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Ââåäåíèå

Êîëåñî Ñàìàðñêîãî

Ïðè èçó÷åíèè îáúåêòîâ îêðóæàþùåãî ìèðà ìàòåìàòè÷åñêèìè ìåòîäàìè èñïîëüçóþò ïðíè-
öèï �êîëåñà Ñàìàðñêîãî�, èçîáðàæåííûé íà ðèñóíêå. Â äàííîì êóðñå ðàññìàòðèâàåòñÿ ôàçà
�ðàçðàáîòêà àëãîðèòìà� ýòîãî ïðèíöèïà.

Ñîäåðæàíèå êóðñà

Ãëàâà I ×èñëåííûå ìåòîäû ëèíåéíîé àëãåáðû.

Ãëàâà II Èíòåðïîëèðîâàíèå è ïðèáëèæåíèå ôóíêöèé.

Ãëàâà III Ðåøåíèå íåëèíåéíûõ óðàâíåíèé è ñèñòåì.

Ãëàâà IV Ðàçíîñòíûå ñõåìû äëÿ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè.

Ãëàâà V Ðåøåíèå çàäà÷è Êîøè äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé è ñèñòåì
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.
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Ãëàâà I

×èñëåííûå ìåòîäû ëèíåéíîé àëãåáðû

�1 Ââåäåíèå

Ðàññìîòðèì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (ÑËÀÓ) â ìàòðè÷íîì âèäå

Ax = f, (1)

ãäå A � ìàòðèöà ðàçìåðà (m×m), |A| 6= 0,

x = (x1, . . . , xm)T ,

f = (f1, . . . , fm)T .

Èç íåâûðîæäåííîñòè ìàòðèöû A ñëåäóåò, ÷òî ðåøåíèå ñèñòåìû (1) ñóùåñòâóåò è åäèíñòâåííî.
Âûäåëÿþò äâå ãðóïïû ìåòîäîâ ïîèñêà ðåøåíèÿ ÑËÀÓ:

1. Ïðÿìûå (òî÷íûå) ìåòîäû. Ïðèìåðû: ìåòîä Ãàóññà (òðåáóåò ∼ m3 äåéñòâèé), ôîðìóëà Êðà-
ìåðà (òðåáóåò ∼ m! äåéñòâèé), ìåòîä êâàäðàòíîãî êîðíÿ. Ýòè ìåòîäû ïîçâîëÿþò çà êîíå÷-
íîå ÷èñëî äåéñòâèé ïîëó÷èòü òî÷íîå ðåøåíèå.

2. Èòåðàöèîííûå (ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé).

x0 � ïåðâîå ïðèáëèæåíèå,

xn
n→∞−−−→ x.

Ïðè ðàáîòå ñ èòåðàöèîííûìè ìåòîäàìè çàäà÷à îáû÷íî ñòàâèòñÿ ñëåäóþùèì îáðàçîì: äëÿ
äàííîãî ε > 0 íàéòè n0(ε) òàêîå, ÷òî

|xn − x| < ε ∀n ≥ n0

Ìû áóäåì òàêæå ðàññìàòðèâàòü çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ. Îíà ôîðìóëèðóåòñÿ òàê: íàéòè
âñå òàêèå ÷èñëà λ è íåíóëåâûå âåêòîðû x, ÷òî äëÿ äàííîé ìàòðèöû A âûïîëíÿåòñÿ

Ax = λx. (2)

λ íàçûâàåòñÿ ñîáñòâåííûì çíà÷åíèåì, x - ñîáñòâåííûì âåêòîðîì ìàòðèöû A.
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�2 Ðàçëîæåíèå ìàòðèöû íà ìíîæèòåëè. Ñâÿçü ýòîãî ðàçëî-

æåíèÿ ñ ìåòîäîì Ãàóññà

Ax = f, |A| 6= 0 (1)

Ïîäñ÷èòàåì ÷èñëî äåéñòâèé, íåîáõîäèìîå äëÿ ðåøåíèÿ óðàâíåíèÿ (1) ìåòîäîì Ãàóññà. Äåéñòâèåì
áóäåì ñ÷èòàòü óìíîæåíèå èëè äåëåíèå.

1. Ïðÿìîé õîä ìåòîäà Ãàóññà:

• A⇒


1 × · · · ×
0 1 · · · ×
...

...
. . .

...
0 0 · · · 1

 m3−m
3

äåéñòâèé

Êðåñòèêàìè îòìå÷åíû â îáùåì ñëó÷àå íåíóëåâûå ýëåìåíòû.

• Ïðåîáðàçîâàíèå ïðàâûõ ÷àñòåé: m(m+1)
2

äåéñòâèé

2. Îáðàòíûé õîä

• m(m−1)
2

äåéñòâèé

3. Âñåãî m3

3
+m2 − m

3
äåéñòâèé

Ðàçëîæåíèå ìàòðèöû íà ìíîæèòåëè

Çàäàäèìñÿ öåëüþ ïðåäñòàâèòü ìàòðèöó A â âèäå

A = B · C, (2)

ãäå

B =


b11 0 · · · 0
b21 b22 · · · 0
...

...
. . .

...
bm1 bm2 · · · bmm


� íèæíåòðåóãîëüíàÿ ìàòðèöà,

C =


1 c12 · · · c1m

0 1 · · · c2m
...

...
. . .

...
0 0 · · · 1


� âåðõíåòðåóãîëüíàÿ ìàòðèöà ñ åäèíèöàìè íà ãëàâíîé äèàãîíàëè.

Ïî ôîðìóëå äëÿ ýëåìåíòà ïðîèçâåäåíèÿ ìàòðèö:

aij =
m∑
l=1

bilclj
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Ïåðåïèøåì ïðåäûäóùåå âûðàæåíèå, âûäåëèâ ñëàãàåìîå ñ cij:

aij =
i−1∑
l=1

bilclj + biicij +
m∑

l=i+1

bilclj

Èç âèäà ìàòðèöû B ñëåäóåò, ÷òî
m∑

l=i+1

bilclj = 0

Òàêèì îáðàçîì, ïðåäïîëîãàÿ, ÷òî bii 6= 0, ïîëó÷èì

cij =

aij −
i−1∑
l=1

bilclj

bii
, i < j (3)

Òåïåðü èç ôîðìóëû ýëåìåíòà ïðîèçâåäåíèÿ ìàòðèö âûäåëèì ñëàãàåìîå ñ bij:

aij =

j−1∑
l=1

bilclj + bijcjj +
m∑

l=j+1

bilclj

Èç âèäà ìàòðèöû C ñëåäóåò, ÷òî
m∑

l=j+1

bilclj = 0

Òàêèì îáðàçîì, ìîæíî çàïèñàòü:

bij = aij −
j−1∑
l=1

bilclj, i ≥ j (4)

Ëåãêî âèäåòü, ÷òî ôîðìóëû (3) è (4) ïîçâîëÿþò âû÷èñëèòü âñå ýëåìåíòû ìàòðèö B è C.
Äîêàæåì ñóùåñòâîâàíèå è åäèíñòâåííîñòü ôàêòîðèçàöèè ìàòðèöû A.

Óòâåðæäåíèå. Ïóñòü âñå ãëàâíûå ìèíîðû ìàðèöû À îòëè÷íû îò 0:

A1 = a11 6= 0, A2 =

∣∣∣∣a1,1 a1,2

a2,1 a2,2

∣∣∣∣ 6= 0, · · · , Ai 6= 0, ∀i = 1,m

Òîãäà ðàçëîæåíèå â ôîðìå (2) ñóùåñòâóåò è åäèíñòâåííî.

Äîêàçàòåëüñòâî. Ïî ñâîéñòâó îïðåäåëèòåëåé:

detAi = detBi · detCi

Òàê êàê âñå ýëåìåíòû ãëàâíîé äèàãîíàëè ìàòðèöû Ñ ðàâíû 1, òî detCi = 1, ∀i = 1,m.

detBi = b11 · b22 · . . . · bmm ⇒ detAi = detBi

Èñõîäÿ èç ýòîãî óòâåðæäåíèÿ, à òàêæå èç âèäà îïðåäåëèòåëÿ detBi, ñëåäóåò:

bii =
detAi
detAi−1

, detA0 = 1⇒ b11 = a11

À òàê êàê âñå ãëàâíûå ìèíîðû (1) îòëè÷íû îò íóëÿ, òî âñå bii ñóùåñòâóþò è åäèíñòâåííû ïî
ïîñòðîåíèþ.
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Ñâÿçü ìåòîäà Ãàóññà ñ ðàçëîæåíèåì ìàòðèöû íà ìíîæèòåëè

Ðàññìîòðèì ìåòîä Ãàóññà äëÿ ðåøåíèÿ ÑËÀÓ ñ ïðèìåíåíèåì ôàêòîðèçàöèè. Ïóñòü A = B ·C,
ãäå B è C � ìàòðèöû â ðàçëîæåíèè â ôîðìå (2) (ìàòðèöû ÍÏÒÔ è ÂÒÔ ñîîòâåòñòâåííî).
Â ýòîì ñëó÷àå èñõîäíàÿ ñèñòåìà áóäåò âûãëÿäåòü ñëåäóþùèì îáðàçîì:

B · C · x = f (5)

Îáîçíà÷èì C · x = y. Òîãäà ñèñòåìà (5) ðàñïàäàåòñÿ íà äâå ñèñòåìû:

B · y = f (6)

C · x = y, (7)

Âûïèøåì óðàâíåíèÿ ñèñòåìû (6):

bi1y1 + bi2y2 + . . .+ biiyi = fi,∀i = 1,m

Ïîñêîëüêó bii 6= 0, ìû ìîæåì ðàçäåëèòü íà bii, îòêóäà ïîëó÷èì:

yi =
fi −

∑i−1
l=1 bilyl
bii

, i = 1,m (8)

Ïîñ÷èòàåì ÷èñëî îïåðàöèé óìíîæåíèÿ è äåëåíèÿ, òðåáóåìûõ äëÿ ðåàëèçàöèè ïîëó÷åííîé ôîð-
ìóëû. Äëÿ êàæäîãî óðàâíåíèÿ ýòîé ñèñòåìû ïîëó÷àåì (i � 1) îïåðàöèé óìíîæåíèÿ è 1 îïåðàöèþ
äåëåíèÿ. Òî åñòü ïðè êàæäîì ôèêñèðîâàííîì i ïîëó÷àåòñÿ i îïåðàöèé. À òàê êàê i ìîæåò ìå-
íÿòüñÿ îò 1 äî m, ïîëó÷àåì ôîðìóëó:

m∑
i=1

i = 1 + 2 + . . .+ (m− 1) +m =
m · (m+ 1)

2

Ìû ïîëó÷èëè â òî÷íîñòè ÷èñëî øàãîâ, òðåáóåìûõ äëÿ ïðåîáðàçîâàíèÿ ïðàâûõ ÷àñòåé ñèñòåìû
(6) ïðè ïðÿìîì õîäå.

Äëÿ ñèñòåìû (7) îöåíêà m·(m−1)
2

ïîëó÷àåòñÿ àíàëîãè÷íî.

Çàäà÷à. Ïîêàçàòü, ÷òî ôàêòîðèçàöèÿ ìàòðèöû À òðåáóåò m3−m
3

îïåðàöèé óìíîæåíèÿ è
äåëåíèÿ.

Äîêàçàòåëüñòâî. Âîñïîëüçóåìñÿ ôîðìóëàìè äëÿ ôàêòîðèçàöèè èç ïðåäûäóùåãî ïàðàãðàôà:

bij = aij −
j−1∑
l=1

bilclj, i ≥ j

Äëÿ âû÷èñëåíèÿ êàæäîãî bij ïîòðåáóåòñÿ j-1 îïåðàöèÿ óìíîæåíèÿ. Îòïóñòèì èíäåêñ j:

i∑
j=1

(j − 1) =
i(i− 1)

2

Òåïåðü îòïóñòèì èíäåêñ i:
m∑
i=1

i(i− 1)

2
=

1

2

m∑
i=1

i2 − 1

2

m∑
i=1

i
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Âòîðàÿ ñóììà âû÷èñëÿåòñÿ ýëåìåíòàðíî, çíà÷åíèå ïåðâîé ñóììû íàì èçâåñòíî èç øêîëüíîãî
êóðñà � m(m+1)(2m+1)

6
.

m(m+ 1)(2m+ 1)

12
− m(m+ 1)

4
=

(m− 1)m(m+ 1)

6

Äàëåå ñëåäóþùàÿ ôîðìóëà:

cij =

aij −
i−1∑
l=1

bilclj

bii
, i < j

Äëÿ âû÷èñëåíèÿ êàæäîãî cij ïîòðåáóåòñÿ j-1 îïåðàöèÿ óìíîæåíèÿ è 1 îïåðàöèÿ äåëåíèÿ. Îòïó-
ñòèì èíäåêñ i:

j−1∑
i=1

j =
(j − 1)j

2

Îòïóñòèì èíäåêñ j:

1

2

m∑
j=1

(j − 1)j =
1

2

m∑
j=1

j2 − 1

2

m∑
j=1

j =
m(m+ 1)(2m+ 1)

12
− m(m+ 1)

4
=

(m− 1)m(m+ 1)

6

Ñóììèðóÿ ñ ïðåäûäóùåì ðåçóëüòàòîì, ïîëó÷àåì îêîí÷àòåëüíûé îòâåò:

2
(m− 1)(m+ 1)m

6
=

(m3 −m)

3

Ïîëó÷àåòñÿ, ÷òî ñóììàðíàÿ ñëîæíîñòü ìåòîäà ñîâïàäàåò ñî ñëîæíîñòüþ êëàññè÷åñêîãî ìå-
òîäà Ãàóññà.

Çàìå÷àíèå. Ôàêòîðèçàöèÿ äàåò ñóùåñòâåííûé âûèãðûø â òîì ñëó÷àå, åñëè ðåøàåòñÿ ÑËÀÓ
ñ ïîñòðîÿíîé ìàòðèöåé A è ìåíÿþùèìèñÿ ïðàâûìè ÷àñòÿìè f .

�3 Îáðàùåíèå ìàòðèö ìåòîäîì Ãàóññà-Æîðäàíà

Ðàññìîòðèì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé:

Ax = f, A ∈ Rm×m, |A| 6= 0 (1)

Îïðåäåëåíèå. Ìàòðèöà A−1 íàçûâàåòñÿ îáðàòíîé ê ìàòðèöå A, åñëè âûïîëíåíî:

A · A−1 = A−1 · A = E

Îáîçíà÷èì X = A−1:
A ·X = E,X = xij i, j ∈ 1,m

Çàïèøåì ÑËÀÓ ïîðÿäêà m (c m2 íåèçâåñòíûìè):

A ·X = E (2)
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Äëÿ ðåøåíèÿ ïîäîáíîé ñèñòåìû êëàññè÷åñêèì ìåòîäîì Ãàóññà ïîòðåáóåòñÿ ïîðÿäêà m6 îïåðà-
öèé. Ïîêàæåì, ÷òî ÷èñëî äåéñòâèé ìîæíî ñíèçèòü äî m3. Äëÿ ýòîãî îáîçíà÷èì:

δij =
m∑
l=1

ailXlj (3)

X(j) = (x1j, x2j, . . . , xmj)
T , j = 1,m (4)

δ(j) = ( 0︸︷︷︸
1

, 0, . . . , 0︸︷︷︸
j−1

, 1︸︷︷︸
j

, 0︸︷︷︸
j+1

, . . . , 0︸︷︷︸
m

) (5)

Òåïåðü ñèñòåìà (2) ñâîäèòñÿ ê m ñèñòåìàì ñ m óðàâíåíèÿìè â êàæäîé. Ïðè ýòîì ìàòðèöà À
îäíà è òà æå äëÿ âñåõ ñèñòåì:

A · x(j) = δ(j), j = 1,m (6)

Ôàêòîðèçóåì ìàòðèöó À è ïåðåïèøåì ïîëó÷åííûå ñèñòåìû (6):

A = B · C

B = {bi,j , i ≥ j; i, j ∈ 1,m} (Íèæíÿÿ ïî÷òè òðåóãîëüíàÿ ôîðìà)

C =


1, i = j;
ci,j, i < j;
0, i > j;

 (i, j ∈ i,m) (Âåðõíÿÿ òðåóãîëüíàÿ ôîðìà)

Îáîçíà÷èì Cx(j) = y(j). Ñèñòåìà óðàâíåíèé ïðèìåò âèä:

By(j) = δ(j) (7)

Cx(j) = y(j) (8)

Åù¼ ðàç îòìåòèì òîò ôàêò, ÷òî ìàòðèöà A îñòàåòñÿ îäèíàêîâîé äëÿ âñåõ m ñèñòåì. Ñîîòâåò-
ñòâåííî, ôàêòîðèçàöèþ ìàòðèöû À íóæíî ïðîâîäèòü òîëüêî îäèí ðàç. Ïðè ôèêñèðîâàííîì j
äëÿ ðåøåíèÿ ôîðìóë (7) è (8) òðåáóåòñÿ m2 îïåðàöèé. À ïîñêîëüêó îáùåå êîëè÷åñòâî ñèñòåì
ðàâíî m, îáùàÿ ñëîæíîñòü ðåøåíèÿ ñîñòàâëÿåò m3. Ñóììèðóÿ ýòîò ïîêàçàòåëü ñ ÷èñëîì îïå-
ðàöèé, òðåáóåìûõ äëÿ ôàêòîðèçàöèè ìàòðèöû A ( m3−m

3
) ïîëó÷àåì îáùóþ ñëîæíîñòü 4m3−m

3
.

Ïîëó÷åííàÿ îöåíêà � íå ïðåäåë. Äëÿ åå óëó÷øåíèÿ ðàññìîòðèì ñòðóêòóðó ìàòðèöû B ïîäðîá-
íåå.
Ðàñïèøåì ñèñòåìó (7):

b11y
(j)
1 = 0⇒ y

(j)
1 = 0

b21y
(j)
1 b22y

(j)
2 = 0⇒ y

(j)
2 = 0

. . .

y
(j)
i−1 = 0

y
(j)
i = 1

Òàêèì îáðàçîì y
(j)
i = 0, i < j; y

(j)
j = 1

bjj
, i = j.

Îñòàâøèåñÿ óðàâíåíèÿ:

bi,jy
(j)
j + bi,j+1y

(j)
j+1 + . . .+ bi,iy

(j)
i = 0, bii 6= 0⇒
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y
(j)
i = −

∑i−1
l=j bi,ly

(j)
l

bii
, i = j + 1,m.

Îöåíèì ÷èñëî îïåðàöèé äëÿ ðåàëèçàöèè óêàçàííîãî ìåòîäà ðåøåíèÿ. Ôèêñèðóåì èíäåêñû i è
j: â ýòîì ñëó÷àå íàì ïîòðåáóåòñÿ (i − j) óìíîæåíèé è 1 äåëåíèå. Ñíà÷àëà îòïóñòèì èíäåêñ i (
i = j + 1,m ), òîãäà ÷èñëî îïåðàöèé áóäåò ðàâíî:

(m− j + 1) + (m− j) + . . .+ 2 + 1 =
(m− j + 1)(m− j + 2)

2

Äàëåå îòïóñòèì èíäåêñ j ( j = 1,m ):

m∑
j=1

(m− j + 1)(m− j + 2)

2
(9)

Çàäà÷à. Ïîêàçàòü, ÷òî ñóììà (9) ðàâíà m(m+1)(m+2)
6

.

Äîêàçàòåëüñòâî. Ïðîâåäåì çàìåíó: k = m− j + 1:

m∑
k=1

k(k + 1)

2
=

m∑
k=1

k

2
+

m∑
k=1

k2

2

Îòêóäà ñëåäóåò, ÷òî ïåðâàÿ ñóììà ðàâíà k(k+1)
4

, à âòîðàÿ � k(k+1)(2k+1)
12

, ÷òî â ñóììå è äàåò òðå-
áóåìóþ îöåíêó.

Ñèñòåìà (8) òðåáóåò m(m−1)
2

äåéñòâèé, à, ïîñêîëüêó òàêèõ ñèñòåì m øòóê (ò.ê. j = 1,m ), òî

äëÿ èõ ðåøåíèÿ ïîòðåáóåòñÿ m2(m−1)
2

îïåðàöèé. Òàêèì îáðàçîì, ñóììàðíîå êîëè÷åñòâî îïåðàöèé,
òðåáóåìûõ íà ðåøåíèå (1) ðàâíî:

m3 −m
3︸ ︷︷ ︸

ôàêòîðèçàöèÿ (1)

+
m(m+ 1)(m+ 2)

6︸ ︷︷ ︸
ðåøåíèå (7)

+
m2(m− 1)

2︸ ︷︷ ︸
ðåøåíèå (8)

= m3

�4 Ìåòîä êâàäðàòíîãî êîðíÿ

Ðàññìîòðèì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé:

Ax = f, A ∈ Rm×m, |A| 6= 0 (1)

Îïðåäåëåíèå. Ìàòðèöà A íàçûâàåòñÿ ýðìèòîâîé (èëè ñàìîñîïðÿæåííîé) ìàòðèöåé, åñëè

A = A∗, aij = aji

Ïóñòü A - ýðìèòîâà ìàòðèöà. Ïðåäñòàâèì åå â âèäå:

A = S∗DS (2)

ãäå:
D - äèàãîíàëüíàÿ ìàòðèöà dii = ±1; i = 1,m,
S - âåðõíÿÿ òðåóãîëüíàÿ ìàòðèöà sij > 0, i < j, i, j = 1,m,
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S∗ - ìàòðèöà, ñîïðÿæåííàÿ ê S.
Ðàññìîòðèì ìåòîä íàõîæäåíèÿ ìàòðèö S è D íà ïðèìåðå âåùåñòâåííûõ ìàòðèö âòîðîãî ïîðÿä-
êà:

A =

(
a11 a12

a21 a22

)
, S =

(
s11 s12

0 s22

)
S∗ =

(
s11 0
s12 s22

)
, D =

(
d11 0
0 d22

)
Ïåðåìíîæèì ìàòðèöû S∗D è S:

DS =

(
d11s11 d11s12

0 d22s22

)
,

S∗DS =

(
s11 0
s12 s22

)(
d11s11 d11s12

0 d22s22

)
=

(
d11s

2
11 d11s11s12

d11s11s12 d11s
2
12 + d11s

2
22

)
Èç (2) è óñëîâèÿ ðàâåíñòâà ìàòðèö ïîëó÷àåì ñîîòíîøåíèÿ:

a11 = d11s
2
11 (3)

a12 = d11s11s12 (4)

a22 = d11s
2
12 + d11s

2
22 (5)

Èç óðàâíåíèÿ (3) èìååì:
d11 = sign(a11)

s11 =
√
|a11|

Èç óðàâíåíèÿ (4):

s12 =
a12

s11d11

Èç óðàâíåíèÿ (5):
d22 = sign(a22 − d11s

2
12)

s22 =
√
|a22 − d11s2

12|

Òàêèì îáðàçîì, âñå ýëåìåíòû ìàòðèö S è D îäíîçíà÷íî îïðåäåëåíû.
Ðàññìîòðèì òåïåðü íåâûðîæäåííóþ ýðìèòîâó (èëè ñèììåòðè÷åñêóþ) ìàòðèöó A ñ m ñòðîêà-

ìè èm ñòîëáöàìè è íàéäåì äëÿ íåå ðàçëîæåíèå â âèäå (2). Èç òîãî, ÷òîD ÿâëÿåòñÿ äèàãîíàëüíîé
ìàòðèöåé, ïîëó÷àåì:

(DS)ij =
m∑
l=1

dilslj = diisij, sii > 0

Äàëåå çàïèøåì âûðàæåíèå äëÿ aij:

aij = (S∗DS)ij =
m∑
l=1

slidllslj, i ≤ j (6)

Âûäåëèì èç ñóììû i-ûé ýëåìåíò:

aij = (S∗DS)ij =
i−1∑
l=1

slidllslj + siidiisij +
m∑

l=i+1

slidllslj (7)
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Ïðè j = i áóäåì èìåòü:

aii = (S∗DS)ii =
i−1∑
l=1

slidllsli + siidiisii +
m∑

l=i+1

slidllsli

Â ñèëó âèäà ìàòðèöû S sli = 0, l > i, ïîýòîìó ïîñëåäíÿÿ èç ñóìì áóäåò ðàâíà 0. Ó÷èòûâàÿ
ðàâåíñòâî slisli = |sli|2, ïåðåïèøåì ïîëó÷èâøååñÿ âûðàæåíèå â âèäå:

s2
iidii = aii −

i−1∑
l=1

|sli|2dll

Òåïåðü ìîæíî çàïèñàòü ôîðìóëû äëÿ ýëåìåíòîâ ìàòðèö S è D:

dii = sign(aii −
i−1∑
l=1

|sli|2dll)

sii =

√√√√|aii − i−1∑
l=1

|sli|2dll|

Èç (7) ïîëó÷èì:

sij =
aij −

∑i−1
l=1 slidllslj −

∑m
l=i+1 slidllslj

siidii

Ïî äàííûì ôîðìóëàì îäíîçíà÷íî íàõîäÿòñÿ âñå ýëåìåíòû ìàòðèö S è D.
Ðàññìîòðèì ïðèìåíåíèå äàííîãî ðàçëîæåíèÿ ê ðåøåíèþ ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ

óðàâíåíèé:
Ax = f

S∗DSx = f

Îáîçíà÷èì Sx = y, ïîëó÷èì äâå ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé:{
S∗Dy = f,
Sx = y;

Äëÿ ðåøåíèÿ ýòèõ äâóõ ñèñòåì ïîòðåáóåòñÿ ïîðÿäêà m3

6
óìíîæåíèé è äåëåíèé, à òàêæå m èç-

âëå÷åíèé êâàäðàòíîãî êîðíÿ.

�5 Ïðèìåðû è êàíîíè÷åñêèé âèä èòåðàöèîííûõ ìåòîäîâ ðå-

øåíèÿ ÑËÀÓ

Ðàññìîòðèì ÑËÀÓ:
Ax = f, (1)

ãäå A � ìàòðèöà ðàçìåðà (m×m), |A| 6= 0,

x = (x1, . . . , xm)T ,
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f = (f1, . . . , fm)T .

Èç íåâûðîæäåííîñòè ìàòðèöû A ñëåäóåò, ÷òî ðåøåíèå ñèñòåìû (1) ñóùåñòâóåò è åäèíñòâåííî.
Ïåðåïèøåì ñèñòåìó (1) â âèäå:

m∑
j=1

aijxj = fi, i = 1, . . . ,m

Âûäåëèì èç ñóììû i-îå ñëàãàåìîå:

i−1∑
j=1

aijxj + aiixi +
m∑

j=i+1

aijxj = fi, i = 1, . . . ,m

Ïóñòü aii 6= 0, òîãäà ìîæíî âûðàçèòü xi:

xi =
fi −

∑i−1
j=1 aijxj −

∑m
j=i+1 aijxj

aii
(2)

Îáîçíà÷èì ÷åðåç xni i-óþ êîìïîíåíòó n-îé èòåðàöèè. Çàïèøåì ìåòîä ßêîáè (Ìß):

xn+1
i =

fi
aii
−

i−1∑
j=1

aij
aii
xnj −

m∑
j=i+1

aij
aii
xnj , n = 0, 1, . . . ; i = 1, . . . ,m

Çàäàí âåêòîð x0 - íà÷àëüíîå ïðèáëèæåíèå. Çàïèøåì ìåòîä Çåéäåëÿ (ÌÇ):

xn+1
i =

fi
aii
−

i−1∑
j=1

aij
aii
xn+1
j −

m∑
j=i+1

aij
aii
xnj , n = 0, 1, . . . ; i = 1, . . . ,m;

Âåêòîð x0 òàêæå èçíà÷àëüíî çàäàí.
Ïðåäñòàâèì ìàòðèöó A â âèäå:

A = R1 +D +R2, (3)

ãäå

R1 =


0 0 · · · 0
a21 0 · · · 0
...

...
. . .

...
am1 am2 · · · 0


� íèæíåòðåóãîëüíàÿ ìàòðèöà ñ íóëÿìè íà ãëàâíîé äèàãîíàëè,

D =


a11 0 · · · 0
0 a22 · · · 0
...

...
. . .

...
0 0 · · · amm


� äèàãîíàëüíàÿ ìàòðèöà,

R2 =


0 a12 · · · a1m

0 0 · · · a2m
...

...
. . .

...
0 0 · · · 0


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� âåðõíåòðåóãîëüíàÿ ìàòðèöà ñ íóëÿìè íà ãëàâíîé äèàãîíàëè. Î÷åâèäíî, òàêîå ðàçëîæåíèå
âñåãäà îñóùåñòâèìî. Ïîäñòàâèì ïðåäñòâàëåíèå (3) â (1):

(R1 +D +R2)x = f

Dx = f −R1x−R2x

Ïðåäïîëîæèì òåïåðü, ÷òî ∃D−1. Òîãäà:

x = D−1f −D−1R1x−D−1R2x

Ìåòîä ßêîáè ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì:

xn+1 = D−1f −D−1(R1 +R2)xn

èëè
D(xn+1 − xn) + Axn = f

Ìåòîä Çåéäåëÿ:
xn+1 = D−1f −D−1R1x

n+1 −D−1R2x
n

èëè
(D +R1)(xn+1 − xn) + Axn = f

Èç ïðèâåäåííûõ çàïèñåé âèäíî, ÷òî èòåðàöèîííûå ìåòîäû ìîæíî çàïèñàòü â ðàçëè÷íîì âèäå.
Ïîýòîìó öåëåñîîáðàçíî èìåòü åäèíóþ ôîðìó çàïèñè èòåðàöèîííîãî ìåòîäà.

Îïðåäåëåíèå. Êàíîíè÷åñêîé ôîðìîé çàïèñè äâóõñëîéíîãî èòåðàöèîííîãî ìåòîäà ðåøåíèÿ
ÑËÀÓ (1) íàçûâàåòñÿ åãî çàïèñü â âèäå:

Bn+1
xn+1 − xn

τn+1

+ Axn = f, n = 0, 1, . . . ;x0 � çàäàí (4)

τn+1 > 0 - èòåðàöèîííûé ïàðàìåòð,
Bn+1 - îáðàòèìàÿ ìàòðèöà.

Åñëè Bn+1 = E, òî ìåòîä (4) íàçûâàåòñÿ ÿâíûì. Åñëè Bn+1 = B, τn+1 = τ , òî ìåòîä (4)
íàçûâàåòñÿ ñòàöèîíàðíûì.

Ìåòîä ïðîñòîé èòåðàöèè (ÏÈ, èëè ìåòîä ðåëàêñàöèè) èìååò ñëåäóþùèé âèä:

xn+1 − xn

τ
+ Axn = f, τ > 0

Ðàññìîòðèì áîëåå ïîäðîáíî ïîïåðåìåííî-òðåóãîëüíûé èòåðàöèîííûé ìåòîä (ÏÒÈÌ):

(E + ωR1)(E + ωR2)
xn+1 − xn

τn+1

+ Axn = f, n = 0, 1, . . . ;x0 � çàäàí (5)

Çäåñü τn+1 > 0, ω > 0 � èòåðàöèîííûå ïàðàìåòðû, R1 +R2 = A, ãäå

R1 =


a11

2
0 · · · 0

a21
a22

2
· · · 0

...
...

. . .
...

am1 am2 · · · amm

2

 ,
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R2 =


a11

2
a12 · · · a1m

0 a22

2
· · · a2m

...
...

. . .
...

0 0 · · · amm

2

 .

Ðåàëèçàöèÿ ïîïåðåìåííî-òðåóãîëüíîãî èòåðàöèîííîãî ìåòîäà ìîæåò áûòü îñóùåñòâëåíà ïî ÿâ-
íûì ôîðìóëàì. Ïóñòü:

vn+1 =
xn+1 − xn

τn+1

wn+1 = (E + ωR2)vn+1

rn = f − Axn

Òîãäà:
(E + ωR1)wn+1 = rn, ãäå (E + ωR1)� íèæíåòðåóãîëüíàÿ ìàòðèöà,

Èç ýòîãî óðàâíåíèÿ, ïóòåì îáðàùåíèÿ íèæíåòðåóãîëüíîé ìàòðèöû ïî ÿâíûì ôîðìóëàì âûïè-
ñûâàåòñÿ âåêòîð ωn+1.

