaTATH Teopemy:

1 nomocos. Muterpan — [ T2 df BajkBAETCS NOTADHOMHYECKHM BhIde-

Teopema. Jlozapugiuunecrui sovem Gyt f(2) no xpueoti T pasen pas-
nocmu meady wucaom wyaet Gywuu f(2) u wucaom nomocos gyweu
(2), codepocawuzes enympu wpuaott T, m.

1@ g
2m/ o=t

9(@1) + @ = p(z) +a =0, a Torna f(a) = f(z), w10 nporuscpesnt
onsomecTxocTH dysximMn f(2). BHe noKasAHO.
Crencraue 2 (reopeva Typeuna). Tlycts 3alata mocTeoBaTenbHOCTL
Gysxwait {7,(2)], Ja(2) € A(D), ¥n € N. TlocnenopaTensuocTs pasHomepHo
BRyTpU cxomwres x dymxaus f(z) # 0, # € D. Toraa s moGoro KoKTYpa
I'C D, Dr C D u e npaxonsiuero wepes Kynu f(z) cymectayer wucno
g = ng(T) TaKoe, 470 ans mo6oro 1 > no(T) wkeno wyneit Ny, = Ny » D.
Toxasatenscrso. llyers m = min|f(z)] >0 w0 < < m. B cuny pasto-
‘MepHOM cxonuMocTH BHYTpH o6nacrs D (T - KOMIIAKT) NOCTEROBETENLHOCTH
{fa(2)} cymectsyer meno ng = no(T') Taoe, uro Ans moGoro n > ng(T)
CHIpABENHBO HEpABEHCTBO
[inle) = £ < 1

Ilo Teopente Pywe orcioza creayer, w10 Ny = Nyys,-p) = Ny, (uncno aynei
suyrpi Dr). Teopema nokasana.
Tipumep Ba Teopemy Pyme.

Paccuorpan wmorownes Plz) = 2 — 45 + 2 — 1.
F(2) = =425, g(z) = 2 + 22 ~ 1. Ha okpyssocru |2| = 1 cnpasegnuit

‘HepasescTEa
le() <3, If(2)l

(N
N

Puc. 30

To Teopewe Pyme dysxums £(2) u £(z) + ¢(z) = P(z) umeror suyTpw exm-
EwHOTO KpyTa |2| < 1 onMHAKOBOE WMCINIO Hyned, & MMEHHO 5.

Tonoxum f(z) = 2, p(z) = —42° + 2% — 1. Ha oxpyxsoca |z| = 2
cnpasennusst HepasescTEa

(D <1+2+27 <2, [f(z)] =2

Tlo Teopeme Py muorounet P(z) mwcer suyTpw xpyra |2 < 2 posto 8
nyneit. Ten cawbie » o6nactir 1 < |2] < 2 y wmoronena P(z) tpu myns
(pwe.30)

Jlexmus 13

KoHGOPMHEIE OTOGPAKEHHS.
‘OCHOBHEI€ TPUHINAIIE!

Pasce, paccnatpueas mudiepenpyemocts dysuun f(2) B TouKe 29,
MBI [aJI# Onpegenelue KOHPOPMHOTO OTOGPAKEHYS B TOMKE Zo, & UMEHHO:
#(2) smnsercs B TOuKe 20, €CTE
0HO COXPAHAET YTt 10 BEHHHE W 110 HANPEBTCHHIO MEALY TOGMH IBYMA
TAZKMMH KPHBLIMH, TIDOXORALDANK Sepe3 STy Touky. Bruno nokasao, uto
ecnu (yskmus f(z) amanuTuuHa B Touke zo ¥ f'(20) # 0, TO B 97O ToUKE
ymwuns f(z) ocymecrenser xoupopuoe oroGpaneave.
i Qynkuo f(z) 5 Towe 2. U3 amami-
TwaocTs Gyskuun f(2) B TOUKe CTENYET €6 AHATWTHYHOCTS B HEKOTOPON
oxpectsioctn U (z) = {l2—20| < €}, € > 0. Tlycrs f'(z0) # 0. Tloxaxen, 4o
Torna (ywHKims f(z) HEKOTOPOR OTKDHITOE MHOXECTBO, COIPXAIEE TOUKY
Z, MEPEBONIT B HEKOTOPYIO OKPECTHOCTS TOUKK Wo = f(2), MpHden oToGpa-
e ‘Taxn o6pasom,
Yreepxnenue. llycms Gyusyus f(2) ancaumunna s mosxe zo, f'(20) # 0,
mozda yrexyur f(z) 40KGABHO OONORUCTING U NEKOTIOPOE OTINPHTOE MHO-
acecmeo, mowry z, na Py oxpecm-
‘nocm mowku wo = f(z).

Ilokaxen sto yrsepxaeuse. Tax xax dymxums f(2) asamireasa s
Ui(z0), € >0, 70 ee Moxtio paanomuTs B pan Teiiziopa B STOM OKDECTHOCTH

F(2) =0+ Y anlz —2)" |z = 2| <€, ap= f(20) = wp, @1 = f'(20) #0-
E=

Paccmorpum dymaummo (z) = Y an(z = 20)" = (z = 2) Z an(z— tu)"‘
F=1

Tax kax a, # 0, To cymectsyer §: 0 <& <srme,q-mnpn |z -2l <

Gyuxuns p(z) # 0, Kpome TouKI z = 2o, NPHIEM Zo ~ HYMb 1 HOPRIKA.
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y

Tyers m = min [o(z)| > 0, a & - moGoe xowmnexcioe swero, Tex0e,
410 0 < |a] < m. Tlo Teopee Pyme dymkmas ¢(z) +a meer cTOMSKo Xe
Hyne B oGnacTH |z ~ 2| < 6, crombko u dymKuns (z). To ects GysKuHA
9(2)+a wueer ommm wyne 2 # 20, |21~ 20| < 8. Torna f(21) = p(z1) +a0 =
Gp—a = wo— . Tem CamuiM, MBI MOKA3ATH, YTO [ moboro o : 0 < |a| < m
cymecTsyer npooGpas TouKM 2 : f(z1) = we — . Uk, YTO TO e camoe,
oxpecTHoCTE TouKM wg : |w — wg| < [m| wmeer npooSpas B oxpecTROCTH
|z =zl <5, B cuny
yswn f(2) B obnact |z — 2| < § npocbpas oTKpHITOrO MEOReCTEA €cTH
OTKPHITOE MHOXECTBO, YTBEpXIEHYe JOKASRHO.

Orciona xax crexcTue suTeKaeT
Teopema. Mycms gynyus f(2) € A(D), D - oaacrs, f/(2) #0, z € D.
Tozda dynruus f(z) o6aacmv D nepesodum s obaacm G = f(D) - 06pas
D.

Ha cawow zene, st nokasams, 570 f(D) - MHOXECTBO OTKPIITOE, & B3~
HocTs f(D) CGAYET K3 TOrO, YTO AHATHTHIYECKSS (BYHKIMA EPEBOAUT He-
NpEpHBHYIO KPHEYIO B HEMPEPHBEYI0 KDHBYIO.

He HYXHO RYMaTs, 9TO RIAWMEO-ONHOSHATHOS COOTBETCTBHE COXPAHA-
ercs, ecnn o sceii obmactu D f'(z) # 0. Hampuwep, paccuorpum
f(z) =2, D={-n/4 <argz < n} (puc31).

D

Prc. 31

=2 #0, z € D, no gymxuns f(z) re spnserca

D)= 1(eteD).

Mt noasams, uro ecmu £/(2) # 0, 2 € D), T0 BaHMEO-OTHOSHAHOE COOT-
'BETCTBME ~ Tostomy, MBI 10K KOHGOPM-
b oTOBpakesmen obnacTi D ma o6nacts G GyleM MOHMMATD B3AUMEHO-
e —

B sroit obmactt f'(z)
omsomucTHOM:

110 HAPaBENKIO.

B 1936 rony JLE.Meusmos [7] noxasan Teopemy, 9TO ecnu dymKuua
2) ocymecTsnser xougopuoe oTGpaxenme obnactu D a ofnacts G,
0 £(2) € A(D) (reopesa Ges noxasarenscrsa),
'C apyrof cropomst, Mat monyms, uto ecnu f(z) € A(D)  onmonkctsa,
10 /(2) # 0, T.e. OHa OCYLIECTBNAET KOHGOPMHOE OTOBpaEHHE OGNACTH A
obnacTsb.

Hirax:

L Gysxuus f(z) Kaer xonbopmioe oTobpaKerHe o6nacts D ua o6nacts
G Torna u Tomko Torxa, Koraa f(z) € A(D) % oRsonucTHE.

1L O dymiauns w = f(z) o6-
nacts, D ma obnacs G = £(D) KoupopMEo, npi STO OGpaTHax dyHKLAE

= f-() € A(G) m Taxx® n3eT KoEGOPMHOE OTOSpaNeHHe OBnacTk G Ha

obnacts D.

B Teopii TORONOTHYECKHX HPOCTPAHCTB NOKASHBACTCS, STO FOMEOMOp(-
Hoe. " orobpa-

BosuxaeT BTODO: BOMPOC: CKOMBKO CYLIECTYET PA3IIELIX KOHGOM-
HBOx OTOOpaKeHMi 0GMACTH B8 OGNACTS ¢ COXpaueHen caAsHocTH. Boobie
TOBOpS, GeckoHewO Mu0ro. Ten He Mexee, CHPABeIUINEA TEOPeMA eIMHCTBEH-
socTu:

Teopema Puvana (6es Cyuecm-
eyem eduncmoennas Pywmyua f(z), xongopmno omoGpascaroias odwocess-
#y10 obaacmy D, zpanuya xomopotl useem Goaee odwoil mowwy, ua enym-
pennocmy edununoz0 KPY2a,  YIOBAETIBOPAVUAT YCAOSUEH

f(z2)=0, f(2)>0, ze€D.

Mok . KoubopHHO OTOBPASHTS MpOHSBOTbHOE. KOMBO
0<r; <J] < r; Ha npoussonsoe xomsuo 0 < Ry < |2 < Ry?

[§
XaeT 1 8 1I-CBA3HY

[Banasa 39.] Tpw xaxux ycnosusx #a r1, 72, Ry, R cymectayer kongopmioe

obnacty. B wacTROCTH, 06 ne-
pesomuT B OmHoCBA3HYI0. Hanpunep, Hembas kopOPMEO OTOSPaINTE KPYT &
KomBO-

'Bo3sMKaeT BONPOC, & BCETA 1A €CTE KOH(OPMHOE OTOGpaxexKE OGnacTH

orobpaxeane xomsiia 0 < 1y < 2| < 75 ua kom0 0 < By < |2] < Rp?
OnpenenuTs BuR GyHKIMH, Raiowel TAKOe OTOGPAXEHHE.

a 0BnacTs ¢ coxpatiesmen casHOCTH. B cnyuae, xorna
oTser aet Teopena Pumasa.

o -

Tpmsusm rpamm. Tlycrs orpamnuennse obnacts D 1

Teopema Pumana (6e ). Dyems D - 06-
AGCTb PACUIUPENNOT KOMNAEKEHOT TAOCKOCTIL, 2PanUYA KOMOPOTl CoCmotT
Soaee wew u3 odwotl mowwu. Tozda cyuecmeyem xougopaxoe omobpace-
e 06aacmu D wa onympennocmy eduntwo20 pYa.

