Formal Software Specification — Proposed Solutions CWG, January 1995

Proposed solutions

1 Logic

1. The final answers are given below.

(a) It holds always.
(b) It holds always.

(c) Itdoes not hold if a= chaos
It holds if a= true or a= false

(d) It holds always.

(e) It does not hold if & chaos
It holds if a= true or a= false

(f) It holds always.
(9) Itholds always.

(h) 1t does not hold if &= chaos
It holds if a= true or a= false

() It holds always.
2. (a) iftrue then false else chaos end= falsecf. (1)

(b) if a then ~(a= chaog else false end= cf. (3)
if a then ~(true = chaog else false end=
if a then true else false end= cf. (3)
if a thenaelseaend =
a

3. (@) istrue (for given i, choose j = -i)
(b) is false
(c) is false

4. ~@Fi:Int «(Vj:Int«i>])

alternatively:

Vi:int «(3j: Int «j > 1)

5. is.even :Nat — Bool
is.even(n)=(3dm:Naten=2*m)

alternatively:

is_even :Nat — Bool
iseven(n=n\2=0
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2 Products

1. (a)type
Complex= Real x Real

(b) value
zero : Complex= (0.0,0.0)

(c) value
¢ : Complex- let (x,y) =cin x =y end

(d) value
add : Complexx Complex— Complex

add((x,y1),(X2,y2)) = (X1 + X2, Y1 + ¥a2),

mult : Complexx Complex— Complex
Mult((X1,y1),(X2,y2)) = (X1 * X2 — Y1 % Y2, X1 * Y2 + Y1 * X2)

(e) value
f: Complex— Complex
f(c,) ascy postcy # c;

3 Functions

1. (@) +:Int xInt — Int
+ : Real x Real — Real

(b) *:Int x Int — Int
* . Real x Real — Real

(©) \:Int x Int = Int

(d) 7:Int x Int = Int
1 : Real x Real = Real

2. (a)value
max :Int x Int — Int
max(i,j)=if i > j theni elsej end

(b) value
max :Int x Int — Int
max(i,j) asy
post(y=iAy=j)V(y=jAy=i)

(c) value
max :Int x Int — Int
axiom
Vi,j: Int e max(i,j)= if i >jtheni elsej end

3. approxsqrt : Real x Real = Reall
approxsqrt(x, epspss
posts <x10.5Ax7T0.5< s+eps
pre x > 0.0A eps> 0.0
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4 Sets

1. {1,3,5,7,9
{n|n:Natene{0..10} Ais_.odd(n)}

value
is_.odd : Nat — Bool
is.odd(n)=n\2#0

2. (a) True
(b) True
3. value

dunion : (Elemsef-set— Elem-set
dunion(ss)={ e| e: Elems3s: Elemset- ec sA s€ ss}

5 Lists

1. type Elem

value
length : Eleni — Int
length(l)= if | = () then O elsel + length(l I) end,

rev : Elent — Elem*
rev(l) = if | = () then () elserev(tl ) ~ (hd I) end,

drev : (Elen)* — (Elem*)*
drev(ll) = if I = () then () elsedrevgl Il) ~ (rev(hd II)) end

alternative definitions:

length : Eleni — Int
length(l)= card (inds ),

length : Eleni — Int
length(l)=
casel of
() =0,
(Y "Ir — length(In)+ 1
end,

rev : Elent — Elent*
rev(l) = (I(lenl —i+ 1) |iin (1..lenl)),

rev : Elent — Elem*
rev(l) =
casel of
(=0
(Y Ir — rev(Ir) ~ (hd I)
end,

drev : (Elent)* — (Elem*)*
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drev(ll) = (rev(li(lenll — i+ 1))|iin (1..lenll)),

drev : (Elent)* — (Elemt)*
drev(ll) =
casell of
(=0
(H"lir — drev(lir) ™ (drevhd II))
end