(E + ωR2)vn+1 = wn+1, ãäå (E + ωR2)� âåðõíåòðåóãîëüíàÿ ìàòðèöà,

Ïî èçâåñòíîìó âåêòîðó ωn+1, îáðàùàÿ âåðõíåòðåóãîëüíóþ ìàòðèöó ïî ÿâíûì ôîðìóëàì ìîæíî
íàéòè âåêòîð vn+1, è äàëåå:

xn+1 = xn + τn+1v
n+1.

Òàêèì îáðàçîì, íåñìîòðÿ íà òî, ÷òî ÏÒÈÌ - íåÿâíûé èòåðàöèîííûé ìåòîä, åãî ðåàëèçàöèÿ
ïðîñòà è ñâîäèòñÿ ê ïîïåðåìåííîìó îáðàùåíèþ íåæíåòðåóãîëüíîé è âåðõíåòðåóãîëüíîé ìàò-
ðèö(îòñþäà - íàçâàíèå ìåòîäà).

�6 Òåîðåìû î ñõîäèìîñòè èòåðàöèîííûõ ìåòîäîâ

Ðàññìîòðèì ìàòðè÷íîå óðàâíåíèå âèäà

Ax = f, (1)

ãäå A � ìàòðèöà ðàçìåðà (m×m), |A| 6= 0
Ðàññìîòðèì òàêæå ìàòðè÷íîå óðàâíåíèå âèäà

B
xn+1 − xn

τ
+ Axn = f, (2)

ãäå n = 0, 1, 2, . . . , ∃B−1, è çàäàí âåêòîð íà÷àëüíîãî ïðèáëèæåíèÿ x0

Ðàññìîòðèì ëèíåéíîå ïðîñòðàíñòâî H, òàêîå ÷òî dimH = m
Âîçüìåì 2 ïðîèçâîëüíûõ âåêòîðà x è y èç ýòîãî ïðîñòðàíñòâà:

x ∈ H, x = (x1, x2, . . . , xm)T

y ∈ H, y = (y1, y2, . . . , ym)T

Ââåäåì ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ (x, y) ïî ôîðìóëå:

(x, y) =
m∑
i=1

xiyi
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Ââåäåì íîðìó âåêòîðà x:
||x|| = (x, x)

1
2

Çàìå÷àíèå. Åñòü �ñëàáûå íîðìû�, êîòîðûå îáëàäàþò íå ïîòî÷å÷íîé áëèçîñòüþ. Ðåøåíèÿ
ñèñòåì ñòàðàþòñÿ áðàòü â ñèëüíîé íîðìå, âõîäíûå äàííûå - â ñëàáîé, ÷òîáû ìàêñèìàëüíî
ðàñøèðèòü îáëàñòü ïðèìåíåíèÿ ìåòîäà.

Ðàññìîòðèì ñàìîñîïðÿæåííûé îïåðàòîð D = D∗ > 0

Îïðåäåëåíèå. Áóäåì ãîâîðèòü î ñêàëÿðíîì ïðîèçâåäåíèè âåêòîðîâ x è y �â ñìûñëå D�, åñëè
(x, y)D = (Dx, y)

Ýòî ïîçâîëÿåò íàì ââåñòè ýíåðãåòè÷åñêåóþ íîðìó:

Îïðåäåëåíèå. Ýíåðãåòè÷åñêàÿ íîðìà - íîðìà, êîòîðàÿ çàäàåòñÿ ñîîòíîøåíèåì:

||x||D = (Dx, x)
1
2

Âñïîìíèì íåêîòîðûå ñâîéñòâà ñàìîñîïðÿæåííîãî ïîëîæèòåëüíî îïðåäåëåííîãî îïåðàòîðà
D, èçâåñòíûå èç òåîðèè îïåðàòîðîâ:

1. ∃D−1 = (D−1)∗ > 0

2. ∃D 1
2 = (D

1
2 )∗ > 0

3. ∃D− 1
2 = (D−

1
2 )∗ > 0

èç ýòèõ ñâîéñòâ ñëåäóåò, ÷òî ñóùåñòâóåò òàêîå δ > 0 :

(Dx, x) ≥ δ||x||2

Â äàëüíåéøåì íàì ïîòðåáóåòñÿ ïîíÿòèå ïîëîæèòåëüíîé èëè íåîòðèöàòåëüíîé îïðåäåëåííî-
ñòè îïåðàòîðà.

Îïðåäåëåíèå.
C > 0⇔ (Cx, x) > 0, ∀x 6= 0

C ≥ 0⇔ (Cx, x) ≥ 0, ∀x ∈ H

Çàäà÷à. Äàíî: Îïåðàòîð C > 0, H - âåùåñòâåííîå ëèíåéíîå ïðîñòðàíñòâî ñ çàäàííûì ñêà-
ëÿðíûì ïðîèçâåäåíèåì. Äîêàçàòü, ÷òî:

(Cx, x) = (
C + C∗

2
x, x)

Äîêàçàòåëüñòâî. Äëÿ ðåøåíèÿ çàäà÷è âîñïîëüçóåìñÿ ñëåäóþùèìè ðàâåíñòââàìè, âåðíûìè äëÿ
âåùåñòâåííîãî ïðîñòàðàíñòâà H:

(C∗x, x) = (x,Cx) = (Cx, x), ∀x ∈ H

Ïðåäñòàâèì îïåðàòîð C â âèäå ñóììû: C = C+C∗

2
+ C−C∗

2
. Òîãäà:

(Cx, x) = (
C + C∗

2
x, x) + (

C − C∗

2
x, x) =

(
C + C∗

2
x, x) +

1

2

(
(C∗x, x)− (Cx, x)︸ ︷︷ ︸

=0

)
= (

C + C∗

2
x, x), ∀x ∈ H
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Îïðåäåëåíèå. Ïîãðåøíîñòü èòåðàöèîííîãî ìåòîäà

V n = xn − x (3)

Îïðåäåëåíèå. Ìåòîä (2) ñõîäèòñÿ, åñëè

||V n|| → 0(n→∞)

Èç îïðåäåëåíèÿ ïîãðåøíîñòè ÿñíî, ÷òî ðåøåíèþ ìàòðè÷íîãî óðàâíåíèÿ (2) íà n-îé èòåðàöèè
ñîîòâåòñòâóåò âåêòîð

xn = V n + x,

ãäå x � òî÷íîå ðåøåíèå ñèñòåìû.
Èñïîëüçóÿ ýòî ñîîòíîøåíèå, ïåðåïèøåì óðàâíåíèå (2) ÷åðåç âåêòîð ïîãðåøíîñòè:

B
V n+1 − V n

τ
+ AV n = 0, (4)

ãäå n = 0, 1, 2, . . .

Óìíîæèì óðàâíåíèå (4) íà B−1 ñëåâà:

V n+1 − V n

τ
+B−1AV n = 0

Ñëåäîâàòåëüíî,
V n+1 = V n − τB−1AV n = (E − τB−1A)V n = SV n

Òàêèì îáðàçîì, ïîëó÷èì ìàòðèöó S:

S = E − τB−1A (5)

Îïðåäåëåíèå. S íàçûâàåòñÿ ìàòðèöåé ïåðåõîäà îò n-é èòåðàöèè ê (n+1)-é

Òåîðåìà 1 (î ñõîäèìîñòè èòåðàöèîííûõ ìåòîäîâ). Èòåðàöèîííûé ìåòîä (2) ðåøåíèÿ çàäà÷è
(1) ñõîäèòñÿ ïðè ëþáîì íà÷àëüíîì ïðèáëèæåíèè òîãäà è òîëüêî òîãäà, êîãäà âñå ñîáñòâåííûå
çíà÷åíèÿ ìàòðèöû S ïî ìîäóëþ ìåíüøå åäèíèöû.

Çàìå÷àíèå. Ýòà òåîðåìà õîðîøà, íî ðåäêî ïðèìåíèìà, ò.ê. â áîëüøèíñòâå ñëó÷àåâ èñêàòü
ñîáñòâåííûå çíà÷åíèÿ òðóäíî.

Çàìå÷àíèå. Äàëåå âñþäó áóäåì ðàññìàòðèâàòü òîëüêî âåùåñòâåííûå ïðîñòàðíñòâà.

Òåîðåìà 2 (Ñàìàðñêîãî). Ïóñòü îïåðàòîð A = A∗ > 0 (A∗ = AT )
Ïóñòü âûïîëíåíî íåðàâåíñòâî

B − 0, 5τA > 0, (τ > 0) (6)

Òîãäà èòåðàöèîííûé ìåòîä (2) ðåøåíèÿ ñèñòåìû (1) ñõîäèòñÿ â ñðåäíåêâàäðàòè÷íîé íîðìå
ïðè ëþáîì íà÷àëüíîì ïðèáëèæåíèè, òî åñòü

||xn − x|| =

(
m∑
i=1

(xni − xi)

) 1
2

→ 0, n→∞
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Äîêàçàòåëüñòâî. Ââåäåì yn = (AV n, V n)
Ðàññìîòðèì yn+1:

yn+1 = (AV n+1, V n+1) = (ASV n, SV n) =

= (A(E − τB−1A)V n, (E − τB−1A)V n) = ((A− τAB−1A)V n, (E − τB−1A)V n) =

= (AV n, V n)− τ
[
(AB−1AV n, V n) + (AV n, B−1AV n)− τ(AB−1AV n, B−1AV n)

]
=

åñëè ó÷åñòü, ÷òî {(AB−1AV n, V n) = (B−1AV n, A∗V n) = (AV n, B−1AV n)}, ïîëó÷èì

= yn − τ
[
2(AV n, B−1AV n)− τ(AB−1AV n, B−1AV n)

]
=

= yn + 2τ
(

(B − τ

2
A)B−1AV n, B−1AV n

)
Èòàê:

yn+1 − yn

τ
+ 2

( B − 0, 5τA︸ ︷︷ ︸
>0 ïî óñëîâèþ

)B−1AV n, B−1AV n

 = 0

Ñëåäîâàòåëüíî, è âñå ñêàëÿðíîå ïðîèçâåäåíèå áîëüøå ëèáî ðàâíî íóëþ. À ñòàëî áûòü,

yn+1 ≤ yn,

è ïîñëåäîâàòåëüíîñòü {yn} íå âîçðàñòàåò è èìååò ïðåäåë.
Âîñïîëüçóåìñÿ ñâîéñòâîì ïîëîæèòåëüíî îïðåäåëåííîãî îïåðàòîðà: åñëè îïåðàòîð C >0, òî

∃δ > 0 : (Cx, x) ≥ δ||x||2,∀x ∈ H
Èç ýòîãî ñâîéñòâà ñëåäóåò íåðàâåíñòâî:(

(B − 0, 5τA)B−1AV n, B−1AV n
)
≥ δ||B−1AV n||2,

ãäå δ > 0

yn+1 − yn

τ
+ 2δ||B−1AV n||2 ≤ 0

Ïðè n→∞ ïîëó÷èì
lim
n→∞

||B−1AV n|| = 0

Ââåäåì W n = B−1AV n. Îòñþäà
V n = A−1BW n

Îöåíèì íîðìó ïîãðåøíîñòè:

||V n|| ≤ ||A−1B|| ∗ ||W n||

Â ñèëó íåçàâèñèìîñòè A−1B îò n è ñòðåìëåíèþ ê íóëþ íîðìû ||W n|| ïðè n → ∞ ïîëó÷èì,
÷òî

lim
n→∞

||V n|| = 0

Òàê êàê ìû íèãäå íå èñïîëüçîâàëè íà÷àëüíîå ïðèáëèæåíèå x0, òî ôîðìóëèðîâêà òåîðåìû
îñòàåòñÿ âåðíîé äëÿ ëþáîãî íà÷àëüíîãî ïðèáëèæåíèÿ x0



Òåîðåìû î ñõîäèìîñòè èòåðàöèîííûõ ìåòîäîâ 20

Cëåäñòâèå. Ïóñòü A = A∗ > 0. (Íàïîìíèì, ÷òî A = R1 + D + R2, ãäå R1 è R2 - íèæíåòðå-
óãëüíàÿ è âåðõíåòðåóãîëüíàÿ ìàòðèöû, à D = diag(a11, a22, . . . , amm) )

Òîãäà ìåòîä ßêîáè ñõîäèòñÿ â ñðåäíåêâàäðàòè÷íîé íîðìå ïðè ëþáîì íà÷àëüíîì ïðèáëè-
æåíèè x0, åñëè 2D > A.

Äîêàçàòåëüñòâî.
D(xn+1 − xn) + Axn = f

ò.å. B=D, τ = 1
Ïî óñëîâèþ: 2D > A ⇒ D − 0, 5A > 0 ⇒ âûïîëíåíî óñëîâèå òåîðåìû, à çíà÷èò ìåòîä

ñõîäèòñÿ.

Cëåäñòâèå. Ïóñòü
A = A∗ > 0

aii >
m∑

j=1,j 6=i

|aij|, i = 1,m (7)

Òîãäà ìåòîä ßêîáè ñõîäèòñÿ ïðè ëþáîì íà÷àëüíîì ïðèáëèæåíèè x0

Äîêàçàòåëüñòâî. Âîçüìåì ïðîèçâîëüíûé âåêòîð x, è ðàñïèøåì äëÿ íåãî ñêàëÿðíîå ïðîèçâåäå-
íèå (Ax, x), èñïîëüçóÿ èçâåñòíîå íåðàâåíñòâî ab ≤ a2+b2

2
:

(Ax, x) =
m∑

i,j=1

aijxixj ≤
m∑

i,j=1

|aij| ∗ |xi| ∗ |xj| ≤

1

2

m∑
i,j=1

|aij|x2
i +

1

2

m∑
i,j=1

|aij|x2
j =

=
1

2

m∑
i,j=1

|aij|x2
i +

1

2

m∑
i,j=1

|aji|x2
i =

= {aij = aji} =

m∑
i,j=1

|aij|x2
i =

m∑
i=1

x2
i (aii +

m∑
j=1,j 6=i

|aij|)

Âîñïîëüçóåìñÿ ñâîéñòâîì äèàãîíàëüíîãî ïðåîáëàäàíèÿ (7)

(Ax, x) < 2
m∑
i=1

aiix
2
i = (2Dx, x)⇒ 2D > A

à çíà÷èò, ïî ñëåäñòâèþ 1 ìåòîä ßêîáè ñõîäèòñÿ ïðè ëþáîì x0

Cëåäñòâèå. Ïóñòü
A = A∗ > 0

Òîãäà ìåòîä Çåéäåëÿ ñõîäèòñÿ ïðè ëþáîì íà÷àëüíîì ïðèáëèæåíèè x0
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Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ ìåòîäà Çåéäåëÿ èìååì:

B = R1 +D, τ = 1

Äëÿ äîêàçàòåëüñòâà óòâåðæäåíèÿ, â ñèëó òåîðåìû Ñàìàðñêîãî, äîñòàòî÷íî äîêàçàòü, ÷òî

B − 0, 5A > 0

Ïîñêîëüêó A = R1 +D +R2, òî ýòî ñîîòíîøåíèå ïðåîáðàçóåòñÿ ê ñëåäóþùåìó âèäó:

2(R1 +D) > R1 +D +R2

R1 +D −R2 > 0

Ñëåäîâàòåëüíî,
((R1 +D −R2)x, x) > 0, ∀x 6= 0, x ∈ H

(R1x, x) + (Dx, x)− (R2x, x) > 0⇒ (Dx, x) > 0

Ïîñëåäíåå ñëåäñòâèå âåðíî, òàê êàê A = A∗, à çíà÷èò

R∗1 = R2

(R1x, x) = (x,R∗1x) = (x,R2x) = (R2x, x)

Ñòàëî áûòü, äëÿ ëþáîãî íåíóëåâîãî âåêòîðà èçH òðåáóåòñÿ âûïîëíåíèÿ íåðàâåíñòâà (Dx, x) >
0. Â ñèëó ñàìîñîïðÿæåííîñòè îïåðàòîðà A ýòî ñîîòíîøåíèå âûïîëíÿåòñÿ, êðîìå òîãî, âñå âû-
øåïðèâèäåííûå ïåðåõîäû ðàâíîñèëüíû, à çíà÷èò âûïîëíåíî óñëîâèå òåîðåìû Ñàìàðñêîãî.

Cëåäñòâèå. Ïóñòü
AT = A > 0,

γ2 = maxλAk ,

0 < τ <
2

γ2

.

Òîãäà ìåòîä ïðîñòîé èòåðàöèè (ðåëàêñàöèè) ñõîäèòñÿ.

Äîêàçàòåëüñòâî. Â íàøåì ñëó÷àå, B = E . Äîêàæåì, ÷òî

E − 0.5τ > 0,

òîãäà óòâåðæäåíèå áóäåò ñëåäîâàòü èç òåîðåìû Ñàìàðñêîãî. Çàïèøåì öåïî÷êó íåðàâåíñòâ:

τ <
2

γ2

,

0, 5τγ2 < 1,

÷òî îçíà÷àåò, ÷òî äëÿ ëþáîãî λAk � ñîáñòâåííîãî çíà÷åíèÿ ìàòðèöû A � âûïîëíåíî

0, 5τλAk < 1,

1− 0, 5τλAk > 0,

òî åñòü
E − 0.5τ > 0.
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�7 Îöåíêà ñêîðîñòè ñõîäèìîñòè èòåðàöèîííûõ ìåòîäîâ

Ðàññìîòðèì ÑËÀÓ
Ax = f, (1)

ãäå A � ìàòðèöà ðàçìåðà m×m, |A| 6= 0.
Çàïèøåì îáùèé âèä èòåðàöèîííîãî ìåòîäà ðåøåíèÿ ÑËÀÓ:

B
xn+1 − xn

τ
+ Axn = f, (2)

ãäå B − îáðàòèìàÿ ìàòðèöà, τ > 0, x0 - çàäàíî, n = 0, 1, . . .
Ââåäåì îáîçíà÷åíèå:

vn = xn − x.

Òîãäà äëÿ v ìîæíî çàïèñàòü:

B
vn+1 − vn

τ
+ Avn = 0 (3)

Äëÿ îöåíêè ñêîðîñòè ñõîäèìîñòè èòåðàöèîííûõ ìåòîäîâ ìû áóäåì ñòðåìèòüñÿ äëÿ íåêîòî-
ðîãî ρ è íåêîòîðîé íîðìû äîêàçàòü ò.í. ρ - îöåíêó:

‖vn+1‖ ≤ ρ‖vn‖, 0 < ρ < 1. (4)

Òîãäà
‖vn‖ ≤ ρn‖v0‖,

n→∞⇒ ‖vn‖ → 0.

Ïóñòü H � ëèíåéíîå ïðîñòðàíñòâî ðàçìåðíîñòè m. ∀x, y ∈ H îïðåäåëèì:

(x, y) =
m∑
i=1

xiyi,

‖x‖ =
√

(x, x).

Ïóñòü D = D∗ > 0. Îïðåäåëèì:
(x, y)D = (Dx, y),

‖x‖D =
√

(x, x)D � ýíåðãåòè÷åñêàÿ íîðìà âåêòîðà x

Íàéäåì ÷èñëî èòåðàöèé n0(ε), íåîáõîäèìîå äëÿ òîãî, ÷òîáû ∀n > n0(ε) âûïîëíÿëîñü:

‖xn − x‖ < ε‖x0 − x‖.

Èç (4) ñëåäóåò, ÷òî
‖xn − x‖ ≤ ρn‖x0 − x‖.

Ïîòðåáóåì, ÷òîáû ρn ≤ ε. Òîãäà
1

ε
≤
(

1

ρ

)n
,

n ln
1

ρ
≥ ln

1

ε
,
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n0(ε) =

 ln 1
ε

ln 1
ρ

 .
×èñëî ln 1

ρ íàçûâàåòñÿ ñêîðîñòüþ ñõîäèìîñòè èòåðàöèîííîãî ìåòîäà.

Ïóñòü D = D∗ > 0. Òîãäà ∃{ek} � îðòîíîðìèðîâàííûé áàçèñ (ÎÍÁ) èç ñîáñòâåííûõ âåêòîðîâ
D. Ðàçëîæèì âåêòîð x ïî ýòîìó áàçèñó:

x =
m∑
k=1

ckek.

Äëÿ âåêòîðà x èìååò ìåñòî ðàâåíñòâî Ïàðñåâàëÿ:

‖x‖2 =
m∑
k=1

c2
k.

Òåîðåìà. Ïóñòü A∗ = A > 0, B∗ = B > 0,

∃ρ : 0 < ρ < 1,

1− ρ
τ

B ≤ A ≤ 1 + ρ

τ
B. (5)

Òîãäà èòåðàöèîííûé ìåòîä (2) ñõîäèòñÿ ê ðåøåíèþ (1) è âûïîëíåíà îöåíêà

‖vn+1‖B ≤ ρ‖vn‖B. (6)

Çàìå÷àíèå. Èç òîãî, ÷òî A ≤ 1+ρ
τ
B è ρ < 1, ñëåäóåò, ÷òî

A <
2

τ
B,

ò.å.
B − 0.5τA > 0.

Òàêèì îáðàçîì, ïî òåîðåìå Ñàìàðñêîãî, ñõîäèìîñòü èìååò ìåñòî.

Äîêàçàòåëüñòâî òåîðåìû. Èç ïîëîæèòåëüíîé îïðåäåëåííîñòè ìàòðèöû B ñëåäóåò, ÷òî

∃B
1
2 = (B

1
2 )∗ > 0,

∃B−
1
2 = (B−

1
2 )∗ > 0.

Äîìíîæèì îáå ÷àñòè (3) ñëåâà íà B−
1
2 :

B
1
2
vn+1 − vn

τ
+B−

1
2Avn = 0.

Îáîçíà÷èì B
1
2vn = zn.

Òîãäà

zn+1 − zn

τ
+B−

1
2AB−

1
2 zn = 0.
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Âûðàçèì zn+1 :

zn+1 = zn − τB−
1
2AB−

1
2 zn.

Îáîçíà÷èì
S = E − τB−

1
2AB−

1
2 . (7)

Òîãäà zn+1 = Szn. Íàçîâåì ìàòðèöó S ìàòðèöåé ïåðåõîäà äëÿ zn.
Äîêàæåì, ÷òî èç òîãî, ÷òî

‖zn+1‖ ≤ ρ‖zn‖,

ñëåäóåò, ÷òî
‖vn+1‖B ≤ ρ‖vn‖B.

Äåéñòâèòåëüíî,
‖zn‖2 = (zn, zn) = (B

1
2vn, B

1
2vn) = (Bvn, vn) = ‖vn‖2

B.

Òàêèì îáðàçîì, îñòàëîñü äîêàçàòü, ÷òî

‖zn+1‖ ≤ ρ‖zn‖. (8)

Ïóñòü sk, k = 1, . . . ,m � ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû S. Çàôèêñèðóåì k, ïóñòü x � ñîá-
ñòâåííûé âåêòîð, ñîîòâåòñòâóþùèé ñîáñòâåííîìó çíà÷åíèþ sk:

Sx = skx (x 6= 0).

Çàìåòèì, ÷òî
B

1
2Sx = (B

1
2 − τAB−

1
2 )x = skB

1
2x.

Îáîçíà÷èì y = B−
1
2x. Òîãäà ïðåäûäóùåå âûðàæåíèå ìîæíî ïåðåïèñàòü â âèäå:

(B − τA)y = skBy,

(1− sk)By = τAy,

Ay =
1− sk
τ

By.

Èç óñëîâèÿ (5) òåîðåìû ñëåäóåò, ÷òî

1− ρ
τ

(By, y) ≤ (Ay, y) =
1− sk
τ

(By, y) ≤ 1 + ρ

τ
(By, y).

Ïîñêîëüêó (By, y) > 0, òî ïðåäûäóùåå íåðàâåíñòâî âëå÷¼ò

1− ρ
τ
≤ 1− sk

τ
≤ 1 + ρ

τ
.

Ñëåäîâàòåëüíî, |sk| ≤ ρ, k = 1, . . . ,m.
Ïîñêîëüêó âñå ìàòðèöû, âõîäÿùèå â ïðàâóþ ÷àñòü âûðàæåíèÿ (7), ÿâëÿþòñÿ ñàìîñîïðÿæåí-

íûìè, òî è ìàòðèöà S ÿâëÿåòñÿ ñàìîñîïðÿæåííîé. Ñëåäîâàòåëüíî, ñóùåñòâóåò îðòîíîðìèðîâàí-
íûé áàçèñ {ek}m1 , ñîñòîÿùèé èç ñîáñòâåííûõ âåêòîðîâ ìàòðèöû S:

Sek = skek, k = 1, . . . ,m.
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Ðàçëîæèì âåêòîð zn ïî áàçèñó {ek} :

zn =
n∑
k=1

c
(n)
k ek.

Òîãäà

zn+1 = Szn =
n∑
k=1

c
(n)
k Sek =

n∑
k=1

c
(n)
k skek.

Ïîëüçóÿñü ðàâåíñòâîì Ïàðñåâàëÿ è ïîëó÷åííîé îöåíêîé äëÿ |sk|, èìååì:

‖zn+1‖2 =
n∑
k=1

(c
(n)
k )2s2

k ≤ ρ2

n∑
k=1

(c
(n)
k )2 = ρ2‖zn‖2.

Ìû äîêàçàëè (8) è (6).

Cëåäñòâèå 1. Ïóñòü A∗ = A > 0, B∗ = B > 0, ∃ 0 < γ1 < γ2 :

γ1B ≤ A ≤ γ2B. (9)

Òîãäà, åñëè τ = 2
γ1+γ2

= τ0, òî ‖vn+1‖B ≤ ρ‖vn‖B, ãäå ρ = 1−ξ
1+ξ

, ξ = γ1
γ2
.

Äîêàçàòåëüñòâî. Íàéäåì γ1 è γ2:{
τ = 2

γ1+γ2
,

ρ = 1−ξ
1+ξ

;
⇔

{
γ1 + γ2 = 2

τ
,

γ2 − γ1 = ρ(γ1 + γ2);
⇔

{
γ1 + γ2 = 2

τ
,

γ2 − γ1 = 2ρ
τ

;
⇔

{
γ1 = 1−ρ

τ
,

γ2 = 1+ρ
τ
.

Òàêèì îáðàçîì, ìû íàõîäèìñÿ â óñëîâèÿõ äîêàçàííîé òåîðåìû.

Cëåäñòâèå 2. Ïóñòü A∗ = A > 0, B = E,

γk � ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A, k = 1, . . . ,m,

γ1 = min
k=1,...,m

γk, γ2 = max
k=1,...,m

γk.

Òîãäà èòåðàöèîííûé ìåòîä èìååò âèä

B
xn+1 − xn

τ
+ Axn = f

è èìååò ìåñòî ρ-îöåíêà

‖vn+1‖ ≤ ρ‖vn‖, ãäå ρ =
1− ξ
1 + ξ

, ξ =
γ1

γ2

.

Äîêàçàòåëüñòâî. Óòâåðæäåíèå äàííîãî ñëåäñòâèÿ âûòåêàåò èç óòâåðæäåíèÿ ïðåäûäóùåãî ñëåä-
ñòâèÿ.
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�8 Èññëåäîâàíèå ñõîäèìîñòè ïîïåðåìåííî òðåóãîëüíîãî èòå-

ðàöèîííîãî ìåòîäà

Ðàññìîòðèì ÑËÀÓ:
Ax = f, |A| 6= 0 (1)

Çàïèøåì ïîïåðåìåííî òðåóãîëüíûé èòåðàöèîííûé ìåòîä (ÏÒÈÌ):

(E + ωR1)(E + ωR2)
xn+1 − xn

τ
+ Axn = f, (2)

ω > 0, τ > 0, n = 0, 1, . . . , x0 çàäàíî,

A = R1 +R2,

R1 =


0, 5a11 0 · · · 0
a21 0, 5a22 · · · 0
...

...
. . .

...
am1 am2 · · · 0, 5amm

 � íèæíåòðåóãîëüíàÿ ìàòðèöà,

R2 =


0, 5a11 a12 · · · a1m

0 0, 5a22 · · · a2m
...

...
. . .

...
0 0 · · · 0, 5amm

 � âåðõíåòðåóãîëüíàÿ ìàòðèöà.

Îáîçíà÷èì
B = (E + ωR1)(E + ωR2).

Ýòî îáîçíà÷åíèå ñîãëàñóåòñÿ ñ îáîçíà÷åíèåì äëÿ èòåðàöèîííîãî ìåòîäà îáùåãî âèäà, ðàñ-
ñìàòðèâàåìîãî â ïðåäûäóùèõ ïàðàãðàôàõ.

Òåîðåìà 1. Ïóñòü A∗ = A > 0, ω > τ
4
. Òîãäà ÏÒÈÌ (2) ñõîäèòñÿ ïðè ëþáîì íà÷àëüíîì

ïðèáëèæåíèè x0 â ñðåäíåêâàäðàòè÷íîé íîðìå.

Äîêàçàòåëüñòâî. Ðàñïèøåì B:

B = (E + ωR∗2)(E + ωR2) = E + ωA+ ω2R∗2R2 = (E − ωR∗2)(E − ωR2) + 2ωA

Îáîçíà÷èì C = E−ωR2. Òîãäà C
∗ = (E−ωR∗2), C∗C > 0, ò.ê. (C∗Cx, x) = (Cx,Cx) > 0 ïðè x 6=

0,
B − 0, 5τA > B − 2ωA = C∗C > 0.

Òàêèì îáðàçîì, ïî òåîðåìå Ñàìàðñêîãî, èìååò ìåñòî ñõîäèìîñòü â ñðåäíåêâàäðàòè÷íîé íîðìå.

Òåîðåìà 2 (îá îöåíêå ñêîðîñòè ñõîäèìîñòè ÏÒÈÌ). Ïóñòü A = A∗ > 0, ∃δ,∆ > 0, ò.÷.

A ≥ δE, R∗2R2 ≤
∆

4
A. (3)
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Ïóñòü

ω =
2√
δ∆

, τ =
2

γ1 + γ2

, (4)

ãäå

γ1 =

√
δ(
√
δ∆)

2(
√
δ +
√

∆)
, γ2 =

√
δ∆

4
. (5)

Òîãäà èòåðàöèîííûé ìåòîä (2) ðåøåíèÿ (1) ñõîäèòñÿ è èìååò ìåñòî îöåíêà

‖xn+1 − x‖B ≤ ρ‖xn − x‖B, (6)

ãäå

ρ =
1−√η
1 + 3

√
η
, η =

δ

∆
, (7)

B = (E + ωR∗2)(E + ωR2).

Äîêàçàòåëüñòâî. Äîêàæåì, ÷òî δ ≤ ∆.
Èç óñëîâèÿ (3) ñëåäóåò, ÷òî ∀x ∈ H : x 6= 0 èìååì

(Ax, x) ≥ δ‖x‖2,

‖R2x‖2 = (R2x,R2x) = (R∗2R2x, x) ≤ ∆

4
(Ax, x)

Ïîñêîëüêó A = R1 +R2, R1 = R∗2, òî

(Ax, x) = (R∗2x, x) + (R2x, x) = 2(R2x, x).

Òàêèì îáðàçîì,

δ‖x‖2 ≤ (Ax, x) =
(Ax, x)2

(Ax, x)
=

4(R2x, x)2

(Ax, x)
.

Èç íåðàâåíñòâà Êîøè-Áóíÿêîâñêîãî:

δ‖x‖2 ≤ 4‖R2x‖2 · ‖x‖2

(Ax, x)
≤ 4

∆

4
‖x‖2 = ∆‖x‖2

Ñîêðàòèâ íà ‖x‖2, ïîëó÷èì δ ≤ ∆.
Â ñîîòâåòñòâèè ñî ñëåäñòâèåì 1 ïàðàãðàôà 7, ïîäáåðåì êîýôôèöèåíòû γ1 è γ2 òàê, ÷òîáû

âûïîëíÿëîñü γ1B ≤ A ≤ γ2B.
Èç äîêàçàòåëüñòâà òåîðåìû 1 äàííîãî ïàðàãðàôà B ≥ 2ωA. Òàêèì îáðàçîì, A ≤ 1

2ω
B, γ2(ω) =

1
2ω
.

