1 Kuaaccudukanmsa ypaBHEHUIA ¢ YaCTHBIMHU ITPOU3BOAHBIMUA BTOPOTO
nopsiJIKa

Omnpenenenne. Ilycrts B npoctpanctse E? 3amana mekoropas dbymrkims u(z,y), UIMEOMAsa 9acTHbIC TPOU3-
BOJHBIC BTOPOIO HOPSAKA (IPHIEM Uy, = Uyg). Torga OBIUM ypaBHEHHEM B YaCTHBIX IIPOM3BOJHBIX
Ha3bLIBaeTCsl ypaBHeHHe:

F(x,y,u, Ug, Uy, Uyy, Uga, Ugy) = 0,

rie F' — nekoropas dpynknus. Ero 4acTHBIM cilydaeM sBJIseTCs TaK Ha3blBaeMOe KBa3WJIMHEMHOE y paBHEHHUE:
a11(Z, Y, U, Ug, Uy)Ugz + 2012(T, Y, U, Uz, Uy ) Ugy + Q22(T, Y, U, U, Uy ) Uyy + F1 (2, Y, u, Uz, uy) = 0.

Hac 6ymyT nnrepecoBars ypaBHeHusl, JUHEHHbIE OTHOCUTEJILHO CTAPIINX MPOU3BOHBIX, TO €CTh, KOT/Ia
byHKIMH G171, 12, Q22 3ABUCIT TOJIBKO OT IIEPEMEHHBIX T, Y:

a11 (%, Y)Ugy + 2a12(T, Y)Uzy + a22(z, Y)uyy + F(z,y, 4, ug, uy) = 0.

VYpaBHeHVe HA3BIBAETCS JIMHEHAHBIM, €CJIM OHO JINHEHHO KaK OTHOCUTEIBHO CTAPIINX NPOU3BOJHBIX (B JaH-
HOM CILY9a€ Ugg, Uyy, Upy ), TAK I OTHOCHTEJILHO (DYHKIUK % U €€ IEPBBIX IPOU3BOLHLIX:

A11Uzg + 2012Ugy + A22Uyy + b1ty + bouy +cu+ f =0, (1.1)
rae aiy, ai2, a2, b1, be, ¢, f — dyHKIIMEN TOJBKO OT Z U Y.
Ounpenesnenne. Ecim f = 0, To ypasuenue (1.1) HasbiBaercs OZHOPOIHBIM, B IIPOTUBHOM CJIydae —
HEOAHOPOHBIM.

Onpepnesienne. Ypaprenue (1.1) umeer B Touke (g, 4o)

1. runep6osmyeckuii Tu, ecim aty(To, yo) — a11(To, Yo)azz2(zo, yo) > 0;
2. NMUOTUYECKUH THIIL, ec/u ats (o, Yo) — a11(To, Yo)azz(To, yo) < 0;
3. mapaGosimdeckuii TUM, e a3y(To,Yo) — a11(Zo, Yo)a2a(To,yo) = 0.

AHaJIOrM4HO ONpeJIesIAeTCs THIT ypABHEHUs JIJIsl HEKOTOpoit obtactu: ypasaernue (1.1) nmeer B obiacTy rumep-
6onmuecknii (anunTuyecknii ) [napabosuyaeckutii| tum, eciu aty(z,y) — ai1(z, y)asa(r,y) > 0(< 0)[= 0] Bo
BCEX TOYKAX 9TOU 0OTIaCTH.

Ecnn ypaBHeHne nMeeT pasHbIi TUII B PA3JIMIHBIX TOYKAX O0JIACTH, TO OHO HA3BIBAETCA YPABHEHHUEM CMe-
LIAHHOI'O THIA B 3TO 06JaCTH.



2 VYpaBHeHus 1mapaboIMIECKOro TUIa

2.1 BpbiBoa ypaBHeHUs TEMJIOITPOBOJHOCTU B IIPOCTPAHCTBE

PaccvoTpum B TpexmMepHOM ITPOCTPAHCTBE HEKOTOPOE TEJIO, IIPOBO/ISAIIEE TEILIO, U IIyCTh TEMIIEPATYPa, B €ro po-
u3BOJIbHON Touke M ¢ Koopaunaramu (z,y, z) B MOMEHT BpeMenu ¢ 3ajaercs dyukuueit u(x,y, z,t). 3secrHo,
—

9TO IS BEKTOPa TeIuioBoro mortoka W cnpasemsa cieyomias dhopMysia, Ha3biBaeMasi 3aKOHOM DPypsbe:
—
W = —k gru,

rue k(z,y,z) — K03DOUIUEHT TeIIONPOBOIHOCTH.
Eciu reno 3amaercs: B mpoctpanctse E3 o6acTsio €) ¢ rpaHumeil ¥, Toraa KOJIMIECTBO Tela B ) B MOMEHT

BpeMeHU ¢ CIMTaeTCs 10 (POpMYyJIe:
/ / / w(M, t) dryr,

rje ¢ — yJeJbHas TEIJIOEMKOCTh, & p — IUIOTHOCTH BEIIECTBA.
PacemoTpum npomexkyToK Bpemenn [t1; to] (Q(t1) = Q1, Q(t2) = Q2). Torma

Q- Q1 = /// WM, 2) dras — /// (M, 1) dray.

V3menenne KOJIMIeCTBa TEIJIA IPOUCXOAUT BCJIEJICTBHE NIPUTOKA (OTTOKA) TEIIa U3BHE U JEHCTBUSA HEKOTO-
PBIX BHYTPEHHHUX MCTOYHHUKOB (CTOKOB):

Q2— Qi = / //  )do dt+/ // (M, ) drys | dt.

ITpumennm bopmyiry Ocrporpagckoro-Tayeca (5.3) st mepsoro naTerpaga u GOpMyIly CPeHErO SHAUEHUST
(5.1) j1st BTOPOro MHTErpasIa:

Qs — Q1 = ] ///(div Wdr | dt + (t» — tl)// F(M,ty) drs,
t1 [¢) Q
rae ty € [t1; tal.

Bocmonesyemcest dopmyiioit Jlarpamxka:
U(M, tg) — U(M,tl) = ut(M, tg)(tg — tl), ts € [tl; tQ}

JUTst TIiaikodi (rpeamosioxkum 31o) dyHKnum u. Torga nosayanm:

Qs — Q) = /// w(M, t3) drag — /// w(M, 1) drag —
—(ts—ty ///c Vo(M Yy (M, t5) dras.
Q

Uraxk,

(ts — tl)///c(M)p(M)ut(M7 ts) drar = —]2 ///(div Wdra | dt + (ts — tl)// F(M, ts) dras.
) h L Q &
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Tenepb MpUMEHNM JIJIsl BCEX MHTErPAJIoB 06001eHHy 0 GOpMYITy cpenHero 3Hauenus: (5.2):

“Valta —t1) + F(Ms,t4)Va(te — t1),

ts

_
(M) p( M )ug (M, t3)Va(ts — t1) = — div W‘ .
M=DM>

rie ts € [t1; ta); M1, Ma, M3 € Q, Vo — obbem (.
Cokparus Ha Vo (ts — t1), noayaum

_
c(My)p(My )y (My, ts) = — div W‘ e+ F(M,ty)
M=M,

J1st HeKOoTopbix Todek My, Mo, M3 u3 €. Tenepn coxmem ) B HekoTOpyIo TOUuKy My, a oTpe3ok [t1; ta] — B
TouKy to. OueBumuno, Touku My, Mo, M3 nepeitnyr B My, a t3,t4,15 - B . B npenese mosyamnm:

_>
e(Mo)p(Mo)us(Mo, to) = — div W‘ e+ F(Mo,to).
M=DMjy

—
Sanucap it W 3akon @ypbe, HOJIYyIUM:

v W = di 9 Ou 9 0u 9 Ou

v W=div(=here) = =5 b ~ o oy a:" 0z
0.,0u 0. ,0u 0J 6 Ju

- C(Mo)p(Mo)Ut(Mo,to) = %k% —+ aiy aiy + az az

Tak kax Tourku My u ty MBI BIOMPAJIH MPOU3BOJILHO, TO MOXKHO PACIIPOCTPAHUTD MOTYyIE€HHYI0 (POPMYIIy HA
BeCh [t1; to] m BCro obmacth (2

0 0
C(xvyaZ)p(xay7z)ut(x7y7z7t) = %(k(xay7z)uw(x7yazvt)) + @(k(xay7z)uy(x7yazvt))+
0

—I—&(k(x7 Y, 2)uz(z,y,2,t)) + F(z,y, 2, t).

[Tonygyennoe BhIparkeHre HA3LIBAETCS YPABHEHNEM PACIPOCTPAHEHUsI TEMJA B IIPOCTPAHCTBE.
Bzss ¢, p, k KOHCTaHTaMU, TOJIYYIUM CJIELYIONIEE YDABHEHIE:

F
2 2
Uy = a (umz +uyy +u22) + f(l',y,Z,t), a” = &a f = % (21)

Ecnu u, f 3aBucCAT TOJLKO OT MEPEeMEHHBIX T 1 t, TO 3TO ypaBHEHHe 3aIlIChLIBACTCA TaK:
2
U = a Uz + f(2,1). (2.2)

B dwusnueckoit mHTEpIpeTAIINN 9TO YpaBHEHUE PACIPOCTPAHEHUsS TeIIa B OJTHOPOJHOM TOHKOM CTEPXKHE.
Vpasuenune (2.2) Mbl u OyeM B JajbHeAIIeM HA3LIBATH Yy PABHEHUEM TEILIONPOBO/IHOCTH.

Anajlornaubie pacCy¥KI€HUsS MOXKHO TIPOBECTH U JIJIsi HEKOTOPBIX JPYTUX (DU3NIECKUX TPOIECCOB, HATIPUMED
st qudbdysun. Ecim u(z,y, z,t) — KOHIEHTpalus ra3a B IPOCTPAHCTBE, TO ypaBHeHune auddysun Gyuer
BBIIVISJIETH TaK:

cup = div (D gru) + F(z,y, 2, t),

e D — koadpdbunment quddysun, a F' — nHekoropas HyHKIUSI.

2.2 VYpaBHeHUe TeIJIONPOBOJHOCTU C O/IHOI ITPOCTPAHCTBEHHOI nepemenHoii. I1o-
CTAaHOBKAa OCHOBHBIX 3a/1a4

Bynem paccmarpuBaTh ciemyioniee ypaBHEHHE:

Uy = a*ugy + flx,t), 0 <z <1, 0<t<T.
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Ecisiz HaM u3BecTHA TeMIlepaTypa B CTEPXKHE B HAYAJbHBI MOMEHT BPEMEHH, TO MbI IIOJIydaeM HadaJIbHOE
ycJoBHE:

u(z,0) = ¢(x), 0 <z <,

a eCJIM BCerJa 3HAeM XOJI TEMIIEPATYPhI Ha KPasX, TO HEKOTOPbIE N3 KPAEBBIX YCJIOBUIL:

(1) wu(l,t) = wua(t) — uepsoe KpaeBoe ycJoOBuHE;
mpux =1, 0<t<T (2) wg(l,t) = wa(t) — BTOPOE KpaeBoOe yCJIOBHUE;
(3) wx(l,t) = =Xu(l,t) — O2(t)] — Tperbe Kpaesoe yciosue (A2 > 0).
(4) w(0,t) = p1(t) — mepBoe KpaeBoe yCIIOBHE;
nupux =0, 0<t<T (5) wux(0,t) = wv1(t) — Bropoe KpaeBoe yCJOBUE;
(6) uz(0,t) = A1[u(0,t) — 01(t)] — Tperbe Kpaesoe ycaosue (A > 0).

BI)I6I/IpaH HECKOJIBKO U3 9THUX yc.HOBPIfI, MOZKHO IIOJIyYUTH PA3JIMYIHbIE TUIIBI 3a/a4:

IlepBast kpaeBas 3agaqa.

u = auge + fla,t), 0<x<l,0<t<T;
u(0,t) = wi(t), 0<t<T;
u(l,t) = pa(t), 0<t< Ty
u(z,0) = o(x), 0<z<l
Bropas kpaeBas 3agadva.
u = auge + f(z,t), 0<z<l, 0<t<T;
ug(0,1) = 11(t), 0<t< T,
ug(l,t) = wa(t), 0<t< T,
u(z,0) = o), 0<x <l
3a/java Ha MOy PSIMOIi.
up = a*ug, + f(z,t), x>0,0<t<T;
u(0,t) = u(t), 0<t< T,
u(z,0) = o), x>0
3amauya Kormmum.
up = a*uge + f(2,t), —oo << +o0, 0<t<T;
u(z,0) = o), —00 < T < 400.

2.3 CymecrBoBaHue pellleHns IIepBoii kpaeBoii 3aaun. Merto/ pa3aesenus nepe-
MEHHBIX

OcranoBuMcst 6oJiee JieTabHO Ha IEPBOI KpaeBol 3a/1ade:

u = auge + fla,t), 0<a<l, 0<t<T;
2.1] u(0,t) = pu(t), 0<t<T;
’ u(l,t) = pa(t), 0<t< T
u(z,0) = o), 0<z<l

— PACCMOTPUM CYIIIECTBOBAHNE U €JIMHCTBEHHOCTD PEIIEHUsI, yCTONINBOCTD, ipuMeHeHne pyukmun ['puna. Yro
JKe TaKOe peleHne 1mepBoit Kpaesoil 3aaun? O4ueBrUIHO, B CJIydae OJHOPOJHOIO YPaBHEHUs TEILJIONPOBOIHOCTH
eil yI0BJIeTBOPsIET MHOXKECTBO Pa3pbIBHBIX (pyHKIuit 4z, ) Bpoe

u(z,t) = const, (x,t) € Qr={(x,t):(0;1) x (0; T]};
u(0,t) = wm(t); 0<t< Ty
u(l,t) = pe(t); 0<t< T,
u(x,0) = o¢x); 0<z<L



[TosTomy moTpedbyem oT (DYHKINN HETTPEPHIBHOCTDL — ITUM TPEOOBAHUEM, KAK Mbl YBUIUM ITO32K€E, OTCEKAIOTCS
[TOYTHU BCE HEYIOOHBIE JIJIsT UCCIIeI0OBAHMS (DYHKIIUN.

Onpenenenne. Oyuxnus u(r,t) Ha3bIBaeTCs PeIllEHUEM NEePBOil KpaeBoil 3aa4yu [Jjisi yPABHEHUS
TerIonpoBoaHocTH [2.1], eciiu oHA yIOBIETBOPSET CJIEAYIONUM TPEM YCJIOBUSIM:

L ue ClQr;
2. ug, Uy € ClQT];
3. u(z,t) ynonerBopsier ycaosusm [2.1].

Haiinem permenne /i mepBoil KpaeBoil 3a/1a9U ¢ HYJIEBBIMH KPAEBBIMU YCJIOBUSIMU C OJTHOPOIHBIM ypaBHE-
HHUEM TeIJIONIPOBOHOCTH:

(1) w = Uz, 0<z<l, 0<t<T;
2.2] (2) wu(0,t) = 0, 0<t<T;
’ 3) wu(,t) = 0, 0<t< T,
(4) u(z,0) = o¢x), 0<z<l.

Uckatp permerne Mbl OyieM CIeIyIOMMM 00pa30M: CHAYa a C MOMOIIBIO MPeoOPA30BAHMI MCXOTHOTO YPaB-
HeHus (BaXKHO OTMETHTbh, YTO OHH HE BCerja OyiyT CTPOIMMHU — 3TO II0Ka He TPeOyeTcs ) IOCTPOMM HEKOTOPYIO
dyukmmio u(z,t), a TOTOM JOKayKeM, YTO MPH OIPE/IeJIEHHBIX OPDAHUYEHUSIX Ha HAYaJbHBIE YCJIOBUS NAaHHAS
dyHKIMs OyjeT pelleHneM [IepBoil KpaeBoil 3a1a9u.

Onpesiesm HOBY10 (DYHKITHIO:
v(z,t) = X(2)T(t).

IMoxcraBus Hally (YHKIUIO B yPABHEHHE TEIJIONPOBOAHOCTH, [OJLY TUM:
X(2)T'(t) = a®> X" (z)T(1).
Pasyiesium o6e wactu ypasnenus na a>X (z)7T(t):

() _ X"(x)

a?T(t) X(z)°

Tax kak cripaBa u cjieBa CcToaT DYHKINN, 3ABUCAIINE OT PA3HBIX IEPEMEHHBIX, OYEBUIHO, 9TO 00€ OHU PABHBI
HEKOTOPO# KOHCTAHTE, KOTOPYIO MBI 0003HAUNM — A:
() X"(z)

ﬁT@__X@):_X

Orcrofa mosryvaeM JBa ypaBHEHHSI:
X" (z)+ XX (x) = 0;

T'(t) + a®*AT(t) = 0. (2.4)
3amucap KpaeBble YCJIOBUs JijIsl Halllel GpyHKIUN U(m, t):
v(0,t) = 0; _
{v@w_o el T

IOJIYy9uM, 9TO, BBUY €€ IIPpeJCTaB/JICHUd B BUJE IIPOU3BCICHNI,

{X@:m
X(1) =0.

Coenunus (2.3) ¢ nomydeHnoit cucremoii, noayaum 3agaay [rypma-Jluysuis:

X"(x) + AX (z) = 0;
X(0) = 0;
X(1) = 0.



Tpebyercst HaiiTu Bce A, IpU KOTOPBIX CYIIECTBYIOT HEHYJIEBbIE pelleHus: 3Toil cucreMbl. VI3 Kypca " Tud-
depeHnma bHbIEe YpaBHEHUs" M3BECTHO, YTO:

2
™
Ap = (T) , n € N — cobcTBEeHHBIE 3HAYEHNUS.

1

. TN
Xn(x) =ch sm(Tx), n € N — coorseTcTByIOIHe cOOCTBeHHbIe hyHKINA (C),

— HEKOTOPBIE KOHCTAHTHI).

Moxpcrasussg A, B (2.4), Hoay9uM ypaBHEHHsI BUAIA
T (t) + a®* X\, T, (t) = 0.

2
Pemenuem, ouesustao, 6yyer T, = c2 exp{—a? (?) t}. O6beauuns X, (x) u T, (¢), momyanm:

™ ™ 2
(2, 1) = Xp(2)Tn(t) = cp sin(Tw) exp{—a? (T) t}.
Bamernm, 4TO BCe Takue (DYHKIMHU SIBJISIIOTCS PEIIEHUSME YPABHEHUs TEILUIONPOBOAHOCTH (1) U yI0BI€TBO-

psIIOT KpaeBbIM ycsoBusaM (2),(3).
Onpenenum byukmo u(z,t) KaK cyMMy psija:

u(z,t) = Z vn (2, t).
n=1

3aMeTuM, 9TO OHA YIOBJIETBOPSIET KPAEBBIM YCJIOBUSAM, & B CIydae PABHOMEPHOU CXOIUMOCTH Psifia U3 IIPO-
U3BOJHBIX — W YPaBHEHUIO TersionpoBoanocTu. [logbepeM KOHCTAHTBI TaK, ITOOBI BBIIOJHSIOCH HAYAJIHHOE
ycJIOBHE:

o(z) = u(x,0) = Zvn(x,O) = Z Cn, sin(%x).

., .
JIOMHO>KUM PaBEHCTBO HA sm(Tx) (m — nesoe), cenaeM 3aMeHy IIePeMEHHOl (X — §) U IPOUHTErPUPyeM
o §:

OxkonyaresbHO nostydaeM dopmyiy s u(zx,t):

™

u(z,t) = Z % /d)(s) sin(wl—ns) ds sin(wl—nx) exp{—a* (T) t}. (2.5)
n=1 0

Teneps mokazkem, 9To 3Ta GHOPMYJIa KOPPEKTHA.



Teopema 2.1 (cymecrsoBanus). ITycmo dynxuua ¢(x) maxosa, wmo ¢(x) € C1[0; 1] u ¢(0) = ¢(1) = 0. Toeda
popmyaa (2.5) onpedeasem xaace pewenuds 3adavu [2.2].

Jokazameavcmeo. (1) JlokazkeM CHadgaTa HEPEPHIBHOCTD TOTyHeHHoN byHKman u(z,t) B Q1. Jlerko Bumers,

9T0
o0 2 oo
] < 3 )] < /2 3 .
n=1

n=1

l
2 . TN )
rue ¢, = \/; / o(s) sm(Ts) ds. TIOHSTHO, WTO €CJIU MBI JOKA’KEM CXOAUMOCTDH pPAfa Y. |dp|, TO moaydnm
0

n=1

o0
(mo nmpusHaky Beiiepinrpacca) paBHOMEPHYIO CXOAUMOCTH psizia Y |un(x,t)|. Tak kak Bce dyHKUUU v, (,1)
n=1
HenpepbiBHLL, TO U GyHKIMs u(x,t) Oymger HeupepblBHA, TaK KAK OHA OLPEIEJISeTCsl PABHOMEDHO CXOISIIUMCH
PSIJIOM M3 HENPEPBIBHBIX (DYHKITHH.

Urax, mpeobpasyem ¢,,:

1

b = \/?/d)(s) sin(?s) ds = {uHTErpUpoOBaHUe MO YACTAM |} =
0

: 2 / l

+ \/;/d) (8)71'71 cos( l s)ds
0 0
1
1110, 2 m™m
= 5/;(]& (s)\/;cos(ls) ds.

1
~ 2 ™
IMyers ¢y, = / @' (s)\/; cos(——s) ds. Bocrosb3yemcest HepaBeHCTBOM Beccesist J7ist OpTOHOPMUPOBAHHOM CH-
0

l

2 o0
creMbl (DYHKIWI { \ﬂ cos(ﬂlns)}

i&i = i /lsb’(s)\ﬁcos(ﬂlns) ds| < /l(¢’(s))2 ds.
n=1 n=1 0 0

o0
Tenepnb MbI MOXKEM IPe0OPA30BATH HYXKHBIH HAM DSt Y, |dn:
n=1

> I 1~ a? + b? I[N &~
n| — — —|Pn g bg g - S 2
n§:1\¢ \ ﬂn§:1n|¢ | <{a 5 IS n§:1: 2 +n§:1¢n

[TepBrrit psiji, KAK W3BECTHO, CXOIUTCsI, CXOJUMOCTb BTOPOrO MBI TOJIBKO d9TO IMOKasaju. OTcroja moJrydaeMm

o0
€XOMMOCTh pajia u3 Kosbdunuentos Pypve . |dp| U, Kak GbLIO MOKA3AHO paHee, HENPEPHIBHOCTL (DyHKIINN
n=1
u(zx,t).
(2) Teneppb mokarkeM CymIECTBOBAHUE U HEIIPEPBIBHOCTD IIPOU3BOIHBIX Ut, Uy, B Q7. Tlokaxkem, K npuMepy,
CYIIIECTBOBAHUE U, A Becex 0 < x < [, tg <t < T, trme tg — MPOU3BOJBHOE TOJOXKUTEIbHOE uucjo. I3 aToro,

OYEBHIHO, CJIE/lyeT CYIIECTBOBAHUE Uy, B Qr. [Ipomuddepennuposas dopmasbuo ps (2.5), mosydnm:

o (2, t) = i w/? (—(F5)?) sin(TFa) expl—a®(T1) ).



™
Jlerko 3aMeTHTh, 9TO MHOXKHTETb exp{—a?(—-)?t} maeT HaM pPaBHOMEPHYIO CXOJMMOCTH MasKOPAHTHOTO

l

[ee]
psamaHa tg < t < T. U3 3T0ro cieayer paBHOMEpHAs CXOAUMOCTD psafia . (Vy, )zq (T, t) U cyIecTBOBAHNAE Uy, (2, T)
n=1
B Q1. HepepbIBHOCTD Uy, (1, ) cileyeT n3 HenpepbhIBHOCTH CiaraeMbIx paia. CylecTBoBaHue U HEIIPEPHIBHOCTh
Uy TOKA3BIBACTCS AHAJIOTHIHO.
(3) To, uro dyuruusa u(x,t) yaoBieTBoOpsieT BceM ycJaoBusaM [2.2], GbLI0 OKA3aHO BO BPEMSI €€ IIOCTPOCHHUS.

Teopema mokazana. O

2.4 IlpuHIIUTI MAKCUMAJILHOTO 3HAYEHUS [IJisI YPABHEHUS TEIJIOPOBOHOCTH

Pacemorpum muoxecrso Qr = {(z,t) : (0; 1) x (0; T|}. O6osuauum I' = Qp \ Qr. Hdokaxewm, uro yHKIHA
u(z,t), yIoBIETBOPSIONAs YPABHEHHIO TEIJIONPOBOAHOCTH, JOCTUIACT CBOEIO MAKCUMAJIBLHOTO (M MUHMMAJIBHO-
r0) 3HAYEHWUs] UMEHHO Ha 5TOH I'DaHMUIE.