2. typeN1={|n:Naten>1|}

value
pascal : N1— (N1*)*
pascal(n)=
if n=1then
(1))
else
let p = pascal(n— 1) in
P~ (1)~ (p(n—1)(i — 1)+ p(— 1)) [iin (2.n—1)) (1)
end
end

alternatively:

value
pascal : N1— (N1*)*
pascal(n)= (auxpascal(i)jiin (1..n)),

auxpascal : N1— N1*
aux pascal(n)=
casen of
1— (1),
. —
(-
({ auxpascal(n— 1)(i — 1) + auxpascal(n- 1)(i) | iin (2..n—=1)) " (1))
end

3. scheme
PAGE=
class
type Page= Line*, Line = Word*, Word, Dict= Word-set

value
is_on : Word x Page— Bool
ison(w,p)= (Fi: Nat-i € indspAw € elemsp(i)),

numberof : Word x Page— Nat
numberof(w, p) =
card { (i,j) |i,j: Natei € indspAj € indsp(i) Aw=p(i)() },

spellL.check : Page« Dict — Word-set
spellL.check(p, d)= {w | w: Word«ison(w, p)Aw ¢ d}
end

alternative definitions:
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is_on : Word x Page— Bool
is.on(w, p) = w € d_elems(p),

d_elems : Page~ Word-set
d_elems(p)=
casep of
(0 —{h
(I~ pr— elemsl U d_elems(pr)
end,

numberof : Word x Page— Nat
numberof(w, p) =
casep of
() —0,
(I ~ pr— numberof(w, I) + numberof(w, pr)
end,

numberof : Word x Line — Nat
numberof(w, I) =
casel of
() =0,
(W) ~Ir — if w = w’ then 1 else0 end + numberof(w, Ir)
end

6 Maps

1. type Report== presen{ not present
value
insert : Keyx Datax Database— Database< Report
insert(k, d, db)=
if kK € dom dbthen (db{ [k — d], present)
else(db 1 [k — d], notpresent)
end,

remove : Keyx Database— Database< Report
remove(k, db)x=

if k € dbthen (db\{k}, present)

else(db, notpresent)

end

2. value
merge : Database Database— Databasex Key-set
merge(dbl, db2) (db1l{ db2,dom db1ln dom db2)

3. value
reportkey : (Key— Bool) x Database— Key-set
reportkey(f, db)= {k | k : Key « k € dom db A (k) }

CWG, January 1995



Formal Software Specification — Proposed Solutions

7 Subtypes

1. @ {|l:Int*<lenl>2|}
(b) {|I: Int* «card elemsl=lenl |}

(c) {|] s:Nat-sete s {}|}

2. {] s: T-infset - card spost true |}
{|I': T-inflist « len| post true |}

3. (@ TKL=<T
(b) Are not in any subtype relation
() T1 =T,

(d) Ty 2 To,
Ty <X To,
Ts T, T3 2Ty, T3 X Ty

8 Type definitions

1. value
depth : Tree— Nat
depth(t)=
caset of
nil — 0,

node(l, v, )— 1 + max(depth(l), depth(r))

end

2. value
is_in : Int x Tree— Bool
is_in(i, t) =
caset of
nil — false,
node(l, v, )— i =v Vvisin(, ) vis.in(,r)
end

3. type Orderedtree= {| t: Tree+ is_ordered(t) }
value
is_ordered : Tree— Bool
is_ordered(t=
caset of
nil — true,
node(l, v, r)—
is_ordered(l)A
is_ordered(nn
(Vi:Int «isin(i, ) =i <Vv)A
(Vi:Int «isin(i,r) =i > V)
end

4. value
is_in_ordered :Int x Orderedtree— Bool
is.in_ordered(i, t=
caset of
nil — false,

CWG, January 1995
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node(l, v, r)—
i=vvVvi<vAisin(,l) vi>vAisin(,r)
end

5. value
add :Int x Orderedtree— Orderedtree
add(i, t)=
caset of
nil — node(nil, i, nil),
node(l, v, r)—
if i =vthent
else
if i < vthennode(add(, I), v, r)
elsenode(l, v, add(i, r))
end
end
end