B = E + ωA+ ω2R2R
∗
2 ≤

1

δ
A+ ωA+ ω2 δ

4
A = (

1

δ
+ ω + ω2 δ

4
)A,

γ1(ω) = (
1

δ
+ ω + ω2 δ

4
)−1.

Òàêèì îáðàçîì, èç ñëåäñòâèÿ 1 ïàðàãðàôà 7 ïîëó÷àåì, ÷òî äëÿ ÏÒÈÌ èìååò ìåñòî ρ-îöåíêà
(6), ãäå ρ(ω) = 1−ξ(ω)

1+ξ(ω)
, ξ(ω) = γ1(ω)

γ2(ω)
.
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Ìèíèìèçèðóåì ρ(ω). Äëÿ ýòîãî ìèíèìèçèðóåì f(ω) = γ2(ω)
γ1(ω)

.

f ′(ω) =
1

2

(
∆

4
− 1

δω2

)
,

f ′(ω) = 0 ïðè ω = ω0 =
2√
δ∆

.

Ïîñêîëüêó f ′′(ω0) > 0, òî ïðè ω = ω0 äîñòèãàåòñÿ ìèíèìóì f(ω), ñëåäîâàòåëüíî, íà ω0

äîñòèãàåòñÿ ìèíèìóì è ρ(ω)
Ïîäñòàâèâ ïîëó÷åííîå çíà÷åíèå ω0 â âûðàæåíèÿ äëÿ γ1(ω), γ2(ω) è ρ(ω), ïîëó÷èì (5) è (7).

Íàïîìíèì, ÷òî ÷èñëî èòåðàöèé, íåîáõîäèìîå äëÿ äîñòèæåíèÿ òî÷íîñòè ε, ìîæíî âû÷èñëèòü
ïî ôîðìóëå:

n0(ε) =

 ln 1
ε

ln 1
ρ

 .
Âåëè÷èíà ln 1

ρ
íàçûâàåòñÿ ñêîðîñòüþ ñõîäèìîñòè èòåðàöèîííîãî ìåòîäà.

Ñðàâíèì ÏÒÈÌ è ìåòîä ïðîñòîé èòåðàöèè (ÏÈ) ïî ñêîðîñòè ñõîäèìîñòè.
Íàïîìíèì, ÷òî ìåòîä ÏÈ èìååò âèä:

xn+1 − xn

τ
+ Axn = f,

τ > 0, n = 0, 1, . . . , x0 � çàäàíî.

Â ðåàëüíûõ çàäà÷àõ η = O(m−2). Â ñîîòâåòñòâèè ñ ýòèì, îöåíèì ñêîðîñòü ñõîäèìîñòè ÏÒÈÌ:

ln
1

ρ
=

1 + 3
√
η

1−√η
= Θ(

√
(η)) ⇒ n0(ε) = Θ(m)

Òåïåðü îöåíèì ñêîðîñòü ñõîäèìîñòè ÏÈ:

ln
1

ρ
= ln

1 + ξ

1− ξ
= ln

(1 + ξ)2

1− ξ2
∼= ln(1 + 2ξ) ∼= ln(1 + 2η) ∼= η ⇒ n0(ε) = Θ(m2).

Òàêèì îáðàçîì, ÏÒÈÌ ñõîäèòñÿ íà ïîðÿäîê áûñòðåå ÏÈ.

�9 Ìåòîäû ðåøåíèÿ çàäà÷ íà ñîáñòâåííûå çíà÷åíèÿ

Ïóñòü ìàòðèöà A èìååò ðàçìåðíîñòü m × m. Ðàññìîòðèì çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ
ìàòðèöû A:

Ax = λx, x 6= 0. (1)

Åñëè ÷èñëî λ è âåêòîð x óäîâëåòâîðÿþò (1), òî λ íàçûâàåòñÿ ñîáñòâåííûì çíà÷åíèåì ìàòðèöû
(îïåðàòîðà) A, à x íàçûâàåòñÿ ñîáñòâåííûì âåêòîðîì ìàòðèöû (îïåðàòîðà) A.

Äëÿ íàõîæäåíèÿ ñîáñòâåííûõ çíà÷åíèé A íóæíî ðåøèòü óðàâíåíèå

f(λ) = |A− λE| = 0.
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Ïðè ýòîì, f(λ) � ìíîãî÷ëåí ñòåïåíè m. Ïðè m ≥ 5 äàííàÿ çàäà÷à àíàëèòè÷åñêè íå ðàçðåøèìà
â îáùåì ñëó÷àå.

Çàìåòèì, ÷òî â îáùåì ñëó÷àå λ ∈ C, äàæå åñëè A ∈ Rm×m

Ðàçëè÷àþò äâå ïðîáëåìû ñîáñòâåííûõ çíà÷åíèé:

1. ×àñòè÷íàÿ ïðîáëåìà ñîáñòâåííûõ çíà÷åíèé. Òðåáóåòñÿ íàéòè íåêîòîðîå ïîäìíîæåñòâî
ñïåêòðà ìàòðèöû A (êàê ïðàâèëî, ìèíèìàëüíîå è ìàêñèìàëüíîå ïî ìîäóëþ ñîáñòâåííûå
çíà÷åíèÿ).

2. Ïîëíàÿ ïðîáëåìà ñîáñòâåííûõ çíà÷åíèé. Òðåáóåòñÿ íàéòè âåñü ñïåêòð ìàòðèöû A.

Äëÿ ïðîñòîòû áóäåì ðàññìàòðèâàòü òîëüêî ñîáñòâåííûå âåêòîðà, èìåþùèå íîðìó 1: ‖x‖ = 1.

Ñòåïåííîé ìåòîä ðåøåíèÿ ÷àñòè÷íîé ïðîáëåìû ñîáñòâåííûõ çíà÷åíèé

Ýòîò ìåòîä èìååò âèä
xn+1 = Axn, (2)

n = 0, 1, . . . , x0 � çàäàíî.

Ïóñòü ñîáñòâåííûå çíà÷åíèÿ λ1, . . . , λm ìàòðèöû A ïðîíóìåðîâàíû òàê, ÷òî |λ1| ≤ |λ2| ≤
. . . ≤ |λm|.

Äëÿ äîêàçàòåëüñòâà ñõîäèìîñòè äàííîãî ìåòîäà ïîòðåáóåì âûïîëíåíèå ñëåäóþùèõ óñëîâèé:

A) Ñóùåñòâóåò áàçèñ {ek}mk=1 èç ñîáñòâåííûõ âåêòîðîâ A : Aek = λkek, k = 1, . . . ,m.

B)
∣∣∣λm−1

λm

∣∣∣ < 1.

C) Ïðè ðàçëîæåíèè íà÷àëüíîãî ïðèáëèæåíèÿ ïî áàçèñó {ek} : x0 = c1e1 + c2e2 + . . . + cmem
âûïîëíåíî cm 6= 0.

Çàïèøåì xn:
xn = c1λ1e1 + c2λ2e2 + . . .+ cmλmem,

xn
λnm

= c1

(
λ1

λm

)n
e1 + c2

(
λ2

λm

)n
e2 + . . .+ cmem.

Òàêèì îáðàçîì, ïðè n → ∞ xn ñòðåìèòñÿ ïî íàïðàâëåíèþ ê ñîáñòâåííîìó âåêòîðó, îòâå÷à-
þùåìó ìàêñèìàëüíîìó ïî ìîäóëþ ñîáñòâåííîìó çíà÷åíèþ.

Îáîçíà÷èì ÷åðåç x
(i)
n+1 i-óþ êîîðäèíàòó âåêòîðà xn+1. Òîãäà:

x
(i)
n+1 = c1λ

n+1
1 e

(i)
1 + c2λ

n+1
2 e

(i)
2 + · · ·+ cmλ

n+1
m e(i)

m

x(i)
n = c1λ

n
1e

(i)
1 + c2λ

n
2e

(i)
2 + · · ·+ cmλ

n
me

(i)
m

Ïîäåëèì x
(i)
n+1 íà x

(i)
n :

x
(i)
n+1

x
(i)
n

=

cmλ
n+1
m e

(i)
m

(
1 + cm−1

cm

e
(i)
m−1

e
(i)
m

(
λm−1

λm

)n+1

+ · · ·+ c1
cm

e
(i)
1

e
(i)
m

(
λ1

λm

)n+1
)

cmλnme
(i)
m

(
1 + cm−1

cm

e
(i)
m−1

e
(i)
m

(
λm−1

λm

)n
+ · · ·+ c1

cm

e
(i)
1

e
(i)
m

(
λ1

λm

)n) =
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= λm +O

((
λm−1

λm

)n)
= λ(n)

m

Òàêèì îáðàçîì, λ
(n)
m −λm = O

((
λm−1

λm

)n)
, òî åñòü ìû ðåøèëè çàäà÷ó íàõîæäåíèÿ ìàêñèìàëüíîãî

ïî ìîäóëþ ñîáñòâåííîãî çíà÷åíèÿ. Ñôîðìóëèðóåì ñîîòâåòñâóþùåå óòâåðæäåíèå:

Óòâåðæäåíèå. Ïóñòü âûïîëíåíû ñëåäóþùèå ïðåäïîëîæåíèÿ:

1. (A) Ìàòðèöà A èìååò áàçèñ èç ñîáñòâåííûõ âåêòîðîâ {ei}i=mi=1

2. (B) |λm−1

λm
| < 1

3. (Ñ) x0 = c1e1 + c2e2 + · · ·+ cmem, ãäå cm 6= 0

Òîãäà xn → em (ïî íàïðàâëåíèþ) ïðè n → ∞, ãäå em - ñîáñòâåííûé âåêòîð, îòâå÷àþùèé

íàèáîëüøåìó ïî ìîäóëþ ñîáñòâåííîìó çíà÷åíèþ λm, à λ
(n)
m =

x
(i)
n+1

x
(i)
n

= λm +O
((

λm−1

λm

)n)
.

Çàìå÷àíèå. Óñëîâèÿ (A) è (B) íåñêîëüêî îãðàíè÷èâàþò êëàññ çàäà÷, ê êîòîðûì ïðèìåíèì
ýòîò ìåòîä, õîòÿ îí âñå ðàâíî îñòàåòñÿ äîñòàòî÷íî øèðîêèì.

Çàìå÷àíèå. Íàéòè λ
(n)
m ìîæíî òàêæå ïî ôîðìóëå:

λ(n)
m =

(xn+1, xn)

(xn, xn)
=

(Axn, xn)

(xn, xn)

.

Ðàññìîòðèì äâà ñëó÷àÿ:
1. Ïóñòü A = A∗. Òîãäà ∃ {ei}i=mi=1 - îðòîíîðìèðîâàííûé áàçèñ èç ñîáñòâåííûõ âåêòîðîâ ìàò-

ðèöû A:
Aek = λkek, k = 1, . . . ,m, ek 6= 0

(ei, ej) = δij

xn+1 = c1λ
n+1
1 e1 + c2λ

n+1
2 e2 + · · ·+ cmλ

n+1
m em

xn = c1λ
n
1e1 + c2λ

n
2e2 + · · ·+ cmλ

n
mem

Íàéäåì λ
(n)
m :

λ(n)
m =

(xn+1, xn)

(xn, xn)
=
c2

1λ
2n+1
1 + c2

2λ
2n+1
2 + · · ·+ c2

mλ
2n+1
m

c2
1λ

2n
1 + c2

2λ
2n
2 + · · ·+ c2

mλ
2n
m

=

=

c2
mλ

2n+1
m

(
1 +

(
cm−1

cm

)2 (
λm−1

λm

)2n+1

+ · · ·+
(
c1
cm

)2 (
λ1

λm

)2n+1
)

c2
mλ

2n
m

(
1 +

(
cm−1

cm

)2 (
λm−1

λm

)2n

+ · · ·+
(
c1
cm

)2 (
λ1

λm

)2n
) =

= λm +O

((
λm−1

λm

)2n
)

Òàêèì îáðàçîì, ïðè A = A∗ ïîëó÷èëè áîëåå áûñòðóþ ñõîäèìîñòü.
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2. Ïóñòü ∃ {ei}i=mi=1 - áàçèñ èç ñîáñòâåííûõ âåêòîðîâ (îðòîíîðìèðîâàííîñòü íå ïðåäïîëàãàåò-
ñÿ). Òîãäà:

λ(n)
m =

(xn+1, xn)

(xn, xn)
=

m∑
i,j=1

cicjλ
n+1
i λnj (ei, ej)

m∑
i,j=1

cicjλni λ
n
j (ei, ej)

=

=

c2
mλ

2n+1
m (em, em)

(
1 + cm−1

cm

(em,em−1)
(em,em)

(
λm−1

λm

)n
+ · · ·+

(
c1
cm

)2
(e1,e1)

(em,em)

(
λ1

λm

)2n+1
)

c2
mλ

2n
m (em, em)

(
1 + cm−1

cm

(em,em−1)
(em,em)

(
λm−1

λm

)n
+ · · ·+

(
c1
cm

)2
(e1,e1)

(em,em)

(
λ1

λm

)2n
) =

= λm +O

((
λm−1

λm

)n)
λ(n)
m − λm = O

((
λm−1

λm

)n)

Ìåòîä îáðàòíûõ èòåðàöèé

Ïóñòü ìàòðèöà A (m x m) òàêîâà, ÷òî ∃A−1. Ðàññìîòðèì èòåðàöèîííûé ñòåïåííîé ìåòîä
ðåøåíèÿ ÷àñòè÷íîé ïðîáëåìû ñîáñòâåííûõ çíà÷åíèé:

Axn+1 = xn, n = 0, 1, . . . , x0 � çàäàí.

Äîìíîæèì îáå ÷àñòè ñëåâà íà A−1:

xn+1 = A−1xn, n = 0, 1, . . . , x0 � çàäàí.

Ïîëó÷èëè ñòåïåííîé ìåòîä äëÿ îáðàòíîé ìàòðèöû. Ïóñòü âåðíû ñëåäóþùèå ïðåäïîëîæåíèÿ:

1. (A) Ìàòðèöà A èìååò áàçèñ èç ñîáñòâåííûõ âåêòîðîâ {ei}i=mi=1

2. (B) |λ1

λ2
| < 1

3. (Ñ) x0 = c1e1 + c2e2 + · · ·+ cmem, ãäå c1 6= 0

Òîãäà:
xn = c1λ

−n
1 e1 + c2λ

−n
2 e2 + · · ·+ cmλ

−n
m em

λn1xn = c1e1 + c2

(
λ1

λ2

)n
e2 + · · ·+ cm

(
λ1

λm

)n
em

Òàêèì îáðàçîì, xn → e1 (ïî íàïðàâëåíèþ) ïðè n→∞.

Çàäà÷à. Ïóñòü âûïîëíåíû óñëîâèÿ (A), (B) è (C). Òîãäà ìåòîä îáðàòíûõ èòåðàöèé ïîçâîëÿåò

íàéòè ñîáñòâåííîå çíà÷åíèå λ
(n)
1 = λ1 +O

((
λ1

λ2

)n)
, ãäå λ

(n)
1 = x

(i)
n

x
(i)
n+1

.
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Äîêàçàòåëüñòâî. Âûïèøåì âûðàæåíèÿ äëÿ x
(i)
n è x

(i)
n+1:

xn = c1λ
−n
1 e1 + c2λ

−n
2 e2 + · · ·+ cmλ

−n
m em

xn+1 = c1λ
−n−1
1 e1 + c2λ

−n−1
2 e2 + · · ·+ cmλ

−n−1
m em

Òåïåðü ïîäåëèì x
(i)
n íà x

(i)
n+1:

x
(i)
n

x
(i)
n+1

=

c1λ
−n
1 e

(i)
1

(
1 + c2

c1

e
(i)
2

e
(i)
1

(
λ2

λ1

)−n
+ · · ·+ cm

c1

e
(i)
m

e
(i)
1

(
λm

λ1

)−n)
c1λ
−n−1
1 e

(i)
1

(
1 + c2

c1

e
(i)
2

e
(i)
1

(
λ2

λ1

)−n−1

+ · · ·+ cm
c1

e
(i)
m

e
(i)
1

(
λm

λ1

)−n−1
) =

= λ1 +O

((
λ1

λ2

)n)
= λ

(n)
1

Ïóñòü òåïåðü A = A∗. Òîãäà ∃ {ei}i=mi=1 - îðòîíîðìèðîâàííûé áàçèñ èç ñîáñòâåííûõ âåêòîðîâ

ìàòðèöû A. Íàéäåì λ
(n)
1 :

λ(n)
m =

(xn, xn)

(xn+1, xn)
=

c2
1λ
−2n
1 + c2

2λ
−2n
2 + · · ·+ c2

mλ
−2n
m

c2
1λ
−2n+1
1 + c2

2λ
−2n−1
2 + · · ·+ c2

mλ
−2n−1
m

=

=

c2
1λ
−2n
1

(
1 +

(
c2
c1

)2 (
λ2

λ1

)−2n

+ · · ·+
(
cm
c1

)2 (
λm

λ1

)−2n
)

c2
1λ
−2n−1
1

(
1 +

(
c2
c1

)2 (
λ2

λ1

)−2n−1

+ · · ·+
(
cm
c1

)2 (
λm

λ1

)−2n−1
) =

= λ1 +O

((
λ1

λ2

)2n
)

Òàêèì îáðàçîì, ïðè A = A∗ ñíîâà èìååì áîëåå áûñòðóþ ñõîäèìîñòü.

Çàäà÷à. Ïóñòü ∃ {ei}i=mi=1 - áàçèñ èç ñîáñòâåííûõ âåêòîðîâ ìàòðèöû A. Òîãäà λ
(n)
1 = λ1 +

O
((

λ1

λ2

)n)
.

Äîêàçàòåëüñòâî.

λ
(n)
1 =

(xn, xn)

(xn+1, xn)
=

m∑
i,j=1

cicjλ
−n
i λ−nj (ei, ej)

m∑
i,j=1

cicjλ
−n−1
i λ−nj (ei, ej)

=

=

c2
1λ
−2n
1 (e1, e1)

(
1 + c2

c1

(e1,e2)
(e1,e1)

(
λ2

λ1

)−n
+ · · ·+

(
cm
c1

)2
(em,em)
(e1,e1)

(
λm

λ1

)−2n
)

c2
1λ
−2n−1
1 (e1, e1)

(
1 + c2

c1

(e1,e2)
(e1,e1)

(
λ2

λ1

)−n
+ · · ·+

(
cm
c1

)2
(em,em)
(e1,e1)

(
λm

λ1

)−2n−1
) =

= λ1 +O

((
λ1

λ2

)n)
λ

(n)
1 − λ1 = O

((
λ1

λ2

)n)
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Ñôîðìóëèðóåì åùå îäíî óòâåðæäåíèå:

Óòâåðæäåíèå. Åñëè åñòü õîòÿ áû îäíî êîìïëåêñíîå ñîáñòâåííîå çíà÷åíèå λk = λ0 + iλ1,
λ1 6= 0, òî è îòâå÷àþùèé åìó ñîáñòâåííûé âåêòîð äîëæåí áûòü êîìïëåêñíûì, è íà÷àëüíîå
ïðèáëèæåíèå äëÿ íåãî äîëæíî áûòü êîìïëåêñíûì.

Äîêàçàòåëüñòâî. Ïóñòü xk = µ0 + iµ1, µ1 6= 0 - ñîáñòâåííûé âåêòîð ìàòðèöû A, îòâå÷àþùèé
ñîáñòâåííîìó çíà÷åíèþ λk = λ0 + iλ1. Òîãäà:

Axk = A(µ0 + iµ1) = (λ0 + iλ1)(µ0 + iµ1) = λ0µ0 − λ1µ1 + i(λ0µ1 + λ1µ0)

Â ñèëó ëèíåéíîñòè:
Aµ0 = λ0µ0 − λ1µ1

Aµ1 = λ0µ1 + λ1µ0

Ïðåäïîëîæèì, ÷òî µ1 = 0. Òîãäà λ1µ0 = 0, µ0 = 0, îòêóäà ñëåäóåò, ÷òî xk = 0, à ýòî ïðîòèâîðå÷èò
òîìó, ÷òî x - íåíóëåâîé âåêòîð.

Ìåòîä îáðàòíûõ èòåðàöèé ñî ñäâèãîì

Èíîãäà áûâàåò íóæíî íàéòè ñîáñòâåííîå çíà÷åíèå èç âíóòðåííåé ÷àñòè ñïåêòðà. Ðàññìîòðèì
ìåòîä îáðàòíûõ èòåðàöèé ñî ñäâèãîì:

(A− αE)xn+1 = xn, α ∈ R, n ∈ N

n = 0, 1, . . . , x0 � çàäàí.

Ïóñòü ñóùåñòâóåò (A− αE)−1 = B, òîãäà ïîëó÷èì ñòåïåííîé ìåòîä äëÿ ìàòðèöû B:

xn+1 = Bxn, n = 0, 1, . . . , x0 � çàäàí.

Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû B:

λBk =
1

λAk − α
Òîãäà xn → el (ïî íàïðàâëåíèþ), ãäå l òàêîâî, ÷òî:

λBl = max
k=1,...,m

1

λAk − α
=

1

λAl − α
Çàìå÷àíèå. Åñëè èçâåñòíî ïðèáëèæåííîå çíà÷åíèå êàêîãî-òî ñîáñòâåííîãî çíà÷åíèÿ, à ìû
õîòèì åãî óòî÷íèòü, òî ìîæíî èñïîëüçîâàòü ýòîò ìåòîä. Íàéòè âåñü ñïåêòð ýòèì ìåòî-
äîì ïðàêòè÷åñêè íåâîçìîæíî.

�10 Ïðèâåäåíèå ìàòðèöû ê âåðõíåé ïî÷òè òðåóãîëüíîé ôîð-

ìå (ÂÏÒÔ)

Ëåã÷å âñåãî íàéòè ñîáñòâåííûå çíà÷åíèÿ ó äèàãîíàëüíîé èëè òðåóãîëüíîé ìàòðèöû. Íàøà
çàäà÷à - ïðèâåñòè ìàòðèöó A (m x m) ê òðåóãîëüíîé. Îäíàêî, ïðèâåäåíèå ìàòðèöû A ê òðå-
óãîëüíîé ôîðìå ìåòîäîì Ãàóññà íå ñîõðàíÿåò ñïåêòð ìàòðèöû. Ñïåêòð ìàòðèöû ñîõðàíÿåòñÿ
ïðè ïðåîáðàçîâàíèè ïîäîáèÿ:

C = Q−1AQ

Åñëè ìàòðèöà Q - îðòîãîíàëüíà (óíèòàðíà), òî ñîõðàíÿåòñÿ ñèììåòðèÿ.
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Îïðåäåëåíèå. Ìàòðèöà íàõîäèòñÿ â âåðõíåé ïî÷òè òðåóãîëüíîé ôîðìå (ÂÏÒÔ), åñëè îíà
èìååò âèä (íåíóëåâûå ýëåìåíòû îáîçíà÷åíû ÷åðåç x):

A =



x x x · · · x x x
x x x · · · x x x
0 x x · · · x x x
...

...
...

. . .
...

...
...

0 0 0 · · · x x x
0 0 0 · · · 0 x x


Ðàññìîòðèì âåêòîð-ñòîëáåö ν:

ν = (ν1, ν2, . . . , νm)T

νT = (ν1, ν2, . . . , νm)

Îïðåäåëåíèå. Ýëåìåíòàðíûì îòðàæåíèåì, ñîîòâåòñòâóþùèì âåêòîðó ν, íàçûâàåòñÿ ïðå-
îáðàçîâàíèå, çàäàâàåìîå ìàòðèöåé:

H = E − 2
ννT

||ν||2

Çàìå÷àíèå.
νTν = ν2

1 + ν2
2 + · · ·+ ν2

m = ||ν||2

ννT =


ν2

1 ν1ν2 · · · ν1νm
ν2ν1 ν2

2 · · · ν2νm
...

...
. . .

...
νmν1 νmν2 · · · ν2

m


Ìàòðèöà ννT - ñèììåòðè÷íàÿ.

Ñâîéñòâà îïåðàòîðà H:

1. HT = H

2. H−1 = HT

Äîêàæåì âòîðîå ñâîéñòâî, òî åñòü ÷òî H ÿâëÿåòñÿ îðòîãîíàëüíîé ìàòðèöåé.

Äîêàçàòåëüñòâî.

HTH = H2 =

(
E − 2

V V T

||V ||2

)(
E − 2

V V T

||V ||2

)
=

E − 4
V V T

||V ||2
+ 4

V (V TV )V T

||V ||4

Èñïîëüçóÿ ñâîéñòâî V TV = ||V ||2, ñîêðàòèì â ïîñëåäíåì ñîîòíîøåíèè äðîáè è ïîëó÷èì, ÷òî

HTH = E

Çíà÷èò, ìàòðèöà H ÿâëÿåòñÿ îðòîãîíàëüíîé.
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Ñôîðìóëèðóåì è äîêàæåì ñâîéñòâî 3.

Òåîðåìà. Äëÿ ëþáîãî âåêòîðà x:

x =

 x1
x2
x3

...
xm


ìîæíî âûáðàòü òàêîé âåêòîð V = (v1, v2, . . . , vm), ÷òî

Hx =

 −σ00
...
0


ãäå σ = ||x||, òî åñòü ïðåîáðàçîâàíèå H ïîäàâëÿåò âñå êîîðäèíàòû âåêòîðà êðîìå ïåðâîé.

Äîêàçàòåëüñòâî. Âûáåðåì V â âèäå:

V = x+ σz, σ ∈ R, z = (1, 0, 0, . . . , 0)T

Hx = x− 2
(x+ σz)(x+ σz)T

(x+ σz)T (x+ σz)
x =

x− (x+ σz)
2(x+ σz)Tx

(x+ σz)T (x+ σz)

Äëÿ äàëüíåéøåãî ïðåîáðàçîâàíèÿ âîñïîëüçóåìñÿ ñâîéñòâàìè 1 è 2 :

(x+ σz)Tx = ||x||2 + σx1

(x+ σz)T (x+ σz) = ||x||2 + σx1 + σx1 + σ2 =

||x||2 + 2σx1 + σ2

Ïîëîæèì σ = ||x||. Òîãäà ïîëó÷èì:

x− (x+ σz)
2(x+ σz)Tx

(x+ σz)T (x+ σz)
=

x− (x+ σz)
(||x||2 + 2σx1 + σ2) + ||x||2 − σ2

||x||2 + 2σx1 + σ2
= x− x− σz =

 −σ00
...
0



Ïîëó÷åííûå 3 ñâîéñòâà ìû áóäåì ïðèìåíÿòü ïðè ïðèâåäåíèè ìàòðèöû ê âåðõíåé ïî÷òè òðå-
óãîëüíîé ôîðìå.

Ïóñòü äàíà ïðîèçâîëüíàÿ ìàòðèöà A ïîðÿäêà m×m:

A =


a11 a12 . . . a1m

a21 a22 . . . a2m

. . . . . . . . . . . . . . . . . . .
am1 am2 . . . amm


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Ïðåäñòàâèì åå â âèäå áëî÷íîé ìàòðèöû ñëåäóþùåãî âèäà:

A =

(
a11 ym−1

xm−1 Am−1

)
ãäå

ym−1 = (a12, a13, . . . , a1m)

xm−1 = (a21, a31, . . . , am1)

à ìàòðèöà Am−1 ïîëó÷àåòñÿ èç ìàòðèöû A óäàëåíèåì ïåðâîãî ñòîëáöà è ïåðâîé ñòðîêè.
Âîñïîëüçóåìñÿ ñâîéñòâîì 3:

Hm−1xm−1 =


−||xm−1||

0
...
0


Ðàññìîòðèì ìàòðèöó U1 ïîðÿäêà m×m âèäà:

U1 =

(
1 012

021 Hm−1

)
Î÷åâèäíî, U1 = UT

1 , çíà÷èò:

U2
1 =

(
1 012

021 Hm−1

)(
1 012

021 Hm−1

)
=

(
1 012

021 H2
m−1

)
= E

Ïîñëåäíåå ðàâåíñòâî âåðíî â ñèëó òîãî, ÷òî H2
m−1 = E Òàêèì îáðàçîì, ìû ïîëó÷èëè ÷òî

ìàòðèöà U1 - îðòîãîíàëüíàÿ.
Îáîçíà÷èì C1 = U−1

1 AU1

C1 =


a11 c

(1)
12 . . .

−σ1zm−1 c
(2)
22 . . .

0 c
(1)
32 c

(1)
ij

...
... . . .

0 c
(1)
m2 . . .


Òàêèì îáðàçîì, ñòðóêòóðó ìàòðèöû ìîæíî ïðåäñòàâèòü òàê:

× × . . . ×
× × . . . ×
0 × . . . ×
0 × . . . ×
...

...
. . .

...
0 × . . . ×



Âîçüìåì âåêòîð xm−2 =

c
(1)
32
...

c
(1)
m2


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Ïî ñâîéñòâó 3, ìîæíî ïîñòðîèòü òàêîé îïåðàòîð Hm−2, ÷òî:

Hm−2xm−2 =


−||xm−2||

0
0
...
0


Ðàññìîòðèì ìàòðèöó U2, ïîñòðîåííóþ àíàëîãè÷íî ìàòðèöå U1

U2 =

(
E2 012

021 Hm−2

)
ãäå E2 =

(
1 0
0 1

)
Ñâîéñòâà ìàòðèöû U2:

1. U2 = UT
2

2. U2 = U−1
2 - îðòîãîíàëüíàÿ ìàòðèöà

Àíàëîãè÷íî, îáîçíà÷èì C2:

C2 = U−1
2 C1U2 = U−1

2 U−1
1 AU1U2

Ïîñìîòðèì íà ñòðóêòóðó ìàòðèöû C2:

C2 =



× × × . . . ×
× × × . . . ×
0 × × . . . ×
0 0 × . . . ×
...

...
...

. . .
...

0 0 × . . . ×


Î÷åâèäíî, ÷òî ñäåëàâ òàêèì îáðàçîì m-2 øàãà, ìû ïðèäåì ê âåðõíåé ïî÷òè òðåóãîëüíîé

ôîðìå. Â èòîãå ìû ïîëó÷èì:

C = U−1
m−2U

−1
m−3 . . . U

−1
2 U−1

1 AU1U2 . . . Um−3Um−2 =

=



× × × . . . ×
× × × . . . ×
0 × × . . . ×
0 0 × . . . ×
...

...
...

. . .
...

0 0 0 × ×


-ÂÏÒÔ

Îáîçíà÷èì U = U1U2 . . . Um−2

UT = UT
m−2U

T
m−3 . . . U

T
2 U

T
1 = U−1

m−2U
−1
m−3 . . . U

−1
2 U−1

1 = U−1
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Ñëåäîâàòåëüíî, ìàòðèöà U - îðòîãîíàëüíà.

C = U−1AU ⇒ C ∼ A

Ïðè÷åì ïîäîáèå âûïîëíÿåòñÿ ñ ïîìîùüþ îðòîãîíàëüíîé ìàòðèöû U
Ýëåìåíòû ìàòðèöû C èìåþò âèä:

cij = 0, i ≥ j + 2, j = 1, 2, . . . ,m− 2

Çàìå÷àíèå. Ñîáñòâåííûå çíà÷åíèÿ ìàòðèöû A ñîâïàäàþò ñ ñîáñòâåííûìè çíà÷åíèÿìè ìàò-
ðèöû C, ò.å.:

λAk = λCk , k = 1,m

Äîêàçàòåëüñòâî.
Ax = λx, x 6= 0

U−1Ax = λU−1x, îáîçíà÷èìU−1x = y 6= 0⇒ x = Uy

U−1AUy = λy, y 6= 0

Cy = λy

Çàìå÷àíèå. Åñëè A = AT , òî C = CT

Äîêàçàòåëüñòâî.
CT = (U−1AU)T = UTAT (U−1)T = U−1AU = C

�11 Ïîíÿòèå î QR-àëãîðèòìå. Ðåøåíèå ïîëíîé ïðîáëåìû

ñîáñòâåííûõ çíà÷åíèé.