TpeGosare, ¥T0Gbt rpauKua OGNACTH COCTORNA GONeE Yem 3 ORHOH TO%-
xu, 1o cywecrsy. Hanpunep, pacemorpus obnacts D = C - komnexchas
nnockocTs. Kax 06nacts B PACIMPERHOH KOMIMKCHOR INOCKOCTH Oa. HE-
er eamuCTBexHyI0 TpaNURYo TouKky o0 € C. He cymecTayeT Koupopuioro

C s puyTpes xpyra Ju] < 1. Ecnu 61t 510
65110 Tak, T aanuTwseckax dyuxuns f(2), z € € 6una 61t a oo mOC-
xoct C orpasmentoi no mozyo. Tlo Teopene Jluysunns osia tonxsa GuTh
xoncrasrTos. Tlporuopesue. Bropol npuep: nycts obnacts D = C\{zo}-
O6nacts D xax o6nacts B C UMEET KBe TPAKMSHbE TOUKE, Kak 06macTy
8 C smeer onuy rpammumyio Touxy. He cymectsyer konoputoro orobpa-
euus, TepesomAero obnacts D Ka [w| < 1. Ecnu G 970 6ktno TaK, TO
cymecteopana Gt ananirTneckss Gywkuks f(z), LA KOTOpO TONKa 0 ~
\rs0nuposaRHas 0co6ax Touxa. Tak Kax Gymeuus f(z) orpamsesa no Mony-
nto, TO 2o — yCTpanuMas TOKA, £0 Torma f(z) = const. TlpoTusopese.
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G orp: KoHTypaMt
D u 6G coorsercraenno. dymxuus f(z) € A(D) N C(D) u orobpaxaer
‘BaauMHO-ORHOSKANHO rpauLy OD) ka rpasimy OG C coxpasekHeM o6Xona o
rpauntie 8D. Torna dyuxuus f(z) Korpopuo orobpaacr ofnacts D 1a
o6nacs G (puc.32).

£(2)
1o,

Puc. 32

Ioxasatenscrso. llycts wy € G, wy ¢ G. Pacomorpu zee dymKmin
Fi(2) = f(z) —wy, Fy(2) = f(2) - wa. Korna z npoberaer rpamuuy 0D &
‘Rassom pextop f(2)—w, -pasvty OG onus pas B To

11



e wanpasnexi, BekTop f(z) — Wy TOBEPHETC HA YTOM 2. AHAIOTHNHO,
sexop f(z) — wp o6oltzer rpaunny OG oMM Pa3, HO APFYMEHT BeKTOpa
IIpHpAIIEHUA He QOMYSHT, HOSTOMY

=1

Vararg n(z)l Vararg Fy(z)
£ 2

23

Tax xax ¢ynxums Fi(z), Fa(z) € AD)NC(D), Fi(z) # 0. Fa(z) # 0,
2 €D, T0 5 cuny npuITa apryMerTa dyHKuMA Fi(z) umeer sryTpR
‘nacr D onus eyns, yssuws Fj(z) seyrpu obnactu D 5 Homs He obpamaet-
cs. D10 03maULT, TO ypaBHEAME f(2) = Wy HMECT EIMHCTBEHHOE DeLiCHHe,
J(2) = w, pemennit ue umeer. Tew cauen obnacts D oroGpaxactcs ma
Obnacts G ¥ mpy ITOM OTOGPAREHKE KOHGOPHHOE.
Teopema (6es doxasamenscmsa.) ITycms ozpanuvennas oSaacmo D ¢ 2pa-
et DD (xowmyp) omoBpaNaemCS KONPOPANO K 0ZpaNUNENNYO 06-
sacmo G ¢ spasuetl 0 (sowmyp). Tozda f(z) € C(8D) u ocyuecmoasem
3G ¢ nanpas.e-

s 062000 10 ZPAKUYLK.
OTa TeOpeMa B KAKOM-TO CMEICTE OGPATHAR NPEALLIyLIEH.

TMpusuun cummerpun Pumana-Isapua.

Tycrs obnacts D Taxoma, wT0 KHTEpEAT 7 NEHCTBUTENLHO OCH BXONT B
rpamnuy onactu D u dysxmas £(2) € A(D) N C(7). Tlyers Taxame D* ~
obmacts, cmerpiranas ¢ D orsocutensio v, DN D* = @, Eenu f(7) npu-
HALIEKWT OTDE3Ky AEACTBHTENbEOK 0cH, TO pymKuus f(z) anamaTitecku
nponomcaena B obmacts D wepes . Tai 06pato cymuecTayer GyRKs
(cmozpm prc.33)

f(z), z€DUY,

F(z) € A(DUyUD"), F(2) {ﬁ seD

3amevanue. Yenosue DN D' = @ [aeT OMHO3HANHOE AHATMTHYECKOE MPO-
KomKeRue. B Ipyrom Ciiyae AHATHTHIYECKOE IPONOTIXEHHE MOXKET 6ITh MO~
rosHatHLIM.
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z w
Z o
s 1@
Puc. 33

Ioxasaremscrso. Ilycts Touka 2 € D, TOTMIa CYILIECTBYeT OKPECTHOCTE
Ud(20), € > 0 Taxas, w10 » Heik dyHKwno f(z) MOXHO PASIOKHTE B PAX
Teitnopa:
o
£l = onlz= 2" lz-zl<e
=
P
Bezen gywxumo f(z) = 35 7l — %o)". Tax xax pan caomwres » Ui(%0),
10 f(2) ananurwana » U (%o), a Tax xax TouKa z ~ mobas u3 obnacrx D,
10 J(2) € A(D*). Osesmsio

o0
=Y aE-%)" =1
=

Tlpn 2 =z € 7 meeen f(z) = F(2) = f(2). Taxum obpasom na unTepsane y
ysxunn f(z) u (z) conanaior. Moxex npumesirs NpHSING Herpeps-
HOCTH, W3 KOTOPOTO CeRYeT, §TO f(2) €CTh AHAMMTHECKOS NPOZOMNEHME
(2) © obnacts D sepes 7.
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U5 AHTApMOHHYECKOrO OTHOIHHS CIENYT, YTO OTOSpAXEHHE TO TpeM
PASMIEEM NPOOBPA3AM H TPEM PANTHIHLIM OGDA3AM ONPElENeHO ONHOIHAT-
Ho.

Ilpe TOWKH 2 ¥ 2 CHMMETPIsNHB OTHOCHTEISO NP=MOE L, ecit 374 T0%-

KH TeXT HA NpMOH, NepIERMKYIAPHO RANKOK NpAMON L,  TowkH 7, 2*

pasroynaness o L (NOHATHe, XOpOILO MIBECTHOE W3 LIKOMLHOTO KYPCa mia-
).

Caoiierso 3. Tlpu
‘HpAMBIe I OKDYXEHOCTI IEPEXONAT TUGO B AMLe, 60 B OKPYKHOCTH.
Vpassexte npsmolk Wi OKPYXKHOCTH MOXEHO SAINCATS B BUIE

A(z* +4%) +2Bz +2Cy+ D=0,
pu 3TOM, ecni A = 0, TO 370 ypaskensue npamoit, ecmu A # 0 u B2 + C? —

AD >0, T0 ypasHexze OKpYXHOCTH.
1

Tlokaxen, 4TO MK IpeOGPaIBasHI U/ 2=z +iy, yrsepxaenne

ypasHeHue B %z

A2 4+ 1) + 2Bz +2Cy+ D = Az ;+2B(’“)+20(",’)+D:

:Az~i+(E+T) (H—-)HD o,

KOODOWIMEHTH NPK Z ¥ T BIAUMHO conpaxenme. B nepeeumix w u @

Jpaviesue npuer Bz
st (5+9) 1+ (8-9) 3400
PR 7w )%

Dw-ﬁ+(5—€)w+(3+g)ﬁ+fl=0.

Taxu 06pason, ecmi D = 0, T0 370 ypasserwe npsoi, ecau D # 0, 70 370
YpasHeHHe OKDYXCHOCTH.

o

az+b

B o6uenc cnywac, mpeacTasmp npeobpasosasine u(
ad—be

¢ e+ d)

saue T CoxpatsCT cooicTDD e UHOREIS e KOHCTNTY W GABKT 8 XGk-
az+b b

cz+ a+d

Kax cyrep-

z+d
, YAMTBBAS, TO MPeOBpaI-

nosmmio npeoGpazopan w(z) =

CrauTy coxpauser CBOHCTEO, nomy<MM, STO npeoGpasosaie w(z) =
coxpaser caoficTso.

CEolicTRO 4. CHnMeTPISHHE TOUKH OTHOCHTENBHO NPAMOM HITH OKPY2K-
HOCTH TIEPeXORAT B CHMMETDHYHEIE TOUKH DK APOGHO-THHEHKOM HEBHPOX-

: L w L
2" jw*
Prc. 34
az+b
Hpeanonoxan, wro npsuas L ¢ nowousio npeoSpasosans w(z) = =5

nepexomuT B MpAMyio L', TOUKA Z NEPEXOAKT B TOUKY W, TOMKA 2° ~ B TO%-
Ky w* (puc.34). Toux w u w" GYRYT CHMMETDHSHNMH OTHOCKTERbHO L',
Tax KaK B cEIY w(z), npmeste,

4epe3 TOYKY 2 1 2°, WM MOGAA OKPYXKHOCT, MPOXOALIA ePES STH TOUKI,
opTOrOHATBHEL MpAMOF L, 1, mO3TOMY, 0GPAIHL MpAMOi 1 OKPYXHOCTe 6y-
RYT OpToroRan:HL L', 8 OTCIORA CEAYET, YTO TOYKM W W ° CHMMETPISHEL
ormocnTemsto L.

Tlycrs Teneps npsMas L nepexolT B OKpYXHOCTS L' npu npeoGpasosa-
s w(z) = Torna B cuny KOHQOPMHOCTH TpEOGPAIOBAMILK NPAMEL
wnu m06as OKPYXHOCTb, nposonsax “tepes TOUKH z U 2', MMEIOT 0GP,
epea Tow w n w* (puc.35).

Puc. 35

Onpezenenme, Touxa W* HAIBACTCS CHMMETPHIEO] TOUKE W OTHOCUTEMBHO
‘OKDYXXHOCTH, €CTH TpAMaR WM MOBAS OKPYXHOCTS, IPOYOLALLAS HEPeE3 STH
TOMKH, OPTOTORANBHA STOM OKDYKHOCTH.

113 onpegenenus cIeAYer, 4TO TOUKH, CHMMETDHIHEE OTHOCHTENbEO NP~

Mo mnn HepeXONAT B p TouKH
IeHHOM TPeoGPaloBaHMH. X npAMoit 1N OKDYXHOCTH, |
116 . 7
z w
-z
Jlekuns 15
Puc. 38
Tlyers To%Ka 20 MEPEXOIHT B EHTp KPyra wp = 0, TOPAA TOUKa 2§ mepe-

fizeT p TouKy W} = 00. IIpeobpasosaHie GYET KMETb B Kogopyssie N

piss (", &, cosz, tg 2,

-z 2
v = i e

Tax xax rpasua |2| = R nepexomr s rpawwny [u

[ (Re®)]|

Hoszony

1/ .1
Dymuma w(z) = E(H;) waonmaeTes dymkumel YKykosckoro.