Teopema 2.2 (IpUHIUI MakKcUMasbHOTO 3Havenus). [Tycmy u(z,t) € C[Qr], ut, upr € ClQr] 1wy = auyy 6
Qr. Tozda

maxu(z,t) = maxu(x,t);
Qr r
minu(z,t) = minu(x,t).
Qr r

Jloxaszameavcmeo. Jlokarxkem mepBoe yTBepKienue. 1IpemoioKuM mpoTuBHOE: MyCTh max u(x,t) = M u cyme-

crByer Touka (zo,ty) € Qr Takas, 4ro u(xo,to) = M + £, € > 0. B a10M Ccityuae oupenesum HOBYIO (DYHKIHIO
v(x,t) Tak:
€

v(z,t) = u(z,t) — 5T

(t —to). (2.6)

OueBugno, 9ro v(zo, to) = u(xo,to) = M + . Kpome toro, tak kax |%(t —to)| < = upmn ¢ € [0; T, T0

N ™

9

<
2T '

(t—to)} < M+ 3

t) = t
mlng(z, ) mlgx{u(x, )

Orciona cjefyer, 9TO CyIIECTBYeT BHYTPEHHsig TOYKa (Z1,t1), B KOTOPOH v(x,t) JOCTHraeT MakCHUMyMA.
CorytacHo HEOOXOIMMOMY YCJIOBUIO MaKCUMYyMa, IBaXK bl JuddepeniupyemMoit (hyHKINH,

ve(z1,t1) > 0;
Umm(xlatl) < 07

IpUYEeM B IIEPBOM CJIyYae CTPOrOoe HEPABEHCTBO MOYKET MMETh MECTO TOJLKO npH t; = T
[Tpomuddepennuposas (2.6) 1o ¢, mosrydnm:
3
2T

Amnajyiornano, nocsie JBORHOrO JudOEpEeHIUPOBAHNS 110 I Oy daeM:

ug(z,t) = vy(w,t) +

Uge (T, 1) = Voo (2, 1).

W3 nanucanHoil BbIlIe CHCTEMBI HEpaBEHCTB CJIeyeT, 9TO

€
2 2
up(z1,t1) = ve(1,t1) + o7 >0 2 a“vge(21,t1) = a“Uga (21, 11),
9TO IPOTHUBOPEYUT ypaBHeHI/IIO TEeIJIOIIPOBOHOCTH. CﬂeﬂOBaTeﬂbHO, IIPpEeAIIOJIOZKEHUE O CyH_LeCTBOBaHI/II/I BHyT-

PeHHell TOYKM MaKCUMyMa HeBEepHO, oroMy max u(x,t) = maxu(x,t), u nepBoe yrBep:KIeHUE JOKA3AHO.
o r
T
s mokazaresbeTBa BTOPOro YTBEPKAEHUs TeOpeMbl (IIPUHIUII MUHUMYMA) J0CTATOYHO nepeiitu ot u(x, t)

K byskiymn w(z,t) = —u(x,t), KoTopas IPUHUMAET MAKCUMAJIbHOE 3HadYeHue TaM, riae u(z,t) IpuHuMAeT Mu-
HuMaJsbHoe. Teopema JoKa3aHa. O



B npunoxkenun K KpaeBbIM 3aJi@4aM IIPUHIAI MaKCUMyMa BBINVISIUT ciaemyomumM obpasom. IIycrs

U = Uz, 0<z<l, 0<t<T;
u0,t) = pu(t), 0<t<T;
u(l,t) = p2(t), 0<t<T;
u(z,0) = ¢x), 0<z<l.

Torpa max u(z, t) = max{ nax | p(t), n{l&); | ua(t), m[axl] ¢(x)}. Dro paBeHCTBO MMeeT POCTOl husMIecKnii
T te(0;

cvbica. OHO O3HAYAET, YTO TEMIIEpAaTypa CTEPXKHs He MOYXKET OBITh BBIIIE TEMIIEPATYPHI HA €ro Kpasix U B
Ha4vaJbHBI MOMEHT BPEMEHH.

2.5 EOuHCTBEHHOCTh U yCTOMYMBOCTH pelleHUs NePBOi KpaeBoll 3a/1auu

82ui 8UZ
) ?7
ClQr], i = 1,2, npuvem onu AAANOMCA PEWEHUAMY OFHONR M TOM 2Ke nepsol kpaesol sadawu [2.1]. Tozda
ul(x7t) = UQ(Z‘,t) 6 QT'

Joxasamenvcmeo. Onpenennm Hosyto byrkmmo v(z,t) = uy (z,t) —ua(x,t). Torma v € C[Qr], vi, vez € C[QT),
U ABJIFETCA PelIeHNeM TaKOU KpaeBOH 3a1a4u:

Teopema 2.3 (emuncrsennoctn). ITyemuv dyrwyuu ug(x,t), ua(x,t) maxosv, wmo u; € C[Qr]

v = %y, O0<a<l, 0<t<T;
v(0,t) = 0, 0<t<T;
o(l,t) = 0, 0<t< T,
v(z,0) = 0, 0<z<l

Hosa dbyskium v(x, t), 09eBUHO, BBIIOJHEHB! BCE YCJIOBHs IIPUHIUIIA MAKCUMYyMa. [IpUMeHsst ero, moJrydmm:

maxv(z,t) = mlng(w7t) =0;
Qr = =
minv(z,t) = minv(t) =0 — '@ =0= )= (@)
Qr r
Teopema mokaszaHa. O

YcToliynBOCTh pellleHns NePBOi KpaeBoil 3aga9n

JIemma 1. IHyemov dyrnruuu uq, uz(z,t) maxosv, wmo

u; € ClQr],
0%u; Ou;
ax; al [QT] 7':1’27
npudem
) 2.,
881;1 - a%“z O<z<l,0<t<T, i=1,2

w(0,8) > us(0,t), 0<t<T;

ur(l,t) = we(lyt), 0Kt T

up(z,0) > ws(z,0), 0<z<l.

Toz0a uy(xz,t) > us(x,t) 6 Q.

10



Jokazamenvcmeo. Cuosa, yctb v(x,t) = ug(x,t) — uy(z,t). Jlerko sumers, uro v € ClQ1], Vax,v: € C[QT],

IpuaeM
v(z,t) = aPvg(z,t);

v(0,t) > 0, 0<t< T,

o(l,t) = 0, 0<t< T,

v(z,0) > 0, 0<z <l

Bocmosib3oBaBImes BTOPbIM YTBEPKICHUEM IIPUHIIAIIE, MAKCHMYMA, TOJIY IAM:

minv(x,t) = Ir%inv(x,t) > 0= uy(z,t) = us(x,t), (2,t) € Qp.
Qr

Jlemma nokaszana.

Teopema 2.4 (ycroituusocru). ITycmo dynrkyuu vy, us(z,t) makosol, wmo

’LLZGC[@T},

0%u; 8ul

81'2 ot [QT] l:1a27
npuvem

8ui 282ui .

5 = @ 0<e<LO<t<T i=13%
ui(0,t) = ui(t), 0<t<T, i=1,2;
wi(l,t) = ph(t), 0<t<T, i=1,2
ui(x,0) = ¢i(x), 0<z<l, 1=1,2

Toada max u (. £) — (. )] < mie{ max i (6) — (0. mae [13(8) — (D). mi. [61(x) — G(o)]}
Qr te[0; T te(0; T z€[0; 1]

Joxazamenvcmeo. Cuosa Beegem dyuknuio v(x,t) = uy(x,t) — us(z,t). Torma

(S C[@TL
Vgz, UVt € C[QT];
ve(z,t) = a®vg (2, t).

O6osHaums € = max{ max |ui(t) — u%(t)|, max_|ud(t) — p3(t)|, max |¢1(z) — ¢2(z)|}, momyamm, aro
te[0; T te[0; T z€[0;1]

max lv(z,t)] < e.

U3 sroro caeayer, yro — < v(x,t) < € va I'. Ilpumenus semmy k napam byuxuuii (—e, v(x,t)) u (v(z,t),

HOJIy9UM, UTO
—e <up(w,t) —ug(x,t) <e B Qp.

Teopema mokazana.

€);

O

HOJIy‘IeHHOe yTBepxK/1eHne o3Ha4daeT, 9YTO U3 OJI30CTH UCXOHBIX JTaHHBIX CJIeyeT 0JIN30CTh TIOJIYy9€HHbIX

pelieHunii.

2.6 EamHCTBEeHHOCTBH pellieHusi obOIeii KpaeBoii 3aa4uu

Oo6ias KpaesBas 3aj1a4a (POPMYIUPYETCs TaK:

u = aPuge + f(r,t); 0<t<T,0<z<l;
2.3] oqu(0,t) — azug,(0,8) = p(t); 0<t< T
' ﬁlu(l t) + /82um(lvt) = q(t ) 0<t LT,
u(@,0) = ¢(z); 0<z <l

11



31ech oy, s, 81, J2 — HEOTPUIATEIbLHBIE IOCTOSIHHBIE, IPUYEM TPeOYEeTCsI, YTOObI
ay +ag >0; [+ P2 >0.
JlokaxkeM eJUHCTBEHHOCTDL PEIIeHNs TAKOHM 3a/1a9m.

Teopema 2.5 (eauncrsennoctn). ITycmov 6 Qr dynrwuyuu uy, us(x,t) maxossl, wmo

3Ui — .
Ui, o € C[QT]7 L= la 27
82ui 8’ui .
6‘z2 3 at S C[QT]a 1= 1) 27

NPUMEM ONU AGAAIOMCA PEWEHUAMYU 0010t u moti oice sadavu [2.3]. Tozda ui(z,t) = ua(x,t) 6 Q.

Joxazamenvcmeo. g noka3arenbcrBa €IUHCTBEHHOCTH BBEIEM, KaK OOBbIYHO, HOBYIO dyHKIWMIO v(T,t) =
up(z,t) — ug(x,t). Torma, oueBumno, v, v, € ClQr], Vi, vz € C[Qr] u v(x,t) Oyner aBIATHCS pelICHUEM
caenyomeil KpaeBoil 3amaun:

Ve = Py 0<t<T,0<z<l;
a1v(0,t) — agv,(0,t) = 0 0<t< T,
Bro(l,t) + Bavz(l,t) = 0; 0<t<T;
v(z,0) = 0; 0<z <.

1o}
VMHOXKUB v; = a2V, HA 20 1 y4aTd, 4TO 20v; = —(vg), ITOJIY IUM:

ot

9
or

(v (x, 7)) = 2a%0(x, T)vee (2, 7).

s pPaBeHCTBa (l)yHKLLI/Iﬁ cjlielyeT paBEeHCTBO OIIPDE/IE/ICHHBIX NHTETPaJIOB!:

It
//g (z,7))drdz =2a // (@, 7). (x, 7) d7 d,
00

opu4ieM B npaBoﬁ JaCTHU MbI MOXKE€M IIOMEHATH IIOPAIOK MHTEIPUPOBAHNA:

t I
// ))drdx = 2a / / X, T )V (x, 7) d | dr. (2.7)

W3 HayapbHOrO yCJIOBUS CJIE/LYET, YTO

12



W3 kpaeBbIX yCIOBUil JIETKO BBIBECTH, UTO

0, ecm 31 =0, B > 0;
IR S ccm B >0, By =0;
fﬁ—UQ(l,t), ecmu B1 > 0, By > 0.
2
07 €eCJIn (xp = 0, Qg > O’
v(0,)v,,(0,t) = %21 ccan ay >0, az =0;
—0*(0,1),  ecmn o >0, a3 > 0.
2

Jutst JrobbIx ¢ € [0; T1.
U3 3TOro CreyerT, 9To eciu 0603HATUTE

P(r) = U(IE,T)’UI((L'7T)|6 =v(l,7)vg (I, 7) — v(0,T)vg(0, 7),
o P(1) <0, V7 € [0; T).
Torya paBeHCTBO (2.7) MOXKHO IIEPENUCATD TAK:

l t

¢
/v2(:1:,t) dx — QCLQ/P(T) dr + 2a2//v§(a:,7') dx dr = 0.
00

0 0

IlepBoe u TpeTbe ciiaraemble, OYEBUIHO, HEOTPUIIATEILHBL; HEOTPUIIATEIBHOCTD BTOPOrO CJIE/IYET U3 HEIIOJIO-

KUTEJbHOCTHU HO,ZLbIHTera,T[bHOfI CI)yHKL[I/II/I W3 sroro CcJIeIyeT, 9ToO BCe OHMU Ha CaMOM JieJie paBHbI HYJIIO. Tax
l

Kak dbyHKIws v(x, t) HeupepblBHA, TO U3 TOIO, YTO / v2(z,t) do = 0, crexmyer, aTo

0
v(z,t) =0.

Orcrona nomyyaeM, 9o ug(x,t) = uy(z,t). Teopema nokasana. O

2.7 CymecrBoBanue pernienus 3agaun Korm

Paccvorpum ognopoanyto 3agaty Kormrm:

(1) Ug
2.4 { 2) u(z,0)

aUgy, —00 < x < 400, t>0;
o(x), —oo <z < +00.

IleficTBys Tak »Ke, KaK U IPU TIOUCKE PEIeHUs epBOil KpaeBoil 3aa4u, MPoBeIeM HEKOTOpPbhIe peodpa3o-
BAaHUs, & TIOTOM JOKAaXKeM, 9TO MOJIyIeHHAsd (PYHKIUs OyIeT SABJISATHCH PEIICHUEM.
Omnpezenum HOBY10 bYHKIWMIO v(T,t) KaK Ipou3BejeHne IBYX (OyHKIumii:

v(z,t) = X(z)T(t).
ITorpeGyem, 9TOGBI OHA YJIOBJIETEOPAJIA YPABHEHUIO TEILJIONPOBOIHOCTH:
T' )X (z) = a®> X" (2)T(t).

Paznemus na a?X (z)T'(t) u 3aMeTuB, 9TO CleBa U CIIpaBa CTOAT (DYHKIIUHN, 3aBUCAIIIE OT PA3HBIX TIePeMeH-
HBIX, TIOJTY HM:

X T,
X(z)  a?T(t) ’

rme A = const > 0.

13



. Mu, M — M M . ! -
IIpumeuanue. Mo nuwem "—A2", nomomy wmo max Ham 3axomensocv. Mozau 6v u wmo-rubyds dpyzoe

Hanucamas...

Orcrona moydaem IBa ypaBHEHUS:
X"(x) + A\ X (x) = 0; (2.8)

T'(t) + a®> > T(t) = 0. (2.9)

Jlerko BugeTh, uro gynkmus X (z) = ¢** Gyner pemennenm (2.8). Ananormano, dynxmus T(t) = e~ @t

Gyaer siBisaTbea perenueM (2.9). CienoBaresbHo,
v(z t) _ ei)\mfaQ)\zt
1) =
— pemenre (1). OueBnzno, QyHKIWMS
uy = A()\)ei)\mfa2)\2t

roxke Gyner pemenuneM (A(A) — Hekoropas dyHKuus). Temepb onpegeanM UTOroBYIO (QYHKIMIO CJIEILYIONIHM
obpazom:

“+00
u(z,t) = / A(N)er—atNt gy
—00

[Torpebyem, ITOOBI OHA YAOBACTBOPsIIa HAMAILHOMY YCJIOBHIO:

“+oo
u(z,0) = ¢(z) = /A()\)ei’\’” d\
CorsnacHo Teopun npeobpasoanus Oypbe, oTcIOna Jerko Haxomures A(N):
1 o
A(N) /e_“s(b(s) ds.

T

Wraxk, mostyuaem ciemyrormuii By GyHKIwmn u(x, t):

+o0 +oo +oo [ +o

_ i —iAs idxx—a®\%t _ / /i iX(z—s)—a®\%t
u(z,t) = /271_ /e o(s)ds| e d\ = 5-¢ d\| ¢(s)ds.

—00 — 0o — 00 — 00

ITpoBeist BBIUUCIIEHNE BHYTPEHHETO HHTErpasa (KOTOPOe MBI OIIYCKAeM ), TI0JIY IMM OKOHUIATEIBHYO (hOPMYJLY

st u(z, t):

+oo
= ! ex 7M S S
u(mnf)_/ T exp{— g o) ds (210)

)2

1 (x—s
O6osnauus G(z,s,t) = exp{— }, mostyaum
Va2t da?t

+oo
u(z,t) = /G(m,s,t)¢(s) ds.

14



IMokaxkem, uro dbyukrus G(x, s,t) ABIsIeTCs] pelleHNeM YPABHEHNUS TEILIONPOBOHOCTH TIPpH (PUKCUPOBAHHOM

1 (z — 5)? 2(x —s)\
Go(z,5,t) = Nerorh oxp{—"— }<— 121 )

1 (x—5)2, (z—s)? 1 (z —5)? 2 .
Gm(x7s7t) \/F P{ aQt } 4a4t2 +\/47 p{ a2t } 4a2t )
B S Cht) AU @9 (@ s

Grlw, s 1) = =g P T Ve P dan ) aae

Jlerko mpoBepuTh, 40 Gy¢(w, 8,t) = a>Guyz(w, s, 1).
Tenepb JOKaxKeM, 9TO IPH OIIPeIeIeHHBIX OIPAHMYEHMX Ha HadaJIbHOE YCJIOBHUE IOy YeHHasT (PDYHKIUA Oyaer
CYTIECTBOBATE.

Teopema 2.6 (cymecrBoBanus). [Iycmo dynkuyusa ¢(x) 3adaem nauasvroe ycaosue 6 sadave Kowwu [2.4], npu-
wem ¢(x) € C(R), |o(x)| < M, Vo € R. Tozda dynxyus u(x,t), onpedeasemasn dopmyaot (2.10), nenpepusna
npu x € Rt > 0, umeem HenpepvisHble “ACTNHbIE NPOUSCOOHBIE Up, Ugy NPU T € R, t > 0, ydosaemesopaem
ypasrenuo menasonposodnocmu npu x € Rt >0 u Vag € R tlir& u(z,t) = ¢(xo).

T—x(

3ameuanmne. [locieHee yTBEpKIEHIE TEOPEMbI O3HAYAET, YTO (DYHKIIHS

(z — 5)?

4a’t

Xp{———-—}#(s)ds, t>0;

u(a,t) = ZO v

HenpepbiBHa B (z,t): x € R, ¢ > 0.

Joxazamenavcmeo. (1) Hokaxkem HenpepbiBHOCTD u(x,t) upu & € R, ¢ > 0. js 91010, 04€BUIHO, JOCTATOIHO
JIOKa3aTh, 9T0 (yHKINsS HenpepbiBHa B npsamoyroibuuke Iy, 7 = {(x,t) 1 —L < x < L; to <t < T}, tue
L, ty, T — nmpon3BOJIbHDBIE TTOJIOKUTETbHbIE KOHCTAHTHI.

IMoapiarerpasibuble HYHKIMN, OY€BUIAHO, HenpepsiBHEL B 11y, 7. Torma [uis nokasaTeibCTBa HEIPEPHIB-
Hoct yuxuun u(z,t) B Il 4 7 JocTaTOMHO HMOKA3aTh PABHOMEPHYIO CXOAUMOCTL mHTerpaia (2.10). Yrobnr
IPUMEHUTH [IpU3HaK Belieprirpacca paBHOMEPHOH CXOAMMOCTH, IOCTPOUM Takyio dbyHkimio F(s), 91obb

|Gz, 5,1)| < F(s) Va,t € L o,7
+oo

Wurerpas / F(s)ds cxopmics.

— 00

,Z[JIH 9TOr'0 OIICHUM IIOKa3aTeJIb IKCIIOHCHTHI IJid PA3/JIMYHBIX S:

(x —s)?
(x—s)* _ (L—s)? (z —s)? (L —s)?
> > — < — :
IIpnu s > 2L ; > T == 12 S 12T
_ g)2 2 _o)\2 2
Tpi s < —21 (x —s) < (L+s) (x —s) (L+s)

_— — —
t - T 4a2t 4a2T
IIpu ¢ty < t < T uepsblii coMHOXKUTEH B HHTerpasie (2.10) MOXKHO OIEHUTH TaK:

1 < 1
Vara2t = Vara2t,

15



B urore nosyuaem orpanuienuocts |G(z, s,t)| cepxy:

1
—, 8| < 2L;
VAamra?t sl <
1 (L — 5)? L?
G ] < F(s) = exp{— + s> 2L;
| (x,S’ )| ~ (S) \/m p{ 4(12T 40/2T}7 )
1 L+ s)? L?
eXp{—( ) b, s < —2L;
\/477'@21&0 4a2T 4a2T
L2
— cjaraemoe 12T B HOKa3aTesie SKCIIOHEHTHI ObLIO J06aBiIeHo Jyist HenpepbiBHOCTH F'($) (0veBmHO, OHO He
a
U3MEHUT OLEHKU CBEPXY ).
o0
HaJjimuune 3KCIIOHEHTHI TOBOPUT O TOM, YTO MHTEIPAJT f F(s) ds cxomurest. Takum 06pasoM, UCIIOJIb3Ysl OTpa-
—00

HUYEHHOCTDH |P(2)|, MBI MOXKEM MOJLYJIb OABIHTErpaibHoil (yukuun B (2.10) onenuts cBepxy dyukuueit M F(s),
COOTBETCTBYIOMMI MHTErpaJ OT KOTopoil cxomurces. ITo nmpusnaky Beiiepmrpacca MBI moJydaeM paBHOMEPHYIO
CXOIMMOCTB UCXOJHOIO MHTErpajia U HenpepblBHOCTL GyHKimy u(z,t) B Iy 4 7.

(2) ITokazkeM HEIPEPBIBHOCTD YACTHBIX IPOU3BOJHLIX HA TOM Ke IpsaMoyrosnbauke Iy, 1. JJokazkeM Hempe-
PBIBHOCTD Uy U3 dbopmynsr qyisa G(x, s,t) ciemyer, aro:

1 L? +2Ls + s?
2a2t 4a*t3

(x —s)? 1
zx Ly 9y =" 1. y 9y T 5 94 » 9y < r
|Gre(,s,t)| = | 1o G(z,s,t) 2a2tG(x s, t)] (s)

] = Fi(s).

MHOro4JIeH BO BTOPOM COMHOKHUTEJIE, OYEBH/IHO, He U3MEHUT mHTerpupyeMocth F(s). Torga mosmydaem
+oo +oo oo
Uy (T, 1) = /Gm(x,s,t)q’)(s) ds < / |G o, 8,t)]|0(8)] ds < M/Fl(s) ds < oo
— 00 —00 —o0

— TO €CTh PABHOMEDPHYIO CXOJUMOCTh MHTETPAJa OT MPOU3BOHOM, a, CJIeIOBATENHHO, U HEIPEPBIBHOCTD gy (t).
HenpepbIBHOCTD 1 JOKa3bIBAETCH aHAJIOTUIHO.

(3) Mubr nokazanu, uro dyukius G(x,s,t) aBisercd perieHueM ypaBHeHus Terionposogaoctu. Orcioga
TTOJTy TaeM:

+00 +oo
ug(x,t) = /Gt(x, 5,1)0(s) ds = a*uge(z,t) = a® / Gox(x,8,1)0(s) ds.

— 1o ecTb QyHKIWMs u(z,t) TOXKe yIOBIETBOPSIET YPABHEHHIO TEIIOIPOBOIHOCTH.
(4) Urak, HaM 0CTAIOCH JOKA3aTh, YTO

Vzo € R tllr& u(z,t) = ¢(xo).

T—x(

To ecTb, IO ONpeIeNIeHnIO npeena dyHKIIH
Voo Ve >030: Va,t: t, |z — x| < I = |u(z,t) — ¢(z0)| < e.

Dukcupyem TOUKY Zo U npoussosibHoe £ > 0. 13 HenpepsiBaoCTH () ciiemyer, 4To

IA: |z — 2| < A => |$(z) — d(0)| < Z.
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Pacemorpum |u(x,t) — ¢(zg)|:

+oo
lu(z, d(zo)| =1 | Gz, s,t)p(s)ds — p(xo)] < | G(z,s,t)p(s)ds| + | G(z,s,t)p(s)ds|+
/ / ]
ro+A ro+A
4 / Gz, 5, 1)(9(s) — dl0)) ds| + | / Gz, 5, 1)p(x0) ds — d(xo)|.
ro—A ro—A

O0603HAYIUB 10 TOPSIJIKY WHTETPaJIbl cuMBoOJIamMu J1, Jo, J3, Jy, ossyanm

u(e, t) = ¢(xo)| < |Ja| + |J2| + |Js] + | al.