Èçó÷åííûå â ïðåäûäóùåì ïàðàãðàôå ñâîéñòâà ïîçâîëÿò íàì ïðåäñòàâèòü ìàòðèöó A â âèäå:

A = QR (1)

ãäå Q−1 = QT - îðòîãîíàëüíàÿ ìàòðèöà, à R èìååò âåðõíåòðåóãîëüíóþ ôîðìó.
Âîçüìåì âåêòîð x = (a11, a21, . . . , am1). Äëÿ íåãî ñóùåñòâóåò òàêàÿ îðòîãîíàëüíàÿ ìàòðèöà

H1 = E − 2 V V
T

||V ||2 , êîòîðàÿ �ïîäàâëÿåò� âñå êîîðäèíàòû âåêòîðà x, êðîìå ïåðâîé.
Ìàòðèöà H1A èìååò âèä:

H1A =


× × . . . ×
0 × . . . ×
0 × . . . ×
...

...
. . .

...
0 × . . . ×


Ïîñòðîèì ìàòðèöó H2 =

(
1 0
0 H

)
ïîðÿäêà m×m,òàêóþ, ÷òî



Ïîíÿòèå î QR-àëãîðèòìå. Ðåøåíèå ïîëíîé ïðîáëåìû ñîáñòâåííûõ çíà÷åíèé. 39

H2H1A =


× × × . . . ×
0 × × . . . ×
0 0 × . . . ×
...

...
...

. . . ×
0 0 × . . . ×


Î÷åâèäíî, ÷òî çà (m-1) øàã ìû îáíóëèì âñå ýëåìåíòû ïîä ãëàâíîé äèàãîíàëüþ:

Hm−1Hm−2 . . . H2H1A = R =

( × × ... ×
0 × ... ×
...
...
... ×

0 0 ... ×

)
− ÂÒÔ

Ïîñòðîèì ìàòðèöó Q ñëåäóþùèì îáðàçîì:

Q = H1H2 . . . Hm−1

Íàéäåì QT :
QT = HT

m−1H
T
m−2 . . . H

T
2 H

T
1 = H−1

m−1H
−1
m−2 . . . H

−1
1 = Q−1

Ñëåäîâàòåëüíî, ìàòðèöà Q îðòîãîíàëüíà.
Òàêèì îáðàçîì, ìû ïîëó÷èëè ðàçëîæåíèå ìàòðèöû A.

Çàìå÷àíèå. Ïðè ôàêòîðèçàöèè â âèäå QR:

1. Äëÿ ïðîèçâîëüíîé ìàòðèöû A òðåáóåòñÿ O(m3) äåéñòâèé.

2. Äëÿ ìàòðèöû A âèäà ÂÏÒÔ òðåáóåòñÿ O(m2) äåéñòâèé.

3. Äëÿ òðåõäèàãîíàëüíîé ìàòðèöû A òðåáóåòñÿ O(m) äåéñòâèé.

QR-àëãîðèòì

Âîçüìåì ìàòðèöó A0. Ïðåäñòàâèì åå â âèäå A0 = Q0R0, ãäå Q
T
0 = Q−1

0 , R - ìàòðèöà ÂÒÔ.

Ïîëîæèì
A1 = R0Q0 (2)

R0 = Q−1
0 A0

A1 = Q−1
0 A0Q0

Òàêèì îáðàçîì, ìàòðèöû A1 è A0 ïîäîáíû ñ îðòîãîíàëüíîé ìàòðèöåé.
Àíàëîãè÷íî, ñäåëàåì ñëåäóþùèå øàãè:

A1 = Q1R1, Q
T
1 = Q−1

1 , R1 − ÂÒÔ

. . .

Ak = QkRk, k = 0, 1, . . . (3)

Ak+1 = RkQk (4)
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Óñòðåìèì k →∞, òîãäà:

Ak →


× × . . . ×
0 × . . . ×
...

...
. . . ×

0 0 . . . ×


Ãäå íà ãëàâíîé äèàãîíàëè áóäóò ñòîÿòü ñîáñòâåííûå çíà÷åíèÿ ìàòðèö A0, A1, . . . (ñïåêòðû ýòèõ
ìàòðèö ñîâïàäàþò).
Çàìåòèì, ÷òî ïîä ãëàâíîé äèàãîíàëüþ ìîãóò è íå ïîëó÷àòüñÿ íóëè â ìàòåìàòè÷åñêîì ñìûñëå.
Äîñòàòî÷íî, ÷òîáû çíà÷åíèÿ ïîä ãëàâíîé äèàãîíàëüþ áûëè ïî ìîäóëþ ìåíüøå íåêîòîðîãî ÷èñëà
(ò.í. ìàøèííûé íîëü), îïðåäåëÿþùåãî òî÷íîñòü âû÷èñëåíèé.
Åñëè ó Ak êîìïëåêñíûå ñîáñòâåííûå çíà÷åíèÿ, òî â ìàòðèöå íà ãëàâíîé äèàãîíàëè áóäóò ïîÿâ-
ëÿòüñÿ êâàäðàòû 2× 2, îíà áóäåò èìåòü âèä:

Ak →


× X
×

λ0 λ1

−λ1 λ0

0
. . .


Ïåðå÷èñëèì îñíîâíûå ïëþñû è ìèíóñû QR-àëãîðèòìà:

1. (+) Äëÿ ëþáîé ìàòðèöû ìîæíî íàéòè âåñü ñïåêòð.

2. (-) Âî âðåìÿ âû÷èñëåíèé íóæíî äåðæàòü âñþ ìàòðèöó â ïàìÿòè.

3. (-) Åñëè ñîáñòâåííûå çíà÷åíèÿ êîìïëåêñíû, òî ïîÿâëÿþòñÿ êëåòêè 2ãî ïîðÿäêà, êîòîðûå
ïðè ïîñëåäóþùèõ èòåðàöèÿõ íå áóäóò ñõîäèòüñÿ ê 0.

Ñâîéñòâà QR-àëãîðèòìà

Óòâåðæäåíèå. Ïóñòü ìàòðèöà B � ÂÒÔ, à ìàòðèöà A � ÂÏÒÔ. Òîãäà Q = BA � ÂÏÒÔ.

Äîêàçàòåëüñòâî. Ïî ôîðìóëå óìíîæåíèÿ ìàòðèö:

cij =
n∑

α=1

biαcαj.

Òàê êàê B � ÂÒÔ, òî âñå biα ïðè i > α ðàâíû íóëþ, òàê êàê A � ÂÏÒÔ, òî âñå aαj ïðè α > j + 1
ðàâíû íóëþ. Ìîäèôèöèðóåì ôîðìóëó ñîãëàñíî ýòèì óòâåðæäåíèÿì:

cij =

j+1∑
α=i

biαcαj.

Òî åñòü åñëè i > j + 1, òî cij = 0. À ýòî è çíà÷èò, ÷òî C � âåðõíÿÿ ïî÷òè òðåóãîëüíàÿ ìàòðèöà.

Óòâåðæäåíèå. Ïóñòü ìàòðèöà B � ÂÏÒÔ, à ìàòðèöà A � ÂÒÔ. Òîãäà Q = BA � ÂÏÒÔ.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïîëíîñòüþ àíàëîãè÷íî ïðåäûäóùåìó óòâåðæäåíèþ.
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Èñïîëüçóÿ äàííûå óòâåðæäåíèÿ, ìîæíî çíà÷èòåëüíî óñêîðèòü QR-ðàçëîæåíèå ìàòðèöû.
QR-àëãîðèòì ïðåîáðàçóåò ìàòðèöó A −→ A0 � ÂÏÒÔ:

A0 = Q0R0

Q0 = A0R
−1
) � ÂÏÒÔ ïî äîêàçàííîìó óòâåðæäåíèþ

A1 = R0Q0 � ÂÏÒÔ ïî äîêàçàííîìó óòâåðæäåíèþ

Òî åñòü ôîðìà ìàòðèöû An(n ∈ N) íå óõóäøàåòñÿ, ñëåäîâàòåëüíî, î÷åðåäíàÿ ìàòðèöà ìîæåò
áûòü âûïîëíåíà íå áîëåå ÷åì çà n2 äåéñòâèé.

Åñëè æå ìàòðèöà A0 - ñèììåòðè÷íàÿ, òî îäèí øàã ïîòðåáóåò âñåãî n äåéñòâèé.



Ãëàâà II

Èíòåðïîëèðîâàíèå è ïðèáëèæåíèå

ôóíêöèé

�1 Ïîñòàíîâêà çàäà÷è èíòåðïîëèðîâàíèÿ

Ïóñòü f(x) � äèñêðåòíàÿ ôóíêöèÿ àðãóìåíòà x, x ∈ [a, b], a, b ∈ R. Ôóíêöèÿ f(x) îïðåäåëåíà â
òî÷êàõ x0, x1, . . . , xn, n ∈ N; a ≤ x0 < x1 < . . . < xn ≤ b = {Xi}n0 � óçëàõ ôóíêöèè. Âî âñåõ óçëàõ
çàäàíû çíà÷åíèÿ f(xi) = yi,∀i = 0, n. Òðåáóåòñÿ íàéòè çíà÷åíèå ôóíêöèè f(x) â ïðîèçâîëüíîé
òî÷êå.

Çàìå÷àíèå. Â óêàçàííîé ôîðìóëèðîâêå ðåøåíèé çàäà÷è áåñêîíå÷íî ìíîãî. Äëÿ óòî÷íåíèÿ äî-
ïîëíèòåëüíî óêàçûâàþò êëàññ ôóíêöèé, êîòîðûå áóäóò èñïîëüçîâàòüñÿ äëÿ ïîñòðîåíèÿ çíà-
÷åíèé f(x) â ïðîèçâîëüíîé òî÷êå.

Èíòåðïîëèðîâàíèå àëãåáðàè÷åñêèìè ïîëèíîìàìè

Îïðåäåëåíèå. Íàçîâåì èíòåðïîëÿöèîííûì ïîëèíîìîì Ëàãðàíæà ôóíêöèè f(x) ïî óçëàì
{Xi}n0 ïîëèíîì ñòåïåíè n:

Pn(x) = a0 + a1x+ . . .+ anx
n, (1)

ïðè ýòîì çíà÷åíèÿ êîýôôèöèåíòîâ a0 . . . an âûáèðàþòñÿ òàêèì îáðàçîì, ÷òîáû ïðè ëþáûõ
çíà÷åíèÿõ i = 1, n áûëî âûïîëíåíî:

Pn(xi) = f(xi) (2)

Óòâåðæäåíèå. Ïîêàæåì, ÷òî èíòåðïîëÿöèîííûé ïîëèíîì Pn(x) äëÿ ôóíêöèè f(x) ïî óçëàì
{Xi}n0 ñóùåñòâóåò è åäèíñòâåíåí.

Äîêàçàòåëüñòâî. Ðàñïèøåì n+ 1 óðàâíåíèå èç óñëîâèÿ (2). Ïîëó÷èì ñèñòåìó ëèíåéíûõ óðàâ-
íåíèé:

a0 + a1x0 + . . .+ anx
n
0 = f0, a0 + a1x1 + . . .+ anx

n
1 = f1, . . . a0 + a1xn + . . .+ anx

n
n = fn,

Òåïåðü ïîñìîòðèì íà îïðåäåëèòåëü ýòîé ñèñòåìû:

∆ =


1 x0 x2

0 . . . xn0
1 x1 x2

1 . . . xn1
. . . . . . . . . . . . . . .
1 xn x2

n . . . xnn


42
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Èç êóðñà ëèíåéíîé àëãåáðû èçâåñòíî, ÷òî äàííûé îïðåäåëèòåëü (îïðåäåëèòåëü Âàíäåðìîíäà)
ðàâåí ïðîèçâåäåíèþ ðàçíîñòè âñåõ ïàð (xi, xj), i 6= j. Ïî óñëîâèþ íèêàêèå äâà ðàçëè÷íûõ óçëà
íå ìîãóò äàòü íàì íóëåâóþ ðàçíîñòü, ñëåäîâàòåëüíî, îïðåäåëèòåëü ñèñòåìû íå ðàâåí íóëþ. À
ýòî è îçíà÷àåò, ÷òî ðåøåíèå (ò.å. Pn(x) ) ñóùåñòâóåò è åäèíñòâåííî.

Çàìå÷àíèå. Ïîñêîëüêó ìû äîêàçàëè ñóùåñòâîâàíèå è åäèíñòâåííîñòü èíòåðïîëèðóþùåãî ïî-
ëèíîìà, òî ïðè åãî ïîèñêå, â êàêîé áû ôîðìå ìû åãî íå ïîëó÷èëè, îí áóäåò òîæåñòâåííî ðàâåí
âñåì ñâîèì ïðåäñòàâëåíèÿì â èíûõ ôîðìàõ, ïîëó÷åííûõ ñ ïîìîùüþ äðóãèõ ìåòîäîâ.

�2 Èíòåðïîëÿöèîííàÿ ôîðìóëà Ëàãðàíæà

Áóäåì èñêàòü èíòåðïîëÿöèîííûé ïîëèíîì â âèäå

Ln(x) =
n∑
k=0

ck(x)f(xk) , ãäå: (1)

ck(x) � ïîëèíîì n-é ñòåïåíè, f(xk) � èçâåñòíûå çíà÷åíèÿ ôóíêöèè â óçëàõ.

Çàìå÷àíèå. Ïî îïðåäåëåíèþ Ln(xi) = f(xi),∀i = 1, n.

Áóäåì ñòðîèòü ïîëèíîì ñëåäóþùèì îáðàçîì:
Ïóñòü ω(x) = (x− x0)(x− x1) · . . . · (x− xn) = Πn

i=0(x− xi).
Òîãäà:

ω′(k) = ([. . .](x− xk)) = [. . .] + [. . .]′(x− xk) = Πn
i=0
i 6=k

(x− xi)

. ( ω(k) � çíà÷åíèå ôóíêöèè â òî÷êå xk ).

Ïîëèíîìû ck(x) âîëüçìåì ðàâíûìè ω(x)
(x−xk)ω′(x)

.
Îïðåäåëèì ïîãðåøíîñòü ìåòîäà êàê ðàçíîñòü ìåæäó çíà÷åíèåì ïîëèíîìà Ëàãðàíæà è çíà-

÷åíèåì ôóíêöèè:
ψn(x) = f(x)− Ln(x) (2)

Çàìå÷àíèå. Äëÿ îöåíêè ïîãðåøíîñòè ìåòîäû ìû òðåáóåì f(x) ∈ Cn+1[a, b].

Óòâåðæäåíèå.

∀x∗ ∈ [a, b] : rn(x∗) =
f (n+1)(ξ)

(n+ 1)!
· ωn+1(x∗), ξ ∈ (a, b)

Äîêàçàòåëüñòâî. Ïóñòü g(s) = f(s) + Ln(s)− kω(s), ãäå k - êîíñòàíòà.
Î÷åâèäíî, ÷òî g(s) èìååò n+ 2 íóëÿ: n+ 1 çà ñ÷åò îáðàùåíèÿ â íîëü â óçëàõ è ïîñëåäíèé íîëü
çà ñ÷åò ñîâïàäåíèÿ f(s)+Ln(s) = kω. Â ýòîì ñëó÷àå k è åñòü èñêîìàÿ îöåíêà. Ïî òåîðåìå Ðîëëÿ
g(n+1)(ξ) = 0. Íàéäåì ýòó ïðîèçâîäíóþ:

g(n+1)(s) = (f(s) + Ln(s)− kω(s))(n+1) =

f (n+1)(ξ) + 0− k · n!

Îòêóäà è ïîëó÷àåì:

f(x) + Ln(x) =
f (n+1)(ξ)

(n+ 1)!
ω(x)

Çàìå÷àíèå. Ïîëèíîì Ëàãðàíæà, âîîáùå ãîâîðÿ, íå ñõîäèòñÿ ê f(x).
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�3 Èíòåðïîëÿöèîííàÿ ôîðìóëà Íüþòîíà

Îïðåäåëåíèå. Íàçîâåì ðàçäåëåííîé ðàçíîñòüþ ïåðâîãî ïîðÿäêà, ïîñòðîåííîé ïî óçëàì xi è
xj, ñëåäóþùåå ñîîòíîøåíèå:

f(xi, xj) =
f(xj)− f(xi)

xj − xi
(1)

Ðàçäåëåííîé ðàçíîñòüþ âòîðîãî ïîðÿäêà ïî óçëàì xi−1, xi, xi+1 íàçûâàåòñÿ ñîîòíîøåíèå:

f(xi−1, xi, xi+1) =
f(xi−1xi)− f(xixi+1)

xi−1 − xi+1

Àíàëîãè÷íî îïðåäåëÿåì ðàñïðåäåëåííóþ ðàçíîñòü áîëüøèõ ïîðÿäêîâ.

Óòâåðæäåíèå. Ðàñïðåäåëåííóþ ðàçíîñòü k�ãî ïîðÿäêà ìîæíî ïðåäñòàâèòü â âèäå:

f(x0, x1, . . . , xk) =
k∑
i=0

f(xi)

ω′0,k(xi)

Ïðè÷åì çàïèñü ωa,b(x) îçíà÷àåò:

ωa,b(x) = (x− xa)(x− xa+1) · . . . · (x− xb), a < b

Äîêàçàòåëüñòâî. Íå îãðàíè÷èâàÿ îáùíîñòè, áóäåì ðàññìàòðèâàòü óçëû ñ èíäåêñàìè 0..k, k ∈ N.
Äîêàæåì óòâåðæäåíèå ïî èíäóêöèè.
Áàçà:

k = 1 : f(x0, x1) =
f(x0)

x0 − x1

+
f(x1)

x1 − x0

=

f(x0)

ω′0,1(x0)
+

f(x1)

ω′0,1(x1)

Ïåðåõîä:
k = l :

f(x0, . . . , xl) =
l∑

i=0

f(xi)

ω′0,l(xi)

Ïîêàæåì ÷òî f(x0, . . . , xl+1) =
∑l

i=0
f(xi)
ω′0,l(xi)

:

f(x0, . . . , xl+1) =
f(x1, . . . , xl+1)− f(x0, . . . , xl)

xl+1 − x0

=

1

xl+1 − x0

(
l+1∑
i=1

f(xi)

ω′1,l+1(xi)
−

l∑
i=0

f(xi)

ω′0,l(xi)
) =

1

xl+1 − x0

(
f(xl+1)

ω′1,l+1(xl+1)
− f(x0)

ω′0,l(x0)
+

l∑
i=1

1

ω′1,l+1(xi)
− 1

ω′0,l(xi)
)

Ðàññìîòðèì ñëàãàåìûå îòäåëüíî:

(xl+1 − x0)ω′1,l+1(xl+1) = ω′0,l+1(xl+1)
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(xl+1 − x0)ω′0,l(x0) = ω′0,l+1(x0)

1

ω′1,l+1(xi)
− 1

ω′0,l(xi)
=

(xi − x0)

ω′0,l+1(xi)
− (xi − xl+1)

ω′0,l+1(xi)
= (xl+1 − x0)

Ïîäñòàâèâ ïðåîáðàçîâàííûå ñëàãàåìûå, ïîëó÷èì:

f(x0)

ω′0,l+1(x0)
+

f(xl+1)

ω′0,l+1(xl+1)
+

l∑
i=1

f(xi)

ω′0,l+1(xi)
)

×òî è òðåáîâàëîñü äîêàçàòü.

Îïðåäåëåíèå. Íàçîâåì èíòåðïîëÿöèîííûì ïîëèíîìîì Íüþòîíà ôóíêöèè f(x) ïî óçëàì {Xi}n0
ïîëèíîì ñòåïåíè n:

Nn(x) = f(x0) + (x− x0)f(x0, x1) + . . .+ Πn−1
i=0 f(x0, x1, . . . , xn) (2)

Ïîêàæåì, ÷òî Nn(x) èíòåðïîëÿöèîííûé ïîëèíîì:

Nn(xi) = f(x0) + (xi − x0)f(x0, x1) + . . .+ Πi−1
i=0f(x0, x1, . . . , xi) + 0

Ýòà ñóììà ïðåäñòàâëÿåò ñîáîé ðàçäåëåííóþ ðàçíîñòü ïîðÿäêà i, ðàâíóþ êàê ðàç f(xi).

Çàìå÷àíèå. Ïîëó÷åííûé ïîëèíîì � òîëòæå ïîëèíîì Ëàãðàíæà, òîëüêî çàïèñàííûé â äðóãîé
ôîðìå.
Ñîîòâåòñòâåííî, åãî ïîãðåøíîñòü òà æå, ÷òî è ó ïîëèíîìà Ëàãðàíæà.

Îòëè÷èå ïîëèíîìà Íüþòîíà îò Ëàãðàíæà â òîì, ÷òî äëÿ óâåëè÷åíèÿ òî÷íîñòè Nn(x) íàäî
òîëüêî äîáàâèòü èíôîðìàöèþ î íîâûõ óçëàõ è íå íàäî ïåðåñ÷èòûâàòü çíà÷åíèÿ äëÿ ñòàðûõ.

�4 Èíòåðïîëèðîâàíèå ñ êðàòíûìè óçëàìè. Èíòåðïîëÿöèîí-

íàÿ ôîðìóëà Ýðìèòà

Ïóñòü èìååòñÿ m óçëîâ: x0, x1, . . . , xm, ïðè ýòîì ak ∈ N, k = 1,m � êðàòíîñòü êàæäîãî óçëà (
a0 + . . . am = n+ 1, ãäå n � ñòåïåíü èíòåðïîëèðóþùåãî ïîëèíîìà ).

Îïðåäåëåíèå. Íàçîâåì èíòåðïîëÿöèîííûì ïîëèíîìîì Ýðìèòà ïîëèíîì:

Hn(x) =
m∑
k=0

ak−1∑
i=0

ck,i(x)f (i)(xk), (1)

ãäå ck,i(x) - ïîëèíîì n-é ñòåïåíè, êîýôôèöèåíòû êîòîðîãî íàõîäÿòñÿ èç óñëîâèÿ:

H(i)
n (xk) = F (i)(xk), k = 0, n, i = 0, ak − 1

Ñóùåñòâîâàíèå è åäèíñòâåííîñòü äàííîãî ïîëèíîìà î÷åâèäíû, ïåðåéäåì ñðàçó ê ïîñòðîåíèþ
Hn(x). Â îáùåì ñëó÷àå âûðàæåíèå äëÿ ïîëèíîìà Ýðìèòà äîñòàòî÷íî ãðîìîçäêî, ïîýòîìó îãðà-
íè÷èìñÿ ðàññìîòðåíèåì êîíêðåòíîé çàäà÷è:
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Ïîñòðîèòü H3(x) = c0(x)f(x0) + c1(x)f(x1) + c2(x)f(x2) + b(x)f ′(x1).
Çàïèøåì óñëîâèÿ, ïðè êîòîðûõ äàííûé ïîëèíîì áóäåò èíòåðïîëÿöèîííûì:

c0(x0) = 1, c1(x0) = 0, c2(x0) = 0, b(x0) = 0,

c0(x1) = 0, c1(x1) = 1, c2(x1) = 0, b(x1) = 0,

c0(x2) = 0, c1(x2) = 0, c2(x2) = 1, b(x2) = 0,

c′0(x1) = 0, c′1(x1) = 0, c′2(x1) = 0, b′(x1) = 1.

Áóäåì èñêàòü c0(x) â âèäå k(x− x1)2(x− x2), k âûáèðàåì èç óñëîâèÿ c0(x0) = 1:

1 = k(x0 − x1)2(x0 − x2) =⇒ c0(x) =
(x− x1)2(x− x2)

(x0 − x1)2(x0 − x2)

Àíàëîãè÷íî ïîëó÷àåì âûðàæåíèå äëÿ c2(x):

c2(x) =
(x− x1)2(x− x0)

(x2 − x1)2(x2 − x0)

Òåïåðü âû÷èñëèì b(x):
b1(x) = k(x− x0)(x− x1)(x− x2)

b′1(x1) = k(x− x0)(x− x2) = 1

Îòêóäà ïîëó÷àåì b1(x) = (x−x0)(x−x2)
(x−x2)2(x1−x2)

(x− x1).

Äàëåå ïóñòü c1(x) = (x− x0)(x− x2)(ax+ b):

c1(x1) = 1 = (x1 − x0)(x1 − x2)(ax1 + b)

c′1(x1) = 0 = a(x1 − x0)(x1 − x2) + (ax1 + b)(2x1 − x0 − x2)

Èç ýòèõ óðàâíåíèé ïîëó÷àåì:

a = − (2x1 − x0 − x2)

(x1 − x0)2(x1 − x2)2

b =
1

(x1 − x0)(x1 − x2)
[1 +

x1(2x1 − x0 − x2)

(x1 − x0)(x1 − x2)
]

Ïîäñòàâëÿÿ íàéäåííûå âûðàæåíèÿ, èìååì:

H3(x) = f(x0) · (x− x1)2(x− x2)

(x0 − x1)2(x0 − x2)
+ f(x1) · (x− x0)(x− x2)

(x1 − x0)(x1 − x2)
·

(1 +
(x1 − x)(2x1 − x0 − x2)

(x1 − x0)(x1 − x2)
) + f(x2) · (x− x1)2(x− x0)

(x2 − x1)2(x2 − x0)
+

f ′(x1) · (x− x0)(x− x2)

(x− x2)2(x1 − x2)
(x− x1)
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Ïîãðåøíîñòü ïîëèíîìà Ýðìèòà

ψH3(x) = f(x)−H3(x)

Ââåäåì ôóíêöèþ g(s) = f(s) +H3(s)− kω(s), ãäå k � êîíñòàíòà, ω(s) = (x−x0)(x− x1)2(x−x2).
Êîíñòàíòó k ïîëó÷àåì èç óñëîâèÿ g(x) = 0 :

k =
f(x)−H3(x)

ω(x)

Äàëåå äëÿ ïðèìåíåíèÿ òåîðåìû Ðîëëÿ òðåáóåì ∃f (4)(x) ∈ [a, b]. Ïðèìåíèâ íåñêîëüêî ðàç òåîðåìó
Ðîëëÿ ê g(s), ïîëó÷èì:

∃ξ ∈ (a, b) : g(4)(ξ) = 0,

îòêóäà è ïîëó÷åì îêîí÷àòåëüíóþ îöåíêó

f(x)−H3(x) =
f (4)

4!
ω(x)

Ïîãðåøíîñòü ïîëèíîìà Ýðìèòà n-îé ñòåïåíè ðàâíà:

f(x)−Hn(x) =
f (n+1)(ξ)

(n+ 1)!
(x− x0)a0(x− x1)a1 . . . (x− xn)an

a0 + a1 + · · ·+ an = n+ 1

Çàäà÷à. Ïóñòü çàäàíû óçëû x0, x1, x2, x3, ïðè÷åì x3 6= xi, i = 0, 1, 2, è çíà÷åíèÿ ôóíêöèè f â
ýòèõ óçëàõ. Äîêàçàòü, ÷òî lim

x3→x1

L3(x) = H3(x).

Äîêàçàòåëüñòâî. Ðàññìîòðèì ïîëèíîì Ëàãðàíæà äëÿ ôóíêöèè f:

L3(x) =
(x− x1)(x− x2)(x− x3)

(x0 − x1)(x0 − x2)(x0 − x3)
f(x0) + . . .

Ïðè x3 → x1:

L3(x)→ (x− x1)2(x− x2)

(x0 − x1)2(x0 − x2)
f(x0) + · · · = H3(x)

�5 Èñïîëüçîâàíèå ïîëèíîìà Ýðìèòà òðåòüåé ñòåïåíè äëÿ

ïîëó÷åíèÿ òî÷íîé îöåíêè ïîãðåøíîñòè êâàäðàòóðíîé ôîð-

ìóëû Ñèìïñîíà

Ðàññìîòðèì êâàäðàòóðíóþ ôîðìóëó Ñèìïñîíà äëÿ
b∫
a

f(x)dx íà îòðåçêå [a, b] ñ ðàçáèåíèåì íà

÷àñòè÷íûå îòðåçêè [xi−1, xi], xi − xi−1 = h, îáúåäèíåíèå êîòîðûõ äàåò [a, b]. Íà i-îì ÷àñòè÷íîì
îòðåçêå èìååì:

xi∫
xi−1

f(x)dx =
h

6
(fi−1 + 4fi− 1

2
+ fi)
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fi = f(xi), fi− 1
2

= f

(
xi −

h

2

)
Åñëè f(x) = a0+a1x+a2x

2, òî êâàäðàòóðíàÿ ôîðìóëà Ñèìïñîíà òî÷íà (ïî ïîñòðîåíèþ). Ôîðìóëà
Ñèìïñîíà áóäåò òî÷íà è äëÿ êóáè÷åñêèõ ìíîãî÷ëåíîâ (f(x) = a0 + a1x + a2x

2 + a3x
3). ×òîáû

ïîêàçàòü ýòî, íàéäåì
xi∫

xi−1

x3dx:

xi∫
xi−1

x3dx =
1

4
(x4

i − x4
i−1) =

1

4
(x2

i − x2
i−1)(x2

i + x2
i−1) =

h

4
(xi + xi−1)(x2

i + x2
i−1)

Òåïåðü çàïèøåì ôîðìóëó Ñèìïñîíà äëÿ
xi∫

xi−1

x3dx è ïðåîáðàçóåì åå:

h

6

(
x3
i−1 + 4x3

i− 1
2

+ x3
i

)
=
h

6

(
x3
i + x3

i−1 + 4
(xi + xi−1)3

2

)
=

=
h

6
(xi + xi−1)(x2

i − xixi−1 + x2
i−1 +

x2
i + 2xixi−1 + x2

i−1

2
)

=
h

6
(xi + xi−1)

(
3x2

i + 3x2
i−1

2

)
=
h

4
(xi + xi−1)(x2

i + x2
i−1)

Òàêèì îáðàçîì, ìû ïîêàçàëè, ÷òî ôîðìóëà Ñèìïñîíà òî÷íà è äëÿ ìíîãî÷ëåíîâ òðåòüåé ñòåïåíè.
Ïðèáëèçèì ïîäûíòåãðàëüíóþ ôóíêöèþ f(x) ïîëèíîìîì Ýðìèòà H3(x):

H3(xi−1) = fi−1

H3(xi− 1
2
) = fi− 1

2

H3(xi) = fi

H ′3(xi− 1
2
) = f ′

i− 1
2

f(x) = H3(x) + ψH3(x)
xi∫

xi−1

f(x)dx =

xi∫
xi−1

H3(x)dx+

xi∫
xi−1

ψH3(x)dx =

=
h

6
(H3(xi−1) + 4H3(xi− 1

2
) +H3(xi)) +

xi∫
xi−1

ψH3(x)dx =

=
h

6
(fi−1 + 4fi− 1

2
+ fi) +

xi∫
xi−1

ψH3(x)dx

Íàéäåì ïîãðåøíîñòü íà i-îì ÷àñòè÷íîì îòðåçêå:

ψi =

xi∫
xi−1

f(x)dx− h

6
(fi−1 + 4fi− 1

2
+ fi) =

xi∫
xi−1

ψH3(x)dx
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Ïîãðåøíîñòü äëÿ ïîëèíîìà Ýðìèòà èìååò âèä:

ψH3(x) =
f (4)(ξ)

4!
(x− xi−1)(x− xi− 1

2
)2(x− xi)

Ïóñòü M4 = sup
ξ∈[xi−1,xi]

|f (4)(ξ)|, òîãäà ñïðàâåäëèâà îöåíêà:

|ψH3(x)| ≤ M4

4!

xi∫
xi−1

(x− xi−1)(x− xi− 1
2
)2(xi − x)dx = O(h5)

Çàäà÷à. Äîêàçàòü, ÷òî
xi∫

xi−1

(x− xi−1)(x− xi− 1
2
)2(xi − x)dx = h5

120
.