H.E.2KyxoBcxuit nonpodHo iysail ceoficTea STolt QyHKIIK B sanasax as-
POMEXBHUKM # THIPOAKHAMUKH,

Tax xax w(z) = w(1/2), T0 Ha Boeit kounexcrok nockocTi C He omEo-
nuctia, w(z) = w(z), ecnut 2, - 2, = 1. Hostomy B obnact |2 < 1 wm B
o6nacTa |z| > 1 gynxuna w(z) onsonkcTa K oOpas STHX obnacTel OnHHa-
xos. Tpamuny kpyra |z| < 1— |2] = 1 dymkuss 2Kyxonckoro orobpaxaer
Ha orpesox 1, 1] nefcTurens ok ock, obxonsunicn RBaXAEL (puc.39)

Jlexnus 14

JIpo6Ho-nuKeiiHOE HEBEIDOXIIEHHOE Npeobpasoparue
U €r0 CBOACTBA.

BylieM pacCMaTPHBATH PACLIMDEHHYIO KOMIUIEXCHYIO TUIOCKoCTs C. Ca-
en, w0 npe kpuBite [y T B GecxomewHo ynanestoj Touxe (o) nepece-
KaIOTCS TIOX YTTIOM G, €CITH NIpH MpeoGpasoBauy ~ o6passt kpusbix I u I
mpeceumcn B Touxe O non yroM c. *

bysKIMedt WA D i Ha-
mne—ru PynKuwHE w(z) Buna

w(z) = abcdeC.

+b
u+d
B ad —be # 0, 70 orobpaxeae wasusaercs esuporaeuuiv. Tax xax
[y s -5, 2 # 00, 0 yenopue ad—be # 0 Heobxommvo,

B sittem Gymenc
CsoiticTsa npob: i oTobpa-
JKeHuit.
Ceoiicrso 1. llp xoHpopMEO

0T0GpaXaeT PACIIMPEHHYI0 KOMIUIEKCHY!0 niockocTh C Ha C.
1 caysai:
b

:(.,,,,

= 0, Torga no yenosmo a # 0, d#ﬂnw(z)=7+§,

d
) . Taxum oGpason ana moGoro w € C cymecryer eawcr-

q
senmoe z € C Takoe, T0 w(z) = w, T.e. oTo6paxcexue C Ha C B3am™O-
ORHO3HANHOE, NpW STOM z = 00 mepexomuT B w = 00, w(z) € A(C) ¥
w(z) - xoudopmzoe oToGpaxenne va C. Ilokaxem, 4TO OHO KOHGOPMEO Ha
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Tokaxen, pIHEX TOEK
HOCTH KODPEKTHO, T.€. %, et
sax 1 ona enwcTpena (pKe.36)-

Tycrs eors okpyxiocts |2 — af =
TOUKA 2.

R u Touxa zo u eif CHMMETpUIHAS

it npi KOTOpOM
~ ReficTouTensuas npamas. Ha-

Cnenaem mpobs
oKpyxuocTs mepeitzer B npaMyio Imw =
‘pHMep, PACCMOTPM TpeobpasoBarte

l+lw
z=a+R:
Tlpi Takom Towa w = —1 z=a-iR,
Towa w = 1 coomsercrayer Towe 2 = o+ iR, Touxa w = 0 coormereroyer

touxe z = a + R, T.c., Ha cauom nene, mpecSpasopanme z = a + R+

nepesomiT oxpyKEoCTS |2 — a| = R B neficrautensiiyio npamyio Imw = 0.

I1yCTS TONKA 2o COOTBETCTRYeT TOSKE Wg, TOFLA 2 COOTBETCTRYeT g ~
TOuKA CHMMETpHNAS C Wp OTHOCKTeBHO TpSMOK Imw = 0, Te. wf = Ty
Hiveen

l+iwg .
m=atR{Ton #

L
orR 1T

VlVW

(w-a(-a=R

Taxum obpasom

obpasom no

Trax, Towx
exouHol TouKe  PATAYCY i LGHTPY RaNOR OKDYXCHOCTH.

I3 npefCTaBAenKs CHMMETPHIHOR TONKI CERYET, ¥TO CCTA TOUKA Z
EXHT BHYTPH KPYFa, TO TOUKA 2} AEXUT BHC KDYTa.
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npi oTobpaxermi w(z) = r 0z = ¥ K

e+ 0 =
T
1
= icosw(r-f;), wy = gsing r—i) Korza Towxa 7 npobera-
=1, ee 06pa3 w(z) npoGeraer snmanc

() * () =

1/ 1) 1(1
< e s 11 s (42) 5 (27).
'PACCMOTPIM TOYKH, NEXAILME 1A PAIHYCE eTHHMSHOM OKPYAHOCTH X HX
obpas. Tlycts 0 < ¢ < =, Torna z = re¥,  ~ duxcuposano, 0 < r < 1.

OGpas 3TOro paHyca €cth HaCTS PHAEPEONL

PaccMoTpim OKpyXHOCTS |2 = 1, 0 < r < 1 u Halinem ec o6pas
1
z+;). Bonx [o] =

1 1 N 1.
(rear L) (s - Lany)

1

wy <0, w >0,

Ecia paccMoTpeTs panuyc mpi —% < ¢ <0, T0 06pas ecTe waCTL THNEp-

!

C. Tk Kok 2 = 00 nepeXOT B = 00, 7O CaeAREN TpeOGpaBaIS
s=pows g = o
cnesomazero, orobpuxeine w(z) soutopuio .
wd —
2 cnysit: ¢ # 0, w(z) =

, HO 0HO KOHGOPMEO B TOuKe £ =

+d“’a—wc

,-Hﬁ

10 w = 0. Orciona cnenyer, ¥ro

,z;éff Ec-

mez =00, 10w =, eomu 2 =

u(z) s C, C nepexo-
sz 2 C, w(z) € A(C\( d/c}). Moxaxen, ato xoupopmsocTs coxpanzerc
, To w = 0. Crenaem npeobpaso-

z=oco Eemaz=

<
ctd HO B TOUKE 2 = d:l'!n

= =-2 npeelﬁ'pa:wea»
Hme Kouopho. Ecmi z = 00, To CAeNaeN peolpasopaie z = 7,

1
Baume wy = —, TOTAA Wy =
w

, TorAa

3

(O6passl Tpex pasTHUHLIX TONeK, TpH YCIOBYE, 40 OGpa-

Py e—— obpasom - ept-
pOKIexHOe MpeobpasoBae.
Tiyers 2 # 2, wi # wy, 6j = 1,2,3, tne w, = w(z), w(z) = “:;
Pacraen 5%
om
az+b_an+b
w-w _zrd cmrd _edez-n) cn+d
Wow  aztb_on+b adlz-z) cm+d
ez+d czm+d N
Tosromy
w-w _zn-xn cp+d
ws—wy B-z catd
(surapuo-

70
Huveckoe oTHOeRNE).
Eomi 2 = 00 WIM s = 00, TO NONATaIOT
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Ree'

Tlyers 2 — @ = €%z - al, Torma 75 —a =

J» T cHMMerpias

20
TOUKB 7g PACTIONOXHA HA TOM XK€ f1y'e, KCXOUALLEM 13 LCHTPE, ¥T0 % TO%-
X8 2. TOYKN, TIEXAIe BA OKPYAHOCTH, CHMMETPHYNM Cebe, GECKOHESHO
YAGTHHAR TOTKS CHMMCTDHYHA LEHTDY OKDYKHOCTH.
ViTax, npoSio-nuseiitioe 0TOOpAXKEHHE CHMMETPHYHbE TOIKH NEPEBONKT
B CHMMeTpRIHRE.
R

Paccuorpum oroSpaxeriue w(z) = 6+ ===, OHO HAJBBIETCA HKBEpCHeh

Jz~a| = R, Te. nepesans-
1uiee TONKY B CHMMETPUUKYIO OTHOCKTeNIbHO OKYXHOCTH. B wacThoCTH, ecni

nonowuts R = 1, 6 = 0, 1o orobpaxesse u(z) = » = (

1) sasmaeren
umBepcuel .
OKPYJKHOCTH TIEPEXOIHT BO BHNTROCT.

PaccMoTpiM 1Ba TpHMepa APOGHO-MiHEHHEX HOBBPOAACHHBIX PeOBpa-
30BaKUH, HA KOTOPHIE MBI B AAMIBHEHIIEM COLLIEMCA.

n'px TOM BHYTD

Tlpumep 1.(puc.37) H; Bun e
Bepxion Ha BHyTD xpyra Jul < R.
z
Imz>0 jul <R
20
Puc. 37

lyers 700 2 nepesags » Towy wo = , Toraa 3 epelzer s uf = o,
nosTOMy MpeoGpasopane weer bz w(z) = A

—= 2. Bocronsayeres Te,
4TO rpaHKua OBNECTH NPK KOHOPMEOM rrpenﬁpusouunn nepeitner B rpau-
ny, T.e. npk 2= 7, fw(z)] = R. Hueen

=N =D, =R,

— ot B APOGHO-MHEHHOTO MpeobpasOBAKKS.
Tpumep 2. Radinen oftumik Bt NPOGHO-MMHeRHOTO OTOGPANCHNS, NEPEBOA-
mero xpyr |2| < R ua xpyr |w] < R (pkc.38).
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Puc. 40

Tpw 5ToM 0OpaTHAK BYHKUKA z = W+ VWP — 1, KMEIOLLAR ZiBe ONHO3HAYHEE
seroi, nepesoant €\ {(~00, ~1] U[1, +00)} Ha nonymnockocts, ona perss
walms > 0, apyrat sereo s Iz <0

2. Orobpaenue moksero nonykpyra: {|z| < 1}n{Im z < 0} ¢ nomousio
bynxmmr FKyKocKoro.

OCpaXeHHe NCDEBOIAT TOMYKDYT HA BEDKHIN MOMYMIOCKOCTS
Imw > 0 (puc.4l).

Puc. 41

M =FR, =R, u(x)= I Pacemotpum dyrkmio w(z) = 2%, n € N, n > 1. Ha el kommexcroit
. T o< 3 3 8
i z=€* pel02], w(e)=cosp. Gonst, wy > 0, wa > 0. Awanoriruio, o6pas pakycs Ipkt 3 < ¢ < T €7 nnocKocTi € GYHKINA He ABNAETCS OLHOMKCTHOR, HO MOKHO asGiHTh TA0C-
— owumi BHI ApOE xpyr yacTs rumepbonts, wy < 0, wp < 0, K oOpa3 pamkyca mpu —7 < ¢ < —3 XocTh C un n obnacreit onnwc'rum:m yHKIMK 2", HANDHMep: 06nACTD
|2l < R ua xpyr [ < R Y 2 P prMep:
i P . z ect wacTs runepbonst, wy < 0, wy > 0. D._ 7(k—l)<ugz<—k k=1,2,..,n (puc42).
4, ' | Taxus 06pa3om, OPTOTOHANBHAS CETKA HA IIOCKOCTH Z, COCTORILAA M3
| OKpYXHOCTedt 1 DAIHYCOB, LCHTPEI OKPYXHOCTE B HaYane KOOPRUHAT, Ie- v .
DEXOLUT B OpTOFOHATIBHYI0 CETKY HA TUIOGKOCTH W, COCTORIYIO H3 STTKTICOB w
T ur ¥ rumepon.
3 A OTMETHM £Ba YACTO PACCMATPUBAEMEIX OTOGPAXEHWS 06nacTeii:
“ T 1. Ozobpaxente pepxseit monynAockocTx Im z > 0 C NOMOULbIO (YHKIKK
KyKoscxkoro.
Puc. 39 Orobpaxerne nepesomiT nonymAoCKoeTs Imz > 0 Ha BCIO KOMIAEKC- Prc 42
‘HYI0 DIOCKOCTS ¢ ABYMA BhiOpouensbvi nysamis: C\ {(—oo, ~1]U[1, +00)} I e.
. Tlycrs z = z+iy, w = wy+iw,. BayTpensocts enusuamoro kpyra |z] < 1 (prc.40). O6nacts Dy hyHKImA 2" KOHGOPMHO NEPEBORKT HA BCIO KOMIIEKCHYIO AAOC-
li);t:;t]{nm‘ Ha BCI0 KOMIEKCHYIO 1nocKoCTS C C BHOPOLICHHEM OTPE3KOM ] xoeTs ¢ BOpoenHsM onoxwTenosM 7y sen: C\ R*. Eons wst paccwor-
! Jel <1 C\[-1,1] pim obnacTy: 0 < argz < ., TO QYHKUKA 2" STy OGNACTS TePEBOTAT Ha
21 ! BeprIom nonynAOCKOCT.
120 121 122 | 123
Tlepeiinem x Qysxumn w(z) = e*. Tax xa 37a Qynxuus 2mi Tipu € Taxol TIEPEXOET B OGNACTH, OPpa- T, 1 = E
b g aK Kax tg = 3 TO TIPABA YACTS FPAMKIB OMOCH £ = 5 + 2
To Ha peelt it C ona He onHomuctHa. Komm mnockocts C HMSEHHYIO NByMR My9aM: atgz = C, 81§z = d W ABYMA OKPYXHOCTAME & npeobpasopanus: w, = 22, wy = 1wy + 1= 2 +1, wg = il = VT 1 6&