6. value
remove :Int x Orderedtree— Orderedtree
remove(i, t)=
caset of
nil — nil,
node(l, v, r)—
if i =vthen
if | =nil thenr
else
if r = nil thenl|
else
if depth(l)> depth(r)then
let (v1, 11) = extractright(l) in
node(I1, vi,r)
end
else
let (v1, rl) = extractleft(r) in
node(l, v1, r1)
end
end
end
end
else
if i < vthennode(remove(i, I), v, r)
elsenode(l, v, remove(i, r))
end
end
end,

extractright : Tree™ (Int x Tree)
extractright(t) =
if right(t) = nil then (val(t), left(t))
else
let (v1, r1) = extractright(right(t)) in
(v1, node(left(t), val(t), rl1))
end
end
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pre t # nil,

extractleft : Tree™ (Int x Tree)
extractleft(t) =
if left(t) = nil then (val(t), right(t))
else
let (v1, I11) = extractleft(left(t)) in
(v1, node(l1, val(t), right(t)))
end
end

pre t # nil

9 Imperative Specification

1. @ x=Lx=2=x:=2
(b) x=x+1=x:=x+1
(c) initialise; x = initialise; 0
(d) (x:=1;x)=(x:=0;x+1))=false
e) (x=1;x)=x:=0;x4+1))= x:=0;true

2. scheme
|_STACK1 =
class
type Elem

variable st: Elent

value
empty: Unit — write stUnit
empty() = st:= (),

push: Elem — write stUnit
pushe) = st:= (e) " st,

is_.empty: Unit — read stBool
is_.empty() = st= (),

top: Unit = read st Elem
top() = hd stpre st+# (),

pop: Unit = write stUnit

pop() = st:=tl stpre st+# ()
end

3. scheme
|_STACK2 =
class
type Elem

variable st: Elent

CWG, January 1995



Formal Software Specification — Proposed Solutions

value
empty: Unit — write stUnit
empty() postst= (),

push: Elem — write stUnit
pushe) postst= (e) ~ si,

is_.empty: Unit — read stBool
is_.empty() asb posth = (st=()),

top: Unit = read st Elem
top() ase poste = hd stpre st (),

pop: Unit = write stUnit

pop() postst=tl stpre st ()
end

10 Concurrency

1. channelll, 12, r : Int

value
p : Unit — in 11, 12 out r Unit
p() =
local
variable v1, v2 : Int
in
(v1:=11?] v2:=12?) ; r’'max(v1,v2)
end;
P()
2. channelll, 12, r1, r2 :Int
value
p : Unit — in 11, 12 out rl, r2Unit
p() =
local
variable v1, v2 : Int
in
(v1:=11?] v2:=12?) ; (rl'max(v1,v2)| r2!min(v1l,v2))
end;
PO
3. scheme
SEMAPHORE=
hide get, releasesemaphorn
class

type Process= Unit = in any out any Unit
channelget release Unit

value
systempl, p2 p3, f1, f2, 3, semaphore Process

CWG, January 1995
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11

axiom
p1() = get! () ; f1() ; release () ; p1(),

p2() = get! () ; f2() ; release () ; p2(),
p3() = get! () ; f3() ; release () ; p3(),
semaphor@ = get’ ; release ; semaphor@,

systent) = p1() || p2() || p3() || semaphorg
end

Implementation

1. (b) and (c) implement (a).

2. (a) - (g) have all the same maximal signatwafe x : Int).

The theories are as follows:

(a) axiom true

(b) axiomx > 2
(c) axiomx =2
(d) axiomx >0
(e) axiomx > 2
(f) axiomx =2
(g) axiom false

Considering which theories are consequences of each other we get:

All implement (a).

(g) implements all.

(b), (c), (e) and (f) implement (d).

(b) and (e) are equivalent and therefore they implement each other.
(c) and (f) are equivalent and therefore they implement each other.

. (c) implements (a) and (b).

(a) implements (b).

10
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