Äîêàçàòåëüñòâî. Ïðîâåäåì çàìåíó â ïîäûíòåãðàëüíîì âûðàæåíèè:

x = xi−1 + th, 0 ≤ t ≤ 1

Òîãäà:
dx = hdt

x− xi−1 = th

xi − x = h(1− t)

(x− xi− 1
2
)2 = h2(t− 1

2
)2

Òàêèì îáðàçîì, òðåáóåìûé èíòåãðàë ëåãêî âû÷èñëèòü:

xi∫
xi−1

(x− xi−1)(x− xi− 1
2
)2(xi − x)dx =

= h5

1∫
0

t (1− t)
(
t− 1

2

)2

dt = h5

1∫
0

(
2t3 − 5

4
t2 − t4 +

t

4

)
dt =

h5

120

Òåïåðü ìû ìîæåì îöåíèòü ïîãðåøíîñòü íà âñåì îòðåçêå [a, b]:

Ψ =
n∑
i=1

ψi(h)

|Ψ| ≤ M4

4!

h5n

120

Ó÷òåì, ÷òî hn = b− a:

|Ψ| ≤ M4

4!

h4(b− a)

120
=

(
h

2

)4
M4(b− a)

180

Çàìå÷àíèå. Åñëè ïîäûíòåãðàëüíóþ ôóíêöèþ çàìåíèòü ñîîòâåòñòâóþùèì ïîëèíîìîì Ëàãðàí-
æà, òî ïîãðåøíîñòü êâàäðàòóðíîé ôîðìóëû Ñèìïñîíà óâåëè÷èòñÿ.
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�6 Íàèëó÷øåå ñðåäíåêâàäðàòè÷íîå ïðèáëèæåíèå ôóíêöèè

Îïðåäåëåíèå. Ôóíêöèÿ f(x) íàçûâàåòñÿ èíòåãðèðóåìîé ñ êâàäðàòîì íà îòðåçêå [a, b], åñëè
b∫
a

f 2(x)dx <∞.

Ðàññìîòðèì ëèíåéíîå ïðîñòðàíñòâîH = L2 ôóíêöèé, èíòåãðèðóåìûõ ñ êâàäðàòîì íà îòðåçêå
[a, b]. Ââåäåì ñêàëÿðíîå ïðîèçâåäåíèå ôóíêöèé f(x) è g(x) (f, g ∈ L2):

(f, g) =

b∫
a

f(x)g(x)dx

Òåïåðü îïðåäåëèì íîðìó:

||f || = (f, f)
1
2 = (

b∫
a

f 2(x)dx)
1
2

Ðàññìîòðèì ñîâîêóïíîñòü ôóíêöèé:

φ0(x), φ1(x), . . . , φn(x) � ËÍÇ è èíòåãðèðóåìûå ñ êâàäðàòîì, φi ∈ L2 (1)

Ðàññìîòðèì îáîáùåííûé ìíîãî÷ëåí:

φ(x) =
n∑
k=0

Ckφk(x), Ck � ÷èñëà (2)

Ñðåäè âñåõ îáîáùåííûõ ìíîãî÷ëåíîâ íàì íåîáõîäèìî íàéòè îáîáùåííûé ìíîãî÷ëåí φ(x), òàêîé
÷òî:

||f(x)− φ(x)|| = min
φ∈L2

||f(x)− φ(x)|| =

= min
φ∈L2

 b∫
a

(
f(x)−

n∑
k=0

Ckφk(x)

)2

dx


1
2

Îáîáùåííûé ìíîãî÷ëåí φ(x) íàçûâàåòñÿ íàèëó÷øèì ñðåäíåêâàäðàòè÷íûì ïðèáëèæåíèåì ôóíê-
öèè f(x). Ïîêàæåì, ÷òî îíî ñóùåñòâóåò è åäèíñòâåííî.

Óòâåðæäåíèå. Íàèëó÷øåå ñðåäíåêâàäðàòè÷íîå ïðèáëèæåíèå ñóùåñòâóåò è åäèíñòâåííî.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ñíà÷àëà ñëó÷àé n = 0:

φ0(x) ∈ L2, φ(x) = C0φ0(x)

Ââåäåì ôóíêöèþ F (C0):

F (C0) = ||f − φ(x)||2 =

b∫
a

(f(x)− φ(x))2dx =
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=

b∫
a

f 2(x)dx− 2C0

b∫
a

f(x)φ0(x)dx+ C2
0

b∫
a

φ2
0(x)dx =

= (f, f)− 2C0(f, φ0) + C2
0(φ0, φ0)

Íåîáõîäèìîå óñëîâèå ìèíèìóìà äëÿ ôóíêöèè F:

dF

dC0

= 0

Ìèíèìóì ýòîé ôóíêöèè ïî ïåðåìåííîé C0 íàõîäèòñÿ â âåðøèíå ïàðàáîëû:

C0 =
(f, φ0)

(φ0, φ0)

Òàêèì îáðàçîì:
φ(x) = C0φ0(x)

Ðàññìîòðèì ïðèìåð. Ïóñòü φ0(x) = 1, òîãäà:

C0 =

b∫
a

f(x)dx

b∫
a

dx

=
1

b− a

b∫
a

f(x)dx

φ(x) =
1

b− a

b∫
a

f(x)dx

Ïîëó÷èëè ñðåäíåå çíà÷åíèå ôóíêöèè f(x) íà [a, b].
Ðàññìîòðèì òåïåðü îáùèé ñëó÷àé. Ïóñòü çàäàíà ñèñòåìà ôóíêöèé (1). Ââåäåì ôóíêöèþ

F (C0, C1, . . . , Cn):

F (C0, C1, . . . , Cn) = ||f − φ(x)||2 =

b∫
a

(
f(x)−

n∑
k=0

Ckφk(x)

)2

dx =

=

b∫
a

f 2(x)dx− 2
n∑
k=0

Ck

b∫
a

f(x)φ0(x)dx+
n∑
k=0

Ck

n∑
l=0

Cl

b∫
a

φ2
0(x)dx =

= (f, f)− 2
n∑
k=0

Ck(f, φk) +
n∑
k=0

Ck

n∑
l=0

Cl(φk, φl)

Çàïèøåì íåîáõîäèìîå óñëîâèå ìèíèìóìà äëÿ ôóíêöèè F:

∂F (C0, C1, . . . , Cn)

∂Ck
= 0, k = 0, 1, . . . , n

Òîãäà ïîëó÷èì ñèñòåìó óðàâíåíèé äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ Ci

n∑
l=0

Cl(φk, φl) = (f, φk), k = 0, 1, . . . , n (3)
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Ìàòðèöåé ýòîé ñèñòåìû ÿâëÿåòñÿ ìàòðèöà Ãðàìà:

G =


(φ0, φ0) (φ0, φ1) · · · (φ0, φn)
(φ1, φ0) (φ1, φ1) · · · (φ1, φn)

...
...

. . .
...

(φ0, φn) (φ1, φn) · · · (φn, φn)


Òàê êàê ñèñòåìà ôóíêöèé (1) ëèíåéíî íåçàâèñèìà, òî îïðåäåëèòåëü Ãðàìà detG 6= 0, à çíà-
÷èò íàèëó÷øåå ñðåäíåêâàäðàòè÷íîå ïðèáëèæåíèå ñóùåñòâóåò è åäèíñòâåííî (ìîæíî îäíîçíà÷íî
íàéòè êîýôôèöèåíòû Ci).

Çàìå÷àíèå. Åñëè ñèñòåìà ôóíêöèé (1) - îðòîíîðìèðîâàííàÿ, òî åñòü (φk, φl) = δkl, òî Ck =
(f, φk) - êîýôôèöèåíòû Ôóðüå.

Çàìå÷àíèå. Ïóñòü çàäàíà ñèñòåìà ôóíêöèé:

1, x, x2 . . . , xn

Ïóñòü ρ(x) > 0 - âåñîâàÿ ôóíêöèÿ.

β∫
α

ρ(x)φk(x)φl(x)dx = 0

Âûáèðàÿ ρ(x), α, β ìîæíî ïîëó÷èòü îðòîãîíàëüíûå ìíîãî÷ëåíû.

Ïóñòü {φi}n0 - îðòîíîðìèðîâàííàÿ ñèñòåìà. Òîãäà íàèìåíüøåå îòêëîíåíèå:

0 ≤
∫ b

a

(
f(x)−

n∑
k=0

Ckφk(x)

)2

dx =

∫ b

a

f 2(x)dx− 2
n∑
k=0

Ck(φk, f) +
n∑
k=0

C2
k =

(f, f)−
n∑
k=0

C2
k ≥ 0

Òàêèì îáðàçîì, ìû ïîëó÷èëè íåðàâåíñâòî Áåññåëÿ:

n∑
k=0

C2
k ≤ ||f ||2

Åñëè ñèñòåìà {φk}n0 � îðòîíîðìèðîâàííûé áàçèñ, è (φk, φl) = δkl, òî ïîëó÷åííîå íåðàâåíñòâî
Áåññåëÿ ñòàíåò ðàâåíñòâîì Ïàðñåâàëÿ:

||f ||2 =
∞∑
k=0

C2
k



Ãëàâà III

×èñëåííîå ðåøåíèå íåëèíåéíûõ

óðàâíåíèé è ñèñòåì íåëèíåéíûõ

óðàâíåíèé

�1 Ââåäåíèå

Ïóñòü çàäàíà ôóíêöèÿ f(x), x ∈ R, ïðè÷åì ôóíêöèÿ f íåïðåûâíà.
Áóäåì ðåøàòü óðàâíåíèå íà îòðåçêå [a, b]

f(x) = 0, x ∈ [a, b]

Ïðîöåññ ðåøåíèÿ ðàçáèâàþò íà 2 ýòàïà:

1. Ëîêàëèçóåì êîðíè (ïðè ýòîì êîðíè ìîãóò áûòü êîìïëåêñíûå)

2. Ñòðîèì èòåðàöèîííûé ìåòîä íàõîæäåíèÿ êîðíÿ

Îïðåäåëåíèå. a-îêðåñòíîñòüþ êîðíÿ x∗ íàçûâàåòñÿ ìíîæåñòâî òî÷åê

Ua(x∗) = {x : |x− x∗| ≤ a}

Ðàññìîòðèì ñïîñîáû ëîêàëèçàöèè êîðíÿ:

1. Ðàçîáüåì îòðåçîê [a, b] ìíîæåñòâîì òî÷åê {xi}N1

a ≤ x0 < x1 < . . . < xN ≤ b

Òîãäà ìîæíî óòâåðæäàòü, ÷òî åñëè f(xi−1)f(xi) < 0), òî íà îòðåçêå [xi−1..xi] åñòü ïî êðàé-
íåé ìåðå îäèí êîðåíü (òàêæå èõ ìîæåò áûòü íå÷åòíîå ÷èñëî). Åñëè æå f(xi−1)f(xi) > 0),
òî ñêàçàòü íè÷åãî íåëüçÿ, òàê êàê íà ýòîì îòðåçêå ëèáî ÷åòíîå ÷èñëî êîðíåé, ëèáî êîðíåé
íåò âîîáùå.

2. Ìåòîä áèñåêöèè (äåëåíèÿ ïîïîëàì) Ïóñòü

f(x) ∈ C[a, b]; f(a) < 0, f(b) > 0

Âîçüìåì x0 = a+b
2
.

53
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Åñëè f(x0) > 0, òî êîðåíü óðàâíåíèÿ x∗ ∈ (a, x0)
Åñëè f(x0) < 0 , òî êîðåíü óðàâíåíèÿ x∗ ∈ (x0, b)
Åñëè f(x0) = 0, òî ìû íàøëè êîðåíü óðàâíåíèÿ.

Âî ïåðâîì ñëó÷àå âîçüìåì x1 = a+x0

2
, âî âòîðîì x1 = x0+b

2
, è àíàëîãè÷íî ïîâîòðèì ïðîöå-

äóðó ëîêàëèçàöèè êîðíÿ, è òàê äàëåå.

Â ñëó÷àå, åñëè äàíà ñèñòåìà óðàâíåíèé
f1(x1, . . . , xm) = 0,

. . .

fm(x1, . . . , xm) = 0,

åå ìîæíî ïðåäñòàâèòü â âèäå ~f(~x) = 0, ãäå ~f = (f1, f2, . . . , fm)T , ~x = (x1, x2, . . . , xm)T

�2 Ìåòîä ïðîñòîé èòåðàöèè

Èòàê, ìû ðåøàåì óðàâíåíèå
f(x) = 0 (1)

x∗ - êîðåíü óðàâíåíèÿ, ëîêàëèçîâàííûé íà Ua(x∗)
Çàìåíèì óðàâíåíèå íà ýêâèâàëåíòíîå

x = S(x) (2)

S(x) = x+ r(x)f(x) (3)

ãäå ôóíêöèÿ r(x) íå ìåíÿåò çíàê íà Ua(x∗)
Ïîñòðîèì ïîñëåäîâàòåëüíîñòü {xn} ñëåäóþùèì îáðàçîì:

x0 ∈ Ua(x∗)

xn+1 = S(xn), n = 0, 1, . . . (4)

Îïðåäåëåíèå. Ôóíêöèÿ S(x) Ëèïøèö-íåïðåðûâíà(óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà) ñ êîí-
ñòàíòîé q >0, åñëè

|S(x1)− S(x2)| ≤ q|x1 − x2|, ∀x1, x2 ∈ (a, b)

Óòâåðæäåíèå. Åñëè S(x) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ñ 0 < q < 1 íà Ua(x∗) è |x− x0| <
a, òî ìåòîä ïðîñòîé èòåðàöèè (4) ðåøåíèÿ óðàâíåíèÿ (1) ñõîäèòñÿ, ïðè÷åì ñî ñêîðîñòüþ
ãåîìåòðè÷åñêîé ïðîãðåññèè ñî çíàìåíàòåëåì q.

Äîêàçàòåëüñòâî. Ïî ïîñòðîåíèþ |x0 − x∗| < a, çíà÷èò

|xn+1 − x∗| = |S(xn)− S(x∗)| ≤ q|xn − x∗| ⇒

|xn − x∗| ≤ qna

limn→∞ qn = 0, òàê êàê 0 < q < 1.
Ñëåäîâàòåëüíî, ìåòîä ñõîäèòñÿ, ïðè÷åì ñî ñêîðîñòüþ ãåîìåòðè÷åñêîé ïðîãðåññè ñî çíàìåíàòå-
ëåì q.
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Çàìå÷àíèå. Åñëè S(x) äèôôåðåíöèðóåìà íà Ua(x∗), òî q = supx∈Ua(x∗) |S ′(x)|

Çàìå÷àíèå. Ïóñòü f(x) äèôôåðåíöèðóåìà, f ′(x) > 0 íà Ua(x∗) è ∃M1 = supx∈Ua(x∗) |f ′(x)|
Òîãäà çàïèøåì ìåòîä ïðîñòîé èòåðàöèè â âèäå:

xn+1 − xn
τ

+ f(xn) = 0, τ > 0

xn+1 = S(xn), S(x) = x− τf(x)

Ñëåäîâàòåëüíî, ∃S ′(x) = 1 − τf ′(x) íà Ua(x∗). Äëÿ ñõîäèìîñòè ìåòîäà íåîáõîäèìî, ÷òîáû
q = supx∈Ua(x∗) |1− τf ′(x)| < 1, ò.å. ÷òîáû 0 < τ < 2

M1

Ìåòîä Ýéòêåíà (óñêîðåíèå ñõîäèìîñòè)

Ìåòîä Ýéòêåíà íå ÿâëÿåòñÿ òåîðåòè÷åñêè îáîñíîâàííûì, íî ïðè ïðèáëèæåííûõ çíà÷åíèÿõ
ïàðàìåòðîâ ïîçâîëÿÿåò óâåëè÷èòü ñêîðîñòü ñõîäèìîñòè.

Ïóñòü xn − x∗ ' Aqn, ãäå A è q - íåêîòîðûå êîíñòàíòû. Òîãäà:

xn−1 − x∗ = Aqn−1

xn − x∗ = Aqn

xn+1 − x∗ = Aqn+1

ñëåäîâàòåëüíî,

(xn+1 − xn)2 = A2q2n(q − 1)2

(xn+1 − 2xn + xn−1) = Aqn−1(q − 1)2

Îòêóäà ïîëó÷àåì:
(xn+1 − xn)2

xn+1 − 2xn + xn−1

= Aqn+1 = xn+1 − x∗

Ñòàëî áûòü:

x∗ ' xn+1 −
(xn+1 − xn)2

xn+1 − 2xn + xn−1

Èç-çà íåòî÷íîñòè â êà÷åñòâå ñëåäóþùåé èòåðàöèè ìû äîëæíû âçÿòü çíà÷åíèå, áëèçêîå ê x∗

�3 Ìåòîä Íüþòîíà è ìåòîä ñåêóùèõ

Ìû ðåøàåì óðàâíåíèå
f(x) = 0 (1)

Ïóñòü êîðåíü ëîêàëèçîâàí íà Ua(x∗), f(x) ∈ C1(Ua(x∗)), ïðè ýòîì f ′(x) 6= 0 íà Ua(x∗).
Ðàçëîæèì f(x∗) ïî Òåéëîðó:

0 = f(x∗) = f(x) + f ′(x)(x∗ − x) + o(x∗ − x) ≈ f(x) + f ′(x)(x∗ − x)

Ïîëîæèì â ýòîé ôîðìóëå x = xn, x∗ = xn+1, òîãäà ïîëó÷èì:

xn+1 = xn −
f(xn)

f ′(xn)
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Âçÿâ x0 ∈ Ua(x∗), ïîëó÷àåì ìåòîä Íüþòîíà:

xn+1 = xn −
f(xn)

f ′(xn)
, n = 0, 1, 2, . . .

Íà êàæäîé èòåðàöèè ñ÷èòàòü ïðîèçâîäíóþ çàòðàòíî, â òî æå âðåìÿ íà íåáîëüøîì èíòåðâàëå
îíà, êàê ïðàâèëî, ìåíÿåòñÿ íå ñèëüíî. Ñëåäîâàòåëüíî, ìîæíî èñïîëüçîâàòü ïðîèçâîäíóþ, îäèí
ðàç âû÷èñëåííóþ íà ïåðâîé èòåðàöèè. Ïîëó÷àåì ìîäèôèöèðîâàííûé ìåòîä Íüþòîíà:

xn+1 = xn −
f(xn)

f ′(x0)
, n = 0, 1, 2, . . . ;x0 ∈ Ua(x∗)

Ìîäèôèöèðîâàííûé ìåòîä Íüþòîíà ñõîäèòñÿ ìåäëåííåå îáû÷íîãî ìåòîäà Íüþòîíà, íî áûñò-
ðåå ìåòîäà ïðîñòîé èòåðàöèè.

Ìåòîä Íüþòîíà äëÿ ñèñòåìû óðàâíåíèé

Ðàññìîòðèì ñèñòåìó: {
f1(x1, x2) = 0,

f2(x1, x2) = 0,
(2)

Ïóñòü (x∗1, x
∗
2) - åå ðåøåíèå. Ðàçëîæèì f1 è f2 â îêðåñòíîñòè êîðíÿ:

0 = f1(x∗1, x
∗
2) = f1(x1, x2) +

∂f1(x1, x2)

∂x1

(x∗1 − x1) +
∂f1(x1, x2)

∂x2

(x∗2 − x2) + . . .

0 = f2(x∗1, x
∗
2) = f2(x1, x2) +

∂f2(x1, x2)

∂x1

(x∗1 − x1) +
∂f2(x1, x2)

∂x2

(x∗2 − x2) + . . .

Çàìåíÿÿ xi íà x
n
i è x

∗
i íà x

n+1
i , ïîëó÷èì:

f1(xn1 , x
n
2 ) +

∂f1(xn1 , x
n
2 )

∂x1

(xn+1
1 − xn1 ) +

∂f1(xn1 , x
n
2 )

∂x2

(xn+1
2 − xn2 ) = 0

f2(xn1 , x
n
2 ) +

∂f2(xn1 , x
n
2 )

∂x1

(xn+1
1 − xn1 ) +

∂f2(xn1 , x
n
2 )

∂x2

(xn+1
2 − xn2 ) = 0

Îáîçíà÷èì xn = (xn1 , x
n
2 )T , fn = (fn1 , f

n
2 )T , à òàêæå

I(xn) =

[
∂f1(xn

1 ,x
n
2 )

∂x1

∂f1(xn
1 ,x

n
2 )

∂x2
∂f2(xn

1 ,x
n
2 )

∂x1

∂f2(xn
1 ,x

n
2 )

∂x2

]
(3)

Òîãäà óðàâíåíèå ìîæíî çàïèñàòü â âèäå:

f(xn) + I(xn)(xn+1 − xn) = 0 (4)

Åñëè ∀n ∃I−1(xn), òî

xn+1 = xn − I−1(xn)f(xn), n = 0, 1, 2, . . . ; x0 � çàäàíî (5)
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Çàìå÷àíèå. Ñ÷èòàòü I−1(xn) íå î÷åíü óäîáíî, ïîýòîìó îáû÷íî ââîäÿò ïîãðåøíîñòü

vn+1 = xn+1 − xn

è ðåøàþò íà êàæäîé èòåðàöèè óðàâíåíèå:

I(xn)vn+1 = −f(xn)

Çàìå÷àíèå. Â ñëó÷àå ñèñòåìû ìîæíî ïðèìåíèòü ìîäèôèöèðîâàííûé ìåòîä Íüþòîíà:

xn+1 = xn − I−1(x0)f(xn)

Íî â ýòîì ñëó÷àå ñêîðîñòü ñõîäèìîñòè áóäåò çíà÷èòåëüíî ìåíüøå.

Åñëè äàíà ñèñòåìà èç m óðàâíåíèé:
f1(x1, . . . , xm) = 0,

f2(x1, . . . , xm) = 0,

. . .

fm(x1, . . . , xm) = 0,

òî òàêæå ìîæíî èñïîëüçîâàòü ìåòîä Íüþòîíà, â ýòîì ñëó÷àå

I(xn)ij =
∂fi(xn)

∂xj
, i, j = 1,m

Ñèñòåìà â ýòîì ñëó÷àå èìååò òîò æå âèä:

f(xn) + I(xn)(xn+1 − xn) = 0

Ìåòîä ñåêóùèõ

Çàïèøåì ìåòîä Íüþòîíà:

xn+1 = xn −
f(xn)

f ′(xn)
, x0 ∈ Ua(x∗), n = 0, 1, 2, . . . .

Çàìåíèì â íåì f ′(xn) íà f(xn)−f(xn−1)
xn−xn−1 .

Ïîëó÷èì

xn+1 = xn − xn − xn−1

f(xn)− f(xn−1)
f(xn) (6)

Ïîñêîëüêó â çàïèñè äàííîãî ìåòîäà ó÷àâñòâóþò òðè ïîñëåäîâàòåëüíûå èòåðàöèè (xn+1, xn èxn−1),
òî îí íàçûâàåòñÿ äâóõøàãîâûì ìåòîäîì. Äëÿ òîãî, ÷òîáû âîñïîëüçîâàòüñÿ èì, òðåáóåòñÿ çàäàòü
äâà íà÷àëüíûõ ïðèáëèæåíèÿ (x0 è x1). Èõ ìîæíî ïîëó÷èòü ìåòîäîì ïðîñòîé èòåðàöèè èëè
ìåòîäîì Íüþòîíà.

Çàìåòèì, ÷òî, èñïîëüçóÿ ìåòîä ñåêóùèõ, ìû ïîëó÷àåì xn+1 ïðè ïîìîùè èíòåðïëÿöèè ôóíê-
öèè f ïîëèíîìîì ïåðâîé ñòåïåíè (ëèíåéíîé ôóíêöèåé), èñïîëüçóÿ åå çíà÷åíèå â óçëàõ xn è
xn−1.
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�4 Ñõîäèìîñòü ìåòîäà Íüþòîíà è îöåíêà ñõîäèìîñòè

Ðàññàìòðèâàåòñÿ íåëèíåéíîå óðàâíåíèå

f(x) = 0. (1)

Çàïèøåì äëÿ íåãî ìåòîä Íüþòîíà:

xn+1 = xn − f(xn)

f ′(xn)
, n = 0, 1, . . . ; x0 ∈ Ua(x∗). (2)

Çàïèøåì ýòî ìåòîä â áîëåå îáùåì âèäå:

xn+1 = S(xn), ãäå S(x) = x− f(x)

f ′(x)
.

Òîãäà

S ′(x) = 1− (f ′(x))2 − f(x)f ′′(x)

(f ′(x))2
=
f(x)f ′′(x)

(f ′(x))2
.

Çàìåòèì, ÷òî S ′(x∗) = 0.
Ïóñòü zn = xn − x∗ � ïîãðåøíîñòü. Òîãäà

zn+1 = xn+1 − x∗ = S(xn)− S(x∗) = S(zn + x∗)− S(x∗).

Âîñïîëüçóåìñÿ ôîðìóëîé Òåéëîðà ñ îñòàòî÷íûì ÷ëåíîì â ôîðìå Ëàãðàíæà:

zn+1 = S(x∗) + S ′(x∗)zn +
1

2
S ′′(x̃n)z2

n − S(x∗) =
1

2
S ′′(x̃n)z2

n,

ãäå x̃n = xn + θzn, |θ| < 1.
Ïóñòü ∃M > 0 òàêîå, ÷òî

1

2
|S ′′(x)| ≤M, x ∈ Ua(x∗). (3)

Òîãäà
|zn+1| ≤M |zn|2,

M |zn+1| ≤ (M |zn|)2.

Ïðèìåíèì ýòî íåðàâåíñòâî ðåêóðñèâíî, ïîëó÷èì

M |zn| ≤ (M |z0|)2n

,

|zn| ≤
1

M
(M |z0|)2n

.

Åñëè M |z0| < 1, òî ïðè n→∞ ïîëó÷àåì |zn| → 0 ⇒ xn → x∗.
Òàêèì îáðàçîì, äëÿ ñõîäèìîñòè äàííîãî ìåòîäà äîñòàòî÷íî ïîòðåáîâàòü

|z0| = |x0 − x∗| ≤
1

M
. (4)

Äëÿ zn èìååì îöåíêó

|zn| = |xn − x∗| ≤
1

M
(M |x0 − x∗|)2n

. (5)

Ìû äîêàçàëè ñëåäóþùóþ òåîðåìó.
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Òåîðåìà (îá îöåíêå ñêîðîñòè ñõîäèìîñòè ìåòîäà Íüþòîíà). Ïóñòü
∃M > 0 òàêîå, ÷òî

1

2

∣∣∣∣(f(x)f ′(x)

(f ′(x))2

)′∣∣∣∣ ≤M ∀x ∈ Ua(x∗),

|x0 − x∗| ≤
1

M
.

Òîãäà ìåòîä Íüþòîíà ñõîäèòñÿ è èìååò ìåñòî îöåíêà

|xn − x∗| ≤
1

M
(M |x0 − x∗|)2n

.

Çàìå÷àíèå. Åñëè ìåòîä Íüþòîíà ñõîäèòñÿ, òî îí ñõîäèòñÿ î÷åíü áûñòðî.

Çàìå÷àíèå. Íà÷àëüíîå ïðèáëèæåíèå äîëæíî áûòü áëèçêî ê êîðíþ (â ñîîòâåòñòâèè ñ óñëî-
âèåì (4)).

Íàïîìíèì, ÷òî ìîäèôèöèðîâàííûé ìåòîä Íüþòîíà èìååò âèä:

xn+1 = xn − f(xn)

f ′(x0)
.

Äëÿ ýòîãî ìåòîäà S(x) èìååò âèä

S(x) = x− f(x)

f ′(x0)
.

Äëÿ ýòîãî ìåòîäà àíàëîãè÷íîå óòâåðæäåíèå íå èìååò ìåñòî, èáî S ′(x∗) 6= 0 â îáùåì ñëó÷àå.



Ãëàâà IV

Ðàçíîñòíûå ìåòîäû ðåøåíèÿ çàäà÷

ìàòåìàòè÷åñêîé ôèçèêè

�1 Ðàçíîñòíûå ñõåìû äëÿ ïåðâîé êðàåâîé çàäà÷è äëÿ óðàâ-

íåíèÿ òåïëîïðîâîäíîñòè

Ðàññìîòðèì îáëàñòü D = {(x, y) ∈ R2 : 0 < x < 1, 0 < t ≤ T} (T � çàäàííîå ïîëîæèòåëüíîå
÷èñëî).

Çàïèøåì ïåðâóþ êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â ýòîé îáëàñòè:

∂u

∂t
=
∂2u

∂t2
+ f(x, t), (x, t) ∈ D, (1)

êðàåâûå óñëîâèÿ: {
u(0, t) = µ1(t),

u(1, t) = µ2(t),
(2)

íà÷àëüíîå óñëîâèå:
u(x, 0) = u0(x). (3)

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

ωh = {xi = ih, i = 1, . . . , N − 1, hN = 1},
ωh = {xi = ih, i = 0, . . . , N, hN = 1},
ωτ = {tj = jτ, j = 1, . . . , j0, τj0 = T},
ωτ = {tj = jτ, j = 0, . . . , j0, τj0 = T},

ωτh = ωτ × ωh,
ωτh = ωτ × ωh,
uni = u(xi, tn),

fni = f(xi, t
n).

Ìíîæåñòâà ω∗ è ω∗ íàçûâàþòñÿ ñåòêàìè, ýëåìåíòû ýòèõ ìíîæåñòâ � óçëàìè. Çíà÷åíèÿ τ è h
íàçûâàþòñÿ øàãàìè ñåòêè. Âíóòðåííèìè óçëàìè íàçîâåì óçëû ñåòêè ωτh.

Áóäåì îáîçíà÷àòü ÷èñëåííîå ðåøåíèå ïîñòàâëåííîé çàäà÷è ÷åðåç y(x, t). Ïóñòü

yni = y(xi, tn).

60



Ðàçíîñòíûå ñõåìû äëÿ ïåðâîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè 61

ßâíàÿ ðàçíîñòíàÿ ñõåìà

Çàïèøåì ðàññìàòðèâàåìóþ çàäà÷ó:

∂u

∂t
=
∂2u

∂t2
+ f(x, t), 0 < x < 1, 0 < t ≤ T, (4)

êðàåâûå óñëîâèÿ: {
u(0, t) = µ1(t),

u(1, t) = µ2(t),
(5)

íà÷àëüíîå óñëîâèå:
u(x, 0) = u0(x). (6)

Ðàçíîñòíûé àíàëîã çàäà÷è (4) � (6) èìååò âèä:

yn+1
i − yni

τ
=
yni−1 − 2yni + yni+1

h2
+ f(xi, tn), (xi, tn) ∈ ωτh, (7)

{
yn+1

0 = µ1(tn+1), tn+1 ∈ ωτ ,
yn+1
N = µ2(tn+1), tn+1 ∈ ωτ ,

(8)

y0
i = u0(xi), xi ∈ ωh. (9)

Ìíîæåñòâî óçëîâ {(xi, tn), i = 0, . . . , N} íàçûâàåòñÿ n-ì ñëîåì.
Ïðè èçó÷åíèè ðàçíîñòíûõ ñõåì âîçíèêàþò ñëåäóþùèå âîïðîñû:

1. Ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ

2. Ïîãðåøíîñòü àïïðîêñèìàöèè ðàçíîñòíîé ñõåìû

3. Àëãîðèòì íàõîæäåíèÿ ÷èñëåííîãî ðåøåíèÿ

4. Èññëåäîâàíèå óñòîé÷èâîñòè ðàçíîñòíîé ñõåìû

5. Îöåíêà ñêîðîñòè ñõîäèìîñòè ðàçíîñòíîé ñõåìû

Îòâåòèì íà âîïðîñû 1 è 3 äëÿ ÿâíîé ðàçíîñòíîé ñõåìû. Ïåðåïèøåì (7) â âèäå

yn+1
i = yni +

τ

h2
(yni−1 − 2yni + yni+1) + τfni , i = 1, . . . , N − 1. (10)

Çíà÷åíèÿ y â ãðàíè÷íûõ óçëàõ (i = 0, i = N) çàäàíû ôîðìóëàìè (8). Çíà÷åíèÿ y ïðè n = 0
� ôîðìóëîé (9). Òàêèì îáðàçîì, ðåøåíèå ÿâíîé ðàçíîñòíîé ñõåìû ñóùåñòâóåò è åäèíñòâåííî è
âûïèñàí àëãîðèòì åãî íàõîæäåíèÿ. Çàäà÷à ðåøàåòñÿ ïî ñëîÿì, ò.å. çíà÷åíèÿ íà (n + 1)-ì ñëîå
íàõîäÿòñÿ ïî ÿâíîé ôîðìóëå ïî èçâåñòíûì çíà÷åíèÿì íà n-ì ñëîå.