+oo

€
Ouennm |J3|. Mbr yke 3HaeM, 910 |P(x) — P(x0)| < 10 A-okpecrnoctu. Torma, yuuTbiBas, 9To /Gds =1,

— 00
HOJIy YUM
zo+A zo+A

=1 [ Glasit)(6(s) ~ dlan)) ds] < /Ga:st /Gmst
To—A

Orcroma mosydaem, 9To
J3] < =
‘ 3 X 4
Tenepb norpebyem, 9Tobbl |z — 2g| < §1 < %. Bce masbHeiinme oneHKU IPOBOISITCS TOJIBKO JIJIsl TAKUAX .
Ouennm | Jyl:

zo+A To+A

s—x
Ja| = /Gm,&t(bxods—(bxo < |o(xo /Gx,s,tds—1=z<—>7 =
7 =1 [ Glas.otm)ds o) < o)l [ Glas.ds=1] = (= = S}
:EofA m()*A
zo+A—x
Va4t
1
/ ﬁe—zz dZ—].|
zg—A—=z
Va2t
Vmenbmas ¢, MbI HOJIy‘{I/IM CTpEMJICHIE BEpXHEro IIpejelia MHTErPUPOBAHMUS K +00, & HUXKHEro — K —O0.
CireroBaTe/IbHO, TaK KAK / e dz =1, To
zotA—z
Va4t
1
oo : t < 09 = |J4| < |d(x0)]] / \F Zdz—1| Z
zg—A—x
Va2t
Ouenum Teneps |Jp|:
zo—A xo—A
=1 [ wsoeasi<l [ o eot-E o
1] = z, s, s)ds| < exp s
Ama’t 4
0 —00
—zfag—A
( ) M \/4a2t
—\r— S 2
={z = — e % dz
{ Va2t J VT /
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B cuity cxommmocTu MHTErpaJia, Mbl MOXKEM I10J100paTh Takoe 03, 4To V ¢ < 03

—ztxg—A

V4a2t
M / SR
ﬁ (& VAR
—o0

5
CrenosaresnbHo, |J1| < T Takast ke OIleHKa BepHa 1 JyIs |J2| (IoKa3aTeIbCTBO AHAIOINYHO).

= ™

Wtax, MbI IOJIy YU, 9TO
u(z,t) = ¢(zo)| < |Nif +[J2| + [J5| + |Ja] <& =
= Vo Ve > 036 = min(d1,02,03) : Va,t: ¢, |z —xo| < |ulz,t) — d(zo)| < e.
Teopema MOTHOCTHIO JOKa3aHAa. O

CuaencrBue 1. 3amernm, 9ro npu BeiosHenun yciosuii reopemsr (¢(x) € C(R), |¢(z)| < M) Mbr nosrydaem
OIPaHUIEHHOCTD U(Z, t):

xt\—/\stthb M/stt =M.

CaencrBue 2. Takzke MOXKHO HOJMyuuTh Geckoneunyio jauddepennupyemocts u(z,t) na R x RT. B sTom
caydae

+oo
oPu PG
W(%t) = / W(x, s, t)p(s)ds, (k+m =p)

a 3TOT MHTErPaJl PABHOMEPHO CXOJUTCS, ITO MOYKHO IOKA3aTh TEMH YK€ PACCY?KICHUSME, 9TO U B I0KA3aTEIHCTBE
TEOPEMBI.

Cnencreue 3. Ilpunse ycnosue zagaun Komm, Mbl mogydaeM «GeCKOHEUHYIO» CKOPOCTh PacIpOCTPaHe-
uug remia. IpencraBum, aro menpepbiBHag (yukuusg ¢(x) = u(x,0) paBHA HYJIIO BCIOLY, 38 UCKJIIOYCHHEM
HekoToporo orpeska [a; b]. Torga nosygaem, 4To

u(x,t) = /G(J;,s,t)d)(s) ds>0 Vt>0,VreR.

2.8 EamacTBeHHOCTH pernienus 3agadn Kormm

Nrak, Mbl moKa3aJu CyIIeCTBOBAHNE PEIleHns 3aa4du Koiu 1y OrpaHnYeHHOr0 U HEIIPEPBIBHOTO HAYAJIBHOTO
ycioBus. [Tokarkem, 9TO B 9TOM CiIydae pelleHne eINHCTBEHHO.

Teopema 2.7 (emuncrsennoctu). I[lycms dse dymxuyuu uy, uz(z,t) nenpepwisnvs na (R x RT), acamomes pe-
wenuamy 0010l u Mot oce 3adawu Kowwu [2.4], npuuem

lui(z,t)| < M, ¥(z, t) e R x RT;

O 2w 1 =1,2.
T 1 +
S 3 € CRXRY).

Tozda uy(x,t) = ug(x,t) V(z, t) € (R x RT)
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Jokasameavemeo. Beenem Hoyto dyukimo u(x,t) = uy(x,t) — us(x,t). OueBunHO, OHA TakxKe Gyer Hempe-
DBIBHA, TIPHYEM

Uty Uge € C(R X RT);

Ut = @y

u(z,0) =0, Vo € R;

lu(z, )| < 2M, ¥(z,t) € R xR ).

OueBuIHO, Jis JIOKA3aTEIbCTBA TEOPEMbI JIOCTATOYHO [I0KA3aTh, YTO QYHKIUs U(T, ) TOXKIECTBEHHO DABHA
HYJIIO, TO €CTh PaBHA HYJIO B IPOU3BOJILHOIN ToUKe (Zq,lo).
st aTOro Bo3bMeM Takme KOHCTaHTHI L u T, arobbl Touka (g,tn) comeprKatach B MPsIMOYTOJIbHUKE

My ={(z,t): |z| <L, 0<¢t< T}, 'y — ero rpanuna.

AM x>

ﬁ( D) + aQt).

PaccMOTpUM HOBYIO BCHoMoraTe bHyto dbynkimo vl (z,t) =

Jlerko mpoBepuTh, UTO
’UtL7 ’Uifx S C[HLT];
vE = a*vk, € C[liL7).

Kpowme Toro, mys Hee cripaBeiuBbI TaKue OINEHKHU Ha rpanuie I pr:

4M | L*
UL(Lvt)a ’UL(—L,ﬁ) > ?(7 +0) = 2M§
4M 22
L —

U3 mexomHbix omeHok s u(w,t) momydaem, uro v (x,t) > wu(x,t) seroomy wa ['pp. CorsacHo mpuHIHITY

MaKCUMAaJILHOTO 3HAMCHHUST
vl (x,t) > u(z,t) V(x,t) € M.

Amanormano, —v(x,t) < u(z,t) V(x,t) € I 7. Us sToro cremyet, 910

AM 22
|u($0,t0)| g UL(xO’to) = ﬁ(f + azto).
Yerpemus L x 6eCKOHETHOCTH, Oy UM, 1TO0 [u(Zo, )| < v>°(20,%0) = 0. Teopema pokazana. .

2.9 CymiecTBoBaHue pellleHusl MEePBOii M BTOPOI KpaeBoil 33/lauu AJsd ypPaBHEHUs
TEIJIONPOBOAHOCTHU HA IMOJIYPSIMOM

Paccmorpum mepByro KpaeByro 3asady Ha MOJIYIIPAMOI:

u = @ Uge, >0, 1t>0;
[2.5] ¢ wu(0,t) = 0, t >0
w(z,0) = ¢(x), z=0,

rae ¢(0) = 0.
Haiinem ee perenue, 100UpeeuB HedeTHBIM 00pa3oM QYHKIUIO ¢(T), 33AI0NLYI0 HAYAIbHOE YCIOBUE Ha
BCEI BeIeCTBEHHON OCH:

_ ¢(x)v z = 0;
() = { —¢(—x), x<DO0.

CoOOTBETCTBEHHO, PACCMOTPUM Takyto 3ajady Komm:

U = a’Ug, —o0o<z<+00,t>0;
2.6]{ U0,t) = 0, t>0;
U(z,0) = ®(z), —oo<a<+oo.
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Ee pemrenne nam u3BecTHO:

(x—s)?

/ — {0 (s) d.

Iycrs u(x,t) = U(x,t) upu (x,t) € (@—F X R+). IMokazkem, aTo sTa dyHKIUS siBsieTcst pemennem [2.5]. U3
nocraHoBku 3a1aun Komm [2.6] ogesumso, uTo

U = @ Ugy, x>0,t>0;
u(z,0) = ¢x), x=0.

HpOBepI/IM BBIIIOJIHEHNE I'PAHUYIHOI'O yCJIOBUA:

u(0,t) = U(0,1) exp{— } (s) ds

1
VAara?t 4 2t

ITox naTErpas oM CTOMT HPOU3BEEHNE Y€THON U HEeYeTHOH (DYHKINIA, CIe0BaTeLHO, OH paBeH Hy/o. ['pa-
HUYHOE ycJIOBHE BbINOJIHEHO. [losyynm Teneps 1oJiHY0 hOpMYITy JUIsd PelleHus:

(x—s)

/ Vira?t exp{- 42t

1(s)ds =

(z — s5)?

/\/W o=

/ T el ot / T on{= ol ds =

(x—s)?

LN e ds*/m exp{~ -

to(s)ds =

x—s)? ros
- /\/ﬁ {e"p{(“)} exp{— (;t)}] ¢(s) ds.
0
Nrak,
\/ﬁ[ xp{= (4 2t) } —exp{— (x::ai)}} o(s)ds (2.11)

— 3TO U €CTh PelleHNe NEePBOil KPAaeBoUl 3a1a4M HA HNOJIyIPSIMOM.

Bropast kpaeBas 3agadya Ha HDOJIyIPAMOIA

Bropaa kpaeBas 3a/javua Ha MOJIYIPAMOI NMeeT CJIEeIyIONIil BUI;:

e = Uy, x>0, t>0;
[2.7]¢ u.(0,t) = 0, t>0;
u(z,0) = ¢(x), x=0.

CHOBa 1151 TIOMCKa PEIeHrs JTOOoIpe e/ iuM (DYHKINIO, 33/ Ia0lyI0 HavYabHOe yCJIOBUE, HO Ha 9TOT pa3 4der-
HBIM 00pa3oM:
z), x2=0;
@(l’) — ¢( )7 = k)
o(—x), = <D0.
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W3menuB ucxonnyio 3a/1a4dy, HOJyIUM Takyko 3aja4dy Komu:

U = a*Uy,, —o0o0<z< 400, t>0;
U (0,8) = 0, t>0;
U(z,0) = ®(z), —oo<uz<+o0.

(z

/\/W =g 2t) }8(s) ds. Iyers u(z,t) =

Awnayornuno, pemenuem ee Oyzner dbyuxiua U(x,t)

U(z,t) npu (x,t) € (RJr X R+). Onsarsb ke, 09EBUIHO, UTO

U = *Uyy, x>0,t>0;
u(z,0) o(x), x>0

[IpoBepuM BBITIOTHEHIE KPAEBOTO YCJIOBUSI:

(x —s)

ug(z,t) = Uy(z,1) :_/ \/ﬁ <_ 2a2t

)e p{— %}@ (s)ds =

2
ug(0,t) = exp{—ﬁ}@(s) ds ¥Vt >0

1 s
a /~/47ra2t <2a2t)
— 00

[Tos1, oty YuBIIMMCST MHTEIPAJIOM CTOSAT IIPOU3BEJIEHNE JIBYX YEeTHBIX W OJIHOI HeUeTHON (PyHKIWMA, ciieqoBa-
TeJIbHO, OH O0pAaINaeTcst B HOJIb. I'paHndHoe ycsioBue BbinosHeHo. [Tosmyunm dbopmyity juist perienus [2.7):

(x—s)®

7(1'—8)2 5)d
exp{— T y(s) s + exp{— Ly o(—s) ds

“_O/wﬁ /ﬁ

:/ L {exp{—(iaf}—i—exp{—w}]qﬁ(s)ds.
0

dat
— 3TO pellleHrue BTOPO KpaeBoOUl 3aJa4YM Ha HOJIyHIPSIMOI.

2.10 Pysknuga 'pmHa aJ1g 1IepBoOil KpaeBoil 3aJa4u

Paccmorpum nepsyio kpaesyio 3as1ady:

u = Uz, 0<z<l, 0<t<T;
u(0,t) = 0, 0<t<T;
u(l,t) = 0, 0<t<Ty
u(z,0) = o¢x), 0<x<l.

Kak y»ke m3BecTHO, ee pernrenne 3aaeTcCs CIEIYIONINM 00Pa3oM:
=2 / ™ ™ ™ 2
H=S"2 in(Z% ) ds | si ( ) £,
u(z,t) ,;l /(;5(5) sin( l s)ds | sin(— l x)exp{—a 7 }
= 0

Muzr moxxem IpeacTaBUTh €T0 B HECKOJIBKO MHOM BHUJIE, KaK Y2Ke JeJIaJi IIPpU peNieHnu 3aJ1a9m1 Kormmm:

l
/Ga:st s)ds,
0
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(o)
2 ™ ™ ™ 2
e G(x,s,t) = Z 7 sin(Ts) sin(Tx) exp{—a® (—) t}. (2.12)
n=1
— dysknusa 'puna nj1a mepBoil KpaeBoil 3a/1a9m.
JlokaxkeM HECKOJIbKO CBOWCTB (byHKIuu ['puHa.
CsoiictBo 1.

G(z,s,t) = G(s,x,t).

DTO CBONCTBO OYEBUJHO U3 OlpejiesieHust MyHKIuu [ puHa.
CsoiicTtBO 2.

G(z,s,t) € C°(R xR x RT).

Joxazamenvcmeo. JTokarxkeM HENPEPBIBHOCTD B TOYKE (, 8, t). s 97010 10CTaTOYHO 3aMeTUTh, 9To 1Ipu t > to
P PABHOMEDHO CXOIUTCS 10 IpU3HAKY Belieprinrpacca, Tak KaK €ro MOXKHO OTPDAHHUYUTD CXOISIIAMCS PSAIOM
U3 9KCIIOHEHT:

~| N

|G (z,s,t)| < Z exp{—a® (W—ln>2to}.
n=1

st mokazarenbeTBa AudHEPEeHITIPYEMOCTH JOCTATOTHO 3aMETUTh, ITO PsIJT U3 MIPOU3BOIHBIX OY/I€T PaBHO-
MEpPHO CXOJMTBHCsI, TaK Kak IpHu JuddepeHIInpOBAHNY B Ka4eCTBE HOBBIX MHOYKUTEJIEN MOSIBSITCSI TOJIBKO IOJIN-

HOMBI OT N, KOTOPbIC HE IIOMEINAIOT — 3KCIIOHEHTa BCE€ PaBHO O6eCHqu/IBaeT CXOOUMOCTB. D
CsoiicTso 3. )
Gt = a“Gyy;
Gt = CL2GSS.

ITepBoe ypaBHeHUE MOXKHO HPOBEPUTH IPOCTHIM nuddepentrposanueM Gopmydst (2.12), a Bropoe — nud-
depeHIMpoBaHneM ypaBHEHHUST U3 CBOWCTBA 1.
CaoiicTBo 4.
G(z,s,t) 20, z,s € [0; 1], t > 0.

Joxazamenvcmeo. JokaxkeM 310 Jijig IIPOU3BOJILHON TOUKHU (X, So, t). [lycrs dynkims ¢ (x) paBHa HEKOTOPOI
HOJIOXKUTEIbHOM (byHKIMK ¢(z) Ha unTepsase (so — h; so + h), a BHe 9TOr0 HHTEpBaJa paBHa HYJIO:

. qg(a:)>07 x € (sop — h; so+ h);
‘bh(m"{ 0, v € [0; 1)\ (50 — s 50+ ).

Kpome Toro, ona yaoBIeTBOPSET CIEAYIOIMIUM yCIOBUAAM:

U 337I1a€T HAYAJILHOE YCJIOBUE B HEKOTOPOW Kpaesoil 3asade tuma [2.2]. Torma dyukims up(x,t), sBstomasics
pelleHneM TOi KpaeBoil 3a/1a4u, 3a/1aeTcst hOpMyJIoit:

l so+h

up(z,t) = /G(m,s,t)th(s) ds = / G(z,s,t)pn(s)ds =
0 so—h
so+h
= { Teopema o cpennem 3nauenun (5.1)} = G(z,0,t) / on(s)ds = G(z,0,t), 0 € (so—h; so+h). =
Sofh

li =1
= lim G(z,0,t) Lim up(z,t) =
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G(z, so,t) = }llin% up(z,t). (2.13)
[TpuMeHUM TPUHIUI MAKCUMAJIBHOTO 3HaueHusl, 3Has, 910 up(0,t) = 0 = up(l,t):

3 t) = i 0,0 i =0.
2By ) 00, gy )

Coruacuo (2.13), noyuaem Heorpunarenbunocts G(z, so, t). CoiicTBo 4 10Ka3aHO. O
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3 YpaBHeHUd JLJIANTUIECKOTO THUIIA

Iycrs ) — HeKoTOpas OTKphITas obaacTs B B2, orpannyennas mosepxuocTsio . AHasormaso, D — HekoTopas
oTKpHITas obsacts B B2, orpannyensas Kpusoil L.

3.1 VYpasHenus Jlammaca u Ilyaccona. IlocranoBka KpaeBbixX 3ajga4d. PyHjaMeH-
TaJIbHbIE pellleHusi ypaBHeHus Jlamiaca

PaCCI\IOTpI/Il\d TaKue ypaBHCHUA TEILJIOIIPOBOIHOCTH:

ut(x,y,z,t) = azAu(x,%z,t)—i—fl(x,y,z), (xayaz) € Qv Au:umm+uyy+uzz;
Ut(%yﬂf) = a2AU($7y7t)+f2($7y)a ($7y) € D7 Au:urz+uyy
B ciyuae crammoHapHOrO Tersioporo mporecca (up = 0) MBI MOJIyYaeM YPaBHEHUs SJIIMITHIECKOTO THUIIA:
Au = —f. Ilpu 3T0M U3 06IIEr0 BUIA MOJYJAIOTCS JIBA TUIA YPABHEHUI:
0%u N 0u N 0%u A )
=+t 55+ =—f(r,y,2);
0x2  Oy? 022 82 3 R
— ypaBuenus [lyaccona B E® u E<;
0%u n 0%u f@.y)
— + = = —f(z,y).
0x2  0y? Y
0%u N 0%u N *u 0:
0x? oy 022 3 9
— ypaBuenus Jlamnaca B E° u E;
Fu o
ox2  oy2

OTH ypaBHEHHs MIUPOKO HUCIIOJIL3YIOTCS TIPU OIMUCAHAN PA3HOOOPA3HBIX CTAIMOHAPHBIX (PU3MUYECKHUX TOJIEH.

Onpenenenne. Oyukims u(x,y, z) HasbiBaeTcss TapMoHUYecKoii B (), ecn u € C?(Q) u Au =05 Q.

FapMmonnueckue (GyHKIMA OT JIBYX IIEPEMEHHBIX MOXKHO IIOJIYYWTh, UCIOJb3ys MOHATHE AHAJATHIHOCTH
dyukuun komiekcuoro nepementoro. B kypce TOKII nokaseiBasiocs, uro eciau byuxiua f(z) = u(z,y) +
1v(x,y) aHAJIMTUIHA, TO BBINOJIHAIOTCA yeaoBus Komm-Pumana miis byHKImii u, v:

{ uz(xvy) = vy(xa y)a
“y(% y) = _vz($7 y)
ZLI/I(bcbepeHImpys{ BepxHee PaBEHCTBO II0 X, a HUXKHEEe — II0 Y, IIOJIYIUM

= Ugy + Uyy = 0

{ Uy (T, Y) = Vya (T, Y);
Uyy(.%‘,y) = —va(ac,y).

Awnajornuno — g Gysknun v. Orciona MOXKHO cuenaTh BbIBOJ, 4ro ecau Gyukuus f(z) = u(z,y) +
w(x,y) — aHaguTHYECKasd, TO (DYHKIUK U, U — FAPMOHUYIECKHUE.
B jasbHeleM MBI GyJeM paccMaTpHBaTh B IpocrpancTse E3 rakne zamaum:

Buyrpennsasa 3amavda Jdupuxie

{ Au(z,y,2) = 0, (z,y,2) €
u(x,y,2) = pl@,y,2), (x,y,2) €.

Buyrpennsasa 3asaua Helimana
Au(z,y,z) = 0, (2,y,2) €
Llon) = vayd) @p2)es
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Buenmsaga zagadya Jdupuxiie

{AU(x,y,Z) - 0, (z,y,2) € E®\
u(r,y,2) = px,y,2), (v,y,2) €X.
Buemnusas 3agaya Heilimana

Au(z,y,z) = 0, (z,y,2) € B>\ O

0

o @) = vey2), (2y.2) e

EcrecrBenno 0600muTh JaHHbIE 33/@49U Ha ciayd4ail ypasHenus [lyaccona.
Kpowme Toro, cyiecTByioT u JByXMEpHbBIE aHAJOIH, HAIIPUMED:

{AU(I,y) = 0 (z,y) € D;

W) = ulwy), (ey)el — BHyTpeHHsisi 3afa4a Jupuxie B B2
) - ) ) ) N

=
5

JokaxkeM, 9T0 (DYHKIMS

1 1

- Rungy V(@ =20)2+ (y — y0)? + (z — 20)?

u(z,y, 2)

(R, — paccrosiaue Mexxay Toukamu M (x,y, z) u Mo (o, Yo, 20)) ABJIsIETCS pellleHneM ypaBHeHus Jlamiaca B
E3\ My:

o 12@—20)  w—x0 ~ 3(z—wx)? 1
T2 Ry _RBM]V[(, e R}y, - R},

uy:_EZ(yg—yo) _ Y=t uyy:_i’>(y5—yo)2 B 51
2 Ry, Ry, Ry, Ry,

o 12(z—2) z—z20 _3(z — 2)? 1
YT R, R B Rl

oAb 3wl 43y —y)?+3(z—2)° 3
R, R?wMO R%ﬂMo
1

B cayaae E2 nerko nposeputs, uro dbynkmus u(x,y) = In

T PM M = V(@ = 20)? + (y — yo)? Gyzer
0
pemrenmem ypasuenus Jlammaca 8 B2\ M.

DT DYHKIUU HA3LIBAIOTCS (PyHJAMEHTAIBHBIMU PEIIeHUsIMU ypaBHenus Jlamaca.
3.2 1-a u 2-a dopmynsl I'puna
IlepBas dopmymna I'puna
[TycTh OBEPXHOCTH ¥ COCTOUT W3 KOHEYHOTO YHCJIA 3aMKHYTBIX KYCKOB, HMEIOIIUX B KAXKJIOW TOYKE Ka-
CATEJIbHYIO, TIPUYeM JIIOOble IMpsMble, MapaJuleIbHble KOOPIUHATHBIM OCSIM, I[I€PECeKAIOT ee JInbO B KOHeY-

HOM 9HCIe TO4YeK, Jmbo 10 KonewHomy wuciy orpeskos. Torma B obmactu Q misa dymximm g(m,y,z) =
{P(x,y,2),Q(z,y, 2), R(z,y,2)}, tne P,Q, R € C*(Q), Bepua dopmysra Ocrporpasckoro-Taycca:

//(A’, ﬁ)da:///div Adr. (3.1)
) Q
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Iycrs u(x,y, 2) u v(z,y,z) € C2(Q2) N CL(Q), A =u grv. Torma o bopryzre (3.1)

///div (u grv) dr = //(u grv,ii) do =
>

Q
:{(grv,ﬁ):gz; div (ugrv) = (gru, grv —|—uAv} //u—daz>

/{{/(( gru, gro)+ ulAv)dr = 4/“2:1 do. (3.2)

Tlonygennas dhopmyna HasbiBaeTcsa nepsBoii dpopmyiioit I'puna.

Bropas ¢dopmyna I'puna

IMomensiem mecramu B nepBoit popmysie Ipuna dyukuuu v u v . Boranrag nosydennoe pasencrso us (3.2),
moryunM BTOpPyIo dpopmyity I'puna:

s =vase= [ (2= 8 @9

3.3 3-a dopmyna I'puna
Wcnonbsyem To, 910 DyHKIMS
1 1

v = =

Ry /(x—20)? + (Y — 40)? + (2 — 20)?

ABJISIETCS PelleHreM ypaBHeHus Jlamiaca B IpocTpaHCcTBe E‘l@nxcnpyeM Touky My € € u okpyzxuM ee cdepoit
Y. joctaTouno majsoro pamuyca €. Torga dynkmus v € C%(Q.) , te Q. = Q\ Sy, (€) -

D)

BosbMeM HexkoTopyto dbyHKImo u Takyio, uro u € C?(Q) () C(Q). 3anumenm sropyto dopmysty I'puna s
obstactu €).:

{2//(uAv—vAu)dT=£/<ugZ )d +//<uav—v8u>dg:>{AUEO}:>
_/Q/-/RA;MO Au(d) dry = .4/ <u88n (RJ;M'O> B R];MO gZ(M)) donrt
+£/ <u(,fn (R;MO) - RJMO gZ(M)> doar.
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PaccMmoTpuM moBeieHre BTOPOro ABOWHOrO MHTErpaJja Ipu £ — O W3BecTHO, 9TO €IUHUYHASA HOPMAJb 71 K
T—m0 Y—yo 22—

9 b
Rarni,” Rarar,” Raron,

8( 1 ):<ﬁ’gr 1 )Z(I—$0)2+(yzyo)2+(2120)2: 21 _

2
on \ Rmu, R, RMM0 Ry, Ry, Ry, €

cdepe X B Touke {z,y, 2z} 3amaercs kak {— } CuieroBaTesbHO,

TOF,ILa 9TOT MHTErpaJI Hpe06pa3yeTCH CJIe 1Y IO M 06pa30M:
// ua 1 1 Ou d 1//ud 1//8u
—_ _ - o= — o — — -
on RMMO RMMO on g2 3 on
de e e

4re? Ou e 4re?