MOHO pasOKTE Ha cueTHOE wHCTO obnacteh Dy = {z : 2n(k — 1) < Imz <
2k}, k € Z (uomecTeO memsix wcen), K& KAKAOH 13 KOTOHX (yHKIHA
€* ONHONKCTHA.

z Y w

Puc. 43

Obmacts Dy obnacts ¢
~TOROAUTENBHEM TyOM ~ c\w (prc.43). o M paccMOTDHM TOpUSOH-
Tamsyo nonocy: 0 < Im .z <, To 00pa3 970K HOOCK €CT5 BEPXHAK IOy~

|2l =2, |z| = ¢*. B wactnocrs, orna ¢ =0, d = 2, T0 06pas ecTs KoMBLO
 paspe3om 0 OTpesky eficTauTensHOR 0CH egzge.

Pacoworpise dysmao cosz = St Tax xax wex paceucrpen
ynxuo HKyKoBCKoro i GyHRKuMIo €%, TO (HYHKIMIO COS 2 MOXHO PACCMATPIE-
BATH KAK CYNEpTOSMIIIO ITHX (yHKUWH, ¥ PRCCMATPHBATS B COOTBETCTRMK
C ST oTOBpaente, OcymecTRASEMOE BYHKIHel: 05 2.

B cuty NepHOIMYROCTH (hYHKLME COS Z, OHA He SBAZETCA QUHOMCTHOM KA.

KommexcHof nnockocTn C. MOXHO PA3HTS KOMIUIEKCHYO TIAOCKOCTE
C 8 cemHoe wucio oSnacteit Dy — pepruxamsure nonocs: Tk < Rez <
4k, k€ Z (prcd6).

g I

e’+c

lvnepexumrruw=lg(2+ly) =i Kornaynpoﬁerwrwe
IHEYEHHS OT —00 110 +00, 06pas poGeraeT oo TS0, nexamee 1 MEHMOE
ock — apa mya: Wy € (~00, ~1] U [1, +00). Taxime 00paom, BepTHKATHR
HO7I0CA MEPEXORHT Ha BCto THOCKOCT C C BYMS BOpOLICHNEMK yZAMK —
C\ o+ s € (~00, 1| U1 +09)).

Bom at  pacoucrp pepusion nonyiaoonocts - {Imz>0,
ce (1 3]]. = s s o s . s, ey
nocRoCab Jmtw > 0 C BOpOICHELM HYIOM s € [1, +00) (pHc.48).
4" v

BOXHT 06Pa3 Ha -ax,
npeobpasonasme ws = v/zZ + 1 o6nacts D; NIEpEBOINT Ha BEPXHIO0 nony»
II0CKOCTS, & TORA® KCXOIHAA O6NACTE — BHELIHOCTL KECTa — MepeilleT 50
BCIO TINOCKOCTS ¢ BROpOLIerHEM oTpeskom [—v/Z, V2] mo meficTairensrol
ocu (puc.50).

PeM TY BeTBb,

W

-2 vz
Prc. 50

Teneps, nphuerunn apoOko-nisichice npeodpasosatke w4 = -
tus
momyums nco NOCKOCTE ¢ BHOPOEHHEM MONOXHTENLHAM NySOM. H no-

nnockoers Imw > 0. o 7 ™ Uy
Onpezeem o6pashs TOPHICHTATEHEX K BEPTHKATSHAX TPAMEIX, T.¢. 06- N T-lof 1 2 2 s = v G O e
pasks OproroRanbHO cerii Ha nnockoers C. [OpUIONTANLHAS IPAMaR Y = ¢ Puc. 48 - Hee npcoGpasasas e s P P"‘(pm 51
EMeeT 06pas w = e+ = ¢* . ¢, Obpaa aToil npaMof ecTh ny, 06pasyIo Puc. 46 "1"
yron ¢ ¢ nonokuTensHEM nysem (puc.4d). . B R rne
7 wa DyHKuMS COS z KaXAYI0 06nacTs Dy NEPEBONMT Ha BCIO KOMIIEKCHYIO TOC- uenonsayem npuuinan cummerpiy Pivana-Lllpapua.
z w
= x0cTs € ¢ ABYMS. BEGOMICHILIMI Ny SaMH: Bazaua. OTOOpASHT KORGOPMIO OGNACTS, Tax remmocTs,
¢ %
«pocta, C\{y =0, z € [-1,1}; y € [~1,1], z = 0} na sepxuzoto nonymnoc-
T Dy = €\ {(~00, ~1] U1, +0)}. xoers Imw > 0 (puc.49).
o
' Ecn paccuoTpeTs mixHioi nonynonocy ~ { (Imz < 0), z € (o 1r)) 70 dymK- W w g
LS. COS 2 TIEPEBOIAT e¢ HA BEPXHIOIO TIOMYTNOCKOCTS Im w > 0. z i oA
Prc. 44 Pacoworpins gy w(z) = tg 2. B cuny nepuomeusoctk 370l dysk- I l
"
Bepruxansuas npamas 7 = ¢; ueer 00pas w = e+, |u| = e - okpyx- 1, pacoMoTPHM GyHKmEIo B DepTAXATLHOR nonoce — —2 < Imz < E | .
Hocrs paawyca e. Korza y npoberaet nce amasess 13 (—0o, +00), OKpyX:- (pn 7). et a1 o
HOCTB IPOGEraeTCs CYeTHOE YHCNO pas. PaccMOTPUM MpAMOYTonEHIK €O CTO- I
posams, napannensHeu ocam z ¥ y. Hyets z € [a,b), y € [c, d], npw sTom
0<c<d< 2n (pucds).
z Y Puc. 49
d
Tax xax nexonas it
~pAMOR, B TpAHNIA OGTIACT JONKHA TepeiTH Ha NEACTEUTELHYIO TPAMYIO, )
1o npHmesvM npHHuT cummerpii Prvana-Tlsapua. Paccmorpime o6nacTs
D, rparutiell KOTOPOi ABIAETCA NEHCTBHTENbHAS NPAMAS M OTPESOK 110 MHH-
woii ocu: ¥ € [0,1], z = 0. Tlpumenmm  5Toit 06NACTH NOCALIOBATENBHO
124
H 125 126 127
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3anaua Jupuxne ayis onepatopa Jlamnaca.

0 sanase lupioce nna oneparopa Jlannaca M yXe TOBOWIN, KOTRa
PACCMATPHBATH OTHO ¥3 CHACTBI! ¥3 TDHHINA MAKCHMYMA MOLYIA aHA-
niTwseckol dyHKIK. BHIO TOKa3aHO, TTO eck pemere sanavk [lupuxie
cymecrpyer, To oo emHCTBexHo. Ceif4aC MORIET Pesh O CAMOM CYIECTBO-
Bamuu pemeries.

'Hanomsi HOCTAHOBKY SaTavi: HAJTH FapMOKKYCCKYI0 GYHKIMIO B 06-
nacti D, npKH#MaIoNyIo Ha rpaiue o6nacTu D 3AIARHME HeMpepLBHLE
suavenns h(€), £ € 8D, WK, 4TO To Xe camoe, HaiiTn PyRKuHI u(z,Y),
HOBTTBOPSIOLIYIO CHCTENE

{ Bu=0, uz,y)=uls), z€D,
ul,p=h(E), €€8D, h(§)€C@D).
Jlns mpowsonsHoit obnacTs D sanasa Ilupiexie, 500Giuie TOBOPS, MOXET i e
mers pemenns. B cnyuae, xorzie 06nacts D - ORHOCBASHAS, OTpaHHTCHHAS
06nacTs, rpasuua KOTOPoit O — 3aMKHYTAs, KYCOUHO-FNANKAS, KOPNIAHOBE.
KpuBas, To petnente 3axadi Jlupixie Boerna cywectsyer. [l obnacta D =
{J2 - o] < R} - zna xpyra st cefiNac TIOny<HM pewicHKe B ABHOM BULC.

CHasana ML TOK&XKeM, YT ECIH €CTH FAPMORKTECKas GYHKIAA u(z,Y) =
u(z) » sakuyTom xpyre |z — o < R, TO €€ MOXHO BOCCTAHOBKTS BHYTP
KpYTa M0 SHAMEHIAM Ha rpanuIe KpYTa — |z — af = R. Boenew oSosuavesux
£=a+Re¥, pe 0,21, £€8D={|~o| =R}, z=z+iy=c+re’,
0<r <R, 0€0,2n], a=o +ia. Torna

u(z) = u(z, ) = ule +r cosb,az + rsin6) = u(r, 6),
u(€) =u(@) + Rcosp, a2 + Rsing) = u(R,¢).

Tax Kak Kpyr - O67ACTS OIHOCBA3HAA, TO 110 FAPMOHHYECKOH QyHKINM
u(z) B smacyrom Kpyre |z — 6] < R MOKHO NOCTPOTS AHATHTHYECKYIO
Gyssmo £(2) = ulz,y) +#v(z, 1), f(2) € Az - ol <R).

Tyers 2

soczw [€ - af
1 [ f0d_ 1 [ f@&_1 [ [QG

=g [ 9% =L

2m E-z omi €-aE-
le-al=R l-al=R le-al=R

TOYK, CHMMETPHYHAS C TOTKON 2 € D OTHOCKTENEHO OKYX-
R. Vmeem

M npesn uirrerpansiyio dopuyny Kous s owxk z € D, a Tak kax

roma ¢ D, ommerpen | SOE _o,
v
z—2"
TipeoSpasyen mstpaenke (e

3 -a

2
E-a€-7 " ¢-E-a- &)
R?

= 7e 9 (Ret — re?) (Rew — Ee®)
”

R -1
= Rew (R —7) (~r2 T Re09) _ R (% + 12 — 2rRcos(d — 9))

TakuM 06pasom Brpaxeise 1ns f(z) NpuMeT BAXL

2
1 T Rei(R - r)f(a+ Re¥)dp _
f(’)‘%[}w(nnrf 2rReos(f- ¢))

2
_1 [(R-r){(e+Re¥)dp
“2r) R+ —2rReos(6 - )
o
Murerpan, mxu};:ﬁ crpsss, Rock waswasue KTerpan Tlyaccona, a supa-
v

xente uasuBaeTcs Axpow mTerpana Ilyaccons.