Îïðåäåëèì ïîãðåøíîñòü ðàçíîñòíîé ñõåìû xni òàê:

xni = yni − uni .

Ââåäåì ôóíêöèþ ψni òàê:

ψni =
uni−1 − 2uni + uni+1

h2
− un+1

i − uni
τ

+ fni . (11)

Òîãäà (7) ìîæíî ïåðåïèñàòü ñëåäóþùèì îáðàçîì:

zn+1
i − zni

τ
=
zni−1 − 2zni + zni+1

h2
+ ψni , (xi, tn) ∈ ωτh. (12)
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Îïðåäåëåíèå. Ôóíêöèÿ ψni , îïðåäåëÿåìàÿ ðàâåíñòâîì (11), íàçûâàåòñÿ ïîãðåøíîñòüþ àï-
ïðîêñèìàöèè ðàçíîñòíîé ñõåìû (7) � (9) íà ðåøåíèå çàäà÷è (4) � (6).

Çàäà÷à. Äîêàçàòü, ÷òî ψni = O(τ + h2).

Ðåøåíèå. Ðàçëîæèì u(xi, tn+1) â óçëå (xi, tn) ïî ôîðìóëå Òåéëîðà:

u(xi, tn+1) = un+1
i = u(xi, tn) + ut(xi, tn)τ +O(τ 2).

Ðàçëîæèì u(xi+1, tn) â óçëå (xi, tn) ïî ôîðìóëå Òåéëîðà:

u(xi+1, tn) = uni+1 = u(xi, tn) + ux(xi, tn)h+
1

2
uxx(xi, tn)h2 +

1

6
uxxx(xi, tn)h3 +O(h4).

Ðàçëîæèì u(xi−1, tn) â óçëå (xi, tn) ïî ôîðìóëå Òåéëîðà:

u(xi−1, tn) = uni+1 = u(xi, tn)− ux(xi, tn)h+
1

2
uxx(xi, tn)h2 − 1

6
uxxx(xi, tn)h3 +O(h4).

Ïîäñòàâèâ âûïèñàííûå ðàçëîæåíèÿ â (11), ïðèâåäÿ ïîäîáíûå ÷ëåíû è âîñïîëüçîâàâøèñü (4),
ïîëó÷èì

ψni = O(τ + h2).

Êðàåâûå óñëîâèÿ äëÿ z èìåþò âèä:

zn+1
0 = zn+1

N = 0, tn+1 = ωτ . (13)

À íà÷àëüíîå óñëîâèå äëÿ z:
z0
i = 0, xi = ωh. (14)

Ââåäåì íîðìó íà ñëîå:
‖yn‖C = max

0≤i≤N
|yni |.

Ââåäåííàÿ òàêèì îáðàçîì íîðìà íàçûâàåòñÿ ðàâíîìåðíîé (ñèëüíîé).
Âûðàçèì zn+1

i â ôîðìóëå (12):

zn+1
i = zni +

τ

h2
(zni−1 − 2zni + zni+1) + τψni .

Ïîòðåáóåì âûïîëíåíèÿ ñëåäóþùåãî óñëîâèÿ:

τ

h2
= γ ≤ 1

2
. (15)

Åñëè ðàçíîñòíàÿ ñõåìà ñõîäèòñÿ ïðè îãðàíè÷åíèè íà øàãè ñåòêè, òî òàêàÿ ðàçíîñòíàÿ ñõåìà
íàçûâàåòñÿ óñëîâíî ñõîäÿùåéñÿ. Åñëè ñõîäèìîñòü ðàçíîñòíîé ñõåìû íå çàâèñèò îò øàãîâ ñåòêè,
òî ðàçíîñòíàÿ ñõåìà íàçûâàåòñÿ àáñîëþòíî ñõîäÿùåéñÿ.

Äîêàæåì, ÷òî óñëîâèå (15) ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì äëÿ ñõîäèìîñòè (è óñòîé-
÷èâîñòè) ÿâíîé ðàçíîñòíîé ñõåìû.

Äîêàæåì äîñòàòî÷íîñòü óñëîâèÿ (15). Ïóñòü ýòî óñëîâèå âûïîëíåíî. Òîãäà

zn+1
i = (1− 2γ)zni + γ(zni−1 + zni+1) + τψni ,
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|zn+1
i | ≤ (1− 2γ)|zni |+ γ(|zni−1|+ |zni+1|) + τψni ,

|zn+1
i | ≤ (1− 2γ)‖zn‖C + γ(‖zn‖c + ‖zn‖C) + τ‖ψn‖C ,

|zn+1
i | ≤ ‖zn‖C + τ‖ψn‖C ,

ïîñêîëüêó ýòî âûïîëíÿåòñÿ äëÿ âñåõ i, òî

‖zn+1‖C ≤ ‖zn‖C + τ‖ψn‖C . (16)

Ïðèìåíÿÿ ôîðìóëó (16) êàê ðåêóððåíòíóþ, ïîëó÷èì

‖zn+1‖C ≤ ‖z0‖C + τ
n∑
k=0

‖ψk‖C ,

ïîñêîëüêó ‖zn+1‖C = 0, òî

‖zn+1‖C ≤ τ
n∑
k=0

‖ψk‖C .

Ò.ê. ψni = O(τ + h2), òî ∃M > 0 : ‖ψn‖C ≤M(τ + h2), M íå çàâèñèò îò τ è h.

Ó÷èòûâàÿ, ÷òî
n∑
k=0

τ = tn+1 ≤ T, èìååì

‖zn+1‖C ≤MT (τ + h2) = M1(τ + h2).

Ïðè ýòîì, M1 íå çàâèñèò îò τ è h.
Ìû ïîëó÷èëè àïðèîðíóþ îöåíêó

‖zn+1‖C ≤M1(τ + h2). (17)

Èç ïîëó÷åííîé îöåíêè ñëåäóåò, ÷òî

τ, h→ 0 ⇒ ‖zn+1‖ → 0, ò.å. ‖yn+1 − un−1‖ → 0.

Òàêèì îáðàçîì, èìååò ìåñòî ñõîäèìîñòü ÷èëñåííîãî ðåøåíèÿ ê ðåøåíèþ èñõîäíîé çàäà÷è.
Íåñêîëüêî ñëîâ îá óñòîé÷èâîñòè.
Ïóñòü y(0, t) = y(1, t) = 0. Òîãäà, ïðîâåäÿ ðàññóæäåíèÿ, àíàëîãè÷íûì îïèñàííûì âûøå,

èìååì

‖yn+1‖C ≤ ‖y0‖C +
n∑
k=0

τ‖fk‖C ,

‖yn+1‖C ≤ ‖y0‖C + τ
n∑
k=0

‖fk‖C . (18)

Ðàçíîñòíóþ ñõåìó, â êîòîðîé âûïîëíÿåòñÿ (18), íàçûâàþò óñòîé÷èâîé ïî íà÷àëüíîìó óñëî-
âèþ è ïðàâîé ÷àñòè. Òàêèì îáðàçîì, ÿâíàÿ ðàçíîñòíàÿ ñõåìà óñòîé÷èâà ïî íà÷àëüíîìó óñëîâèþ
è ïðàâîé ÷àñòè ïðè âûïîëíåíèè óñëîâèÿ (15).

Äîêàæåì, ÷òî óñëîâèå (15) ÿâëÿåòñÿ íåîáõîäèìûì äëÿ ñõîäèìîñòè ÿâíîé ðàçíîñòíîé ñõåìû.
Ðàññìîòðèì îäíîðîäíóþ ñèñòåìó

yn+1
i − yni

τ
=
yni−1 − 2yni + yni+1

h2
, (xi, tn) ∈ ωτh. (19)
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Áóäåì èñêàòü åå ðåøåíèå â âèäå ynj = qneijhφ, ãäå i2 = −1, φ ∈ R, q ∈ C. Ïîäñòàâèì ýòî â
óðàâíåíèå (19). Ïîëó÷èì

q = 1 + γ(eihφ − 2 + e−ihφ) = 1 + γ(2 coshφ− 2) = 1− 4γ sin2 hφ

2
.

Åñëè âçÿòü φ òàêîå, ÷òî |q| > 1, ò.å. γ > 1
2
, òî ãàðìîíèêè áóäóò íåîãðàíè÷åííî âîçðàñòàòü è

ðàçíîñòíàÿ ñõåìà áóäåò ðàñõîäèòüñÿ.
Òàêèì îáðàçîì, óñëîâèå (15) ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì äëÿ ñõîäèìîñòè è óñòîé-

÷èâîñòè ÿâíîé ðàçíîñòíîé ñõåìû.

×èñòî íåÿâíàÿ ðàçíîñòíàÿ ñõåìà (ñõåìà ñ îïåðåæåíèåì)

Çàïèøåì ðàññìàòðèâàåìóþ çàäà÷ó:

∂u

∂t
=
∂2u

∂t2
+ f(x, t), 0 < x < 1, 0 < t ≤ T, (20)

êðàåâûå óñëîâèÿ: {
u(0, t) = µ1(t),

u(1, t) = µ2(t),
(21)

íà÷àëüíîå óñëîâèå:
u(x, 0) = u0(x). (22)

Ðàçíîñòíûé àíàëîã çàäà÷è (20) � (22) èìååò âèä:

yn+1
i − yni

τ
=
yn+1
i−1 − 2yn+1

i + yn+1
i+1

h2
+ f(xi, tn+1), (xi, tn+1) ∈ ωτh, (23)

{
yn+1

0 = µ1(tn+1), tn+1 ∈ ωτ ,
yn+1
N = µ2(tn+1), tn+1 ∈ ωτ ,

(24)

y0
i = u0(xi), xi ∈ ωh. (25)

Ïåðåïèøåì (23) â âèäå:

γyn+1
i−1 − (1 + 2γ)yn+1

i + γyn+1
i+1 = −(yni + fn+1

i ), i = 1, . . . , N − 1.

Äàííàÿ ñèñòåìà óðàâíåíèé ñîñòîèò èç òðåõòî÷å÷íûõ óðàâíåíèé. Åå ìàòðèöà A ÿâëÿåòñÿ òðåõ-
äèàãîíàëüíîé. Ýòà ñèñòåìà ðåøàåòñÿ ìåòîäîì ïðîãîíêè. Ìîæíî äîêàçàòü, ÷òî |A| 6= 0. Òàêèì
îáðàçîì, ðåøåíèå äàííîé ñèñòåìû ñóùåñòâóåò è åäèíñòâåííî, è íàõîäèòñÿ ìåòîäîì ïðîãîíêè.

Ââåäåì ïîãðåøíîñòü:
zni = yni − u(xi, tn) = yni − uni

Òîãäà äëÿ ïîãðåøíîñòè ïîëó÷èì óðàâíåíèå:

zn+1
i − zni

τ
=
zn+1
i+1 − 2zn+1

i + zn+1
i−1

h2
+ ψni , (26)

ãäå

ψni =
un+1
i+1 − 2un+1

i + un+1
i−1

h2
− un+1

i − uni
τ

+ fn+1
i (27)



Ðàçíîñòíûå ñõåìû äëÿ ïåðâîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè 65

Çàäà÷à. Ïîêàçàòü, ÷òî ψni èç (27) åñòü O(τ + h2).

Ðåøåíèå. Ðàçëîæèì un+1
i±1 è uni â ðÿä Òåéëîðà:

un+1
i±1 = un+1

i ± un+1
x,i h+ un+1

xx,i

h2

2
± un+1

xxx,i

h3

6
+O(h4)

uni = un+1
i − un+1

t,i τ +O(τ 2)

Ïîäñòàâèì ýòè ðàçëîæåíèÿ â ôîðìóëó (27). Ïîëó÷èì:

ψni = (−un+1
t,i + un+1

xx,i + fn+1
i ) +O(τ + h2) = O(τ + h2)

Çàìåòèì, ÷òî:
zn+1

0 = zn+1
N = z0

i = 0, i = 0, . . . , N (28)

Ïóñòü ∃i0, òàêîé ÷òî:
|zn+1
i0
| = max

1≤i≤N
|zn+1
i | = ||zn+1||C

zn+1
i = zni + γ(zn+1

i+1 − 2zn+1
i + zn+1

i−1 ) + τψni , γ =
τ

h2

(1 + 2γ)zn+1
i = zni + γ(zn+1

i+1 + zn+1
i−1 ) + τψni

Çàïèøåì ïîñëåäíåå ðàâåíñòâî äëÿ óçëà i0:

(1 + 2γ)zn+1
i0

= zni0 + γ(zn+1
i0+1 + zn+1

i0−1) + τψni0

(1 + 2γ)|zn+1
i0
| ≤ |zni0|+ γ(|zn+1

i0+1|+ |zn+1
i0−1|) + τ |ψni0|

(1 + 2γ)||zn+1||C ≤ ||zn||C + 2γ||zn+1||C + τ ||ψn||C
||zn+1||C ≤ ||zn||C + τ ||ψn||C

Ïîñëåäíåå ñîîòíîøåíèå ÿâëÿåòñÿ ðåêêóðåíòíûì. Ïðèìåíèì åãî n ðàç:

||zn+1||C ≤ ||z0||C +
N∑
k=0

τ ||ψk||C

Èç (28) èìååì: ||z0||C = 0. Òàê êàê ||ψk|| ≤M(τ + h2), ãäå M íå çàâèñèò îò τ è h, òî:

||zn+1||C ≤M

N∑
k=0

τ(τ + h2)

Òàêèì îáðàçîì, îêîí÷àòåëüíî ïîëó÷àåì:

||zn+1||C ≤M1(τ + h2), M1 = Mtn+1 � íå çàâèñèò îò τ è h.

Èç ïîñëåäíåãî ñîîòíîøåíèÿ ñëåäóåò, ÷òî ÷èñòî íåÿâíàÿ ðàçíîñòíàÿ ñõåìà àñáîëþòíî ñõîäèòñÿ
(èìååì àáñîëþòíóþ ñõîäèìîñòü ïåðâîãî ïîðÿäêà ïî τ è âòîðîãî ïîðÿäêà ïî h). Åñëè yn+1

0 =
yn+1
N = 0, òî:

||yn+1||C ≤ ||u0||C +
N∑
k=0

τ ||fk||C

Òàêèì îáðàçîì, ïîëó÷àåì óñòîé÷èâîñòü ÷èñòî íåÿâíîé ðàçíîñòíîé ñõåìû ïî íà÷àëüíîìó ïðè-
áëèæåíèþ è ïðàâîé ÷àñòè.
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Ñèììåòðè÷íàÿ ðàçíîñòíàÿ ñõåìà (ñõåìà Êðàíêà-Íèêîëüñîíà)

Îáîçíà÷èì ÷åðåç ymxx,i âòîðóþ ðàçíîñòíóþ ïðîèçâîäíóþ ïî ïðîñòðàíñòâåííîé ïåðåìåííîé:

ymxx,i =
ymi+1 − 2ymi − ymi−1

h2

Ðàçíîñòíàÿ ñõåìà èìååò âèä:

yn+1
i − yni

τ
= 0.5(yn+1

xx,i + ynxx,i) + f(xi, tn + 0.5τ) (29)

yn+1
0 = µ1(tn+1), yn+1

N = µ2(tn+1), tn+1 ∈ ωt (30)

y0
i = u0(xi), xi ∈ ωh (31)

Ââåäåì ïîãðåøíîñòü: zni = yni − uni . Òîãäà äëÿ ïîãðåøíîñòè èìååì:

zn+1
i − zni

τ
= 0.5(zn+1

xx,i + znxx,i) + ψni , (xi, tn+1) ∈ ωτh (32)

zn+1
0 = zn+1

N = 0, z0
i = 0, i = 0, . . . , N (33)

ψni = 0.5(un+1
xx,i + unxx,i)−

un+1
i − uni
τ

+ f(xi, tn + 0.5τ) (34)

Çàäà÷à. Ïîêàçàòü, ÷òî ψni èç (34) åñòü O(τ 2 + h2).

Ðåøåíèå. Ðàçëîæèì un+1
i±1 è uni â ðÿä Òåéëîðà â îêðåñòíîñòè òî÷êè (xi, tn+ 1

2
):

un+1
i = u

n+ 1
2

i + u
n+ 1

2
t,i

τ

2
+

1

2
u
n+ 1

2
tt,i

(τ
2

)2

+O(τ 3)

uni = u
n+ 1

2
i − un+ 1

2
t,i

τ

2
+

1

2
u
n+ 1

2
tt,i

(τ
2

)2

+O(τ 3)

Ïîäñòàâèì ýòè ðàçëîæåíèÿ â ôîðìóëó (34):

ψni = −un+ 1
2

t,i +O(τ 2) + 0.5(un+1
xx,i + unxx,i) + f

n+ 1
2

i

Òåïåðü â ïðåäñòàâëåíèè âòîðîé ðàçíîñòíîé ïðîèçâîäíîé ðàçëîæèì âñå âõîæäåíèÿ ôóíêöèè â
ðÿä Òåéëîðà. Ïðèâîäÿ ïîäîáíûå ñëàãàåìûå, ïîëó÷èì:

unxx,i = unxx,i + unxxxx,i
h2

12
+O(h4)

Ïðèìåíèì ýòî ðàçëîæåíèå ê un+1
xx,i , à çàòåì ïðîâåäåì åùå îäíî ðàçëîæåíèå â ðÿä Òåéëîðà â òî÷êå

(xi, tn+ 1
2
):

un+1
xx,i = un+1

xx,i + un+1
xxxx,i

h2

12
+O(h4) =

= u
n+ 1

2
xx,i + u

n+ 1
2

xxt,i

τ

2
+ u

n+ 1
2

xxxx,i

h2

12
+ u

n+ 1
2

xxxxt,i

h2

12
· τ

2
+O(τ 2 + h4)
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Òî æå ñàìîå ïðîäåëàåì è ñ unxx,i:

unxx,i = unxx,i + unxxxx,i
h2

12
+O(h4) =

= u
n+ 1

2
xx,i − u

n+ 1
2

xxt,i

τ

2
+ u

n+ 1
2

xxxx,i

h2

12
− un+ 1

2
xxxxt,i

h2

12
· τ

2
+O(τ 2 + h4)

Ïîäñòàâèì ýòè ðàçëîæåíèÿ â âûðàæåíèå äëÿ ψni è ó÷òåì óðàâíåíèå òåïëîïðîâîäíîñòè:

ψni = (−un+ 1
2

t,i + u
n+ 1

2
xx,i + f

n+ 1
2

i ) + u
n+ 1

2
xxxx,i

h2

12
+O(τ 2 + h4) = O(τ 2 + h2)

Çàäà÷à Øòóðìà-Ëèóâèëëÿ

Ðàññìîòðèì çàäà÷ó Øòóðìà-Ëèóâèëëÿ äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà:{
u′′(x) + λu(x) = 0, 0 < x < 1,
u(0) = u(1) = 0;

u(x), íå ðàâíûå òîæäåñòâåííî íóëþ, - ñîáñòâåííûå ôóíêöèè ÇØË, à λ - ñîáñòâåííûå çíà÷åíèÿ
ÇØË. Ðåøåíèåì äàííîé çàäà÷è ÿâëÿþòñÿ ñîáñòâåííûå çíà÷åíèÿ λk è ñîáñòâåííûå ôóíêöèè
uk(x):

λk = (πk)2, k = 1, 2, . . .

0 < λ1 < λ2 < · · · < λn < . . .

uk(x) = C sin(πkx)

Ðàññìîòðèì ëèíåéíîå ïðîñòðàíñòâî L2 ôóíêöèé, èíòåãðèðóåìûõ ñ êâàäðàòîì íà [0, 1] (
1∫
0

f 2(x)dx <

∞). Ââåäåì ñêàëÿðíîå ïðîèçâåäåíèå è íîðìó â L2:

∀f, g ∈ L2 : (f, g) =

1∫
0

f(x)g(x)dx

||f ||L2 =

 1∫
0

f 2(x)dx


1
2

Âîçüìåì C =
√

2, òîãäà (uk, ul) = δkl, òî åñòü {uk(x)}∞k=1 - îðòîíîðìèðîâàííûé áàçèñ â L2.

Òàêèì îáðàçîì, ëþáóþ ôóíêöèþ f ∈ L2 ìîæíî ïðåäñòàâèòü â âèäå: f(x) =
∞∑
k=1

Ckuk(x), ãäå Ck

- êîýôôèöèåíòû Ôóðüå. Èìååò ìåñòî ðàâåíñòâî Ïàðñåâàëÿ:

||f ||2L2
=
∞∑
k=1

C2
k
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Ðàññìîòðèì äèñêðåòíûé àíàëîã çàäà÷è Øòóðìà-Ëèóâèëëÿ:
yxx,i + λyi = 0, i = 1, . . . , N − 1,
y0 = yN = 0,
yi íå ðàâíû òîæäåñòâåííî 0;

(35)

Ïîäñòàâèì â ïåðâîå óðàâíåíèå ïðåäñòàâëåíèå âòîðîé ðàçíîñòíîé ïðîèçâîäíîé:

yi+1 − 2yi + yi−1 + λh2yi = 0

yi+1 + yi−1 = (2− λh2)yi

Áóäåì èñêàòü yi = y(xi) â âèäå sin(αxi), α ∈ R. Òîãäà:

yi+1 = sin(α(xi + h)), yi−1 = sin(α(xi − h))

yi+1 + yi−1 = sin(α(xi + h)) + sin(α(xi − h)) = 2 sin(αxi) cos(αh)

2 sin(αxi) cos(αh) = (2− λh2) sin(αxi)

2 cos(αh) = (2− λh2)

λ =
2(1− cos(αh))

h2
=

4 sin2 αh
2

h2
(36)

Èç óñëîâèÿ y0 = yN = 0 èìååì:

sinα = 0, α = πk, k ∈ Z

Èòàê, ìû íàøëè ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè äèñêðåòíîé çàäà÷è Øòóðìà-
Ëèóâèëëÿ:

λk =
4

h2
sin2 αh

2

yk(xi) =
√

2 sin(πkxi), i = 0, . . . , N, k = 1, . . . , N − 1

Êîíñòàíòó âûáèðàåì ðàâíîé
√

2 èç ñîîáðàæåíèé îðòîíîðìèðîâàííîñòè.
Ââåäåì H - ëèíåéíîå ïðîñòðàíñòâî ñåòî÷íûõ ôóíêöèè: dimH = N − 1,∀u ∈ H : u0 = uN = 0.

Îïðåäåëèì ñêàëÿðíîå ïðîèçâåäåíèå è íîðìó â H:

∀u, v ∈ H : (u, v) =
N−1∑
i=1

uivih

||u||H =

(
N∑
i=1

u2
ih

) 1
2

Ïóñòü (yk, yl) = δkl, òîãäà {yk(xi)}N−1
k=1 - îðòîíîðìèðîâàííûé áàçèñ â H, è ëþáóþ ôóíêöèþ u ∈ H

ìîæíî ïðåäñòàâèòü â âèäå:

u(xi) =
N−1∑
k=1

Ckyk(xi), i = 0, . . . , N
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Èìååò ìåñòî òàêæå è ðàâåíñòâî Ïàðñåâàëÿ:

||u||2H =
N−1∑
k=1

C2
k

Ïóñòü µk(xi) ≡ yk(xi), k = 1, . . . , N − 1, i = 0, . . . , N, - ñîáñòâåííûå ôóíêöèè äèñêðåòíîé
ÇØË (35). Âåðíåìñÿ ê (32) - (34). Ðàçëîæèì zni è ψni ïî áàçèñó èç µn:

zni =
N−1∑

1

k(tn)µk(xn)

ψni =
N−1∑

1

ψ(k)(tn)µk(xn)

Ïîäñòàâèì ýòè ðàçëîæåíèÿ â (32):

N−1∑
k=1

µk(xi)(ck(tn+1)− ck(tn)) =

= 0.5τ
N−1∑
k=1

(µk)xx,i(ck(tn+1) + ck(tn)) + τ
N−1∑

1

ψ(k)(tn)µk(xn)

ck(tn+1)− ck(tn)

τ
+ 0, 5λk(ck(tn+1) + ck(tn)) = ψ(k)(tn)

n = 0, 1, . . . , k = 1, N − 1, ck(0) = (r(0), µk) = 0

Ðàçðåøèì óðàâíåíèå îòíîñèòåëüíî (n+1)-ãî ñëîÿ.

ck(tn+1) =
1− 0, 5τλk
1 + 0, 5τλk

ck(tn) +
τ

1 + 0, 5τλk
ψ(k)(tn)

Ïîëîæèì qk = 1−0,5τλk

1+0,5τλk

ck(tn+1) = qkck(tk) +
τ

1 + 0, 5τλk
ψ(k)(tn)

Òîãäà:

zn+1
i =

N−1∑
k=1

ck(tn+1)µ(k)(xi) =

N−1∑
k=1

qkck(tn)µk(xi) +
N−1∑
k=1

τ

1 + 0.5τλk
ψk(tn)µk(xi) = vn+1

i + wn+1
i

Î÷åâèäíî,
‖zn+1‖ ≤ ‖vn+1‖+ ‖wn+1‖ (37)

Îöåíèì ‖vn+1‖, èñïîëüçóÿ ðàâåíñòâî Ïàðñåâàëÿ.
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|qk| < 1⇒ ‖vn+1‖2 =
N−1∑
k=1

q2
kc

2
k(tn) ≤

N−1∑
k=1

c2
k(tn) = ‖zn‖2 (38)

Àíàëîãè÷íî,

‖wn+1‖2 ≤ τ 2‖ψn‖2 (39)

Ó÷èòûâàÿ (38) è (39) íåðàâåíñòâî (37) ïðèìåò âèä:

‖zn+1‖ ≤ ‖zn‖+ τ‖ψn‖ ≤ ‖z0‖+
N−1∑
k=1

τ‖ψk‖

Èç ðàíåå ðåøåííîé çàäà÷è: ‖ψk‖ ≤M(τ 2 + h2)⇒

‖zn+1‖ ≤MT (τ 2 + h2)→ 0 ïðè τ, h→ 0, 0 < M = const (40)

ãäå M è T íå çàâèñÿò îò τ è h.

Ðàçíîñòíàÿ ñõåìà ñ âåñàìè. Ïîãðåøíîñòü àïïðîêñèìàöèè.

Ïîñòðîèì äëÿ çàäà÷è (1) ðàçíîñòíóþ ñõåìó:

yn+1
i − yni

τ
= σyn+1

xx,i + (1− σ)ynxx,i + φni ∈ ωτh (41)

yn+1
0 = µ1(tn+1), tn+1 ∈ ωτ
yn+1
N = µ2(tn+1), tn+1 ∈ ωτ
y0
i = u0(xi), xi ∈ ωh

σ ∈ R, 0 ≤ σ ≤ 1

Äëÿ ðàçëè÷íûõ σ ïîëó÷àåì:

1. σ = 0 - ÿâíàÿ ðàçíîñòíàÿ ñõåìà.

2. σ = 1 - ÷èñòî íåÿâíàÿ ðàçíîñòíàÿ ñõåìà.

3. σ = 0.5 - ñèììåòðè÷íàÿ ðàçíîñòíàÿ ñõåìà.

4. σ 6= 0, 1, 0.5 - íåÿâíàÿ ðàçíîñòíàÿ ñõåìà.

Ââåäåì ïîãðåøíîñòü zni = yni − uni .

zn+1
i − zni

τ
= σzn+1

xx,i + (1− σ)znxx,i + ψni

zn+1
0 = zn+1

N = z0
i = 0

Ïîãðåøíîñòü àïïðîêñèìàöèè ðàçíîñòíîé ñõåìû (41) íà ðåøåíèè:
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ψni = σun+1
xx,i + (1− σ)unxx,i −

un+1
i − uni
τ

+ φni (42)

Îáîçíà÷èì u′ = ∂u
∂x
, u̇ = ∂u

∂t
. Ïóñòü ôóíêöèÿ u(x, t) øåñòü ðàç íåïðåðûâíî äèôôåðåíöèðóåìà

ïî x è òðè ðàçà ïî t. Ðàçëîæèì åå ïî ôîðìóëå Òåéëîðà â îêðåñòíîñòè òî÷êè (xi, tn+ 1
2
):

ui+1 = ui + hu′i +
h2

2
u′′i +

h3

6
u′′′i +

h4

24
u′′′′i + . . .

ui−1 = ui − hu′i +
h2

2
u′′i −

h3

6
u′′′i +

h4

24
u′′′′i + . . .

un+1
i = ui(tn+ 1

2
) +

τ

2
u̇i(tn+ 1

2
) +

τ 2

8
üi(tn+ 1

2
) +

τ 3

48
üi(tn+ 1

2
) + . . .

uni = ui(tn+ 1
2
)− τ

2
u̇i(tn+ 1

2
) +

τ 2

8
üi(tn+ 1

2
)− τ 3

48
üi(tn+ 1

2
) + . . .

uxx,i =
ui+1 − 2ui + ui−1

h2
= u′′i +

h2

12
u′′′′i +O(h4)

un+1
i

τ
= u̇i(tn+ 1

2
+O(τ 2)

Âîñïîëüçóåìñÿ íåðàâåíñòâîì τh2 ≤ τ2+h4

2
:

ψ′′i = σ(u′′i +
τ

2
u̇′′i +

h2

12
u′′′′i +O(h4) +O(τ 2))+

(1− σ)(u′′i −
τ

2
u̇′′i +

h2

12
u′′′′i +O(h4) +O(τ 2))−

(̇u)i + φni +O(τ 2 + h4) =

(u′′i − u̇i + φni ) + (σ − 0.5)τ u̇′′ +
h2

12
u′′′′i +O(τ 2 + h4)

Ïðîäèôôèðåíöèðîâàâ óðàâíåíèå u′′ − u̇+ f = 0 äâàæäû ïî x, ïîëó÷èì:

u′′′′ − u̇′′ + f ′′ = 0⇒ u′′′′ = u̇′′ + f ′′

Ïîäñòàâèì u′′′′i â ôîðìóëó ïîãðåøíîñòè àïïðîêñèìàöèè:

ψni = u′′i − u̇i + f(xi, tn+ 1
2
)︸ ︷︷ ︸

=0

−h
2

12
f ′′(xi, tn+ 1

2
) + φi − f(xi, tn+ 1

2
)+

(
(σ − 0.5)τ +

h2

12

)
u̇′′ +O(t2 + h4)

Òàêèì îáðàçîì, ïîðÿäîê ïîãðåøíîñòè àïïðîêñèìàöèè çàâèñèò îò ïàðàìåòðà σ è àïïðîêñè-
ìàöèè ôóíêöèè f:
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1. σ = σ∗ = 1
2
− h2

12τ
⇒

φni = f(xi, tn+ 1
2
) +

h2

12
f ′′(xi, tn+ 1

2
)

ψni = O(τ 2 + h4)

2. σ = 0.5⇒
φni = f(xi, tn+ 1

2
) +O(h2) +O(τ 2)

ψni = O(τ 2 + h2)

3. σ 6= σ∗, σ 6= 0.5⇒ φni = f(xi, tn) +O(τ + h2)⇒ ψni = O(τ + h2)

Ðàçíîñòíûå ìåòîäû äëÿ óðàâíåíèÿ Ïóàññîíà

Ðàññìîòðèì óðàâíåíèå Ïóàññîíà â îáëàñòè D:

∂2u

∂2x1

+
∂2u

∂2x2

= f(x1, x2)

(x1, x2) ∈ D, D = {(x1, x2) : 0 < x1 < l1; 0 < x2 < l2}

-

6
x2

x1

l2

l1

DÃ Ã

Ã

Ã

Ââåäåì íà îáëàñòè D ñåòêó:

ωh =
{

(x
(i)
1 , x

(j)
2 ), x

(i)
1 = ih, i = 1, N1 − 1, h1N1 = l1

x
(j)
2 = jh2, j = 1, N2 − 1, h2N2 = l2

}
Çàìåòèì, ÷òî ïðè ýòîì ãðàíè÷íûå óçëû ìû íå ðàññìàòðèâàåì.