= 6 = M’ _ — =
{ obmas TeopeMaa o cpeaneM 3uadennu = u(M.) g 8n( ) .
= dru(M!) — 4r ea—u(M”)
riae M, M! — rouknu Ha cdepe X..
VYerpeMuM € K HYIIO, YIATHIBAs OIPAHIMYIEHHOCTD 8—u:
n
/ ou 7 5~>O
dru(ML) — 471'68—(M ) — dmwu(My).

[Mepenecst B ucxoauHoi (hOpMyIie 4aCTh CIAraeMbIX B IIPABYIO 9aCTh, HojtyduM dopmyiy st u(Moy):

smu(Mo) = / / / o Bu(M) dry — / / [ ( R;MO) - R;MOgZ(M) doy (3.4

Dra popMyJia Ha3bIBAETCsS TPeTbeil d)opMy.non T'puna.
IIpoBe/is aHAJIOrIYHbIE pACCYKIeHus B F2, JIeTKO IOy YUThb IBYMEPHBIE aHAJIOIH BTOPOii 1 TpeTheil hopMyI

I'puna:
ov ou
//(uAv —vAu)ds = / (uan - v@n) dl.
L
2ru(Myp) = //ln< )Auds—/{ua(l L )—hl L %} dl.
PM M, on PM M, PM M, O

3.4 CaBoiicTBa rapMOHUYECKUX (PYHKITUIA

HamomuanMm ompenenenue.
Omnpenenenne. OyHKIus 1 HA3BIBAETCA TaPMOHIIECKOl B obmacta €2, ecmm u € C2() nu Au =0 B Q.
CsoiictBo 1. Eciim v — rapmonunyeckast B §2, TO

/ —dJ—O

rae ¥ — TIPpOU3BOJIbHaA 3aMKHYTad IMOBEPXHOCTD, JIexXKalllasi B Q.

Joxazamensvcmeo. Tlosoxus B nepsoii bopmysie I'puna (3.2) ayia obiacru, orpanndennoit ¥, u = 1 (oueBuHO,
U — rapMOHHYecKas QYHKIUS), TI0JLyIUM
/ / —do = 0.
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O

CsoiictBo 2 (Teopema o cpemnem 3HaveHuu). Ilycts dbynkuums u — rapmornveckas B §). Torma st
Jioboit rouku My € Q u jyist 110601t cdeps 2, pajuyca a ¢ nearpoM B My, jaexkarieii B () cripaBejyinBa (popMyia;

—-4]é?//}4fndop. (3.5)
Sa

by

Joxazamesvcmeo. 3ammimem Tperbio dopmyiy I'puna (3.4) s BHyTpenHoctu cdepbl X,

1 Ou 0 1 1
dmu(Mo) // [ an (RMMO) "~ R, 871} do = on <RMMO> B ?} B
**//“d”//l o

ITo mepBOMy CBOHCTBY TrapMOHHYECKON (DYHKIMY BTODPOIl MHTerpaJs o0pamiaercs B HOJb U MBI IOJIydaeM
JIOKa3aTeabCTBO (HOpMyIsL (3.5). O

CgoiictBo 3. Eciiu dyHrnus v — rapmormdeckas: B {2, To oHa GeckoneuHo juddepeniupyema B €.

Joxasameavemeo. Crosa 3amumeM Tperbio dopmyry I'puna (3.4) gna u(M) = u(z,y,2) (P(Py, Py, P,) €
¥):
0 1
dru(x,y,z) = —// P)— —
(0.2) S )an<\/(xPz)2+(yPy)2+(sz)2>
1 Ou(P)

VE-PP+-P)+(z—P,)° On

Bugno, aro ecim Touka M He jexkur Ha rpanune (), TO noabIHTErpaibHas GyHKIms GeckonedHo audde-
PEHIMpyeMa 110 ITapaMeTpy & (& TakzKe 10 ¥, z). VI3BecTHO, 9T0 B 9TOM CJIydae U BECh HHTEIPAJL, & CJIeJ0BATEJILHO,
u dyuknus u(M) asisierca 6eckoneuno auddepennupyemoii GyHKIHEI. O

dO’p.

3.5 IlpuHiunm MakcuMyMa AJis TApMOHUYECKNX (pyHKIUit

Teopema 3.1 (Ilpunnun makcumyma). Ecau gynkyus u € C(QQ) u eapmonuveckasn 6 §2, mo ona docmueaem
C60€20 MAKCUMYMA (MUHUMYME) HQ 2Paruye 06Aacmu:

max u(M) = max u(M);

MeQ Mex
min w(M) = min u(M).
MeQ MeX
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Zloxaszamenvcmeso. Ilpeamnonoxum, ITo PYHKIUS JOCTUTAET, HAIIPUMED, MAKCUMYMa B HEKOTOPOIl BHYyTpeHHE
Touke My:
u(Mp) = max u(M).
MeQ
Torna o dopmyste cpeguero suadenns (3.5) (@ — JOCTATOUHO MAJIOE YHCIIO)
)do = u(Mp).

u( M P)dop <

Tak kax dyukius v — zenpepbisaa, 10 u(P) = u(Mp) (To ecrh MakcuMyM pocTuraercs Ha Beeil cdepe).
IIpomosikas 3Tu MpeodpasoBaHus Hy KHOE KOJUIECTBO Pas, MOJIYINM, YTO MAKCUMYM JOCTHTAETCA U Ha IPAHUIE
ToxKe (TakuM 06pa3oM, DYHKIMS TOXKIECTBEHHO PABHA KOHCTAHTE). O

3.6 EaumHCTBEHHOCTHh U YCTOWYMBOCTH pelieHus BHyTpeHHel 3axaun dupuxie

3rnech u gasiee HYHKIUHA [ U IV — HEKOTOPBIE 3aIaHHble (DYHKITUN.
Ounpenesrenne. Oyukuus u(z,y, z) HA3bIBaeTcd pelleHHEM BHyTpeHHel 3amauu upuxiie, eciu oHa
Y/JIOBJIETBOPSIET CJIEIYIOIIAM TPEM yCJIOBHSIM:

(1) u(r,y,z) € C(Q), ue C*Q);
[3.1]< (2) Au(x,y,z) = 0, (x,y,2) € Q;
(3) u(m,y,z) = :u(xvy’z)v (x,y,z) €.

JlokazkeM TeopeMy eIMHCTBEHHOCTH HEIPEPBIBHOIO M FapMOHUYECKOro B ) perienus.

Teopema 3.2 (eamncrsennoctn). Ilyemy dynryuu uy(z,y, 2), u2(T, y, 2) A6rat0omes pewenuamu OTHON u Tok
xKe snympennel sadawu Jupuzae [3.1]. Tozda ui(x,y,z) = us(x,y,2) 6 L.

Hoxasamesvcmeo. OnpesesnM HOBYIO (DYHKIUIO ¥ = U] — Ug. JIEMKO BUJETH, YTO OHA HempepbiBHA B ), rap-
monmueckas B  u v(x,y,z) = 0, (z,y,2) € ¥. Torga miusg YHKIMKM v BBIIOJHEHBl BCE YCJIOBHs HIPUHIANA
MAKCHUMAaJIbHOTO 3HAYEHHUsI, CJIEJI0BATE/IHHO

maxv = maxv = (

Q

minv = minv =0

Q

Teopema jokazana. O]

= v(z,y,2) =0, (2,9,2) € Q.

Temepp mokaxkeM yCTONYIMBOCTD PeIeHUsT BHyTpeHHel 3ama4n JIupuxiie, HO cCHaYaIa JOKayKeM CJeTYIONTYIO
JIEMMY.

Jlemma 1. ITyemo dynxuyuu uq(z,y, 2), us(x,y, 2) maxue, wmo:
1. ug,ug € C(Q);
2. ui,us — 2apmonuneckue 6 £1;
3. uy(z,y, 2) = ua(z,y, 2), (¢,y,2) € X.
Tozda w1 = ug 6 2.

Jokasameavemeo. CHOoBa paceMoTpuM QYHKIMIO v = 41 — ug. Torga v(x,y,z) = 0 Ha 3. Bocmnosb3oBaBumch
IPUHIMIOM MUHUMYMa (OYEBUIHO, BCE YCJIOBUSI BBIIOJIHEHDI), Oy IUM

minv =minv > 0 = u; > uy B Q)
Q >

JlemMma mokaszaHa. O
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Teopema 3.3 (ycroituusoctn). ITyemo dynwyuu uy(z,y, 2), us(x,y, ) maxosv, wmo:

(1) u,us € C(Q)NC%Q);
(2) Aul(x,y72) = AUQ(!E,y,Z) = 07 (fE,y,Z) € Q;
(3) ’U/i(ﬂf,y,Z) = :U/i($>y7z)7 ((E7y,2) EE) Z:172

Tozda max |u; — ug| < max |1 — peol.
Q

Jloxaszamenvcmeo. OBO3HAUNM € = max |1 — pal|, v = uy —us. Torma v — rapmonmyeckas B ), —e < v < € npu

(z,y,2) € X. Torna, upnmensist emmy jiis nap yuxmumit (—e,v) u (v,€) (09€BUAHO, €€ YCIOBUS BBIIOJIHEHDI),
HOJIyYUM, UTO
—e<v<e (1,y,2) €EQ = |ug —uz| <eBQ

Teopema mokaszana. O

Caencrsue. Ilycrs kaxnas QyHKIUSA U3 MOCIEI0BATEILHOCTH Uy, (T, Y, 2), a Takke dyukuus u(x,y, z), aB-
JISIeTCS PEIIeHreM COOTBETCTBYIOIIeH 3amadn Jupuxie upu u, = [, Ha X, u = i Ha Y. Torma u3 paBHOMEPHOI
CXOIUMOCTH [ip, (ft, = 1 HA X)) ciemyer, 9To u, = u B §).

3ameuanmne. JlokazaHHbIE TEOPEMBI IIOJIHOCTHIO CIIPABEJIMBLI U JIJIsl JBYMEPHOIO ciydasi. UTo0bl yoeuThes
B 9TOM, JOCTATOYHO IIPOBECTU AHAJIOTUUIHBIE PACCYKICHUS.

Teneps paccmorpuM Apyroit BapuanT 3agaqun Jlupuxjie — BHemHO©0 3aady dupuxie.

3.7 EpaumHCTBEHHOCTH pellleHUusl BHeniHel 3anaum upuxie

BHaemnaa 3amada Jlupuxie B IPOCTPAHCTBE

Ounpenenenne. Oyuxnus u(z,y, z) Ha3pIBAETCHd PELIeHNEM BHelIHell 3axaun Jupuxiie B IpOoCTPaHCTBE,
€CJI OHA YJIOBJIETBOPSIET CJIEYIOIINM YCJIOBHSM:

(1) uwy,2) € CE\ Q)
3.2] (2) wu(w,y,z) — rapmonnmueckas B FE3\Q;
AN G) oy = w2, (2,9,2) € 3.
4) u(z,y,z) = 0 (PABHOMEDHO CXOIUTCS K HYJIIO) 1IpH (T,y, 2) — 00.

I[OKa}K€M7 YTO HeIIpepbIBHOE DellleHue eJJMHCTBEHHO.

Teopema 3.4 (emuucrBennoctn). ITyems uy,us(x,y, 2) — makue Pynryuu, “mo

(1) wui,us(z,y,2) € C(E3\Q);

(2) up,ups  —  eapmonuneckue 6 B3\ Q;

(3) U1, ’LLQ(J’J,/y,Z) = :U’(mvyvz)v (*T7yvz) €.
(4) wuy, uz(z,y,2) = 0, (x,y,2) — o0.

Tozda uy (w,y, 2) = ua(z,y,2) 6 B3\ Q.

Jokasameavemeso. Ilycrs v(x,y, z) = ui(z,y, 2) — u2(z,y, z). Torga v ynoBaeTBOpsieT yCIOBUSM TEOPEMBI DU
w(z,y, z) = 0. Jokaxkem, 90 DYHKIMA U TOKIECCTBEHHO PABHA HYJIIO.

Ipemmonozkium mpotusroe: IMo (o, yo, 20) € E2\ Q @ v(x0,v0,20) = A > 0. Torma m3 onpeseaenus
PABHOMEPHOIl CXOIMMOCTH CyIIECTBYeT Takas cdepa g pasguyca R, momHocThIO comepzkaras €2 u Touxky My,

A
aro |v(z,y, z)| < 7 (z,y,2) € Xg. Torna

NTES

max v(z,y, z) <
R

)

minv(x,y, z) = —
R

SIES
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[TpumeHNB K v NPUHIWI MAKCUMAJIBHOTO 3HAYEHUSI B OTKPBITOH obsactu g (3T0 067aCTh, OrpaHUYEHHAS
CHAPYXKU LR, & U3HYTPU — ), TIOJIyIUM

A
rgaxvzzma%( v < 5; 4
Q Uxp
n A4 = [v(zo, 0, 20)| < 3
minv = _min v > ——;
QR YUXR 2
Mb1 nostyumiu nporusopedne ¢ reM, 9o v(Zg, Yo, 20) = A. Torma v(x,y, z) = 0 u Treopema nokazaHa. O

ITpuBsesieM NpuMep, TTIOKA3bIBAIOIIUE BasKHOCTD ycjious (4).
IIpumep. Ilyctn
O 2?2 +9% 4 22 < a?;
Y2+ 2422 =a2
PaccMOTprM TaKyIo HOCTAHOBKY BHENIHEH 3ajadn Jupuxiie:
1. ue C(E3\ Q)
2. u — Tapmonmyeckas B B3\ ;
3. u(z,y,z) = C = const, (v,y,z) € 2.
Ca
Va? +y? 4 22
3a/1a91, OJHAKO U] # Us , IO3TOMY B 9TOil IIOCTAHOBKE €JIMHCTBEHHOCTD HAPYIIACTCH.
Ternepb pacCMOTPUM BHEITHIOI 3aJa4y Ha IJIOCKOCTH.

Jlerko Bugerhb, uro dyukuuu ui(z,y,z) = C u us(x,y,z) = SIBJISIIOTCST PENIEHUAMU JTAHHON

Buemmusasa 3agada JIupuxie Ha NJI0CKOCTHA

Onpenenenne. Oyuxiys u(xr,y) HA3BIBAETC PEellleHUEM BHelIHel 3agadu JIupuxiie Ha MI0CKOCTH,
€CJI OHA YJOBJIETBOPSET CJIEIYIONIAM yCJAOBUAM:

(1) u(z,y) € C(E*\D), ueC*E*\D);
(2) Au(z,y) = 0, (z,y) € B2\ D;
3)  uly = w@y), (z,y)eL.

(4)  Ju(z,y)| < C=const, (x,y)€ E*\D.

[3.3]

Teopema 3.5 (emuucrBenHOCTH). ITyems uy,us(x,y) — makue Gyrryuu, 4mo

(1) ur,uz(z,y) € C(EQ\D>7 uECQ(EQ\Q);
(2) Aul(x,y) = AUQ(ZE,y) =0, (1‘,y) EEZ\D;
(3) wi,ua(z,y) = plz,y), (z,y) € L. o
(4) lui(z,y)| < ¢ = const, i=1,2, (z,y) € E*\D.

Toz0a uy(z,y) = us(z,y) 6 B\ D.

Hoxazamesvcmeo. Ilycts v = uy — ug. Torma byskuus v: v(z,y) = 0, (x,y) € L, |v(z,y)| < C = ¢1 + ca.
Jokaxem, uto v(x,y) =0, (z,y) € B2\ D.

[pemoiozKuM IpoTUBHOE: cytecTByer Touka M*(z*,y*), (z*,y*) € E*\ D : v(z*,y*) = A > 0. Torma
BO3bMEM @ TaKoe, YTO OKPYKHOCTL L, ¢ nenrpom B Touke My (zp,yp) moaHocTbio jsexur B D, u Takoe R, uto
okpy)HOCTh LR comep:xkur obmacts D u Touky M*. Oupegennm yHKIAIO

n V(x—20)2 4 (y — y0)?

lnE
a

UJR(l',y) =C

Bugno, aro
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1. wgr(z,y) € C(E?\ D);

2. wr(z,y) — rapmonmueckas B8 £\ D;
3. wr(x,y) > 0 na L;

4. wr(z,y) = C va Lpg.

13 sToro cjreayer, 9To
|U($7y)‘ < wR($7y)7 (xay) € L7
lv(z,y)| < C = wg(z,y), (x,y) € Lg.
IIpuMeHUB NPUHIUN MAaKCUMyMa, HOJIyduM, 4T0 B Dy, — 007acTH, OrpaHUYeHHON U3HYyTPH L U cHapyXu
Lg
|’U(I7y)‘ < wR($7y)7 (xay) € DLLR =
N e T
n
lv(z*,y")| S wr(z*,y") =C &

In —
a

Verpemnss R K OECKOHETHOCTH, MOJIYIUM, ITO
* * * *
|v(a:,y )‘gwoo@jvy)zo

Mpe1 mostyunsm nporusopeune ¢ teM, aro v(z*,y*) = A > 0, cienosarensro v(z,y) = 0. Teopema nokazaHa.
O

[TpuBesem npuMep, MOKA3LIBAIOIIUI BAXKHOCTD ycaoBust (4).
IIpumep. Ilyctn
D: 2% + ¢y < b
L: 2?2+ =1

PaCCMOTpI/IM TaKYyIO IIOCTaHOBKY BHeIITHe 3a/1a9M1 III/IpI/IXJ'IeZ

Au=08 E?\D;
u(z,y) = C = const, (z,y) € L.

22 + y?

b
3aJ1a9M, OTHAKO (DYHKINS Uo HE OTPAHUYEHA HUKAKOW KOHCTAHTOM, IIO9TOMY B 9TOI MOCTAHOBKE €IMHCTBEHHOCTh
HapyIIaeTcs.

Jlerko Buzers, yro dyukuuu uq(z,y) = C u us(z,y) = C +1n SIBJISTIOTCSI PENIEHUSIMU JTAHHON

3.8 Bmayrpennssa 3anada Heiimana. Heobxogmmoe yciioBume ee pa3pernmmMOCTH.
EanHCcTBEHHOCTH pelneHus

Omnpenenenne. Oynkius u(r,y,z) n3 E3 nasbisaercs pelieHunemM BHyTpeHHeil zamaum Heiimana, ecim
OHa yJIOBJIETBOPSIET CJIE/LYIOIIUM TPEM YCJIOBHUSIM:

1) ulryz) € CHQY, uel*(Q);

3.4]{ @ %u(m,y,z) = 0 (z,y,2) €
(3) aiz(x’y’z) = v(z,y,2), (r,y,2)€X.

Ob6paruM BHUMaHME Ha TO, YTO OT (DYHKIMH U TPeOyeTcsi HeIIPEepbIBHOCTH BMECTE C IEPBOil TPOU3BOIHON B
Q, B omtmame ot 3amadn Jupuxiie, B KOTOpoit TpebyeTcsi TPOCTO HENMPEPBIBHOCTb.

Heobxomumoe yciioBue pa3pernmmMocTu BHyTpeHHel 3agauyu Heilimana
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[peanonoxum, ato v — pemenue [3.4], a v — npousBosbHas aBaxkabl guddeperupymas GyHKIMs. 3anu-
meM Jjist 9Tux (QyHKIwmit Bropyio ¢popmyiry ['puna:

/// (wAv — vAw) dT_// udl —)do-
//—da—//y(x,y,z)dazo. (3.6)
by

Pagencrso (3.6) Ha3bIBaeTCS HEOOXOAUMBIM YCJIOBAEM Pa3pelInMOCTH BHyTpeHHel 3amaun Heitmana.

JlokazkeM TeopeMy eJMHCTBEHHOCTH pelneHus 3aqauu HeiiMana. JIerko IIpoBepHUTD, YTO, €CjId U — pelleHue
[3.4], To (u + const) — Toxe pemenne. HazoeM 3T0 TpUBHAIBHON HEOJHO3HAYHOCTHIO. JoKaxkeM, UTO
BO3MOXKHA, TOJBKO TaKas HEOJHO3HAYHOCTD.

Torga mpn v = 1 nosryunm

Teopema 3.6 (emuncrsennoctu). ITyemo ui(z,y, z),i= 1,2:
1) u; € CHQ);
2) u; — eapmonuuecxasn 6 §;
Ou,;
S)ainz(xay7z):l/(x7yvz)7 (xaywz) €.
Toz0a u; — ug = const. (DakTUIECKN 3TO O3HATAET, UTO pA ¥ = () €CTh TOJHLKO TPUBHAILHOE PEIIEHHE. )

Joxazameavcmeo. 3amnuinem mnepByio dopmysay 'puna st AByX TPOU3BOIBHBIX IBAXKIbBI 1uddOEPEHITIPYEMbIX

byHKINI U 1 U:
/// (uAv + (gru, gro) dT—//u—da

oo { U =1u; — Uy — 3ITO 6y,)1€T perienne 3amaqn [3.4] npu v = 0;
v = u.

Torna

/// ulAu + grad®u dT—//u—da

:>///(ui+u§+u§)d720=>uzEuyEuZEO

Q

—> u = const.

TeopeMa moKa3aHa. ]

3.9 ®dDysknusa ['puna nisa ypaBHenus Jlamsiaca m ee cBoiicTBa

Bammmrem Tpersio dopmyry I'puma 8 E3 n1a rapmonmeckoit hyHKIUIH u:

477// {RLP o P = u(P) g (lewpﬂ dop, P €2, M Q. (3.7)

Urak, mbl mosyuniu Beipaxkenue st dyukiun u(M). Ilonpobyem uCHoIb30BaTh €ro Jjis HAIIUX 3389 —
Hupuxsie u Heiimana. 3anumem Bropyio dopmyiny I'puna (v — Hekas rapmonundeckast B ) GyHKIms):
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cDyHKI]‘I/II/I U 1V — TapMOHMYECKHe, cjaeJoBaTe/IbHO

u(P)@(P) — U(P)@(P) dop = 0. (3.8)
4/ [ on on

Beranras (3.8) u3 (3.7), moxyunm

M) = /E/ [(@rém +U(P)> %(P) - u(P)a2 (4771;Mp +U(P))] dop.

ITomoxnum ]
G(M’P):47TRMP v(P).
Tora
ou oG
M) = // G(M, P)%(P) —u(P)%(M, P)} dop.
b))

Nrax, Mbl mostyansn HOBYIO (hopmyity muist w(M) ¢ ncrosap3oBaHneM IPOU3BOJILHON FapMOHUIECKON (DyHKIN
v. l3MeHsist ee, Mbl MOXKEM TIOJIyYUTh PEIIEeHUsI PA3JIMIHBIX 3aa4. Hampumep:

1. Ecin Glpes =0, To u(M // M P)dop — mbl nosryumin popMyIty JUIsl PENeHusl 3a/1auu

// MP)dap

~ 0
=0, To u(M) = / G(M, P)a—u(P) dop — MBI mosyunan (pOpMyIy ISl PerieHust
n

// G(M, P) dop.

To ectb, MBI yrIpocTHIIN HAXOXK/IeHUe pernenus 3a1a4 lupuxie n Hefimana, cBeis ux K COOTBETCTBYIONUM
byuknuam 'puna. /lagum Temepb deTKoe OmpeiesieHne.
Onpepnenenune. Oyukuus G(M, P) : M(x,y, z), P(§,n, () € Q nasbBaercs pyuknueit I'puna niist BHyT-
penneii 3agaun Jdupuxie, eciu:
0?’G  9°G  9°G

1. = PeQ, P#+#M
6§2+8n2+6§ =0 VPe¢ #*

Hupuxue [3.1]:

2. Ecm G - 6—G
on

pPex
3asaqn 3aga4n Heitmana [3.4]:

2. g G(M, P) cripaBeyIuBO TIpe/ICTABIICHUE

G(M,P) = + v, nae v — rapmonndeckasi MyHKIU B §2. (3.9)

47TRMP
3. G(M, P)|pex = 0.

v — rapMoHuveckas B )
To ectb | 1 — 39TO Bce TpebOBaHUS, HAJIOKEHHbIE HAMU Ha, V.

" 4nxRyp
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CgoiictBa ¢pyskmun I'puna

CsoiicTso 1.
GM,P)>0, M,PeQ, P#M.

Zoxazameavcmeo. Bosbmem HekoTopyto Touky My BHyTpH ). Paccmorpum cdepy 10CTaTovHO MAJIOro pajuyca
a ¢ TieHTpoM B Touke My, u obiactb (1, MeXIy X U X,.