B3 17— 2r Roos({
Tax e xax u uurerpan Koum urrerpan Ilyaccona faet BHpaxenie aHalk-
THecKO QyHKIMI BHYTPH OGMACTH Hepes SHAYCHHE PYHKINIK HA CpaHKLE
obnactu. Ho B ornuke or mnrerpana Koum, muoxurens npx f(R, ) ects
neficrurensnas dymxuus — anpo llyaccosa.

M w oTnemaM
ynxus (2). Taxsm oGpasont

B MHHMYIO HaCTB

.
1 @R
ur.0) = ﬁof 4= 2rRoos(f - 9)

128 129
1 (B2 —2) [h(R, 90) — h(R, npascoit Im z = 0 SaNaHHL HeNpepLIBHLE JHATHKA a(z), T.e.

v;a)l dp. Tax

Ouewan wwterpan J; = 5o R+ 12— 2rRoos( — )

lo-vol>8

KAk 6 — g, TO paccToTpiM 0 |6 — go| < 3, TorKa 6 ¥ ¢ yioBNETEOPRIOT

FepaseacTaan s
{ o-¢l>3
le - ol >8>0,

re ; <-vl< zﬂ-gmm(aw) < wsg <1 Tiyors M =

Jmax |h(R, ¢)], rorna

1 (RR-r-2M 1. 2M -2 - (R? - 1%)

b T+ —2rReosd)z © - 2n FP+12—2rRoosé/2
lo-wol>s

172l €

Tax xax r - R, 0 Ve > 0 36(,8) > 0¥ : |r — R| <& — || < /2. Tem
camsaw lim u(r,6) = h(F, ¢o)

=
Hrax, nns crysax xpyra pemesine sanaui Jlapuxiie WMeeT B

oty = L [ (BB
0= or | B+ - 2rReos(f-9)
:
pum cnysai Hoxaxem Teope-

wy:
Teopena. llyems u(z,y) = u(z) 2apuonuveckas fywsyus 6 oduocesanoil
o6aacmu D u gymyus w = f(z) xonpopuno omoGpascaem o6aacms D o
o6aacms G, mozda gyweyus u[f~(w)] ecms zapuonueckas Gywxyus 6 o6-
aacmu G. Huave, xongopunoe omobpasesue ofaacmeil corpasem maroe
caotlemeo gyttt KX 20pMoNUNHOCD.
loxasatemscrso. Tax Kak o6nacts D - QIHOCBASHAZ, TO CYLIECTBYCT Aia-
uTwseckas Gymiams $(z) = u(z,y) + iv(z,¥), 8(z) € A(D). Ho Tax xax
ymxuns f(z) KopopmHo ooGpaxaeT o6nacts D Ha o6nacts G, To dysk-
wes f~(w) € A(G). Toatomy cyneproswuis dysuuwi @ [f~(w)] anamu-
Twuna B obnacty G, a ee neficTekTensas acts Re® (£ (w)] = u[f(w)]
ects, rapwonieckas Gyswuus G, 40 K TPEGOBATOCH IOKAATE.

Banata Jlupwxiie A TONYIIOCKOCTH: HATH TAPMOKKYECKYIO BYHKIMIO
u(z,y) = u(z) B obnacTu {Imz > 0}, NPRHEKMAIYIO Ha KeRCTBATENHOK

132

), z€{lmz>0},

ofz), alz)€C(mz=0).

Baneuarnue. ymans A Muoxecroe D

nompasywesaer, 470 cyuiecrayer npesen lim a(z) = Co - xoHewtoe wHeno, &

raxcue Jim u(z) = Cp. Taxum oGpasou, Gymkums o(z) orpasusens: |a(z)| <
o5

C, Jim a(@) = Co, @ysumn u(z) nenpepsna » D (puc:52).

Z0(z0%0)

(z)

a(z)
N

Puc. 52

Kongopmso orobpasim pepxomo monymockocts Imz > 0 wa syt
pemocTs enuswuKoro Kpyra fu| < 1, Tak uTo TOwKA z = To + ite,
20 € {Im z > 0} nepeiizer 5 Touky wp = 0. Hanpmuep, oToSpaxeike w(z) =
z-x

yroBneTsopser sTin ycnopism. TIpi TOM OTOOpAXeHHN HeNpepLE-

=
man dynxuus a(z) nepeitier B wenpepunyio dyrxumo h(y), ¢ € [0,2n]
Tlo noxasanmomy pasee rapmorireckas Gyrias i(r,6)  xpyre Ju] < 1
MpUHHMAIOIIAR 3HAYCHA Ha rpaRKLE KPYTa — h(p) ecTb dyHKuwA Buza

a

= 1 -

00 = 5 [ Ty % 087 <1
3

o
S
Tipie = 0 ymames 3(0) = - / h) dy.
3

Crenaew obparsoe nepeinent
Wa ReHCTBUTENbHYI0 MPAMYI0, TOTIa
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cooTBeTCTBY oW STOR QyHKIH

2 - 2
1‘(«:)~%/[(:).ﬂ~z+2l [(%//(l]wsntdt) cosnat

+ (%/f(l)xinnldt) smm] .

o

Hcnonsays pemese sazas Llupwxiie 1n KpYTa, HANPHMEP, QHHKSHOTO,
6yem umeTs rapuoNIseckyIo GyRKINO u(r, &), T < 1, Tax wro lim u(r, )
#(c), cxomumocTs pasowepras 1o a, o € [0, 2n].

C KpyTof CTOPOR, TAPMOHINECKYIO0 (BYHKIHIO U(r, ) MOKHO PAIIONHTS
B paa (cm. nexamo 7, pasaoxenne (1

o i/ a
ulra) = %ff(t)dt+z l:(%/!(t)cosntdl) cosnart
o w=t \"o

3
+ (% / 10 sinntd«t) sin m} -
3

passomepro cxonmunica o a, a € (0,27]

TiTak, cau pan Pypue HenpepuBHoi GysKi: f() MOKET PaCXOTHTCH
B HeKOTOpOH TOuKe O (NPHMep: TKIX YK CMOTPH, HANDHMEP, B Kiik-
ve Harancons 8), o pan 4 Gy u(r, @) CXORKTCR DASHOMCPHO 1o
a, @ € [0,2n]. Tem caumn no 3azansoMy pany Pypee, KOTOpHI MOXET i
PACXORTECS, Mt TIOnY R CI0COG onpezencxus dyskaen f (a). Huase ro-
Bop, wbi npocymmuposann pax Sypre Meranom Iyaccosa-Aens. Otciona
MOXHO NORYHKTS TeOpEMY:

Teopema  Bei Jas wobot Sy
fla), fla) € C((0,2n]) cvwecmeyem mpuzonomempuecnul unozonaen
T(a) maxotl, ¥mo

Ve >0 |f(e)-T(a)l <e, Vae[0,21],
m.e. arobyo nenpepnienyio Gynsuuo a [0,27] moveno pasnouepno npubau-
ST MPULOHOMETIPUNECKUMY MHOZONAEHOMY.
Bameuane. O MeTORAX CYMMEDOBAHKA PACXORALBIXCA PAIOB, B SACTHOCTH,

o merane Tyaccona-AGens, MoXHO nposects B kiure B.A Mnsia [4]
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Jlexnus 17

Murerpan Jlannaca u ero OCHOBHElE CBOACTBA.
Tiyers € - nys : atgz = o K (z) - dysKuMs, ERTerpUpyemas Ha £.
p)
Ecax cymectayer npezen lim J #(2) dz, o o nastmaeTcs HecobeTenHEM
w0
uBTerpanom no £ # 0603HAYALTCH

oo

/ ol2)dz.

o

Murerpan puna.

it

Fo)= [ eleras,

°
TpH YCT0BUK, STO OK CymecTBYeT, HassaeTcA whTerpanom Jlannaca Wik
npeobpasopanien Jlannaca dymxiai ¢(z). Me: Gynem pacemaTpusats wact-
HBiit catyyait npeofpasosania Jlannaca, KOrna yd £ ecTh NONOXHMTeNbHbIH
nys R¥ neficrementuoii ocs, Gonee obuuti cnysak ACCUBTPHBACTCS, HA-
npiep, b xuure A.®.JleoTsesa (2].

Onpeensy xnacc dyaxaut f (), #a xoTopom Bsezem wterpan Jlannaca.
Pynxuun f(t), Boobiue rOBOPS, MOTYT NPHEUMATE KOMIVIEKCHEIE IHAYCHUA,
Ho t € R¥, Gynem cumraTs, wTo npk ¢ < 0 dysxwan f(t) = 0, f(£) - menpe-
phisksi a nyse R*. Takore Gyew cuMTaTs, uTo A7 nioGoi Gy £(t)
cyutectayior xoncrantst M(f) > 0, a(f) Taxue, wro |£(t)] < M(f)e?* -
ouenxa pocra by f(t) Tpk ¢ — -+oo. Hazosew noasaTene cremenit
pocra dysxusis £ (t) Beneamy inf a(f) = ao, Tem camim

Ve >0 3M, : [f(O)] € M, teR*
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Ormerun caoticrsa anpa Ilyaccona.
1LNpu0<r<R

R-r o Lf B
R +1?—2rRcos(0— ) ~ 210 R+ -2rReos(0—9)

2
R _Re PE*4z-a
Fir-nRou(o-y)  Rev—(z-a)
Reé¥+z-a

T xax ymans 75— =25 € Al ol < R), 70 2apo Tysccons ecve
rapMOHIecKas byRKIS BRYTPH Kpyra |z—a| < R, T.e. IpK QKCHPOBaHHAX

R, u b nepemenssix 1,8 onepatop Jlannaca

R-r?
a (R" +r2—2rRcos(6 — 4,,)) =0
Tlepexomum x 3anave Jlupuxrie ns Kpyra: HakTy GyKuHio u(z, ), yros-
neTmopaIoMyI0 CHCTeme ypasHemsli:

{Au 0, ze{l¢-al <R},
ulpp=h(€). £€8D, h(§)€C(l€-al=R).