-

6
x2

x1

l2

l1

DÃ Ã

Ã

Ã

cccc
h1

h2

Ãh - ãðàíè÷íûå óçëû.

Ãh = {x0,j}N2−1
j=1 ∪ {xN1,j}N2−1

j=1 ∪ {xi,0}
N1−1
i=1 ∪ {xi,N2}N1−1

i=1

ωh = ωh ∪ Ãh
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�2 Ðàçíîñòíûå ñõåìû äëÿ óðàâíåíèÿ Ïóàññîíà (çàäà÷à Äè-

ðèõëå)

Çäåñü áóäåò ðèñóíîê ñ ôîðìóëèðîâêè çàäà÷è.

G = {(x1, x2) : 0 < x1 < l1, 0 < x2 < l2},

G = G ∪ Γ

d2u

dx2
1

+
d2u

dx2
2

= f(x1, x2), (x1, x2) ∈ G (1)

U |r = µ(x1, x2) (2)

Ââåäåì ñåòêó:
ωh = {(x(i)

1 , x
(j)
2 ) : x

(i)
1 = ih1, i = 1, N1 − 1, N1h1 = l1;

x
(j)
2 = jh2, j = 1, N2 − 1, N2h2 = l2},

Γh = {x0,j}N2−1
j=1 ∪ {xN1,j}N2−1

j=1 ∪ {xi,0}
N1−1
i=1 ∪ {xi,N2}N1−1

i=1

ωh = ωh ∪ Γh

Ïóñòü yij = y(xi1, x
j
2), fij = f(xi1, x

j
2).

Çàïèøåì ðàçíîñòíóþ ñõåìó äëÿ çàäà÷è (1), (2):

yx1x1,ij + yx2x2,ij = fij, (x
i
1, x

j
2) ∈ ωh (3)

yij|Γh
= µ(xi1, x

j
2), (xi1, x

j
2) ∈ Γh (4)

(3)è (4) ïðåäñòàâëÿþò ñîáîé ÑËÀÓ. Ðàñïèøåì (3):

yi+1,j − 2yij + yi−1,j

h2
1

+
yi,j+2 − 2yij + yi,j−1

h2
2

= fii

yij|Γh
= µij, i = 1, N1 − 1, j = 1, N2 − 1

Ïîãðåøíîñòü ðàçíîñòíîãî ðåøåíèÿ Zij = yij − Uij óäîâëåòâîðÿåò çàäà÷å

Zx1x1,ij + Zx2x2,ij = −ψij (5)

Zij|Γh
= 0

Ïîêàæåì ñóùåñòâîâåíèå è åäèíñòâåííîñòü ðåøåíèÿ ñèñòåìû (3). Äîêàæåì, ÷òî ðåøåíèå, ñîîò-
âåòñòâóþùåå îäíîðîäíîé ñèñòåìå, òðèâèàëüíî. Ñîîòâåòñòâåííî, ðåøåíèå íåîäíîðîäíîé ñèñòåìû
ñóùåñòâóåò è åäèíñòâåííî. Ïåðåïèøåì ñèñòåìó (3) â âèäå:

(
2

h2
1

+
2

h2
2

) ∗ Vi,j =
Vi+1,j + Vi−1,j

h2
1

+
Vi,j+1 + Vi,j−1

h2
2

, (6)

0 < i < N1,

0 < j < N2.

Òåîðåìà. Ñèñòåìà (6) èìååò òîëüêî òðèâèàëüíîå ðåøåíèå.
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Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî íàéäåòñÿ òàêîé óçåë xij, ãäå vij 6= 0. Òîãäà ∃i0, j0, òàêèå
÷òî:

à)
|Vi0,j0| = max

0≤i≤N1
0≤j≤N2

|Vij|

b) õîòÿ áû â îäíîì óçëå (i0, j0 ± 1), (i0 ± 1, j0) áóäåò âûïîëíåíî |Vij| < |Vi0,j0|

Ðàññìîòðèì ðàçíîñòíóþ ñõåìó â óçëå i0, j0:

(
2

h2
1

+
2

h2
2

) ∗ Vi0,j0 =
Vi0+1,j0 + Vi0−1,j0

h2
1

+
Vi0,j0+1 + Vi0,j0−1

h2
2

Îöåíèì ïî ìîäóëþ çíà÷åíèå ëåâîé ÷àñòè óðàâíåíèÿ:

(
2

h2
1

+
2

h2
2

) ∗ |Vi0,j0 | ≤
2||Vi0+1,j0||C

h2
1

+
2||Vi0,j0+1||C

h2
2

Òàê êàê |Vi0,j0| = ||V ||C :
(

2

h2
1

+
2

h2
2

) ∗ ||V ||C < (
2

h2
1

+
2

h2
2

) ∗ ||V ||C

Ïðèøëè ê ïðîòèâîðå÷èþ. Ñëåäîâàòåëüíî, ïðåäïîëîæåíèå íåâåðíî è òåîðåìà äîêàçàíà.

Cëåäñòâèå. Ðàçíîñòíàÿ çàäà÷à èìååò åäèíñòâåííîå ðåøåíèå äëÿ ëþáûõ ôóíêöèé f è µ.

�3 Ñõîäèìîñòü ðàçíîñòíîé çàäà÷è Äèðèõëå

Ðàññìîòðèì çàäà÷ó:
Zx1,x1,ij + Zx2,x2,ij = −ψ, xij ∈ ωh (1)

Zij|Γh
= 0, xij ∈ Γh

Ââåäåì ðàçíîñòíûé îïåðàòîð:

LhVij = (
2

h2
1

+
2

h2
2

) ∗ Vij −
Vi0+1,j0 + Vi0−1,j0

h2
1

+
Vi0,j0+1 + Vi0,j0−1

h2
2

, xij ∈ ωh

Óòâåðæäåíèå. Ïóñòü Vij ≥ 0, Xij ∈ Γh, LnVij ≥ 0, xij ∈ ωh. Òîãäà Vij ≥ 0.

Äîêàçàòåëüñòâî. Äîêàæåì îò ïðîòèâíîãî. Ïðåäïîëîæèì, ÷òî ∃(i0, j0) òàêèå, ÷òî:

a)
|Vi0,j0| = min

0≤i≤N1
0≤j≤N2

|Vij|

b) õîòÿ áû â îäíîì óçëå (i0, j0 ± 1), (i0 ± 1, j0) áóäåò âûïîëíåíî Vi0,j0 < Vij

Òîãäà:

LhVi0j0 =
Vi0,j0 + Vi0+1,j0

h2
1

+
Vi0,j0 + Vi0−1,j0

h2
1

+
Vi0,j0 + Vi0,j0+1

h2
2

+
Vi0,j0 + Vi0,j0−1

h2
2

Ñîãëàñíî óñëîâèþ, õîòÿ áû îäíî èç ýòèõ ñëàãàìûõ ìåíüøå 0. Ñëåäîâàòåëüíî ñóììà òîæå ìåíüøå
íóëÿ. Ïðîòèâîðå÷èå çàâåðøàåò äîêàçàòåëüñòâî.
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Cëåäñòâèå. Ïóñòü ó íàñ åñòü äâå çàäà÷è:

Lhyij = φij, xij ∈ ωh

LhYij = Φij xij ∈ ωh
Ïóñòü íà ãðàíèöå âûïîëíÿþòñÿ óñëîâèÿ:

yij ≤ Yij, xij ∈ Γh

|φij| ≤ Φij, xij ∈ ωh
Òîãäà âñþäó âûïîëíåíî:

|yij| ≤ Yij, xij ∈ ωh

Äîêàçàòåëüñòâî. Â ñèëó ëèíåéíîñòè çàäà÷è äëÿ V:

LhVij = Φij + φij

Lhωij = Φij − φij
Ïðàâûå ÷àñòè îáîèõ óðàâíåíèé íå ìåíüøå íóëÿ â ñèëó âûøåóêàçàííûõ óñëîâèé. À ýòî, â ñèëó
äîêàçàííîãî óòâåðæäåíèÿ, îçíà÷àåò âûïîëíåíèå óñëîâèÿ, êîòîðîå òðåáîâàëîñü äîêàçàòü:

|yij| ≤ Yij, xij ∈ ωh

Ïåðåïèøåì çàäà÷ó äëÿ ïîãðåøíîñòè àïïðîêñèìàöèè â âèäå:

LhZij = ψij xij ∈ ωh (2)

Zij = 0, xij ∈ Γh

Äëÿ äîêàçàòåëüñòâà ñõîäèìîñòè ðàçíîñòíîé ñõåìû íåîáõîäèìî ïîäîáðàòü ìàæîðàíòó Y òàê,
÷òîáû âûïîëíÿëîñü óñëîâèå:

LhYij = K1, K1 = const > 0

Y áóäåì èñêàòü â âèäå:

Yij = (l21 + l22 − (x
(i)
1 )

2
− (x

(j)
2 )

2
)K, ãäå K > 0

YijLh ≥ 0, xij ∈ ωh
YijLh = 4K

Ïîëîæèì 4K = ||ψ||C :

0 = |zij|Γh
≤ Yij|Γh

,
4K = ||ψ||C ≥ |ψij|, xij ∈ ωh

}
(|zij| ≤ Yij, zij ∈ ωh)

||z||C ≤ Yij ≤ (l21 + l22)K =
l21 + l22

4
||ψ||C ⇒ ||z||C =≤M ||ψ||C

ψ = O(h2
1 + h2

2)⇒ ||ψ||C ≤M(l21 + l22)⇒ ||z||C =≤M2(h2
1 + h2

2)

Òåì ñàìûì, ìû äîêàçàëè ñëåäóþùóþ òåîðåìó:
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Òåîðåìà 1. Ïóñòü U(x1, x2) ∈ C4(D). Òîãäà ðàçíîñòíàÿ ñõåìà (3) - (4) ñõîäèòñÿ è èìååò
ìåñòî îöåíêà:

||yij − Uij||C ≤M1(h2
1 + h2

2)

Ãäå M1 íå çàâñèò îò h1 è h2.

Äîêàçàòåëüñòâî. Èç ïîëó÷åííîé îöåíêè:

||ψ||C ≤M2(h2
1 + h2

2) (3)

||yij − Uij||C ≤M(
l21 + l22

4
)(h2

1 + h2
2)

�4 Ìåòîäû ðåøåíèÿ ðàçíîñòíîé çàäà÷è Äèðèõëå

d2u

dx2
1

+
d2u

dx2
2

= f(x1, x2) ∈ D (1)

U |Γu = µ(x1, x2) (2)

Ðàçðåøèì ñèñòåìó îòíîñèòåëüíî öåíòðàëüíîãî óçëà:

(
2

h2
1

+
2

h2
2

)yij =
yi+1,j + yi−1,j

h2
1

+
yi,j+1 + yi,j−1

h2
2

− fij (3)

Áóäåì îáîçíà÷àòü èòåðàöèþ ïîä íîìåðîì s− y(s)
ij .

Ïðîñòàÿ èòåðàöèÿ (ìåòîä ßêîáè)

Ïîëó÷àåì ñëåäóþùèé èòåðàöèîííûé ïðîöåññ:

(
2

h2
1

+
2

h2
2

)y
(s+1)
ij =

y
(s)
i+1,j + y

(s)
i−1,j

h2
1

+
y

(s)
i,j+1 + y

(s)
i,j−1

h2
2

− fij

s = 0, 1, . . .

y
(s)
ij = µij

y
(0)
ij − çàäàíî

Äëÿ äîñòèæåíèÿ çàäàííîé òî÷íîñòè òðåáóåòñÿ ïîðÿäêà n0(ε) ∼ (h−2) ∼ (N2), ãäåN = max(N1, N2).

Ìåòîä Çåéäåëÿ

(
2

h2
1

+
2

h2
2

)y
(s+1)
ij =

y
(s+1)
i−1,j + y

(s)
i+1,j

h2
1

+
y

(s+1)
i,j−1 + y

(s)
i,j+1

h2
2

− fij

y
(s+1)
ij = µij, s = 0, 1, . . .

ïðè s = 0, y0
ij − çàäàíî

Ïîêàæåì, êàê íàõîäèòü ðåøåíèå: Íà÷íåì ñ óçëà (1, 1), äàëåå äâèæåìñÿ ââåðõ äî (1, n), ïîòîì
èç òî÷êè (2, 1) äâèæåìñÿ ââåðõ è ò.ä. Çäåñò áóäåò ðèñóíîê ìåòîäà. Ñ òî÷êè çðåíèÿ îðãàíèçàöèè
àëãîðèòìà - íåçíà÷èòåëüíîå óñëîæíåíèå. Ñ òî÷êè çðåíèÿ ñõîäèìîñòè ìåòîä àíàëîãè÷åí ìåòîäó
ßêîáè: äëÿ ïîëó÷åíèÿ òðåáóåìîé òî÷íîñòè òðåáóåòñÿ ïîðÿäêà n0(ε) ∼ O(N2)
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Ïîïåðåìåííî-òðåóãîëüíûé èòåðàöèîííûÿ ìåòîä (ìåòîä Ñàìàðñêîãî)

Ïåðåïèøåì íàøó ñèñòåìó â âèäå ÑËÀÓ:

Ay = φ, ãäå A∗ = A > 0, A = R1 +R2

R1 =


0, 5a11 0 . . . . . . 0
. . . 0, 5a22 0 . . . 0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
am1 am2 . . . . . . 0, 5amm



R2 =


0, 5a11 . . . . . . . . . . . . . . . . .

0 0, 5a22 aij . . . .
. . . . . . . . . . . . . . . . . . . . . . . . .

0 0 0, 5amm


(E + ωR1)(E + ωR2)

y(s+1) + y(s)

τ
+ Ay(s) = φ

Ãäå ω > 0, τ > 0 - èòåðàöèîííûå ïàðàìåòðû, y0 çàäàíî. Ïðè ïðàâèëüíîé îðãàíèçàöèè ïðîöåññà
w(s+1) âû÷èñëÿåòñÿ ïî ÿâíûì ôîðìóëàì (òàê êàê E + ωR1 - íèæíÿÿ òðåóãîëüíàÿ ìàòðèöà):

(E + ωR1)w(s+1) = φ− Ay(s)(E + ωR2)v(s+1) = w(s+1)y(s+1) = y(s) + τv(s+1)

Ïðè ω > τ
4
ñõîäèòñÿ äëÿ ëþáûõ y(0).

Ïðè ýòîì n0(ε) ∼ O(N).

�5 Îñíîâíûå ïîíÿòèÿ òåîðèè ðàçíîñòíûõ ñõåì. Àïïðîêñè-

ìàöèÿ. Óñòîé÷èâîñòü. Ñõîäèìîñòü.

Ðàññìîòðèì ïðîèçâîëüíóþ ëèíåéíóþ äèôôåðåíöèàëüíóþ çàäà÷ó:

Lu(x) = f(x), x ∈ G (1)

Ñ÷èòàåì, ÷òî êðàåâûå è íà÷àëüíûå óñëîâèÿ áóäóò ó÷èòûâàòüñÿ ëèáî âèäîì îïåðàòîðà L,
ëèáî âèäîì ïðàâîé ÷àñòè. Ïðèíöèïèàëüíî, ÷òî L - ëèíåéíûé ïåðàòîð. Ââåäåì íà ìíîæåñòâå G
ñåòêó Gh, ãäå h - íåêîòîðàÿ íîðìà øàãîâ ñåòêè. Òîãäà x èç íåïðåðâûíîãî ïðåâðàùåòñÿ â äèñ-
êðåòíîå: x ∈ Gh. Òåì æå îáðàçîì ñòàâèì â ñîîòâåòñòâèå ôóíêöèè y(x) åå ðàçíîñòíûé àíàëîã
yh(x). Àíàëîãè÷íî ïîñòóïàåì ñ îïåðàòîðîì L : Lhyh = φ(x), x ∈ Gh. Ðàññìîòðèì ëèíåéíîå íîð-
ìèðîâàííîå ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé B0 ñ íîðìîé ||u||0 è u(x) ∈ B0. Ñîîòâåòñòâåííî
Bh− äèñêðåòíîå íîðìèðîâàííîå ïðîñòðàíñòâî ñ íîðìîé ||u||h è uh(x) ∈ Bh.

Îïðåäåëåíèå. Íîðìû B0 è Bh ñîãëàñîâàíû, åñëè

lim
h−→0
||uh||h = ||u||0

Åñëè íîðìû íåñîãëàñîâàíû, òî ðåøåíèå ðàçíîñòíîé ñõåìû ìîæåò ñõîäèòüñÿ ê ðåøåíèþ, êî-
òîðîå íå ÿâëÿåòñÿ ðåøåíèåì èñõîäíîé çàäà÷è. Ââåäåì îïåðàòîð ïðîåêòðîâàíèÿ Ph : B0 −→ Bh.
Òàêèì îáðàçîì ∀u ∈ B0 : Ph(u) = uh ∈ Bh.
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Íàïðèìåð:
G = {x : 0 ≤ x ≤ 1}.

Gh = xi : xi = hi, i = 0, N, hN = 1, h =
1

N
> 0;

Ph(u|xi
) : uh(xi) = u(xi);

Bh = {y = (y0, y1, . . . , yN)};

Ðàññìîòðèì ïðèìåðû íîðì:
1. ||u||C = maxx∈G |ux| = ||u||0
Ñîãëàñîâàííàÿ ñ íåé íîðìà â Bh:

||y||C = max 0 ≤ i ≤ N |yi| = ||y||h;

2. ||u||0 = ||u||L2 = (
∫ 1

0
u2(x)dx)

1/2
,

Ñîãëàñîâàííàÿ ñ íåé íîðìà â Bh:

||y||h = ||u||L2 = (
N∑
i=0

y2
i h)

1/2

3. Ïîêàæåì, ÷òî íîðìà (
∑N

i=0 y
2
i )

1/2
íå ñîãëàñîâàíà íè ñ îäíîé èç íîðì â B0.

Îò ïðîòèâíîãî: ïóñòü u(x) ≡ 1, òîãäà:

||uh||h = (
N∑
i=0

1)

1/2

=
√
N + 1

Òîãäà, ||uh||h −−→
h→0

∞, ÷åãî áûòü íå ìîæåò.

Îïðåäåëåíèå. Ñåòî÷íàÿ ôóíêöèÿ zh(x) íàçûâàåòñÿ ïîãðåøíîñòüþ ðàçíîñòíîé ñõåìû:
zh(x) = yh(x)− uh(x), x ∈ Gh

Îïðåäåëåíèå. Ñåòî÷íàÿ ôóíêöèÿ ψh(x) íàçûâàåòñÿ ïîãðåøíîñòüþ àïïðîêñèìàöèè ðàçíîñò-
íîé ñõåìû íà ðåøåíèè èñõîäíîé çàäà÷è:
ψh(x) = φh(x)− Lhuh(x), x ∈ Gh

Îïðåäåëåíèå. Ðàçíîñòíàÿ ñõåìà àïïðîêñèìèðóåò çàäà÷ó (1), åñëè:
||ψh||h −→ 0, h −→ 0.

Îïðåäåëåíèå. Ðàçíîñòíàÿ ñõåìà èìååò ïîðÿäîê àïïðîêñèìàöèè k, åñëè ∃M1 > 0, k > 0, êî-
òîðûå íå çàâèñÿò îò h è èìååò ìåñòî îöåíêà:
||ψh||h ≤M1h

k.

Îïðåäåëåíèå. Äèôôåðåíöèàëüíàÿ çàäà÷à íàçûâàåòñÿ ïîñòàâëåííîé êîððåêòíî, åñëè:

1. ðåøåíèå çàäà÷è ñóùåñòâóåò è åäèíñòâåííî,

2. ðåøåíèå çàäà÷è íåïðåðûâíî çàâèñèò îò f(x).
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Îïðåäåëåíèå. Ðàçíîñòíàÿ ñõåìà íàçûâàåòñÿ êîððåêòíîé, åñëè ïðè âñåõ äîñòàòî÷íî ìàëûõ
h: 1. ∀φ(x) ðåøåíèå !∃, 2. ∀M2 = const > 0,M2 íå çàâècÿùàÿ îò h, ÷òî:

||uh||h ≤M2||ψh||h (2)

Îöåíêà (2) íàçûâàåòñÿ àïðèîðíîé îöåíêîé è îçíà÷àåò óñòîé÷èâîñòü ðàçíîñòíîé ñõåìû.

Çàìå÷àíèå. Ñëåâà è ñïðàâà íå îáÿçàòåëüíî îäèíàêîâûå íîðìû.

Îïðåäåëåíèå. Ãîâîðÿò, ÷òî ðàçíîñòíàÿ ñõåìà ñõîäèòñÿ ê ðåøåíèþ èñõîäíîé çàäà÷è (1), åñëè:

||zh||h = ||yh − uh||h −→ 0, h −→ 0

Îïðåäåëåíèå. Ãîâîðÿò, ÷òî ðàçíîñòíàÿ ñõåìà èìååò ïîðÿäîê òî÷íîñòè k, åñëè ∃M3 =
const > 0 è íå çàâècÿùàÿ îò h, ÷òî:

||zh||h ≤M3h
k

Òåîðåìà (Òåîðåìà Ôèëëèïîâà). Ïóñòü äèôôåðåíöèàëüíàÿ çàäà÷à êîððåêòíî ïîñòàâëåíà è ñî-
îòâåòñòâóþùàÿ åé ðàçíîñòíàÿ ñõåìà òàêæå êîððåêòíà. Òîãäà ðåøåíèå ðàçíîñòíîé çàäà÷è
ñõîäèòñÿ ê ðåøåíèþ äèôôåðåíöèàëüíîé çàäà÷è ñ ïîðÿäêîì ïîãðåøíîñòè àïïðîêñèìàöèè.

Äîêàçàòåëüñòâî.
||yh||h ≤M2||φh||h
||zh||h ≤M2||ψh||h
M2 íå çàâèñèò îò h

Äàëåå:
||ψh||h ≤M1h

k, M1 íå çàâèñèò îò h

Ïîëó÷àåì:
||zh||h ≤M1M2h

k = M3h
k, M3 íå çàâèñèò îò h

||zh||h = ||yh − uh||h → 0 ïðè h→ 0

Çàìå÷àíèå. Ïóñòü ∃v : yh → v : ||yh − vh||h → 0 ïðè h→ 0. Òîãäà:

||uh − vh||h ≤ || − yh + uh||h + ||yh − vh||h → 0 ïðè h→ 0

Åñëè íîðìà ñîãëàñîâàííàÿ, òî:

lim
h→0
||uh − vh||h = ||u− v||0 = 0⇒ u ≡ v



Ãëàâà V

Ìåòîäû ðåøåíèÿ ÎÄÓ è ñèñòåì ÎÄÓ

�1 Ïðèìåðû ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ çàäà÷è Êîøè

{
du
dt

= f(t, u(t)), t > 0,
u(0) = u0;

(1)

u(t) = (u1(t), u2(t), . . . , um(t))T

f(t, u(t)) = (f1(t, u(t)), f2(t, u(t)), . . . , fm(t, u(t)))T

Ðàññìîòðèì ïàðàëëåëåïèïåä R = {|t| ≤ a, |u− u0| ≤ b}

Îïðåäåëåíèå. Ôóíêöèÿ f(t, u) óäîâëåòâîðÿåò â R óñëîâèþ Ëèïøèöà ïî âòîðîìó àðãóìåíòó,
åñëè:

|f(t, u)− f(t, v)| ≤ L|u− v|, L = const

Ïóñòü f(t, u) èç (1) óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà â R. Òîãäà ðåøåíèå (1) u(t) ñóùåñòâóåò
è åäèíñòâåííî ïðè 0 < t < T ("â ìàëîì"). Ïðîèíòåãðèðóåì ïåðâîå óðàâíåíèå èç (1) è ó÷òåì
íà÷àëüíîå óñëîâèå:

u(t) = u(0) +

t∫
0

f(x, u(x))dx

Íà ýòîì ïðåäñòàâëåíèè îñíîâàí ìåòîä Ïèêàðà:

un+1(t) = u(0) +

t∫
0

f(x, un(x))dx, n = 0, 1, . . .

Ýòîò ìåòîä íå ìîæåò áûòü ýôôåêòèâíûì ìåòîäîì ðåøåíèÿ çàäà÷è (1), òàê êàê èíòåãðàë íå âñå-
ãäà ìîæíî ïîñ÷èòàòü àíàëèòè÷åñêè, äà è ñõîäèìîñòü áûëà áû ìåäëåííîé. Ïîýòîìó äëÿ ðåøåíèÿ
ñèñòåì ÎÄÓ ïðèìåíÿþòñÿ ðàçíîñòíûå ìåòîäû: ïåðâàÿ ãðóïïà ìåòîäîâ - ìåòîäû Ðóíãå-Êóòòà,
âòîðàÿ - ìíîãîøàãîâûå ðàçíîñòíûå ìåòîäû (íàïðèìåð, ìåòîä Àäàìñà). Ââåäåì ïîñëåäîâàòåëü-
íîñòü ωτ :

ωτ = {tn = nτ, τ > 0, n = 0, 1, . . . }

Ïðèìåð. ßâíàÿ ñõåìà Ýéëåðà.

80
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Ââåäåì îáîçíà÷åíèÿ: yn = y(tn), f(tn, y(tn)) = fn. Òîãäà ÿâíàÿ ñõåìà Ýéëåðà èìååò âèä:{
yn+1−yn

τ
= fn, tn ∈ ωτ ,

y(0) = u0;
(2)

Âûðàçèì yn+1 èç ïåðâîãî óðàâíåíèÿ:

yn+1 = yn + τfn

Âñå êîìïîíåíòû â ïðàâîé ÷àñòè èçâåñòíû, òî åñòü yn+1 ìîæíî íàéòè â ÿâíîì âèäå. Îáîçíà÷èì
u(tn) ÷åðåç un. Ââåäåì ïîãðåøíîñòü zn = yn − un.

|zn| ≤Mτ, M íå çàâèñèò îò τ

Òàêèì îáðàçîì, èìååì ïåðâûé ïîðÿäîê òî÷íîñòè ïî τ . Çàïèøåì ïîãðåøíîñòü àïïðîêñèìàöèè
ψn íà ðåøåíèè èñõîäíîé çàäà÷è:

ψn = −un+1 − un
τ

+ f(tn, un) (3)

Ðàçëîæèì un+1 â ðÿä Òåéëîðà â òî÷êå tn. Òîãäà:

un+1 − un
τ

= u′n +
τ

2
u′′n +O(τ 2)

Ïîäñòàâèì ïîñëåäíåå âûðàæåíèå â (3):

ψn = −u′n + f(tn, un)− τ

2
u′′n +O(τ 2)

Ó÷èòûâàÿ, ÷òî −u′n + f(tn, un) = 0, îêîí÷àòåëüíî ïîëó÷àåì:

ψn = O(τ)

Ïðèìåð. Ñõåìà ¾ïðåäèêòîð-êîððåêòîð¿(ñõåìà Ðóíãå-Êóòòà).

Îáîçíà÷èì tn + 0.5τ ÷åðåç tn+ 1
2
.

y
n+1

2
−yn

0.5τ
= f(tn, yn) � ¾ïðåäèêòîð¿,

yn+1−yn

0.5τ
= f(tn+ 1

2
, yn+ 1

2
) � ¾êîððåêòîð¿,

y(0) = u0;

(4)

yn+1 = yn + τf(tn+ 1
2
, yn + 0.5τf(tn, yn))

Äëÿ äàííîé ñõåìû èìååì: ψn = O(τ 2)
Ðàññìîòðèì îáùèé âèä äâóõýòàïíîãî ìåòîäà Ðóíãå-Êóòòà:

yn+1−yn

τ
= σ1K1 + σ2K2,

K1 = f(tn, yn),
K2 = f(tn + a2τ, yn + b21τfn) = f(tn + a2τ, yn + b21τK1);

(5)

Çàïèøåì ïîãðåøíîñòü àïïðîêñèìàöèè (5) íà ðåøåíèè (1):

ψn = −un+1 − un
τ

+ σ1f(tn, un) + σ2f(tn + a2τ, yn + b21τf(tn, un)) (6)
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Ðàçëîæèì un+1 â ðÿä Òåéëîðà â òî÷êå tn. Òîãäà:

un+1 − un
τ

= u′n +
τ

2
u′′n +O(τ 2)

Äàëåå ðàçëîæèì f(tn + a2τ, yn + b21τf(tn, un)) â îêðåñòíîñòè òî÷êè (tn, un):

f(tn + a2τ, yn + b21τf(tn, un)) = f(tn, un) +
∂fn
∂t

a2τ +
∂fn
∂u

b21τf(tn, un) +O(τ2)

Äàëåå:
d2un
dt2

=
d

dt
(f(t, un(t))) =

∂fn
∂t

+
∂fn
∂u

fn

Ïåðåïèøåì òåïåðü ψn ñ ó÷åòîì ïðîâåäåííûõ ïðåîáðàçîâàíèé:

ψn = −
(
u′n + 0.5τ

(
∂fn
∂t

+
∂fn
∂u

fn

))
+ σ1f(tn, un) + σ2f(tn, un)+

+σ2
∂fn
∂t

a2τ + σ2
∂fn
∂u

b21τf(tn, un) +O(τ 2) =

= −u′n + (σ1 + σ2)f(tn, un)+

+τ

(
(σ2a2 − 0.5)

∂fn
∂t

+ ((σ2b21 − 0.5))
∂fn
∂u

b21τf(tn, un)

)
+O(τ 2)

Ïîòðåáóåì, ÷òîáû áûëè âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1. σ1 + σ2 = 1 (óñëîâèå àïïðîêñèìàöèè)

2. σ2a2 = σ2b21 = 0.5 (äëÿ òîãî, ÷òîáû äîñòè÷ü âòîðîãî ïîðÿäêà àïïðîêñèìàöèè)

Åñëè âûïîëíåíî òîëüêî óñëîâèå 1, òî ψn = O(τ), à åñëè âûïîëíåíû îáà óñëîâèÿ, òî ψn = O(τ 2).
Ïîëîæèì σ2 = σ, a σ1 = 1−σ, òîãäà óñëîâèå 1 àâòîìàòè÷åñêè âûïîëíåíî. Â ïîñëåäíåì ïðèìåðå
ïàðàìåòðû èìåëè ñëåäóþùèå çíà÷åíèÿ: a2 = b21 = 0.5, σ = 1. Åñëè âçÿòü σ = 0.5, b21 = a2 = 1,
òî ïîëó÷èì ñèììåòðè÷íóþ ñõåìó:

yn+1 − yn
τ

= 0.5(f(tn, yn) + f(tn+1, yn+1))

Îáùèé m-ýòàïíûé ìåòîä Ðóíãå-Êóòòà

Ðàññìîòðèì îáùèé m-ýòàïíûé ìåòîä Ðóíãå-Êóòòà:

yn+1 − yn
τ

= σ1K1 + σ2K2 + · · ·+ σmKm

m∑
i=1

σi = 1 � óñëîâèå àïïðîêñèìàöèè

K1 = f(tn, yn)

K2 = f(tn + a2τ, yn + b21τK1)

K3 = f(tn + a3τ, yn + b31τK1 + b32τK2)

. . .

Km = f(tn + amτ, yn + bm1τK1 + bm2τK2 + · · ·+ bmm−1τKm−1)

Íà ïðàêòèêå ðåäêî èñïîëüçóþòñÿ ìåòîäû Ðóíãå-Êóòòà äëÿ m > 4. Ïðèâåäåì ïðèìåðû ðàçíîñò-
íûõ ìåòîäîâ Ðóíãå-Êóòòà, èìåþùèõ òðåòèé è ÷åòâåðòûé ïîðÿäîê ïîãðåøíîñòè àïïðîêñèìàöèè.
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Ïðèìåð. Ñõåìà Ðóíãå-Êóòòà ÷åòâåðòîãî ïîðÿäêà.

yn+1 − yn
τ

=
1

6
(K1 + 2K2 + 2K3 +K4)

K1 = f(tn, yn)

K2 = f(tn + 0.5τ, yn + 0.5τK1)

K3 = f(tn + 0.5τ, yn + 0.5τK2)

K4 = f(tn + τ, yn + τK3)

Äàííàÿ ñõåìà èìååò ÷åòâåðòûé ïîðÿäîê àïïðîêñèìàöèè ïî τ : ψn = O(τ 4).