Paccmorpum B €, dyuknuo ['puna or nepemenubix My, P. Torna B obnacru €2, ona rapmonudeckast. Cire-

J0BaTEJIbHO, BBLIIIOJIHEHBI BCE YCJIOBUSA IIPUHITATIA MaKCUMAaJIbHOT'O 3HAYCHUA: HélIlG = min G. Tak xak JJIA
a YU,

G(My, P) cupasenymso npencrasienne (3.9)

1 1 R—0

G(M,, P) = + v(P), upuuem — 00,

47TRM0P 47TRIMOP

a v — rapMoHMYecKas (a, 3HaYUT, U orpaHudeHHasi) B ) MYHKIMsI, CIEI0BATEILHO, MOXKHO B34Th TAKOE @, ITO
G|pex, > 0. CrenosarensHo, Tak Kak G(M, P)|pex = 0, To G(My, P) > 0 VP u3 Q,. Tak kak dynknus G —
He KOHCTAaHTa, CJIEeI0BATEILHO, OHA HE MOXKET JIOCTUraTh MUHIMYMa (TO ecThb HyJIs1) BHYTpH §2,. Torma moaygyaem
(Tak KaK a MOKHO yMEHBIIATh OECKOHETHO), ITO B §) st o0bix Touek P #= M G(M, P) > 0 . YrBepxaeHne
JTOKA3aHO. O

CsoiicTtBO 2.
GM,P)=G(P,M) VYM,PeQ, M+#P. (3.10)

Joxazameavcmeo. 3adurcupyem M7, My — nBe npousBoJibHBIE pasymanabie ToUkE u3 ). JlocrarouHo 10Ka3aTh,
uro G(My, My) = G(Ma, My). O6o3nadum

u(fﬂ]ao = G(M17P)7
U(ﬁaﬁv() = G(MZ,P)

[ycrs X! — cdepa (u coorsercTBytomuit eft map (1) gocrarouno masoro pajamyca &, oKpyxatoriast My, a
2, 02 — amanormannie cdepa u map st Ma. Bosbmenm (). — BHyTpeHHOCTS (), He comepxamas mapos (22, QL.
Samucas Bropyio dopmyiny ['puna jnyst Gyskuumii v 1 v (oHH rapMoOHHYecKue B (). 110 OLpPEIeJICHUIO (DYHKIUU

I'puna), mosyInM
/// (uAv — vAw) dT—// u——v— do+// u——v—)do—i—

+//(u@fva—2)daz>{G\peg:>u\2:1;|2:0}:>

// {G(Ml’P)(m(g{fﬂ - G(M%P)W} doyt
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OG(Ms, P)
on

B npejcrasiernn (3.9) dyukiwn G(M;, P), — rapMOHMYECKHe U OrpAaHWYeHHbIE (HAIPHIMED, KOHCTAHTAMH C1
u ¢y cooTBeTcTBenHO) Ha Y. Torya momydaem

[ cn =R < [
//

Co BropbIM cilaraeMbiM cuTyalus cjoxuee. Ilonb3ysice upezcrasienueM (3.9) miusa dyukuun G(My, P),
pa30o0beM ero Ha JBa UHTErPaJIa.

0 1 ov
//G(MQ,P)a—n (47TRM1P> do, —|—/ G(MQ,P)% doy
¥, z.

Bropoii Takzke cTpeMUTCs K HYJIIO ¢ yMEHbIIEHUEM € (aHAJOTMYIHO OIUCAHHOMY Bbiie). Mcciempyem MHOKY-

0 1 0]
tesb — [ ———— |. Ilo onpenenenmro, or = (7, grf). B namewm ciyuae
47TRM1P on

Paccmorpum niepBoe citaraemoe B iepsoM unterpade. [Ipu ¢ — 0 dyuxnun 1 v, yJaCTBYIOIIAs

OG(M,, P
47TRM1P on

)‘dapg

—0
+ ci1eo| do, = // ’— +0102’ do, = c1e + dmeieqe? =5 0.
47Tsz11P b b

on

/r_i:

{_(é—x) _(n—y)_(C—Z)} ot :{_(f—m) -y _(C—Z)}
Rap’ Ruyp’ Rayp )77 Runp Ryp’ Rip' Ripl

U3 sroro cnemyer, 9To

0 1 1 0 1

2 - — Mo, P) L (——— ) do, =

on (RMlP) ATR3 p //G( - )8n (47TR]\/[1P) o
El

€

T Age?

Mz, e=0
4mre? // Gy, Mn).

Bropoit uaTerpasn B hopmyste (3.11) mosyuaercss U3 mepBoro 3aMeHo# epeMeHHOH 1 cMeHol 3Haka. [IpoBoss
AHAJIOTUIHBIE PACCYXKIEHNUS, TIOJIyInM, 9To OoH crpemutcs K G(My, Ms). Orcroma nosydaem dopmyiry

/ G(Ms, P) do, = { dopmyna cpensero 3uadenus (5.2)} =

G(Ma, M) — G(My, M3) =0,

BEPHYIO JJIsi JTFOOBIX pas3mIHbix Todek My, Mo u3 ). YrBepxKaeHue J0Ka3aHO. [

3.10 Ilorenrmasbl mpocToro m JBoitHOTO cJjosd. IloreHnuasn aBoitHOrO cjiod ¢ eau-
HUYHOM IIJIOTHOCTBIO

Wrak, MmblI 30aeM pereHns ypaBHeHHs Jlamaca Ha IUIOCKOCTH M B IPOCTPAHCTBE:

1 1
. E2:ln——,
Ryp pMP

E3:
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e M(x,y,z) — duxcuposannas touka, P(£,n,() — nepemennas. [Iycte ¥ — HeKoTOpasi 3aMKHyTasi OBEPX-
HOCTb, OIpPaHMUMBAOIIAs 0671aCThb §), comeprkaryio Touky M. Paccmorpum B E3 cnenyromnyro dysxumio

1
M) = //g(P)R dop.
MP
Y
U HA30BeM ee IMOTEHIINAJIOM IPOCTOrO CJIos. A Takzke (QyHKIIIO
0 1
() d
//f( )371 (RMP> or
b

U HA30BEM ee IOTEHIUAJIOM ;[BOI‘/'IHOI‘O cJiosl.
[okaxkem, uro VM ¢ ¥ Av=Au=0:

AMU—AM//
_ 4/9 (P)An <RlMP> dop =0 (tx. Ay (RlMp) =0).

g moTeHnasa JBOMHOIO CJI0S PE3YJIbTaT aHAJIOTHYEH:

0 1
Apu = AM//f(P)%RMP dop =

Il 022 (g Ym0

OmupesieuM MOHATHE TOTEHIMAIA Ha IIOCKOCTH. IlycTh L — HEKOTOpas 3aMKHyTad KPUBAsl, OKPYZKAIOUas
roury M (z,y):

dO’P:

(M) = /g(P) In dlp — TOTEeHUIUAaJ IIPOCTOrO CJIOSI.

PMP

/ fpP 8 <ln ) dlp — moreHIMaJI ABOMHOI'O CJIOS.
n

Wrak, moTeHIMaIbl SIBJISIOTCI TapMOHHYECKUMU (pyHKIusMu. M3 sToro ciemyer, ITO WX MOMKHO HUCIIOIb-
30BaTh JJIsl pelleHus 3aja4u, K npuMmepy, Helimana, mogdupasi coorBeTCcTByIOIe MyHKIUU ¢ U f, KOTOpbIe
HA30BEM MJIOTHOCTSIMU COOTBETCTBYIOIIUX MOTEHITUAJIOB.

Paccmorpum 6ostee jreTasbHO MTOTEHITHAJ JBOMHOIO CJIOSI HA ILIOCKOCTH:

/f )5 (m ) dlp. (3.12)

ITpeaosioKuM rIaIKOCTh KPUBOH L M HENPEPBIBHOCTDL (B HEKOTOPOM CMBICJIE) €€ KacaTeIbHbIX. B coorBeT-

1
CTBUM C 3TUM TIPEoOpa3yeM BbIpaKeHNE —— <1n ):
on PMP

0 1 1 12(§—x) E—z
0¢ (n PMP) {pMP Vi =82+ —m) } pPMP 2 PMP Pisp
9 (1111) __n-y.
on pPMP Pirp

9 1 1 MP Z(MP,i
m:{fffﬁﬁ*y}:** (ln)—(ﬁ, grln())—(ﬁ, 5 ):COS ( ,n):>
on pmp pMP Pup PMP
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—
cos Z(M P, )

dlp. (3.13)
PMP

— (1) = [ £(P)
L
cos é(m,ﬁ)
PMP

dlp — MoTeHMaJI ¢ e IMHUYIHOM MJIOTHOCTBIO. Buuncinm ero, ncmosb-

IMyctb ue (M) = /

L
3y4d IIOJIAPDHYIO CUCTEMY KOOPJAWHAT. HpOBe,ZLeM qepe3 TOYIKY M HEKOTOPYIO OCh 1 6y,ueM OT HEe CHUTATH YTOJI

¢. Obosnaumm 3a yroa o u3 npomexkyTka [0; 7] yroa Mexk /Iy KacaTeabHO# K Kpusoil L B Touke P 1 9T0if ochio.
Torma O6yIyT ClpaBeJIUBLI CJIEIYIONHE COOTHONIEHUS:

(3.14)

[Mepeiigem B KoOpauHaTax Touku P(£,7) OT IPAMOYTOABHON CHCTEMBI KOODIMHAT K IIOJISIPHOI:

§=r(¢)cosg; dE = [(1'(¢)cos(d) —r(¢)sin(4)]d¢; (%)
n=r(¢)sing; dn=[(r'(¢)sin(¢) + r(¢) cos(4)|d¢;

d€ = —dl cos «;

s PUCYHKa MOXKHO YBUJIETb, 9TO { dT] — dlsin a.

ITpeo6pasyem mosIHTErpaIbHY0 DyHKIMO B (3.14):

sin(¢ + a) dl = sin ¢ cos adl + cos ¢ sinadl = { dé = —dlcosax } =

dn = dlsin «
= cos pdn — sinpdé = (¥) = (' cos psin ¢ + r cos? ¢ — ' sin ¢ cos ¢ 4 rsin? ¢) dp = r d¢
— cos Z(MP, @) dl = r(¢) do

r(®)

= u (M) = L/rw)dgb: 2.

Amnajriormano IIOJIYYIUM, 9TO €CJIM TOYIKa JIC2KHUT BHE 00J1aCTH WX Ha, I'paHnune, To 6y,Zl;yT BBIIIOJIHEHBI COOTHO-
IIeHNA

w, MelL
“@<M){ 0, M¢gD
Uraxk,
2, M € D;
u(M)=¢ m M€ L; (3.15)
0, M¢gD.

38



CBoiicTBa OTEHIIUAIOB

Temepb, 3HasT BhIpaykeHNe 1JIs TOTEHITUAJA, C ¢ JUHIIHOI IJTOTHOCTHIO, BRIBEJIEM HEKOTOPBIE CBOMCTBA HAIIETO
MCXOIHOTO ToTeHIaa. st 3Toro Ham moHaoonTcs

Onpenenenune. Nurerpan / F(P, M) dlp nasbiBaeTcs pABHOMEPHO cxoAgiumcs B Touke My € L, eciu

L
Ve > 0 3V (My) — okpecraoctb Touku My u ayra | € L rakasi, 970 HHTEIDAJ /F(P, A)dlp cxonurca VA €

l

V(Mo) u |/F(P, A)dly| < e
By,ueM I1I0JIb30BaThCA Cne,zgyfomeﬁ TeopeMoﬁ 663 JOKa3aTeJIbCTBa:

Teopema 3.7. ITycmo gynxyus F(P, M) nenpepvisna ectody npu P # M. Toeda unmezpan /F(R M)di,

l
ABAACNCA HENPEPHLIEHOT PYHKUUET 8 Mex MOYKAT, 20€ OH PABHOMEPHO CTOOUMCA.

Bosbmem Ha rpanuie L zHekotopyto Touky My u pacemorpum dyukmmo u(M) — f(My)ue(M).

Teopema 3.8. Ecau 6 (3.12) ¢ynruua f(P) nenpepwena 6 mouxe My, mo dynxuyus u(M) — f(Mo)ue(M) —
nenpepwuiea 6 mouke M.

ﬂo%asame./wcmeo.

cosé MP cos Z(M P, i)

pPMP

—_—
cos Z(MP, i

PMP

w(M) = f(Mo)ue(M) = (3.13) /f dl, — /f(Mo)

L
Cos Z(MP,ﬁ)

dl
PMP P

- / (F(P) — (M)

L

W3 nenpepsiBHOCTH Hameil dyukimn Ve > 0 ciemyer CyliecTBOBaHHE TaKOil OKpecTHOCTH TOYKU My, rie
|f(P) — f(Mp)] < e. CirenoBaTesibHO, Iepexo/isd K HOJISIPHBIM KOOPJMHATAM C IIEHTPOM B Touke My, mosyanm

| / - ot LR / ~ s(o)) do| << | [ do| = 2me
L

PMP

— IIPU HAJIOXKEHHBLIX HaMM Ha KPUBYIO YCIOBUAX.
[Tonygaem, 4TO MHTErpas paBHOMEPHO CXOIUTCS U TEOPEMa JIOKA3aHa. O

Teneps, ucnonssys dopmyiy (3.15) mis dyukimu ue (M) u yrBepKieHre TeOpeMbl, HOJLyIUM, 9TO (DYHKIIUS
u(M) B Touke My umeer ToT ke BuJ , uro U byuxys u.(M)f(My). Mbr nomyunsim

Caencrsue 1.
Upnyrp (Mo) = lim  w(M);

M— Mg;
MeD

O60o3HATIM Upge(Mp) = lim  w(M).

M — Mq;
MgD

uBHyTp(MO) = U(MO) + ﬂ—f(MO);
uBHeH_I(MO) = U(MO) - ﬂ-f(MO)
Takum 06pa3oM, Ha KOHTYPE MOXKHO IPEJICTABATH HOTEHIINA TaK:

Ugnern (MO) + UgnyTp (MO)
B) .

Caencrue 2. Oyukuust u(M) nenpepoisaa upu M € L, ecan f(P) neupepbisaa Ha L.

Torma

u(My) =
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Jokasameavemeo. Mot uveem Ha KoHTYpe f(M)ue(M) = wf(M); w(M) — f(My)ue(M) = (M) — HexoTopast
HenpepbiBHas byHKuus. Torna dyrkuus u(M) npencrasuva B Buge u(M) = wf (M) + p(M). O

3.11 Csenenue 3ajaun Jlupuxie Kk nuHTerpajbHOMYy ypaBHeHU0 Ppearosibma 2-ro
poaa
PaccmorpuM BHYTpeHHIO0 33124y Jupuxie B E2:

C(D);
— rapmoHmveckas B D;

=
=
R
<
S—
m

3) wulz,y) = wplxy), (x,y) €Ll

By,qu HCKaThb penieHrne B BUJ/I€ ITOTCHI[UAJIa ,ILBOfIHOI‘O CJIO4. HYCTB

/f(P) cos A(M—)P, ) d,

pPMP
L
Torma yciosue (2) cpady Boinosnsiercd. Ilonpobyem mostyunts yeaosus (1) u (3), usmensia f(P). Onpegesum
HOBYIO (DYHKITHIO
w(M), M € D;
M — ) )
u(M) { Upuyep(M), M € L,
16 Tanyap (M) = Jimy (4).
Agﬁ) o
Jlerko mposepuTh, UTO TOJMyUeHHast GyHKIuUs Oymer HernpepbiBHOH B D. YUT00BI mMOayunTh yciosue (3),
BocHoJib3yeMcs ciaeacTsueM 1 u3 Teopemsl 3.8. Torna nosygaem:

Trynp (M) = 7 (M) + / f<P>W dlp, M € L;

L
Tunyrp (M) = (M), M € L.

Tf (M) + /f(P)w dl, = u(M), M € L (3.16)
/ PMP

IMosnyuenHoe ypasHeHne oTHocuTeabHO GyHKImK f(P) HasblBaeTcsi MHTErpaAJILHBIM ypaBHeHueMm Ppen-
rosgbMma 2-ro poza. Cieyomniyio TeopeMy IpuMeM 0e3 JI0Ka3aTeTbCTBA:

Teopema 3.9 (anbrepuarusa Ppexpronbma). Humezpasvhoe ypasnenue Ppedeoavma 2-20 poda umeem edun-
cmeennoe nenpepovisnoe pewerue V(M) € C(L) mozda u moavko moeda, xo2da odnopodroe ypasrerue (3.16)
(m.e. p(M) = 0) umeem moavko Hyse6oe pewerue.

Ncnonb3yst 910 yTBEpK/IEHNe, JI0KazKeM eJIMHCTBEHHOCTD pelteHnst 3a1aau Jupuxie [3.5].
Onpenenenue. Kouryp L HA3bIBAETCS CTPOrO BBIMYKJIBIM, €CJIA, KAKKE OBl B TOYKU HA HEM MbI HE B3SLIH,
OTPE30K, UX COCJUHAIONINN, JIeKUT 1IeJIUMKOM BHYTPHU KOHTYDA.

Teopema 3.10 (cymecTBoBaHUsI U €JUHCTBEHHOCTH). [Tycms obaacms D empozo evnyraa (L — cmpozo 6vi-
nykavdl Kowmyp). Toeda enympennasn sadaua Jupuxae [3.5] umeem edurncmeentoe pewerue das 4106017 Henpe-
powehoti na L dpynryuu p(M).

oxasameavcmeo. Corntacno anbrepaaruse Openrosibma, TOCTATOYHO J0KA3aTh, YTO YPaBHEHHE

—
cos Z(M P, i)

PMP

T f (M) + / f(P)

L

dlp =0, M € L. (3.17)
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nMeeT TOJIBKO HyJleBoe pereHne. BoseMmeM Takywo Touky My € L, uro |f(My)| = max | f(

cornacuo ¢hbopMysie Jjisd MOTEHIUAa C eUHUIHON III0THOCTHIO (3.15)

—
cos Z(MyP, i)

Wf(Mo) = /f(M())—, dlp, My € L.

PMyP

Kpowme toro, tak kax f(M) — pemenue (3.17), To

Z(MoP,
F(Mp) + /f i Sl cos Z(MoP, 1) 4y .

PMoP
CKJIa,ZLbIBaH IIOJIYY€HHbIEC DPaBEHCTBa, IIOJIyYaeM:

Juer+ () LT g

PMoP
L
U3 onpenenenns My : |f(Mo)| = |f(P)| VP € L u Toro, uto

—
cos L(MoP,it)  dp 50
PMoP dip ’

nosiygaeM, uro f(Mp) + f(P)=0 (VP € L).
Bssis P = My, monyanm f(Mp) =0 = f = 0. Teopema mokasana.
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4 YpaBHeHHUsI TUIIEPOOJIMIECKOrOo TUIIA

4.1 IlocTtaHoBka 3a7a4 JJiss ypaBHeHUsI KoJieOaHMUt

PaccMOTpUM HECKOJIBKO YPABHEHUI IMIEepOOINIECKOrO TUIIA.
ycrs dyukmus u(z,t) € C?((z,t) : 0 <z <, t > 0). Torga ypasuenue

Uyt = Q2 Ugy, 0 <z <1, > 0. (4.1)

Ha3bIBAETCs ypaBHEeHMEM KoJiebaHuili naeaibHOM CTPYHBI.
B cayyae dyHKIUE OT ABYX HPOCTPAHCTBEHHBIX IIEPEMEHHBIX U (T, Y, t):

uy = a®Au, (z,y) € D, t >0

— 9TO ypaBHeHUe KoJjiebaHuii ynpyroii MmeMOpaHbI.
Pacemorpum ypasaenne (4.1). Mbl MoXKeM 3a/1aTh Ha4aJIbHBIE YCJIOBUS:

u(z,0) = ¢(z), 0<x<[; — unrepuperupyercs Kak CMeIIEHUE CTPYHBI OT [IOJIOXKEHHsI DABHOBECHS;
u(x,0) = P(z), 0<x<l

U KpaeBble yCJIOBUA:

u(l,t) = wu(t), t>0; ( B3akpeenHoM ciaydae i = 0)
Um(lvt) = V(t)a t>0;
u(l,t) + aug(l,t) = 6(t), t>0.

— ODOBIYHO MBI 6epeM HEKOTOpPBIe U3 HUX.
KpaeBbie 3amatn cTaBATCS aHAJOTMIHO CAYYAI0 yPAaBHEHNN TMapabOJMIecKOro Tuma. BoT mpuMmep mepBoit
KpaeBo#l 3a1a4u.

Upp = @PUpy, 0<z <], 0<t<T;
u(z,0) = ¢(x), 0<La<l;
ut(.’L‘,O) = w(l‘), 0<a <l
U(O’t) = ﬂl(t)v 0<t< Ty
u(l,t) = p2(t), 0<t<T.
Bor ona ke 11 moJrympsaMoii:
U = GPUzg, >0,0<t<T;
u(z,0) = ¢(x), x>0
ut(z,0) = (), z>0;
u(0,t) = pwp(t), 0<t<T.

Tax>kxe MOXXHO paccMOTpeTh 00bIKHOBeHHYO 3azavy Komm

Uy = 0 Upy, —00< T <400, 0<t<T
u(z,0) = ¢x), —o0<z<+00;
u(x,0) = P(x), —oo <z < +o00.

4.2 ®opmyaa lanambepa. CyiecTBoBanmue, yCTONYNBOCTh U €INHCTBEHHOCTh pe-
menus 3agadu Ko

Paccvorpum 3amaay Ko st ypaBruenus kosrebaHmit:

(1) Uy = @PUgy, —00< T <400, 0<t<T,
[4.1]< (2) wu(z,0) = ¢(z), —oo<z<+00;
(3) we(z,0) = P(x), -—oo0<z<+o00.
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[ycrs u € C2(R x RY) u asnserca pemennem samaqn Kommu [4.1]. Onpeenuy HoBble epeMennbie & 1 1):

= x+ al; = 5
{77 = z—at. = ;= E—n
2a
Omupenenum HoByto dyaKImo v(£,n) = u(f ‘;‘ 777 52— 77).
a
Haiinem gacTHBIE TPOM3BOAHBIE 9TOMN PYHKITAN:
_ o Etn &=n1 E+n &-n, 1
Ve —U:E( 2 ' 94 )2+Ut( 5 ' 94 )2(17
1 1 1 1

1 1
= Uy (.. )Z — @utt(. ..) = { ypasrenune xonebanuii } = 0.

Temepb mpoBegeM 0OpaTHOE HHTEIPUPOBAHUE:

UHT-Ue 110 &

ven(E,m) = 0 TELEO € (€ ) = Fuln) TESEO T (g ) = / Ry dn+ £2(6)
= v(&,n) = i(n) + f2(§) = {u(z,t) = v(z + at,z — at)} =

u(z,t) = fi(x — at) + fo(x + at), (4.2)

rae f1, fi, fo — HeKoOTOpBIE PYHKINHU, Oy IAIONINECH IPU MHTEIPUPOBAHUN.
Wrak, Mbl mostyanin oOmuit Bu Jyist PYHKIIAA U, sIBJIAIONIENCS pellieHneM ypaBHenusi kosebamnuii. I[Tompo-
OyeMm HaiiTu f1 u fo, UCHOIB3YsI HAYAJIBHBIE YCJIOBUSL:

x

)t @ =ow; ) @t = [u©deo;

u(z,0)
{ u(z,0) = —af{(z)+afi(z) = ¥(x). 20
fi(@) + fa(z) = o(=).

CKHa,HbIBaH U BbIMUTad YpaBHEHUA CUCTEMbI, IIOJIyYUM:

x

pe) =22+ - o e+ 5
) i = {u(z,t) = fi(z — at) + fo(z + at)} =
fl(l‘):@—%/?ﬁ(g)df—g.
o@—at)+ oz tat) 1 [
oty = =D EAEHD L yig)ae (4.3)

[Tonyuennoe Briparkenne Ha3biBaeTcs popmydioit Jdamambepa.

Teopema 4.1 (cymiecrBoBanusl W eJUHCTBEeHHOCTH pertenus 3amauan Komm). Tyems dynruyus o(z) €

C%(R), ¢¥(z) € CH(R). Tozda cywecmeyem u edurncmeenna dynxyua u(z,t) maxas, wmo u(x,t) € C2 (R x R")
u asasemces pewenuem 3adavwu Kowu [4.1], 2de dynryuu ¢(x) u p(x) onpedeasrom nauasvhvle yeaosus.
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Joxazamenvcmeo. CylecTBOBaHUE MIPOBEPSAETCs HEMOCPEICTBEHHOM TI0CTAHOBKON ¢ UCIIOJIL30BAHUEM YCJIO-
Buii (1)—(3) u ycsoBuii Teopemsbl.