Baueuanue. Yonosue |, = h(§) noxpasymesaer, uro Qynuns u(z,y) =
u(z) € C(D), lim u(r,6) = h(R,p)-
e

HaMK -ap! yHKuKM depe3 WH-
rerpan llyaccona, TOICKASHBAST Hal, ¥TO pelliesie 38AaTK IIMpHXTE CTOHT
cxaTh B B

,.
- _1 (R? — )R, ¢) dp
u(z)—u(r,ﬂ)—g!m+',V%Rcos(€_w). 0<r<R

Ha camoM ene, noKaxen, 9T0 HHTErpan CIpasa JaeT petense 3aaawn -
DHXIie, T.€. M OMXHEL TIOKA32TE, 4TO u(r, 6) TADMOHKYHA BEYTPU KPYTa
lim u(r,6) = h(R, @)
o

Toxasarenvcrpo. Tax K nOm IHAKOM KHTErpana CTOKT QYHKUMKA
R+ 12— 2rRocos(0 — ¢)
pepenmupyemas mo 1 6,0 < v < R, 6 € [0,2n], To dymxuwns u(r,6)

, HeNpepHBHAS 0O ¢ ¥ NBAIH HempepHBHO-

130

YuuTHBa%, 470 NPK KOHPOPMHOM OTOGPAKEHHK TAPMOHKUHOCTL COXPAHAET-
s, Gynem uMeTh

T_ate)as
1 a2
o= 1 [ 25
— pemenye sanauk JLpiXe LA TOYTIIOCKOCTH.
PaccmoTpum obuuit cyai.
Onpexeneue. Gyskuus G(z,€), 2,€ € D (o6nacrs) ssnserca gyuxaei wc-
Tourika An riepBoit kpacaolt 31k 1N ypassenys Jlannaca wiu QysKuKe
T'puna nns obnacta D, e{::m
1
L G(z§) =3I = +9(2,8), 2£€D,
ysiaues g(z,£) ABnsercs rapMomIdeckoil B obnacTir D 10 z K QKCHPO-
Bannom £, T.e. A,9(2,€) =0,
2. 6(=8).ean
Ecnu cymectsyer ¢ysxuis Tpuna 13 o6nacts D, To pemente sanasu

Tupuxie umeer Bitn

u(z) = /"Gg‘ ) h(e) do,
i

2 €D, € € 0D, do ~ mAQQEpeHINAT LUK AYTH, NPOMIBONAT GepeT-
¢ 0 BHyTpeHHel HOpMAMH. DTOT GAKT MBI He OYlleM JOKASHBATD, Kax i
PACCMATpHBATS BONpOC, WIS kAKX 00RaCTel: CyiuecTayer (pyukis I'pusa.
B cnywae, ecu obnacts D - onsocEssHa% ¢ rpamuneii 6D - 3amxnyTok,

” mBaxmsc nee MOKHO BhiC-
DTS KaK KHTer pafks OT MpoH3BORHEIX (ch., Kanpkiep, B.A Vnbins [4]). One-
paop Jlannaca b MepeMeHKbIX T, Y W B IEPEMCHHEIX T, 6 HMEET BHI

Pu Pu_u 10u 18u

R e —_
=5 T oy on T ror TR

Orciona

2
1 R -2
Sulr0) = = [ (g o _
ulr,f) zwn/A (m Fr 2ZrRoos(f— .p)) h(R, ) do =0
Tews camane dymeans u(r, ) rapwosasa sryTpn kpyra |z — ] < R.
Tloxasxewm, yto Xl'u‘r‘l‘ u(r,8) = h(R, ), po € [0,2n]. Us croficTs anpa
Tyaccona cnenyer, w10
17 R -1
-7
WRopo) =52 _n/ TP = IrReaag = ) (o0 -

Pacemorpmy passocts h(R, ¢o) — u(r, 6):

2
1 -
B(R,p0) —u(r6) = 5- ! m [(R, 90) — h(R, )] dp.

Ouenmy wTerpan, cTosuu cnpasa. Tax kax dyskuns h(R, ¢) € C([0, 27]),
ToVe > 036, > 0Vp €[0,27] : [p—wo| < & = |h(R, o) —h(R, ¢)| < /2.
Tiyers § = min(6,1) u <

p
h=gr TP = o Reos@ = p) (R #0) ~ h(R. )] dp
o=t
Hmeen
e 1 R -2
<8 L
M3 3 | Bar-shest—g % <
le-wol<é
i R*-r?
. - €
PEIR Y D el
<3 Zw!ﬂ’{»r TRl ) ¥ 7
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i
1 1 1 1
1, 1 L L -
o W GEen) z Il 0l

+9(2.8),

9(2,€) ecTs rapmonmueckas ¢yuxuus mo z B D npu dukcupopasrom €. Tax

= 0 u, Tem camuns, PyHK-
o0

— ecTn Qynxias [puna Wi QyHKIKS HCTOSHHKA ANK

1 1
Wiz =110t 1|
xax |W(2,6)],ep = 1, T0 2wlnw(z’€
o S
2n - W(z8)l
obnactu D.
Tiosrowmy, pewnts sanasy Iupuxne uns ypasienks Jlannaca B 0GnacTi
D unw nait obnacTm Ha CAMEKY-
HOTO Kpyra M HaiTH QynKmo [PUsa 1% OGRACTH — 3ANAYH SKBUBATIEHT-
sbte. B cnyuae, xorzia o6nacte D ~ KDYr MM BepXHAS NOMYTIIOCKOCT, M
B ABHOM Bize HAUNH pewerte 3axauk Tapixre.
Tiycrs  o6nacTs D 3anaua neficTBuTenbHas GyHKuMs u(z, ) €
C(D). Hokasats, wro ccnu mns dysiusm u(z,y) cnpaseaniBa Teopena o
cpeaen: na mo6oik Touxk 2 € D nainercs Us(zo) C D, 6 > 0, u(zo, %) =

1
P / (2 + 86%) dip, 2 = 20 + i, TO GyHKuNA u(z,y) rapMOIIHA B OG-

o
nactu D.

KycONHO-FIAKOH, KOpAHOBOf KpHBolt, dysKuia 'pusa
PacCMOTDHM CBA3b MeXIy CYIHECTBOBaHHEM (ynkuuk ['pusia ans oGnacts D
uee ua xpyra.

PaccMOTp#M ONHOCBA3HYIO 06nacTL D, FpanKua KOTOpOH conepXKT Go-
e ansoit Touku. Tlo Teopeme PuMana TAKylo 0GNACTL MOXHO KOHGOPMHO
OTOGpAIHTS HA BHYTPEHHOCTS enuiKsHOTo Kpyra |w| < 1: D — |u| <1,
Tax wro Touxa £ € D — w = 0. Tlycrs 310 OTOOpaxeHHe 3anaeT QyHK-
iz W(z,6) : W(EE) =0, [W(z8)|,cap = 1 IW(z€)] 1. Tlooromy s72
byHKIMA UMeeT B

W(z,6) = (z-E0(z8), w26 €AD), ¢xE#0, z€D.

Tax xax p(z,€) # 0, T Ing(z,€) € A(D) u neficreurensias uacts
Re Ing(z,£) = In (2, §)| rapmomrsas ¢pysxuus » D. Hra,

In|W(z,4)| =In|z = €| +lnle(=,6)]

134

.
Hsrerpan Jlannaca F(p) = | f(t)e™ dt naspaior waoGpaxenser dysk-

wwam (£), camy Gysmuio £(£) - OpUTHRATOM, TpH STOM COUTBRTCTEHE MEXIY
7(t) u F(p) 6ynex oormanats

£ F@), F@) =0

Buuscanu ceojictsa npeoSpasosasms Jlannaca:
Coiicrso 1. Unrerpan Jlannaca CXOIATCS PABHOMEPRO TO P B nORYy-
nnockocTs Rep > a1 > ap. Ha cavo ziene crpasenmisa onexka

[ (0] < eRPF(] < Moemmmiromto = pfetln=teosa),
tne g +€ <oy, £>0.
Gysxkuus e~4n—(@0+) — yaxopanra ans pysxwan e Pf(t), no mpu-
3maxy Beitepurrpacca ueterpan Jlannaca GymeT CXOIMTECA PaBHOMEPHO B
Yo
Rep 3 ay, Tak Kax cxomutes wrTerpan | e~101=(o+9ldt, npu srom cnpa-
sefHBa OUeRKa ° N
Fp)l € M 5—————»
1F@I Rep— (a0 +¢)
otciona _ lim F(p) = 0, Gyne cuuats nostomy, uto F(c0) = 0.
Reporteo

Baneuawue. Bonn gymxuna f({) uMeeT NOKASATENS CTemeR POCTa g, TO
pymmis ¢° - £(t), n € N mueer To e nokasaTens Crenenk pocra. OTciona
caeayer, To nTerpan

= .
[0 soa= [Corensoan
! !

cxonutcs pasroMepso 5 nonynnockoctu Rep > a1 > ao.

Teopema. Mycms Gymeyus ¥(p,t) € A(D) no p npu guncuposannon
t € [0,+00), p € D, fynnuus f(t) nenpepuena na [0, +00). Cyuecmeyom

oo Ay
wnmezpoas | W(p,0f(O)dt, | Uylp,0)f(t)dt, p € D, npuses nocaedut
o
unmezpaa czodumes pasnomepo no p € D. Omeroda cacdyem, wmo wmez-
P
pas [ ¥(p,t)f(t)dt € A(D) v
o

4o ‘ too
( / w,t)/mdt) = [wworoa
! . 1

138

3anava 1. Tokasats, 910 ecmt Gyt {un(z,9)},

rapMomRIecKix B 06nacTk D, CXOITCA B HexoTopok TouKe (20,30) € D,
npK TOM Un(2,Y) < Un-1(2,9), (2,9) € D, To 37a mognenosaTensHoCTE
{n(z,3)} cxomezca paswomepuo suyTpi obmactu D.

Toxasats Teopemy Tapraxa. TlycTs pan Y, un(z,y) cxonutes
=t

B TouKe (20,3) € D, rie GysKumk un(z,y) rapuonHans » obnactu D u
'HEOTPMUATENEHEL, TOPAR PAL CXONMTCS PABHOMEPHO BHYTPY o6nactu D.

B 3aKNIOYEHMH OTMeTHM CTICTBKe ¥3 Dellenus azadu [lupicie Kns
Kpyra, oTHocsieecs k panam Bypre.
Crencrawe. Tlycrs sanana dysxuns f(o) € C([0, 2n]). [lns Taxok dyme-
Ik onpenenexst koabuuments: dypre. 3anutmen popuansussk s Pypre,
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Hoxasarenscrso. llycts ¥(p, ¢) = u(z, v, t)+iv(z, 3, ), p = 2-+iy. Tak xax
yukuus ¥(p,t) € A(D), To pyrKumn u(z,y,t) 1 v(z, y,t) — nucdeperunpy-
€eMbe TI0 7 W y ¥ BLIOAHAIOTCR yenopux Kow-Pumana: u) = v), u) = —1f,
pi 3TOM

Vi(p,t) = (e, 4, t) +iv(z, 3, 1)

e
Tax xax unterpan [ W;(p,t)f(t)dt cxonmtcs pasmomepmo, To cxomsTCR
PaBHOMEpHO WHTErpaTt

e - . -
Jisemnson, fueuorom fieuomn [4enoa
i ; ) )

TlosTomy cnpasenmuea Teopema o MudhepeRUMPOBAHKY HHTErPana MO 3Ha-
KOM HETErpana (TEODEMa 3 KYPCA MATEMATHYECKOTO AHATH3A, CMOTDH, Ha-
‘npuwep, B.A. Mnbus (4]). Bynew umers

Tueoma= Turimoe-
- (Tn(z.y,t) f(t)dt)’ +i (Tu(z,y,g m).ze)z -

= (Rg :fv(p, z)/(t)dz); +i (lm :F‘I{(p,t) ](t)dl);

= ('f'p(,, z)/(z)dt);.