Ïðèìåð. Ñõåìà Ðóíãå-Êóòòà òðåòüåãî ïîðÿäêà.

yn+1 − yn
τ

=
1

6
(K1 + 4K2 +K3)

K1 = f(tn, yn)

K2 = f(tn + 0.5τ, yn + 0.5τK1)

K3 = f(tn + τ, yn − τK1 − 2τK2)

Äàííàÿ ñõåìà èìååò òðåòèé ïîðÿäîê àïïðîêñèìàöèè ïî τ : ψn = O(τ 3).

�2 Îöåíêà òî÷íîñòè íà ïðèìåðå 2-õ ýòàïíîãî ìåòîäà Ðóíãå-

Êóòòà

{
du
dt

= f(t, u(t)), t > 0

u(0) = u0

(1)

yn+1 − yn
τ

= (1− σ)f(tn, yn) + σf(tn + at, yn + aτf(tn, yn))

y0 = u0

tn ∈ ωτ
σ - ïàðàìåòð, â êà÷åñòâå êîòîðîãî ìîæíî âûáèðàòü ëþáîå ÷èñëî, ëèøü áû âûïîëíÿëîñü

óñëîâèå âòîðîé ïîãðåøíîñòè àïïðîêñèìàöèè. Îáû÷íî âûáèðàþò σ ∈ [0, 1].
à - íåêîòîðàÿ êîíñòàíòà. Áóäåì ðàññìàòðèâàòü a ≥ 0, íî, âîîáùå ãîâîðÿ, ýòî íåîáÿçàòåëüíî.
Ââåäåì ôóíêöèþ ïîãðåøíîñòè zn:

zn = yn − u(tn) = yn − un ⇒ (2)

zn+1 − zn
τ

= −un+1 − un
τ

+ (1− σ)f(tn, yn) + σf(tn + aτ, yn + atf(tn, yn)) (3)

Äëÿ ñõîäèìîñòè íóæíî ïîêàçàòü, ÷òî:

|zn| → 0, n→∞

Ïîêàæåì, ÷òî |zn| ≤Mτ 2, ãäå M íå çàâèñèò îò τ
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zn+1 − zn
τ

= −un+1 − un
τ

+ (1− σ)f(tn, un)+

σf(tn + aτ, un + aτf(tn, un))− (1− σ)f(tn, un)+

(1− σ)f(tn, yn)− σf(tn + aτ, un + aτf(tn, un))+

σf(tn + aτ, yn + aτf(tn, yn)) = ψn + φ(1)
n + φ(2)

n

ãäå ψn, φ
(1)
n , φ

(2)
n îáîçíà÷åíû ñëàãàåìûå:

ψn = −un+1 − un
τ

+ (1− σ)f(tn, un) + σf(tn + aτ, un + aτf(tn, un)),

φ(1)
n = (1− σ)(f(tn, yn)− f(tn, un)), (4)

φ(2)
n = σ

[
f(tn + aτ, yn + aτf(tn, yn))− f(tn + aτ, un + aτf(tn, un))

]
.

Ââåäåì äîïóùåíèå: ôóíêöèÿ f ïî âòîðîìó àðãóìåíòó óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà ñ
êîíñòàíòîé L. Îöåíèì, èñõîäÿ èç ýòîãî äîïóùåíèÿ, φ

(1)
n è φ

(2)
n :

|φ(1)
n | ≤ (1− σ)|f(tn, yn)− f(tn, un)| ≤ (1− σ)L|yn − un| = (1− σ)L|zn|,

|φ(1)
n | ≤ σL|yn + aτf(tn, yn)− un + aτf(tn, un)| ≤

≤ σL(|yn − un|+ a︸︷︷︸
≥0

τL|yn − un|) = σL(1 + aτL)| yn − un︸ ︷︷ ︸
zn

|

Èç (3) ⇒

zn+1 = zn + τψn + τφ(1)
n + τφ(2)

n

|zn+1| ≤ |zn|+ τ |ψn|+ τ
[
(1− σ)L|zn|+ σL|zn|+ σaτL2|zn|

]
=

τ |ψn|+ (1 + τL+ τ 2aσL2)|zn|

Ðàññìîòðèì σa ≤ 0, 5, çàìåòèâ, ÷òî 1+τL+0, 5τ 2L2 ÿâëÿþòñÿ ïåðâûìè ÷ëåíàìè ðàçëîæåíèÿ
ïî Òåéëîðó ôóíêöèè eτL:

|zn+1| ≤ τ |ψn|+ (1 + τL+ 0, 5τ 2L2)|zn| ≤ eτL|zn|+ τ |ψn| (5)

Îáîçíà÷èì eτL = ρ. Ïîëó÷èì îöåíêó:

|zn+1| ≤ ρ|zn|+ τ |ψn| (6)

Ñîîòíîøåíèå (6) ìîæíî ðàññìîòðåòü êàê ðåêóððåíòíóþ ôîðìóëó. Ëåãêî âèäåòü, ÷òî:

zn+1 ≤ ρn+1|z0|+
n∑
j=0

ρn−jτ |ψj|

|zn+1| ≤ max
0≤j≤n

|ψj|
n∑
j=0

ρn−jτ ≤ tn+1e
Ltn+1 max

0≤j≤n
|ψj|

Îêîí÷àòåëüíî, ïîëó÷àåì:
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|zn+1| ≤M max
0≤j≤n

|ψj|, M íå çàâèñèò îò τ (7)

Âèäíî, ÷òî òî÷íîñòü áóäåò ñîâïàäàòü ñ ïîðÿäêîì ïîãðåøíîñòè àïïðîêñèìàöèè, à èìåííî:

1. σa = 0, 5⇒ ψ = O(τ 2)⇒ |zn| = O(τ 2), ò.å. èìååì âòîðîé ïîðÿäîê ïîãðåøíîñòè.

2. σ = 0,∀a ⇒ ψ = O(τ), |zn| ≤ M1τ, M1 íå çàâèñèò îò τ , ïîëó÷àåì ïåðâûé ïîðÿäîê
òî÷íîñòè.

�3 Ìíîãîøàãîâûå ðàçíîñòíûå ìåòîäû

{
du
dt

= f(t, u(t)), t > 0

u(0) = u0

(1)

Ââåäåì ñåòêó ωτ =
{
tn = nτ, τ > 0, n = 0, 1, . . .

}
.

Îáîçíà÷èì yk = y(tk), fk = f(t, yk).

Îïðåäåëåíèå. Ëèíåéíûì m-øàãîâûì ðàçíîñòíûì ìåòîäîì ðåøåíèÿ çàäà÷è () íàçûâàåòñÿ
ìåòîä, çàïèñàííûé óðàâíåíèåì:

m∑
k=0

ak
τ
yn−k =

m∑
k=0

bkfn−k, (2)

ãäå ak, bk - ÷èñëà, τ > 0. Ïðè ýòîì a0 6= 0, bm 6= 0, n = m,m+ 1, . . .

Åñëè b0 = 0, òî (2) - ÿâíûé ìåòîä. Åñëè b0 6= 0, òî (2) - íåÿâíûé ìåòîä.
Äëÿ íà÷àëà âû÷èñëåíèé ïî ôîðìóëå (2) íåîáõîäèìû çíà÷åíèÿ y0, . . . , ym−1 - ò.í. �Ðàçãîííûé

ýòàï�. Òàê êàê ôîðìóëà (2) îäíîðîäíà ïî ak è bk, òî ïîëàãàþò
∑m

k=0 = 1(óñëîâèå íîðìèðîâêè).
Íåÿâíûé m-øàãîâûé ðàçíîñòíûé ìåòîä çàïèñûâàåòñÿ â âèäå

a0

τ
yn − b0f(tn, yk) = F (yn−1, yn−2, . . . , yn−m) (3)

F =
m∑
k=1

bkfn−k −
m∑
k=1

ak
τ
yn−k

Óðàâíåíèå (3) ðåøàåòñÿ ÷àùå âñåãî ìåòîäîì Íüþòîíà, ïðè÷åì â êà÷åñòâå y
(0)
n áåðåòñÿ yn−1.

Â ÿâíîì ðàçíîñòíîì ìåòîäå çíà÷åíèÿ yn íàõîäÿòñÿ ïî ÿâíîé ôîðìóëå

yn =
τ

a0

( m∑
k=1

bkfn−k −
m∑
k=1

ak
τ
yn−k

)
Îöåíèì ïîãðåøíîñòü àïïðîêñèìàöèè íà ðåøåíèè

ψn = −
m∑
k=0

ak
τ
un−k +

m∑
k=0

bkf(tn−k, un−k) (4)
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un = u(tn − kτ) =

p∑
l=0

(−kτ)l

l!
u(l)(tn) +O(τ p+1)

f(tn−k, un−k) = u′n−k =

p−1∑
l=0

(−kτ)l

l!
u(l+1)(tn) +O(τ p)

ψn = −
m∑
k=0

ak
τ

p∑
l=0

(−kτ)l

l!
u(l)(tn) +

m∑
k=0

bk

p−1∑
l=0

u(l+1)(tn) = O(τ p) =

=
{
ñäâèã èíäåêñîâ

}
= −

p∑
l=0

m∑
k=0

ak
τ

(−kτ)l

l!
u(l)
n +

p∑
l=1

m∑
k=0

bk
(−kτ)l−1

(l − 1)!
u(l)
n +O(τ p) =

−
m∑
k=0

ak
τ
un +

m∑
k=0

[ p∑
l=1

(−kτ)l−1(akk + lbk)
u

(l)
n

l(l − 1)!

]
+O(τ p)

Óñëîâèå àïïðîêñèìàöèè:
m∑
k=0

ak = 0

Äëÿ äîñòèæåíèÿ àïïðîêñèìàöèè ïîðÿäêà p äîëæíî áûòü âûïîëíåíî ñîîòíîøåíèå:

m∑
k=0

kl−1(akk + lbk) = 0, l = 1, 2, . . . , p

Â ìíîãîøàãîâîì ìåòîäå 2m+2 íåèçâåñòíûõ - a0, a1, . . . , am, b0, . . . , bm, è p+2 óðàâíåíèé. ×òî-
áû ñèñòåìà íå áûëà ïåðåîïðåäåëåííîé, äîëæíî âûïîëíÿòüñÿ p ≤ 2m ⇒ íàèâûñøèé ïîðÿäîê
àïïðîêñèìàöèè ðàâåí 2m.

Òàêèì îáðàçîì, äëÿ äîñòèæåíèÿ ïîðÿäêà ïîãðåøíîñòè àïïðîêñèìàöèè p äîëæíû âûïîëíÿòü-
ñÿ ñëåäóþùèå ñîîòíîøåíèÿ:

a0 = −
m∑
k=1

ak

b0 = 1−
m∑
k=1

bk

m∑
k=0

kl−1(akk + lbk) = 0, l = 1, 2, . . . , p
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�4 Ïîíÿòèå óñòîé÷èâîñòè ðàçíîñòíûõ ìåòîäîâ

Ðàññìîòðèì çàäà÷ó Êîøè: {
du
dt

= f(t, u(t)), t > 0,

u(0) = u0.
(1)

Ðàññìîòðèì äëÿ ïðèìåðà òàêóþ ñõåìó:

yn = qyn−1, q ∈ C, q = const,

n = 0, 1, . . . ; y0 çàäàí.

Ïðèäàäèì yn âîçìóùåíèå δn:
ỹn = yn + δn.

Òîãäà ỹn+1 = qỹn = qyn + qδn = yn+1 + δn+1, ãäå δn+1 = qδn.
Åñëè |q| > 1, òî δn íàðàñòàåò, ñëåäîâàòåëüíî, îá óñòîé÷èâîñòè ãîâîðèòü íåëüçÿ.
Ðàññìîòðèì ìîäåëüíóþ çàäà÷ó:{

du
dt

+ λu(t) = 0, t > 0,

u(0) = u0.
(2)

Åå ðåøåíèå èìååò âèä u(t) = u0e
−λt. Åñëè λ > 0, òî |u(t)| ≤ |u0|, ò.å. èìååò ìåñòî óñòîé÷èâîñòü

ïî íà÷àëüíîìó óñëîâèþ.
Óñòîé÷èâîñòü � âíóòðåííåå ñâîéñòâî ðàçíîñòíîé ñõåìû. Ðàçíîñòíàÿ ñõåìà íå îáÿçàòåëüíî

ñîõðàíÿåò óñòîé÷èâîñòü èñõîäíîé çàäà÷è.
Ðàññìîòðèì ÿâíóþ ñõåìó Ýéëåðà:{

yn+1−yn

τ
= f(tn, yn),

y0 = u0.
(3)

Çàïèøåì åå äëÿ ìîäåëüíîé çàäà÷è:

yn+1 − yn
τ

+ λyn = 0.

Âûðàçèì yn+1 :
yn+1 = yn − τλyn = (1− τλ)yn.

Îáîçíà÷èì q = 1 − τλ. Òîãäà yn+1 = qyn. Òàêèì îáðàçîì, äëÿ óñòîé÷èâîñòü íåîáõîäèìî, ÷òîáû
âûïîëíÿëîñü |q| ≤ 1, ò.å.

1− τλ ≥ −1,

0 < τλ ≤ 2.

Òàêèì îáðàçîì, äëÿ òîãî, ÷òîáû ÿâíàÿ ñõåìà Ýéëåðà áûëà óñòîé÷èâîé (äëÿ ìîäåëüíîé çàäà÷è),
íåîáõîäèìî âûïîëíåíèå óñëîâèÿ

0 < τ ≤ 2

λ
. (4)

Ýòî îçíà÷àåò, ÷òî ÿâíàÿ ñõåìà Ýéëåðà ÿâëÿåòñÿ óñëîâíî óñòîé÷èâîé (äëÿ ìîäåëüíîé çàäà÷è).
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Ðàññìîòðèì íåÿâíóþ ñõåìó Ýéëåðà:

yn+1 − yn
τ

= f(tn+1, yn+1).

Ïåðåïèøåì åå:
yn+1 + τf(tn+1, yn+1) = yn. (5)

Äëÿ ðåøåíèÿ íåëèíåéíîãî óðàâíåíèÿ (5) îáû÷íî ïðèìåíÿåòñÿ ìåòîä Íüþòîíà, â êà÷åñòâå
íà÷àëüíîãî ïðèáëèæåíèÿ äëÿ íàõîæäåíèÿ yn+1 èñïîëüçóþò yn.

Ïåðåïèøåì (5) äëÿ ìîäåëüíîé çàäà÷è:

yn+1 + τλyn+1 = yn,

(1 + τλ)yn = tn+1,

yn+1 = qyn, q =
1

1 + τλ
.

Çàìåòèì, ÷òî |q| < 1 ïðè τ > 0, λ > 0. Ýòî çíà÷èò, ÷òî íåÿâíàÿ ñõåìà Ýéëåðà ÿâëÿåòñÿ àáñîëþòíî
óñòîé÷èâîé (äëÿ ìîäåëüíîé çàäà÷è).

Òàêèì îáðàçîì, äëÿ óñòîé÷èâîé äèôôåðåíöèàëüíîé çàäà÷è ñóùåñòâóþò êàê óñòîé÷èâûå, òàê
è íåóñòîé÷èâûå ñõåìû.

Ðàññìîòðèì ïðîèçâîëüíûé m-øàãîâûé ðàçíîñòíûé ìåòîä:

m∑
k=0

ak
τ
yn−k =

m∑
k=0

bkfn−k, y0, . . . , ym−1 çàäàíû. (6)

Çàïèøåì åãî äëÿ ìîäåëüíîé çàäà÷è:

m∑
k=0

ak
τ
yn−k + λ

m∑
k=0

bkyn−k = 0, (7)

m∑
k=0

(ak + τλbk)yn−k = 0.

Áóäåì èñêàòü ðåøåíèå ýòîãî óðàâíåíèÿ â âèäå yj = qj.
Ïîäñòàâèì ýòî (7):

m∑
k=0

(ak + τλbk)q
n−k = 0.

Ðàçäåëèì îáå ÷àñòè ýòîãî óðàâíåíèÿ íà qm−n, ïîëó÷èì

Fm(τ, q) =
m∑
k=0

(ak + τλbk)q
m−k = 0. (8)

Óðàâíåíèå (8) íàçûâàåòñÿ õàðàêòåðèñòè÷åñêèì óðàâíåíèåì. Äëÿ óñòîé÷èâîñòè íåîáõîäèìî,
÷òîáû åãî êîðíè ïî ìîäóëþ íå ïðåâîñõîäèëè 1 (èíà÷å ðåøåíèå áóäåò íåîãðàíè÷åííî íàðàñòàòü).
Îäíàêî, íàõîæäåíèå êîðíåé óðàâíåíèÿ (8) � òðóäíàÿ çàäà÷à, è îáû÷íî ðàññìàòðèâàþò áîëåå
ïðîñòîå óðàâíåíèå:

Fm(0, q) =
m∑
k=0

akq
m−k = 0. (9)

Óðàâíåíèå (9), òàêæå êàê è óðàâíåíèå (8), íàçûâàþò õàðàêòåðèñòè÷åñêèì óðàâíåíèåì.
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Îïðåäåëåíèå. Ãîâîðÿò, ÷òî ðàçíîñòíàÿ ñõåìà (6) óäîâëåòâîðÿåò óñëîâèþ (α), åñëè âñå êîð-
íè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (9) ëåæàò âíóòðè èëè íà ãðàíèöå åäèíè÷íîãî êðóãà êîì-
ïëåêñíîé ïëîñêîñòè, ïðè÷åì íà ãðàíèöå íåò êðàòíûõ êîðíåé.

Òåîðåìà. Ïóñòü ðàçíîñòíàÿ ñõåìà (6) óäîâëåòâîðÿåò óñëîâèþ (α) è |f ′n| ≤ L ïðè 0 ≤ tn =
τn ≤ T . Òîãäà äëÿ ëþáîãî äîñòàòî÷íî ìàëîãî τ ñïðàâåäëèâî

|yn − un| ≤M

(
n∑

j=m

τ |ψj|+ max
0≤i≤m−1

|yi − u(ti)|

)
, (10)

ãäå M íå çàâèñèò îò τ, ψj � ïîãðåøíîñòü àïïðîêñèìàöèè ðàçíîñòíîãî ìåòîäà (6) íà ðåøåíèå
çàäà÷è (1).

Çàìå÷àíèå. Ìåòîä Àäàìñà óäîâëåòâîðÿåò óñëîâèþ (α):

a0 = −a1 = 1,

yn − yn−1

τ
=

m∑
k−0

bkfn−k.

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå èìååò âèä:

qn − qn−1 = 0,

îíî èìååò êîðíè q = 0 è q = 1, ïðè÷åì q = 1 � íåêðàòíûé êîðåíü.

Çàìå÷àíèå. Äëÿ íåÿâíûõ ñõåì íàèâûñøèé ïîðÿäîê ïîãðåøíîñòè àïïðîêñèìàöèè p ≤ 2m. Äëÿ
ÿâíûõ ñõåì p ≤ 2m− 1.

Îäíàêî, ñõåìû âûñîêîãî ïîðÿäêà íå óäîâëåòâîðÿþò óñëîâèþ (α), ò.å. íå ÿâëÿþòñÿ óñòîé-
÷èâûìè. Íàèâûñøèé ïîðÿäîê ïîãðåøíîñòè àïïðîêñèìàöèè äëÿ ñõåì, óäîâëåòâîðÿþùèõ óñëî-
âèþ (α), ñëåäóþùèé:

1. Äëÿ íåÿâíûõ ñõåì:

(a) Åñëè m � ÷åòíî, òî p ≤ m+ 2.

(b) Åñëè m � íå÷åòíî, òî p ≤ m+ 1.

2. Äëÿ ÿâíûõ ñõåì p ≤ m.

Çàìå÷àíèå. Ãîâîðèòü îá óñëîâíîé èëè áåçóñëîâíîé óñòîé÷èâîñòè íå èìååò ñìûñëà. Îíà âñå-
ãäà óñëîâíàÿ, ò.ê. ðàññìàòðèâàþòñÿ ìàëûå τ .

Çàäà÷à. Äîêàçàòü, ÷òî äëÿ ñõåìû

yn + 4yn−1 − 5yn−2

6τ
=

2fn−1 + fn−2

3

èìååò ìåñòî ψn = O(τ 3).
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Ðåøåíèå.

ψn = −un + 4un−1 − 5un−2

6τ
+

2fn−1 + fn−2

3
.

Çàïèøåì óñëîâèÿ, íàëàãàåìûå íà ìíîãîøàãîâûé ðàçíîñòíûé ìåòîä äëÿ òîãî, ÷òîáû ïîãðåø-
íîñòü àïïðîêñèìàöèè èìåëà ïîðÿäîê 3:

b0 = 1−
m∑
k=1

bk,

a0 = −
m∑
k=1

ak,

m∑
k=1

akk = −1,

m∑
k=0

kl−1(akk + bk) = 0, l = 2, 3.

Â íàøåì ñëó÷àå, m = 2, a0 = 1
6
, a1 = 2

3
, a2 = −5

6
, b0 = 0, b1 = 2

3
, b2 = 1

3
. Âûïèñàííûå óñëîâèÿ,

êàê ëåãêî ïðîâåðèòü, âûïîëíÿþòñÿ. Òàêèì îáðàçîì, ψn = O(τ 3).

Ðàññìîòðåííàÿ â ïðåäûäóùåé çàäà÷å ñõåìà íåóñòîé÷èâà. Äåéñòâèòåëüíî, äëÿ íåå õàðàêòåðè-
ñòè÷åñêîå óðàâíåíèå èìååò âèä:

q2 + 4q − 5 = 0.

Ýòî óðàâíåíèå èìååò êîðíè q1 = 1, q2 = −5. Ò.ê. |q2| > 1, òî äàííûé ðàçíîñòíûé ìåòîä íå
óäîâëåòâîðÿåò óñëîâèþ (α).

�5 Æåñòêèå ñèñòåìû ÎÄÓ

Ðàññìîòðèì ñèñòåìó ÎÄÓ
du1

dt
+ a1u1(t) = 0, t > 0,

du2

dt
+ a2u2(t) = 0, t > 0,

u1(0) = u10, u2(0) = u20, a1 > 0, a2 > 0.

(1)

Ðåøåíèå èìååò âèä:
u1(t) = u10e

−a1t,

u2(t) = u20e
−a2t.

Ïóñòü a1 >> a2. Òîãäà òàêàÿ ñèñòåìà ÎÄÓ íàçûâàåòñÿ æåñòêîé. Ñ íåêîòîðîãî ìîìåíòà t∗

ðåøåíèå u2(t) ìàëî îòëè÷àåòñÿ îò 0. Îäíàêî, åñëè ìû ðåøàåì ýòó ñèñòåìó ïðè ïîìîùè ÿâíîé
ñõåìû Ýéëåðà, òî íàì íóæíî èñïîëüçîâàòü øàã τ ≤ min{ 2

a1
, 2
a2
} = 2

a2
. Ýòî áóäåò âåñüìà ìàëåíü-

êèé øàã, èáî a1 >> a2. Íî ñ íåêîòîðîãî ìîìåíòà t∗ u2 ìîæíî �íå ñ÷èòàòü�, ò.å. èñïîëüçîâàíèå
ìàëåíüêîãî øàãà èçëèøíå. Òàêèì îáðàçîì, ÿâíûå ñõåìû äëÿ æåñòêèõ ñèñòåì ÎÄÓ íå ãîäÿòñÿ.
Åñëè èñïîëüçîâàòü íåÿâíóþ ñõåìó, òî ìîæíî âçÿòü áîëåå êðóïíûé øàã.

du

dt
+ Au(t) = 0, t > 0 (2)

A(m ·m) ñ ïîñòîÿííûìè ÷èñëàìè, u(t) = (u1(t), u2(t), . . . , um(t))T .

Îïðåäåëåíèå. Ñèñòåìà ëèíåéíûõ óðàâíåíèé íàçûâàåòñÿ æåñòêîé, åñëè:
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1. ReλAk > 0 (óñòîé÷èâîñòü ïî Ëÿïóíîâó),

2. s =
max1≤k≤m|ReλA

k |
min1≤k≤m|ReλA

k |
>> 1 (s � ÷èñëî æåñòêîñòè).

Ââåäåì ïîíÿòèå æåñòêîñòè äëÿ íåëèíåéíîé ñèñòåìû:

du

dt
= f(t, u(t)), t > 0u(0) = u0 (3)

Ïóñòü v(t) � íåêîòîðîå ðåøåíèå çàäà÷è (3), òîãäà ðàññìîòðèì â îêðåñòíîñòè äàííîãî ðåøåíèÿ
ðàçíîñòü:

z(t) = u(t)− v(t)

dzk
dt

= fk(t, v(t) + z(t))− fk(t, v(t)), k = 1,m

Ðàçëîæèì fk(t, v(t)+z(t)) â îêðåñòíîñòè òî÷êè (t, v(t)), óäåðæèâàÿ òîëüêî ïåðâóþ ïðîèçâîäíóþ:

fk(t, v(t) + z(t)) = fk(t, v(t)) +
∂fk
∂u1

(t, v(t))z1(t) + . . .
∂fk
∂um

(t, v(t))zm(t) + o(|z|)

Îáîçíà÷èì
∂z

∂t
= J(t, v(t))z (4)

Ïî îïðåäåëåíèþ,

J(t, v(t))z = (
∂fi(t, v(t))

∂uj
)ij, i, j = 1, n.

Òåïåðü ââåäåì ÷èñëî æåñòêîñòè s êàê îòíîøåíèå: s =
maxReλJ

k

minReλJ
k
.

Îïðåäåëåíèå. Ñèñòåìà (3) íàçûâàåòñÿ æåñòêîé, åñëè:

1. ReλJk < 0,

2. s(t) >> 1.

�6 Äàëüíåéøåå îïðåäåëåíèå óñòîé÷èâîñòè è ïðèìåðû ðàç-

íîñòíûõ ñõåì. Èíòåãðèðîâàíèå æåñòêèõ ñõåì ÄÓ

Ðàññìîòðèì ëèíåéíóþ çàäà÷ó:
du

dt
= Λu, t > 0 (1)

u(0) = u0

Ïðè ýòîì Λ � ñîáñòâåííûå çíà÷åíèå ìàòðèöû ïåðâîãî ïðèáëèæåíèÿ J ñèñòåìû (4).

Îïðåäåëåíèå. Îáëàñòüþ óñòîé÷èâîñòè ðàçíîñòíîãî ìåòîäà äëÿ çàäà÷è (3) íàçûâàåòñÿ ìíî-
æåñòâî âñåõ òî÷åê êîìïëåêñíî ïëîêîñòè µ = τΛ ∈ C, äëÿ êîòîðûõ ìåòîä óñòîé÷èâ.

Ïðèìåð:
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ßâíàÿ ñõåìà Ýéëåðà

yn+1 − yn
τ

= λyn, yn+1 = (1 + µ)yn

Ìåòîä ÿâëÿåòñÿ óñòîé÷èâûì, åñëè |q| < 1, q = 1 + µ. Òîãäà îáëàñòü óñòîé÷èâîñòè îïðåäåëÿåòñÿ
íåðàâåíñòâîì:

|1 + µ| ≤ 1

|1 + µ0 + iµ1| ≤ 1

(1 + µ0)2 + µ2
1 ≤ 1

Â äàííîì ñëó÷àå îáëàñòü óñòîé÷èâîñòè ïðåäñòàâëÿåò ñîáîé âíóòðåííîñòü êðóãà ñ öåíòðîì â
òî÷êå (0, -1) è ðàäèóñîì 1 â êîîðäèíàòàõ µ0, µ1.

Íåÿâíàÿ ñõåìà Ýéëåðà

yn+1 − yn
τ

= f(tn+1, yn+1)

yn+1 − yn
τ

− λyn+1 = 0

yn+1(1 + τλ) = yn

Îáîçíà÷èì q =
1

1− τλ
. Íàéäåì îáëàñòü óñòîé÷èâîñòè: |q| ≤ 1

| 1

1− τλ
| ≤ 1

|1− µ| ≥ 1

(1− µ0)2 + µ2
1 ≥ 1

Îáëàñòüþ óñòîé÷èâîñòè íåÿâíîé ñõåìû Ýéëåðà ÿâëÿåòñÿ âíåøíîñòü êðóãà ðàäèóñà 1 ñ öåíòðîì
â òî÷êå (1, 0).

Îïðåäåëåíèå. Ðàçíîñòíûé ìåòîä A-óñòîé÷èâ, åñëè îáëàñòü åãî óñòîé÷èâîñòè ñîäåðæèò
ëåâóþ ïîëóïëîñêîñòü.

Çàìå÷àíèå. Åñëè ðàçíîñòíûé ìåòîä À-óñòîé÷èâ, òî îí àáñîëþòíî óñòîé÷èâ.

Óòâåðæäåíèå. Äîêàçàíî, ÷òî àáñîëþòíî óñòîé÷èâûõ ìíîãîøàãîâûõ ðàçíîñòíûõ ìåòîäîâ íå
ñóùåñòâóåò.

Óòâåðæäåíèå. Äîêàçàíî, ÷òî íå ñóùåñòâóåò àáñîëþòíî óñòîé÷èâûõ ìíîãîøàãîâûõ íåÿâíûõ
ðàçíîñòíûõ ìåòîäîâ, òî÷íîñòü êîòîðûõ âûøå 2 ïîðÿäêà.

Ðàññìîòðèì ïðèìåð ðàçíîñòíîãî ìåòîäà, èìåþùåãî âòîðîé ïîðÿäîê òî÷íîñòè, êîòîðûé ÿâ-
ëÿåòñÿ À-óñòîé÷èâûì.
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Ñèììåòðè÷íàÿ ñõåìà

yn+1 − yn
τ

= 0.5(f(tn, yn) + f(tn+1, yn+1))

Ïðîâåðèì, áóäåò ëè äàííàÿ ñõåìà àáñîëþòíî óñòîé÷èâîé:

yn+1 − yn
τ

− 0.5λ(yn + yn+1)

(yn+1 − yn)− τ − 0.5µ(yn + yn+1) = 0

(1− 0.5µ)yn+1 = (1 + 0.5µ)yn

yn+1 = qyn, q =
(1 + 0.5µ)

(1− 0.5µ)

Óñòîé÷èâîñòü
|q| ≤ 1

|1 + 0.5µ| ≤ |1− 0.5µ|

(1 + 0.5µ0)2 + µ2
1 ≤ (1− 0.5µ0) + µ2

1

1 + µ0 + 0.25µ2
0 ≤ 1− µ0 + 0.25µ2

0

À ýòî âîçèîæíî òîëüêî â òîì ñëó÷àå, åñëè µ0 ≤ 0.

Îïðåäåëåíèå. Ðàçíîñòíûé ìåòîä íàçûâàåòñÿ A(α)-óñòîé÷èâûì (α > 0), åñëè îáëàñòü óñòîé-
÷èâîñòè ýòîãî ìåòîäà ñîäåðæèò óãîë â ëåâîé ïîëóïëîñêîñòè (µ0 ≤ 0).

Çàìå÷àíèå. ßâíûõ À(α)-óñòîé÷èâûõ ìåòîäîâ íå ñóùåñòâóåò. Áûëè íàéäåíû A(α)-óñòîé÷èâûå
ìåòîäû 3ãî è 4ãî ïîðÿäêà.

Ðàññìîòðèì ïðèìåð ðàçíîñòíîé ñõåìû 4ãî ïîðÿäêà, êîòîðàÿ ÿâëÿåòñÿ A(α)-óñòîé÷èâîÿ äëÿ
íåêîòîðîãî α > 0:

25yn+4 − 48yn+3 + 36yn+2 − 16yn+1 + 3yn
12τ

= f(tn+4, yn+4)
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