EAuHCTBEHHOCTS CJIe/lyeT U3 TOro, 4To jijid Jiioboil byHKimy, yaosiersopsiomeit yeaosusm (1)—(3), cupa-
BeJJIMBO TIpeicTaBienue mo (opmyse lamambepa, a OHO moapa3yMeBaeT TOJBKO ofHy dyHKmuoo. Teopema m10-
Ka3aHa. O

Teopema 4.2 (ycroitausoctn). ITycmu ¢1, pa(x) € C?(R), b1, o (x) € CH(R) u ozparumuenv, na R. Tozda, ecau
up, ug(x,t) — pewenus 3aday muna [4.1] ¢ d1,91 u d2,1%2 6 Kauecmee HANAALHOIT YCAOBULT COOMBEMCMEEHHO,
mo

sup (i (z,t) — ua (2, t)| < sup [¢1(2) — ¢2(2)| + T sup [¢1(z) — 2(2)].
z€R, 0<t<T zeR zeR

Joxazamensvcmeo. Uz dopmyn Hamambepa (4.3) miist ug, ug ciaemyer:

x+at
= g |2 nlopel) o 2 o) 2 oale Zal)y L f ) — (o) <
r—at
1 r+at
< sup |61 (@) — P2(2)| + sup |91 (z) — Y2(2)l 5 / d€ < sup |p1(x) — @2(x)| 4 sup [P1 (x) — P2 (2)[T.
z€ER z€R aﬁ_at z€R z€R
Teopema JoKa3aHa. ]

4.3 XapaKTepUCTUK! YPABHEHUS B YACTHBIX ITPOM3BOJHBIX BTOPOrO MOPSAKA

Kiraccuueckoe ypaBHeHne B YaCTHBIX ITPOU3BOIHBIX BTOPOIO HOPSIIKA MMEET CJILY IO BT
a11(Z, Y)Uge + 2a12(2, Y) Uy + a22(z, Y)Uyy = F (2, y, U, Uz, Uy) (4.4)
[TocTtaBuM eMmy B OJIHO3HAYHOE COOTBETCTBUE OOBIKHOBEHHOE JndDepeHITHAIbHOE YPABHEHNUE:
a11(dy)® — 2a12dxdy + aza(dz)* =0 (4.5)

Torna dbyHKIMEM (KPUBBIE), SBJSIONHECs pereHreM (4.5), Ha3BIBAIOTCS XaPAKTEPUCTUKAMY yPaBHEHUS
(4.4).
Hamnpumep, ams ypaBHeHusT KOJIeOaHIi
aupy — up =0

ypaBHeHHUe JIJIs MOy IeHUs] XapAKTePUCTUK BBITJIAIUT TaK:
a*(dt)? — (dz)* = 0.

U3 mero nmomygaem
adt+dx = 0 .| +at = const;
adt—dx = 0. r —at const.

— 9TO JBe Hpﬂl\fﬂﬂe, ABJIAIONECA XapaKTepI/ICTI/IKal\/ﬂ/I FI/IHep6O.HI/ILIeCKOFO ypaBHeHI/IH.

IMycrs dbynxmusa u(x,t) asaserca penennem HeKoTopoit 3amaun Kormu. Bosbmem B 1 werBeprn miockocTu
OXT upousBosibHYI0 TOUKY (Z0, tg). Tepes Hee IPOXOAAT TOJLKO JABE XapaKTePUCTUKK: T —at = To—aty, T+at =
Zo + atp . Onu nepecekator ocb OX B Toukax (zg + atg,0), (zg — atg,0), 06pazys upu 3TOM TaK HAZHIBAEMBIH
XapaKTEePUCTUIECKUI TPEYTOJbHUK.

Banmcas s byukuun u(x,t) B Touke u(zg,to) dopmyny Jdamambepa (4.3):

zo+tato
o, ) = LT =) R OT L) E [y,
xo—ato
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HOJIyYUM, 9TO 3Ha4YeHus QyHKIuU u(r,t) B IPOU3BOJIBLHON TOYKE BHYTDPH XapaKTEPUCTHYECKOIO TPEYIOJIbHY-
Ka OIPEJIEJISIFOTCST TOJIbKO 3HavdeHusiMu DyHKImE ¢(x), ¥(x) Ha ero ocHOBaHUU. DTO — BarKHAsi OCOGEHHOCTH
runepbOIMIEeCKOro YpaBHEeHUsI, KOTOPasl CTAHET IOHATHA Ha CJIE/IYIOIEM IIPUMEpE:

[Mycrs dynkuun ¢(x), ¥(x) paBHbl HyI0 BHE HeKOoTOporo orpeska [a; b]. Torma B obmacrax ILIIT dynkuusa
u(x,t) Gyaer, Kak Jierko BuzeThb u3 dhopmysbl Janambepa, TOXKIECTBEHHO PaBHA HYJIO. DTOT (BHakT [I0KA3bIBAET

KOHEUHYI0 CKOPOCTH (B TeYeHWEe BPEMEHHW t) pacrpocTpaHeHus curaatga u(x,t) (mo ocu x) B runepbomIecKoM
ypPaBHEHUH.

it
“+at=const
I x-at—=const

111 1I

b'e

a b i

Hanporus, B 3anade Komu s ypaBHeHHsT TEILIOIPOBOIHOCTH:
u = 0 ugg, —co<x<oo, t>0

u(z,0) = ¢(z), —00 < x < 00

pelnienue, Kak IIOKa3bIBaJIOCh paHee, UMeeT BU/L

+o0 9
1 T — S
u(z,t) = | ———=exp —% o(s)ds
Varma?t da“t
— 00
BI/I,ZLHO, 9TO eCJIn beHKIlI/Iﬂ (b(s) HEIIpEPbIBHA, HEOTPUIlaTE/IbHa U B HeKOTOpOfI TOYKEe OTJIMYHa OT HYJIdA, TO
u(z,t) >0Vt >0Ve € R.
To €CTh, MbI KaK ObI IoJIy9aeM TO, YTO CUT'HAJIbI B CJIy49ae YPpaBHEHHA TEIIJIOIIPOBOJIHOCTHU PACIIPOCTPAHAIOTCA
OpaKTUI€CKU MI'HOBEHHO.
4.4 3apgaua Ha noJaynpsaMoii. Mero nmpooJrKeHmnit
IlepBas xpaeBaga 3aga4a

[lepBasi kpaeBasi 3aja49a Jjiss ypaBHEHUsI KOJIEOAHUN Ha TOJYyHIPSMON C OJHOPOIHBIM KPAEBBIM YCJIOBHEM
nMeeT CJAeAyIONNA BU;

(1) Uy = @Ugy, x>0, 1>0;
(2)  w(0,t) = 0, t>0;
() u@0) = o), >0
(4) wue(z,0) = P(x), xz=0.

Jo6aBuM yCJIOBUST COTPSI?KEHUS
{M@Z&
¥(0) = 0.
JUTst obecrievdennst HenpepblBHOCTH byHKImMi u(x,t) n ui(x,t) B HyIe.
Haiinem permenve namHoil KpaeBoil 3aja4uu, PACIIHPUB e€e JI0 ciiydas Bcell npsmoit. JloompegemM HeIeTHBIM
obpazom dyukuuu ¢(x) u ¥(x) Ha Beeil npamoii, 3anaB Hosble byuxiyu P u U:

_ o(z), >0
P(z) = { 8

—¢(—z), x<O.
_ "/}(x)’ z = 0;
() = { —(—z), x<0.
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Paccmorpum mopudunuposannyio 3agady Kormn:

Ui(z,t) = a*Upp(z,t), —o00<x <00, t>0;
U(z,0) = @(z);
Ui(z,0) = V().

B nmanuOM ciryvae jist Haxoxkaenust U(x,t) Mbl MoxkeM npuMeHuTH hopmyy lamambepas:

xz+at
Ula,t) = (I)(x—at)—;—tb(:c—i—at) +% / W(e) d.
r—at

BosbmeMm B kauectBe HyzkHON Ham byukimy u(x,t) npu x,t > 0 dyukuuo U(z,t). OueBunno, 4to ycio-
Bust (1),(3) u (4) npu x,t > 0 BBIIOJHSIIOTCS Cpasy — 9TO cieiyer u3 onpejesnenns byukuuit ¥(x) u O(z).
Brinosinenue yciaosus (2) ciiefyer u3 CJIeLyOMuX Mpeodpa3oBaHuii:

w(0,8) “ U(0,t) = w + i / W(€) de.

B cuity HedeTHOCTH COOTBeTCTBYIOMMX (DYHKIMIT IIepBoe U BTOpOe cjaraeMble 00palllaloTcsd B HOJIb, UYTO W
nmaer BeimosiHeHUWe ycyosus (2). WTak, MBI J0Ka3amm, uTo mOCTpoeHHAas Hamu (yHKIwms u(z,t) — pemieHne
nepBoii Kpaesoii 3anaun. Bepasum ®(x) u ¥(z) uepes ucxonubie dbyHkun ¢(x) u () cOOTBETCTBEHHO:

Pz +at) = o¢(z+at);
Hpu x > at ®(x—at) = o¢(z—at);
V() = (&), mpu € € [z — at;x + at].
O(x + at) = ¢(z + at);
Ilpu z < at { &(z — at) = —¢(at — x);

Teneps 3anureM BCoMOTaTeIbHYIO (DOPMYJLY JIJIsl PEIEHUs MePBOil KPAEBOI 3a1adu:

x+at 0 x+at 0 x+at
Mpuo<at [ w@ds= [w@dc+ [werae= [ —vigdes [ v
r—at r—at 0 r—at 0

z+at at+x

0
— { monommy — £ = £} = / B(E)de + / (E) de = / (E) dt.
at—x 0 at—x

Torga obrmas dbopmyna Oymer Takoit:

r+at
dlr+at) + dlx —at) 1
r—at
U(ZL', t) - at+x
plat + ) — plat —x) 1
2 + % Y(&)dg, x < at.
at—x

Bropasa kpaeBas 3agaua
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Bropas kpaeBas 3a/1a4a Ha IIOJIYIPSAMOIl C OJHOPOJHBIM KPAEBbIM YCJIOBHEM HUMEET BHIL:

(1) u = a*ugy, x>0,t>0;
(2) wue(0,t) = 0, t>0;
(3) 'LL(.’E, 0) = ¢($), Tz 0;
(4) u(x,0) = Y(x), z=0.
Bynem neiictBoBaTh Tak Ke, KAK W B MPEJABIIYIIEM CJIydae, OJHAKO 37€Ch HAC YCTPOUT TOJBKO YETHOE ITPO-
JIOJIZKEHUe:
_ | o(x), z = 0;
(I)(x) B { d)(*l’)v z < 0.
_J ¥(x), z = 0;

() = { W(—z), = < 0.

Hosast 3amaga Komu u pemenune s Hee 1o ¢opmysie Jlatambepa OymyT BBIIVISJIETh TaK K€, KAK U B

HpeaplayIIeM CIydae:

xr+at
Uyt = HEZEREHD L [ gig)ac
r—at

Anasnormano, nycrs u(z,t) = U(z,t), x,t > 0. Torga seimosnnenue ycmosuii (1),(3),(4) onss ke 04eBH/THO.
Iposepum ycaosue (2). duddepennupys dopmyrny Jamambepa u ucmosib3ys To, 9ro y dernoil dyuxmun U (t)
[IPOU3BOJIHAST HEUETHA, MTOJIY UM

o' (at) + ¢’ (—at) n 1
2 2a

g (0,1) = U, (0, 1) = [¥(at) — W(—at)].

U3 nevernoctn P (t) u gernoctu V(t) BunHo, uTo 06a ciaaraeMbix pasbl Hymmo. O6mas dopmyia mis u(z, t)

IoJIy4daeTcsd aHaJIOTUYIHO.

4.5 Meto/ pa3aesieHUs IeEPEMEHHBIX JJIs J0Ka3aTeJbCTBA CYIIECTBOBAHUS perlie-
HIs IIePBOIl KpaeBoil 3adavu

Pacemorpum Ha orpeske [0; ] oproHOpMEpOBaHHBIE cHCTEMBI byHKIHIA:

l

\%’ \/?COS(WZTL:E)}’ n=123,...

Onpenennm koapdurmentsr Pypbe Takx:

sin(ﬂ-lnx)}, n=1,23,...

l
0n = [o(s)sin(s)ds:
0
l
fn = /(b(s) cos(ﬂl—ns) ds.
0

[ee} oo
Toryia m3 Kypca MaTeMaTHIecKOro aHaIn3a M3BecTHO, 4To, ecnm ¢(x) € Cla;b], To pager >, @2, S ¢2
n=1 n=1

CXOMIATCsI. 3allOMHUM 9TO U IepeiiieM K MepBoii KpaeBoil 3a/iade C OJHOPOJHBIM ypaBHEHHEM KOJieOaHUi u
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OTHOPOAHBIMU KPaeBbIMU YCJIOBUSAMU:

(1) Uy = aPUgg, O<z<l,t>0;
4.9 (2)  w(0,t) = wu(l,t)= t>0;
423 (3) w@0) = 6,  0zazi

(4) w(z,0) = (), 0=>z2>1

Haiizem ee pernrenue ciieayiomum ciocoboM: MpoBeJeM IpeodpasoBaHust, TPUBOIAIIUE K HEKOTOPOH (hyHKIH
u(x,t), a MOTOM JIOKAXKEeM, YTO IIPU OLPEJEJNEeHHbIX ycjaoBuax Ha GyHkuuu ¢(x) u (x) sra dynkuus Oymer
CYIIECTBOBATD U ABJIATHCA PENIEHUEM UCXOAHON 3aa4u.

Byzem uckarh pemienue B Buje:

v(z,t) = X(x)T(t) — mycrb 9T0 HEKOTOPas HEe PABHAS TOXKJIECTBEHHO HYJIIO (DYHKIHS.

[Moxncrasus v(x,t) B ypaBHeHue KOJIeOAHMIA, MOJTYIUM:

T"(H)X (z) = aX" ()T (t) =

X/,(:I:) _ T//(t) _ _A
X(z) a?®T(t) ’

JIe A — HEKOTOpast KOHCTAHTA.
Orcrofia MOIyIaloTCs JIBa yPABHEHUSL:

X"x)+AX(z) =0, 0 <z <;
T"(t) + Xa®>T(t) =0, t > 0.

ITpu X (0) = X (1) = 0 dbyskuus v(z,t), oueBuaHO, OYIET YIOBIETBOPSThH YCIOBHIO (2).
Haiinem merpusnaiibable pernenunst cuaemytomeii sagaqu rypma-JInysus:

{ X"(x)+AX(z) =0, 0 < o < I
X(0)=X()=0.

Kak y2Ke TOBOPWJIOCH IIPU BBIBOJIE pelieHnd JIsd YpaBHEHUA TEIlJIONPOBOJIHOCTU, HAM HO,HOﬁ,ILyT Takue cob-
CTBEHHbIC 3HAYCHUA M COOTBETCTBYIOIINE MM COOCTBEHHBIE (byHKL[I/II/II

™ 2
= ()
™
Xn(z) = sin(TJ;), n=12,...
[ToxcraBuM HaiijieHuble \,, B ypaBHenue s 1'(1):

™n

2
T'(t) + (Ta) To(t) =0 = Tp(t) = ay, cos(”ll”at) + by sm(%”at),

rjie d,, b, — HeKOTOpble KOHCTAHTLL.
Urax, mbr Hanum Gysimn X, (z), T, (t), 1y1s1 KoTopbIx BBITOMHSIIOTCsT yeaosust (1),(2).
Monoxum vy, (z,t) = X, ()T (t). OueBunno, ms 31oit GyHKIMEA TOXKe BBINOIHsIOTCsT yeaosust (1),(2).
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Haii/leM KOHCTAHTBI ay,, by, U3 ycsosuii (3), (4), nonoxus u(z,t) = Y v,(x,t):
n=1
u(z,t) = > vplz,t) = > sin(?x) [an cos(?at) + b, sin(?at) ;
n=1 n=1
l
= . . TN
¢(z) = u(x,0) = > apsin(—z) = a, = /(b(s) sm(Ts) ds;
n=1 2
) !
P(x) = u(z,0) = 3 (bn$) sin(@x) anabn = j/w(s) sin(—s) ds =
n=1 0
l
b= — [u(e)sin(Fs)d
n= s)sin(—=s) ds
0
Nrak, MBIl HAIIJIM KOHCTAHTBI, 3alUIIEM HOJIHYI0 POPMYILy:
= [2 2 |
u(z,t) = Zl j/cos(¥at)¢(s) sin(?s) ds + m/sin(?at)z/}(s) sin(?s) ds sm(?m) (4.6)
n= 0 0

Teneps cchopmyupyem Te ycaoBUsl, IPU KOTOPBIX OHa OyJIeT KOPPEKTHA.
Teopema 4.3 (cymecroBanusi). ITycmo

¢(z) € C?[0; 1], $(0) = (1) = ¢"(0) = ¢" (1) = 0;
P(x) € C2[0; 1], ¥(0) = (1) = 0.

Tozda dynryusa u(x,t) , onpedeasemasn Popmyaot (4.6), obaadaem caedyrowumu ceoticmeamu: u(xz,t) €
C?{[0; 1] x [0; T]} (T - npouseoavroe > 0), u ydosaemeopaem ycaosuam (1)-(4) (asasemea pewenuem xpaesot

3adawu [4.2]).
Joxasameavcmeo. Jlokazxkem, aro u(z,t) € C? {[0; [] x [0; T]}. Hycrs

l

On = /¢(s) sin(?s) ds = {unrerpupoBanue 1Mo YaACTAM } =

l

!
. + #/(ﬁ’(s) cos(ﬂl—ns) ds =
0

l
= {eme pa3 uHTErpUPOBAHUE 110 YACTIM } = (
™

)2¢'<s> sin(™"s)
l

- (Wln) /l #"(s) cos( " 5) ds.

0

_ (l)gqb"(s) cos(™")

™

™n
—S

I
3
IomoxxmM a; = /gﬁ’”(s) cos( ; )ds. Torma n3|¢,| = <l> |@|
0

™
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ITo ynoMstHyTOMY paHee CBOHCTBY Dsifl » . ¢y, cxomuTcst. IIoKarkeM, 4To U3 9TOr0 CJIeyeT CXOAUMOCTh Dsijia

n=1
o)
> 12|nl:

n=1

o] l 3 oo 1 _ (l2+b2 l 3 1 [e'e] 1 1 o] 9
Y nPon = (=) D Sléal <Jab< —— ¢ < NS+ 6.
> ol (1) ol fos 0 < (1) PRSP

n=1

[ee]
Urak, y Hac 06a CIaraeMbIxX IIPEJCTABIISIIOT COOOM CXOMSIIUECS PSAJIBI, TO3TOMY DS n2\¢n| CXOJIUTCS 110
n=1
MasKOPAHTHOMY PU3HAKY.

AHajioru4Ho, mycrb
1
. TN
Y = /¢(3) sm(Ts) ds = {uHTerprpoBaHUe MO YACTIM | =
0

= — () cos(Ls)

™ l

= v (o) cos( sy ds =

1\ 2
{e1e pa3 nHTErpHpOBaHUE IO YACTAM } = () P'(s) sin(?s)
™m

;— ( ;n) / 0 (s) sin( " 5) ds

oo
AHaJIOrmuHO, MOXKHO MOKa3aTh, YTO Psit » . n|i,| — cxomurest.
n=1

Orpannyus | cos(ﬂl—natﬂ | sin(?atﬂ enuHUIEH, oy anM, uTo psif (4.6) must u(x, t) pABHOMEPHO CXOIUTCS

o0

1o npu3HaKy BeflepmiTpacca (MasKOpaHTON SIBISETCS, OUEBHIHO, CXOMSIIMNCT Psit Y [ || —|— |¢n\ ).
n=1

Kpowme Toro, dbyuknus u(x,t) B qanHom ciydae HenpepbiBaa Ha [0; 1] x [0; T1.

Touno Tak ke, /Ul CYNIIECTBOBAaHUS M HENPEPBIBHOCTHU IIEPBOI M BTOPOI NMPOU3BOJHBIX 110 I JOCTATOYHO
JIOKa3aTh PABHOMEDPHYIO CXOIMMOCTDb Dsijia U3 COOTBETCTBYIOIIMX NPOU3BOAHBIX B (opmyse (4.6). IIpoaudde-
PEHIIUPOBAB 1O T, MOy IUM

l

!
ua (2, 1) = i = E/COS(#M)QS( )sin(’" l s)ds + %/COS —at )i (s) sin( l )ds cos(ﬂTnm).
0

0
l l

x 2 2
Uge (T, ) = Z f/ —at Yo(s )sin(ﬂs) ds + — cos(@at)z/}(s) sin(@s) ds sin(ﬂx).
l m™a l l l
0 0

Torpa (1o npusHaky BeffepmiTpacca) JIOCTATOYHO MOKA3aTh CXOAUMOCTh PsIJIOB

7 (2 2 =/ 2
Zl(l|¢n—m|¢n|)> ;( Z) ( |¢n_m|wn|)'

n=1

o0
Omna ke cllefyeT U3 TOJILKO YTO JIOKA3aHHLIX CBOMCTB /IS PSIOB Z n?|¢n| m > nl|iy,|. Iposens re xe
n=1 n=1
caMBble PaCCysK/IeHus Jjid POU3BOJIHLIX 110 ¢, IoJyunM B utore, uto u(x,t) € C2{[0; 1] x [0; T}
B sToM ciydae sierko nposeputh, uto dhyHKnus u(z,t), sagasaemas dopmysoit (4.6), yrosreTsopsieT ypas-
HeHMIO KosieGanuii (To ecth ycaosuio (1)). To, uro Takas dynkuus u(z,t) yaosrerBopsier yciaosusim (2)-(4),
BUJIHO U3 €€ MOCTPOCHUsI — KPAEBble M HAYAIbHBIE YCJIOBHS ObLIM yaTeHbl. Teopema mokasaHa. O

Wrak, pemenne nocrpoeno. JlokaxkeMm, 4TO P HEKOTOPBIX YCJIOBHUSX OHO €/INHCTBEHHO.
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4.6 UWnarterpas sHeprun. EAMHCTBEHHOCTD pellleHsi KPpaeBbIX 3a4a4 AJid YPpaBHEeHUs
KoJIeOaHui

PaccmorpuM 0011yro 1epByI0 KpaeBylo 3aJ1ady:

Uy = @PUpy + f(z,t), 0<az <, 0<t<T;
w(0,t) = m(t), 0<t< T,
[4.3] 4  u(l,t) = pa(), 0<t<T;
u(z,0) = é(z), 0<z <
u(z,0) = Y(x), 0<z <l

JlokaxkeM eIMHCTBEHHOCTD €€ PEIlIeHUs.

Teopema 4.4 (exuncrsennoctn). Iyemo dynxyuu uy,uz(z,t) € C2{[0; 1] x [0; T)} u acamomes pewenusmu
0dnol u mot arce kpaesol saday [4.3]. Tozda uy(xz,t) = ua(z,t) na {[0; 1] x [0; T)}.

Jokasameavemeo. Ilycts v(x,t) = u; — ug. OueBngHO, QYHKIWMS SIBJISIETCS PEIIEHNEM HaIleli Kpaesoil 3a1aun
C TOXKJIECTBEHHO PaBHbIME HYIEO byHKIHAMU f, b, 1), i1, 2. Takum obpasom, v(z,t) € C2{[0; 1] x [0; T]} u

Vg = AP, 0<z <1, 0<t<T;
v(0,t) = v(l,t) =v(z,0) = v(z,0) =0.

[MousTHO, Tpebyerca moka3aTh, uro v(x,t) = 0.
Ompemennm GyHKITHIO

!
/ ve(z, ) + a* (v (2, 1))?] dz
0

U HA30BEM ee MHTErpajioM Heprum. B ¢busndeckoil mHTEPIPETAIINNA ¢ TOYHOCTHIO O KOHCTAHTBI 9TO ITOJTHAST
SHEPIus, K IPUMEPY, HaIlell KOJeOJIOmecs CTPYHBI.

OueBuiHo, 1pu HamKX ycaoBusax Ha dyukimo v byakus E(t) muddepennupyema. Toria ee npousBogHast
BBIYHCJIAETCH TaK:

l
/ 2ug(z, t)vg(x,t) + 242 Ve (2, ) vt (2, t)} dx.
0

IIpeobpasyem BTOpOE ciiaraemMoe B MHTErpaJie MHTEIPHPOBAHUEM 10 YACTAM II0 &

1
/ 204 (, t)vy (2, 1) — 26%054 (@, t)vy (2, t)] do + 2a2vw(x,t)vt(x,t)|f)
0

Bamernm, 4TO0, TaK Kak v(z,t) — pellleHre ypaBHEeHUs KojlebaHuil, 10 jpIHTerpasbHast (DyHKIMsI TOXKIECTBEH-
Ho pasua myJuo. [Ipomuddepennuposas Kpaesble ycaoBus 1o ¢, nowyanM, 4to v(0,t) = 0 = ve(l,t). 13 aroro
cJleflyer, UTO U BHEMHTEIPAJIbHOE ciaraemoe obpainaercs B Houb. Urak, E'(t) = 0, wim, 4ro ToO XKe camoe,

l
/ ve(2,t))? + a*(vg (2, 1))?] dz = const.
0

Ha camowm jiesie MBI TPOCTO MOJIYYHIH €Ie OJIMH BHUJ] 3aKOHA COXPAHEHUS SHEPTHU — B 3aMKHYTOH CHUCTEME,
onuceiBaeMoil ypasaenusmu [4.3], KoaugecTso sunepruu nocrosauo. OueBuHo,

!
E(t) / ve(,0))? + a®(vy(z,0))?] da.
0

o1



13 HauabHBIX YCJIOBHUH mostydaeM, 9To vy (2, 0) = v, (2,0) = 0, 0 < 2 < I, a, cireoBaTesbHo,
E(0)=0= E(t)=0.
U3 HeoTpUIATEILHOCTH MO/IBIHTErPAIHHBIX (DYHKITUH [TOJIyIaeM, 9TO
v(z,t) = vg(x,t) = 0.
W3 sroro cremyer, 9To v = const, a U3 HAYAJIBHBIX ycJoBuil ciemyer, ato v = 0. Teopema mokasama. O

3ameuanne. Bce yTBepKIeHUS BEPHBI U I 33/1a9 ¢ KPAEBBIMA YCIOBUSIMHU BTOPOTO POJIA:

{ v,(0,t) = 0;
v (1,8) = 0.