" i .
[weoroe= ( / w,mmdz) }
J ! .

oo
dymemus [ ¥(p,t)f(t)dt € A(D), p € D. Teopema noxasana.
3

Wrax

4o

H Tipumerun 37y Teopeny x ysimu (p,t) = e, Torna

Fo= [ -erioa,
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JHMTHBaS 3aveNaHHe, CRETANHOE Tepel STHM, IOy, ¥TO
F(p) € A(Rep > a0), —tf(t) = F'(p).
Ceoficteo 2. Hnterpan Jlannaca F(p) uneeT NPOH3SONHYI0 1-T0 IOPAL-
xa F7(p) = (-t)"£(t), F(p) € A(Rep > aq).
Ceoficrso 3. Tlycrs dynxuns f(£) meeT n NpoNIBOHEX ¢ NOKA2ATEEM
pocTa aq, Torsa

» 10 _ 10 /‘"“’(o)]

s gt [Flp) - Tt — T — =t

k4 [ ®) - - 7| Rer>a
Jlokaxem 5T yTBepX/eH#e METONOM MaTemaTwweckolt menykuwu. IIpu

n =1 umeem

IO

.
/e-v‘/'(z).u::ﬂ*/(t)\fw/ﬂ'/(t)a
3

e

B cuny Toro, w0 p € {Rep > do}, 1o lim e P'f(1) =0.
oo
ITpeanonosn, wTo npi 1 = k YTRePAIeRHe PEPHO, AOKANEM, ¥TO OHO
6yner sepro w npu n=k + 1

-
O +p [ e =

/"’(v)]

-
!

=10 +p[p* (F - L2 .

O 4
r *

4 [For -

Tem camem GopMyna KoKasaHa 4 niogoro n € N.

Croicrso 4: Jlumelinoe caoficTso.
Tyers Fi(p) = filt), Rep > a1, Fo(p) = fo(t), Rep > a2, roe a1, a; —
ToKasaTeny cTenerM pocta dyrkimi fi(t), f2(t) coorsercrsenso. Toraa

aFi(p) + @2 Fa(p) % eafi(t) + eafalt), Rep > max(an, a2), o1,02€ C.

JT0Ka3aTeNBCTBO CeNyeT U3 MHREAHOTO CROACTSA MATErPAIIOB.
Crotictao 5: Gopmyna sanassisans.
Tycrs dyrxuus f,(t) umeer sua

t<r, 7>0,

0
o= {I(l -, te,
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Torma fr(t) Tﬂ'lv(t) dt Tz*v(""’ f(u)du, u = ¢ — 7. Tax xax

~P"F(p), T.e.

F0)=0,6<0, 10 (1) = 7 [ e f(w)du=
i

CaodicTso 6: Popuyna cuemenns.
Crpasennusa Qopmyna

eMf(t) = F(p+X), Re(p+))>ao
Ha camom nene

e

4o
/ e M) dt = F(p+ N).
v

Cooitctso 7. Tlyers e > 0, Torza

o) ). Re(2)>a
Heen
T 1F 1 p
flet) !e Pf(at)de= n/e of(u)du=_F (;)

CaoficTeo 8: WsoGpaxere coepTk
ynxmns (t) = [ fi(7)fa(t — 7) d7 waImBaeTCA CBEDTKON ABYX (yRKIMA
]

Ilns CBEPTKH CUPABENAUBO PABEHCTEO

o= [ fe- e
:

Tycrs Fi(p) = fi(t), Rep > a1, Fy(9) = fo(t), Rep > az, Torna coeprve
nByx dynxumi ¢(t) cooTsercreyer npeoGpasosanue Jlannaca F(p) = Fi(p) -
Fy(p), Rep > max(a, az). Hokaxcen 570, nveess

o0

. te 4
fﬂ‘ [ f;(’r][g(t-r)d’r] dt= /:”‘ [ At~ r)dr:[dt =
] o @

7]:(7) [Te""lz(t - 7)'#] dr.

0
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Mst socnonsosanics Tew, 9o fi(t), f2() = 0, ¢ < 0 u cupaseamupa ne-
pecTanoBKa WTerpupOBALE, TAK K&K B 06nactu Rep > max(as, 0z) HecoS-
Crsenmii n8OMEOR KHTErpan CXOLUTCA aboonioTRO. B nocnensem wrrerpane
Crenaen samemy ¢ — T = U, TOTAL

40

o o e
JEG) { [emne-n dz] =[50 { [erenne -ml ar=
St Ve
[ aere [ [ dn} ar =) [ A dr = ) FO)
; ; ;

Croiicrso 9: Hsobpaxcine mrerpara
¢

Eemn f(t) = F(p), o o(t) = [ f(7)dr %. Tlokaxen s70. Tlyets (t) =
o

f f(r)dr = Fy(p), Torna no ceviicrsy 3 ¢/(t) = £(t) % pFa(p) = F(p), Te-
3

F
R -T2
Caoiictso 10: Uirerpuposanse n00paxerss.
Tiyers f(t) % F(p), Torna 10 . | Flg)dg, mpw ycnosuu, wto pymxums
H

0
2 50

%t) 5 Touke 0 HenpepLiBHa WK CyleCTayeT uuterpan [ Qd‘- a>0.
°

Ha cavom zere, nveem

-
10, Fonts

o

F(p)-

o csoiiczay 2 Fi(p) = — Tc"‘l(t) dt = ~F(p). Tostomy

,
Fo)=- [F@w+C, Al

TorR2.

- . . i
o= [Fou RE= fF(q)dq+/F(a)viq*fF(qldﬂn
: : H
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1. DynKuns Xesncaitna:

0, t<0,
0 { L300
1

4o
x(t) % [ edt==, Rep>0,
0 P
noxasatens crenerx poca x(f) — ag = 0.
2. Oymiums f(£) = e, o = Rea,
Rep > Rea

(e +e7™"), ao = [Imw|. Umeem

1 1
+
—w " ptiw

) :pﬁ, Rep > [Imu|.

), ag = (Imul. Mmeen

4. Oynxuns f(t) = sinwt = %(e“"

sinwzai( Lol )oY peps
* 5o prw) " paee Rer>imul

5. Oymams f(8) = ¢/, v> -1, ao=0.
3emeuanue. Tlpu —1 < v < 0 pynxuus t¥ He SBNIETCS HENPEPHEHOM CMP2pa
& Touke 0, Ho uHTerpan [ *df cymectayer.

°

PaccMoTpuM ysKumo
.

Flz)= /c"‘t"dt: L /c"‘u"du:M_ 230

P P
o

Tax xax Gymcwns F(p) € A(Rep > 0), cooiicTsa ravva-dynxien Diinepa
T'(p) Mst pacoMaTpUBANH paRee, TO MOME3YACH AATHTHYECKIIM TPOROMKERH-
e ¢ nomoxuTensoro nywa R* ma nonynnococrs Rep > 0, nonysun

R )
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Gepercs Ta sersh dymaum p¥, wrompr z = 0 2 = p|
lp==:

wacTroCTH npy ¥ = n € N nony«aem

Bostukzer BONpoC, BCerma nu opurkEan f(f) MOXEO BOCCTANOBATS 10
ero maobpaxero F(p). Ha STOT BoNpoC 0TSENaT CRRyIoias Teopea.

Teopema. Mycms Gywyun F(p) 6 noaynaocrocmu Rep > a seazemcs uo-
ot 6 )

ma. Toeda

o
o= % f SF(p)dp, z>a,

t - mowna 1@, sedemcs no eep
notl npamot, npozodaueil Yepes MoKy .

Toxasarenscrso. Paccmorpum dynkumo ¢(t) = e™*f(t), = > a. Tor-
& dymKunS (t) - Kycoumo-rnamkas, ¢(t) € Ly(=00,+00). B TouKax e-
npepHEROCTH (£) (WK, UTO TO e CAMO!, B TONKaX HempephimHocTH f(t))
npencTapnsercs eTerpanom bypee

1
Ly
wlt)=5- / eP(y) dy,
3(y) - npeotpasozane Gypre GyrxumH ¢(t),

)= [ oL j ey ir= ] D)=

-
/ e f()dh=Fz —iy), z>a,
3
noCnenHee PaBEHCTEO CNEIYET 3 YCTOBHS Teopetst. OTciona

+
1

o) =ef(1) = €UF(z —iy)dy

.
1= 5 [ eerE -y

Benw y npoSeraet felicTauTentHyo NpsyI0, T0 p = T — iy npoSeraer sep-
THKATRYI0 TDAMYI0, NOXORSILYIO SeDe3 TOUKy z. OKOHWATENEHO,

e .
10=5 [ erow=5; [ erow
S N

Teopema Kokasana.
Cupamsactcs, niobes nu Gynwus F(p) € A(Rep > a), F(oo) = 0

ABNETCH WIOGPAReHMEM HEKOTOPOro opkriiana f(t)? Chopuynupyer Ko-

CTATOHNIE YCTOBMA CUIECTBOBANMA OPUTHKANA © BRAE TCOpEMSL

Teopena [Ges noxasatenscrsal. llycms F(p) € A(Rep > a), lim F(p) =
o feid
0. faz a6020z > a cywiecmoyem wwmezpas | |F(p)|dp. Tozda cyuecms
ayem Pywnyua f(t), dax xomopoit o
e
H0=F0), 10=3 [ #FEd 2>

IloxasaTenncTso STOM TeOpeMH MOXHO HATH, HAIDHMEP, B KHHTC
A JTeonTsesa [2]

[Banasa 43 Myers gymxums F(p) € A(Uc(c0)), € > 0 u ee nopaoecxoe
pasnoxene & Uy (co) mmeer B

=
Tcrna cpymm (t) = x(t)f(t), rre x(t) - dyrxnus Xesucaiina, a f(t) =
3;‘ e 1), = X(B) (). Hoxasare
TasaKe, 910 f(t) - nenas dymxunA.
Saxava 44.) Tlycrs f(£) - enas GHKINS, YAOBIETEODRIOIAT HEPABEHCTEY

[F®)] < Me=l\. Torga motpaxenue F(p) = x(t)f(¢) - auanuriueckas
ymkuus 8 Uy(c0), € > 0 1 ee TOpAHOBCKOE PA3TOXeHHE uMEeT BUL

R

1, sesercs opurnmanom yskuin F(p)

Fp=3%
i
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r2€ Qn-1(p) — MHOrOWNEH cTenemu He phme n— 1, Tax kax
Qna(p) = wolaop™" + @™+ b ) + e »
+3(a0"™ 2 + @™+ 4 anz) + .+ GoYnie y(B) = lim % / Y (p)dp=
g

Msorourer L(p) = Gop” +015"~+. ..+, Ha3HBAETCH XADAKTEPHCTHNECKIN
'MEOTOWIEHOM, TAKKM OGPa3oM MOXHO HAIHCATH
F(p)+Qua(e)  _ F(p) +Qnar(p)
+o.tay Lp)

Lv)

Ecau BavanbHkie fanKEe PaBRE Hymo, T0 Qn-1(p) = 0 1 Y (p) =
Tlo Teopeme Mennmna, 3as u300paKexIe, BOCCTRHOBHM opurmmn o8

i
w0 = o / SY(p)dp, z>Rep> o,

@g -~ nOKa3aTeND CTENeHH POCTa ByEKIMH.
Ecnu Y () » nonynnockocrs Rep < ap HMeeT KOReROE WHC7O 0COBHX
HIONMOBARREX TONEK Py, Py, . Pk  lim ¥ (p) = 0, T
F=3

.
w0 =3 res (Y ()]
=

Tiokaent 10 xoutyp T, wac-
"m0 oxpysmoern C . ocpymaoers | = K one R - 400, 1 01-
peskow [z — iv/RF— 27,2 + iy R — 7], pacnonoxesnLiM Ha epTKATEHOR

npaMoi, npoxoasiLel Yepe3s TOYKy (z, n) z > ag (puc.53).

= Jim [h, [ erom- w c] ¥0) .zp] :

Tlo newme Koprana lim j €Y (p)dp=0, t > 0. Toszomy

Rovtoog,

.
=3 s [0,

PaccuoTpuM ps mpiMepos
Tlpvep 1. Hairw pemenue ypasnenus

YO +4/(0) +4y(t) = 7,
¥0) =1, ¥(0)=

Tlepeiinem K OMEpAIKOHOMY ypABHEHMIO
1 2 1
2o~ - Ao -] vare - ro.