— 9TO HUYEro He MeHdeT B JJOKa3aTe/IbCTBE, KpoMe criocoba JA0Ka3aTeJIbCTBa paBECHCTBa HYJIIO BHCUHTEI'DAJIbHOTO

CJIaraeMoro, a Tak»Ke BEPHBI JIJIsl KPaeBbIX YCJIOBUM CMEIIaHHOI'O BUA.

4.7 3amadya ¢ JAHHBIMM Ha XapaKTEePHCTUKAX. DKBUBAJIEHTHAas CHCTeMa WHTe-
rpajibHbIX ypaBHEHU

PaCCMOTpI/IM CJIEAYIOIIYIO 3a/1a4y:

(1) uaylzy) = al@,y)us(z,y) + (2, y)uy(z,y) + f(z,9,u(z,y)), 0 <z <l, 0 <y <ly
[4.4] ¢ (2) u(z,0) = ¢(z), 0<x <y
(3) u(oa y) = 1/J(Z/)7 0<y <.

Dra 3a/a4a ¢ HeJIMHEHHBIM ypaBHEHUEM I'UIIepOOJIMYeCcKOro Tuila HasbiBaeTcs 3amadveit I'ypca. [To nanHOMYy
paHee OIPEJIEJIEHNIO XapaKTepucTuKaMu ypapHerus (1) GyayT (hyHKIMHI, yI0BIETBOPSIONINE YPABHEHHIO

dx dy = 0.

D10 Jaer ceMeiicTBO NPAMBIX Buja & = const, y = const. Takum obpaszom, naima dyukuus u(z, t) 3a1aercs
JIAHHBIMU Ha XapakTepuctukax x = 0, y = 0.

Onpenenenne. Oynkius u(z,y) HasbiBaeTcsa pemenneM 3agaqm [4.4], ecm u(z,y) € C2{[0; 11] x [0; l2]}
u ynosiersopsier yciaousiM (1)-(3).

JokarkeM CyIIeCTBOBaHME M €IMHCTBEHHOCTD PEIIeHNs TAHHON 331491 B HECKOJIBKO 9ranoB. CHavasa moka-
JKeM, 9To 3a/a4a [4.4] 9KBUBaIEHTHA HEKOTOPOH CHCTeMe HeJMHEHHBIX HHTErPAIbHBIX yDABHEHHIA.

[ycrs dbynknus u(z,y) — pentenne 3anaqnm [4.4]. Torma, uarerpupys ypasuenue (1) cHagasa 110 ¥, a HOTOM
1o T, MOy IuM

Uy (2, y) = U (7,0) + [ a(z,n)uz(z,n)dn+ [ b(z,n)uy(x,n)dn+ [ f(z,n,u(z,n))dn;
/ / /

z Yy

u(x,y)=u(o7y>+u(x70>—u<0,0>+//as s (6, dnd£+// (& nyuy (E,1) dnd€+//f £ mu(€,m)) dip d.
00

(4.7)
Beenem jie HOBBIE (DYHKIMN
{ v(ac,y) = uw(xay);
w(z,y) = uy(z,y)-
Torna, uctons3ys HadasbHbe yeioBus (2)-(3), ypasuenue (4.7) MOXKHO IIEPENUCATDH B BHJE

z Yy

u(,y) = ¥(y) + oz / / (& m)o(€.m) + (&, myw(E, )] dnde + / / & u(,m) dnde. (4.8)
00

0

52



[Ipoauddepentuposas 1o , MOJIYIUM

Y

v(z,y) = ¢'(x) +/[a(w7n)v(wm) +b(z, nw(z,mn)] dn+/f(x,nvu(fvm))dn- (4.9)
0

0

Awnanornuno, mo y:

w(z,y) = (y) +/[a(§7y)v(€7y) +0(& y)w(&, y)] d€+/f(£,y,u(€,y))d£- (4.10)
0

0

Urak, ecom u(x,y) — pemenne 3amaun [4.4], To cymectytor dyuxmmn v(z,y), w(x,y), yAOBIETBOPSIONIAE
ypasaerusiM (4.8)-(4.10). O6parHo, U3 CyIeCTBOBaHMs HENPEPBIBHBIX (DYHKIWH U, U, W, SIBJISIOIIAXCS PEIeHn-
amu ypasrenuit (4.8) - (4.10), ciefyer, 9To v = Uy; W = U,. TaK¥Ke HEIOCPEICTBEHHBIM U dEPEHINPOBAHIEM
MOXKHO y6eurbest, 9ro dbyHKIms u(x, y) Oyer ABIAThCs peleHneM 3a1aqu [4.4].

4.8 CyI_U;eCTBOBaHI/Ie pemieHnnd 3aJa9i C JaHHBIMUY Ha XapaKTepUuCTHuKax
Teopema 4.5 (cymecrBoanusi). ITycmo 6bnOAHAIOMCA CACOYIOULLE YETNBLPE YCAOBUSA:

1. a(z,y), b(z,y) € C{[0; l1] x [0; I2]}

2. f(z,y,p) € C{[0; l1] x [0; I2] x E} — mo ecmb Mot 3amenusu Pyrkuyuto u(zx,y) nepemernot p, npurHuma-
roweti A106bie 3HAMEHUS.

8. |f(@,y,p1) — f(z,y,p2)] < Llp1 — p2|, Yo € [0; L], Yy € [0; la], Yp1,p2 € E — yeaosue Junwuya no p.
4. d(z) € CH0; L], d(y) € CH0; 12], ¢(0) = (0).
Tozda cywecmeyem pewerue 3adavu [4.4].

Jokasameavemeo. Tak kak [4.4] sxpuasnentHo (4.8)-(4.10), moKaxKeM, YTO CYIIECTBYIOT HEIPEPLIBHbIE (DYHK-
wun u(x, y), v(z,y), w(z,y), yaosiersopsionme (4.8)-(4.10). Haitnem sru dbyHKIMU M0CI€10BATEIHLHOCTHIO UTE-
panmii, 8 HTePaIuOHHBI IIPOIECC MMOCTPOMM CJIELYIOIIIM 06Pa30M:

Uo(xyy) = ’UO(Z‘,ZJ) = UJO(Z‘,y) = 07
Y

uwdﬁw=Mw+wﬂ—M®+//M@MMGWH%QWMA&Wdm%+//ﬂ&mw@m»@%;

0

Yy
Vny1(z,y) = @' (x +/ a(z,n)vn(z,n) + b(x, n)wn(w,n) dn+/f (z,n,un(2,m)) dn;
0

W () = +/ (&, 9)on(E,y) + b(E, y)wn (&, ) d§+/f£y,unsy>) d.
0

JlokaxkeM CXOIMMOCTB TOTO Iporiecca. Jlis 9Toro omnennM pa3HOCTh MEXKY UJIEHAMH IIOCJIeI0BATEIbHOCTEN
Up, Upn, Wy. VI3 ONpeIesIeHNs] UTEPANUN JJIS Uy, W YCIOBUS (3) TEOPEMBI CIIEJIYeT, UTO

x Y
|%Hf%m//mmmm@mf%A@w+wmm%@mfm4mwww&
00

T Y
+J!uw@m)1MA@WMM%-
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IIycts M = max{max |a(z,y)|, max |b(z,y)|, L} upu (z,y) € {[0; l1] x [0; l2]}. Torma

T Y
s — tn] < M / / [0 (621) — vt (E0)] + [wn (s 1) — wos (61)] + Jun (6,7) — s (€, )] dmde. (4.11)
00

Anajiornyno, 1y QYHKIWHA Uy, Wy

y
[Vn 41— vn| < M/ lon (2, 1) = vna (@ 0)| + |lwa(2,n) = waor (@, )] + [un (2, 1) = una(z,n)l] dn; - (4.12)
0

lwn+1 - wn‘ < M/ an(gu Z/) - vn71(§7y)| + |wn(§7y) - wn71(§7y)| + |un(§>y) - unfl(é-/y)l] dé- (413)
0

3aMeTHM, 9TO BCe 3JIEMEHTHI HTE€PAIMOHHOIO IIPOIecca — HelpepbiBHbIe (byHknuu. VI3 aToro ciemyer, 4ro
dyurimn |uq|, |v1], |wy| orpannyuensr HeKoTOpol KoHcTaHTOH H. VI3 onpesesieHns: HyJIeBBIX WJIEHOB MOCJIE0BA~
TEJLHOCTH TOJIYYaeM, ITO

lur —uo| < H; [v1 —vo| < H; Jwy —wo| < H.

I/ICHOJIBSyH 9TO, OIICHUM DPa3HOCTU CJICAYIOIIErO IOPAJIKa:

(z+y)?*.

z Y
|uQ—u1|SM//BHd§dn:3HMa:y<3HM 5
00

y
vy — V1| <M/3Hdn:3HMy§3HM(x+y);
0
|wa — w | gM/3Hd§:3HMx<3HM(x+y).
0

s toKa3aTesibcTBa PABHOMEDHOI CXOJIMMOCTH HAIIHUX IIOCJIEI0BATEIBHOCTENl HAM HaJ0 OYIEeT IIOCTPOUTH
HEKU MaXXOPaHTHBIN PsIJl, HO CHAYaJIa JIOKAXKEM CJIEIYIONIYIO OIEeHKY:

n(,9) — ()| < BEM 12D
n.
et gn—2 (Y
|on(z,y) — vp_1(x,y)| < SHM" 'K T
(@+y!

|wn(:c,y) - wn—l(xay” g 3HMn71Kn72 (TL — 1)| )
I‘,ILGK:2+11+Z2.

JokazaTembCcTBO TIPOBEIEM 110 UHTYKITA.

Baza ungykruu. [Ipu n = 2 ornenka BepHa — J0KA3aHO BBIIIIE.

IIpeanosnoxkenne nHAYKIuu. [Ipeamnonoxmm, 4yTo ona BepHa jjd n. /lokaxkem ee jjis n + 1.

NuaykruBHbiil nepexoq. OUeHuM pasHOCTD |ty 41 — Uy |, HCHOJB3Ysl UPEIIIOJIOKEHAE MHITYKIUK:

Tz Y
n n—1
[Unt1 — tn| < M// [3HM"—1K”‘2(£+n'n) +2-3HM"—1K”‘2(£(:L_1])1)' dé dn <
00

x x

n Y n
0 .
0

dg
0

(n+1)!

o4



BeraucauM uHTErpasibl, IpU 3TOM IIPHU [I0JICTAHOBKE IIPEJIEJIOB NHTEIPUPOBAHUS B IIEPBOOOPA3HYIO OTOPOCHM
HI2KHUE TIOJICTAaHOBKU. VX cl1araeMble OTPUTIATETbHBI, TTIOTOMY JIJII UCXOTHOM PA3HOCTH MOJTyIaeM TaKYIO OIICHKY
CBEpPXY:

(n+2)! (n+1)! (n+1)! |[n+2

(z +y)" !
(n+1)!

n+2 n+1 n+1
upss —up| < 3EMEn—2 [ &Y 2EEY™ N gy gn—2 8 Y) V Yy 2] <

Tty
n -+ 2

<{ +2< 1 +lh+2= K} <3HM"K"!

Wrak, mpemanosioykeHne WHAYKIIAA IS TTOCTAETOBATETHLHOCTH U, JA0Ka3aHO. J[OKa3aTeabcTBO OIEHKHU st
OCTAJTBHBIX JIBYX IIOCJIEIOBATEILHOCTEH OYIeT MOXOXKUM:

Yy
n n—1
onst — on| < M/ syt g2 EENY o et 2 EEDT
n! (n—1)!
0

< { orGpachiBaHNe OTPHUIATENBHBIX CIAIAEMbIX | <

n+1 n n
(n+1)! n! n! n+1
(x+y)7z

<3HM K 22
n!
CiremoBaTeIbHO, M BTOpasd OIEHKA BepHa. JJ0Ka3aTeIbCcTBO TPeThell OLEeHKH COBEPIICHHO AHAJIOTHYHO JOKAa-
3aTeILCTBY BTOPOIi, IO9TOMY OIIyCKAETCSI.
Tenepb moOKaKeM PaBHOMEPHYIO CXOIUMOCTH IOCIEIOBATENBHOCTEH Uy, Uy, Wy. OUEBHIHO, 9TO KaXKIbIA
YJIeH TaKOi I10CJIeI0BATeIbHOCTH MOYKHO IIPeJICTaBUTh KaK YaCTHUHYIO CyMMY COOTBETCTBYIOIIETO psia:

un(e.) = 32 (1 (@.9) = s (2,0
vn(z,y) = f::1<vm<x,y> s (2, 9));
Wa(2,9) = 32 (W () — W1 (,))-

3
E‘

,ZLT[H OICHKHU CJIal'a€MbIX II€PBOTO PAOa MbI JOKa3aJIH OLECHKY:

7(x+y) <3HM”71K"727(1+2) :C’a— C,a = const.

[tun (,y) = w1 (,9)| < BHM" K" 22— o g

o0 n
M3BecTHO, UTO psiji BUIA Z C — CXOIUTC:A — OTCIOZA IO IPU3HAKY Beitepmrpacca mosydaem paBHOMED-
n=1 n:

HYTO CXOJIUMOCTD TIOCJIEIOBATEBHOCTH Uy, . VI3 HEIIPEPBIBHOCTH CJIATAEMbIX CJIELyeT HEIPEPBIBHOCTD MPEIeTHLHOMN
byHKIIAN:
un(x,y) = u(z,y) € C{[0; l1] x [0; l2]}.

1AHa.HOI‘I/I‘IHO7 JJId IBYX APYTUX HOCJIe,ZLOBaTeJIbHOCTeIU/IZ

Un(xay) = U(x7y) € C{[Ov ll] X [07 12]},
wn (2, y) = wiz,y) € C{[0; 1] x [05 Io]}-

Teneps MBI MMeeM PABO IEPEUTH B 3aIMCH UTEPAIMOHHOIO IIPOIecca K Ipefeay upu n — oo. Ilpu stom
nostyauM B ToqHOCTH ypasHeHus (4.8)-(4.10), a 910 u 03HaUaAET CyrmecTBOBaHue OYHKIWH U, U, W, SIBJISTOIIXCS
pelenreM 3Toi cucTeMbl ypaBHeHuii. V3 mpenookeHnst 9KBUBAJCHTHOCTH 3TOW CUCTEMbI yPABHEHUN UCXOTHOM
3aza4e Ha XxapakrepucTukax [4.4] mosydaem, 4ro Teopema MOJIHOCTHIO JOKA3AHA. [
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4.9 E,Z(I/IHCTBGHHOCTI) peaieHnd 3aa9i C JaHHBIMUW Ha XapaKTepUuCTHUuKax

Wrax, Mbl J0Ka3aJM CylecTBOBaHue perenus 3aa4an [4.4]. Terneps jokaxkeM ero eJJMHCTBEHHOCTb — OYEBH/HO,
9TO 9KBUBAJICHTHO €IMHCTBEHHOCTH DEIICHHs CUCTEMbI MHTEIPAJIBHBIX ypasHeHnit (4.8)-(4.10).

Teopema 4.6 (equncrsennocru pemenus 3agadu [4.4]). ITycmo cywecmeyiom dee cucmemvr Gyrryud
{ui(z,y), vi(z,y), wi(z,y)} u {uz(z,y), va(z,y), wo(x,y)}, ABAMOWUECH PEWEHUAMY CUCTREMBL UHMELDAAL-

nour ypasweruds (4.8)-(4.10), npuvem evinoanenv, ycaosusa (1)-(4) meopemovr 4.5 (cywecmeosanus pewerus
sadawu [4.4]). Toeda Pyrrxyuu

Ulz,y) = ua(z,y) —uz(z,y), V(z,y) = vi(z,y) —va(z,y), W(z,y) = wi(z,y) — wa(z,y)
mootcdecmeerno pashoy wyao 6 I 1, = {[0; I1] x [0; I2]}. (To ecmov cucmemsvs dynryud cosnadarom.)

Joxasameavemeso. Wrak, up, us — pemenus (4.8):

wr () = () + b(z) — $(0) + / / la(&,mvn(€.m) + b(E, myws (€, m)] ddé + / / F(Esmun(€.m)) dn de:
00 00

us(z,9) = () + B(z) — (0) + / / la(&,myva(€.m) + b€, nywal€, m)] ddé + / / £y ua(€.m)) dn de.

Boruuras onHO U3 Apyroro u npumenss yciaosue Jlunmuna miug byukiyun f(z,y, p), HOLyIuM:

T Y
iz — | < / / [Moa(&,m) — v1(€,m)| + Mlwa(€,m) — w1 (€, m)] + Mlus(€,n) — wr (&, m)]] dy dé =
00

z Y

UGl < [ [V En)]+ MW €]+ MIUE )] dnd (414)
00

Ananormunsiii pesynbraT cipasemus s V(x, y), Wz, y):

V()| < /[MIV(%U)I+M|W(9«"777)|+M|U(9«"777)H dn;
0

W (z,y)| S/[MIV(&Z/)\ + MW (&, y)| + M[U(&, y)l] dE.
0

JlokazkeM, 9TO U3 9TOTO CJeyeT PABeHCTBO Hy0 >Tux dyHKuuii B I1;,;,. sl Hauama mokaskeMm, 9To OHU
paBubl Hy/o B npamoyronbauke I, . = {[0; o] x [0; yo]}, Tae xo, Yo YEOBIETBOPSIOT CICLYIOMIUM YCIOBIAM:

3xoyoM < 1;
3xoM < 1;
3yoM < 1.

TTostozxum

U = max |U(x,y)|; V = max |V (z,y)|; W = Inax W (z,y)|.

1_I“O?!O Hroyo r0Y0

He orpanuumnsas obmmocTH, mycth U > max{V, W}. Torna u3 nepasenctsa (4.14) ciejyer, u4To

z oy
\U(z,y)| <M//[U+U+m dydr < 3MzoyoU, (z,y) € yyyy =
00

=U < SM.Z‘OyoU.

56



Tak kak 3xgyoM < 1, To 310 BBITIOTHSAETCS TOBKO Tipu U = 0. I3 3TOTO, O9€BUIHO, C/Ie/IyeT, ITO (PYHKITUN
U(z,y), V(z,y), W(z,y) TOXKIECTBEHHO PABHLI HYIIO B 1L 0 .
Ha caenyromieM mmare Mbl 6epeM Takoe T, ITO

3(1’1 — l’o)yoM < ].;
3(1‘1 — l'o)M <1;
3yoM < 1.

U paccMaTpuBaeM IpaMoyroasnuk II; ... Torga mepasemcrso (4.14) mepemuimercs Tax:

z vy
|U(x,y)] éM//W—I—ﬁ—Fm dydz, (z,y) € Iz, 4,.

IUO

HeficTBysl aHAJIOMMYHO TIPEABLILYIEMy Iary, noiayduM, aro byuxuuu U(z,y), V(z,y), W (z,y) Troxmecrsen-
HO paBubl HysO B 1l . IIpogoszkas 10106HBIe pacCy KIeHns, MOXKHO 3a KOHEYHOE YHCJIO IIAr0B II0Ka3aTh
PaBEHCTBO Hymo 3Tux dbyHkmuit 5 11; 4, a 3atem u B I 4,.

Teopema jokazana. O]

4.10 ConpsikeHnblii [uddepeHnmaIbHbIN oepaTop

Byuem peiicrsoBars B npocrpancrse E*. Ilyers ¢ = (z1,...,x,) — HabOp nepeMeHHbIX, a u(x) — dyHKIM OT
N IIePEeMEHHBIX.

Omnpenenenne. duddepennuanbubiii oneparop L[u] ot mekoropoit bynkmum u(x) € C?(E™) onpee-
JIAETCS KaK

Llu] = Z Z Qi (T)Ug, o, + Z bi(x)uy, + c(x)u, (4.15)

e a;j, b; € C*(E™), ¢ — mnekoropnie dynxiuu. Tak Kak qacTHble TPOU3BOJIHBIE BTOPOTO MOPSA/IKA B JAHHOM
cllytdae He 3aBHCAT OT HOpsiaka AuddepeHupoBaHus, TO IPUHIMAETCS COITIaIeHne: a;;(x) = a;j;(x).

Onpepenenune. Kaxnomy muddepennmanbaomy omeparopy L[u] MOXKHO TOCTABUTH BO B3AMMHO OJJHO3HAU-
HOE COOTBETCTBHE TaK Ha3bIBaeMblil CONPS?KEHHBIN onepaTop K L:

n n n

M) =Y (a5 (@)0)aia; = Y (bil@)v)a, + ()0,

i=1 j=1 i=1

Onpepesnenne. Inddepenimanbabiii oneparop L{u] HasbiBaeTcs camoconpsizKeHHbIM, ecin L{u] = Mu].
Ham nonamoburcs caemyromas dhopmyia:

n

vLlu] —uM] =) (pi())a;, (4.16)

i=1
n

rae p;(z) = E [vaijumj — u(aijv)zj] + bjuv.
j=1
st jokazareibeTsa 310l (hOPMyYJIbI IPOCTO TIOJICTABUM BbIpazkKeHue /i p;(T) B IIPaByIO 4acTh U HEPErpyTl-

o7



upyeM cJlaraemMble:

Z(pl(x))rz = ZZ [Uaijufﬂjii - u(aijv)mj%] + ZZ [(Uaij)xiuzj — Ug, (aijv)rj] +
i=1

i=1j=1 i=1j=1

n n n n
+Z [vbjug, + u(biv)y,] + cuv — cuv = szaijuxjm + vaiuxi + cuv—

i=1 i=1j=1 i=1

ZZU A0z, + Zu (b;v)z, +cuv | + ii [(Vaij)p; s, — Us, (A350)s, | =

i=1j=1 i=1j5=1

= vL[u] — uM[v] + ZZ (V@) 2 Uz, — Ua, (@ij0)a, ] -

i=1j=1

OcraBimascs IBoiiHas cyMMa paBHa HyJII0 — 3TO cJIelyeT U3 CUMMETPUIHOCTH MHIEKCOB ciaraeMbix. OTcrona
nosygaeM, uro dbopmyna (4.16) sBepua.

CBs3b C CONpPsI>)KEHHBIM OIEPATOPOM U3 JIMHEWHOM ajirebpbl
B snuneitnoit aarebpe onpeeserneM s orepaTopa A, colpsizkeHHOro K oneparopy A, ObLIO COOTHOLIEHUE:
*
(Au,v) = (u, A*0)

KOTOPOE JIOJIPKHO OBLIIO BBITTOTHATHCS JIJIsT JIIOOBIX u, v 13 E™.
ITocMmoTpuM, Kak coryiacyercs ¢ JAHHBIM OIpeeIeHuEM HaIlle.
IIpumep 1. Ilycts ) C E3, u ckanapHoe IpOU3BeIeHIe ONpeeaeTcs TakK:

g)=// fgdr, f.g€C*Q)nCM@).
Q

Torma msa dbynaxmmit u, v € C?(2) N CY(Q) u Taknx, aro u,v|s = 0, THe ¥ — rpanuma 2, BepHO, UTO
(v, L[u]) = (M[v], u).

ITokazkem aTO:

o = O = [t aatohar = s = G0 57 G

={P = (p1,p2,ps)} = ///divﬁdT = { dopmyna Ocrporpagckoro-Tayeca (5.3)} =

//(13, i) do = {7i = (g, my,m.)} = //(plnm + pany + pan.)do = 0
by by

~ pils = 0 B cuily rpaHUYHOrO YCIOBUA IS U, V.
IIpumep 2. [IpocrefimuM mpuMepoM CaAMOCOIPSIYKEHHOTO OIepaTopa sBJjseTcs oreparop Jlamnaca, K mpu-
Mmepy, B E3:
L[u] = AU = Ugyz, + Ugpz, + Uggws-

Jlerko mposeputh, uto M[v] = Av.
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4.11 Meton Pumana

Pacemorpum B8 E2 s dbynkmum u(z, y) Taxoit auddepeHnua bHbIi onepaTop:

Llu] = ugy + a(z,y)uz (z,y) + b2, y)uy(z,y) + c(z, y)u(z,y). (4.17)

ITo ompenenennio, conpsizKEHHBI K HEMY UMEET CJIEIYIOMNN BUL:

Mv] = vay — (a(z,y)v)a — (b(x; y)v)y + (2, y)v.

Taxkum 06pazom, B 0603HavdeHus X bopmyisl (4.15): a11 = aza = 0, aja = ag = %, by =a, b =b, c=c.
Jlerko BHAETH, 9TO Py, P2, ucnoabdyembie B (4.16), canraiorcs Tax:

1
p1= §(vuy — uvy) + auv;
Py = §(Uu$ — uw,) + buv.