VNHTHBAL RavATLHL YCAOBHA, GyReM HMETS

Flp)+p+2+4 3t
e e e
3!
- eyt 1
(e A A e
Hcnonssys caoi Tannaca yHKuHit, OKOR-

“aTensuo monywM
)
y() = e (%Fun 1)
Tpmuep 2. Haiirn pemenwe ypascams
¥9() + 2P (0) +y(t) = sint,
¥(0) = ¥'(0) = y®(0) = y9(0) =0
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nopamKa, TO Gynkumk Beccens Moo Kax s Bagasa 48.| Haiiu pemenme crcTesst Mudiepenunansasix ypasseri
L
Fl-5).

pasnoenm pana Jlopaia dyRKiH €

100
eite=d = 3 Jn(2Ju, 0< ] <co.
ysunn Beccens MoxHO NPEICTABATS TAKXE KaK POIICHS AA(QepeHIA-
‘ATLHOFO YpaBHEHHS:

£ 4 ta’ + (2 - M)z(t) =0, AEZ,
1 ewe oo npexcTasnenme pysxuuit Beccens, Ho yxe uepes HHTerpan:

ebto-d)
omi wrt
fal=1

o
== - nz)da.
) = w=1 f cos{zsinz ~ nz)
:
Tocnenuit urerpan Hocu Hassanue — uTerpan Beccens
Tlpunep 4. PewwTs cucTeMy ypaseuit
24(0) = ~aza(8),
40) +azel) = omea(d, E=12,-.m,
20(0) = 1, 21(0) 2n(0) = 0.

IlycTs OpHTHHASE i MIOGPAKEHNS HMEIOT COOTBETCTRIE
)= X)) Ko, k=12
Onepammonnas crcTena meeT ST
i
[t - 2] = e,
PXel0) + 0 Xalp) = Ko ),

Orciona crenyer, To
a

=, X0) ==

Xo(p) ”p ) = T

=1,2,...,n

X.(y):W»

Tepexoumn x OpHTHHARAM:

2() +2(t) - y(¥
Y0 +32(0) - 20(¢
2(0) = (0

Tlpuwmern npeoSpasosanue Jamnaca K pelenuio ypassesit B YACTHEX
NpO¥3BOLHAIX. PACCMOTPEM YPABHEHNE TEMIONpPOBOTHOCTH

w(z,1) = BPuz(z,2), u(z,0) =0, u(0,t) = = const, [u(z,1)] < M.
@ymxwts u(z,t) ~ pacnpelenerue Tenna B ctepxme 0 < z < +00, Gokosax
TI0BEPXHOCTS CTEpKHS 30MKPOBaHA. By/eM HCKATS pellleRve B Knacce GyHK-

i, JU13 KOTOPBIX OMpezenexo npeoGpasosexye Nannaca. Tlycrs opuruuan
¥ HI0GpAXEHME CBA3AHEL CIIELYOLLTM 0GpasON

-
us )+ P = [ e

2
TlepexomuM K ONIEPALMOREOMY ypABHERHIO:
PF(z,p) = &*FLL(z,9).
Peluerue 3700 AuGEPERLHATEEOTO YPABRERHS €CTh GYRKUAK
Fle.p) = G2 4GP
Koncranta C; = 0, Tax xax 1m0 yooswio dyKums u(c,t) orpamirdena,
Ju(z, )] < M. Korcrasra C; = F(0,p) = Tﬂa = ‘;‘f, Wrax, F(z,p) =

u GTG Dot dysKuMK COOTBETCTBYET OpRTREAT
- [eramals)]
20Vt
B

&V dy - unrerpan seposTHOCT.

Tiycts msobpaxenue F(p) ~ pauonansras QymKuus ssua

Fp) =
Q:(p)
rze Q(p) 1 Q4 (p) MHOrOuNeRB, He mMerolIe OGUIX KOpRei, CTENeHb HHMCH-
‘Tena Membite cTenexn SnaMenaTen. Bee KORI IHGMEATEN 01,0, G

~ npocrwe. Jlokaats, 470

L Q) o
3 F o cpmemnen.

[ 5] 1y s s ey s o
= Q(p) w Ca(p) - Ho-

KasaTs, e opuruan f(t) uMeer Bx

O QM0 oty gy e Q00
0= ge™* ”,,Z &

IH€ 01,0, G = BCE REACTEMTENBHELE KODHH, Cmi1, Cmi2- - » Ongm
BCe KOMIIIEKCRET KOPHIE C HIONOKHTELEMI MEUMEMH HaCTAMI.
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Maobpaxense Gymxuun y(t) — ¥ (p) wmeer sux
1

_F1
YO = g1 @)

2 opuruuan
e
R
W= [ Hrea

Tax Kax ¥ (p) Hveer Ha KOMITEKCHOR TAIOCKOCTI TONLKO KOREHOS CTO

nomocos, 10
yt) = res

w5l

Hoxasen, uto res ——s (p’+ 5 EowmneRceo compraen ¢ 165 Boobize,
CnpaBeAnIBo Cheny foulee Y TBEpRERHE:
Yrnepmaenme. Mycms P(p), Q(p) - unozouaenss ¢ deticmoumeaswoiss %0~

aunuenmanu, moa

G

P R0

o=l o)

2de unozouaenss (), Q(p) He umetom obuur xopuet, a mowss a % ib -
nyau mnozoraena Q(p).

Tlokasarenscrro. Pasnoxim QyRKimio e - P ® pan Jlopaua & okpect-

Q()

HocTH TouKM @ + b

o P ’Z alp- (@4 B, o= res [ Q(p)l

Q(p) p=atid
- S—
#=2 (g)=ap
w0

= (a-d),

G2

570 ety pasnoxenue ¢yuxuvm e

(p)

& pan Jlopaa B OKpECTHOCTH TOK

o, e res [e"

poaib

le)

e

Pacesorpine 3anasy o KoneGamuu cTpyRs. Peunnts, ypasenue » vact-
-
U=ty 0<z<L,
o o
], =sinmz, W],

3anasy MoxHO xax sanauy 0 crpyns,
saxpennennoi na xomuax (¢ = 0, 7 = 1), ynxmus u(z, ) - oTknoReane
crpysst oT ock 7, ¢ — speus. [lpomece KOMeGARN CTPYMS 3BBUCHT OT e
HawANBHOM (OPMEH ¥ pacTperenerns cropocrel (¢ = 0).
Pewenne kax 1 pasee Gynem HCKTL B Knacce GyRKIMY, JUS KOTOPBIX

onpexenero npeobpasopaine Jannaca. Tlyers

-

we)+ Fep) = [ ™tz
:

OnepanuoRKoe ypasuexie HMeeT BHI
PF(z,p) - psinmz = F.(z,p)-
B cuny rpamamx yenoswi OIEOpOLEOE YPABHERUE
PF(z.0) = F,(z.p)
inveer nynesoe pewernte. YaCTHO® pewenve HMeeT BIX

Fla,p) = sinmz

P
P
D10ik yHKUEE COOTBETCTEYET OPETHEAT

u(z,t) = sin(rz) - cos(t).

B xoerca cnosa. yuesoro
M.B. Kenua [9], 7ax MHOPo CrenaBiliero B TeODHH KORQGOMHLDX 0TO0pa-

Jlekmus 18

Jlannaca

K PeLIeHnIo
W ypaBHesl B YACTHEX

Pecmotpum sanady Koum: maéitu ¢ysxuwio y(t), ynoenersopsiomtyo

ypasmemuio

aoy®(t) + a0 (t) + .. + auy(t) = £(8)
P p—

¥(0) =, ¥(0) = “(0) = -1
yJieM CYMTAT, WTO paBAT SCTS ypaBHemns ~ GYRKINS f(f) W HCKOMaR
ynKias y(t) W ee TPONIBOARBIE KO T-T0 TOPATKE BKAIONHTENLHO NPURAATE-
X@T TOMy Knaccy, Ha KOTOpoM onpeneAeio npeobpasopae Jlannaca. TlycTs

v = £ Y(p) u F(p)
yO=Y0E), SO =F@).

epeiizen K ypasheniio oTROCHTENSEO ¥ (7). O1o ypasmemle wacTo asuza-
107 onepamMORREM ypasEeeM:

au[p"(v(p)-%_g_.. ~$)]+

- +a.Y(p) = Flp)-

Y(p) [aop” + @p™ " + ..+ o] = F(p) +
+v000p™ ! + @p" 4+ an) +
+u(ar™? @ 4 0noa) + 4 oty = F(9) + Quaa(9),
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Tpumernn 570 yTsepxenne x Haiei sanave. JIoCTaTONRO BEIHCTNTE

S

et 1 & e
S 2 av(m‘«f)r_

o

Herpyaro shrancmns, wrores (—4t* — 12ti + 12). Vcnons-

1) .
3ys ceoficTsa mpeoGpasosasus %nnm, nonysaem

3

5in ¢
ut) = 1zz)+*( 42 412) lcust+mT —£2+3).

Hattru pemmesme ypassesus:

2"(t) + a’z(t) = bsin(at),
2(0) = 20, #'(0) =1

Tipumep 3. Peums ypasmenne

12"(t) + (1 - n)2'(t) + 2(t) = 0,
2(0)=2'(0)=0, neZ
Tlyets z(t) = X (p), nepeiinem K ONEPAUKORHOMY yPaBHERMIO:
() £’ X0), ta" = -2X(@) - P’ X ),
=2X(p) - P X'(p) + (1= mpX(p) + X() < 0,

e
PX() + [p(n +1) - UX(p) =

Pemas 570 M dePERIANLEOE YPABEEHHE, NONYHHM

X(p) = p.,,, .
Tostomy z(t) = C - t3J,(2V), rne Jo(z) - dynxums Beccens n-ro nopsaxa
WA QETMEAPHYeckas Gynkuis 1 pona n-ro nopsinka. Ecnn pacemoTpers Tak
HaskBaeMylo nposssonsIyio Gyrkmio e~ %) nng dymkuuit Beccens n-ro
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"Teopus amamaTiieckix QYK BOSHEKNA B CBA3M C 3anasel pelme-
B anreGpasteckux ypasnenufl. ONS NaNA BOIMOKHOCTS IOTKTE CBET Ha
ocuoBHKe Knace BHUIBMHYTHE PAIBHTHEM BHATNIA, MEXAHUK,
MaTeMsTHSecrol QuuK. PAL LENTPTLUAX QAKTOS AHanisa vor CAITS 26
KORIA IOHAT TONSKD DK BEIXORE B KOMIVIEKCHYI0 06MacTs. DyHKIHH KOMII-
nexcaoro nonyswn unreppe-
Tamo Kax gL —
it 3t nexTponuramuxyr. OGHAPYXEIACE CBA3M TCOPHN (GYHKINN C 3aKava-
M TEODHM TETLTONPOBOTROCTH, Teopum ynpyrocTs. Obiuie BOTPOCH Teopiit

ypasHemut 1 METOb! WX PeIlIeRNS WHPO-
KO OTHDATHCH H OUEPAIOTCS HA TEOPHIO GYHKINEH KOMILICKCHOTO TEpEMERHO-
ro. bymxuan oK B TeOpKIO

ypasHenz ¥ oSyl [ Techste

CB3H TEOUH AHATHTHYECKHX (BYHKIM  reomeTpuek.”

at)f
B onri
152 153 154 155
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