ITycrs Teneps Ha mwiockoctn OXY 3anana kpusast y = f(z), npuuem Vo f/'(z) < 0. Fpaduk ee obozHaTIM
Ly.

Bynem o6osnauaTh CHMBOJIOM R}' HOJIYTIIJIOCKOCTh, TOYKU KOTOPOIi Jieskar Bhiie rpaduka dbyHknun f(x):
Rf ={(z,y): y> f(2)}.

PaccmoTpuM Takyio KpaeBylo 3a7ady (Kak HeTPY/IHO 3aMETHTh, 9TO 33/a9a Ha yPABHEHUE MUIePOOJIAICCKOrO
tuna): [4.5]

(1) Lul = F(z,y), (x,y)¢€ R}"; (L[u] onpenensiercst dopmyioit (4.17))
(2) 8u(x7y) = ¢(xay)7 (x,y) € Lfv
(3) 5@y = vy, (el

Bynem uckarh ee perenue B RJT. IMokarkeM, Kak ero MOXKHO BBIYHCIUTD B IIPOM3BONIbHOMN Touke A(xq,yo) €
RY.

Hst sToro coenmHuM TOUKy A ¢ KpuBOit Ly OTpe3KaMH, IapaJiTeIbHBIME OCSIM KOOPIWHAT, IIOJIy4YHB Ha
nepecedernu Toukn B(x,yo) u C (g, y). Obosnaunm cumsosioMm L KoHTYD, o6pasoBaHHbIi orpeskamu AB u AC
n ayroit BC, a BHyTPEHHOCTH €ro — CUMBOJIOM D.

Bocnosbzyemcst bopmyioii (4.16) st conpsizkernnoro auddepennuaibuoro oneparopa M [v] (v — nekoropas

byukupms):
//(UL[]—UM ds—//(aﬂ—i-ap?)ds.
D

s npeobpa3oBaHus IpaBoil YacTH BOCIHOJIb3yeMcst bopMystoit ['pruHa juist KPUBOJIMHEHHBIX HHTEIDAJIOB:

L/pdxwdy:l/)/(@r

B sTom ciydae numeem:

/ / (vL[u] — uM][v]) ds / p2 dx + p1 dy = {HacTu KOHTypa napaJiiebHbl OCSIM KOODJIMHAT } =

Z{[ vy~ ) ]~ S =+ )
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A
+/ [ (vuy — uvy) + auv} dy +/ B(vux —uvy) + buv} dz. (4.18)
c B

Kax m3BectHO, (vu)y = vuy + uvy; (vu)y = vuz + uvy. Hcoomssys stu dopmyssi, mpeobpasyeM nBa
nocsennux uarerpasa B (4.18):

VU — W) + buv} dx =

w\»—*

A
(vuy — uvy) —I—auv} dy—i—/[
B

A A
/ { Uv)y — uvy + auv} dy +/ { (Vi) — wv, + buv} dz
c B

Ica Ipa

Q\;}
N)M—l

o sToro Mbl onperensin (PyHKIIUIO ¥ MPOCTO KAaK JIBAXK/Ibl HENPEPBIBHO IudddepeHupyeMyio. Temepb
norpebyem, aTobsl M [v] = 0, a TouHee, 4TOOLI OHA ABJIAIACH DEIIEHUEM TaKOil 3a/1adu:

(4)  vay — (a(@,y)v)e — (b(z,y)v)y + c(z,y)v = 0, & < To, Y < Yo;
y

(5) v(z0,) = exp{ / a(z0,5) ds}, y < o

yo

(6) v(z,yo) = exp{/ $,90)ds}, © <

Zo

Do 3ama9a ¢ TAHHBIME Ha XapakTepucTnkax Buaa [4.4]. B mpenpraymux pasgenax GBIIO TTOKA3aHO, UTO CYy-
IECTBYET U eIMHCTBEHHA (DbYyHKIMS v(Z, y), SIBJISIOMASICA ee PellleHneM. ByieM cunTarh, 9T0 OHA HAM U3BECTHA,
u GyJIeM HCIIOJIL30BATH UMEHHO 3Ty (DyHKITHIO.

Bepremcs k Boipazkenuio (4.18), nogcrasus tyga dbyuxiuio F(z,y) u3 ucxomuoro ypasuenus (1) mis u(x, y):

1
// x,y)F(x,y ds—/{[ (vuy — uvy)—kauv} dy — [2(vux—uvx)—|—lmv} dx}+ICA+IBA.

Bocnosibayemcest Tem, 9to B unrerpatax Ica, Ipa omna u3 koopauuar dbukcuposana. 13 yciosus (4) s
v(x,y) JIEerKo MoJIy<IuTh, IT0 v, — av = 0 mpu & = xy. Takum obpasom,

A A
1 1 1
= / —(uv)y —uvy + auv| dy = / —(uv)y —u(vy —av)| dy = - (uwv)| — -(uwv)| .
2 2 2" c
c c
Amnajiornuno, v, — bv = 0 pu y = yy. CiemnoBaresbHO,
A A
1 1 1
Iga = / —(wv)y — uv, + buv | dx = / —(w)y —u(vy —bv)| de = =(w)| — =(uwv)| .
2 2 2", -
B B

Nrak, eipaxkenue (4.18) MOXKHO IlepenucaTh Tax:

1/)/ v(w,y)F B/C{[ vuy—uvy)—kauv} dy — B(vul.—uvw)+buv] dx}+uv|A—;(uv)

1
- 5(7“1)

C B
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Orcrona Jerko nosyunts 3Havenue Gyskmn u(z,y) B Touke A(zg, yo):

w(@o, yo)v(wo, o) = —B/C{ [;(wy —uvy) + auv} dy — E(ww —uv,) + buv] daz} +

., + //U(x,y)F(x,y)ds.
D

U3 rpasuansix ycaosuit (5),(6) as v(z,y) caexyer, aro v(xg, yo) = 1. Torma mosayuaem, aro:

+ %(uv)

1
+ = (uww)
c 2

o) = / {[Son, = -+ ]~ [ B — ] )

. + //v(x,y)F(x,y)ds.
D

910 U ecThb oKoHYaTeNbHad Gopmysa s u(Zo,Yo). MOXKET MOKA3aThCsl, YTO HAM HEU3BECTHBI YACTHBIE
upousBoubie u(x,y) Ha KoHType. [TokazkeM, 9T0 UX MOXKHO HaliTu U3 rpaHUYHBIX ycuaosuil (2),(3):

Ul f(a)) = e, f(@)
@ J(@) = (e, f(@)).

(4.19)

+ ()

1
+ = (uv)
o 2

1 f(x
E/mHUYHBI BeKTOp T KacaTelbHOH K Ly MMeer cieyomuil By 7 = { ; (z) .

Orcrofia oIydaem, ITo

ou ou 1 ou ()

or ) S o TR R | 0T TR

U
—— HAXOJUTCH U3 CJIEAYIONNX IPpeodpa3oBaHmil:

or
0 , g Ou
g U@ F(2) = ua(2, f(2)) +uy(z, f(2)) f(2) = V14 (f(2))? 5= (2,y).
ou . o
Kak ussecTHo, e (7, gru). Equandnsiii BekTop HOpMasn K L ¢, OPTOrOHAJIBHBL BEKTODY T, CIUTAETCs
n

TaK:

S rw |
{\/1+(f’(a?))2’ \/1+(f’(a?))2}
Orcrona momydaem:

ou _ Ou f(x) ou 1

o o S wr I TP

OxoHYATEIHHO, U3 IMPAHUYHBIX YCJIOBHH MOJIyYaeM CUCTEMY i moucka u(x,y) Ha KoHrype L:

0 ou  Ou,
%ﬂ%f(f)) = 57 Dy (@);
ou f(x) ou 1

P(z, f(z))

0r T+ (f@)2 Oy \/T+(F@)?

Ee onpezesnresns Hurje He paBeH Hyimo. OTCiona CIeLyeT, 9TO Ug (T, Yy), Uy (Z,y) CYIECTBYIOT I UX MOXKHO
ONPEJIESTUTD OJTHOZHATHO.

Uraxk, Mbl 060cHOBAIM KOPPEKTHOCTD hopmyJibt (4.19). Viciosib3yeMblil jijis ee 0Ly YeHus. MeTO/| HA3bIBAETCS
merogoMm Pumana.

Sameuanne. Popmyia Janambepa sipisiercst 9acTHbIM ciaydaeM dbopmyist (4.19).
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4.12 (OO6GoOGIIIeHHbIE pellleHus

Berpeuarorest citydyan, Korjga perieHus: TPUKIaIHbBIX 3a/a9 ObIBAIOT Pa3pbIBHBIMU. Takue pelneHus HejIb3s Mo-
JIyIUTH CTAHJAPTHBIMEI (DOPMYJIAMU U3 JIAHHOTO KypCa, OJHAKO X MOYKHO TIPEJICTABUTD, K IIPUMEDPY, KAK MPeJIes
"0OBIYHBIX" pereHuii.

O600111eHHBIE pelnieHns B (popMe mpeaesIbHOTO Mepexoaa

O6Gummit moaxoxn. Ilycrs dyHkmmio w Hamo Halitn u3 ypasHeHust L[u] = 0, npuuem Ha Hee HAJIOXKEHBI
ycrosusi B Bujle HeKOoTopbix dyHkimit F' u ®. Ecau takas 3ajada He MMeeT peneHusi (HAIPHMED, W3-33 TOTO,
gro F ¢ C%, ® ¢ C?), To MBI CTPOUM PABHOMEPHO CXOJISIIINECS TOCeI0BATEILHOCTH:

F,=F &,=d,

roe F, € C?, ®,, € C?. Torxna, eciu CyImECTBYeT peIleHHe (byukius uy,), coorBercrByiomee dbyakiuam Fy, u
®,,, To B KauecTBe U OepeM mpees QYHKIUH Uy,

u= lim u,
n—oo

[IpU yCJIOBUU, ITO IMTOCJIEIOBATETLHOCTD U, PABHOMEPHO CXOIUTCS K U.
ITpumep. Paccmorpum 3agaay Kormm myis runepbosmiaeckoro ypaBHEHHS:

U = QPUpy, —00< T <400, 0<t LT,
u(z,0) = o¢(x), —oo<z<—+o0;
u(x,0) = P(z), —oo<z < +o00.

Ussectro, uto ecmm ¢ € C2(E), ¢ € C*(E), To pemenue 3amaercss dbopmyioit lamambepa:

xz+at

[ v

—at

u(z,t) =

d(x — at) + ¢(z + at) n 1
2 2a

Temepsb IycTh B aHAJOTHYHON 3a/ade (DYHKIMH ¢,1) BCEIO JIHIIb HEIPEPBIBHBI — TO €CTh MbI HE MOYKEM
BOCIIOJIb30BaThea hopmystoi Tamambepa.

Byzem pa6otats B momoce 0 < t < T. ITorpeGyem, aTobs1 ¢ = 1) = 0 BHe oTpe3Ka [—d; d], rae d — HekoTopast
koncranTa. (Takoe cBoifcTBO 0b603HAUaAETCA Kak supp ¢, = [—d; d].)

IIpe/imoozKuM, 9TO CYIIECTBYIOT Takue MyHKIUH ¢, (x), ¥, (1), ato ¢, € C*(E), ¢, € CY(E), npuuem
On(x) =Yp(x) =0 s |z| > 2d un

Pn(x) = ().

st perteninst 3a1a4 KoIim, COOTBETCTBYIONNUX (PYHKITUAM ¢, 1 V¥, crpaBeamBa dopmysta Hamambepa:

{ 9n(®) = H(2); ua orpeske[—2(d + aT); 2(d + aT)].

x+at
r—at

HaszoBeMm pemitenunem mpefest rakux GyHkumit: u(z,t) = lm wu,(z,t).
n—oo

Oupegnesenne 6yneT KOPPEKTHBIM, €CJIM MbI IIOKaxKeM, 4To B npamoyrosbauke 11 = {(x,t) : —2d —aT < = <
2d 4+ aT, 0 < t < T} nocsenoBaTeabHOCTD Uy, (T, 1) PABHOMEPHO CXOAUTCs (OYEBUIHO, BHE €r0 BCE ee JIEHD
TOXKJIECTBEHHO PABHBI HYJIO). JIJIsT 9TOTO JTOKAXKeM, 9TO U, — (DyHJIaMeHTaJbHAas MOCTIEI0BATEIbHOCTD, TO €CTh

Ve>0 IM:Vm>MVYp>0 |umip(z,t) —un(z,t)| <e V(zt)ell
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OuenuM 31y pasHocThb Yepe3 dopmyry Jlarambepa:

[Pmp(® + at) = om(@ + at)] | |mip(@ = at) = ¢m(z —at)|

m ;t - Um 7t <
sy (,1) = ) : :

x+at

1
too [ 1omenl® = (O] de.
r—at

Toyuenmuyo cymMMy MOXKHO CJIeJIaTh MEHbINE JII0OOr0 HAIEpes] 3aJJaHHOI0 € — ITO CJIEJYeT M3 PABHOMEPHOMN
CXOJIUMOCTH, &, CJIEJOBATEIHHO, U (DYHIAMEHTATBLHOCTH TOCIEI0BATETLHOCTENR Gy Y.
Orcroma mojydaem, 9To

un(z,t) =2 u(z, t), (z,t) € II, upudem u(z,t) € C[II].

Kpowme Toro, tak Kak un(£(2d + aT),t) =0, To u(£(2d + aT'),t) = 0, u u(x,t) = 0 Bre II.

[TocTpoennast TakuMm 00pa3oM PYHKIMS HA3BIBAETCST OOOOIIEHHBIM perieHrneM B popMe IpeaeabHOro
mepexoza.

BosHukaer BOIIPOC: €MHCTBEHHO JIM TAKOe pelieHue (Beb IOCIeI0BATEIBHOCTH ¢y, Py MBI BHIOUPAJIA IIPO-
u3BosibHO)? JIjisi oTBeTa Ha 3TOT BOIPOC BO3bMeM JoOble J[Be Tapbl HOC/IeoBaTeIbHOCTe ¢ ¢2 u L, 1?2
Takue, 4To

17 42 7
¢n j ¢7 (bn j ¢7
177 2 — T
U S0, Yy 3.
IIpe/ImoosKuM, 9TO MM COOTBETCTBYIOT [Ba permienns: U (x,t), U (x,t), ABIAIOMUXCS TPeIeTaMI MOTy-
gennbx 1o dopmyae Jlamambepa €IeHOB TOCTeIoBaTelbHOCTEH ul W u2 cooTsercTBeHHO. JlOKazKeM, 9TO
ut(z,t) = u?(x,t). st 3TOTO OUEHNM WX PA3HOCTB:

@ (2,1) =@ (2, )] < [ (2,) = up (2, )] + Jup (2, ) — w2, 0)] + [@ (2, 1) — up (2, 1)].

n

HepBoe 1 TpeThbe C/lara€eMble CTPEMATCHA K HYJIIO B CUJIY paBHOMepHOfI CXOIUMOCTH (byHKLLHfI U}L u U”r27,

coorBercTBeHHO. OTIeHNM BTOpPOE, puMeHsist dpopmyiry Jlarambepa:

KT u
72

1 _ 42 1 _ _ 2 _
@h(a+at) — ga+at)| | ¢4 —at) — 2@ —at)]

L, t) —u?(z,t)] <

z+at

v [ WhO - il

Omno TakzKe CTPEMUTCS K HYJTIO, TaK KaK MOC/Ie/I0BATEILHOCTH BL, @2 mpl, 2 cxomaTes K oaHUM U TeM Ke
dbyHKIMAM — K ¢ 1 1) coorBercTenno. OTCIOMA MOTyYaeM paBeHcTso U (z,t) u U2 (x,t).

O60011IeHHOE pellieHe B CMBICJIE€ MHTErpajbHOTO TOXKJIECTBA
Jpyrum nmpuMepoM pruMeHeHusi OO0OIEHHBIX peIeHnil MOXKeT ObITh CJIydail, Korjaa B ypaBaeHnuu llyaccona
Au = _f(x7y7 Z)
byukuusa [ e saBiserca aBaxiapl quddepennupyeMoil — To ectb "HopMasibHOro" pemenus Her (T.K. BCeria
Au € C?).
O6muit noaxox. Ilycrs B obaactu 2 C E2 ¢ rpanuneit ¥ dpynkms u(x1, Ta, T3) ONPEEIAETC YPABHEHIEM

Llul=F, rne

3 3 3
Llu] = Z Z @i (T)Ug o, + Z bi(2)ug, + c(x)u.
i=1 j=1 i=1
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Torma comnpsizkeHubIN K L omiepaTop 3aaeTcs Tak:

3

3
M) =Y (aij(@)0)aia; = Y (bil@)v)a, + ()0,

i=1 j=1 i=1

Byzem pacemarpusars TO/IbKO Takue dynkmun v, uro v € C*(€2), suppv C Q (momHocrsio BHyTpH ().
UssectHO, uTO, ecm u,v € C2() N C(Q), To cupasenymsa dopmya (4.16):

///(vL[u} —uM))dr = ///diVﬁdT = {dopmyna Ocrporpasckoro - Faycca (5.3)} = //(]3, i) do.
Q0 Q by

.
W3 ycnosuit Ha v TOIyHdaeM, 9T0 QYHKIUU U, Vg, Uy, U, &, CJIEJI0BATETbHO, U BeKTOp-byHKIHa P obparma-
foTCs B HyJIb Ha Y. OTCIoIa moJydaeM, 9To

///(vL[u} —uMv])dr = 0.
Q

///’UF dr = ///uM[v] dr. (4.20)
Q Q

[Tonyuernoe BoIpazkeHue JIjIs U HA3bIBAETCS ODODIIEHHBIM PEIIeHNEM B CMbICJI€ MHTErPAJIBHOTO TOXK-
mecrBa. Takum 06pa3oM, MblI IIPeOOPaA30BaJId MCXOIHOE YpaBHEHUE JJjisd U, "lepebpocuB" TpeboBaHume Helpe-
PBIBHOII JnddepeHImpyeMocTr Ha (DYHKIWIO v, TOTpebOBaB TakKe, YTOOLI OHA ObLIa He paBHA HYJIIO JIUIIb B
obJracTu, Jiexkareil crporo BHyTpH ).

HUcnonbsyewm, uro Llu] = F:

64



5 IIpuinoxenue. BcnomorarebHbie (pOPMYJIBI U ONpeeIeHUA

Onpenenenne. Ilycrs bynxmusa ¢(z,vy,2) 3amana B npocrpanctse E3. Toria ee rpaJiIMeHTOM Ha3bIBAeTCs
BeKTOP-QYHKIUA g ¢ = { Py, Py, ¢, }, OLPEIETICHHAS BCIOLY, TA€ CYILECTBYIOT BCE YACTHBIE IIPOU3BONHBIE (DYHK-
—trT) )

Ounpenesnenne. [Tycrs Bexkrop-byukuus A(z,y, z) umeer Bu;:

—

A(I7 y’ Z) = {P(x’ y? Z)’ Q("E’ y? Z)’ R(I7 y? Z)}'

Torma ee muBeprenueii HasoiBaercs pyukius div A= P, + Q4+ R., onpeneneHHas BCIOAY, TJe CYIIECTBYIOT
COOTBETCTBYIONIUE TTPOU3BOIHBIE.

ITycrs dbyukuus f(t) menpepoiBaa Ha orpeske [t1; ta]. Torma s Hee cupaBeiMBa TeopeMa O CpeJHEM
3HAYEHUHN:

/ﬂﬂﬁ:fWXM—hL (5.1)

rae t* — HEKOTOpask TOYKA U3 3TOI0 OTPE3KA.
ITycrs dyuxims f(x,y, z) HEIpepbiBHA B 3aMKHYTOl obsactu 2. Torja Juist Hee cripaBeInBa 0606IIEHHAS
TeopeMa O CpeJHEM 3HAYEHUU:

///f(x,y,z) dx dydz = f(P*)Vq, (5.2)
Q

rme P* — mekoropas Touka u3 obaactu 2, a Vi — obbeM 3Toit obracT.

[Iyctp moBepxmOCTH Y OOsacTu () COCTOMT M3 KOHEYHOIO YHCJIA 3aMKHYTBIX KYCKOB, MMEIOIINX B KaK-
JIOM TOYKe KaCaTeIbHYIO, MpudeM JIIoOble MpsiMble, MapasiiebHble KOOPAUHATHBIM OCIM, MEPECeKaIoT ee JIM-
60 B KOHEYHOM YHCJI€ TOYEK, JUOO 10 KOHETHOMY UHCAYy OTpe3koB. Torma s QyHKIHH ff(x,y,z) =
{P(x,y,2), Q(x,y,2), R(z,y,2)}, tae P,Q, R € C*(Q) umeer mecro popmysia Ocrporpasckoro-Taycca:

(A, 1) do = div Adr (5.3)
) Q

CioBa 6J1arogapHocTn

¢ BBIpazkar MCKPEHHIOW 0JIar0IapHOCTH BCEM TEM, KTO ITOMOT MHE B paboTe Ha/l TaHHBIM KOHCIIEKTOM: IIPEXKIE
Beero Hamemy Jjiekropy — JenucoBy Astekcannpy MuxailyioBudy, KOTOPBIA HE MPOCTO 00ECIIEUMT MEHSI MaTePH-
aJlaM¥, HO ¥ IIOMOT HCIIPABUTH OTPOMHOE KOJIMIECTBO OIMNOOK; MOUM JIpy3bsiM: BekeroBoit Ejene, deit koncnekT
[IPUBHEC B 3TOT TPYJl MHOXKECTBO HejocTaomux Ghopmys u nosicHennit, [locnesioBy Ajiekceio — 3a MOCTOSTHHYIO
[IOMOIIb B PEIIeHNN TeXHu4YecKux mpobsiem, Kpyriosoii Ejiere — 3a Mopa/ibHYIO MOJIEPKKY, B KOTOPOil 51 Tak
qacTO HYXKJIAJICS, & TAKXKE BCEM TEM, KTO CIIOJBHUI MEHsI Ha 3Ty padoTy.

Bes Bac g 6b1 He cupasuics. Cracubo secem 6ombioe!!!

Kpowme toro, npoiy Bcex, KTO HaiiJer emle OmuOKU /Ul HETOYHOCTH B JIAHHOM MaTepuaJie, CoO0IuUTh 00
sroM Ha enlightened@mail.ru. 4 ve KHyT, ZIeHbIU IJIATUTH 3a 9TO HE MOIY, HO OJaromapeH Oyiy.
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3.7 EpuncreenHoCTh pernreHus BHeNrHeR 3amaqn Jupuxiie e

3.8 Baytpennsas 3aaua Heifimana. Heobxomumoe ycioBue ee pazperumoctu. EAnHCTBEHHOCTD PeIeHnst
3.9 O@yuknua ['puna g ypasuenus Jlanmaca u ee cBoiicTsa, . e e
3.10 IlorennuaJbl TPOCTOro U JABOWHOTO cJios. IloTeHIma TBORHOTO CJI0si ¢ € IMHUIHON IJIOTHOCTHIO
3.11 Csenenne 3amaun lupuxie Kk uaTerpagbuoMy ypasueruio Openrospma 2-ro poaa .

4 VYpaBHeHUs rurepObOJIMIECKOro TUIa

4.1 TlocranoBka 3a11a4 JJisd YpaBHEHUs KOJIEOAHUI .

4.2  ®opwmyna Jamambepa. CymecTBoBaHMe, yCTONIABOCTD U €UHCTBEHHOCTD PEIIEHUsT 30 Konm
4.3 XapakTepHUCTUKHU YPABHEHHUS B YACTHBIX [IPOM3BOIHBIX BTOPOT'O MOPSIIKA .

4.4 3amada Ha MOIYIPsAMOil. MeTo poIo/IzKeHni

4.5 MeTOﬂ pa3aesieHus MepeMeHHbIX JIJIsA JJOKa3aTeJIbCTBa CYIIeCTBOBaHUA PEHICHU A HepBOfI KpaeBOI'?'I

3371291 .

4.6 HMarerpan sueprun. EJIUHCTBEHHOCTD pelIeHNsT KPAeBbIX 33/1a4 JIJIsT YPABHEHUST KOJ’Ie6aHI/II/I

4.7 3asada ¢ TaHHBIMU Ha XapaKTEePUCTHKAX. JKBUBAJIEHTHAS CHCTEMa WHTErPAJbHBIX YPABHEHUIT .
4.8 CyrecTBoBaHME PEIIEHUs 33/Ia4U C JAHHBIMUA Ha XapAKTEPUCTUKAX

4.9 EnuHCTBEHHOCTDb pENIeHus 33/a41 ¢ JAHHBIMU HA XapaKTEPUCTUKAX .

4.10 Coupsizkenrnblit JuddepeHInalIbHbIi OIepaTop

4.11 Meron Pumana ..
4.12 O6001IeHHbIE PEICHAS .

5 IIpunoxkenume. BcnomorarenpHbie (pOpPMYJIbl U OIIPEAeJIEHUS
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